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Abstract  In this paper, we construct a dumbbell domain for which the associated principal
oo-eigenvalue is not simple. This gives a negative answer to the outstanding problem posed
in Juutinen et al. (Arch Ration Mech Anal 148(2):89-105, 1999; The infinity Laplacian:
examples and observations, 2001). It remains a challenge to determine whether simplicity
holds for convex domains.

1 Introduction
Let €2 be a bounded open set in R". According to Juutinen-Lindqvist-Manfredi [2], a contin-
uous function u € C(2) is said to be an infinity ground state in 2 if it is a positive viscosity

solution of the following equation:

u

u=20 on 0%2.

[max {)\OO—M Aoou} =0 inQ (1.1
Here
1

hoo = hoo(Q) = —————
0o = hoo(£2) maxq d(x, 99)
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546 R. Hynd et al.

is the principal oo-eigenvalue, and A is the infinity Laplacian operator, i.e,
Asoll = Uy Uy Ux;-

The above equation is the limit as p — +oo of the equation

(1.2)

—div(|DulP~2Du) = Ab|ulP~>u in Q
u=20 on 082,

which is the Euler-Lagrange equation of minimizing the nonlinear Rayleigh quotient

[ 1091 dx

inf 4%

PeW, P (@) /|¢|”dx
Q

and X, is the principal eigenvalue of p-Laplacian. Precisely speaking, let u, be a positive
solution of equation (1.2) satisfying
/ uﬁ dx =1.

Q

If uoo is a limiting point of {u )}, i.e, there exists a subsequence p; — +00 such that
Up;, = Uoo uniformly in Q,
it was proved in [2] that u, is a viscosity solution of the Eq. (1.1) and

lim A, = Ao
p—>+00
We say that u is a variational infinity ground state if it is a limiting point of {u ,}.

A natural problem regarding Eq. (1.1) is to deduce whether or not infinity ground states
in a given domain are unique up to a multiplicative factor; in this case, A, is said to be
simple. The simplicity of A, has only been established for those domains where the distance
function d(x, d€2) is an infinity ground state ([7]). Such domains includes the ball, stadium,
and torus. It has been a significant outstanding open problem to verify if simplicity holds
in general domains or to exhibit an example for which simplicity fails. In this paper, we
resolve this problem by constructing a planar domain where simplicity fails to hold. It is not
clear to us whether variational infinity ground states are unique. Our result, however, shows
that variational infinity ground states in general are not continuous with respect to domain.
A somewhat similar nonuniqueness result has been proved very recently for the nonlocal
infinity eigenvalue problem ([5]). Surprisingly, the nonlocal version is much simpler. Its
ground states possess several interesting properties which are not true in the local case. In
particular, nonlocal infinity ground states even have explicit representation formulas.

For § € (0, 1), denote the dumbbell

Dy = Bi(£5¢1) UR

for R = (—5,5) x (=4, 8) and e; = (1, 0). Throughout this paper, B, (x) represents the open
ball centered at x with radius r. The following is our main result (Fig. 1)

Theorem 1 There exists §o > 0 such that when § < 8o, the dumbbell Dgy possesses an
infinity ground state u~, which satisfies uso(5,0) = 1 and uso(—5,0) < % In particular, u
is not a variational ground state and ,oo(Dy) is not simple.
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Nonuniqueness of infinity 547

Fig. 1 The dumbbell domain Dg

We remark that the infinity ground state described in the theorem is nonvariational simply
because it is not symmetric with respect to the x,-axis, which variational ground states can
be showed to be. This immediately follows from the fact that A, is simple, which implies
any solution u, of (1.2) on £ = Dy must be symmetric with respect to the x,-axis. We also
remark that the number “1” in the above theorem is not special. By choosing a suitable §,
we can in fact make uoo(—5, 0) less than any positive number.

For the reader’s convenience, we sketch the idea of the proof. Consider the union of two
disjoint balls with distinct radius U¢ = Bj(5e1) U B1_¢(—5e1) for e € (0,1). If u is an
infinity ground state of Ue, the uniqueness of A, ([2]) immediately implies that # = 0 in
Bi_¢(—5e1). A similar conclusion also holds for the principal eigenfunction of A . It is
therefore natural to expect that such a degeneracy of « on the smaller ball may change very
little if we add a narrow tube connecting these two balls. The key is to get uniform control
of the width of the tube as ¢ — 0 for variational infinity ground states in an asymmetric
perturbation D, of Dy; this is proved in Lemma 3. Lemma 3 also implies the sensitivity of
principal eigenfunctions of A, when p gets large. An important step is to show that, within
the narrow tube, the W1 norm of principal eigenfunction of A p is uniformly controlled by
its maximum norm (Lemma 2). We would like to point out that such a procedure as described
above does not work for finite p.

2 Proof

We first prove several lemmas. Throughout this section, we write e = (1, 0) and ez = (0, 1).

The following estimate follows easily from comparison with the fundamental solution of the
-2
p-Laplacian, i.e. |x| =

Lemmal Let R = (—1, 1) x (=46, ) for § € (0, %). Assume that . € (0,2) andu < lisa
positive solution of

[—Apu = —div(|Du|P~2Du) = APuP~! in R 2.3)

u(t,£8) =0 fort e [—1,1].
Then for p > 7
p=2
u(x) < 6lx £8ez| 771, (2.4)

Proof Denote w(x) = 6|x — §ex|* — %lx — 8ep|* for o = Z—j. Note that if w = f(u),
then

Apw = |f1P72f Apu+ (p— DI 1P f" | Dul?.
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548 R. Hynd et al.

Since Ap|x|* = 0 and |x — ez| < 2, a direct computation using the above formula shows
that for p > 7,

=r_ 417_3
—Apyw=(p—Dlx —5e2|P*p'ap(6— Ix —8e3|*)P"> > —— > 27 inR.

2
It is straightforward to check w > 0 in R and
w(xl, x2) >4 for |x3| < 6.
Hence
u(x) < w(x) onadR.
Combining with —A ,u < 27, (2.4) follows from the comparison principal.

The following estimate may not be optimal, but is sufficient for our purposes.

Lemma2 Let Ry = (—4,4) x (=6, 6) for § € (0, %). Assume that . <2 andu < lisa
positive solution of

—Apu = —div(|Du|P~2Du) = APuP~" in Ry 2.5)
u(t,+8) =0 fort e [—4,4]. '
Then, for p > 7Tand Ry = (—1, 1) x (=4, 9),
/ulDu|p_1 dx +/ |Du|? dx < CJ. (2.6)

R Ry

Here Co > 1 is a universal constant (independent of p and §).

Proof Fori = 1,2,3,4, we write R; = (—i,i) x (=6, 8). Throughout the proof, C > 1
represents various numbers which are independent of p and §. We first prove an estimate
which is a slight modification of a well known result ([4],[6]).

Suppose that £ € C°(R4) and 0 < & < 1. Multiplying u'~PEP on both sides of (2.5)
and using Holder’s inequality, we get

1
§ = —L=S T IDE ey +27*,
D
where S = |—u|p.§”dx. If% > 2Pt then
Ry U
S P 1—1
2o P gup .
i (D& Lr(Rry)
Since (%)p < 4, we have that
Du |? 12
s= [ |24 erax <max {2772, 4.27 [ |DEPaxt. 2.7)
u
Ry R4

Letg1(¢) € Cgo(—4, 4) satisfy 0 < g1 <1, |g;| < 2and
g1(t)y =1 fort € [-3,3].
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Nonuniqueness of infinity 549

Also, form € N, denote §,, = 5(1 — %). Choose h,, (t) € C3°(=8,8) such that0 < hy, < 1,
II,,] < 2 and

hp(t) =1 fort € [—8y, Sml.
For x = (x1, x2), let &, (x1, x2) = g1(x1)hn (x2). Then

|DEms11P < 2P Q2P + |y 11P)

and
"' -1
4.20 ./|ng+1|de <32.87 +32.87. (%) <cr (%)” .
Ry
Hence by (2.7)

14 _
Du dx<cp(ﬂ)” 1,
u - 1)

[=3.31%[=8m41,6m+11]
Owing to Lemma 1 and translation, we have that for x = (x1, x2) € [—3, 3] x (-4, §)

p=2

w(xt, x2) < 6min{(8 —x2) 1, (5 +x2) 7).

In particular, we have

p—2

8 p—1 .
u(xy, x2) < 6(*) in Ay,
m

where A,, = [—3, 3] X [0, Sm+1]- Hence

Jrouras=er ()7 (2)

Am

r(p=2)
p—1

again we emphasize C is independent of p and §.
Accordingly,

o0 oo
1
u?| Du|P dx = Z/u2|Du|f’dx <36-CP > — <CP.

— — 3
[-3,31x0,5] m=14, m=l

Similarly, we can prove that
u*|Du|? dx < CP,
[—3,3]1%[—8,0]
and therefore

/u2|Du|P dx < CP.

R3
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Fig. 2 The asymetric dumbbell domain D¢

Using Holder’s inequality and the assumption that # < 1, we also have that

p—1

2 -1 1 22
u”|DulP~" dx <67 . uP=1|Du|?P dx

R3 R3
p—1
P

<2. /u2|Du|pdx

R3
< CP.

Choose g2(t) € C;°(—3,3) suchthat 0 < g» <1, |g/2| < 2and
g(t) =1 fort € [-2,2].
Multiplying w(x) = u?- g2(x1) on both sides of (2.5) leads to
/u|Du|pdx <CP.
Ry
Again, by Holder’s inequality, we have that
/u|Du|P—‘ dx < CP.
R
Finally, select g3(¢) € C(‘)X’(—Z, 2) satisfying 0 < g3 <1, |gé| < 2and
g3(t)y=1 fort e [—1,1].
Multiplying w(x) = u - g3(x1) on both sides of (2.5) leads to
/|Du|pdx <CP.
R

Consequently, (2.6) holds, as desired.

Remark I Combining Lemma 1 and 2, it is easy to see that we can refine (2.6) to be

. (r-2)
/ulDu|p_1a'x —I—/ |Dul? dx < Cg W=
Ry R

for a universal positive constant Co independent of p and §.
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Nonuniqueness of infinity 551

Now let
1 1

< —

16Cy 16

8o =

Here Cop > 1 is the same number in Lemma 2. For € € (0, %), write
D¢ = Bi—(—5e1) U RU By (5¢y)

and R = (—5,5) x (-4, 8). Note that D, is not symmetric with respect to the x, axis and
maxp, d(x,dD¢) = 1 (Fig. 2).

The following lemma says that the principal eigenfunction of p-Laplacian, although unique
up to multiplicative factor, is actually very sensitive to the domain when p gets large. Espe-
cially, it implies that variational infinity ground states are not continuous with respect to
domain.

Lemma 3 Assume (0 < € < % If§ < 89 and u is a variational infinity ground state of D,

satisfying uso(5,0) =1, then
1
Uso(—5,0) < 3
Note that 8 is independent of €.

Proof We argue by contradiction and assume that ux,(—5,0) > L Now fix § and €. It is
easy to see that ([3]) maxp, uoo = Uxo(5,0) =1 and

0 <us(x)<d(x,0D¢) forx € D.
Hence
Uoo <6 <80 in[—4,4] x[-4,5].
For p > 2, let u,, be the principal eigenfunction of A, in D, satisfying maxp, u, = 1 and
— Aputp = —div(|Du,|"~>Du,) = 2L ,ul™" in D (2.8)

Here A, p is the principal eigenvalue of A, associated with D (Fig. 2).
Passing to a subsequence if necessary, we may assume that

lim u, = uy uniformly in D..
p—>+00

Hence, when p is large enough,
up <28y in[—4,4] x [-8, S]. (2.9)

Since lim ., 100 Ae,p = Ae,co = 1, we may assume that A, , < 2.
Now, define g(¢) by

gt)y=1 fort < —1
gt)=%(1—1) for—1<tr=<1
gt)=0 forr > 1.

Let

w(x) = up - gx).
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Fig. 3 The domain ¢

and, for R = (=5, 4) x (=3, 8), let
Qc = Bi_(—5¢1) UR.
Note that {w # 0} C Q. and therefore

/lDw|de /|Dw|”dx

. _ Jb.
/|w|pdx /|w|pdx
€ D€

P
Aep <

where A¢ p is the principal eigenvalue of A, associated with Q. (Fig. 3).

(2.10)

Since u, is uniformly Holder continuous and lim,, 4 #(—5e1) = uco(—5ey), there

exists T € (0, 1) such that

1
up(x) > g in B (—5ey),

for sufficiently large p.

@2.11)

To simplify notation, we now drop the p dependence and write u, = u. Multiplying

ug? (x1) on both sides of (2.8), we have that

/ |Du|P g? dx

p/ u|Du|P~"dx
[—1,1]x[—8.5]

5—5)\2[)_;’_

/ lw|? dx
De

Due to Lemma 2 and (2.9)

/ [w|?
D

1
u|DulP~ dx < (280Co)? < T
[—1,1]1x[=6,6]

Therefore owing to (2.11),

p/ ulDu|P~ " dx
[—1,1]x[—8.5] -

3\ r_
/|w|P T \4) e
D,

Since Dw = gDu + uDg and (a + b)P < 2P (a? + b?), we have that

14
/|Dw|”dx §/|Du|”g”dx+2” / (|Du|”gp+;—p)dx

D¢ D [—1,11x[=38,68]
< / | DulP g dx + (804Co)? + (280)"
D ]
PP R
E/IDMI gldx+2 7
D,
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The first inequality is also due to the fact that
Dw = gDu in D\[—1,1] x [=8, 5] .

Therefore by (2.11) when p is large enough

/ |Dw|? dx
/ lw|? dx

Since maxp, d(x, dD¢) = 1 and maxg,_d(x, 92¢) = 1 — €, we have A , — (1 — e)~!
and A¢ , — las p — oo.
Thus, for sufficiently large p, we have

14
<2 +3 (2) Eo<ar 41 (2.12)
- e 4) g2 —7CP ’ )

Aep > and Acp <

— jf — Zf '
Owing to (2.10) and (2.12), we have

2 p 4 P
<|{— 1,
(2—e) —(4—6) -

for all large enough p. Since this is a contradiction, the lemma follows.

Proof of Theorem 1: For € € (0, %), let u¢ » be a variational infinity ground state of D,
satisfying u¢ 50(5,0) = 1. Since Axolte, 0o < 0, according to [1], the sequence {ue o0}e=0
is uniformly Lipschitz continuous within any compact subset of Dy when € is small. The
sequenceis also controlled by 0 < u¢ » < d(x, d D¢) near the boundary. Upon a subsequence
if necessary, we may assume that

lim Ue 00 = Uoo-
e—0

Then according to Lemma 3 and stability of viscosity solutions, u, is an infinity ground
state of Dy satisfying

1
Uoo(—5,0) < 3 and ux(5,0) = 1.

AS U~ 1s not symmetric about the x;-axis, it cannot be a variational infinity ground state
associated to Dg. As there exists at least one variational ground state [2], it follows that
Ao (Do) is not simple.

Acknowledgements The authors would like to thank Peter Lindqvist for helpful comments

References

1. Crandall, M.G., Evans, L.C., Gariepy, R.F.: Optimal Lipschitz extensions and the infinity Laplacian. Calc.
Var. Part. Differ. Equ. 13(2), 123-139 (2001)

2. Juutinen, P., Lindqvist, P., Manfredi, J.: The co-eigenvalue problem. Arch. Ration. Mech. Anal. 148(2),
89-105 (1999)

3. Juutinen, P.; Lindqvist, P.; Manfredi, J.: The infinity Laplacian: examples and observations. Papers on anal-
ysis, 207G 217, Report. University of Jyvaskyla, Department of Mathematics and Statistics, 83. University
of Jyvaskyla, Jyvaskyla (2001)

@ Springer



554 R. Hynd et al.

4. Lindqvist, P On the definition and properties of p-superharmonic functions. J. Reine Angew.

Math. 365, 67-79 (1986)

Lindgren, E.; Lindqvist, P.: Fractional eigenvalue. (preprint, arxiv.org)

6. Lindqvist, P.; Manfredi, J.: The Harnack inequality for co-harmonic functions. Electron. J. Differ. Equ. 4,
1-5 (1996)

7. Yu, Y.: Some properties of the infinity ground state. Indiana Univ. Math. J. 56(2), 947-964 (2007)

e

@ Springer



	Nonuniqueness of infinity ground states
	Abstract
	1 Introduction
	2 Proof
	Acknowledgements
	References


