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Abstract

In this thesis, a priori convergence estimates are developed for outputs, output error estimates, and
localizations of output error estimates for Galerkin finite element methods. Specifically, Continuous
Galerkin (CG), Discontinuous Galerkin (DG), and Hybridized DG (HDG) methods are analyzed for
the Poisson problem. A mixed formulation for DG output error estimation is proposed with improved
convergence rates relative to the common approach utilizing statically condensed, p-dependent lift-
ing operators. The HDG output error estimates are new and include the impact of stabilization.
Comparisons to numerical results demonstrate (1) the sharpness of the estimates and (2) that the
HDG estimates are approximately an order of magnitude more accurate than CG and DG.
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CHAPTER 1

INTRODUCTION

A posteriori estimation aims to provide computable estimates of numerical error in the discrete

approximate solutions of Partial Differential Equations (PDEs). The computed a posterior estimate

can then be used to correct the output and/or drive mesh adaptation. Energy-based a posteriori error

estimates have been used for the Finite Element Method (FEM) since the 1980s [8, 9], particularly

within the structural community given the physical relevance of the energy norm. Ainsworth and

Oden provided a comprehensive summary of energy norm estimates (as well as other norms) wherein

they draw attention to the use of duality arguments for analyzing the estimates in an a posteriori

context [1]. Methods based upon localized residuals were developed for mesh adaptation by Babuska

and Rheinboldt [7]. Estimates based on the solution of local Dirichlet problems and local Neumann

problems were also developed by Bank and Weiser[9] and Babuska and Rheinboldt[6]. Verfnrth

analyzed these estimates for elliptic partial differential showing their equivalence[27].

In many applications, the convergence of the energy norm is less important the convergence of an

output functional. A common output example would be the lift or drag in fluid dynamics. In a series

of papers, Babuska and Miller showed with a prori analysis of a posteriori error that integrated

output functionals from FEM could exhibit 'super convergence', converging faster than the solution

error (e.g. the L2 norm of the error). For instance, point values at critical locations, such as the

stress at a joint in a structural FEM calculation, are often of interest. Babuska and Miller showed

that the accuracy in these point quantities can be improved by restating them as weighted integrals,

and demonstrated this improvement with numerous examples[3, 4, 5]. Barrett and Elliott analyzed

the linear convection-diffusion equation and reached similar conclusions[10].

The relationship between error in the numerical approximation of the primal solution and the output

functional is quantified by the adjoint PDE. The adjoint PDE measures the sensitivity of the output

functional to errors in the numerical solution. Thus weighting a residual error by the adjoint at

13



that location results in an estimate of the computed output functional's error. This Dual-Weighted

Residual (DWR) method was developed for FEM by Becker and Rannacher[12, 13]. Adjoint based

error estimation has also been developed for discretizations other than FEM, for example Finite

Volume (FV) and Finite Difference (FD) methods, where it has largely been used for error correction

to recover the 'super convergent' output functionals possible with FEM[25, 20, 22, 21].

For the purposes of adaptation, error estimates must be localized to facilitate decisions about where

mesh refinement (and coarsening) should be performed. A typical residual localization for the

Continuous Galerkin (CG) FEM uses a strong form residual, which introduces an element boundary

contribution due to gradient jumps, to give an element-wise localization of the estimate[7, 12, 26].

An alternative localization proposed by Braack and Ern, for use with the DWR method, uses a

patchwise reconstruction for the dual weighting[14]. This results in an estimate that avoids the need

to evaluate the strong form of the residual, and also gives a node-wise localization of the estimate.

Richter and Wick similarly produced a node-wise localization of the error that avoids the evaluation

of the strong form through a partition of unity based approach[26]. For a more complete overview of

output-based error estimation and earlier mesh adaptation schemes, for fluid dynamic applications in

particular, the review papers of Hartmann and Houston[23], focused on DG methods, and Fidkowski

and Darmofal[19], for general discretizations, provide a comprehensive literature review. The second

DG method of Bassi and Rebay (BR2)[11], localized by elemental restriction of the test function,

was analyzed by Yano in his PhD thesis [29].

The focus of this thesis is on a priori analysis of the convergence rates for localized DWR error

estimates for the Continuous Galerkin (CG), Discontinuous Galerkin (DG) and Hybridizable Dis-

continuous Galerkin (HDG) schemes. The CG localization considered is the weighted strong form

residual. For DG, an element-wise localization by restriction of the weight function is considered,

and the effect of static condensation of the lifting operators in the BR2 scheme is also analyzed.

The localization for HDG consists of an element-wise restriction of the scalar and gradient variables

combined with a partition of unity of the error associated with the trace variables.

The outline of this thesis is as follows, in Chapter 2 the model Poisson primal and dual problems are

outlined, alongside definitions that are necessary for the results in the following chapters. Then in

Chapters 3 to 5 a priori asymptotic convergence rates for the error, and the error in the estimate,

are derived for the CG, DG and HDG discretizations respectively. In Chapter 6 numerical results

are presented for one and two dimensional test cases demonstrating the derived a priori asymptotic

convergence rates for all of the discretizations and estimates considered. Finally, in Chapter 7, some

concluding remarks are provided.

14
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CHAPTER 2

PROBLEM DEFINITION AND NOTATION

Consider the primal Poisson problem:

(2.1a) -Au = f in Q

(2.1b) u = 0 on o9,

where Q C Rd is a bounded domain of dimension d. To avoid additional technicalities in the a

priori analysis, the solution u is assumed to be sufficiently smooth. This places restrictions on the

domain shape and f (see for example Brenner and Scott [15, Theorem 1.4.6]). We denote the L2

inner product by (-, -) and the corresponding norm over Q by 11 - IIL2(), In addition inner products

on a trace, such as fan uv, will be denoted by (-, .). Where additional clarity is useful, subscripts

will be used in order to denote the domain of the integral. The problem is written in the variational

form,

(2.2a) u G V: R(u, w) 1(w) - a(u, w) = 0, Vw E V

(2.2b) a(v, w) = (Vv, Vw)

(2.2c) 1(w) = (fw).

The boundary conditions are enforced essentially by V where, for this problem, V = Hol (Q). In

approximating this problem discretely, we utilize a finite-dimensional space Vh,p and a modified

problem statement

15



(2.3) Uh,p E Vh,p : Rh (uh,p, Wh,p) = l(wh,p) - ah (uh,p, Wh,p) = 0, VWh,p E Vh,p.

For the Galerkin methods considered here, Uh,p and Wh,p are taken from the same space defined on

the quasi-uniform and shape regular triangulation Th. The subscript h is a notional measure of the

local grid scale defined by the triangulation. For local interpolation errors, h, = diam(r), however

given the assumption of a quasi-uniform grid, all hK are within a constant factor of each other and

thus will be replaced with h.

The h subscript when applied to Rh(-, .) and ah(-, -) denote that the residual and bilinear term are

discretization specific and therefore may differ from R(., -) and a(., .). Those residuals which display

polynomial order dependence, for instance classical DG BR2, will be denoted Rh,p(-, -) as seen in

Chapter 4. 1(w) is not modified by the methods considered in this thesis, but it is possible with

other methods.

For this thesis, the output is a volume integral given by J(u) = (g, u). The corresponding dual

problem is,

(2.4) E V : R' (w, ) _ J(w) - a(w, ) = 0, Vw E V.

For the Poisson problem and volume output functional, J(u), considered here, performing integra-

tion by parts gives the adjoint PDE

(2.5a) -AO = g in Q

(2.5b) = 0 on &Q.

As with the solution u, we assume that the adjoint solution, 0, is assumed smooth, which places

restrictions on g and the domain shape. As with the primal problem, the adjoint problem has a

corresponding discrete weak form

(2.6) Ih,p E Vhp : R (Wh,p, h,p) J -(W -,) ah (wh,p, Oh,p) = 0, VWh,p E Vh,p.

16
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2.1 A posteriori output error estimation

In the DWR framework the output error, E, can be expressed by the Functional Error Representation

Formula

(2.7a)

(2.7b)

= J(u) - J(uh,p)

= Rh(Uh,p, / - Vh,p), VVh,p E Vh,p

when the discretized residuals satisfy an extended form of primal and adjoint consistency. These

definitions are described within a DG context in Yano's thesis [29].

DEFINITION 1. Extended Primal Global Consistency

Given the exact primal solution u E V, the discretized primal residual satisfies

Rh(u,w) = 0, Vw e eV(K)

where V(n) is the restriction of V to an element i.

Extended consistency is stronger than normal consistency[2] which only requires Rh (u, w) = 0, Vw E

Vh,p. Normal consistency is automatically satisfied by Definition 1 if Vh,,(v) C V().

DEFINITION 2. Extended Dual Global Consistency

Given the exact adjoint solution 0 e V, the discrete adjoint residual satisfies

R*'(w,bO) = 0, Vw e eKV(K).

The Functional Error Representation Formula is obtained using Definitions 1 and 2.

LEMMA 3. Functional Error Representation Formula

For a discretization that satisfies Extended Primal and Dual Global Consistency, the error in the

output functional J(u) - J(uh,p) is given by

= Rh(uh,p, 0 - Vh,p), VVh,p E Vh,p.
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J(u) - J(uh,p) = J(u - Uh,p)

= ah(u - Uh,p, 2)

= ah(u - Uh,p, 2/) - Vh,p)

= 1(2/ - Vh,p) - ah(uh,p, / - Vh,p)

= Rh(Uh,p, V - Vh,p).

via Definition 2

via orthogonality

via Definition 1

Proof.

(2.8a)

(2.8b)

(2.8c)

(2.8d)

(2.8e)

Another useful property of a discretization that satisfies Extended Primal and Dual Global Consis-

tency is Global Residual Error Mapping.

LEMMA 4. Global Residual-Error Mapping

For all p1, p2 E N, the global dual-weighted residuals are related by

Rh(vh,p1, / - Wh,p2) = ah(u - Vh,pl, 2/ - Wh,p2)

= Rf (u - Vhp1, Wh,p2), V(vh,pl, Wh,p2) E (Vh,p1 X Wh,p2),

where u, 4 E V are the exact solutions to the primal and adjoint respectively.

Proof.

Rh(vh,p1, 0 - Wh,p2) = (V) - Wh,p2) - ah(vh,pi, 0 - Wh,p2)

= ah(u, V) - Wh,p2) - ah(vh,p1, ) - Wh,p2)

= ah(u - Vh,pl,,) - Wh,p2)

= J(u - vh,p1) - ah(u - Vh,pi, Wh,p2)

= R (u - Vh,pl, Wh,p2).

via Definition 1

via bilinearity

via Definition 2

0

2.1.1 Localization

The localization, r. (V, w), of the discrete primal residual is defined as

(2.10) r, (V, w) = l(w) - a,,(v, w),

18

0

(2.9a)

(2.9b)

(2.9c)

(2.9d)

(2.9e)

___I I- - R I IRIN I I R I Ip I



where rK(v, w), a,(v, w) and l(w) = (f, w),, are the discretization specific localized primal residual,

primal bilinear and linear functional expressions respectively. Further rK(v, w) is assumed to satisfy

R2(1, w) = E r,(V, w), V(v, w) E (EDV(K) x E) V(K))
KETh

DEFINITION 5. Extended Primal Local Consistency

Given the exact solution u E V, the localized residual satisfies

r,(u, w) = 0, Vw E V(K),

where V(K) enforces the boundary condition for those elements adjacent to the boundary.

The localization of the dual residual is defined as

(2.12) r '(w, v) = JK(w) - aO (w, v),

where rO (w, v), aO (w, v) and J, (w) = (g, w), are the discretization specific localized adjoint residual,

adjoint bilinear and output functional expressions respectively.

DEFINITION 6. Extended Dual Local Consistency

Given the exact adjoint solution V) E V, the localized adjoint residual satisfies

rf (w, V) = 0, Vw E V ().

Provided a localization of a residual satisfies Extended Primal Local Consistency it also satisfies

Local Residual-Error Mapping.

LEMMA 7. Local Residual-Error Mapping

For all p1,p 2 E N, given a localization that satisfies Extended Local Primal Consistency, the local

dual-weighted primal residual can be represented by

r,(vh,p, 0 - wh,p2) = a.(u - vh,pl, ) - wh,p2) V(vh,p, wh,p2) E (Vh,pl X Wh,p2),
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where u, V) E V are the exact solutions.

Proof.

(2.13a) rK(Vh,p1, V) - wh,p2) = l,(4 - Wh,p2) - a,(Vh,pl, -Wh,p2)

(2.13b) = a,(u,' - wh,p2) - a.(Vh,pi, O - wh,p2) via Definition 5

(2.13c) = a.(u - Vh,pl, ' - Wh,p2) V(vh,p1, Wh,p2) E (Vh,pl X Wh,p2). 0

In addition to Local Residual Error Mapping, the proofs of Extended Primal and Dual Global

Consistency follow from Extended Primal and Dual Local Consistency

COROLLARY 8. Given a localization, r,(v, w), of a residual, Rh v, w), that satisfies

(2.14) Rh(V, W) = I r, (v, w)
KETh

and Definitions 5 and 6, Rh(v, w) automatically satisfies Definitions 1 and 6 because V C (eKV(K)).

2.1.2 Error Estimates

Given 2 e V, where V is an infinite dimensional space, evaluating the true error via Equation (2.7b)

is infeasible. The approach considered here is to instead approximate the adjoint in a higher p space

than the primal. Though this method requires the solution of a linear system that is larger than

that of the primal, it has been observed that for nonlinear primal problems the computational effort

to solve the primal problem often dominates the total computational effort of the solution and error

estimation process. For example, for a typical transonic Reynolds-Averaged Navier-Stokes (RANS)

solution, the dual solve required approximately 10% of the computational time required for the

primal solve[30]. As a result, in this work the following error estimate is considered,

(2.15) 6 ~~ C = Rh(uh,p, V)h,p' - Vh,p), VVh,p E Vh,p,
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where p' = p + Pinc : Pinc > 0. The true error has a localization

(2.16a) E = Z rs
KETh

(2.16b) 77= rx(uh,p, V) - h,p)

which has a corresponding estimate

(2.17) 'K = r. (Uh,,, Oh,p' - kh,p).

The global estimate is defined by the primal residual solved for Uh,p, thus Rh(uh,p, Vh,p) = 0, Vvh,p E

Vh,p. However this orthonality does not always hold for the localized residual, i.e. r,(uh,p, vh,p) :

0, VVh,p E Vh,p. When the orthogonality does hold locally, then the error estimate can be calculated

as, il. = r. (uh,p, kh,p'), avoiding the need to calculate Oh,p.

2.2 Additional Notation

On interior traces of the triangulation, the jump operator, [-], and average operator, {-}, are defined

for scalar, x, and vector, , quantities as

(2.18a) = (xi)- + (xii)+

(2.18b) [I9] = (Y . A) + (Y - f)+

(2.18c) {x} = (x- + X+)

(2.18d) { (Y - + Y+
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For boundary traces the jump and average operators take only the internal value, thus

(2.19a) [ - (zf)+

(2.19b) [Q1 (Y -f)+

(2.19c) {x} = +

(2.19d) {} = +)

where + is the outward facing normal on the trace of the element. Some additional notation for

inner products are defined as

(2.20a) (v, w)(V =W

(2.20b) (V, w)a = (v, w)a,,

(2.20c) (vw)y = (V , W) .
f E.h

6Tah {6. : r. E Th} denotes the union of the boundaries of all K E T. E nternal T P= + n qr-

V+ )- E Thdenotes the set of internal traces associated with h, boundary ={ n : K E T

denotes the set of boundary traces associated with Th and F h ynternal u yboundary denotes the set

of all traces of Th. Equations (2.20b) and (2.20c) are different in that the first visits internal traces

twice, once from either side, whereas the second visits each trace once which implies that

1
(2.21) 2(U, )V)ag \aQ U, vyh\aQ -

Finally, to simplify notation when taking limits, A(h) < B(h) is defined as A(h) ; cB(h) in the

limit of h -+ 0 for 0 <c < oc.

22
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CHAPTER 3

CONTINUOUS GALERKIN

The DWR framework was originally developed for the CG method[12] and combining DWR with

classical theory for finite element methods[15] the asymptotic convergence rate of the output func-

tional and its estimates can be bound as shown in this chapter.

3.1 Discretization

For the

nomials

(3.1)

CG discretization, the approximation space Vh,p is made up of piecewise continuous poly-

of order p denoted PP(K),

Vh,p ={v E C(Q) n L 2(Q) : vl , E PP(r,), V C T : vlo = 01.

The bilinear form is

(3.2) ah (v, w) = (VV, VW)Th .

3.2 Localization

The weighted strong form of the residual is used for the localization, following the method established

by Babuska and Rheinboldt in their paper on residual based methods[7] and used by Becker and

23



Rannacher[12].

(3.3a) Rh(v, w) = (f, w)Th - (VV, VW)T

(3.3b) = (f, w)T + (Av, w)Th - (VV -f, w)arh

(3.3c) = (f +Av, w)Th - 1(VV, IW)a-h

From Equation (3.3c), a.(v, w) and l(w), and thus rK(v, w), are defined as

(3.4a) lK(w) = (f, w).

(3.4b) a,(V, w) = -(Av, w) + 1([VI, w)a.

LEMMA 9. CG Extended Local Consistency

rK(u,wW)= (f + Au, w). - 1(Vul w)ar = 0, Vw E V(K)

1
r, (W "0) = (g + AO, w)K - -(EV4',W)aK = 0, Vw E V(K),2

where V(r.) is the restriction of V to an element r,.

Proof. The volume integrals are zero since the strong form solutions satisfy Equations (2.1a) and

(2.5a). The trace integrals are zero because of the assumption that u and 4 are in at least CI (Q).O

Given Extended Local Consistency is satisfied, Extended Global Consistency is also satisfied via 8.
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3.3 Bilinear Error Bounds

For the following bounds, we assume shape regularity and also sufficient smoothness in u and 0 such

that the following classical results[15, Theorem 4.4.4] hold

(3.5a) IU - Uh,pm((,) $ h+'l UlHP+1(n)

(3.5b) 4' - 'h,plgm(K) $ h+ -lmI4I'HP+1(,).

Another useful result for the error analysis is IIA(u - uh,p)lL2(K) < h-1Ju - uh,,lH1(n)[27]-

For norms on the trace of an element, the standard trace theorem relationship may be used to bound

the error in terms of the error in the adjacent element volumes[15, Theorem 1.6.6], which can then

be bounded using the classical results above

(3.6a) |I[V(u - uh,p)II L2(a.) - - h,pIH1(k) < hP- 2 lUlHP+1(R)

(3.6b) 114 - Oh,pIIL2(a,) < h-1/ 2 |11 - Oh,p IL2(r) < hP'1/2|IH+1()-

k denotes the set of elements that share a trace with r,. The next step to bounding the Error

Representation Formula is to form a bound on the bilinear error.

LEMMA 10. CG Local Bilinear Error Bound

a, (U Uh,pl,4V - Oh,p2) hPl+p2 IU HP1+1( R) 10H2+1(K),

where (Uh,pi,4'h,p2) E (Vh,pl X Vh,p2) are finite element solutions of polynomial order pl,p2 E N.

Proof.

a.(u - Uh,pl, 0 - 4h,p2)

(3.7a) =-(A(U - Uh,pl), - Oh,p2)K + -Uh,p)], 4'- Oh,p2)ar

(3.7b) < IIA(u - uh,p1)IL2()I - Oh,P211L2(,) + g|I[V(u - uh,p 1)]|L2(a,,) l - 4h,p2 1L2 (ar)

(3.7c) < h''IlulIH1+1(,)hp2+1 lHp2+1(n) + P 1 Iu H1+1(g hp2+ 1 HP2+1(K)

(3.7d) $ hP1+P2 IHP1+1( R) Hv2+1(.). 0

25



LEMMA 11. CG Global Bilinear Error Bound

ah(u - Uh,pl,V) - Vh,p2) P1p2 IUHP1+1() 1Hp2+1(Q),

where (uh,p1, Oh,p2) E (Vh,pl X Vh,p2) are finite element solutions of polynomial order p1, p2 E N.

Proof.

ah(u - Uh,p1, b - kh,p2) = a.(u - Uh,pl, / - Oh,p2)

$ hpl+p2 IUIHv1+1(9) 101Hp2+1(,)
KET

$ hP1+P2Iu HP1+1(Q)kbIHp2+1(n). 0

3.4 Global Error Bounds

In this section Lemma

discretization.

11 is used to derive asymptotic convergence rates for 9 and S - for the CG

THEOREM 12. CG Global Error Bound

Let Uh,p C Vh,, be the finite element solution of order p. Then the global error satisfies

1.61 e< h 2, 1 UHP+1(Q) 101HP+1(Q).-

Proof.

(3.9a)

(3.9b)

(3.9c)

(3.9d)

E =Rh (Uhp, ) - Vh,p)1, VVh,p E Vh,p

= Rh (uh,p, V - O,p)I

= ah(u - Uh,p,, - ?,p)j via Lemma 4

< h2p uHv+1(Q)I jHP+1(Q) via Lemma 11. 0

THEOREM 13. CG Global Estimate Error Bound

Let Uh,p, Ohh, E (Vh,p x Vh,p,) be the finite element solutions of order p and p' respectively. Then
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IV R1 flqW"1 WP 11-1 -1, 11-11 - -- 11



the error in the global estimate satisfies

IS - LI < h2p' IH'+l(Q) IH'+1(Q)

Proof.

(3.10a) Ig - LI = IRh(uh,p, ?/b - Vh,p) - Rh(Uh,p, Vh,p' - Vh,p)I, VVh,p E Vh,p

(3.10b) = IRh(uh,p, V) - V4,p')1

(3.10c) = IR (u - Uh,p, VOh,p')I via Lemma 4

(3.10d) = IRb (u - Vh,p,, kh,pl)I, VVh,p/ E Vh,p' via orthogonality

(3.10e) = ah (u - Vh,', p -- /h,p')1, VVh,p' E Vh,p' via Lemma 4

(3.10f) ;< h2p' IUIHP'+1(Q)0IHP'+1(f) via Lemma 11. 0

COROLLARY 14. CG Global Estimate Effectivity Bound

|s -|< 2pinc

Proof.

(3.11) < h2p' UIHP'+1(Q) 11HP'+1() < 2pin0
ISI ~. h2p IUIHP+1 0)10|HP+1(Q)

3.5 Local Error Bound

In this section Lemma 10 is used to derive asymptotic convergence rates for 77, and 77, - ij for the

CG discretization. In common with the global results, all that is necessary to bound the relevant

formulae are Lemmas 7 and 10. The integration by parts of the global residual to arrive at the

localized residual means that rK(uh,p, Vh,p) 0 0, VVh,p E Vh,p thus the adjoint solution in p must be

explicitly subtracted to achieve the optimal convergence.

Theorems 15 and 16 contains semi-norms on the element K, these semi norms converge to 0 with

order O(hA), thus when combined in a pair they give an additional O(hd) rate of convergence to

the local estimate.

THEOREM 15. CG Local Error Bound
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Let (uh,,, Oh,p) E (Vh,p x Vh,p) be the finite element solutions of order p. Then the local error satisfies

1r. = Ir.(uhp, V) - h,p)I

= Ia.(u - uh,, -)- h,p) I

< h 2p uIH+1()IHp+1(K)

2p+d

via Lemma 7

via Lemma 10

0

THEOREM 16. CG Local Estimate Error Bound

Let Uh,p, h,p' E (Vh,p x Vh,p,) be the finite element solutions of order p and p' respectively. Then

the error in the local estimate satisfies

e,- l j 'HP+1(,).

- , rs(Uh,, V) - ?Ph,p) - rK(uh,p, kh,p, - 'Ih,p)I

= IrK(uh,p,, 7 - $P,p')

= Ia,(u - Uh,p, ) - ',p')I via Lemma 7

< hp'P' uIHP+1(A) IHP'+1(n) via Lemma 10

, hP+P'+d

COROLLARY 17. CG Local Estimate Effectivity Bound

r- 1 < hPin,.

Proof.

(3.14)

0

- ir. < hP+P'I UI HP+ ()I0 I HP'+' K <hPin.1771 'IUIHP+1 9I)H +1() <h 'e
0
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(3.12a)

(3.12b)

(3.12c)

(3.12d)

Proof.

(3.13a)

(3.13b)

(3.13c)

(3.13d)

(3.13e)
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3.6 One Dimensional Convergence

In one dimension, the local estimate for CG converges faster than the p + p' rate determined in

Theorem 16. In this section, we prove that the local estimate converges at O(h2p') in one dimension.

To begin, we note that in one dimension, CG approximations are exact at the boundary of elements

for Poisson problems[28]. As a result, terms such as V - Ohp, on 4, will be zero. Thus the error in

the error estimate r7, - 4s can be written

(3.15) r. - n = r.(Uhp, V - Oh,p') = ((f + AUh,p), 0 - Ohp'),.

Through Galerkin orthogonality of the adjoint equation

(3.16) 0 = (Vw, V(' - Oh,p'))rh, Vw E Vh,p',

integrating by parts and accounting for 0 - Ohpl = 0 on 0Th gives

(3.17) 0 = (Aw, 0 - bh,p')Th, Vw E Vh,p' .

For w E Vh,p', then Aw is in a discontinuous polynomial space, specifically q = Aw E EDVh,p'-2(K).

Thus, since this space is discontinuous, Equation (3.17) holds at the elemental level,

(3.18) 0 = -(q, (V) - O,p'),, Vq E Vh,p'-2(K).

Using Equation (3.18), the error in the localized error estimate given in Equation (3.15) can be
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bounded,

(3.19a) ((f + AUh,p), L - =,pl)t, ((f + AUh,p + q), 0 - h,p',, Vq E Vh,p'-2(r-)

(3.19b) <1 f + AUh,p + qlIL2(K)| -- 'Vh,p'L 2(I)-

Since Uh,p E Vh,p(K), AUh,p E Vh,p-2(K) C Vh,p-2(ti)

(3.20a) If + AUh,p + qlIL2(,)JIV - Vh,p' lL2(,), Vq E Vh,p'-2(K)

(3.20b) = If + Auh,p' IIL2(,) 110 - Oh,p'IIL2(K)

(3.20c) = |IA(u - Uh,p)1L2(,)1o - VOh,p/IL2(,)

(3.20d) ,< hP'- 1 1u Hp+()hP'+1 IV IHP'+1() = h2 IUIHP'+1() IHP'+1() = h2p'1

which completes the proof.
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CHAPTER 4

DISCONTINUOUS GALERKIN

The Discontinuous Galerkin (DG) scheme considered in this thesis is Bassi and Rebay's second

version, BR2 [11]. The convergence of global and local DWR estimates for BR2 has already been

analyzed by Yano[29] who showed that the p-dependency of the lifting operator can limit the con-

vergence rate of the global error estimate. To resolve this a mixed formulation for the error estimate

is proposed.

4.1 Discretization

For the DG discretization, the approximation space Vh,p is made up of piecewise discontinuous

polynomials of order p,

Vh,p = {v E L2 . E PP V E Th},

and the bilinear term is given by

(4.2a)

(4.2b)

(4.2c)

ah,,(v,w) = (VV, VW)rh

- ({Vv}, [w])Th - (H, {Vw})yh

- (fih,p(v) [ T]h
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The p subscript denotes that the bilinear term is p dependent, this means the residual operator

Rh,p (v, w) is also p dependent. For stability must be set to greater than the number of traces

of the element where the residual is evaluated, i.e. 3 for 2D simplices[16]. The lifting operator is

defined on trace f E Fh by the expression[2],

(4.3) ',(v) E [Vh,p]d: (Fr, (v), g)T = -(v,{g})f, Vg E [Vhp]d

where v C [L1 (f)]d. The p-dependence of the DG residual operator is contained in the expression

for the lifting operator ihp(v)[29], namely

(4.4) iF(rq(Vh,q) # i7 ,p(Vh,q), Vh,q E Vh,q, Vqp E N: q <p.

The p dependence suggests two similar estimates, one where the residual is evaluated in p, el, and

one where the residual is evaluated in p', g2 [29].

(4.5a) P = Rh,p(uh,p, bh,p,)

(4.5b) g2 = Rhp,(Uh,,, Oh,,,)

These estimates are analyzed in Section 4.6, placing them within a p independent framework, and

their sub-optimal performance is explained.

An alternative strategy is to append the lifting operator definition in the weak form to the residual

such that the bilinear term for the BR2 discretization is written as

(4.6a) ah(v, r;wFS) = (VV,VW)Th

(4.6b) - ({VV}, IW])Jh - (H, {Vw})Fh - (Wf, [Dyh

(4.6c) - ((FI, F)rh + ([V], {f})f),
f EF,

where jF and WF E S and SF Vh~P]d, and j?! is the element in FF corresponding to face
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f. The infinite dimensional equivalent is denoted SF = f F [V]d.

For succinctness V = (v, FF) and W = (w, WF) tuples are specified as arguments, thus ah(Vh,p, W)

ah(vh,p, rh,p; w, F). The discretization may be written as

(4.7) (Uh,p) E (Vh,p x Sjj) :Rh(Uh,p,Wh,p) = 0, V(Wh,p) E (Vh,p X S p)-

The exact j;f is defined by substituting in the strong form solution u E C'(Q), thus [ul = 0. Then

setting w = 0 shows that Ff = 0 for the exact solution. The adjoint residual for the DG formulation

can be written using the tuples as

(4.8) RO(W,V) = J(w) - ah(W,V).

Substituting in 4 E C'(Q), [/] = 0, then setting w = 0 shows that O-'f = 0. The tuple of the adjoint

variables is defined as I = (, F).

4.2 Localization

The DG residual is simply localized,

(4.9) r(V, W) = Rh(V, W1),

because unlike CG, DG displays extended local consistency when the test functions are elementally

restricted.

LEMMA 18. DG Extended Local Consistency

rn(U, W) = 0, VW E (V(K) x SF(K))

rT (W, I&) = 0, VW E (V(.) X SF

where V(Q) and SF(pt) are the elemental restrictions of V and SF.
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Proof. For the exact solution U, [uj = 0 and f = 0 leaving

(4.10a)

(4.10b)

r.(U, W) = (f, w), - (Vu, Vw), + (Vu -A, w)a"

= (f + Au, w)" = 0, Vw E V(K).

Similarly, for the dual localized residual

(4.11a) r' (W, XI) = (g, w)K - (V), Vw)K + (VO -f, w)aK

(4.11b) = (g + AO, w) = 0, Vw E V(N).

LEMMA 19. DG Extended Global Consistency

Rh(U, W) = 0,

RO (W, A) = 0,

VW E (tV(V(K) x SF

VW CED, (V(K) X SF(K)

Proof. Via Lemma 18, the proof follows naturally

Rh(U, W) = I r,(U, W) = 0,
KETh

RM(W, A) = rO (W, %) = 0,
KET
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VW E ED (V(') X SF(K))

VW E EDK(V(K) X SF(K)).

4.3 Bilinear Error Bounds

Assuming sufficient smoothness of the solution, existing error bounds can be used[2],

0

(4.12a)

(4.12b) 0

(4.13a)

(4.13b)

I U - Uh,pIHm() $ hp+l-mIUIHP+1(K)

b - Ph,p IHm(x) < hP+1mIH+1(K).



Given u,? E C', bounds on interface jumps, Iluh,p]4L2(f) and ||3Ph,pfIIL2(f) can be used[16]

(4.14a) IfUh,pJIJL2(f) 3 h- u - Uh,pIIL2(,,)

(4.14b) 11I Oh,p IL2(f) $h-110 - h,p11L2(,f).

Trace scaling can also be applied to relate norms on the trace to the elements[15, Theorem 1.6.6],

(4.15a) IU - Uh,pI I H-(f) r h-i lU - Uh,pHm(Kf)

(4.15b) 10 - r%,(.f) $ h- 4' - Ph,pIH"m(,f)

In addition, error bounds are required for f and 6f The definitions of Ir, and Yf are un-

changed, thus existing bounds for K and 6 can be used[16], but the proof is repeated here for

completeness.

LEMMA 20. DG Auxilliary Variable Bounds

rh,, L2( hpL2)

I rfh,,p L2(,f <fVh,pJJL2(f).

Proof.

(4.16a) IFh',p I22(n) = ( , ,I)f

(4.16b) =-(rh,p, [Uh,,lDf

(4.16c) <; |F(,,J|2(f)fl[Uh,pR 2(f)

(4.16d) < h-"| F,|r (s) hpL2g

(4.16e) 11 h,plIL2(,) < h-1|J[Uh,pJJJL2(f).
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(4.17a) Ifp122(,) = ( h ,p)f)

(4.17b) = -((h(p, IVh,pJ)f

(4.17c) rl": || 6hf& I I2 (f) IIOh,pj I I 2 (f)

(4.17d) $ -|2,p|2 |[@p||2f

(4.17e) 11',pI|L2(,) < h-2|I[bhP]Il2(f).

LEMMA 21. DG Local Bilinear Error Bound

a,(U - Uh,p1, X4 - Th,p2) = ah(U - Uh,p1, (T - T h,p2)) r hP+P2 uI HP1+1( ) Hp2+1(K),

where (Uh,p1, Th,p2) are finite element solutions of polynomial order pl, p2 E N.

Proof.

(4.18a)

(4.18b)

(4.18c)

0

a,(U - Uh,p1, IF - h,p2)

= (V(u - Uh,pl), V(O - h,p2)), + ({V(u - Uh,pl)} - l, ) - /h,p2)an

II

+ ([u -Uh,p1j, aV() - Oh,p2))a, -

I II

+ 1: (;#f,pif,p2)s

Ven

Z ( {Kpi} , V, - /h,p2)f

IV

- (EU -Uh,p11, adh 2 )f.-

fI

Where a = j, Vf e 4 nternal and a = 1, Vf E hboundary In order to bound the whole, it suffices to

bound the components individually

(I)

(4.19a) (V(u - Uh,pi), V(O - Oh,p2)),

(4.19b) <; IV(u - Uh,p1)|L2 V(0 - Oh,p2) 12()

(4.19c) < hpl+p2 uH11 9+()
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(II)

(4.20a) ({V(u - Uh,pl)}, V) - h,p2)an

(4.20b) _ I{V(U - Uh,pl)} - HL2(a,)HV) - Ph,p211L2(ar)

(4.20c) <hp1+p2U I HP1+ 1 (A) HP2+1()

(III)

(4.21a) ([u - Uh,p], aV((0 -- h,p2))a,

(4.21b) ;< I TU - Uh,p1]l L2()|V( - (,V h,p2) 1L2(aK)

(4.21c) < hpl+p2lal ypl+1(R) tJHp2+1()

(IV)

(4.22a) Z ({ih} -, / - 0 Ph,p2)f
f Ear

(4.22b) < 1: |{~F,,l}|L2(f)'I/ - h,p2HlL2(f)
f Ear.

(4.22c) < E h- IFhf,plI|L2(,,,)|| - h,p2||L()
f GoK

(4.22d) < hpl+p21U HP1+1(R)I Hp2+1 (r)

(4.23a) (f , I g,p2)11
f Ear,

(4.23b) E IFhf,p ll L2(,,) 11 hp2 11L2(a
f EOK

(4.23c) ,< hP1 +p2lUl H91+1(R)H2+()

f %j 01P21n)
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(VI)

(4.24a) ([u - Uhp1], ahf,p2)f
fE8K

(4.24b) h Z I[u -U,p1]IL2(f)HO~{p2HL2(f)

(4.24c) ,<Z h-1 |u - Uhp1L2( )H 2 HL2(n)
fEaK

(4.24d) < hPl+P
2 UIHP1+1(R) OjIHp2+1(k).

Thus,

0

a.(U - Uh,P1, ' -- 'I'h,p2) , hPl+P2IuIHv1+1(R) Hp2+1(j).

Using Corollary 8 the Global Bilinear Error Bound is given by

LEMMA 22. DG Global Bilinear Form Error Bound

ah(U - Uh,pi, 'I - XPh,p2) ,< hPl+P2
UH1+1(Q) Hp2+1(n).

Proof.

(4.25a) ah(U - Uh,pi, I - Ph,p2) = E a, (U - Uh,pl, ' - '&h,p2)

K GTh

(4.25b) $ z 1+p2
KETh

(4.25c) ,< hP1+p2 U HP1+1() Hp2+1(Q). 0

4.4 Global Error Bound

In this section Lemma 22 is used to derive asymptotic convergence rates for E and E - for the DG

discretization.
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THEOREM 23. DG Global Error Bound

Proof.

(4.26a) 1=. Rh (Uh,p,* - Wh,p)I, V h,p E (Vh,p X Shp)

(4.26b) = IRh(Uh,p, * - qh,p)I

(4.26c) = Iah(U - Uh,p, ' - Ih,p)I via Lemma 4

(4.26d) < h2pH via Lemma 22.

THEOREM 24. DG Global Estimate Error Bound

- | ;< h 2p H

Proof.

(4.27a) E - l= lRh(Uhp, 4' - Wh,p) - Rh(Uh,p, Wh,p' - Wh,p) VWh,p E (Vh,p XShp)

(4.27b)

(4.27c)

= IRh(Uh,p, X - T ,p')I

= R '(U - Uh,p, p) via Lemma 4

(4.27d) - Rf(U - Wh,p', h,p')1, VJh,p' E (Vh,p X ShjF) via orthogonality

(4.27e) = Iah(U - Wh,p', - 'h,p')1,, V ,pl E (Vh,p' X SihFp,) via Lemma 4

(4.27f) < h2p' H'+1(g)IHP'+1(n) via Lemma 22.

COROLLARY 25. DG Global Estimate Effectivity Bound

<h2pinc

Id

Proof.

(4.28) <
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4.5 Local Error Bound

In this section Lemma 21 is used to derive asymptotic convergence rates for q,, and r7, - 4s for the

DG discretization. In common with the global results, all that is necessary to bound the relevant

formulae are Lemmas 7 and 21. Unlike for CG (see Theorem 15), the DG localized residual is the

same as the global residual, aside from the local restriction of test functions, as such rK(Uh,p, Wh,p) =

0, VWh,p E Vh,p.

Theorems 26 and 27 contains semi-norms on the element n, these semi norms also scale h2 , thus

when combined in a pair they give an additional O(hd) convergence rate to the local estimates.

THEOREM 26. DG Local Error Bound

1r7,1 < h'P U HP+1(R)kb HP+1(R).

Proof.

(4.29a) 1771= 1 r, (U I,p,@ - Wh,p)1, VTh,p E (Vh,p (K) xhSp(-))

(4.29b) r,(Uh,p, ' - 1@,p)

(4.29c) = a(U - Uh,p, F - %h,p)I via Lemma 7

(4.29d) $ h2
'PuIHP+1(k) 101Hv+1(h) via Lemma 21. 0

THEOREM 27. DG Local Estimate Error Bound

1r7,- 1 e hp+p'l UIHP+1 (i)I,p IHP+1(R)

Proof.

(4.30a) 1r7. - 1 = jrK(Uh,p, 1 - Wh,p) - rK(Uh,p, 'Ph,p' - Wh,p)I, VVh,p E (Vh,p() x W)

(4.30b) = Ir, (Uh,p, ' -h,,)

(4.30c) = Ian(U - Uh,p, % - %h,p')1 via Lemma 7

(4.30d) < hP+P' UIHP+1(F.)1'1/)HP'+1(F) via Lemma 21. 0

COROLLARY 28. DG Local Estimate Effectivity Bound

|I?7f - ' h nc.
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Proof.

(4.31) hPIP'IulHP+1(V)I HP'+1(K) < hpic 0
(.31I h2 P uIHP+1(R) 4 HP+1(K) '

4.6 Statically Condensed Estimation

The full estimate 8 can be separated into two components,

(4.32a) = + glF

(4.32b) u = Ru(Uh,p, Oh,p')

(4.32c) = R ( ,

where Ru(V, w) is the residual of the scalar equation, and R'F (V, sf) is the residual of the auxilliary

equation. There is a corresponding separation of the local estimate

-F

(4.33a) +

(4.33b) K = Ru (U,p,Oh,pI 1n)

(4.33c) h{F = RF (Uh,,, pYF, W

To compare the two estimates, 1 = Rh,p(uh,p, Oh,p,) and g2 = Rh,p,(uh,p, 'h,p') against 8, they can

be written in the p independent residual as

(4.34a) = (Uh,,, Oh,p,)

(4.34b) g2 = Ru((Uh,p, frp,), "h,p')

gl and 52 only evaluate the residual for the scalar calculation. However, 52 by resolving for ';,,,

means that RF ((uh,p, ,), #p,) = 0, V,, E , Thus , can be introduced when calculat-

ing E - g2, and Lemma 4 can be used. E - gl will not converge with O(h2p') because it is not the
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whole residual, thus Lemma 4 cannot be used. Thus 82 = and 1 .

i1 and i2 can also be written in the p independent residual,

(4.35a) =

(4.35b) = Ru(Uh,p, rj,?P1hpl K).-

iu, thus from Lemma 21 r7, - i' will converge at 0(hP+P') but will have a larger error than

is because is - = j f also converges with order 0(hP+P'), so the ratio remains 0(1) with mesh

refinement.

i2 performs significantly worse than i , because Lemma 7 does not map to the adjoint residual.

Consequently orthogonality cannot remove the error associated with the inconsistent value of r .

The convergence is thus reduced to purely that of the primal variables, giving 0(hP) as predicted

by Yano [29].

Given the ultimate goal of using the estimates to drive an adaptive algorithm, L1, i1 was chosen

by Yano[29].
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CHAPTER 5

HYBRIDIZABLE DISCONTINUOUS

GALERKIN

The Hybridizable Discontinuous Galerkin, or HDG, method is a mixed method, in which the first

derivative on the scalar variable is introduced as an auxilliary variable, q-,

(5. 1a)

(5.1b)

(5.1c)

q -Vu=O inQ

-V .q=f inQ

u = 0 on o9Q.

The particular HDG method here is derived from the Local Discontinuous Galerkin (LDG) method

and is sometimes referred to as the LDG-H method [17, 18].

5.1 Discretization

The HDG residual, in common with CG and DG, can be written with a linear functional and a

bilinear functional. In addition to replacing the solution gradient with an additional variable HDG

replaces the trace of the scalar on the element boundaries with an additional variable i. Thus

f= u and 4 = 4 on the element traces, for the exact solutions u and 4. For ease of notation

U (u,-,q), 5 1' (4, ', ) and W = (w, 8, t), thus RR(U,,W) ,
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The discretization is defined by

(5.2a) Vhp v {V E 2(Q) : v 1 E PP (r), VK E Th}

(5.2b) Qh,p {'TE [L2 (7 d -, e [PP( )], VK E Th}

(5.2c) Mh,= {m E [L 2 (Fh)]d 1 mjf E PP()d-l, Vf E Fh},

with bilinear term

(5.3a) ah(V, 'b; s, t) = (t VW)Th + (F' - , war

(5.3b) + (i, ITh + ,V + ( -(0, S i)aTh

(5.3c) - ([], D)yh

(5.3d) Fv = -F+ (mr)(v - 0).

r is a stabilization parameter that must be greater than 0 for stability[24]. In this thesis two methods

of choosing the length scale are analyzed. The first HDG(h) uses the local length scale of the mesh,

and the second HDG(L) uses a globally specified length scale L. The adjoint equation can also be

written in mixed form

(5.4a) --VOb=0 inn

(5.4b) -V -#=g inn

(5.4c) 0=0 on a0.

The spaces Vh,p, Qh,p and Mh,p are discrete counterparts to the infinite dimensional spaces V, Q

and M,

(5.5a) V L 2(Q

(5.5b) Q [L2 (

(5.5c) M {m E [L2 (fd- 1, Vf E .Fh}.
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The collection of elemental discrete spaces is denoted Wh,p - (ED(Vh,p() X Qh,p(K)) X Mh,p)

5.2 Localization

Consider the following localization

r,(U, W) = 1, (w) - a,,(U, W)

a,(U, W) = (- Vw) , + (F -f, W)

+ (s), + (u, -)/ - 0, f-)8K

- V 1 , 2b 's ,

which closely follows the global form except for apportioning half the jump term to the two elements

adjacent to each trace. Using this apportionment, the sum of the local residuals can be readily

shown to equal the global residual.

LEMMA 29. HDG Extended Local Consistency

r,(U, W) = 0, VW E (V(K) x Q (n) X M(Or))

ri(W, x) = 0, VW E (V(K) X Q () X M(Or)),

where V(K), Q(K) and M(OK)) are the elemental restrictions of V, Q and M.

Proof. F = -q+ (-r-f)(u - f) occurs only in trace integrals thus F - -q,

r(u, fiu; w, s, 7) = (f, w),. - (q, Vw), - (F , )aK

- (,) - (u, -s + (, 8 -f)8"

+ ([I F a

- (q - Vu, s) - (u - f, s -f)'

+ ([-, ?i)aK = 0, VW E (V(K) X Q(K) X M().

The proof for the dual proceeds analagously.
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(5.6a)

(5.6b)

(5.6c)

(5.6d)

(5.7a)

(5.7b)

(5.7c)

(5.7d)

(5.7e)

(5.7f) 0



Extended global consistency follows naturally from Lemma 29.

LEMMA 30. HDG Extended Global Consistency

Rh(U, W)

Ro (W, I)

= 0, VW E

= 0, VW E

The proof is a direct consequence of Lemma 29

Proof.

Rh(U, W) = r,(U,W)
KETh

Rh (W, T) = K r(W, F)
KET

= 0, VW E (E) (V(n) x Q (n)) x M)

= 0, VW E (E)(V() x Q(x)) x M).

5.3 The IIP Projector

To prove the convergence rates for the output error, the HP (, u) = (HPq' HP u) projector as intro-

duced by Cockburn et al. [18] is used. The projector is defined for use with the primal problem,

but it can also be applied to the adjoint.

The projector gives bounds on the local and the global solution errors of the HDG discretization in

terms of semi norms on the exact quantities, whilst accounting for r dependencies.

DEFINITION 31. The HP Projector

(l71WV, w)x = (V, w) ,

(HiF. t + -rH1v, ti)aK = (F. A + rv, T),

Vs E [pp- 1(r.)]d

Vw E PP-i(K)

Vtib E PP (OK),

The domain of HP is a subset of Qhp x Vh,p.

The Hh projector can be related to the PP. projector, defined as the L 2 projection in p onto M(f)
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(.(V(r-) x Q(x)) X M)

(@'(V(K) x Q(x)) x M).

(5.8a)

(5.8b) 0



PM4 (t -h) = iI.- A + r(llP v - PP v).

DEFINITION 32. Error bounds for the fI Projector

For 0 < m < 1 [18, Theorem 3.1, Theorem 4.1],

Primal

(5.10) ||HlU - Uh,pH am(K) m hin{p,l}j q--m(,s)

(5.11) |Hiq - qh,p Hm() < h - lm ( ()

(5.12) IIP (q -A) -f -nH|&(,) < III -ql m)

(5.13) ||PU - h,pI|h(,) hl|IIq7- qIHm(R).

The 11 I-h(K) norm is defined as | = h|IlH L ') : p E L2 (OK), thus

(5.14) ||PIIL2(a,) = h-'! 11y11 h(,).

Adjoint

l IP- Vkh,plH m(p)

||H- Th,pH|gmV,)

IIPM ((.A) -h I h (r,)

IIPMV) - h,pllh(Kt)

mii,11& -_ -II fmm~ r

111 |H - 51gmta

Sh|II - 511ms)

Equations (5.11), (5.12), (5.16), and (5.17) are Theorem 3.1 and Equations (5.10), (5.13), (5.15),

and (5.18) are Theorem 4.1. Fu and Pp are the numerical flux defined for the primal and adjoint

respectively, thus in F in Equation (5.3) is equivalent to Fu.

Using the trace theorem[15, Theorem 1.6.6] the L2 projection on a trace can be related to the semi

norm over the volume,

(5.19) |v - P vIL2(f) $ hP" 2V1 P+1(K,)-
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(5.16)

(5.17)

(5.18)
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These error bounds can be combined with bounds for the interpolation error of the projector

DEFINITION 33. HI Projector Error Convergence rates [17, Theorem 2.1]

Primal

P'1' - J I H- (,) r hP1 
+ 

1  IJHP1+1(K) + hPl+-mI UH1+1(K)
-M~q IUIHP1+1-,

||Ijl~U -UI|Hm () < hpl+l-m IUlH1+1(,) + hPl 1 m V'HP1(K)-
'7-

Adjoint

||IS2 W- W||H m(,) $ hp2+1-m kPHp2+1 (K) + hp2 +1-mTI/)IH2+1(K)

1IJ~20 p+1-mhP2+1-m
| - |IHm(,) r hP2+ mIH2+1(n) + h V H-2(n)

We make the assumption that r is single valued on a trace and of sufficient smoothness in u and 0.

Given q= Vu in Equation (5.1), combined with the regularity and smoothness assumptions from

Chapter 2, more compact expressions are

Primal

(5.20a)

(5.20b)

Adjoint

IIHyW- q-lIHm(K) $ hP 1 m(IUIHP1+2(n) + TIUIHP1+1(K))
1

I|HIu - UIIHm(K) $ hPl+-m(IUIHP1+1(,) + -iUIHP1+2(K)).

(5.21a) l|l2_ -1 PHm(,) $ hP2
+
1m(IIH2+2() + TrlVHp2+1(K))

(5.21b) IIJ 2V) - |/1Hm(K) $ hp2+1-m H2+1 () H2+2()).

5.4 Bilinear Error Bounds

From Definition 5, to bound the global bilinear error, it suffices to bound the local
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LEMMA 34. HDG Local Bilinear Error Bound

a,(U - Uh,pi, ' - 41h,p2) < hP1+p2+1 (IuIHp1+2(R) [0b1H,2+1(,)

1
+ (IuIHP1+1(a) + IUIHP1+2(,))(bIVH2+2(K) + 7rIVHp2+1(K))

+ (IuIHP1+2(n) + rIuIHP1+1())(iPHp2+1() + - Hp2+2(,),

where (Uh,p1, 'Fh,p2) are finite element solutions of order pl and p2 and r is the stabilization pa-

rameter, assumed to satisfy hr 3 1.

a,(U - Uh,pi, 'P - Th,p2) W + T)hPl+P2+1+d

Proof.

a,(U - Uh,pi, ' - Th,p2)

(q'- qh,pi, V(O - -h,p2)) -((q-- F) -t, 0 - /h,p2)a,

+ (q- qh,p1, W' - h,p2)K + (u - Uh,pi,V (W - Wh,p2)),
III IV

- (u - Uh,pl, (e -- 'h,p2) *fl~as - ( q F,! - Oh,p2)a\afl.

VI

To bound the whole it suffices to bound each of the components individually.

(I):

(5.22a) (q- qhpi, V(/ - Oh,p2)).

(5.22b) <|q-- qh,p1HL2(,)1/) - Ph,p2|IH1( )

(5.22c) < (|I'q- qh,p1|L2 (.) + IHI1q- qIL2(r)) ( WH - hP2 |H1(K) + IWn 2  
- 0bH1(K)

(5.22d) < IIHgq- q1lL2(K)(h|lH2 - WPl H'(K) + Ir 1/2? -+ lIH'(K))

(5.22e) < hP+p2+1g(IuIHP1+2(,) + THUIHP1+1(K))

1
(h(l4IHp2+2(,) + T 141Hp2+1(,)) + (kblHp2+1(,) + HOIHp2+2(,)))

(5.22f) $ hp'+p2+ 1(uIHv1+2(K) + TUIHP1+1())(I1IHP2+1(,) + IlPHp2+2(,)).
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(II):

(5.23a) ((qj- k) 0l, P - Ih,p2)0,

(5.23b) |(q- F) -iIL2(8,)IV - Oh,p2IIL2(0n)

(5.23c) $ (11(- P0q) l nhL2(a) +(Pq f - ?)2-L2(a,))h- ||! - Oh,p2 1L2(n)

(5.23d) < h-6 (11(7- PMq - iIIL2 (aK) + h- Ilq-- qlL2(,))

(IHjn2 - ][,PL2() + h s( 2P- _P-L2())

(5.23e) o (hpl+i (IuIHp1+2(,) + TIUIHP1+1(,))

(hp2+1 (lHp2+1(a) + ! |Hp2+2(,)) + hp2+2 (IHp2+2(1) + rlV'1Hp2+1(,)))

(5.23f) < hPI+p2+1 IHHP1+1(.))0l Hp
2+1(

n) + Hp2+2(r)).

(III):

(5.24b) H|qT- HPlq-) + (JIl'q7- qha,pl)| L2()II((P- HT2#) (H 2# - Ph,p2)jIL2(n)

(5.24c) 5i |Ii - q1Ly(s) I|fl 2N - lu)

(IV):

(5.25a) (u - U ,pl, V (-- Wh,p2))n

(5.25b) < H ( - Uhp1|L2()+ (V s- -hp2)+L2( )

(5.25c) (I|u - [I~'|HL2(x) +Iu -uhplt2(,)) I ( oh,P2H H1(^)

(5.25d) $ (I|u - FW~,UI IL2(,) + hl--_lL2(K)) ( ll 2 H(x + 2 _ h,p2IH1(n)

(5.25e) (.u - F UL2(K) + h|flqT- q-1IL2(s)) io 2  _

(5.25f) < (1(IHp1+1(K)+ 1 +H++

hp2 (+H P2+2( + rT IH P2+1(K))

(5.25g) ( + + UIHv1+2 IH2+2(x) + T(P -HP2+1(P)2.
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(V):

(5.26a) (u - Uh,pl, (W' - Wh,p2) a

(5.26b) $ h-(u - Ppu) + (PMu - Uh,p) IL2(a,)| 2 _L2(

(5.26c) , h-A (IJu - PM uH L2(8,) + h- IPMPu - Uh,pllh() W2 - P|L2(K)

(5.26d) < hi (I|u - PhuH2L2(O) + h) IIH[1q2 q--L2( 2 L2(K)

(5.26e) < hP1 (IuIHP1+1(K)1 ' V H2+

(5.26f) H (r) + h( ul Hp1+2(K) + TrulHP1+1()))h2 (IvlHp2+2K + -LIAHP2+1(K)

(5.26f) < hP+p2+1|UIHP1+1(K) (IVIHp2+2(,) + TkbIHp2+1(K)).

(VI)

(5.27a)

([l - fl, 0 - Oh,p2)a\aQ

(5.27b)

U- FqIIL2(a)II4 - Ih,p2HL2(a,)

(5.27c)

< || Eq- P q1 IL2(aO) + 1 P p4q - F1||L2(aK)) (1|0 - PM |IL2(0,) + || PM - /h,p2|IL2(aK)

(5.27d)

,< (hP'+1 UIHP1+2(r) + h- qf1
1

T - q L2 hP2+ IHp2+1() + h- |IP? - Ph,P211h(,)

(5.27e)

, (hP1 IUIHp1+2(R) + h III - tL2) hP2+ IH2+1(n) s W$ _ -h,p2 1L2(

$ hP1+p2+1 (IUIH1+2(R) + TIUIHP1+1(R)) (IPIHp2+1(K) h(IIHp2+2(,) + T l/IHp2+1(,)))

(5.27f)

< hpl+p2+ujHp1+2()bIHp2+1().

Combining these together,

a,(U - Uh,pl, J' -- h,p2) < hPl+P2+ H1+2() HP2+1(K)

1
+ (IuIHP1+1(,) + HUIHP1+2())(tPHp2+2(K) + T rbH2+ 1(K))

+ (IuIHP1+2(K) + T IUIH1+1(,))(OPHp2+1(K) + OlHp2+2()).
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The semi norms on an element converge with order O(hA) and they always occur in pairs. This gives

rise to an additional O(hd) convergence of the local bilinear form, thus it can be more descriptively

written as

0

a.(U - Uh,P1, ' -- 41 h,p2) + - + r hPl+p2+1+d.

Using Lemma 34 the Global Bilinear Error Bound can be proven.

LEMMA 35. HDG Global Bilinear Error Bound

ah(U-- Uh,p,'I - Xh,p2)

e. h+21 HP1+1(n) + -UIHP1+2(H))(V)Hp2+2( 2) +-rT)IHv2+1(n))

r< hP1 +p2+1 1 +,r,
( r

where (Uh,p1, %Fh,p2) are finite element solutions of order pl and p2 and r is the stabilization pa-

rameter, assumed to satisfy hr < 1.

Proof.

(5.28a) ah(U - Uhi, p' - 'h,p2) = Rh(Uh,p1, P - Ph,p2)

(5.28b) = r, (Uh,pi, - X h,p2)
KE'Th

(5.28c) = a, (U - Uh,pi, T - x'h,p2) via Lemma 29
NETh

1
(5.28d) < hp1+p2+1 (H1+1(Q) + -IUHP1+2(o))(| | Hp2+2(o) +r| | H2+1())

(5.28e) $ hp1+p2+ 1  + r). 0

5.5 Global Error Bound

In this section Lemma 35 is used to derive asymptotic convergence rates for and - for the

HDG discretization.
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THEOREM 36. HDG Global Error Bound

1.l 1 h2P+1(IuIHP+1(Q) + UIHP+2(Q))(IV)IHP+2(Q) + TIO IHP+1(Q))

Sh2p+1 1 +),

where r is the stabilization parameter, assumed to satisfy hr , 1.

Proof.

(5.29a) -6= 1 Rh(Uh,p, % - Wh,p)1, VWh,p E W/,

(5.29b) = IRh(Uh,p, %F - P,p)I

(5.29c) = ah(U - Uhp, " - &h,p)I via Lemma 4

(5.29d) < h2p+ 1(IuI HP+1() + IuIHP+2(n))IHP+2(Q) + 7 PHP+1(n))

(5.29e) < h2p+ 1 - + r via Lemma 35. 0

THEOREM 37. HDG Global Error Estimate Error Bound

6E - 1< h 2' P Hv'+l(0) + T IH'+2?()) HP' + HrI'H'+1(n))

< h2P'+1 + ,

where r is the stabilization parameter, assumed to satisfy hr f5 1.

Proof.

(5.30a) 1E - LI = JRh(Uh,p, XF - Wh,p) - R(Uh,p, "h,p - Wh,p)1, VWh,p E Wh,p

(5.30b) = Rh (Uh,p, T - hp')I

(5.30c) = R*'(U -UhpAh,p)I via Lemma 4

(5.30d) = Rf (U Wh,p', XF h,p')1, VWh,p,' E Wh,, via orthogonality

(5.30e) = ah(U - Wh,p, % - Fh,p'), VWh,p,' E Wh,p, via Lemma 4

(5.30f) $ h2p'+1(luI HP'+1(f) + IuIHp'+2(Q)) IHI'+2(Q) + TkIHP'+1(Q))

(5.30g) < h2p'+1 +7-) via Lemma 35. 0

COROLLARY 38. HDG Global Error Estimate Effectivity Bound

-l <h

53



Proof.

(5.31) 6 h 220ic 0
h2p +

5.6 Local Error Bound

In this section Lemma 34 is used to derive asymptotic convergence rates for r7, and 77, - i, for the

HDG discretization. In common with the global results, all that is necessary to bound the relevant

formulae are Lemmas 7 and 21. Unlike CG (see Theorem 15), the HDG localized residual is the

same as the global residual, aside from the local restriction of test functions and the factor of j on

the jump condition, as such rK(Uhp, Wh,p) = 0, VWh,p E Wh,p(r), where Wh,p(r.) is the elemental

restriction of Wh,p.

Theorems 39 and 40 contains semi-norms on the element n, these semi norms also converge to 0

with order O(h), thus when combined in a pair they give an additional O(hd) rate of convergence

to the local estimate.

THEOREM 39. HDG Local Error Bound

I < h2p+1 (IUHp+2(p.) IHP+1(x)
1

+ (IuIHP+1(,) + IUjHP+2(,))(IOIHP+2() + r HP+1 ())

+ (IuIHv+2(,) + ru|HP+1(K))(' HP+1() -|I- I HP+2(K))

(6 +T h2p+1+d

where r is the stabilization parameter, assumed to satisfy hr < 1.
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Proof.

(5.32a) = (U,p, T - W,p)1, VAh,p E Wh,p(K)

(5.32b) = r,(Uh,p, XF - 9 ,p)I

(5.32c) =ja,(U - Uh, - 'h,p)I via Lemma 7

(5.32d) < h2 p+ 1 
(luIHP+2(k)l IHp+'(n)

+ (IuIHP+1(K) + JU-Hp+2( H))(V~'jHp+2(n) + T l'IHP+1(n))

(IulHv+2(K) + T IUIHv+1())(IOIHP+1(.) tV)Hp+2(K)

(5.32e) < + r)h2p+1+d via Lemma 34. 0

THEOREM 40. HDG Local Estimate Error Bound

1r7K - in| I hP+P'+l(IUIHp+2 (R) 101H,'+1

+ (IuIHP+1(K) + -IUIHP+2(K))(I HP'+2(n) + T IH'+1(.))

+ (|U|Hp+2(K) + rTIUIH+1(K))(Ib HP'+l(,) + HP'+2{ ))

,< (1 +r)hp+p'++d,
\T /

where r is the stabilization parameter, assumed to satisfy hr ,< 1.

Proof.

(5.33a) rN- KI = Ir,(Uh,p, 'I - W -,p) rK(Uh,p, h,p' - Wh,p) VWh,p E Wh,p($)

(5.33b) = IrK(Uh,p, 'I - % h,p')

(5.33c) =Ia,(U - Uh,p,-- h,p) via Lemma 7

(5.33d) < hP+P'+ (IuIHp+2(j) 11 H'+1(K)

+ (Iu|Hv+1K() + -UIHP+2(K))(IIHP'+2(K) + HP'+())

+ (IuIHv+2 (K) + TIUIHP+1())(I)IHP'+1'() + Hp'+2 (

(5.33e) ,<(I + hp+p'+1+d via Lemma 34. 0

COROLLARY 41. HDG Local Error Estimate Effectivity Bound

17 -- < hPinc .
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Proof.

(5.34) 0 hPP( ,< h .
inx| h2P( 7
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CHAPTER 6

NUMERICAL RESULTS

To demonstrate the theoretical convergenc rates, exact primal and dual solutions with sufficient

smoothness are required. To do this, the forcing functions f and g are chosen to give solutions u, 0 E

C' (). Averages of absolute values of the local quantities are used to measure the convergence of

the local error estimates.

6 E KEh Aa C-Th 7K- - Aavg
(6.1) avg - N ' avg - N ' - avg

These are in contrast to their global equivalents

(6.2) Eglob = ISI, Afglob = JE - I, Oglob = Mglob
Eglob

Eavg and eglob are the relative error of the estimate with respect to the true error, the rate of

convergence ought to be independent of the polynomial order of approximation, being only a function

of the increase in polynomial order over the primal for the adjoint approximation. Table 6-1 shows a

summary of the expected rates of convergence for all of the error estimates and schemes analyzed in

Chapters 3 to 5, and is thus the reference against which the numerical results will be compared. The

additional O(hd) convergence for the local quantities is from the O(hA) scaling of the semi norms

involved in the estimates, which always occur in pairs.
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Table 6-1: A priori convergence rates for global and local error and estimate error

8
glob A~glob Savg A~avg

Cc h2 p h2P' h2p+d hP+P'+d

DG h 2
p h2p' h 2p+d hP+P'+d

HDG(h) h2
P h2

p' h2p+d hP+P'+d

HDG(L) h2p+1 h2p'+1 h2p+1+d hP+P'+1+d

Table 6-2: A priori convergence rates for global and local error and estimate error in ID

Sglob Ag1ob Savg A~avg

CC h2 p h 2p' h2p+d h2 p'+d

DG h2 p h 2p' h2p+d h2p'+d

HDG(h) h2P h2 p' h2p+d h2 p'+d

HDG(L) h2p+l h2p'+1 h2p+l+d h2p'++d

6.1 1D Results

This section numerically verifies the results of the a priori analysis presented in Chapters 3 to 5 for

the Poisson problem. The particular test case chosen for ID is

(6.3a)

(6.3b)

U (1- x)(e5x - 1),

V = sin(7rx),

in (0, 1)

in (0, 1)

which corresponds to an output functional of

7(u) = (7r2 sin(7rx), u)o

this test case was chosen for being relatively pathological as a result of the adjoint being a simple sine

wave. f sin(n7rx) sin(m7rx) = ensures only odd components of the Fourier modes of primal

will return non zeroes. The expected rates of convergence for the estimates as a result of the a priori

analysis are given in Table 6-2 and the analytical solutions and data are shown in Fig. 6-1.

In this section the convergence rates of CG, DG, HDG(h) and HDG(L) are compared. The h and

L specify the length scale used in the stabilization constant r, both satisfy the assumption hr < 1,

thus the analysis of Chapter 5 holds.
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Figure 6-1: ID Solutions and Data
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(c) A gbob : Pinc = 2

Figure 6-2: Global error (Egiob) and estimate error (AEglob) :u (1 - x)(esx - 1), 1/ sin(irx)
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Figure 6-3: Local error (Eavg) and estimate error (ASavg) : (1 - x)(e5x - 1), / = sin(7rx)

Figures 6-2a to 6-2c show the global error, error in the error estimate with pinc = 1 and error in

the error estimate with pinc = 2 for CG, DG, HDG(h) and HDG(L). The global length scale was

taken to be - for HDG(L), this corresponds to half of the distance between the right boundary and

the peak value. All of the estimates considered are converging exactly as expected. Discerning the

difference for the two HDG estimates is difficult using the figures alone, thus the data for generating

the plots is presented in Appendix A.1.

All of the discretizations and their estimates are converging exactly in line with Table 6-2. HDG

also achieves an order of magnitude less error, both in the computed output functional, EgIob, and

in the estimate A4g1ob for the same grid, the exact cause of this is unclear. All of the data used for

generating these plots are presented in Tables A-1 to A-4 and A-9 to A-12.
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Figures 6-3a to 6-3c show the local error, error in the error estimate with pinc = 1 and error in the

error estimate with Pinc = 2. The local average estimates and their errors are converging at the

expected rates from Table 6-2.

HDG gives an order of magnitude less error than CG for all values of p and pinc, with HDG(h) and

HDG(L) having approximately the same error despite HDG(L) converging O(h) faster, this is as a

result of the choice of the global length scale. The choice of global length scale is relatively simple for

linear one dimensional case such as this, but for multi-dimensional cases or those with anisotropic

features (for example a boundary layer), it is difficult to know a priori what length scale to choose.

Choosing a length scale too small ensures the asymptotic convergence rate, but at the cost of the

initial error being larger, and vice versa. Figures 6-3b and 6-3c show that choosing the reference

length scale of the order of the grid spacing is a viable alternative that would require no a priori

knowledge of the important underlying flow features.

The DG estimate performs the worst of all of the schemes considered, for pinc = 1 it is approximately

the same as CG, but for pinc = 2 it is an order of magnitude worse for the same mesh. This suggests

that DG estimates have more of a cancelation effect than the other two discretizations given it

performs well for the global but is significantly affected by the introduction of the absolute value

into the summation of Alavg.

In summary, all of the schemes converge exactly as predicted by the a priori analysis, with the DG

and HDG discretizations also inheriting the 'super convergent' properties of the CG local estimate

shown in Chapter 3. All of the data used for generating these plots are presented in Tables A-5

to A-8 and A-13 to A-16.

6.1.1 Statically Condensed Estimation

The p dependent estimates introduced by Yano [29] were shown to be incomplete approximations

of the true estimate in Chapter 4, in that they fail to completely account for the error in the

approximation of r[,. In order to make comparisons of the estimates, the weighted residual can be

separated into scalar and auxilliary components

(6.5) Rh(Uh,p, lkh,p,) = R'(Uh,p, /h,p,) + RfF (Uh ,,

Failing to include the lifting operator error in an estimate results in gU = R'(Uh,p, ,h,p,) with it's
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Table 6-3: A priori convergence rates for DG global and local error and estimate error in ID

A~glob h2p' hP+P' hP+P' h2p'
Asavg h2p'+d hp+p'+d hp+p'+d hp+d

corresponding localized equivalent i', it is thus possible to assess the statically condensed estimates

with respect to u and 8.

The ID analysis from Chapter 3 ought to apply for any truly adjoint consistent estimate, as a result

the true local estimate ought to recover the optimal asymptotic global convergence for all p and

pinc. Figures 6-4a to 6-4c show the effect of the static condensantion evaluation on the global error

estimates.

Global Estimation

Fig. 6-4a shows the computed values for Eglob which is independent of the estimation method.

Fig. 6-4b shows the results for Pinc = 1 and Fig. 6-4c shows the results for Pinc = 2.

As can be seen from the plots, A4gIob - AS2l9b and A iSgob A Aglob, with the lines perfectly

aligning for all p and Pinc. This is expected as a result of the analysis in Chapter 4, wherein it

was shown that both 8' and g2 fail to weight the lifting operator residual with the corresponding

adjoint auxilliary variable 6f ,. However by recalculating rhp, as a function of bUa,p, the primal

auxilliary lifting operator residual is made orthogonal to the space SF[, for g2. This means that

AEg 2lob =Ru(Uh,p, V)h,,) + R;F (Uh,p, P,) VOFP, E SFP, Rf (Uh,p,,'Ih,p') which is Asglob.

A5S"lob = g1 ob gives a marginally worse approximation than Aglob for Pioc 1 which grows worse

with grid refinement. This is because R F (Uh,p, 6f,) ought to grow as a proportion of the error

as the grid is refined and the solution primarily occupies the even modes. This also explains why

for p = 2 and pinc = 1 it performs better than the other estimate given limh.Ao Ag8~b = 0, thus

AESOb ought to make up the majority of the error for any sufficiently fine grid. For Pin, = 2, it is an

extremely poor approximation with 4 orders of magnitude more error than Asglob. The predicted

sub optimal rate of O(hP+P') is observed for pinc = 2, verifying the a priori analysis.

In summary, all of the observed rates are in accordance with Table 6-3, as seen in Tables A-25

to A-28. Aglgob A8 A21 - achieve O(h2p'), the optimal convergence rate, whilst ASlu =

achieve the sub optimal O(hP+P'), as expected.

Local Estimation

Fig. 6-5a shows the computed values for Eavg which is independent of the estimation method.
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Fig. 6-5b shows the results for pinc = 1 and Fig. 6-5c shows the results for pinc = 2 which though

not typically used for estimation, is useful for verifying the analysis.

The plots confirm the hypothesis of Chapter 4 that Agauvg - A 1vg, with both failing to account

for the error in the auxilliary equation. Alavg has the lowest error for p = 1, 2 and Pinc = 1, 2.

For Pinc = 1 the benefit over Au vg= A 'vg is minimal, in particular for Pinc = 1, p = 1, the three

are practically identical, thus 'e does not make up much of the local error. However for Pin, = 2

the effect is significant, with ACUvg AC'vg being 2 orders of magnitude worse than Mavg, this

supports the conclusion that failing to account for the error in the primal auxilliary variable can

reduce the quality of the estimate.

ACa2vg is far worse than the other estimates, in accordance with the a priori thus A 2vg converges

only because of the primal variables. This results in the sub-optimal O(hP+d) rate of convergence.

Thus all of the observed rates are in accordance with Table 6-3. All of the data used for generating

these plots are presented in Tables A-21 to A-24 and A-29 to A-32.

6.2 2D Results

The primal and adjoint equations are

(6.6a) u = (1 - x)(1 - y)(l - e3xy), in (0, 1)2

(6.6b) 4 = sin(7rx) sin(7ry), in (0, 1)2

which corresponds to an output functional of

(6.7) J(u) = (7r 2 sin(7rx) sin(iry), u).

The solutions and forcing functions are shown in Figures 6-6a to 6-6d.

Global Estimation

Figures 6-7a to 6-7c show the global error, error in the error estimate with Pin, = 1 and error in

the error estimate with Pinc = 2 for CG, DG, HDG(h) and HDG(L). The global length scale was

66

MIOMMMMM MPIt 11 00111 MP NIM1111 lopq x 0 - lip IMPOI . 0 P Iq IM F 113 1 lip 1 11 W"WMW""R



0.9

0.25.8

0.26

0. 0.15 0-5
04

0.1 0.3

02
0.05

0 0.5 10 0.5 1

(a) u (b) V)

8
14

7

12

.0 ( 10

48

0 050

(C) f(d g

Figure 6-6: 2D Solutions and Data

67



........ . ...... I .I .......I .,
0.05 0.06 0.07 0.08 0.09 0.1 0.11 0.12

h
(a) Eglob

10-4

108

0:05 0.06 0.07 0.08 0.09 0.1 0.11 0.12'
h

(b) Ag1ob : Pinc = 1

Figure 6-7: Global error (Sglob) and estima
= sin(7rx) sin(7ry)

109

10-1

10-1

0d5 0.06 0.07 0.08 0.09 0.1 0.11 0.12
h

(c) Akglob : Pinc = 2

te error (ASgob) : = (1 - )(1 - y)(l

68

I

10-

10 3

10-5

106

CG P=1
DG P=1
HDG(h)P=1
HDG(L)P=1
CG P=2
DG P=2
HDO(h)P.2
HDG(L)P=2

e3xy)

10

10-7

108

109



taken to be - for HDG(L). All of the estimates considered are converging exactly as expected.

Discerning the difference for the two HDG estimates is difficult using the figures alone, thus the

data for generating the plots is presented in Appendix A.3.

HDG(h) has approximately an order of magnitude less error and error in the estimate than CG and

DG for p = 1, 2 and Pinc = 1, 2. CG and DG are approximately equal, with DG having slightly less

error than CG for a given mesh. HDG(L) has approximately half the error of HDG(h) and the ratio

increases as the grid is refined with HDG(L) performing better relatively because of the additional

O(h) convergence of HDG(L) compared to HDG(h).

All of the discretizations and their estimates are converging exactly in line with Table 6-1. HDG

also achieves an order of magnitude less error, both in the computed output functional, Eglob, and

in the estimate A4g1ob for the same grid, the exact cause of this is unclear. All of the data used for

generating these plots are presented in Tables A-33 to A-36 and A-41 to A-44.

Local Estimation

Figures 6-8a to 6-8c show the local error, error in the error estimate with pinc = 1 and error in the

error estimate with pinc = 2. The expected rates of convergence for avg and A~avg are given in

Table 6-1. A~avg are all converging on average pinc/2 faster than expected. This is possibly because

whilst the absolute value ought to prevent Galerkin orthogonality occuring, if 7, - i, were all the

same sign, the absolute value would have no effect on the summation and the global estimate would

be recovered. Thus the convergence rates of Table 6-1 for Agavg are pessimistic and assume the

worst case scenario for the application of the absolute value.

HDG(h) has approximately an order of magnitude less error than CG and DG in 6 avg, with HDG(L)

having about half an order of magnitude less error than HDG(h). HDG(L) has increasingly better

error than HDG(h) with mesh refinement because of the additional O(h) convergence rate. For

AMavg, HDG(L) also has about half an order of magnitude less error than HDG(h), HDG(L) also

has increasingly smaller error than HDG(h) due to the additional O(h) convergence rate. CG and

DG have approximately half an order of magnitude less error than HDG(h) for pinc = 1, but for

Pinc = 2 CG has almost the same as HDG(h).

The choice of global length scale, L, for HDG(L) is relatively simple for a linear one dimensional

case, but for multi-dimensional cases or those with anistropic features (for example a boundary

layer), it is difficult to know a priori what length scale to choose. Choosing a length scale too small

ensures the asymptotic convergence rate, but at the cost of the initial error being larger, and vice

versa, thus the correct choice of L is difficult a priori. Figures 6-8b and 6-8c shows that instead

choosing the reference length scale of the order of the grid spacing is a viable alternative that would
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Table 6-4: A priori convergence rates for DG global and local error and estimate error in 2D

A~glob h2
p' hP+P' hP+P' h2p'

ASavg hp+p'+d hp+p'+d hp+p'+d hP+d

require no a priom knowledge of the important underlying flow features.

In summary, all of the schemes converge as predicted by the a priori analysis, or slightly better. All

of the data used for generating these plots are presented in Tables A-5 to A-8 and A-13 to A-16.

6.2.1 Statically Condensed Estimation

Fig. 6-9a shows the computed values for Eglob which is independent of the estimation method.

Fig. 6-9b shows the results for Pinc = 1 and Fig. 6-9c shows the results for Pinc = 2 which though

not typically used for estimation, is useful for verifying the analysis.

As can be seen from the plots, Agiob = Alob and A5guiob eglob, with the lines perfectly

aligning for all p and pinc. This is expected as a result of the analysis in Chapter 4.

ASOb AgilOb gives a marginally worse approximation than ASgiob for PI, Pin= 1 which gets

worse with grid refinement. For Pin, = 2, it is an extremely poor approximation with 4 orders of

magnitude more error than AEgiob. The predicted sub optimal rate of O(hP~P') is observed for

Pinc = 2.

In summary, all of the observed rates are in accordance with Table 6-4, as seen in Tables A-57

to A-60.

Fig. 6-10a shows the computed values for Eavg which is independent of the estimation method.

Fig. 6-10b shows the results for Pinc = 1 and Fig. 6-10c shows the results for Pinc = 2.

The plots confirm the hypothesis of Chapter 4 that ASUvg = AS1 vg, with both failing to account

for the error in the auxilliary equation. ASavg has the lowest error for p = 1, 2 and pinc = 1, 2.

For Pinc 1 the benefit over AaUvg AS1 vg is minimal, in particular for Pinc = 1, p = 1, the three

are practically identical, thus i does not make up much of the local error. However for pinc = 2

the effect is significant, with Aavg ' AS1 vg being 2 orders of magnitude worse than ASavg, this

supports the conclusion that failing to account for the error in the primal auxilliary variable can

reduce the quality of the estimate.

AS2 v is far worse than the other estimates, in accordance with the a priori thus AS 2 converges
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only because of the primal variables. This results in the sub-optimal O(hP+d) rate of convergence.

Thus all of the observed rates are in accordance with Table 6-4. All of the data used for generating

these plots are presented in Tables A-53 to A-56 and A-61 to A-64.
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CHAPTER 7

CONCLUSION

In this thesis a common framework for analyzing localizations of Dual-Weighted Residual Error

Estimates is outlined. The framework enables a priori analysis of the asymptotic convergence rates

of output functional error, estimates and error in these estimates within the context of the Poisson

problem. The framework requries the proof of Extended Local Consistency (Definitions 5 and 6)

and a local bilinear error bound (Lemmas 10, 21 and 34). Subsequently, this method can be used

to prove convergence for any other local estimate based upon Galerkin methods for which these

properties can be shown.

Using this analysis we have demonstrated that the classical weighted strong form residual error for

CG converges optimally, and that the estimate converges to the true estimate asymptotically.

Within the DG context, the structure of the analysis was used to devise a novel post-processing

procedure for the lifting-operator variable in the BR2 scheme[11]. The new estimate exhibits an

improved convergence rate in the Global Estimate compared to the results within the literature.

This is as a consequence of correctly accounting for the error in the calculation of the lifting operator

such that Galerkin orthogonality can be exploited. The use of this analysis in directing research to

devise such a scheme demonstrates the usefulness of the approach within this thesis and suggests

applicability to other similar DG methods as described in Arnold et al. [2].

For HDG a new result for the convergence of volume output functionals was derived. Making use

of projection based analysis[18], it is possible to account for the variation of the error as a function

of the stabilization length scale -r. The choice of whether to use a globally defined length scale or a

locally defined length scale has an impact on the asymptotic convergence rate, though the reduction

in convergence of O(r + ) is less than initially suspected given the previously observed reduction

in the convergence rate of |q- qh,p2L2(n)-
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Finally numerical results are presented that verified the a priori analysis; with all of the schemes

demonstrating the expected asymptotic convergence rates. Attention is drawn to the fact that HDG

exhibits an order of magnitude less error than either CG or DG for a given mesh, even when a locally

defined reference length scale is used in the stabilization constant r. The cause for this superior

performance and to what degree this performance is PDE dependent is unclear and suggests future

analysis or numerical experimentation using other PDEs.
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Table A-1: ID CG Global Results - Pinc 1

p h Sglob Rate AL'gob Rate Oglob Rate

1 2.50-10' 2.7010 - 2.260-' - 7.72-2 -
1.25-10-1 5.535-' 2.29 1.530-2 3.88 2.69-2 1.52
8.33.10-2 2.346-' 2.12 3.065-3 3.97 1.29-2 1.81
6.25.10-2 1.297-' 2.06 9.744-4 3.98 7.46-3 1.9
5.00.10-2 8.232-2 2.04 4.000-4 3.99 4.84-3 1.94

2 2.50-10-' 2.260-1 - 1.261-3 - 5.61-3 -
1.25-10-1 1.530-2 3.88 1.795-5 6.13 1.17-3 2.26
8.33.10-2 3.065-3 3.97 1.544-6 6.05 5.04-4 2.09
6.25.10-2 9.744-4 3.98 2.727--7 6.03 2.80-4 2.04
5.00.10-2 4.000-4 3.99 7.124-" 6.02 1.78-4 2.03

Table A-2: ID DG Global Results - pin, 1

p h Eglob Rate A4gIob Rate Oglob Rate

1 2.50.10' 2.6910 - 1.742-1 - 6.08-2 -

1.25-10-1 5.344-' 2.33 1.042-2 4.06 1.91-2 1.67
8.33-10-2 2.209-1 2.18 1.970-3 4.11 8.84-3 1.9
6.25.10-2 1.206-1 2.11 6.054-4 4.1 5.00-3 1.98
5.00.10-2 7.599-2 2.07 2.431-4 4.09 3.19-3 2.01

2 2.50-10-1 1.742- - 1.203-3 - 6.95 -3

1.25-10~' 1.042-2 4.06 1.677-5 6.16 1.61-3 2.11
8.33.10-2 1.970 - 4.11 1.425-6 6.08 7.24-4 1.97
6.25-102 6.054- 4.1 2.503-' 6.05 4.14- 1.95
5.00-10-2 2.431-4 4.09 6.518-8 6.03 2.68-4 1.94
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Table A-3: ID HDG-h Global Results - pin = 1

p h Sglob Rate ASglob Rate eglob Rate

1 2.50.10-1 7.122-1 - 5.857-2 - 8.22-2 -
1.25-10-' 9.958-2 2.84 2.524-' 4.54 2.53-2 1.7
8.33.10-2 3.698-2 2.44 4.161-4 4.45 1.12-2 2
6.25.10-2 1.913-2 2.29 1.186-4 4.36 6.20--3 2.07
5.00.10-2 1.169-2 2.21 4.537-5 4.3 3.88-3 2.1

2 2.50-10-1 5.857-2 - 1.113-4 - 1.90-3 -

1.25-10~' 2.524 -3 4.54 1.236-6 6.49 4.90-4 1.96
8.33.10-2 4.161-4 4.45 1.002-7 6.2 2.41-4 1.75
6.25.10-2 1.186-4 4.36 1.726-8 6.11 1.46-4 1.75
5.00.10-2 4.537--5 4.3 4.448-9 6.08 9.80-5 1.77

Table A-4: 1D HDG-L Global Results - pin = 1

p h Eglob Rate ASglob Rate Eglob Rate

1 2.50.10-' 1.1540 - 8.928-2 - 774-2 -
1.25-10-1 1.122-1 3.36 2.935-3 4.93 2.62-2 1.56
8.33.10-2 3.388-2 2.95 3.614-4 5.17 1.07-2 2.21
6.25-10-2 1.535-2 2.75 8.038-' 5.23 5.24-3 2.47
5.00.10~2 8.416-1 2.69 2.497~5 5.24 2.97 3 2.55

2 2.50-10-' 8.928-2 - 2.453-4 - 2.75-3 -
1.25.10-' 2.935-3 4.93 1.495-6 7.36 5.09-4 2.43
8.33-10-2 3.614--4 5.17 8.653-8 7.03 2.39-4 1.86
6.25.10-2 8.038-5 5.23 1.191-8 6.89 1.48-4 1.67
5.00.10-2 2.497--5 5.24 2.582-9 6.85 1.03-4 1.61
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Table A-5: 1D CG Local Results - pinc 1

p h E Rate dEa Rate 0agg RatepN N

1 2.50-10-1 9.644~1 - 5.651-2 - 5.86 2

1.25-10-' 1.113-' 3.12 1.915-3 4.88 1.72-2 1.77
8.33.10-2 3.204~2 3.07 2.557-4 4.97 7.98 -3 1.9
6.25.10-2 1.333--2 3.05 6.096-' 4.98 4.57-3 1.93
5.00.10-2 6.822-3 3 2.002-5 4.99 2.93-3 1.99

2 2.50-10-1 5.651-2 - 3.162-4 - 5.60-3 -
1.25.10-' 1.915-3 4.88 2.248-6 7.14 1.17-3 2.25
8.33.10-2 2.557-4 4.97 1.289-7 7.05 5.04-4 2.08
6.25.10-2 6.096-5 4.98 1.708-8 7.03 2.80-4 2.04
5.00.10-2 2.002-5 4.99 3.569-9 7.02 1.78-4 2.03

Table A-6: ID DG Local Results - pic = 1

p h Rate Agg Rate eagg Rate

1 2.50-10-' 8.898-1 - 4.725-2 - 5.31-2 -
1.25-10--' 1.015-' 3.13 1.375 -3 5.1 1.35 -2 197
8.33.10-2 2.945-2 3.05 2.997- 4  3.76 1.02-2 0.71
6.25.10-2 1.218-2 3.07 9.462-5 4.01 7.77- 3  0.94
5.00.10-2 6.233~3 3 3.616-5 4.31 5.80-3 1.31

2 2.50.101 4.355-2 - 8.132-4 - 1.87-2 -
1.25.10-' 1.304-3 5.06 5.101-6 7.32 3.91-3 2.25
8.33.10-2 1.643-4 5.11 2.553-7 7.39 1.55-3 2.28
6.25.10-2 3.787- 5 5.1 3.368-8 7.04 8.90-4 1.94
5.00.10-2 1.216-5 5.09 6.962-9 7.07 5.72-4 1.98
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Table A-7: ID HDG-h Local Results - pin = 1

pagg Rate w5
ag Rate Oagg Rate

1 2.50-10-' 2.130-1 - 1.674-2 - 7.86~2 -
1.25-10-1 1.784-2 3.58 3.214-4 5.7 1.80-2 2.13
8.33.10-2 4 .6 8 6 -3 3.3 3.490-5 5.48 7.45-3 2.18
6.25.10-2 1.868-3 3.2 7.437-6 5.37 3.98-3 2.18
5.00-10-2 9.344-4 3.1 2.274-6 5.31 2.43-3 2.21

2 2.50-10-' 1.674-2 - 2.815-5 - 1.68-3 -
1.25-10-1 3.214-4 5.7 1.552-7 7.5 4.83-4 1.8
8.33.10-2 3.490-5 .5.48 8.377-9 7.2 2.40-4 1.72
6.25.10-2 7.437-6 5.37 1.081-9 7.12 1.45-4 1.74
5.00.10-2 2.274-6 5.31 2.229-10 7.08 9.80-5 1.77

Table A-8: ID HDG-L Local Results - pin = 1

p h Rate 9ag Rate Oagg Rate

1 2.50-10-1 3.664-1 - 2.238-2 - 6.11-2 -
1.25.10-1 2.059-2 4.15 3.708-4 5.92 1.80-2 1.76
8.33-10-2 4.185-' 3.93 3.043-5 6.17 7.27-3 2.24
6.25.10-2 1.4894 3.59 5.078-6 6.22 3.41-3 2.63
5.00.10~2 6.879~4 3.46 1.263-6 6.23 1.84-3 2.77

2 2.50-10-' 2.238-2 - 6.162- - 2.75-' _

1.25.10-1 3.708-4 5.92 1.876-7 8.36 5.06-4 2.44
8.33.10-2 3.043-' 6.17 7.235-9 8.03 2.38-4 1.86
6.25.10-2 5.078-6 6.22 8.087-10 7.62 1.59 -4 1.39
5.00.10-2 1.263-6 6.23 1.466-10 7.65 1.16-4 1.42
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Table A-9: ID CG Global Results - pin = 2

p h SgIob Rate A~glob Rate 0 glob Rate

1 2.50-10-' 2.7010 - 1.261-3 - 4.67-4 -
1.25.10-1 5.535-' 2.29 1.795-5 6.13 3.24-5 3.85
8.33.10-2 2.346-' 2.12 1.544-6 6.05 6.58~-6 3.93
6.25.10-2 1.297-' 2.06 2.727-7 6.03 2.10-6 3.97
5.00.10-2 8.232-2 2.04 7.124-8 6.02 8.65-7 3.98

2 2.50-10- 2.260-1 - 1.105-' - 4.89-' -
1.25-10-1 1.530-2 3.88 4.675-8 7.88 3.06-6 4
8.33.10-2 3.065-3 3.97 1.850-' 7.97 6.04~7 4
6.25-10-2 9.744-4 3.98 1.861-10 7.98 1.91-7 4
5.00.10-2 4.000-4 3.99 3.130-" 7.99 7.82-8 4

Table A-10: 1D DG Global Results - pinc = 2

p h Eglob Rate ASglob Rate Ogob Rate

1 2.50-10' 2.6910 - 1.203 -3 - 447-4 -
1.25-10-' 5.3441 2.33 1.677-' 6.16 3.14 - 3.83
8.33.10-2 2.209-' 2.18 1.425-6 6.08 6.45-6 3.9
6.25.10-2 1.206-' 2.11 2.503-7 6.05 2.08-6 3.94
5.00-10-2 7.599-2 2.07 6.518-8 6.03 8.58-7 3.96

2 2.50-10-1 1.742-1 - 8.901-6 - 5.11-' -
1.25-10-' 1.042-2 4.06 3.468-8 8 3.33-6 3.94
8.33.10-2 1.970-3 4.11 1.323-9 8.05 6.72-7 3.95
6.25. 10-2 6.054--4 4.1 1.304-10 8.05 2.15~7 3.95
5.00.10-2 2.4314 4.09 2.164-11 8.05 8.90-8 3.96
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Table A-11: lD HDG-h Global Results - pinc = 2

p h 8 glob Rate Adglob Rate Eglob Rate

1 2.50.10-1 7.122-1 - 1.113-4 - 1.56-4 -
1.25.10-1 9.958-2 2.84 1.236-6 6.49 1.24-5 3.65
8.33.10-2 3.698-2 2.44 1.002~7 6.2 2.71-6 3.75
6.25.10-2 1.913-2 2.29 1.726-8 6.11 9.02-7 3.82
5.00-10-2 1.169-2 2.21 4.448-9 6.08 3.80 -7 3.87

2 2.50-10-1 5.857-2 - 1.651-6 - 2.82-5 -

1.25.10-1 2.524-3 4.54 4.426-9 8.54 1.75-6 4.01
8.33.10-2 4.161-4 4.45 1.445-10 8.44 3.47-7 3.99
6.25.10-2 1.186-4 4.36 1.304-11 8.36 1.10-7 4
5.00.10-2 4.537-5 4.3 2.040-12 8.31 4.50-8 4.01

Table A-12: ID HDG-L Global Results - pin = 2

p h Sglob Rate A4glob Rate Eglob Rate

1 2.50-10-' 1.1540 - 2.453-4 - 2.13-4 -
1.25.10-1 1.122-1 3.36 1.495-6 7.36 1.33-' 4
8.33-10-2 3.388-2 2.95 8.653-8 7.03 2.55-6 4.08
6.25.10-2 1.535-2 2.75 1.191-8 6.89 7.76-7 4.14
5.00-10-2 8.416-' 2.69 2.582-9 6.85 3.07~7 4.16

2 2.50-10-' 8.928-2 - 2.788-6 - 3.12-5 -

1.25-10-' 2.935-3 4.93 5.250-9 9.05 1.79-6 4.13
8.33.10-2 3.614-4 5.17 1.238-10 9.24 3.43-7 4.08
6.25.10-2 8.038-5 5.23 8.593-12 9.27 1.07~7 4.05
5.00-10-2 2.497-' 5.24 1.089-12 9.26 4.36-8 4.02
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Table A-13: 1D CG Local Results - pin = 2

h ag Rate 9Sg Rate 0 agg Rate

1 2.50-10~' 9.644-1 - 3.162-4 - 3.28~-4 -

1.25.10-1 1.113-' 3.12 2.248-6 7.14 2.02-1 4.02
8.33.10-2 3.204-2 3.07 1.289-7 7.05 4.02-6 3.98
6.25.10-2 1.333-2 3.05 1.708-8 7.03 1.28-6 3.98
5.00-10-2 6.822-3 3 3.569-9 7.02 5.23-7 4.01

2 2.50-10-1 5.651-2 - 2.856-6 - 5.05-5 -
1.25.10-' 1.915--3 4.88 6.004-9 8.89 3.13-6 4.01
8.33.10-2 2.557-4 4.97 1.582-10 8.97 6.19-7 4
6.25.10-2 6.096-5 4.98 1.193-11 8.98 1.96-7 4
5.00.10-2 2.002-5 4.99 1.605-12 8.99 8.02-" 4

Table A-14: ID DG Local Results - pin = 2

p h Rate 9Sg Rate 0 agg Rate

1 2.50-10-1 8.898-1 - 2.360~3 - 2.65- -
1.25.10-1 1.015-' 3.13 3.078-5 6.26 3.03-4 3.13
8.33-10-2 2.945-2 3.05 1.903-6 6.87 6.46~5 3.81
6.25.10-2 1.218-2 3.07 2.520-7 7.03 2.07-5 3.96
5.00. 10-2 6.233-3 3 5.502-8 6.82 8.83-6 3.82

2 2.50-10-' 4.355-2 - 2.443-6 - 5.61 - -
1.25-10-1 1.304-3 5.06 2.069-8 6.88 1.59-5 1.82
8.33.10-2 1.643-4 5.11 8.217-10 7.96 5.00-6 2.85
6.25.10-2 3.787-5 5.1 7.050-11 8.54 1.86-6 3.43
5.00.10-2 1.216-5 5.09 9.705-12 8.89 7.98-7 3.8
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Table A-15: 1D HDG-h Local Results - pinc = 2

p h Rate A
8
a Rate 0agg RatepN Nag

1 2.50-10-' 2.130-1 - 2.815-5 - 1.32-4 -
1.25-10-1 1.784-2 3.58 1.552-7 7.5 8.70-6 3.92
8.33.10-2 4.686-3 3.3 8.377-9 7.2 1.79-6 3.9
6.25.10-2 1.868-3 3.2 1.081-9 7.12 5.79-7 3.92
5.00-10-2 9.344 4 3.1 2.229-10 7.08 2 .3 9 -7 3.97

2 2.50-10-1 1.674-2 - 4.763-7 - 2.84-5 -

1.25.10-' 3.214-4 5.7 5.727-10 9.7 1.78-6 4
8.33-10-2 3.490-' 5.48 1.234-" 9.47 3.53-7 3.99
6.25.10-2 7.437-6 5.37 8.543-13 9.28 1.15- 7  3.91
5.00.10-2 2.274-6 5.31 1.149-13 8.99 5.05-8 3.68

Table A-16: 1D HDG-L Local Results - pinc 2

p h Rate AE Rate Oagg Rate

1 2.50-10-1 3.664-1 - 6.162-5 - 1.68-4 -

1.25-10-1 2.059-2 4.15 1.876-7 8.36 9.11-6 4.21
8.33.10-2 4.185-3 3.93 7.235-9 8.03 1.73-6 4.1
6.25-10-2 1.489-3 3.59 8.087-10 7.62 5.43-7 4.03
5.00.10-2 6.879~4 3.46 1.466~10 7.65 2.13 7 4.19

2 2.50-10- 2.238-2 - 7.114-7 - 3.18~ -

1.25-10-' 3.708-4 5.92 6.719-10 10.05 1.81-6 4.13
8.33.10-2 3.043-" 6.17 1.062-11 10.23 3.49-7 4.06
6.25.10-2 5.078-6 6.22 5.476-13 10.31 1.08-7 4.08
5.00.10-2 1.263-6 6.23 6.234-14 9.74 4.94-8 3.5
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Table A-17: ID DG with Lifting Operator Error Global Results - Pin, I

p h Sglob Rate A4g1ob Rate eglob Rate

1 2.50.10-1 2.6910 - 1.742-' - 6.08-2 -
1.25.10-' 5.344-1 2.33 1.042-2 4.06 1.91-2 1.67
8.33.10-2 2.209-' 2.18 1.970-3 4.11 8.84-3 1.9
6.25.10-2 1.206-' 2.11 6.054-4 4.1 5.00-3 1.98
5.00.10-2 7.599~2 2.07 2.431-4 4.09 3.19-3 2.01

2 2.50-10-1 1.742-1 - 1.203-3 - 6.95 -3
1.25-10-1 1.042 -2 4.06 1.677~-5 6.16 1.61 -3 2.11
8.33-10-2 1.970-3 4.11 1.425-6 6.08 7.24-4 1.97
6.25.10~2 6.054-4 4.1 2.503-7 6.05 4.144 1.95
5.00.10-2 2.431-4 4.09 6.518-8 6.03 2.68-4 1.94

Table A-18: ID DG without Lifting Operator Error Global Results - Pinc =

p h Eglob Rate A4glob Rate eglob Rate

1 2.50-10-' 2.6910 - 2.486-1 - 8.46-2 -
1.25-10- 5.344-' 2.33 2.007-2 3.63 3.62--2 1.22
8.33-10-2 2.209-1 2.18 4.307-3 3.8 1.91-2 1.57
6.25.10-2 1.206-' 2.11 1.420-3 3.86 1.16-2 1.73
5.00.10-2 7.599--2 2.07 5.960-4 3.89 7.78-3 1.8

2 2.50-10' 1.742- - 7.423-4 - 4.28 -3 -

1.25-10-' 1.042-2 4.06 3.720-6 7.64 3.57~4 3.58
8.33.10-2 1.970-3 4.11 5.720-8 10.3 2.90-' 6.19
6.25.10-2 6.054-4 4.1 1.524-8 4.6 2.52- 0.5
5.00.10-2 2.431-4 4.09 8.126-9 2.82 3.34-5 -1.27
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Table A-19: ID DG Estimate 1 Global Results - pin= 1

p h Sglob Rate ASglob Rate Oglob Rate

1 2.50-10-' 2.6910 - 2.486-1 - 8.46-2 -
1.25.10-1 5.344-1 2.33 2.007-2 3.63 3.62-2 1.22
8.33-10-2 2.209-1 2.18 4.307-3 3.8 1.91-2 1.57
6.25.10-2 1.206-1 2.11 1.420--3 3.86 1.16-2 1.73
5.00-10-2 7.599-2 2.07 5.960-4 3.89 7.78-3 1.8

2 2.50-10-1 1.742-1 - 7.423--4 - 4.28-3 _

1.25-10-1 1.042-2 4.06 3.720-6 7.64 3.57-4 3.58
8.33.10-2 1.970-3 4.11 5.720-8 10.3 2.90-5 6.19
6.25.10-2 6.054-4 4.1 1.524-' 4.6 2.52-5 0.5
5.00.10-2 2.431-4 4.09 8.126-9 2.82 3.34-' -1.27

Table A-20: 1D DG Estimate 2 Global Results - pinc= 1

p h Fglob Rate A4glob Rate eglob Rate

1 2.50.10-1 2.6910 - 1.742-' - 6.08-2 -
1.25.10-1 5.344-' 2.33 1.042-2 4.06 1.91-2 1.67
8.33.10-2 2.209-' 2.18 1.970-3 4.11 8.84~3 1.9
6.25-10-2 1.206 ' 2.11 6.054 -4 4.1 5.00-3 1.98
5.00.10~2 7.599-2 2.07 2.431-4 4.09 3.19-3 2.01

2 2.50-10-1 1.742-1 - 1.203-3 - 6.95-3 -
1.25.10-' 1.042-2 4.06 1.677-5 6.16 1.61~-3 2.11
8.33.10-2 1.970-' 4.11 1.425-6 6.08 7.24~-4 1.97
6.25.10-2 6.054-4 4.1 2.503-7 6.05 4.14-4 1.95
5.00.10-2 2.431-4 4.09 6.518-" 6.03 2.68-4 1.94
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Table A-21: 1D DG with Lifting Operator Error Local Results - pinc = 1

P h E-g9
N

1 2.50-10-1 8.898-1
1.25-10-' 1.015-1
8.33.10-2 2.945-2
6.25.10-2 1.218-2
5.00.10-2 6.233 -3

2 2.50-10-1 4.355-2

1.25-10~1 1.304-3
8.33.10-2 1.643 -4
6.25.10~2 3.787 -5
5.00.10-2 1.216-5

Table A-22: ID DG without

Rate ASag
N

- 4.725-2
3.13
3.05
3.07
3

5.06
5.11
5.1
5.09

Lifting

1.375 -3
2.997~4
9.462-5
3.616-"
8.132 -4
5. 101-6
2.553 -7
3.368-8
6.962-9

Operator

Rate (agg Rate

- 5.31-2 -
5.1 1.35-2 1.97
3.76 1.02-2 0.71
4.01 7.77-3 0.94
4.31 5.80-3 1.31
- 1.87-2 -
7.32 3.91-3 2.25
7.39 1.55-3 2.28
7.04 8.90-4 1.94
7.07 5.72-4 1.98

Error Local Results - Pinc

p h Rate ASgg Rate 9agg Rate

1 2.50.10-' 8.898-1 - 6.551-2 - 7.36-2 -
1.25-10-1 1.015-1 3.13 2.572-3 4.67 2.53-2 1.54
8.33.10-2 2.945-2 3.05 3.884~4 4.66 1.32-2 1.61
6.25.10-2 1.218-2 3.07 1.234-4 3.99 1.01-2 0.92
5.00.10-2 6.233 3 3 4.745~5 4.28 7.61 -3 1.28

2 2.50-10-1 4.355-2 - 8.132-4 - 1.87-2 -
1.25-10-' 1.304-3 5.06 5.493-6 7.21 4.21-3 2.15
8.33.10-2 1.6434 5.11 2.651-7 7.48 1.61-3 2.37
6.25-10-2 3.787--5 5.1 3.016-8 7.56 7.96~-4 2.45
5.00.10-2 1.216-5 5.09 5.666-' 7.49 4.66-4 2.4
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Table A-23: 1D DG Estimate 1 Local Results - Pine

p h E Rate 4Eag Rate 0agg RatePN N

1 2.50-10-' 8.898-1 - 6.551~-2 - 7.36-2 -
1.25-10-1 1.015-1 3.13 2.572-3 4.67 2.53-2 1.54
8.33-10-2 2.945-2 3.05 3.884-4 4.66 1.32-2 1.61
6.25.10-2 1.218-2 3.07 1.234-4 3.99 1.01-2 0.92
5.00.10-2 6 .23 3 -3 3 4.745-5 4.28 7.61-3 1.28

2 2.50-10-1 4.355-2 - 8.132-4 - 1.87--2
1.25.10-' 1.304~3 5.06 5.493-6 7.21 4.21- 3  2.15
8.33.10-2 1.643-4 5.11 2.651-7 7.48 1.61-3 2.37
6.25.10-2 3.787-5 5.1 3.0168 7.56 7.96-4 2.45
5.00.10-2 1.216-5 5.09 5.666-9 7.49 4.66-4 2.4

Table A-24: 1D DG Estimate 2 Local Results - Pine 1

p h Rate ESa Rate 0 agg Rate

1 2.50-10-1 8.898-1 - 1.125' - 1.26' -
1.25-10-1 1.015-1 3.13 1.7380 2.69 1.711 -0.44
8.33-10-2 2.945-2 3.05 5.324-' 2.92 1.81' -0.13
6.25.10-2 1.218-2 3.07 2.289-' 2.93 1.88' -0.14
5.00.102 6.233-3 3 1.161' 3.04 1.861 4.07- 10-2

2 2.50-10- 4.3552 - 4.3310 - 9.941 -

1.25-10-' 1.304 -3 5.06 5.791-1 2.9 4.442 -2.16
8.33.10-2 1.643-4 5.11 1.489-' 3.35 9.072 -1.76
6.25.10-2 3.787~5 5.1 6.364-2 2.96 1.683 -2.15
5.00.10-2 1.216-5 5.09 3.236--2 3.03 2.663 -2.06
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Table A-25: 1D DG with Lifting Operator Error Global Results - pin = 2

p h Sglob

1 2.50-10-' 2.6910
1.25.10-1 5.344-1
8.33-10-2 2.209-1
6.25.10-2 1.206-1
5.00-10-2 7.599-2

2 2.50-10-' 1.742-1
1.25.10-1 1.042-2
8.33.10-2 1.970-'
6.25-10-2 6.054-4
5.00.10-2 2.431--4

Rate Asglob Rate ®glob Rate

- 1.203-3 - 4.47-4 -
2.33
2.18
2.11
2.07

4.06
4.11
4.1
4.09

1.677 -5
1.425~6
2.503 -7
6.518-8
8.901-6
3.468-8
1.323-9
1.304-10
2.164-"

6.16
6.08
6.05
6.03

8
8.05
8.05
8.05

3.14 -5
6.45-6
2.08-6
8.58 -7
5.11- 5

3.33-6
6.72 -7
2.15 -7
8.90-8

3.83
3.9
3.94
3.96

3.94
3.95
3.95
3.96

le A-26: ID DG without Lifting Operator Error Global Results - pinc

p h Sglob Rate A4glob Rate OgIob Rate

1 2.50-10~' 2.6910 - 1.146-1 - 4.09-2 -
1.25.10-1 5.344-' 2.33 1.547-2 2.89 2.81-2 0.54
8.33-10-2 2.209~' 2.18 3.794-3 3.47 1.69-2 1.26
6.25.10-2 1.206-1 2.11 1.33 1  3.64 1.09-2 1.52
5.00-10-2 7.599-2 2.07 5.790-4 3.73 7.56-3 1.65

2 2.50-10-1 1.742-1 - 9.061-4 - 5.17 -3
1.25.10' 1.042-2 4.06 2.432-5 5.22 2.33~-3 1.15
8.33-10-2 1.970-3 4.11 2.512-6 5.6 1.27-3 1.49
6.25.10-2 6.054-4 4.1 4.841-7 5.72 7.99-4 1.62
5.00.10-2 2.431 -4 4.09 1.331-7 5.79 5.47-4 1.7
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Table A-27: 1D DG Estimate 1 Global Results - pinc= 2

p h 8 glob Rate A4glob Rate Oglob Rate

1 2.50-10~' 2.6910 - 1.146-' - 4.09~2 -
1.25-10-' 5.344-' 2.33 1.547-2 2.89 2.81-2 0.54
8.33.10-2 2.209-' 2.18 3.794-3 3.47 1.69-2 1.26
6.25.10-2 1.206-' 2.11 1.331-' 3.64 1.09-2 1.52
5.00-10-2 7.599 -2 2.07 5.790-4 3.73 7.56-3 1.65

2 2.50.10-' 1.742-1 - 9.061-4 - 5.17-3 -
1.25-10-1 1.042-2 4.06 2.432~' 5.22 2.33-3 1.15
8.33.10-2 1.970-3 4.11 2.512-6 5.6 1.27-3 1.49
6.25.10-2 6.054-4 4.1 4.841-7 5.72 7.99-4 1.62
5.00.10-2 2.431-4 4.09 1.331-7 5.79 5.47-4 1.7

Table A-28: 1D DG Estimate 2 Global Results - Pinc 2

p h Sgiob Rate A4g1ob Rate eglob Rate

1 2.50-10-1 2.6910 - 1.203 -3 - 4.474 -
1.25-10-1 5.344-' 2.33 1.677--5 6.16 3.14-5 3.83
8.33-10-2 2.209-1 2.18 1.425-6 6.08 6.45-6 3.9
6.25.10-2 1.206-' 2.11 2.503-7 6.05 2.08-6 3.94
5.00.10-2 7.599-2 2.07 6.518-8 6.03 8.58-7 3.96

2 2.50.10-1 1.742-1 - 8.901-6 - 5.11- 5  
-

1.25.10-' 1.042-2 4.06 3.468-8 8 3.33-6 3.94
8.33.10-2 1.970-3 4.11 1.323-9 8.05 6.72--7 3.95
6.25.10-2 6.054-4 4.1 1.304-10 8.05 2.15--7 3.95
5.00.10-2 2.431-4 4.09 2.164-" 8.05 8.91-8 3.96
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Table A-29: ID DG with Lifting Operator Error Local Results - pi"c = 2

p h Rate A8g Rate Eagg Rate

1 2.50-10-1 8.898-1
1.25-10- 1.015-1
8.33-10-2 2.945-2
6.25.10-2 1.218-2
5.00-10-2 6.233-3

2 2.5010-' 4.355-2

1.25.10-1 1.304-3
8.33-10-2 1.643-4
6.25.10-2 3.787-5
5.00-10-2 1.216-5

Table A-30: 1D DG without

- 2.360-'
3.13
3.05
3.07
3

5.06
5.11
5.1
5.09

Lifting

3.078-'
1.903-6
2.520 -7
5.502-8
2.443 -6
2.069-8
8.217- 10
7.050-"
9.705- 12

Operator

- 2.65- -
6.26 3.03-4 3.13
6.87 6.46-5 3.81
7.03 2.07-5 3.96
6.82 8.83-6 3.82
- 5.61-5 -
6.88 1.59-5 1.82
7.96 5.00-6 2.85
8.54 1.86-6 3.43
8.89 7.98-7 3.8

Error Local Results - Pinc 2

p h ag Rate 98g Rate 0 agg RateN N

1 2.50-10-1 8.898-1 - 3.015-2 - 3.39-2 -
1.25-10-1 1.015-1 3.13 1.942-3 3.96 1.91-2 0.82
8.33.10-2 2.945-2 3.05 3.168-4 4.47 1.08-2 1.42
6.25.10-2 1.218-2 3.07 8.330~-5 4.64 6.84-3 1.57
5.00-10-2 6 .2 33 -3 3 2.899-5 4.73 4.65-3 1.73

2 2.50-101 4.355-2 - 6.006-4 - 1.38-2 -
1.25.10-1 1.304-3 5.06 6.022-6 6.64 4.62-3 1.58
8.33.10-2 1.643-4 5.11 3.595-7 6.95 2.19-3 1.84
6.25-10-2 3.787-" 5.1 4.741-8 7.04 1.25-3 1.94
5.00.10-2 1.216-' 5.09 9.773-9 7.08 8.03-4 1.99
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Table A-31: ID DG Estimate 1 Local Results - Pinc = 2

p h Rate tLg Rate eagg Rate

1 2.50.10-' 8.898-1 - 3.015-2 - 3.39~2 -
1.25-10-1 1.015-' 3.13 1.942-3 3.96 1.91-2 0.82
8.33.10-2 2.945-2 3.05 3.168-4 4.47 1.08 -2 1.42
6.25.10-2 1.218-2 3.07 8.330-5 4.64 6.84-3 1.57
5.00-10-2 6 .2 33 -3 3 2.899-5 4.73 4.65-3 1.73

2 2.50-10-' 4.355-2 - 6.006-4 - 1.38-2 -
1.25.10~1 1.304-3 5.06 6.022-6 6.64 4.62-3 1.58
8.33.10-2 1.643-4 5.11 3.595-7 6.95 2.19-3 1.84
6.25.10-2 3.787-5 5.1 4.741-8 7.04 1.25 -3 1.94
5.00.10-2 1.216-5 5.09 9.773-9 7.08 8.03 -4 1.99

Table A-32: ID DG Estimate 2 Local Results - pinc= 2

p h a Rate Rate 0 agg RatepN N

1 2.50-10-1 8.898-1 - 2.7071 - 3.041 -
1.25-10-1 1.015-1 3.13 4.1680 2.7 4.111 -0.43
8.33-10-2 2.9452 3.05 1.2780 2.92 4.341 -0.13
6.25.10-2 1.218-2 3.07 5.492-' 2.94 4.511 -0.13
5.00-10-2 6.233-3 3 2.785-' 3.04 4.471 4.03- 10-2

2 2.50-10-1 4.355- - 9.8970 - 2.272 -
1.25-10-' 1.304-' 5.06 1.3240 2.9 1.023 -2.16
8.33.10-2 1.643-4 5.11 3.405-1 3.35 2.073 -1.76
6.25.102 3.787-5 5.1 1.455-1 2.96 3.843 -2.15
5.00.10-2 1.216-' 5.09 7.397-2 3.03 6.083 -2.06

Table A-33: 2D CG Global Results - pin 1

p h Eglob Rate ASglob Rate eglob Rate

1 1.25-10-1 3.354-2 - 3.162-4 - 9.52-3 -
8.33.10-2 1.527-2 1.94 6.188-5 4.02 4.074 2.09
6.25.10-2 8.665-3 1.97 1.951-5 4.01 2.26-3 2.05
5.00.10-2 5.569-3 1.98 7.976-6 4.01 1.434 2.03

2 1.25-10-' 3.162-4 - 7.629-7 - 2.41-3 -

8.33.10-2 6.188-5 4.02 6.761-8 5.98 1.09-3 1.95
6.25-10-2 1.951-5 4.01 1.199-8 6.01 6.14-4 2
5.00.10-2 7.976-6 4.01 3.126-9 6.02 3.92-4 2.01

Table A-34: 2D DG Global Results - pinc = 1

p h Sglob Rate A~glob Rate Oglob Rate

1 1.25-10-' 2.066-2 - 2.190-4 - 1.07-2 -
8.33.10-2 9.228-3 1.99 4.049-5 4.16 4.41-3 2.19
6.25-10-2 5.210-3 1.99 1.243-5 4.11 2.39-3 2.13
5.00.102 3.3443 1.99 5.004-6 4.08 1.50-3 2.09

2 1.25-10-1 2.190-4 - 6.019-7 - 2.74-3 -

8.33.10-2 4.049-' 4.16 5.163--8 6.06 1.27-' 1.89
6.25-10-2 1.243 -5 4.11 9.009~9 6.07 7.24-4 1.96
5.00.10-2 5.004-6 4.08 2.328-9 6.07 4.65-4 1.99
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Table A-35: 2D HDG-h Global Results - pin 1

p h Eglob Rate A~glob Rate Oglob Rate

1 1.25-10-' 7.159-3 - 4.571-5 - 6.39-3 -
8.33.10-2 2.992-3 2.15 8.068-6 4.28 2.70-3 2.13
6.25-10-2 1.613-3 2.15 2.409-6 4.2 1.49 -3 2.05
5.00.10-2 1.002-3 2.13 9.529-7 4.16 9.51--4 2.02

2 1.25.10-1 4.571-5 - 1.890-7 - 4.13-3 -
8.33.10-2 8.068-6 4.28 1.427-8 6.37 1.77-3 2.09
6.25.10-2 2.409-6 4.2 2.281-9 6.37 9.47-4 2.17
5.00.10-2 9.529-7 4.16 5.528-10 6.35 5.80-4 2.19

Table A-36: 2D HDG-L Global Results - pinc 1

p h Eglob Rate A8 giob Rate Oglob Rate

1 1.25.10-' 4.364-3 - 2.987-5 - 6.85-3 -
8.33.10-2 1.287-' 3.01 3.690-6 5.16 2.87--3 2.15
6.25.10-2 5.345-4 3.06 8.477-7 5.11 1.59-3 2.06
5.00.10-2 2.695-4 3.07 2.725-7 5.08 1.01-- 2.02

2 1.25.10-1 2.987-5 - 1.355-7 - 4.54-3 -
8.33.10-2 3.690-6 5.16 7.414-' 7.17 2.01-3 2.01
6.25-10-2 8.477-7 5.11 9.131-10 7.28 1.08-3 2.17
5.00.10-2 2.725 7 5.08 1.783-10 7.32 6.54-4 2.24

Table A-37: 2D CG Local Results - pinc = 1

p h Rate 89a Rate Eagg Rate

1 1.25.10-1 2.812~4 - 3.758-6 - 1.34-2 -
8.33-10-2 5.779-' 3.9 3.670-7 5.74 6.35--3 1.83
6.25.10-2 1.859-' 3.94 7.104-8 5.71 3.82-3 1.77
5.00.10-2 7.700-6 3.95 2.021-8 5.63 2.62-3 1.68

2 1.25-10-1 2.955-6 - 1.063-8 - 3.60--3 -

8.33.10-2 2.651-7 5.95 4.515-10 7.79 1.70--3 1.84
6.25.10-2 4.739-8 5.98 4.855-1 7.75 1.02-3 1.77
5.00.10-2 1.248-8 5.98 8.667-12 7.72 6.95-4 1.74

Table A-38: 2D DG Local Results - pin 1

h 9 Rate 9Sg Rate Eagg Rate

1 1.25-10-1 1.801-4 - 5.791-6 - 3.22-2 -
8.33.10-2 3.514-' 4.03 5.641-7 5.74 1.61--2 1.71
6.25-10-2 1.129~5 3.95 1.195~7 5.4 1.06 -2 1.45
5.00.10-2 4.642--6 3.98 3.677-8 5.28 7.92--3 1.3

2 1.25.10-' 2.018-6 9.547-9 - 4.733 -
8.33.10-2 1.707-7 6.09 4.256-10 7.67 2.49-3 1.58
6.25-10-2 2.980-8 6.07 4.931-11 7.49 1.65-3 1.43
5.00.10-2 7.719-9 6.05 9.508-12 7.38 1.23-3 1.32
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Table A-39: 2D HDG-h Local Results - pinc= 1

p h Eaa Rate Rate Ea9 Rate
N Nag

1 1.25-10~1 6.493-5 - 9.340-7 - 1.44~2 -

8.33.10-2 1.215-5 4.13 1.005- 7  5.5 8.27--3 1.37
6.25.10-2 3.659-6 4.17 2.131-8 5.39 5.82-3 1.22

5.00.10-2 1.444-6 4.17 6.438-9 5.36 4.46-3 1.2

2 1.25.10-1 4.841-7 - 3.108-9 - 6.42-3 -

8.33.10-2 3.857-8 6.24 1.433-10 7.59 3.72-3 1.35
6.25.10-2 6.517- 9 6.18 1.632-11 7.55 2.50-3 1.37
5.00.10-2 1.650-9 6.15 3.019-12 7.56 1.83-3 1.41

Table A-40: 2D HDG-L Local Results - pinc = 1

p h Rate Rate Eagg RateN N

1 1.25.10-1 4.329-5 - 5.649-7 - 1.31-2 -
8.33-10-2 5.744-6 4.98 4.2098 6.4 7.33-3 1.42
6.25-10-2 1.324-6 5.1 6.782-9 6.35 5.12-3 1.24
5.00. 10-2 4.235--7 5.11 1.664-9 6.3 3.93-3 1.19

2 1.25.10-1 3.214-7 - 2.082-9 - 6.48-3 -

8.33-10-2 1.795-8 7.12 6.787- 1  8.44 3.78-3 1.33
6.25.10-2 2.332-9 7.09 5.904-12 8.49 2.53--3 1.39
5.00.10-2 4.795-10 7.09 8.804-13 8.53 1.84-3 1.44

Table A-41: 2D CG Global Results - pin = 2

p h 
8

glob Rate A~glob Rate Eglob Rate

1 1.25-10-' 3.354-2 - 7.629-7 - 2.27~5 -

8.33.10-2 1.527-2 1.94 6.761-8 5.98 4.43-6 4.04

6.25.10-2 8.665-' 1.97 1.199-8 6.01 1.38-6 4.04

5.00.10-2 5.569-3 1.98 3.126-9 6.02 5.61-7 4.04

2 1.25.10-1 3.162- - 2.942-9 - 9.31-6 -

8.33-10-2 6.188-1 4.02 1.115-10 8.07 1.80-6 4.05

6.25.10-2 1.951-- 4.01 1.102-" 8.04 5.65~7 4.03

5.00.10-2 7.976-6 4.01 1.841-12 8.02 2.31--7 4.01

Table A-42: 2D DG Global Results - pin = 2

p h Sglob Rate Alglob Rate Eglob Rate

1 1.25.10~1 2.066-2 - 6.019-7 - 2.91-5 -

8.33-10-2 9.228-3 1.99 5.163-8 6.06 5.60-6 4.07

6.25.10-2 5.210-3 1.99 9.009-9 6.07 1.73-6 4.08
5.00.10-2 3.344-3 1.99 2.328-9 6.07 6.96-7 4.08

2 1.25.10-' 2.190-4 - 2.462-9 - 1.12-5 -

8.33.10-2 4.049-- 4.16 9.066-" 8.14 2.24-6 3.98
6.25-10-2 1.243-5 4.11 8.846-12 8.09 7.12-7 3.98
5.00.10-2 5.004-6 4.08 1.464-12 8.06 2.93-7 3.98
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Table A-43: 2D HDG-h Global Results - pinc = 2

p h, glob Rate Adglob Rate Eglob Rate

1 1.25-10-1 7.159-3 - 1.890~7 - 2.64-5 -
8.33-10-2 2.992-3 2.15 1.427-8 6.37 4.77-6 4.22
6.25-10-2 1.613-3 2.15 2.281-9 6.37 1.41-6 4.23
5.00.10-2 1.002-3 2.13 5.528-10 6.35 5.52-7 4.22

2 1.25-10-1 4.571-5 - 4.833-10 - 1.06-5 -
8.33.10-2 8.068-6 4.28 1.581-11 8.44 1.96-6 4.16
6.25.10-2 2.409-6 4.2 1.435-12 8.34 5.96-7 4.14
5.00-10-2 9.529-7 4.16 2.196-13 8.41 2.30-7 4.25

Table A-44: 2D HDG-L Global Results - pin = 2

p h Sglob Rate A4liob Rate Ogob Rate

1 1.25.10-' 4.364-3 - 1.355 -7 - 3.10-5 -
8.33-10-2 1.287-3 3.01 7.414-9 7.17 5.76-6 4.16
6.25-10-2 5.345~4 3.06 9.131-10 7.28 1.71-6 4.22
5.00-10-2 2.695-4 3.07 1.783-10 7.32 6.62-7 4.25

2 1.25.10-1 2.987-5 - 3.239-10 - 1.08-5 -
8.33.10-2 3.690-6 5.16 7.478-12 9.29 2.03-6 4.14
6.25-10-2 8.477 -7 5.11 5.209-13 9.26 6.15-7 4.15
5.00.10-2 2.725-7 5.08 6.737-14 9.17 2.47-7 4.08

Table A-45: 2D CG Local Results - pinc = 2

h &g Rate Za Rate Oagg Rate

1 1.25-10-1 2.812- - 4.307-8 - 1.53- -
8.33-10-2 5.779-5 3.9 2.215~' 7.32 3.83-5 3.42
6.25-10-2 1.8595 3.94 2.844-10 7.14 1.53-5 3.19
5.00.10-2 7.700-6 3.95 5.600-1" 7.28 7.27-6 3.33

2 1.25-10-1 2.955-6 - 2.638-10 - 8.93-5
8.33.10-2 2.651- 7 5.95 7.882-12 8.66 2.97--5 2.71
6.2510-2 4.739-8 5.98 6.35013 8.76 1.34-5 2.77
5.00-10-2 1.248-" 5.98 8.926-4 8.79 7.15-6 2.81

Table A-46: 2D DG Local Results - pinc = 2

h 8
g Rate &a Rate 0agg Rate

1 1.25-10-' 1.801-4 9.365-8 - 5.20- -
8.33-10-2 3.5144 4.03 6.222-9 6.69 1.77-4 2.66
6.25-10-2 1.129- 3.95 8.605-10 6.88 7.62-5 2.93
5.00.10-2 4.642-6 3.98 1.850-10 6.89 3.99-5 2.9

2 1.25.10-' 2.018-6 5.42310 - 2.69~ -
8.33.10-2 1.707-7 6.09 1.347--' 9.11 7.89- 3.02
6.25.10-2 2.980-8 6.07 9.945-13 9.06 3.34-5 2.99
5.00.10-2 7.719-- 6.05 1.317 13 9.06 1.71--5 3
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Table A-47: 2D HDG-h Local Results - Pinc = 2

Eagg Rate vagg Rate Eagg Rate

1 1.25-10~' 6.493-5 - 1.590-8 - 2.45-4 -
8.33. 10-2 1.215-5 4.13 1.237-9 6.3 1.02-4 2.17
6.25.10-2 3.659 -6 4.17 1.935-10 6.45 5.29-5 2.28
5.00.10-2 1.444-6 4.17 4.483-" 6.55 3.11-5 2.38

2 1.25.10-' 4.841-7 - 7.083-" - 1.46-4 -
8.33.10-2 3.857-8 6.24 2.104-12 8.67 5.46-5 2.43
6.25.10-2 6.517-' 6.18 1.683-13 8.78 2.58-5 2.6
5.00.10-2 1.650-' 6.15 2.345- 4 8.83 1.42-5 2.68

Table A-48: 2D HDG-L Local Results - pinc = 2

p h Rate Rate Eagg Rate

1 1.25-10-1 4.329-5 - 1.125-8 - 2.60-4 -
8.33-10-2 5.744-6 4.98 6.470-10 7.04 1.13-4 2.06
6.25.10-2 1.324-6 5.1 8.007-1 7.26 6.05-5 2.16
5.00.10-2 4.235-7 5.11 1.533-" 7.41 3.62-5 2.3

2 1.25-10' 3.214-7 - 4.261-" - 1.33-4 -
8.33.10-2 1.795-8 7.12 8.694-13 9.6 4.84-- 2.48
6.25-102 2.332-9 7.09 5.289~14 9.73 2.27-5 2.64
5.00-102 4.795-10 7.09 5.885-15 9.84 1.23-5 2.75

Table A-49: 2D DG with Lifting Operator Error Global Results - Pinc

p h Sglob Rate A4glob Rate Eglob Rate

1 1.25-10-1 2.066-2 - 2.190-4 - 1.07-2 -
8.33.10-2 9.2284 1.99 4.049-' 4.16 4.41-3 2.19
6.25-10-2 5.210-3 1.99 1.243 -5 4.11 2.39-3 2.13
5.00.10-2 3.344-3 1.99 5.004-6 4.08 1.50 - 2.09

2 1.25.10-1 2.190 - 6.019- - 2.74- -
8.33.10-2 4.049-5 4.16 5.163-8 6.06 1.27-- 1.89
6.25-10-2 1.2434 4.11 9.009-9 6.07 7.24-4 1.96
5.00.10-2 5.004-6 4.08 2.328-9 6.07 4.65-4 1.99

Table A-50: 2D DG without Lifting Operator Error Global Results - Pinc

p h 8
glob Rate A4gIob Rate eglob Rate

1 1.25-10-' 2.066-2 - 2.036~4 - 9.95-3 -
8.33.10-2 9.228--3 1.99 3.701-5 4.21 4.03--3 2.23
6.25- 10-2 5.2 10-3 1.99 1.141-5 4.09 2.20-3 2. 11
5.00.10-2 3.3443 1.99 4.641--6 4.03 1.39-' 2.05

2 1.25.10-' 2.190-4 - 9.721 -7 - 4.42 -3

8.33.10-2 4.049-5 4.16 8.473-8 6.02 2.09-3 1.85
6.25.10-2 1.243-5 4.11 1.472-8 6.08 1.18-3 1.98
5.00.10-2 5.004-6 4.08 3.768-9 6.11 7.52--4 2.03
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Table A-51: 2D DG Estimate 1 Global Results - Pin=1

p h Eglob Rate Agliob Rate Oglob Rate

1 1.25.10-' 2.0662 - 2.036-- - 9.95-3 -
8.33.10-2 9.228-3 1.99 3.701-5 4.21 4.03-3 2.23
6.25.10-2 5.210-3 1.99 1.141-5 4.09 2.20-3 2.11
5.00.10-2 3.344-3 1.99 4.641-6 4.03 1.39--3 2.05

2 1.25-10-' 2.190-4 - 9.721~7 - 4.42-3 -
8.33.10-2 4.049-5 4.16 8.473-" 6.02 2.09-3 1.85
6.25-10-2 1.243-5 4.11 1.472-8 6.08 1.18-1 1.98
5.00.10-2 5.004-6 4.08 3.768-9 6.11 7.52-4 2.03

Table A-52: 2D DG Estimate 2 Global Results - pin 1

p h Eglob Rate A5glob Rate Eglob Rate

1 1.25-10~' 2.066-2 - 2.190- - 1.07 -2 -
8.33.10-2 9.228-3 1.99 4.049-5 4.16 4.41-3 2.19
6.25-10-2 5.210-3 1.99 1.243-5 4.11 2.39-3 2.13
5.00-10-2 3.344-3 1.99 5.004-6 4.08 1.50-3 2.09

2 1.25.10-' 2.190-4 - 6.019-7 - 2.74-3 -
8.33.10-2 4.049-' 4.16 5.163-8 6.06 1.27-3 1.89
6.25-10-2 1.243-5 4.11 9.0099 6.07 7.24-4 1.96
5.00.10-2 5.004-6 4.08 2.328-9 6.07 4.65-4 1.99

Table A-53: 2D DG with Lifting Operator Error Local Results - pinc

p h Sagg Rate 98
g Rate 8agg RateN N

1 1.25-10-1 1.801~4 - 5 791-6 - 3.22-2 -
8.33.10-2 3.5145 4.03 5.641-7 5.74 1.612 1.71
6.25.10-2 1.129-5 3.95 1.195-7 5.4 1.06-2 1.45
5.00.10-2 4.642-6 3.98 3.677-8 5.28 7.92-3 1.3

2 1.25-10-1 2.018-6 9.547-9 - 4.73--3 -

8.33.10-2 1.707-7 6.09 4.256-10 7.67 2.49-3 1.58
6.25-10-2 2.980-8 6.07 4.931-" 7.49 1.65-3 1.43
5.00.10-2 7.719-' 6.05 9.508--12 7.38 1.23--3 1.32

Table A-54: 2D DG without Lifting Operator Error Local Results - pinc

p h Eagg Rate 94a Rate Eagg RateN N

1 1.25-10-' 1.801-4 - 5.654-6 - 3.14-2 -
8.33-10-2 3.514-- 4.03 5.548-7 5.73 1.58-2 1.7
6.25-10-2 1.129-5 3.95 1.171-7 5.41 1.04-2 1.46
5.00.10-2 4.642-6 3.98 3.617-8 5.27 7.79-3 1.28

2 1.25.10-1 2.018-6 - 1.143-8 - 5.66 -3
8.33.10-2 1.707-7 6.09 4.703-10 7.87 2.76-3 1.78
6.25.10-2 2.980-8 6.07 5.267-11 7.61 1.77-3 1.54
5.00.10-2 7.719-9 6.05 1.022-11 7.35 1.32-3 1.29
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Table A-55: 2D DG Estimate 1 Local Results - Pinc 1

p h Eg Rate Rate 9agg RateN Nag

1 1.25-10-' 1.801~4 - 5.654-6 - 3.14-2 -
8.33.10-2 3.514-5 4.03 5.548-7 5.73 1.58-2 1.7
6.25-10-2 1 .1 29 -5 3.95 1.171-7 5.41 1.04-2 1.46
5.00.10-2 4.642-6 3.98 3.617-8 5.27 7.79--3 1.28

2 1.25-10-' 2.018-6 - 1.143~-8 - 5.66-3 -
8.33.10-2 1.707--7 6.09 4.703-10 7.87 2.76-3 1.78
6.25-10-2 2.980-8 6.07 5.267-" 7.61 1.77-3 1.54
5.00.10-2 7.719-9 6.05 1.022-" 7.35 1.32--3 1.29

Table A-56: 2D DG Estimate 2 Local Results - Pinc 1

p h l Rate Rate (9agg Rate

1 1.25.10-1 1.801-4 - 1.931-3 - 1.071 -
8.33.10-2 3.514-5 4.03 5.648--4 3.03 1.61' -1
6.25-10-2 1.12 9 -5 3.95 2.390-4 2.99 2.12' -0.96
5.00.10-2 4.642-6 3.98 1.230-4 2.98 2.651 -1.01

2 1.2510-' 2.0186 - 3.023~4 - 1.502 -
8.33.10-2 1.707-7 6.09 8.856-5 3.03 5.192 -3.06
6.25.10-2 2.980-8 6.07 3.754-5 2.98 1.263 -3.08
5.00.10-2 7.719-9 6.05 1.933-5 2.98 2.503 -3.08

Table A-57: 2D DG with Lifting Operator Error Global Results - Pinc = 2

p h 8 gIob Rate ASglob Rate Oglob Rate

1 1.25-10-' 2.066-2 - 6.019-7 - 2.91-5 -
8.33.10-2 9.2284 1.99 5.163-8 6.06 5.60-6 4.07
6.25-10-2 5.210-3 1.99 9.009-9 6.07 1.73-6 4.08
5.00.10-2 3.344-3 1.99 2.328-9 6.07 6.96-7 4.08

2 125-10-1 2.190-4 - 2.462-9 - 1.12-5 -
8.33.10-2 4.049-5 4.16 9.066-" 8.14 2.24--6 3.98
6.25.10-2 1.243-5 4.11 8.846-12 8.09 7.12~7 3.98
5.00.102 5.004-6 4.08 1.464--12 8.06 2.93--7 3.98

Table A-58: 2D DG without Lifting Operator Error Global Results - Pinc

p h Sgiob Rate A~glob Rate 9glob Rate

1 1.25.10-' 2.066-2 - 4.527-6 - 2.-19 -
8.33.10-2 9.228-3 1.99 6.660--7 4.73 7.22-5 2.74
6.25.10-2 5.210-3 1.99 1.942-7 4.28 3.73-5 2.3
5.00.10-2 3.344-3 1.99 7.831-8 4.07 2.34-5 2.08

2 1.25-10-1 2.190- - 3.838- - 1.75-3 -
8.33.10-2 4.049' 4.16 3.560-8 5.86 8.79-4 1.7
6.25.10-2 1.243-5 4.11 6.340-9 6 5.10-4 1.89
5.00.10-2 5.004-6 4.08 1.642-9 6.05 3.28--4 1.98
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Table A-59: 2D DG Estimate 1 Global Results - pin 2

p h Sglob Rate Agiob Rate Oglob Rate

1 1.25-10~' 2.066-2 - 4.527-6 - 2.19-4 -
8.33.10-2 9.228-' 1.99 6.660-7 4.73 7.22-5 2.74
6.25.10-2 5.210- 1.99 1.942-7 4.28 3.73-5 2.3
5.00.10-2 3.344--3 1.99 7.831-8 4.07 2.34-5 2.08

2 1.25.10-1 2.190-4 - 3.838-7 - 1.75-3 -
8.33.10-2 4.049-5 4.16 3.560-8 5.86 8.79--4 1.7
6.25-10-2 1.243-' 4.11 6.340-9 6 5.10- 4  1.89
5.00.10-2 5.004-6 4.08 1.642-9 6.05 3.28-4 1.98

Table A-60: 2D DG Estimate 2 Global Results - pinc 2

p h Eglob Rate Agliob Rate Eglob Rate

1 1.25-10-' 2.066-2 - 6.019-7 - 2.91-5 -
8.33.10-2 9.228-3 1.99 5.163-8 6.06 5.60-6 4.07
6.25.10-2 5.210-3 1.99 9.009-9 6.07 1.73--6 4.08
5.00.10-2 3.344-3 1.99 2.328-9 6.07 6.96-7 4.08

2 1.25-10-1 2.190-4 - 2.462-9 - 1.12-5 -
8.33.10-2 4.049-5 4.16 9.066-" 8.14 2.24-6 3.98
6.25.10-2 1.243-5 4.11 8.846-12 8.09 7.12-7 3.98
5.00.10-2 5.004-6 4.08 1.464-12 8.06 2.93-7 3.98

Table A-61: 2D DG with Lifting Operator Error Local Results - pinc

p h Rate a Rate 0 agg Rate

1 1.25.10~1 1.801-4 - 9.365-8 - 5.20-4 -
8.33.10-2 3.514-5 4.03 6.222-' 6.69 1.77-4 2.66
6.25-10-2 1.129'-5 3.95 8.605-10 6.88 7.62-5 2.93
5.00.10-2 4.642-6 3.98 1.850-10 6.89 3.99-5 2.9

2 1.25.10-' 2.018-6 - 5.423-10 - 2.69-4 -
8.33.10-2 1.707-7 6.09 1.347-" 9.11 7.89--5 3.02
6.25.10-2 2.980-8 6.07 9.945-13 9.06 3.34-5 2.99
5.00-10-2 7.719-9 6.05 1.317-13 9.06 1.71--5 3

le A-62: 2D DG without Lifting Operator Error Local Results - pin

p h g Rate Aa Rate 0agg RateN N

1 1.25-10-' 1.801-4 - 1.651-6 - 9.17-' -
8.33.10-2 3.514--5 4.03 1.864--7 5.38 5.30-3 1.35
6.25.10-2 1.129~5 3.95 4.065-8 5.29 3.60-3 1.35
5.00-10-2 4.642-6 3.98 1.270-8 5.21 2.74-3 1.23

2 1.25.101 2.018-6 - 4.770-9 - 2.36-3 -
8.33-10-2 1.707--7 6.09 2.345-10 7.43 1.37--3 1.34
6.25.10-2 2.980-8 6.07 2.786-11 7.41 9.35-4 1.34
5.00-10-2 7.719-9 6.05 5.370-12 7.38 6.96-4 1.32
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Table A-63: 2D DG Estimate 1 Local Results - pinc = 2

p h Rate 9ag Rate ®agg RatepN N

1 1.25.10-1 1.801-4 - 1.651-6 - 9.17-3 -

8.33.10-2 3.514-1 4.03 1.864-7 .5.38 5.30-' 1.35
6.25 10-2 1.129~-5 3.95 4.065-8 5.29 3.60-3 1.35
5.00. 10-2 4.642-6 3.98 1.270-8 5.21 2.74-3 1.23

2 1.25.10-' 2.018-6 - 4.770-9 - 2.36~3 -
8.33.10-2 1.707-7 6.09 2.345-10 7.43 1.37-3 1.34
6.25-10-2 2.980-8 6.07 2.786-11 7.41 9.35-4 1.34
5.00.102 7.719-' 6.05 5.370-12 7.38 6.96-4 1.32

Table A-64: 2D DG Estimate 2 Local Results - Pinc = 2

p h Rate 9ag Rate 0agg Rate

1 1.25-10-1 1.801-4 - 4.525-3 - 2.511 -

8.33.10-2 3.514-5 4.03 1.320-3 3.04 3.761 -0.99
6.25. 10-2 1.129-" 3.95 5.581~4 2.99 4.94' -0.95
5.00.10-2 4.642-6 3.98 2.871-4 2.98 6.181 -1

2 1.25-10-' 2.018-6 - 6.803-4 - 3.372 -

8.33.10-2 1.707-7 6.09 1.993-4 3.03 1.173 -3.06
6.25-10-2 2.980-8 6.07 8.446-5 2.98 2.833 -3.08
5.00.10-2 7.719-9 6.05 4.348-5 2.98 5.633 -3.08
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