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I. INTRODUCTION

This report is a continuation of a line of analytical treatment of
three dimensional flows in compresser or ducted fans. In the earlier
theories [1,2,9,10], the blade row is modelled as a set of spinning
lifting lines and the induced velocities are treated as acoustic per—
turbations. While these studies have been useful in advancing our
knowledge of the three dimensional nature of the flow, it has been
difficult until now to correlate the theory with experiments., The
reason, of course, is that the strong overall swirl induced by such
blade rows is by no means a small perturbation in practical applica-
tions.

It is realized that the high pressure stage of a compressor
usually has a large number of blades (~40 to 100). Therefore although
the collective effect of all the baldes can be a large disturbance,
each blade contributes only a small disturbance. Thus a linearized
theory is still possible. To extend the previous acoustic theory to a
rotor with large turning we may still represent the blades as super-
positions of source and lifting lines, but we have to calculate the
exit flow by linearizing about a non-zero (and-large) swirl velocity
profile. This is the approach taken by the theory proposed by McCune
and Hawthorne [3]. They calculated the velocities induced by the trail-
ing vorticity of a nonuniformly loaded rectilinear cascade for incom—
pressible flow. This work was later generalized to the compressible
case by Morton [4]. Cheng [5] treated incompressible flow in an annular
geometry. In that analysis the blades are represented as lifting lines

of nearly constant circulation, and the exit flow is therefore, to



lowest order, of "free vortex" type. Linearizing about the free vortex
flow, the velocity induced by the trailing vortex sheets due to non-
uniform blade bonding are calculated in [5] to order &I» It is the
purpose of this report to treat the general compressible case, including
the results of Ref. [5] as the incompressible limit. The result of this
analysis also serves as the Green's function for constructing a lifting
surface theory for transonic rotors with practical loading.

Before going into the details of the theory, let us examine some
simple pictures of its findings. The nonuniformly loaded blades shed
off the excess circulation as wakes. The induced velocity of the wakes
is found to cause a "downwash" at the blade which has the effect of
partially mullifying the nonuniformity in loading. This can easily be
understood by a consideration of the wake system of a blade. Fig. 1
shows a blade with the tip region more heavily loaded than the inboard
stations. 'We can see that the wake induces a tangential velocity com-
ponent which lowers the angle of attack at the high work (tip) region
and increases that of the low work (hub) region.

Another major development is the mode matching of the upstream
and downstream flow. The presence of the strong swirl makes the
acoustic mode shapes downstream drastically different from those up-~-
stream. For example, we can have upstream hyperbolic modes in a tramn-
sonic rotor while all the downstream modes are elliptic because the
vrelative velocify is subsonic there. Simple modewise matching is no
longer possible. In the present work, a method of mixed-mode matching
is developed. A result is that a pure tone downstream (upstream) can

excite a whole spectrum of tones upstream (downstream). In particular,



any source downstream can excite the acoustic radiations upstream of a

transonic rotor.

II. THE FORMULATION OF THE PROBLEM

For the sake of brevity in the presentation we make the following

simplifications.* We assume:

(i) Inviscid, isentropic flow.

(ii) Isolated rotor in an infinitely long annular duct.

(iii) Steady flow in the rotor frame.

(iv) The flow for upstream of the rotor is uniform axial flow with
no swirl.

(v) The number of blades of the rotor is large so that while the
overall induced swirl is large, the loading per blade remains
small.

(vi) The axisymmetric part of the velocity downstream has, to a
first approximation, a free vortex profile.

(vii) The three dimensional nature of the flow is due to the
presence of discreet vortex sheets trailing from the nonuni-
formly loaded blades.

The equations of motion for a steady flow in the rotor frame is
q'*Vq' - v2£.+ 2vxq' =~ %E- (2.1)

where primes are used to denote flow propertities measured in the rela-

tive frame. Thus
]

q' =9 - vrb (2.2)

The assumptions (i)-(vii) are not mutually independent. Moreover,
most of the implied restrictions can be relaxed as the present theory is

further refined.



where v is the angular frequency of the rotor. In the following dis-
cussion all quantities are nondimensionalized with respect to a length
scale given by the blade tip radius Tpos a time scale of nT/w—w, and a

are the inlet axial velocity and

00O

mass scale of pdmr; where W__ and p
density.
The continuity equation is
pVeq' + q'*Vp=10 (2.3)
Taking the dot product of (2.1) with q'and using the isentropic
condition
dp = a?dp (2.4)
we obtain
a?Veq' = 1/2 ¢'*Vq'? - v¥iq'*r (2.5)
The model we adopt consists of a set of lifting lines representing
the blades. Due to spanwise loading variation there will be a trailing
vortex sheet originating from each blade so that the Kutta condition
can be satisfied. These vortex sheets are assumed to remain thin* and
will be shown to first order in the blade loading variation to lie on
surfaces governed by the 6-averaged (pitchwise~averaged) flow.
With the assumptions stated at the beginning of this section we

[31,[5]

have Beltrami flow

wxq'=0 (2.6)

*
In a recent report Kerrebrock [6] noted that if the background flow

'is not a free vortex (in particular he considered a wheel flow) the
wakes will be spread by shear waves even if we assume inviscid flow,
Here we only look at flow produced by a rotor of nearly constant span-—
wise blade loading so that the background flow is very nearly a free

vortex and the mechanism for shear wave is absent.



where

w = Uxq 2.7
is the vorticity measured in the absolute frame. To obtain (2.6) we
write Crocco's equation in the rotating frame

aq' (2.8)

S " TVS*F VI -q' xw=0
where

I=h+1/2q'%-1/2(vD? (2.9)
The rothalpy I in the rotor frame is the analogue of the total enthalpy
h® in the stationary (absolute) frame. The first two terms in (2.8)
are zero for the assumed steady relative isentropic flow. From (2.9)

the equation of motion for I is

DI _ Dh . D

BE ]—)'E+ f)_E (1/2 q'z) - "g-t‘ (1/2(\)]’.')2)

Some manipulation yields

DI _ . Ds
pe - T Bt

p

+ ot

T =

For isentropic steady relative flow with uniform inlet conditioms this
leads to VI = 0 and (2.8) reduces to (2.6).
Let the vortex sheets lie on surfaces of
a = a(r,8,x)
From (2.6) w and q'are parallel and the vortex sheets can be re-

presented as

B ~
u)_ = ng = f(x,r) igl 6(&"&1)9_' (2.10)

o, = 0, 2un/B, 2(2n/B), 3(27/B),...



where B is the number of blades and ”~ denotes unit vector. f represents
the strength of the vortex sheet, still to be determined.

Equations (2.5) and (2.10) form the basic set of equations for the
present analysis. (The functions f and o will be furnished from the
averaged flow later in this section.) Essentially (2.5) specifies the
divergence of the velocity field and (2.10) specifies the curl. Together
with appropriate boundary and upstream-downstream matching conditions,
they completely define the velocities.,

We shall solve for the velocities by linearizing about a base flow

4, which is a uniform axial flow upstream and a free vortex flow downstream:

9 =4q,+q (2.11)
9% 7 (uo’ Vo Wo)

u, = 0 both upstream and downstream

w, = Cl’CZ (constants) upstream and downstream (2.12)
v, = 0 for upstream and Vv1/r for downstream

Let CPF(r) be the (nondimensionalized) circulation on each blade with
I'(r) representing the nonuniform loading profile.* Then
BCFT
= e <
v, T x <0 (2.13)

We assume that I'(r) is a function of spanwise mean 1 and

1 dr
3F ar - 9® gl

qr and W are thus 0(€). A study of the flow for stronger loading
variations is wunderway, and will be reported subsequently.

Before we can solve (2.5) and (2.10) it is necessary to find f

* As pointed out by many authors, dT/dr = 0 at r = h,1 to be consistent
with the boundary condition wu(h) = o (1) = 0.



and a. We shall derive expressions for them first by a heuristic argu-
ment and then in a more formal way.

Fig. 2a shows a developed stream surface. Since the vortex sheets
are going along the stream lines, 00 = cst is a streamline on this sur-

face. It is easy to see that to the lowest order of approximation

B - _E L
o e] = tan 82

(Vvr - v_) v!
- -9 X ____ 9 _ _ x _Oo_
® r W, 6+ r w, (2.14)

in the downstream flow. It will be shown that f in (2.10) is 0(€).
Therefore in the present work we only need the lowest order approxima-
tion of O to be used in (2.10).

Let each blade carry a circulation of CFT(r) with CFF>O in the
direction as shown in Fig. 3a. For isentropic flow Kelvin's theorem
applies. Consider the circulation circuit as shown in Fig. 3b. The

radial velocity at the trailing edge is

(T,-T,)
2 1
or
1. 4
u=+35C,as (2.15)

where the upper (lower) sign refers to the pressure (suction) side of
the blade.

Figure 3c shows the form of the wakes on a developed stream sur-
face downstream of the blade. (To 0(l) the stream surface remains a

cylinder.) The radial velocity jump across the vortex sheet is given

by

2[u| = 1im (wcosBé) rdo
0 ja=-€



Thus
2]u|
rcosBé

lw| = S (o)

This can be generalized to include all the vortex sheets and after taking

care of proper signs and also using (2.15) we obtain

~y

B
dr’ 95
w= Cpn=- — I §(a-a,)
had T !
dr r cos 82 {=1 i

where @ = 0, 2n/B, 47m/B,...,(B-1)2w/B.

From the velocity triangde
[ - {
cos B, WO/qO
Thus

B
L o-ay) (2.16)
o i=1

What follows is a formal derivation of (2.16). Let

g
(& -

1. 3
2"r CPar

€

Q na
1 1
Q =‘%ﬁ 1 de
R 0 o]
9] w

The nonaxisymetric part of the flow quantities are all 0(g). From (2.6)

we have
w = Agq'
Since y = 0(g) we can write
w= Q" + 0(e?) (2.17)
From the identity
Vew = 0 = Vo (3 RQ') =V & - rQ'
where continuity is used in the last quality, it can be concluded
therefore, that there must be a functional relationship between A/R

and Rq', Furthermore, continuity

Ve(Rr'y=0



also enables us to write RQ' as the cross product of two

RQ' = Voxw

where o and Y are yet to be defined.

gradients

(2.18)

Thus A/R will be a function of

o and Y. We pick P to be the Stokes stream function of Q.
Rr 9x Rr 9dr

Without loss of generality we define

o(x,r,0) = - 6 - Fx,r)

(2.19)

(2.20)

Since the trailing vortex sheets remain thin we can write (2.17) as

B
w = Yxq = Rf(x,r) izl G(Q'ai)gf

oy = 0, 2n/B, 41/B,...

Averaging over 9 we obtain
B '
9_= Vx9_= Rf 5; §

The x and r component of (2.21) are

arv arv
o B 3 o_B_ .3y
or 27w ar ax 2 x
Thus
f = 21 .Eifzﬂl =C EI
B Y - T 3

To find o we go back to the defination (2.18).

VY - vy
) oF oF
r W Ix +U ar

(2.21)

(2.22)

(2.23)

(2.24)

The 0 component is

This can be integrated immediately by the method of characteristics
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with boundary condition F = 0 at X = 0 (the rotor plane). The
solution is
X ovr(x) - v
F(x,r) —Of o X + 0(8) (2-25)
W, T

with r = r(x) along a streamline of Y = constant. Noticing that f

given by (2.24) is already 0(E) we only have to determine o or F in

(2.21) to 0(1l). To this order the stream surfaces remain parallel to

the axis of the annulus and (2.25) becomes

vr - U

F(x,r) = o X, 0(e) (2.26)

W bo

o
Summarizing, we have

w=rc. L} s0-a) g (2.27)

w T 3y i%1 i
o = =f- Y ~ Yo x (2.28)

W, r

This is the same as our previous result if we remember

 _ __1 3T bl
3y  rRw, Or + 0(e) Q 95 * 0(e)

so (2.27) and (2.28) are equivalent to (2.16) and (2.14) with a
difference of 0(82).
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ITIT. THE MEAN FLOW
The basic equations we wish to solve are (2.5) and (2.16) which are

repeated here for convenience:

2 1 2 2
aV-g'=E-_q_'°V_cL' -vigq' °zr (3.1)
C B
=L o -
w = ¥ r_quéld(oc o) (3.2)
a;, =0, 27/B ...,—@—_—l%&l
x(vr - v.)
a=—e'—“—;wT— (3.3)

In the following, (3.1) is conveniently linearized with respect to the
free vortex profile (2.12), although

9=9,+ g and q' = 36 + gi
where q; = 0(e). Since the difference between the relative and absolute
velocity is abzeroth—order quantity (V;é), 9 and gi are the same and we
shall drop all primes on the perturbation quantities. Taking the § -

average of (3.2) we obtain

BC '
e A
Vxﬂl‘zwoa T (3.4

Writing a = ag + a;, a; = 0(e), we obtain after some algebra

2 (il.l_]_'+_li.].'.+_]:.i’_l+_3_‘l)=
4 Sr T r 08 ox
Vz o (3.5)
— 2 4 _9_3_
= -7 v Yt T oap) Ggvy t ovgvy)
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The 6 - averaged equation is

331 Ei vg Gl wg a&i
w T Gt @) =0
0 0
or _ _
3 u ow
—L 4 (1+M§)+ a Mi) == 0 (3.6)
The 6 component of (3.4) is
Bul _ Bwl } BCp o, 3.7
ox ar 2mw .t 9r ‘0 :

0

(3.6) and (3.7) form two equations for the two unknowns Gi and ;i. Note
that different M%(r) and Me(r) have to be used for the upstream and
downstream flow and the RHS of (3.7) is zero for upstream. The difference
of the baselflow for upstream and downstream means that mode-by-mode
matching across the rotor plane is no longer possible. We can only

match the sum of all the modes. The matching problem will be dealt with

in a later section.

To solve the equations (downstream) let

g =V +E (3.8)
P = _82 o = —32 E 1 = =
so that u; = + Ep, W, = ag + &, Pick E6 Er 0 and
BC
- r ¥ 1l ,
E, = - Ty L drsssvptc (3.9)

Then (3.7) will be identically satisfied. The constant of integration C

will be determined in the matching process to conserve mass flux.
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(3.6) now becomes

2
2 @+ M) a2
3" d + ) B@ a - 2)_§_g -0 (3.10)
2 r X 2
ar ox
The boundary conditions are
- 3%
= 1
u = 3= =0 at r hl’ (3.11)

and lV@' vanishes far downstream. The matching conditions across the
rotor plane are that there should be no change of radial momentum across
the matching plame and axial mass flux is conserved. The details will
be dealt with in section 8.

For the incompressible case (3.6) reduces to V E& = 0. Analytic
solution can easily be worked out. It is more convenient in this case

to use Y where

& |
HIH
sl

I
Bx

HlH

i)
or

whence continuity is automatically satisfied. (3.7) then becomes

2 2 0 x <0
1y Y 13y (3.12)
r 2 2 r 3
dx or BC.v/!
I o EL x>0
viw,.r Jr

The boundary conditions are

Y -
. 0 at r hl' 1

and velocities remain bounded far from the rotor. The solution of (3.12)
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is

[Ny
=
[T ng!
'—l
>
P
o
a1
N
‘_I
=
o)
la]
g

p = (3.13)

where

_ BC_.v
15 ¢ (’Zﬂrwo 32 210, (0)

(I O 1) + by¥, (Agpr))

(@ O * by (g fant

Zlg(r) = 72

The eigenvalue All and phase-factors bQ are chosen to satisfy the
boundary conditions

Z (h)y=2 (1) =0
1 1%

For further details, see Ref.9.
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IV. THE 8 VARYING FLOW
In section III we have effectively written
q@x,r,0) = gg(r) + g, (1) + §; (x,7,0) (4.1)
where §1 averaged to zero over 0. We found Ei from the 6 averaged
equations.* We shall find §1 here. The governing equation may be

obtained from subtracting from (3.5) its 6-averaged part. We then obtain

(ag +v) =+, 3¢+ ” 3%
v ow v! ow
RN § 2 2, 1 0" 1_
Vo T T (g W) 5 - F e = O (4.2)
or 2
. . 20
a+ Mz) 2l . Bul . (1 Me ) 3vl _
(5] or r 06
v ow ow
_ v o111 - 1 _
MMy Cx 2500 + A 1) 5% - O

Me and Mé are the tangential Msch number of the base flow in the absolute

and relative frames respectively. From (3.2)

He-1 o9

C
v =L ol - -1
Vxg = WoT or 9 4 & Bl -0p) -390 (4.3)

P 1 = ~ 'A . =
Using g, = wyX + voe and (3.3) we can write

_q_(') = wyr Vo x T + 0(e) (4.4)

* =
Recall that 9, represents simply the extent to which the O-averaged flow
deviates from a pure free vortex type associated with 4 9 + 31’

therefore, is the present approximation to the mean flow corresponding to

the reference flows in Refs. 3 and 5.
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as can be directly verified. Then (4.3) becomes

< Lo
Vxd) =Gy

I =

1 8@ = a)) - —21?] Va x t + 0(e)

It is convenient to write

1 v B 1
L@ =-0) -3 =g5"0@ - G -5

e~ =

= $'(a)

Where primes here denote differentiation with respect to a.

(4.5)

H and S

are the step and sawtooth functions illustrated in Figure 4a and

Figure 4b. Thus

Vx§l=CP-g—1;S'(0L) Votx;:\=CI. VS x VI
Let
g =+ A
Then
VxA=CFVSxVI‘
If we chose
A=Cp S vr

(4.6) will be satisfied identically. (The other choice

A=- CF T Vs

(4.6)

(4.7)

(4.8)

only differs from our choice by a curl free vector which can be absorbed

in the V¢ part of (4.7).) Now ¢ has to satisfy (4.2).

(4.7) and (4.8) into (4.2) we obtain an equation for ¢

Substituting
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2 @+ MZ) a-u? 2

) 2
39 4 2y o) 8% | a-w 2.
3 2T r 2 862 X

r r

(4.9)

M M! 1+M
6 3% _ 3 o,
r 9x50 ¢ r + Br) (—CPS r)

where
1 = ' - —
My = vo/a0 (vo \)r)/a0

The type of partial differential to which equation (4.9) belongs

depends on the coefficient matrix

X r 6 _
x i 1 - M2 0 -M M!'/r a 0 -c
X X6
r 0 1 0 = 10 1 0
12 2
3] -M M /r 0 (1 - Me Y r -c 0 b
- . » .

The eigenvalues are

A =1 and %[(a + b) i,.!(a - b)2 + 4c2]‘

The equation will be hyperbolic, parabolic or elliptic according to
whether

(a+b) s (a-b)2 +4c2

VIA

This relation may be simplified to the requirement

> hyperbolic
2

Mo+ Mé

2

1 for parabolic equation type.
< elliptic
The LHS is just the square of the relative mach number, in analogy with

the less general result of Ref. 10. Thus we only have radiation if the
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relative mach number (including finite swirl) is greater than one. For
many practical transonic compressors (Mi + Méz) can be less than 1 down-
stream and greater than 1 for part of the radius upstream.

(4.9) reduces to McCune's acoustic equation [10] if we let v ~0.

0

The homogeneous equation becomes, in that limit,

2 2.2 .2 2 2
994 . l.§9.+._;L(l -V )§_Q.+ (1 - __JQ Myr 194 _ g
5 2 r3 2 2 2 7t a. r 3d09x

T r a, a0 * ax 0

(6 here is -6 in [10])

V. THE WAKE FUNCTION
We just seek a particular solution to (4.9). It will be called the

wake function. The sawtooth function may be expanded in Forrier series

as
5 (o) ; ) ieinBOL (5.1)
o n&l nm :
Let
b= I, i (xr)e’n (5.2)
(4.9) becomes
= 3% 2 )2,
) [—= + 2inB —33—9‘—22¢(3°‘) + inB ——]
n=1 arz 3r 2ar ¢ Br
@ +M) 3
+ = [ 5 + inB¢nar] (5.3)
a - M'2>
+ ¢ IM inB - n?8% %%
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.
2, 0 . o 2.2 .32
+ Q- Mx)cpnlaxz inB - n“B° ()]

t
_ 2 Minﬂ

r

1*“(29 5T

= (— 8 9y _ ool
¢ T + Br)I CFBr n

2,90, 90, 4 inBa
Cg;’@@?]e

2
3 2
¢n13x36 inB - n"B

. inBo
- e ]
1 nm

Il 8

with the expression for a in (2.14) the first terms in the last three
square brackets on the LHS are zero.

As we are only interested in the solution at the vicinity of the
blade, it is only neccessary to get a solution for small x. However
care must be taken to apply the boundary condition at x»©, Under the
assumption that the &akes follow the free vortex flow we have rolled
up vortex sheets at large x. Whether the wakes still follow the primary
flow after they roll up is irrelevant. We expect that the rolled up
wakes at large x do not induce any significant varying velocity distur-
bances. Then the solution obtained by combining a particular soclution
to (5.3) for small x and a solution to the homogeneous part of (4.9)
with boundary condition of vanishing ¢ at x>« (or radiation condition if
the equation is hyperbolic) will be valid for small x.

Ordering x = 0(e) and ¢n = 0(g) and neglecting terms of 0(82) (5.3)

becomes
2 2 2 12 ot
9 ¢ 1+ M) 3 1 - M v MM v
n 0 n 2.2 9 0 27x0 0 _
- .+ = 5y " O B ¢y rZ + (1 - Mi);i—-+ 3 gn(r)
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where 2
1+M v
-1
8. = o 2+ (e, &) (5.5)

(4.13a) may be simplified as

2 2 2

3¢ 1+ M) 93¢ v!

n 0 n 2 2 1 0 _
5 3 + T St - n B ¢n —-2- + —2— = gn(r) (5-4b)
r r T

The effect of compressibility only brings in the term

3 1 oT

My
T 67 %0 " ar Cr 3

The incompressible limit is

2 2
"¢ o9 v!

n,1”n 2,2, 1 0 _ 11,23 3T
32 NI T ¢n ? * 2 T onm (r + 50 (Cp ) (5.4¢)

We can get a glimpse at how the flow is set up from the RHS (the

driving term) of (5.4c). It was mentioned that [(2.15)]

3T
u ~ Cp 57

Thus

M=
fujo

RHS of (5.4c) ~ (ru)

r
which is the r derivative component of the continuity equation. What
has happened is the nonuniform spanwise loading of the blade induces a
radial velocity. The rest of the flow field then tries to readjust so
that continuity can be satisfied.

We shall first give an analytic solution for (5.4) in the limit of
Vo 0 and then describe a very efficient numerical algorithm for the

general case.
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For v + 0, (5.4b) reduces to

2
) 3¢
n, 1 'n 2.2,2 1 _
> 5+ T 5. " B BY(V" + —§)¢n = gn(r) (5.6)
o r
with gn(r) now given by
_ 1,1 3 al’
gn(r) T oam (r + Br)(CF Br) .7
3¢

The boundary condition is —5% =0 at r = h, 1. The solution is given

in terms of the modified Beasel functions.

6, (1) = T() [1EdE g_(8) K(E) + K(x) [* EdE g_(E) (&)

K' (h)1<'(1)sI - I'(h)K'(l)sK

+ Z I(r) +

I'(h)I'(l)sK - I'(h)K‘(l)sI
Z

K(r)

where

s; = 41 B g (B)IE®) s, = 1 £dE g (E)K(E)

Z=TI"(WK'(l) - K'"'(W)I'()

The I and K are the modified Beasel functions of first and second kind
I(r) = InB (nBvr) K{x) = KnB (nBvr)
d 3
' - _9 1 = -2
I'(x) = e InB (nBvr) K'(r) . KnB (nBvr)
This is identical to the wake function used by McCune and Okurounmu [11]
since v + 0 reduces (4.9) to the acoustic equation.

A very efficient numerical method to solve (5.4) for the general

case is the Alternate Gradient Implicit scheme. (See e.g. Richtmeyer
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and Morton [12].) Let us write (5.4b) as (dropping the subscript n's)

2. 1+ M
26 8 9% i}
32+ Y or "0 -8=0
r
where V'Z
_ 22,1 0
f:nB(——i-+-——2)
r T

Let k denote the iteration index and j denote the r station number.

Then to second order in &r

k+1 ,k+1

k + 1 k k+ 1
) - ¢ X + ¢, )
¢ ¢ =(¢;1 1 d>J ~ 1 7 29, )+
St 62
r
2 k+ 1 k+ 1
+(1+Mej) (¢j+l-¢j_l)-f¢k+]_‘
T 28t %5 7 85

St is a tuﬁing parameter normally set to 1. Rearranging we have

k+1 k+ 1 k+1
- A, + B, C.b, =D
J¢J + 1 J¢j J¢J h|
where 2
A, = (1 +—2L8 s¢
h r
k|
B = sr2 + (2 + fj6r2) st
(1 +M§.)
cj = (1 - er Sr) St

_ k _ 2
Dj = (¢j gjﬁt) dr



23

Then we can solve for ¢§ t1 in two sweeps as
k
¢j +1, Ej¢? I i + Fj (backward sweep)
where
A, b, + C.F, _ 1
Ej = 5T % 5 35 = EJ,_ CJEJ (forward sweep)
j i -1 h ji-1

To start the sweep the boundary condition %% =0 at r = h and 1 has to

be applied. A second order accurate finite difference approximation of

the boundary condition is

1 St starter

E, = ——————— F=_Eg-—-——-
1 1+ f16r2/2 1 1°1 2 forward sweep

2 2
_ Fn - 1(1 + fn - 16r /2) + &y - 16r /2 starter

¢n N 2 backward swee
_ P
1 En _ 1(1 + fn _ 15r /2

The scheme is unconditionally stable for f > 0 and typically con-

verges in 3 to 4 iterations.

VI. THE ACOUSTIC MODES
Let us now investigate the homogeneous part of (4.9), which is re-

peated here

2 2
M+(1+M2)_]:§Q+ (]__M'Z)_l_a__i.,_
Brz 8'r or 6 7.2 862

(6.1)

2 2
- 8¢ _ I A I E
+ (1 Mi)axZ ZMEMG r 9693x 0
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We have to remember that the M&, M, and M! are different for upstream

] 0
*
and downstream. In particular MG = Q upstream in the present study.
Often relative Mach number Mi + Méz is less than 1 downstream but may

well be greater than 1 over part of the radius upstream. Let

6 =71 ¢ elnBe + iknx (6.2)
n

n

real part implied. Then for each ¢n'

12

2_2
2 MM n“B°(1 - M.°)
390, a+vHE .y~ - K% + 2L Enmk - -0
ar2 8°r or x T r2

(6.3)
where the subscript n has been dropped temporarily for simplicity. The

boundary conditions are

-gi=o at r =nh, L. (6.4)
r
Defining
MéM nB
A= [k - ==X 5 (6.5)
r(l - MX)
(6.3) becomes
2
2 2.2 M'° + M2 -1
390 L eyl Ry 2@ -+ 222X 4 -0 (6.6
3 2 6’r 9r x 2 1 - MZ
r r .

(6.6) may be put into self-adjoint form by introducing

p=-exp ( {;r dr(1 + Mg)/r) 6.7)

N
M& is always assumed to be less than unity in the present work.
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Then

2 2 nZBz 1- Méz - Mi

(6" + ¢ pl- A" - M) - H— G 2] =0 (6.8)
r 1 - Mi

Here primes denote differentiation with respect to r except for Mé which
as before denotes the relative tangential Mach number. In order for
expansion (6.2) to be valid we must have an infinite number of eigen-
values kn and corresponding eigenfunctions ¢n. By the Oscillation
Theorem [13] this is only possible if the expression in the curly braces
is greater than zero and goes to infinity for some value of k (which
may be infinite).

Let ¢l and ¢2 be two solutions with eigenvalues kl and kz (with the

corresponding Al and AZ).

2,.2 n2B2 L- Méz ~ Mi
(o))" +pp; - (1 - M)A - =5 ( ) =0 (6.9a)
r 1- Mi
2
22 1-M" - M2
@0y +po, - @ -wa2-BE 8 X g (6.9b)

r 1 -

™

Subtracting ¢2 (6.9a) from ¢l (6.9b) and integrating the result from

r = h to 1 and making use of the boundary condition (6.4) we obtain

gl pd o, (1 - Mi) Ay = 2A) 4y + 1)) dr =0 (6.10a)
or, using (6.5)
1 M) ¢ ) (k, + k 2R ) dr = 0 (6.10b)
STopdld, (1 -M) (k, - k) + - 2% _ ) dr = .
Y 172 % 2 1 2 17 - M)z{)

All the coefficients in the differential equations (6.3) are real,

therefore, if k is an eigenvalue and ¢ the corresponding eigenfunction
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* * * *
so are k and ¢ . Let ¢l = ¢, ¢2 =¢ , kl =k, k2 =k . Then
2M)M _nB
2
Felel? a-1w) @k @k - —2E 3 ar=o (6.11)
X i T 2
r(l - M )

The Incompressible Case

In the limit of all Mach numbers - 0 (6.6) and (6.11) reduce to

2 2.2
99 13 2 _nB”
2)r2+r3r+q>[ k rz =0 (6.12)

1
2
Jpl6]® K, K ar

(6.13)

For solution to exist it is obvious that k must be purely imaginary,
k = + ia
where the upper (lower) sign refers to the upstream (downstream) flow.

This represents an elliptic field vanishing at |X| - o,

The solution can be written down explicitly in this case:

X
u inge 7P
ggAhp¢np e e x <0
¢ = -
5 d é einBe o anx x>0
np np np

dap = Unp(ap® + bop Lp Oy AN

1
Npp = & 848 (T gCv 8 + b ¥ (v £n°

b
np

- IO W/ ()
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The Y _'s are the solutions to the algebric equation
np 4
1 ] - 1 1 -_
VAN (an) Ys (anh) Y s (an) SAR (anh) 0

The induced velocity decays exponentially with no oscillation away from
the rotor. Details on obtaining the an and bnp values are available in

Reference 9.

The Case of V0 > 0

This includes the acoustic theory and the upstream part of the
present theory. There is no difference between the two for x < 0. Now
the relative Mach number may be greater than 1 locally and radiation of

sound is possible. This can easily be seen from (6.8). For if

12
)

curly braces is still positive. For a given n there will only be a

(Mi + M- - 1)>0, —Xz can be negative and the expression inside the
finite number of real k's (A's) because the first term in the curly

braces will dominate for large Az. (cf. Ref.l)

For the complex eigenvalues, we can find their real parts by (6.11).

When k;#0, (6.11) gives

Ml
£ elol?Gomns,

k,= (6.14)

1 2
[Felol®a - yar

As there is no radial pressure gradient in the equilibrium upstream flow
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*
M = Cst and M' ~ vr
X 0

vMinB
TR

X

(6.15)

Fig. 5 shows the locations of the eigenvalues in the complex k plane.
(6.3) is quadratic in k. Therefore if ky{#0 both k and k* are
eigenroots. We keep only the one with k;<0 so that (6.2) will give a
vanishing solution for x =+ - ., If k is purely real, roots will occur
in pairs. We keep only the one which gives the correct Doppler effect.
These roots are illustrated in Fig. 5. It con easily be seen ((6.3),
(6.5) and (6.15)) that the line defined by (6.15) is midway between a

pair of real k's. 1In this case of V., > 0 the solution can be written

0
down explicitly. (6.3) becomes
2.2
w1 o 2 _nR. _
T+ =0 + 90 rz]—o (6.16)
where
2? = n?BAC - K @ - ) - 2 vnBk (6.17)

The solution is
¢n B ZnB (®r)
where

z g ) = J B (r) + 2Y 5 (1)

and £ and o are the eigenvalues and phase factors required to satisfy

the two point boundary condition

Z;B (2r) =0 at r =hand 1 (6.18)

*
Recall that, in the present notatiom, M%, Me, Mé, etc. are mean value

(6~averaged) quantities.
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The eigenvalues ¢ are all real and greater than 0. However the k

obtained from (6.17) may be complex:

| 2 2
M_ nB -_!_-/J(M aB)2 - [ - @B MH)1@ - ¥D)
k= = X 5 X X (6.19)
a -

For sufficiently large %, k is always complex. This result is identical
with that of McCune [9]. Transonic resonance is also possible. For

k=0 (6.16) becomes

2.2 2 2.2
R N s =
Y 2 2
ao r

B (n§Vr) if ngv happens to be one of

0 0
the eigenvalues { defined in (6.18). McCune [10] overcame the mathema-

which has nontrivial solution ¢ = Zn
tical singularity by putting in a viscous dissipation term. There is no
need to repeat this here. By contrast, non-linear effects were used

in landing this singularity in Refs. 1 and 11.

The Downstream Flow

This is typified by a large VO' As a result, for a compressor, the
relative Mach number is often subsonic. From (6.6) it can be concluded

that A (and k) must be complex so that the boundary condition (6.4) can

gl plo 5

be satisfied. Since ki#O we can estimate k_ by (6.14)
M
|2 —%-M nBdr M'M nB
k, = X ~ X 5 (6.20)
1 2 2 - M =
[oplel” @ - M)dr r(l -M) |r=¢
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with £ at some point along the span (h,l). For many operating
COmMpressors Mé < 0 with our definition. In that case, kr < 0. Instead
of a monotonic exponential decay in the incompressible case, ¢ has an
oscillatory decay from the rotor. Comparing the estimates (6.20) and
(6.15) the main effect of the swirl is to decrease kr' Thus we have
longer waves downstream.

The solution to (6.3) in general cannot be obtained in closed form.
In the next sections we shall discuss a numerical way of generating the

approximate eigenfunctions and eigenvalues together with the matching

of the solutions upstream and downstream.

VII. SOLUTION BY GALERKIN'S METHOD

In this section we shall solve the equations (3.10) (mean flow) and
(6.3) (O varying flow) by a numerical expansion procedure. Since the
coefficients of both equations take different forms for upstream and
downstream, it is desirable to expand both the upstream and downstream
flows in terms of the same set of functions to facilitate the matching
procedure. Galerkin's method, frequently used in problem in elasticity
[14], suits our purpose. Basically the solution modes (by this we mean
the solutions to (3.10) and (6.3) with definite axial wave number k) are
expanded in terms of a complete set of functions satisfying the same set
of boundary conditions. The coefficients of the expansion are found by
making the residual orthogonal to all the functions in the complete set.
The task of solving a differential equation for eigenfunctions is thus
reduced to solving for the eigenvectors of a matrix. We also obtain the

axial wave number (which may be complex) as the eigenvalues of the matrix.
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The equations we are solving take the general form of
L(k,$) = Q (7.1)

with boundary conditions

3 -9 -
e b ) =3¢ (D =0 (7.2)
For the mean flow the operator L takes the form
oo . (M) o 22
LM(K,Q) = A 5 + ” 5;’+ (1 - x)K ® (7.3)
r
For the 6 varying flow it takes the form
e, @+ v
(7.4)
) ,  2MgM n’B (1 - m?)
+ ¢n{ k" (1 - M%) + nBk - rz }

with the understanding that MB’ Mx and Mé take different form for up-

We have also assumed that in the mean flow

(7.5)

stream and downstream flow.

8(x,r) ~ B(r)e™™
and in the 0 varying flow
$(x,1,0) ~ ¢_(r)e'PY ¥ (7.6)

We shall solve (7.1) by Galerkin's method and apply the result to

(7.3) and (7.4). Let

N

¢(r) = Q‘El azl\bz(r) (7.7)

where {%LH?, is a complete set of independent functions (they need not

be orthogonal) satisfying
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ym =Ly =0 (7.8)

Then the solution to (7.1) is given by (for every eigenvalue k)

lim N
¢ = N 5w § 3Ky () (7.9)

with the eigenvalues k and eigenvectors [ag] determined by making the
N

residue L(k» Zél agPy) orthogonal to the wj's:

N
1
{7 (Lo g2y ag¥p)¥s = 0 §=1,2,...,n (7.10)

where w(r) is an appropriate weighing function. In general (7.10) is a

matrix relation of the form

M, 5 () A (7.11)

The k's are determine to make [Mij] singular so that [aQ] is not identi-
cally zero. It can be shown that (7.9) under certain mathematical
boundedness and smoothness conditions converges (in the mean). The

convergence goes as
N
1 2
~ L7 LGk, pZiagbe)|Tdr/N

which is very fast if a suitable set {y} is chosen.
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The Mean Flow

For the mean flow let
n

¢ = Zél anwg (7.12)
(To facilitate matching, the same set of Y's should be used for both

x > 0 and x < 0.) Then the M,,'s in (7.11) become

ij
L 32y,
Mij k) = é wdr Wi ;;El +
1+ Mz) ¥
1 — 9 3
+ é wdr Wi - o + (7.13)
2 1 _ 2
+K - =
[Hwar( yf{)wiwj By, + KOCy,
where y
L a""\yj 1+ M oy,
Bij = £ wdr Wi(arz + = 3;1) (7.14a)
1 2
cij {7 wdr(1 - Mx)‘f’i‘ifj (7.14b)
T -1 2
Let A = (al,...aN). Then (7.11) may be written as C = BA = - KA
and, hence,
K= itj— (eigenvalue of C-1 B) (7.15a)
A = eigenvector of C_1 B (7.15b)

The upper (lower) sign in K are for the upstream (downstream) solution.
(It will turn out that the eigenvalues of C—l B are negative and K is
real.) Suitable normalization of a will be carried out in the upstream-

downstream matching process (Chapter 8).
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The 6 Varying Flow

The procedure is identical to the above except now not only k2 but
k is involved in the dispersion relation (7.11). We shall use mij
instead of Mij to distinguish the present from the mean flow treatment.

Let
N

o0 = 021 2 Y
(the index n denotes the nth azimuthal mode)

Then

2
n 1 9 Vig -+ Mé) Wy 4
m, . = A wdr{ 7+ - = -
J ar
2.2
-LB _ mr2
(7.16a)
2M!M
1 0 x
+ k é wdr wnjwni -
2 .1 2
k é wdr(l - Mk)wnjwni
or
n o _ 2 n n n
mij = -k ij + k Eij + Fij (7.16b)
where the D?j, Egj and sz matrices are easily identifiable from (7.16a).

The eigenvalue problem is

2 . n n n n
- + .. T F.)A =0 i=1,..
§ (-k Dij kEﬁ u)% i seesll
when A? = anj' Dropping the index n temporarily for simplicity we have

in matrix notation

(k> D+ KE+TFA=0 (7.17)
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The matrices involved in (7.17) areN x N and k appears quadratically.
Therefore we would have 2N eigenvalues for k in general. However only N
of them are retained by requiring either vanishing solutions at
]xl + © on the appropriate radiation condition.
To solve (7.17) for k, it is noted that if a suitable set of Y's
is chosen, D is going to be diagonal dominant; also D_l exists and is

well-behaved. Multiplying (7.17) by D-1

1

(—k2 I+kDptE+p?t F)A =0 (7.18)

Let

(7.19)

Then the N x N matrix equation (7.18) may be written as a N x XN matrix

equation
0 I A1 Al
= |k (7.20)
H G A2 A2
Thus
. 0
k = eigenvalues of E_I 3 (7.21)

After finding k, the eigenvector A can be solved easily. Normalization
of A will be carried out in the matching of the upstream and downstream

flow in (Chapter 8).
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VIII. MATCHING OF UPSTREAM AND DOWNSTREAM FLOW

The matching conditions are

0+
[u]o_ = 0, no radial force (8.1)

[pw]gt = 0, mass flux conservation (8.2)

The difficulty of the matching lies in the fact that, because of
the strong swirl, the downstream duct modes are different from the up-
stream modes. Mode by mode matching is no longer possible. For each
radial position, all the modes are added up to satisfy (8.1) and (8.2).
Say if we limit ourselves to N 6-modes and P radial modes, then (8.1)
and (8.2) furnish 2 x N x P simultaneous algebric relations between
the 2 x N x P amplitudes. The details of the mixed mode matching go as
follows. Let

P =Py + f1

where Pg is the density corresponding to the base flow (2.12) which is
different far upstream and downstream, then (8.2) becomes

[(pg + 0y (g + WIS =0 (8.3)
(We shall use 0-, O+ and u, d interchangeably.) In our model of the
base flow we have assumed a jump of tangential velocity across the
x = 0 plane (actuator disk). There must be a corresponding jump in
radial pressure gradient to supply the neccessary centrifugal force.
Hawthorne and Ringrose [8] pointed out that this pressure variation will
further yield a modification of the radial density profile and therefore
a redistribution of mass flux. Hence radial flow will occur even if
the far downstream flow is of free vortex type. Since the’observed
radial flow is small we can assume the difference of the two 0(1)
quantities to be

(P g — (P¥p)y = 0(8)
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Then, to 0(), (8.3) can be written as
d

Taking the 6-average of (8.4) yields

- - d
[powl + P1% + pOWO]u 0 (8.5)
and the difference of (8.4) and (8.5) gives the corresponding matching
condition far the perturbation flow:

L o~ .d
Since we have so far only calculated the velocities, the presence of the
density perturbations Bi and 51 in (8.5) and (8.6) are not very
convenient. However they can be eliminated via the energy equation
(isentropic flow has been assumed throughout)
1 2

CT+34a =CrT

plt (along stream line)

or

2

- 1 1/y - 1
o = p (- L5E /Y
t 2 a 2

t
where the subscript t denotes total (stagnation) quantities. Taking the
logarithmic derivative and remembering that Tt is independent of r for

uniform axial flow and/or for free vortex flow, we have

dp _ - gdq
Pal - (v - Da/2

Replacing dp by p;» P by pys q by qg and dq by q;

_ Pl t8)  Pp bt Y. 9 -4 2
o, = - - zop 2Ly (8.7)
1 2 _1;_1_ 2 aZ 0 W2 X

ax z Yo 0
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8 averaging (8.7) we obtain

-~ 2 "
- "M Poqw (8.8)
0
The mass flux matching condition for the mean flow is therefore
@ -M) o +ow.1%=0 (8.9)
x’ 7071 00'u
The 6 varying part of (8.7) is
~ ~ ~ 2
Py = = Mi po(wowl + vovl)/w0 (8.10)
Hence the mass flux matching condition for the O-varying flow is
11 -2 o W fa, - MM o ¥ fu 1% =0 (8.11)
x* Y0 "1°70 x0 "0 "1'"70'u ‘
The Mean Flow
The O-averaged velocity perturbation is given by
q; = VO +E (8.12)
where
0 3 x <0
E= (8.13)
(E0+c)§ ;x>0
BC V!
_ ' ,r 03l
B~ Zme h T 3c 9T (8.14)
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and C is the constant of integration in (3.9). According to the

Galerkin procedure

pr Ku
Z?I ZII\I a%_ ¥ (r)e L Z]f\l ZN Nucxd ¥ (r)e pX x <0
$_ P=1 121 “ep "y p=l =1L TpT g
o N N de de (8.15)
L, (& Yore? = 3 o ndad v Py
p=1 121 aep pre T opEl % > % Wr)e x>0

where the same ¥ ¢'s are used for both upstream and downstream. The
coefficients of expansion are expressed as Npa where the o p's make
up the unnormalized eigenvector discussed in the last section; the
Np's provided their normalization. (p indexes the eigenvectors and %
the components of each.)

We shall pick the normalized ZO(AZr) (which satisfy the boundary

conditions) as our expansion functions lpz(r):
ZO(Agr) = [Jg(Ar) + by Y (A1) 1/
Ny = /1 r[J. (Agr) + byY.(Apr)]2dr
g ={ oA 2¥5 (g
i‘(Z(>\r))=0 at r=h,1
or ““o‘\"*4

This choice turns out to satisfy exactly the differential equation for
® upstream [see also (3.13)] and hence saves the labour of solving the
matrix eigenvalue éroblem upstream.

However the set Z0 is not complete unless we include a constant.
This manisfests itself as the constant of integration in (3.9) and re-

presents a net mass flux.
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From (8.1) we have

LL N

u
=3I N 8.16
i e “ep T 5B (8.16)

u d
: o
&P P 9P

d
2P
Substituting the various expansions into (8.9) we obtain

2 d
I MIX)p0 7 N o 1 u

= d 2
I N0 ¥ KT = = Iegwgly = (L= M)p0) (B + € (8.17)

By using the same Y's for the upstream and downstream solutions we
have been able to carry out the matching of the radial velocity (8.16)
without difficulty. However in the matching of the mass flux (8.17) we
get on each side of the equality a product of Wz(r) and po(r) with
different radial dependence upstream and downstream. Therefore we have
to reexpand both sides of (8.16) in terms of a common set of complete
functions Czk(r) before we can compare the coefficients. It is
convenient to use the same set of ¥'s for the i;?s so that orthogonal
relations can be used wherever possible. Upon substituting (8.16) into
(8.17) the problem can be cast in the form of the following matrix

equation for [Ng]
(fa_11b_ 1 +%[cal % =1[g]-%IC] (8.18)
o mp~  mp f ""mp p m f '"m

where [] represents an N x N matrix or an N vector depending on the
number of subscripts its element carries. We have assumed that the re-
expansion is also carried out to N terms so that (8.18) remains an

N x N system and thus does not become over or under determined.
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The definition of the various terms in (8.18) are:

u 2, u_u d
a - CMX) )DO K amp

Y]
]

n
_ d d
bmp - QJE 1 qm,Q Kp CX,Q/ P

1 2
a = £ (@ -M)p ¥y ¥ dr
1 2
c, = ﬁ (1 - Mx)po)drwmdr
n
a = d 4 4

L. o
P =1 Typ BQ, Kp

B
2

Al a - Mi)powﬁ)drdr

B = £ 10 - Do E)  + Togugl? } r¥ ar

[
It

- M) 0E) g + [0gw, 4} rar

Hh
|

_ 1 2
é (@ - M)p,)xdr

Finally the constant of integration in (3.9) is

1 d d .d
C=-—(e+ZY N K B
F O+ IEN, o K By)

The 6-varying Flow

The procedure is exactly the same as the previous one except we
have to carry another index n to denote the 6 modes. From Chapter 4
) x <0

g4 = (8.19)
V¢ + CpSVT x>0
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o =0, +d,

ooo inBIOL x<0
$p = L. 1 Rn(x)e (8.20)
n=1
x>0 .
The Rn's are the particular solutions (wake functions) to (5.4). The

method by which they are calculated numerically is described in Chapter 5.

In addition,

N N
5 5. g% ¥ inB6 ik _ x %<0
n2l %81 p=1 “nyg o € €
d)h = (8.21)
N N )
‘ u inB6 ik x
w1 &1 pE1 gy Vo @ x>0

where the Galerkin expansion in Chapter 7 has been carried to N terms.

Applying the matching condition (8.1) we have

u ! d ' Lo Cr o
nzszzp % op wnl = n%p an»jzp lPnfz,-'- n§1 1(%1 - ?ﬁ"a?) (8.22)
Cl'- ¥ )
(Rn - = ry = R;l anLan, (8.23)
Then
L, (a -a )Y=1ib rereo (8.24)
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The mass-flux matching (8.11) becomes

2 u
[ = 1D00/Mg] b s b 1 kS

_ w2 d d . .d ®
= [(1 Mk)po/wo] H§P ahlp wnﬂ i knp + ng 1R (r) (1nB) -

d d X ®
—[pOMXMe/wo] nﬁp anlp wn% inB + nél i R (r)( )(1nB)
(8.25)
This can be written as
(x) = 7 & (r) + 3 1g (0 (8.26)
n&p an nﬁp nﬁp %hip nlp :

where

Fagp () = [ = MDpgk /wg1%y o ()
£0, (™ = [((L - M)pgk =~ oo McnB) /v 1% (o)
nip x’ P0*np 0'x 6 0" "n&
8, (1) = [og(22 (1 - 1) - 12, &%) 1%mBR (o)

Reexpanding these functions in terms of a complete set xm(r) to N terms

we have
N
u,d _ u,d
fnzp = nzl anpm Xm(r) (8.27a)
N
8, = mE1 Sam Xp(®) (8.27b)

(8.26) becomes

u u d
nlgm ::11_1'QP bnﬂpm Xm(r) nﬁpm nlp n%pm xm(r) + Z 1c Xm(r) (8.28)
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For each m and fixed n we equate teh two sides of (8.28) and get N

relations. They are

n Lu .4 .4 m=1,2,...,N
l’g an!&p bngpm = 2% anzp bnzpm + i o (8.29)

For each n, (8.24) and (8.29) provide 2N normalization conditions for the

2N eigenvectors [aLl ] and [ad l. Let Nu,d be the normalization constant
np ngp np

amd [a;;g] be the unnormalized eigenvectors for the [mij] matrix in

section 7.

u,d _ u,d u,d n=l,...,®

a =N o, =1,...,N (8.30)
nfp np % p=1l,...,N
(8.24) and (8.29) become
st o = nd W4, 41 2=1,...,N (8.31)
P np nfp P np nlp nt 2o

u u u d u d . _
Q,Z’p an O‘n,Qp anpm 52% an O"n!lp bn fpm + 1 ¢ m m=1l,...,N (8.32)

In matrix notation we have, for each n

d u .
[og g1 oy )] v, ] [ib ]
u d d = (8.33)
Brmp]  TBomp] L] He ]

where
Bmnp = 79' anl@ bn fom
From (8.33) we can solve for N;l’)d easily and (8.30) furnishes the

coefficients for (8.21).
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IX. NUMERICAL CALCULATION
The following gives some of the details of the calculation pro-

cedure. Results are presented at the end of this section.

(i) Parameters of the Calculation

The inputs to the computation are: the number of blades B, the hub
to tip ratio h, the axial Mach number far upstream Mx_m, the rotor
speed v, the average loading per blade CP and the loading profile T'(r).
All quantities are nondimensionalized as discribed in section 2. The

loading profile we choose is

h
h

I(r) =1- €Cos (T—¢ ™

where € is a small parameter of about 0.1 ~ 0.2. Note that T has zero
derivatives at the tip and hub radii.

Instead of v and CF it is sometimes more convenient to specify

the blade tip Mach number MT and the total pressure ratio Pt /Pt . They
2 1

are related by

o

VB
2

t
2— -
}5’;—-(1+Miw(Y 1)

Cr)y/y -1
m

et

(ii) The Base Flow

The base flow from which perturbation is made consists of a uniform
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axial flow upstream of the actuator dish and a free vortex flow with
constant axial velocity downstream. Each can be shown to be a self con-
sistent flow field in the applicable region.

Let the upstream and downstream quantities carry subscripts 1 and

2. For a given density Py and velocity Lo upstream, the downstream

axial velocity is

w2 = <p.,> (9.1)

where

D> =g (9.2)

The value of <p2>-is obtained through the Euler turbine equation and the

isentropic relation.

a
(_292 =1+ -1 a- WZ - VZ) + y-1 v (9.3)
a : 2 2 2 2
1 1
P2 Fafy -1 (9.4)
5T (;—)
1 1

where a is the velocity of sound and v the 0 velocity. <p§> is obtained
by substituting (9.1) into (9.3) and solving the system (9.2), (9.3)
and (9.4) by iteration. The result of some cases under study is shown

in Figure 6.

(iii) 'The Mean and 6 varying Flow

The precedures outlined in the previous sections are straightfor-

ward but tedious to carry out. The wake function calculated by the
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mentioned implicit alternate gradient method converges very rapidly.

In the Galerkin expansions normalized Bessel functions are used with
weight equal to . These Bessel functions are chosen to have vanishing
derivatives at hub and tip and to satisfy the differential equations for
the upstream flow. (This is the reason why they are used.) Orthogonal-
ity is used whenever possible to reduce the labor of computation.

The only difficulty comes in the upstream and downstream matching
of the 6 varying part of the perturbation flow. With our model, velo-
cities become singular at the lifting line. The singularity manifests
itself as a failure of convergence of the Fourier expansion of velocities.
For example with velocity potential

_ inB0 ik x
¢ = %g anp ¢np e e mp

The 6 velocity component at the lifting line is

= = = _iAB_
1(x = 0,r,8 = 0) g% anp r ¢np

In general the above sum over n diverges.

Theoratically it is still possible to apply the matching condition
to the divergent series and obtain meaningful wvalues for the an's. This
was done for the small swirl case in [11l] and for the incompressible
rectilinear cascade in [3] by requiring the correct singular behavior
at the lifting line. In those work, however, such a step is possible
analytically because the mode shapes are the same for both upstream
and downstream. In the strong swirl case studied here, the mode shapes
are different for upstream and downstream. The mixed mode matching of

the singular velocities is not so straightforward. Direct application
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of the procedure outlined in section 8 yields series that do not con-
*

verge (at least numerically). McCune pointed out that the matching

condition (8.2) is an indirect specification of the correct singular

behavior of the velocities at the matching plane. The following re-

placement may be more appropriate

C. B
o+ _ T _ _ B,
[vido- == (& 88 - 0) - 57 (9.5
=g, 2r 4m
8, = 0, T F »ee-

(9.5) and (8.2) are shown to be identical in the incompressible recti-
linear cascade calculation [3].

For the time being we avoid this problemT by addressing ourselves
only to the calculation the total deflection angle. In this case the
acoustic modes have all decayed away at the Trefftz plane. The pertur-
bation potential there is then given by ¢w alone in (8.20). The wake
induced velocities which modify the deflec;ion angle are given by V¢W
at o = 0. (We have neglected here the effect of the upstream acoustic

radiation, if any, on the incoming flow direction.)

(iv) Numerical Results

Figures 7 to 9 show the total deflection angles for different

* J. E. McCune, Private communication 1976.

T Study of the method of determining the correct Fourier coefficients of
the divergent series is underway. These coefficients are important
for determining the upstream acoustic radiation spectrum in the
presence of strong downstream swirl.
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blades and loadings. The mean solution takes into account the
g-averaged contribution of the wakes (associated with £#0) and the 3D
solution includes also the contribution from ¢W. As expected the effect
of the wake generally is to try to "bend" the loading profile towards

a free vortix profile.

Fig. 10 shows the axial decay rate of the 0-averaged flow induced
by the wake. That the magnitudes of the downstream decay rates are
smaller than those of the corresponding upstream radial modes is due to
the Prandtl Glauert effect. Fig. 1l shows the axial complex wave
number of the three dimensional perturbation velocities. The downstream
values are all complex as the flow is subsonic there in the examples
taken. To each azimuthal mode m, there correspond a finite number of
upstream pur]leyreal wave numbers. These are the acoustic radiating
modes (modes above cut—off).

Fig. 12 shows the deflection correction AD due to the three
dimensional part of the perturbation velocities for a rotor of fixed
total pressure ratio as a function of rotor speed. The decrease in AD
here is artificial because as we run up the rotor speed v the loading
per blade decreases ~1/v if the pressure ratio is to remain constant.
The strength of the shed vorticity also goes down by l/v. Fig. 14
shows AD verses rotor speed for a rotor of constant work per blade so
that the pressure ratio increases as the rotor speed increases. It is
found that AD still decreases as speed increases. This is because the

angle the wake makes with the axial direction increases as V increases.
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The annulus averaged downstream density
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Axial decay rate of mean flow solution for the first 6 radial modes
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30 Deflection angle correction VS MT
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