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An effectiveness number of transfer units (e-NTU) model
is developed for use in evaporators where the evaporating
stream: (1) comprises a volatile solvent and non-volatile so-
lute(s); and (2) undergoes a significant, but linear change in
boiling point elevation with increasing solute molality. The
model is applicable to evaporators driven by an isothermal
stream (e.g., steam-driven or refrigerant-driven) in paral-
lel flow, counterflow, and crossflow configurations where the
evaporating stream is mixed. The model is of use in a variety
of process engineering applications as well as the sizing and
rating of evaporators in high-salinity desalination systems.

Nomenclature
Roman Symbols
A Area, m2

Bi Constants in Eq. (47) defined by Eqs. (48)–(52)
b Molality, mol/kg
Ci Constants defined by Eqs. (40)–(44)
cp Specific heat capacity, ∂h/∂T |P,w, J/kg K
D Diffusivity, m2/s
D0 Constant in Eq. (36), [3µG/rg(r�rv)]

1/3

h Solution enthalpy, J/kg-solvent
hA Solvent enthalpy, J/kg
hB Apparent enthalpy of the solute, J/kg-solvent
hv Vapor enthalpy, J/kg
hconv Convective heat transfer coefficient

hfg Enthalpy of vaporization, J/kg
j0 Mass transfer rate per unit length, kg/m
Kb Modified ebullioscopic constant, K
L Length, m
M Molar mass, kg/mol
ṁ Mass flow rate, kg/s
P Heat transfer area per unit length, A/L, m
q0 Heat transfer rate per unit length, W/m
R Universal gas constant, J/mol K
T Temperature
DTbp Boiling point elevation, K
U Overall heat transfer coefficient, W/m2-K
w Solute mass fraction

Greek Symbols
G Film flow rate per unit width, kg/m s
g Dimensionless parameter, q0/qH
e Effectiveness
q Temperature difference, T �T �

s
f Molal osmotic coefficient
µ Dynamic viscosity, kg/m s
n Solute stoichiometric coefficient
r Density, kg/m3

c Evaporated fraction
w Solute mass ratio
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Dimensionless Numbers
CF Concentration factor, wL/w0
CFmax Maximum concentration factor, wH/w0

Ja Jakob number, cpDT/hfg
NTU Number of transfer units, UA/ṁA0cp
Nu Nusselt number, hconvL/k
Pr Prandtl number, µcp/k
Re Reynolds number, 4G/µ
Sc Schmidt number, µ/rD

Subscripts
0 Inlet state
A Solvent
B Solute
d Liquid-vapor interface
H Hot stream
L Outlet state
s Saturated state
v Vapor
w Wall

Superscripts
� Reference (pure solvent) state

1 Introduction
Falling film evaporators are used in a variety of applica-

tions, including desalination, refrigeration, solvent recovery,
juice concentration, and many others [1, 2]. The transport
phenomena in falling films—both evaporation and conden-
sation, which have significant overlap—have been widely
studied since Nusselt’s now classical analysis [3]. Many
effects not included in Nusselt’s initial analysis, including
vapor shear [4], turbulence [5–8], nucleate boiling [9, 10],
critical heat flux [11], the hydrodynamics of films falling
over tubes [12–15], and tube enhancement [16–18] have
been experimentally and theoretically investigated and re-
viewed [19–21] extensively.

In some evaporators, such as those used in the desali-
nation of high-salinity waters, the rise in temperature of the
evaporating stream owing to boiling point elevation increase
may be nonneglible [22, 23]. In such cases, neither clas-
sical effectiveness–NTU relationships [24], which are valid
for constant capacity rates, nor traditional falling film evap-
oration analysis [25, 26], which generally considers uniform
vapor saturation temperature, are applicable. Existing stud-
ies on falling film evaporation for brines [27, 28] are gener-
ally restricted to concentrations well below NaCl saturation,
which is of practical interest in high-salinity desalination sys-
tems. In this work, we develop an alternative relationship for
cases where the boiling point elevation is a linear function
of the non-volatile solute concentration. The work provides
an analytical framework for sizing and rating evaporators in
many applications.

2 Modeling Approximations
In developing the e-NTU relationship, we make the fol-

lowing modeling approximations, each of which will be dis-
cussed in detail:

1. The mixture enthalpy is the sum of a pure solvent en-
thalpy and the apparent enthalpy of the non-volatile so-
lute(s), written per unit solvent

2. The bulk state of the evaporating liquid is treated as sat-
urated at the local composition

3. The boiling point elevation varies linearly with the mo-
lality of the solute

4. The heat transfer in the vapor phase is neglected

2.1 Mixture Enthalpy
In order to simplify the mathematical treatment, we

write the enthalpy of the solution in a form that mimics moist
air mixtures:

h = hA +whB (1)

where h is the solution enthalpy per unit mass of solvent,
hA is the enthalpy of the pure solvent (e.g., water), hB is the
apparent enthalpy of the solute(s) [29], and w is the ratio of
solute mass to solvent mass. So written, hA is only a function
of temperature; the concentration dependence of the solution
enthalpy is contained entirely within hB. The mass ratio of
solute to solvent, w = bMB, where b is the solute molality
and MB is the molar mass of the solute.

2.2 Bulk Saturation
In falling film evaporation, the liquid at the vapor–liquid

interface is at the saturation temperature corresponding to
the pressure and local solute concentration. In this model,
we approximate the bulk solute concentration as equal to the
concentration at the vapor–liquid interface, which introduces
little error, as shown by the integral method analysis of the
mass transfer boundary layer by Chun and Seban [27]. For
a parabolic concentration profile with zero solute flux at the
vapor–liquid interface, a zero concentration gradient at the
wall, and a wall concentration specified by solute mass con-
servation, Chun and Seban showed that the ratio of the solute
mass fraction at the vapor–liquid interface, wd, to the average
value, w, is

wd
w

=


1� 1

5
Sc Ja

Pr

��1
(2)

which, for typical values of Sc, Ja, and Pr (e.g., for NaCl
solutions), is between 1 and 1.05.

2.3 BPE Linearity
Figure 1 shows that the boiling point elevation (BPE),

DTbp, has a nearly linear dependence on w for several com-
mon solutes in water over a wide range of concentrations.
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Fig. 1: The boiling point elevation for some common aque-
ous mixtures is linear over a wide range of concentrations;
the data are adapted from [30–32] and are at atmospheric
pressure except for urea, which is at 3.17 kPa.

We thus linearize this dependence, as

DTbp = Ts �T �
s = Kbw (3)

where T �
s is the saturation temperature of the pure solvent at

the given pressure, and Kb is a modified ebullioscopic con-
stant (cf. [29]):

Kb =
nRT �2

s f
MBh�fg

(4)

where n is the solute stoichiometric coefficient (i.e., the num-
ber of solute molecules in the aqueous phase per molecule
dissolved solid; n = 2 for NaCl); h�fg is the enthalpy of va-
porization for the pure solvent; f is the osmotic coefficient,
evaluated at the highest concentration of interest; and R is

Fig. 2: Differential control volume of an evaporating stream:
the solution enters at position x, pure solvent is vaporized at
a rate j0v dx, and the concentrated solution leaves the control
volume at position x+ dx. The evaporation is driven by a
heat transfer rate q0 dx.

the universal gas constant. Such a linearization overpredicts
the BPE of NaCl solutions by no more than 0.47 K when the
curve is linearized from zero to saturation salinities. When
linearized over a smaller salinity range, as would be typical,
e.g., for many desalination systems, the associated error de-
creases.

2.4 Vapor-Phase Heat Transfer
Because the vapor–liquid interface temperature in-

creases along the streamwise coordinate, the evaporated va-
por is not in thermal equilibrium, as is the case for typical
falling-film analyses [25, 26]. Depending on the extent of
evaporation, the vapor at the evaporator outlet may be several
degrees warmer than at the inlet. Nevertheless, for stagnant
or near-stagnant vapor, the energy associated with any heat
transfer in the vapor phase is small compared to the energy
associated with the phase transformation at the vapor–liquid
interface. We thus neglect any heat transfer in the vapor
phase, and base the heat transfer process on the temperature
difference across the hot stream and the evaporating film, as
is typical in falling-film analysis.

3 Model Development
To develop the effectiveness-NTU relation, we solve

an ODE derived from energy, mass, and solute conserva-
tion applied to a differential control volume of the evapo-
rating stream. Consider such a differential control volume,
as shown in Fig. 2: a feed solution enters at x, pure solvent
evaporates at a rate dṁ = j0v dx, and the concentrated solu-
tion stream leaves at position x + dx. A heat transfer rate
q0 dx from an isothermal stream (e.g., condensing steam or
refrigerant) at TH drives the evaporation.

Conservation of energy on this control volume requires
that

d(ṁAh)
dx

= q0 � j0vhv (5)



where ṁA is the mass flow rate of pure solvent, h is the solu-
tion (mixture) enthalpy, written per unit solvent, q0 is the heat
transfer rate per unit length, j0v is the mass flux of vapor (per
unit length), and hv is the enthalpy of pure vapor. Expanding
the derivative yields

ṁA
dh
dx

+h
dṁA

dx
= q0 � j0vhv (6)

As the dissolved solutes do not evaporate, d(ṁAw) = 0, so:

j0v =
dṁA

dx
=� ṁA

w
dw
dx

(7)

Thus, Eq. (6) can be rewritten

ṁA


∂h
∂T

����
w

dT
dx

+

✓
∂h
∂w

����
T
+

hv �h
w

◆
dw
dx

�
= q0 (8)

Approximating the bulk state of the evaporating stream
as a saturated, isobaric liquid, we write T as the saturation
temperature at a particular solute mass ratio w. Substituting
Eq. (1) and (7) into Eq. (8) and simplifying, we find

ṁA
dT
dx


cp +

✓
w∂hB

∂w

����
T
+

h�fg
w

◆
dw
dT

�
= q0 (9)

where the specific heat capacity cp = ∂h/∂T |P,w. In order to
separate and integrate Eq. (9), we require ṁA, w, and q0 as a
function of T or x.

It is therefore mathematically convenient to transform
T ! q, where q = T �T �

s in Eq. (9), yielding

ṁA
dq
dx

✓
cp +

h�fg
q

◆
= q0 (10)

where we have also made the substitution 1/q = 1/w ⇥
dw/dq based on the linearization of the BPE curve. In reach-
ing Eq. (10), we have also neglected the w(∂hB/∂w) term in
Eq. (9), which is related to the differential heat of dilution.
For typical aqueous solutions, this term is much less than the
latent heat term1. From solute conservation,

ṁA(T ) =
ṁA0w0

w(T )
=

ṁA0q0

q
(11)

where the subscript 0 denotes the inlet state, i.e., at x = 0.
The heat transfer rate per unit length can be written as

1The term w(∂hB/∂w) =�hdil/w, where hdil is the differential enthalpy
of dilution. Based on enthalpy data from [33], for a 3 mol/kg NaCl solution
at 60� C, w(∂hB/∂w) ⇡ 0.44 kJ/kgA – about five orders of magnitude less
than h�fg/w.

q0 = UxP(qH � q), where Ux is the relevant, local over-
all heat transfer coefficient, and P = A/L is the appropri-
ate perimeter, or heat transfer area A per unit length L, and
qH = TH � T �

s corresponds to the bulk temperature of the
isothermal stream driving the evaporation. With these sub-
stitutions and some algebra, Eq. (10) can be written in an
integrable form:

ṁA0cpq0

Z q(x/L)

0

"
1+h�fg/cpq
q(qH �q)

#
d q =

Z x/L

0
UxA d

⇣ x
L

⌘

(12)
where the right hand side integrates to the average overall
heat conductance between 0 and x/L, (UA)0!x/L.

Integration of Eq. (12) gives an implicit equation for the
temperature distribution within the heat exchanger:

(UA)0!x/L

ṁA0cp

⇣ x
L

⌘
= g ln

✓
1� g�1

1� g�1q0/q

◆✓
1+

1
Ja H

◆

+
1
Ja H

✓
1� q0

q

◆
(13)

where we have introduced the following dimensionless pa-
rameters:

g = q0/qH (14)
JaH = cpqH/h�fg (15)

3.1 Effectiveness
Effectiveness is defined as

e = TL �T0

TH �T0
=

qL/q0 �1
g�1 �1

(16)

where the subscript L denotes the outlet of the evaporator. At
100% effectiveness, the concentrate stream outlet is in ther-
mal equilibrium with the isothermal stream driving the evap-
oration at TH . Consequently, because of the linearization of
the BPE curve, 1/g is approximately equivalent to the maxi-
mum solute concentration divided by the inlet concentration,
i.e., the concentration factor at 100% effectiveness:

CFmax =
wH

w0
⇡ qH

q0
= 1/g (17)

where w is the mass fraction of solutes.
As x/L ! 1, Eq. (13) can be rewritten to yield the de-

sired effectiveness-NTU relationship:

NTU = g ln


1� e
g(e�1)

�✓
1+

1
Ja H

◆

+
1
Ja H


1� 1

1+ e(1/g�1)

�
(18)
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Fig. 3: Effectiveness-NTU curves for saline evaporators: at
low max recoveries (as g approaches one), the evaporator be-
haves like a single stream heat exchanger; at lower g the tem-
perature distribution is more nonlinear.

where

NTU =
UA

ṁA0cp
(19)

and UA is the average overall heat conductance. When A is
not a function of x, e.g., in the case of a flat plate, UA =UA,
where U is the average overall heat transfer coefficient, i.e.,R 1

0 Ux d(x/L). When JaH ⌧ 1, as is typical for evaporating
aqueous solutions, the independent parameters NTU and JaH
collapse onto a single parameter, NTU⇥ JaH , as can be seen
readily from examination of Eq. (18).

Solutions to Eq. (18), plotted as effectiveness vs. NTU⇥
JaH are shown in Fig. 3. At lower g (higher CFmax), the tem-
perature profile becomes more nonlinear as more evaporation
has a greater effect on the effective heat capacity of the evap-
orating stream.

3.2 Evaporated Fraction
An additional parameter of importance in the analysis

of evaporators is the evaporated fraction, which we denote c.
The evaporated fraction c is defined as the mass flow rate of
vapor per unit feed solution:

c =
ṁv

(1+w0)ṁA0
(20)

Because of the relationship between saturation temperature
and solute concentration, c can be written as a function of
e. From solute mass conservation ṁAL = w0ṁA0/wL; from
overall mass conservation, ṁv = (1+w0)ṁA0�(1+wL)ṁAL.
Thus, the evaporated fraction can be written as a function of

solute concentrations as

c = 1�
✓

w0

1+w0

◆✓
1+wL

wL

◆
= 1� w0

wL
(21)

The maximum evaporated fraction, cmax, occurs when
the evaporating stream is in thermal equilibrium with the heat
source at TH , or where the solute concentration at x/L = 1 is
equal to wH . Thus, the definition of cmax is readily written
by replacing wL with wH in Eq. (21). By the linear BPE re-
lationship, we substitute wL/w0 and w0/wH for qL/q0 and g
in Eq. (16), and solve for c/cmax using the definitions above
to find

c
cmax

=
e

1+(e�1)(1+w0)cmax
(22)

4 Perturbation Analysis for Small Concentration Fac-
tors
For small concentration factors, we expect single stream

heat exchanger like behavior, as neither evaporative mass
loss nor boiling point elevation have significant effects on the
effective heat capacity rate of the evaporating stream. A per-
turbation analysis around g = 1 reveals such behavior, con-
firming that the model behaves as expected.

Let µ ⌘ 1� g. Rewriting Eq. (18) in terms of µ, we find

NTU⇥ JaH = (1�µ) ln


1� e
(1�µ)(e�1)

�
(1+ JaH)

+

2

41� 1

1+ e
⇣

µ
1�µ

⌘

3

5 (23)

Expanding Eq. (23) in terms of µ yields

NTU⇥ JaH =�(1+ JaH) ln(1� e)

+

⇢
(1+ JaH)

h
e+ ln(1� e)

i
+ e
�

µ

+O(µ2)+ ... (24)

Then, for small µ, we can neglect the higher order terms and
the e–NTU relationship can be expressed as

NTU⇥ JaH � eµ
1+ JaH

� eµ =�(1�µ) ln(1� e) (25)

We consider two further simplifications of this of this
equation: (1) the case where JaH ⌧ 1, as is typical for aque-
ous solutions; and (2) the case where JaH ! •, which cor-
responds to no latent heat effects [cf. Eq. (10)]. In the first
case, Eq. (25) reduces to

e = 1� exp

�NTU⇥ JaH �2µe

1�µ

�
(26)



Fig. 4: A schematic of the mass diffusion and heat trans-
fer processes occurring in the film: a temperature difference�
Tw�Ts(x)

�
drives solvent evaporation j0v at the vapor–liquid

interface, increasing the local (non-volatile) solute concen-
tration wd and driving a diffusive flux of solute j0B back to-
wards the film bulk.

By the ansatz of our perturbation analysis, µ ⌧ 1; NTU⇥
JaH is O(1) (see Fig. 3), and 0 < e < 1. Consequently, the
argument of the exponential is very nearly �NTU⇥JaH , and
Eq. (26) behaves like the effectiveness–NTU relationship for
a single stream heat exchanger in NTU⇥ JaH , i.e., e = 1�
exp(�NTU⇥ JaH). This behavior can be seen in Fig. 3 for
values of g that approach unity.

In the second case, Eq. (25) reduces to:

e = 1� exp

�NTU�µe

1�µ

�
(27)

Again, because µ ⌧ 1, we again see the expected limiting
behavior, i.e., that of a single stream heat exchanger.

5 Calculation of the Film Heat Transfer Coefficient
Because classical expressions for the film heat transfer

coefficients are only valid for constant temperature differ-
ences across the film, we derive new relationships that ac-
count for the varying DT across the film owing to boiling
point elevation. To do so, we solve the coupled heat, mass,
and momentum problem. Two cases are considered: (1) a
film with arbitrary laminar or wavy-laminar hydrodynamics
in the limiting case of no solute mass transfer and (2) a lam-
inar film with non-zero solute mass transfer. In both cases,
we assume no nucleate boiling occurs. The heat and mass
transfer processes in the film are illustrated in Fig. 4.

5.1 Laminar or Wavy-Laminar Film without Mass
Transfer

Neglecting the much smaller sensible heat terms in the
film energy balance (cf. Eq. (6)), a simplified equation rep-
resenting energy conservation on the differential control vol-

ume in Fig. 2 shows that the latent heat associated with evap-
oration is conducted through the film:

�hfg
dG
dx

=
k
d
(DT � �Kbwd) (28)

where G is the local mass flow rate of the film per unit plate
width, d is the local film thickness, DT � = Tw �T �

s , and wd
is the solute concentration at the vapor–liquid interface, and
k/d is the local heat transfer coefficient, reflecting the usual
linear temperature profile approximation in laminar falling
film analysis [25,26] (see Fig. 4). The term Kbwd is the local
BPE, which varies with the downstream distance x.

For the limiting case of no solute diffusion, which is a
reasonable approximation for salt water (see Sec. 2.2), we
approximate wd = w, the average concentration across the
film. By solute conservation, w0G0 = wG, which, by the con-
version w = w/(1+w) can be expressed in mass ratio terms
as

w =
w0G0

G�w0G0
(29)

Substituting Eqs. (29) into Eq. (28) yields

dG
dx

=� k
dhfg

✓
DT � � Kbw0G0

G�w0G0

◆
(30)

The average heat transfer coefficient is defined in the usual
manner as

h̄conv =
1
L

Z L

0

k
d

dx (31)

where the integrand is the local heat transfer coefficient,
hconv = k/d. Transforming the variable of integration from
x to G, we find

h̄conv =
k
L

Z GL

G0

1
d

✓
dx
dG

◆
dG (32)

Substituting Eq. (30) into Eq. (32), the local film thickness
d cancels, and the resulting average heat transfer coefficient
is thus independent of film hydrodynamics. Carrying out the
integration yields

h̄conv =
hfg

DT �L

"
G0 �GL

+w0G0
Kb

DT � ln

 1
w0

� Kb
DT � �1

GL
w0G0

� Kb
DT � �1

!#
(33)

Recasting Eq. (33) in dimensionless form, the average
Nusselt number as a function of the film Reynolds number,
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Re = 4G/µ, the Prandtl number, Pr = µcp/k, and the Jakob
number, Ja� = cpDT �/hfg, is

NuB
L =

Pr
4Ja�

"
Re0 �ReL

+w0Re0
Kb

DT � ln

 1
w0

� Kb
DT � �1

ReL
w0Re0

� Kb
DT � �1

!#
(34)

which limits correctly to the expression from Nusselt the-
ory, NuC

L = Pr(Re0 �ReL)/4Ja�, when Kb = 0 and boiling
point elevation effects go to zero. Eqs. (33) and (34) are valid
for laminar and wavy-laminar films (Re < 5800Pr�1.06 [25])
so long as the solute mass transfer resistance is small, i.e.,
Eq. (2) is near unity.

Fig. 5 shows the ratio of Nu with BPE effects and zero
mass transfer [Eq. (34)] to the classical solution, NuC

L . As
the inlet concentration and concentration factor increase, the
effects of BPE become more pronounced.

5.2 Laminar Film with Mass Transfer
When solute diffusion across the film must be con-

sidered, an integral method analysis of the mass transfer
boundary layer (shown schmatically in Fig. 4) coupled with
Eq. (28) yields an expression for the average heat transfer co-
efficient. For a fully-developed mass transfer boundary layer,
Chun and Seban [27] used the integral method assuming a

parabolic form of w = f (d� y) to show

wd
w0

=
G0

G

✓
1+

d
5rD

dG
dx

◆�1
(35)

where D is the diffusivity of the solute in the mixture and r
is the mixture density. We neglect the entrance length, as it
is typically only relevant for small concentration factors [27].
From classical Nusselt theory [3,25,26], momentum conser-
vation on a laminar film (Re < 30 [25]) relates its thickness
to its flow rate:

d =

✓
3µG

r(r�rv)g

◆ 1
3
= D0G

1
3 (36)

where the prefactor on G 1
3 has been defined as D0 for con-

venience. With the aid of Eq. (36) and the relationship
w=w/(1+w), we can rewrite Eq. (35) in terms of the solute
mass ratio and the film flow rate:

wd =
w0G0

G+ D0
5rD G 4

3 dG
dx �w0G0

(37)

Substituting Eq. (36) and Eq. (37) into the film energy bal-
ance, Eq. (28), we find

dG
dx

=� k

D0hfgG 1
3

2

4DT � � Kbw0G0

G+ D0
5rD G 4

3 dG
dx �w0G0

3

5 (38)

With some algebra, Eq. (38) can be rewritten as a
quadratic equation in dG/dx:

✓
dG
dx

◆2
C0 +

dG
dx

G�1/3
✓

C1 �
C2

G

◆
+G�2/3

✓
C3 �

C4

G

◆
= 0

(39)
where we have made the following substitutions for ease of
reading:

C0 =
D0

5rD
(40)

C1 = 1+
kDT �

5rDhfg
(41)

C2 = w0G0 (42)

C3 =
DT �k
D0hfg

(43)

C4 =
w0G0(DT �

s +Kb)k
D0hfg

(44)
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By the quadratic formula, Eq. (39) can be solved for dG/dx

dG
dx

=
1

2C0G1/3

✓
C2

G
�C1

◆

+

s✓
C1 �

C2

G

◆2
�4C0

✓
C3 �

C4

G

◆3

5 (45)

where we have chosen the positive root so that Eq. (45) lim-
its correctly to the classical Nusselt expression, dG/dx =
�kDT �/dhfg, when BPE and the mass transfer resistance go
to zero; i.e., when Kb ! 0 and D ! •, respectively (details
in App. B).

As with the analysis in Sec. 5.1, the average heat transfer
coefficient can be expressed as an integral over the film flow
rate G by Eq. (32). Substituting in Eqs. (45) and (36) into our
definition of h̄conv, Eq. (32), we obtain an integral expression
for the average heat transfer coefficient:

h̄conv =
2k
L

Z GL

G0

✓
C2

G
�C1

◆

�

s✓
C1 �

C2

G

◆2
�4C0

✓
C3 �

C4

G

◆3

5
�1

dG (46)

which has the solution, in dimensionless number form,

NuMB
L =

h̄convL
k

= B0

(
B1 ln

✓
F1(G0)

F1(GL)

◆

�B2


B3

⇣
F2(G0)�F2(GL)

⌘
+B4 ln

✓
F3(G0)

F3(GL)

◆�)

(47)

Expressions for the constants Bi and the functions Fi are
given in Appendix A. Eq. (47) is valid for laminar films
(Re < 30) with fully-developed mass transfer boundary lay-
ers.

Fig. 6 shows the ratio of Nu with BPE effects and
nonzero mass transfer, NuMB

L , to the classical solution, NuC
L .

Like Fig. 5, as the inlet concentration and concentration fac-
tor increase, the effects of BPE become more pronounced.
However, the effects are modulated by the mass transfer
modeling, which accounts for the difference between the so-
lute concentration in the bulk and at the vapor–liquid inter-
face.

6 Conclusions
An analytical effectiveness–NTU relationship was de-

veloped for evaporators with linear, non-negligible increases
in boiling point elevation. A perturbation analysis revealed
that the model behaves as expected for limiting cases. Ana-
lytical expressions for evaluating the heat transfer coefficient
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Fig. 6: Ratio of Nu with BPE effects and finite mass transfer
resistance [Eq. (47)] to the classical Nusselt solution for an
NaCl-like solution with DT � = 10 K, hfgµ/4k = 7.42 · 105,
Kb = 17.1 K, and D = 2⇥ 10�9 m/s: the BPE effects are
again more pronounced at higher solute feed concentrations
and higher concentration factors, or higher Re0 �ReL. The
dashed green line, w0 = 0.035, represents seawater salinity.

in evaporators with linear, non-negligible increases in boiling
point elevation were also developed. The model can be ap-
plied in a variety of process engineering applications to size
and rate evaporators.
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A Constants in the Laminar Film Heat Transfer Coef-
ficient

The constants Bi in Eq. (47) are:

B0 =�
�
2C0C2

3B2
��1 (48)

B1 =C1C2C3 �C2
1C4 +2C0C3C4 (49)

B2 =
q

C2
1 �4C0C3 (50)

B3 =C3 (51)
B4 =C1C4 �C2C3 (52)

(53)

The functions Fi in Eq. (47) are:

F1(x) = 2C0C4 �C1C2 + xB2

⇣
B2 +

p
G(x)

⌘
(54)

F2(x) = x
⇣

C1 +
p

G(x)
⌘

(55)

F3(x) =C2
2C3 +C2

h
C3x
p

G(x)�C1(C4 +C3x)
i

+C4

h
2C0(C4 �C3x)+C1x

⇣
C1 �

p
G(x)

⌘i
(56)

where

G(x) =
C2

2 �2C1C2x+ x
�
4C0C4 +B2

2x
�

x2 (57)

B Zero Mass Transfer Limit
The limit D ! • in Eq. (45) corresponds to no mass

transfer resistance. The limit is indeterminate (0/0), so we
apply L’Hopital’s Rule, differentiating the numerator and de-
nominator with respect to D :

lim
D!•

dG
dx

=

lim
D!•

d
dD

"⇣
C2
G �C1

⌘
+
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G
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⌘

(58)

Carrying out the differentiation, we find

lim
D!•

dG
dx
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D!•

�1
2C0G1/3

(
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1
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which, upon taking the limit, reduces to

lim
D!•

dG
dx

=�

⇣
C3 � C4

G

⌘

G1/3
⇣

1� C2
G

⌘ (60)

Substituting in for C2, C3, and C4, Eq. (60) becomes

lim
D!•

dG
dx

=� kDT �

D0hfgG1/3

✓
1� w0G0Kb/DT �

G�w0G0

◆
(61)

which is identical to Eq. (30), the film energy balance with
no mass transfer resistance. As expected, Eq. (61) limits to
the classical Nusselt expression when Kb ! 0 and boiling
point elevation effects go to zero.




