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Abstract
We investigate the buckling of a slender elastic rod injected into a cylindrical constraint while undergoing axial rotation. Particular focus is given to extension of the
helical buckling length. This problem is of particular application to coiled tubing operations in the oil and gas industry where helical buckling and eventual lockup occur,
thereby preventing complete access to horizontal oil wells. Our approach focuses on
using desktop experiments to perform a precise exploration of the parameters affecting buckling. We examine two separate modes of axial rotation: continuous rotation
and oscillatory rotation. In each case, we demonstrate potential for significant increases in helical buckling length by a factor of as much as 5 within the parameter
space studied and develop an understanding of the underlying mechanisms at play. In
the case of continuous rotation, we compare our experimental results to theoretical
predictions motivated by this work. The extensions in helical buckling length observed here suggest significant application to the problem of helical buckling in coiled
tubing operations.
Thesis Supervisor: Pedro M. Reis
Title: Associate Professor of Mechanical Engineering and Civil and Environmental
Engineering

3

I

Acknowledgments
As I conclude this thesis, there are several of people to whom I would like to express
my gratitude.

First, I would like to thank Professor Reis for his supervision and

advice throughout this work.

Additionally, none of this would have been possible

without the funding and support of everyone at Schlumberger-Doll Research.
On a more personal note, I would like to thank those in my life who supported
me throughout my graduate work: the esteemed post-docs of the EGS lab, Francisco
and Joel, who were always willing to provide advice, wisdom, and, most importantly,
coffee; and all of my friends at MIT who made the past two years a truly wonderful
experience.
Lastly, thank you to my parents for their constant support throughout my college
career.

5

6

Contents

9

1.1

M otivation . . . . . . . . . . . . . . . . . . . . . . . . . . . .

9

1.2

Previous Work

.

. . . .

10

Axial Compression of a Cylindrically Constrained Rod

. . . .

10

1.2.2

Injection of a Rod into a Horizontal Cylinder . . . . .

. . . .

12

Thesis O utline . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . .

14

.

1.2.1

15

Background and Theory
Description of the Problem . . . . . . . . . . . . . . . . . . .

. . . .

15

2.2

Continuous Rotation

. . . . . . . . . . . . . . . . . . . . . .

. . . .

16

.

.

2.1

2.2.1

Extended Reach by Rotation: Basic Theory

. . . . .

. . . .

17

2.2.2

Extended Reach by Rotation: Advanced Theory . . .

. . . .

19

24

3.1.1

Rotational Drive System . . . . . . . .

25

3.1.2

Injection System

26

3.1.3

Experimental Apparatus Implementation

28

.

.

Rotational Experimental Apparatus . . . . . .

. . . . . . . . . . . .

28

3.2.1

Buckling Length

. . . . . . . . . . . .

29

3.2.2

Rod Tip Rotation Speed . . . . . . . .

31

3.2.3

Rise Angle . . . . . . . . . . . . . . . .

34

3.2.4

Friction Experiments . . . . . . . . . .

38

.

.

.

.

Experimental Results . . . . . . . . . . . . . .

.

3.2

23

.

3 Reach Extension by Continuous Rotation
3.1

.

2

. . . . . . . . . . . . . . . . . . . . . . . . .

.

1.3

.

Introduction

.

1

7

3.2.5

4

Ocillitory Rotation
4.1

4.2

5

Variable Injection Speed . . . . . . . . . . . . . . . . . . . . .

Static Oscillation

40

45
. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

45

4.1.1

Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . .

46

4.1.2

Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

49

Rotary Oscillation with Injection

. . . . . . . . . . . . . . . . . . . .

51

4.2.1

Experimental Apparatus . . . . . . . . . . . . . . . . . . . . .

52

4.2.2

Experimental Methods . . . . . . . . . . . . . . . . . . . . . .

53

4.2.3

Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

54

Conclusions and Future Work

56

5.1

58

Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8

Chapter 1
Introduction
1.1

Motivation

Developments in directional drilling in the oil and gas industry have promoted the
construction of horizontal wellbores [1]. These wellbores consist of a vertical section
extending downward, followed by a curved section in which the wellbore transitions
into a horizontal section that extends into the oil-producing area at a small (less than
10 degrees) angle to the horizontal. This horizontal section can extend to lengths as far
as 11.7 km [2]. While this type of wellbore offers substantial production possibilities
for oilfield exploration [3, 4], it also presents significant technical challenges.
Once a wellbore has been drilled, various service procedures become essential for
efficient operation, including cleaning, data acquisition, and recovering of downhole
debris [5, 6]. These tasks are typically accomplished using coiled tubing; a continuous
length of steel tubing initially coiled around a large reel, this tubing is injected into
the wellbore from the surface. This process is complicated in horizontal wellbores
by the gravity-induced frictional contact between the tubing and the borehole in its
horizontal section. As increasing lengths of coiled tubing are injected, the contact area
between the tubing and borehole increases, causing escalation of frictional compressive
forces [7]. When these forces reach a critical level, buckling and eventual lockup of
the coiled tubing occurs, barring further injection [8]. This phenomenon results in
the inability of coiled tubing to access the entire length of many existing horizontal
9

wellbores.
Previous studies have explored means of extending the reach of coiled tubing into
a horizontal wellbore by focusing on attempts to improve system parameters to delay
buckling, such as optimizing the diameter of the coiled tubing [9] or decreasing friction
between the coiled tubing and borehole using lubricants [10]. Mechanical means of
reach extension have also been considered, including use of downhole tractors [11]
and distributed vibration of the coiled tubing [12]. Axial rotation has been shown
to reduce the overall axial forces on the constrained rod, thus delaying the onset of
buckling

[13]. However, these past investigations were primarily focused on coiled

tubing drilling operations and were conducted at field scale.

A more systematic

experimental and theoretical investigation into the feasibility of axial rotation to
improve reach in coiled tubing would be of significant benefit to the oil and gas
industry.
In this thesis, we present the results of precision desktop experiments that we developed to investigate the potential of using axial rotation to improve reach extension
in coiled tubing operations.

1.2

Previous Work

Buckling of a constrained rod is not a problem unique to coiled tubing. Similar buckling phenomena have been investigated in a variety of fields and scales, including
catheters passed through blood vessels [14], silicon nanorods confined within a channel [15], and DNA folded inside a viral capsule [16]. Previous academic investigations
into cylindrically constrained buckling have focused on two separate boundary conditions, the axial compression of a cylindrically constrained rod [17, 18] and injection
of a rod into a horizontal cylinder [19].

1.2.1

Axial Compression of a Cylindrically Constrained Rod

The study of axial compression of a cylindrically constrained rod has been principally
motivated by drilling in the oil and gas industry. During this process, the drill string,
10

consisting of several long segments of pipe screwed together, is clamped both at the
top of the weilbore at the drill rig and at the distal end by contact between the drill
head and the material being penetrated. The nature of drilling operations requires
significant axial compression of the drill string to allow for advancement. When this
compressive force reaches a critical value. buckling of the drill string ensues.
Academic inquiries have generally focused on the representative system of a length
of rod under axial compression within a cylindrical constraint as shown schematically
in Figure 1-1. As the rod is compressed. it initially buckles into a sinusoidal mode
with wavelength A, followed by a helical buckling mode with pitch p.
Axial View:

Side View:

Figure 1-1: Schematic diagram showving axial compression of a length of rod within
a horizontal cylinder. As the rod is compressed. it buckles from an initially straight
configuration (blue), to a sinusoidal buckling mode (green) with wavelength A. and
finally to a helical mode (red) with pitch p. Figure extracted fron [20]
The first investigations into this buckling behavior were conducted by Lubinski et
al. [17, 18]. who derived an initial buckling mode for the case of a rod within a vertical
cylinder compressed past the point of sinusoidal buckling. Subsequently, Paslay and
Bogey [21] employed energy argiiiiients to derive expressions for the critical buckling
load for sinusoidal buckling. F;;. of a rod within a frictionless inclined cylinder, in
which there is no contact loss between rod and constraint. Later. research by) Dawson
and Paslav [22] (lerived expressions for the wavelength of this sinusoidal rod buckling.
A. in an inclined cylindrical constraint.
Helical buckling of a rod constrained in a vertical cylinder was also first described
in the early investigations of Lubinski et al. [18]. This work resulted in a prediction
for the relationshil.p betweeii the axial load on the rod and the helical 1uckling pitch.
Subsequent examination by Chen

et al. [23] led to the derivation of the critical force

require(d for the onset of helical buckling of a constrained rod. These predictions of

buckling behavior have since been experimentally verified by Miller et al.[20].
11

1.2.2

Injection of a Rod into a Horizontal Cylinder

In the case of most coiled tubing operations, the boundary conditions are different
from those described above. In horizontal oil wellbores, the coiled tubing is clamped
at the point of injection, while the distal end is free. The compressive loads exerted
on the tubing are primarily due to gravity-driven frictional forces from contact with
the borehole.
Academic investigations of the buckling of coiled tubing have focused on the problem of a length of rod injected into a horizontal cylinder. As a rod is injected into a
horizontal cylindrical constraint, a compressive axial force builds up due to frictional
contact with the constraint. When this axial force reaches a critical level, buckling
occurs. Wicks et al. and McCourt et al. [24, 19] have successfully expanded on the
above work for a cylindrically constrained rod under axial compression to describe
this behavior. During injection, the maximum axial force acting on the rod exists
at the injection site. Wicks et al. [19] defined this force by integrating the frictional
forces along the entire length of the rod as:

Fing = Ipawl.

(1.1)

where 1 is the total injected length of rod (s = 0 at the tip), w = pAg is the weight
per unit length of the rod (where p and A are the density and cross sectional area of
the rod respectively and g is the acceleration due to gravity), and pa is the coefficient
of friction between the rod and the constraint in the axial direction. The rod buckles
into a sinusoidal mode when this force reaches a critical value given by Paslay and
Bogey [21]:
Fs=2

Fc.=

EIw) 1/2(12
.r
Ar

(1.2)

Here, E and I are the elastic modulus and bending moment of inertia of the rod
respectively and Ar is the radial clearance between the rod and the constraint.
The wavelength of this sinusoidal buckling mode has been derived by Dawson and

12

Paslay [22]:
A\S = 2-7r

EI r

1/4

.

(1.3)

There is significant spatial heterogeneity in the buckled configuration of the rod.
Sinusoidal buckling initiates at the injection site, while a portion of the rod extending
to the free tip remains in the straight unbuckled configuration.
As the rod is injected further, Fi,3 continues to increase, eventually reaching a
second critical force predicted by Chen et al. [25]:

F = 2-/2

(EIw

(1/2)

)

At this point, the rod buckles into a helical mode.

(1.4)

The configuration of the rod

remains spatially heterogeneous: the helical portion is observed at the injection site
(where the compressive axial force is the highest), followed by an intermediate sinusoidal configuration, and finally straightening near the rod tip. Using the fact that
F = Fh at this point, from Equations 1.4 and 1.1, Wicks et al. [19] concluded that
the length of rod injected at the onset of helical buckling is given by:

=O

=

2 '/2

EI
wAr

1/2

(1.5)

This equation serves as a prediction for the helical buckling length of a rod injected
into a horizontal constraint in the absence of axial rotation (w = 0). In this thesis,
we will build on the work of Wicks et al. [19] to expand Equation 1.5 to include the
effects of continuous axial rotation of the rod.
Experimental investigations by Miller et al. [12, 20] on the injection of a rod into
a horizontal constraint consisted of a length of polymeric rod injected into a borosilicate glass tube. This work demonstrated agreement with the theoretical predictions
of Wicks et al.

This work also included significant experimental and numeric in-

vestigations into the possibility of distributed vibration of the rod as a method of

13

increasing the helical buckling length.

1.3

Thesis Outline

This thesis is organized as follows. Chapter 2 provides a theoretical background of
buckling behavior of a rod injected into a cylindrical constraint. In addition, a novel
theory is presented that was developed at Schlumberger-Doll Research to predict the
reach extension provided by continuous axial rotation of an injected rod. In Chapter
3, these theoretical predictions of reach extension are validated.

An experimental

apparatus was fabricated to explore reach extension provided by simultaneous axial
rotation and injection of a rod into a cylindrical constraint and to verify several
assumptions made in the derivation of the theory. In Chapter 4, we present the results
of these investigations into the effects of oscillatory rotation on buckling behavior.
Results and conclusions are summarized in Chapter 5 and possible areas for future
exploration are proposed.

14

Chapter 2
Background and Theory
In this chapter, we describe the theoretical framework required for understanding
the buckling behavior of a rod injected into a cylindrical constraint while undergoing
axial rotary motion. The results of this theoretical analysis will be used to rationalize
the experimental results presented in Chapter 3.
problem. Next,

2.1 provides a description of the

2.2 presents a theory that quantifies the increase in the buckling

length of a rod undergoing continuous rotation during injection into a cylindrical
constraint.

2.1

Description of the Problem

A schematic diagram of the problem investigated in this thesis is shown in Figure 2-1.
A thin elastic rod of radius R is injected into a borosilicate tube of inner diameter D
at a speed v. During injection, the rod is subjected to axial rotations at the injection
site with speed w. In the case of continuous rotation as described by the theory
derived below, w is a constant.

However, in the case of the experiments reported

in this thesis, we also consider the case of oscillitory rotation with a non-constant
value of w. Since this work focuses on increasing the reach of coiled tubing prior to
helical buckling, the primary value of interest is the helical buckling length,

Ih.

When

reporting reach extension results, we utilize the normalized helical buckling length,
1

h = ih/lh,w=O,

which is simply the helical buckling length normalized by the helical
15

buckling length of a rod injected into

the same constraint in the absence of axial

rotation (w,= 0) as predicted by Equation 1.5.
b)

a)

4h
c)
2Ar

Figure 2-1: Diagram of buckling of a rod injected into a constraint. (a) Vector
diagram of transverse forces acting on a rod during axial rotation. (b) Diagran of
helical buckling state. For static injection, the axial rotation speed w is equal to zero.
(c) Definition of radial clearance.

2.2

Continuous Rotation

In Chapter 3, we will present a body of experimental work that investigates the
buckling behavior of a rod injected into a constraint while undergoing continuous
rotation around its axis. In order to apply this work to practical applications such as

coiled tubing operations. it is necessary to develop a theoretical understanding of the
effects of continuous rotation on buckling length. In

2.2.1. a basic theory is presented

which considers only factors that increase reach with continuous rotation. In

g 2.2.2.

a more advanced theorv is developed. which also considers normal force and twisting
factors that tend to decrease reach.

Unless otherwise noted. the theory considered

in this section is the work of Dr. Tianxiang Su (Schlumberger-Doll Research). which
was iotivated by the experimental results of the author, and is Yet unpublished.
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2.2.1

Extended Reach by Rotation: Basic Theory

In the non-rotating case, the velocity of any point along the surface of the rod has
only one component, which is axial. The presence of rotation adds a second transverse
component that points perpendicularly to the axial component (see Figure 2-la). The
frictional force, f, acting at the contact points between the rod and constraint directly
opposes these vectors and is given (per unit length) as:

__a__

f = (fa, ft) =

a

,

1/-+ a2'

puaN

ta

(2.1)

V1+0 2)

Where N represents the normal force per unit length of the rod,

pa

and Pt are

components of the coefficient of friction between the rod and constraint in the axial
and transverse directions, respectively, and a is the velocity ratio.

This ratio is a

dimensionless parameter selected to describe this system and is given by:

a =wR

(2.2)

V

where w is the rotation speed, R is the radius of the rod, and v is the injection speed.
The value of a is assumed to be constant throughout the length of the rod.
An important effect of rod rotation within a cylindrical constraint is that the
presence of a transverse velocity component causes the rod to rise up the side of the
constraint to an angle given by:

Or = arctan(pt).

(2.3)

A consequence of this rise is that part of the transverse frictional force now points in
the vertical direction, thus decreasing the normal contact force, N, between the rod
and the constraint. It can be shown, by considering a force balance of the transverse
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forces acting on the rod, that there is a relationship between N and /it given by:

N =

pgA
2
1 + t a 2 /(1 + a

)

(2.4)

From Equation 2.4, it can be seen that an increase in a will result in a decrease
of the value of N. By plugging Equation 2.4 into Equation 2.1 and integrating, an
expression for the total axial force acting on a point along the arc length of the rod
can be obtained:
Fa=

fads=
o

pgAs
1+ (1 + pt!)a2

(2.5)

Note that Fa increases linearly with s. Thus, it will reach a maximum at the farthest
point from the rod tip s = 1, where 1 is the total injected length (i.e., at the injection
point).
In order to use this equation to predict the onset of buckling, it should be noted
that buckling occurs when the compressive force in the rod equals a critical force
value:

Fa = Fcr.

(2.6)

By substituting Equation 2.5 into Equation 2.6, an expression for the critical buckling
length,

1h,

can be obtained:

1h = V1

(2.7)

+ (1 + 2)a2

Assuming that the value of Fe, is independent of rotation, a normalized measure of
buckling length extension,

1h,

in the absence of rotation, W

can be obtained by dividing Equation 2.7 by its value
=

0:

1c
__=

Thi

_

xhw=O

=

1 + (1 + p4)a 2 .
t
t

(2.8)
kg

This expression represents a basic theory for predicting the buckling length of a rod
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undergoing rotation. This theory does not take into account changes in the critical
buckling force due to twisting effects. A more sophisticated theory will be developed
which takes these factors into account.

2.2.2

Extended Reach by Rotation: Advanced Theory

In the above section, an initial theoretical prediction of the buckling length of a rod
undergoing continuous rotation was derived by considering only factors that increase
reach with rotation. In this section, a more advanced theory is obtained that also
considers factors that decrease reach.
A major assumption in the derivation of Equation 2.8 was that the critical buckling
force remains constant in the presence of rotation. In reality, this is not true. There
are two factors that act to decrease Fc, in the presence of rotation: i) reduction in
normal force between the rod and the constraint and ii) presence of twist in the rod
due to rotation. These two effects are taken into account in the following equation
for the critical buckling force:
EI N(a)
Fc, = Fcr(a) = 2v'2k(a)

(2.9)

A
ZAr

where k(a) < 1 represents a factor that takes into account the reduction in Fc, due
to twisting and N(ao) is the normal force between the rod and constraint defined in
Equation 2.4. In order to account for the reduction in Fcr, Equations 2.9, 2.4, and
2.1 are inserted into Equation 2.7 to obtain an updated prediction for the normalized
buckling length:

k(a)

{1j + a2) [1+ (1 + P2

.

(2.10)

This equation remains dependent on the twisting parameter, k(a). In order to calculate this value, the force equilibrium for a pure helix confined in a cylindrical

19

constraint is used [26]. This equation is copied here for convenience:

87r4 EI
4

27Fr2 F
=

p2

47r3 T
+ P3

W
Ar

(2.11)

Here, F is the end-to-end force applied to the helix in the axial direction, T is the
torque applied to the helix, P is the helical pitch, and W is the weight per unit length.
This equation is non-dimensionalized to become:

p2
1
2p +
222

t

(2.12)

-Fp'

where f = F/Fc,,=o,k=1 is the axial force non-dimensionalized by dividing by F,
in the absence of rotation, p = P/Po is the helical pitch non-dimensionalized by
a factor P

= (8-r4 EIAr/W) 1/ 4 , and t = T/"Fe,,ao,k=lEI is the dimensionless

torque. Equation

2.12 describes the axial force

f

required to maintain a helix of

pitch p with applied torque t. Comparison of Equation 2.9 to the definition of the
non-dimensionalized force reveals that f is equivalent to the reduction in the critical
force due to twisting.

It is, therefore, equal to the twisting parameter, k(a). In

order to have a complete expression for Fc,, it is necessary to find an expression for
f = k(a) that does not include t.
For a given value of t, Equation 2.12 can be used to calculate the minimum value
of f required to form a helix. This is accomplished by finding the minimum value of

f

for which there is a non-imaginary solution for p by setting df/dp = 0 with a fixed

value of t. This minimization yields:

,/t2+

8- t

+

+V8- t
43
v/22+8-t

t

In order to solve this equation, a relationship between t and

(2.13)

f

is required. This is

found by examining the axial force and torque within the rod during injection. It has
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already been shown above that the total axial force within the rod is given by:

fads = fas.

F =

(2.14)

It can similarly be shown that the total torque within the rod is given by:

T=

ftR

ds = ftRs.

(2.15)

Solving both equations for s, equating them, and inserting the same non-dimensional
variables used in Equation 2.12 yields the desired relationship between t and f:
- = (32)1/4 a

where ft

=

Pt/Pa and Ab =

R,

(2.16)

(4EIAr/pgA)1/ 4 or the sinusoidal buckling length defined

in Equation 1.3. It is possible to solve Equations 2.13 and 2.16 numerically to obtain
an exact value for

f

= k(a). However, if the torque, t, is assumed to be small, it is

possible to obtain the following solution using Taylor expansion:

fcr = k (a) =

1
1+ 81/4a
Oz

where (r = R/Ab. Inserting the expression for
?'~

1

1+ 8 1/ 4a P f

{(1 +

f,

,

(2.17)

into Equation 2.10 gives:

2)[1 + (1 + t2)a2] 1/ 4 .

(2.18)

This equation represents an approximate prediction for the buckling length of a rotating rod within a cylindrical constraint that considers factors that both increase
and decrease reach. It is important to note that while Equation 2.8 is independent of
radial clearance and rod mechanical properties, Equation 2.18 includes dependence
21

on these parameters through the dimensionless parameter, ,. Experimental work described in Chapter 3 validates these predictions as well as several assumptions made
in their derivation.
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Chapter 3
Reach Extension by Continuous
Rotation
In this chapter, we present the methodology and results for our investigation of the
buckling behavior of a rod injected into a cylindrical constraint while undergoing continuous rotation. The experiments were designed to test the merit of using rotation
of a rod at its injection point to increase the length to which it can be injected into
a horizontal cylinder.

Concurrently, the experimental results were used to validate

a theoretical framework for this problem as well as several assumptions utilized in
its derivation. In

3.1, we describe our experimental apparatus that was developed

to provide simultaneous rotation and injection of a polymeric rod into a horizontal cylindrical constraint.

Using this apparatus, four aspects of buckling behavior

were explored: i) buckling length of the rod relative to the non-rotating case, ii)
rotation speed of the rod tip relative to the driven rotation speed, iii) rise angle of
the rod within the constraint, and iv) the effect of variable injection speed on buckling. In

3.2, we present the results for these studies. The experiments presented

were designed and implemented by the author over the course of this thesis work.
As noted previously, the theoretical predictions are the work of Dr. Tianxiang Su
of Schlumberger-Doll Research, which are provided and discussed in detail for the
purpose of comparison.
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3.1

Rotational Experimental Apparatus

\Ve have developed a precision deskiop scaled experinent al apparatus with the primary goal of examining the effects of rotation on rod buckling length within a cylinder.
In order to gain insight and a predictive understanding of these effects, we performed
a systematic parametric exploration of the underlying physical parameters of

Ihe

problem, namely: the rod rotation speed, the rod injection speed. and the friction
coefficient of the contact between the rod and constraint. This required designing an
apparatus capable of rotating the rod around its axis at a set constant speed, while
injecting the rod into the constraint at a speed set independently of the rotation.
The apparatus. pictured in Figure 3-1. consisted of an injection head mounted
within a rotating acrylic housing. This housing was rotated around its axis using a
servo motor connected to the housing using a custoim built gear transmission. Thus.,

a)

Rod Storage
Spool

Stepper

Borosilicate

Motor

Tubing

Slip Ring
-

Counterweight
Spur Gear
Servo Motor

0@M!

b)

Figure 3-1: Rotational experimental apparatus. (a) Annotated photographs of rotation injection assembly (b) Photograph of entire experimenital apparatus. including
lengths of 1orosiicate tulb ing.
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the overall design

the rotation drive system and

consisted of two main subsystems:

the injection system. In combination, these subsystenis allowed precision control of
the experimental paraieters., as is discussed in detail in the following subsections.

3.1.1

Rotational Drive System

The purpose of the rotational drive system was to axially rotate the rod during
injection into the cylinder.

This was accomplished by building a rotating housing

into wlhich an injection assembly could be nounted.

A rendered computer aided

design (CAD) model of the rotational drive system is shown in Figure

3-2.

The

housing consisted of a 15 cim long section of acrylic tubing with an outer diameter
of 15.2 cm. This housing was constrained to rotate around its axis by mounting it
ito two bearings. which were carefully aligned concentrically with the housing to
iniminnze rotational eccentricity.

Three pairs of diametrically opposed acetal resin

mounts were affixed to the inside surface of the acrylic housing to allow attachment
of the injectiom assembly within the housing. The entire experimental apparatus was
secured to a 12x12 inch optical breadboard for ease of positioning and alignment.

lbtational

50

Bearings
B

mm

)jection

4Ma
Servo

Transillssionl

Figure 3-2: Rotational die
systeni CAD rendering. This subsystem consists of a
rotat ing acrylic housing drivenm by a servo motor.
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The axial rotation of the housing was provided by a servo motor 1 interfaced with
the main housing using a simple custom built gear transmission. This transmission
consisted of two gears: a large 132-tooth spur gear mounted concentrically with the
acrylic housing and a smaller 24-tooth gear mounted to the motor shaft, creating
a geared transmission with a 5.5:1 reduction. An on-board encoder included in the
servo motor was used to track the velocity and position of the housing by dividing
all measured values by the a factor of 5.5. The maximum rotational speed of the
housing assembly was 300 rpm, which was limited by the maximum rated speed of
the mounting bearings.

3.1.2

Injection System

The purpose of the injection system was to allow continuous insertion of a flexible
elastomeric rod into the cylindrical constraint.
is shown in Figure

3-3.

A CAD rendering of this system

The main body of the injection assembly consisted of a

shelf designed to be inserted into the rotation drive assembly described in

3.1.1.

Components were attached to the shelf to facilitate injection and storage of the rod.
The rods used for these experiments were cast out of a vinyl polysiloxane (VPS)
polymer injected into a length of straight 3.16 mm ID PVC tubing.

This process

allows for the creation of perfectly straight rods with known mechanical properties.
A more detailed description of this casting process can be found in previous publications [27, 28, 29]. The mechanical properties of the rod used are listed in Table

3.1.

Prior to experimentation, these rods were coated with chalk 2 to create a consistent
frictional coating between the rod and the constraint. This was done by agitating
the rod within a container filled with chalk. Excess chalk was then removed by first
passing the rod through a compressed air stream followed by passing it between soft
foam blocks. This process allowed for a consistent frictional coating between the rod
and the constraint.
The rod was continuously inserted using a pinch-wheel style injector head similar
'Parker Motion BE230F DC Motor, Stall torque: 0.37 Nm.
2
Irwin Strait-Line Standard
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Slip Ring

Hea

Figure 3-3:

Injection system CAD rendering. This subsystem consists of an iiijection
head mounted to a shelf allowing operation while undergoing ((ontiillous rotation.
Property

Value

Young's Modulus. E
Density, p

1296
1210

Diameter, d
Poisson's Ratio, v

3.16

31 [AIPa]
8 [kg/rn3 ]
0.05 [mm]
0.49

Table 3.1: Relevant Rod Mechanical Properties
to those used in extrusion-type 3D printing devices. This injector head was powered
using an injector stepper motor.

Using LabVIEW software. this motor allowed

precise control of the injection velocity of the rod for values ranging from 0.1 cm/s
to 10 cm/s. In order to inilimize translational motion of the rod during insertion.
the injector head was positioned so that the rod exited the injector along t1he axis of
rot a tion of t he housing assenibly.
The rotary nature of the injection assembly apparatus produced several design
challenges.

First . it was necessary to wire all electronic connect ions to the injector

head motor through a rotational slip ring. This rotary electrical connection allowed
the injector head to revolve cont inuously wit hout causing twisting and event ual failure
of the electrical leads linking

the motor to its power source and to the controlling

PIntelligent M)ot or Svstems MDrive 14 Plus Motion Control
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computer. In addition, it was necessary to store the rod within the injection system
to prevent significant buildup of twist in the rod prior to experimental insertion. This
was accomplished by mounting a rod storage spool onto the back of the injection
assembly. Held in place by two acrylic brackets, this spool was designed to store up
to 5 meters of rod during a continuous experimental run. Lastly, ensuring a constant
axial rotation speed required that the center of mass of the entire assembly be as close
to the axis of rotation as possible. This was accomplished by offsetting the relatively
large mass of the injector motor with several counterweights, consisting of stainless
steel nuts placed on the bottom of the mounting shelf, as shown in Figure 3-3.

3.1.3

Experimental Apparatus Implementation

When combined, the two subsystems described above formed the experimental apparatus used for the continuous rotation testing. The design of the apparatus permitted
a wide range of values for both the injection speed 0.1 < v[cm/s] < 10 and the rotation speed 0 < w[rpm] < 300 of the rod. Detailed photographs of the assembled
apparatus are shown in Figure

3-1.

During experimentation, the apparatus was

mounted on a structure consisting of four 1.21 m lengths of borosilicate tubing with
equal diameters ranging from 12 < D[mm] K 34, mounted end-to-end to create a
single cylindrical constraint that was 4.84 m in length. The entire constraint was
supported using a series of acrylic uprights with vinyl polysilicate rings placed at the
tubing interfaces to reduce transmission of vibrations. The experimental apparatus
was mounted at one end of this constraint, positioned so that the rod was injected at
the bottom of the borosilicate cylinder, as shown in Figure 2-1.

3.2

Experimental Results

We proceed by describing the results of a series of experiments conducted using the
apparatus described in

3.1. The primary motivations of these experiments were

to quantify and to understand the increase in buckling length gained by rotating a
rod during injection into a cylinder. In addition to the buckling length experiments,
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efforts were made to investigate the behavior of the rod during injection. A detailed
understanding of this behavior is important for developing theoretical predictions of
the effects of rotation on buckling length of rods. Additional experiments examined
the transmission of twist along the length of the rod, the rise angle of the rod within
the constraint, and the transverse coefficient of friction between the rod and constraint. The rods used in all these experiments had the geometric and mechanical
properties listed in Table

3.2.1

3.1.

Buckling Length

As discussed in Chapter 1, the motivation behind this study was to identify methods
of increasing the accessible distance into horizontal wellbores of coiled tubing. Specifically, we examined the helical buckling length,

1

h,

of a thin rod within a cylinder.

Making use of the rotary experimental apparatus described above for this first series
of experiments, we seek to provide evidence that continuous rotation of the rod results
in significant increase in injection length prior to helical coiling.
During a typical experiment, the cylindrical constraint was filmed from above,
beginning prior to the start of injection and ending after helical lockup. Using these
videos, the precise times of key transitions in the rod, including the start of injection
and the onset of helical buckling, could be determined (see 2 for details). This information, combined with the known injection speed of the rod, v, could then be used to
determine the length of rod injected at these points. The results of these experiments
can be seen in Figure

3-4 for a variety of clearances and injection parameters. Each

data point represents the average value of 5 experiments conducted using the same
independent parameters (clearance, injection speed, and rotation speed). The data is
plotted as the normalized buckling length,

Fh,

given by the ratio of

1h

and the helical

buckling length of the rod in the absence of rotation (lh,=O) as a function of the
dimensionless velocity ratio,
_

wR
V
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(3.1)

qMam

Here.

=7

R is radius of the rod (mm). w is the rotation speed of the rod in units of

(radians/s), and v is the injection speed (im/s).

As discussed in Chapter 2, the

and
parameter a represents the ratio of the surface velocity of the rod due to rotation
the injection velocity.
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Figure 3-4: Rotational buckling length data. Experimental data for multiple constraint diameters and injection speeds. Dashed line represents the basic theoretical
prediction accounting for transverse velocity and rise angle effects (Equation 2.8);
solid lines represent the advanced theoretical prediction which also accounts for torsional effects (Equation 2.18) plotted for multiple constraint diameters and assuming
anisotropic friction. Experimental data points represent average and standard deviatlion of 5 experimental results.
These experimental results show a direct relationship between
inip ort alit to note. however,

that at lie imaxiinii

b,

and

a. It is

value for the dimensionless velkcit y

ratio. a = 6. the normnalized buckling length was as high as 11, = 5.1. representing a
significant increase in the horizontal reach of the rod into the pipe. In addition, the
dimensionless parameters chosen allow the collapse of the experimental data points,
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into a single master curve, indicating that these parameters describe the system well.
The theoretical predictions compare well with the experimental data. The basic
theory given by Equation 2.8, which accounts only for vector and rise angle arguments, approximates experimental values at lower values of a, however, it tends to
increasingly overestimate these values at higher values of a. The more sophisticated
theory given by Equation 2.18, which additionally takes into account torsional effects,
eliminates this overestimation, resulting in an improved prediction of the experimental data. While this advanced theoretical prediction indicates some unaccounted for
dependence on clearance, its effect appears to be relatively small compared to that
of injection speed and rotation speed.

3.2.2

Rod Tip Rotation Speed

Upon completion of the buckling length experiments, it became necessary to examine
several assumptions used to develop the theoretical predictions of buckling length
described in

2.2. The first assumption examined is that the axial rotation speed

remains constant along the entire length of the rod. This was tested by measuring
the rotation speed of the tip of the rod, Q, over the course of an entire experiment
and comparing it to the driven rotation speed at the injection site, w.
This experiment was conducted by placing a circular ink mark approximately 1.5
mm in diameter on the surface of the rod next to the tip. The rod was then injected
into the constraint with a set rotation speed until helical buckling occurred.

All

experiments were conducted with an injection speed of v =1 cm/s and constraint
diameter of D =21.7 mm. During the entire injection process, the tip of the rod
was followed with a camera capable of taking video at an accelerated frame rate
of 120 frames per second. The video was processed to determine rotational period
of the rod at approximately equally spaced times during the injection experiment.
This was done by counting the number of frames required for the ink mark on the
surface of the rod to complete one full rotation and using frame rate of the camera
to convert this value to a rotational period in units of seconds. This process allows
measurement of the rotational period of the rod to within t 0.0083 s. In addition,
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lie video traite inlforinIati1

w85 used

to approxiiate the injected length of rod for

each period ineasureient. Selected framnes fron an experimental vi(eo can bI seen
in Figure 3-5.

T =0.400000 s

=0.000000 s
T 0.05000 s

T

0450000

S0.150000 s

T

0.550000 s

Figure 3-5: Sequence

6 min

of franes illustrating the rotation of the tip during an exper-

iment. This particular experiment has a driven frequency of w = 120 rpm and the
original video was shot at 120 fraines per second. Ink mark on the tip of rod requires
0.5 sec(onds to return to its center position iidicat ing a tip rotation speed of 120 rpin.
Usino

t his iliethod. tit) rotation1ala

was

collected for driven rotation speeds

raiging fron 60 < w[rpm]< 270. Rotation period data was collected at approximately

cyqal time it ervals ranging from 12 to 23 seconds depending uponl driven rotat ion
speed with 5 fdl rotations observed at each point. Alter conversion from rotational

period to rotation speed. this dat

a was compiled and plotted as seen in Figure 3-6.

This plot shows ro( tipj rot ation speed as a funetion of injected length1 normalized 1hv
helical buckling length.

I.

for a variety of drivei rot ation s1eeds.

There are several not ewort liv features apparent in Figure

3-6. For the majority

of observed point s. t he rot at ion speed ieims relatively colistant an(d equal to t he
driven rot ation speed. This inldicates that twist is t raislitted fronm his inject ion sile

t o I he tiip of t he rod. However. at large values of driven rotat ion speed and normalized
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Figure 3-6: Tip rotation speed results. Rotation speed of rod tip for various iijected
lengths and driven rotation speeds. Highlighted region indicates data points where
stick-slip was observed, resulting in relatively non0-constant rotation speeds. Each
data point represents the average and standard deviation of 5 measurements. All experiments were conducted with a constant injection speed of v =1 cm/s and clearance
diameter of D =21.7 mml.
injected length. the tip rotation speed data becomes highly variable compared to the
rest of the collected data.

It was observed during experimentation that at these

points, the rod tip would appear to go through periods of no rotation followed by
rapid rotation in excess of the driven rotation speed. This indicates a periodic build
up and rapid release of torsion within the rod. We hypothesize that this behavior is
due to stick-slip occurring between the rod and constraint and is responsible for the
high variability of the measurements in this region.
These findings indicate that for most of the parameters explored, twist is transitted along the entire length of the rod. This supports the assumption that the rod
is rotating at, a constant velocity along its entire length. The stick-slip phenomenon
observed at high values of normalized injected length and tip rotation speed indicate

that this assumption may not he valid along

lie entire length of Ihe rod for these

parameters. In future implementations, this will be an important consideration when
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using the theoretical predictions in

3.2.3

2.2.

Rise Angle

As discussed in

52.2.

constant axial rotation causes the rod to rise up the side of the

constraint to a given angle. 0 ,. This angle is given, at a location sufficiently far away
from the injection site to ignore boundary effects, by Equation 2.3, repeated here for
coniveinience.

(3.2)

0, = arctan(pl)

where plj is the dynamic coefficient of friction between the rod and constraint in the
transverse.

The rise angle of the rod up the constraint is a key ingredient in the

governing equations fOr the helical buckling length (see

52.2).

It reduces the effective

normal force between the constraint and rod. resulting in a decreased frictional force.
We now describe a series of experiments designed to quantify the rise angle of the rod
and compare the results to the theoretical prediction of its value.

10ft

Af

Figure 3-7: Rise angle experimental output. Sample frame from rise angle experiinental video with ineasured rise angle indicated.
Experimentally, the rise angle of the rod tip was measured at an injected length
sufficient to eliminate boundary effects from the injection site.
3-4

In order to accom-

plish this. the length of borosilicate tubing comprising the cylindrical constraint was
shortened to 1.21 im. The rod was then injected to a length of 1.2 im and rotated at a
variety of speeds ranging from 60 < w [rpm] < 300. While rotating, the rod tip was
filmed using a camera aligned to the constraint, axis. The position of the rod tip in
this video was obtained using MATLAB point tracking software and the rise angle
was calculated based

on tip position relative to

sample experimental output is showin

in Figure

the center axis of t he

constraint. A

3-7.
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Figure 3-8: Plotted tine-series of the rise angle. showing the periodic nature of rise
angle in time. This particular experiment is at a driven rotational speed of c =180

The first significant finding of these experiments was that the rise angle does not
reiiain constant witi tile as predicted by theory. Figure 3-8 shows the time series of
the rise angle for a representative experiment (Lo =180rpm). From this plot, it can be
observed that the rise angle varies significantly and periodically with time. In order
to further examine this periodic behavior. 20 rise angle measurements were taken at
rotational speeds ralnging froim 40

w[rpm]< 240. For each of these mieasurencilts,

a Fast Fourier TransfOrmn (FFT) was applied to the rise angle vs. iiine data for each
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mneasurement and the results plotted in Figure 3-9., as a surface plot with normalized
FFT amplitude displayed on the z (color) axis.

The plotted solid line represents

points where FFT frequency is equal to the driven rotational frequency. Additional

(lashed lines have been plotted to represent multiples of the driven frequency. These
results indicate that the main frequency components in the rise angle vs. time data
correspond to harmonics of the driven frequency. such that the periodic
this data

nature of

can be attributed to rotational driving and not due resonant behavior of a

constrained rod.
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Figure 3-9: Surface plot showing FFT data for every driven frequency observed,
normalized by the individual maximum peak values. Drawn lines indicate multiples
of the driven frequency.
The second important finding of the rise angle data was that the average amplitude
was much lower than predicted by Equation 2.3 when isotropic friction (p, = p) is
assumed. Figure

3-10 shows the average measured rise angle as a function of driven

rotation speed. This data shows that the experimentally mieasured rise angles had

an average rise angle magnitude of approximately 120.

This is significantly lower

than the rise angle predicted by Equation 2.3 when using the previously measured
value for the axial coefficient of friction in place of the transverse friction coefficient,
, = V,/ = 0.54 (dashed black line in Figure
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3-10).

These findings suggest that

the frictional

cont act betNween

the rod and constraint is in fact ailisotropic.

neanigff

that the axial and transverse coefficients of friction have different values (p (I
Using the rise angle measurements shown in Figure

3-10 and Equation

p)

2.3. an

estimated value for the transverse coefficient of friction for the rods used in this
experiment of pIt ~ 0.22 was obtained. In order to verify these findings, the value of
p, was independently verified using a secondary experimental apparatus that will be
detailed in

5 3.2.4.

The theoretictal predictions described in

5 2.2 rely on both the axial

and traiisverse

frictional coefficients. Proper use of these predictive equations both here and in future
work will require a more complete understanding of the frictional contacts between
the rod and the

constraint.
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Figure 3-10: Rise angle data with theoretical prediction based on assuipt ion
of isotropic friction (black line) and an updated prediction taking into account
aliisotropy (blue line).
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3.2.4

Friction Experiments

In order to experimentally verify the tangential coefficient of friction (pt) orignially
estimated from rise angle experiments in

g 3.2.3.

a second experimental apparal us was

develol)e(l. photographs of which are shown in Figure 3-11. A static (non-injected)
known length of rod was connected to a servo motor4 and placed within a 40 cim

length of 16.1 1111 inner diameter borosilicate tubing of the same type used for the
previous experiments. This tubing was mounted into a rotary air bearing. allowing
free rot ation in the axial direction with negligible rotational frictional forces. Also
attached to this length of tubing is a force transmission arm designed to restrict axial
rotation while transmitting torsional forces on the tubing to a precision laboratory
scale placed below the experimental apparatius.
Rod

Air
Bearing

Borosilicate
Tubing

Servo
Motor

50

Rod
-

/clanip
Transmission
Arm

-

if

Scale

Figure 3-11: Photographs of the transverse friction ineasurement apparatus.
This device quantified the transverse frictional coefficient of the rod by measuring
the torque imparted on the borosilicate tubing from an axially rotating rod. As shown
in the schematic diagram of Figure
rod at a known rotation speed

3-12, the servo motor was used to rotiate the

w, causing it to rise up at an angle 0 neasured in the

previous section.
While the rod was rotat ing. frictional contact betweeni the rod and the constraint
resulted in a torque being applie( to the borosilicate tubing. The force transmission
arm prevented

the ti1bling from rotating due to this torque, causing a reaction force

equiial to the applied torque divided 1by the distance from the end of the force trans"Parker

lotion BE230F DC Motor. Stall

torque: 0.37 Nm
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L

JF.11108S3
Figure .3-12:

Schematic of transv~erse friction measurement.

mission arm to the center of the tubing. L. This reaction force,

in standard units of mass to an estimated precision of

F,,(. was umeasured

0.(0I1g by the

laboratory scale.

then later converted to units of force. From this information, the transverse frictional
coefficient could be calculated by:
2 F, L(3L
pgcos (0)D A1 1'

where D is the diameter of the borosilicate tubing. Arod is the cross sectional area of
the rod, and I is the length of rod used. It is important to note that this equation
does not rely on the rotational velocity, w. of the rod.
Utilizing this apparatus for quantification of p, requires careful measurement of
the reaction force generated on the force transmission arm. Prior to zeroing the laboratory scale, the rod was radially perturbed or "flicked" to ensure that it rested on
the bottom of the tubing to eliminate residual rise angle effects from previous experiment s. After zeroing the scale and ensuring that readings remained stable for a period
of 15 seconds, the servo motor was set to spin at a specific velocity. After allowing
an additional 15 seconlds for the laboratory scale reading to ensure stabilization. the
imeasured reaction force was recorded. This process was repeated for a variety of rod
lengths and rotation speeds. The results of these experiments are plotted in Figure
3-13 wit l

the measured value of' p plotted as a funct ion of W for four separate rods
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ranging fron 10 (mi to 34 (in in length. The plotted lines represeni the

average and

standard deviation of the measured values of pj. As expected. there was no apparent
dependence of p, on rod length or rotation speed.
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Figure 3-13: Friction neasureinent data. Results of experimental measurement of
transverse friction coefficient, p,. Results indicate a coefficient of friction with a
0.01.
value of p, = 0.21
From this data, it can be observed that the measured values of P,

= 0.22

0.01

agree with the estimated value obtained from rise angle data in the previous section
(pl, = 0.21). A revised prediction of the rise angle accounting for anisotropic friction
is plot ted in Figure 3-10 (blue line). While it has been shown that meticulous consideration of frictional anisolropy is necessary for future theoretical work, these results
indicate that Equation 2.3 can be used to accurately pre(ict rise angle, provided the
appropriate component of the frictional coefficient is used.

3.2.5

Variable Injection Speed

During the course of the experiments described above.

two interest ing observations

were iade about the behavior of a helically buckled ro(d upon cessation of inject ion.
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First, it was observed that if axial rotation of the rod continued once helical initiation
was reached and the injection was stopped, the rod reverted from its helically buckled
configuration back to the unbuckled, straight, configuration.

Second, it was found

that if injection was resumed after the rod had reverted to its straight configuration,
it was possible to inject the rod an additional distance into the constraint prior to
the recurrence of helical buckling. Since the primary goal of this work was to increase the length of rod injected into a cylindrical constraint prior to helical buckling,
these observations merited further inquiry. The following series of experiments were
conducted by Ryan McDermott (MIT Mechanical Engineering Class of 2015) and
undergraduate researcher under direct supervision of the author.
The first experiments examined the time interval between cessation of injection
and the reversion from helical buckling to an unbuckled configuration, which we shall
refer to as the release time, t r. The value of the t, was measured for rod rotation speeds
ranging from 5 < w[rpm]

90 and injected lengths ranging from 62 < l[cm]< 185.

In a typical experiment, the rod was injected to a known length prior to helically
buckling, at which point rotation and injection were both stopped. The rod was then
axially rotated at a set speed, w, while being filmed from the top. The release time
was then measured using knowledge of the video frame rate and the number of video
frames between resuming rotation and complete reversion of the rod to its unbuckled
state.
In Figure 3-14 we plot the results of these release time experiments for injected
lengths ranging from 62 < 1[cm]

185 and a rotation speed of w =60rpm. Despite the

scatter of the data, it appears that the release time tends to increase with injected
length. This is likely due to the increase in frictional force resisting rod motion with
higher injected lengths. It is also worth noting that the largest values of release times
measured were approximately 10.5 seconds, a relatively short time compared to a
typical injection experiment.

Figure 3-15 shows a plot of the value of the release

time at the constant injected length of 1 = 79

6cm as a function of rod rotation

speed (logarithmic scales). Plotted errorbars represent the standard deviation of 5
experimental values. The data is consistent with a power law relationship between
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Figure 3-14: Release time results for a variety of injected lengths. Data
rotation speed of L =60rpm and a clearance diameter of D ='21.7nnn.
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Figure 3-15: Plot of relea se time vs rotation speed. The plotted line represents a
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6 cimi and a clearance diameter of 21.7 nun.
length of 79
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rot at1on speed and release time wit 1h release t ime decreasing wit

inicreasing rotatio

speed (t, = 7-5w-0.89).
The results of Figures 3-14 and 3-15 provide further insight into the factors affecting the release time. These plots show that release tinie increases with injected length
and decreases with rotation speed. In order to fully understand this phenomenon. fi-

ture work should focus on the effect of clearance diameter and the friction coefficient
between rod and constraint on the value of the release tille.
Next, we examine the effect that a non-constant injection rate has on the buckling
length. /I,. In these experiments, a rod rotating at wc

60rpm was injected at a time

varying velocity given as a square wave with an amplitude of 1 cm/s, a duty cycle of
0.50 and a set period. '.

In Figure 3-16, the normalized buckling length. 11, is plotted

as a function of the injection period, T. From this data, it

can jbe observed that the

presence of a ioi-constant injection speed results in an increase ill the normalized
buckling length.

Interestingly, this effect appears to be highly dependent on the

period, T, with the value of the normalized buckling length reaching its peak value
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Figure 3-16: I3iickling length vs. iljeclion period. Data taken for a rotation speed of

w = 60rpm and a clearance diameter of 21.7 1um.
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at a period of 1 second.
While this method of non-constant injection speed has the potential for improvements in buckling length it is unclear if there is any added benefit of a variable
injection speed over injection at a slower constant speed. Injecting at a variable injection speed with a duty cycle of 0.5 effectively halves the injection speed and results
in an 67 percent increase in buckling length. However, as shown in Figure 3-4, simply
injecting at a constant velocity of half the original speed will increase buckling length
by 100 percent. Future work on this subject should focus on the effects of rotation
speed and clearance diameter in order to more fully understand this phenomenon and
determine if it has any potential applications to the coiled tubing industry.
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Chapter 4
Oscillatory Rotation
In this chapter, we present the methodology and results of experiments on the behavior of a rod undergoing oscillatory rotation while placed within a cylindrical constraint. As with the previous chapter, the ultimate goal of this work is to demonstrate
the merit of oscillatory rotation as a possible means of reach extension in coiled tubing
operations. In

4.1, we present the experimental apparatus and results for an investi-

gation of a static rod placed at the bottom of a cylindrical constraint while undergoing
oscillatory rotation. In

4.2, we present the experimental apparatus and results for

a rod undergoing oscillatory rotations while being injected into the constraint.

4.1

Static Oscillation

Unlike the case of continuous rotation as studied in the previous chapter, a rod undergoing oscillatory rotation in a constraint is expected to demonstrate non-negligble
dynamic resonant behavior. Developing an understanding of this resonance behavior is important for rationalizing the effects of oscillatory rotation on constrained
buckling.

Towards this goal, we have designed an experimental apparatus for the

investigation of the resonant behavior of a static length of rod undergoing oscillatory rotation while placed at the bottom of a cylindrical constraint. This apparatus
is capable of providing oscillatory rotations at a set frequency and amplitude while
measuring the resultant lateral displacements of the rod within the constraint. In
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Section

the

4.1.1. the experinieiital apparatus is described in detail.

1et4hodology

In Section

4.1.2.

and results of several experiments coiducted with this apparatus

are reported.

4.1.1

Experimental Setup

For this investigation. an applaratlis capable of providing oscillations of at least 50
degrees amplitude at frequencies in the range of 1-20 Hz was required.
Since t lie required aiplitude and frequency is not within the working range of readily
available servo iiotors. an alternative method of actunation was required.

Laser Sheer

()

Diode

Rack and
Rotary
Linear
Pinion
Oscillator Bearing and
Transmission
Axel

Oscillating
Slit

For this

mm

Laser
Measurement

Ruler

Rod Clamp

50 1111
Rod an

Constra1r

A
~

I
Figure 4-1: Photographs of static oscillation experiments. The apparatus consists of
a lincar actunator connected to a rack and pinion gear t ransinission. Linear oscillations
are t ransformed int o rotary oscillations through this t ransiission. Rotary oscillat ions
are then transiittled to an elastonieric rod placed within a borosilicate tube.
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experimental apparatus pictured in Figure 4-1, a linear oscillating shaker1 capable
of amplitudes of up to 13 mm was utilized. A rack and pinion gear transmission was
used to convert linear oscillations from the shaker into rotary motion. Using an axle
supported with two rotary ball bearings, the rotary motion was transmitted to a 30
cm length of rod clamped at one end of the axle. The rod was then inserted into a
length of borosilicate tubing positioned to allow the rod to rest at the bottom of the
tube for its entire length. As in the previous section, the rods used throughout this
experiment were cast from a vinylpolysilicate polymer to a diameter of 3.16 mm.
The primary engineering challenge in assembling this experimental apparatus was
development of a method to set and monitor the oscillation amplitude, as there is no
reliable method to precisely control the amplitude of the shaker during oscillation.
To solve this problem, a sheet style laser diode2 was mounted onto the experimental
apparatus with the laser plane oriented parallel to the table at a level which intersected
the oscillating rack gear. As seen in the schematic diagram in Figure 4-2, an acrylic
tab with a 0.5mm slit was mounted to the rack gear in front of the laser diode,
blocking the majority of the laser light.
In the absence of linear oscillation, the projected laser pattern from this configuration forms a single point. However, when the slit begins to oscillate with the rack
gear, the projection becomes a horizontal line. The projected length of this line is
directly dependent on the oscillation amplitude of the slit. This pattern was projected
onto a metric ruler placed 23.5 mm away from the oscillating slit.
In order to use the length of the projected laser pattern to measure rotational oscillation amplitude directly, a calibration was conducted at 10 equally spaced oscillation
amplitudes, set by increasing the input voltage to the shaker in equal increments. At
each point, the rotary oscillation amplitude of the rod clamp was measured by filming
the clamp using a high speed camera 3 set to take video at an accelerated frame rate
of 402 frames per second. The videos were processed using a custom MATLAB script
1The Modal Shop SmartShaker with
integrated power amplifier (model K2007E01) magnet shaker

with 21 N peak sine force, 13 mm continuous stroke, and frequencies up to 9 kHz
2
650nm Wavelength, 120 degree fan arc
3
Nikon N1J3 mirrorless DSLR camera
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Figure 4-2: Diagram of laser sheet oscillation measurement system.
to determine oscillation amplitude in degrees. In addition. at each point, the length
of the laser line (Lme0 ,) projected onto the ruler was measured in inim. The error in
this length measurement was estimated to be approximately

1 mm., primarily due

to the lack of sharpness in the projected line ends. The calibration results are shown
in Figure 4-3.
From the data in Figure 4-3. it can be seen that this method of measuring oscillation amplitude was successful. The relationship between oscillation angle and Lm, 1 8
2
was found to be highly linear with an U value of 0.999. The results of a linear fit to

this data indicate that the relationship between oscillation amplitude and projected
laser length is:

07' = 14.38Lmlas - 2.52

(4.1)

Throughout experimentation. Equation 4.1 was utilized to set rotary oscillation
amplitude.
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Figure 4-3: Laser sheet oscillation measurement calibration. Calibration for using
laser sheet to measure rotary oscillations. Data is fit to a line of 0, = 14.38L,,,S - 2.52
(R 2 = 0.999).

4.1.2

Results

III this section, we present the experimental methods and results for experiments
conducted on the apparatus described in Section

4.1.1.

The main focus of this

investigation was to examine the resonant behavior of a rod undergoing oscillatory
rotations within a cylindrical constraint. This was accomplished by exciting the rod
with oscillations of set amplitude (A) and varying driving frequencies ('/(). then
measuring the output radial displaceleilt of the rod (6x).
Rod displacement was nIeasured for an 8-cm section of rod located 15 cim from the
rod clamp. Displacement was measured by backlighting the rod and constraint using
a LED light panel, then filming the rod displacements from above using a camera 4 at
402 franmes per second. These videos were then processed using a MATLAB script to
measure of rod radial (displaceniet at approxi mately 330 points along selected length
of rod.
Using Ihis method. the radial disiplaceimient of' the rod withimi its constraint was
mneas]Ire(l for rotational oscillations of amplitudes of
'Nikon N113

1irrorless

DSLR

camera
49

6t = 75" for driven frequencies

1

< 1a[Izl

20 and clearance diameters 6.7 <

DI[mm]nl

21.7. In these experiments.

for a given clearance, the first frequency measured was 1 Hz after which the frequency
was increnientallv increased for each additional experimental run. For each set of' paraneters. an average peak-to-peak value of radial displaceimient (3xp 1

))

was calculated

along the entirety of lie observed section of rod.
The plot in Figure 4-4 shows the average measured peak-to-peak displacement of
the rod as a function of 71'd for

all 5 constraint dialmeters examined.

From this it

can be observed that there is significant resonant behavior in this system. For each
diameter measured, the displacenient observed at the resonant peak in the 7-13 Hz
range is approximately

6 times higher than the displacement observed at the upper

and lower limits of driven frequency.

It was hypothesized that this behavior could

be described by the equation governing the resonance of a sphere oscillating in a
cylindrical channels given by:
1

(4.2)

2wr~

The measured resonant frequencies (at which the maximun amplitudes from the
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Figure 4-4: Resonance curve plot. Plots of radial displacement vs.
Valiols clearances. A clear resonance behavior is observed.
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Figure 4-5: Conparison of' experimentally observed peak location to theory. Experimentally observed peak location cm)ll)ared to prediction by Equation 4.2.
data in Figure 4-4 are plotted in Figure 4-5 as a function of constraint diameter and
compared to Equation 4.2 finding that it provides a good approximation of the experimentally observed peak locations especially at low constraint diameters.

However.

as the clearance diameter increases, this equation increasingly underestimates peak
location. This disagreement between prediction and measured values indicates that
this resonant behavior is more complex thanm origiiially expected. presumably due to
the nonlinearites introduced by the constraint and the geomet ry of the rod. This
would be an interesting topic for future investigation.

4.2

Rotary Oscillation with Injection

Havinmg gained physical insight into the behavior of a const rained rod undergoing axial
rot ary oscillations, we proceeded by examining the feasibility of axial rotary oscillation as a method for improving reach extension of coiled tubing in a cylinder.

For

this lpurposc. we desiged an apparatlus that allows silmlt aneous rotary oscillation
and injection of a rod into a cylindrical constrainit.

Uing11i

this apparatus. a series

of experiments into the helical buckling length of a rod undergoing axial rotary os-
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illations were conducted, similar to those that investigated continuous rotation and
injection.

4.2.1

Experimental Apparatus

In order to conduct these experiments, a device capable of injecting a rod into a
constiraint while creating rotary oscillations with at least 50 degrees peak-to-peak
amplitude at a frequencies as high as 15 Hz was required.

A photograph of the fi-

nal design is shown in Figure 4-6. The apparatus consists of a pinch-wheel injector
head imounted on a rotating frame supported by two mounting bearings. The injection channel of this injector head was carefully aligned with a 3.5 mm hole drilled
through the axis of rotation of the frame to allow a rod to be passed through the
apparatus during injection. At the injection end of the frame, the rod passes through
a pinch roller mechanism to clamp the rod, thereby elininating twisting within the
apparatus and ensuring that the oscillation amplitude of the rod at the injection site
remains constant. Oscillation is provided by an electromagnetic shaker

5

connected

to the frame by a rack and pinlion gear transmission responsible for converting lin1ear oscillations into rotary motion. In order to set the amplitude of oscillation to a

l1cad
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M

IRack and

Pinlion
\nrinn

(;(;I

Shakc]

eL
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IIjeclor

Piih 1PoIlei

SI

orage

Figure 4-6: Experimental apparatus for rotary oscillation with injection. A pinchwheel injector head is ilouned onto a rotating fra me with a rod injection channel
drilled along the axis of rotation. An electromagnetic shaker connected to a rack and
pinion gear transmission provides the oscillatory rotations.
constanlt peak-to-peak

amplitude of 50 degrees. two red angle ineasurenient marks

5The Modal Shop model 2075E shaker with 334N peak force
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were placed 50 degrees apart on one of theliounting bearings. During operation. the
rot ary motion of these measurement marks causes them to appear as blurred lines.
The oscillation amplitude is then increased until these lines appear to meet. At this
point. the peak-to-peak oscillation amplitude is equal to the distance between the
two imrks, in this case 50 degrees. This process can he seen in Figure 4-7.
Low Angle

Set Angle

High Angle

Figure 4-7: Angle measurement illustration. During operation. the two anigle measurement marks (highlighted by red arrow) appear to become red blurred lines. a)
At angles lower than the operating amplitude these lines appear separate. b) At the
set amplitude. they appear to meet. c) At angles higher than the set amplitude. they
appear to overlap.
I

4.2.2

Experimental Methods

The procedures followed using the apparatus developed for buckling length experiinents of the current chapter were similar to those of in Chapter 3 for continuous
rotation investigation. Im a typical buckling length experiment. the apparatus was
placed at one end of the constrainming pipe. which consisted of two cylindrical borosili-

cate tubes placedl end to end to form a continuous channel. Each individual tube was
1.21 in in length and 21.7 inmn in (liameter. The injection site of the apparatus was
positioned so that the rod was injected onto the bottom of the borosihicate constraint.
Prior to injection. the rod was treated with chalk and the const raint was cleaned with

et hamiol to ensure a consist eut frictional
rod was injected into the

(otact

between the rod and const raint. The

constraint at a constant injection velocity set

ii the rangc

of (.25 < v[cmi/s]K 1. while undergoing rotary oscillations at a constant pleak-to-peak
ammplit ude. 9,

= &0"and frequeiicy.4 < ,,,j[Hz]< 15.
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During experimentalion., the rod was filmed from the side. near the injection site.
The videos generated were later processed to determine the time difference between
the start of injection to onset of helical buckling. Using the known injection speed of
the rod, this time interval

can then be used to determine the length of rod that had

been injected at onset of buckling, I,.

4.2.3

Results

In Figure 4-8. the results of these experiments are plotted as the buckling length
normalized by the static buckling length.

. as a function of the driven frequency,

7kj,

normalized bv the resonant frequency measured for a 21.7-n dianeter cylindrical
constraint (see Figure 4-5). From this plot, it can be observed that for frequencies
lower than the resonant frequency. rotational oscillation increases buckling length by
3
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Figure 4-8: Rotary oscillation buckling length results. Normalized buckling length. h
of llormialized frequency. Results neasiured for injection speeds 0.25 <
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7Ivcmn/s]< 1 and driven frequencies 4 < d[Hzj 12. Ili all experiments. the constraint
diameter was P =21.7nmn.
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an average of 1.75 times when compared to the static case, with no apparent dependence on frequency. However, for frequencies higher than the resonant frequency, the
buckling length appears to increase linearly with increasing frequency. In addition,
there appears to be a slight dependence between buckling length and injection speed,
with slower injection speeds typically resulting in higher buckling lengths. However,
this dependence was not as significant as that observed for continuous rotation.
These experimental results indicate that rotational oscillation is capable of providing extension in helical buckling length of a rod in a cylindrical constraint. Within
the range measured during the investigation, this extension reached as high as 2.4
times the static buckling length. These increases in buckling length achieved with
oscillatory rotation are similar in magnitude to those observed by Miller et al. in
the case of distributed vibration [12]. However, they are notably lower than the 5.1fold increase observed for continuous rotation. Further studies examining the effects
of clearance diameter, oscillation amplitude, and higher frequency oscillations will be
necessary to more thoroughly understand this phenomenon and evaluate its relevance
for potential applications to reach extension of coiled tubing.
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Chapter 5
Conclusions and Future Work
We have presented an investigation into the effects of axial rotation on the helical
buckling length of a slender rod injected into a cylindrical constraint. The primary
motivation for this work was to gain physical insight into the conditions that can
lead to extended reach of coiled tubing in horizontal wellbore operations. Toward
this goal, two distinct modes of axial rotation of a slender rod during injection into a
cylindrical constraint were examined: continuous rotation (Chapter 3) and oscillatory
rotation (Chapter 4). For each of these modes of axial rotation, precision experimental
apparatuses were constructed to allow for a systematic investigation of the effects on
the buckling behavior.
Continuous Rotation: An apparatus was designed and built to provide simultaneous continuous axial rotation and injection of a polymeric rod into a length of
borosilicate tubing. First, this apparatus was used to quantify the increase in helical
buckling length produced with continuous rotation at various injection and rotation
speeds. The results indicated that continuous rotation was able to provide increases
in buckling length by as much as a factor of approximately 5 within the parameter range studied, when compared to the case of injection without rotation. These
findings suggest the potential for significant benefits for coiled tubing reach extension. These experimental results were compared to theoretical predictions developed
by Dr. Tianxiang Su at Schlumberger-Doll Research, which helped rationalize the
problem. Excellent agreement was obtained between theory and experiments. Next,
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three assumptions required in the derivation of this theory were experimentally verified. First, it was shown that for the majority of parameters explored, the injected
rod maintains a constant rotation speed along its length. However, at high values
of rotation speed and injected length, stick-slip dynamics caused increased variability in rod rotation speed. Secondly, we examined the angle at which the rod rises
within the constraint due to axial rotation, which is an important ingredient in the
theory. There were some discrepancies between these results and those predicted by
theory. While theory predicted that the rise angle should remain constant in time,
the experimental results showed significant temporal variability. In addition, the average measured rise angle was significantly lower than predicted by theory. It was
hypothesized that this decrease in measured rise angle was due to the presence of
unaccounted for anisotropy in the coefficient of friction between rod and constraint.
Thirdly, to test this hypothesis, we measured the value of the coefficient of friction
perpendicular to the axis of the rod, and found that it was approximately 60 percent
lower than the friction coefficient in the axial direction, thereby indicating that the
coefficient of friction of the rod was indeed anisotropic.
Oscillatory Rotation: Two apparatuses were developed to examine the effects of
oscillatory rotation on a cylindrically constrained rod. The first of these allowed oscillatory rotation of a fixed length of rod within a borosilicate tube. With this setup,
the frequency response of the lateral motion of a rod undergoing oscillatory rotation
at constant amplitude was measured. The results demonstrated significant resonant
behavior, with the value of lateral displacement rising to a definite peak at a specific
resonant frequency. The values of these resonant frequencies were compared to a theoretical prediction based on resonance of a sphere rolling on cylindrical constraints of
varying diameters. This comparison indicated some agreement between experiments
and theory, with increasing divergence as tubing diameter increased.

The second

apparatus was built to study simultaneous oscillatory rotation and injection of a rod
into a cylindrical constraint. The increase in helical buckling length was measured for
a rod undergoing constant amplitude oscillatory rotation at a variety of frequencies
and injection speeds. It was shown that oscillatory rotation was able to provide an
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increase in buckling length by as much as a factor of 2.75, when compared to the nonrotating case. While this indicates possibilities for reach extension in coiled tubing
operations, the expected gains do not appear as promising as what one may be able
to achieve with continuous rotation.

5.1

Future Work

There are several possible avenues for future work in this area of study.
Continuous rotation: We were able to examine the effects of varying rotation
speed, injection speed, and cylindrical constraint diameter on buckling behavior.
However, there are other factors that will, likely, also have significant effects on
buckling, including: the coefficient of friction between the rod and the constraint,
the elastic modulus and natural curvature of the rod, and the tortuosity of the constraint. Investigation into the effects of these parameters on the buckling behavior
of an axially rotating rod would add significantly to our understanding of this phenomenon.
Oscillatory Rotation: Some of the parameters that remain unexplored include
constraint diameter, rod properties, and oscillation waveform. In addition, developing
a more thorough physical understanding of the propagation of oscillatory rotations
down the rod would be of significant interest. To date, a theoretical framework has not
yet been developed to predict the increase in buckling length provided by oscillatory
rotation. This would be another avenue for future studies that would be valuable to
better understand and predict reach extension in coiled tubing operations.
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