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Abstract

Very Flexible Aircraft (VFA) corresponds to an aerial platform whose flight dynamics
critically depends on its flexible wing shape, and has been investigated as a poten-
tial solution to generate high-altitude low-endurance flights. The dominant presence
of model uncertainties and potential actuator anomalies motivate an adaptive ap-
proach for control of VFA. Another particular control challenge for VFA is that its
flexible modes cannot be measured accurately, which necessitates an output-feedback
multi-input multi-output (MIMO) control approach. The focus of this thesis is on an
adaptive output-feedback controller for a generic class of MIMO plant models with
an emphasis on the control of a VFA so as to execute desired flight maneuvers. The
proposed adaptive controller includes a baseline design based on observers and pa-
rameter adaptation based on a closed-loop reference model (CRM), and is applicable
for a generic class of MIMO plants of arbitrary relative degree, and therefore the
overall design is suitable for control in the presence of uncertainties in flexible effects,
sensor dynamics, and actuator dynamics. In addition, the proposed controller can
accommodate plant models whose number of outputs exceeds number of inputs. One
major advantage of the proposed design is that the number of integrators required for
implementation is significantly less than that of previous methods and therefore the
controller can be implemented even for large-dimensional VFA models. Conditions
are delineated under which asymptotic stability and command tracking can be guar-
anteed, and the overall design is verified using realistic simulations on a high-fidelity
VFA model with unknown varying wing shape and actuator anomalies.
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Chapter 1

Introduction

1.1 Large Dimension MIMO Systems

To achieve engineering marvels, modern machines are made of a huge number of
intricate components and mechanism, and therefore include complicated dynamics.
Control designs that are based on a simplified low-order plant model cannot produce
stable performance in all operation range while applied on the real machine, while
control designs based on high-fidelity high-order models usually yield a much higher
order controller that defies efficient implementation. These large dimension systems
are also equipped with a large number of sensors and actuators, and are required
to perform a complex maneuver that involve all sensors and actuators simultane-
ously, which defies classical single-input-single-output (SISO) decoupling approach
and therefore motivates a MIMO approach. One of such large dimension MIMO
control challenge is Very Flexible Aircraft (VFA) [1,2].

1.2 Very Flexible Aircraft

VFA platforms are being investigated with increased attention in the last decade,
motivated to a large extent by the desire to generate high-altitude long-endurance
(HALE) flights [1,3,4]. VFA corresponds to an aerial platform whose equilibrium
flight condition (trim) critically depends on the flexible modes of wings [3,5]. One
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of the challenges of VFA is a significant change in the rigid-body dynamics around
a trim as its wing morphs. For example, the pitch (short period) mode of VFA
can become unstable when wing dihedral is trimmed at a high value [5,6]. As a
consequence, control designs based on low-order rigid-body dynamics only may face
unexpected adversities. An example of this adversity occurred in 2003 during the
second test flight of Helios when the flight controller failed to regulate the wing
dihedral and eventually, allowed the unstable pitch mode to diverge [6]. The lesson
learned from the mishap is that the model for control designs has to include body
flexible effects [5,6].

Nonlinear VFA models have been investigated in [5,7,8] with focus on capturing
the flexibility effects while VFA navigates through multiple trims. For maneuvers
around a single trim, high-fidelity linear model, such as the one for Vulture VFA [2], is
also introduced with the focus on verification of the control design for large dimension
systems. All these platforms feature a particular challenge that only a set of state
measurements can be used for control because body flexible modes have to be included
in the model but none of them are measurable. The restriction necessitates control

designs based on output-feedback, such as linear observer-based controllers.

1.3 Linear Output-Feedback Control

Output-feedback MIMO control designs have been studied extensively because of
their ability to control a plant with only incomplete state measurements. One strat-
egy is to use an observer to generate state estimates, and use the estimates to perform
state-feedback-like control [9]. Observer-based controllers have been widely employed
for aircraft control and their performance is quite satisfactory for a nominal lin-
ear time invariant (LTI) plant model, which are able to capture most of the rigid
body dynamics [10,11]. Combined with the “full-state” loop transfer recovery (LTR)
technique [9,12] (referred as the LTR technique hereafter), the resulting controllers,
denoted as observer-based LTR, recover the guaranteed stability margins of linear

quadratic regulators (LQR) asymptotically [9,12,13], and therefore can tolerate a
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certain amount of model uncertainties. Application of observer-based LTR controllers
to VFA, however, faces unique difficulties. First, since flexible wings can deform to an
unknown shape, the actual trim and the corresponding flight dynamics can drift far
away from the nominal trim and its nominal dynamics (¢rim drift). Second, a HALE
flight can cause severe actuator anomalies such as power surge in motors or structure
damage on control surfaces. Both unknown adversities can exceed stability margins

of observer-based LTR controllers, and therefore make these controllers inadequate

for VFA.

1.4 Adaptive Output-Feedback Control

The limitations of linear controllers motivate an adaptive control solution that is
able to accommodate the unknowns associated with VFA flights. Those unknowns
include unknown structure stiffness and compliance change caused by unknown trim
drift, which is another consequence of unmeasurable states, and unknown scaling
of lift/thrust force caused by actuator anomalies. This thesis will show that both
types of the unknown adversities can be modeled as parametric uncertainties in the

underlying plant model.

For uncertain plant models, adaptive control has been investigated as a candi-
date improvement over linear controllers for the reason that it guarantees to recover
both stability and performance despite the presence of large parametric uncertain-
ties [14]. The classical approach to MIMO adaptive controllers (see [14, Chapter 10]
and [15, Chapter 9]) is based on the underlying plant transfer function matrix. Such
a design typically requires the knowledge of plant’s Hermite form [16,17] and uses a
non-minimal observer along with a reference model, resulting in a significant num-
ber of integrators (a high order controller). These high order designs prohibit their

applications to VFA since VFA model usually features large amount of flexible states.
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1.5 Relative Degree One Observer-Based Control De-
sign

In contrast to the classical method, recent literature proposes a new approach of
adaptive control based on state-space representation, which uses a minimal observer to
generate the underlying state estimates [18, Chapter 14]. The state estimates are then
used for both feedback (similar to observer-based linear controllers) and parameter
adaptation. Unlike the classical approach, the observer is also used as a reference
model, by appealing to the notion of a closed-loop reference model (CRM), which is
recently shown to be a highly promising direction in adaptive control due to improved
transients [19-21]. The presence of CRM allows the new controllers to use much
fewer integrators than the classical ones, and is therefore an attractive alternative in
the case of MIMO plant models (see [18,22-24]). The proposed controllers in these
references guarantee stable adaptation based on an underlying strict positive real
(SPR) condition and therefore can be applied on a plant model with relative degree
one. Implementation of the proposed controllers requires solutions for its parameters,
which are subject to a matrix inequality, and therefore are solved using numerical
methods in these references. As a result, applications to a large dimension plant

model, or analysis of LTR properties, are not available.

1.6 Higher Relative Degree Control Design

The adaptive controllers proposed in the above-mentioned references [18,23-25] are
based on a restrictive assumption that the underlying relative degree of the plant
is unity. This implies that any actuator dynamics that may be present has to be
sufficiently fast, and also that the set of sensors must result in the number of net
integrations to not exceed one (for example, velocity sensors for mechanical systems).
Since actuator dynamics or sensor dynamics are hardly negligible in real applications,
especially for HALE flight where actuator/sensor aging could take place, high relative

degree plant models with uncertainties in both the plant dynamics and the actua-
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tor/sensor dynamics need to be considered. While adaptive controllers for such kind
of plant models have been addressed in SISO plants [21], currently very few results
exist for this case in MIMO plants. Classical adaptive control approach (see [14, Chap-
ter 10] and [15, Chapter 9]) addresses MIMO plant models with high relative degree
at the cost of huge amount of integrators and therefore are not suitable for large

dimension systems such as VFA applications.

1.7 Nonsquare Plant Models

Square systems play a key role in control theory development because of some unique
properties they may possess such as SPR properties [26], which serves a crucial role
in guaranteeing stability. Therefore, in adaptation design for MIMO plant mod-
els [14, 15], square plant models with stable transmission zeros are commonly as-
sumed. Nonsquare plant models, whose number of outputs exceeds number of inputs,
become increasingly popular in industry since sensors are cheap and can be massively
deployed. The fact that nonsquare plant models usually do not have transmission ze-
ros makes them a good candidates for adaptive control design. To extend control de-
sign to non-square systems, a squaring-up method is usually needed, which effectively
produces an artificial square system through addition suitable inputs. Literature on
squaring-up methods were rather sparse until the work by [27,28]. The squaring-up
method in these references, however, are subject to a restrictive assumption that the
underlying plant models have uniform relative degree one, which prevents the design

to be applicable to plants that have actuator dynamics, i.e. higher relative degree.

1.8 Synopsis of Thesis

The main contribution of the thesis is the development of an adaptive output-feedback
controller for a class of MIMO plant models with unequal number of inputs and out-
puts and arbitrary relative degree, and the demonstration of the design on a high-

fidelity large dimension VFA model for high-altitude flight with body flexible effects.
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First, a generic class of MIMO plant models that are suitable for control purpose, in
particular for VFA control, is examined in Chapter 2. Then mathematical prelimi-
naries necessary for control design and analysis are introduced in Chapter 3. While
assuming no actuator dynamics present, we develop an adaptive controller for the
plant model with relative degree one in Chapter 4. In Chapter 5, we then explicitly
consider actuator dynamics and extend the control design to plant models with rel-
ative degree two. The control design is further extended to relative degree three in
Chapter 6, which serves as a corner stone to extend the whole design to arbitrary
relative degree in Chapter 7. Squaring-up method are provided in each section such
that the overall method can be applied on nonsquare plant models. Simulations with
high-fidelity VFA model are presented at the last section of each chapter for each of
the control designs. All proof of the Propositions, Lemma, Theorem can be found in

the Appendix.

1.9 Thesis Contributions by Chapter

The main contributions of the thesis is described in Section 1.8. The following para-

graphs are thesis contributions by chapter.

Chapter 2

A class of nonlinear VFA model as proposed in (8] is properly linearized and is shown
to contain parametric uncertainties due to unmeasurable flexible effects. This class

of linearized VFA model is shown to belong to a generic class of MIMO plant models.

Chapter 3

Based on a series of definitions and properties pertain to relative degree [29,30], an
implementable state-space realization is developed for a plant model with its input

being differentiated, which is a crucial part for high relative degree control design.
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Chapter 4

Based on the previous adaptive control design for relative degree one plant models
[18], a new explicit closed-form solution for its parameters is proposed and shown
to guarantee an underlying SPR condition while retaining the LTR properties in
the baseline controller. The design is also extended to plant models with nonlinear
parametric uncertainties. Demonstration of the control design on a large-dimension

nonsquare VFA model is carried out around a single trim.

Chapter 5

Using a recursive property of the new control parameter design, the relative degree
one adaptive control design is extended to plant models with relative degree two.
Extension to nonsquare plant models whose number of outputs exceeding number of
inputs is also integrated into the design. Demonstration of the control design on a

nonlinear VFA model is carried out while the VFA navigating through multiple trim.

Chapter 6

The relative degree two adaptive control design is extended to nonsquare plant models
with relative degree three. Demonstration of the control design on a VFA model ver-
ifies that significantly less number of integrators are used compared with the classical

adaptive controllers.

Chapter 7

The adaptive control design is extended to nonsquare plant models with arbitrary

relative degree.
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Chapter 2

Plant Model Description

This section describes a class of MIMO plant models that are commonly seen in real
world applications. First a generic class of uncertain MIMO plant models is examined
in Section 2.1. The main focus of this thesis is presented in Section 2.2, where a class
of VFA model is examined and shown to be a MIMO plant model with parametric
uncertainties. Then Section 2.2.1 presents a 3-Wing VFA model that belongs to the
class and will be used for our simulation validation. Section 2.2.2 describes another
example of the class, the Vulture VFA model, that will be used for the verification of

the design on a large dimension plant model.

2.1 A Class of Uncertain MIMO Plant Model

Dynamics of a MIMO plant around an equilibrium flight condition can be described

by a linear time invariant (LTI) model as

T = Az + Bu
(2.1)

y=Cz
where £ € R™ are states, u € R™ are control inputs, and y € RP are measurement
outputs. A € R™", B € R¥™™ (C € RP*" are known matrices which represent
a nominal model. Since in most flight control applications, there are more sensors

than actuators (as sensors are much cheaper than actuators), and all states are not

25



measurable, we assume that n > p > m.

Eq.(2.1) corresponds to the ideal case where all plant matrices are known. In
reality, these matrices are unknown and are identified through various methods. The
state matrix A can be determined through experiments fairly accurately, such as wind-
tunnel tests for aircraft frame. C is well known as well since the relation between
measured outputs and states is well defined. The input matrix B, in contrast, may
not be accurate as the net effect of control inputs are subjected to perturbations. We

address two of the dominant issues in this section.

The first source of uncertain perturbations we consider is the unknown structural
stiffness, compliance or weight distribution change. In most cases, this effect can be
modeled as an additive term ©*T®(z) where ®(-) : R" — R”* is a known nonlinear
function regressor and ©* € R**™ is an unknown parametric uncertainty. The second
source of uncertainties that we consider is actuator anomalies caused by electronic
power surge or control surface damage. This is modeled as an unknown multiplicative
factor A* € R™*™. Together, both uncertainties lead to a modified plant model given
by

= Az + BO*T®(z) + BA*u
(2.2)
y=Czx

The class of plant model as in (2.2) is generic and can model a variety of real dy-
namics. For example, it can model the response of vertical acceleration of aircraft
when elevators move, in which case ©* are the uncertainties in the CG position of the
aircraft [18, Chapter 2]. Another example is the response of pitch/roll/yaw angles
of a quadrotor when some of its motors change power output, which is summarized

below.

Example 2.1. [31]The 6 DOF dynamics of quadrotor helicopters around a hover

orientation can be described by a linear model that belongs to (2.2) as

W =g0, j=—g¢, i=L(U1+Al)

. .. . (2.3)
6= +A), § = £(Us +AU), ¥ = (Us + AU)
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where variables w, y, z are the positions of CG in the inertial frame; Variables ¢, 0,9
are the Euler angles of the body frame; Constants m, I, I,, I, are the mass and
moments of inertia of the quadrotor, respectively; Constant L is the length of rotor
arm; Variables Uy, U, Us, U, are the collective, roll, pitch and yaw forces generated
by the four rotors, and AU;, AU, AUs, AU, are their associated uncertainties caused

by motor/propeller deficiency.

Another example is the response of cart position when the mounted inverted

pendulum is pushed, as summarized below.

Example 2.2. The dynamics of cart position around the unstable equilibrium 6, = 0,
po = 0, where 0 is the angle between the bar and the vertical line, p is the horizontal

displacement of the cart, belongs to the class of (2.2) and can be written as

— - - - - - - - -

P 01 0 o0ffp 0 0
. 0 0 —'nla 0 - _1_ _1_
]? = M P | M ju+ | M oz
0 oo o0 11]e 0 0
) Ny : 2.4
2 _009(1;,’")0__9_ | ] 53 (24)
—— N " A T
y:[p]:[1 00 o]:c
N e’
C

where u is the force input and ©* are the uncertainties in the weights of cart or point

mass at the tip of pendulum.

In all the cases discussed above, ®(z) can be as simple as z, and A* are the
uncertainties in the control effectiveness due to motor or control surface damage.
Detail assumptions on the class of plant models (2.2) will be discussed in the beginning
of each control design section. Among these assumptions, the relative degree of the

plant model is the major topic of this thesis.
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2.2 VFA Model

This section will show that a generic VFA model, if linearized around a trim, also
belongs to the class of MIMO plant models presented in (2.2). Our starting point
is a nonlinear VFA model including its complete rigid body dynamics and flexible

component dynamics, which is derived in [8] using the virtual work method as

Mpr Mrp € . Crr CFs €
Mpr Mpp & Cer Cgp B

KFF 0 € BF
0 O b Bg

assuming:

Assumption 2.1. The coupling between rigid body and flexible elements are caused

by inertia and compliance property change only;
Assumption 2.2. Control surfaces span the entire wing;

Assumption 2.3. Properties of aircraft vary slowly with respect to the rigid body

position and orientation;
Assumption 2.4. Ezxternal loads weakly depend on body acceleration;

Assumptions 2.1 and 2.4 implies that aerodynamic coupling is negligible. ¢ are
states of the flexible wing with elements being states of each discretized flexible seg-

ments, and b = § are states of rigid body with 3 being velocities and b being po-

sitions/orientations. Krp is the stiffness of the joints. Define Jy.(e,b) = %,:' and

Jnp(€,b) = % as the Jacobian matrices with h(e, b) being the lumped coordinate
transformation effects integrated along wing span. Since Jy = -‘Z—;’fé + g—%b and

Jho = g;é—,h;é + %%b, the compliance matrices C(() are functions of (e, ¢,b,5). More
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specifically,

Mpp(e) = JEMeJhe, Mpr(e) = JhMeJhe
Mpp(e) = JEMeJw, Mpp(e) = JEMeJny + Mrp
Crr(e,¢,B) = JEMedne + Ce,  Crr(e,é,8) = JhM.Jhe
Crale, ¢,B8) = JEMQpJns + 2T MeJns
Cre(e,¢,B) = JEMQpJu + 2J5 Mo Jp, + Cra
Brp(€) = Jhe, Bgl€) = Jh,

where M(, is the effective inertia, C() is the effective compliance, F'*®¢(€ ¢, e, 8,8, us)
is the aerodynamic load (see [8] for detail derivations), and u, is the control surface
input. Since Assumption 2.3 holds, J(.)(y, M(() and B, are only function of €, and the
compliance matrices C(..) are only functions of ¢, ¢, 3. The generalized aerodynamic
loading F'9¢ are calculated locally at wing segments and then summed along the
wing span. It is noted that because inertia, compliance and external load effects are
all subject to local coordinate transformation, M), C()) and B,y all have Jp; or

Jre as their leading factors.

To design a controller for a trim [€, €, €, Bo, Bo, uo), we first define deviation
states and inputs as z, = [€ — €,é — €0, 8 — o)’ € R™ and u, = (us — ug) € R™,
respectively, and perform model linearization (ignoring high-order error terms), which

generally leads to a linear parameter varying (LPV) plant as

Qljfp = Q2xp + Q3up’ (27)

where Q; includes inertia matrices, @2 includes compliance and stiffness matrices and
both are functions of (&, €, €, Bo, Bo) (see [8] for detail derivations). @3 is a function
of (€0, Bo,uo)- Control of the LPV plant requires gain scheduling [32] with respect
to (&, €o, €0, Bo, Bo, o), which faces difficulties since only (o, B0, uo) are measurable,
while (&, €, Bo) are not. The controller has to calculate its parameters using an

assumed trim point (0,0, €, 0, B5), which can be far away from the actual trim. This
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introduces model uncertainties as

Ql = @1 (07 07 €0, 07 ﬁO) + AQI(E(M éOa /80)

_ . (2.8)
Q2 = Q2(07 0) €0, O) IBO) + AQ;(GO) éOy ﬁO)

where @, and Q, are the known to the controller as well as Q, while AQ7 and AQ;
are the unknown to the controller. Eq.(2.8) transforms the plant (2.7) into a special

form as specified in Lemma 2.1, whose proof can be found in Appendix A.

Lemma 2.1. The nonlinear VFA model (2.5)(2.6) that satisfies Assumptions 2.1 to
2.4, has the unknown AQ7 and AQ3 that can be parametrized as

AQI = Qg@;’f(ﬁo, éo, B()), AQ; = Qseg(éo, é07 BO): (29)

and the model can be linearized around an unknown trim (&, éo, €0, Bo, Bo, o), produc-
ing an uncertain LPV plant as
&p = (Ap + ByO;7 )z, + ByAtu,

(2.10)
Yp = CpTp

where Ap(€o, Bo, uo) = @1—162, By (€9, Bo,ug) = Ql—ng are known plant parameters,

while ;T = ;T — 8.7 A, — 6, B,0:T, where 6,1 = (I + OTQQs)~10:T, and

A* = A}, where A, = (I — @;Bp), are unknown.

Eq.(2.9) implies that the local body inertia and compliance changes caused by local
wing deformation can be approximated by similar changes caused by external loads.
In realistic applications, A* can include control effectiveness loss Aj as A* = AZAj
where A} can be present due to possible control surface damage. Eq.(2.10) is the
actual uncertain LPV plant model when aircraft flies through different trims. If we

assume that
Assumption 2.5. All aircraft properties vary slowly around a trim,

then all matrices in Eq.(2.10) are constant and Eq.(2.5 becomes a linear time

invariant model, which belongs to the class of plant models in (2.2). The following

30



two subsections present two VFA model examples that belong to the generic VFA

model class (2.10).

2.2.1 3-Wing VFA Model

Consider a simple VFA comprised of three rigid wings with elastic pivot connections
adjoining them [5]. The longitudinal and vertical dynamics of the 3-wing VFA is
coupled with the dynamics of rotational movement of outer wings with respect to the
center wing about the chord axis, as shown in Figure 2-1. The angle between the two

wing planes is denoted as wing dihedral (7).

Figure 2-1: The illustration of 3-Wing VFA

The platform captures essential flexible wing effects and can be viewed as building
blocks of large VFA. A 6-state nonlinear model has been developed in [5, Eq.s (45) and
(46)] including aircraft’s pitch mode and dihedral dynamics. Define V' as airspeed, o
as the angle of attack, 6 as pitch angle and g as pitch rate. The nonlinear model can
be rewritten in the form of (2.5) with e =7 and 8 = [V, a, ¢]":

da(n) sacn 0 0 il ke — “"3‘" ensnn ﬂ%‘-cﬂcad 0 %cnca 7

0 m 0 0 v i [} 0 0 g v

0 0 mV 0 & 0 0 0 0 o

0 V] 0 c1 + czs%n q 2cgensng 3czensadc 0 3ecaensa q
ki 0o o 1] n . cnsn  cnca
0 0o o - Vdt 0 1] 8

+ g / 4 e . (211)

0 0 o [} [ adt 0 [} Sa
1] 0 0 0 (2] c%n cnsa

where s(-) = sin(-), ¢(-) = cos(-) and &, and J, are properly scaled. Parameter ¢
and ¢, are inertia constants that depends on aircraft physical properties, and ds(1)
is the rotation inertia about longitudinal axis and therefore a function of n (see [5]).
Measurements are vehicle vertical acceleration A,, n and gq. Other states, a and 7,

are unmeasurable and are unavailable for control. The nonlinear model was trimmed
at 30ft/sec airspeed, 40,000 ft altitude and different dihedrals, and the corresponding

linearized models with respect to each dihedral were obtained [5] and were used as
our design model. For example, the linearized model around the trim at n = 10° can

31



be written as

v —0.279  3.476  —32.2 —0.015 0.514  0.525 v —2.57  —6.47

& —0.070 —4.104 0 1.013 0.193  0.100 a —0.795 —0.079

6 1 0 0 0 1 0 0 [ 0 0 Se

a | 0 —54.04 0 0.255 1.845  21.41 q | s —6.363 ba (2.12)
) 0 0 0 0 0 1 n ) 0

3 0.002 0.044 0 0.819  -0.075 —6.518 B 0.195  —0.034

where three aileron are bundled as one control §, and three elevators are bundled as

one control .. The pitch mode is stable for this trim. Local stability analysis shows
that when the dihedral is above 15°, the pitch mode becomes unstable [5]. Let’s
consider the uncertainties that may exist in the plant model. First, there might be a
control surface damage that reduces control effectiveness to 10% (A* = 0.1). Second,
since the outer elevators are connected to the outer wings, their control effectiveness
is locally linearly proportional to 1 and therefore is a function of ©*z (in which
case, the regressor ®(z) = z). To verify the model form of (2.10) in the presence
of uncertainties, we obtained the linearized model for n = 16° and 7 = 0.2 deg/sec,
which can be parametrized with in the form of (2.12) with (A4,, B,, Cp) for n = 10°
and 7 = 0 deg/sec, and

A" =0.1; 6;T=[o.o2 —-31.94 0.12 091 9.1 —9.28]. (2.13)

2.2.2 Vulture VFA Model

Recently, a large VFA platform, denoted as Vulture, has been under development
to meet the goals of HALE maneuvers. Vulture is an experimental aircraft with a
wingspan of 400ft. Its entire wing is made of light low-yield material and is flexible to
deform. 3-wing VFA example shown in the previous subsection represents building
blocks of the Vulture VFA. One can consider the wings of the Vulture as hundreds
of 3-wing segments adjoined together. The huge wings are in junction with 4 long
booms in the middle of wingspan and 2 end devices at the tips, as shown in Figure

2-2.
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Figure 2-2: The illustration of Vulture VFA

A large dimension model has been developed for Vulture with 707 states, 21
control inputs and 212 outputs, representing the VFA trim at a nominal HALE flight
condition at a cruise speed of 34.6 ft/sec, an altitude of 66,000 ft, and with zero
dihedral [2]. The 21 inputs includes 15 engine propellers evenly placed across the
wingspan and 6 tail elevators at the end of each boom (see Ref. [2] for details). If
dividing the 707 states into three groups, i.e. 12 rigid body dynamics states xpp for
6 vehicle degrees of freedom, 340 flexible positions z .., and 340 flexible velocities

Vflez, the Vulture model manifests itself in the following block matrix form:

TRB X kX TRB X * *
e | =10 0 I || zpee |+] 0 |wt]| 0 |d+]| 0|
Vilex x X o\o Vflex X X X
P
yp=[x 0 0]:B+Dpup+D1ﬂp+D2ﬂp
T

(2.14)
where x represents dense entries, * represents sparse entries and o\o represents di-
agonal entries. Some observations are made. First, the flexible modes are strongly
coupled with rigid-body dynamics. Second, the control u only acts on flexible com-
ponent. Third, there are control rate 1, and control acceleration ii, effects, which
represent aero-elastic-coupling between unsteady aerodynamics and flexible effects of
boom. These features imposes great control challenges. For the control design, we
will pretend that the 4, and i, terms are not present and therefore the resulting

model (called the design model) belongs to the class of MIMO plant models as in
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(2.10). For the actual simulation we will bring back the 1, and ii, terms (called the

evaluation model).
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Chapter 3

Preliminaries

This section presents definitions and lemma that will be used to handle high relative
degree systems. Proofs of all results in this section are redirected to the corresponding
references. First we define index notations in superscript and subscript that are often

used in a zero polynomial.

Definition 3.1. No bracket is number of power operation, i.e.z”! = z{"+1} = gn. g;
| bracket is index for variable notation, for example,zl2*!l = z; and () bracket is
the number of derivative, for example z(? = .

Define s as the differentiation operator, i.e. s'[] = 4[] = []®, and define 7i(s)

as what follows.

Definition 3.2. Define 7i(s) as a ith order polynomial in s with a! as the its coeffi-

cients, i.e.
i
mi(s)=(s+a)(s+a) - (s+a)= Z A (3.1)
=0
fori =1,2,--- ,r,and o; € C; Define d: as the coefficients of differentiation operation,

i'e_ ST(.'L'y) = d:x(r)y + d!_"'_llx(r—-l)y(l) 44 dgxy(r)
Remark 3.1. In particular, sC"D[)] = [[]dt. 7i(s) arrange coefficients in a reverse way
(for example, 79(s) = a%, 7i(s) = a2s + a} and 72(s) = a2s® + als + a3) so that

r—i—1

mi(s)- s + Z als? = 7tl(s) (3.2)

=0
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has a recursive property.

Consider a state space representation {A, B,C} with m inputs and p outputs.
Square systems have m = p while nonsquare systems have m # p. The notation
{A,B,C,D} is defined as the transfer function matrix G(s) = C(sI — A)™'B + D.
The case when D = 0 is denoted as {A, B,C}. Degenerate systems are defined as

follows.

Definition 3.3. If for an m-input p-output linear system G(s) = C(sI — A)"'B+ D,
the rank of G(s) is strictly less than min(m,p) for any s € C, where C is the set of

complex number, then the system is degenerate.

Most real linear plant models are non-degenerate, whose transmission zeros can

be defined as follows.

Definition 3.4. [33]| For a non-degenerate m-input and p-output linear system with
minimal realization A € R**", B € R™™, C € RP*™ and D € RP*™, the transmission

zeros are defined as the finite values of z such that rank[R(s)] < n+ min|m, p], where

z[—A B

C D
Transmission zeros represent a state trajectory that cannot be detected by any of
the outputs. Most non-square linear systems don’t have transmission zeros; square
systems are more likely to lose rank and therefore more likely to have transmission

zeros [34]. Generally, for MIMO plants transmission zeros and individual transfer

function zeros are different. An example below illustrates the difference.

Example 3.1. In Example 2.2, the SISO plant model {A, B,C} has four poles at
0,0, ﬁMMle_), —\/ ﬂMMilﬂ, and two zeros at /%, —,/. Suppose an additional mea-

surement, of the tilt angle rate 6 is included in y as

p 1000
y=1|.|= x. . (34)
0 0001
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Then the resulting single-input-multiple-output does not have any transmission zeros.

However, choosing an additional mixing measurement as

P 100 0
Y= = x (3.5)

—/20+06+p 101 —\/%

results in a plant model with a transmission zeros at \/?ll_ . The ratio of mixing has to

be exact for the transmission zero to exist.

We part B into columns as B = [ bi, by, -, bm } with b; corresponding to
the ¢th input u;. The input relative degree of the plant model is defined as following.

Definition 3.5. A linear square plant model {A, B, C} has

T
a) input relative degree v = [ T1, T2 ©, T ] € N™*1 if and only if

?

1) Vjed{l,---,m}, Vke{0,--- ,r; -2} :
CA*b; = 0ppx1, and (3.6)
i) rank [ CA"=1b CA™ by --- CA™ b, ] =m; (3.7)

b) uniform input relative degree » € N if and only if it has input relative degree

T
t=[’f‘1, To, *°°, rm] w1thr=r1=7-2=.,,:7.m’

Remark 3.2. If {A, B,C} has u; of input relative degree r;, one needs to differentiate

u; r;th time to make u; shows up in the y equation, i.e.

C(sI — A)7tb;- s = C(sI — A)~1 AY;

(38)
C(sI — A)71b; - 5771 = C(sI — A) A b,

C(SI - A)—lbi -8t = C(SI — A)_lArib,‘ -+ CAri—lbi
where we have used Definition 3.5 and the identity (sI — A)~'s = I + (sI — A)™A..
The term “relative degree” is referred to input relative degree in this paper.

Generically, any MIMO plant model has input relative degree since condition ¢)
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and i7) are generically satisfied. The input relative degree relates to the transmission

zeros of the plant model in the following Lemma (see (35, Corollary 2.6] for proof).

Lemma 3.1. For a square system {A, B,C} with uniform input relative degree r,
define
C

CA
¢:= : , %:=[B AB --- Ar‘lB], (3.9)

CAr—l

- =

with € € R™*" B € R™™, 9t € R™*=77) g5 the right null space of € such that
EM =0, and

= (7o) 7 [1, — B(eB)'¢] € RO—m)*n (3.10)
such that 9B = 0 and NN = I,,_,... Then B is full rank, and the eigenvalues of
Z = NAM € RO—mn)x(n=—mr) (3.11)

are the transmission zeros of the {A, B,C}.

Lemma 3.1 can be directly extended to the plant model with nonuniform relative
degree. It follows Lemma 3.1 that the number of transmission zeros are related to

the relative degree in the following way (see [35] for proof).

Corollary 3.1. The number of transmission zeros n, of a plant model with relative

T
degree v = [ Ti, Ta, v, Tm ] satisfies
M, =nN—"T, (3.12)

where vy =Y _."  r; and n is the number of states.

Realization of a transfer function matrix is not unique. Two realizations of linear
time invariant systems are equivalent if they share a same transfer function. A spe-

cial state space realization, called “input normal form”, will be used to write system
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matrices with respect to its relative degree, as stated in the Following Lemma, whose

proof can be found in [35, Theorem 2.4].

Lemma 3.2. [Input Normal Form] For plant models {A, B, C} with uniform relative

degree r, there exists an invertible coordinate transformation matriz
T = TR =[], (313)

where M and N are defined in Lemma 3.1, that can transform the plant model into

(&1 [o - 0o mR|V]|a In
& I, -+ 0 Ry|0 || & 0
R T S S+ u
g'r o - Im Rfr 0 é.r 0 (314)
7 | 0 -0 U|Z n | 0

Ain Tin Bin

yz[o 0 CAHB[O]a:m
Ch,

using Zin = Tint, Ain = TnAT.', By = TinB, and Cy, = CT,', where Z €

in 7 in 7

RM=3m)x(n=3m) p4s eigenvalues that are transmission zeros of {A, B, C}.

{A, B,C} and {Aiy, Bin, Cir} are two equivalent realizations. Systems with differ-
entiator s added to inputs also have equivalent realizations, as stated in the following

Lemma, whose proof can be found in the Appendix B.

Lemma 3.3. Given a linear system {A, B,C} with uniform input relative degree r,
the following two realizations are equivalent:
i)

& = Az + BrlZi(s)[u]

. (3.15)
y=Cz

where 175(s) is defined in (3.1) fori=1,2,--- ;1 —1;
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i’ = Az + Biu
(3.16)
y=01
where ~
Bl =Y ABa["i7 =n"i(A)B. (3.17)
=0

/ . -
and T 1s a new state coordinate.

Remark 3.3. It is noted {A, B%,C} has relative degree 4, and as a result, we name
B! as “the input path with relative degree ¢”. It is noted that the implementation
of representation (3.15) usually requires differentiating input u first and therefore is
not feasible, while the implementation of (3.16) does not require differentiating u first
and is generally feasible. For this reason, we will design controllers using (3.16), and

will use (3.15) for analysis. Two state coordinates are related as

r
g =z— Y (Bl (3.18)
j=i+1

(3.15) differentiates inputs of a relative degree r system {A, B,C} (r — ) times,
which adds (r — ) transmission zeros to {4, B, C'}, as stated in the following propo-

sition, whose proof can be found in the B.

Proposition 3.1. Define Z{} as the set of transmission zeros of transfer function
{} and Z|] as that of a polynomial [|; if {A,B,C} and B: are given in Lemma 3.3,
then

Z{A,B:,C} = Z{A,B,C}U Z[x"~i(s)]

r—1

One special category of plant models with relative degree is the relative degree one
plant models. Relative degree one plant models have the following property, which is

a special case of Lemma 3.1 (see Ref. [29] for the proof).

Corollary 3.2. [29] For a square system {A, B,C} with CB full rank (uniform rel-

ative degree one), there exist matrices M € R™("=™) and N € R"~™*" sych that
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NB = O(n—m)xm, CM = Opx(n-m)y NM = In_m)x(n—m) and the eigenvalues of
(NAM) are the transmission zeros of {A, B,C}.

One special category of relative degree one transfer functions is a strictly positive
real (SPR) transfer function. This thesis uses Ref. [14, Definition 2.10] for the defini-
tion of SPR. Kalman—Yakubovich-Popov (KYP) lemma links the frequency domain

properties of an SPR transfer function to its realization.

Lemma 3.4. [KYP Lemma| A system {A, B,C} is strictly positive real if and only
if there exists a P = PT > 0 such that

PA+ATP < 0 (3.19)
PB = CT. (3.20)

An SPR {A, B,C} is a square system satisfying CB = BTPB = (CB)T > 0.
With the definition of N, Eq.(3.20) of KYP Lemma can be fully characterized as
following (see Ref. [36] for the proof).

Lemma 3.5. [36] Given a pair of B and C, if there exists a P = PT > 0 such that
PB =CT, then P € & where

P={P>0|P=CT(CB)'C+NTW,N, W,>0}, (3.21)

N s the right null space of B and W, is an arbitrary symmetric positive definite

matrix.

Lemma 3.5 implies that given a pair of B and C such that CB = (CB)T > 0, a
P > 0 that satisfies PB = C7T can be calculated using (3.21). From Lemma 3.2, it
can be concluded that having stable transmission zeros is a necessary condition for
the system to be SPR. This can be shown by pre and post-multiplying Eq.(3.19) with
MT and M, respectively, and appealing to Eq.(3.21), which yields

W,NAM + MTATNTW, < 0. (3.22)

41



For Eq.(3.22) to hold for an symmetric positive definite (SPD) W,,, NAM has to be
Hurwitz.

Another special category of plant models with relative degree is the relative degree
zero plant models {A, B,C, D}. Relative degree zero plant model can also have
SPR properties. The following states the multivariable case of Lefschetz-Kalman-

Yakubovich (LKY) Lemma regarding to SPR relative degree zero plant models.

Lemma 3.6. [26,37, 38]Assume (A, B,C,D) is a minimal realization of G(s); Then
G(s) is SPR if and only if a v > 0, a matrir P = PT > 0, a matriz L > 0, and

matrices W and K exist such that

PA+ATP=-WTW - L ‘ (3.23)
PB=CT+WTK (3.24)
KT'K =D+ DT (3.25)

Lemma 3.4 and Lemma 3.6 leads to a Corollary that states the close relation
between a SPR relative degree one plant model and a SPR relative degree zero plant

model.

Corollary 3.3. If a transfer function matriz {A, B,C} is SPR, then there exists a
a* > 0 such that the transfer function matriz {A, B,C,aCB}, where B® = aAB+ B
is SPR for all a < o*; and {A, B,C} and {A, BY,C,aCB} share a same P = PT >0

that satisfies the results of Lemma 8.4 and the results of Lemma 3.6, respectively.

The following proposition provides formulation of parameter errors in the presence
of s, which will be used in parameter adaptation design and error model formulation.

The proof is rather straight forward and therefore is omitted here.

Proposition 3.2. Suppose s is the differentiation operator, ¢*T is a constant param-

eter matriz, $(t) is a function of time, w(t) is another function of time t, then

mi(s) [¢7 (O ()] - Tmi(s) [w(®)] = 7i(s) [ (Bhw()] (3.26)
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where ¢ (t) := ¢T(t) — ¢*T, and 7i(s) is defined in (3.1) fori=1,2,--- ,r.

The .4, % and .%,, bound of a time series signal z(t) is defined in [14, Section
2.7].
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Chapter 4

Relative Degree One Design

This section presents the adaptive control design for relative degree one plant models,
and is organized as follows. Section 4.1 formulates the control problem in the context
of VFA. Section 4.2 presents the adaptive controller design and its SPR/LTR prop-
erties, and also includes stability analysis of the adaptive system. Section 4.3 demon-
strates the response of the resulting closed-loop system with the adaptive controller
using two numerical examples, including the 3-wing VFA model and the Vulture VFA

model [2] around a single flight condition.

4.1 Relative Degree One Problem Statement

Following the description in Chapter 2, an application-driven nominal plant model

with relative degree one is described as

I, = Apzp + Bpu
Yp = Cpp (4.1)
z = Cp,xp + Dp,u

where z, € R" are states, u, € R™ are control inputs, and y, € RP? are measurement
outputs. In addition, tracking outputs z € R? are also measured. An example
of z is the vertical acceleration measurement in aircraft. We assume n, > p, and

pp+d > m > d. Since z typically includes non-strictly proper outputs such as
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accelerations, a constant matrix D,, is assumed to be present. If in some cases, v,
includes non-strictly proper outputs, they are integrated to become strictly proper
outputs. C,, € R¥™ and D,, € R>™ and are assumed to be known.

While Eq.(4.1) represents a nominal plant model, the actual plant model consid-

ered in this section is written as

T, = Apz, + BpA[u + 0 T3 (z,))
Yo = Cp,p (4.2)
2= CpaTp + DpoA*[u+ O D(z,)]

where ©*T®(z,) and A* are unknown control perturbations. In particular for VFA
control as derived in Section 2.2, ®(z,) = z,, and ©*7 are the uncertainties in struc-
tural compliance caused by unmeasurable flexible effects, while A* are the uncer-
tainties in control effectiveness caused by unknown control surface damage. Since z
are usually measured in earth coordinate frame, they are subject to unknown coor-
dinate transformation caused by unmeasurable flexible effects and therefore has ©*.
The underlying control problem is to design u(t) such that in the presence of the
uncertainties, z(t) follows a specified reference z,,(t), i.e. reference tracking.

The adaptive controller that we will present in this section requires the following

assumptions regarding the plant model in (4.2):

Assumption 4.1. (A4,, B,) is controllable and (A,, Cp) is observable;

Assumption 4.2. {A,, By, C,} has stable transmissions;

Assumption 4.3. {4,, B,,Cy., D,;} does not have a transmission zero at the origin;
Assumption 4.4. rank(C,B,) = m.

Assumption 4.5. A* is diagonal, full rank, bounded by a known value, |A*|| < A

mar

and the sign of each element sign(A*) is known;

Assumption 4.6. ©* is bounded by a known value, ||©*| < ©%,..; ®(-) is globally

differentiable, and is globally Lipschitz continuous, i.e. there exists a finite constant
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ly € R such that Vz;,z, € R™,

[2(21) = B(@2)l| < s [|21 = 22| - (4.3)

Assumption 4.1 is standard. The fact that the underlying plant model is non-
square and typically has no transmission zeros [34] makes Assumption 4.2 reasonable.
Assumption 4.3 usually holds, especially when D,, # 0.

For nominal MIMO plant models satisfying Assumptions 4.1 to 4.3, a baseline
observer-based controller (such as LQG/LTR [9]) can be designed to achieve a satis-
factory tracking performance with adequate stability margins. Assumptions 4.4 to 4.6
are needed for the proposed adaptive controller. Of these, Assumption 4.4 is perhaps
the most restrictive one since it implies that all actuator dynamics are negligible and
sensors result in net integration of one, and can be viewed as the MIMO counter-
part of a relative degree one assumption (see Ref. [14, Chapter 5]). Assumption 4.5
implies that the actuator anomalies are bounded and independent from each other.
Assumption 4.6 is commonly satisfied for the aerial platforms with flexible wingshape

as they are usually approximated as a combination of different sinusoidal functions.

4.2 Relative Degree One Adaptive Control Design
with SPR/LTR Properties

This section presents the adaptive output-feedback controller. Section 4.2.1 first
introduces the architecture of the controller, which includes an observer that also
serves as a CRM. The adaptation law is also shown in this section. Section 4.2.2
presents the design of observer parameters and their SPR and LTR properties, as
well as stability analysis of the adaptive system. Section 4.2.3 summarizes the overall
design procedure, and Section 4.2.4 compares our design with other adaptive output-
feedback controllers recently proposed (see [18, Chapter 14] and [23,24]). The main

challenge in our controller design is in the selection of the observer parameters so as
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to ensure that an underlying transfer function matrix is SPR. This is carried out in

Section 4.2.2, and described in Lemmas 4.5 and Theorem 4.1.

4.2.1 Controller Structure

Following the design procedure in Ref. [18, Chapter 14}, the controller is divided into
two parts, a baseline observer-based controller with an integral error modification,

and an adaptive component augmentation.

Addition of Integral Error

Suppose a piecewise continuous command Zzemq(t) is prescribed. For the purpose of
command tracking, we first introduce an integral error state e,, = z — z;ng and

Wy, = [ €,.dt, which leads to a modified plant model:

T A, O T B 0
P = i P+ AT [u+ Q*T‘I)(Cb‘p)] + Zemd
W, Cp. O W D,, I
e —— N
A T B B,
C, 0
y= z
0 I
C
2= [ Cp: 0 }x + [Dp:]A*[u + © TP (z,)].
2 N~
c Dz

(4.4)
Eq.(4.4) can be written compactly as

& = Az + BA*[u + ©*T®(z,)] + B, zoma
z=C,z+ D, A*[u+O7T®(z,)].

Define n := n, + r and p := p, +d. Then z € R" and y € RP. It is noted that the
augmented plant model in (4.5) manifests itself as the plant model we will address in

this thesis as discussed in (2.2) and has p > m. We note that (A, B) is controllable
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because of Assumptions 4.1 and 4.3, and (A, C) is observable because Assumption 4.1
holds and the additional error states are also measured. Moreover, rank(CB) = m

since Assumption 4.4 holds.

Augmentation Architecture

We choose the control input u in (4.5) as

U = Up; + Uqad, (4.6)

where uy; is determined by a baseline observer-based controller and u.q4 by an adaptive

controller. The baseline control u; is chosen as

Up, = —K.’L'm (47)

where K is designed by applying the linear quadratic regulator (LQR) technique on
the nominal plant model {A, B,C}, and z,, is the output of the state observer

Ym = CZpm (4.8)

Zm = szm + Dzubl-

which also serves as a CRM [19,21,39]. One can see the form of a CRM in (4.8) by
substituting u, with Eq.(4.7). Eq.(4.8) serves two purposes, one of an observer, where
L, is equivalent to an observer gain, whose purpose is to provide state estimates, and
the other of a reference model, whose purpose is to provide a reference for the states.
While L, can be chosen using the LTR techniques when the uncertainties A* and ©*
are zero, its design in the presence of uncertainties will depend also on an underlying

SPR. transfer function, which will be discussed in greater detail in Section 4.2.2 and

4.2.2.
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The adaptive component u,4 is chosen as
Uoa = —Upr + AT (t)uy — OT () B (Tmp), (4.9)

where z,,, is the first n, elements of x,,, corresponding to the estimate of z,. AT(¢)
and ©7 (t) are estimates of A*~! and ©*T, respectively, both of which are to be suitably
adjusted. To determine their adjustment, we derive the error model for e, = = — z,,

by subtracting (4.8) from (4.5) as

éz = AT+ Buy + B.zond + BA [uga + (I — A Huy + 070(x,)]
— Az — Buy — Buzema — Lo(y — Yim)
= (A= L,Ceg + M(Tp, Tmp) + BA* ATy — OTD(z,p)], (4.10)

where U(2,, Tmp) 1= BA*OT[®(z,) — B(mp)], AT(t) := AT(t) — A*~!, and O7T(t) :=
OT(t) — ©*T. The structure of (4.10) suggests the following adaptive laws,

o(t) = L@ (zmp)el ST sign(A*)

. (4.11)
A(t) = —Truwe] ST sign(A*),

where I'y > 0, I'y > 0 are update gains, e, = y — y,, and S; € R™*? is an output-
mixing matrix which will be designed together with L, in Section 4.2.2. The adap-
tation law in (4.11), which follows Ref. [18, page 430], uses state estimate z,,(t) and
the output errors e, only, which enables output feedback adaptation. Under the SPR
conditions on an underlying transfer function matrix and with Assumptions 4.5 and
4.6, it can be shown that the adaptive controller given by (4.6)(4.7)(4.8)(4.9) and
(4.11) (shown in Figure 4-1) leads to global asymptotic stability and reference track-
ing. This is addressed in detail in Section 4.2.2, along with the design of L, and
Si.
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Figure 4-1: The architecture of the adaptive output-feedback controller: an adaptive
component is added to a baseline observer-based controller

4.2.2 SPR/LTR Design

L, in the observer/CRM (4.8) and S in the adaptation law (4.11) will be chosen such
that an underlying transfer function matrix, which will be defined in this section, is
SPR. Section 4.2.2 presents the SPR design for a simpler case when ©* = 0 in (4.5),
and Section 4.2.2 addresses the general case when ©* # 0. The SPR designs for both
cases as well as the stability analysis of the adaptive system are presented in these
sections as well. The LTR properties of L, in the baseline controller are introduced

in Section 4.2.2. All proofs in this section can be found in the Appendix C.

Nominal SPR Design: ©* =0

Since ©* = 0, we choose O(t) = 0 and denote L, as L. The only uncertainty existing
in the plant model (4.5) is A*. Lemma 4.1 guarantees the stability of the adaptive
design under the SPR conditions of {(4 — LC), B, $,C}. Define e; = z — Zp.

Lemma 4.1. For the uncertain plant model (4.5) with ©* = 0, satisfying Assumptions
4.1 to 4.5, if a pair of L and Sy are chosen such that the underlying transfer function
{(A - LC), B, S,C} is SPR, the adaptive SPR/LTR controller (4.6), (4.7), (4-8),
(4.9), and (4.11) with L = L, and ©(t) = 0, guarantees that i) the closed-loop system

has bounded solutions and ii) e;(t) — 0 as t — oo.
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Since © = 0 and L, = L, the error model (4.10) becomes
éy = (A — LC)ey + BA*ATuy,. (4.12)

Eq.(4.12) reveals that the underlying transfer function {(A— LC), B, S,C} represents
the signal path from ATuy to Siey. The conditions of Lemma 4.1 imply that this
signal path is SPR, meaning that KTubl and Sie, is always in the same direction [26]
(i.e. the phase between the two signals is bounded by £90). The directionality is
utilized in the adaptation law (4.11) to adjust parameters suitably.

The matrices L and S; that make the required signal path SPR are referred to as
“SPR pairs” and are to be determined. Using Lemma 3.4 (KYP Lemma), the design
goal can be transformed into: given {A, B,C}, find an SPR pair such that there exists

a @ > 0 that can produce a solution P = PT > 0 to the following equations:

(A—-LC)YTP+P(A-LC) = —Q<0 (4.13)
PB = (CTsT. (4.14)

The design in (4.13)(4.14) is the “feedback SPR design” that has been attempted
previously [23,24,36,40]. In contrast to the designs in Ref. [36,40] that requires CB >
0, the method in this section extends the results to non-square plant models with C'B
being full rank. Comparison between our method and Ref. [23,24] is discussed in
detail in Section 4.2.4. We now describe how an SPR pair can be designed.

First, a B is designed by appending B with a By, € R™*(P—m) je.
B = [B, Bu] (4.15)

where Bj;; represents the pseudo-inputs that are designed to square-up the system
{A,B,C}. The following Lemma provides a constructive method to find the By
such that stable transmission zeros are produced, whose proof (by construction) can

be found in Appendix C (see [41] for a detail proof and a construction method).

Lemma 4.2. Given a system {A, B,C} satisfying Assumptions 4.1 to 4.4, a By €

52



R™®=m) can be constructed such that {A,B,C} has stable transmission zeros and

CB is full rank.

An output-mixing matrix S and C are designed as

S = [Sl, SQ] = (CF)T (416)

C = SC. (4.17)
S1 € R™*? ig a sub-matrix of S. A u* € R is chosen such that

0 < p* < |tmaz| (4.18)

where fimaz is the maximum real part of the transmission zeros of {4, B,C}. An A
is designed as

A=A+ ul (4.19)

A finite L is calculated as

L=BR™'S (4.20)

where R~! is designed by applying the output-feedback SPR method [40] on {4, B, C}:

R = (CB)Y((CAB)* + CAB)(CB) ™' + €l >0 . (4.21)
The finite constant € in (4.21) should be chosen to be large enough such that

€ >E, &= max|e,ey)
€1 = Amaz {—(CB)*((CAB)” + CAB)(CB)™'} (4.22)
€2 = Amaz {(CB)'HTQ;*H(CB)™'}

where Apqz(+) stands for the maximum real part of the eigenvalues and
H:=MTA'C" + P,NAB. (4.23)

N is the null space of B and M is the null space of C satisfying NM = I (see Lemma
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3.2). Pj is the unique solution to a Lyapunov equation
PNAM + MTA NTP, = —Q;. (4.24)

Once a Q; > 0 is chosen, a finite P; > 0 can always be found since NAM is the zero
dynamics of {A, B,C} and hence is Hurwitz. It is noted that Q; scales P;. Different
from Ref. [40], we choose a Q7 > 0 such that

Pr> Ao {MT[I + ET(C_B)—IFT]M} Tinem)- (4.25)

Eq.(4.15) to Eq.(4.25) complete our design of L and S;. Numerical examples will
show L has a reasonable magnitude. It is noted that the pseudo-input matrix B, is
only used to design L and not used as real control inputs (see also [18, page 426]).
Intuitively, in (4.12) a large enough LC, which is in the output-feedback direction
BR-'C, will overwhelm the error state dynamics and aligns the directions of ATuy

and S;e,. This is formally summarized in Lemma 4.3.

Lemma 4.3. Given a MIMO plant model {A, B,C} that satisfies Assumptions 4.2
to 4.4, the finite pair of L € R™P as in (4.20) and S; € R™? as in (4.16) guar-
antees that Viu € R satisfying 0 < p < p*, the transfer function matriz {(A + pl —
LC), B, S,C?} is strictly positive real.

Lemma 4.3 extends the results in Ref. [40] to a non-square plant model with a
class of (A+ul). Lemma 4.3 (choosing ;1 = 0) and Lemma 4.1 complete the controller
design for the ©* = 0 case.

Robust SPR Design: ©* # 0

When 6 # 0, the L, design in CRM (4.8) depends on the bound of ¥*, where ¥* is
defined as )
l
U* = fA*@*T@*A*Tle. (4.26)
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ls is defined as in (4.3), and S is defined in (4.16). From Assumptions 4.5 and 4.6,
a bound of ¥* can be calculated as

l2
1)l < 2432032, 1S:C| = T; (4.27)

4 max ~ max mazx’

U . is finite and known. We introduce the following Lemma on the stability of the

adaptive system, which provides the guidelines for the design of L,.

Lemma 4.4. For the uncertain plant model (4.5) satisfying Assumptions 4.1 to 4.6,
if a pair of L, and S, are chosen such that the underlying uncertain transfer function
{(A+nl + %B‘Il* - L,C), B, 5,C} is guaranteed to be SPR for some n > 0, the
adaptive SPR/LTR controller (4.6), (4.7), (4.8), (4-9), and (4.11) guarantees that 1)

the closed-loop system has bounded solutions and i) e,(t) — 0 as t — oo.

The error model for the general case ©* # 0 has been presented in (4.10). Con-
ditions of Lemma 4.4 imply that the underlying directionality between ATuy, (or
O©T®(zmp)) and Sye, can still be utilized to adjust the adaptive parameters. The di-
rectionality, however, becomes implicit because of the presence of the nonlinear term
M(zp, Tmp) (see (4.10)). Previous adaptive output-feedback control designs [23] use
the directionality implicitly in proving the stability. Lemma 4.4 in this thesis reveals
the underlying directionality explicitly, and synthesizes observer parameter designs
with stability analysis, which is the central idea of our method. 'Lemma 4.1 is a
special case of Lemma 4.4 when ¥* = 0. The case when ®(z,) = z, (as considered
in Ref. [23,24]), can be treated as a special case of Lemma 4.4 with ¥* = A*©*,
(where ©* should be augmented with additional r columns of zeros because of the
augmentation of integral errors), which is summarized in the following corollary with

proof omitted.

Corollary 4.1. Following the setup of Lemma 4.4 with plant model (4.5) and ®(z,) =
x,, if a pair of L, and Sy are chosen such that {(A+BY*—L,C), B, S1C} is guaranteed
to be SPR, the closed-loop system with the adaptive controller guarantees e,(t) — 0

ast — o0.
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We now present the design of an SPR pair for the case when ©* # 0. First, we
use Eq.(4.20) and Eq.(4.16) to design an SPR pair of L and S;. Then we introduce

an additional term to L as
,=L+pBS=B(R"'+pl)S (4.28)

where p is a design parameter that is chosen to be sufficiently large:

w2 1S

maxr

262 Ain(@) Amin (STS)

p>p°, pr= (4.29)

p* is chosen in (4.18), and @ is found using
Q=-NTH(CB)'C-C (CB)'H'N+C (R +e)C + NTQ;N.  (4.30)

Numerical examples will show L, has a reasonable magnitude. It is noted that € and
p has the same effect on L,, and L, depends on ¥; .. instead of ¥*. In general, pu*

mazx

in (4.29) can be chosen to be any scalars smaller than p*. Lemma 4.5 validates the

SPR design.

Lemma 4.5. Given an uncertain plant model (4.5) that satisfies Assumptions 4.1 to
4.6, the finite pair of L, € R™? as in (4.28) and S; € R™*? as in (4.16) guarantees
that Vi € R satisfying 0 < p < p* and YU € R™" bounded by ||¥|| < U, the

uncertain transfer function matric {(A+pl+ “—I*B v—-L,C),B, 5 C} is strictly positive

real.

With Lemma 4.5 (choosing y = p* and ¥ = ¥*) and Lemma 4.4 (choosing n = p*),
we are able to summarize the design, and realize the control goal, which is presented
in Theorem 4.1, whose proof can be found in Appendix C. Define e, (t) = y — ymm and

e.(t) = 2 — 2.

Theorem 4.1. For an uncertain plant model (4.2) that satisfies Assumptions 4.1 to
4.6 and for any z.mq(t) that is piecewise continuous, the adaptive controller (4.6),

(4.7), (4.8), (4.9), and (4.11), with L, as in (4.28) and Sy as in (4.16), guarantees
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that i) the closed-loop system has bounded solutions, ii) e,(t) — 0 as t — oo and 4i4)

e:(t) = 0 as t — oo.

LTR Properties

The observer parameter L, as in (4.28) can replace the observer parameter in the
baseline observer-based controller. The following Lemma shows that the resulting
baseline controller approaches “full-state” LTR asymptotically. In what follows, the
notation A — B, where A and B are matrices of same size, implies that (o[A] —

g[B]) — 0, where g[-] denotes the minimum singular value of matrix [-].

Lemma 4.6. For a nominal plant model {A, B,C} (without uncertainties A* or ©*)
satisfying Assumptions 4.1 to 4.4, suppose that a LQR controller with a parameter K
has a loop gain at input L}(s) and a loop gain at output L%(s), and that the baseline
observer-based controller (4.7)(4.8) with K and L, as in (4.28), has loop gains L,(s)

and L,(s); then as € = 0o or p — 00, 1)
L,(s) = L:(s) (4.31)
and i)
Lo(s) = C[L(s)] C'(s, B) (4.32)

pointwisely for all finite non-zero s in the closed right half of the complex plain, i.e.
s€2:={s#0, seC", |s|<+oo}, (4.33)

where Ct(s, B) € R™P is a function of s and B satisfying CC'(s,B) = I,.

Remark 4.1. Since i) is a standard LTR result [9] and ii) holds for any LQG/LTR
controllers using a squared-up B, Lemma 4.6 implies that L, retains the LTR proper-
ties of a LQG/LTR controller. LQR controllers can be designed to have a L (s) that
yields good stability margins, and have a L}(s) that yields low output sensitivities at

the integral loops (see Ref. [18, Chapter 2 and Chapter 5]). As a result, Lemma 4.6
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implies that once a large enough L, is chosen, the stability margins of the baseline
controller are guaranteed, and the output sensitivities at the integral loops can be
tuned by designing B and K together, which is currently under investigation. How-
ever, one should be cautious to use a large L, because L’(s) can have high output

sensitivities at some other loops and so can L,(s).

Lemma 4.6 and Lemma 4.5 imply that the baseline controller and the adaptive
controller can share the same observer and the controllers can switch between each
other by simply turning u,q on or off. When u,q4 is off, the controller is denoted as
the baseline SPR/LTR controller. The L, design as in (4.28) has been preliminarily
reported in Ref. [23]. This thesis formally proves its SPR properties and its LTR

properties.

4.2.3 Design Procedure

The overall control design in this section can be summarized into the following step-

wise procedure:
Step 4.1. Given a plant model A,, By, Cp, Cp, Dy, check Assumptions 4.1 to 4.4;

Step 4.2. Add integral error states to the plant model and obtain A, B,C,C,,D,
using (4-4);

Step 4.3. Design a baseline observer-based controller (4.7)(4.8) and choose K and

an observer parameter using the LQR and the LTR techniques, respectively;
Step 4.4. Pick a B, using Lemma 4.2 and produce a squared-up B as in (4.15 );

Step 4.5. Design a p* using (4.18) and € using (4.22), then design a nominal SPR
pair L using Eq.(4.20) and Sy using Fq.(4.16);

Step 4.6. Calculate ¥}, . using Eq.(4.27) and pick p using Eq.(4.29); then design a
L, using Eq.(4.28) and replace the observer gain in the baseline controller (4.8) with
L

ps
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Step 4.7. Design parameter adaptation (4.11) and add the adaptive control (4.9) to
the baseline control (4.6).

Step 4.1 to Step 4.3 are conventional observer-based controller designs. Step 4.5
to Step 4.7 are for the adaptive component addition, which completes our adaptive
SPR/LTR control design. It is noted that for both the baseline controller and the
adaptive controller, the L, design is independent from the K design. We can generally
consider that K is designed for performance, and L, is designed for stability. It is
also noted that for the case that ®(z,) = x,, Step 4.5 can be simplified that p* is no

longer needed. The overall controller structure is shown in Figure 4-1.

4.2.4 Comparison with Other Adaptive Output-Feedback Con-

trollers

Previous sections have presented the complete design of the proposed adaptive con-
troller. The controller framework in Section 4.2.1 has been proposed in Ref. [18, Ch-
pater 14] and [18,23,24] but with different procedures for choosing L and S;. We
now compare our SPR/LTR method described in Section 4.2.3 with the previous

approaches.

In order to carry out the comparison, we first return to the solution P of (4.13)
and (4.14) for the choice of L, as in (4.28) and S; as in (4.16). We rewrite the unique
solution P to (4.13) and (4.14) as

P=C'(CB)"'C+ NTPN (4.34)

where P; > 0 is defined in (4.24) (see proof of Lemma 4.3 and Lemma 4.5). P
validates our SPR design.

An alternate procedure for choosing L and S;, denoted as the adaptive observer-

based LTR (OBLTR) control method, is presented in Ref. [18, Chapter 14]. The
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procedure is presented as follows. A B is first designed using (4.15), then the weights

11—
Y *IBBT. R, = — Ry (4.35)

szQv0+ v+ 1

are chosen using arbitrary constant matrices @0,, > 0 and R, > 0, and a sufficiently

small scalar v. The following ARE is solved
PA" +4P,— P,C"R;'CP, + Q, = 0. (4.36)

for a unique SPD solution P,. We choose A using (4.19) in Eq.(4.36), which is similar
~ to Ref. [5], but with a bound that 0 < p* < |fmes| to ensure SPR properties (see

below). L is chosen to be L, as
L, = P,CTR!, (4.37)

and S; is chosen to be W; € R™*P ag

WR, = W1, W] (4.38)

[SIE

where W € RP*P is designed as
W =UyVe, UsAuVe = svd(BTCTRE, (4.39)

where svd stands for singular value decomposition. Combined with the control archi-
tecture in Section 4.2.1, the procedure from (4.35) to (4.39) completes the design of
the adaptive OBLTR controller. The OBLTR design has been shown in Ref. [18, The-
orem 13.2] to lead to

P, = P+ O(v) (4.40)
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where B > 0 is an unknown SPD matrix satisfying
r = 1
P C* = BWRZ, (4.41)

and O(v) represents an unknown symmetric matrix which approaches to zero as

v — 0, which further leads to

1—
L,=PCTR;' > ;BWR,,0 — 00, asv—0. (4.42)

[V

and therefore retains the LTR properties asymptotically (see Section 4.2.2). Moreover,
the OBLTR adaptive design has been shown in Ref. [18, Theorem 14.1] to lead to the
‘existence of a v that guarantees bounded reference tracking for a plant model (4.5)
in the presence of uncertainties. The same OBLTR adaptive design has been shown
in Ref. [23] (see Theorem 3 and its proof in Ref. [23], and combine with (4.19) and
(4.36) in this thesis) to lead to the existence of a non-zero v that guarantees the SPR
property of {(A+ p*I + ;l;B U* — L,C), B,W;C} and in turn, guarantees asymptotic

reference tracking.

Now we compare our SPR/LTR method with the OBLTR method. Both methods
can produce a finite SPR pair of L and S;. From Section 4.2.2, one can conclude that
both methods lead to a L that retains the LTR properties of LQG/LTR controllers.
However, the OBLTR method relies on the existence of a small v for which the SPR
properties are guaranteed. In practice, it may not be easy to determine how small v

needs to be. In contrast, our method (see (4.28)) provides a closed-form solution for

both L and S;.

An alternative procedure of designing L and S; based on the linear-matrix-inequality
optimization techniques has been proposed in Ref. [24]. The parameter L is deter-
mined using a numerical procedure [24]; no closed-form solution for L or guaranteed

LTR properties of the baseline controller are provided, unlike our SPR/LTR method.
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4.3 Applications to VFA

This section presents the applications of the adaptive SPR/LTR, controller on two
VFA platforms that are discussed in Section 2.2. Section 4.3.1 presents the 3-wing
VFA, whose low order model allows us to illustrate the LTR properties and the SPR
properties of the controller. Section 4.3.1 introduces the application on the Vulture
VFA, whose high order model demonstrates the numerical stability of the proposed

control design.

It should be noted that the adaptive SPR/LTR controller required Assumptions
4.1 to 4.6. It can be shown that all of these assumptions can be met by the VFA
models of both platforms considered below. Of these, Assumption 4.4 is the most
restrictive one, as it requires the aircraft sensors to include measurements of linear
velocities and angular velocities of the body components very close to actuators, and

neglects actuator dynamics altogether.

4.3.1 Vertical Acceleration Tracking of 3-wing VFA

This section applies the control design described in Section 4.2 on the 3-Wing VFA
model as in (2.12). The control goal is to use elevators J. to achieve the tracking
of a vertical acceleration command of the center wing while keeping the dihedral

regulated.

We performed sensitivity analysis (using the method in Ref. [42] Chapter 9) on
the linearized model (2.12) and found that the pitch mode and the dihedral dynamics
(pitch-dihedral dynamics) can be decoupled from the phugoid mode. Assuming that
the airspeed was maintained by auto-thrust, we truncated the phugoid mode from
the model and obtained a 4-state LTI model with states as z, = [o, ¢,7,7], where
a is the angle of attack and ¢ is the pitch rate. Measurements are vehicle vertical
acceleration (A,), and q. However, a, n and its rate 7) cannot be measured accurately

and are not available for control. For Step 4.1, we obtained a plant model for n = 10°
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as

& —4104 1013 0193 0100 0] [ o [ _0.705
q —54.04 0255 1.845 2141 O q 5.991
n | = 0 0 0 1 0 n |+ 0 Oc
7 0.044 0.819 —0.075 —6.518 0 n 0.195
| A | —12312 0 0 0 0 Vi | —23.84
q 01000
y: — T
V, 00001

(4.43)
where we have augmented an integrated A, (V;, the climb rate measurement) state for
command tracking. Eq.(4.43) is {A, B, C} by Step 4.2. The analysis of the potential
uncertainties in the HALE flight, as described in Section 2.2.1), leads to the following

uncertain model

i=(A+ BA*©*T)z + BA*u

(4.44)
A*=0.1; e*T=[- 31.94 091 9.1 —-9.28 0].

A* and ©* are unknown to control design. The pitch mode of (4.44) is unstable and
therefore loosing control effectiveness is a threat to stability. The uncertain plant

model (4.44) belongs to the class of models in (4.5) satisfying Assumptions 4.1 to 4.6.

We now proceed to control design based on (4.44) with uncertain A* and ©*.
Some classical adaptive approaches can only handle a square system with all stable
individual zeros (Ref. [15, Chapter 9]), which is inapplicable here since the SISO
transfer function from 6, to V, has unstable zeros. The proposed controller in this
chapter can be applied here since the additional ¢ measurement makes (2.12) a non-
square plant with stable transmission zeros. Now we present our control design step by
step.y Step 4.3 used the LQR technique with a penalty diag [ 1 1 0.01 0.01 0.01 ]
on the states and a penalty 10 on the input, which yielded

K=[—o.9154 0.2534 0.1382 0.5614 —0.0316]. (4.45)
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The following matrices are produced in Step 4.5:

T
B, = [0 0.9699 0 0 0.2437] (4.46)
0.2437 —0.9699

S = . (4.47)
0.9699 0.2437

We used (4.38) to design S. It was confirmed that {A, B, C’} has stable transmission
zeros and CB = (CB)T > 0. Using Eq.(4.20) with A = A and € = 10 yielded

—4.116  6.949
4194 —52.53
L = 0 0 (4.48)
1.011  —-1.708
I —120.74 208.44 |

S1 = | 02437 —0.9699 ] : (4.49)
A P was found using Eq.(4.34) as

82.71 0.689 —139.7 —-19.21 -—-2.741
* 09489 —-1.372 -0.2030 0.2036

P= " % 963.9  140.3  5.462 (4.50)
* * * 26.70 0.8079

* * * * 0.1898

where * represents symmetric elements. Quick examination confirmed that P >
0, and that P, L and S; satisfy Eq.(4.13) and Eq.(4.14), which validates the SPR
properties of {(A — LC), B, S:C}.

We assumed the uncertainties A* and ©* can be bounded by A*_, . = 1.1 and

max

©},.c = 32. Also, it was assumed that ®(z,) = z, and therefore [y = 1 and ¥* =

A*©*. Step 4.6 produced ¥}, = 11.9 and p* = 4.92, and therefore p = 5 is chosen

max
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and

[ 5084 1080 |
53.94 —80.40
L,= 0 0 . (4.51)
1249 —2.655
| —1486 32437 |

The same P as in (4.50) guarantees the SPR properties of {(A+BA*©*—L,C), B, 5:C}.
This completes our SPR/LTR control design.

For comparison, the design using the OBLTR method (4.37) with v = 0.0006,
Quwo = I and Ry, = 10000] was also obtained as

—3.200 12.41
42.07 —94.32

L, = 0.286 —0.109 (4.52)
1.325 —3.187

| —-94.32 3823

Wi = | 0.2437 —0.9699 |- (4.53)

To validate that the pair of L, and W, produces an SPR {(A — L,C), B,W,C}, we
propose a semidefinite programming procedure (see Ref. [43,44]) that can be added

to the OBLTR method: reduce v until a F; can be found using

min Tr(W, W,) (4.54)
s.t. Wp >0,
(A= L,C)TP; + Pj(A— L,C) <0,
and Pe 2,
where P :={P>0|P=0C.(C,B)"'C,+ NTW,N, W,>0}

— 1
where T'r stands for the trace of a matrix and C,, = WRZC. A parser, Yalmip [45],
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was used to execute the program (4.54) with L, as in (4.52) and W as in (4.53). A

Fy was found as

41.72 0.3328 —1.5328 -—2.162 —1.325
* 09457 -0.0177 —-0.0194 0.2161

Pr=| « * 16.35  2.881  0.0703 (4.55)
* * * 1.215 0.0772
L * * * * 0.1398

which guarantees that {(A — L,C), B,W,C} is SPR. However, to guarantee that
{(A+ BA*©* — L,C), B,W,C} is SPR, we need to further reduce v, for which the
OBLTR method does not have a closed-form solution, whereas our SPR/LTR method
does. The total number of integrators used in our adaptive controller is shown in Table
6.1.

Figure 4-2 shows that the two designs, L, and L,, were able to constrain the
phase of the target SPR transfer function within +90 degree, which is a necessary
condition of the SPR properties. Figure 4-3 shows that the uncertainties in (2.12)
broke the +90 phase condition, and that replacing L with L, was able to recover
the phase condition. It is observed in Figure 4-4 that the loop gain at input of the
baseline SPR/LTR controller almost overlays that of the LQR controller in terms
of both phase and magnitude. The gain margin and phase margin of the baseline
controller is [—44,42]dB and +59 deg, respectively. Also shown in the Figure 4-4
is the baseline OBLTR controller. Both baseline controllers, as well as the LQR
controller, have adequate stability margins since their L,(s) all avoid the unit circle
around —1 (where the gray dash line is a part of the unit circle around —1).

The uncertain VFA model (4.44) with different 7 was simulated with the baseline
SPR/LTR controller and with the adaptive addition. An actuator model with a
bandwidth 10 rad/sec was added in each simulation. The nominal case with the 10°
dihedral plant model is shown in Figure 4-5a. Both controllers were able to maneuver
the aircraft following an A, command and eventually achieved zero tracking error.

Only small amount of control and control rates were used. The same controllers were
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used to control the 16° dihedral, whose results are shown in Figure 4-5b. In this
case, the baseline controller was not able to suppress the unstable pitch mode, while
the adaptive controller was able to do so. Figure 4-5¢ shows the adaptive controller
was robust in the presence of noise and random disturbance (white noise with 0.15
standard deviation) in all input and measurement channels. The total number of
integrators used in each of the controller is summarized in Table 6.1, which shows
that our new design uses significantly less integrators compared with the classical one.

The parameter trajectories are shown in Figure 4-12. After four step commands,
the parameters settled down to their steady states. If we freeze ©(t) and A(¢) at
different moments and use these instantaneous values in Uad'(4-9), the resulting closed-
loop systems represent the “snapshots” of the adaptive system in the time history. The
examination in frequency domain confirmed that these “snapshot” closed-loop systems

approach the nominal closed-loop system as time evolves, as shown in Figure 4-6b.

4.3.2 Vulture VFA Bank-To-Turn Control

This section applies adaptive control design in Section 4.2 on the Vulture VFA model
described in Section 2.2.2. The desired maneuver is to bank the VFA to turn (BTT).
The controller needs to force the VFA to follow a roll angle while keeping the aircraft
oriented. In order to do so, we used tails to roll the aircraft and used engine thrusts
to keep the side slip angle at zero. The 6 tails were divided into two groups, 3 on
right and 3 on left. Same magnitude but opposite sign of movement was issued to
each group. The 15 engines were also divided into two groups with an even number
of engines in each group. This treatment reduced the number of input to 2, one for
engine and one for tail. B, was suitably treated. The control rate and acceleration
effects were ignored in the design model and were brought back in the evaluation
model for simulation.

The high-order nature of the model necessitates a state-space reduced-order ap-
proach. Using the balanced realization method [46] (which is summarized in Appendix
C), we obtained a 80-state model. It is noted that the unstable modes in the origi-

nal Vulture model were separated from the plant before model reduction, and were
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Figure 4-5: The simulation results of the vertical acceleration tracking of the 3-
wing VFA using the adaptive output-feedback controller, compared with the baseline
SPR/LTR controller
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Figure 4-7: Comparison of the maximum and minimum singular values of the transfer
function matrix between the original Vulture VFA model and the reduced-order model

augmented back after. Figure 4-7 examines the maximum and minimum singular
values of the transfer function matrix for both the original model and the reduced
model. The 80-state plant model preserves sufficient input-output characteristics of
the original model in low frequencies smaller than 100 Hz. Further state decoupling
was not possible as the input-state sensitivity matrix, calculated by the method in

the reference, [42] was found to be fully coupled.

Using sensitivity analysis on the reduced model (see [42, Chapter 9]), we deter-
mined the 12 independent outputs that yields C'B full rank. They are roll rate, pitch
rate, yaw rate, longitudinal, lateral and vertical accelerations at the wingroot, and
corresponding angular rates and accelerations measured at tail number two. The
measurements at tail two are used to satisfy Assumption 4.4. After integrating non-
strictly proper outputs, we obtained a strictly proper LTI model with n, = 92 states,
m = 2 inputs and p, = 12 outputs.

We designed the adaptive controller based on the reduced-order model. Quick
examination confirmed that the reduced-order model satisfies Assumptions 4.2 to 4.4.
The effects of the dihedral drift and actuator anomalies were modeled by ©*®(z,)
and A*, respectively. Assumptions 4.5 and 4.6 are satisfied with I = 10. The state-
feedback gain K was found using a penalty of 1.45 on each of the outputs and a
penalty of 1 on each of the inputs. The gain matrix L, and S; were found with
w* = 0.01, e = 50 and p = 10. Figure 4-8 shows the poles and transmission zeros of

the baseline controller with L.
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Figure 4-9: The frequency domain analysis of the closed-loop system using the base-
line SPR/LTR controller on the Vulture VFA model, compared with a LQR

To show the robustness of the baseline controller, the “Gang-of-Six” transfer func-
tions [47] are examined in Figure 4-9. The ideal LQR controller is also shown in
the figure for comparison. The figure shows that the loop gain at input L,(s) of the
baseline SPR/LTR controller almost recovers that of a LQR; gain margin and phase
margin are found to be [—5.04,4.75]dB and +25 deg, respectively. The crossover
frequency of L,(s) is around 0.1 rad/sec. The output sensitivity function S,(s) (only
the integral loops are shown in the figure) has low magnitude. The magnitude of the

noise-to-control transfer function gradually rolls off at high frequencies.

Three controllers, i.e. the LQR controller, the baseline SPR/LTR controller, and
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the adaptive SPR/LTR controller were simulated on the original Vulture model. We
included control rate and control acceleration effects in the evaluation model for
simulation. Also, second-order actuators with a natural frequency of 50 rad/sec and
a damping ratio of 0.6 were introduced to all control channels. Magnitude saturation
of £10 deg and rate saturation of +£40 deg/s were imposed on the tail. Magnitude
saturation of [—50,40] lbs and rate saturation of +20 lbs/s were imposed on the
engine. For additional robustness, a projection algorithm [48] was incorporated into

the adaptation law (4.11)

O(t) = proj[©; 9,€; To®(Tmp)el ST sign(A)]

. (4.56)
A(t) = projlA; 9, € —FAublegSlTsign(A)]

to bound O(t) and A(t) without altering the stability and tracking results in Theorem
4.1. Previous analysis shows that the projection algorithm improve the robustness of
the controller over nonparametric uncertainties [49]. The projection parameters were
set as I’y = 0.011, 'y = 0.017 ¥ = 10731 and € = 1073].

The simulation results of the nominal plant model (without uncertainty) is shown
in Figure 4-11a. All three controllers had exactly the same performance and achieve
perfect command tracking for both roll angle and side slip angle. The non-minimum-
phase behavior in the responses were caused by the flexible effect of booms and by the
interaction between wing sections. Figure 4-11b shows the performance of controllers
in the presence of uncertainties. At the start of the simulation, we let the aircraft
settle down to a different dihedral angle, emulating turbulence-driven dihedral drift.
10ft dihedral on the outer wing was present at ¢ = 0, as shown in the wing shape
evolution Figure 4-10b. Correspondingly, ®(z) was a parabolic function with suitable
coefficients to represent the concave wingshape. Also, there was a power surge in all
actuators with A* = 1.5. In the presence of uncertainties, neither LQR or the baseline
SPR/LTR controller was able to stabilize the aircraft, as shown in the Figure 4-11a
and 4-11b, . On the other hand, the adaptive controller not only stabilized the aircraft
but also recovered the reference performance (as that in Figure 4-11a). The adaptive

controller did so by actively reducing its control gains and therefore using much less
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Figure 4-10: The flight path and flexible wing shape of the Vulture VFA in the BTT
maneuver, controlled by the adaptive SPR/LTR controller.

control rates than the other two controllers.

Figure 4-11c shows the same uncertain case with gust wind (white noise with
a standard deviation of 1073) and measurement noise (white noise with a standard

deviation of 1072) in all 12 measurement channels. It is shown in the figure that

adaptive controller is robust under these adversities.

Figure 4-12 shows the parameter trajectories in this simulation. The 89 adap-
tive parameters settled down to steady-state values after three step commands. The
smooth trajectories show that the noise and disturbance was attenuated by the con-
troller. Figure 4-10a shows the flight path and attitude of the VFA in 3D space. The

rendered aircraft represents the center section of the VFA, and the roll angle of the

74



—— CMD

3 [deg]
o o

¥ [deg]

o
g
B
g
¥
o

Ti[Ib]
o

6y |[deg|
o

i -5
0 50 100 150 200 0 50 100 150 200
0.2 1
= I\ =
5 0 o QN 4N_._.
2 Yy V— 2 V
-0.2 -1
0 50 100 150 200 0 50 100 150 200
Time (sec) Time (sec)
(a) The nominal case
10
s = 0
-2 -5
0 50 100 150 200 0 60 120 180 240
1 5
?': 0 _{i"; o |
& &
- -5
0 50 100 150 200 0 50 100 150 200
02 1
= =z
£ 0 - o -
= =
-0.2 -1
0 50 100 150 200 0 50 100 150 200
Time (sec) Time (sec)
(b) The uncertain case
10
L]
i w 5
g 3
= = 0
- |
=2 -5
0 50 100 150 200 0 60 120 180 240
1 5
2 —_—
= -]
= o £ 0
3] &
-1 -5
0 50 100 150 200 0 50 100 150 200
0.2 1
¥ =
E : o
.E_': s
1
-0.2 -1
0 50 100 150 200 0 50 100 150 200
Time (sec) Time (sec)

(c) The uncertain case with noise and disturbance

Figure 4-11: The tracking of roll angle (1) and side-slip angle (3) in the BTT maneu-
ver of the Vulture VFA through thrust (7}) and tail (6;) using the adaptive controller,
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Figure 4-12: The adapted parameters settle down to steady-state values after three
step commands of BTT for the Vulture VFA

wing section in the figure only represents the local roll angle very close to the center
wingroot (only about 1 deg). The actual dihedral shape of the entire wingspan was
found by recording the flexible positions of the wing and is shown in Figure 4-10b.
The dihedral was trimmed at a parabolic shape at ¢ = 0 sec and ended at a nonlinear
form at t = 80 sec. After that it gradually returned to the trim value (not shown in
the figure). The total number of integrators used in each of the controller is summa-
rized in Table 6.1, which shows that our new design uses significantly less integrators

compared with the classical one.

76



Chapter 5

Relative Degree Two Design

An adaptive control design for relative degree one plant (referred as relative degree one
adaptive controller hereafter) has been developed in Chapter 4. This chapter extends
the control design to relative degree two plant models where first-order actuator
dynamics are present. This chapter is organized as follows. Section 5.1 formulates a
generic control problem motivated by VFA control challenges. Section 5.2 develops an
adaptive controller and presents the stability analysis. Section 6.4 presents simulation

results.

5.1 Relative Degree Two Problem Statement

In Chapter 4, the plant model as we considered in (4.5) ignore all actuator dynamics.

In this section, we consider a plant model as

&p = Aptp + BpA*[u, + 037z,
Yp = Cpp (5.1)
2 = Cpozp + DpA*[up, + 037 2]

(see Section 4.1 for descriptions) that is subject to first order actuator dynamics as

iy + (I +0:T)u, = cu (5.2)
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where ¢ is the nominal actuator time constant and ©F € R™*™ are its uncertainties.
For command tracking, we augment the plant model (2.10) with integral tracking

error states w, := [(z — Zsma)dt. The augmented plant is shown as

Tp A, B, 0 Tp B,
w, | =] 0 —el 0||w, |+]| 0 |A©z,
’d]z sz Dz O Wy DZ
~ ~ N !
A T B
0 0
+1| el |AF [u + @;TA*_I’LU“] + 0 |Zemd (5.3)
0 -1
——— e —
Bay B,
C, 0 0
y= z, 2=[C. D, 0|s+D.N6z,
0 01 N ——
| g — C.

C

which is rewritten in a compact form as

= Az + ByVTz + ByUsTx + BoA*u + B, Zerma

(5.4)
y=Cz, z=C,x+ D, ¥{Tz.

It is noted that the plant model (5.4) belongs to the class of (2.2). There exists another
class of relative degree three plant models that include relative degree one plant
dynamics, no actuator dynamics and first order sensors, which can also be written as
(6.47) (with some slight modifications, see Appendix D). In this section, we consider
that the plant model has linear parametric uncertainties B; 3Tz and By¥3Tz for
simplicity. For extension to nonlinear parametric uncertainties, the reader is referred
to the relative degree one case in Section 4.1 and Section 4.2. w, are scaled actuator
states defined as w, = A*u,. * € R" are augmented states, u € R™ are new control
inputs, and y € R™ are augmented measurement outputs. Matrices A € R™ ",
B, € R™™, B, € R™™, (C € RP*™, B, = R™? (C, € R¥™" and D, € R¥™™ are

known. Uncertainty matrices have the form of ¥37 = | e;r, 0, 0 ] e R 0T =
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[0, A*O:TA*1 0] € R™™, and A* € R™™ and they include unknown elements.
BT are uncertainties in the plant dynamics and B, U3T are the uncertainties in
the actuator dynamics. The control goal is to design u such that z tracks a trajectory
zm from a reference model.

The adaptive controller that we will present requires the following assumptions

regarding the plant model (5.4):
Assumption 5.1. (A, By, C) is a minimal realization;

Assumption 5.2. All {A, B2, C}’s transmission zeros (a total of n,) are stable and

satisfies (n —n, —2m) > (p —m);

Assumption 5.3. {A, By, C} has uniform relative degree two,

Assumption 5.4. B; can be spanned by a linear combination of By and AB,,
Assumption 5.5. U7 satisfies U;T By = 0;

Assumption 5.6. U} and U} are bounded by a known value, i.e. ||¥}] < Ymaer and

1P3] < ¥imaz;

Assumption 5.7. A* is symmetric positive definite and bounded by a known value,

i.e. ||A*]] < Amas.

Assumption 5.1 and 5.2 is always satisfied if (A,, By, Cp) and {4,, By, Cy., D, } are
minimal realizations and have stable transmission zeros (see Section 4.1 for justifica-
tions). The fact that (A4, By, C) is non-square makes Assumption 5.2 reasonable [34].
Assumption 5.5 is always satisfied if the plant model has the structure as in (5.3), in
which case B; = 1AB; + B, and ¥3jT = [x,0,0]. (This is further explained using a
SISO case in Proposition 6.1). For nominal plant models satisfying Assumptions 5.1
and 5.2, a robust baseline observer-based controller (such as LQG [9]) can be designed
to achieve the control goal.

For adaptive control, additional assumptions on the plant model are needed. For
(5.3), Assumption 5.3 implies [(C,B,)T, DT] has column rank m (see [25] for justifica-

tions and [50] for the relaxation to rank deficiency). The inequality (n —n, — 2m) >
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(p —m) allows a squaring-up method to be carried out. Assumption 5.6 is commonly
satisfied for aerial platforms with physical constrains on the maximum structural
deformation rate. Assumption 5.7 is satisfied if @;;[ has a small magnitude, which
implies that inertia properties of aircraft varies slowly, and A} is positive definite and
diagonal, which implies that control surface damage should be independent from each

other.

5.2 Relative Degree Two Adaptive Control Design

This section will develop an adaptive controller for the relative degree two plant
model. The adaptive controller is developed in Section 5.2.1 and its parameters are
designed in Section 5.2.1 to guarantee the SPR properties of an underlying SPR error
model shown in Section 5.2.2. Adaptive law and stability analysis can be found in
Section 5.2.3. The overall design procedure is summarized in Section 5.2.4. Analysis
of the limiting case when the actuator dynamics is negligible is presented in Section

5.3. Proofs of all lemmas and theorems in this section can be found in Appendix D.

5.2.1 Control Design

The control design will extend the design in Section 4.2 to relative degree two plant
models by adding one transmission zeros as (ais + a?) to the error model without

explicitly differentiating given signals. We choose the control input u as
U = Up + Uad (5.5)

where uy is determined using a baseline observer-based controller and u,y by an

adaptive controller. The baseline control uy; is chosen as

Up, = —KTIm (56)
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where KT € R™*" is designed by the linear quadratic regulator (LQR) technique.

Uqq 18 designed as

Uod = —uy + (ays + a?) QT(H)E(), (5.7)

where a] > 0 and a? > 0 are free to choose, and

QF(t) = [AT, 91, 93]
—T

(5.8)
§ = [ﬂZ;) _'7:7’1;17 _Tz;z];

—xT

QT (t) is an estimate of *T = [A*~1, 7] ,@T] where @IT and W;T will be defined
in Section 5.2.2. z,, are the states of a modified closed-loop reference model (CRM,

based on [39]) as

Em = Am + Bouw + By (als + a) [¥37 (t)E,y]
+Bzzcmd + L(y - ym) (59)
Ym = mey Zm = szm + Dzubl

where 917(t) € R™*? is an estimate of ¥y, which is a linear function of ¥37 and

will be defined in Section 5.2.2, and

esy = R7'Se,, and e, =y — yn. (5.10)

Signals denoted as (-) are a filtered version of signals (-) as

1 1
1 a3 ap

Up = ————=Upl, T = ———=Tm, Coy = ———=€4y. 5.11
ats+al als+ad"™ ¥ als+al (5-11)

Control parameters L, R and S will be designed in Section 5.2.1 to guarantee the SPR
properties of an underlying error model shown in Section 5.2.2. Adjustable parameters
QT (t) and ¥17T(t) will be adapted online by prescribing their time derivatives, which

will be presented in Section 5.2.3.
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Design of L and S

The design of L in (5.9) and S in (5.10) will eventually guarantee a SPR property
and therefore will be based on a square system, which necessitates a squaring-up
procedure being carried out on {A, B, C} as discussed in Lemma 5.1 (see Appendix

D for the proof and a construction method).

Lemma 5.1. For plant models satisfying Assumptions 5.1 to 5.8, there exists a By, €
R™*(=™) sych that {A, By, C}, where By = [By, Byy], has stable transmission zeros
and nonuniform input relative degree asr; = 2 fori = 1,2,--- ,m and r; = 1 for

i=m+1m+2,--- p.

B, will only be used to design L and S, which are

Bl = ABsal + Bya?, B, = [B}, By] (5.12)
S =(CB,)T, T:=A5C, (5.13)
R = (CBy)™! [6A§§ + (UA_E;)T] (CBy) ' +el (5.14)
L=B,R(c)S. (5.15)

where € > 0 is chosen to be large enough as

€ >E, E=max]|e, ey
£1= Moz {—(CBy) ™! [CAB, + (CAB,)"| (CBy) ™}

- . 112
€2 = Amaz { (CB,)~2 | |CAB, || w2, + H2, 5.16
2 2 max z

Hynge = (1 + 2@,ae |12]) | P4l (”N1A§;’
+(1+ @ + aRmas) Ymaz) + |CAM||.

where a = al/al, N' = (MTM)1MT [I—E;(ﬁ;)‘lﬁ], M is the null space of
C , P is a solution of PLN'AM + (N'AM)TP; = —I (see Lemma 3.1 for its ex-
T [B o |||, and Roee = [|(€B)"'€AB], where €T =

istence), Viar = Uinas

T
[ CT (CA)T ] , B = [§2 AB, ] and 9 is the null space of € (see Lemma

3.1). The solution of € is derived from Lemma 4.5, which can be applied here since
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{A,E;, C} has uniform r = 1. € is so designed to guarantee the SPR properties of an
underlying error model as will be shown next. Numerical examples will show L has

a reasonable magnitude.

5.2.2 Underlying SPR Error Model

This section will present the analysis of underlying error model and its SPR properties.

The error model is derived by subtracting (5.9) from (5.4) as

: 1+T T T
ér = Aj.e; + Baayy ey + B0 7, + By Uiz,

+ ByA*(up + uaq) — Bouy — Ba (ays + af) 937 (t)es, (5.17)

where e, = T — z,, are state errors, A}. := A* — L*C and A* = A+ BT + BT,
Define

L*=B,R(e)S (5.18)

B, = BV, By], BY = A%.Bsal + Bya’. (5.19)

It is noted that Fé* is invariant for VL*. L* is needed for the SPR property of
{A},,E;*, SC} that has uniform 7 = 1 (see Lemma 4.1). The difference between L*
in (5.18) and L in (5.15) can be parameterized using a recursive property of BS, as

stated in Lemma 5.2, whose proof can be found in Appendix D.

Lemma 5.2. [Recursive Properties of Bi] The difference between Bi* and Bi can be

parameterized as

By — By = By (5.20)

and therefore
—1xT

L*—L=[(By*-B,), 0| R'S=By, R'S (5.21)

where B2 = Byal, and Y37 and ¥y = [ 3T Omx(p-m) ] are a linear function of

«T
0T
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Remark 5.1. If U3 = 0, then y1* = 0 and ¥, = 0 as a result, we can choose Pa(t) =0
in the CRM (5.9).

The uncertainties is shown to lie in the range of B2 and hence the name “recursive”.
Substituting u,q with (5.7) and L with (5.21), and applying (5.10)(5.11), the error

model (5.17) can be derived as

€, = Aj.e, + B%*A*TI!-ITxm + BgA*W;Txm
+ BoA* (ajs + aY) [AT () — T (¢)%m — U7 (8)Zm)

— B, (als + a?) [J;T(t)asy] (5.22)

where P17 (t) = iT(t) — 9, are parameter estimation errors and we have used an
equality that B, ¥:T + B,U3T = BIA*T}" + B2A*T,’; Such parametrization always
exists since Assumption 5.5 and Lemma 5.2 hold. Substituting usq in (5.22) with
(5.7) and applying Lemma 3.3 with (5.19) yields

emz = Afeemz — BY AT (t)e,, + BIA*QTE (5.23)

ey = Cepy = Ce, (5.24)

where e,,; = €, + Ba[-] (see Lemma 3.3 for a detail expression), Q7 (¢) = QT (¢) — QT
are parameter estimation errors. It is noted that (5.24) holds because CB, = 0. Eq.s
(5.23) and (5.24) are our underlying error model.

Proposition 3.1 implies that transmission zeros are added at (—a2/al) through
using the filtered signals [] as in (5.11), and therefore {A*, B}*,C} has all stable
transmission zeros. The following Lemma states that € in (5.16) is so designed such
that L* and S guarantee a SPR property. Proof of Lemma 5.3 can be found in
Appendix D. |

Lemma 5.3. Given Assumptions 5.1 to 5.7, the finite pair of L* € R™™ as in
(5.18) and S € R™™ as in (5.15), with € chosen in (5.16), guarantees that the
transfer function {(A* — L*C’),_Bg*, SC} is strictly positive real.

Define partition ST = [ST, ST] with S, € R™*? and S; € RP~™*?, Lemma 5.3
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also implies that {(A* — L*C), B3*, S;C} is also SPR.

5.2.3 Adaptive Law and Stability Proof

This section will present the adaptive law for the adjustable parameters in uq.q (5.7)
and &, (5.9). The structure of the SPR error model (5.23) suggests that the uncer-
tainty estimates Q(t) and ¥,,(t) should be adjusted using

Q(t) = —szegszT

) (5.25)
w% (t) = meésyeszT

where I'y, > 0 and I'y,, > 0 are adaptation gains. The following theorem guarantees
the stability and tracking performance of the adaptive system, whose proof can be

found in Appendix D. Define e,(t) = z — z,, as tracking errors.

Theorem 5.1. For an uncertain MIMO plant model (5.4) that satisfies Assumptions
5.1 to 5.7, and for any zema(t) that is piecewise continuous, the adaptive controller
(5.5), (5.6), (5.7), (5.9), and (5.25), with L and S designed in (5.15), guarantees
that 1) the closed-loop system has bounded solutions, ii) e,(t) — 0 as t — oo, and %)

e.(t) = 0 ast — oo.

5.2.4 Design Procedure

The overall control design in this section can be summarized into the following step-

wise procedure:
Step 5.1. Given a plant model (A, B,C,C,, D,), check Assumptions 5.1 to 5.7;
Step 5.2. Add integral error states to the plant model using (5.3);

Step 5.3. Design a baseline observer-based controller (5.6)(5.9) (without adaptive
terms) and choose K and an observer parameter using the LQR and the LTR tech-

niques, respectively;

Step 5.4. (For nonsquare plant models only). Pick a By using Lemma 5.1 and

produce a squared-up Bj;
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Step 5.5. Design a € using (5.16), then design a SPR pair L using Eq.(5.15) and S,
using Eq.(5.18), and replace the observer gain in the baseline controller (5.9) with L;

Step 5.6. Design parameter adaptation (5.25) and add the adaptive portion (5.7) to
the baseline control (5.5) and to the CRM.

Step 5.1 to Step 5.3 are conventional observer-based controller designs. Step 5.5
to Step 5.6 are for the adaptive component addition, which completes our adaptive
control design. It is noted that for both the baseline controller and the adaptive
controller, the L design is independent from the K design. We can generally consider
that K is designed for performance, and L is designed for stability. The overall

controller structure diagram is shown in Figure 4-1.

5.3 With Negligible Actuator Dynamics

In the limiting case that the actuator dynamics in the relative degree two plant model

(5.4) is eligible, the plant model can be written as

&= Az + B,V{Tz + ByU3Tx + BYA*u+ B,2ong
(5.26)
y=Cr.

where B2* is defined in (5.19) and is relative degree one input path. Using the relative

degree two adaptive controller presented in Section 5.2, the error model becomes

& = A%.c. — BI* [~%T(t)€sy] + BI*A* (als + a?) [ﬁTZ]

) (5.27)
ey = Ce,
Performing another coordinate transformation using Lemma 3.3 as
ems '= €, — BY*A*al [?ZTE] (5.28)
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yields

ema = Al mg — BN [~§T(t)ésy] + BO*A [QTE] (5.29)

e, = Ce, = Cepmg + CBY A [ﬁTZ] (5.30)

where BY* = ai ABY* + a(Bj*. It can be shown that relative degree two our adaptive
controller can still stabilize the plant model and achieve bounded command tracking,

as stated in the following corollary, whose proof can be found in Appendix D.

Corollary 5.1. For the plant model (5.26) that follows the notation and the assump-
tions of (5.4), the relative degree two adaptive controller (5.5), (5.6), (5.7), (5.9),
and (5.25) guarantees that e,(t) is bounded as t — oo.

5.4 Applications to VFA

In Section 4.3, we applied an adaptive controller on VFA models around a single trim
while ignoring all actuator dynamics. This section implements an adaptive controller
for the 3-wing VFA model with first-order actuator dynamics. One control challenge is
that maneuvers of VFA requires navigation through multiple trims, which necessitates
additional gain scheduling design. The goal is to use center elevators 4, and outer
ailerons 4, to track A, command and regulate 7 in the meantime. The nonlinear
model as described in (2.11) is linearized around each of 25 trim points defined by
Vo = 30 ft/sec, ap = 0 deg, 6p = 0 deg, ¢ = 0 deg/sec, no € [10,12] deg with a step
of 0.5, and 7 € [—0.2,0.2] deg/sec with a step of 0.1. Exemplary numerical values of
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the linearized model for 7y = 10 deg and 7y = 0 deg/sec is shown as
[ —0.279 3.476 —-32.2 —0.015 0.514 0.525 —2.57 —-6.47 o o ][ v ]
—0.070  —4.104 0 1.013 0.193 0.100 —0.795 —0.079 0 0 a
0 0 0 1 0 0 0 0 0o 0 0
0 —54.04 0 0.255 1.845 21.41 5991 —6.363 0 0O q
0 0 0 0 0 1 0 0 0o o n
0.002 0.044 0 0.819 —0.075 —6.518 0.195 —0.034 0 0 B
0 0 0 0 0 0 -1 ] 0o 0 e
0 0 ] 0 0 0 0 -1 0o o 8a
0 0 0 1 0 0 0 0 0o o wyy
0 —123.12 0 0 0 0 —-2384 2376 0 O || wa, |
A ©
0o o 0 o
0 o 0o o
0 0 0o 0
o o0 0o 0
4 0 0 Ue ]_ [ ] [ zZq ]
0o 0 Ug o o zA,
1 0 [T o o |>———
0 1 “ o o | ™
0o o 10
Lo o] Lo 1]
vt [ E—
By Bz
q 06 0 0 1 0 0 0 0 0 O
y=[wn:|=[0000000010}:c,
wa, 0o o0 00 D 0 0O 0 1
[o]

(5.31)

which includes first-order actuator dynamics with nominal time constant of 1 sec. u.
are elevator commands and u, are aileron commands to the actuators. It is verified
that plant model in Eq.(2.10) holds for all trims with (A, B, C) shown in (5.31). For
example, the linearized model for the trim at 1y = 10 deg and 7y = 0.2 deg/sec can
be approximated using

« | 006
P 0.01

—-4.52 0
1.83

0

—0.02

0.05

0.041
-0.035

1.47
—0.59

which only generates an error of 2.6% of the actual ||A,|| and 1.8% of the actual || B,||,

respectively. The pitch mode of the VFA when 1 > 11° is unstable.

For control design, first we designed control parameters for each trim. For ex-

ample, L and S, for the linearized model (5.31) are found using a} = 0.2, a?
€ =100, Ajaz = 2 and ¥, == 30:

—34.23
—11.54
—5.46
60.32
—49.09
-0.118
30.12
45.32
—4.88
L —50.70

64.10
55.96
31.86
—11.47
286.3
20.27
—-716
138.9
28.50
—45.95

49.35
2.23
—2.82
—33.51
—25.20
—2.26
21.78
—72.34
—2.51
218

i
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—-0.817
0.585

]
0

—0.585
—o0.811 |’

=1,

(5.32)



The L design for this particular trim generate adequate stability margin in the baseline
controller in the absence of uncertainties, as shown in Figure 5-3 (see legend “nom”).

The following relation holds as a}/a? — 0 and £ — oo:
B, = By, L— ByR(e)S > 0. (5.33)

which implies loop transfer recovery (see Lemma 4.6). We schedule the control pa-
rameters [32] using real-time 1 measurements. The total number of integrators used
in our adaptive controller is shown in Table 6.1. For the baseline controller with-
out adaptation, the resulting controller is an observer-based gain scheduling linear

controller (referred as the baseline controller).

The time domain simulation results with the nonlinear VFA model are shown in
Figure 5-1. Three actuators were simulated, one with a nominal time constant of
1 sec, one with a time constant of 2 sec, and the other 4 sec. Besides the baseline
controller, two adaptive controllers were tested: one is relative degree one as developed
in Section 4.2, which pretends the actuator dynamics is not present; the other is the
relative degree two shown in Section 5.2 based on a nominal actuator model as in
(5.31). With a nominal actuator, all three controller were able to achieve stable
command tracking with almost identical transient performance. When actuator time
constant slows down to 2 sec, both adaptive controllers were able to achieve tracking
goals while the baseline controller failed to do so, as shown in Figure 5-1a. When
actuators further slow down as shown in Figure 5-1, only relative degree two adaptive
controller can achieve stable command tracking, whose parameter trajectories are
shown in Figure 5-2. The total number of integrators used in each of the controller
is summarized in Table 6.1, which shows that our new design uses significantly less

integrators compared with the classical one.

Suppose we freeze the adaptive parameters ¥, (t) and ¥,,(¢) at the end of the sim-
ulation, the resulting “snapshot” closed-loop system consists of an uncertain LTI plant
and a linear observer-based controllers. The Frequency domain analysis [18, Chapter

5], as illustrated in the Figure 5-3, shows that at ¢ = 0 sec the uncertainties reduce the
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Figure 5-1: The tracking of  and A, using the relative degree two adaptive controller
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(c) Actuators with a time constant of 4 sec

for the nonlinear 3-wing VFA model
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Figure 5-2: The parameter trajectories of the relative degree two adaptive controller
in the simulation shown in Figure 5-1b for the nonlinear 3-wing VFA model
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Figure 5-3: The frequency domain analysis of the snapshot closed-loop system shows
that adaptation mitigates the effects of model uncertainties on the robustness of the
“snapshot” closed-loop systems for the 3-wing VFA model
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gain margin from the nominal value (i.e. the baseline controller without uncertain-
ties) of [—15.7, 27.1]dB to [—2.0,2.6]dB, and phase margin from +57.1° to +14.8°;
The “snapshot” closed-loop systems at ¢t = 600 sec recovers them to [—9.4,15.3]dB
and to £48.9°, respectively.
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Chapter 6

Relative Degree Three Design

This chapter extends the adaptive control design in previous chapters to plant models
with relative degree three. In particular, this chapter will address a plant model
together with a second-order actuator dynamics. Section 6.1 motivates the control
design using a SISO relative degree three transfer function as an example and presents
the complete design and stability analysis for this particular case. The main problem
we want to address in this thesis is presented in Section 6.2 where a relative degree
three MIMO plant model, which is motivated by VFA flight control, is considered.
The SISO adaptive control design is then extended in Section 6.3 to address the
solution for MIMO plant models. Section 6.4 demonstrates the adaptive controller

on a nonlinear VFA model navigating multiple equilibrium flight conditions.

6.1 Relative Degree Three SISO Control Design Ex-

ample

To show the main concept of the relative degree three control design, this section
describes the new adaptive controller when applied on a SISO plant with relative
degree three. Section 6.1.1 describes the SISO control problem relevant to flight
control. The control design solution is presented in Section 6.1.2 along with error

model analysis. Parameter adaptation is discussed in Section 6.1.3 along with stability
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proof. In this section, analysis is presented where appropriate to show the design is
motivated. For the summary of the design, the readers are referred to Section 6.3.1

where a MIMO case is used.

6.1.1 Relative Degree Three SISO Plant Model

A dynamic behavior of aircraft, such as the response of roll rate z,, to aileron deflection

Up, can be described by a SISO first order model with an unknown pole and gain as
Tp = (—ap — 05)zp + bpAuy (6.1)

where @, is a nominal pole location and b, is a nominal high-frequency gain. 6; is
the uncertainty in the aircraft weight and A is the uncertainty in the control surface.
(See Section 5.1 and 5.2 for the extension to parametric uncertainties with a nonlinear
regressor). In this section, the elevator input w, is driven by a motor, which is modeled

as a second-order actuator as
U + (20wn + 07, ) + (W5 + 05 )up = wiNou (6.2)

where u is the command to actuators, { is the nominal damping ratio and w, is
the nominal natural frequency, and 67, and 8, are their corresponding uncertainties.

Define w, = Ajup. Then the overall plant model can be written in the state space
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form as

Iy -a, by 0 Tp by
Wy, | = 0 0 1 w, | +1] 0 [—9;00]1’
| .
Uy, 0 —w2 —2wn || W 0 »iT
N ~ A
A z b1
0
0 (6.3)
o [0 -6 -, Jot | 0 [ XN
N ~ 5, N~
wi w37 wﬁ A
—— | ——
b3 b3
y= [ 100 ]x
T
which can be rewritten concisely as
T = (A + b]i/);T + bgd};T) x + b3)\*u (6 4)
y=clz ‘

where A, b, bs and c are fully known, while ¥;7, 937 and A\* contains the unknowns.

Define
A=A+ b7 + bgv,/;;T (6.5)

and note that

(sl — A*)1by = 2222 66)

p3(s) == [s+ (ap + 63)] [s* + (2€wn + 62,)s + (w2 + 6)]
The control goal is then to design u such that y will track a reference trajectory y,
which will be prescribed by a reference model. From (6.3), it is noted that ¥}{Th; =
YT A*bsy = 0, since ;T only affects the pole in the original plant pole location. By
Definition 3.5, bs is a relative degree three input path with ¢7bs = ¢T A*b; = 0 and
cTA*%b; = byw? # 0. by is a relative degree one input path with ¢Tb; = b,. The

following Proposition specifies the relation between b; and b3, whose proof can be
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found in the Appendix E.

Proposition 6.1. For plant model (6.3), by can be linearly spanned in the space
(b3, A*by, A*?bs).

Proposition 6.1 is a result of the fact that

(sl — A*) 7'y = _ b (6.7)
s+ (ap+02) '
6.1.2 Control Design and Error Model Analysis
First a CRM is designed as
im:Amxm'f'l(y—ym)'i'fl(ey;s)_fzm(ey;s) (68)
Ym = LT,

where y,, is a reference output trajectory y needs to track, e, = y — y,, is the output
error, and A,, = A —bsk? is designed using LQR techniques and therefore is Hurwitz.
Control parameters [, along with fi(e,) and f,,, (e,), will be designed later in Section

6.1.2 and 6.1.2. The error model e, = z — z,,, then is found to be

& = (A" =1cT) e — filey) + b1y T + bsths T T + b3XN U+ fr(e,)  (6.9)

_ T
ey = C e

where 13T = 3T + kT. The goal of this section is to transform (6.9) into a SPR
error model, which is defined as follows.

Definition 6.1. A SPR error model is defined as
e,(t) = Wi ()5 (w(t) (6.10)

where {I;T(t) = 9(t) — ¢* is the parameter error between adjustable parameter (t)
and the actual uncertain parameter ¢*, w(t) is a known regressor, and Wi*(s) is a

SPR transfer function.
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W3*(s) being SPR implies that Wi*(s) is relative degree one, which in turn implies
that we need to add two transmission zeros in both the CRM and u. Zeros addition
in CRM, along with [ and fi(e,), will be addressed in Section 6.1.2. Zeros addition
in u, along with f,,.(e,), will be addressed in Section 6.1.2. In both sections, we will
use Lemma 3.3 and Remark 3.3 extensively to design u and CRM that do not require
differentiating input signals, and use its equivalent realization with zero addition for

error model analysis.

Add Zeros in CRM: Design [ and fi(e,)

Zero addition in CRM can be realized by utilizing Lemma 3.3, which uses different

state coordinates and b matrices as

bl* = A*2bg + A*bs - 2 + b

(6.11)
b2* = A*bz + b3 - 2
These b%" yield zeros in the error model analysis (6.9) as
T (sT — A*)~1bbr = b (52 4 25+ 1
( ) 7l Eﬂ ) (6.12)
cT(sI — A7 = 18] (s+2)

where p3(s) is defined in (6.6). As a result, b4 is an input path with relative degree
i. Without loss of generality, we chosen coefficients of (6.11) in such a way that in
(6.12) two identical zeros as in (s+1)? are generated. It is noted that cT(sI — A*)~1b}*
has relative degree one and c7(sI — A*)~!b2* has relative degree two. The following
Lemma states that there exists a [* such that an underlying SPR property can be
guaranteed in the error model, whose proof can be found in Lemma 4.3 and Lemma

4.5.

Lemma 6.1. For the plant model (6.3), there exists a I* as

I* = ebi*bw?, (6.13)
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and a scalar constant 0 < e* = e*(A*, b3*, c¥', Mnaz, Ymae) < 00 such that for Ve > e*,

the transfer function

bpwi(s + 1)
p3(s) +e(bpw2)?(s + 1)?

Wi*(s) = cT'(sI — A* +1*cT) 7o = (6.14)

where p3(s) is defined in (6.6), is SPR.

Numerical examples will show {* has a reasonable magnitude. It is noted that [*
uses unknown b%*, and therefore in CRM (6.8) we choose to use [, a known relative of
I*, as

I = eb3b,w? (6.15)

where b} is a known version of b5 as

bé:A2b3+Ab32+b3

(6.16)
b2 = Abs + bs - 2

It is noted that e* (see Lemma 4.3 for a explicit equation) includes (A*, b3*) and there-
fore is unknown. A known upbound of £* can be derived using & = £(A, b}, c¥', Moz, Ymaz)
with Apae > |A*| and ¥me: > ||9i]|, and guarantees £ > ¢*, for which the reader is
directed to Section 6.3 for a detail equation. Then if we choose € > , the SPR prop-
erty in Lemma 6.1 can be guaranteed. The difference between b and b%* still needs

to be addressed, as shown in the following Lemma, whose proof can be found in the

Appendix.

Lemma 6.2. [Recursive Properties of bi] For the plant model (6.3), by as in (6.16)
and by as in (6.11) satisfy

bt — by = bIULt + byt (6.17)
by — b5 = byyy” (6.18)
where Y3* = =07, ¥3* = 0%, + 2Cwn 07, are elements of Y5.

It is noted that the (b — bi) lies in the range of bi™* (with b3 = b3) and hence
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the name of “recursive”. Using (6.15) and (6.17), one can rewrite (6.9) as

€ = (A,k I"c T) €r + bz* 3 €sy + b3"/J3 esy — filey)
01T T + b3ty T T + bsA U+ o, (&) (6.19)
e, = cleg

where eg, = eb,w2e,. Using (6.12) and (6.14), (6.19) can be rewritten as

ey(t) = Wi(s) [(s+ 205 esy + 93 eqy] + Wiy(s) [~ fi(ey)]
+W3,(s) [b1¢1 L + b3tly” xm] + W5, (s) [bsA™u + fo(€y)]  (6.20)

where W3, (s) = ¢T(sI - A.)71, An = A*—1*cT and p} 4(s) := p3(s) +e(bw?)?(s+1)?

is its corresponding pole polynomial, i.e.

2
bpwn

Wsls) =5 o)

= cT(sI — Ap) by = W3, (s)bs. (6.21)
The goal is to have all parameter terms coming through (s+1)? so that W3 (s)(s+1)% =
W1*(s) as in (6.14) becomes SPR. Define filters as

S s+2 S _ 1

— e, ——e, 6.22
T @ s+ 1Y W @ras+1 Y (6.22)

where the superscript (-)["] indicates that up to ¢th derivative is available for control,

which transforms (6.20) into

eft) = Wils) [(s+1)% (wirel +uirell )| +T(sl — A7) [=filey)]
FW3,(5) [T om + bt T | + Win(s) boX u+ fon(e))]  (6:23)

Now it is clear that fi(e,) deals with the uncertainties in %", and v and f,,,(e,) deal

with the uncertainties in ;T and w;*T. In this subsection, we address the design of
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fi(e,) first as

fley) = fwie) + W5 (6.:24)
FRLE) = (8354 b) [wAT(@Rl] + bals + 1) [wiT(2)el]
W3 Es) = ba(s+1) [wiT (e

where

_e . 1 I
e T 2 as Tl [1/)3( )e¢y} (6.25)

with e[] generated in (6.22), and ¥}(¢) and 3(t) are estimates of ¥i* and 92*
respectively. In (6.24), we assume that up to the second derivative of ¥i(t) and
1;(t) are available for control, which will be realized in Section 6.1.3 using a high
order tuner. It is noted that EE;:;];[ }is available for control and hence the index (.
f3(1/13,e¢y) is designed following Proposition 3.2 and is used to deal with ¢§*e£§ in
(6.23). f2 (7,03,651],) is used to deal with ¢§*'e'5i, as stated in the following Lemma,

whose proof can be found in the Appendix E.

Lemma 6.3. [Recursive Adaptation] For plant model (6.3), fg(@bé,ég/g) as in (6.24)
yields a SPR error model in (6.23) as

(s = Ap) ™" [ba(s + 17wl Ey, — £ )] = Wat(s) [~ 95 () + 2],
(6.26)

where Y (t) = Yi(t) — is parameter error.

It is noted that f2(¢3, e,) only used e% and was able to produce (s+1)? [1/13 (t)ell]]

in the error model analysis (at the cost of using e[ Iz ]) and hence the name “recursive

adaptation”. Lemma 6.3 transforms (6.23) into

e(t) = Wi(s) [~di(t)el, — Phyel — dieb |
+W3,(s) [blfd)f T + bathg" a:m] + W3 (s) [bsA\*u + fr,.(ey)] (6.27)

We will address b9;7 + bstp,*T using u in the following section.
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Add Zeros in u: Design v and f,, (e,)

Section 6.1.2 used recursive adaptation to address the uncertainties b3*13* that comes
from [*. The remaining uncertainties by1;7 4 bgtpyT in (6.27) can be reparameterized
in b5 as stated in the following proposition 6.2. For the proof, the reader is direct to

the proof of Lemma 6.3 in the MIMO case.

Proposition 6.2. For plant model (6.3), there exists E’;, EI and _;Z; such that
*T 's«T 1x 7+ 2%\« T T
by + sy = b3" AT 05Ty + bsATYy (6.28)

where by is defined in (6.11) and WT = [ x 0 0 ]
Proposition 6.2 transforms the error model (6.27) into
e)(t) = W3(s) [0 (0)el, — 3y — el

+WE ()X (s +1)? [¢1 T + B T 4 w*T‘m]
+W5(s) [bsA u + fr,.(ey)] (6.29)

where we have used (6.12) and the filter design as

-m__s+2 g1 6.30
Tm 52+23+1xm’ Tm 32+2s+1xm' (6.30)

The error model (6.29) implies that u = (s + 1)? [¢] (¢)&m], which is not imple-

mentable since Z,, is not accessible (see z,, design in CRM (6.8)). Alternatively, we

design u as
U = U+ U
up = —(s+1)° [ (O + 5 (t)7 ] (6.31)
up = =—((s+2)-s-[¥7(®)]) e — (s +1)* [¢] (t)vm) (6.32)

where 1y(t), ¥(t), ¥s(t) are estimates of ¥;(t), ¥,(t), Vs(t), respectively, whose

derivatives will be realized in Section 6.1.3 using a high order tuner. u; deals with
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the 9, (t) and ¥,(t) terms in (6.27) using Proposition 3.2. u, deal with ¥ (t) terms
in (6.27), where ¥{(t) adopted a similar structure of ¥}7 = [ x 0 0 ] as

W)= x 0 0] (6.33)
um(t) is an artificial signal with artificial derivatives as

(8% vm) 1= A2z, — Ale,
(6.34)
(st vp) = Az, (% vp) =2

which are accessible parts of #,, and #,,. The inaccessible parts of Z,, are dealt with

using ey, which defined as
¢
ey == /0 ley(T)dr, (6.35)

and f,.(e,), which is designed using recursive adaptation in Lemma 6.3 as

Fem(er) = FEOVEE) ) = (B 5+ o) [MOZSL ] +bals + 12 [ (05| (6:36)

=l l

since egl 0 is required in error model analysis but only e, is available for control:

S s+2 T
€0 = el S [1/)1 (t)ey?]

(6.37)
g _ 1]
\If,y - sz+;s+1 "S- [’\(t)ewly?} :

A(t) is an estimate of A\*. The following Lemma, which uses the results of Lemma 6.3,
shows that uy and f,,,(e,) produces a SPR transfer function in (6.27), whose proof

can be found in the Appendix E.

Lemma 6.4. For plant model (6.3) and CRM (6.8), us as in (6.32) and f,,. (e,) as
in (6.36) produces a SPR error model as

(sl — An)™ {bg)\* [(s +1)2 [E;T:rm] + U2] + fzm(ey)}

(6.38)
= Wi (s) [~ zm + Xy o + Pieh |
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where ¥y (t) = Y1(t) — ! and A(t) = A(t) — X\* are parameter ervors.

Plugging u (6.32) and the results of Lemma 6.4 into (6.27) yields

ey(s) = W3(s) [0 (8 — 2ll — 2ll) — et + el |

— W™ (s)x* [ T + P3TT + zp*T—f2l] (6.39)

At this point, we have achieved a SPR error model as in (6.39). The minimal real-
ization of (6.39) can be written as in the following Lemma, whose proof has already

been presented in this section.

Lemma 6.5. For the plant model (6.3), CRM design (6.8) with fi(e,) in (6.24),
fzn(€y) in (6.86) and u in (6.32), the error model

= A + BN [ (B + ] (6.40)

_.T
€y = C Emg

where cT(sI — Ap)7ibi* = W3*(s) is a SPR error model.

Some extra terms similar to ¢7(¢)Tn, in (6.40) are omitted without loss of gener-
ality. The expression for e, can be found using Lemma 3.3, of which the details can
be found in Lemma 6.8, its counterpart in MIMO cases. Without loss of generality,

we will proceed using the error model in (6.40) for our following stability analysis.

6.1.3 High Order Tuner and Stability Proof

In the previous sections, we have assumed that up to the second derivatives of 1, (t)
(and v;(t) and 9i(t), etc.) are accessible. In this section, we will realize v, (t) and

¥1(t) through a high-order tuner [51] as

Tp = (Ahl'h + bh'l/J’IT(t)) g(:vm)
9(zm) = (1+ palzn), ¥1(t) = —zme, (6.41)

WI'(t) = an, ¥ (8) = chazn, 97 () = cpmn
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where

Ahz ) bh=
-1 =2

c",f=[1 0},C£1={0 1],6{2

(6.41) consists of

1 (6.42)

1)

o
—
| S |
Il
[en}

1

(sl = AT = G

(6.43)

and a varying input gain g(z,,). The following theorem guarantees the overall stability

of the closed-loop system, whose proof can be found in the Appendix E.

Theorem 6.1. For plant model (6.3) and the CRM (6.8), u is designed as in (6.32)
with its parameter adjusted as in (6.41), such that i) the closed-loop system has a

bounded solution and, i) e,(t) — 0 as t = oo.

As e, (t) — 0, fi(e,) — 0 and f;, (e,) = 0 as t — oo, and therefore CRM (6.8)
recovers its open-loop reference model form as t — co. As a result, the tracking goal

is achieved. The formal proof of tracking results is presented in Theorem 6.2 where

a MIMO case is used.

6.2 Relative Degree Three MIMO Problem State-

ment

This section describes a class of MIMO plant model that we want to address in
this thesis: a plant model with relative degree three as motivated by VFA control
challenges. Our starting point is a linearized model derived in Section 2.2 around a
single equilibrium flight condition, which has the form as in (2.10). In the plant model,
z, € R™ are states, u, € R™ are control inputs, y, = Cpz, € RP? are measurement

outputs and z € R? are tracking outputs. We also define tracking outputs

z = Cpap + D03 2, + DA, (6.44)
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where Cp, € R*™ and D, € R™ are known. The number of inputs and number of
outputs are assumed to satisfy p, + d > m. A* is unknown actuator anomalies, and
©; is unknown state-dependent flexible effects with z, being linear regressors (see
Section 4.1 and Section 4.2 for relaxation to nonlinear regressors). It is assumed that
C,pB, is full rank and therefore the plant model has relative degree one (see Section
4.1 for justification). For mechanical plant models, the relative degree one assumption
requires that the plant has velocity measurements available for control and ignores
actuator dynamics all together. Adaptive control design for relative degree one plants
has been developed in Section in Chapter 4 and is able to achieve asymptotic tracking.
While relative degree one assumption is relaxed in Chapter 5 to allow a first order

actuator, this chapter focuses on a class of relative degree three or higher plant models.

The problem we want to address in this chapter is a relative degree three plant

model that includes uncertain second order actuator dynamics as
Up + (D(w + @Zz) Up + (Dw + (‘)Z,T) u, = Dyu (6.45)

where D¢, and D, are diagonal matrices with nominal damping ratios and natural
frequencies for each actuator, respectively, and ©7, € R™™ and ©;T € R™™ are
their uncertainties. For command tracking we define integral error states e,, = z—2znq
and w, := f epzdt. Define w, := A*u,. Including w, and w, as states, the augmented

plan model can be written as
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Tp A, B, 0 0 Tp B,
Wy 0 0 I 0 Wy 0
= + 9;Tacp
Wy, 0 —-D, —D¢ O Wy 0
W, Cpo. D, 0 0 w, D,
i L g JL _ L i
_ _ A _ T _ B]_ _
0 0 0
0 . 0 0 (6.46)
- | [er oz] - A+ Zemd
I Wy, D, 0
0 0 —I
L i i I _
Bs B
C, 000 T
y = r, z= [ Cp. D, 0 0 ]:E-I—Dz@; Tp,
0 00 I N -~ v
~ ~ g C;
c

which can be rewritten in a compact form as

&= (A+ ByY{T + B3U3T) 2 + BsA*u + B, zema

(6.47)
y=Cz, z=C,z+ D, ¥{Tx

where x € R"™ are augmented states, u € R™ are new control inputs, y € R? are
augmented measurement outputs. The plant model is nonsquare (p = p, + d > m).
It is noted that (6.46) and (6.47) are the extension of (6.3) and (6.4), respectively.
There exists another class of relative degree three plant models that include rela-
tive degree one plant dyanmics, first order actuators and first order sensors, which
can also be written as (6.47) (with some slight modifications, see Appendix E).
Matrices A € R™" B,,B; € R™™ (C € R™", B, = R™? (C, € R¥*" and
D, € R*™ are known. A" € R™™, &7 = [ ;T 0 0 0 ] € R™" and U7 =
(D)™t [ 0 erT (—)Z}C 0 ] € R™*™ are unknown. B, ¥}z are the uncertainties from
the original plant model, and B3 U347z are the uncertainties in the actuator dynamics.

(See Section 5.1 and 5.2 for the extension to parametric uncertainties with a nonlinear
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regressor). The MIMO plant model (6.47) is a generalized version of the SISO plant
(6.4) presented in Section 6.1.1.

The control goal is to design u such that z tracks a trajectory z,, from a reference
model despite the presence of uncertainties. The adaptive controller that we will

present requires the following assumptions regarding the plant model (7.1):
Assumption 6.1. (A, B;,C) is a minimal realization;

Assumption 6.2. {A, B3,C} has stable transmission zeros;

Assumption 6.3. {4, B3, C} has uniform relative degree 3;

Assumption 6.4. B, can be spanned by a linear combination of {Bs, ABs, A?Bs};
Assumption 6.5. U} satisfies \If’{T[ B; ABs ] = [ 00 ];

Assumption 6.6. ||U}|| are bounded by a known value, respectively, i.e. ||UF|| <

\I,;‘,max fOT‘i = 17 2;

Assumption 6.7. A* is diagonal and | A*|| is bounded by a known value, ||A*|| < Amazx

and sign(A*) is known.

It can be shown that the relative degree three plant model (6.46) and (6.4) satisfy
all these assumptions, with » = 3. Assumption 6.4 is always satisfied if the plant

model has the structure as in (6.46), i.e.
By =D;'A’B; + D¢,D;'AB; + Bs (6.48)

(see Proposition 6.1 for derivations). Assumption 6.1 is standard. Assumption 6.2 is
ubiquitous for adaptive control. It is noted that plant models with stable transmis-
sion zeros do not require zeros of each individual transfer functions to be stable as
shown in Example 3.1. For nominal MIMO plant models satisfying Assumptions 6.1
and 6.2, a baseline observer-based controller (such as LQG/LTR [9]) can be designed
to achieve a satisfactory tracking performance with adequate stability margins. For
adaptive control, additional assumptions on the plant model are needed. Assump-

tion 6.3 implies [ (Cp BP)T DT ] is full rank. Assumption 6.7 implies that actuator
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anomalies are physically bounded and independent from each other. Assumption 6.6
is commonly satisfied for aerial platforms with physical constrains on the maximum

amount of flexible deformation and deformation rate [52].

6.3 Relative Degree Three MIMO Adaptive Control

Design

This section extends the adaptive controller presented in Section 6.1 to the relative
degree three MIMO plant model (6.46). A complete adaptive control design is pre-
sented in Section 6.3.1. An error model is derived with guaranteed SPR properties
in Section 6.3.2. Stability proof, along with a high order tuner, is derived in Section
6.3.3. For simplicity, we first design controller assuming p = m, i.e. (6.47) is square.
Extension to nonsquare plant models is discussed in Section 6.3.4. A step-wise design

procedure is summarized in Section 6.3.5.

6.3.1 Control Design

The control design will extend the design in Section 4.2 to relative degree three plant

models by adding two transmission zeros as

m3(s) = a3, m(s) = a3s + a3,

(6.49)

m3(s) = a3s* + ays + al,

to the error model without explicitly differentiating given signals. The coefficients
a%, without loss of generality, are chosen as the polynomial expansion coefficients of

(as +1)% = a2s? + a}s' + a) for some a > 0. We choose the control input u as

= Up + Uad (6.50)
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where uy; is determined using a baseline observer-based controller and wu,y by an

adaptive controller. The baseline portion uy; is chosen as
_ T
Uy = —K Tm (651)

where K7 € R™*" is designed by the linear quadratic regulator (LQR) technique. z,
are the states of a modified closed-loop reference model (CRM, based on Ref. [19-21])

as
= A%y + Bsuy + Bozema + L(y — Ym) + Fr(ey) — Fy,.(ey) (6:52)
Ym = CT, 2m = CoTm

where L is designed as

S=(CBy)T, C:=8C, (6.53)
R(¢) = (CB})'[CAB}

+ (CAB})T|(CB;) ™ + el (6.54)
L = BIR™!(¢)S. (6.55)

€ > 0 is chosen to be large enough as

€>%, E=max|[ep, ey
€1 = Amaz {—(CB})"' [CAB} + (CABY)T] (CB})™'}
€2 = Amaz {(CB;) -2 [2 ICBI” (Trmaz + Romaz) + H,'i]}
Hongz = (1 2 | Pal) 121l - (IN AB3I| + 3% 02 Roma + 03 W s R )

+||CAM|| + |CB3 || ¥rnaz
(6.56)

where N! = (MTM)™'MT [I — Bj(CB})™'C], M is the null space of C , Py is a
solution of PLN'AM + (N*AM)TP; = —I (see Lemma 3.1 for its existence), ¥, =
Unnae [ B 9 || and Roae = l1(€B) '€ 42|, where €™ = | T (CA)T (CAYT ]T,
B=| By AB; A’Bs ] and 901 is the null space of € (see Lemma 3.1). ¢ is so chosen

that an underlying SPR condition is guaranteed in Section 6.3.2. Numerical examples
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will show L has a reasonable magnitude. Fi(e,) and Fy(e,) are designed as

Fr(e,) = FRWT ()e})) + Fa T ()2l l) + F3 (2T (1)el)) (6.57)
Fr(e) = FY(AT(02y) o) + F3 (w37 (£)ehn) (6.58)

Fj(w) for 1 = 2,3 and some w(t) € R™ are defined as

F3(z) = (Bis + Bsaj) [v]

(6.59)
F3(w) = Bsm3(s)[w]

where Bi is defined as

Bé = A2Bga% + AB3a% + Bgag

(6.60)
= ABja2 + Bsai, B2 = Bsal

which are relative degree ith input paths through {4, Bi,C}. ¥iT(¢) € R™™ and

3T(t) € R™™ are estimates of ¥3*T(t) € R™™ and ¢#7(t) € R™™, which are
elements of ¥} and will be defined in Section 6.3.2. A(t) is the estimate of A*. We
have assumed that A(t), 1(¢) and 1)2(t) are accessible, which will be realized using

a high-order tuner in Section 6.3.3. Signals e[ 01 are outputs of a series of filters as

esy = R™'Se,, wheree, :=y—y,

—[1 mi(s —[2
By = Beq, = e, (6.61)
g _ 73(s) 1T5(1]
Cyy = w%(s)s[ 3 ewy]7

where R and S is designed as in (6.53) and (6.54), respectively. It is noted that jth

derivative of e[ iUl are available for control. Signals 651;][71 , are outputs of a series of

filters as
ey = fo Le,(r)dr
7|'1
eyl o =3 s [\IIT( Je, ] (6.62)
2] _ #%(s) T —[1]
Con T 7 P [A (t)ey ]

It is noted that the jth derivative of e[ ”"] _, are available for control.

1
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The F, term in CRM deals with the uncertainties introduced when using a known
L as in (6.55) to guarantee an underlying unknown SPR model (see Section 6.3.2).
The F,,, term will be used to deal with the inaccessibility of Z,, (see CRM (6.52)),
which is used to address the uncertainty B;¥;7z in the plant model. We have put
the equivalent realization of the inaccessible parts of &,, in F)  (using Lemma 3.3)

and putting the rest accessible parts of Z,, in u.q as

ttaa = —uy +73(s) [AT () — UT (B)om — W ()7 — 9T (1)L

2
= @b di T (e, (6.63)

i=1

where v,,, are artificial signals with artificial derivatives defined as

s v = A%z, + AB.Zema + BoZema — ALey,
S+ Up = ATy + B,Zemd (6.64)

Um = T

It is noted that s' - v,, are parts of .. The adjustable parameters A”(t) and W7 (¢)

. _ —x*T
are estimates of A*~! and ¥,",

respectively, which will be defined in Section 6.3.3.
The derivatives A(t) and ¥;(t) will be realized using high-order tuner in Section 6.3.2.

In particular, we design ¥;(t) as

Ui (t) = [ x 0 0 0] (6.65)

which matches the structure of ¥3T as Assumption 6.5 holds. Signal (-) is a filtered

version of signal (-) as

1 0
=2 _ 1 =1 _ T2 (s) 2] _ m5(s) 6.66
WS T e T e (609

7~

It is noted that up to ith derivatives of (-) " are available for control.
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6.3.2 Error Model Analysis

The following paragraphs show that the control design in the previous section yields
an underlying SPR error model. The error model is derived by subtracting the CRM
(6.52) from the plant model (6.47), which yields

ér = (A* = LC)e, — Fi(ey; s) + Fy,.(ey; 5)
+ B ‘Il;‘Tmm + Bg\II;Twm + B3\P§T$m

+ B3A* (ubl + Uad) - B3Ubl. (667)

where

A* = A+ B)UT + BT (6.68)

The input path of relative degree i corresponding to A are B, for i = 1,2, 3, as defined
in (6.60) and they are known; the input path of relative degree i corresponding to A*

are B, which are defined as

Bé* = A*ngag + A*Bgaé + B3a3

(6.69)
B? = A*Bsai + Bsa, B3* = Bia3,

and they are unknown. Define
1 =A"—-LC. (6.70)

B are also the relative degree ¢ system input paths for {4}, By, C}, i.e. BY are
invariant for any L € R"*™.

The following error model analysis will be a direct extension of its counterpart in
the SISO case in Section 6.1.2, and therefore only a few important Lemma will be
provided for the MIMO case while some intermediate steps are omitted. The following
Lemma guarantees a SPR transfer function, which is an extension of Lemma 6.10,

whose proof can be found in the Appendix E.
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Lemma 6.6. With R(€) as in (6.55) and € as in (6.56), W;*(s) = SC(sI — A* +
L*C) 'B3* is SPR, where L* = B}*R™1(¢)S.

The goal of this Section is to formulate the SPR error model as in Definition 6.1.
To realize L* in W},*(s) while using L in CRM, we need to address the difference
between By and Bi*, which can be parametrized using the following Lemma (an

extension of Lemma 6.2). The proof can be found in the Appendix E.

Lemma 6.7. [Recursive Properties of Bi] For plant model {A, B3, C} satisfying As-
sumptions 6.3 and 6.5, Bi as in (6.60) and B (6.69) satisfies

1% 1 _ 2%, 1T 3%, 1. 2%T
B3 _B3—‘BS 3 +BS¢3

(6.71)

Bf* — Bf = B3"y5™", By — B3 =0

for i = 1,2,3 where uncertain terms 13" are elements of V3.
The difference between Bi and Bi* can be written in terms of Bi"™** and hence

the name “recursive”. Fp(e,) as in (6.57) deals with L*C, while F} (e,) as in (6.58),
together with wu,q, deals with B;¥}Tz,, for i = 1,3. First B;¥;Tz,, can be written in
terms of B{* using the following Proposition (an extension of Proposition 6.2), whose

proof can be found in the Appendix.

Proposition 6.3. For plant model {A, B;,C} satisfying Assumptions 6.3 and 6.4,
there exists Uy, W, and U, such that

BT + BT = BEATT + BEA'T, + BA'T (6.72)

where B is defined in (6.71) and WIT = [ x 000 ]

Then all uncertainties in the error model lie in the range of Bi*. Both of Fi(e,)
and Fy,, (e,) use an equivalent realization of zero addition (see Lemma 3.3) to generate
zeros in error model analysis, as summarized in the following Lemma (an extension

of Lemma 6.3), whose proof is shown in the Appendix E.
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Lemma 6.8. [Recursive Adaptation] Suppose an error model

= Aje, + BZ¢*Tw(t) — F(t)

(6.73)
ey = Cey

where A} = A* — LC with any L € R™™, BZ* defined in (6.69), {A, Bs,C} satisfies
Assumptions 6.3 to 6.5, ¢* is unknown constant parameters, w(t) is a known regressor

with w(t) inaccessible, and F(t) is free to choose, then F(t) can be chosen as
F(t) = F(¢" (@M (1) + F3 (3" (6)o1P(1)) (6.74)

where Fi is defined in (6.59), ¢(t) is an estimate of ¢* with ¢(t) accessible, (t)
is an estimate of ¥y* as in (6.71) with ¥i(t) accessible, and @ (t) fori = 1,2 is a

filtered version of w(t) as

ail(e) = T2 ey ey = T2 ar i) (6.75)

m3(s)” m3(s)

such that the error model can be transformed into

= A€, — By §T()p(t) - BYdATat ()

é
N , (6.76)
e, = Ce,
where $(t) = §(t) — ¢*, P} = Y3(t) - ¥3* and
e, = ez + B3¢ Tw(t) — B ¢T (t)w(t)
[B2* + B3* ]¢T( )—[1 (t) + [BZ* + B3* ]¢JT [1][2](t) (677)

Remark 6.1. If ¥% = 0, then ¥, = 0 and therefore 1}* = 0; as a result, we can choose
¥3(t) = 0 and all terms with WU will be zero in F(t).

Lemma 6.8 is used in deriving the SPR error model shown in the following Lemma

(an extension of Lemma 6.5), whose proof can be found in the Appendix E.
Lemma 6.9. For the plant model (6.47) satisfying Assumptions 6.1 to 6.7, with the
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CRM as in (6.52) and u as in (6.50)(6.51)(6.63), the error model e, = x — T, is a

SPR error model as

bmz = Afwbms + B ®TT + BI*A*OTE (6.78)
Sey = SCemg

where A}. = A* — L*C, B}* defined in (6.69) and

[ a2 ] 0 _ gl g
_édly € té ‘Illy
i=| ™|, = —[2]
i |’ o
m _[1]
7 | REs
AT T \IJ;T}
et er e or (6.79)
= [ AT T 97 vl ]
or — [x ¥ 97 97 |
l: ’l/}l*T ¢2*T A* ]
T= [y oA

[ PTG AT ]
where £ € RM+30)X1 gnd 7 ¢ R¥™x1,

At this point, we have generated a SPR error model.

6.3.3 High Order Tuner and Stability Proof

In this section, a high order tuner adaptive law [51] is used to generate €)(t) and &(t)
so that the control (6.63) and the CRM (6.52) is realizable. The design is very similar
to (6.41) in SISO case and therefore only key equations are presented below. The
adjustable parameters Q7 (t) € R™(m+37) and ®7(t) € R™*3™ are outputs of tuners

as
Xo = (ApXa + ByQ7) g(& pne), Q7(t) = CuXa

. , (6.80)
Xo = (AnXo + Bg®7) 9(7; ), ®7(t) = CuXe
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where Xq € R2mx(m+37) and Xy € R*™3™ are augmented matrices with columns
being the states of the tuner. Ay € R*™2m Bpye R*™ ™ and Cye R™?™ are
block diagonal matrices with Ay, by and ¢ as their diagonal elements, respectively.

{Ah, b, cr} chosen as

0 1 0
An = 0/,2 17,2 » bn = 0/.2 ’Ch:[l O:l (6.81)
—ay/a; —az/a; ay/a;

ie. cp(sl — Ap)7thy = %. Then the derivatives of adjustable parameters can be

obtained by
OT(t) = CLXq, QT(t) = C%Xq

. . (6.82)
q)T(t) = C}{Xq>7 (I)T(t) = C?{X(I)

where C}; € R™?™ and C% € R™*?™ are block diagonal matrices with ¢}, = [ 01 ]
and ¢ = %gl [ ay al ] as their diagonal elements, respectively. The varying gain

function g(x; p) is defined as
g(z;p) =1+ pzz (6.83)

where p for each equation of (6.80) chosen to be

8y = CH||Amaz e = 4(m+3n)|SC|%|ICH|?
¢ AllPuagiBall P mhad (6.84)

5 — _ el — 43m|SC|?|CH|?
v — ’)’”PHA;]lBH“ H uu - TL)\Q5u
Py is a solution matrix for the equation PyAy + AL Py = —1I and )¢ is the smallest

eigenvalues of (), which is defined as

Q=-NTH(CBY)'C-C" (CB)'HTNT +C" C + N'TN? (6.85)
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where H = MTATC" + PN 'ABj and ¢ is defined in (6.56). The input to the tuner

are adjusted using
Q' (t) = —T€el STsign(A*
() = ~TEe] sign(4) 656
®'(t) = —I'vel ST
where I' = I > 0 are adaptation gains. The following theorem guarantees the global
stability and asymptotic tracking of the adaptive system, whose proof can be found

in the Appendix E. Define e,(t) = z — z,, as tracking errors.

Theorem 6.2. For the plant model (6.47) that satisfies Assumptions 6.1 to 6.7, and
for any zema(t) that is piecewise continuous, the adaptive controller (6.50), (6.51),
(6.63), (6.52), and (6.86), with L and S designed in (6.55)(6.53), guarantees that
i) the closed-loop system has bounded solutions, i) e,(t) — 0 as t — oo, and iii)

e,(t) = 0 as t — oo.

6.3.4 Extension to Nonsquare Plant Models

This section extends the control design in 6.3 to a plant model whose number of
outputs exceeds that of inputs, i.e. p > m. Define n, as the number of transmission
zeros in the plant model (6.47). The overall method integrates a squaring-up pro-
cedure (see Section 5.2 for details), which requires an additional assumption on the

plant model (6.47).

Assumption 6.8. Dimensions of Bs € R™™ and C € RP*" satisfy (n —n, —3m) >

(p —m).

All the equations for design in 6.3.1 are still valid except that the design of L

needs to be modified as

L = ByRYe)S, S=(CB;)T (6.87)
B3 = A2§3a§ + Aﬁgaé + F;g(lg
€ > E, E= E(A; §37 Ca Ama:b’y \I”max)
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where B; € R™? is a squared-up Bs as defined in the following Lemma, whose proof

is very similar to the proof of Lemma 5.1 and therefore is omitted here.

Lemma 6.10. For plant models satisfying Assumptions 6.1 to 6.3 and 6.8, there exists
a By, € R™™s sych that {A, B3, C}, where Bs = [Bs, Bg1], has stable transmission
zeros and nonuniform input relative degree asr; =3 fori=1,2,--- ,m andr; = 1

fori=m+1,m+2,---,p.

Then L as in (6.87) guarantees the SPR property of {A},F;*, SC} where E;* =
A*2Bsa + A*Bsal + B3al. Partition of S as

ST =55, 57) (6.88)

with S5 € R™*P| guarantees the SPR properties { A% ., Bi*, S3C} (using KYP Lemma).
As a result, Lemma 6.6 holds. Also, Lemma 6.7 holds with B} and Bj* as well as _E;
and F;*. Since L is designed using E;, Fi(e,) is designed using Bs. Control signal u
still goes into plant through B; and therefore F,  is designed using B;s. The rest of
design and analysis follows exactly Section 6.3.2 and Section 6.3.3. It is noted Bj is

only used in CRM.

6.3.5 Design Procedure

The overall control design in this section can be summarized into the following step-

wise procedure:
Step 6.1. Given a plant model (A, B,C,C,, D,), check Assumptions 6.1 to 6.7;
Step 6.2. Add integral error states to the plant model using (6.46);

Step 6.3. Design a baseline observer-based controller (6.51)(6.52) (without adap-
tive terms) and choose K and an observer parameter using the LQR and the LTR

techniques, respectively;

Step 6.4. (For nonsquare plant models only). Pick a B, using Lemma 6.10 and

produce a squared-up Bs;
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Step 6.5. Design a € using (6.56), then design a SPR pair L using Eq.(6.55) and S;
using Fq.(6.53), and replace the observer gain in the baseline controller (6.52) with
L;

Step 6.6. Design high order tuners as in (6.80) and prescribe parameter adaptation;
(6.86)

Step 6.7. Add the adaptive portion (6.63) to the baseline control (6.50) and add
adaptive portion (6.57) and (6.58) to the CRM.

Step 6.1 to Step 6.3 are conventional observer-based controller designs. Step 6.5
to Step 6.7 are for the adaptive component addition, which completes our adaptive
control design. It is noted that for both the baseline controller and the adaptive
controller, the L design is independent from the K design. We can generally consider
that K is designed for performance, and L is designed for stability. The overall

controller structure diagram is shown in Figure 4-1.

6.4 Applications to VFA

This section applies the relative degree three adaptive controller on the nonlinear 3-
wing VFA model as shown in Section 2.2.1. The nonlinear model is linearized around
each of 25 trim points defined by V5 = 30 ft/sec, ap = 0 deg, 6§y = 0 deg, ¢ = 0
deg/sec, mo € [10,12] deg with a step of 0.5, and 7y € [—0.2,0.2] deg/sec with a step
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of 0.1. Exemplary numerical values of the linearized model is shown below as

[ v ] [ —0.279 3.476 —-32.2 —0.015 0.514 0.525 0 0 —2.57 —6.47 0 o'{ v ]
& —0.070 —4.104 0 1.013 0.193 0.100 0 0 —0.795 —0.079 0 O a
[ 0 0 0 1 0 o 0 0 0 0 0o o [
§ 0 —54.04 0 0.255 1.845  21.41 0 0 5991 —6.363 0 0 q
7 0 0 0 0 0 1 0 0 0 0 0o o0 n
i _ | o0.002 0.044 0 0.819  —0.075 —6.518 0 0 0.195 —0.034 0 0 )
be N 0 0 0 0 0 0 1 0 0 0o o Se
ba 0 0 0 0 0 0 0 1 0 0 o0 ba
e 0 0 0 0 0 0 -1 0 —1.4 0 0 0 be
ba 0 0 0 0 0 0 0o -1 0 —~1.4 0 0 ba
iy 0 0 0 1 0 0 0 0 0 0 0o o wry

L wa, | L o —123.12 0 0 0 0 0 0 -2384 -2376 0 0 ]| wg, |

A EZ
[0 o ] [0 o]
0o 0 0o o
0o o 0o 0
0o 0 0o 0
0o o 0o o
Lo oo []_ o o []
0o o ug 0o o za,
0o 0 | o o |——
1 0 * 0o o Femd
0 1 o 0
0 0 1 0
Lo o ] Lo 1]
| S | R ——
Bo Bz
q 0 0 0 0 0 0 0 o
Y= I: wy ] = [ o o 0 O 0 o0 :|J:
wa, 0 o 0 o 0 0 0 o0 1
C
(6.89)
for ny = 10 deg and 7y = 0 deg/sec, where we have included 2nd-order actuator
dynamics with nominal natural frequency w, = 1Hz and nominal damping ratio

¢ =0.7. u, are elevator commands and u, are aileron commands to the actuators. It
is verified that Eq.(2.10) holds for all trims in the range 1 € [10, 12] deg. For example,
the linearized model for 79 = 10 deg and 7jy = 0.2 deg/sec can be approximated using

or_ | 006 —452 0 005 0041 1.47 At | 091 053
P 0.01 1.83 0 —0.02 -—0.035 —0.59 0.52 0.79

within an error of 2.6% ||A,|| and 1.8% ||B,||, respectively. The pitch mode of the
VFA when n > 11° is unstable.

For control design, we designed control parameters for the trim of (6.89). L and
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S3 are found using a2 =1, a} =2, a§ = 1, £ = 10, Ajpor = 2 and ¥y, = 30:

—44.83 —123.56  64.29 |

1.416 3.290 8.712

-0.339  —0.194  —0.007

529.9 985.3 —21.85

14.99 8.600 0.329

Lo | —9398 —8.302  —2.089 L Sa= —0.045 —0.888 —0.457] (6.90)

—10.93 —~105.4 —4.762 0.084 0.453  —0.887
5.970 51.85 —4.127

15.32 147.5 6.667

—10.82  —74.00 5.72

—3.151 —1.806 —0.069
| —20.56 62.48 260.0 |

For the baseline controller without adaptation, the resulting controller is an observer-
based linear controller (referred as the baseline controller). The L design for this
particular trim generate adequate stability margin in the baseline controller in the
absence of uncertainties, as shown in Figure 6-5 (see legend “nom”). The following

relation holds as a2/a — 0, a}/aJ — 0 and & — oco:
B, — Bs, L— BsR(e)S = 0. (6.91)

which implies loop transfer recovery (see Lemma 4.6) for the loop gain at the input,

as shown in Figure 6-5 (see the legend “nom”).

We schedule the control parameters [32] using real-time 7 measurements. The
time domain simulation results with the nonlinear VFA model are shown in Figure
6-1. Three actuator models were simulated, including a nominal one with w, = 1Hz
and ¢ = 0.7, a bumpy one with w, = 2Hz and ¢ = 0.5, and a slow one with w, = 0.5Hz
and ¢ = 2. Besides the baseline controller, two adaptive controllers were tested: one
is relative degree one as developed in Ref. [25], which pretends the actuator dynamics
is not present; the other is the relative degree three shown in Section 6.3 based on
a nominal actuator model as in (6.89). The number of integrators required for each
controller are listed in Table 6.1, which shows that the number of integrators used
in the adaptive relative degree three controller is an order of magnitude smaller than

that of the classical one [14].

With nominal actuators, all three controllers almost has the same ideal perfor-
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. . Adaptive
. Adaptive Adaptive . .
(iasiil\ﬁf_ relative relative rgia?;r: S(liass;f:al
based degree one | degree two thg . natp H’e
(Section (Section e controner
controller 42) 5.2) (Section [14]
' ' 6.3)
3-Wing VFA
(6 states) 6 18 48 169 1328
Vulture VFA
(122 states) 122 366 412 2162 68,238

Table 6.1: Total number of integrators required for each controller

mance, as shown in Figure 6-1a. Notice that the VFA navigates through n = 11,12
deg where the pitch mode is unstable. It is also noted that the individual transfer
function from d, to A, has unstable zeros, which still can be accommodated by our
design since Assumption 6.2 only asks for stable transmission zeros. With fast actua-
tors, both adaptive controllers were able to achieve tracking goals while the baseline
controller failed to do so, as shown in Figure 6-1b. When actuator dynamics was
slow as shown in Figure 6-1c, only relative degree two adaptive controller can achieve

stable command tracking, whose parameter trajectories are shown in Figure 6-2.

The spectrum of the aileron §, trajectories, as shown in Figure 6-3, illustrates
that the adaptive relative degree three controller requires more effort from actuator
in low frequency range, less than 5Hz, compared with the adaptive relative degree
two controller. The additional effort can be realized by an ordinary motor, whose

bandwidth is usually around 30Hz.

Suppose we freeze all the adaptive parameters ¥;(t), ¥%(t) and A(t) at the end of
the simulation, the resulting “snapshot” closed-loop system consists of an uncertain
LTI plant and a linear observer-based controllers. Figure 6-4 shows the frequency
response of the snapshot closed-loop system for the relative degree three adaptive
controller at the end of the simulation, and the effects of the initial conditions of
,(0), ¥i(0) and A(0). All trajectories tend to converge to the nominal closed-loop
system (without uncertainties), except when initial conditions are large (too far away

from ¥7).
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Figure 6-1: The tracking of n and A, using the relative degree three adaptive controller
on the nonlinear VFA model
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Figure 6-5: The frequency domain analysis of the snapshot closed-loop system shows
that adaptation mitigates the effects of model uncertainties on robustness for the
3-wing VFA model

The gang-of-six frequency domain analysis [18, Chapter 5], as illustrated in the
Figure 6-5, shows that at t = 0 sec the uncertainties reduce the gain margin from the
nominal value (i.e. the baseline controller without uncertainties) of [—14.8, 13.2]dB
to [—2.2,1.8]dB, and phase margin from +47.9° to £9.6°; The “snapshot” closed-loop
systems at t = 600 sec recovers them to [—24,14.2]dB and to £55.0°, respectively.

The trade off is that the output sensitivity of the “snapshot” system increases to
9.1dB after adaptation is complete, which increases the sensitivities to the measure-
ment noise. Loop transfer function also has a spike at around 1.5 rad/sec at the
end of adaptation, which implies sensitivities to input disturbance. To examine the
robustness of the adaptive system over disturbance/noise, we introduce sinusoidal
disturbance/noise of magnitude 0.2 with frequency ranging from 0.1 to 4 rad/sec in
all input channels and all output channels for the simulation of bumpy actuators as in
Figure 6-1b. Three exemplary time domain responses of 7 and d, are plotted in Fig-
ure 6-6a for disturbance/noise at three different frequencies, i.e. 0.3, 2 and 3 rad/sec,
and show that disturbance/noise is amplified at 2 rad/sec. The mean of the moving
window standard deviation, with a window size of 10, of n and 4, is calculated and

plotted against the frequencies of disturbance/noise in Figure 6-7 and shows that the
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largest amplification occurs around 1.5 rad/sec, which is consistent to our gang-of-six
analysis in Figure 6-5. To mitigate the effects of disturbance/noise, a ¢ modification

is used in place of the adaptation law (6.86) as

Q'(t) = —Téel'STsign(A*) — oY (t)

9 , (6.92)
P (t) = —Tvel ST — 0®'(2)

with 0 = 0.001. The stability proof will be very similar to the proof of Theorem
6.2 and therefore is omitted here. The same simulation was carried out with the o
modification and the three exemplary time domain responses of 7 and §, all show
improvement in their magnitude oscillations, as presented in Figure 6-6b. The miti-
gation of oscillations across the frequency range of 0.1 to 4 rad/sec is shown in Figure
6-7. The trade-off is that since parameter adaptation with ¢ modfications will not
converge to steady state values, the tracking performance is compromised, as shown

in Figure 6-6b.
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Figure 6-6: The time domain response of 7 and d, when subject to sinusoidal dis-
turbance/noise of magnitude 0.2 and frequencies 0.3, 2, 3 rad/sec for the nonlinear

3-wing VFA model
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Chapter 7

Arbitrary Relative Degree Design

This section extends the MIMO design in Section 6.3 to plant models with arbitrary
relative degree r. The control problem motivated by VFA includes high order actuator
dynamics or sensor dynamics, and is presented in Section 7.1. Key steps of design
and Lemma for stability analysis, which are direct extensions of its counterpart in

Chapter 6, are presented in Section 7.2.

7.1 Arbitrary Relative Degree Problem Statement

This section focuses on the main problem we want to address in this thesis: a class of
MIMO plant model with uniform input relative degree r € N* as motivated by VFA
control problem. The class of plant models we want to address is plant models with
higher order actuator dynamics or additional sensor dynamics, which has a similar

structure of (6.46) and can be written as

= A+ Be¥T) 2+ BiA"u+ B, zemg
y=Cz

(7.1)

where r is its input relative degree. The plat model (7.1) is a generalized version of
the MIMO plant (6.47) and (6.4), in which r = 3. Linear parametric uncertainties
B U;Tz are considered in this section, and the reader is referred to Section 4.1 and

4.2 for the extension to parametric uncertainties with a nonlinear regressor.
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The control goal is to design u such that z tracks a trajectory z,, from a reference
model despite the presence of uncertainties. The adaptive controller that we will

present requires the following assumptions regarding the plant model (7.1):
Assumption 7.1. (A, B,,C) is a minimal realization;

Assumption 7.2. {A, B,,C} has stable transmission zeros;

Assumption 7.3. {4, B;,C} has uniform relative degree i, fori =1,2,--- ,r;
Assumption 7.4. CA* !B, has full rank, B; can be spanned by a linear combination
of {B;,AB,,--- AT B} fori=1,2,---,(r—1);

Assumption 7.5. U satisfies \Il;-‘T[Br AB, --- AT—2BT] = [0 0 --- 0]
fori=1,2,--- (r—1);

Assumption 7.6. |¥7|| are bounded by a known value, respectively, i.e. ||¥}]| <
VS ez fori=1,2,--- ,7;

Assumption 7.7. A* is diagonal and |A*|| is bounded by a known value, ||A*|| < Amas

and sign(A*) is known.

It can be shown that the relative degree three plant model (6.46) satisfy all these
assumptions, with r = 3. The reader is directed to Section 6.2 for the justifications

of these assumptions.

7.2 Extension of Control Design to Arbitrary Rela-

tive Degree

Since the control design for relative degree r plant model is a direct extension of the
design in Section 6.3, only key design steps and Lemma for analysis are presented in
this section, as well as the final equations for the control and CRM.

The design of L and S in (6.55), as well as u, can be extended while guaranteeing

the SPR property of {A}., B}*, SC} with
Bi=) o[ J7ACTIB,, i=1,2,-- 1. (7.2)
=0
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The design of Fy, and F,  in CRM, on the other hand, requires two key Lemma,
Lemma 6.7 and Lemma 6.8, to be extended to relative degree r. Define A* = A +
> r1 BT We will first show the difference between B: and

Bz* Zar 1- JA*{T—’t—J}B i=1,2,---r, (7.3)

the true input path to a relative degree system {A*, B:*, C}, in the following Lemma,

whose proof is omitted here due to its high similarity of Lemma 6.7.

Lemma 7.1. [Recursive Properties of B:] For plant model {A, B,,C} satisfying As-
sumptions 6.8 and 6.5, Bt as in (7.2) and B> (7.8) satisfy

B — B} = BItIlT 4 Byl kT (7.4)

fori=1,2 --- 7 with uncertain terms Vt* being elements of V*.

Lemma 7.1 is the extension of Lemma 6.7. In (6.71), terms with index [i + 1] > r

and [r — ¢] < 1 are zeros. Define

my_1(s) = Zar R v Zar 1 (7.5)

such that the recursive property (3.2) holds as 7i_,(s) - 8"~ + 27471 (s) = 7721 (s)
, and

Fi(z) = B;s''[s] + B,m, "3 [a] (7.6)

Then we will show the extension of Lemma 6.8 as follows, whose proof can be found

in Appendix F.

Lemma 7.2. [Recursive Adaptation] Suppose an error model

ér = Aje, + B¢ Tw(t) — F(t)
ey = Ce,

(7.7)

fori=1,2---,r, where A} = A* — LC with any L € R"*™, B2* defined in (6.69),
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{A, Bs, C} satisfies Assumptions 6.3 to 6.5, ¢* is unknown constant parameters, w(t)
is a known regressor with w(t) inaccessible, and F(t) is free to choose, then F(t) can

be chosen as

F(t) = F(¢" ()@ (1))

r—1—1
+ > [FH @I (pwt (1))
7=1
r—i—j
+ Z F:+j+k(q/;:fT(t)w[i_l][i—1+j][i'1+j+k](t)) +ee (7.8)
k=1

where the sequence stops when the last index of Wl reaches [r — 1); F? is defined as in

(7.6), @(t) fori=0,1,---,(r — 1) is a filtered version of w(t) as

Mo '(s)

71'7.__1 (S)

wil(t) = w(t), (7.9)

and G UIK(t) for (j + 1) < k < (r — 1) is a filtered version of Wt Ul(¢) as

_[z k](t) — W:—% k(s)

m21(s)

0 [¢T(t)w[i]...[i](t)] , (7.10)

such that the error model can be transformed into

€, = Aze, + BIgT (@i (e)
+Bl* Zr 1—-3 I:ij [z 1][z—l+.7]( )
+ Ek i—j kT(t)w[z—l] [i=1+5][i—1+5+k] (t) + - ]
=Ce,

(7.11)

where the sequence stops when the last index of Wl reaches [r — 1].

Detail expression of e, can be found using Lemma 3.3. Following Lemma 7.2,
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Fr(ey) and F;,_(e,) are designed as

r

Fi(ey) = Z{Ff(tbf‘l”?ﬁ;”)+ (7.12)
- r—1—3 ) ] )
Z [FT[H'J] (W‘TEE;;”"‘“’] () + - - ] }
j=1
r—1 i-1
Fonley) = Fi(A"e} )t
i=2 =0 -
r—1—1
Z I:F[z+gl(¢b]T—[1 ,.[_1 _1+.’l](t)) :|} (713)
j=1
where e” Vland & _E;l IZHE 2+ are defined similarly in (6.62) and (7.10), and ueq is
designed as
Uag = —upy + 721 (8) [AT(t)—m T (t)zl — w{(t)@‘ﬂ]
r—2 r—1
S S g
i=1 j=1
r—2r—1-k r—I %
i e G)T
—Z Z E Z ar__ldf\l/,(j) (t)ey:—k (7.14)
k=1 I=1 i=1 j=i—3+]
where
ol = Az, — A7 Le, (7.15)
i—1
ol = B s (7.16)
m3(s)
ej =S5 (=}, AiLe,(t) (7.17)

(terms are zero if index (¢ — 1) is negative) are artificial signals available for control.
The rest follows the error model derivations in Section 6.1.2 and Section 6.3.2 where
recursive adaptation is used to-address uncertainties that lies in the range of B¥* and
generate a SPR error model. Stability analysis is highly similar to Lemma 6.2 and

therefore is also omitted here due to space limitations. The reader is also referred to
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Section 6.3 for the extension to nonsquare plant models.
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Chapter 8

Conclusions

This thesis develops a new adaptive output feedback controller for a class of nonsquare
MIMO plant models with parametric uncertainties and arbitrary relative degree. The
new design includes a baseline controller based on observers and parameter adaptation
based on a closed-loop reference model, and therefore uses significantly less number of
integrators compared with classical adaptive approaches. Conditions are delineated
under which global stability and asymptotic tracking is guaranteed. The overall
design is validated using simulation results on high-fidelity VFA model with high-

order actuators.

8.1 Future Work

Although simulation results in all sections show the smoothness of the transient per-
formance, the &, % or £, bound on the tracking error should be derived and
should show their dependence on the control parameters or adaptation gains, which
could provide the guidance of parameter design.

Although simulation study has been conducted on the robustness of the new
adaptive controller over input disturbance and measurement noise, theoretical re-
sults should be provided to guarantee the stability of the overall closed-loop system
in the presence of these adversities, which are commonly seen in real applications.

Applications to large dimension VFA models with high order actuator dynamics
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should also be provided to show the numerical viability of the parameter design. The
dependency of the magnitude of L on the locations of added transmission zeros should

be further investigated.

136



Bibliography

[1] J. Langford, The Daedalus Project - A Summary of Lessons Learned, 1989, pp.
10.2514/6.1989-2048.

[2] R. Gadient, K. Wise, and E. Lavretsky, “Very Flexible Aircraft Control Challenge
Problem,” in AIAA, Guidance, Navigation, and Control Conferences, 2012, pp.
10.2514/6.2012-4973.

[3] C. Shearer and C. Cesnik, “Nonlinear Flight Dynamics of Very Flexible Aircraft,”
AIAA Journal of Aircraft, vol. 44, pp. 1528-1545, 2005.

[4] W. Su and C. E. C. S., “Dynamic Response of Highly Flexible Flying Wings,”
AIAA Journal, vol. 49, no. 2, pp. 324-339, 2011.

[5] T. Gibson, A. Annaswamy, and E. Lavretsky, “Modeling for Control of Very
Flexible Aircraft,” in AIAA, Guidance, Navigation, and Control Conferences,
2011.

[6] T. E. Noll, J. M. Brown, M. E. Perez-Davis, S. D. Ishmael, G. C. Tiffany,
and M. Gaier, “Investigation of the Helios Prototype Aircraft Mishap Volume
I: Mishap Report,” NASA, 2004.

[7] C. Shearer and C. Cesnik, “Trajectory Control of Very Flexible Aircraft,” ATAA
Guidance, Navigation, and Control Conference and Ezhibit, 2006.

[8] W. Su, “Coupled nonlinear aeroelasticity and flight dynamics of fully flexible
aircraft,” Ph.D, University of Michigan, Ann Arbor, 2008.

[9] J. Doyle and G. Stein, “Multivariable feedback design: Concepts for a classi-
cal/modern synthesis,” Automatic Control, IEEE Transactions on, vol. 26, no. 1,
pp- 4-16, 1981.

[10] E. Rynaski, “Flight control synthesis using robust output observers,” in AJAA,
Guidance, Navigation, and Control Conferences, 1982, pp. 10.2514/6.1982-1575.

[11] C. Thompson, E. Coleman, and J. Blight, “Integral LQG controller design for

a fighter aircraft,” in AIAA, Guidance, Navigation, and Control Conferences,
1987, pp. 10.2514/6.1987-2452.

137



[12] K. Wise and E. Lavretsky, “Asymptotic Properties of LQG/LTR Controllers in
Flight Control Problems,” AIAA Guidance, Navigation, and Control Conference,
pp. 10.2514/6.2012-4889, 2012.

[13] J. M. Maciejowski, Multivariable feedback design. Wokingham, England; Read-
ing, Mass.: Addison-Wesley, 1989.

[14] K. S. Narendra and A. M. Annaswamy, Stable adaptive systems. Dover Publi-
cations, 2004.

[15] G. Tao, Adaptive control design and analysis. Hoboken, N.J.: Wiley-
Interscience, 2003.

[16] A. S. Morse, “Parameterizations for multivariable adaptive control,” in Proceed-
ings of the 20th IEEE Conference on Decision and Control including the Sym-
posium on Adaptive Processes. New York, NY, USA: IEEE, 1981, pp. 970-972.

[17] R. P. Singh and K. S. Narendra, “Prior information in the design of multivari-
able adaptive controllers,” IEEE Transactions on Automatic Control, vol. AC-29,
no. 12, p. 1108, 1984.

[18] E. Lavretsky and K. A. Wise, Robust and adaptive control: with aerospace ap-
plications. London ; New York: Springer, 2013.

[19] T. Gibson, A. Annaswamy, and E. Lavretsky, “Improved Transient Response
in Adaptive Control Using Projection Algorithms and Closed Loop Reference
Models,” in AIAA, Guidance, Navigation, and Control Conferences, 2012, pp.
10.2514/6.2012-4775.

[20] T. E. Gibson, A. M. Annaswamy, and E. Lavretsky, “Closed-Loop Reference
Models in Adaptive Control: Stability, Robustness and Performance,” in ArXiv:
1201.4897, 2012.

[21] T. E. Gibson, A. M. Annaswamy, E., and Lavretsky, “Closed-loop Reference
Models for Output-Feedback Adaptive Systems,” in European Control Confer-
ence, 2013, pp. 365-370.

[22] Z. Qu, E. Lavretsky, and A. M. Annaswamy, “An Adaptive Controller for Very
Flexible Aircraft,” in AIAA, Guidance, Navigation, and Control Conferences,
2013, pp. 10.2514/6.2013-4854.

[23] T. E. Gibson, Z. Qu, A. M. Annaswamy, and E. Lavretsky, “Adaptive Output
Feedback Based on Closed-Loop Reference Models,” IEEE Transactions Auto-
matic Control, vol. 60, no. 10, pp. 2728 — 2733, 2015.

[24] D. P. Wiese, A. M. Annaswamy, J. A. Muse, M. A. Bolender, and E. Lavret-
sky, “Adaptive Output Feedback Based on Closed-Loop Reference Models for
Hypersonic Vehicles,” in AIAA Guidance, Navigation, and Control Conference
(To Appear), 2015, pp. 10.2514/6.2015-1755.

138



[25] Z. Qu and A. M. Annaswamy, “Adaptive Output-Feedback Control with Closed-
Loop Reference Models for Very Flexible Aircraft,” AIAA, Journal of Guidance,
Control, and Dynamics, 2015.

[26] H. Weiss, Q. Wang, and J. L. Speyer, “System characterization of positive real
conditions,” IEEE Transactions on Automatic Control, vol. 39, no. 3, pp. 540—
544, 1994.

[27] P. Misra, “A computational algorithm for squaring-up. I. Zero input-output ma-
trix,” in Proceedings of 1992 S31st IEEE Conference on Decision and Control.
New York, NY, USA: IEEE, 1992, pp. 149-150.

[28] ——, “Numerical algorithms for squaring-up non-square systems part II: general
case,” in Proceedings of the 1993 American Control Conference Part 3 (of 3),
June 2, 1993 - June 4, 1993, pp. 1573—-1577.

[29] B. Kouvaritakis and A. G. J. MacFarlane, “Geometric approach to analysis and
synthesis of system zeros. I. Square systems,” International Journal of Control,
vol. 23, no. 2, pp. 149-156, 1976.

[30] M. Mueller, “Output feedback control and robustness in the gap metric,” Ph.D
Dissertation, Universitdtsverlag Ilmenau, 2009.

[31] Z. T. Dydek, A. M. Annaswamy, and E. Lavretsky, “ Adaptive Control of Quadro-
tor UAVs: A design Trade Study with Flight Evaluations,” IEEE Transactions
on Control Systems Technology, vol. 21, no. 4, 2013.

[32] W. J. Rugh and J. S. Shamma, “Research on gain scheduling,” Automatica,
vol. 36, no. 10, pp. 1401-1425, 2000.

[33] A. G. J. MacFarlane and N. Karcanias, “Poles and zeros of linear multivariable
systems : a survey of the algebraic, geometric and complex-variable theory,”
International Journal of Control, vol. 24, no. 1, pp. 33-74, 1976.

[34] B. Kouvaritakis and A. G. J. MacFarlane, “Geometric approach to analysis and
synthesis of system zeros. II. Non-square systems,” International Journal of Con-
trol, vol. 23, no. 2, pp. 167-181, 1976.

[35] M. Mueller, “Normal form for linear systems with respect to its vector relative
degree,” Linear Algebra and Its Applications, vol. 430, no. 4, pp. 1292-1312,
2009.

[36] C. H. Huang, P. A. Ioannou, J. Maroulas, and M. G. Safonov, “Design of strictly
positive real systems using constant output feedback,” Automatic Control, IEEE
Transactions on, vol. 44, no. 3, pp. 569-573, 1999.

[37] K.S. Narendra and J. H. Taylor, Frequency domain criteria for absolute stability.
New York: Academic Press, 1973.

139



[38] J. T. Wen, “Time domain and frequency domain conditions for strict positive
realness,” Automatic Control, IEEE Transactions on, vol. 33, no. 10, pp. 988—
992, 1988.

[39] T. E. Gibson, A. M. Annaswamy, and E. Lavretsky, “On Adaptive Control With
Closed-Loop Reference Models: Transients, Oscillations, and Peaking,” Access,
IEEE, vol. 1, pp. 703-717, 2013.

[40] J.-t. Yu, M.-L. Chiang, and L.-C. Fu, “Synthesis of static output feedback SPR
systems via LQR weighting matrix design,” in Decision and Control (CDC), 2010
49th IEEFE Conference on, 2010, pp. 4990-4995.

[41] Z. Qu, D. Wiese, E. Lavretsky, and A. M. Annaswamy, “Squaring-Up Method In
the Presence of Transmission Zeros,” in 19th World Congress, The International
Federation of Automatic Control, 2014, pp. 4164-4169.

[42] W. Durham, Aircraft Dynamics and Control. New York, NY, USA: Wiley, 2013.

[43] L. Vandenberghe and S. Boyd, “Semidefinite programming,” SIAM Review,
vol. 38, no. 1, pp. 49-95, 1996.

[44] P. A. Parrilo, “Structured semidefinite programs and semialgebraic geometry
methods in robustness and optimization,” 2000. [Online]. Available: http:
//www.cds.caltech.edu/{ ™ }pablo/.

[45] J. Lofberg, “YALMIP : a toolbox for modeling and optimization in MATLAB,” in
Computer Aided Control Systems Design, 2004 IEEE International Symposium
on, 2004, pp. 284-289.

[46] B. Moore, “Principal component analysis in linear systems: Controllability, ob-
servability, and model reduction,” IFEE Trans. Automat. Contr.IEEE Transac-
tions on Automatic Control, vol. 26, no. 1, pp. 17-32, 1981.

[47] K. J. Astrom and R. M. Murray, Feedback systems : an introduction for scientists
and engineers. Princeton: Princeton University Press, 2008.

[48] E. Lavretsky and T. E. Gibson, “Projection Operator in Adaptive Systems,”
arXiw:1112.4232.

[49] H. S. Hussain, M. Matsutani, A. M. Annaswamy, and E. Lavretsky, “Robust
Adaptive Control in the Presence of Unmodeled Dynamics: A Counter to
Rohrs’s Counterexample,” in AIAA Guidance, Navigation, and Control (GNC)
Conference, 2013. [Online]. Available: http://dx.doi.org/10.2514/6.2013-4753

[50] Z.Qu, A. M. Annaswamy, and E. Lavretsky, “ Adaptive Output-Feedback Control
for Relative Degree Two Systems Based on Closed-Loop Reference Models,” in
IEEE 5/th Conference on Decision and Control, Osaka, Japan, 2015.

140



[51] S. Evesque, A. M. Annaswamy, S. Niculescu, and A. P. Dowling, “Adaptive
Control of a Class of Time-Delay Systems,” Journal of Dynamic Systems,
Measurement, and Control, vol. 125, no. 2, pp. 186-193, jun 2003. [Online].
Available: http://dx.doi.org/10.1115/1.1567755

[52] Z. Qu, A. M. Annaswamy, and E. Lavretsky, “Adaptive Output-Feedback Control
for A Class of Multi-Input-Multi-Output Plants with Applications to Very Flex-
ible Aircraft,” in IEEE, 2016 American Control Conference (to appear), 2016.

[53] N. Truhar, “The perturbation bound for the solution of the Lyapunov equation,”
Mathematical Communications, vol. 12, pp. 83-94, 2007.

141



142



Appendix A

Proof for Results in Chapter 2

Proof of Lemma 2.1

Proof: Define (-) /13, = %L[:]) |10 as partial differential variables. Linearizing (2.5)

around a trim point [€o, €0, €0, Bo, Bo, Ao, o] yields

(

I 0 0 0 0 0 €
0 (Mrr)e (MrB) | T |0 AMpr AMrg €
0 (Msr)e, (MBB)e 0 AMpr AMps B
\ 3, (00.00,80) T T e )
(
0 I
= ~(Krr)eo + (i) Fioat —C (J;Z;)eoF/lﬁzd
0 0 —Cra + (Jh)oFlg
\' B2(00,000.60) ’
)
0 0 0 € 0
+| AKpr ACpr ACkp €|+ | Brrwo |w (A1)
AKpr ACgr ACBp B BB /u,
) AQ3 (éo.éo.fo) g, T Qs
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where, following the definition of terms in (2.6), the unknown deviation terms are

AMrpr = —(Jil) o Fj2? AMpp = —(J,Z;)eoF/‘g;d
AMpr = ~(JR)oFlzd  AMpg = —(J5)q Flzd
ABryx, = (Jie)eo Fl50 ABgxy = (Jih)eo Fj30
AKpp = Mprjeéo + MrpjePo
AKpr = Mpr/eéo + Mpg/cbo (A.2)

ACrr = —(CFF)ao — Crrjeofo — Crijeofo + (JZl)eoF/’?;’d
ACpr = —(CBF)z — CBFjeéo — CbBJeoo + (Jth)eoF/l?:d
ACrp = —(CrB)zy — Crr/geéo — Crp/8, 50
ACpp = —(CBB)zy — CF/8s€0 — CBB/ss o

Brju, = (J}:{;)GOF/’Z‘;d and Bgju, = (Ji, EOF/IZ‘;d, which also have J as their leading
factors as Assumption 2.2 holds. Without loss of generality, we scale each input so
that F}Z‘;d = I. In realistic application, only [eo, 5o, uo]T can be measured accurately
and therefore variables that depend on them can be well calculated. [éo, €, Bo, o)
cannot be measured accurately and therefore variables that depends on them are

generally unknown. As a result, @;, @, and Q3 are known but AQ} and AQ} are

unknown. Examination on (A.2) using (2.6) shows that

Y
agi=| | [0 B mg o=@y (43
hb N ~~ —
o:f
0
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and

0 OJh. - F) ; fo . j
nai | g | Mo (e g M, (Jhek e+ )
27| The ' BJpe o | B,
M, <J + Sheé + S
K o
= Q0] (A4)
which is used to rewritten (A.1) as

(@1 + Q3®;,1T) i’p = (@2 + QS(_);Z) Tp + Q3'U'p- (A5)

Assume that @, (Q, + Qs0;T) and (I + @;Z_QI—IQ3) are invertible around the equi-

librium. Taking inverse on both sides, and noting

@ +QON) =0 -0, QU +67Q, Q)'O7Q;"  (A6)
e,
yields
= (01 - Q1 @8, Q; ) @+ Q:0;) 7, (A7)
+ (0 -2, Q) Quuy
- [0'e T (0 -8 T T - TR el )|s ()

+01'Qs (1-8, Q') u

~

1 =T =T —T
= |4+ B, (6]~ 8, 4,- 8, B,6T) | 5, + B, (1O By Jup  (A9)
-~ >4 N /

e;T Ap

with 4, = @1—162, B, = _Q—l_ng. C, as in y, = Cpx, is the selection matrix that picks

out measurable states from z,,. n
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Appendix B

Proof for Results in Chapter 3

Proof of Lemma 3.3

Proof: Tt is noted from the definition of Bt in (3.17) that Bl = Bal"} and
B! = AB™*!' + B,al7}. (B.1)

Then substituting (3.18) and applying Eq.(B.1) converts the system (3.15) to (3.16).
The reverse is also true. Since {A, B,C} has uniform relative degree r, CA’B = 0
for j =0,1,--- ,7 — 2 and therefore CB? = 0 for j =1 — 1,%,--- ,r, which leads to
y=Cz=Cx. L

Proof of Proposition 3.1

Proof: The proof follows Definition 3.4. It is noted that the second column of

dI-A (T A BajZ}7)
c 0

R(s) = (B2)
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can be replaced by multiplying the first column with Zg;g A™"1-3-1Ba’~177 and using
the fact that CA™"17"1B =0, i.e.

_ 7:—i r—i—j r—1—j
ank 2l — A (ZFOA Bal"; ) _
C 0

rank

-4 (A BT z) } (B.3)
c 0

Keep repeating this process yields

2l — A T 'AT i—j-1Bq "1,
rank (Z Tt ) =
C 0

_ =i Ar—i-j-1p,r—1=j
ank zI — A (ZFOA Ba;~; )+Bar 12
C 0

2I—A "t Bal_y 7z
rank (Z ) (B.4)
C 0

then the results follows. n

Proof of Corollary 3.3

Proof: We will prove the SPR properties using Lemma 3.6. Since {A, B,C} is
SPR, by Lemma 3.4 there exists a P = PT > 0 and a Q = QT > 0 such that

PA+ATP=-Q <0 (B.5)
PB=CT (B.6)

Taking K = v/2aCB satisfies
KTK = aCB +a(CB)T =2aCB (B.7)
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since CB = (CB)T > 0. Then taking WT = aPAB(CB)~7 satisfies
PB® = aPAB + PB = aPAB(2aCB)"%(2aCB)? + PB=WTK +CT  (B.)

Then taking
oo 2llal

B.9
N (CB) [ PABI" B9
yields that Va < o,
PA+ATP=-Q < -—%PAB(2aC’B)“‘BTATP = -WTW (B.10)
Then the results follows. N
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Appendix C

Proof for Results in Chapter 4

Proof of Lemma 4.1

Proof: The goal is to show e,(t) — 0 as t — oco. Since we have designed an
SPR pair of L and S; such that {(A—LC), B, S;C} is SPR, there existsa P = PT > 0
such that Eq.(4.13) and Eq.(4.14) hold for a Q > 0. We propose a Lyapunov function

candidate using the P as
V = el Pe, + Tr(ATT'A|A*)) + Tr(67T; 0 |A*)) > 0 (C.1)
where T'r stands for the trace of a matrix. Using Eq.(4.10), V has a derivative as

V =el((A-L,C)TP+ P(A—L,C))e, + 2T PBA*0*T[®(x,) — ®(pmp)]
+2e" PBA"R uy — 2¢T PBA*87®(,,) + 2Tr(ATTSIA |A]) + 2Tr(87T; 18 |A))
(C.2)

=el((A—L,C)TP+ P(A—L,C))e; + 2eT PBA*O*T[®(z,) — D(zpp))]
+2¢T[PB — CTST)|A*ATuy — 2eZ[PB — CTSTIA* 67 ®(&mp). (C.3)

To achieve (C.3), we used the property of trace and adaptation law (4.11). By far,
the derivation is general for ©* # 0. For the special case ©* = 0, we choose O(t) =0,

then ©(t) = 0. Also, L = L,. As a result, the error model (4.10) has a form of (4.12).
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Then the derivative of Lyapunov function (C.3) becomes
V = el((A- LC)"P + P(A— LC))e, + 2eL[PB — CTST|A*ATuy.  (C.4)
Using Eq.(4.13) and Eq.(4.14) turns (C.4) into
V = —elQe, <0. (C.5)

As a result, e, A and © are bounded. Moreover, V exists and is bounded and
Barbalat’s Lemma implies e,(t) — 0 as ¢ — oo, which proves ii). Consequently,
the L,(y — ym) term in (4.8) approaches to zero as ¢ — oo and the observer/CRM
(4.8) approaches to a open loop reference model (as it becomes standalone without
feedback of y). It follows that when ¢ — oo reference states z,, are bounded (by the
design of K). This in turn implies z is bounded. It then can be concluded that all

signals in the system are bounded, which proves i). ]

Proof of Lemma 4.2

Proof: We will prove by construction. Definition 3.4 states that the transmis-
sion zeros depend on R(s), the Rosenbrock matrix. R(s) of the given plant model

{A, B,C?} can be written in the observer canonical form R(s) as

sl — An —A; Bn
R(s) % R(S) = —Ag slh_p — A2z | Bn (C.6)
I, 0 0

where 771 = [ Cc-k c+ ] is an invertible coordinate transformation matrix sat-
isfying CC~® = I, and CC* = Opx(n—p). Since transmission zeros are invariant
under coordinate transformation, Z[R(s)] coincide Z[R(s)]. The goal then is to de-

sign B, € RPX—m) B, € R(-P)x(P-m) gnd D, € RP*(P-™) guch that the squared-up
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plant model R(s) as

sl, — A —Ay B B
ﬁ(s) = —An slh_p — A2z | Bn 322 (C.7)
I, 0 0 D,

satisfies two conditions: i) R(s) only loses rank at a set of finite s that lie in the
open left haft of the complex plane, and i) Eq.s(3.6) and (3.7) holds for some T =
[ L T2, vty Tmytt T ]T. The use of D, depends on the choice of ¥, which
will be discussed separately in the following discussion. Define Z[-] as the set of
transmission zeros.

Case I: this case introduces new inputs with relative degree zero, which requires
D, # 0. This case does not solve the problem in Lemma 4.2, and therefore only
introduced here as a reference for the use in higher relative degree cases. Since B has

rank m, with some permutations we can put all independent rows of B in B;; and

perform row elimination on (C.7) as

sl — Ay —Aj B By
— X SIn_m - AQQ 0 Bgz
Ri(s) = (C.8)
I, 0 0 0
0 022 O b22
f)m I, O

where [)2 = ,[)21 = O, and [ Ip 0 ] =

Do, 0 Cx
Aoy = Agy — Bngl_llAlg and By = 322 — By Bj'. It is noted that this mode only

requires rank[C] = m < p. It follows that Z[R(s)] = Z[R.(s)] = Z[R;(s)] where

where Cyy = [ L m O ];

(C.9)

is a submatrix of Ri(s). With an invertible Dy, the transmission zeros of Rj(s)

is the eigenvalues of Aoy — Bng)gzl(}'zg. It can be shown that (14122,022) must be a

153



detectable pair and its unobservable mode is the pre-existing transmission zeros of
R(s) (following Ref. [41]). The complete procedure of squaring-up for Case I is as

follows:

pick any By, € RP*®-™ (C.10)
. 0
ple D22 s.t. rank Bll . =D (Cl].)
D22
AQQ = A22 - Bngl_llAm (012)
W7 = 1qr(4%, CL) - (C.13)
Byy = WDgy (C.14)
B22 = B22 + Bngl_ll (C15)

It is noted that (C.12)-(C.15) are used to satisfy Condition 2), while (C.11) guarantees

Condition #¢) with r = [1,1,1,---,0,0,0], where 7 includes m + r relative degree one.

Case II: this case introduces new inputs with relative degree one, which requires
Dy = 0 and then is used prove Lemma 4.2. The dual form of this case has been solved
in the Ref. [27,41] and is adopted here by performing a transpose. With D, =0 and

some row elimination, Z[R(s)] = Z[R,(s)] where

sl, — Ay —Ap By Bi
Ry(s) = x shhp—Ap| 0 0 (C.16)
L o o o

and Ap = Ap — ByBi'Ap, By = [Bgl By, ], and B, = [ By By, ] B, is
invertible since By, = (null(By;))T where null(-) stands for the null space of (-).

Then it is clear that Z[R,(s)] are the eigenvalues of As;. As a result, the complete
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procedure for Mode 1 is as follows:

By, = (null(Byy))T s.t. By = [ By B ] is invertible (C.17)
A;2 = A — [ By 0 ] Bi'Aj, (C.18)
X
= B'App, E* € RP-mx(nP) (C.19)
E*
B, = lar(43;, E'T) (C-20)

It is noted that (A3,, E*) must be a detectable pair and its unobservable mode is the
pre-existing transmission zeros of R(s) (see [41] for a proof). (C.17) guarantees that

Condition 7) is satisfied with t = 1, and (C.18)-(C.20) guarantees that Condition i7)

A

By,
322
y1€1d le - n

is satisfied. Let le = and transform le to the original coordinate, which

Proof of Lemma 4.3

Proof: The proof follows the idea in Ref. [40], but uses a different approach.
First, we will show that {(A — LC), B, S;C} is SPR, where A = A + u*I. We note
that {4, B, C} has stable transmission zeros. A weight R~ is chosen in (4.21) and a
weight @ (different from Ref. [40]) is chosen as

Q = —NTH(CB)'C —-C"(CB)'H'N +¢C'C + NTQ;N (C.21)

where H is defined in (4.23) and e is chosen in (4.22). N is the null space of B and M
is the null space of C satisfying and NM = I. We will show that the finite constant
e chosen in inequality (4.22) guarantees R™! > 0 and @ > 0. R™! > 0 because
€ > &1 where ¢ is defined in (4.22). To show @ > 0, it is equivalent to show that
TIQTp > 0, where

Tg = [M, B] (C.22)
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is an invertible matrix. Examination on TZQT}5 yields

T TAHA R
rigr, = | 9 MO
B'OM B OB

I -H
_HT CB)CB

} > 0. (C.23)

The inequality is guaranteed to hold using Schur complement and the fact that € > &5,

where €, is defined in (4.22), and therefore Q > 0 is guaranteed.
Propose a P as
P=C (CB)"'C+NTP,N (C.24)
where P; > 0 is the unique solution to Eq.(4.24) and therefore P > 0. We will show
because of the L design in (4.20) and S; design in (4.16), the P as in (C.24) satisfies

(A-LC)Y"P+P(A-LC)=-Q—-CR'C<0 (C.25)

and Eq.(4.14) simultaneously. First, let’s show Eq.(C.25) holds. Using L as in (4.28)
and the fact PB = O, Eq.(C.25) can be rewritten as

{0} = (A-BR'C)'P+P(A-BR'C)+C RC+Q. (C.26)

To show {@} = 0, it is equivalent to show T%{®@}T5 = 0. Examination on the block

elements of TE{@}T}5 reveals

MT{o}M MT{2}B B

TE{o)T5 = = 0. C.
510} BT{e}M  BT{2}B (20

Eq.(C.27) holds since CM = 0, NB = 0, PB = C', PM = NTP;, R™! is chosen
in (4.21) and Eq.(4.24) holds. This proves Eq.(C.25). The choice of P as in (C.24)
implies PB = C". Then proper partition as in Eq.(4.16) and (4.15) allows element-
wise equality (4.14). This implies that {(4 — LC), B, $;C} is SPR.

Now, we note that for any u satisfying 0 < p < p*, (u* — )P > 0. Following
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(C.25), it is clear that
(A+pl — LC)Y'P+P(A+pl —LC)= -Q — CR™'C —2(p* — )P < 0. (C.28)

Eq.(C.28) and Eq.(4.14) implies that {(A + uI — LC), B, 5:C} is SPR. Because € is
finite, L is finite. This completes the proof of Lemma 4.3.

An additional result, Apin(P) > 1, will be used later and therefore is proved here.

With the proposed solution P in (C.24), it can be shown that

P —MTM -MTB

TE{P - I}Ts = 0 .
“B"Mm CB

(C.29)

Applying Schur complement shows that since P; satisfies (4.25), TZ{P — I}T5 > 0
and therefore P > 1. [

Proof of Lemma 4.4

Proof: Given that we have designed an SPR pair of L, and S; for the system
{(A+nI +.B¥* — L,C), B,5:C} with some 7 > 0, there exist a P > 0 such that

1
(At nl+ BV - L,C)TP+ P(A+nl + %B\If* ~L,C) = —Q, < 0(C.30)

and Eq.(4.14) hold simultaneously for a Q, > 0. Without loss of generality, we assume
Amin(P) > 1, which can always be satisfied by scaling @, and S; (as we did at the
end of proof of Lemma 4.3).

A Lyapunov function V as in (C.1) is proposed using the P in Eq.(C.30)(4.14),
and therefore V is as in Eq.(C.3). Since ©* # 0, é, is as in Eq.(4.10) and the second
term of the right hand side of Eq.(C.3) is no longer zero. By Assumption 4.6, the
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non-zero term can be bounded as

eI PBA*O* T [®(z,) — ®(Tpmp)]

INA

||efPBA*@*T“ Iy |lezl
} \/ﬁP%ez
2

l
ﬁefPBA*@*T@*A*BTPez + eInPe,(C.31)

IA

l¢ T * T
— PBA*©
Vi ||ew

IA

Substituting the definition of ¥* (4.26) and Eq.(4.14) into Eq.(C.31) yields
1
eI PBA*O* T [®(x,) — ®(,mp)] < €F ;PB\II*ez + eI'nPe,. (C.32)

Using inequality (C.32), the derivative of Lyapunov function (C.3) can be bounded
as
V<el(A-L,C)TP+ P(A—L,C)e, +2 [ef%PB\IJ*ex + eI'nPe,
+2¢T[PB — CTST|A*ATuy — 2¢Z[PB — CTSTIA*OT® (1) (C.33)
1 1
=el((A+nl+ ;B\Il* — L,C)"P+ P(A+nl + —-BY* — L,C))e,
n

+ 2T [PB — CTST|A* ATy — 2¢T[PB — CTST|A*OT ®(2,mp) (C.34)
Substituting Eq.(C.30) and Eq.(4.14) turns Eq.(C.4) into
V < —efQ,e. <0. (C.35)

Thus, Eq.(C.1) is indeed the Lyapunov function of the system. Following the last
part of the proof of Lemma 4.1, it can be concluded that e;(t) — 0 as ¢ = oo, which

proves ii) and z, e, A and © are bounded, which proves 1). [ ]

Proof of Lemma 4.5

Proof: We will show that with the L, design (4.28), the P that guarantees the
SPR properties of {(A + uI — LC), B, S;C} also guarantees the SPR properties of
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{(A+pl+ #B\Il —L,C), B,5:C} for V¥ that ||| < ¥y, . and Yy that 0 < p < p”.

max

Since {(A+ul — LC), B, S:C} is SPR by design (see Lemma 4.3), Eq.(C.28) and
Eq.(4.14) holds for a P > 0 and Q in (4.30). Therefore, the following equation also
holds:

(A+pl + %B\IJ — LC)'P+ P(A+ pl + i*B\IJ — LC)
7

-1 1 ~ 1 1
<-Q+ EPB\I/T + l—E\I'BTP =—Q+ ECSﬂIfT + E‘I'STCT (C-36)

where Q = Q + CR™1C > 0. Because of the extra CS;¥7 term, the right hand side
of (C.36) may not be negative definite. Adding an extra term 2pCTSTSC on both
sides of Eq.(C.36) yields

(A+pl +LBY — L,C)TP+ P(A+pl + LBV — L,C)

<-Q+ %CSI\IIT + %ws{cﬁ ~2pCTSTSC £ Q, (C.37)

with L, defined in Eq.(4.28). We will show that the p chosen in (4.29) will always

produce a negative definite J,. Consider the following block matrix

_2p8TS LSTYT
M(p)z[ e J (C.38)

1ws  -Q

é < 0 since Lemma 4.3 holds for the L and S;. Using Schur complement, it can be
proved that when p is picked using inequality (4.29), M(p) < 0 for any ¥ bounded

by ||¥|| £ ¥, Perform a transformation on M(p) using a tall matrix T¢

TC={ ¢ } (C.39)

Inxn
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shows that

I} —2pSTS LsTur | | C

Q,=TEM(p)Tc=| CT -
poe [ 1us, -0 I

< 0. (C.40)
The last inequality holds because M(p) < 0 and T¢ does not have a right null space.
Combining Eq.(C.37)(C.40) and (4.14) proves that {(A+ul + ;—,B\I! -L,C),B,S5.C}
is SPR. Finally, it is noted that Eq.(4.16) ensures the boundedness of S and S;. U7,

in (4.27) is finite. p* is non-zero. As a result, a finite p* always exists, so does a finite

L, n

Proof of Theorem 4.1

Proof: Choosing ¢ = p* and ¥ = ¥* in Lemma 4.5 proves that the L, (4.28)
and S} (4.16) guarantees the SPR properties of {(4A+ p*I + BITB\II* -L,C),B,5C}.
Therefore, the results of Lemma 4.4 holds: i) all signals in the system, including
AT(t) = AT(t) — A*! and ©7T(t) = ©7(t) — ©*T, are bounded and; ii) state error
ez(t) = 0 as t — oo, which implies e,(t) — 0 as t — oo.

To prove iii), similar to e,,(t) = 2(t) — Zema, denote emz(t) = 2m(t) — zema + LeCey
where L, is the corresponding rows of L,. [ e, (t)dt is a state of z and [ em,(t)dt is
a state of z,, (see Section 4.2.1). As a result, the fact e,(t) — 0 as ¢ — oo implies

that

[/%@ﬁ—/%ﬁﬁkﬁ&aﬁ%al (C.41)

Substituting the definitions of e,,(t) and e, (t) transforms (C.41) into

{/[Z(t) — Zemd)dt — /[zm(t) — Zemd + LeCez]dt} —0, ast— oco. (C.42)

Since zynq is piecewise continuous and both z(t) and z,,(t) are integrable, Eq.(C.42)

can be simplified as

/Q@ﬁ%Lﬁ/%ﬁ<m,wt%m. (C.43)
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where e,(t) = z — 2. On the other hand, using the definition of z in (4.5) and

definition of z,, in (4.8), e,(t) has the following expression
e: = Crep + DA OT[0(z,) — ®(2mp)] + DA [AT Uy — OTS(71p)] (C.44)
whose derivative is

é: = Coby + DO (D, iy — By iy

T ~ =T —
+ DZA*[A Up + ATﬁbl -0 & - E')T(I)wmpi'mp] (C45)

where @) stands for %. Because all signals in the system are bounded and &

is globally differentiable, é, is bounded. Applying Barbalat’s Lemma shows that

e.(t) = 0 as t = oo, which proves iii). [

Proof of Lemma 4.6

Proof: In this proof, the matrix notation A — B is defined as (¢[A]—¢[B]) = 0
where ¢[-] denotes the minimum singular value of matrix [-]. Define ¢,(s) = (sI —
A ¢(s) = (sI-A)7, ¢(s) = (sI—A+BK)™* and ¢, (s) = (sI-A+BK+L,C)*.

Denote B ' = R4 pl. As€— ooor p— oo, B = — 0o and
L,=BR 'S - . (C.46)

For loop gain at input, we can treat the error integrator (introduced in Section 4.2.1)

as a part of the plant. The loop gain at input for a LQR controller is
L:(s)= K¢B (C.47)
The loop gain at input for a observer-based controller with a L, and the same K is

Lu(s) = K[sI — A+ BK + L,C)'L,C¢B (C.48)
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To prove i), define K € RP*" as

— K
K = (C.49)

O(p—m) xn

such that BK = BK. The asymptotic relation (C.46) implies

L,s) £ K[sI-A+BK+L,C|™'L,C$B (C.50)
= K[sI-A+BK+ L,C]"'L,C¢B (C.51)
- K¢B (C.52)

pointwisely for s € 2. Given (C.51), the proof of (C.52) can be found in Ref. [9],
which can be applied here because C’¢(s)§ is square and has stable transmission zeros
and therefore C¢(s)B is invertible for all s € 2 (see Definition 3.3 and 3.4). The
partition (C.49) and (4.15) shows that element-wise convergence of (C.52) holds, i.e.

the submatrix L,
L,(s) £ K[s] - A+ BK + LpC]'lL,,C¢B — K¢B (C.53)

pointwisely for s € 2 as € — oo or p — oo, which proves i).

For loop gain at output, we have to remove the error integrators from the aug-
mented plant model (4.5) and treat them as a part of our controller. Consider s € 2.
Divide K = [K,, K;] where K, € R™*™ and K; € R™*?. For a LQR controller, the

loop gain at output is

I, 0
Li(s) = * | ¢,(s)B, + [ K, . K,»] (C.54)
o D

pz

Divide L, = [L,, L;] where L, € R"*?» and L; € R®*". Define

A-BK-1L, L L, 0
A = . Bi= , Ck:[K o]. (C.55)
0 0 0 I
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For the LQG controller, the transfer function of the controller is Ci(sI — Ay)~! By

and the loop gain at output is

c, 0
Lo(s) = 5(5)B, + Ci(sI — A)~ 1By (C.56)
C,. D,.
[ T B 7
c, 0 _
_ p(s)B, + K$,(s) [ L, . Li]. (C.57)
Cpz Dy,

From (C.56) to (C.57), we used the identity

(o A1 [a,, oLk } |

0 3

To prove ii), we need to use an asymptotic relation

¢,L, = [ +L,CI"'L, (C.58)
= ¢l +L,Co|7'L, (C.59)
= ¢[I+BK¢+L,Co|"\L, (C.60)
= ¢{I+BK+R'SC|$}) 'BR 'S (C.61)
— 4B {I +[E+ E’ISC]@‘} 1K' (C.62)
— ¢B[C¢B]™! (C.63)

pointwisely for s € 2 as € = oo or p = 0. From (C.59) to (C.63), we used the
equality ¢ = ¢[I + BK¢|™!, the design L,, the equality BK = BK, the matrix
equality X[I + XY]™! = [ + YX]'X, and the asymptotic relation (C.46). It has
been proved that C¢(s)B is invertible for all s € 9. Now we proceed to prove ii).

Since ¢B[C¢B]™! is a right inverse matrix of C, we can write

Ci(s,B) 1M,(s,B) } o0

C'(s,B) := ¢B[C¢B]™ = [ . .
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where Ci(s, B) satisfies C,C} (s, B) = I,,. and My(s, B) € RP»*? satisfies C,M, (s, B) =

0p,xd- Since 0 < |s| < 400, when L, — oo,
Ko, (s) [ L, ! Li] - [ K, 1 Ki] ct(s, B) (C.65)

pointwisely for s € 2. Combining (C.57) and (C.65) yields

C, 0 _
Lo(s) — ([ ]¢p(s)3p+[ D [K,, %Kz] Cct(s,B) (C.66)
C Dpz

pz

= C[L(s)]C(s, B) (C.67)

pointwisely for s € 2 as € — oo or p — oo, which proves ii). [ ]

Summary of Balanced Realization [46]

A balanced realization approach was used to reduce the order of the model. Briefly,

this method can be described as

A B i B Au x‘iu Bl
Gp"’|: ’ p:|=T>épN|iAp Ap:|£——wgé"’ fi21 Azz Bz
C, D C, D . . .
P P P P )
A, B,
Bo089 o = (C.68)
C, D,

A, = Ay — ApAz Ay
B, = By - Azl B,
C, = C1 — CAz Ay

D, = D - Cydz) B,

(C.69)

where a coordinate transformation T is used to transform G, into its balanced re-
alization G,, with A, = T-'A,T, B, = T'B,, €, = C,T, D, = D,, in which

the states are ranked using a metric named Hankel Singular Value (HSV) defined as
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o; £ (\(PQ))'/?, where P is the controllability gramian and Q is the observability
gramian of G,. Appropriate cut off values o055 Will part all matrices in G according
to the rank of HSV, where Ay € Rrxnr Bl € R™>*m and Cy € RP*™r_ The rest of
n — n, states were residualized using Eq.(C.69) and the reduced-order model G, was
therefore derived. For the Vulture model, setting ocutors = 415 selected the reduced

model order to be n, = 80.
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Appendix D

Proof for Results in Chapter 5

Another Class of Relative Degree Two Plant Model

Another class of relative degree three plant models are those with no actuator dy-

namics and first-order sensors. The first order sensors are modeled as
wy + (Ds + 02w, = D,y, (D.1)

with D, > 0 is diagonal and known, and ©:T € RP*? are its uncertainties. Also, for
command tracking we define integral error states e,, = 2 — Zemq and w, := f ep;dt.

Define w, := A*u,. The augmented plan model is square and can be written as
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Zp A, 0 0 Tp B, 0
w, | =| C, =D, 0 wy, |+ | 0 [OTz,+ | I [—@;T ][y]
w, Cp. 0 O W, D, 0
~ ~ e N e’ S——
A T B By
B, 0
+ 0 A*u+ 0 Zemd
D, -1
B B,
01O
= T, Z=[sz 0 0]x+DzA*u
0 0 I —
| C,
C
(D.2)

Proof of Lemma 5.1

Proof: Since the plant has uniformly relative degree two, i.e. r = 2, the
observer canonical form (C.6) of R(s) (see Definition 3.4 and proof of Lemma 4.2 in

Appendix C), has the form of

sl, — Any —Ai 0 B
E(s) = —An sly_p — Az | B Bzz . (D.3)
I, o |0 o

with By = 0 and Aj2Ba, of full rank. It is noted that Z[R(s)] = Z[R,(s)] where

sI_p — Az ' By By :| (D.4)

—Aj l 0 By

is a submatrix of f%(s) Since A5 By, is full rank, the problem is reduced to the Case
I, as presented in proof of Lemma 4.2 in Appendix C: squaring up a plant model

{Asz2, B2y, A12} so that it has relative degree one. Using Case I of the proof of Lemma
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4.2 generates a B, and a By such that Z[R,(s)] are stable and [ A12Bsy Bio ] is
full rank. In this case, we have added (p — m) inputs of relative degree one and the

squared-up plant model has [n — ry — (m — p)] stable transmission zeros. [

Proof of Lemma 5.2

Proof: The proof will be performed in a transformed coordinate. Similar to
B,, we part CT = [ cT cfr ] For a square plant model that has nonuniform input
(e3B)"t¢
N
T;' = [B o | whee € = [CF ATC G ], B = | B, AB, By | (see

Lemma 3.1), that transforms (5.4) into the input normal form coordinate (see Lemma

relative degree two, there exists an invertible transformation T;, =

)

3.2). In this proof, matrices in input normal form coordinate will be denoted with

the subseript (-)in, as in Zip, = Tinz, A = TinAT;}, Bain = TinB2 (and therefore

Bz,in = ’I:inBQ and le,in = Tinle); Bl,in = /I;th Bz,in = T%nBu Cin = CT;';la
\I,*T — \I,:le:ll and \I/*T

N 3T = W3TT1. The input normal form of the plant model
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(5.4) is

2 0 R, |Ri |V : I
) I R2.IR:. 1O 2 0
'2 _ 2:2 22 i + Au
% 0 Rl,l R}’] ‘/1 1 0
K 0 U |Ui|Z |]|m 0
| L L 1L i i |
Ain Tin Bz,m
+ B, m[ 1«T wz*T ‘ ¢1*T wén—rs)*T ]l‘m
‘PETm
L,
1 I,
+ c [ 2*T ‘ Qpl*T | 1/)(" rs)*T ]J;in + Bz,inzcmd (D5)
0 v
—0—" ‘I’ITm
B J
Bi,in
y — l: O CA32 l Cle O ].’L‘in.
Cin

T
where 7, = >." r;. It is noted that By;, = [ x x 0 0] and UiTT; ' =
[ 0 x x x ] since Assumption 5.5 holds.

Define A}, = Ain + B1in¥i%, + Boin U35, = T, A*T;,'. Examination of the el-
ements of 32 m» and B2 s Which are defined as B2 in TmB2 , and 32 in = Tin_gé,

respectively, shows that

I, 0

— . all, 0
B2,in = [ Bz,in le,in ] il I (D'ﬁ)

8

| 0 0
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and

[ a1, +aly}™ 0
1
—1x% allm 0
Byjin = [ Byin Bstin ] = (D.7)
0 I,
0 0

where Béym = TmBQI’m, By in = TinBs1 and B%’;n = T;, B&*. It is noted that Cinﬁé,m =
C’,-,,E;;n = [ alCAB, CBg, ] has full rank by Assumption 5.3 and Lemma 5.1.

. . ——=1* ==l
Examination on elements of B, ,;, and B, ,, shows that

—1x —1 — 14T
B2,in = B2,in + B2,inaiw2 . (DS)
where
—1xT
Yy = [ %*T 0mx(P~m) ] €R™? (DQ)
where ¥3*T is a subset of the elements in ¥}, as shown in (D.5). It is noted that

(D.7) also holds for (A}, — LixCi,) for VL;, € R™™. Transformation back to the

original coordinate proves the Lemma. |

Proof of Lemma 5.3

—=1*

_L:ncin)v B2,im SCin}
is SPR, where A}, = T;,,A*Ti;l and _B_;;-n = T;,;B_;*. Define C;, = SCin,

Proof: To prove Lemma 6.6, It is equivalent to show {(A},

I1 00

MI = (D.10)
0 0 I
which is the null space of C;,, and
N = (MEMi) M, [1 = Byj(CinBoin) "Cin (D11)
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1%
2,in

which is the null space of B,;, (see Lemma 3.1). Then propose a P, as

P = 55(61‘113;;7;)_151% + NTPNL

m?

e (D.12)
s.t. P*Byy, = Con,
where Py is the unique solution of a Lyapunov equation
PN Af Mg + (Niy A5 M) P = 1 (D.13)

. . . —1*
which always exists since {4}, B, ;,,

Cir} has stable transmission zeros (see Proposi-

tion 3.1 and Lemma 3.1). Define

{0} = ATP;, + PiAl, — PoByi R By P + Qi (D.14)

where
. T vre /=< “Bl* \_1>= T = =lx 1 .
in = _NilnTHin(CinB2,in) ICin - Cin(cinB2,in) lHirTNilnT
T = * \— * * ai * \—17
— Cin(CinByin) ™ [ALas + Atas] (CinBiin) 'Cin (D.15)
AZ"AB = ElnA:nB%:m - —C_’i'ﬂAinB%,in = (CinB;,in)TCinB%,in\I,;g:a (Dlﬁ)
H}, = MEATC,, + PIN} AL B, (D.17)
,¢)1*T
and By,;, = TinB;, and ¥;T = i + .p |-t has been proved [22,25] that
21 11

once € in Lj, is large enough, {@} = 0 holds for P}, > 0, Q}, > 0 and R~! > 0 and

therefore Pj;, guarantees the SPR properties of {(4;], — L;,Cin), B3%,, S:.Cin}. We

2,in)

will show that one lower bound for such ¢ is € in (6.56).

Using the definition of R in (6.54), the equality (D.16) and the transformation
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matrix Tg = [M;,, B% ], it can be shown that

2,in

MI{o}M,, MEL{o}B*
Tg{@}TB: n{ } 'm{ } 2,in =O, (D].S)
Bya{o}M,,  Byi{0}Bs;

2,in

which implies that {@} = 0 and that P}, satisfies

(:4-:71 - L:n.éin)T})i:l + P'L:L(Z’:n - L:na_m) = —Q:n - Ez;le_nl—C’—ln
P;.Blr = Ch.

where L}, = B*R7(¢)S. Now we will show that R=! > 0 and Q},, > 0. Since £ > ¢,
, R7! > 0. To show Q;}, > 0, equivalently we will show T3Q:, Ts > 0. It is noted
that

T M* I _Hz*n
—H;T  e(CinB3i)? — [AE'AB + AE'TAB]

Since C;, B}, = Cin B}, = CBY* and CA*BY* = C;, A}, BY;,., it follows € > &, that

2,in 2in n—2,in’

el > (_C—inB%,in) - [(C‘inB;,in)TC’inB;,in\Il:z:a + \ngza (CinB;,in)TC’mB%,in] (6inB21,in)_1

+(6‘571Bé,in)_lenam(_é'inB;,in)_l (D20)
> (CinByin) ' [ALas + AZ4p] (CinByiy) ™! + (CinByhn) " Hit Hyy (Cin Byfi)21)

From (D.20) to (D.21), we used the fact that

Jain

| + |[Cin AL, Min| (D.22)

Nzl;Z:nler: = NzlnAmlen

[ _ CI,O + a1R2 1T 1I+T __ 2*TR1

+ ( 1 1 22) 2 w21 2 22 (D23)
0 0

Ci'n A:n M, in — CinAin M, in

+[0 CAB™T 4 OB | (D.24)
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and the sensitivity of Lyapunov equation solutions [53, Example 1] as
IPE] < (1 + 2T mae | B2 1 22l (D.25)

where P; is a nominal solution to (D.13) without uncertainties. By Schur’s comple-
ment, the fact that inequality (D.21) holds implies that TAQ},Ts > 0 and therefore

Q:, > 0. [ |

Proof of Theorem 5.1
Proof: We propose a Lyapunov function candidate
V=el Plen, + Tr [ﬁ%gﬁ |A*|] +Tr [g@;Tr,;;zp;] (D.26)

where P* = P*T > ( is the matrix that guarantees the SPR properties of { A}., F;*, SC},
satisfying

P AL + ALP = —Q" <0 (D.27)
P*By = CTsT, (D.28)

for a Q* = Q*T > 0. Partition on both sides of (D.28) yields
P [BYBi| =CT[ 57 o7 ] (D.29)

By appealing to (5.23)(5.24)(5.25)(D.27)(D.29), the derivative of V has the following
bound

V =el [AZP* + P*A}.] ema
— 2T [P*BY — CTSTIA*QTE — 267 [P*BY* — CTST|4iTe,,

= —el Q%ems < 0. (D.30)
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Then e,,.(t), (Z(t) and J;(t) are bounded as t — oo, which proves i). Applying
Barbalat’s Lemma (using the fact that é,,,(t) is bounded) shows that e, () — 0 as
t — oo, which proves ii). From (5.24) and (5.11), the fact en,(t) — 0 implies that
ey(t) = 0, esy(t) — 0 and €, (t) — 0 as t — oo, which in turn implies that z,,, as

well as %,, and Wy, is bounded. Further, denote
epz(t) = 2 — Zemdy €mz(t) = 2Zm — Zema- (D.31)

From (5.3), it is noted that [ e,.(t)dt is an element of z. From (5.9), it is noted that
J(emz(t) — Liey)dt is an element of z,,, where L; are the rows of L corresponding to
emz dynamics. As a result, e;.(t) = 0 as ¢ — oo, which, together with the definition

of ey as
eme = €5 + BoN X T, 7, + Byal [~;T(t)asy] — B,A*alQTE, (D.32)
implies e,(t) — [(Ba[])dt and therefore

/ (€9s — ems + Lyey)dt — / (Bas[])dt = 0 (D.33)

as t — oo (since By, the rows of B, corresponding to w, dynamics, is zero).

Eq.(D.33), together with the fact that

e(t) =2 — 2m = €p; — €mz (D.34)
implies

/ e.(t)dt — — / (Lie,)dt (D.35)

which has a bounded limit as t — oo (since e, (t) — 0). Further, from (5.3) and (5.9),
é.(t) is bounded as t — co. Applying Barbalat’s Lemma shows that e,(t) — 0 as

t — 0o, which proves iii). n
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Proof of Corollary 5.1
Proof: It is noted that by Lemma 5.3, {A}., B3*,SC} is SPR, and therefore
by Corollary 3.3 {A}., B*, SC,SCB;*} is also SPR. By Corollary 3.3, there exists a

P* = P*T > () that satisfies the results of Lemma 5.3 as

P*By* = CTST (D.36)
results of Lemma 3.6 as
P AL+ AP = -WTW - L (D.37)
PBY =CTST+WTK (D.38)
KTK = a}S,CBY + a}(S,CB*)T (D.39)
foraW,a K and a L = LT > 0. Propose a Lyapunov function candidate
V=el Plem +Tr [QTP;QQ |A*|} +Tr [J;Trgiig |A*|] (D.40)
whose derivative is
V=el, [PA}. + AT P*) e, — 262 [P*BY — CTST )41 7e,,
+2¢2_[P*BY — CTSTIAOTE
Fe ] T ~
— |QTE| AT [2a}(S.CB}*)TS,CBy*] A*QTE
= —el [-WTW — L] ey + 2¢L [WTK]A*QTE
M~ T ~
— Q7| AT [KTK]AQTE<0. (D.41)

The above proof shows that ep.(t) — 0 as t — oo, which implies that e,(t) € Ly, as
n

t — oo.
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Appendix E

Proof for Results in Chapter 6

Another Class of Relative Degree Three Plant Model

Another class of relative degree three plant models are those with first-order actuators

and first-order sensors. The first order actuators are modeled as
iy + (Do + O:T) up = Dyu. (E.1)

where D, > 0 is diagonal and known, and ©:T € R™*™ are its uncertainties. The

first order sensors are modeled as
wy + Dywy, = D,y, (E.2)

with D, > 0 is diagonal and known. Also, for command tracking we define integral
error states €y, = 2 — Zemq and w, := [ ey dt. Define w, := A*u,. The augmented

plan model is square and can be written as
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T A, B 0 O Zp B, 0
'U:)u _ 0 —Da O O wu + 0 (-);Txp + I |: _(_)ZT :| [ wu :l
Wy ¢, 0 -D; 0 wy 0 0
w, Cp. D, 0 0 W, D, 0
i 1l L . 1L 7] | _ [
A _ _ =z _ Ba _
0 0
D, 0
+ A*’LL + Zemd
0 0
0 —I
i i A _
Bs _ B,
001 O
= z, zz[CZ DZOO]z
000 I L 3
\ ~ - C,
c
(E.3)
Proof of Proposition 6.1
Proof: Since
0
A*b3 = I CUTQL
—(2¢wn, + 07,
P
A*2by = —(2¢wn +6¢,.) W
(wh +05) + (20wn + 07,,)?
b1 can be spanned by [b3, A*b3, A*2b3] as
. 1 " (20wn + 67,,) w'r% + 65
by=A 2b3E + A*bs " + b3( — (E.5)
n
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Proof of Lemma 6.2

Proof: From (6.3), it can be shown that

0 by
Aby = I w2, A%b; = —(2¢wy) wh (E.6)
—(2¢wy) (wvzz) + (zé-wn)2

Their differences from by (E.4) can be written as

0
A*2by — A%hy = —6z, w?
| 65+ 4wty + 622
0
A*b3 - Ab3 = 0 wfl - b3 (—9240)
| 0%

Then it is found that

byt — by = Abs(=07,) + b3 (6 + 2Cwnb,) + b3 - 2 (—67,)

= b3* (—6;,) + bs (6 + 2¢wnby,) (E.8)
BB = b (-03,) (E9)
The results follows. ]

Proof of Lemma 6.3

Proof: Using Lemma 6.2, Eq.s (6.6) and (6.12), it can be shown that

T (sT— ALY F2 (W, 200) = Wi(s) ((s + 107 [wiehy] — wivs [wiel)] + (s + 1) [wiell?])
(E.10)
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Plugging in the definition of él[byz in (6.25) yields

(s = An) T SR04, E00) = Wi (s)(s + 1)? (whel), — v el + piell”)  (B11)

Then apply (3.2) and the results follow.

Proof of Lemma 6.4

Proof: With (6.34), us as in (6.32) can be rewritten as

w=—y{ () [A%en — Ale,] - (2067(6) + 207 () [A2n]
= (FF @) + 207 (0) + 4T (1)) o] = (5° + 25) [T (8)] eyg

Since we design 1 (t) as in (6.33), the following relation holds
P (8)bs =0, ] (£)b3 =

which leads to

lT(t)im = ¢1T(t) [Axm - ley]
Y1 ()Em = 97 (t) [A%zy, — Ale, — &

This, together with eyo in (6.35), in turn transforms (E.12) into

u=—(s+ 12 [ (zm] — 9T (e — [207(6) + 207 (1)] &g

~ ((s* +25) [¥T (1)]) e,0
Applying the chain rule of derivative yields

= =(s+ 1 [¥Wam] — (s +2) 5 [9 (e
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Applying (6.37) yields
w=—(s+1)° [$T (t)om + ) o] | (E.18)
which, together with (6.37), yields
(s — AL)™! {bg [(s +1)2 <Z§IT$m) + U2] + fxm(ey)} =
WA A [~ am| — Wi (Ve o + (s = A7) o (@1 8) (EL9)

Now we will show that f,, . (e,;s) addresses )\*E[ ] N Since eEI,] y0 IS not directly avail-

able to us, we have to design f,, (s) using Lemma 6.3 as in (6.36), which yields

(s)/\*—m 0t cT(sI — A*) 7 fo, (ey; 8)
= W3(s) [(s+ 12 AW | + Wi o) [—0"s [MOZSL ] + (s + 12 [wh (e 4]

= Wi(s)(s+ )2 AW o — 03 e + wdt)E ] (E20)

where we have applied the definition of 6511,][22) in (6.37). This directly leads to the

results. [ |

Proof of Theorem 6.1

Proof: For the high order tuner (6.41), define an error coordinate z, as

zn =z + AT T (E.21)
which allows its output as
Ch Zp = ¢T(t) ( ) (E.22)
whose dynamics are
Z'h(t) = Ahg(xm)zh + A’:lbh'gl)llT(t) (E23)
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Now we will prove the stability results of Theorem 6.1. We propose a Lyapunov

function as

V =€l Pems + (7 — ¥1)° +n2j Pazn (E.24)

where e, is the states of error model, P* satisfies

P (A=) + (A=) Pr=—Q" <0

(E.25)
Polr=c
which are the results of SPR properties of (6.40), and P}, satisfies
PyAy + A PF = —1. (E.26)

Using (6.40) and (E.23), V is found to be

Vo= —eh Qe + 2Pl (v n) + (4 - )]

, T
—2e,\* (wl - w;‘) Tm — 1 (28 121] (@) + 20 - (2] PhAy breyza(E-27)

which, combined with (E.25), yields

vV = “eng*emz -n- [zlrfzh} g(l’m)

AN\T
+2e, )" (¢1 _ ¢1) T + 20 - [T PuA7  brey o] (E.28)
which is equivalent to

V = _e?nxQ*emx -n- [Z}rfzh] —n-u [thm]z

+Qey)\*c{zhxm +2n- [z,{PhA,:lbheyxm] (E.29)

using (E.22). Then we pick

2
S N D 1 Y
[ PadA7 oa )’ Amin, Q1)

(E.30)
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where |\*| < A0z, Which leads to

V < _/\min,Q* ”emz‘”2 -1 [Z}{zh] /A “Zha;m“2
+4 ¢l [|emall Amaz llenll [|2aZm]| (E.31)
and therefore

2

V< —n-[zfm - (\/)\min,Q*

emall = /7 - |22 (E.32)

As a result, eng(t), zx(t), ¥,(t) are all bounded as t — oo, and therefore z,,(t)
is bounded in the CRM, which proves i). This in turn implies 2, as in (E.23) is
bounded. Applying Barbalat’s Lemma yields that z,(f) — 0 as t — oo, which in

turns implies that in (E.32) emnz(t) — 0 as t — co. Then the results of ii) follows. m

Proof of Lemma 6.6

Proof: The proof will be very similar to the proof of Lemma 5.3 and therefore

only key steps are shown in this proof. The input normal form of the plant model
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(6.47) is

&1 0 0 RV & X
' I, 0 Ry|0 X
5.2 — 2 & n [O 0 w?*T ,L/}ln—-Bm)*T ] z;
€3 0 I, R3|0 &3 XN ~— ~
- Uihn
0 0o 0 Ulz]|]|n 0 ’
L _ L - 4 L . L N
_Azn _ Tin By in
I,
0 (n—3m)*T
+ [w%*T wgtT ¢§*T 1/}3‘" m ]min
0 | & )
0 U3
L .
B3,in
+B3,'i'nA*u + B'in,zzcmd

0 lfﬂm

~

y=[0 0 cas,

Cin
(E.33)
using z;, = Tipx, Aip = T;nAT;Lly B3 in = TinBs, By in = TinB1, Biy, = T;nB,, Cip, =
CT,L, T, = WTT,L, Wh, = W5t and [ BT RS RY | = ((€8)'eaB),
where T;, is defined in (3.13). It is noted that (T;,B;)T = [ X X X ‘ 0 ] since
Assumption 6.4 holds, and that \Ifﬁn = [ 0 0 x x ] since Assumption 6.5 holds.

All equations in this proof are valid in both coordinates, and matrices in input norm

form coordinate will be denoted with subscript (-),.

To prove Lemma 6.6, It is equivalent to show {(A}, — L}, Cin), B3%,, SCin} is SPR,
where Ay, = T;, A*T,;! and B}, = T;,Bi*. Define Cy,, = SCiy,

1000
Mi=loT1o00]| (E.34)
000 I

which is the null space of C;,. The rest of the proof is exactly following the proof of
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Lemma 5.3 and noting
AE’AB = (CinBBI,in)TC’inBiln\Il;iT (E35)
where U = (v3* + al/a?) + (v¥7T + R3) and

3,in

| + || Cin Al M| (E.36)
Nilr:Z:nBil; = NilnAinBiln

(a3Rs + a3 Ry + aRy)((¥3*)* + ¥3'T)
+ (a3Rs + a5 Ry )b3” (E.37)
0

OmA:n Min = CinAin Min

+[0 0 cAzBuy{T | (E.38)

Proof of Lemma 6.7
Proof: The proof is carried out in the input normal form as in (E.33) where
‘II*T

3in = [ R A S ] : (E.39)

Following the definition of Bi* in (6.69) it can be shown that

[ Bg* Bg* Bé* ]m
3 | BUdT + | af (037 +U3T) + U T + o3
0| & YT+ af 40
0 0 a2 '
0 0 0 |

185



Similarly, following the definition of B3 in (6.60), it can be shown that

@ o) o |
0 a2 aj
| B B2 BY| = (E.41)
in 0 0 a
0 0 O
Then the results follows after some algebra. [ |

Proof of Proposition 6.3

Proof: Then performing rearrangement on the uncertainties terms ¥;, U3 and

V3 as
T A* T,
[ By 0 B ] 0 | = [ B3 B2* Bl ] A* T, |. (E42)
T AT
Such parametrization always exists since in the input normal form,
[ x 0 X | [ X X X ]
0 0 x 0 x X
[ B: 0 B, | = cand | B By By | =
n 0 0 x wm 0 0 x
| 0 0 0 0 0 O
(E.43)
(see Assumption 6.5), and
v 0 0 x|x
w3 =10 0 x|{x |- (E.44)
T X X X |X

n
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The rearranged uncertainties in the input normal form coordinate also have a struc-

ture of
i 0 0 x|x
T =0 0 x|x|- (E.45)
7" X X x|x

Proof of Lemma 6.8

Proof: The proof is very similar to the proof of Lemma 6.3, noting that

C(sI — Ap) T F(t) = C(sI ~ Ap) 7! [(Bis + B3)g" ()@ + w3 (s) (wi(¢)@P ()]
= Wi (s)m3(s) (&7 (" + B0 (1))  (E.46)

where we have used the property of B? in Lemma 6.7, the equivalent realization of
B?* in Lemma 3.3, and the definition of @Y (¢) in (6.75). It is noted that each time

Lemma 3.3 is used to generate zeros in the error model analysis, Eq.(3.18) has to be

used to change the state coordinate, which yields (6.77). [ ]

Proof of Lemma 6.9

Proof: The proof will be a direct extension of the derivation in Section 6.1.2
and therefore only a brief step is shown below. The first portion of the proof follows
the proof of Lemma 6.8. Replacing L with

L*=BIR'S (E.47)

187



in the error model (6.67), using Eq.(6.71) to specify the difference and applying

Proposition 6.3 yields

— (A" = L*C)e,
BQ* 1*Tesy Bg* g*Tesy - FL(ey; S)
+ BIATT, g + BEATT, 2 + BIATLT

+ B3A* (ubl + uad) — Bg’u,bl + Fxm(ey; 8)

Plugging in (6.59) and applying Lemma 6.8 transforms (E.48) into

¢, = Ap-€, — By 93T [eh) +ehl] - BygiTel)

+ BYAT, 2, + B¥A'T, g + BEATLT

+ BsA* [—A* luy +up + Ugd) + Fup(ey; 8).
Applying Lemma 3.3 and substituting (6.66) yields

é, = Al.e. — Bl ~§T [ sl +e[1][2]] BM §T€12p
x *“x Yy
+ B3 (s) [ATT + T o + T ) + T, 2]

+ B3 A [up + Uad] + Fi, (€45 8).

(E.48)

(E.49)

(E.50)

The rest of the proof follows that of Lemma 6.4. Since ¥, (t) has a special structure

as in (6.65), U1 (t)FL(ey; s) = 0 and U7 (¢)F;, (ey;s) = 0 and therefore

VT (t)Em = T () [AZym + Bmzema — Ley)
U (8)&m = U] (t) [A*Tm + ABmzea — ALey + Bmioma — Léy
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All terms, except Lé,, in (E.51) are available for control and therefore are put in u.q.

Expansion of the compact form of u,4 as in (6.63) shows

o = —ua +m3(s) | AT (1)) — WF (=l - 9T 1)z ]
— a3dy¥T (t) [A*2m + ABmzema — ALey + Bréomd)
~ (3397 () + adRUT (1)) [Az + Bnzema]
— (a3d3UT (1) + a1 T (1) + ST (¢)) [z

— (a3d3s® + ajdys) [97 (1)) eyo (E.52)

Applying Eq.(E.51), substituting the definition of ey in (6.62), applying the chain

rule of derivative yields
tad = —un +3(s) AT — UT(s)am — WF ()Y — W (1)
— (a2s+al) s [\IllT(t)ey?} (E.53)
Substituting u.q (E.52), F;, (e,;s) (6.58) in (E.50), and applying Lemma 6.8 yields

éma = Ajema — BYAT |2}, + 27| - By giTel)
+ BI*A* [K%{fl — VT (t)z, — UL — \PZ,‘EE}]

+ B;*AT—[II + B lT—[l][zl (E54)

‘Ifly

Grouping terms, and noting that Lemma 6.6 guarantees that {A}., B3*,SC} is SPR,

yields the results. [ |

Proof of Theorem 6.2

Proof: Without loss of generality, we consider the error model as

bmz = Alems + BIA*QTE (E.55)
ey = Cepmy.
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The following proof will be very similar to the proof of Lemma 6.1 and therefore only

brief steps are listed. First we define a new tuner state as
Zg = Xq + Ag'BgQ'T (E.56)
whose dynamics are
Za = AnZag(&; pe) + A;IIBHQ'T. (E.57)
and g is defined in (6.83). Then the difference between Q2 and Q' can be written as
QF — Q7T = CyZq (E.58)

since C’HA;BH =1

Let P* be the matrix that guarantees the SPR, properties of {A}., Bi* SC} as

P*A*, + A TP*= —Q* <0 :
1+ Af Q (©59)

P*Bé* — CTST
We propose a Lyapunov function
’ T ’
V=€l Plen, +Tr [(ﬂ ~or) (o - o) |A*|]
+06¢-Tr [Z{PuZg] >0 (E.60)
whose derivatives are derived by applying (E.55)(E.59) as
. m+3n ] )
V<=6 a4
j=1
E T na j 2
o o =i =
) ; [m+3nemx —4[SCIICH lems|l ||z “f “ + Oepiezgy zab ] (E.61)
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where 2}, is an element of Zq
ZQ - [ ZQ ZQ et z&[';n+3n] ] 9 (E.62)

and we have used the fact that Q > Q*. Plugging in the definition of é; and ¢, yields

2
<0

m+3n m+3n |:

V < (55 Z ZSJ)TZ&ZZ Z
J=1

nAQ T
29— || — /Behc |

As a result, all signals in (E.60) are bounded and therefore signals in CRM are also
bounded, which proves i). One can follow the proof of Theorem 6.1 and shows that
e.(t) — 0 and e,(t) — 0 as t — oo, which proves ii).

Following the derivation of recursive adaptation as in (6.77), e, and ep, is related

as

€mz = €z + [Bg* + Bg’*s] [QTZ+ - ] (E.63)

where some terms similar to SNITZ are omitted. It is noted that since all signals in
V are bounded and in particular, zg(t) — 0 as t — oo, [B2* + B3*s] QT¢ is guar-
anteed to be bounded. It is also noted that [(z — zemq)dt is an element of z and
J [(zm — Zema) + Li1ey] dt, where Ly is the rows of L corresponding to z,, is an el-
ement of z,,. It follows en,(t) — 0 and z,, is bounded that e, is bounded, and
therefore f (z — zm)dt is bounded. Also it is noted that &,, is bounded and therefore

(z — 2,)M) is bounded. Applying Barbalat’s Lemma proves iii). n
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Appendix F

Proof for Results in Chapter 7

Proof of Lemma 7.2

’ Proof: Lemma 3.3 says that

ér = Ater + B¢ Tw(t) — F(t)

ey = Ce,

is equivalent to
¢, = Ape, + B¢ Tm 217 (s) [w(t)] - F (1)

(F.1)
ey = Ce,
in terms of transfer function matrix.
Step 1: Substituting the definition of Wl*~1(t) yields
¢, = Aye, + B¢ ni=l(s) [# ()] — F (1) (F2)

Step 2: Substituting the definition of F(¢) and F! in (7.6) applying Proposition 6.7
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yields
s =A26"+BT¢*T 2(s) [@1(®)] = Bami(s) [o" ()@t (2)]

+ Z Baptm 27 (s) - s [ (6@ (1)]

r—1—1

= S [E @ et )+
j=1

r—i—j

n Z F1+J+k wkT() i—1][i—144]{d 1+j+k](t))+...:l (F.3)

k=1

Substituting the definition of Wl—1E=1+l(t) as in Eq.(7.10) and applying Proposition

3.2 yields
4=%é~&ﬂﬂﬂPmWﬂm]

+ZBT bl ] 1 [—[i—l][i-—H—j](t)]

r—1—1

_ Z Fz+] ¢]T(t)—[z 1][z—1+]](t))+

r—i—j
+ Z Fri+j+k(,IJ)fT(t)w[i—l][i—1+j][i—l+j+k](t)) + - ] ) (F.4)
k=1
Then repeating Step 1-2 on @ UE=1+(¢) and so on until the last index of @l Ulkl

hits [r — 1], will yield the results. [
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