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Convective Heat Transfer in a
High Aspect Ratio Minichannel
Heated on One Side
Experimental results are presented for single-phase heat transfer in a narrow rectangular
minichannel heated on one side. The aspect ratio and gap thickness of the test channel
were 29:1 and 1.96 mm, respectively. Friction pressure drop and Nusselt numbers are
reported for the transition and fully turbulent flow regimes, with Prandtl numbers rang-
ing from 2.2 to 5.4. Turbulent friction pressure drop for the high aspect ratio channel is
well-correlated by the Blasius solution when a modified Reynolds number, based upon a
laminar equivalent diameter, is utilized. The critical Reynolds number for the channel
falls between 3500 and 4000, with Nusselt numbers in the transition regime being reason-
ably predicted by Gnielinski’s correlation. The dependence of the heat transfer coefficient
on the Prandtl number is larger than that predicted by circular tube correlations, and is
likely a result of the asymmetric heating. The problem of asymmetric heating condition is
approached theoretically using a boundary layer analysis with a two-region wall layer
model, similar to that originally proposed by Prandtl. The analysis clarifies the influence
of asymmetric heating on the Nusselt number and correctly predicts the experimentally
observed trend with Prandtl number. A semi-analytic correlation is derived from the
analysis that accounts for the effect of aspect ratio and asymmetric heating, and is shown
to predict the experimental results of this study with a mean absolute error (MAE) of less
than 5% for 4000<Re< 70,000. [DOI: 10.1115/1.4031646]

Keywords: narrow rectangular channel, parallel plates, minichannel, single-phase heat
transfer, secondary flow, turbulent flow, critical Reynolds number, asymmetric heating,
test reactor

Introduction

The use of closely spaced, plate-type fuel elements developed
for materials test reactors (MTRs) results in coolant channel geo-
metries which are rectangular and very narrow. Convective heat
transfer studies in narrow rectangular channels are limited com-
pared to those in circular geometries. The primary reason is that
few high heat transfer applications use rectangular cooling geome-
tries. Circular tubes are easier to fabricate than rectangular ducts,
are more suited for service at elevated pressure, and typically offer
lower overall thermal and flow resistances for the system. In addi-
tion, experimental investigation of heat transfer in rectangular
channels is more difficult in regards to fabrication, testing, and
measurement.

The hydraulic diameter is a useful parameter when dealing with
flow in noncircular conduits for the purpose of characterizing
hydrodynamic and heat transfer phenomena

Dhyd ¼
4Aflow

Pw
(1)

In the case of a circular tube, the hydraulic diameter reduces to
the tube diameter. The rectangular channels in MTRs are com-
monly characterized by very high aspect ratios. A schematic of a
prototypic geometry is shown in Fig. 1. w is the dimension of the
long wall and tgap is the dimension of the short wall. The inverse
aspect ratio is

a� ¼ tgap

w
(2)

In the case that w� tgap, a���!0 and the hydraulic diameter sim-
plifies to

Dhyd;r:c: ¼
4Aflow

Pw
¼ 4wtgap

2wþ 2tgap

��!
w�tgap

2tgap (3)

This result is equivalent to that for parallel plates, where a� ¼ 0.
Therefore, experimental investigations of heat transfer in parallel
plate geometries can be relevant to very narrow rectangular cool-
ant channel geometries. In the case where the coolant channel
geometry has some curvature, such as in many MTRs, the parallel
plate approximation may still be suitable if the radius of curvature
of the fuel plates is much greater than the coolant channel gap.

Kandlikar introduced a fixed metric classifying channels based
on size [1,2], where minichannels are defined as having a mini-
mum channel dimension less than 3 mm. Based on this classifica-
tion, the coolant channels in many MTRs are minichannels. While

Fig. 1 Schematic of rectangular channel geometry, showing
typical secondary flow profile. The dotted line represents an
isovelocity line of the primary flow profile (flowing into the
page). The arrows represent secondary flows, with the flow
direction perpendicular to the primary flow. Adapted from Ref.
[3].
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there has been substantial interest in microchannels for heat trans-
fer applications in recent years, rectangular minichannels have
largely been overlooked. The majority of prior studies involving
high aspect ratio minichannels involve low mass flux and narrow
ranges of the Prandtl number, with air as the working fluid. Grow-
ing interest in compact heat exchangers for power generation
applications could lead to increased study for these types of chan-
nels over a broader range of flow conditions and Prandtl numbers.

Rectangular channels also exhibit secondary flows, as illus-
trated qualitatively in Fig. 1. While the magnitude of these sec-
ondary flows may only be around 1/10th of the primary flow
velocity, their presence results in increased friction pressure drop
when compared to circular tubes of equal hydraulic diameter. The
turbulent friction factor is known to increase monotonically with
increasing aspect ratio when the Reynolds number and hydraulic
diameter are kept constant [4]. Additionally, the potential for
asymmetric heating and nonuniform velocity profiles may further
complicate heat transfer predictions for narrow rectangular chan-
nels. Therefore, the suitability of using circular tube correlations
to predict heat transfer in high aspect ratio, narrow rectangular
channels is debatable.

Historical Review

Historically, circular tube correlations have been applied to
high aspect ratio, narrow rectangular channels in the prediction of
turbulent single-phase heat transfer. Circular tube correlations
continue to be used for design and safety analyses of MTR coolant
channels. The McAdams correlation [5], commonly referred to as
the Dittus–Boelter equation (though it differs from the correlation
developed by Dittus and Boelter [6]), has been used in prior safety
analyses for the MIT Research Reactor (MITR). A modified Col-
burn equation, proposed by Stoever [7], was recommended by the
Phillips Reactor Safeguards Committee for the MTR [8]. How-
ever, as early as 1959, studies were conducted to assess the suit-
ability of applying circular tube heat transfer results to high aspect
ratio rectangular channels. Levy et al. [9] specifically investigated
the issue for MTRs, with Levy noting that there was essentially no
data available for such channels. Levy measured single-phase heat
transfer and the critical heat flux (CHF) in a rectangular channel,
reporting turbulent forced convection heat transfer rates 30–45%
below that predicted by Sieder–Tate, and 15–30% lower than that

predicted by most other circular tube correlations. Levy also
found the CHF to be significantly lower than that for circular
tubes. The poor heat transfer characteristics reported by Levy
were the primary driver for a study by Gambill and Bundy [10] in
support of the High Flux Isotope Reactor (HFIR) design. In this
study, Gambill identified potential issues with the setup used by
Levy et al., such as heat flux peaking in the channel corners. The
single-phase heat transfer coefficients measured in Gambill’s
experiments were 10–20% greater than that predicted by the
Sieder–Tate correlation.

Experimental studies investigating single-phase heat transfer in
similar narrow channels were conducted at MIT in the late 1960 s
and early 1970 s to support the MITR core redesign [11,12]. One
of the MIT studies provides results for smooth channels, finding
the single-phase heat transfer coefficient to be 12% greater than
that predicted by the modified Colburn correlation, which was
previously used in the safety analysis for the High Flux Beam Re-
actor (HFBR) [13]. A more recent study by Sudo et al. [14] inves-
tigated both laminar and turbulent flow for upflow and downflow
in a narrow rectangular channel meant to simulate a coolant chan-
nel of the JRR-3. Unlike prior studies, the short walls of Sudo’s
channel were not heated, more closely replicating the actual heat-
ing geometry in MTRs. Above a Reynolds number of 10,000,
Sudo’s results display a spread of approximately 620%, making
it difficult to draw firm conclusions with respect to circular tube
predictions. Sudo simply recommends use of the Dittus–Boelter
equation (the McAdams correlation) for predicting turbulent
single-phase heat transfer in such channels.

The results of studies investigating turbulent single-phase heat
transfer in narrow rectangular channels, with specific application
to MTRs, are summarized in Table 1. Note that with the exception
of the data presented by Levy and Sudo, the measured turbulent
single-phase heat transfer coefficient is greater than that predicted
by circular tube correlations. However, the Reynolds and Prandtl
number ranges investigated were limited in the studies, making it
difficult to develop a robust correlation for the narrow geometries.

While many other studies have investigated heat transfer in rec-
tangular channels, few approach aspect ratios as small as that con-
sidered here or have heating conditions and Prandtl numbers
similar to those of this study. Much of the work done in rectangu-
lar channels has been done for air, with Pr< 1. A study by Spar-
row and Cur [15] investigated mass transfer in a rectangular

Table 1 Summary of studies investigating various heat transfer phenomena in narrow rectangular channels for MTR applications

Institution/reactor Year Geometry Re P, T Parameter studied Result Reference

GE and KAPL 1959 Rectangular channel;
tgap¼ 0.1 in.;
L�w: 2.5 in.� 18 in./36 in.;
vertical flow

6000–200,000 4.5–13.8 bar;
20–134 �C

h1/, CHF h1/ 15–45% less than c.t.
correlations; CHF values
1/3 of those predicted by
c.t. correlations

[9]

ORNL/HFIR 1961 Rectangular channel;
tgap¼ 0.043 in.�0.0057 in.;
L�w: 18 in.� 1.06 in.;
upflow

9000–270,000 1.0–39.5 bar f, h1/, CHF h1/ 10–20% greater than
Sieder–Tate equation;
CHF accurately predicted
by Zenkevich–Subbotin
correlation

[10]

MIT/MITR 1969 Rectangular channel;
tgap¼ 0.090 in.;
L�w: 2.5 in.� 24 in.;
upflow

6500–20,000 �1 bar,< 60 �C h1/ h1/ 12% greater than
modified Colburn
correlation

[11]

MIT/MITR 1975 Rectangular channel;
Dhyd¼ 2.16 mm;
upflow

� 2200–14,000 �1 bar, <60 �C h1/ Results for finned channel
only

[12]

JAERI/JRR-3 1984 Rectangular channel;
tgap¼ 2.25 mm;
L�w: 50 mm� 750 mm;
upflow/downflow

�100–50,000 <42� h1/ Turbulent flow:
large spread in h1/

(6 20%), but
recommends Dittus–
Boelter;
laminar flow:
new correlation

[14]
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channel with a*¼ 0.0556 and 10,000<Re< 45,000. The gap of
the channel was approximately 2 cm, significantly larger than that
found in MTRs. Although the working fluid was a
naphthalene–air system, studies were conducted at a fixed
Schmidt number of Sc¼ 2.5. For heating on both sides (uniform
wall temperature conditions), they found that the Sherwood num-
ber could be related to the Reynolds number by

Sh ¼ 0:05 Re0:76 (4)

The Chilton–Colburn analogy relates the Sherwood number to the
Nusselt number [16], giving us

jh ¼
Nu

RePr1=3
¼ jM ¼

Sh

ReSc1=3
(5)

In the original paper by Chilton and Colburn, Eq. (5) is stated as
being valid for 0.7� Pr� 1000. Using the Chilton–Colburn anal-
ogy, we can infer from the results of Sparrow and Cur a relation
for the Nusselt number at the fixed Prandtl number of Pr¼ 2.5

Nu ¼ 0:05 Re0:76 (6)

Since the study of Sparrow and Cur is only applicable for a single
Prandtl number, no Prandtl dependence can be inferred for their
channel or heating conditions. However, if we assume the depend-
ence of the Nusselt number on the Prandtl number to be similar to
the Colburn correlation (i.e., Nu / Pr1/3), then a general correla-
tion for a high aspect ratio rectangular channel heated on both
sides with isothermal wall conditions can be formulated as

Nu ¼ 0:036 Re0:76Pr1=3 (7)

Note that Eq. (7) is based off mass transfer measurements for a
naphthalene–air system at a single Schmidt number. Also note
that the wall conditions were isothermal (unlike in this study), and
for a channel with a substantially larger gap than in MTRs, so
Eq. (7) should be used with caution.

While data for rectangular channels at relevant Reynolds and
Prandtl numbers are sparse, turbulent heat transfer studies with paral-
lel plates are more abundant. As noted earlier, parallel plate studies
(where a*¼ 0) should be applicable to heat transfer in MTR-type
coolant channels away from the channel edges. Bhatti and Shah [3]
summarize heat transfer results for parallel plates, noting that in the
range 10,000<Re< 30,000 and 0.5< Pr< 100, the Nusselt number
is up to 1.23 times that predicted by circular tube correlations.

Furthermore, a number of analytical and semi-analytical studies
have been conducted for the parallel plate geometry. In 1961, Bar-
row [17] published analytical results for the case of turbulent flow
between parallel plates with each wall having unequal but uniform
heat fluxes. For the case of one-sided heating, the Nusselt number
calculated by Barrow is

Nu ¼ 0:1986 Re7=8Pr

10:06 Re1=8 þ 9:74 Pr� 2ð Þ
(8)

Barrow claims his theoretical analysis is valid for Pr greater than
about 0.7, as he assumes that eddy conductivity is constant in his
analysis. Barrow also assumes that the thickness of the viscous
sublayer is small compared with the channel gap. Sparrow and
Lin [18] also performed an analytical study for a parallel plate
configuration with Pr from 0.7 to 100 and Re from 10,000 to
500,000. Sparrow and Lin presented their results graphically, not-
ing that from their solution, the Nusselt number dependence on
the Prandtl number is more complex than a simple power law,
which is that typically encountered in empirical correlations. Note
that for Prandtl numbers relevant to this study, the analytic solu-
tion of Sparrow and Lin predicts Nusselt numbers higher than
those predicted by the McAdams correlation. Sakakibara and
Endo [19] proposed a numerical solution to the parallel plate

problem with a uniform wall temperature boundary condition and
provided the necessary constants and eigenvalues for different Pr
and Re in a tabular format.

Experimental Apparatus

A thermal-hydraulic test loop was constructed to accommodate
a high aspect ratio, rectangular channel simulating coolant chan-
nels found in MTRs. A schematic of the test loop is provided in
Fig. 2. The loop was constructed using 300 series stainless steel
with hard fluoroelastomer seals where needed to reduce contami-
nants in the deionized water stream. A bellows-type accumulator
acts as a system pressurizer and thermal expansion compensator.
A 1-hp centrifugal pump allows for mass fluxes up to 7000 kg/m2

s through the test section. A four-pass shell-and-tube heat
exchanger transfers heat to the building chilled water system. Sys-
tem flow rate is measured using a vortex meter. Test section and
heat exchanger inlet and outlet temperatures are measured using
four-wire platinum resistance temperature detectors (RTDs). A
solenoid valve on the chilled water system, along with a preheater,
allows for fully automated control of system temperatures via a
proportional-integral-derivative (PID) controller.

The test section consists of a vertical, narrow rectangular chan-
nel uniformly heated on one side. The heater and test section were
modeled using COMSOL and finite-element analysis tools in MATLAB

to ensure a constant wall heat flux and predict maximum tempera-
tures and thermal gradients. Fabrication tolerances accounted for
the anticipated thermal expansion of components at operating
temperatures. Transition sections, cut using wire electrical dis-
charge machining (EDM), form a smooth inlet and exit to the
channel to reduce vortex shedding and reduce the required hydro-
dynamic development length. A photograph and computer aided
design (CAD) model of the test section are provided in Fig. 3.

The test section is instrumented with absolute pressure trans-
ducers after the test section inlet and before the outlet. A differential
pressure transducer is also installed to permit accurate measurement
of friction pressure drop during testing. The heated side of the chan-
nel consists of a 316 stainless steel plate seated in a high-
performance fluoropolymer insulator. The plate is heated resistively
using a 72 kW DC power supply capable of supplying 4500 A at
16 V. Current is measured using a Hall effect current transducer,
while voltage is measured from taps on the heater electrodes. Cur-
rent is delivered to the heater plate using a copper busbar and four
2000 MCM welding cables. Eighteen type E thermocouples mea-
sure the temperature on the backside of the heater plate. The heater
surface temperature is calculated by accounting for measured ther-
mal contact resistances of each installed thermocouple, and deter-
mining the temperature drop in the plate for uniform internal heat
generation. The entire facility is controlled using National Instru-
ments LABVIEW, with data collected through an Agilent 34980 A
Multifunction measurement unit. The general parameters of the flow
facility and test section are summarized in Table 2.

The surface finish of the channel was carefully controlled, with
the heater plate prepared to match the average roughness values
measured on actual MTR cladding. In general, the surface rough-
ness of the plate is not expected to have an influence on single-
phase heat transfer as long as it can be considered hydraulically
smooth, such that the characteristic roughness of the surface is
small compared to the thickness of the viscous sublayer. Typi-
cally, the root-mean-square (RMS) roughness, Rrms, is used as the
roughness length scale for this comparison. For the heater plate of
this study, the RMS surface roughness was measured using confo-
cal microscopy and found to be Rrms 	 0.7 lm. For the range of
conditions tested, the estimated sublayer thickness ranged from
about 10 lm to 70 lm, so the flow can be treated as hydraulically
smooth. Similarly, the Moody diagram [20] may be referenced,
showing that an RMS roughness of 0.7 lm would not be expected
to have an appreciable effect on the friction factor, and therefore
should have little effect on the heat transfer coefficient.
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All single-phase experiments were conducted using deionized
water, with a measured electrical resistivity greater than 15 MX
cm. The water and surface were degassed prior to taking measure-
ments. Tests were conducted for each bulk fluid temperature con-
dition by increasing the mass flux in a stepwise fashion. The heat
flux was set such that the wall-to-bulk temperature difference was
10 �C or less, in order to keep the wall viscosity influence on the
heat transfer coefficient at less than 3%, as estimated using the
relation introduced by Sieder and Tate. At each mass flux, suffi-
cient time was taken for the temperature of the system to achieve
steady-state conditions. Measurements were recorded for 10 min
at each steady-state condition. The local conditions at each ther-
mocouple along the center of the channel were calculated individ-
ually. For thermocouples near the inlet and outlet of the test
section, higher values of the heat transfer coefficient were usually
observed, with behavior also being less consistent compared to
the middle of the channel. This is likely due to flow development
and disturbance near the inlet and outlet.

The heat rate to the fluid, and associated surface heat flux, were
determined from the enthalpy rise in the test section. Heat loss to
ambient was determined by comparing the total electric power to
the thermal power and was typically less than 10%. Where possi-
ble, the accuracy of test and measurement equipment was verified
by the experimentalist by calibrating against known standards.
Uncertainties were accounted for and propagated using former
practices recommended by the ASME and ANSI [21,22]. All
dimensional tolerances were also accounted for in the uncertainty
analysis. Uncertainties are expressed at the 95% confidence level.
Fundamental uncertainties for various measurements are listed in
Table 3. Typical repeatability of the measured heat transfer coeffi-
cient was 5% or better. The ultimate uncertainty in the reported
Nusselt number was usually around 610%, except at high mass
fluxes where a small temperature rise and increased variability led
to higher fractional uncertainties.

Results

Friction Pressure Drop. The friction pressure gradient along a
channel may be expressed as

� dP

dz

� �
friction

¼ 1

2
f

qu2
b

Dhyd

(9)

where f is the Darcy friction factor. In laminar flow, an exact solu-
tion for the velocity profile, and therefore the friction factor, is
available for circular tubes, parallel plates, and rectangular chan-
nels. For parallel plates, the Darcy friction factor for fully devel-
oped, laminar flow is

f ¼ 96

Re
(10)

In the case of rectangular channels, the aspect ratio is a relevant
parameter in laminar flow, with the analytical solution for the
fully developed friction factor being [23]

f ¼ 96

1þ 1=a�ð Þ2 1� 192
p5a�

P1
n¼1;3;…

1
n3 tanh npa�

2

� �" #
Re

(11)

In our case, the inverse aspect ratio, a*, is 0.035 and the friction
factor for laminar flow is therefore

f ¼ 91:67

Re
(12)

For turbulent flow, circular tube correlations are typically used
with the hydraulic diameter in place of the tube diameter. Blasius
provided the following relation for the fully developed, turbulent
friction factor in a smooth tube [24]:

Fig. 2 Schematic of the thermal-hydraulic test facility
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f ¼ 0:3164 Re�0:25 (13)

with Eq. (13) being applicable for turbulent flow with Re> 3000.
In studying turbulent friction factors, Jones postulated that the

standard hydraulic diameter may not be the correct dimension to
obtain geometric similarity between round and rectangular ducts
[4]. Jones points to the example of the effect of increasing aspect
ratio on the measured friction factor, which is not captured by the
standard hydraulic diameter. Using an analytic comparison
between circular and rectangular geometries in laminar flow, and

empirical data for turbulent flow, Jones introduces a modified
Reynolds number and laminar equivalent diameter

Re� ¼ /�ReDhyd
(14)

DL ¼ /�Dhyd (15)

where Dhyd is the standard hydraulic diameter, calculated by Eq.
(1), and /* is a geometry function, which is exactly equal to

/� ¼ 2

3
1þ tgap

w

� �2

� 1� 192tgap

p5w

X1
n¼0

1

2nþ 1ð Þ5
tanh

2nþ 1ð Þpw

2tgap

( )" #
(16)

Equation (16) may be approximated by

/� 	 2

3
þ 11

24
� tgap

w
2� tgap

w

� �
(17)

In this study, the pressure drop across the channel was meas-
ured using the differential pressure transducer. When accounting
for the gravity head, the difference between the absolute trans-
ducers was in excellent agreement with the differential transducer.
The measured friction factor, based upon measurements with the
differential transducer, is plotted in Fig. 4. The correlations plot-
ted for laminar and turbulent flow utilize the laminar equivalent
diameter concept introduced by Jones and are calculated using
Re*. Note that the use of 64/Re* for laminar flow yields a result
equivalent to Eq. (12). As shown in Fig. 4, the friction factor is

Fig. 3 The narrow rectangular coolant channel test section. The channel is heated on one side, with a polysulfone viewing
window on the front face. Thermocouple locations are indicated by X’s in the CAD model on the right.

Table 2 Test section and flow loop parameters

Parameter Value

Channel gap, tgap 1.96 mm
Channel width, w 55.9 mm
Hydraulic diameter, Dhyd 3.79 mm
Inverse aspect ratio, a* 0.035
Heated width, wH 51.0 mm
Channel length, L 482.6 mm
Heated length, LH 304.8 mm
Inlet pressure, Pin up to 3.08 bar
Inlet temperature, Tin up to 99 �C
Mass flux, G up to 7000 kg/m2 s
Surface heat flux, q00 up to 3.8 MW/m2

Laplace length, Lp 2.55–2.77 mm
Dimensionless length, L/Dhyd 127
Prandtl number, Pr 1.77–9.44
Reynolds number, Re 2200–93,000
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predicted adequately when the modified Reynolds number is used.
Otherwise, the friction factor would be underpredicted by about
20% for the high aspect ratio channel.

Low Reynolds Number Heat Transfer (Re < 10,000). The
critical Reynolds number, below which the flow remains laminar,
depends on a number of factors in rectangular channels, including
aspect ratio and entrance configuration. Note that flow may
remain laminar to much higher Re under appropriate vibration-
free conditions in very smooth channels. The configuration of the

experimental test section in this study most closely corresponds to
the smooth entrance, whereas that in most MTRs corresponds to
the abrupt entrance.

For this study, accurate measurements with Re< 2200 were not
practical due to range limitations of the vortex flow meter. How-
ever, measurements were obtained for flows as low as Re 	 3800
for the heat transfer coefficient and 	2900 for the friction factor.
From the friction factor data in Fig. 4, the critical Reynolds num-
ber in this study falls between 3500 and 4000, or

Recrit ¼ 3500 to 4000 (18)

Table 3 Summary of fundamental measurement uncertainties for the thermal-hydraulic facility and test section. Uncertainties rep-
resent 95% confidence bounds.

Parameter Total uncertainty Notes

Primary current, IP 61% full scale (FS)¼660 A For current transducer; offset corrected for separately

Voltage drop, VE 6[0.005% of readingþ 4� 10�6] V Data acquisition system voltage channel

Current signal, I 5.5� 10�5 A Data acquisition system 4–20 mA channel

Type E TC temperature, T 60.297 �C Total uncertainty of least accurate
thermocouple on backside of heater plate

RTD temperature, Tin, Tout 60.156 �C Total uncertainty of least accurate RTD used for inlet and outlet
fluid temperature measurements

Differential RTD temperature, DT 60.052 �C Maximum deviationþ random uncertainty of inlet and outlet RTD

Primary flow rate, Qp em ¼ 65.68 gpm/A eb¼60.068 gpm Uncertainty in slope and intercept of fitted calibration curve

Absolute pressure, P 60.25% FS¼60.125 psia (60.0086 bar) Includes linearity, repeatability, and hysteresis

Differential pressure, P 60.25% FS¼60.025 psia (60.0017 bar) Includes linearity, repeatability, and hysteresis

Fig. 4 Experimental friction factor as a function of Reynolds
number. The corresponding predictions for laminar flow (ana-
lytic result) and turbulent flow (Blasius equation), calculated
using Re*, are plotted for comparison. Error bars represent total
uncertainty at the 95% confidence level.

Fig. 5 Local fully developed Nusselt number results in the
high aspect ratio, narrow rectangular channel heated on one
side for Re < 10,000. Error bars represent measurement uncer-
tainty at the 95% confidence level.

Fig. 6 Fully developed, average channel Nusselt numbers for
Pr 5 5.4 in a high aspect ratio, narrow rectangular channel
heated on one side. Error bars represent total uncertainty at the
95% confidence level.

Fig. 7 Fully developed, average channel Nusselt numbers for
Pr 5 2.2. Error bars represent total uncertainty at the 95% confi-
dence level.
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which is consistent with the values reported by Bhatti and Shah
[3] for high aspect ratio rectangular channels. The friction factor
data also indicate that flow does not become fully turbulent until
Re � 7000.

The fully developed, single-phase heat transfer results for
Re< 10,000 are summarized in Fig. 5 for the range of Prandtl
numbers tested in this study. Even at the low end of the flow
range, measured Nusselt numbers were quite repeatable. The
Gnielinski correlation [25], which is considered applicable as low
as Re¼ 2100, is also plotted for comparison at the highest and
lowest Prandtl number. Note that the measured values in this
range are, on average, 10.3% higher than that predicted by the
Gnielinski correlation. Below Re¼ 4000, the Gnielinski correla-
tion for Pr¼ 5.4 (top curve) overpredicts the Nusselt number by
about 40% possibly indicating that the flow is still laminar in this
region. Therefore, for conservatism, the laminar flow heat transfer
prediction for rectangular channels should be used for Re< 4000,
while the Gnielinski correlation may be used as a conservative
estimate for 4000<Re< 10,000.

Fully Turbulent Heat Transfer (Re > 10,000). Results are
presented in Figs. 6 and 7 for the highest and lowest Prandtl num-
bers tested with Re> 10,000. Each data point represents the aver-
age Nusselt number for flow at fully developed locations. Error
bars represent 95% confidence limits for each measurement.
Uncertainty in the Reynolds number was also accounted for, but
is small and not shown for clarity. In total, six bulk temperature
conditions were tested, consisting of Pravg¼ 5.4 (Tb 	 30 �C),
Pravg¼ 4.4 (Tb 	 40 �C), Pravg¼ 3.6 (Tb 	 50 �C), Pravg¼ 3.0 (Tb

	 60 �C), Pravg¼ 2.6 (Tb 	 70 �C), and Pravg¼ 2.2 (Tb 	 80 �C).
It is important to note that most data collected for Re> 30,000
was for lower Prandtl numbers, due to the viscosity reduction
resulting in a higher Reynolds number for a given mass flux. The
uncertainty in the measured Nusselt number was also higher at
these conditions, due to the smaller temperature rise from the inlet
to the outlet and between the bulk fluid and the surface.

Discussion

The one-sided, or asymmetric, heating condition, is frequently
encountered in the end channels of an MTR fuel assembly. The
end channel is often the limiting channel (hot channel) due to
reduced flow and heat flux peaking caused by increased neutron
moderation. Therefore, it is important to understand the influence
of asymmetric heating on the Nusselt number and correlate the
data appropriately. Since the heating condition at each wall of a
rectangular channel imposes a boundary condition on the prob-
lem, it is expected that altering the boundary condition will affect
the solution to the temperature profile. Consider, first, the case of
the velocity profile. If the velocity profile is not coupled to the
temperature profile, then the thermal boundary conditions will

have no effect on the solution for velocity, resulting in a symmet-
ric profile, with no difference whether there is no heating, heating
on one side, or heating on both sides. In reality, the fluid proper-
ties change with temperature, which will have a small effect on
the velocity profile.

Therefore, it can be said for turbulent flow that if the velocity
boundary layer is thicker than the thermal boundary layer, then
the heat transfer process is dominated by advection (i.e., dhyd> dth

or Pr> 1), and the influence of one-sided versus two-sided heating
should be small. The same cannot be said for laminar or
buoyancy-driven flows, where the effect of one-sided versus two-
sided heating may be significant, as demonstrated by Sudo et al.
[14].

Empirical results for turbulent flow in narrow channels support
that the effect of one-sided versus two-sided heating on turbulent
heat transfer is small for Pr� 1. Referring again to the mass
transfer study of Sparrow and Cur [15], and also relying on the
Chilton–Colburn analogy, their results for Sc¼ 2.5 indicate that
the Nusselt number will be about 8% lower for one-sided versus
two-sided heating when Pr¼ 2.5. For their turbulent heat transfer
results, Sudo et al. [14] are not able to distinguish any difference
between one-sided and two-sided heating in their prototypic MTR
channel. In a semi-empirical study of flow in annular spaces, Kays
and Leung [26] analytically extended their experimental results
for heated annuli to the case of parallel plates, determining that
the Nusselt number for one-sided heating is lower than that for
heating on both sides, where the effect has a strong dependence
on the Prandtl number. Using their tabulated solutions, it is possi-
ble to plot the ratio of Nusselt numbers for one-sided heating to
two-sided heating, under otherwise similar conditions. These
results are plotted in Fig. 8, showing the trend with Prandtl num-
ber for a range of Reynolds numbers. As expected, the ratio con-
verges to unity with increasing Prandtl number, due to the
increasing thickness of the velocity boundary layer relative to the
thermal boundary layer. Though not shown in the graph, note that
for very small Prandtl numbers, i.e., Pr< 0.1, the ratio approaches
the asymptotic value of 0.53.

Empirical Fit of the Results. An empirical fit of the experi-
mental data provides some insight into the general behavior with
Reynolds and Prandtl number and the influence of one-sided heat-
ing. A power law is utilized for simplicity, but limited to the range
of 10,000�Re� 35,000. The Reynolds number for the fit is lim-
ited to 35,000, since it was not possible to collect data for the

Fig. 8 Expected effect of one-sided versus two-sided heating
for parallel plates. Expressed as the ratio of the Nusselt num-
bers for one-sided heating (Nu1) and two-sided heating (Nu2).
Adapted from the tabular results of Ref. [26].

Fig. 9 Surface fitted to experimental data, represented by
Nu 5 0.0242Re0.775Pr0.548. The corresponding data range is
10,000 £ Re £ 35,000 and 2.2 £ Pr £ 5.4. The associated coeffi-
cient of determination is R2 5 0.9997.
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entire range of Prandtl numbers above Re¼ 35,000. Using a
robust least-squares regression method to reduce the effect of out-
lying data, a surface fit to the data yields the following
correlation:

Nu ¼ 0:0242 Re0:775Pr0:548 (19)

for 10,000�Re� 35,000 and 2.2� Pr� 5.4, which is applicable for
fully developed flow away from the channel edges with a*	 0.35,
heated on one side with uniform heat flux. Equation (19) should
not be used outside of the specified Re and Pr range for which it
was fit, since the data here and in other studies in the literature
indicate a simple power law is not adequate for describing the
behavior of Nu over a broader range in such channels. The surface
of Eq. (19) with corresponding data is shown in Fig. 9.

Semi-Analytic Correlation. For flow at high Reynolds num-
bers, the thermal boundary layer may be characterized in a man-
ner similar to the velocity boundary layer, with distinct regions
near the wall. The thermal wall layer will display universal prop-
erties if it is within the velocity wall layer, which is the case when
Pr ’ 0.5 [27]. Using a two-layer approach, similar to that of
Prandtl, the velocity boundary layer can be modeled as a laminar
sublayer and a turbulent overlap layer that extends into the turbu-
lent core, with the buffer layer essentially being neglected. Mak-
ing several assumptions [28], the energy equation can be written
as follows for the channel:

u
@T

@z
¼ @

@y
aþ eHð Þ @T

@y

� �
(20)

Ultimately, the temperature drop in each layer is desired. The tem-
perature drop of each layer can be estimated using an approach
similar to that used by Barrow [17], with some important differen-
ces. First, the dimensionless thickness of the laminar sublayer is
updated from 9.74 to the now commonly accepted value of 5,
such that

dþ� ¼
y1us

�
¼ 5 (21)

Second, the velocity distribution is updated for the turbulent
region. Finally, the Blasius solution for the friction factor is
altered to rely upon the modified Reynolds number, such that

f ¼ 0:3164½/�Re
�0:25
(22)

Without going into detail, the following analytical solution for the
Nusselt number may be derived, which accounts for the one-sided
heating and the aspect ratio of the channel:

Nu ¼ 0:199 Re7=8 Pr

dþ� Pr� 2½ 
/�1=8 þ 10:05 Re1=8/�1=4
(23)

The complete derivation is available in Ref. [28]. The above
equation is intended for turbulent flow in the center of the chan-
nel. In the form derived here, the dimensionless laminar sublayer
thickness may be specified independently if a value other than dþ�
¼ 5 is desired. Due to the assumptions made, the equation is only
valid for Pr ’ 1.

Despite the approximations made in the boundary layer analysis
to derive this purely analytical solution, Eq. (23) yields an MAE
of 4.1% in predicting experimental data within this study when
10,000<Re< 35,000. In addition, the analytical solution derived
above correctly predicts the behavior of the Nusselt number for
Re> 30,000. However, for the transition flow region, i.e.,
4000<Re< 10,000, the purely analytical correlation overpredicts
the experimental data somewhat, with an MAE of 7.3%. It is pos-
sible to modify Eq. (23) to better account for the transition regime
without significantly affecting the prediction when Re> 10,000.
In a similar manner to Gnielinski’s modification of the Petukhov
correlation [25], the Reynolds number term can be modified
slightly. The resulting correlation, modified to improve accuracy
in the transition region, may be written as

Nu ¼ 0:199 Re� 600ð Þ7=8
Pr

5 Pr� 2½ 
/�1=8 þ 10:05 Re� 600ð Þ1=8
/�1=4

(24)

This semi-analytic correlation predicts the experimental data
for one-sided heating in the transition regime with an MAE of
4.2%. The MAE for the entire range of data, i.e.,
4000�Re� 70,000 and 2.2� Pr� 5.4, is less than 4.6%. A sum-
mary of all experimental data where Re> 10,000, normalized to
Pr0.4, is plotted along with the Dittus–Boelter equation (McAdams
correlation) in Fig. 10. The semi-analytical correlation proposed
in Eq. (24) is also plotted for the upper and lower bounds of the
Prandtl number explored in experiments.

A comparison of data to various correlations is provided in
Table 4. Note the Reynolds and Prandtl number ranges over
which the MAE was calculated. Based on the comparison, the
semi-analytic correlation is recommended for transition and
turbulent flows in high aspect ratio rectangular channels uni-
formly heated on one side. For two-sided heating, while no
data were collected in this study, Fig. 8 can be consulted to
provide an estimate of the expected effect on the Nusselt
number.

Conclusions

An experimental study has been performed to measure the
single-phase friction factor and Nusselt number for a high as-
pect ratio, rectangular minichannel heated on one side. The
critical Reynolds number for the test section was found to be
higher than that encountered in circular tubes, which was
expected from the literature. The friction factor for the turbu-
lent flow regime was also higher than that in circular tubes
due to the presence of secondary flows, but is well-correlated
when a modified Reynolds number based on a laminar equiva-
lent diameter concept is employed. Single-phase heat transfer
in the turbulent flow regime was not predicted adequately by
circular tube correlations, requiring modification of the Reyn-
olds number to capture aspect ratio effects on heat transfer.
Heat transfer also exhibited a strong dependence on the Prandtl
number and did not obey a simple power relation, likely due
to the asymmetric heating condition. A semi-analytic correla-
tion was developed for the case of one-sided heating which
accounts for the aspect ratio of the channel. The new correla-
tion predicts the experimental single-phase Nusselt number
with an MAE of less than 5% in the range of
4000�Re� 70,000 and 2.2� Pr� 5.4.

Fig. 10 Summary of experimental data for Re > 10,000 normal-
ized by Pr0.4. The newly derived semi-analytical solution is plot-
ted along with the McAdams correlation for the highest and
lowest Prandtl numbers explored in this study.

021704-8 / Vol. 138, FEBRUARY 2016 Transactions of the ASME

Downloaded From: http://heattransfer.asmedigitalcollection.asme.org/ on 09/19/2016 Terms of Use: http://www.asme.org/about-asme/terms-of-use



Acknowledgment

Yakov Ostrovsky and Dr. David Carpenter of MIT NRL are
gratefully acknowledged for their assistance with the test section
fabrication and LABVIEW programming, respectively. The com-
ments from Professor Neil Todreas of MIT and Dr. Hy Tran,
Nishant Patel, Roger Burton, and Dr. Eric Detlefs of the Primary
Standards Laboratory are greatly appreciated. This research was
performed under appointment to the U.S. Department of Energy
Nuclear Nonproliferation Safeguards Graduate Fellowship Pro-
gram sponsored by the National Nuclear Security Administra-
tion’s Office of Nonproliferation and International Security. The
experimental program was sponsored by the National Nuclear
Security Administration’s Global Threat Reduction Initiative
through Argonne National Laboratory, Contract No. 25-30101-
0004 A. Sandia National Laboratories is a multiprogram labora-
tory managed and operated by Sandia Corporation, a wholly
owned subsidiary of Lockheed Martin Corporation, for the U.S.
Department of Energy’s National Nuclear Security Administration
under Contract No. DE-AC04-94AL85000. This publication has
been approved for unlimited public release, SAND2014-18834 J.

Nomenclature

Aflow ¼ flow area (m2)
cp ¼ specific heat capacity (J/kg K)
D ¼ diffusion coefficient (m2/s)

Dhyd ¼ hydraulic diameter (m)
DL ¼ laminar equivalent diameter (m)

f ¼ Darcy friction factor
g ¼ acceleration due to gravity (m/s2)
G ¼ mass flux (kg/m2 s)
h ¼ heat transfer coefficient (W/m2 K)
I ¼ current (A)

jh ¼ Colburn factor, � Nu=RePr1=3

jm ¼ Colburn factor, � Sh=ReSc1=3

k ¼ thermal conductivity (W/m K)
K ¼ mass transfer coefficient (m/s)
L ¼ length (m)

Lp ¼ Laplace length (m)
n ¼ number

Nu ¼ Nusselt number, � hDhyd=k
P ¼ pressure (Pa, bar, or psi)

Pw ¼ wetted perimeter (m)
Pr ¼ Prandtl number, � lcp=k
q00 ¼ heat flux (W/m2)
Q ¼ volumetric flow rate (m3/s or gpm)

Rrms ¼ root-mean-square roughness (lm)
R2 ¼ coefficient of determination
Re ¼ Reynolds number, � quDhyd=l

Re* ¼ modified Reynolds number, � /�Re

Sc ¼ Schmidt number, � lq=D
Sh ¼ Sherwood number, � KDhyd=D

T ¼ temperature (�C or K)
tgap ¼ gap thickness (m)

u ¼ flow velocity magnitude in primary (z) direction (m/s)
us ¼ friction velocity (m/s)

VE ¼ voltage drop (V)
w ¼ width (m)
y ¼ thickness (depth) coordinate (m)
z ¼ axial (length) coordinate (m)

Greek Symbols

a ¼ thermal diffusivity (m2/s)
a* ¼ inverse aspect ratio

dhyd ¼ velocity boundary layer thickness (m or lm)
dth ¼ thermal boundary layer thickness (m or lm)
dv ¼ viscous (laminar) sublayer thickness (m or lm)
dþv ¼ dimensionless viscous sublayer thickness
D ¼ difference
e ¼ uncertainty (at 95% confidence level)

eH ¼ eddy diffusivity of heat (m2/s)
l ¼ viscosity (Pa�s)
� ¼ kinematic viscosity (m2/s)
q ¼ density (kg/m3)

/* ¼ geometry function

Subscripts

avg ¼ average
b ¼ bulk
b ¼ intercept

c.t. ¼ circular tube
H ¼ heated

hyd ¼ hydrodynamic, hydraulic
in ¼ inlet
m ¼ slope

out ¼ outlet
p ¼ primary

r.c. ¼ rectangular channel
th ¼ thermal
1 ¼ outer edge of laminar sublayer

1/ ¼ single phase
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