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Doctor of Philosophy in Economics

Abstract

The thesis consists of three essays on how macroeconomic policy can be an impor-
tant determinant of risk premium and how variations in risk premium may affect
macroeconomic policy.

Unconventional monetary policy represents a main example of how the transmis-
sion of macroeconomic policy is mediated by movements in risk premium. In the
first essay, I examine how unconventional monetary policy affects asset prices by
reallocating risk in the economy. I consider an environment with heterogeneity in
risk tolerance and limited asset market participation. Risk-tolerant investors take
leveraged positions, exposing the economy to balance sheet recessions. Limited asset
market participation implies the balance sheet of the central bank is non-neutral.
Unconventional monetary policy reduces the risk premium and endogenous volatil-
ity. During balance sheet recessions, asset purchases boost investment and growth. In
contrast, during normal times, the expectation of future interventions reduces growth.
Leveraged institutions respond to the policy by reducing risk-taking relatively more
than risk-averse investors. As risk concentration falls, the probability of negative
tail-events is reduced, enhancing financial stability.

An important determinant of entrepreneurial activity in developing countries is
the amount of risk the entrepreneur must bear. The second essay, joint with Robert
M. Townsend, analyzes the risk-taking behavior of entrepreneurs. Using data from a
survey conducted in villages in Thailand, we document substantial heterogeneity in
entrepreneurial activity. The fraction of net worth invested by entrepreneurs in risky
activities decreases over the life cycle. Consumption-to-wealth ratio is U-shaped,
being high for young and old entrepreneurs. We propose a model that captures both
the life cycle patterns and limited idiosyncratic insurance observed in the Thai data.
An expansion in idiosyncratic insurance will reduce the idiosyncratic risk premium,
increasing the proportion of wealth invested in risky activities and aggregate output.
However, as the return on the project falls, entrepreneurs accumulate less wealth,
reducing their welfare in the long-run.

The third essay studies the optimal response of fiscal policy to a risk premium
shock when a country is in a currency union. In the context of an open economy New
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Keynesian model, I show that the government should not deviate from the optimal

provision of public goods at an attempt to stabilize the economy. A consumption tax

is used to lean against the wind and reduce the real interest rate in the presence of

a positive risk premium shock. A VAT tax allows the government to independently
influence the terms of trade. Optimal fiscal policy has the property of being revenue-
generating. Therefore, there is not necessarily a trade off between stabilization policy
and fiscal consolidation.

Thesis Supervisor: Robert M. Townsend
Title: Elizabeth & James Killian Professor of Economics

Thesis Supervisor: Ivdn Werning
Title: Robert M. Solow Professor of Economics
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Chapter 1

The Risk Channel of Unconventional

Monetary Policy

1.1 Introduction

Unconventional monetary policy has been at the center of policy debate since the

onset of the Great Recession. The policy consisted of large-scale asset purchases

(LSAPs) in an attempt to compress risk premium and ease credit conditions.1 Given

the unprecedented character of such policies, the transmission mechanism of LSAPs as

well as the potential side-effects of these policies remains a source of debate. What is

the effect of different "exit strategies"? Does unconventional monetary policy induce

more risk-taking in the financial sector? Can the expectation of future interventions

affect the economy even after the central bank unwind its portfolio? In this essay, I

provide a framework for the analysis of the transmission mechanism of LSAPs which

allow us to address these questions.

I propose a risk channel of unconventional monetary policy. This channel oper-

ates through changes in the supply of risk to marginal investors, resulting in changes

in risk premium and ultimately affecting risk-taking and economic growth. Key for

'See Fawley and Neely (2013) for a detailed discussion of large-scale asset purchases by the
Federal Reserve, its motivation, and the comparison with the experience of other central banks.
LSAPs is typically referred to as quantitative easing.
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my results are two forms of heterogeneity: differences in market access and, among

market participants, differences in risk tolerance. Limited asset market participation

is important to guarantee that changes in the central bank balance sheet have real

effects. Heterogeneity in risk tolerance will lead to a countercyclical aggregate risk

aversion, exposing the economy to balance sheet recessions, i.e., a drop in asset prices

and growth associated with a weak balance sheet of (risk-tolerant) financial interme-

diaries. In this context, LSAPs can be used to counteract the effects of balance sheet

recessions, with consequences to portfolio and savings decisions of investors.

The environment consists of a stochastic growth model in continuous-time with

heterogeneous agents. The economy is subject to limited asset market participa-

tion and market participants have heterogeneous preferences. Market participants

(investors) can trade without any frictions while non-participants simply consume

their endowment plus any transfers from the government. A group of relatively risk-

tolerant investors (financial intermediaries) obtain short-term funding from a group

of more risk-averse investors (savers) to finance risky investments.2 The central bank

invests in risky and riskless assets (reserves) and rebates the proceeds of the invest-

ment to non-participants according to given policy rules. In order to isolate the role

of the risk channel, I abstract from features present in other theories of LSAPs, like

liquidity frictions in the financial sector, limited commitment by the central bank,

or a special role for the central bank's liability.3 Importantly, even in the absence of

these features, asset purchases by the central bank can have real effects.

In the first part of the essay, I show the laissez-faire economy is subject to balance

sheet recessions. The main feature driving this result is countercyclical aggregate

risk aversion. Given the high demand for safe assets from risk-averse savers, financial

intermediaries issue riskless assets and invest in risky assets. Financial intermedi-

aries will expose themselves to risk-mismatch as their assets are riskier than their

liabilities. After a negative shock, their share of wealth will fall, increasing the aver-

2 Intermediaries rely on short-term borrowing to finance risky investment. They should be inter-
pret as leveraged institutions in general, like commercial bank, investment banks, and hedge funds.
Savers correspond generically to funding institutions. Gertler et al. (2015) in a related setting focus
instead on the distinction between retail and wholesale banks.

3I discuss the alternative theories in more detail in the literature review at end of this section.
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age (wealth-weighted) risk aversion. A countercyclical aggregate risk aversion implies

that risk premium rises and the interest rate falls after a negative shock. The increase

in risk premium will depress asset prices and ultimately will reduce investment and

growth. Heterogeneity in risk-tolerance is key for this result. Under homogeneous

preferences, intermediaries and savers would choose the same exposure to risk and

their relative wealth position would not respond to shocks. The economy would jump

to a balance growth path with no variation in returns or investment. Brunnermeier

and Sannikov (2014) and He and Krishnamurthy (2012) obtain balance sheet reces-

sions in a setting with homogeneous preferences by limiting trade in aggregate risk.

Di Tella (2012) allows for aggregate risk sharing, but a balance sheet channel only

arises in the presence of idiosyncratic uncertainty shocks and moral hazard frictions.

Preference heterogeneity allows me to keep the tractability of Brownian investment

shocks without imposing any restriction on the ability of investors to trade aggregate

risk.

The assumption of limited asset market participation is crucial to guarantee

LSAPs can affect asset prices. Under full participation, a result akin to Modigliani-

Miller/Ricardian Equivalence holds, and investors will exactly offset any changes in

asset holdings of the central bank.4 The assumption of limited participation cap-

tures the fact that the central bank intervened in relatively sophisticated markets,

like MBSs, which are not readily accessible to everyone. As the central bank rebates

the proceeds from its investment to workers, less risk will be held by the marginal

investors, affecting asset prices.

I follow the tradition in the analysis of conventional monetary policy, and I specify

the policy instruments of the central bank by policy rules. In particular, the portfolio

of the central bank is a function of the balance sheet position of financial intermedi-

aries. I focus a rule where central bank intervenes only when financial intermediaries'

balance sheet is sufficiently weak, i.e., when aggregate risk aversion is high and asset

prices are depressed.5 This corresponds to an unconventional Greenspan's Put, where

4Wallace (1981) was the first to derive such neutrality result. Eggertsson and Woodford (2003)
derives a similar result in an economy with sticky prices.

51n parallel work, Silva (2015), I discuss the determination of optimal policy in a two-period

17



instead of easing conventional monetary policy when asset prices are low, the central

bank expands its balance sheet in states where asset prices are depressed. Given

the specification of the policy rule, I solve the model numerically and calibrate it to

US data. To capture the nonlinearities involved in movements in risk premium and

in risk-taking of investors, it is important to use global solution methods instead of

local approximations around a steady state. One advantage of the continuous-time

setting is to allow for an effective solution method. The equilibrium can be obtained

as the solution to a system of partial differential equations (PDEs) in the two state

variables: the share of wealth of intermediaries and of the central bank.

Asset purchases by the central bank reduce the risk premium. LSAPs reduce

the net supply of risk to investors, so in equilibrium a smaller return per unit of

risk (Sharpe ratio) is required to clear the market. Endogenous volatility also fall

in response to policy, so risk premium falls. Interest rates rise due to a combination

of two effects. First, as the purchase of risky assets is financed by an increase in

reserves, a higher interest rate is required to induce investors to hold the larger supply

of safe assets. Second, as the intervention reduces volatility, investors have less of a

precautionary savings motive. Importantly, this effect is present even when the central

bank is not currently intervening. The expectation of intervention during crises reduce

savings in normal times. In equilibrium, investment will fall to accommodate higher

consumption. Hence, expectation of future intervention will reduce economic growth

in normal times.

One concern with unconventional monetary policy is that it could create financial

stability risks. In contrast, I find no support for such concerns. I identify two effects

of LSAPs on the concentration of risk in the hands of financial intermediaries. First,

a hegding effect. Since returns are countercyclical, intermediaries tilt their portfo-

lio toward states with high returns, i.e., they hedge variations in returns. After the

intervention returns are less countercyclical. In response, intermediaries tend to in-

crease exposure to risk, given the weaker incentive to hedge. This argument is in line

setting. I introduce a moral hazard friction in the financial sector, and find the optimal policy would
balance the pecuniary externality with the limited participation problem. Optimal policy would
limit variations in price, similar to the effects of the policy proposed here.
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with the concerns of critics. However, I identify a second effect, a return sensitivity

effect. Since intermediaries are more risk tolerant, they are also more sensitive to

returns. As the central bank compress returns, intermediaries are the ones with the

stronger incentive to sell assets to the central bank, reducing their exposure to risk

relative to savers. I find the return sensitivity effect dominates, reducing the concen-

tration of risk in equilibrium. Endogenous volatility is related to the concentration

of risk. LSAPs will reduce endogenous volatility and, in the stationary distribution,

the probability of large drops in asset prices and growth.

Another source of debate was the role of different exit strategies. I capture the

effect of (state-contingent) exit strategies by comparing two policy rules that are

identical in states where the balance sheet of intermediaries are weak, but the policies

differ as the economy recovers. Perhaps surprisingly, I find that the policy rule where

the central bank sells more aggressively as the economy recovers, the "early-exit",

amplifies the effects of LSAPs during crises. The intuition for this result is that

returns are less countercyclical under the early-exit policy, inducing intermediaries to

take more risk. Given the higher demand for risk, the market price of risk falls by

more under early-exit.

I consider two additional issues: the effectiveness of LSAPs and its impact on the

term premium. I find the marginal effect of the policy is higher when intermediaries

have a weak balance sheet. The reason is that in those states savers have a greater

weight in the demand for risk. Since savers are relatively insensitive to returns, the

risk premium falls by more to induce them to sell their assets. The marginal effect

increases with the size of the intervention. This suggests that measuring the effect

of the policy when the intervention is still small will not capture the impact of the

policy after it is scaled up. I also consider the effect on long-term bonds. Since bonds

increase in value after a negative shock, they act as an insurance. Since LSAPs reduce

endogenous volatility, the demand for insurance falls, rising the term premium and

reducing the price of bonds. Hence, the policy will have a differential effect on assets

depending on the relative importance of term and risk premium to price that asset.

Literature review. This essay is related to several strands of the literature in
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macroeconomics and finance. A large literature evaluates empirically LSAPs (Gagnon

et al. (2011), Krishnamurthy and Vissing-Jorgensen (2011), D'Amico and King (2013),

Greenwood and Vayanos (2014), see Joyce et al. (2012) for a survey). The main

conclusion of these studies is that unconventional measures affect asset prices, even

though there is a debate about the precise mechanism. Several channels have been

proposed in the literature, e.g. a liquidity channel (Gertler and Kiyotaki (2010),

Del Negro et al. (2011), Curdia and Woodford (2011); Gertler and Karadi (2011,

2013), Williamson (2012), Aradjo et al. (2015)), a signalling channel (Bhatarai et al.

(2014), Berriel and Mendes (2015)), an asset scarcity/safety premium channel (Krish-

namurthy and Vissing-Jorgensen (2012), Caballero and Farhi (2014)).6 The liquidity

channel emphasizes the role of the central bank in performing intermediation when

banks are liquidity constrained. The signaling channel corresponds to the effect of

changes in the portfolio of the central bank on the expectation of the path of future

interest rates. Asset scarcity theories emphasize the special role of the central bank

liability as a safe asset. My research focus on a risk channel of unconventional mone-

tary policy and shows how the balance sheet of the central bank have real effects even

if banks are unconstrained, the central bank has full commitment, and its liability

plays no special role.

This essay is related to the literature on the macroeconomic effects of shocks

to balance sheets of firms and banks (e.g. Holmstrom and Tirole (1997), Bernanke

et al. (1999), Adrian et al. (2010), He and Krishnamurthy (2013), Brunnermeier and

Sannikov (2014)). In contrast to this literature, I assume intermediaries can trade

aggregate risk without frictions. Di Tella (2012) adopts the same assumption, but

balance sheet recessions arise by a combination of idiosyncratic uncertainty shocks

and strong income effects on portfolio choice. In his setting, experts tilt their portfo-

lio toward states with low returns, as those states require more resources to achieve

a given utility level (an income effect). Since idiosyncratic returns decrease after a

positive shock, experts have an incentive to take more risk, explaining why risk is

'A related literature looks at how quantitative easing can potentially affect the solvency of the
central bank (see Hall and Reis (2013), Reis (2015)).
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concentrated in his model. In my setting, balance sheet recessions arise due to differ-

ences in risk aversion, regardless of whether income or substitution effects dominate

on portfolio choice.

A recent literature has considered the impact of monetary policy on financial sta-

bility and intermediaries' risk-taking. Diamond and Rajan (2012) and Brunnermeier

and Sannikov (2015) illustrate how the expectation of central bank intervention can

induce banks to take more risk. I show that unconventional monetary actually reduces

the concentration of risks in intermediaries, despite the "stealth recapitalization" of

banks generated by this policy.

An old literature emphasized the role of portfolio balance effects (Gurley et al.

(1960),Tobin and Brainard (1963), Tobin (1969), Brunner and Meltzer (1973)). The

key assumption of this literature was that assets are imperfect substitutes (usually

for unmodelled reasons), so the central bank can affect the return of different assets

by affecting their relative supply. I explore a similar mechanism, with risk being

the source of differentiation, and emphasize that limited participation is needed in

addition to imperfect substitutability.7

My analysis is also related to the literature on the effects of limited asset market

participation. There is a long tradition of models of limited participation to study

conventional monetary policy (Grossman and Weiss (1983), Rotemberg (1984), Al-

varez et al. (2002)). I follow this tradition and study unconventional monetary policy

by considering a tractable form of limited participation. A different literature fo-

cused on the effects of limited participation on risk premia and volatility (Mankiw

and Zeldes (1991),Allen and Gale (1994), Basak and Cuoco (1998),Brav et al. (2002),

Guvenen (2009)). Limited participation plays a different role in my analysis than

in this literature, as it allows for real effects of changes in the central bank balance

sheet, instead of acting as factor contributing to the concentration of risk on market

participants.

A different form of limited participation appears in preferred habitat models.

7See Andras et al. (2004) and Chen et al. (2012) for attempts to incorporate portfolio balance
effects into modern DSGEs.
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Effects of bond purchases by the central bank are usually interpreted using such

theories. Vayanos and Vila (2009) provide a formalization in a setting with risk-averse

arbitrageurs and investors that invest only in specific maturities of bonds and explore

the implications for bond premia. In contrast, I emphasize that bond purchases can

affect bond prices even if market participants trade in all maturities. Chien et al.

(2012) provide another example of limited access to financial markets, where a set of

investors does not rebalance their portfolio frequently.

Methodologically, my research draws on the asset pricing literature on heteroge-

neous investors (Constantinides (1982), Dumas (1989), Wang (1996), Chan and Kogan

(2002), Gones and Michaelides (2005), GArleanu and Pedersen (2011), Longstaff and

Wang (2012), GArleanu and Panageas (2015)). My work is close to the papers by

Drechsler et al. (2014) and Barro and Mollerus (2014). Both papers adopt Epstein-

Zin preferences and follow Longstaff and Wang (2012) in modeling intermediaries

as (relatively) risk-tolerant agents. Barro and Mollerus (2014) study the creation

of safe assets but abstracts from limited participation, so the government's balance

sheet position is neutral. Drechsler et al. (2014) study conventional monetary policy

by assuming a special role for the central bank liability. I assume perfect substi-

tutability between intermediaries' and central bank's liability and focus instead on

unconventional monetary policy. 8

Layout. The remainder of the essay is organized as follows. Section 1.2 presents

the baseline model, and section 1.3 describes the characterization of the equilibrium.

Section 1.4 discuss the effects of LSAPs during a balance sheet recession. Section 1.5

shows the impact of policy intervention to financial stability and section 1.6 discuss

exit strategies. Section 1.7 presents the extensions: a discussion of the effectiveness

of unconventional monetary policy, and the effects of policy on the term premium.

Section 1.8 concludes.

8Caballero and Farhi (2014) study QE in a setting with risk neutral and infinitely risk aversion
investors and where the central bank's liability plays a special role as a safe asset. Gennaioli et al.
(2012) adopts a similar setting to study financial innovation.
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1.2 The Model

I consider a continuous-time stochastic growth model with two goods, consumption

and capital goods. The economy is populated by final good producers (firms), two

types of market participants (savers and financial intermediaries), non-participants

(households), and a government (central bank). Final good producers use capital to

produce output subject to investment adjustment costs and finance their operations

by issuing state contingent liabilities. Investment technology is subject to aggregate

shocks. Financial intermediaries (or simply "bankers") and savers trade in dynami-

cally complete financial markets.' The distinguishing feature of financial intermedi-

aries is that they are relatively more risk tolerant than savers. Non-participants, or

simply households, do not have access to financial markets, i.e., they consume their

income plus any transfers from the government. The central bank invests in risky

assets financed by its own net worth and riskless reserves. The central bank rebates

the proceeds from investment to non-participants. Central bank risk exposure and

rebates are defined by policy rules.

In the remainder of this section, I discuss the decision problem of each agent in

detail and define the competitive equilibrium. Aggregate conditions are summarized

by the vector of aggregate state variables Xt to be explicitly defined later on.

1.2.1 Final good producers

Firms use capital to produce final goods according to the linear technology

Y = AKt (1.1)

Capital evolves according to the law of motion

dK= gdt + cdZt (1.2)
K,

9By an abuse of terminology, I use the expression to mean that dynamic trading spans aggregate
risks. I later introduce idiosyncratic mortality shocks that are not spanned by financial markets.
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Capital grows at the expected growth rate gt. In order to achieve a given growth

rate gt the firm must invest t(gt)Kt, where i.'(.) > 0, i"(-) > 0. This captures the

presence of adjustment costs for capital. Importantly, capital accumulation is subject

to investment shocks with volatility a. 10

Firms pay output net of investment as dividends to its shareholders:

Dt = AKt - t(gt)Kt (1.3)

Firms will choose investment to maximize the expected discounted value of divi-

dends. Firms discount future dividends using the state price density 7t. The evolution

of 7r, can be written as

7rt

where rt is the instantaneous interest rate and 77t is the market price of risk.

The state price density, interest rate and the market price of risk are all functions

of the aggregate state variable Xt,: r, = ir(X,), rl, = r(X,,), and j, = (Xt,). These

functions will be determined in equilibrium.

The problem of the firm can then be written as

St = max Et j -Dods (1.5)
9 , t 1rt _

subject to (1.1), (1.2), (1.3), (1.4) and Kt > 0.

A version of Hayashi's (1982) hold in this environment, so the value of the firm

can be written as St= qKt, where q, = q(X,,) evolves according to

dqt
q1 = ptQ,tdt + q,tdZt,

where pU,t and rq,t will be determined in equilibrium.

The return of holding claims in the firm is given by the dividend yield, D, plus

10Investment shocks have been identified by the DSGE literature as a main driver of business
cycles fluctuations. See Justiniano et al. (2010).
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capital gains, St

dRt = (gt)+ , + 1 + Ut dt + (a + Uq,t) dZt
q, +

0
R,t

1
1
R,t

Notice that the volatility of returns has an exogenous component (a), due to the

volatility of investment shocks, and an endogenous component (aq,I), due to endoge-

nous variations in qt.

1.2.2 Financial intermediaries and savers

Private investors, financial intermediaries and savers, start with net worth nj,o > 0,

for j E {b, s} ("b" stands for "bankers"). Investors trade risky claims on firms and

a riskless asset, choose how much to consume (cj,t) and the share invested in the

risky asset (aj,t). I focus on the case where investors do not receive transfers from

the government. In proposition 3, I discuss the consequences of allowing investors to

receive public transfers.

The net worth of investors evolves according to

=n, = [rt + &j,t(ILR,t - rt) - aj tdt + %j,tOR,tdZt

nit

where aj, _= '.

I will consider a change of variable that will prove useful when characterizing the

equilibrium. First, notice that no-arbitrage imply that the excess return on the risky

asset is given by

Et [dRt] - rtdt = -Cove (-t, dR) +-> PR,t - rt = 7?tO,t (1.6)

where ?t is (minus) the diffusion term in d (see equation (1.4)).

Define the risk exposure of investor j as a j a,taR,t. The decision problem of

"In order to compute the expected capital gain Et [ qtKt , I applied Ito's product rule:

d(qtK,) = dg + dKt + dqgdK
qt Kt qt Kt qt Kt
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investor j at time to can be written directly in terms of Tjt instead of ajt:

Vljto = max Up0 (c3) (1.7)

subject to
dnj~

= [rt + ujr/t - cjt] dt + o-,tdZt; np > 0 (1.8)

given nj,o > 0, and equation (1.6) was used to eliminate pR,t - rt-

The formulation highlights the investors care about its risk exposure, regardless

if it invests a high share on a low volatility asset or a low share in a high volatility

asset, and the excess return it gets per unit of risk. This justifies the term market

price of risk to denote r7t, which is given to the (instantaneous) Sharpe ratio on the

risky investment.12

In order to guarantee the existence of a non-degenerate stationary distribution of

wealth, investors are subject to mortality risk. Each investor faces a constant hazard

rate of death K > 0. A mass K of agents is born every period, so total population

is kept constant. Newborn investors are of type b or type s with equal probability,

and inherit the net worth of their "parents". Mortality risk will imply the (effective)

discount rate is given by p = + K, where , captures impatience and , the effect of

mortality risk."

Investors have the analogous in continuous-time of Epstein-Zin recursive prefer-

ences, as defined by Duffie and Epstein (1992):

Ut = Et f3 (cS, Uis)ds] (1.9)

12Another advantage of this formulation is that it encompasses different market structures. For
instance, instead of assuming investors trade in a riskless asset and firm's equity, firms could be
entirely financed by intermediaries and savers would hold riskless "deposits" and a risky asset issued
by intermediaries (an asset-backed security). The important aspect is that investors can freely trade
aggregate risk.

"See GArleanu and Panageas (2015) for a derivation of the Epstein-Zin preferences under mnor-
tality risk.
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where

fP(c, U) = ( - 'y)U C 1 (1.10)

The coefficient of relative risk aversion is given by -y.j and the elasticity of intertem-

poral substitution (EIS) is 0. Intermediaries are assumed to be relatively less risk

averse than savers: yb < -y.. Notice that while the coefficient of risk aversion depends

on the type j E {b, s}, the EIS is the same for both groups. Epstein-Zin preferences

allow us to focus on heterogeneity of risk aversions while abstracting from differences

in the EIS.14

1.2.3 Households

Households receive an endowment (Yh,t), transfers from the government (Th,t) and

consume (ch,t). Households are hand-to-mouth, i.e., they simply consume their total

income

Ch,t ~ Yh,t + Th,t (1.11)

For completeness, I assume that households have the same preferences as savers

and the endowment Yh,t is constant, however these assumptions have no bearing in

the positive implications of the model. As discussed in section 1.3, the presence of

non-participant households will be important to understand the role of the central

bank balance sheet on affecting asset prices and the macroeconomy.

1.2.4 Central Bank

Central bank starts with net worth nb,o ;> 0 and it chooses exposure to aggregate

risk o-eb,t. The central bank rebates the proceeds from its investment to households

1 4 As discussed in section 1.4, Epstein-Zin preferences are also important to obtain the right
co-movement between asset prices and risk premium.
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(Th,t). Central bank's balance sheet evolves according to15

dnbbt = ncb,t [rt + -cb,trlt - it] dt - neb,tcab,tdZt (1.12)

where neb,tTt = T.

Central bank is subject to a No-Ponzi condition:

[WT 1
lim Et T lcb,T > 0 (1.13)

T .7nt .

I will focus on the case where the central bank chooses policy rules for risk exposure

and transfers conditional on the aggregate state variable Xt, i.e., acb,t = Ueb(Xt) and

T = T ( Xt).16

1.2.5 Equilibrium

Definition 1. An equilibrium is a set of stochastic processes for the interest rate r

{r, : t > 0}, market price of risk r7 = {7t : t > 0}, state price density 7r = {, : I > O},

and the value of the firm St, = {St, : t > 0}; aggregate output Y = {Y,, : t > 0}, capital

K = {K, : t > 0} and investment rate g = {gt : t > 0}; consumption and risk

exposure of sophisticated investors c = {cpt : t > 0}, oj {o,t : t > 0}, j c {b, s};

consumption of workers c,, {c.,t : t > 0}; transfers and risk exposure for the central

bank T = {Tj,t : t > 0}, j E {b, s, w}, ob = {(c,t : t > 0} such that

i) gt solves problem (1.5) and the value of the objective is St.

ii) (cj, oa) solves (1.7), given (r, r7).

"To isolate the role of the central bank in reallocating risk in the economy, I assume intermuedi-
aries' liability and the central bank's liability (reserves) are perfect substitutes. Hence, the central
bank pay interest on reserves rt in equilibrium. See Drechsler et al. (2014) for a model where reserves

play a special role as safe assets.

"The central bank effectively acts as an intermediary for households by choosing its risk exposure

and rebating the proceeds from the investment. In Silva (2015), I argue that it is not optimal for

the central bank to simply replicate the full participation equilibrium in the presence of frictions.

When the financial sector is subject to a moral hazard problem, the central bank would deviate

from the full participation equilibrium to correct a pecuniary externality. A similar logic applies to

environments with aggregate demand externalities.

28



iii) c, satisfies (1.11) given (Yw, T).

iv) (oeb, T) satisfies (1.12) given (r, 'r).

v) Markets clear:

Cb,t + Cs,t + Ch,t -- Y - L(gt)xt + Y,t

nb,t + ns,t + ncb,t = St

nb,tgb,t + ns,t(s,t + 'lcb,tOcb,t = oS,tSt

1.3 Equilibrium characterization

In this section, I characterize the equilibrium and provide the . First, I discuss the

role of the two key assumption, heterogeneity in risk-tolerance and in market access.

1.3.1 The two dimensions of heterogeneity

Before describing the equilibrium conditions in detail, let's consider the role of the

two dimensions of heterogeneity: risk tolerance and market participation.

Homogeneous risk tolerances. The following proposition shows that in the

absence of heterogeneity in risk tolerance there are no fluctuations in returns or

macroeconomic variables (up to scale):

Proposition 1. Consider an economy with no central bank intervention, i.e., Ocb,t

T= ncb,t = 0 for all t > 0. Suppose 7b,O = ns,o. If -Yb = Y , then

1. Market price of risk and risk exposures are given by:

'7t = ; Ub,t = Os,1 U

2. Growth rate and the price of capital satisfy the conditions:

A -, (.,) _= P 1f2) ,g)-P
A 2
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3. Interest rate and consumption-wealth ratios are given by:

rt = p + V7 gt - (I + _) ; at = cs,t = p -(1 - )Ig --

The appendix contains closed-form expressions for the price-dividend ratio and the

growth rate and provides parameter restrictions for the existence of equilibrium for the

case with quadratic adjustment costs.

In the absence of differences in risk tolerance, the economy is essentially determin-

istic. Of course, aggregate capital is still subject to shocks, so output, consumption,

and investment all move in proportion to the capital stock, but scaled variables do

not respond to shocks. The assumption that we start at the steady state level of

wealth, nb,o = ns,o, imply that scaled variables are constant. If we start at a different

initial condition, there would be deterministic dynamics as the economy converges

to the balanced growth path, but still scaled variables would not respond to shocks.

The proposition also assumes the central bank does not intervene in the economy. An

active central bank is able to affect returns and the macroeconomy provided there is

variation in market participation. 17

The result that risk exposures are the same for both types is more general than

stated here. For instance, it does not rely on the existence of a representative agent.

Scaled variables would still not respond to aggregate shocks if investors had different

EIS or if they had access to different idiosyncratic investment opportunities. 18 The

key to this result is a combination of the ability of agents to trade aggregate risk with

the assumption of equal risk aversion. In this case, both agents will choose the same

exposure to aggregate risk. Hence, aggregate shocks will affect the balance sheet of

both investors equally, so their relative wealth does not change and the same is true

for other scaled variables.

Balance sheet recessions, a fall in the growth rate of the economy due to a weakened

17 However, even in this case there is no balance sheet recession, in the sense the relative net worth
of intermediaries and savers will not respond to aggregate shocks.

18GArleanu and Panageas (2015) found a version of this result for the case with different EIS, but
no physical investment or differences in investment opportunities. Di Tella (2012) provides a similar
result for the case without differences in EIS.
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balance sheet of intermediaries, cannot arise under these assumptions. Brunnermeier

and Sannikov (2014) and He and Krishnamurthy (2012) are able to generate balance

sheet recessions by restricting aggregate risk sharing. Di Tella (2012) allows for trade

in aggregate risk, but balance sheet recessions only arise in the presence of uncertainty

shocks.

Proposition 2 shows that risk will be concentrated on the hands of intermediaries,

Ob,t > cast, when intermediaries are more risk tolerant. The next section will show how

the fact that risk is concentrated on intermediaries can generate balance sheet reces-

sions, even maintaining the assumption of Brownian investment shocks and perfect

aggregate risk sharing.

Proposition 2 (Risk concentration). If 'Ys = y + e, for c > 0 small, then

Orb,t - Uaqt > 0 (1.14)

Full participation benchmark. The next proposition describes the effect of the

balance sheet of the central bank in an economy populated only by intermediaries and

savers, and the central bank rebates the profits from investment to savers (denoted

by T,). I discuss the case with transfers to both investors in the appendix.

Proposition 3 (Neutrality result). Suppose Th = 0, and fix an initial policy rule

(Ouc, T,) and corresponding equilibrium allocation. Consider an alternative policy rule

(cb, T,*) that satisfy the central bank's budget constraint.

1. Prices, consumption, and investment do not change with the central bank's port-

folio:

(r*, , S*, cc*,g*) = (r, S,cbc5 ,g) (1.15)

2. Savers exactly offset the portfolio position of the central bank:

TS t ,3 - o5 ,tnj,t = - (o cb,tncb,t - ucb,tncb,t) (1.16)

This result is reminiscent of the neutrality result for open market operations de-
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rived by Wallace (1981) .19 To gain intuition for this result, notice the relevant notion

of wealth to savers is given by the sum of financial wealth and the present value of

transfers, which is given by the net worth of the central bank in this case. Total

wealth is given by ii ,, n,,, + ncb,, and it evolves according to

dft8,t = [rt + &st7t - Est] dt + &s,tdZt (1.17)

where

s ,t U st + n cb,t; Cj,t -
n,,t + ncb,t ns,t + ncb,t nj,t

Hence, the relevant risk exposure to the savers is &s,t which includes both financial

risk and the riskiness coming from transfers. If government transfers become more

risky, perhaps because the central bank increases its exposure to risky assets, this

will imply that investors must hold less financial risk in order to achieve a desired

total risk exposure. Since total risk exposure does not change, then asset prices and

macroeconomic variables will not change as well. Importantly, the result does not

rely on the assumption of complete markets. Even in the presence of risks unspanned

by financial markets the neutrality result would hold, provided transfers belong to

the space of tradeable assets.

Limited asset market participation breaks this result. If a fraction of agents in

the economy is unable to trade in financial markets, then the risk exposure of their

total wealth will respond to changes in the central bank portfolio. Hence, uncon-

ventional monetary policy works by redistributing risks from (marginal) investors to

non-participants. If the central bank were to rebate to a fraction of its profits (or

losses) to all agents, only the fraction going to non-participants would be non-neutral.

Given the neutrality result, I focus on the case where the central bank rebates the

19 Wallace's result is derived in a monetary overlapping generation economy. Eggertsson and
Woodford (2003) shows a similar result in an economy with sticky prices.

2 0The mechanism is similar to the one in Alvarez et al. (2002) with fixed costs to access asset

markets. Borrowing constraints, by impeding the investor to adjust his portfolio at the margin,
would work in a similar way. I conjecture that several other frictions would break the neutrality
result, for instance, intermittent portfolio rebalancing Chien et al. (2012), rational inattention Sims
(2003), and bounded rationality Gabaix (2014).
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proceeds from investment entirely to households.

1.3.2 Solving the model

Let's go back to the case with differences in risk aversion and in market participation. I

will now discuss the solution to the problem of firms, investors, and the determination

of prices in equilibrium.

Firms

The HJB equation for the final goods producer gives the pricing condition for capital:

rt + (7 + Uq,t)7t = max + jtq,t + g + (7q,t (1.18)

The optimal investment rate satisfies

t'(gt) = qt (1.19)

Investment is an increasing function of qt: gt = (t')(qt). The marginal cost of

increasing gt is given by t'(gt) and the marginal benefit is given by increase in the

value of the firm, summarized by qt. This will represent the key mechanism connecting

asset prices to investment and economic growth.

Investors

Given the homotheticity assumption, the value function of market participants Vi,, =

Vj(nj,,, X) have a power form:

Vb(nt, Xt) = 't;
1 - Yb

V,(ns,t, Xt) - '1 - s

where ( = ((Xt) and t = (Xt) follow a diffusion process (to be determined in

equilibrium):
d = It dl + actdZt; d~t- itdi + atdZt;
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I refer to ((t, ) as net worth multipliers. Net worth multipliers are related to the

marginal utility of wealth. They capture the fact that the marginal utility of wealth

depends on the level of returns. For instance, if returns are expected to be low for

a reasonable amount of time in the future, this will hurt those who rely on financial

assets to finance future consumption. Hence, an additional unity of wealth in those

states will not increase utility by the same amount compared to states where returns

are high." This will be reflected in a lower value for the net worth multiplier.

After some rearrangement, the HJB equation for intermediaries can be written as:

0 = max[(it)1k 1
-i + rt + cUb7t - Cbt + P(, -2(Orbt - 21-)b cCt~b,t

(1.21)

and an analogous condition holds for savers.

The optimal risk exposure is given by

= 7t+I - Nb~t (1.22)

myopic hedging

The optimal portfolio decision has two components: a myopic demand and a

hedging demand. The myopic demand coincides with the portfolio of a one-period

mean-variance investor (hence the name "myopic"). It equals the market price of

risk (or Sharpe ratio) times the risk tolerance. The fact that intermediaries are more

sensitive to changes in the market price of risk than savers will be important when

considering the effects of unconventional monetary policy.

Hedging demand captures deviations from the mean-variance portfolio due to

variations in investment opportunities. If returns were constant, then oU,t = 0 and

intermediaries would act as mean-variance investors. In equilibrium, returns will

actually be countercyclical, so oCt < 0.2 This captures the fact that after a negative

2 1
It is usually argued that zero interest rates combined with quantitative easing hurt savers and

those planning future retirement (see Jeff Cox, "FED policies have cost savers $470 billion: Report",
CNBC, March 26, 2015).

2 2 See discussion in section 1-2 for a discussion of the countercyclicality of returns.
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shock asset prices fall, so the marginal utility of wealth increases for intermediaries.

If we assume -yb < 1, intermediaries react to countercyclical returns by reducing risk-

taking. Since returns are high after a negative shock, intermediaries shift resources

to those states, taking less risk ex-ante.

If Yb > 1, then intermediaries would take more risk than a mean-variance investor.

The reason is that instead of trying to send resources to states of nature where returns

are high, intermediaries would do the opposite. Returns are already high after a

negative shock, so less resources are needed to achieve the same level of utility. This

income effect will dominate when -yb > 1.23

Consider now the optimal consumption-wealth ratio:

If EIS is equal to one, b = 1, then the consumption-wealth ratio is constant

and equal to p. When 0 7 1, consumption-wealth ratio will respond to changes in

investment opportunities. Plugging (1.23) into (1.21), we obtain

i4' + 1 k rt + (0 b,tht + -1' 1D~ (1.24)

return on portfolio change in inv. opp. precautionary say.

where

Nb 2 7b -- 2
(D b t _ 2 lrb~t+ 2'Yb C't Ob,t +C

As in the traditional Fisherian analysis, the effect of interest rates on consumption

generates income and substitution effects and the EIS determines which effect domi-

nates. The expression above shows that a similar logic apply not only to the riskless

return, but to the expected return on the portfolio adjusting for risk and expectations

of changes in future returns.2 4

23The available empirical evidence on the risk-management of banks, in particular on the use
of interest rate derivatives, seems to indicate the substitution effect dominates (see Begenau et al.
(2013)).

2 4For instance, suppose returns are expected to improve and pCz > 0. On the one hand, the
investor may save more to have resources in the future when returns are high (substitution effect).
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Market price of risk and interest rate

Define the share of private wealth held by intermediaries, xt, and the share of total

wealth held by the central bank, wt:

Xt = nb,t Wt ncb,t
nb,t+ ns,t nb,t + ns,t + ncb,t

Using these definitions, we can write the market clearing condition for risk expo-

sures as

Xi'tb,t + (1 - Xt)O',t = WT(C7 + 7q,t) (1.25)

where
_ - fcb,tO'cb,t

1 -w

The term wT measures the net asset supply to market participants. It equals the

share of aggregate risk (per unit of wealth) held by private agents. In the absence of

a central bank (ncb,t= 0) or when the central bank's share of aggregate risk equals its

share of wealth (Ocb,t = as,t), net asset supply equals one. If the central bank decides

to hold proportionally more risk than its wealth share, then market participants will

hold relatively less risk (w < 1). Hence, an expansion of the balance sheet where the

central bank buys risky assets by issuing reserves will reduce the net asset supply to

sophisticated investors.

Plugging in risk exposures from (1.22) into (1.25), we obtain an expression for the

market price of risk:

77t = Yt WT (U + Oqt) - (xi ct + (1 - Xt) 1 t4 (1.26)
agg. risk aversion net supply of risk J

avg. hedging demand

On the other hand, it may save less since less resources are necessary to achieve the same level of
utility in the future (income effect). If b > 1 the substitution effect dominates.
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where -yt is the aggregate risk aversion

Xt 1 -Xt ~
= + (1.27)

The market price of risk is the product of aggregate risk aversion with the differ-

ence between the net supply of risk and the average hedging demand. Hence, periods

where intermediaries are relatively less capitalized, so aggregate risk aversion is high,

will tend to have a high market price of risk. Similarly, this suggests that reductions

in the supply of risk associated with the expansion of the balance sheet of the central

bank will reduce the price of risk. Finally, if average hedging demand is high, then a

smaller market price of risk will be required to induce investors to hold the net supply

of risk.

Consider now the market clearing condition for goods:

XtBb,t + (1 -- Xt)C 8 , = WtA - t(g,) (1.28)
qj

where

d_ Dt

t1 - W

The term wt captures the impact of central bank policy on the goods market. In

the absence of a central bank or if the central bank rebates to workers all dividends

received, then wd = 1. If the central bank decides to reduce the size of its balance

sheet by transferring relatively more resources to workers, this reduce the supply of

goods to sophisticated investors (wd < 1).

Plugging in the expression for the consumption-wealth ratio into (1.28), we obtain

an expression for the interest rate:

dA - t(gt)Op + (I - ) [rt+ f (O + Uq,t)rjt + pt - 4 t] = W - (1.29)

where

Pt x eto + (1-xt)p tl -t Xt(D,t + (I t)st
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The equation for the interest rate can be interpreted as representing the aggregate

demand (in the left-hand side) and the aggregate supply for goods (in the right-hand

side), both normalized by total wealth. The effect of interest rate on aggregate

demand depends crucially on the EIS: if b > 1, then an increase in the interest rate

decreases aggregate demand (the opposite is true when 0 < 1).

1.3.3 Markov Equilibrium

I will focus on a Markov equilibrium on the state variable X = (x, w) E [0, 1]2, so

equilibrium prices (r(X), 71(X), q(X)) and net worth multipliers ( (X), ((X)) are all

functions of Xt. Moreover, in a Markov equilibrium the central bank chooses policy

rules that depends only on Xt. Instead of specifying the central bank policy in terms of

(ot, T), I will assume without loss of generality the central chooses directly (w', Wd):

W r= (Xt); W = Wd(Xt) (1.30)

I impose two constraints on policy rules: i) wd(x, w) > 0 for all (x, w) C [0, 1]2;

ii) wr(x, 0) = 1 for all x E [0, 1]. The first condition guarantees that consumption

of sophisticated investors is always positive. The second constraint says the central

bank cannot have infinite leverage, i.e., if the net worth of the central bank goes to

zero, then asset holdings must also go to zero.

The next proposition characterizes the law of motion of X:

Proposition 4. The state variables (x, w) evolve according to

dxt = ipx,tdt + ax,tdZt; dwt = p.,tdt + c-w,tdZt;

1. The drift of x and w is given by

1px,t = xt(1 - Xt) [(c-b,t - o-s,) (it - wf(o- + Uq,t)) + as,t - ab,t] - K (xt - 0.5)

ptwt = (1 - Wt) (1 - wt) (U + aq,t) (77t - (O- + Up,t)) - (1 - A
I t q, I
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2. The diffusion of x and w is given by

xt = xt(1 -Xt)(9,- - 0,t) wt wt)(1 - w4)(o- + Uqt); (1.31)

The appendix provides the expression for (-x, -. ) and (px, pw) in terms of (*, )

and its derivatives.

The proposition describes the law of motion of the state variables. The assump-

tion that investors have finite lives guarantees the extremes xt = 0 or xt = 1 are

not absorbing states. In particular, pu,t < 0 for xt = 1 and 11x,t > 0 for xt = 0.

The assumption that future generations do not necessarily inherit the type of their

"parents" imply that no type will eventually hold all the wealth in the economy.

The proposition shows that the diffusion of x depends on the relative risk ex-

posure of intermediaries and savers O-b,t - O-,,t. Since the volatility of qt is qiven by

Oqt = q ,,, the amount of endogenous volatility depends on the degree of risk

concentration.

A corollary of the proposition above is that if w = w = 1, then wt is constant,

and the equilibrium allocation is identical to an economy without the central bank.

This suggests the importance of the central bank operating leveraged in order to affect

the economy.

Corollary 1. Suppose Wr (X, wo) = wd(x, wo) = 1 for all x E [0, 1], then wt = wo for

all t > 0. Moreover, equilibrium conditions coincide with the ones in a unregulated

equilibrium without the central bank (wo = 0).

1.3.4 Numerical solution and calibration

The functions ((x, w) and (x, w) can be obtained by solving a system of partial

differential equations (PDEs). For this we need two conditions that can be expressed

only in terms of the net worth multipliers and its derivatives. Hence, we need to

compute the remaining equilibrium conditions as functions of ( , ). In the appendix

1.A.2, I discuss the algorithm used to solve the system of PDEs.
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I adopt the following calibration. The level of technology A is set to 1/3 in order

to match a capital-output ratio of 3. Depreciation rate is set to 6 = 0.05. Investment

adjustment costs are assumed to be quadratic t.(g) = 4o(g +6) + 0 (g + 6)2, where 0

and 41 are chosen to match an average investment rate of 20% and average growth

rate of 2%.25 Volatility of aggregate output is set to match the (time-integrated)

one-year volatility of output 2.33% in a post-war sample period. I set the EIS to

= 2, a common value found in the literature. 2 There is little guide for the choice

of the risk aversion of intermediaries. I will focus on the case where the substitution

effect dominates in the portfolio choice (yb < 1) and intermediaries have preferences

for early resolution of uncertainty (yb > V-1 = 1/2). I chose yb = 0.7 but other values

on this range generate similar results. The risk aversion of savers is set to Y, = 30.

This will generate a value for the average risk aversion around 1.4 and 3.6 during 90%

of the time at the stationary distribution for xt in the laissez-faire. Mortality rate is

given by K = 0.02 and pi = 0.001 such that p ~ 0.02. For the numerical solution, I

extend the model to allow for different sizes of intermediaries and savers and I set the

share of intermediaries to 0 b 0.1%.

1.4 Balance Sheet Recessions

In this section, I consider how unconventional monetary policy can be used to coun-

teract the effects of balance sheet recessions. I first show how balance sheet recessions

can emerge in a laissez-faire equilibrium. I discuss then the choice of policy rules for

the central bank, the impact of central bank policy on asset prices and growth, and

how the effectiveness of the policy vary with the state of the economy and the size of

the intervention.

25The search for the parameters is subject to the conditions (l.A.1) for -y = Yb and -y =

These conditions guarantee the existence of equilibrium in the polar cases where a single type of
sophisticated investor holds all private wealth.

2 6
1t is also a value commonly found in empirical studies that focus on the EIS for market partici-

pants. Vissing-Jorgensen and Attanasio (2003) explicitly distinguishes between EIS and risk aversion
and find values between 1 and 2. Gruber (2013) estimates an EIS of 2 using tax data. Kapoor and
Ravi (2010) estimates an EIS of 2.2 exploring a change in banking regulation in India.
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1.4.1 The Laissez-Faire Equilibrium

Let's consider initially the case without the central bank, i.e., wr = Wd = arid

WO = 0. The evolution of the state variable xt is given in figure 1-1, where t1x,t and

a-,t are plotted as functions of xt. The drift of xt is positive for low levels of xt and

negative for high values of xt. The point where it crosses zero is the stochastic steady

state, the point of attraction of the system in the absence of shocks. Importantly, the

diffusion term is always positive. Hence, from (1.31) and consistent with proposition

2, intermediaries are always more exposed to risk than savers.

Figure 1-1: Law of Motion of Xt
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The fact that intermediaries operate leveraged in equilibrium, so xt is positively

exposed to risk, will imply the economy is subject to balance sheet recessions. Figure

1-2 shows the price of capital qt, the market price of risk rIt, interest rate rt, and

volatility of returns o- + u-,t as functions of the relative strength of intermediaries'

balance sheet (xt).
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The key feature driving variation in assets prices is a countercyclical aggregate risk

aversion. Since intermediaries are more exposed to risk than savers, their share of

wealth fall after a negative shock. Average risk aversion in the economy rises (see

(1.27)). This will push the market price of risk up and interest rates down.

Here is the intuition behind figure 1-2. After a negative aggregate shock, the share

of wealth of intermediaries will fall, given their higher exposure to risk. Savers will

have to absorb a higher fraction of the risk and, since they are more risk-averse, the

market price of risk will have to increase. The interest rate will fall, as the average

precautionary motive becomes stronger as savers become relatively more important.

The effect on the price is, in principle, ambiguous. The assumption that 4 > 1 plays

a role to determine which effect dominates. Given a high elasticity of substitution,

a small movement on interest rates is enough to restore equilibrium, so the price of

capital will fall after a negative shock. If 4' < 1, a stronger response of interest rates

would be required and the price of capital would actually fall after a reduction in xt.

Volatility is a non-monotonic function of xt. It inherits this pattern from the

diffusion of the state variable. The reason is that if the net worth of an agent is

sufficiently close to zero, then her wealth will not respond much to shocks (in the

limit as the net worth is zero, there is no response to shocks). Even though the

response is non-monotonic, for values of xt around the stochastic steady state, a

balance sheet recession (a reduction in xt) will be associated with an increase in

endogenous volatility.

Balance sheet recessions can be understood as the consequence of a financial fire

sale. As the risk bearing capacity of intermediaries is reduced after a negative shock,

high risk aversion agents will hold more of the risk in equilibrium, requiring a higher

risk compensation. Savers make the role of a second-best owner of the asset, similar

to farmers in Kiyotaki and Moore (1997). Importantly, the fire sale affects asset

prices through changes in the discount rate. In contrast to the fire sales in Kiyotaki

and Moore (1997) and Brunnermeier and Sannikov (2014), where the physical asset

changes hands and asset prices are affected due to a direct reduction in the dividend.

27See Cochrane (2011) for a review of the literature documenting the importance of variations in
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1.4.2 The Effects of Unconventional Monetary Policy

Policy rules

Consider the economy with a central bank. To capture the idea that unconventional

monetary policy is a policy instrument typically used during crises, Wr (., w) is assumed

to be increasing in x:

Wr(x, w) = /3(w) + #3(w) min{x, x*} (1.32)

where /3o(w) < 1 and 0'(w) + /3r(U)X* 1.

Remember a low of value of Wr (_) means the central bank is holding proportionally

discount rates to explain movements in asset prices.
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a large fraction of risk.2 8 Hence, when intermediaries are relatively less capitalized

(Xt < x*) the central bank will intervene and reduce the net asset supply W'. When

intermediaries are relatively well capitalized, the central bank will keep the net asset

supply at the laissez-faire value r = 1.

Since the central bank does not intervene if it has no net worth, the coefficients

in the policy rule satisfy the condition /3'(0) = 1 and /3(0) = 0. In the calibrated

example, the coefficients in the policy rule satisfy /3(w) = 0.5 and Qr(w) = 1 for

w > w*, where w* = 0.01. For w < w*, the coefficients are linearly interpolated:

#5(w) = 1 - 0.5g and i3(w) = g. The precise value of w* and specification of

the coefficients for w < w* have only a minor impact in the solution provided w* is

sufficiently small.

The proposed policy is meant to illustrate the effects of an aggressive policy,

in particular, in very low probability states with low values of xt. In a stationary

distribution of the laissez-faire equilibrium, the first quartile of xt is 0.3 and the third

quartile is 0.42. Hence, the system spends most of the time around moderate values

of xt. Even extreme events do not reach values of x around 0. For instance, the 5th

percentile is equal to 0.18. However, promises to intervene in these extreme events

will have an impact on prices.

The policy rule wd(x, w) is assumed to be linear in w and independent of x:

wd(x, W) = 13 + /3gw (1.33)

where 3d = 1.01 and d = -0.02 in the calibrated example.

The role of the variation in wd is to guarantee that wealth of the central bank will

return to the interior of the state space if ever reaches the boundaries of the system.

Unconventional Monetary Policy and Balance Sheet Recessions

Given the specified policy rules, we can compute the equilibrium in the presence of

the central bank. Figure 1-1 shows the impact of unconventional monetary policy in

28More precisely, w'(.) < 1 if and only if the fraction of risk held by the central bank exceeds wt.
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the law of motion of xt. Both the drift and the diffusion are uniformly reduced by the

policy. The effect on the volatility of xt and its connection with the concentration of

risks in the financial sector will be discussed in detail in the next section.

Figure 1-2 shows how the policy of the central bank affects asset prices. Un-

conventional monetary policy reduces the market price of risk. As the central bank

expands its balance sheet, the net supply of risk to sophisticated investors falls and,

from (1.26), contributes to the reduction in r. Volatility of returns is reduced as the

volatility of the state variable goes down. This reduction in volatility will contribute

to the reduction in the market price of risk even in periods where Wr = 1.

The effect of asset purchases will be stronger the weaker the balance sheet position

of intermediaries. There are two reasons for this. First, given the assumed policy

rule, the central bank will intervene more in bad times. Second, demand for assets is

more elastic when intermediaries are relatively well capitalized. Intermediaries tend

to respond more strongly to changes in returns than savers. When intermediaries

are undercapitalized, savers must bear most of the risk, and aggregate demand for

risk will be relatively insensitive to returns. Hence, a higher reduction in returns is

required to accommodate a reduction in the supply of risk caused by central bank

policy.

The reduction in the return to the risky asset, by the intertemporal substitution

channel, and the reduction in volatility, by the precautionary savings channel, will

both tend to increase aggregate demand (or equivalently, reduce the incentive to save).

In order to restore equilibrium, the riskless interest rate goes up. For low levels of xt,

the reduction in the risk premium will dominate the increase in the riskless rate and

the price of capital will go up. However, for high values of x, the interest rate will

dominate and the price of the asset will go down.

Hence, unconventional monetary policy ameliorates the effects of balance sheet

recessions in crisis, at the cost of reducing the growth rate in normal times. The

central bank is able to reduce risk premium and volatility while it boosts investment

and growth during a crisis. However, it reduces economic growth in booms compared

to the laissez-faire economy.
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1.5 Financial Stability

This section shows how unconventional monetary policy affect financial stability.

First, I discuss how the concentration of risk in the financial sector responds to changes

in central bank policy. I compute the stationary distribution for asset prices and show

how the model generates endogenous "disasters", i.e, a relatively high probability of

negative tail events. I show that unconventional monetary policy reduces tail risk but

it reduces average growth rate in the economy.

1.5.1 Intermediaries' Risk Taking Decision

Unconventional monetary policy will affect the leverage decision of intermediaries, as

the incentives to hold risky assets will respond to central bank's asset purchase.

Figure 1-3 shows intermediaries' leverage and risk concentration as a function of

Xt for the laissez-faire economy and the economy with the central bank.29 Notice

that, compared to the homogeneous preferences benchmark (where leverage is always

equal to one), the heterogeneous agent economy generates significant concentration of

risk. The figure also shows the myopic and hedging component, as defined in (1.22),

as the central bank policy will have different effects in the different components.

The hedging component is negative for all x E [0, 1]. The reason is that inter-

mediaries anticipate that after a negative shock returns will increase. Intermediaries

hedge against these changes in returns and reduce risk taking ex-ante. Consider now

the effect of asset purchases by the central bank. Central bank policy reduces returns

relatively more in bad times. The incentives for intermediaries to hedge will then be

reduced, causing them to take more risk. Since risk-taking increases after a reduction

in returns, I refer to this effect as the hedging effect.30

Consider now the myopic component. As the market price of risk is reduced, my-

opic demand falls with the central bank intervention. Importantly, myopic demand

29 Leverage in this setting is simply risk exposure divided by volatility Ub,' . Risk concentration
is the difference between the exposure of intermediaries and savers: Ub,t - U,,t.

30The leverage decision of savers have a similar pattern, but it is quantitatively smaller. Hence,
the relative hedging demand behaves similarly to the hedging demand of intermediaries.
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Figure 1-3: Intermediares' Leverage and Risk Concentration
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falls more to intermediaries than savers. The reason is that intermediaries are rela-

tively more risk tolerant, which imply they are also more sensitive to changes in rt.

Therefore, risk concentration will tend to fall with the central bank policy. I refer to

this effect as the return sensitivity effect.

Another way of looking at the return sensitivity effect is to consider who will the

central bank buy assets from. Since savers have high risk aversion, they don't respond

very strongly to changes in returns. As the central bank buys risky assets, a given

drop in returns would not be enough to induce savers to change its portfolio by much,

but it would be enough to induce intermediaries to sell. Hence, most of the assets will

flow from intermediaries to the central bank. This will tend to reduce risk exposure

of intermediaries relative to savers.
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Figure 1-3 shows that the return sensitivity effect dominates, so leverage of in-

termediaries and risk concentration falls. One intuition for this result is that the

hedging effect arises because the volatility falls, so returns will not increase as much

after a negative shock. But if the hedging effect were to dominate, risk concentration

and volatility would increase, contradicting the fact that volatility must go down to

generate the hedging effect." This suggests that the return sensitivity effect should

dominate the hedging effect.

1.5.2 Stationary distributions

So far we considered how unconventional monetary policy can affect the economy if

the economy is in a crisis. I will now focus on how the central bank balance sheet

can affect the likelihood of future crisis.

Figure 1-4 shows the stationary distribution of the growth rate of capital for the

laissez-faire economy and for the economy with the central bank. The left panel shows

the probability density function (PDF) for the two economies and the right panel

shows the tail behavior of the stationary distribution measured by the probability of

being a given number of standard-deviations below the mean.

An important feature of these distributions is that they present negative skewness

and excess kurtosis, as can be seen in table 1.1. This means the economy is subject

to (left) tail risk. 3

Table 1.1: Summary Statistics of Stationary Distribution for gt

Economy Mean Std. Dev. Skewness Kurtosis

Laissez-faire 1.3% 0.2% -1.45 5.64
Central bank 1.2% 0.1% -1.09 3,98

The economic mechanism that generates tail risk is related to the return sen-

sitivity effect described in section 1.5.1. Suppose that initially intermediaries are

"This argument is incomplete since it ignores the effect of the volatility of wt on returns.
321In particular, extreme negative events are much more likely than in a normal distribution.

The probability of a negative 2 standard-deviation event is more than twice the one for the normal
distribution and the difference is even higher for more extreme events.
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Figure 1-4: Stationary Distribution
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relatively well capitalized and the price of risk is low. After a negative shock, wealth

is redistributed towards savers and the aggregate demand for risk falls generating an

increase in the price of risk. However, when intermediaries are initially well capital-

ized the effect on the aggregate demand for risk is small, since the difference between

the portfolio of intermediaries and savers is also small.3 3 Suppose now that interme-

diaries have low risk bearing capacity (low xt). The same redistribution of wealth

between intermediaries and savers have now a big effect on the aggregate demand for

risk. The reason is that when returns are high, intermediaries have a greater incen-

tive to hold risk so a reduction in their risk bearing capacity has a big impact on the

demand for risk. In this situation, the same redistribution between intermediaries

and savers will have a big impact on the price of risk and the price of capital. This

asymmetric response of the price of capital will translate in an asymmetric response

33As shown in figure 1-3, risk concentration falls with share of wealth of intermediaries xt.
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of the growth rate of capital through equation (1.19).

Consider now the economy with a central bank. As described above, risk concen-

tration falls with central bank policy, especially for low levels of xt. Hence, the system

will present less of a asymmetric response to shocks and central bank policy reduces

skewness and kurtosis. Hence, if we measure financial stability by left-tail risk, we

can conclude that asset purchases by the central bank enhances financial stability.

In contrast, the average growth rate in the economy falls. As discussed in section

1.4, asset purchases have an ambiguous effect on the price of risky assets. In partic-

ular, the price of the risky asset falls if intermediaries are relatively well capitalized.

As the incentive to save falls with the policy, interest rates will increase, reducing

the incentive to invest. Hence, asset purchases by the central bank reduces average

growth rate in the economy.

1.6 Exit Strategies

Consider now the role of different exit strategies. I will focus on state-contingent rules

where the central bank unwind its portfolio according to the balance sheet position

of intermediaries. In particular, there is reference strategy, which correspond to the

policy rule we have been analyzing so far, and two alternative rules, an early exit and

a late exit strategy. The first will completely unwind its portfolio when x = 0.3 and

the second when x = 0.7. Figure 1-5 plots the policy rules.

Figure 1-6 shows the market price of risk and the price of capital for early and

late strategies relative to the reference strategy. Over the region 0 < x < 0.2 where

all policy rules coincide, the price of risk is smaller for the early strategy and higher

for the late strategy. Here is the intuition: by promising to sell faster, conditional

on the balance sheet of intermediaries, the central bank makes returns in good times

relatively more attractive. Hence, intermediaries will have an incentive to take more

risk. Given this higher demand for risk, the price of risk must fall. Therefore, risk

premium is smaller under the early strategy, for the region policies coincide.

In the region the central bank is actually selling faster, for 0.2 < x < 0.3, the
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market price of risk is increasing and it surpasses the risk premium under the reference

strategy. As more assets are sold in the reference strategy in the region 0.3 < x < 0.5,

the difference between the early strategy and the reference strategy falls.

Figure 1-5: Policy Rules - Exit Strategies
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This illustrates the fact that the effects of the central bank intervention on asset

prices will depend in a subtle way on the incentives of financial intermediaries to take

risk. By inducing the a hedging demand over the region 0 < x < 0.2, the central bank

is able to increase the price of capital, stimulating investment and growth. The same

is true for higher levels of x. The reason is that now incentive to save does not fall as

much as in the reference strategy. The only region where the early strategy obtains

a smaller value of the price of capital is when the risky asset is effectively being sold.

1.7 Extensions

1.7.1 Effectiveness of Asset Purchases

We have seen in previous sections that asset purchases by the central bank affect the

price of risk. However, the effect is not constant, in particular, it is state-dependent
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Figure 1-6: Exit Strategies
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and non-linear. The effectiveness of unconventional monetary policy depends both

on the strength of intermediaries' balance sheet and on the size of the intervention.

In order to isolate these effects, I will consider a simpler policy rule with ,3(w) = 0,

so that policy does not respond to variations in x.,. Hence, the effect of the policy

will vary with x, only through the internal propagation mechanisms of the model.

The left panel on figure 1-7 shows the effect of assets purchases on the market

price of risk for different levels of intervention. First, notice that effect gets smaller

as intermediaries get better capitalized. Hence, unconventional monetary policy is

more effective in crisis. The reason is that when savers are relatively more impor-

tant, aggregate demand for risk becomes less elastic, so a larger change in returns is

necessary to induce private agents to sell their risk assets to the central bank.

The effect of asset purchases also depend on the size of the intervention. The

right panel on figure 1-7 shows the semi-elasticity of the price of risk with respect
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Figure 1-7: Effectiveness of Asset Purchases
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to the nct supply of risk for different levels of intervention. 34 Perhaps surprisingly,

asset purchases become more effective as the size of the intervention increases. For

small interventions, the level of endogenous volatility is relatively high, so the hedging

effect is stronger. This attenuates the impact of the policy. For large interventions,

endogenous volatility is low, so the hedging effect is weaker, and the policy becomes

more powerful.

These two results have implications for the interpretation of the empirical evidence

on the effects of QE. Researchers have found stronger effects for early interventions of

the FED, exactly when intermediaries were less capitalized, consistent with the state-

dependent effects described above." However, the observation that the effectiveness

of the policy increases with the size of the intervention indicates these estimates can

3 4The graph can be read as follows: a reduction of 0.1 in the net asset supply when x = 0.1 will

reduce the price of risk by about 8% (14%) the price of risk if we start at Wr = 1.0 (w = 0.7).
3 1See (Joyce et al., 2012) for a discussion of the empirical evidence.
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be a poor guide of the potential impacts of unconventional monetary policy. The

effect of large intervention can be significantly larger than captured by the initial

estimates. The calibrated example indicates the effects of large policies can be up to

80% higher then the effects of small interventions.

1.7.2 Long-term bonds and term premium

The focus so far has been on the effects of asset purchases on the risk premium and

the price of risky assets. Asset purchases also have implications for the price of long-

term bonds and the term premium, even if the central bank does not buy long-term

bonds directly.

Instead of considering the whole term structure and how it varies with the state

variables, I will focus on the price of a long-term bond with exponentially decaying

coupons e-'. This will provide a parsimonious way of capturing the responses of the

term structure to the central bank policy.

The price of the bond, denoted by pt, can be written as

pt = Et j
0  

-e-b(s-)ds1 j -eb(S-0 pt,,sds (1.34)

where pt,, = Et [ELI denotes the period t price of a zero-coupon bond maturing at

date s.

The yield of the long-term bond is defined as the value of yt satisfying

A =j00 e( 6b+yt)(8-t)ds = yt = - - 9b/t P

and similarly for zero-coupon bonds: pt,, = e-t,s(st).

It can be shown that yield on the bond with decaying coupons is, up to first-order,
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an average of the yield on the zero-coupon bonds: 36

y= f (s - t)je~ 6b(-'1)yds
Jt

We can define the term premium in a zero-coupon bond as:

where r'8 =-jE [If, rdu] is average expected interest rate between t and s.

The yield on the long-term bond can then be decomposed as an average of future

expected short interest rates and an average term premium:

y = /(s - t)r6eb'-t) ds + (s - t)6 e-b(st)Tsds (1.35)

The next proposition shows how to obtain the price of the bond and the average

expected interest rate by solving a partial differential equation:

Proposition 5. The price of the bond pt = p(xt, we) satisfy the condition:

2 2

0 = P Pxxt+Ox,tOw,tpxw,t+ -pI w,t+(p'x,t-xty?, t)pst+(pWt-W,tij, t)pw,t+1-(rt+6b)pt
2 2

The average expected interest rate r' = re(x,Wt) satisfy the condition:

2 2

0O7=-y (w + -xrt + oxjj~rI~ + 2t rernV#t + I LIre + 6rt - r

Figure 1-8 shows the yield, the expected future interest rate, and the term pre-

mium as a function of the state variable xt. The yield of the bond is increasing in

xt. Hence, the bond increases in value in bad times, providing an insurance against

aggregate shocks. Given the insurance properties of bonds, the term premium is

36 To obtain the result, combine the expressions pt = ff00 e-(s-)e-y.(s-)ds - L (s -

t)e- 6(S-t)yt,,ds and pt - yt. Notice that 62 fO (S - t)e-(8-t)ds = 1, so the weights integrate

to one.
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equilibrium. Solution with

Purchases of risky assets increases the term premium. The intuition is simply that

by reducing the amount of endogenous volatility in the economy, purchases of risky

assets reduces the demand for insurance leading to an increase in the term premium.

Given that the purchase of risky assets reduces the risk premium, this result indicates

there is a trade-off between risk and term premium: as the central bank reduces the

risk premium, it increases the term premium.

1.8 Conclusion

In this essay, I studied the macroeconomic effects of large-scale asset purchases by

central banks. I consider not only the immediate impact of the intervention, but

also how expectation of future interventions affect asset prices and financial risk-

37Rclatedly, the yield curve is downward-sloping, a common feature in models lacking inflation
risk or (conventional) monetary shocks. One form of obtaining an upward-sloping yield curve would
be to introduce preferences shocks to the model.
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taking. In line with the empirical evidence, I find that asset purchases reduces the

risk premium and increase asset prices during crisis. In contrast, the expectation of

future intervention have a negative impact on growth in normal times. As crisis gets

less severe, investors have a weaker incentive to save, reducing growth. In contrast

to what is typically argued in the popular press, I find that asset purchases reduce

the concentration of risk on the hands of financial intermediaries. The reason is that

intermediaries are more sensitive to variations in returns, so as returns fall with the

intervention, they have a stronger incentive to sell than savers. I also consider the

role of exit strategies. A commitment by the central bank to sell more of its assets in

the future, conditional on the recovery of intermediaries' balance sheet, amplify the

effects of asset purchases during crisis. By making the exit strategy conditional on

the recovery, the central bank induces intermediaries to take more risk, reducing the

risk premium.

This analysis suggests a few avenues for future research. First, a more detailed

analysis of long-term bonds. This would require an extension with multiple shocks, as

purchases of long-term bonds are redundant in the current setting. Multiple shocks

would also allow for an analysis of transmission of asset purchases across different asset

classes, as the increase in the exposure of the central bank to one risk factor may affect

the premium for holding different risks. Second, the interaction between conventional

and unconventional monetary policy. The results in this essay can be understood as

the characterization of the natural (flexible price) allocation. In particular, my results

show that the natural interest rate respond to the asset purchases of the central bank.

This becomes particularly important under a binding zero lower bound, as an increase

in the natural interest rates would stimulate the economy, as the interest gap would

fall. Another important issue is the analysis of optimal policy. The presence of sticky

prices would imply the central bank faces a trade-off: asset purchases stimulate the

economy during crisis, but it distorts the allocation of risk to workers.
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L.A Appendices

1.A.1 Proofs

Proof of proposition 1

Proof. The assumptions on the central bank imply wt = 0 for all t > 0. Since 'yb = Y,

then ,,t= 0, what imply 01,t = Oa,t = aq,, = 0. Hence, up to scale, the economy is

non-stochastic. The assumption on the initial net worth imply that LU,t = 0.

The market price of risk is given by 77t = -yo. Risk exposures are given by ,t =

OS,, = a. Combining the market clearing condition for consumption and the pricing

condition for capital, we obtain:

=p + 0-b 1g, - (1 +0-1)a
2

Plugging the expression above into the pricing condition for capital:

A - t(gt) _Y_2

= p- ( - )gi -

The condition above combined with t'(gt) = q, determine gt and qt. Consider the

quadratic adjustment costs case:

t(g) = 0 (g+6)+ 1(g+j)2
2

Growth rate is given by gi, = - 6. Plugging into the expression above, we

obtain t(g(q)) = 11. The pricing condition for capital can then be written as21

(I - 2V)-')q2 - 2#1 [P + (I - b) +0 2 i+2#A+d 0

It is instructive to consider first the limit #1 - oo. In this case gt = -6. Price is

given by
A

pt -(- -1) (gt - -U
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and the existence of a positive price requires

-2) > 0

This is the usual condition for existence of equilibrium in a Lucas tree model with

Epstein-Zin preferences. For the case with finite 01 the condition is given by

-2) > 0 (1.A.1)

where

_ 024 1A + 10 - 5

Let's now check this is indeed the case. The consumption-wealth ratio will be

positive if

1 1P + (1 -i) +6 + -(1- 2))q] > 0 (1.A.2)

If 4 = 2, then the price is given by

201

Plugging the expression above into (1.A.2), we obtain (1.A.1) for 4 = 2.

Define the following coefficients:

C = 20 1A + 02;

If V; < 2, then the quadratic equation for pt has a unique positive root:

qt=

20-1 - 1

Condition (1.A.2) can be written as

B+ (1 - V)/B 2 + (2V' - 1)C > 0 -- B - (1 - -1 )v/O > 0
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and the second inequality is equivalent to (1.A.1).

In order to see the equivalence between the two inequalities, notice that for a given

C, the two functions of B at the left-hand side are strictly increasing and have a zero

at the same point, so the two functions are positive for the same set of values of B

(given C).

If V > 2 and the quadratic equation has real roots, then there is a single root

consistent with positive consumption-wealth ratio:

B - B2 - (1 - 20-)C
1 - 2b-'

The consumption-wealth ratio will be positive if

B-( )-1) B2 - (1 - 2i- 1 )C < 0 and B2 -(1-20-')C > 0 <-> B-(1-V-1)v' > 0

and the second inequality is equivalent to (l.A.1).

A similar argument applies: for the region where the term inside the square root

is non-negative, the function on the left of the first inequality is decreasing in B and

it is equal to zero and the function on the left of the last inequality is zero. Hence,

the two sets of inequalities are equivalent. E

Proof of proposition 2

Proof. First, notice the market price of risk can be written as

71 'Ybb,t -) (1 - _

Using the market clearing condition for risk, we obtain

XtUbt + (1- Xt)-I [-/bgbt + ((1 - - (1 - ') 0xt] = (O + Uqt)
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Using the market clearing condition for risk and (1.31), we can write

Cmbin Xt [rbt w(a g qt)]

Combining the previous two expressions, we get

XI.&bI + (1 - X0)- ['Y, , + ((1 - ys)! - (1 - t) X1 [ab,t

where bt = c

Rearranging the expression the above,

&bt =

1+ - **)( - (1) -( - )

1+ Xt*S-Xt) ((1 - s) - ( 1 b ) -X' 'YS (1Y - t)

Notice that &b,t is increasing in "s -- , where Wt = ) ((I

Let's compute how this term responds to ys:

E [1ysYb l-Xt1
YA 1+7t J

Ys Yb

1-t

Yb

where I used the fact that ti = 0 for -y, = -yb.

Since &b,i =1 for -y, = -Yb and it is (locally) increasing in -y,, then &b, > 1 for

-Y, = N+C, 6 > 0 sufficiently small. Market clearing imply &s,t < 1, s S,t > Us,t.38 E

Proof of proposition 3

Define 7 ,t as the expected discounted value of transfers:

-' Tsds
7rt I

38 Eb,t is locally increasing for xt < 1, but we can check directly that abt > 0',y as xt approaches.
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Define the martingale process Gjt:

-

LS T,,ds0
G E, Et -T,,ds=

[1 70 .

7rt
+ 'T0 ,t70

The martingale representation theorem implies that there exists a process oG,,t

such that

dGjt = -uGj,tdZt
IF0

Combining the previous two expressions, we get

d (17Th)
Ttdt + = UG ,tdZ,

7rt

Applying Ito's lemma, we obtain

/-73 ,t = rt77,t + i7t9-r,t - Tp~

where UHt = tTGj,t + 7 -,t7t.

Define total wealth as the sum of financial wealth and the value of transfers:

hj = nt + 'Tt

which evolves according to

iij,tdni = [r, + &jtl)t - Ejj] di + &j,,dZt, (1.A.5)

where

aj- Cj,t
cjjt =

The problem of investor j can alternatively be written as choosing (cj, &j) subject

to (1.A.5), given hj,0 > 0.

Fix a set of policy rules gcb,t and Tt and the corresponding equilibrium prices

(rt, rqt, St). Consider an alternative set of policy rules o, and such that to-

tal wealth at period 0 is unchanged for both types when computed using the state
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price density from the initial equilibrium. I will conjecture that prices, investment,

and consumption are unchanged (r*, ij*, 7r*, St*, g*, c*) = (rtt,t, 7 St , gt, ct) and risk

exposures are given by

n* t-j, = nrtopt - '- t 3 ,t) (1.A.6)

Let's guess and verify this is an equilibrium. By assumption ii, = iij,. The

budget set for investor j is unchanged, then (&j, cj) = (&j, cj) and equation (1.A.6)

hold. Since the state price density is the same, g* = g. Consumption did not change,

so the market clearing condition for consumption hold. It remains to determine the

remainder market clearing conditions hold.

The budget of the central bank can be written as

ncb,t = Et - Tsds = b,t + Ts,t

This imply the following chain of equalities

ng Ti*,1 + ncbst = 5b,1 +* = hb,t - 2s,t = nb,t + ns,t - 7
ecb1 = S1

where I used the fact that total wealth did not change with the new policy.

Since ncb,t = Tb,t + T,,, we have that

O'cb,tncb,t -U-bI + 0'Ts,t

We can use this fact to show the remaining market clearing condition hold:

o*,n*,I,+I, * ,n*+a*a,,n*t = L7* l,,+Os*, 1  = &b,tilb,t+-, 16s,1 = Ub,tnb,t+os,i n, c,t cb,t =s.t S.

This concludes the proof that the conjectured allocation is an equilibrium. E
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Proof of proposition 4

Proof. Law of motion of Xt: Applying Ito's lemma to the definition of x, and wj, we

obtain:

dxt = xtdnb,
Lnt

d(nb,t + nfl,t) + (d(nb,t + ns,t) )2 d(nb,t + ns,t) dnb,1
nh,t+ n , + bt nJ,t nb,t + ns,t nb,t I

X,(1 - X1,) [(Ub, - U,,) (qti - Wt4(Or Uq,i )) + as,t - ab]- r (x, - 06) d1

+ X x(I - Xt)(Ubt - (7,t) dZt

ax~

dt = Et dnbb _ d(qtYt)
I cbt qtY

+ (1 - wt)(1 - Z)(O + Uq,t) dZt

Olw,t

d(qtKt )2

(qtKt)
2

dnb,t d(qtKt)

ncb,t qt Kt I

- wt)(1 - W,)(o + OP,t) 2 dt+

/Iiv,t

using the fact (-cb,t = t t (a-+ q,t).

Let's solve for the drift and diffusion terms as a function of the net worth multi-

pliers and their derivatives.

Diffusion: The diffusion of X, is given by

O-2,t = xt(l - Xt) (O-b,t - Us,t) ; uwt = (1 - wt)(1 - w')(o + Uq,t);

The risk exposure of intermediaries and savers can be written as a function of ox,t:

- t (2 -, + o-U, ;
s'YS N

it
Ub,t - 7

Yb

1
Y(2Qt + dwow,t);

where i = (-y, - 1) log t and t = (N' - 1) log ( (for instance, = (y, - 1)

Plugging in the expressions for (O,t, Oat) into the market clearing condition for
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capital, we obtain:

r/t = Yt W (U + U-q,i) + - 0-,t + . u.'t

The risk exposures can then be written as

1-x
+ q,t) + x

is L
- X ux't + OW - 2W) wt]I

- )ux' + ( - ,) 0Uw,t]1I

Plugging in the expression above into the equation for ux,t, we get

u- =X(1 - xt) [(i, - Yb)W'(O
Nb'N

+ uq,t) + fX - X) Ux,t + 5. - 2 UwtI

W't = wt(Ieb,t - 1) (u + uq,t)

Consider first the special case where there is no intervention, i.e., wt = 0. In this

case, we can easily solve for ax,t:

A !- ,
lb 7 Xs 1 - N)

U (1.A.9)

'Yb 'YS

Let's go back to the general case. The diffusion of we,,, can be written as

Wcb,t(leb,-- 1) ( +gx-t

1 - Wc,t(lcb,t - 1)g
1.A.10)

and a + u,,, is given by

U + A Uxtq - w c t
U + U~t 1 wdib,t - -

p

1- Xt
+Y 202,: + uw-, (1.A.8)

[Wt (0Ubt ~ --

Yb

[Wt
(U Uq,t) -
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The diffusion of Xb can be written as

A i-Xt (Ys- Yb)wt+Wt (lcb,-1)(iw-w.)
Kt I7 1 t (Icb,t - q)

1 1--t (-Y. -- b)t 9
M +Wt (Icb,t -- 1) ($w-&)

a (1.A.12)

+-

The expression above depends on the derivatives of the net worth multipliers, but
it depends on the derivatives of the price-output ratio as well. However, we can use
the market clearing condition for goods to eliminate the derivatives involving p. The
following expressions show how to obtain p and its derivatives from the net worth
multipliers (and their derivatives):

q(X, c) -XP (X, w) + (1 -) x~(X, w)

p(X w

4,

ci ~ ~ V ) a fXP4c- + (1 - X)P41' + -E C 4,p~- ,

__ - 2-- +2[-i- (1 - 4
q Ck a q \q

___ - 2-- +
2 -J (

qi ( Ce q (qi

___ __ -- - -+ 2--
q a a q a ci c q

' P C ( + - - V, (-2 + (I - z) -, C_ 2X C) ) p4' IvC
4

,()2) + ( ~ 4 1

q V7 CU C

) 2)]

,,ki) + 1-, ,,p tl

Drift: The drift of Xt is given by

/IX'1' - Xt(1 - xj,) [(aTbi. - (Tsj) (77, - W,Qx + (7q,/,)) + P~ 2/)S - pb(t1b K (X, - Ob)

(1.A.13)

,, [ri + as6 ,.rt - ti - (p, -+- g1  cot)] - (1 - w,,)(1 - c4)(o + oy) 2

Notice that px,t can be computed given the diffusion terms derived above. Hence,

we only need to solve for p. First, from (1.18) we obtain an expression for rt:

ri = A - t(g(qt)) - (a+ +)7 I 1q + g, + 0rq,1, (1.A.14)

Combining the previous two expressions, we get

% = W(1 i )()(1 (T)(a+qt,)(rt - (a+aq,)) (1- Wt)(1 W) A - t(g(qt)) (1.A.15)
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11using the fact T, = - A'
W1 q

Proof of proposition 5

Proof. Define the martingale Gt:

Gt= fSe-sbds+ E,
70

[J f 0re-'bsds]
.t 70 1

= e-'bosds - e-bti-pt
0 T0

70

where the second equality uses (1.34).

Computing the drift of the expression above and setting it to zero, we obtain the

no-arbitrage condition:
1

- + 11p,t - - rt = p,t17t

expected excess return

(1.A.17)

Applying Ito's lemma to pt = p(xt, w), we obtain

+ xw,i.+ O'Xto-2 t
At

2

+ W , PIVIt.
2 pt

Pxt Pwt
Up't " X t + uw,t

Pt Pt

Using the no-arbitrage condition, we obtain the PDE for the price of the bond:

2 2

0 = 2 pxx,t+ -x,tOw,tpxw,t+ 2 tPww,t+(px,t -- xt?7, t)Px,t+(iLw,t -- Owtr, t)pw,t+1-(rt+6b)pt

(1.A.18)

The average expected interest rate can be written as

(s 
1

t e 6 (St) rddsI = 6bEj, e-b(-t)rds]

The expected path of interest rate can be compute by solving the following PDE:

2 2
-= e + eO,tre, + ,rw,t, + px,tr,t + pw,tr,, + 6 rt - Jr'

- 2 xx,t + 2 ww;
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Px,t
Pt

+Pw,t Pt
Pt

a2
Pxt Pxxt1

2 pt

r|E= [J 00 (1.A.19)
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Consider also the expected average interest rate up to period T:

r2(x, w; T) - 6 E [j e6 ( rsds1t I~~ - e-6Tt f

The expression above can be written as:

= Et At 6e-6(8-t) t)rd -A

= E At- e-6(T-t) r.ds + e-6

[ ft e-6(s-t) ds e-

= EI -r,ds +
[f ~ e-6(1 ) e-= J1-eE ( fredsJ + 1

JrtAt

1 _ e-6(T-t-At)

1- e_(T-t)

t e-6  (T-t)

_ _ 

(T t

+jT 1 - e-L(T-A)rds

T+At
r e(X, il,; T) + (f," + Dr'")ds

+ -At - e-6 (T-t) [r'(xt, wt; T) + (K, + Dr') At]I - e(7'-t) 8 8

where we denote a time derivative with a dot and Dr' denotes

r" pxr" + pure, * r"e a~wr2
2

+ ii e
2 II (1.A.22)

Rearranging the expression above, we obtain

(1.A.23)

It is convenient to work T,= T - t instead of I directly. The expression above can

be rewritten as

(r(x, uw) - re(x, uw, r))
1 - 5-r

Dre(x, w, T)

subject to the boundary condition:

(1.A. 21)

r (x, u; T)

6(rt - re) + r
1 e-6 (T-t) +

arc(x, i, r)
ar

(1.A.24)

r"(x, w, 0) = r(x, w)
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Taking the limit as r goes to zero, we have

are(x, w, 0)
Tr

1
-'Drc(x, w, 0)
2

where I used the fact

6(r(x, w) - re(x, w, r))
1 - e67

_Dre(x, w, 0)
8r

(1.A.27)

0

1.A.2 Numerical Solution

The computation of equilibrium is reduced to the solution of a system of partial

differential equations (PDEs) involving (((x, w), (x, w)). The following procedure

shows how to obtain a pair of conditions involving ((, ) and its derivatives:

1. Compute q(X, w) using the condition:

xp 1(x, W) 1- + (1 - x)p (x, W) 1 - wd(X, w ) A - t(g(q(x, w)))
q(x, w)

and differentiate the condition above to obtain the derivatives of q(x, w).

2. Compute (OX, OW) using (1.A.12) and (1.A.10) in the appendix.

3. Applying Ito's lemma, compute (Cq,t, t ,t, ,)

qxt + qw,t
=lj O'x~t W

(,t (wt
t wt

4. Compute 77t using (1.26) and (Ubt, 9st) using (1.22) and the analogous condition

for 7,,t.

5. Compute (pxt, pw,t) using conditions (1.A.13) and (1.A.15) in the appendix.
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6. Applying Ito's lemma, compute (pq,t, p1C,t, Ip ,t)

11q't = qxz jx,t+qwt ,t

- (~t/ 'xt,+ W,t Pv
(t ( /1L

11j IL~ W 't

1 q~xxt U2

+ I IXt(
2 (t[ '

1~ ,r _11t
+ 2 [t72t

qW, qt 2t1

*+2(x040w,t(W + a* 2I;

* x,tuw,i + 7 ,~

6~w 6~w 2 1]

7. Compute ri using (1.18).

8. Plug (rt, 7rt, a,t, oT,t) into (1.21), analogously for savers,

PDEs.

The boundary conditions for the PDEs can be obtained

diffusion for (xt, wi) at the boundaries: 39

to obtain the system of

by the behavior of the

lim o-r,t = 0, Vw E [0, 1];

lim O-W,, = 0, Vx E [0, 1];
W--+0

lim ot = 0, Vw
X-+1

lim am,t = 0, Vx
w-+1

The numerical solution is a finite-difference implementation of a method of lines

with false tr'ansient. The method consists of introducing a "false" time dimension (or

considering the finite horizon version of the problem) arid discretizing the derivatives

involving (x, w) using finite differences. The time dimension is kept continuous, so

we convert the problem from a two-dimensional system of PDEs to a 2N-dimensional

system of ODE (where N is the number of points in the grid for (x, w)). The system

of ODEs is solved using MATLAB's ODE suite.

39See Schiesser (1996) for a discussion of boundary conditions involving order reduction of PDEs.
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Chapter 2

Risk-Taking over the Life Cycle in

Village Economies

* Joint with Robert M. Townsend (MIT).

2.1 Introduction

We study the risk-taking and savings behavior of entrepreneurs over the life cycle. Us-

ing data from a household survey of rural and semi-urban households in four provinces

in Thailand over a period of 156 months, we document substantial amount of het-

erogeneity across and withing demographic groups. Across demographic groups, we

find that young entrepreneurs invest proportionally more in risky assets than older

entrepreneurs. Consumption, as a function of financial wealth, is a U-shaped function

of age, with households consuming proportionally more during young and old age.

Differences in behavior of different demographic groups is economically significant,

with the portfolio share of young entrepreneurs being up to 60% higher than the

portfolio share of old entrepreneurs.

There is also a lot of heterogeneity within demographic groups. Even controlling

for age and type of occupation, we observe large differences in returns. (Samphan-

tharak and Townsend, 2013) documents an important idiosyncratic component on the

volatility of returns. They also document that idiosyncratic risk explains a relatively
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small fraction of the risk premium. The fact that these entrepreneurs have access to

informal risk sharing networks partially mitigate the impact of idiosyncratic shocks.

This suggests that entrepreneurs have access to some form of (partial) idiosyncratic

insurance.

We propose a theoretical model that accounts for the heterogeneity in behavior

over the life cycle as well as to the fact that entrepreneurs are (partiallly) exposed to

idiosyncratic risk. The model has two main ingredients. First, a rich demographic

structure, with entrepreneurs of different generations overlapping at each point in

time. Second, imperfect idiosyncratic insurance, which will be generated by a moral

hazard problem.

Formally, we propose an overlapping generations model in continuous time with

imperfect altruism. There are two types of agents, entrepreneurs and financiers.

Entrepreneurs live for T periods and, after they die, they are replaced by their heir.

Entrepreneurs derive utility from bequests, but to a lesser extent than a perfect

altruism benchmark (which effectively coincides with a infinite horizon economy).

This will create intergenerational links, but also life-cycle patterns. At each point

in each time, there are entrepreneurs with age ranging from 0 to T, in contrast to

typical overlapping generations model where there is only two types of agents, the

young and old (see Samuelson (1958) and Diamond (1965)).

Entrepreneurs' income come from wage income and the proceeds from a risky

project. The project is subject to both aggregate and idiosyncratic shocks. En-

trepreneurs can divert some of the capital and sell it privately in the market. The

optimal contract between the entrepreneur and the financier can be implemented

using simple financial instruments: a riskless asset, aggregate insurance, and idiosyn-

cratic insurance. However, the entrepreneur will be limited in how much he can buy

of idiosyncratic insurance.

The imperfect risk sharing will allow us to capture the idiosyncratic risk premium

observed in the data. Idiosyncratic volatility can be high, but if part of it is insured

by financiers, then the idiosyncratic risk premium. Using the model, we can infer the

amount of idiosyncratic insurance in the data by comparing idiosyncratic returns and
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idiosyncratic volatility. This requires using the model to factor out the component of

the "price" of risk which is not related to the amount of idiosyncratic insurance.

Entrepreneurs also receive labor income, which can vary over the life cycle. Given

the finite horizon, the value of human wealth, the present discount value of labor

income, will vary over the life cycle. This will have implications for the consumption-

wealth ratio and the portfolio share. An entrepreneur with a large stock of human

wealth is effectively richer than what indicates its financial position. Hence, the

entrepreneur will be willing to be more exposed to both aggregate and idiosyncratic

risk. Human wealth is high relatively early in life and tend to decrease over time.

Hence, both the consumption-wealth ratio and the portfolio share will be high early

in life.

The connection between human wealth and portfolio choice has long been rec-

ognized in the finance literature (see Bodie et al. (1992), Heaton and Lucas (1997),

Viceira (2001)). The focus of these studies is typically in a partial equilibrium analy-

sis of a portfolio problem. Here we consider the challenging problem of having human

wealth as a general equilibrium object in a setting with imperfect risk sharing.

Given the discipline of having the model to match the cross-sectional implica-

tions as well as the aggregate predictions about (aggregate and idiosyncratic) re-

turns, we use the model to study the effect of innovations that expand insurance to

entrepreneurs, or equivalently an increase in the level of financial development. An

increase in idiosyncratic insurance will reduce the idiosyncratic risk premium. This

reduction in the premium will lead to an expansion of the scale of the project, which

reduces the marginal product of capital, in order to be consistent with the new level

of the risk premium.

Another consequence of the reduction of the risk premium is that entrepreneurs

will tend to accumulate less wealth. In the long-run, the share of wealth of en-

trepreneurs falls, with adverse effects on entrepreneurs' welfare. Finally, we consider

the transitional dynamics in a tractable special case of the model with endogenous

growth. We find that the risk premium overshoots its long-run level. The initial

drop in risk premium is higher on impact than it is in a stationary equilibrium. The
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reason is that in the short-run the effect of an increase in idiosyncratic insurance is

amplified by an endogenous response of the price of risk. As the share of wealth of

entrepreneurs start to fall, the risk premium converges to its long-run level.

The essay proceeds as follows. Section 2.3 describes the environment. Section 2.4

discuss the equilibrium characterization, including the connection between human

wealth and risk-taking behavior. Section 2.5 discuss a stationary equilibrium and

the effects of improvements in idiosyncratic risk premium. Section 2.6 discuss the

transitional dynamics of the model in a tractable special case.

2.2 Life cycle patterns in village economies

We use data from the Townsend Thai Monthly Survey, an ongoing monthly survey

initiated in 1998 in four provinces of Thailand. Two provinces, Chachoengsao and

Lopburi, are semi-urban and located in a more developed central region near the

capital city, Bangkok. Two provinces, Buriram and Srisaket, are rural and located

in the less developed northeastern region. In each province, the survey is conducted

in four villages, chosen at random with a given subdistrict. The survey covers both

consumption and production decisions of households, including the value of fixed

assets and inventories. There are five main occupations in the survey: cultivation,

livestock raisin, fish and shrimp farming, non-farm business, and wage earning. Rates

of return are computed by the household's accrued net income divided by household's

average total assets (net of total liabilities). Samphantharak and Townsend (2013)

discuss in more detail the survey.

We start documenting the life cycle pattern on consumption and risk-taking. The

first panel of figure 2-1 shows the profile of consumption to net worth ratio over the

life cycle. It is convenient to look to the consumption to net worth ratio, as the theory

will have clear predictions about this ratio. Consumption is decreasing over most of

the cycle, and it is increasing at old age. The share of wealth invest in risky (physical)

assets is decreasing over most of life, being stable at the end of the cycle. In both

cases, the variations over the cycle are economically significant. Young households
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portfolio share of the risky asset it is up to 60% higher than the same share for older

households. A -similar number holds for the consumption rate.

Figure 2-1: Savings and risk taking behavior over life cycle
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The fact that young entrepreneurs have a relatively high consumption rate makes

harder for them to accumulate wealth. In contrast, the higher portfolio share of the

risky asset implies returns on the portfolio are higher for young households, stimulat-

ing wealth accumulation. Figure 2-2 shows that total assets increase over most of the

cycle, indicating the second effect, together with the fact income is relatively high at

beginning of life, tends to be more preponderant.

Figure 2-2: Income and assets over life cycle
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wealth. The value of human wealth is decreasing during most of the life cycle. In

section 2.3, we propose a model that ties together these different facts. The value

of human wealth will play an important role. In the model, a decreasing portfolio

share cones a decreasing human capital to net worth ratio over the life cycle. The

intuition is that entrepreneurs with a high value of human capital (relative to financial

wealth) is proportionally richer than what it is indicated exclusively by their financial

position. This will induce entrepreneurs to take a riskier portfolio position.

Figure 2-3: Human capital-net worth ratio
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In the next section, we present a model that will try to capture the life cycle pat-

terns described above as well as the behavior of risk and return described by (Sam-

phantiharak and Townsend, 2013). The authors show that the risk on entrepreneurial

activity have an important idiosyncratic component. However, transfers among vil-

lage members effectively mitigate the impact of idiosyncratic shocks. Despite of the

large idiosyncratic risk, the idiosyncratic risk premium accounts for a smaller fraction

of returns. This motivate us to propose a model with imperfect risk sharing, where

entrepreneurs can insure idiosyncratic risk, but imperfectly.

2.3 The model

Time is continuous and there are three goods in this economy, consumption goods,

capital, and labor. The economy is populated by two types of agents, entrepreneurs
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and financiers. Entrepreneurs operate the production technology, but they face a

moral hazard problem. Financiers can trade among themselves and write contracts

with entrepreneurs.

2.3.1 Entrepreneurs

There is a double continuum of dynasties of entrepreneurs in the economy. En-

trepreneurs live for (a measure) T periods and when an entrepreneur dies it is re-

placed by a new entrepreneur, keeping total population is constant. At each point

in time, there is a continuum with mass one of entrepreneurs with age a, for all

a E [0, T]. Hence, all generations of entrepreneurs overlap at each instant. This rich

demographics will be important to capture the empirical patterns described in the

previous section.

Production Technology

Entrepreneurs can invest in a project that produces final goods using a CES constant

returns to scale technology combining capital and labor. Let k,,t(i) denote capital

used by entrepreneur i born at period s at period t, and similarly for the labor input

ls,t(i). Output generate by entrepreneur (s, i) is given by

Ys,t(i) = At aks,t(i) + (1 - a)ls,t(i) Y ' (2.3.1)

where c is the elasticity of substitution between capital and labor.

Productivity follows a geometric Brownian motion:

= Adt + CA dZt (2.3.2)
At

Aggregate productivity At can be written as At = Aoe ( 2, where Zt ~

AJ(0, t). Hence, PA is the expected growth rate of productivity and UA is the volatility

of the growth rate of productivity.

The stochastic process Zt is the only source of aggregate uncertainty. Capital
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accumulation is also subject to idiosyncratic shocks:

dk'~i = g-,t(i)dt + OkdWs,t(i) (2.3.3)
ks't (i)

where gs,t(i) represents the net investment rate.

The stochastic process W,,t(i) represents an idiosyncratic shock, i.e., f dW.(i) =

0. Importantly, Z, is perfectly observable, but Wst(i) is private information to the

entrepreneur. As described below, this will give rise to a moral hazard problem and

a consequent inability of entrepreneurs to share idiosyncratic risk.

The aggregate capital stock is given by

k = ktfa,t(i)dida (2.3.4)
T J0 J0

Entrepreneurs can hire labor at the wage rate wt and buy capital at the price

qt. The relative price of capital evolves according to dqt = Iq,tqtdt + Uq,tqgdZt, where

(/iq,t, 0q,t) are determined in equilibrium. Investment is subject to adjustment costs

t(gt)Atk,,t(i), where t'(.) > 0 and t"(-) > 0. Adjustment costs depend on the amount

of capital in efficiency units. This will be important to guarantee the economy has a

balanced growth path.

The return of investing in the project can be written as

dRs,1(i) = y'i - ,'( ' - t(gSt(i))Atks,t(i) + d(qtkS,,(i))
dRS' (i)gtkst () dt+ tk,,t (i)

dividend yield capital gain

The capital gain can be expressed as

= + = (Iiq,t + g,t(i))dt + (Tq,tdZt + YkdW,,t(i)
qt k,t(i) qt kst(i)

More concisely, we can write dR,,t(i) = Ps,t(i)dt + Oq,tdZt + akdW,,t(i), where

y8,t(i) - wtl8,t(i) - t(g.,t(i))Atkst(i)
.t( Z+ 1k~,t +q, + gs,t(i) (2.3.5)

qt k ,t (i)
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To ease notation, we will drop the explicit dependence to index i when there is no

risk of confusion, i.e., ks,t(i) will be denoted by k8,,, similarly for all other variables.

Preferences and Bequest Motive

Entrepreneurs live for T periods and derives utility of a bequest to his heir. Prefer-

ences are time-separable with logarithmic instantaneous utility and utility of bequest

Bt(n)

s+T-

U(cs, ns) = Et [jST e-,('-s) log c,,tdt + e-PTBs+T(ns,s+T)1 (2.3.6)

for an entrepreneur born at period s.

Let Vs(t, n) denote the value function of an entrepreneur born at instant s with

net worth n. The bequest function is given by

Bt(n) = e-TV,(t, n) (2.3.7)

where 6 > 0.

The coefficient 6 measures the inverse of the bequest motive. If 0 = 0, then

entrepreneurs give full weight to the next generation and they behave effectively as

infinite-horizon agents. If 6 > 0, there is imperfect altruism and the behavior of

entrepreneurs will deviate from the infinite-horizon benchmark.

Labor is supplied inelastically and can vary (deterministically) over the life cycle,

1,,t, in order to capture the effects of experience and on-the-job learning. 1 The profile

of labor supply over the life cycle will follow a flexible functional form in order to

capture the pattern observed in figure 2-2:

's,t = O1et--) + 2e1(t-S) (2.3.8)

1Notice that 1,, denotes the amount of labor supplied by an entrepreneur born at s, while i,,t
is the amount of labor demanded by an entrepreneur born at s to run his project.
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Aggregate labor supply is fixed at one:

- It_2,tdz = 1 (2.3.9)

Entrepreneur's problem

Following recent work in dynamic moral hazard problems, we will assume that en-

trepreneurs can divert capital and sell it in the market. However, this process is

inefficient, as entrepreneurs can sell only a fraction # C (0, 1) of capital diverted. En-

trepreneurs can meet with financiers and make a take-it-or-leave-it for a risk-sharing

contract. Contracts are short-term, as after period t + dt the entrepreneur will meet

with a another financier. The derivation of the optimal contract is similar to the one

in previous moral hazard problems in continuous-time (see DeMarzo and Sannikov

(2006) and Sannikov (2008)). The detailed calculations are provided in the appendix

and follow closely the work of Di Tella (2012).

In appendix 2.A.1, we show that the optimal contract can be implemented by

the entrepreneur having access to three financial instruments: a riskless asset, aggre-

gate insurance, and idiosyncratic insurance. Notice this is one possible representation

of the optimal contract. We could instead only specify a process for transfers be-

tween entrepreneurs and financiers, depending on aggregate and idiosyncratic shocks,

without a direct reference to these markets. However, it is instructive to think of

the contract as consisting of these three simple financial instruments. Effectively,

the moral hazard friction is determining a market structure, including the access of

entrepreneurs to each asset.

Net worth of an entrepreneur born at instant s evolves according to

dn,,t = [rtn,,t + qtks,t(pS,t - rt) - Ks,t-rt + Wls,t - Cs,t] dt

[qtkstOq, - Ks,t] dZt + (vqtks,t - id ) dWt (2.3.10)

where Ks,t ( id) denotes the amount of aggregate (idiosyncratic) insurance.

Notice the entrepreneur has access to four different assets. First, a riskless asset
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that pays interest rate rt. Second, the physical investment in the project, which gener-

ates expected return pt,,. Third, aggregate insurance, where rt denotes the premium

the entrepreneur pays for reducing his exposure to aggregate risk. The term r, is also

referred to as the market price of aggregate risk and it is determined in equilibrium,

as the other prices. Fourth, idiosyncratic insurance. Since idiosyncratic risk can be

perfectly diversified, we are already imposing that the premium for idiosyncratic will

be zero in equilibrium.

In order to provide appropriate incentives to entrepreneurs, there is limited id-

iosyncratic risk sharing. Entrepreneurs must hold a fraction 0 of idiosyncratic risk,

i.e., they must have "skin in the game":

st (1 - O)vqtk,, (2.3.11)

It is easy to see that in the absence of the skin in the game constraint (perfect

risk sharing), the entrepreneur would simply choose r, id = vqtk,, since the equilib-

rium premium for idiosyncratic risk is equal to zero. Hence, we should expect this

constraint to be always binding in equilibrium.

The entrepreneur is also subject to a natural borrowing limit, as the entrepreneur

cannot borrow more than the present discounted value of its labor income, i.e., the

value of his human wealth. Let irt denote the stochastic discount factor for this

economy (state prices normalized by probabilities), where d7rt = -rtwridt - qt7rtdZt.2

The value of human wealth is given by

s+T 7r1
hs,t =Et _wZR,Zdz (2.3.12)

for s < t < s + T and h,,t = 0 otherwise.

The natural borrowing limit is then given by

n,> -hs, (2.3.13)

2Intuitively, a higher interest rate rt implies future payoffs are more heavily discounted, and a
higher market price of risk implies risky payoffs are also more heavily discounted. Formally, we show
in the appendix how to obtain the law of motion of 7rt given (r, 77).
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The entrepreneur's problem is to choose a vector of process (c., ks, is, gs, Ks, Ki),

taking the process for prices (r, i, q, w) as given, to solve the following program:

Fr s+T

V (to, nri,t) = max Et l e-(-'O) log c,,tdt + e-(P+)T Vs+(s + T, ns,s+T)
Csks ,S 9S Is ft0s I2T)

(P1)

subject to

dn,,= [rtns,t + qtks,t(Ps,t - rt) - K.,,tT7t + wtilst - cS,,] dt + (qtkSt(O- + Oq,t) - K.,t) dZt

+ (vqtk , ,t - ,i) dWt

_ Ys,t - wtlst - t(gs,t)Atkst /Iq,t + gs,t

q,ks, t

Ki < (1 - #)vqtk8 ,t; n, > -h,t; cSt, k8,i 0

for t E [to, s + T], given notO > -h.,10.

2.3.2 Financiers

Financiers have logarithmic time-separable utility and choose a path of consumption,

cf, and risk exposure, o-, given initial net worth nf. A financier can be exposed to

aggregate risk by trading with another financier or by providing aggregate insurance

to entrepreneurs.

Financiers solve the following portfolio problem

F0.0

U(nf,o; Xo) = max Eo e' log cftdt (2.3.14)
Cf 0 f fo

subject to
dnf,t = dt + afj't - Ej dt o-f,tdZt (2.3.15)
nf,t nf,t.

a natural borrowing constraint nft 0 and given initial net worth nr,o > 0.

Notice the return the financier obtains by increasing her risk exposure by one unit

is exactly 77, the premium for aggregate insurance payed by the entrepreneur. Since

idiosyncratic risk can be diversified, it commands no premium in equilibrium, so the
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net exposure of a financier to idiosyncratic risk is equal to zero.

2.3.3 Competitive Equilibrium

A competitive equilibrium is a sequence of allocations (c., ks, is, g, , sI, cf, o-f ) and

prices (r, r, q, w) such that

(a) (c., k., i,, g5 , N., Kd) solves the entrepreneur's problem (P1), given (r, r, q, w), for

every s > -T

(b) (cf, -f) solves the financier's problem (2.3.14), given (r, rj)

(c) Markets clear:

1~~ ~ ~~ 1Tj 1~, (gt,,t(i))Atkt-,(i)] didz + cf,, = 1 _ j (Y 1,(ii

(2.3.16)

1T j n,-z,(i)didz + fnf,t T 1 qkt-kz,t(i)didz

(2.3.17)

1 jT 1 t-z,t(i)didZ = af,tnft (2.3.18)

1 jT f kt-z,,(i)didz = k(2.3.19)

- j j t,-z,,(i)didz = 1 (2.3.20)
T 0

The first market clearing condition corresponds to the goods market, implying that

the value of consumption plus investment made by entrepreneurs and the consumption

of financiers must equal total output produced in the economy. The second condition

is the market clearing for the riskless asset. Since bonds are in zero net supply, the

net worth of entrepreneurs and financiers must add to the asset in positive net supply,

the capital stock. The next condition is the market clearing condition for aggregate

insurance, as aggregate insurance must match the supply of insurance by financiers.

Finally, we have the market clearing condition for capital and labor.
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2.4 Equilibrium characterization

Let's now present the equilibrium characterization. First, we will present the solution

to the financier's problem, then the a reformulation and solution to the entrepreneur's

problem. Finally, we discuss aggregation and equilibrium prices. Proofs and detailed

calculations are provided in the appendix.

2.4.1 Financier's problem

The financier's problem is a standard portfolio problem with log-utility. Log-utility

corresponds to the case of unity elasticity of intertemporal substitution (EIS) and

unity risk aversion. Unity EIS implies that income and substitution effects cancel out

in the savings decision, so the consumption-wealth ratio is independent of returns:

C, P 
(2.4.1)

nff,t

Similarly, unity risk aversion imply that income and substitution effects cancel

out in the portfolio decision, so the risk exposure of financier's depends only on the

current market price of aggregate risk: 3

-,, = 71 (2.4.2)

It can be shown that the flow budget constraint for the financier can be integrated

to obtain an intertemporal budget constraint:

Et j -Z cf,zdz =nf,t (2.4.3)
.t 7rt

The state-price density 7rt in equilibrium must be proportional to the marginal

utility of the financier:

r e- (2.4.4)
Cj,j,

3I1 case of general risk aversion y, the demand for risk is given by + = + o,, where the

term agj captures how the marginal utility of wealth respond to shocks. Hence, portfolio decisions
respond to how returns vary in response to aggregate shocks.
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2.4.2 Expected return on the project

Consider now the entrepreneur's problem. Variables (1s,t, gst) only enter into the

problem through ps,t, so they will be chosen to maximize expected returns. Labor

demand assumes the usual form:

Wt = (1 - a)At Y" (2.4.5)
(Ati, I.;

The net investment rate gs,,t is given by

qt-- o6=(q'\
t'(g8,t)At = qt -> gt = qe/A - - U -- (2.4.6)

using the quadratic cost specification t(g) = lo(g + 6) + 1 (g + 6)2.

Plugging the previous two equations into (2.3.5), we obtain

Pst =cwt/At)-t(g(qt/At)) + JLq,t + g(qt/At) (2.4.7)
q,/ At

where a(w) =- ai [1 - (1 - a)Ewl-]T- , a'(w) < 0 as shown in appendix (2.A.3).

The expression above is independent of the level of capital k,. Moreover, it is

the same for all s, allowing us to write ps,t = pt. The term a(wt/At) equals the

marginal product of capital and it is decreasing in the wage per efficiency unit. The

net investment rate gs,t is a function of the relative price of capital (per efficiency

units) qt/At, reflecting a standard q-theory logic where qt captures the marginal

benefit of investing.

2.4.3 Aggregate and idiosyncratic risk exposure

Before solving the entrepreneur's problem, it will be convenient to reformulate the

problem. It will be shown that the problem can be written in terms of entrepreneur's

total aggregate and idiosyncratic risk exposure.

First, notice the skin-in-the-game constraint is always binding, as an increase

in Kd reduces the amount of idiosyncratic risk without affecting returns. Hence,
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KS = (1 - q)vqtk,,t. Consider now the evolution of human wealth h,,t and total

wealth, -= n,?,,t + h8 ,t:

Lemma 1. Consider human wealth h,,t and total wealth 7,, for entrepreneur born at

S.

(a) Human wealth evolves according to

dht= [rth,,t + c't hs'07t - wWs,t] dt ufth,,tdZt (2.4.8)

h
for some process ast.

(b) Total wealth evolves according to

dns= [rt-is,t + qtks,t(1us,t - rt) + (o{,lhst - Kstt- c,,] dt [qtks,tuq,t + (Ts1hs,'t Ks.t] dZt <vqti

imposing the skin-in-the-game constraint (2.3.11) binds.

The first part of lemma 1 gives the law of motion of human capital. For a given

process for the exposure of human capital to aggregate risk, aht, we obtain the ex-

pected growth rate of human capital. The term or h depends on the process for wages

and need to be solved in equilibrium. Human capital grows according to the riskless

interest rate rt plus a remuneration for the riskness of human capital a 7t. Notice

the return per unit of aggregate risk rt is exactly the premium for aggregate insurance

payed by the entrepreneur. Finally, since human capital is the discounted value of

wage income going forward, the value of human capital in the next instant h,,t + dhs,t

is decreased by the current value of wages wtl,,t.

The second part of lemma 1 gives the law of motion of total wealth, dn,,1,

dn,,t+dh,,t. Importantly, wage income does not enter directly in the budget constraint

anymore. Intuitively, it is as if the entrepreneurs sells the rights to all future wage

income to financiers and receive in return an asset with value h,, and risk exposure

,'. Exposure to aggregate risk now comes from the project qtk,,ta-,t, from human

capital oth,, and from aggregate insurance Kt. Exposure to idiosyncratic risk is given

86



by the residual risk of the project after taking the maximum possible idiosyncratic

insurance from financiers.

By choosing the scale of the project, the entrepreneur is effectively choosing his

exposure to idiosyncratic risk, while aggregate insurance can be used to obtain any

desired exposure to aggregate risk. We can use this observation to rewrite the en-

trepreneur's problem in more convenient form. First, define the market price of

idiosyncratic risk as the excess return on the project not accounted for aggregate risk

per unit of idiosyncratic risk:

J t - rt - (a + uqt)rp (2.4.9)

The next proposition shows how to write the entrepreneur's problem in terms of

choosing total exposure to aggregate and idiosyncratic risk.

Proposition 6. Suppose (cs, mI (7) solves the following problem:

Ffs+TV ,(to, Ti,t) =max lEt Il T eP,(t'o) log c,,tdt + e(P O)7'VS T(S +1 T,
Cs,Os, ?2s T-

(P2)

subject to W,t 0; ct > 0, and

S, = rt + Fr ,1 + -Idt id - dt i + dW (2.4.10)
ns,t I n,,t_

for t E [to, s + T], given Wst0 > 0.

Then, (ci, kd, 5, g5, Ko, Kid) solves (P1), where 1.s,,t satisfies (2.4.5), g8,,, satisfies

(2.4.6), Ki satisfies (2.3.11) as equality, (k,,, , solve the equations

-s1 = (qtks - n, h h qt ks, n,,t
't n,, n.,,J na,t + h5 ,t ' n,,t + h,t - n5 ,, n,,,, + hs,,

(2.4.11)

where n,,t satisfy (2.3.10).

The proposition above highlights the fact that the risk-taking decision of en-

trepreneurs can be taken in two steps. First, entrepreneurs choose how much of
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total wealth will be exposed to aggregate and idiosyncratic risk. Second, given the

desired exposure of total wealth to risk, entrepreneurs choose the necessary exposure

of financial wealth to risk.

2.4.4 Savings behavior and risk-taking over the life cycle

The next proposition characterizes the solution to the portfolio problem (P2)

Proposition 7. Consider problem (P2):

(a) The value function Y.(t, n) can be expressed as

- 1 - 6e-p(T-a)
Vs(t, n) = log n + B,,t (2.4.12)

p

for some process B, where a = t - s.

(b) Consumption to (financial) net worth ratio is given by

cs,, _ p(Ta 1 + h'(2.4.13)
n,,t 1 - 8e-P(T) n,

where G _

(c) Exposure to aggregate risk is given by

0-8t= 7t + - n8,,t h (2.4.14)
n,, n,,

where o-1,, =q k (o- + Oqt) - '.

(d) Demand for capital is given by

qt ks, _1 id + hst .41-- 7  (1 t (2.4.15)
ns,t \ s,tq/

Proposition 7 establishes the link between the ratio of human wealth to (financial)

net worth and the savings and risk-taking behavior. The higher the human wealth to
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net worth ratio, the more the entrepreneur will consume out of his financial wealth.

As seen in figure 2-3, human wealth is decreasing over most of the life cycle and

stabilize at a low level later in life. The term 1 is increasing, provided 0 > 0

and captures the fact that entrepreneurs have an incentive to run down his assets as

the end of life approaches, reflecting imperfect altruism. This second effect may help

explain the increasing consumption to net worth ratio late in the cycle, as shown in

figure 2-1.

Similarly, a decreasing human wealth to net worth helps explain the decreasing

share of wealth invested in the risky asset. The higher the value of human wealth, the

more the entrepreneur is willing to hold of the project and the associated idiosyncratic

risk.

2.4.5 Stationary Distribution of Relative Net Worth

Define the average net worth for entrepreneurs born at instant s and the aggregate

net worth of entrepreneurs:

1 ~ T ff W,, t(i) di1
0,, a, W,t - - W-tiddz(2.4.16)
1fe' f Titz,t(i)didz T fo 0

Since all entrepreneurs choose the same exposure of their total wealth to risk, the

share of wealth held by each demographic group does not respond to shocks:

d [s, _ [ 7' P'ot-z,t dz - 1 dt (2.4.17)
1 [t _T ] 1 - )e-p(T-z) I - ee-p(T- -s))

with the two boundary conditions dt-T,t = Vt,t and TfT ?ha,tda = 1.

In a stationary equilibrium, we are able to solve the system of differential equations

and obtain the distribution of net worth across different ages in closed form. The

assumption of stationarity implies the wealth shares depend on (s, t) only through

the age of the group a = t - s, allowing us to write 19S,t = t 9a, abusing notation.

Proposition 8. Let Va denote the stationary distribution of wealth for entrepreneurs.
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(a) The share (density) of total wealth held by entrepreneurs of a C [0, T] is given by

O(p + 6)T [ eOa e-(p+O)(T-a)-
Ida = - (2.4.18)

p [eOT - 1 1 - e-(p+O)T

and the average consumption-wealth ratio is given by

T/ 1 - -p(T-z) dz = p + 6 (2.4.19)

(b) 7a is increasing around a = 0, decreasing around a = T, and achieves a maximum

at an intermediate age.

The proposition gives the distribution of net worth across different ages in a sta-

tionary equilibrium. It starts and ends at the same point since we assumed the

entrepreneur at age T leaves his net worth to the newborn agent and this is his only

source of wealth. At the beginning of life savings rate is high, since the net worth

must finance consumption throughout his life, what leads the entrepreneur to accu-

mulate wealth at the beginning of life. As the end of life approaches, the savings rate

falls (given the imperfect altruism), depleting most of the net worth.

The stationary distribution depends on two variables: the degree of altruism 0

and the discount rate p. Hence, the stationary distribution will be unaffected by

changes in endogenous variables. Hence, if the economy starts with a stationary

distribution of wealth among entrepreneurs, it will remain to do so even in the returns

move over time. While variations in returns can affect the distribution of wealth

between financiers and entrepreneurs, it will not affect how wealth is distributed

among entrepreneurs.

We will assume the economy starts at the stationary distribution of relative wealth.

Assumption 1. The initial distribution of wealth nf,o(i) satisfies the condition

fjo H-a o(i)di
T i-,~) i-= Va (2.4.20)

#f" fJ -z, 0(i)didz

for all a c [0,T].
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Figure 2-4: Distribution of net worth across age
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Even under assumption (1), we can analyze the transitional dynamics when the

wealth distribution between entrepreneurs and financiers is not at its stationary value

or the capital stock is not at your long-run level.

2.4.6 Pricing of capital and idiosyncratic risk

In equilibrium, the wage rate will be a function of the aggregate capital stock k,.

To derive the expression for the wage, notice that all entrepreneurs choose the same

capital-labor ratio equal to the aggregate ratio kt. Hence, from (2.4.5), we obtain

-- = (1 - a) [akt + (1 - a)] w(kt) (2.4.21)

From the demand for capital (2.4.15), we conclude that every entrepreneur will

choose the same scale of the project as a fraction of their total wealth:

q k ,i) id -,,t(i) __ +(
= = 7t n . + / t (2 .4 .22)

-is,t (i) Ov qt ks,t (i) qt kt qtkt)

91

1.8.. -

1.6

1.4

/

/

0.4

0.2
30 70

-= 1



where WEt = T fj' fo Tt_,t(i)didz.

Hence, the market price of idiosyncratic risk can be expressed as

id = v qkt(2.4.23)
t xt qtkI + h(

From the definition of the market price for idiosyncratic risk, we obtain an ex-

pression for the expected return on the project:

a(w(kt)) - t(g(qt/At)) ( g(qt/At) + I'qt = rt vqti7t + (OV) 2  qtkt

-qt/At xt qtkt + ht

The expression above says that the entrepreneur is remunerated for investing in

the project by the riskless interest rate plus a premium for holding aggregate risk,

Oqt7t, and a premium for holding idiosyncratic risk ( 2
Xt

2.4.7 Equilibrium Prices

Let's now solve for (qt, rt). The following lemma show how to rewrite the market

clearing conditions for consumption and aggregate risk taking.

Lemma 2. Suppose assumption 1 holds. The market clearing condition for the risk-

less asset, consumption and aggregate risk can be written as

(a) Market clearing for riskless asset:

Ye,t + nf,t qtkt + ht (2.4.25)

where h, 1, fT hi, dz.

(b) Market clearing for consumption:

(p + O)xt + p(l - Xt) Yt - 1,(g(qt/At))Atkt (2.4.26)
qtkt + ht

where

Xt. k e'h (2.4.27)
gt kt + ht
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(c) Market clearing for aggregate risk

Ote't + (1 - xt)u-,t = _k + h Oh, (2.4.28)
qt kt + ht q,kt + h

where te,t = } f[ fo N-5',t(i)didz and 0 h,t = # fj UPz,i htz,'t

Equation (2.4.25) results from bonds being in zero net supply in this economy, so

total wealth must equal the value of physical and human wealth. The left-hand side of

equation (2.4.26) equals consumption by entrepreneurs and financiers normalized by

physical and human wealth. Assumption 1 is used to obtain the average consumption-

wealth ratio for entrepreneurs as simply p + 0. Finally, equation (2.4.28) gives demand

for aggregate risk on the left-hand side and supply of aggregate risk, coming from

physical and human wealth.

The next proposition gives (r, q, 17) as a function of (x, k, h).

Proposition 9. Suppose assumption 1 holds. Consider the prices (qt, ?It, rt):

(a) Relative price of capital: qt = Atq(xt, ktj, h), where

q(x, k, h) [x +pI2 + a + (1 - a)kvf + - [Ox + P] - [Ox, + p]

(2.4.29)

(b) Market price of aggregate risk:

q,kt ht
?I k= ' aq,t + k h-,t (2.4.30)

gt kt + ht qt kt + ht

(c) Interest rate:

1-ti Eh2211-t2A

q(xt, kt, )t L+

1 ke(<5Lv) 2

+ /q,t - Uq,t?7t - I h /A1 (2.4.31)
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The proposition above shows how to obtain prices given (Xt, kt, ht). We will focus

in a Markov equilibrium where human wealth is a function of the aggregate state

variables (x,, k,), i.e., h, = Ath(xt, k,) for some function h(x, k). Plugging the value

of h(xt, k,), and abusing notation, we can write q(Xt,, kt, h(xl,, k.)) = q(xt,, k,). The

following proposition shows how to compute human wealth and derives the law of

motion of the state variables.

Proposition 10. Suppose assumption 1 holds and equilibrium is Markov in the state

variable (xt, kt).

(a) Human wealth satisfies ht = Ath(xt, kt):

h(xt, kt) = Et [j t+z wt+zft,zdz (2.4.32)
. o A1,7,

where ft,z fz lt-a,t+zda and

rt+z _ e p" (1 - xt) (q(xt, kt,)kt + h(xt, kt)) At (..3
lrt (1 - xt+z)(q(xt+z, kt+z)kt+z + h(xt+Z, kt+z)) At+z

(b) The law of motion of xt is given by

dxt = xt(1 - xt) [(,d)2 - 01 dt (2.4.34)

whr id Ov q(xt,kt)ktwher-e r7, t q(xt,kt)kt+h(xt,kt)'

(c) The law of motion of kt is given by

dkt = [(xt, kt - To_- ktdt (2.4.35)

Proposition 10 implies that, despite the presence of aggregate shocks, the economy

presents deterministic dynamics for the state variables (xt, kt). Aggregate shocks

affect the scale of the economy by changing the efficiency units of both capital and

labor, but it does not affect properly normalized variables. Hence, if the economy

starts at a point where dxt = dkt = 0 it will remain there, even after aggregate shocks
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hit the economy. In the next session we study in detail the stationary equilibrium of

this economy.

2.4.8 Calibration

We adopt the following calibration. The elasticity of substitution is set to c = 0.7,

following the evidence in Oberfield and Raval (2014). The capital share is set to

a = 0.5 and the average growth rate of productivity is set to p = 0.023, following

the evidence provided by Jeong and Townsend (2007) for Thailand. Aggregate and

idiosyncratic volatility are set to ar = 0.04 and q = 0.13, using the estimates in

Samphantharak and Townsend (2013). Adjustment costs are assumed to be quadratic

t(g) = To(g+6)+} (g+) 2 . The depreciation rate is set to J = 0.05 and the coefficients

of the adjustment cost function are set to match an average investment rate of 20%

and capital-output ratio of 3. The discount rate is set to p = 0.01 to match a near

zero riskless interest rate and the bequest motive coefficient 6 = 0.10 to match the

low savings rate of entrepreneurs. The life span is set to T = 40, from 30 to 70. The

moral hazard parameter q can be identified from information on the idiosyncratic risk

premium. We set it to q = 0.4 to capture the level of idiosyncratic risk premium. For

simplicity, we will assume a flat labor supply profile !s,t = 1. In future versions, the

coefficients (,31, 'Y1, /2, 7Y2) will be estimated from the empirical labor income profile.

2.5 Stationary Equilibrium

Consider a stationary equilibrium where xo = x* and kt = k* such that dxt = dkt = 0

for all t > 0. Notice the economy is still subject to aggregate and idiosyncratic shocks.

However, normalized variables are non-stochastic and, in the stationary equilibrium,

constant.

Applying the results of proposition 10 for a stationary equilibrium, we can solve

for (x*, k*). In a stationary equilibrium, the relative price of capital is determined by
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the depreciation rate and the parameters of the adjustment cost function:

q* =To+11 (2.5.1)

Using the expression for q(x*, k*), we obtain

Lp2h) [O* + 1
q* = i [0:* + ]2+7 a + (I - az)(k*)c + - [Ox* + P] - t1 [OX* + P]

(2.5.2)

Human wealth satisfy the condition:

h*( a)(k*) a + (1 - c)(k*) f* (2.5.3)

where f* fT _- PZozdz

The share of wealth of entrepreneurs satisfy the condition

X* = q** (2.5.4)
V/0- q* k* + h*

The riskless interest rate is given by

a 0Z + (I - a)k, - (toj + II2]
* = _p- o- - x Ev

to + 116

Figure 2-5 shows the stationary equilibrium for different values of #. We consider

three different values of the elasticity of substitution between capital and labor, 6.

A low level, C = 0.7, consistent with the evidence for the US presented by Oberfield

arid Raval (2014). An intermediary value c = 1, corresponding to the Cobb-Douglass

production function, and a value of elasticity higher than Cobb-Douglas, which we

choose to be e = 1.3. For each value of E, we adopt a calibration of the adjustment

cost parameters to have a capital-output ratio equal to 3 and investment rate of 20%

when # = 0.2. The value of c will be important to determine the impact of financial

development and the consequent reduction in financial frictions.

Consider the long-run impact of reducing the moral hazard parameter from # =
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Figure 2-5: Stationary Equilibrium

idiosyncratic risk premium

0.2 0.4 0.6 0.8

Capital-output ratio

4.5

3

24.5

0 0.2 0.4 0.6 0.85

3

2.5

2

1.5

Interest rate
4.5

4 -

3.5

2.5

2 -

1.6

0.5

00

Cost of funds
0.055 -- . .

0.05

0.045

0.04

0.036

0.03

0.025

0.02

0.015

0.01
0.1 .2 0.4 0.6 0. P,

Share of wealth of entrepreneurs
0.4

0.3

0.3

0.25

S0.2

0.15

0.1

0.05

0 02 04 06 0.8

0.4, the value used to match the observed idiosyncratic risk premium, to d = 0.2,

implying a reduction in the idiosyncratic risk premium in 100 basis point. In re-

sponse, the capital-output ratio would increase to about 3.5. To see why, consider

the specialization of equation (2.4.24) to a stationary equilibrium:

MPK(k*) - t(0) + r* + a7* +
q* % _N'

cost of funds
expected return

where AIPK(k) - a(w(k)) is the marginal product of capital.

In a stationary equilibrium, q* is determined by technological parameters. Hence,

the capital stock will be inversely related to the cost of funds, i.e., the riskless interest

rate plus the aggregate and idiosyncratic risk premium. The market price of both

aggregate and idiosyncratic risk are independent of 4 in a stationary equilibrium:

1* =- and (qid)* = /0. Hence, a reduction in # will reduce the idiosyncratic
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risk premium. The interest rate will increase, as entrepreneurs reduce precautionary

savings as they hold less idiosyncratic risk, dampening (but not overturning) the effect

of the reduction in the risk premium. As the cost of funds fall, the marginal product

of capital goes down, increasing the capital stock.

The effect of the reduction in the cost of funds in output depends crucially on

the elasticity of substitution between capital and labor. If it is relatively easy to

substitute capital and labor, then the reduction in the cost of funds will have a large

impact in output. If it is relatively difficult to substitute capital and labor, then the

effect will be much less pronounced.

A reduction in the moral hazard parameter also has implications for the dis-

tribution of wealth between entrepreneurs and financiers. Extending insurance to

entrepreneurs has the effect of reducing their share of wealth. The reason is that a

reduction in # reduces the return on the portfolio of entrepreneurs, making harder for

them to accumulate in the long-run. The reduction in share of wealth of entrepreneurs

helps explain why the price of idiosyncratic risk is independent of 0 in the long run.

In the short run, the market price of idiosyncratic risk is given by 7ji = ,,+t
xt qtkt+ht

As xt is fixed in the short-run, a reduction in 0 would tend to reduce 77t. In the

long-run, as xj, converges to a lower level, the price of idiosyncratic would go back to

its long-level v'0.

The fact that the share of wealth of entrepreneurs is reduced as they more access to

idiosyncratic insurance it is indicative of the welfare impact of changes in #. Formally,

we can measure the welfare associated with a given stationary equilibrium, denoted

by *, as the proportional increase in consumption in all dates and state, 1 + w,, in a

reference stationary equilibrium, denoted by o. In the appendix, we show the correct

welfare measure is given by

l+I e X*(q*k* + h*) (2.5.6)
xo(qOko + ho)

and for financiers 1 + Wf = (_-x+)(q*k*h*)
(1xaO)(qtkO+hO)

In figure 2-6 we plot welfare for entrepreneurs and financiers, where the reference
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Figure 2-6: Welfare of entrepreneurs and financiers
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equilibrium correspond to the stationary equilibrium with 4 = 0.4. The welfare

measure w, is reduced as we reduce 4. The reason is that the share of wealth of

entrepreneurs x* falls by more than total wealth increases q*k* + h,*. However, this

does not mean all entrepreneurs will be worse off after a reduction in 0, since we are

not taking the transitional dynamics into account. The distinction is analogous to

the comparison between the golden rule and modified golden rule in growth theory.

2.6 Transitional Dynamics and Financial Develop-

ment

2.6.1 An Economy with Endogenous Growth

Consider the special case of no human wealth, a = 1. This corresponds to the case

of an AK economy and the absence of decreasing returns will give rise to endogenous

growth. In contrast to the case of 0 < a < 1, changes in the moral hazard parameter
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will now have on the growth of the economy. The next proposition shows how to

derive the stationary equilibrium and the transitional dynamics for this special case.

Proposition 11. Suppose assumption 1 holds and a = 1.

(a) The share of wealth of entrepreneurs evolves according to

x* 2-
it = Oxt (1 - Xt) -- ) ] (2.6.1)

where

x = rk (2.6.2)

(b) The market price of aggregate and idiosyncratic risk are given by

77 = o rid(x) = (2.6.3)
x

(c) The growth rate of output is given by

1 TS O + 6Ti
g(xt) = (FOX_+p2 _1+ - [xt + p] - (2.6.4)

IX 1 1+ t(

(d) The interest rate is given by

r(x) = P[+ g(x) - 1- (2.6.5)
g(X)+ +p 

An important implication of the assumption a = 1 is not a state variable anymore.

The stock of capital will depend on the initial condition and the path for gi, = g(x,,).

The stationary value of xf, is given by x* = O/k/.V". Hence, an increase in idiosyn-

cratic insurance will reduce the long-run level of the share of wealth of entrepreneurs.

The intuition is again that a reduction in < will lead to a drop in the idiosyncratic

premium, reducing the pace entrepreneurs accumulate wealth.

Consider a reduction in # from 0.4 to 0.2. Initially, this will cause a large reduction

in the idiosyncratic premium, as a drop in the market price of idiosyncratic, rqt =
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Ov/xt risk amplifies the initial reduction in 0. However, as time goes by, the share of

wealth of entrepreneurs will tend to go down, due to the reduction in returns, pushing

the idiosyncratic back up. Hence, the reduction in the idiosyncratic premium initially

overshoots its long-run level. Interest rate increases, in response to a reduction in

desired precautionary savings by entrepreneurs. As with the idiosyncratic premium,

the short-run increase in interest rate exceed its long-run.

Figure 2-7: Transitional Dynamics
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The growth rate of the economy increases during this process. The higher growth

rate is related to the lower share of wealth of entrepreneurs. Since entrepreneurs are

the agents in the economy with low savings rate, due to imperfect altruism, a shift

of wealth towards financiers will increase desired aggregate savings in the economy.

This increase in savings will be met a higher investment rate and consequent higher

growth rate of the economy.
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2.A Appendices

2.A.1 Derivation of Optimal Contract

From discrete to continuous time

Prices: The relative price of capital qt and the stochastic discount factor can be

written as:

t t

qt+A = qo+~ Eiq,jqA E Uqjqj Zt j V-;
j=0

7__ t 1 rtA - 7t+VAI

7rt

t t

7tA= 70-E r, 3 7r AZ rnjqzt.,fvA;
j=0 j=0

Taking the limit as A goes to zero:

qt = q0 + j pIq,uqudu + o uq,uqudZu;
t

Trt = TrO - foru~rudu -
tI ?7~7TdZu ;

0

Using the usual more compact notation, we obtain

dqt = puq,tdt + Oq,tdZt; dirt = -rtdt - 7tdZt

where Z = {Zt : 0 < t < T} is a Brownian motion.

In order to see the intuition for the approximation above, notice we can write

t 1

lim z -\/A = &im Ez4 -Zt ~ A(0, 1) (2.A
A-+O N-+oo

4=0 j=0

where A = t/N.

Returns: Define the cumulative log return:

t

Ra,t+A = log 1 Ri,j+A (2.A
j=0
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Changes in cumulative return are given by4

RatA -Ra.t
= ak",1tll * - t(ga,I)ka,+

qa,tka,t + [tqt

where o(A) collects terms such that satisfy limAo A =0

Taking the limit as A - 0:

Fak't 110e - t (g.,t) ka,t1

dRa,t = a t qt -a,t + IIq,t + 0-0q,t + ga,t1

LqIkaat
dt + (- + aq.t)dZt + udWa,t

(2.A.4)

I will abuse notation and write dRa,t instead of dRat and similarly for the market

return.

State contingent liability: The participation constraint can be written as

0 =IE [rt+A (ifA + OtztAA-+ (1 - qtAwtA\_

Using the expression for the stochastic discount factor and ignoring higher order

terms in A:

For the continuous time analysis it is more convenient to define the cumulative

payment to the principal Mt = E mj such that:

dMt = Yidt + /t,,dZt + (1 - O)qtktdW

Net worth evolution: From the flow budget constraint and plugging in the expres-

sion for mnt,+A, we obtain

- zt+ AV +
nt

qi~skt qt+A

nt qt
1 a(zt+A + 4vw 1

4The expression for the return already imposes sa,t+A = 0.
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Taking the limit as A goes to zero:

dn= rt -
nt,

- + O agg,t7)t
nt,

+ OV qt kt ?idt
nt I

dt + Uag,tdZt +

7agg,t qtk - + 0q,t -
nt

rid,t =
nt

pt - rt - (- + o-q,t)r7t

Ov

Optimal contract in continuous time:

pVt (n)dt = max u(c, l) dt + E [dVt (n)
c,l,g k agg

subject to

dnt rt
nt

+ -lagg',t7t +

= t - rt - (0 + O-q,t)?t,
1 kid,t.

#v r7i d,t
nTt

+ Uagg,tdZt + Ov qtkt dWt
nt

aka",1I' - t(ga,t)ka,t
pt = --pt kat +/q,t+0O-q,t+gt;

and the law of motion of (rt, 77t, qt).

2.A.2 Proofs

Proof of lemma 1

Proof. (a) Define the discounted value of labor income for an entrepreneur since he

was born:

G,= j rzwzls,zdz + _Et
[fs+T

Li (2. A. 5)

for t < s + T, and G,,t = fS+ iZ wz.,dz for t > s + T.

Notice the term G.,, is a martingale, since for t' < s + T

Et [Gs, J zwzlzdz+Et / 7TzWzizdzl +Et [E [J+T lrzwz dz j = Gst
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and for t' > s + T

Et[Gs,t1] = fS rzwzlszdz + Et [j rzWzs,zdz =Gs,

From the martingale representation theorem, there exists a process Os, such

that

rtwtl,,tdt + d(7rths,t) 7rt(o',h8,,t - Rt)dZt. (2.A.6)

Applying Ito's lemma, we obtain

dhst= [rth,,t + as,hstn7 - wtlS,,I dt + ath,,dZt (2. A. 7)

(b) The law of motion of total wealth is given by din,, = dn,, + dh,,. Adding up

the equations in (2.3.10) and (2.4.8), imposing the skin-in-the-game constraint

binds, gives the desired expression.

E

Proof of proposition 6

Proof. Let's first show the equivalence of (P1) and the following problem where we

impose the optimality condition for (l, go, id:

(to, n,,,,) = max E, "'+Tcks.K., I3to
e-p(t-to) log c,,tdt + -(P+O)TV,4(s + T, nss+T)] (P1')

dn,,t= [rtnr,t + qtks ,t(pS,t - rt) - Ks,tt + w At,,t - cs,t] dt + (qtks, (U + uq,t) - K,t) dZt + <vqtk,,t dW

t a(wt/At) - t(g(qt/At)) + Pqt + g(qt/At)
s, -- +pqqtAAt

nrt ;> ->hst; cSt, ks,t > 0

for t E [to, s + T], given n,to > -hs,to.
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Consider now problem (P1). The HJB equation can be written for t E [s, s + T]

as

pV(t, n,,t) = max
Cs ,k 1

1
s gs ,Ns Id { log ct +

avs + avs rtn,t + qks,t(,,t - rt) - Kstlt
at an,

+2 VS (qtk,t(O- + q,t) - KSt) 2 + (vqtkSt
2 5n,

YS't - wtls,t - t(gSt)Atks,t
qtks ,t

+ pUq,t + g,,t KS (1 - O)vqtk8 ,t;

Usual arguments imply that 2 > 0 and a92 V < 0. Hence, (1s, g,) and Kid can beanhse t s tp

chosen to solve the problems:

(IstP st) c arg max Jps,t K id E arg min (vqtks,t - , id ) 2 s.t. K i < (1 - O)vqtk,,t

The solution to the second problem is clearly d = (1 -- #)qtkSt. The first problem

is concave and the first-order conditions are given by (2.4.5) and (2.4.6). From the

labor demand, we have

ks, ac (At( y - a))
S- (1 - a)

At(1 - a))

From the expression above, we can obtain the output-capital ratio:

aC i - (1 - )()
AI,(I - a))

(2.A.9)

The value of output minus the wage bill is given by

Ys,t - Wtlst 1
=t,, aCE1

- (1- a) ( t

Plugging the expression above into (2.3.5) and using gs,t = g(qt/At) gives (2.4.7).
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+ WtlSj - cSt] +

U,',t

i )2

CS,, kst ;> 0

1-c1 1-

(2.A.8)

C-1

1-E

(2.A. 10)

YS't =a
A1,k.,

+ 1-a) kl\kLS,,)

WtOz ( At,



Hence, problem (P1') corresponds to problem (P1), after imposing the optimal choice

of (i1, g, Kid). Let's now show the equivalence between (P1') and (P2).

Suppose (c, ks, I ) satisfies the constraints of (P1'). From lemma (1), we have

d + qtks,t n,, (tst - rt) + - Ks,t n,, ) d-

, n,,t n.,, + hst ' ns,t + hs,t n n,,t + hst TTn,,

+ [q,k,t(C + Oqt) + Ust h,, - Ks,t] dZt + $v ,t n 't ' dWt

Defining (5,,t, FOd) as in (2.4.11), using the fact that pt - rt = qidov + (O + o'qgt)'qt,

gives (2.4.10). Conversely, suppose (c,, &,,, Fid) satisfies the constraints of (P2).

Defining (k8,,, r,,) to satisfy equations (2.4.11), then the equation above is satisfied.

Using the law of motion of h8,, obtained in lemma (1), we obtain that the constraints

of (P1') are satisfied. Hence, if (c', 6,,t, -i) solves (P2), then (ce, k8,, ,,) solves

(P1'), where (k8,., K,.t) to satisfy equations (2.4.11). 0

Proof of proposition 7

Proof. Assume that (r, ,, ,77id) are functions of an aggregate state variable Xt. The

value function can be written more explicitly as V,(t, n; X). We will guess and verify

the value function assumes the form.

V,(t, n; X) = A(t - s) log n + B,(t, X) (2.A.11)

Applying Ito's lemma to the value function, we get

dnt 1 dnt 2
dVst = A'(t - s) log ntdt + A(t - s) + dBs,,

nt 2 (nt

Taking expectations of the expression above

[A) a) gid - 2 (-t did\2) BIE [dV8s,tj = A(a) [A()log nt + rt + as,iflt + O%,t'rid,t - - - -~, t + (-6st)) dt-1jitdt
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The HJB equation can be written as

p [A (a) log 4Wst + B8,,]= mxlogct+ A(a) [rt + 5s,t?7t FSt?7id,t
Cs S 't Is

cst

+A'(a) logTi + pI4 t

The problem above is concave, so the first order conditions are necessary and

sufficient to characterize the solution. From the first-order condition for consumption,

we obtain

cS,t 1

n,t A(a)
(2.A. 12)

The coefficient A(a) must satisfy:

A'(a) = pA(a) - 1 =- A(a) = -p(Ta)

p
+ e~(T-a)A(T)

using the boundary condition A(T) = e-"'A(O), we obtain

1 - e-pT 1 1 - (e-p(T-a)
A(0) 1 P, -- > A(a) (2.A.14)1-e-(P+o) p p

where e 1= 0_2-' s

The consumption to financial wealth ratio can then be written as

cs~t _ p o~t h"(2. A. 15)
ns,t 1 - ee-p(T-a) n

corresponding to (2.4.13).

First order condition with respect to aggregate risk gives h,, = 7t, which can be

written as

(kU, qt) - rs
n,,t n,,t

= 77t
h h ___

07 '
nl5 ,j

(2.A. 16)

corresponding to (2.4.14).

Similarly, demand for idiosyncratic risk is given by F = which can be written
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as
qt ks,t_ 77id

ns,t #v' (
corresponding to (2.4.15).

The function B,(t, X) must satisfy the partial differential equation:

p [A(a) log 7i,t + B,,t] - max log cs,t +
Cs,t, S,t,a~t

A(a) [rt + 3,t 17 + - -id+ -5:,t??t+ _as,t7 7id,t

+A'(a) logn-+ pt

pBs(t, X) = - log A(t-s)-1+A(t-s)r(X)+ B (t X)+ )B((t X)
aX

2B,(t, X) 2
A8X2)

(2. A. 18)

subject to the boundary condition B,(s + T, X) = eB,+T(s + T, X) and

r(X) - r(X) + 2
2

+ ?7id(X)2
2

(2.A. 19)

LI

Proof of proposition 8

Proof. In a stationary equilibrium, 'd,,t is a function only of t - s. Abusing notation,

let's write 1a. The law of motion of 1a can be written as

d log =e

da Z e ~1- e-p(T-a)
(2.A.20)

where Z . fOT -_e p(t'_- dz.

Solving for the ODE, we obtain

(2.A. 17)

csI 1
- M i + (-d )2)(7 -

S - [ e~(T-a)] eePao
I - Oe-PT
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Using the condition 7)o = 7)T, we obtain

1 - Ee-PT
= e(,_p)T _ eOT =

solving for ce:

Ze = p + 0 > p

The initial condition is obtained by integrating the expression above:

1
T l [eOa - EePTe(p+o)a] da1 - ,

solving for 79o

_ 0 T(p +0)0
1 - ee-PT (p +0) (eOT - 1) - 06-pT(e(p+)T - 1)

Share of wealth at age a is then given by

T(p +0) T [ oaa p [COT-

Consider now how the net worth varies with age:

Jda T(p+)Oeea 0

da p [eOT- 1
(p + 6)e-(p+o)Te pa

1 - (p+O)T

The derivative will be non-negative at age a if

(e(p+O)T - 1)/(p + 6) > epa

(eOT - 1)/6 -

For a = 0, we have

je(p+O)da >
T 0

- efOda ->
T 0

(e(p+O)T - 1)/(p + 0) >

(eOT - 1)/ -
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(2.A.22)

(2.A.23)

(2.A.24)

T(p +6)6

P(eOT - 1)
(2.A.25)

e-(p+O)(T-a) 1
1 - e-(p+O)T

(2.A.26)

(2.A.27)

(2.A.28)

(2.A.29)



Hence, ia is increasing at a = 0. For a = T, we have

(e(p+O)T - 1)/(p + 0) <

(eOT - 1)/0

1 - (p+O)T
p< > < (16-e_7)/O +-= -
P +0 -T I e

0

-(p+O)ada <

(2.A.30)
T

Hence, V is decreasing at a = T. Since the derivative of 79a is strictly decreasing,

there is a single point 0 < a* < T such that 0,a is maximized. D

Proof of lemma 2

Proof. (a) Rewrite the market clearing condition for the riskless asset as follows

1Tf / [n,_.,,(i) + h,_

which can be written as

Zt(i)] didz+nf, TJ1 [qtkt-z,t(i) + ht 2 ,(i)] didz

(2.A.31)

Tie,t + nf,t = qtkt + ht

where

ht jT f ht_,,t(i)didz

(b) Define the share of physical and human wealth held by entrepreneurs:

t qkt + ht

The market clearing condition for the riskless bond imply that

nft = 1 - Xt
qkt + t

The market clearing condition for consumption goods can be written as

1
I 7-z( t -z) + L(g(qt/At))Atktz,t (i)] didz + pnf,i =

0kks,t(i)didz

where yt = f' f yt_,,t(2)didz, using the fact that capital-output ratio is

equalized across entrepreneurs.
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(2.A.32)

(2.A.33)

(2.A.34)

(2.A.35)



From assumption 1 and proposition 8, we can write fL itt(i)di = 7)2-et for all

t ;> 0 and z C [0, T]. Using again proposition 8, we have that _T 0z 1_see-g_ dz =

p + 0. The expression above can then be written as

(p + O)Tet + pnf,t = yt - t(g(qt/At))Atkt (2.A.36)

Normalizing by qtkt + ht:

(2.A.37)(p+6)xt + p(l - x) = -
qtk + ht

(c) Consider now the market clearing condition for aggregate risk taking:

-Tj -tt(i)didz = uf,ifn,t
T i c

Demand for aggregate insurance can be written as

u,()= qiks,t(i)cq,r + ofts,- ,()Ei) (2.A.38)

Combining the previous two conditions, we obtain

je,tke,t + af,tnf,t = qtktuq,t + Uh,t ht (2.A.39)

(2.A.40)

where

Normalizing by physical and human wealth and using the market clearing con-

dition for the riskless asset gives (2.4.28).
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Proof of proposition 9

(a) From (2.4.26), we have

[a + (1 -a)k7-]1E) - i (- - T
qt/At + ht(Atkt )

(2.A.41)

using the fact that output-capital ratio is given by

(2.A.42)=a + (1

+2T [Ox, + p]
kAtJ

-2to
2-11 - [9xt + P] = 0

The relative price of capital is given by qt = Atq(xt, kt, ) where

a)kYI -C + - [Ox + p] -1 Oxt

(2.A.43)

(b) Immediate from -6,, = af,t = 77 and condition (2.4.28).

(c) From expression (2.4.24), we obtain

a [a +(1 -a)k ] 1 q(xt, kt, h)2 - -21to q (x, kt, h) - o k,
+ - +tqt-qt --

T1 xt k, +

using the conditions

a(w(k)) = a [a + (1 - a)k Y] -6 t(g(q)) = I2[ _ (q) 2 Aq

(2.A.44)
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rt =
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Proof of proposition 10

Proof. (a) Integrating the law of motion of h,,t (2.4.8), we obtain

dht = [rtht + 7h,thtr7t - wt] dt + Jh,thtdZt (2.A.45)

The stock of human wealth is given by

ht= E -Ef f Wt+zt-a,t+zdzda Et j Wt+Z Wt+zzdz
.T jo j0 o 1

(2.A.46)

where - flz i( z + a)da.

Let's show the stochastic discount factor assumes this form:

rt = e-Pt 1 _ __ _ _ _I (2.A.47)
Cft p(l - xt)(q(xt, kt)kt + h(xt, kt)) At

From Ito's lemma, we have

d(7rt,nf, ) = -- tcf,tdt + ('q rj,1,)dZ1, (2.A.48)

Integrating the expression above, we obtain the intertemporal budget constraint

Ef 0 7,c5,zdz <nf,t (2.A.49)

Equivalently, we can find (nf, o5) subject to the flow budget constraint and

the natural borrowing limit are both satisfied (by an application of the martin-

gale representation theorem to the expected discounted value of consumption).

Hence, we can write the financier's problem as maximizing utility subject to the

intertemporal budget constraint above. The first-order condition for this new

problem is

e- = A7t (2.A.50)

Cfte

Since the scale of 7Wj is irrelevant to the problem, we can take 7rt = e-P"L
Cf
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Hence, h(x, k) satisfies the functional equation:

h(xt, kt) =
f7 e ""(1 - xt)(q(xt, kt)kt + h(xt, kt))wt+z[t,z dz

Jo (1 - xt+)(q(xt+z, kt+z)kt+z + h(xt+z, kt+z))

It remains to compute tz. Suppose 1(a) = t82'. If -y f 0, then

and e, = /3Tj for y = 0.

In a stationary equilibrium, we have

h* = b

The average value of f, is given by

j* = e-pzfzdz = {8 e- -e (--Y _ 1- --(--y) ,

_T1 - e-PT) - ~(l+pT)e-pT

pT '-P-
Fie pT- -T]

if y # 0 and -y $ p

if y = 0

if y = p

(2.A.54)

Since 1fJ (a)da = 1, we have

1 fTd 1y
T 0 1a~da= 1 -1

hi,= e-yT E,

If rt = o-, then

hi,= w*eyT e-(r*--)(z-) ___dz
t -yT
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(2.A.51)

ey(za)da =
e2T -

-yT
(2.A.52)

e-PzedzIo (2.A.53)

(2.A.55)

(2.A.56)
r e~Y(z-t) _ e--yT

-z w dzl
7rt -yT I

(2.A.57)

f - 7-"
Ez =-

T 0



(-a) akt + ( - a)

(b) The law of motion of xt is given by

= rt + (r7t)2 + (jij)2 - (p +) - qtkt Jit +[tqt)
tqjkt + h

ht
qjkt+ h, [rt + Uh,Mt- - +htI

( qtkt
qkt + ht '

h, 2
+ kt + ht

qtkt + ht
( tkt q

- qkt + h
-qt + ht

qtkt +ht '

17
xt

qjk, ht - kt + ht

Proof of proposition 11

Proof. (a) From the market clearing for goods we obtain

aa wq=Ox+p
q 2

(2.A.59)

Using the fact that g = wq, we can solve for g

g(x) = (Ox + p) 2 + 2aaw - (Ox + p) (2.A.60)

where g(x) > 0 and g'(x) < 0 for all x C [0, 1].

The elasticity of g with respect to x is given by

9' (x)x _ Ox
g(x) Ox+g(x)+p

(2.A.61)

Using demand for aggregate risk and market clearing, we get aagg,t = O'M=

(U + uq,t). From the law of motion of x, we obtain o ,t = 0. Hence, the

price of capital will iot react to aggregate shocks, aq,t = 0. We then obtain the

market price of risk:

7t = a (2.A.62)
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The market price of idiosyncratic risk is given by

r)7d (X) = 'x

From the pricing equation for capital, we have

rt + a2 
- g(xt) - yx = ext + p -

q

The state variable xt evolves according to

2
t = 6xt(1 - xt) - -

where

X*

The interest rate can be written as

r(x) = p + g(x) U2 + 9(x) +P
g(x) +Ox +p 1

(2.A.63)

(2.A.64)
Xt

(2.A.65)

(2.A.66)

x
(2.A.67)

2.A.3 Derivations

Deriving the Law of Motion of Human Wealth

Suppose a = 0 and consider a stationary equilibrium. Human capital can be written

as

IA, f 9/+T
I _ -r(T-a) _

e-r(z-t)wldz = W1
r

Hence, human wealth is decreasing over the life-cycle in a stationary equilibrium.
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Entrepreneurial Returns with CES Production

Suppose the production function assumes the CES form:

Y = ma(AKK) r + (1 - a) (ALL)

The marginal product of labor can be written as

MPI'L = (1 -
6)A 1 1

cx)ALrC YCL-6

Labor demand can be written as

ALL = (1 - AL 
Y) Y W

We can use the expression above to solve for the capital-labor ratio:

c-i

-a)
AKK

solving the equation above

In terms of the wage bill, we have

wL

AKK

Output can be written as

y
AKK

a f-(1 - )

(I - ( - (AL)1

1

[ 1 - (1 S(AL)1] 1
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(2.A.69)

(2.A.70)

(2.A.71)

ALL

AKA (1
(2.A.72)

ALL
AKK

(2.A.73)

(2.A.74)

(2.A.75)

a (I - a

- a) A a +(1
w W



Output minus wage bill is then given by

Y-wL aAK K = a(w)AKK (2.A.76)

(I - (1a a) ()f

In equilibrium, L = 1, so the wage must satisfy

wt= ( - a)AL [(A ) + ( - a) (2.A.77)
AL

We can compute the following term:

a(w(k)) = a [2 - a - (1 - a)k (2.A.78)

Calibration

Adjustment cost parameters. Capital-output ratio (in efficiency units) is given

by
At k - <

= a + (1 - a)kt l (2.A.79)

e.
and for e = 1 Alkt = k--.

Yt

Notice that the capital-output ratio (not in efficiency units) is riot stationary

in this model. The reason is that implicitly we are imposing capital-augmenting

technology grows at the same rate as the labor-augmenting technology. By assuming

that only labor-augmenting technology grows over time, then we would have k,,/y,

being stationary.

Investment per unit of efficiency units of capital is given by

1 22]=Tb+'6
t(g(q*)) = [(q*) 2 - To + 62 (2.A.80)

From the calibration targets, we have "(g(q*))Atkt = invrate and A = cor. This
Yt Yt

allow us to set T1:
2 [invrate

t1 - -- TO (2.A.81)
6 _ kcor I
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We must then search for To < iny.at that matches the desired capital-output ratio.

Moral hazard parameter. In a stationary equilibrium, idiosyncratic risk pre-

nium is given by

idriskpremium = vv # idriskpremium (2.A.82)

Hence, # is proportional to the ratio between idiosyncratic risk premium and

idiosyncratic volatility.
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Chapter 3

Optimal Fiscal Policy in a Currency

Union

3.1 Introduction

Fiscal issues have been at the core of recent developments in Europe. After the

increase in sovereign credit spreads and the simultaneous drop in economic activity, a

heated debate on fiscal policy started. On the one side, proponents of fiscal austerity

defended a fiscal consolidation and greater emphasis on issues of debt sustainability.

On the other side, the ones in favor of stimulus policy questioned the timing of these

reforms and raised concerns regarding consolidation in a depressed economy.

Despite the obvious importance of those matters for the current public debate and

policymaking, we still lack a better understanding of the appropriate policy response

or a formal evaluation of the different arguments. The goal of this essay is try to

fill this gap by providing an analysis of the optimal fiscal policy in circumstances

resembling those in the peripheral of Europe: an increase in sovereign spreads for a

member of a currency union. Since these countries lack an independent monetary

policy, fiscal policy becomes the first line of defense.

The environment is based on the continuous time version of the open economy

New Keynesian model of Gali and Monacelli (2005) proposed by Farhi and Werning

(2012). The model is able to generate most of the salient features of a sudden stop,
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as a decrease in domestic output and consumption, and an increase in net exports in

response to a risk premium shock.

I first analyze spending and tax policy in the context of a flexible price economy.

I start by characterizing the optimal labor and intertemporal wedge in this economy.

The labor wedge is non-zero and, in general, time varying. The intertemporal wedge

will depend on the evolution over time of the labor wedge. The behavior of wedges

will be intimately linked to the optimal tax policy.

The reason for the non-zero labor wedge in the flexible price economy is the ability

of the planner to exert internationally monopoly power, keeping the price of exports

high and the terms of trade appreciated. In a related environment, Costinot et al.

(2011) discuss the implication of the terms of trade manipulation motive to the design

of capital controls.

I consider then a first-order approximation of the equilibrium conditions and a

second-order approximation of the objective. This allows me to obtain a sharp char-

acterization of the dynamics of the equilibrium objects, as allocations, tax policy, and

debt dynamics.

Using the linear-quadratic program, I study tax policy under both sticky prices

and downward nominal wage rigidity. First, I consider the simpler case of extreme

price rigidity, where firms arc not allowed to move prices at all. I then consider the

more complicate case where prices are sticky, but not fully rigid. Finally, I discuss

the case of downward rigid wages.

I first show that government spending should not deviate from the condition for

optimal provision of public goods, even in a sticky price economy or under downward

wage rigidities. Hence, stabilization should be a focus of the tax policy. Nevertheless,

government spending should be countercyclical, since the cost of providing public

goods decrease in a recession. 1

The key for this result is the presence of a tax instrument that can be used in

addition to government spending, as a VAT tax, for instance. This suggests that the

'This result is in line with the findings of Werning (2011) in the context of a closed-economy
liquidity trap model.
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use of government spending as a stabilization tool is only a result of limited policy

instruments.

This result contrasts with the one found by Gali and Monacelli (2008), who em-

phasize the stabilization role of government spending. The reason for the different

results is that Gali and Monacelli (2008) assumes the tax policy cannot adjust, leading

the government spending to compensate for the missing instrument.

The tax policy is used mainly to achieve two goals: to influence the real interest

and manipulate the terms of trade. Changes in the consumption tax are used to affect

the real interest the consumer faces, while the VAT tax is used to affect the terms of

trade.

The consumption tax is used to lean against the wind, i.e., to reduce the real

interest when there is a positive risk premium shock. The behavior of the consumption

tax is in line with the results found in the capital control literature (see Farhi and

Werning (2013)).

The evolution of the VAT tax depends on the degree of price flexibility. Under

flexible prices, the VAT is used to exercise internationally market power and to keep

the terms of trade appreciate. Under sticky prices, there is two forces at play. First,

the pricing friction generates a preference for a stable terms of trade. This goes in the

direction of dampening the process of internal devaluation. Second, a depreciation

of the terms of trade would shift demand towards domestic goods, stimulating the

economy. If the output response to real exchange rate is strong enough, the second

effect dominates and tax policy will be used to depreciate the real exchange rate and

further stimulate the economy.

I consider also the effects of downward nominal wage rigidity. In the absence of

policy response, the economy will experience a recession just as under rigid prices,

but now the fact the wage cannot adjust will prevent the labor market from clearing,

creating unemployment.

It turns out fiscal policy is particularly effective to deal with this situation. The

optimal allocation under downward wage rigidity coincide with the optimal allocation

under flexible prices. However, the implementation is different from the case of flexible
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prices (or rigid prices) and require also the use of a labor income tax. In this case, the

government is able of completely avoiding the recession and the rise in unemployment.

Finally, I consider the budgetary effects of the optimal policy. First, I show

that the optimal policy is revenue generating, i.e., the amount of lump-sum taxation

necessary to satisfy the government budget is smaller under the optimal policy than

under a passive policy (where spending and taxes are kept at their steady state level).

Under some circumstances, in particular under low initial government debt, this

imply that the government should decrease its debt in response to the sovereign

spread shock. Therefore, a fiscal consolidation is optimal even though the economy

is initially in a recession.

In contrast to the focus in the dichotomy between fiscal consolidation and fiscal

stimulus present in most of the public debate, this analysis suggests there is not

necessarily a trade off between the two and that properly design stimulus policy

could indeed avoid the worsen of public finances, or even to generate a reduction in

the level of government debt.

The essay is organized as following. The next section describes the environment

and the equilibrium conditions. Section 3 presents the (non-linear) Ramsey problem

under flexible prices. Section 4 considers the linear-quadratic version of the problem

and section 5 discuss the case of stick prices. Section 6 discuss the case of downward

nominal wage rigidities and the last section presents the conclusion.

3.2 Environment

The economy consists of a continuum of countries, indexed by i E [0, 1], sharing a

common currency. Preferences and technology are symmetric across countries. I will

focus attention in an specific country which will be called "'Home", with index i = II.

I will consider a perfect foresight equilibrium. Since most of the analysis will focus

on a first order approximation of the equilibrium condition, certainty equivalence

holds and there is no further loss on abstracting from ongoing uncertainty.
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3.2.1 Households

Preferences are given by

j e- + x1- dt (3.2.1)

Consumer derives utility from an aggregate of consumption goods Ct and an ag-

gregate of government purchases Gt and there is a disutility from supplying labor

Nt.

Aggregate consumption Ct is a composite of domestic and foreign goods:

_I 1 7 1 7 7

Ce ( - 'tCy + a77 CF -

where CH,t is the index of domestic goods

CHt = (ioc(iy d> (3.2-3)

and CFt is a composite of foreign goods:

CF, (/1 i' A tCi -di) (3.2.4)

where Cij, is an index of goods produced in country i:

Ci,= ( jC,(j) dj) (3.2.5)

The parameter a controls the degree of home-bias. As a goes to zero, there is

extreme home-bias and the economy barely trades with the rest of the world. As (

goes to one, the economy becomes fully open economy and there is no home-bias.

The parameter c represents the price elasticity of goods within a given country,

y represent the elasticity of substitution between goods from different countries, and

'q represent the elasticity of substitution between a bundle of domestic and foreign
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goods. The term Ait represents a export demand shock for country i.

The per-period budget constraint is given by

= itBt + (1 - -r,)WNt+ It + T - (1+
1 f1

[ I PH,t (j)CH,t (j)dj +.0 J0o f 1 Pi,t(j)ci,t(j)didi

(3.2.6)

where it represents the nominal interest rate, Bt nominal assets, and It aggregate

nominal profits.

Note that the consumer faces two different types of taxes: a labor income tax r,

and a tax on consumption ri. The consumer also possibly receives some lump-sum

transfers from the government it.

Households are subject to the usual No-Ponzi condition:

lim e-- f i.'dsBt > 0t-oo (3.2.7)

3.2.2 Terms of Trade and Real Exchange Rate

Let's define now the price indexes associated with the bundles the consumer demands.

I will define the before-tax price levels.

The domestic producer price index (PPI) is given by

PHt PH,t(i) dil (3.2.8)

Similarly, the producer price index for country i is defined as

Pi,t = f1Pit(j) dj] (3.2.9)

The price index for the aggregate of foreign goods is

P (/i AinPit()1Yd) 1 (3.2.10)
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The consumer price index (CPI) is given by

Pt = [(1 - a)P -" + a(PFt) (3.2.11)

I will focus mostly on the case of a symmetric rest of the world, where Pj, = Pt

for i, j 7 H. Hence, the price level for any foreign country and the price index of

imported goods are equal to each other, denoted by P,*.

The terms of trade are given by

PFt
St=PH,t

P*

PH,t
(3.2.12)

The real exchange rate is given by

Pt*
Pt

(3.2.13)

From equation (3.2.11), we can obtain a relationship between the real exchange

rate and the terms of trade:

Q4-' = (1 - a)St"~ 1 + a

If we assume qj = 1, expression above simplifies to

Qt = St -a

3.2.3 Firms

Each differentiated good is produced using labor as the only input:

Y(j) = A H,tN (j)

where < > 1.

The problem of the firm will depend on the degree of price flexibility.
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case of sticky prices, I assume Calvo pricing, i.e., the periods that firms are allowed

to reset their prices are determined by a Poison arrival with intensity p6.

The problem of the firm is given by:

max j e- ++dz [( - (r)Pt(i)Yt+Sit - W+S ( t+sI ds (3.2.17)

where the firm faces a VAT tax rt, Yt+1p represents the demand function the producer

faces at period t + s:

Ut~)
Yt+S-t (i=ti) Yt+s (3.2.18)

and Y denotes aggregate demand for domestic goods.

If prices are completely flexible, the problem of the firm collapses to

max {(1 - T)Pt(j)Yt - Wt (3.2.19)

3.2.4 Government

Government consumption is an aggregate of domestically produced goods:

Gt = t G(j) dj) (3.2.20)

Government purchase of each individual good is made in order to minimize costs,

given the aggregate amount G,.

Government flow budget constraint is given by

D = i=tD9 + PH,tGt + T - rtPH,tYt - 4PtG - Tt'WNt (3.2.21)

where Dg denotes government debt.

3.2.5 Equilibrium Conditions

We can divide the equilibrium conditions into two blocks: a demand and a supply

block.
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The Demand Block

The solution of the consumer problem involves an intratemporal condition:

CCN - (1 - (3.2.22)
(1I+ T)Pt

and an intertemporal condition 2

=_ - (it - 7rt - - (3.2.23)

and the transversality condition

liM e- 'iBds = 0

Notice the level of the labor income tax and the consumption tax affects the labor

supply condition, while only changes in the consumption tax affect the Euler equation.

An analogous Euler equation holds at the foreign countries:

Ot*

where an asterisk indicates foreign variables.

For simplicity, I am assuming taxes are constant in the rest of the world. In order

to connect the Euler equation in the home country to the Euler equation in the rest

of the world, we need to specify how domestic and foreign interest rates are related:

it = * + t

I allow for possible deviations from the uncovered interest parity (UIP). The term

Vkt captures in a reduced form way changes in "risk premium". For instance, an

increase in 'bt may indicate a reduction of the ability of foreign investor to hold

domestic asset due to a "loss in confidence" or balance sheet problems.

2The term jtC is defined by jt = log(1 + 4r).
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Taking the difference between the two Euler equations, we obtain

OY t _ 1 (A * _ A -=_ a- -2 rfIct Ct* Pt Pt

Integrating the expression above, we get the so-called Backus-Smith condition:

c, = tCt*Q (3.2.24)

where

-+ f)1
Ot = (iOfjtktds; 'T (1 4')

for some constant e0.

Under constant consumption taxes and no risk premium shock, expression (3.2.24)

shows that relative consumption respond to changes in relative inflation. In levels,

this correspond to a positive relation between consumption and the real exchange

rate. The term e9, is a relative Pareto weight and it is constant in the absence of

consumption taxes and risk premium shocks.

In the appendix, I show the demand for domestic output is given by the expression

Y = (1 - a) (5)C + Gt + aAH,t S70 (3.2.25)

The first term represents the demand of domestic agents for domestic output,

the second term represents government demand and the third term corresponds to

exports.

The demand block is completed by the external solvency condition

= e-pt O -(Y - Gt) - Ct dt (3.2.26)
Po(1+ ) Jo 1+TI St I
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and the government solvency constraint

__ _ _ OI -ro P, C;- a Q 14~~0 J 1+Tg -- (-rYt - Gt - T) + TtCt + Tt dt (3.2.27)
TOD1 + JO) + -t . 5t, t _

where I used the Euler equation to eliminate the nominal interest from both condi-

tions.

The Supply Block

Aggregate demand for labor is given by

Nt = At (3.2.28)

where

At j(PH~J)) dj (3.2.29)

The term At captures the effect of price dispersion on aggregate labor demand

(and production).

Under sticky prices, the optimal price setting condition is given by

e0 p Ets +(1 +T+s8) P -6 Yt+s - . ,s 6 At+s d
(3.2.30)

Equation above indicates the firm will choose prices as an weighted average of all

future marginal costs. In the appendix, I derive the aggregate supply condition that

shows how current inflation is determine by current and future costs.

By considering the limit p6 -+ oo, the condition above collapses to the flexible

price supply condition:

SPHit <p Wt (Y*1(1 - i t t (3.2.31)
Pt c-1P At Y

where I used the fact that PH,t(j) = PH,t under flexible prices.

This completes the description of the equilibrium. An equilibrium is a sequence of

allocations (Ct, Ct*, Nt, Yt), prices (W, St, Qt), and government policy (Gt, Tc, 7], r<, Tt)
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such that conditions (3.2.22) to (3.2.27) are satisfied (demand block) and conditions

(3.2.28)-(3.2.29) and (3.2.30) under sticky prices or (3.2.31) under flexible price are

satisfied.

3.3 Optimal Policy under Flexible Prices

In this section, I will consider the optimal fiscal policy, both taxes and spending,

under flexible prices. The next section consider the case of sticky prices.

From now on, I will assume the elasticity between domestic and foreign goods is

given by q = 1. This implies a simple relationship between terms of trade and the

real exchange rate:

Qt = s (3.3.1)

However, in contrast to most of the previous literature, I do not impose the further

restriction -y = a = 1, the so-called Cole-Obstfeld case. Therefore, the terms of trade

elasticities of imports and exports remains unrestricted, what will have implications

for optimal policy below.

The goods market clearing condition simplifies to

Y= [(1 - a)OtSt + aAH,tSt] CZ t (3-3.2)

where = + a is the (general equilibrium) elasticity of imports.

The external solvency constraint is given by

o 00 e t J ( ) 1-0, -' [AH,tst1 -E etSt'j ds (3.3.3)

Conditions (3.3.2) and (3.3.3) are sufficient conditions for a competitive equilib-

rium, in the following sense. If (Y, Gt, 8t, St) satisfy the conditions above, we can

always find taxes and prices that support this allocation as part of an equilibrium.

Therefore, the Ramsey problem boils down to maximize utility subject to conditions

(3.3.2) and (3.3.3).
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3.3.1 The Ramsey Problem

The Ramsey problem can be written as

max f -"* t Ct* St--a + Xlog Gt- 1 t)01OJdt
I{Et ,St Y~t} t- - 1 +0c AH,t

(3.3.4)

subject to

Yt [ (I - a)etsf + oAH,tS7] Ct* + Gi (3.3.5)

E0  = ] j -t--7 Ca IH,tS -tS ds (3.3-6)
PO*CO* [a,~~ e i1

f0*C ( C&t0

Notice the problem takes the perspective of the domestic country, so the optimal

policy can be implemented without a need of international cooperation. This contrasts

with previous work on fiscal policy in currency unions (see Ferrero (2009) and Gali and

Monacelli (2008)) where it was taken the perspective of the whole union, implicitly

assuming some form coordination both at monetary and fiscal policy.

The first order condition with respect to output is

A = tAHO 1 (3.3.7)
A H,t t AH, t Nt

where At indicates the Lagrange multiplier on the goods market clearing condition.

The Lagrange multiplier At captures the cost (in utility terms) of producing an

additional unity of output. The optimality condition for government spending equates

the marginal benefit of government consumption to the marginal cost of increasing

output:

G, x (Y 0+
xGt-1 = At => G t (3.3.8)

Y < AH,t

Notice the condition above implies that the optimal provision of public goods

involves a countercyclical government spending. The reason is the cost of providing

government goods is smaller when output is relatively low. This condition will also

be important when we study optimal policy under price and wage rigidities.

133



In order to characterize the solution, it is useful to define the labor wedge in this

environment:

1 = C- S; PH t AH,t N{
At, Pi CyN(.

Since the real consumption wage and the product wage are different, we need to

adjust the ratio of the marginal productivity of labor to the marginal disutility of

labor by the relative price of domestic goods.

We can also define the intertemporal wedge, as the wedge between the marginal

utility of consumption between two periods, adjusted by the interest rate:

eLt+Sjldz e t=~eJ'+' = - =* L4 = - - V$t (3.3.10)
e-P(t+s) Ct+seps+f+s Vkzdz (3

Pt+s

where, for simplicity, I am assuming C* is constant.

Under no intervention and perfect competition, both the labor wedge and the

intertemporal wedge would be equal to zero. However, in general, the optimal policy

imply non-zero wedges:

Proposition 12. (Wedges) Consider the optimal allocation under flexible prices.

* Labor wedge:
aAH,tS7

1)AH,tS7- + (1 - )S3 ( 11)

* Intertemporal wedge:
1-a wi

f= wf i (3.3.12)
Wt wt+a1+w'

Notice the labor wedge can also be interpreted as the desired mark-up level:

J H1 = (1 + w')CtAt (3.3.13)
1 AH,tNt

where CYAt is the firm (real) marginal cost.

Expression (3.3.11) shows that the optimal mark-up will in general vary over

time, depending on the level of the terms of trade and of the Pareto weight et. This
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contrasts with the private calculation, where the desired mark-up is constant and

given by c/(c - 1).

In order to see where this result comes from, let's consider the simpler case of

-y = = = 1. The first order condition for St in this case is given by

1a)- At [(I - a)c + aAit] Ct* '* Ci-'S - = At I + ' (3.3.14)
St (I - 0)8t]

The expression above compares the cost and benefit of depreciating the terms of

trade. The benefit of an increase in the terms of trade is the increase in consumption

(through the usual intertemporal substitution channel). The cost comes, in part, from

the necessary resources to increase domestic consumption. However, there is also a

cost coming from the fact the country is selling goods internationally more cheaply,

requiring a greater amount of production for the same revenue. Notice this cost is

more important, the bigger exports are relative to domestic consumption.

When y , 1 there is an additional effect, since changes in the terms of trade

can affect export revenue, impacting the payment of foreign debt. If -y > 1, then an

appreciation of the terms of trade will reduce revenue exports. This additional cost

will reduce the size of the labor wedge, i.e., the incentive to keep the real exchange

rate appreciated is diminished.

In any case, the planner will try to maintain the terms of trade more appreciated

compared to an equilibrium without intervention. Moreover, the more important

exports are relative to domestic consumption, the higher will be the mark-up chosen

by the planner.

This explains, for instance, why the labor wedge is equal to zero when AH,t = 0.

In that case, the country will not export anything, regardless of the price. Hence,

the effect on exports is missing and the labor wedge will be zero. Similarly, if a = 0,

exports are again unimportant and the planner has no reason to distort the pricing

decision.

Another interesting special case is a -+ 1, where the markup is constant and

equal to -. In this case, domestic consumption plays a negligible role on domestic
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production. The planner then acts as a typical monopolist with isoelastic demand

and the usual markup rule applies.

The connection between the intertemporal wedge and the labor wedge can be

understood by considering again the case =y = = 1. The first order condition

for 6), is given by

1 1-a
= (1 - a)StCt*+ cT- 1 - 1 1 + aFeoefoN s (3.3.15)

a, I1+ W,

where F is the Lagrange multiplier on the external solvency constraint.

The expressions relates the marginal benefit and cost of increasing consumption

through changes in 0, .3 Notice the cost of increasing cost has a domestic component,

determined by the labor wedge, and a foreign component, influenced by the risk

premium shock.

Differentiating the expression above we recover (3.3.12). Hence, the intertemporal

wedge is positive at periods where the labor wedge increases. The intuition is the

following: if the labor wedge is increasing, it means the cost of providing domestic

consumption is decreasing, generating incentives to shift consumption into the future

(a positive intertemporal wedge).

This discussion also illustrates the role of the term 1 - a in the expression for the

intertenporal wedge. The labor-wedge is related to the cost of producing domestic

goods (a fraction 1 - a of total spending). If only a negligible fraction of consump-

tion consists of domestic goods, then this time varying cost of consumption becomes

irrelevant and the intertemporal wedge converges to zero.

In order to provide a sharper characterization of the optimal policy, I will consider

a first order approximation around a stationary solution to the Ramsey problem. The

next section describes the stationary solution and the following one discuss the first

order approximation.

3Remember the only instrument the government has to influence changes in -t is the consump-
tion tax. This can seen essentially as a condition determining 4 .
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3.3.2 Stationary Solution

Suppose C* = C*, AHJ = H, AH,t = AH and T = I for every t > 0. I will look for

a stationary solution of the Ramsey problem. 4

For simplicity, assume E = 0, what imply e = AHS . Plugging this into the

labor wedge, we obtain

1+ Ds =(3.3.16)

From the flexible price condition (3.2.31) and the labor supply condition (3.2.22),

we get

= _ ~(3.3.17)

The condition above shows that taxation should correct the monopoly distortion,

but there should still be a markup over marginal cost that depends on the degree of

openness and the elasticity of exports:

H' A (3.3.18)
P a

where C A represents the real marginal cost of the firm.

Consistent with our previous discussion, as a converges to one, the formula above

converges to the usual monopoly rule, where y makes the role of the elasticity of

demand.

Consider now the government finances. There are many ways of closing the gov-

ernment budget and still satisfy condition (3.3.17). One specific example would be

to set - = 0, choose -7 to satisfy (3.3.17) given T", and the level of the VAT tax is

chosen to satisfy the government budget:

= + -T(3.3.19)
PH +P HV

This will be formulation I will adopt in the numerical simulations below. The

appendix provides the complete derivation of the stationary solution.

4I will denote by an overbar the stationary version of each variable.
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3.3.3 A First Order Approximation

Let's consider a first order approximation of the equilibrium conditions around the

stationary solution described above. Suppose also that the only non-zero shock is

the risk premium shock, i.e., productivity, export demand and foreign consumption

are at their steady state levels. I will denote by a lowercase the log deviation of an

uppercase variable from the stationary solution, for instance, Ct _ log C - log C.

The Backus-Smith condition (3.2.24) holds exactly in log-linear form:

cl = 1 + ( - ( )s 3.3.20)

where

t= - o - tl (3.3.21)

A first order approximation of the aggregate demand condition gives

Yt = ;c(ct + ast) + C9gt + ,x(AH,t + -0t) (3.3.22)

where C (1 - a)/SY/, Z7/V, 4X a= H / and c + q + Ex 1.

The coefficients Ck, k C {c, g, x}, represent the steady state share of domestic

consumption, government spending and exports on output, respectively.

The supply condition (3.2.31) in log-linear form is given by5

- st = got + (p(1 + k) - 1)Yt + (hv + + if) (3.3.23)

The condition above captures the fact that supply is upward sloping, i.e., all else

given, an increase in output will be associated with an appreciation of the terms of

trade.

In contrast to the optimal fiscal policy discussed below, let's define a passive fiscal

policy, i.e., assume gt = t + fl +? = ft = 0. Under the passive policy, government

spending is kept at the steady state level and the tax policy does not distort neither

I defined -log (- ,- 7 - log ( and 1t' log
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the supply condition (3.3.23) nor the intertemporal condition (3.3.21). Notice we

require the sum of taxes to be zero, but taxes may be nonzero in order to satisfy the

government budget constraint.

Assuming a passive fiscal policy and a given 0,, we can solve for the terms of trade:

St = 6 + )Ot (3.3.24)
1 + (p1+ )-)(c+C)

and output
Jz - ( + 1)

Yt = 1 Ot (3.3.25)
1 + (P (I + 0) - 1)(;c + ;XY)

The terms of trade respond negatively to shocks to Ot, but the output response is

ambiguous. A sufficient condition for output to be negatively related to Ot is Y - > 0.

This condition also guarantee net exports increase in response to a depreciation of

the real exchange rate:6

nx [(y - );s. - 0,] (3.3.26)

This condition is a general equilibrium version of the traditional Marshall-Lerner

condition. The usual condition holds in partial equilibrium and requires the sum

of the export and import elasticities (in absolute value) to be greater than one. In

general equilibrium, i.e., taking into account the impact of the real exchange rate

on aggregate consumption, the condition boils down to -y > . From now on I will

maintain this assumption:

Assumption 2. (Generalized Marshall-Lerner condition) -y > (.

The reason for the effect on output to be, in principle, ambiguous is because a

negative shock to 0, represents a negative demand shock (since it decreases consump-

tion for a given level of the terms of trade) and a positive supply shock (due to income

effect on the labor supply). Fix a given import elasticity . If the export elasticity -y

is small, the terms of trade must fall by a lot (for a given level of y,) after a decrease

in 0,. In this case, the equilibrium level of output will fall, as represented by point

6Since net exports can be positive or negative, I define nxt NXt/Y, i.e., as a share of steady
state output instead of log-deviations from steady state.
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Figure 3-1: Effects of a shock to Ot

-St ,

A

Yt

B".

A at figure 1. If export elasticity is sufficiently high. then the shift in demand is

small and the positive supply movement dominates (as in point B at the figure). The

Marshall-Lerner condition guarantees the export elasticity is sufficiently high such

that output indeed increases in equilibrium.

The expressions above determine output and terms of trade for a given Ot. It

remains to determine the evolution of Ot. Consider the external solvency condition

0 j e-P [Qy - s,) s - 0,] dt -> e-p6 dt = 0
J0 Jo

(3.3.27)

where I used the fact that st is proportional to Ot.

Under the passive fiscal policy, the consumption tax is constant, and Ot evolves

according to

&t 1CT - t (3.3.28)

Using the external solvency constraint, we can solve for Ot:

[ft = V/5ds - 0 -,PS VIdA
(T 0 f .

(3.3.29)

Hence, in response to a positive risk premium shock, Ot is negative in the short
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run and it is positive in the long run. The idea is that the increase in interest rates

caused by the risk premium shock will induce a steeper consumption profile. Since

the present value of consumption must still be consistent with external solvency,

consumption will fall in the short run and increase in the long run.

Proposition 13. Suppose assumption 1 holds and Vt > 0 for every t > 0. Fiscal

policy is passive. The short and long-run response of the economy is

" Equilibrium allocations:

Ct = Kt; yt = -x t; nxt = - ot. St = -K<Pt

where the coefficients'<, r i, < , and K< are all positive (see the appendix for

the expressions).7

" Short-run:

co <0; yo > 0; nxO > 0; so >0

" Long-run:

lim ct > 0; lim yt < 0; lim nxt < 0; limn st < 0
t-+oo t-+oo t-+oo t-+oo

In response to a positive risk premium shock, consumption falls, leading to a de-

preciation of the real exchange rate. The drop in consumption combined with the

depreciation of the terms of trade leads to an increase in net exports. Given assump-

tion 1, output increases, since the increase in net exports more than compensate

for the drop in consumption. In the long-run this pattern is reversed as the econ-

omy accumulates external assets, leading to an increase in consumption and drop in

output.

Figure 2 shows the response to a exponentially decaying risk premium shock (i/ =

e-Pv4o). The calibration is based mostly on Gali and Monacelli (2008): q = 3, e = 6,
7The superscript P stands for "passive fiscal policy".
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Figure 3-2: A Sudden Stop Episode: No Intervention and Optimal Policy
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p = 0.04, T = 1.5, -y = 1.2, and a = 0.35. The half-life of risk premium shock is 3

years and the initial shock is 4%. Government debt is calibrated to 100% of GDP.

Even under flexible prices, the model already captures most of the salient features

of a sudden stop episode. The main difference with the observed experience regards

the behavior of output, where instead of a small boom it is typically observed a big

recession (see Mendoza (2010)). However, as shown below, the behavior of output

will be very different under sticky prices/wages.

3.4 The Linear Quadratic Problem

Let's consider now the problem of designing the optimal fiscal policy under flexi-

ble prices. A first order approximation of the Ramsey solution can be obtained by
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studying a linear quadratic problem involving a second-order approximation of the

objective and the linear constraints derived above.

The linear quadratic problem is

min -f e t' eccs + LgO + Qy Ps(St + Qs&Iit)2 + Qo (o + Oosst - popt dt}

subject to

ct = Ot + ( a -)st (3.4.1)

Yt = ;cot + ggt + ('c + ;XY)st (3.4.2)

0 = j e- t [(-y - )st - Ot] dt (3.4.3)

where the coefficients are defined in the appendix.

The first three terms on the loss function represent what someone would expect:

deviations from the steady state level of consumption, government spending and

output. The last two terms captures the fact that it is optimal to allow the terms

of trade and the Pareto weight Ot to react to the risk premium shock. However, it

is not feasible at the same time to keep consumption and output at the steady state

level and allow the terms of trade to respond to the shock. The optimal policy will

balance this two objectives.

Let's start by characterizing the behavior of the Pareto weight 6t;

Proposition 14. Suppose assumption 1 holds. The Pareto weight Ot evolves according

to

6, = 00 + j Ohds = rOOP

where OP is the Pareto weight under passive fiscal policy and

60 = - C j -Ptidt = K0O' (3.4.4)

where io E (0,1) (see the appendix for the expression).
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As in the case of passive policy, Ot initially jumps down and then increases over

time and eventually becomes positive. However, movements on Ot are attenuated.

In the presence of a positive risk premium shock, 0 falls but by less than under a

passive policy. This imply that consumption tax must increase in response to the risk

premium shock:
1

t - [@b - f] =- - = (1 - Ko)4t (3.4.5)

However, the planner does not completely undo the risk premium shock. As

indicated above, even though this is a feasible policy, it is not an optimal one. The

reason is that indeed the cost of transferring (foreign) consumption from the future

to the present increased for the country and it is optimal to allow the price system

to reflect, at least in part, this increase in cost. As we will see below, in the presence

of home bias the increase in interest rate does not fully capture the economic cost of

increasing consumption, generating the need for intervention.8

The next proposition characterizes the optimal fiscal policy:

Proposition 15. (Optimal fiscal policy) Suppose assumption 1 holds and the risk

premium shock is positive (l/t > 0, Vt). Optimal fiscal policy is given by

* Optimal government spending:

gt = - ( ( + <p) - 1) yt (3.4.6)

* Optimal Taxation:

=t K7eikt ; > 0

f.v (K ,j+O>4,. o < 0

where KTc > 0 and K, > 0 (see the appendix for the expressions).

8 A similar phenomenon appears in the literature on optimal capital controls under sticky prices.

See Farhi and Werning (2012) and Farhii and Werning (2013) for a discussion and a slightly different
intuition.
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The optimal policy involves countercyclical government spending. As discussed

above, when output is low, the cost of providing public goods decreases inducing the

planner to increase the share of government spending.

Optimal taxation reflects the behavior of the labor wedge and intertemporal

wedge. A first order approximation of the wedges gives

C = Ttv + f; wt, -ft (3.4.7)

where &' = log(1 + w') - log(1 + J').

Notice the labor wedge increases on impact and decreases over time. As we have

seen, the size of the labor wedge depends on how important exports are relative to do-

mestic consumption. As the consumption plummets, exports becomes relatively more

important in the short sun and less so as domestic consumption recovers. Therefore,

in order to avoid a big depreciation, the planner decide to increase taxes in the short

run and slowly decrease it over time.

Since the labor wedge is decreasing over time, the intertemporal wedge is negative.

Basically, periods of high labor wedge means domestic consumption is relatively cheap,

being optimal to shift consumption to the present.

Therefore, the consumption tax reduces the real interest by effectively increas-

ing inflation, what stimulates consumption by the usual intertemporal substitution

channel.

The initial level of the consumption tax is chosen to guarantee the government

budget constraint is satisfied. The optimal policy then requires an initial increase

in the consumption tax and a decrease in the VAT tax. Consumption tax will then

increase over time while the VAT tax will be decreasing. However, in contrast to the

unconventional fiscal policy in closed economy proposed by Correia et al. (2013), the

VAT is not simply offsetting the increase in consumption tax. The VAT tax must

decrease faster in order to guarantee the right level of the terms of trade.

Let's consider now the impact of the optimal policy on the government finances.

First, define total lump-sum taxation as the sum of the present value of lump-sum
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tax (if available) plus the revenue of the initial consumption tax (which is effectively

lump-sum).

The next proposition shows that the optimal policy actually improves the budget

situation of the government, compared to the passive policy equilibrium.

Proposition 16.

" (Revenue-generating optimal policy): The total lump-sum taxation necessary

to satisfy the government intertemporal budget constraint is smaller under the

optimal policy than under the passive policy.

* (Fiscal Consolidation): Suppose initial government debt D is positive and 4 t =

e-Pv"'4)0 > 0, for pg > 0. Fix a steady state level of government spending. There

exist d* such that if < d*, then dt is decreasing over time under the optimal

policy. If - > d*, then Dt is increasing over time under the optimal policy.'
75HV

First, notice that lump-sum taxation is not necessary, since we can use the initial

consumption tax to satisfy the government budget, or introduce new taxes to achieve

this goal (as a profit tax or an income tax).

Figure 3 shows the evolution of taxes, spending and government debt under the

assumption the initial consumption tax is chosen in order to satisfy the government

budget. We see that the initial consumption tax is smaller under the optimal policy,

reflecting the fact the present value of taxes necessary to close the budget is smaller

in this case.

For this particular calibration, we see that government debt increases under pas-

sive and optimal policy, but it increases faster under the passive policy. As indicated

in the proposition above, at lower levels of debt, it would be optimal to reduce the

level of government debt, i.e., to perform a fiscal consolidation.

The next proposition characterizes the optimal allocation:

Proposition 17. Suppose assumption 1 holds.

9The threshold d* may be infinite, i.e., government debt dt is decreasing for any initial (positive)
level of government debt.
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Figure 3-3: Taxes, Spending and Debt: Passive and Optimal Policy
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where the superscript P denotes the allocation under passive fiscal policy.

The optimal response to the shock is qualitatively similar to the one under the

passive policy: consumption drops, the terms of trade depreciate, output and net ex-
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ports increase. The main difference is that the optimal policy looks like an attenuated

version of the passive policy allocation (see figure 2 for a comparison of the two). The

main exception is consumption. Even though the drop in 0, is attenuated, what goes

in the direction of increasing consumption, the depreciation of the terms of trade is

also reduced, what goes in the direction of decreasing consumption. The net effect

depends on the relative strength of these two effects. In the simulation we see the net

effect on consumption is indeed pretty small, and consumption under optimal fiscal

policy is very close to consumption under the passive policy.

3.4.1 The Role of Openness

Let's consider now how the degree of openness of an economy interacts with the design

of the fiscal policy. The next proposition characterizes both the limit of an economy

who barely trades with the rest of the world (a - 0) and a fully open economy with

no home bias (a -+ 1).

Proposition 18. (Openness)

* Closed-economy limit:

y1,= cl = nxt, = -t + -t =0; st=-6 (3.4.8)

1 ,y= 1-1t; @ ; - rtc 1 (3.4.9)
+ 2 y 2-y+2

* Open-economy limit:

Ct = Yt = 1 ( ( 0t; nx+t = -t;
7~~ -1'1+ (<(+ +) -) ,+(1 -1;9)) ' . +

a 1
st = ot; t = -@; f + -t = tc = tv = 0 (3.4.10)

where g = +
1+(w(1+0)-1)X

Consider first the case of the closed economy limit. In this case, the economy is

completely insulated from the external shock and it is optimal to keep consumption,
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output, and net exports at the steady state level. Therefore, the optimal policy

completely undo the effect of the risk premium shock.

Remember the role of the positive labor wedge was to keep the price of exports

high in order to reduce the resource cost of generating a given export revenue. As the

importance of exports vanish, so does the need to distort the terms of trade, leading

to a zero labor wedge. Moreover, when imports are very small, the cost of increasing

consumption is given entirely by the labor wedge. In this case there is a complete

disconnect between the interest rate and the true economic cost of consumption,

leading the planner to completely offset the risk premium shock.

Let's focus now on the open economy limit. Now both the labor wedge and the

intertermporal are at their steady state levels. As we have seen, when the economy

is fully open the optimal mark-up is constant and it is given by the usual monopoly

rule. Therefore, taxes must add up to zero. Since the economy is fully open, the only

way of increasing consumption is to increase borrowing (or reduce lending), so now

the interest rate reflects the true cost of increasing consumption, and it is optimal

not to offset the increase in borrowing costs.

3.5 Optimal Policy under Sticky Prices

We have considered so far the case of flexible prices. As seen above, the optimal

allocation involves an immediate depreciation of the real exchange rate in response

to an increase in the risk premium. Since the nominal exchange rate is fixed, this is

achieved by a coordinated, simultaneous, discrete cut in prices. As in the classical

argument of Friedman (1953), it may be hard to achieved in practice this coordinated

immediate reduction in prices, and the actual process of adjustment may take a

long time. In order to capture this process, I will assume that prices are sticky and

reconsider how fiscal policy should be designed.

The next section consider the opposite extreme of flexible prices, i.e., fully rigid

prices. The following section consider the intermediate case where prices are sticky,

but not constant.
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3.5.1 Fully Rigid Prices

The optimal policy can be obtained by solving the following linear quadratic problem:

min { e [c9|+ yg|+ 2yy?+ eo (O - p0)1 dt (3.5.1)
{otgt, yt] I

subject to

Yt = Ot + ggt (3.5.2)

0 = j e~'9Ptdt (3.5.3)

where I used the fact that ct = Ot and st = 0 for all t > 0.

Let's start by characterizing the optimal allocation:

Proposition 19.

" Optimal allocation

KR t 0
-t = f ds - j e~P-sds] (3.5.4)

yt = I); Ct = 0t; nxt = -,Ot

where ,c E (0, 1).

" Optimal policy vs passive policy

< < ; < 1; < 1 (3.5.5)
61 y/ c/I nxl

where the superscript P indicates the allocation under the passive fiscal policy.

As before, the increase in the real interest rate due to the risk premium shock

causes consumption to drop and net exports to increase. Htowever, in contrast with

the flexible price case, output decreases, since there is no depreciation of the real

exchange to compensate the drop in consumption.
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The optimal policy is able to limit the extent of the recession and reduce the drop

in consumption. As shown in the proposition below, both spending and tax policy

act in the direction of smoothing the response to the risk premium shock.

Proposition 20. (Optimal Fiscal Policy)

" Optimal government spending

9t = -(,(1 + <5) - l)yt (3.5.6)

" Optimal taxation

= (1 - r0)bt; #or = -o-U0 (3.5.7)

" Revenue-generating policy: The total lump-sum taxation necessary to satisfy

the government intertemporal budget constraint is smaller under the optimal

policy than under the passive policy.

The expression for optimal government spending is the same as under flexible

prices. The planner chooses not to deviate from the optimal provision of public

goods and provide some extra stimulus (and reduce the extent of the recession, for

instance). The reason is that the planner can always influence directly consumption

by the choice of the consumption tax. Spending is entirely based on a static cost-

benefit analysis.

The sum of the VAT and consumption tax is not determined anymore, since there

is no pricing decision by the firms. For concreteness, let's assume 4t + 4t = 0.

Consumption tax must be increasing in response to a positive risk premium shock,

implying the VAT tax must be decreasing.

As in the case of flexible prices, optimal policy is revenue-generating, in the sense

of the necessary level of taxes to satisfy the government budget is smaller under the

optimal policy than under the passive policy.

By assuming prices are fully rigid, we abstracted from the behavior of the terms
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of trade as well as the optimal level of taxes. The next section discuss how the terms

of trade behave under sticky prices and the appropriate tax policy response.

3.5.2 Sticky Prices

The optimal policy can be obtained by solving the following linear quadratic problem:

[Ot,t19t,Yt ct ,7H {t 2 [ (
(3.5.8)

subject to

C1 = 6h + 1 st (3.5.9)

yt = cct + ;ggt + (Qcb + x-Y)st (3.5.10)

0 = j e-- f( - Vb)s - 0t] di (3.5.11)

At 7H,t (3.5.12)

where so = 0.

Our first result establishes that optimal government spending must be counter-

cyclical:

Proposition 21. The optimal level of government spending is given by

= -(p(1+) - 1) yt

Notice the expression above is the same one obtained under flexible prices (see

(3.6.2)). Even though it is optimal to increase government spending, there is no

sense in which government spending should try to stimulate the economy. Govern-

ment spending is chosen based in a pure static cost-benefit analysis.10 The role of

stimulating the economy and any dynamic consideration is left to the tax policy.

The next proposition characterizes the equilibrium allocation under sticky prices:

10See Werning (2011) for an analysis of "opportunistic" versus stimulus spending in the context

of a closed economy liquidity trap nodel.
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Proposition 22. Suppose assumption 1 holds. The optimal allocation is given by

O= Go - 4 sst + O'F; 0o < 0;

Lit = yo + Ist + KNIt; Yo < 0;

nxt = nxO + Ix<mst - '<n,&Jt; nxO > 0;

ct = CO + Kzsst + rI1 I't; co < 0;

where all coefficients are positive, except for is whose sign is ambiguous (see ap-

pendix). The term %J! is given by

4Pt =- ds (3.5.13)

The proposition express the allocation in terms of the shock It and the terms

of trade st. The evolution of st is described in the appendix and it is given by a

second-order differential equation, with 'Jt as a forcing variable.

As in the flexible price case, consumption drops on impact and net exports increase

due to the reduction in imports. The drop in consumption generates deflationary

pressures, what further increases the real interest rate, amplifying the initial effect of

the shock. In contrast to the outcome under flexible prices, output falls on impact.

Hence, the economy enters into a recession in response to the risk premium shock. The

reason output increases in the flexible price case is the strong depreciation of the real

exchange rate and sharp increase in net exports. Given the sticky prices assumption,

the terms of trade does not respond in the short run, causing the recession.

The simulation shows that the optimal policy manages to stabilize output and

consumption reasonably well. Figure 4 shows the allocation under the optimal policy

and compares to the allocation under a passive fiscal policy (as defined in the previous

section). Instead of a major depression, the country faces a much milder recession.

This is a result of the combination of the spending and tax policy. The countercyclical

government spending directly stimulate the economy (regardless of the reason for the

spending) and indirectly it helps to fight the deflation, reducing the real interest rate
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and the drop in consumption.

The next proposition discuss the role of taxes:

Proposition 23. (Taxes)

" Home-bias economy:

fV + f= (f + f ) sSs + K r 4 ; (3.5.14)

where the sign of (fO' + f ), r, and K$, are ambiguous.

" Open-economy limit: As a -+1, we obtain

( ;1 - 1 00

e i)_ 01- + (1 Oc0

where g = C+ )-(-

The proposition shows that, in general, whether the planner should subsidize or

tax firms will depend on parameters. The fully open economy limit clarifies the role

the export elasticity has in determining the level of taxes.

If the export elasticity is low, i.e., if the following condition is satisfied

'7< (3.5.15)

then taxes should increase in response to a increase in the risk premium.

If the condition is violated, the planner should subsidize firms and induce a de-

preciation of the real exchange rate. This result reflects the action of two opposing

forces. Under sticky prices, the planner has an incentive to keep the terms of trade

stable, since volatility of the real exchange rate becomes costly. The cost of price

variability is captured by the parameter E. On the other hand, output is inefficiently

low, since the real exchange rate is too appreciated in the short run, and the more

elastic exports are, the more output will respond to a depreciation. Notice that the
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Figure 3-4: Equilibrium under sticky prices: Passive and Optimal Policy
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share of output that responds to the terms of trade is given by 1 -- q, since government

spending consists entirely of domestic goods. Condition above captures the two legs

of the trade-off.

This imply that highly elastic countries should try to depreciate the real exchange

rate through fiscal policy. However, if the export elasticity is low, then it is optimal

to perform a fiscal appreciation, i.e., the planner should tax instead of subsidizing

domestic firms.

Notice that if we had focused only on the Cole-Obstfeld case (V = - = 1)), as it is

typically done in the literature, we would conclude that it is never optimal to try to

depreciate the real exchange rate, since this is only optimal for y sufficiently greater

than one.

Figure 5 shows the path of taxes, spending and government debt. Government
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spending is a mirror image of the output path. Consumption taxes are increasing over

time while the VAT is decreasing. The initial response of the VAT and consumption

tax are such that the sum of taxes is positive, i.e., fiscal policy will act in the direction

of appreciating the terms of trade. Noticed this will tend to reduce deflation, leading

to a reduction in the real interest rate limiting the drop in consumption.

Figure 3-5: Taxes, Spending and Debt: Passive and Optimal Policy
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Paralleling the approach under flexible prices, I used the initial tax on consumption

to satisfy the government under both the passive and optimal fiscal policy. The initial

level of consumption tax is smaller under the optimal policy, indicating the optimal

fiscal policy is also revenue-generating under sticky prices.

The simulation also shows that it is optimal to perform a fiscal consolidation.

Government debt actually decreases under the optimal policy. As in the flexible price

case, this depend on the initial level of debt. For higher levels of the initial debt,
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government debt actually increases, but less than under the passive policy. Moreover,

given the same initial level of debt, it is optimal to perform a fiscal consolidation

under sticky prices, but not under flexible prices.

3.6 Downward Nominal Wage Rigidities

So far I have considered the impact of nominal rigidities coming from price sticki-

ness, but there is an extensive empirical literature documenting wage stickiness, in

particular for downward wage movements."

I will now assume that prices are completely flexible, but nominal wages are

downward rigid. This imply that in period where this constraint is binding, the

nominal wage will be "'too high", meaning the labor supply will exceed the labor

demand at the current wage. Therefore, downward nominal wage rigidity will cause

unemployment in this economy.

Let's consider now the effect of a positive risk premium shock. For simplicity, let's

assume -y = and that fiscal policy is passive. If wages are completely flexible, the

nominal wage satisfy

Wt = Uot + 94yt = -KW (3.6.1)

where K9 > 0 and 6, satisfy (3.3.29).

This imply that wages would go down on impact and stay negative while 60 < 0.

If wages are downward rigid, this cannot happen and we would have unemployment

instead. The next proposition characterizes what happens in the case of passive fiscal

policy.

Proposition 24. Suppose =y, fiscal policy is passive, and the risk premium shock

is positive (Vt ;> 0 Vt). Define Top as the time period such that O/ = 0.

"For empirical evidence regarding the European case, see Babecky ct al. (2010). See Schmitt-
Groh6 and Uribe (2011) for a discussion of the impact of downward nominal rigidities under fixed
exchange rates in a related model.
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" Unemployment period: for t < TOP, nominal wage satisfy wt = 0 and

Ct = ROp; Yt = 301; nxt = -R 0P6; st = -- K ; p = -Rpo

where KR, K , K, ' T and are all positive constants.

F Full employment period: for t > TP, unemployment satisfy ut 0 and

/'= K pot'; y, = -K'o,,; ixt = -KP 1, S = -<Ol.; w, of

where tc, KY, Knx, and K, are all positive constants.

A key difference compared to the case of flexible prices and wages is that output

responds positively to Ot in the unemployment period. Hence, under downward nom-

inal wage rigidity, a positive risk premium shock generates a recession. Moreover,

on impact unemployment shoots up and slowly decreases as consumption and output

recovers. As in the case of flexible prices, the terms of trade depreciate mitigating in

part the effect of the shock.

How should fiscal policy respond to the interest rate shock under downward wage

rigidity? It turns out the optimal policy can do as well as in the case of flexible prices,

but the fiscal policy required to implement the optimal is different. In particular, labor

income tax (or payroll tax) becomes important.

Proposition 25. (Optimal fiscal policy) Suppose ( = y and the risk premium shock

is positive (ot ;> 0 Vt). Define TJ' as the time period such that Op = 0.

* Optimal government spending:

9t = - ((1 + #) - 1) yt (3.6.2)
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o Optimal Taxation:

+ -

where Kc > 0 (see the appendix for the expression).

* Revenue-generating: optimal fiscal policy is revenue-generating.

Again we see that it is not optimal to deviate from the optimal provision of

public goods, just as in the case of stick prices. The optimal allocation involves no

unemployment. The VAT tax is chosen in order to guarantee the downward constraint

on wages does not bind. Hence, the government provides a reduction at the VAT tax

on impact in order to increase demand for labor and, consequently, nominal wages.

The total sum of taxes is chosen in order to guarantee the terms of trade will not

depreciate beyond the optimal level. Consumption tax is increases over time in order

to partially undo the effects of the interest rate shock on consumption. The labor

income tax adjust in order to guarantee the planner can simultaneously control the

terms of trade, affect the real interest rate the consumer faces, and the constraint on

wages is not violated.

As in the case of flexible and rigid prices, optimal policy is revenue-generating.

This means the amount of taxes necessary to guarantee the government budget con-

straint is satisfied is smaller under the optimal policy. Hence, the optimal policy

does not impose an additional burden on government finances, it actually does the

opposite by reducing the financing needs of the government.
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3.7 Conclusion

How should a country respond to a sudden stop? In this project I tried to answer

this question in the context of a member currency union, where the fiscal policy is

the main line of defense.

The first lesson is that government spending should be countercyclical, since the

cost of providing public goods falls in a recession. This prediction holds regardless

of the degree of openness of the economy or the degree of price flexibility. Therefore,

spending should be performed to the extent it is useful for the society, any attempt

to stimulate the economy occurs through taxation.

Optimal tax policy depends on the degree of price flexibility. Under flexible prices,

consumption tax increases over time in order to reduce the real interest rate, and the

sum of the VAT and consumption tax is positive on impact, what tends to appreciate

the terms of trade. Under sticky prices, the response of taxes depend on how elastic

exports are.

Both under flexible and sticky prices, we see that the present value of taxes neces-

sary to satisfy the budget constraint of the government is smaller under the optimal

fiscal policy. Moreover, depending on the initial level of debt, it may be optimal to

perform a fiscal consolidation and reduce the size of government debt.

Optimal fiscal policy is then able of at the same time to stabilize the economy

and limit the extent of the recession, as well as to control government finances and

the size of the debt.

160



3.A Appendices

3.A.1 Derivations: Section 3

The Ramsey Problem

The Ramsey problem can be written as

max e
{E ,St ,Y,Gt} fo

-p 1- + x log G, -
1

1+q~ AH,t

(3.A.1)

subject to

Yt = (1- a)ets + &AHtS] C*+ Gt

_,~I7 ( C*)1\Ct [AH,tS1 - etSt' ds

The first-order conditions arc

xG- 1 = At

(tCt*St-a) 1-r

y, (1+d) 1
AH,t t

- At (1 - a)8 ES tC* = QJ11
7 (*)- U 1

- x [(I - c)OtSt + -yaAH,tS7] Ct =

-a t ( t - [(-Y - 1)A j,,S 1- -

Proof of proposition 1

The optimality condition for 8e, can be written as

C - = At(1 - a)St + artor ( ) 8a)
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(3.A.2)

(3.A.3)

( - a) (6tCt* s-) 1-a

(3.A.4)

(3.A.5)

(3.A.6)

0-~ ~~ _ 1 ;t -L

= At
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Combining the optimnality condition for Ot and St, we get

[ AH,tS7 + (1 - t 
)ts,1 S&

CO
t = at
Ct* (y - 1)AH,tSt + (1 - a)St

Combining the last two conditions, we get

C S'-" _ (y - 1 + a)AH,tSt + (1 - a) Stf aA
A t (- - 1)AH,tS + (1 - a)St8t (- - 1)AH,tSt'

Hence, we obtain the expression in the text for the labor wedge.

Let's consider now the intertemporal wedge, which is defined by

e-Pt C J
Pt

e-p(I.+s) C-+5a~~s + dz
Pt+s

where I am assuming Ct* is constant.

Notice the labor wedge can be written as

At (Ct*)S I1+o wt a

where, for convenience, I added and subtracted Vt.

The optimality condition for et can be rewritten as

D7" = (1 - c)(Ct*)OASj, + acfJ-"7 (C*)-
- -

-> -tI 1-a
1+wf + St

(3. A.11 )

Combining the previous three conditions, we get

1-a
Wt=+
Wit + a1+ Lil

(3.A. 12)

Stationary Solution

Consider a stationary solution for the Ramsey problem. Assume B 0, i.e., =

AHS.
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(3.A.8)

->of= +(1-a) PH -o
Ct PH

(3.A.9)
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Combining conditions (3.A.4) and (3.A.5):

(7) (1+ +)
(3.A. 13)

rearranging

(3.A. 14)

From the optimality condition for et, we get

aAH = - a)AHC* -- 01-a (3.A. 15)

Plugging the expression above into the optimality condition for St:

Da = 7AAHC*Y (3.A. 16)

Consumption can be expressed as

C = AHOW*'- a (3.A. 17)

The terms of trade can be written as

s = [(AC*) - 14A=

1
(3.A.18)

Using the condition for e on the aggregate demand equation, we obtain

V - = AH*Sf (3.A. 19)

Combining the conditions above and the expression for C , we get

ir, " = 20 -1+o(1 - q) (3.A.20)

This expression will be useful on the derivation of the quadratic approximation

below.
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Plugging the expression for S into (3.A. 19), we get

1-p -YX) AHZ H - )
All

(3. A. 21)

Given the level of Y, we can determine the value of S, G, N, and C using the

conditions above. Conversely, given the steady state level of government spending,

we can determine the level of output.

- 1+)- )+a (y- a) +a
H )

(1 - ) +- [)+aAH*

In order to support the level of output above, taxes must satisfy the condition:

_~ x __ 
+

S-i \1!I})

(AHC)0 3o(Y-a)+

All
(3.A.23)

Plugging the expression for S, we get

(I - V) (1 I)
+F Te -Y

The wage bill can be written as

WN 1_ _N -a (I -V) i

P H 1-1 Y

lie tax rate on labor income can be written

11 - c -/y-

The revenue from the labor tax is then given by

1 WN
_ = (1 -

TV ) CI-Y a
V 7V

164

-y

(3.A.22)

-- nN(1 - TV)(1 - -T1) vc -1++ ,a

1+7 'T - 1 Y

(3.A.24)

(3.A. 25)

(3.A.26)

(3.A.27)

-Y



If we assume a = 1, we can obtain explicit solutions. Output is given by

a y) AH (3.A.28)

Plugging the condition above into the optimality condition for government spend-

ing:

a-YY 7 -~ + ~(3.A.29)

The value of S is given by

-Y ~j -7 1Z - Y AH* (3.A.30)

Using the supply condition, we can determine the level of taxes:

(1 E a 
-(3.A.31)

1 + T' 6- 1

Notice we require -y > a in order for the expressions above to be meaningful. For

instance, when a = 1 the planner acts as a typical monopolist, what requires an

elasticity bigger than one to guarantee the existence of the solution to the monopoly

problem.

Finally, consider the government budget constraint. Let's focus in a steady state

where T = -? 0.

The government constraint is then given by

D VV-; W N W N
= + - 1-7 - - + T (3.A.32)

PHY P ) P. T 1HY PHY

If we set the tax on profits equal to zero, we get

pD_ - - (c-1 7-a>
= -) - )-, + ( - (3.A.33)

PY WE we
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Proof of proposition 2

The expressions for y and st are presented in the text. It remains to determine

consumption and net exports. Plugging the expression for s, into the Backus-Smith

condition, we obtain:

ct =
a+ (+(1 + ) - 1)(ca + O)

1 + (p(1 + #) - 1)(,CcE +,X Y2)
(3.A.34)

Net exports (deflated by domestic CPI) are given by

SPHt(Yt - Gt) - PtCt [ AH et+(YNXH-I _ geot (3.A.35)

Let nxt = . Net exports can be written as

n, = 2 [(y - )s,- [] (3.A.36)

Using the expression for st, we get

nxt =
1 + U(y - ) + (M(1 + 9) - l)'(;c + ,;) (3.A.37)

1 + (O(1+ ) - 1)(c + ;X Y)

assuming the remaining disturbances are equal to zero.

The short and long run behavior of the equilibrium objects is a consequence of

the evolution of Ot (given in (3.3.29)), where 0 < 0 and limt, Ot > 0.

3.A.2 Derivations: Section 4

An Approximate Welfare Criterion

Utility from consumption can be written as

- te(1-a
1-u a 1 -ore1Tc

-1-a
C
1-o-

+ ;4 ) 7
- - a

Ct + C 2

where I used the fact 0 " = PN o (;c + ;X)
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The log-linear version of the Backus-Smith condition holds exactly:

ct = Ot + c* + (1 -a)st

The utility from government spending can be written as

X log Gt = X log ?7 + VN"6ggt

where I used the fact that X = VW1+0 .

The disutility from labor is given by

N eP(1+0)(YtaH,t)
1+0 1+ e

+ X1+0 [(yt - aH,t) + (yt - aH" 22
(3.A.41)

The aggregate demand condition can be expressed as:

e= (1 -,C,) exp (log I - a)&Jeot+st + aAH \eAH,t+YSt

(1--a)9S + aAHST
+ c* +et

up to second-order, we get

12
Yt + 2 = QOt + Cx)AH,t + Cggt + (c + 4)c'*+ ('x + (c) St+

I [,c(, + c* + st) 2 + x(AI, + c Y + sI,)2  2]

Let ut an log w- and-

The term fit can be written as

-Y (';c + 4;X)Ut = c +
L a

'Nx + Cc [A2 + (( - ')StI
y-Y

- I(a - 1) ( + 'X) 2 +
2 7-Y-a

where I am ignoring terms independent of policy.
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1 2
12 

orCt
+ %ygt - [(Yt

(3.A.39)

(3.A.40)

(3.A.42)

lit -1.

- aH,t) 2 (Yt

= -1 ['c(9 c* + St) 2 + *(AHt c + '}St) 2 + ;,9gt 2 + 0(
2

- aHt)2]

1 + <)(Yt - aH,t )2]



We can use the external solvency constraint to eliminate the linear terms:

0 =p j " e[(p+1e.)dHt e((1 -a)c*+()st _ e't] dt (3.A.43)

where I used the fact that EO = 0.

Taking a second order approximation, we get

j e- t [0 + -)st - AH,tl

f j e-' [(Ot + (1 - a)c* + (( - i)st - aIt)2 - AH,t + (y - l)st (1 - u - o-t 2 dt
2 0

Let U = f e-Piitdt be our measure of welfare. This can be written as

U f[o(O + (1 - t)c* ('( - i)s. - o )2 - Po (u,, + (-,,,+ (1- c (+ - 1)s. - a
U 2 _

+ 2cCi + C(Ot + Ct* + St) 2 + C.(A H,t + c* + 7st)2 + gg2  2 _ (l + H)(yt - aH,t)2 ] dt + t.i.p.

where go =_ 'x +a, and g, E -(1 -

In the case there is only a risk premium shock, we get

Ut = o(Ot+( -1)st OXt)2 _ _o +;(Ot+ St)2+;2 22 2 2g +Oy 2+Occ
Ut = - 1)St -04) tt t

where g, = y(I + I) - 1 and U = f0C e-PtUtdt.12

We can simplify the expression above even further by combining the terms involv-

ing st. Define Qs as

Ls ';XC72 - o 1)2 = a (- + (I - 2a) - (I - a)] (3.A.44)

-Utility at period t can then be written as

U = 0(t+( -1)s- t)2+s (St + LQSt) +C(Ot+ St)2+;g, +Oyyi+Qc( t+(-a)St)

We can also rewrite the problem as

Ut = o(Ot + QOsSt - goj1%)2 + 5 (si + + ' 9g; + y Yt + Qc(Ot + ( S - t)2

l2In order to have a concave problem, we need to assume parameter as such g, > 0.
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where

Q+

Q~s~~go
LO0 ;

( ) -+ )c

+ (1 - a)I 1 - a]

o a9 (Y - 1) + (y - a)(' - a)
-y

This is the form presented in the text (where I omitted the tilde over the coeffi-

cients).

Linear-quadratic problem

The first-order conditions for the linear quadratic problem are

gt = At

(p(1 + ) - 1)yt = -At

[Lo + ; + o]. + [o(? -1) + ;c@ + Lc(O -a)] st - oaft + IF = cAt

[p0(@ -- 1) + cc + o,(O - a)] 6 t + [o(o - 1)2.' +, + V) 2 + Lo(ik - a)2] st

- (gpo(@ - 1) - Pgs~,) I't - (-y - /)F = ( 6? + C 7y)At

Combining the first two conditions, we get that government spending is counter-

cyclical

gt = - ((1 + 0) - 1) yt

Plugging the expression above into the aggregate demand condition

';cA + (c;O + 4x'y)st
1 ((1 + ) - 1)>
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The optimality condition for 64 can be written as

- O + ICSt - Q0UCI + F = ccAt

The optimality condition for st can be written as

;Cot + [go($ - 1)2 + jg + ;O2 + o( - a)2] st + (y - 0),o

Combining the optimality condition for 64 and st, we get

c [(y - a) 2 + a( y - 0) + - c +
(-Y - a)( - a) -Y - a

- a)(y - 0] s, = +y(4 + m)A

(3.A.48)

using the expression for At, we get

st = -KS3t (3.A.49)

where

- )2 + oe('y - ) + ( - )( - a) (1)-
KS = 9

- a) + a(1 - a)(-y - ) + y(-y - a)((1 - a) + a:y) - )

(3.A.50)

A sufficient condition for the expression above to be positive is -y > (.

derivation above will now be used to show the results discussed in the text.

Proof of proposition 3

Consider the dynamics for Ot. The optimality condition for Ot can be written as

Woot = OOU 4It - F

The

(3.A.51)
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where

[a)[(--a)+a .+(y[(-\+1- a) (a-y+(1-1()1)+(1- a)(-a)]

(3.A.52)

Differentiating with respect to time:

(3.A.53)

whereo - I9/wo, or more explicitly.

-f (- )+ 1-_(_-_+_( -_)(1-__+_)(_

-(-+1-a)+(1-a)[(--a)+ +y[(y+-a)( (l-a)()+(--)( -a)1 (1 -

(3.A.54)

The level of Ot is given by

Ot = Oo + j? ds
J0

The value of 00 is determined by the external solvency constraint:

0 =f e-t [(0 - s- 0,] dt => 0 = e-6Ptdt

Plugging the value for 6O into the expression above, we get

(3.A.55)

(3.A.56)

00 = - j e-Pt

It only remains to show that ro E (0, 1).

Vtdt = KOOP0 (3.A.57)

The generalized Marshall-Lerner is a

sufficient condition to guarantee the expression is positive. Computing 1 - no, we

obtain

((- ) ( 3- 1 -8)
1 -g -- y~+-a+1a[y-)a ]7(+-)a+ 1()+(1-q 5 )(-a)] -) 1-

(3.A.58)
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Again the condition -y > ( guarantees the coefficient is positive.

Proof of propositions 4 and 5

The optimality condition for government spending were derived above. Consider now

the evolution of consumption taxes:

t = [ -[ f] > --tc - jot = (1 - Ko)Ot = K7-,t
17

(3.A.59)

where KC -- 1 - 1 o.

Taxes are given by the supply condition (3.3.23):

('f + ff) = (KS - J)Ot - (,O(1 + q$) - )yt -Ot

where I imposed fj = 0 and

a7a [(at +1 a)-y - a) + -y~-a)

- a) + a(1 - a)(y - ) + -y(-y - a)((1 - a) + ay)
(3.A.60)

since > a and -y > a (by assumption), the expression above is non-negative.

We can then determine the evolution of the VAT tax

+ KTre) Ot (3.A.61)

Consider now the government solvency constraint:

(c- o + ) f&c
D-1PHY J

ePt [ pHY y( + (1- -g)Qi+' + f/ + ' j) - .;(g - yt) - TI + (=V - 1

(3.A.62)

using the fact the present value of output and of the sum of taxes is equal to zero,

we get

- (CO + ?P) V
PHV

WN N
-l+ f0e- dtL

PH 0
(3.A.63)
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If we assume a zero labor tax, initial consumption must satisfy

il = -*00 (3.A.64)

Notice that if we were to use lump sum taxes to satisfy the budget, the present-

value of the lump-sum taxes would be -o,0o D . A similar calculation would show

that the same expression holds for the case of passive policy, but with 0' instead

of 00. Since 00 = KnO0, the required amount of taxes required to satisfy the budget

under the optimal policy is smaller than under the passive policy.

The initial VAT is given by

= i-K) (y-Y +) a(y - 0) + a)- c(ay- + (1 - COO' - aV) + cv- -4'](~1q)i(-g

rg01 = I - - 00 = U 1+10)* o 9
o yy( - a) + a(1 - a)(y - 4') + -(-y - a)((1 - a)4 + ay)

(3.A.65)

where the coefficient multiplying 00 is positive.

The value of debt (in utility terms) at period t is given by

___ 
fD00

jPHY +\PHY /01+Or ( 9r

where I used the fact that yt = -yOt shown below.

The value of debt in monetary terms is

b = (got + if) + dt

The first term is given by

Uot + -itc = a(0 - 00) + K'Vc j ds = (o*o + ,c) j Ods j isds
foo fo

where the last equality uses the assumption 4' = e-"*Pto.

Similarly, using the decaying risk premium shock, we get

e P (s - t)0 , d s = - + hO = 
P ( SO (P s

1 -O

P .
(3.A.68)

(3.A.69)
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Combining the expressions above, we get

1b e = po+ ( + 7)_Y + ( -i')pI 1 1
P [ P H .L HV P + pv)]

(3.A.70)

rearranging

g e-Pv t - 1
Do =7W [-- ( - + PV(i + &)Ky o) - [sg;p(l + 0)Ky + (1 - _____

(3.A.71)

If the term multiplying P% is negative, then government debt is necessarily

decreasing over time. If the term multiplying - is positive, there is a threshold

PHYd* > 0 such that government debt is increasing for D > d* and decreasing otherwise.

Proof of proposition 6

Output is given by

Yt = -kyot (3.A.72)

where

- ('Y - o'-)au-y( + 1 - a)(1 - g)(1 + (so(l + 0) - 1) 'g)-1

- a) + a(1 - a)(-/ - ) + -y(y - a)((1 - a)+ ay) ((1+)
(3.A. 73)

Therefore, output will respond negatively to Ot if the (generalized) Marshall-Lerner

condition is satisfied (-y > ). In the special case ( = , which encompass the Cole-

Obstfeld case, output should be zero.

Consumption is given by

ct Ot( - a)st = (1 - (-a)K)6 =KcOt (3.A.74)

where

y - a) + a(1 - a)( - ) +/(0 - a)((1 - a) + aY)-
(3.A.75)
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Therefore, consumption responds positively to Ot. Consider now the behavior of

net exports:

nxt - (-Y - )st - Ot = - [(-Y - )rs + 1] Ot = -Knxt (3.A.76)

where

( )[-(-a ) -- +c ( -a)( - )+ Y(- )(( -) + aY) +

(3.A.77)

3.A.3 Derivations: Section 5

Fully Rigid Prices

The optimal policy can be obtained by solving the following linear quadratic problem:

mi { 2 j e t -[gQo(Ot - 04t) 2 + (c + gc)O? + 'gg + QY dt}
[ot,.qt,yt] 2 0 1

(3.A.78)

subject to

Yt = sc6t + 4gt

0 = e-6tOdt

(3.A.79)

(3.A.80)

The first-order conditions are

-(p(1 + 0) - 1)yt = At

(Oc + ;)Ot + O (Ot - 0-t = %c At + F'

This imply the usual condition for government spending:

9t = -(p(I+ 0) - 1)yt
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Output is then given by

yt = C -2 t
1 + (( + 0) - 1)C

The Lagrange multiplier is then given by

1 (p(1 + ) - 1)Cc
I + (W( + 0) - 1)';g

Differentiating the condition for Ot, we get

a (y 1 ( +)

-o + (-y - a)(1 - a)2

Plugging into the external solvency condition,

60 = -KRf e-bdt

Therefore, Ot is given by

- t  00 -
Ot = Ky R Ods - e-R8*0,ds0 .of

The government debt expression is

. e-Pt [- ct [ITV - 'g|
J0 I

+ (TV - g)yt - 4j(gt - Yt ) +
1WN ct

7 PHY (0(1+ O)yt )d

Since the present value of Ot is equal to zero (and output is proportional to Ot),

we conclude that initial consumption tax satisfy:

01 = -U 0 0 (3.A.87)

The evolution of the consumption tax is given by

1 t = - >] = 1 - 0-rR) ot K Vct
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(3.A.83)

Rot
0': /, (3.A.84)

(3.A.85)

(3.A.86)

- ((Too + ) PD -
PHY

(3.A.88)

"I -"Ww w

1' =



where

R
K, =1-

a('} + 1 - a)

'Yo + (-y - a)(1 - a)2 -

- a)( - a + (y - )( 2( __+ )- (1 )_

a) + ( - a)(1 - __) _+

(3.A.89)

The VAT tax is given by

(3.A.90)

The government debt at period t is given by

= [V - ;g]+ [(T V - Cg) +ji D (,; + PY V(1 + 1 ) C e0P)] -)O]ds

(3.A.91)

where

T l e - P( -')o e d s = + th e n g n

The level of debt is then given by

4 1 -eP J
)=ot + + WP _ + V =0

e-P(s-t)4 ds = KO 1)o
Pv, P+ PV

1 + Wd 0
P + Pv)p

1 -?

Pip

where

PHY
(3.A.94)

Notice that

= (PDy1- SP9 p P) T' WN

PPHY

I~c ;(i g) + ( g +#'~ Tp~ PH + 5~

(1 + + l)p+ ) J
(3.A.95)

Consider now the allocation under the passive fiscal policy:

Of = - [ ,ds - e- Osds]
0 07
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(3.A.93)

R

+Wd K
P + POp

(3.A.96)

C, - f

W D a[V +ITV +(;
(P =H)- I



and

Yt =- 9c; cP - OP nxP =-,;

The government debt expression is

a D[
dPHY .g +

V WN 0 )] c]

7"+1PHY )] - C f
e-P(-t)6'ds

e-6(s-t)O'ds = - +
Gob i a p 

Government debt is then given by

1 a - e-Pk> 00
DpV P ++o [o

1 1 - e~P*t
e~ P(-t) ds = Ip

O-pvp p+ pv)

I 1 - e-Plt
Wd a(p pP) 

po

where

= (-j-
P I

1+W4 1
cia(p + pi) . P P+p

T' WN
+-- -+

P PHY
[j=V

1 W N 1+ 11 C
PHY (3.A.)

(3.A. 100)

1 p+ PO)

T WN

p PHY

C - ;g) + (9+ +5HV 9(1 + 0)] K1
+- + (3 .. 1))(P+ pI)

(3.A. 101)

Government Budget

Let's consider now the government solvency condition:

-G + -T + Cs( -Ts) N, ds

(3.A. 102)

Define real government debt (in utility terms) as dD =/ C-D/(P(1 + Tr)). We
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1= -70 = -, (3.A.97)

where

(3.A.98)

(3.A.99)

R

l+Wd
P + Pp

D ~F

P,,(1+r+,)
e-P(S-t) 'S - ( ({rv + 7:(1 - 7S")) Y

t ,4 1 S ,



can then write the constraint as:

g = pdci - 12i [t ( (t" + Tt'(1 -T)) Yt - Gt - T) + <tCt + ( J -

DB
dit = e -(C*)-"

P(1 + Tf)

Wt N
7t" ) I-

(3.A. 103)

(3.A. 104)

e C- [Q(t1pt____ I S + -T(1 - Trt)) Yt, - Gt - T) + Tc C t + ( Tt - 7tp ) W, N]d
Pt

(3. A. 105)

_ _ e rctft [eqt-t I((1 - (1 - I)e'v) + T'(1 - T")e-'t) eYt - C9e9t -

PC

PHY

Taking a first order approximation, we get

D
- (goo + -O)

P H

P-D

PH 0
ePt [-uct - dt+

Jo 0 e-P [-ast [TV + 'P(1i") V - 1g] + (1 - TP)(1 - TV)<t + (TV + (1 - T")) Yt - ;'gt - it I dt

fP0 PC
0 75t HY TI)W N

PHY
+ (T - TP)

W N
U-T(w + nt
PHY

where t = TI/Y.

Note that the real wage bill can be written as

wt - pt + nt = gct + p(1 + k)yt + f/' + f[ (3.A. 106)

If the steady state profit tax is equal to zero and the risk premium is the only
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YL1
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' PHJ
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(eff - 1) ec, + ((I - TP) - (1 -



non-zero disturbance, then we have

-- (goo + ''O) = f -" [- ('ct + ast + ' t + ' t + tt) [T" - ;g] + (I - ;g)(- t' + -t + f ]dt
PHY 0

+ e-g) " ,yt - - g Ot - yO) -' t + T" -+ PH PHF O~t)]

From the supply condition, we get

(cr~o i&) f g-t PH

(3.A.107)

Suppose now that the risk premium is the only shock and that tax and government

spending are equal to zero:

- 0 D ]P(1+ ) pD +) ydt + T" = '
goPHV 30 \ PHV

(3.A. 108)

where " = f0 e-P''Tdi is the present value of lump-sum taxes required to balance

the budget.

Notice that I used the fact that the output is proportional to Ot and the present

value of Ot is zero to conclude the present value of output is zero.

The budget can be balanced using the lump-sum tax, if available, or it can be

financed by a permanent increase in the consumption tax offset by a permanent

decrease in the VAT tax, such that il + f = 0.

Similar expressions determine the debt dynamics:

d"D ,-(St pD T= j e-p(8) 9(+ qV)ys + (1 - g)(is" + ij+ fj) - ,g(gs - Ys) - +
PHY t PHY

(3.A. 109)

where

dtg = -(Tot - -tl + D9 (3.A.110)

For the case where the budget is financed with offsetting consumption and VAT

taxes, we get

__ ipD 0N -(St
-= I--s(l + e; P(tyds

diJ) IF ( \~)1 I Jt
(3.A.111)
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Let's compute the following integral

ft 1 fe-P(s-t)Vbsds,eP( ~)Q ds = - + - ______

it P (- P

where I used the fact 0, = Ot + (1/a) fts adu.

Debt level at period t can be written as

Dg = a(6t - )o) D

DD (1

PH -

+ - 00 eP(s-t)Vds)

K- V~(1+ )+ K
pDI p

K = -a(- 'g) (
1 + ((1 - 0)( + a-Y)(O(1 + #) - W)( - - g)

(3.A. 115)

Note that KD is negative when the Marshall-Lerner condition is satisfied, implying

debt can increase or decrease over time.

3.A.4 Derivations: Section 6

The wage and pricing equations are given by

Wt - Pt =ct + ,Oqyt + c+ it (3.A.116)

PH,t = ((P - 1)yt + Wt + fv (3.A.117)

Suppose now that wages are downward rigid, i.e., wages are allowed to go up, but

not to go down. If the constraint is binding, then there will be unemployment, i.e.,

labor supply exceed labor supply.
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where

and

(3.A. 113)
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We can rewrite the equations above as a labor demand and labor supply equations:

1
= [wt + (1 - a)St - Uct - ?t" - T]

t 1 -Wt - St V

Unemployment is then given by

Ut = d-i = " [-;-,- ] -[ (3.A.118)

=1% ~~l~t -1[-t-[

where I used the fact that wt = 0.

Consider first the equilibrium under passive policy. Let's conjecture the economy

starts with positive unemployment given a positive risk premium shock. Equilibrium

is then determined by

y1 = 0,t + (+ + CTy)s,

-St = ((p - l)yt

solving the system

' sc6 Ce~p- 1)O,
y1 St = - (3.A.119)

1+ (c(+,;X-)(O - 1)' 1 + (;Cc( +,;X-)(P - 1)

Unemployment is given by

Ut = + V C 1 Ot (3.A.120)
.4 1+ (- c + ;x)9 )

For simplicity, assume y= . This imply that Ot is given by

Ot= - [ ?ds - j --''sds] (3.A.121)
a 0 0 .

Hence, on impact output will decrease, unemployment will increase, and the terms

of trade will depreciate (if technology presents decreasing returns).
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Define To as the period where 0 TO = 0. For t > To, equilibrium will coincide with

the flexible price allocation:

Yt =( ( + 1) (3.A.122)
1 (p(l 'k) - 1)(yc( + C'y)

S + (- +(1 + ) - 1)cst = + O'+ O (3.A.123)
1 + (p(1 4) - l)(Cc + A.

The nominal wage is given by

w O = 6 + s'oyt = a [ -1+ ( (3.A.124)
(V+ (I( + 0) -1)(s + 4 ')

The coefficient above is positive. Hence, the wage is positive and increasing for

t > To. Notice also that for I < To, the wage would be below the steady state level,

contradicting the downward wage rigidity.

Consider now the optimal policy. Given enough instruments, the downward nomi-

nal wage rigidity does not impose any additional restriction compared to the problem

under flexible prices. Hence, the solution will be

I - a
Yt = 0; st=- 1 (3.A.125)

The implementation, however, is different. Unless the government artificially in-

crease the labor supply, there is no unemployment under the optimal policy. This

imply the sum of taxes must satisfy the condition:

Tf' + t[ T1 t (3.A.126)

under the assumption the wage is always non-negative.

The nominal wage is given by

Wt (ot +T tc+ O - <' O! (3.A.127)
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One possibility is to choose

-_a 6

This imply that the labor income tax is

= - (U0, + ) sds - (0o + oc)

Consider now the government solvency constraint:

0 L7HY
\W' HN/- Yt) - t + +( A1

(3. A. 130)

WN

PH
= -(1 -TV) 1

-1]

The budget constraint can be rewritten as

[p
1 - 110 e~'Vtd

(3.A. 132)

rearranging

1- T[ - Li] IJ ep-t otdt

j e-Pt dt

- V ) [I-E 1+

(3.A. 134)

(HV 1 (1

Basically, the labor income tax increases, the VAT tax decreases and the con-

sumption tax has an ambiguous sign.
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(3.A. 128)

(3.A. 129)

(U-H + -)
-- 1- H-

where

dt

+ (7%)

-1

(3.A. 131)

[cii t7O -

1 + (V) (1

and

(3.A. 133)

1-V i

+ - Ic + - /' ) - ;g (gt

- 11 ( 7 TV) - -- ((700 + ' O) =

-TV) I -
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