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Abstract

In this thesis, a priori convergence estimates are developed for outputs, output error estimates, and
localizations of output error estimates for Galerkin finite element methods. Specifically, Continuous
Galerkin (CG), Discontinuous Galerkin (DG), and Hybridized DG (HDG) methods are analyzed for
the Poisson problem. A mixed formulation for DG output error estimation is proposed with improved
convergence rates relative to the common approach utilizing statically condensed, p-dependent lift-
ing operators. The HDG output error estimates are new and include the impact of stabilization.
Comparisons to numerical results demonstrate (1) the sharpness of the estimates and (2) that the
HDG estimates are approximately an order of magnitude more accurate than CG and DG.
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CHAPTER 1

INTRODUCTION

A posteriori estimation aims to provide computable estimates of numerical error in the discrete
approximate solutions of Partial Differential Equations (PDEs). The computed a posteriori estimate
can then be used to correct the output and/or drive mesh adaptation. Energy-based a posteriori error
estimates have been used for the Finite Element Method (FEM) since the 1980s [8, 9], particularly
within the structural community given the physical relevance of the energy norm. Ainsworth and
Oden provided a comprehensive summary of energy norm estimates (as well as other norms) wherein
they draw attention to the use of duality arguments for analyzing the estimates in an a posteriori
context[l]. Methods based upon localized residuals were developed for mesh adaptation by Babuska
and Rheinboldt [7]. Estimates based on the solution of local Dirichlet problems and local Neumann
problems were also developed by Bank and Weiser[9] and Babuska and Rheinboldt[6]. Verfiirth

analyzed these estimates for elliptic partial differential showing their equivalence[27].

In many applications, the convergence of the energy norm is less important the convergence of an
output functional. A common output example would be the lift or drag in fluid dynamics. in a series
of papers, Babuska and Miller showed with a priori analysis of a posteriori error that integrated
output functionals from FEM could exhibit ‘super convergence’, converging faster than the solution
error (e.g. the L? norm of the error). For instance, point values at critical locations, such as the
stress at a joint in a structural FEM calculation, are often of interest. Babuska and Miller showed
that the accuracy in these point quantities can be improved by restating them as weighted integrals,
and demonstrated this improvement with numerous examples[3, 4, 5]. Barrett and Elliott analyzed

the linear convection-diffusion equation and reached similar conclusions[10].

The relationship between error in the numerical approximation of the primal solution and the output
functional is quantified by the adjoint PDE. The adjoint PDE measures the sensitivity of the output

functional to errors in the numerical solution. Thus weighting a residual error by the adjoint at
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that location results in an estimate of the computed output functional’s error. This Dual-Weighted
Residual (DWR) method was developed for FEM by Becker and Rannacher[12, 13]. Adjoint based
error estimation has also been developed for discretizations other than FEM, for example Finite
Volume (FV) and Finite Difference (FD) methods, where it has largely been used for error correction

to recover the ‘super convergent’ output functionals possible with FEM[25, 20, 22, 21].

For the purposes of adaptation, error estimates must be localized to facilitate decisions about where
mesh refinement (and coarsening) should be performed. A typical residual localization for the
Continuous Galerkin (CG) FEM uses a strong form residual, which introduces an element boundary
contribution due to gradient jumps, to give an element-wise localization of the estimate[7, 12, 26].
An alternative localization proposed by Braack and Ern, for use with the DWR method, uses a
patchwise reconstruction for the dual weighting[14]. This results in an estimate that avoids the need
to evaluate the strong form of the residual, and also gives a node-wise localization of the estimate.
Richter and Wick similarly produced a node-wise localization of the error that avoids the evaluation
of the strong form through a partition of unity based approach|[26]. For a more complete overview of
output-based error estimation and earlier mesh adaptation schemes, for fluid dynamic applications in
particular, the review papers of Hartmann and Houston[23], focused on DG methods, and Fidkowski
and Darmofal[19], for general discretizations, provide a comprehensive literature review. The second
DG method of Bassi and Rebay (BR2)[11], localized by elemental restriction of the test function,
was analyzed by Yano in his PhD thesis [29].

The focus of this thesis is on a priori analysis of the convergence rates for localized DWR error
estimates for the Continuous Galerkin (CG), Discontinuous Galerkin (DG) and Hybridizable Dis-
continuous Galerkin (HDG) schemes. The CG localization considered is the weighted strong form
residual. For DG, an element-wise localization by restriction of the weight function is considered,
and the effect of static condensation of the lifting operators in the BR2 scheme is also analyzed.
The localization for HDG consists of an element-wise restriction of the scalar and gradient variables

combined with a partition of unity of the error associated with the trace variables.

The outline of this thesis is as follows, in Chapter 2 the model Poisson primal and dual problems are
outlined, alongside definitions that are necessary for the results in the following chapters. Then in
Chapters 3 to 5 a priori asymptotic convergence rates for the error, and the error in the estimate,
are derived for the CG, DG and HDG discretizations respectively. In Chapter 6 numerical results
are presented for one and two dimensional test cases demonstrating the derived a priori asymptotic
convergence rates for all of the discretizations and estimates considered. Finally, in Chapter 7, some

concluding remarks are provided.
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CHAPTER 2

PROBLEM DEFINITION AND NOTATION

Consider the primal Poisson problem:

(2.1a) —Au=fin
(2.1b) u =0 on 69,

where 2 ¢ R? is a bounded domain of dimension d. To avoid additional technicalities in the a
priors analysis, the solution u is assumed to be sufficiently smooth. This places restrictions on the
domain shape and f (see for example Brenner and Scott [15, Theorem 1.4.6]). We denote the L?
inner product by (-,-) and the corresponding norm over Q by || - ||z2(q), In addition inner products
on a trace, such as [ 9 uv, Will be denoted by (-,-). Where additional clarity is useful, subscripts

will be used in order to denote the domain of the integral. The problem is written in the variational

form,

(2.2a) w€V: Ru,w)=l(w)—a(u,w)=0, VweV
(2.2b) a(v,w) = (Vu,Vw)

(2.2¢) l(w) = (f,w).

The boundary conditions are enforced essentially by V where, for this problem, ¥V = H}(). In
approximating this problem discretely, we utilize a finite-dimensional space V;,p and a modified

problem statement
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(2.3) Uhp € Vhp: Rh(uh,p,wh,p) = l(wh,p) — ah(uh,p, wh,p) =0, Ywpp € Vhp-

For the Galerkin methods considered here, upp and wyp are taken from the same space defined on
the quasi-uniform and shape regular triangulation 7. The subscript h is a notional measure of the
local grid scale defined by the triangulation. For local interpolation errors, h, = diam(x), however
given the assumption of a quasi-uniform grid, all h, are within a constant factor of each other and

thus will be replaced with h.

The h subscript when applied to Rp(-,-) and an(, -) denote that the residual and bilinear term are
discretization specific and therefore may differ from R(-,-) and a(:, ). Those residuals which display
polynomial order dependence, for instance classical DG BR2, will be denoted Rjp(:,-) as seen in
Chapter 4. [(w) is not modified by the methods considered in this thesis, but it is possible with

other methods.

For this thesis, the output is a volume integral given by J(u) = (g,u). The corresponding dual

problem is,

(2.4) YeEV: R¥(w,v) = J(w) — a(w,v) =0, Yw € V.

For the Poisson problem and volume output functional, J(u), considered here, performing integra-

tion by parts gives the adjoint PDE

(2.5a) —AY=ginQ
(2.5b) % =0 on 9.

As with the solution u, we assume that the adjoint solution, v, is assumed smooth, which places
restrictions on g and the domain shape. As with the primal problem, the adjoint problem has a

corresponding discrete weak form

(2'6) ¢h,p € Vh,p : R;{:(wh,p,wh,p) = J(wh,p) - ah(wh,p7 'wh,p) =0, th,p € vh,p-
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2.1 A posteriori output error estimation

In the DWR framework the output error, £, can be expressed by the Functional Error Representation

Formula,
(2.78) E=J(u)— T (unp)
(2.7b) = Rp(un,p, ¥ — Vhp), YWhp € Vap

when the discretized residuals satisfy an extended form of primal and adjoint consistency. These

definitions are described within a DG context in Yano’s thesis [29].

DEeFINITION 1. Extended Primal Global Consistency

Given the exact primal solution ue V, the discretized primal residual satisfies
Rp(u,w) =0, Yw € .V (x)
where V(k) is the restriction of V to an element k.

Extended consistency is stronger than normal consistency[2] which only requires R (u, w) = 0,Vw €

Vh,p- Normal consistency is automatically satisfied by Definition 1 if Vj, 5(k) C V(k).

DEFINITION 2. Extended Dual Global Consistency

Given the exact adjoint solution ¢ € V, the discrete adjoint residual satisfies

RY (w,9) =0, Yw € ®xV(k).

The Functional Error Representation Formula is obtained using Definitions 1 and 2.

LEMMA 3. Functional Error Representation Formula

For a discretization that satisfies Extended Primal and Dual Global Consistency, the error in the

output functional £ = J (u) — T (unp) is given by

£ = Rh(uh,p,¢ — vh,p), Yuhp € Vhp.

17



Proof.

(2.82) E=J ) — T (unp) =T (u— unp)

(2.8b) = ap(u — Upp, ¥) via Definition 2

(2.8¢) = ap(U — Unh,p, ¥ — Vh,p) via orthogonality

(2.8d) =1l(1) — vhp) — an(Unp, Y — Vnp) via Definition 1

(2.8e) = Rp(Un,p, ¥ — Vhp)- : o

Another useful property of a discretization that satisfies Extended Primal and Dual Global Consis-
tency is Global Residual Error Mapping.

LEMMA 4. Global Residual-Error Mapping

For all p1,p2 € N, the global dual-weighted residuals are related by

Ry(Vhp1, % — whp2) = an{t — Vhp1, ¥ — Whp2)

= RY (u = Vnp1, Wnp2), V(Vhp1, Whp2) € Vhpt X Whp2),

where u,y € V are the ezxact solutions to the primal and adjoint respectively.

Proof.

(292)  Rn(vnp1,¥ — whp2) = Uy — wh,p2) — an(Vhp1,% — Wh,p2)

(2.9b) = ap(u, ¥ — Whp2) — an(Vhp1, ¥ — Whp2) via Definition 1
(2.9¢) = ap{U — Vnp1, ¥ — Whp2) via bilinearity

(2.9d) = J(u — vhp1) — an(U — Uhp1, Wk p2) via Definition 2
(2.9¢) = R;f(u — Uh,p1, Wh,p2)- o

2.1.1 Localization

The localization, r. (v, w), of the discrete primal residual is defined as

(210) T',;(’U, ‘LU) = lﬁ(w) - (IN(’U, ’LU),
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where 7 (v, w), ax (v, w) and l.(w) = (f,w)x are the discretization specific localized primal residual,

primal bilinear and linear functional expressions respectively. Further r. (v, w) is assumed to satisfy

(2.11) Ru(v,w) = ) re(v,w), (v, w) € (@xV(k) X ®xV(K)).
KETH

DEFINITION 5. Extended Primal Local Consistency

Given the ezact solution u € V, the localized residual satisfies
re(u, w) =0, Yw € V(k),
where V(k) enforces the boundary condition for those elements adjacent to the boundary.

The localization of the dual residual is defined as

(2.12) T2 (w,v) = Tu(w) — af (w, v),

where 7¥(w, v), a¥ (w, v) and Jx(w) = (g, w), are the discretization specific localized adjoint residual,

adjoint bilinear and output functional expressions respectively.

DEFINITION 6. Extended Dual Local Consistency

Given the exact adjoint solution v € V, the localized adjoint residual satisfies

¥ (w, ¥) =0, Yw € V(k).

Provided a localization of a residual satisfies Extended Primal Local Consistency it also satisfies

Local Residual-Error Mapping.

LEMMA 7. Local Residual-Error Mapping

For all p1,p2 € N, given a localization that satisfies Extended Local Primal Consistency, the local

dual-weighted primal residual can be represented by

T (Vhp1, ¥ — Whp2) = @k — Vhp1, ¥ — Whyp2) Y(Vhp1, Whp2) € Vhpt X Whp2),
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where u,y € V are the exact solutions.

Proof.

(2.13a) T (Vh,p1, ¥ — Whp2) = le(¥ — Wh,p2) — @x(Vhp1, ¥ — Whp2)

(2.13b) = (U, ¥ — Whp2) — 0k (Vhp1,¥ — Whp2) via Definition 5

(2.13c) = ax (U — Vhp1, ¥ — Whp2) V(Vhp1s Whp2) € Vhpt X Whpe). O

In addition to Local Residual Error Mapping, the proofs of Extended Primal and Dual Global

Consistency follow from Extended Primal and Dual Local Consistency

COROLLARY 8. Given a localization, r(v,w), of a residual, Rr(v,w), that satisfies

(2.14) Ru(v,w) = ) ru(v,w)

KETh

and Definitions 5 and 6, Ry (v, w) automatically satisfies Definitions 1 and 6 because V C (®.V(k)).

2.1.2 Error Estimates

Given 9 € V, where V is an infinite dimensional space, evaluating the true error via Equation (2.7b)
is infeasible. The approach considered here is to instead approximate the adjoint in a higher p space
than the primal. Though this method requires the solution of a linear system that is larger than
that of the primal, it has been observed that for nonlinear primal problems the computational effort
to solve the primal problem often dominates the total computational effort of the solution and error
estimation process. For example, for a typical transonic Reynolds-Averaged Navier-Stokes (RANS)
solution, the dual solve required approximately 10% of the computational time required for the

primal solve[30]. As a result, in this work the following error estimate is considered,

(2.15) Ex~E= Rp(uhp, Ynp — Uh,p), VYh,p € Vhp,
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where p' = D + Pinc : Pinc > 0. The true error has a localization

(2.16a) E= s,
KETh
(2-16b) Nk = Tn('ufh,pa¢ - wh,p)

which has a corresponding estimate

(2.17) Nk = ﬁﬁ, - 'rn(uh,p’ wh,p' - wh,P)'

The global estimate is defined by the primal residual solved for us p, thus Rp(upp, Vhp) = 0, Yupp €
Vhp- However this orthonality does not always hold for the localized residual, i.e. 7x(un,p,Vh,p) #
0, YU p € Vhp. When the orthogonality does hold locally, then the error estimate can be calculated

a8, Tk = 7' (Un,p, Yh,p), avoiding the need to calculate 1, p.

2.2 Additional Notation

On interior traces of the triangulation, the jump operator, [-], and average operator, {-}, are defined

for scalar, z, and vector, ¥, quantities as

(2.18a) [e] = (@h)™ + (af)*
(2.18b) =G 3" +F 2"
(2.180) (z} = %(m_ +at)
(2184) ' W=~ +7 ).
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For boundary traces the jump and average operators take only the internal value, thus

(2.192) [z] = (z)*
(2.19b) [71=@ a)*
(2.19¢) {zg} =zt
(2.19d) @ =v"

where AT is the outward facing normal on the trace of the element. Some additional notation for

inner products are defined as

(2.20a) W, w)7, = Y (v,w)s
KE€Th

(2.20b) (v, wor, = Y (v,W)on,
KETH

(2.20c) w5 =Y (w);.
fE€Fn

OTn = {0k : & € Tn} denotes the union of the boundaries of all £ € T;. Firtermal = {9+ N Gk~} :
Ve*, &~ € Ty, denotes the set of internal traces associated with 77, .7-',1:°“"da'y ={0kNON}:KeT
denotes the set of boundary traces associated with 7, and Fj, = Finternal U.F,E’°“nd"y denotes the set
of all traces of 7. Equations (2.20b) and (2.20¢) are different in that the first visits internal traces

twice, once from either side, whereas the second visits each trace once which implies that

(2.21) (u, v)oTi\00 = (U, ) 7\ 00-

N =

Finally, to simplify notation when taking limits, A(h) < B(h) is defined as A(h) < cB(h) in the
limit of A — 0 for 0 < ¢ < 0.
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CHAPTER 3

CoNTINUOUS GALERKIN

The DWR. framework was originally developed for the CG method[12] and combining DWR with
classical theory for finite element methods[15] the asymptotic convergence rate of the output func-

tional and its estimates can be bound as shown in this chapter.

3.1 Discretization

For the CG discretization, the approximation space V p is made up of piecewise continuous poly-

nomials of order p denoted PP(k),

(3.1) Vip = {v € COQ)NL*(Q) : v|, € PP(k), V& € Th : v|oa = 0}

The bilinear form is

(3.2) ah(v, w) = (Vv,Vw)Th.

3.2 Localization

The weighted strong form of the residual is used for the localization, following the method established

by Babuska and Rheinboldt in their paper on residual based methods[7] and used by Becker and
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Rannacher[12].

(3.32) Ry (v,w) = (f,w)7, — (Vv, V)T,
(3.3b) = (f,w)7 + (Av,w)7, — (Vv -, w)ar,
(3.30) = (f + 8w, )7, - 3(IVe] w)or,.

From Equation (3.3c), ax(v,w) and Ic(w), and thus r.(v,w), are defined as

(3.4a) le(w) = (f,w)x
(3.4b) au(v,0) = ~(Bv, w)x + 3 (V0] Wow.

LEMMA 9. CG Extended Local Consistency

el w) = (f + A, w) — 5 {[Vel, w)ow =0, Vo € V()

P (w, %) = (g + A, w)e — %(uw]],wm — 0, Vuw € V(x),

where V(k) is the restriction of V to an element k.

Proof. The volume integrals are zero since the strong form solutions satisfy Equations (2.1a) and

(2.5a). The trace integrals are zero because of the assumption that u and v are in at least C*(Q2).0

Given Extended Local Consistency is satisfied, Extended Global Consistency is also satisfied via 8.
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3.3 Bilinear Error Bounds

For the following bounds, we assume shape regularity and also sufficient smoothness in u and v such

that the following classical results[15, Theorem 4.4.4] hold

(35&) |u — uhyp|Hm(,¢) 5 h,’;+l_mlu|]{p+1(n)

(3.5b) W) - "ph,le"‘(n) 5 hﬁ-H_mW)lewl(ﬁ)‘

Another useful result for the error analysis is [|A(u — unp)llL2(x) S b7 u — unp|Er () [27]-

For norms on the trace of an element, the standard trace theorem relationship may be used to bound
the error in terms of the error in the adjacent element volumes[15, Theorem 1.6.6], which can then

be bounded using the classical results above

(3.62) IV (w = unp)]llzaqany S A 72U — unplary S WP 2 ul o (z)

(3~6b) ||1/) - Tﬁh,p”Lz(an) 5 h—1/2||1/’ - Tﬁh,p”m(k) S, hp+1/2|¢'|Hp+1(g)-

% denotes the set of elements that share a trace with k. The next step to bounding the Error

Representation Formula is to form a bound on the bilinear error.

LeMMA 10. CG Local Bilinear Error Bound

A (U — Unp1, Y — Yhp2) S BPIP2 | grora () 9] proat ),

where (Upp1,Vn,p2) € (Vhpt X Vhp2) are finite element solutions of polynomial order pl,p2 € N.

Proof.
ax (U — Unp1,% — Vhp2)
1
.(a = - U—Uhpr1 ),V — VYhp2)s T 5 U — Uh,p1 )}, ¥ — Wh,p2/)8k
(3.7a) (A( Y= )+2(|IV( N, % — ¥np2)
1
(3.7b) < 1A = wpp1)ll L2y 1Y ~ Ynp2llL2e) + §||[[V(U = un,p1)]ll 22(8) 1% — Yn.p2ll L2(0x)
(8.7¢) S B | o oy BP9 o () + BPE R o 2y BP2 R [0 s )
(3.7d) S BPP o () [9] proaen ). a
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LeEMMA 11. CG Global Bilinear Error Bound

an(u — Unp1, ¥ — Yrp2) S PP o ) [ groa+1 ()

where (upp1,Yhp2) € Vhpt X Vip2) are finite element solutions of polynomial order pl,p2 € N.

Proof.
(3'88‘) ah(u — Uh,pl, P — wh,pz) = Z an(u — Uh,p1, P - ¢h,pz)
KETh
+ (3.8b) SN BPUPR | s iy [ Ervaen )
KE€Th
(380) 5 h”1+”2Iu|pr+1(Q) |1/)|Hp2+1(9). O

3.4 Global Error Bounds

In this section Lemma 11 is used to derive asymptotic convergence rates for £ and £ — € for the CG

discretization.

THEOREM 12. CG Global Error Bound

Let unp € Vi p be the finite element solution of order p. Then the global error satisfies

€] < h?P|u| grovr () |0 mro+1(0)-

Proof.

(3.92) |€] = |Bn(uh,ps ¥ — Vhp)l, YOhp € Vip

(3.9b) = |Rn(un,p, ¥ — ¥Ynp)|

(3.9¢) = |ap(u — Uhp, ¥ — Yrp)| via Lemma 4

(3.9d) < h2p|’u,|Hp+1(n)|w|Hp+1(Q) via Lemma 11. ]

THEOREM 13. CG Global Estimate Error Bound

Let up,p, Ynp € (Vhp X Vhyp) be the finite element solutions of order p and p' respectively. Then
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the error in the global estimate satisfies

€ — €1 S b [ul gorsn (@[ | o410

Proof.

(3.10a) |€ — €] = |Rn(uhp, ¥ — Vhp) = Br(unp: Yhp = Vhp)ls Yohp € Vip
(3.10b) = |Rn(uh,p, ¥ — Yhp)|

(3.10c) = |RY(u — unp, ¥np)| via Lemma 4

(3.10d) = |RY (u — Vhp,¥hp)|, Y0y € Vhyp via orthogonality
(3.10e) = |ap(u — Vhp, ¥ — Yhp')|, YURp € Vhyp via Lemma 4
(3.10f) < h2”’]u|Hp'+1(Q)|1/)|H,,/+1(Q) via Lemma 11.

COROLLARY 14. CG Global Estimate Effectivity Bound

€ - €|
€]

2p;
s h inc

Proof.

1€ =& _ W lulmsvil¥lmr i) p2Pine

3.11
( ) |8| ~ h2p|u|Hp+x(Q)|’¢'|Hp+1(Q)

3.5 Local Error Bound

In this section Lemma 10 is used to derive asymptotic convergence rates for 7, and 7, — 7, for the

CG discretization. In common with the global results, all that is necessary to bound the relevant

formulae are Lemmas 7 and 10. The integration by parts of the global residual to arrive at the

localized residual means that rx(upp, Uhp) 7 0, YUhp € Vi p thus the adjoint solution in p must be

explicitly subtracted to achieve the optimal convergence.

Theorems 15 and 16 contains semi-norms on the element &, these semi norms converge to 0 with

order O(h%), thus when combined in a pair they give an additional O(h%) rate of convergence to

the local estimate.

THEOREM 15. CG Local Error Bound
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Let (up,p, Yh,p) € Vhp X Vhp) be the finite element solutions of order p. Then the local error satisfies

|nx| S A2Plul ot ) (9| o1 ()

Proof.

(3.12a) 7| = |7 (Uh,ps ¥ — Ynp)l

(3.12b) = |ax(u — Unp, ¥ — Yrp)| via Lemma 7

(3.12¢) < h2p|U|Hp+1(g)|’l,b|HP+1(K,) via Lemma 10

(3.12d) < pPPta, o

THEOREM 16. CG Local Estimate Error Bound
Let unp, Yhp € (Vhp X Vhyp) be the finite element solutions of order p and p' respectively. Then

the error in the local estimate satisfies

Inn - ﬁnl < hPtP |U|HP+1(R)|¢'|HP+1(R)'

Proof.

(3.13a) e = fiel = T (Un,ps ¥ — ¥hp) = T(Uhp, Yhp — Yhp)l

(3.13b) = |r(Un,p, ¥ — Yhp)]

(3.13¢) = |ax(u — Unp, ¥ — Yrp')| via Lemma 7

(3.13d) < h""""|u|Hp+1(,-€)|1,/)|HP/+1(K) via Lemma 10

(3.13¢) < pptp'+d : O

COROLLARY 17. CG Local Estimate Effectivity Bound
M < hPinc
In<| "~

Proof.

|"7r: _,,7“| < hPtP |UIHP+1(R)|¢1HP'+1(K) < pPine

(3.14) <
7| h2|u| go+1 (z)|Y] Hp+1 (k)
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3.6 One Dimensional Convergence

In one dimension, the local estimate for CG converges faster than the p + p’ rate determined in
Theorem 16. In this section, we prove that the local estimate converges at O(h?"") in one dimension.
To begin, we note that in one dimension, CG approximations are exact at the boundary of elements
for Poisson problems|28]. As a result, terms such as i — ¢ p» on Ok will be zero. Thus the error in

the error estimate 7, — 7, can be written

(3'15) Nk — fix = Tn(uh,pﬂb - %,p') = ((f + Auh,p): P — wh,p')n-

Through Galerkin orthogonality of the adjoint equation

(3.16) 0=(Vw, V(¥ = Ynp))7, YW € Vhyp,

integrating by parts and accounting for ¢ — ¥4 p» = 0 on 07}, gives

(3.17) 0= (Aw,?b - wh,p’)Thv Vw € Vhpr-

For w € Vp pr, then Aw is in a discontinuous polynomial space, specifically ¢ = Aw € @, Vh pr—2(K).

Thus, since this space is discontinuous, Equation (3.17) holds at the elemental level,

(3.18) 0=—(g, (¥ —¥np)s, ¥q € Vp,pr—2(k).

Using Equation (3.18), the error in the localized error estimate given in Equation (3.15) can be
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bounded,

(3.19a) ((f + Aunp), ¥ — Ynp)s = ((f + DUnp + @), — Yrp)s, Vg € Vipr—2(K)
(3.19b) <|f+ Auh.p + q“Lz(n)”"»b — Ynp “L’(n)'

Since upp € Vhp(k), Aupp € Vap—2(k) C Vb p—2(k)

(3.202) If + Aunp +qllLz 1Y — YrpllLaie)s ¥a € Vipr—2(k)

(3.20Db) = |If + Aunpr |l L2y 1Y — Vhprll L2 ()

(3.20c) = |A(w = urp )22y 1Y = Yhprll L2 (x)

(3.20d) S hpl_l|U|Hp'+1(,¢)hp,+1|¢|Hp’+1(n) = h2p,|“|Hp'+1(,;)i¢|Hp'+1(K) = h2p,+1,

which completes the proof.
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CHAPTER 4

DisCONTINUOUS GALERKIN

The Discontinuous Galerkin (DG) scheme considered in this thesis is Bassi and Rebay’s second
version, BR2 [11]. The convergence of global and local DWR estimates for BR2 has already been
analyzed by Yano[29] who showed that the p-dependency of the lifting operator can limit the con-
vergence rate of the global error estimate. To resolve this a mixed formulation for the error estimate

is proposed.

4.1 Discretization

For the DG discretization, the approximation space V., is made up of piecewise discontinuous

polynomials of order p,

(4.1) Vip ={v € L*(Q) :v|s €PP(k), V&€ Th}

and the bilinear term is given by

(4.2a) app(v,w) = (Vv, V),
(4.2b) = {Vo}, [wh) 7, — (0], {Vw}) 5,
(4.20) ~ (€ (D), [w]) ..
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The p subscript denotes that the bilinear term is p dependent, this means the residual operator
Ry p(v,w) is also p dependent. For stability £ must be set to greater than the number of traces
of the element where the residual is evaluated, i.e. 3 for 2D simplices[16]. The lifting operator is

defined on trace f € F;, by the expression[2],

(4.3) 7o) € Whpl®: (7 ,0),9)7 = —(v,{g})s, Y9 € Vhpl®

where v € [L}(f)]?. The p-dependence of the DG residual operator is contained in the expression

for the lifting operator Fg,p(v)[ZQ], namely

(4.4) 7.a(Vh) # L p(Vha), Vhg €Vha, VaPEN:g<p.

The p dependence suggests two similar estimates, one where the residual is evaluated in p, £!, and

one where the residual is evaluated in p/, £2[29].

(4.5a) E' = Rhp(uh,p, Yhp')
(4.5b) £ = R p (Uh,p, Yh,p')

These estimates are analyzed in Section 4.6, placing them within a p independent framework, and

their sub-optimal performance is explained.

An alternative strategy is to append the lifting operator definition in the weak form to the residual

such that the bilinear term for the BR2 discretization is written as

(4.6a) an (v, 75w, 5) = (Vv, V)T,
(4.6b) = {Vo}, w7, = (] AV} F, — &7}, [w]) 7,
(4.6¢) = 3 (.8 + L 1),

fE€Fh

where 7 and 87 € Sf, and Sf, =[I;c 7, [Vhp]% and 7 is the element in 7 corresponding to face
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f. The infinite dimensional equivalent is denoted S¥ =[] feFn [V]e.

For succinctness V = (v,7F) and W = (w, 57') tuples are specified as arguments, thus ay(Vi,p, W) =

an(Vh,p, T}, »; w, 8F). The discretization may be written as

(4.7) (Uhp) € Vhp X Skp) : Ra(Unp, Whp) =0, V(Why) € (Vap X Sk

The exact 7/ is defined by substituting in the strong form solution u € C*(f2), thus [u] = 0. Then
setting w = 0 shows that 7/ = 0 for the exact solution. The adjoint residual for the DG formulation

can be written using the tuples as

(4.8) RY(W,V) = J(w) — an(W, V).

Substituting in 1 € C1(Q), [] = 0, then setting w = 0 shows that / = 0. The tuple of the adjoint

variables is defined as ¥ = (¢, #F).

4.2 Localization

The DG residual is simply localized,

(4.9) re(V, W) = Rp(V, Wi,),

because unlike CG, DG displays extended local consistency when the test functions are elementally

restricted.

LEMMA 18. DG Extended Local Consistency

re(U,W) =0, YW € (V(k) x 8F(k))
r(W,®) =0, YW € (V(k) x ST (k)),

where V(k) and S¥ (k) are the elemental restrictions of V and S¥.
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Proof. For the exact solution U, [u] = 0 and 7 = 0 leaving

(4.10a) (U, W) = (f,w)s — (Vu, V), + (Vu - i1, w)a,
(4.10Db) =(f+Au,w), =0, YweV(k).
Similarly, for the dual localized residual

(4.11&) TZ)(W) ‘I’) = (g» w)n - (Vw, Vw),; + <V¢ ' ﬁ’ w>3ﬁ
(4.11b) =(g+ AY,w), =0, VYweV(k).

LEMMA 19. DG Extended Global Consistency

RL(U,W) =0, YW €@.(V(k) x SF(k))
RY(W,®) =0, YW € ®,.(V(k) x 8F(x)).

Proof. Via Lemma 18, the proof follows naturally

(4.122) RBa(U,W) = ) re(U,W) =0, YW € @x(V(r) x SF (x))
KETh

(4.12b) RY(W, W) = )" r¥(W,¥) =0, YW € .(V(x) x S7(x)).
KEThH

4.3 Bilinear Error Bounds

Assuming sufficient smoothness of the solution, existing error bounds can be used|2],

(4.13a) ]u — ’u.h,p|Hm(,¢) 5 hp+1—m|U|Hp+1(n)

(4.13b) | — ";bh,le"‘(n) S hp+1_m|‘/)|Hp+1(n)~
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Given u, ¥ € C°, bounds on interface jumps, | [urp]llz2¢r) and ||[¥n,p]liz2(s) can be used[16]

(4.14a) lunpllizacn S B2 llu — ungplizags,)
(4.14b) Ilholllz2cs) S B2 — Yhpllagey)-

Trace scaling can also be applied to relate norms on the trace to the elements[15, Theorem 1.6.6),

(4.15a) | = unplamry S hHu - Uh,p|Hm ()

(4.15b) % — Yhplam(r) S T2 — Pl meg)-

In addition, error bounds are required for rh p and ah - The definitions of 7 'rh p and &l p are un-
changed, thus existing bounds for rh p and oh p can be used[16], but the proof is repeated here for

completeness.

LEMMA 20. DG Auxilliary Variable Bounds

17 lle2epy S Iunpllizacs)

18 Jllza gy S ITenpdllzas)-

Proof.

(4.162) 17 220y = (s 7l s

(4.16b) = — (], [unpl)s

(4.16¢) <7 pllzacp lunpliizacs
(4.16d) ShTH zagep lunplllz2r)
(4.16¢) 17 llzagey S B2 1 [unpdlizacsy-
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(4.17a) 18] 1220y = (FL s L p)ns

(4.17b) = —£(3 , [¥n)) s

(4.17¢) S NGl I [np Do)

(4.17d) S b4 e I Tnlllzar)

(4.17e) 15 Jlz2eey S R 31 Tn ol 2 o

LeEMMA 21. DG Local Bilinear Error Bound

ax(U = Upp1, ¥ — Oy ) = an(U = Upp1, (¥ — Tp ) |x) S B2 |ul gror iy |90 oo )

where (Upp1, Wh p2) are finite element solutions of polynomial order pl,p2 € N.

Proof.
an(U - Uh,pl; v — ‘I’h,pZ)
(4.18a) = \(V(u — Upp1), V(¥ — ¢h,p2))@+${v(u —Uunp1)} R Y — Yhp2)ox
Y 1
(4.18b) + ([u — unpl, @V — Prp2))ox — D (7L 51} ¥ — Ynpa)s
1 Jeon ,
v
(4.18¢) + 3 T ) — Y ([ — unpl 0 )5
;fEBK Ieam _
v VI

Where a = %, Vf € Fintemal gnd o =1, Vf € ]-','f oundary ' In order to bound the whole, it suffices to

bound the components individually

@

(4.19a) (V(u = upp1), V(Y — Yrp2))x

(4.19b) <IV(© = uhp1) | 22() IV (% — Yr,p2)ll 2 (s)
(4.19¢) S BPP2 ) ores () 0] rmae ) -
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IT)

(4.20a)
(4.20b)
(4.20c)

(III)

(4.21a)
(4.21b)
(4.21¢)
(IV)

(4.22a)
(4.22b)
(4.22¢)

(4.22d)

V)

(4.23a)

(4.23b)

(4.23¢)

{V(u—unp1)}, ¥ — Vnp2)ox
< IHV(u = wnp1)} - Al L2om) 1% — Yhp2llL2(0x)

< BPYP2 ] rovin iy [0 pa () -

([I’U, - uh,pl]]a CVV('/’ - wh,p2)>8n
S Iu — wn,pll20m) IV — Yhp2) | L2(55)

S hp1+p2|u|Hp1+l(E)|¢|Hp2+1(~).

E (g{Fi,pl} Y — ¢h,p2)f

f€dk

S D T o lzan ¥ = napzlizacs
fedkr

S 2 WA pallzcepll — vnpellzace
fedx

< B2 5y [ v .

D (o T

fe€dk

< Z ”Fifz,pl”Lz(fe)”&i{,panz(N)
f€EBK

,S hp1+p2|u|Hp1+1(R) |¢|Hp2+l(;<,).
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(VI)

(4.24a) Y (v —unpml, 0] )5
fedx

(4.24D) SN k- unp1lll2 ()17 pallzacr)
fedr

(4.24c) S Y Yl = un |2 ) 16 ol 2o
f€dk

(4.24d) S BPPR | o Gy [9)] o ().

)
Thus,

o
a5 (U = Upp1, & — W p3) S RPPP2 (0] gonn gy || roaen ) -
Using Corollary 8 the Global Bilinear Error Bound is given by
LeMMA 22. DG Global Bilinear Form Error Bound
an(U = Upp1, ¥ — Wpp2) < RPHP2 0 gorsn (|9 reer )
Proof.
(4.25a) an(U—-Upp1, ¥ — Op o) = Z (U = Upp1, ¥ — Tpp2)
KEThH
(4.25b) s Z hp1+p2|u|Hp1+1(R)|¢|Hp2+1(g)
KETh
(4.25¢) S RPHP2 1] o ([ msaa - o

4.4 Global Error Bound

In this section Lemma 22 is used to derive asymptotic convergence rates for £ and € — € for the DG

discretization.
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THEOREM 23. DG Global Error Bound

€] S B?P|u| o+ () || Hprr(e)-

Proof.

(4.26a) €] = |BA(Un,p, ¥ = Why)l, YWhp € (Vap X Sip)
(4.26b) = |Rp(Upp, ¥ — W, )]

(4.26¢) =|ap(U —Upp, ¥ — ¥p )| via Lemma 4
(4.26d) S h?|u|go+1 (o) || o1y  via Lemma 22.

THEOREM 24. DG Global Estimate Error Bound

€ = &1 S W% [ul gror 1) ¥ w152y
Proof.

(4.27a) |€ — €| = |Rn(Unp, ® — Whyp) — Rn(Unp, Thp — Whyp)l, YWhp € (Vhp X SE )

(4.27b) = |Rh(Uhp, ¥ — ¥pp)|

(4.27c) = |RY(U - U, ¥py)| via Lemma 4

(4.27d) =|RY (U~ Whyp, Bhp)|, YWhp € (Vap x Sf,) via orthogonality
(4.27¢) =|an(U =Wy, ¥ =W}, )|, YWy € (Vhp XSk p) via Lemma 4
(4.27f) < hz",]u|H,,/+1(Q)jle,,:H(Q) via Lemma 22.

COROLLARY 25. DG Global Estimate Effectivity Bound

|g~g| <

< tht‘nc‘
€]
Proof.
(4.28) € = €] W7 Il ool p2Pinc.
[E] ™ h2Plu| eyl ae+i(a)
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4.5 VLocal Error Bound

In this section Lemma 21 is used to derive asymptotic convergence rates for 7, and 7, — 7}, for the
DG discretization. In common with the global results, all that is necessary to bound the relevant
formulae are Lemmas 7 and 21. Unlike for CG (see Theorem 15), the DG localized residual is the
same as the global residual, aside from the local restriction of test functions, as such r,(Up p, Wy p) =

0, YWhp € Vhp.

Theorems 26 and 27 contains semi-norms on the element x, these semi norms also scale h%, thus

when combined in a pair they give an additional O(h?) convergence rate to the local estimates.

THEOREM 26. DG Local Error Bound

7] S h2P|ul govr (zy |9 o (r) -

Proof.

(4.29a) (16| = 17 (Un,p, ¥ = Whp)l, YWhp € (Vap(k) X S p(K))

(4.29b) = |T,.:(Uh’p, v — ‘I’h,p)l

(4.29¢) =|ax(U—~Upyp, ¥ — ¥, ,)| via Lemma 7

(4.29d) < h2p|u|Hp+1(E)l¢|Hp+1(g) via Lemma 21. O

THEOREM 27. DG Local Estimate Error Bound

s — 7| S BPYP || goss gy [¥n,pr | o1 () -
Proof.

(4.302) |0 — 1| = 7 (Uh,p, ¥ — Whp) — To(Uh,ps Chp — Whp)l, YWhp € (Vi p(k) X S}f:p(l{’))

(4.30b) =|re(Unp, ¥ — ¥y )|
(4.30¢) = |ax(U — Upp, ¥ — ¥}, )| via Lemma 7
(4.30d) b h”""”|u|Hp+x(R)l¢|Hp,+1(R) via Lemma 21. 0

COROLLARY 28. DG Local Estimate Effectivity Bound

|7 — | < RPine
|"7K|
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Proof.
|77n — ﬁnl hP+p/|u|Hp+1(g)|1/)|le+1(,€) < ppinc O

4.31 <
(451) {774 h2P | u| o1 () || o1 ()

4.6 Statically Condensed Estimation

The full estimate £ can be separated into two components,

(4.32a) E=Eu v &
(4.32b) £ = R} (Uh,p, Yhp)
(4.32¢) £ = RiF (Uh.ps 3{11'),

where R} (V,w) is the residual of the scalar equation, and RiF (V, 5) is the residual of the auxilliary

equation. There is a corresponding separation of the local estimate

- - ~7F
(4.33a) i = i -+ T
(4.33b) fie = Ry (Un,p, Ynp|x)
~ 7F =3
(4.33¢c) o =R}, (Unp, 5L )

To compare the two estimates, £! = R p(up p, ¥n,p) and E2 = Rp g (Un p, Yhpr) against £, they can

be written in the p independent residual as

(4.342) ' = R}(Uh,p, Ynp)
(434b) g2 = R’;:((uh,pa 7'—"I};:p’)a wh,p')

£ and &2 only evaluate the residual for the scalar calculation. However, £2 by resolving for A
means that R ((up p, i), OF ) =0, YoF o, € SF . Thus f ,, can be introduced when calculat-

ing £ — £2, and Lemma 4 can be used. £ — £! will not converge with O(hz”,) because it is not the
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whole residual, thus Lemma 4 cannot be used. Thus £2 = £ and £! = £».

7% and 72 can also be written in the p independent residual,

(4.352) it =i

(4'35b) ﬁ;zc = RZ (uh,p» 7?}117:1;" "/)h,p’ |~)

fit = 7, thus from Lemma 21 7, — 7. will converge at O(h‘”’”') but will have a larger error than

i because 7, — it = 77 also converges with order O(hP*P'), 5o the ratio remains O(1) with mesh

refinement.

72 performs significantly worse than #j., because Lemma 7 does not map to the adjoint residual.
Consequently orthogonality cannot remove the error associated with the inconsistent value of F{ o
The convergence is thus reduced to purely that of the primal variables, giving O(h?) as predicted

by Yano [29].

Given the ultimate goal of using the estimates to drive an adaptive algorithm, £!, 7} was chosen
by Yano[29].
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CHAPTER 5

HYBRIDIZABLE DISCONTINUOUS

GALERKIN

The Hybridizable Discontinuous Galerkin, or HDG, method is a mixed method, in which the first

derivative on the scalar variable is introduced as an auxilliary variable, ¢,

(5.1a) g—Vu=0 inf
(5.1b) -V.¢=f inQ
(5.1¢) u=0 on 9.

The particular HDG method here is derived from the Local Discontinuous Galerkin (LDG) method
and is sometimes referred to as the LDG-H method (17, 18].

5.1 Discretization

The HDG residual, in common with CG and DG, can be written with a linear functional and a
bilinear functional. In addition to replacing the solution gradient with an additional variable HDG
replaces the trace of the scalar on the element boundaries with an additional variable 4. Thus
4 = u and 1,5 = 1 on the element traces, for the exact solutions u and 1. For ease of notation

U= (u,dd), T =, GYP) and W = (w,§,d), thus Ry(Unp, W) = Ri(unp, Ghp, Ghp; 0, 5, D).
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The discretization is defined by

(5.2a) Vp = {v € L*(Q) : v|« € PP(k), VK€ Th}
(5.2b) Qhp = {T€[L*MW]?: g, € [PP(k)]?, VkeTh}
(5.2¢) Mpp = {m e [L2(Fn))% 1 iml; € [PP(F)]%Y, Vf € Ful),

with bilinear term

(5.3a) an(v, 1, 93w, §0) = (£, V), + (F, - o, w)or,

(5.3b) + @37 + (v, V- 87, — (0,5 Ao,
(5.3¢) — ([Fo], )5,

(5.3d) F, = —t+ (r2) (v — 9).

7 is a stabilization parameter that must be greater than 0 for stability[24]. In this thesis two methods
of choosing the length scale are analyzed. The first HDG(h) uses the local length scale of the mesh,
and the second HDG(L) uses a globally specified length scale L. The adjoint equation can also be

written in mixed form

(5.4a) F—VyY=0 inQ
(5.4b) -V-g=g inQ
(5.4c) =0 on oN.

The spaces Vi p, @np and My, are discrete counterparts to the infinite dimensional spaces V, @
and M,

(5.58) V=LQ)
(5.5b) Q = [I2(Q)*

(5.5¢) M= {me[L*(f)]*, VfeFu}
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The collection of elemental discrete spaces is denoted Whp = (@x(Vhp(K) X nrp(K)) X Mpp)

5.2 Localization

Consider the following localization

(5.62) re(U, W) = L (w) — ax (U, W)

(5.6b) ax(U, W) = (7, Vw)x + (F - 7, w)ax

(5.6¢) + (@ 8)n + (4, V- 8)s — (8,5 A)ox
(560 - 3 (IFL @),

which closely follows the global form except for apportioning half the jump term to the two elements
adjacent to each trace. Using this apportionment, the sum of the local residuals can be readily

shown to equal the global residual.

LEMMA 29. HDG Extended Local Consistency

(U, W) =0, YW € (V(k) x Q(r) x M(Ik))
(W, ¥) =0, YW € (V(k) x Q(k) x M(8k)),

where V(k), @(k) and M(Ok)) are the elemental restrictions of V, @ and M.

Proof. F = —§+ (rA)(u — @) occurs only in trace integrals thus F=-g

(5.72) re(u, 4, 8w, 8,9) = (f,w)s — (& Vw)x — (F - 2, w)ox

(5.7b) ~(@,8)x — (u, V- )i + (11,5 A)ox

(5.7 + 5 {FL Do

(5.7d) =(F+ V- Gw)e—(F+) 7 w)ox

(5.7¢) — (= Vu,8) —(u—10,5 N)ax

(5.76) + 3 (1), Do =0, YW € (V(w) x Q(x) x M(x)) 0

The proof for the dual proceeds analagously.
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Extended global consistency follows naturally from Lemma 29.

LEMMA 30. HDG Extended Global Consistency

Rp(U, W) =0, YW € (@x(V(k) x Q(k)) x M)
RY(W,¥) =0, YW € (@.(V(k) x Q(k)) x M).

The proof is a direct consequence of Lemma 29

Proof.

(5.82) Ra(U, W) = )" 1 (U,W) =0, YW € (8:(V(k) x Q(x)) x M)
KETH

(5.8b) RY(W,®) = 3" r¥(W,®) =0, YW € (@,(V(k) x Q(k)) X M). O
KETH

5.3 The II} Projector

To prove the convergence rates for the output error, the I}, (¢, u) = (112§, II%,u) projector as intro-
duced by Cockburn et al. [18] is used. The projector is defined for use with the primal problem,
but it can also be applied to the adjoint.

The projector gives bounds on the local and the global solution errors of the HDG discretization in

terms of semi norms on the exact quantities, whilst accounting for 7 dependencies.

DEFINITION 31. The II} Projector

(I2E,8) . = (£, 8)s, Vs € [PP1 (k)
(M, w) s = (v, W)k, Yw € PP~ (k)
(2t f + 7T v, ) an = (T A+ Tv, W)y, Vi € PP(8k),

The domain of II}, is a subset of Qpp X Vi p-

The II}, projector can be related to the PR, projector, defined as the L2 projection in p onto M(f)
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(5.9) PR (- #) = 2% A+ 7(IBv — PR o).

DEFINITION 32. Error bounds for the I} Projector

For 0 <m <1 [18, Theorem 8.1, Theorem 4.1],

Primal

(5.10) T8, — wp pll rrm ey S PP HIEG — @l i )
(5.11) TG — Ghpll () < ITIBG — @l Erm ()

(5.12) | P2(T7) — Fy - #llnmy S ITET — @l am(z)

(5.13) 1P — tnpllaey S PITEG — gl am(z)-

The || - [|n(x)y norm is defined as ||u[|%(n) = h|]u]|%g(3~) : u € L?(0k), thus

(5.14) lellzz ony = h_%”.u”h(n)-

Adjoint

(5.15) T2 — Yhpll 5y S RPRPHTEG — B g )
(5.16) TG — Bhpllarm () < TSP — Bl Hm ()

(5.17) | Poy(@- 1) — Fy - Allngey S TG — @l grm )

(5.18) PR — Drplingey S PITEG — @l m ()

Equations (5.11), (5.12), (5.16), and (5.17) are Theorem 8.1 and Equations (5.10), (5.13), (5.15),
and (5.18) are Theorem 4.1. F, and F¢ are the numerical flur defined for the primal and adjoint

respectively, thus in F in Equation (5.3) is equivalent to F,.

Using the trace theorem[15, Theorem 1.6.6] the L? projection on a trace can be related to the semi

norm over the volume,

1
(5.19) llv = PRvllnzcry S RPF 20l rorsny)-
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These error bounds can be combined with bounds for the interpolation error of the projector

DEFINITION 33. II} Projector Error Convergence rates [17, Theorem 2.1]

Primal
||H€1¢j’— q“H’"(ﬂ) S hpl+l—m|ﬂle+1(n) + hp1+1_mT|U|Hp1+1(n)
_ hP1+1—m
Ilnﬁ'lu - u”H"‘('ﬁ) < hPLH mlu'HP”l(n) + ——7-_|V : ‘ﬂle(N).
Adjoint

||H€2¢_ ¢||Hm(n) ,S hp2+1_m|<,5’Hp2+1(n) + hp2+l_mT|’(p|Hp2+1(n)
P2y — < pp2+l-m hp2Hi-m V.3
DA ELTORS [Ylsaesge) + ———IV - Glarace).-

We make the assumption that 7 is single valued on a trace and of sufficient smoothness in u and .
Given ¢ = Vu in Equation (5.1), combined with the regularity and smoothness assumptions from

Chapter 2, more compact expressions are

Primal

(5.20a) ITE T — @llirm(wy S BPYH ™ (Jul goreagey + Tl orea o))
_ 1

(5.20b) T =l gy S PP (| gronea ) + =lulaetag)-

Adjoint

(5.21a) ITE2G — @Bl rm () S WP2HE™ (|| moavagey + TIW Eroa+a (o))
_ 1

(5.21b) ITB20) — || grm ) < hp2+_1 "™ (|| Hr2+10) + ;|¢|HP2+2(N))‘

5.4 Bilinear Error Bounds

From Definition 5, to bound the global bilinear error, it suffices to bound the local
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LEMMA 34. HDG Local Bilinear Error Bound

k(U = Upp1, ¥ — Wppp) S APHHPH (IulHPHz(fc) [l ra+1(x)
1
+ (Julgor+r ey + '7','|u|HP1+2(~))(|"/)|HP’+2(n) + 7|Y] Hr2t1(n))

1
+ (Jul grr+2e) + TlulEerer (r)) (Y] HP2+2 () + ;I¢|HP2+2(N)))a

where (Up, p1, hp2) are finite element solutions of order pl and p2 and T is the stabilization pa-

rameter, assumed to satisfy ht < 1.
1
ax(U=Upp1, @ = Uppa) S (= +7 #2414,
p
Proof.

ax(U—Upp1, ¥ — ¥, 12)

1 I

+ (= Ghp1, @ — Sz"h,p2){g+\(u —Unp1, V- (F — ¢h,p2))§
1 v
. 4 4 . 1, = o
- fu — Upp1, (F — Ph,p2) 'n>8g‘§fﬂq - Fl, 9~ ¢h,p2)an\an .

v~

v Vi

To bound the whole it suffices to bound each of the components individually.
(D):

(5.228) (G~ Ghp1, V(¥ — Yrp2))s
(6.22b) <7~ Ghprllza(m) Y — Ynp2lla ()
(6.22¢) < (||H§1<T* GhoptllL2gey + ITEMG — ﬂlm(n)) (|lnﬁ,21/) — Ynp2ll 1) + ITE2 — 1/)||H1(~))
(5.22d) S ITE'T— gllz2(e) (RITIE® G — @Bl 11 ) + [ITEP Y — ¥l 3 () |
(5.22¢) S RPMPRH(|u| gorva ey + Tlul grrsi(e))

(h(lsomsae) + T e y) + (8 s ) + =1l rnra))

1
(5.22f) < APMPEH(Ju| grora ) + TIU|Eoaer ) (1] mroara gy + ;|¢|HP2+2(H,))-
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(II):

(5.23a) (@~ F) - 7,9 — Yn p2)on
(5.23b) <@~ F) - llz2(omy |9 — ¥n.p2llz2(ox)
(5.23¢) S (I@— P2 - Alza(on + I(PT— F) - Allzaon) )h ™2 1% — npallzace)
(5.23d) SEA(I@ - PO - llzacony + R HITET — Qoo
(ITEE246 — 6l zaey + RITIERG = Bl 2o )
(5.23¢) S (W4t msage) + Tlulmsies))
(hp2+%(|¢|m2+1(n) + %llblﬂmﬂ(n)) + hp2+%(|¢|HP7+2(n) + Y| Hp2+1()))
(5.23) S R (e ) + 7l oo ) (0003 + b o420
(I1I):
(5.24a) (7= @hp1) & — Phop2)s
(5.24b) <@ - TB'G) + (181G — G p1) | L2y |1 (B — TTB2B) + (TI22F — B p2) | L2()
(5.24c) S T T = @l 22 (o) ITIE23 — Gl 22y
(5.24d) S P22 ((u) grorva oy + Tl o (o)) (W] mmaa ey + I Ewa+1 () )-
(IV):

(5.258)  (u—ungp1, V- (&~ Phpa))
(5.25b) < |lu—unpillze IV - (@ — Php2)llz2(x)
(5:25¢) < (Ilu =T ullzago + T — unpa 120 ) 16 — Fngpellms o
(5:25d) S (Ilu = T ul sy + AITEG = Qlagey ) (16 = T2 prs o) + PG = G pallzns o)
(5:25¢) S (Il = T ullzaq + AITE G — dllage ) ITEG — 1)
(5.25f) < (hp1+ (vl mpr+1(ey + —Iual1+z )+ hp1+2(|U|HP1+2(n) + ‘r|u|Hp1+x(K)))

R (W!szw(n) + T|¢|HP3+1(N))

1
(5.25g) 5 hp1+p2+1('u|Hp1+1(n) + ;Iual1+2(h))(|1/)|Hp2+2(K) + Tl'llepZ-l—l(n)).
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(V):

(5.26a)  (u— Gnp1, (F — Prp2) Nox

(5.26b) < hTH||(u— PRyw) + (Phgu — tinp)ll L2(om) ITEE25 — @l Lage)

(5.26c) Sh% (Ilu ~ PRyulla(om) + 2| PRgu — ﬁh,pllh(n)) ITIZ* G — Bl 2x)

(526d) S h~H(llu— PRyullzaem +hHITE'G - Tlzae) ) ITE2G = @llLage

(5.26¢) < hp! (|u|Hp1+1(K) + h(|ul grrva () + 7'|U|le+1(~))) pP2+1 (|¢|HP2+2(~) + T|¢|Hp2+1(~))

(5.26f) S APyl g ) (|¢|Hp2+2(n) + TI¢|H”’+1(R))~

(VI)
(5.272)
([7— F1,% — ¥np2)amon
(5.27b)
< M7 — Flllz2(om I¥ — $np2ll22(ax)
(5.27¢)

< (||[[¢T— Padlllzacasy + I[PRAT - F]]Hmw;o) (||11) — P2\ Lacon) + || Phat — 7/;h.,p2||L2(8n))
(5.27d)

< (ppi+3 N+ B ||TP — ) (pP2t3 B3| PP —

< |ul gpr+z(ry + A2 |G — 41l L2(x) [l oz +1(sy + h72 || PRAY — Yn,p2llns)
(5.27¢)

S (W ulmsagey + hHIE T = dlnge)) (2 Wl + R TG ~ Gipall o)

S_, hI’1+p2+1 (|u|Hp1+2(;"-,) + Tl’ual1+1(,~€)) (lw[Hp2+l(n) + h(l’lﬂ]Hp2+2(n) + 7‘|’¢'|sz+1(,§)))

(5.27f)

’S hP1+p2+1 Iul HrL+2(R) |"/)|HP2+1(N) .

Combining these together,

ax(U—Upyp1, ¥ — Wppo) S hP1+P2+1 (|u|Hp1+2(k)|'d)|Hp2+l(~)
1
+ (ulgmr+r (o) + ~lulEsiea ) ) (Yl Hsatage) + TV Hra+1(s)

1
+ (|ulgrrtz(ey + Tlulgor+a () ) (|Y] HP2+1 () + ;|¢|HP2+2(~)))-
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The semi norms on an element converge with order O(hg) and they always occur in pairs. This gives
rise to an additional O(h?) convergence of the local bilinear form, thus it can be more descriptively

written as

1
ax(U—=Upp1, ¥ -y, 0) S (; + 7-) pPL+P2+14d

Using Lemma 34 the Global Bilinear Error Bound can be proven.

LeEMmMA 35. HDG Global Bilinear Error Bound

ap(U— Upp1, ¥ — ‘I’h,pZ)
1
< B (| gpnsa ) + '7:|U|Hp1+2(n))(|¢|Hv2+2(n) + 7| Hr241 ()

S hp1+p2+1 (l + T)’
T

where (Up p1, ¥hp2) are finite element solutions of order pl and p2 and 7 is the stabilization pa-

rameter, assumed to satisfy ht < 1.

Proof.
(5.28a) an(U—Upp1, ¥ — Wy, o) = Rp(Upp1, ¥ — Pp, p2)
(5.28b) = > me(Unp1, ¥ — Tp o)
KEThH
(5.28¢) = Z ax(U—Upp1, ¥ — ¥y 50) via Lemma 29
KETh
< pPl+p2+1 1
(5.28d) Sk (lulmsaie) + = lulmwra@)) (IWlasa+a(9) + 719 Ho241(0))
1
< ppl+p2+1(
(5.28¢) < H (T + 7'). 0

5.5 Global Error Bound

In this section Lemma 35 is used to derive asymptotic convergence rates for £ and £ — £ for the

HDG discretization.
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THEOREM 36. HDG Global Error Bound

1
€] S PP (|ulgorr () + ;|“|Hv+2(n))(|1/)|m+2(n) + 7Y getr ()

< A%t (l + 7'),
T

where T is the stabilization parameter, assumed to satisfy ht < 1.

Proof.

(5.29a) |E] = |[Rh(Uh,p, ¥ — Whp)l, VWhp € Whp

(5.29b) = |Rh(Uphp, ¥ — Wp )|

(5.29¢) =|ap(U — Upyp, ¥ — ¥y, ,)| via Lemma 4

(5.29d) S PP (|ul gper o) + 7l_|u|Hp+2(n))(|¢|Hp+2(n) + 7[Y| o1 ()
(5.29¢) < pPPH (% + 7') via Lemma 35.

THEOREM 37. HDG Global Error Estimate Error Bound

~ 7 1
|€ - €| S h* +1(Iu|HP'+1(9) + ;|U|Hp’+z(n))(|w|m'+2(n) + 7Yl g +1(q))

< R+ (l +7),
T

where T is the stabilization parameter, assumed to satisfy ht < 1.

Proof.

(5.30a) |€ — €| = |Rh(Uhp, ¥ —Whyp) — R(Upp, Bppr — W), VWhp € Whp
(5.30b) = |Rr(Unp, ¥ — Wpp)l

(5.30c) = |Rf(U —~Uhp, ¥hy)| via Lemma 4

(5.30d) = |Rf(U — Wiy, Trp)|, VWhp € Wy via orthogonality
(5.30€e) =|an(U—Whp, ¥ — Wy )|, YW}, 0 € Wy, via Lemma 4
(5.306) SR ful gy + a2y + T 1)
(5.30g) S R +1 (% + T) via Lemma 35.

COROLLARY 38. HDG Global Error Estimate Effectivity Bound

€ - €l
€]

20,
S h Pinc
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Proof.

e-§ (2+7) . .
1€l ™ poe $+r) ~

(5.31)

/N

5.6 Local Error Bound

In this section Lemma 34 is used to derive asymptotic convefgence rates for 7k and 7, — 7, for the
HDG discretization. In common with the global results, all that is necessary to bound the relevant
formulae are Lemmas 7 and 21. Unlike CG (see Theorem 15), the HDG localized residual is the
same as the global residual, aside from the local restriction of test functions and the factor of % on
the jump condition, as such r¢(Up,p, Wpp) =0, VW4, € Wi, ,(k), where W, 5(k) is the elemental

restriction of Wh, p.

Theorems 39 and 40 contains semi-norms on the element k, these semi norms also converge to 0
with order O(h#), thus when combined in a pair they give an additional O(h?) rate of convergence

to the local estimate.

THEOREM 39. HDG Local Error Bound

Imel S B2+ (|u|HP+2(7€)IwIHP+1(n)
1
+ (lulmﬂ(ﬁ) + ;IulHP+2(n))(|'l/)|Hp+2(n) + TI¢|H"+1(:¢))
1
+ vy + Tlul s 0) (Wl o) + 21l zmeae))

< (l +T)th+1+d,
=

where T is the stabilization parameter, assumed to satisfy hr < 1.

54



Proof.

(5.32a) M| = 1rx(Uh,p, @ = Whp)l, YWhp € Whp(k)
(5.32b) = |r(Uh,p, ¥ — Wh,p)|

(5.32¢) = |ax(U = Upp, ¥ — ¥pp)| via Lemma 7
(5.32d) < p2pt (|u| H+2() [ o+ ()

1
+ (|u ety + ;lulHP+2(n))(1w|HP+2(n) + 7| Hpt1(xy)
1
+ (fulsovagey + Tlulamss ) (o e) + Z bl o430

(5.32€) < (% + 7') h?+1+e  yia Lemma 34.

THEOREM 40. HDG Local Estimate Error Bound

e — il S ppto +1 (I'U,IHZFI—Z(R) |w|HP'+1(n)
1
+ (Il gra(m) + —lulaesa(n) (1] gorvage + TV w41 ()
1
+ (|u|Hp+2(K) + TIulHP'Fl(N))(llep’-f—l(n) + ;Il/)al'+2(K)))

1 /
< (; +7.)hp+p +id

where T is the stabilization parameter, assumed to satisfy hr < 1.

Proof.
(5.33a) 17 — 7ix] = 17 (Uhp, ® = Whp) — 7x(Un py Chpr — Whp)|, YWhp € Whp(k)
(5.33b) =rx(Upp, ¥ — ¥}, )|
(5.33¢c) =]ax(U —Upp, ¥ — ¥y )| via Lemma 7
(5.33d) < hp+p'+1(|u|Hp+2(g)|1/J|Hp'+1(K)
+ (lulge+i(e) + %'ulHP+2(n))(l"/)IHP’+2(n) + 7'|'¢’|Hp’+1(n))
+ (a2 oy + Tl oo (W o + ¥l
(5.33e) < (% + 7') RPHE'H14+d  yig Lemma 34.

COROLLARY 41. HDG Local Error Estimate Effectivity Bound

|7]N . ﬁﬁl s RPinc
|7
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Proof.

(5.34)
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CHAPTER 6

NUMERICAL RESULTS

To demonstrate the theoretical convergenc rates, exact primal and dual solutions with sufficient
smoothness are required. To do this, the forcing functions f and g are chosen to give solutions u, ¥ €
C>(€). Averages of absolute values of the local quantities are used to measure the convergence of

the local error estimates.

E T |7 5 Z T e — Tl A€,
(6'1) gavg = K'E]Vh » Agavg = s hN 3 eavg = ga:;g .
These are in contrast to their global equivalents
X . Af
(6.2) Egon = €], Abgiob = [€ =], Ogiop = 5=
glob

Oavg and Ogiop are the relative error of the estimate with respect to the true error, the rate of
convergence ought to be independent of the polynomial order of approximation, being only a function
of the increase in polynomial order over the primal for the adjoint approximation. Table 6-1 shows a
summary of the expected rates of convergence for all of the error estimates and schemes analyzed in
Chapters 3 to 5, and is thus the reference against which the numerical results will be compared. The
additional O(h?) convergence for the local quantities is from the O(h%) scaling of the semi norms

involved in the estimates, which always occur in pairs.
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Table 6-1: A priori convergence rates for global and local error and estimate error

gglob A‘é'g]ob gavg A“:;zwg
ce h2p h2e’ h2pt+d hpte'+d
DG h2p h2v h2p+d pptp’+d

HDG(h) h* h2' h2p+d pp+e+d
HDG(L) h2_ﬂ+1 thl"l‘l h2p+1+d hp+p’+1+d

Table 6-2: A priori convergence rates for global and local error and estimate error in 1D

gglob A‘E‘Mglob gavg AEﬂ:.::l.vg
CG e e e
DG h2 p% p2ptd  p2'+d

BBE %R e
HDG(L) R+l th’+1 h2p+1+d th’+1+d

6.1 1D Results

This section numerically verifies the results of the a priori analysis presented in Chapters 3 to 5 for

the Poisson problem. The particular test case chosen for 1D is

(6.3a) u=(1-z)(e** —1), in (0,1)
(6.3b) ¥ =sin(wxz), in (0,1)

which corresponds to an output functional of

(6.4) J(u) = (72 sin(rz), u)q

this test case was chosen for being relatively pathological as a result of the adjoint being a simple sine
wave. fol sin(nmwz) sin(mnz) = &, , ensures only odd components of the Fourier modes of primal
will return non zeroes. The expected rates of convergence for the estimates as a result of the a priori

analysis are given in Table 6-2 and the analytical solutions and data are shown in Fig. 6-1.

In this section the convergence rates of CG, DG, HDG(h) and HDG(L) are compared. The h and
L specify the length scale used in the stabilization constant 7, both satisfy the assumption hr < 1,
thus the analysis of Chapter 5 holds.
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Figure 6-1: 1D Solutions and Data
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Figure 6-2: Global error (£g,1) and estimate error (Afg;ob )i u=(1—z)(e% — 1), ¢ =sin(nrz)
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Figure 6-3: Local error (€,y,;) and estimate error (Aavg) : u = (1—z)(e% — 1), ¢ = sin(nz)

Figures 6-2a to 6-2c show the global error, error in the error estimate with pinc = 1 and error in
the error estimate with pin. = 2 for CG, DG, HDG(h) and HDG(L). The global length scale was
taken to be % for HDG(L), this corresponds to half of the distance between the right boundary and
the peak value. All of the estimates considered are converging exactly as expected. Discerning the
difference for the two HDG estimates is difficult using the figures alone, thus the data for generating

the plots is presented in Appendix A.1.

All of the discretizations and their estimates are converging exactly in line with Table 6-2. HDG
also achieves an order of magnitude less error, both in the computed output functional, £gob, and
in the estimate Aég]ob for the same grid, the exact cause of this is unclear. All of the data used for

generating these plots are presented in Tables A-1 to A-4 and A-9 to A-12.
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Figures 6-3a to 6-3c show the local error, error in the error estimate with pinc = 1 and error in the
error estimate with pj,c = 2. The local average estimates and their errors are converging at the

expected rates from Table 6-2.

HDG gives an order of magnitude less error than CG for all values of p and pin., with HDG(h) and
HDG(L) having approximately the same error despite HDG(L) converging O(h) faster, this is as a
result of the choice of the global length scale. The choice of global length scale is relatively simple for
linear one dimensional case such as this, but for multi-dimensional cases or those with anisotropic
features (for example a boundary layer), it is difficult to know a priori what length scale to choose.
Choosing a length scale too small ensures the asymptotic convergence rate, but at the cost of the
initial error being larger, and vice versa. Figures 6-3b and 6-3c show that choosing the reference
length scale of the order of the grid spacing is a viable alternative that would require no a priori

knowledge of the important underlying flow features.

The DG estimate performs the worst of all of the schemes considered, for p;,. = 1 it is approximately
the same as CG, but for pi,c = 2 it is an order of magnitude worse for the same mesh. This suggests
that DG estimates have more of a cancelation effect than the other two discretizations given it
performs well for the global but is significantly affected by the introduction of the absolute value

into the summation of Agavg.

In summary, all of the schemes converge exactly as predicted by the a priori analysis, with the DG
and HDG discretizations also inheriting the ‘super convergent’ properties of the CG local estimate
shown in Chapter 3. All of the data used for generating these plots are presented in Tables A-5
to A-8 and A-13 to A-16.

6.1.1 Statically Condensed Estimation

The p dependent estimates introduced by Yano [29] were shown to be incomplete approximations
of the true estimate in Chapter 4, in that they fail to completely account for the error in the
approximation of Ff, » In order to make comparisons of the estimates, the weighted residual can be

separated into scalar and auxilliary components

(6.5) Bn(Unp, Chpt) = RE(UnpyYnp) + RY (Unp, 1),
Failing to include the lifting operator error in an estimate results in £* = R¥(Up p, Yn ) With it’s
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Table 6-3: A priori convergence rates for DG global and local error and estimate error in 1D

Eqfy €498 &9 Bl
TR R e o R

’ ! 7
Agavg h2p +d  pptp’+d  pptp'+d hp+d

corresponding localized equivalent 7%, it is thus possible to assess the statically condensed estimates

with respect to £* and £.

The 1D analysis from Chapter 3 ought to apply for any truly adjoint consistent estimate, as a result
the true local estimate ought to recover the optimal asymptotic global convergence for all p and
Pine. Figures 6-4a to 6-4c show the effect of the static condensantion evaluation on the global error

estimates.
Global Estimation

Fig. 6-4a shows the computed values for &go, which is independent of the estimation method.

Fig. 6-4b shows the results for pj,. = 1 and Fig. 6-4c shows the results for pip. = 2.

lo

As can be seen from the plots, Afgon = AEZL,, and ALY, = AE},, with the lines perfectly
aligning for all p and p;,.. This is expected as a result of the analysis in Chapter 4, wherein it
was shown that both £! and £2 fail to weight the lifting operator residual with the corresponding
adjoint auxilliary variable &’{;p,. However by recalculating f'f’ » as a function of [upp], the primal
auxilliary lifting operator residual is made orthogonal to the space S{ p for £2. This means that
AE% = R*(Upp, Yhp) + B (Unp, 0 ) VoE v € SE = Rp(Unp, ¥ pr) which is Agiob.

A cu

ik = A(‘:’élob gives a marginally worse approximation than Afglob for pinc = 1 which grows worse

with grid refinement. This is because R}“:F (Uh,p, E{’p,) ought to grow as a proportion of the error
as the grid is refined and the solution primarily occupies the even modes. This also explains why
for p = 2 and pipc = 1 it performs better than the other estimate given limp_,o Afgzb = 0, thus
Agé‘lob ought to make up the majority of the error for any sufficiently fine grid. For pjn. = 2, it is an
extremely poor approximation with 4 orders of magnitude more error than Aéglob- The predicted

sub optimal rate of O(hp“") is observed for pinc = 2, verifying the a priori analysis.

In summary, all of the observed rates are in accordance with Table 6-3, as seen in Tables A-25

to A-28. Afgen = Afglob achieve O(h?"), the optimal convergence rate, whilst AE% , = Af:'gl]ub

u
glo

achieve the sub optimal O(hP*?"), as expected.
Local Estimation

Fig. 6-5a shows the computed values for Eayg which is independent of the estimation method.
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Figure 6-4: Global error (£g05) and estimate error (Agop) : u = (1 — z) (5% — 1), 1 = sin(rz)
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Figure 6-5: Local error (£,,z) and estimate error (Aavg) : u=(1—2z)(e5 — 1), ¥ = sin(nz)

65



Fig. 6-5b shows the results for pinc = 1 and Fig. 6-5¢ shows the results for pine = 2 which though

not typically used for estimation, is useful for verifying the analysis.

The plots confirm the hypothesis of Chapter 4 that Af;‘vg = Ag';vg, with both failing to account
for the error in the auxilliary equation. Afavg has the lowest error for p = 1, 2 and pjc = 1, 2.
For pinc = 1 the benefit over Af;‘vg = Af:’;vg is minimal, in particular for pj,c = 1, p = 1, the three
are practically identical, thus 77 does not make up much of the local error. However for pipc = 2

the effect is significant, with Ag‘;‘vg = AEL  being 2 orders of magnitude worse than Afavg, this

avg

supports the conclusion that failing to account for the error in the primal auxilliary variable can

reduce the quality of the estimate.

Ac‘:'fvg is far worse than the other estimates, in accordance with the a priori thus Affvg converges

only because of the primal variables. This results in the sub-optimal O(h?*+?) rate of convergence.
Thus all of the observed rates are in accordance with Table 6-3. All of the data used for generating

these plots are presented in Tables A-21 to A-24 and A-29 to A-32.

6.2 2D Results

The primal and adjoint equations are

(6.6a) u=(1-z)(1—-y)(1—e3¥), in (0,1)

(6.6b) ¥ = sin(nz) sin(ry), in (0,1)2

which corresponds to an output functional of

(6.7) J(u) = (n?sin(rz) sin(7y), u).

The solutions and forcing functions are shown in Figures 6-6a to 6-6d.
Global Estimation

Figures 6-7a to 6-7c show the global error, error in the error estimate with pinc = 1 and error in

the error estimate with pin. = 2 for CG, DG, HDG(h) and HDG(L). The global length scale was
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Figure 6-7: Global error (Egop) and estimate error (Afgob) @ u = (1 — z)(1 — y)(1 — €32¥),
1 = sin(nz) sin(7y)
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taken to be ;% for HDG(L). All of the estimates considered are converging exactly as expected.
Discerning the difference for the two HDG estimates is difficult using the figures alone, thus the

data for generating the plots is presented in Appendix A.3.

HDG(h) has approximately an order of magnitude less error and error in the estimate than CG and
DG for p =1, 2 and pipc = 1, 2. CG and DG are approximately equal, with DG having slightly less
error than CG for a given mesh. HDG(L) has approximately half the error of HDG(h) and the ratio
increases as the grid is refined with HDG(L) performing better relatively because of the additional
O(h) convergence of HDG(L) compared to HDG(h).

All of the discretizations and their estimates are converging exactly in line with Table 6-1. HDG
also achieves an order of magnitude less error, both in the computed output functional, Egiop, and
in the estimate Agglob for the same grid, the exact cause of this is unclear. All of the data used for

generating these plots are presented in Tables A-33 to A-36 and A-41 to A-44.
Local Estimation

Figures 6-8a to 6-8c show the local error, error in the error estimate with pip = 1 and error in the
error estimate with pinc = 2. The expected rates of convergence for £avg and Agavg are given in
Table 6-1. Af:'avg are all converging on average pinc/2 faster than expected. This is possibly because
whilst the absolute value ought to prevent Galerkin orthogonality occuring, if 7, — 7, were all the
same sign, the absolute value would have no effect on the summation and the global estimate would
be recovered. Thus the convergence rates of Table 6-1 for Agavg are pessimistic and assume the

worst case scenario for the application of the absolute value.

HDG(h) has approximately an order of magnitude less error than CG and DG in E,yg, with HDG(L)
having about half an order of magnitude less error than HDG(h). HDG(L) has increasingly better
error than HDG(h) with mesh refinement because of the additional O(h) convergence rate. For
A&,vg, HDG(L) also has about half an order of magnitude less error than HDG(h), HDG(L) also
has increasingly smaller error than HDG(h) due to the additional O(h) convergence rate. CG and
DG have approximately half an order of magnitude less error than HDG(h) for pinc = 1, but for
Pinc = 2 CG has almost the same as HDG(h).

The choice of global length scale, L, for HDG(L) is relatively simple for a linear one dimensional
case, but for multi-dimensional cases or those with anistropic features (for example a boundary
layer), it is difficult to know a prioré what length scale to choose. Choosing a length scale too small
ensures the asymptotic convergence rate, but at the cost of the initial error being larger, and vice
versa, thus the correct choice of L is difficult a priori. Figures 6-8b and 6-8c shows that instead

choosing the reference length scale of the order of the grid spacing is a viable alternative that would
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Figure 6-8: Local error (€ag) and estimate error (Afayg) : u = (1 — z)(1 — y)(1 — €3%¥), ¢ =
sin(wz) sin(7y)

70



Table 6-4: A priori convergence rates for DG global and local error and estimate error in 2D

£, E%AE a6

AE e N
Aéavg pp+p’+d  pptp’+d  pptp’+d  pptd

require no a priori knowledge of the important underlying flow features.

In summary, all of the schemes converge as predicted by the a priori analysis, or slightly better. All

of the data used for generating these plots are presented in Tables A-5 to A-8 and A-13 to A-16.

6.2.1 Statically Condensed Estimation

Fig. 6-9a shows the computed values for £gop which is independent of the estimation method.
Fig. 6-9b shows the results for pjnc = 1 and Fig. 6-9¢ shows the results for pi,. = 2 which though

not typically used for estimation, is useful for verifying the analysis.

As can be seen from the plots, Agg[ob = Aéglub and A(‘:'é‘lob = Aggllob, with the lines perfectly

aligning for all p and pi,.. This is expected as a result of the analysis in Chapter 4.

Agglob = Afélob gives a marginally worse approximation than A&gon for p1, pinc = 1 which gets
worse with grid refinement. For pin. = 2, it is an extremely poor approximation with 4 orders of

magnitude more error than Afglob. The predicted sub optimal rate of O(hpﬂ") is observed for

Pinc = 2.

In summary, all of the observed rates are in accordance with Table 6-4, as seen in Tables A-57

to A-60.

Fig. 6-10a shows the computed values for £,,; which is independent of the estimation method.

Fig. 6-10b shows the results for pi,. = 1 and Fig. 6-10c shows the results for pinc = 2.

The plots confirm the hypothesis of Chapter 4 that Aé;‘vg = A&l , with both failing to account

g?
for the error in the auxilliary equation. Agavg has the lowest error for p = 1, 2 and pj,c = 1, 2.

For pinc = 1 the benefit over Af;"vg = Al

avg i minimal, in particular for pinc = 1, p =1, the three
are practically identical, thus 77 does not make up much of the local error. However for pin. = 2
the effect is significant, with Af;‘vg = Afivg being 2 orders of magnitude worse than Afavg, this
supports the conclusion that failing to account for the error in the primal auxilliary variable can

reduce the quality of the estimate.

Ac‘:gvg is far worse than the other estimates, in accordance with the a priori thus /_\fzvg converges
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only because of the primal variables. This results in the sub-optimal O(h?*¢) rate of convergence.
Thus all of the observed rates are in accordance with Table 6-4. All of the data used for generating
these plots are presented in Tables A-53 to A-56 and A-61 to A-64.
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CHAPTER 7

CONCLUSION

In this thesis a common framework for analyzing localizations of Dual-Weighted Residual Error
Estimates is outlined. The framework enables a priori analysis of the asymptotic convergence rates
of output functional error, estimates and error in these estimates within the context of the Poisson
problem. The framework requries the proof of Extended Local Consistency (Definitions 5 and 6)
and a local bilinear error bound (Lemmas 10, 21 and 34). Subsequently, this method can be used
to prove convergence for any other local estimate based upon Galerkin methods for which these

properties can be shown.

Using this analysis we have demonstrated that the classical weighted strong form residual error for

CG converges optimally, and that the estimate converges to the true estimate asymptotically.

Within the DG context, the structure of the analysis was used to devise a novel post-processing
procedure for the lifting-operator variable in the BR2 scheme([11]. The new estimate exhibits an
improved convergence rate in the Global Estimate compared to the results within the literature.
This is as a consequence of correctly accounting for the error in the calculation of the lifting operator
such that Galerkin orthogonality can be exploited. The use of this analysis in directing research to
devise such a scheme demonstrates the usefulness of the approach within this thesis and suggests

applicability to other similar DG methods as described in Arnold et al. [2].

For HDG a new result for the convergence of volume output functionals was derived. Making use
of projection based analysis[18], it is possible to account for the variation of the error as a function
of the stabilization length scale 7. The choice of whether to use a globally defined length scale or a
locally defined length scale has an impact on the asymptotic convergence rate, though the reduction
in convergence of O(7 + %) is less than initially suspected given the previously observed reduction

in the convergence rate of ||¢’— Ghpllz2(x)-
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Finally numerical results are presented that verified the a prior: analysis; with all of the schemes
demonstrating the expected asymptotic convergence rates. Attention is drawn to the fact that HDG
exhibits an order of magnitude less error than either CG or DG for a given mesh, even when a locally
defined reference length scale is used in the stabilization constant 7. The cause for this superior
performance and to what degree this performance is PDE dependent is unclear and suggests future

analysis or numerical experimentation using other PDEs.
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Table A-1: 1D CG Global Results — pipe = 1

h gg]ob Rate Agglob Rate eglob Rate
2.50-10~* 2.701° - 2960~ - T
1.25:107! 5.535"1 229 153072 3.88 26972 1.52
8331072 2.346~! 212 3065°% 397 12972 1281
6.25:1072 1.297"! 206 9.744~% 3.98 7.46™3 1.9
5.00-1072 823272 204 4.0000* 399 484 % 194
2.50-10~1  2.260-1 - 1.2617% - 56173 -
125007 1953072388 1795% 613 1172 298
8.33-1072 3.065~% 3.97 1.544°% 6.05 5.0474 2.09
6.25:1072 9744% 398 27277 603 280* 204
5.00.1072 4.000~% 399 7.124~% 6.02 1.78% 203

Table A-2: 1D DG Global Results — pijpe = 1

h Eslob Rate Agglob Rate ©gop Rate
25010~ 2891 - 1aetiox 6.0872 -
1.25-107! 5.3447' 233 1.04272 4.06 1917 1.67
833102 2209 ' 218 19703 411 884 19
6.25-1072 1.2067' 211 6.0547* 41  5.007° 1.98
5.00-10~2 7.599-2 207 243174 4.09 3.19°% 2.01
2.50-10°1 1.74271 - 1.20373 - 6.9573 -
125107 1.04272 406 1677° 616 16173 211
8331072 1.970~3 4.11 1.425~% 6.08 7.24~% 1.97
6.25-1072  6.0547* 4.1 2.503=7 6.05 414~%* 195
5.00-1072 2.431~* 4.09 6.518% 6.03 2.68* 1.94
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Table A-3: 1D HDG-h Global Results — pine = 1

h Eglob Rate Aég]ob Rate ©gon  Rate
2.50-10°1 7.1227% — 585 = ROpEZ =
1.25:10~! 9.958=2 2.84 25243 454 25372 1.7
8.3310-% 36982 244 4.161°%* 445 11272 2
6.25-10"2 1.91372 229 1.186~%* 4.36 6.207% 2.07
5.00.1072 1.169°2 221 4537°° 43 3.883% 21
2.50-10~! 5.857°2 - 1.11374 - 1.9073 -
1.25.10"1 2.524=3 454 1.236°% 649 490~* 1.96
833102 4.1617% 4.45 1.00277 6.2 241-% 175
6.25-1072 1.186~* 436 1.726"% 6.11 1467 1.75
5.00-1072 4.537°% 4.3 4.448% 6.08 9.807° 1.77

Table A-4: 1D HDG-L Global Results — pinc = 1

h Eglob Rate Agglob Rate ©Ogon Rate
2.50-10~1 1.154° - RgoR=2 = il e
1.25-10-1 1.122-! 3.36 29353 493 262°2 1.56
833-10~2 33882 295 3614~%* 517 1.0772 221
6.25-102 1.535~2 2.75 8.038°° 523 5.247% 247
5.00-10-2 8.416~% 269 2497°° 524 2972 255
2.50-1071 8.92872 - 2.453~% - 2.757% -
12510~ 29353 493 1495% 736 509°% 243
8.33-1072 3614~% 517 86538 703 2397% 1.86
6251072 B3 523 1191°® GRO 148°% 167
5.00.10~2 24975 524 25829 685 1.037% 1.61
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Table A-5: 1D CG Local Results — pjpc =1

P h S—}’\,ﬂ Rate Q‘%?-“ Rate O,  Rate

1 2501071 9644 - L5 T s e 5:8672 -
1.25.1071 1.1137! 3.12 1.915°% 4.8 1.7272 1.77
8.33.1072 3.204~2 3.07 2557%* 497 7983 19
6.251072 1.33372 3.05 6.09675 498 4573 1.93
5.00-1072 6.8227% 3 2.00275 499 29372 1.99

2 2501071 565172 - 3.16274 - 5.60°3 -
95107 o157 (488 994850 ‘T TS 9oy
8.33.1072 2.557% 4.97 12897 7.05 5.04~% 2.08
6.25:1072 6.096=° 498 1.708~8 7.03 2807* 204
5.00-10~2 2.00275% 4.99 3.5697° 7.02 1.78% 2.03

Table A-6: 1D DG Local Results — pjp = 1

P h g—j‘.\,ﬂ Rate A—‘i’,’ﬂ Rate  ©,5  Rate

1 250:10°Y REusH = A7o572 = 53172 =
1.25:10°% 1.015°! 313 1.3757% 5.1 1.3572 1.97
8331072 9294572 305 20997 376 1022 071
6.25-1072 1.21872 3.07 9.462~° 4.01 7.777% 0.94
5.00.1072 6.233°% 3 361675 431 5802 1.31

2 2501071 4.35572 - 81324 - 1.87°2 -
195:50°2 1.304% 506 5.101°% %782 309173 295
8331072 1.643~%* 511 2553~7 7.39 15573 2.28
6.25:10~2 3.787°% 5.1 3.368~% 7.04 8907¢ 194
5.00-1072 1.216~° 5.09 6.9627° 7.07 5727% 1.98
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Table A-7: 1D HDG-h Local Results — pipc = 1

Ay

h £u5  Rate 2 Rate O, Rate
2.50-10°% 2.130°! - 162 = 78672 -~
1.25:10~! 1.784"2 3.58 3.214~% 5.7 1.80"2 213
833102 4683 33 3490°° 548 74573 218
6.25-102 1.868~3 3.2 7.437-% 537 3.98°3 218
5.00.10~2 9.344~% 3.1 A 1 e T R 0, L 0 |
2.50-10~! 1.67472 - 2.81575 - 1.68—% -
Lot 3, 857 A55957 15 483% 18
8331072 3.490~° 548 8377°? 7.2 2.40~4 1.72
895402 74875 587 10810 w12 Ad4BEY 17
5.00-10~2 2.274-% 531 2229710 708 9.80°5 1.77

Table A-8: 1D HDG-L Local Results — pjpc = 1

h £ws  Rate 2% Rate O, Rate
2.50.10~1 3.66471 - R L 6.11-2 -
1.25-10~1 2.059-%2 4.15 3.708~% 592 1.8072 1.76
89330-2 14185 398 ZA3sE a7 TorE 294
6.25-10~2 1.489-3 359 5.078°% 622 34173 2.63
5001072 6.879°* 346 1.263°% 623 182 297
2.50-10~1 2.238-2 - 6.1627° — 27673 -
19501 3908~ 599 187677 888 5064 2.4
8.33-10~2 3.04375 6.17 7.235"° 803 2.38°% 1.86
6.2510~2 5.078°% 622 8087*° 762 159* 139
5.001072 1.263°% 6.23 1466710 765 1.167% 1.42
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Table A-9: 1D CG Global Results — pijpe = 2

h Egob  Rate Ay, Rate Ogo, Rate
2501071 27010 - - 19618 < 48774 =
1.25.10~1 553571 229 1.795° 6.13 3.247° 3.85
8.33.1072 2.346°! 212 15447 % 6.05 658°°% 393
6.25:1072 1.297"! 206 27277 6.03 210°% 397
5001072 8.232-2 204 7.124°% 6.02 865~7 398
2.50-10~' 2.260"! - 1.10575 - 4.89-5% -
125397 15307 388 467°% 788 306% 4
8.33-1072 3.065~% 397 1.850°% 797 6.0477 4
6250002 9744"% 3908 186170 798 1091°7 4
5.00-10"2 4.000~* 3.99 3.130°'' 799 7.82°% 4

Table A-10: 1D DG Global Results — pipc = 2

h Eglob Rate Aégk,b Rate ©gob Rate
2.50-10°t 2.691° - 120873 = 4474 =
1.25-1071 5.344-! 233 1677 6.16 3.147° 3.83
8331072 2209~ 218 1425"% 608 645°% 39
6.25-1072 1.206"! 2.11 2.503~7 6.05 2.08°¢ 3.94
5.00-1072 7.599-2 207 65188 6.03 8587 3.96
2.50-101  1.74271 - 89017 % - 5117% -
125107 1.04272 406 34688 8 3.33% 3.94
8331072 19707% 411 1.3237° 805 67277 3.95
6.25:10~2 6.054~%* 4.1 1.3047 R05 2157 395
5.00-102 2.431~* 4.09 216471 805 890~% 3.96
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Table A-11: 1D HDG-h Global Results — pinc = 2

h Eglob Rate Aéglob Rate ©Ogob Rate
250007 TI172- = iy = 1.56-% -
1.25-1071 9.958~2 2.84 1.2367% 649 1.24°° 365
8331072 36982 244 100277 62 271-° 375
6.25-10~2 1.91372 229 1.726~% 6.11 9.02=7 3.82
5.00.1072 1.16972 221 4.448° 6.08 3.80°7 3.87
2.50-10~' 5.857"2 - 1.651-% - 2.82-5 —
1251071 25243 454 4426~? 854 1.75°% 4.01
8.33-10~2 4.161"% 4.45 1.445710 844 3477 3.99
6.25-10~2 1.186~* 436 1304°' 836 11077 4
5.00-1072 4.537°°% 4.3 2.040~12 831 4.50°% 4.01

Table A-12: 1D HDG-L Global Results — pjpc = 2

h Egob  Rate Afuo, Rate ©Ogopb Rate
2.50-10~1 1.154° - 24534~ 2134 -
1.25-10~! 1.122-! 336 1495 % 736 1.337° 4
833102 3.388°2 295 8653°% 7.03 2.55°% 4.08
6.25-10~2 1.535~2 2.75 1.19178% 6.80 T7.76°7 4.14
5.00-10~2 8.416~3 2.69 2582 6.85 3.07°7 4.16
2.50-10°! 89282 - 2.788—6 - 31275 -
1.25:90°1 29353 493 52507 905 179°% 413
8331072 3.614~% 5.17 1238710 924 3437 4.08
6251072 8.038° 523 8593712 0927 1.07°7 405
5.00-1072 24975 524 1.089712 926 4.36°% 4.02
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Table A-13

: 1D CG Local Results — pipe = 2

h %ﬁ Rate A—i’,’ﬂ Rate  ©,4  Rate
2.50-10~* 9.644-1 - Jigact = 3984 =
1.25.1071  1.11371 312 22486 714 202°° 4.02
8331072 320472 307 128977 705 402°% 308
6.25-1072 1.33372 3.05 1.708~% 7.03 1.28°¢ 308
5.00-10~2 6.82273 3 3569°° 7.02 5237 4.01
2.50-10~1 5.65172 - 2.856—6 - 5.057% -
195:10°Y 19157 488  6.004=® B89 318°% da
8.33-.1072 2.557"% 4.97 1.582-10 897 $19°7 4
6.25-1072 6.096° 498 1.193! 898 1967 4
5.00-1072  2.0027° 4.99 1605712 899 8.02°% 4

Table A-14: 1D DG Local Results — pjpc = 2

h g—j{,&& Rate 3‘%—?35 Rate Oy Rate
2.50-10~* 8.898~! - 2.360~2 - 2pRT “L
1.25-107Y  1.015~' 3.13 3.078° 6.26 3.03°* 3.13
8331072 294572 305 1903 % 6.87 646~° 381
6.25-1072 1.21872 3.07 252007 7.03 20775 3.96
5.00:1072 6.233~% 3 5502~% 682 883 ° 382
250101 4.355—2 - 244376  — 56175 -
1.25-107! 1.304~% 5.06 2.069°% 6.88 1.59°% 1.82
833102 1643~* 511 8217°1° 796 5007 285
6951072 97875 b 7.050~11 854 1.86~% 343
5.001072 1.216°% 5.09 9.705"12 8.89 7.98°7 38
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Table A-15: 1D HDG-h Local Results — pjpe = 2

£

h fus  Rate 2525 Rate O, Rate
250107y TZI3EY = AL T o=
1.25.10~1 1.784-2 3.58 1.55277 7.5 8706 3.92
Ri33A0E2 A6Be S @8 BRTY T2 1497° 39
6.25-1072 1.868~% 3.2 1.08172 7.12 5797 3.92
5.00-10~2 9.344-% 31 2229°1° 708 2397 397
2.50-10~1 1.67472 - 47637 - 2.84-5 -

g S et T ) I e B SR St 0 i e ol RS

8.33.1072 3.490~° 5.48 1.234-!1 947 3537 3.99

6.25:10~2 7437°° 537 8543"18 928 1157 391

5.00.1072 2274-% 531 1.149"13 899 5.05°% 3.68
Table A-16: 1D HDG-L Local Results — pinc = 2

h E—*jvﬁﬁ Rate i‘i—?ﬂ Rate O,  Rate
2.50-10~1 3.664~1 - 6.162-° = Legse =
1.25-1071 2.05972% 4.15 1.876~" 8.36 9.117% 421
8331072 4.185"% 393 7.2357° 803 19735 ik
6.25-10~2 1.489~2 3.59 8.087"10 762 543~7 4.03
5.00-10~2 6.879~* 346 1466710 765 2137 419
2.50-10~! 22382 - 7.114~7 = I8P =
1.25.10~1 3708~* 592 6.71971° 1005 181°% 413
8.33.10~2 3.04375 6.17 1.062"!! 1023 3.49°7 4.06
6.25-10~2 5.078°°% 6.22 5476-' 1031 1.087 4.08
5.00-102 1.2637% 623 6234714 974 494-% 35
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Table A-17: 1D DG with Lifting Operator Error Global Results — pjpc = 1

p h gg]ob Rate Agglob Rate eglob Rate

1 2561071 2601%  — [N e G.O08=2 =
1.251071 53441 233 1.04272 406 19172 167
88307 292097Y 218 19767% 430 884T° 49
6.25:-1072 1.206~' 211 6.0547% 4.1 5.00~% 1.98
5:.00°1072 759972 207 2431°* 400 319073 201

2 2501071 1.742-1 - 1.203—2% - 6.953% —
1.25:1071 1.042~2 406 1.677"° 6.16 16172 211
8331072 1.970~% 4.11 1.425~% 6.08 7.2474 197
6.25:1072 6.0547* 4.1 2503~7 6.05 4147* 195
5.00-1072 2.431~* 4.09 6518 % 6.03 268 % 1.94

Table A-18: 1D DG without Lifting Operator Error Global Results — pj;. = 1

P h f:g]ob Rate Agglob Rate @glob Rate

1 250:107% 9g9i0 | & 24861 - Bag=g e
1.25-1071 534471 233 20072 3.63 3.62°2 1.22
$89:10°% 290971 298 4307% 88 1912 1.57
6.25-1072 1.206~! 2.11 142073 3.86 1.1672 1.73
5.00-1072 7.599"2 2.07 5.960"* 3.89 7.78°3 18

2 2501071 174271 - 74234 - 4.2878 -
1.25-107Y 1.042~2 406 3.720-% 764 357% 358
8.33.1072 1.970"% 4.11 5.72078% 10.3 2.90°° 6.19
6.25:1072 6.054~% 4.1 1:52478 46 959% 05
5.00-1072 2431~% 4.09 8.126~% 282 33475 —1.27
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Table A-19: 1D DG Estimate 1 Global Results — pjpc = 1

h Eglob Rate Agglob Rate  Ogp Rate

2.50-10°1 2.691° - 24861 = 8462 -
1.25-107! 5.344-! 233 20072 363 3627 1.22
§a33:1072 9292007 9a8 4307F 38 19172 157
6.25-1072 1.206~! 2.11 1.420~3% 3.86 1.16~2 1.73
5.00-1072 7.599~2 207 5.960~* 3.89 7.7873 1.8
2.50-101 1.742-1 - 74234 - 4283 —
125101 1.042-2 406 -3720°% 764 3HTH 3.58
8.33.1072 19702 4.11 5.720~% 103 2.90°° 6.19
6.25:-10~2 6.054™% 4.1 1o R L L o e e 12
5.00.1072 2.431~% 4.09 8.1267° 2.82 3.3475 -1.27

Table A-20: 1D DG Estimate 2 Global Results — pjpc = 1

h Eglob Rate Aggbb Rate eglob Rate

2.50:1071 2.691° - 1igdesY = 6.0872 -
1.25:10~! 5.344-! 233 1.042-2 4.06 19172 1.67
8334072 2200°' 218 1970°% 411 884 % 19
6.25-1072 1.206~! 2.11 6.054~% 4.1 5.00~% 1.98
5.00-10~2 7.599-2 207 2431~* 409 3.19°% 201
2.50-1071 1.7427! - 1.2037% - 6.957% -
1251071 1.0422 4.06 1677° 616 1.61-% 211
8.33-1072 1.970~3 4.11 1.425"% 6.08 7.247% 197
6.25-1072 6.0547% 4.1 2.503-7 6.05 4.147* 195
5.00-10~2 2.431~%* 4.09 6.51878% 6.03 2.68* 1.94
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Table A-21: 1D DG with Lifting Operator Error Local Results — pjpc = 1

P h %&5 Rate —A-%ﬂ Rate O,z  Rate
1 2501071 8.898°1 47972 & B

1.25.107Y 1.0157! 3.13 13753 5.1 1.3572  1.97
8331072 2945-2 305 2997°* 376 10272 071
6.25-1072 1.21872 3.07 9.462~° 401 T7.773% 094
5.00-10~2 6.233-%2 3 3616 431 5807% 1.31
2 2.50-107Y 4.35572 - 8.132—4 - 1.8772 -
1.25-10~ 1.304=2 5.06 5.101"% 732 3913 2395
8331072 16434 511 2553~7 7.39 15573 228
6.25:10~2 3.787°% 51 33682 704 890°% 194
5.00.1072 1.216° 5.09 6.96279 7.07 572°% 198

Table A-22: 1D DG without Lifting Operator Error Local Results — pipe = 1

P h 87‘;,“ Rate A—‘i,’“ Rate O,z  Rate
1 25010~ 8.808~% - 6.55172 - 73672 -

1.25:1071 1.0157! 3.13 257273 467 25372 1.54
8.33.10-2 2945-2 305 3884~* 466 13272 161
6.25-1072 1.21872 3.07 1.234=* 399 1.0172% 0.92
5.00-10-2 6233 3 7 G am e R A B )
2 250-100! 4.35572 - 8.1324 - 18772 -

1251001 13043 506 54935 721 421°3% 215
8331072 1.643~% 5.11 26517 748 1613 2.37
6072 38T B 3.01678 7.56 7.967% 245
5.00:107%2 1.2167% 5.09 566677 7.49 4.66”* 24
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Table A-23: 1D DG Estimate 1 Local Results — pjpe = 1

h E—?vﬁﬂ Rate A—gj\;‘,ﬂ Rate ©,5; Rate
1 250107 8.8981 - 6.55172 — i s
1.25-10~! 1.015~! 3.13 2.5727% 4.67 25372 1.54
8331072 29452 3.05 3.884™%* 466 13272 161
6.25-10~2 1.21872 3.07 1.234~% 3.99 1.01"2 0.92
5.00-10~2 6.233~% 3 474575 428 7618 128
2 2501071 435572 - 8.132—% - 1.8772 -
125107 1.304~% 506 549375 721 4217% 215
833-1072 1.643~* 5.11 26517 748 1.61~°% 2.37
6254052 398CS b1 3016°% 7H6 . 7096 245
5.00-1072 1.2167° 5.09 5.666°° 7.49 4.66°¢ 2.4

Table A-24: 1D DG Estimate 2 Local Results — pjp. = 1

p h é_,&& Rate A—i‘}“ Rate ©Oagg Rate

1 2501001 88981 - Fags s i S
1.25-10!  1.015~! 313 1.738° 269 1.71! -0.44
8331072 294572 305 5324~ 292 181 -—0.13
6.25-10~2 1.2182 307 2.280~! 293 188 —0.14
5.00:1072 6.2337% 3 1.161"' 3.04 1.86! 4.07-1072

2 2501071 435572 - 43310 - 9.94! -
1.25:107 1.304~% 506 57917! 29 444 -216
8.33.1072 1.643~*% 511 1.489~! 335 9.07% -1.76
6251072 3.787°° 51 63642 296 168 =215
5.00:1072 1.2167° 509 323672 3.03 2663 —2.06
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Table A-25: 1D DG with Lifting Operator Error Global Results — pipe = 2

P h Eglob Rate Aéglob Rate Ogo, Rate

1 250107 26910 - lgog—2 - AT =
1.25:107% 5.344-! 233 1.677° 6.16 3.1475 3.83
8.33-1072 2209~! 218 1.425% 608 645° 39
6.25-1072 1.206~! 211 2.503~7 6.05 2.08°% 3.94
5.00-10~2 7.599"2 207 6.518° 6.03 8587 3.96

2 250107 1.74271 - 89016 - 51175 -
1950071 104972 A.(6 ¢ BdGR=2§ 3.337% 394
8331072 1.970~% 411 1.323~° 805 67277 3.95
6.25:1072 6.054~% 4.1 1.304710 805 21577 3.95
5.00.1072 2.431~% 4.09 2.164-!' 805 890~% 3.96

Table A-26: 1D DG without Lifting Operator Error Global Results — pip. = 2

2 h Egob  Rate  Afyo, Rate  Ogop Rate

1 250107 26910 =~ Ta4a=1= = A9
1.25-10~! 5.344-1 233 15472 289 2812 0.54
931072 2900 218 3004 jar ) 182 i
6.25:10"2 1.206™' 2.11 1.33173 364 1.0972 152
5.00-10~2 7.509-2 207 5.790~% 373 7.56~% 1.65

2 2501071 1.74271 - 9.061°4 - 517°% -
1251071 1.04272 4.06 2432~° 522 2333 1.15
8331072 197073 4.11 251278 56 1.27-%  1.49
6.25:1072 6.054~% 4.1 48417 572 79974 162
5.00-1072 2.4317*% 4.09 1.331~7 579 5474 1.7
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Table A-27: 1D DG Estimate 1 Global Results — pinc = 2

h Egob  Rate Ao, Rate Oy, Rate
2.50:10°1 . 2:6919 = 1.14671 - 40972 -
1.25:10~! 5.344=1 233 15472 2.89 28172 0.54
8:331102 220071 218 3794~ 347 1697% 126
6.25-1072 1.206~! 2.11 1.33173 3.64 1.0972 1.52
500102 7.599-2 2.07 5790 3.73 7.567% 1.65
2.50-10-1  1.74271 - 9.0617% - 5172 -
950072 40E0=2 406 2435°F 5922 233Y 145
8.33-1072 19703 4.11 2512°% 5.6 1.27°%  1.49
6.25-10~2 6.054~% 4.1 484177 572 7.997* 162
5.00-10"2 2.431~% 409 1.33177 579 547°% 1.7
Table A-28: 1D DG Estimate 2 Global Results — pipe = 2

h gglob Rate Afglob Rate ©gop Rate
2.50-107 2.691° - 120373 - A% =
1.25:1071 5.344-! 233 1677 ° 6.16 3.147° 3.83
83310~2 22091 218 1425% 608 645° 39
6.25-10~2 1.206~! 2.11 2.503~7 6.05 208 % 3.94
5.00.10~2 7.599~2? 207 6518 % 6.03 8587 3.96
2.50-10~1 1.742°! - 890178 - 511—° -
1.25:10-1 1.042-2 4.06 3.468°% 8 333% 394
8.33-10~2 1.9707% 4.11 1.323~% 8.05 6.7277 3.95
6.25-10~2 6.0564~% 4.1 15304722 g05 236" B6b
5.00-1072 2.431~% 4.09 2.1647!' 805 891~% 3.96
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Table A-29: 1D DG with Lifting Operator Error Local Results — pipc = 2

p h s Rate 2L Rate O, Rate

N

1 250-10°! 8.898°! - DTl 26572 -
1.25-107Y 1.015~%' 3.13 3.078° 626 3.03~* 3.13
8331072 29452 305 1903 % 687 646°° 381
6.25-1072 1.218~2 3.07 25207 7.03 2.07°° 3.96
5.00:1072 62333 3 5502-8% 682 8836 3.82

2 2.50-107! 435572 - 244376 - 5.617°% -
1.25:1071 1304~ 506 20698 6.88 1.59°° 1.82
833102 1643~% 511 82171 796 500°¢ 285
6.25-1072 3.787°% 51  7.050"11 854 186~ 3.43
5.00-1072 1.216"% 5.09 9.705"'2 889 7.98°7 3.8

Table A-30: 1D DG without Lifting Operator Error Local Results — pipc = 2

P h E—“‘hiﬁ Rate A—i‘;ﬂ Rate  ©,5  Rate
1 25010~! 88981 - 3.01572 - 33072 -

1251071 1.015! 3.13 1.942=% 396 1912 (.82
8331072 29452 3.05 3.168°%* 447 1082 142
6.25:102 1.21872 3.07 833075 464 6843 157
5.00:10%2 6.233"3 3 2.899°°5 473 465°% 1.73
2 2.50107! 4.35572 - 6.0067% - 1.3872 —
1251071 1.304~% 5.06 6.0227% 664 46273 1.58
8331072 1.643~% 5.11 3.5957 6.95 2.1973 1.84
Gi2b-072 3RS Bl AR ol 1958 1hd
5.00.1072 1.216™5 5.09 9.7737° 7.08 8.037% 1.99
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Table A-31: 1D DG Estimate 1 Local Results — pinc =2

P h £ Rate 2% Rate O, Rate

1 250107 889871 - 301572 - 389-2 -
1.25.10~! 1.0157! 3.13 1.94273 396 19172 0.82
8331072 29452 3.05 3.168* 447 1082 142
6.25:1072 1.21872 3.07 8.330°° 464 6.847% 1.57
5.00-10~2 6.2337% 3 2.899-5 473 4653 1.73

2 25010°! 4.35572 - 6.006% — 1.3872 -
125101 130423 5.06 6.022°% 664 46272 1.58
8331072 1.643~%* 511 35957 695 219°° 1.84
6.25-1072 3.787°° 5.1 474158 Epas 0E-8s gd
5.00-10"2 1.2167% 509 9.773° 7.08 8.03°* 1.99

Table A-32: 1D DG Estimate 2 Local Results — pipc = 2

P h E—j,‘v“ Rate A—i‘;ﬂﬁ Rate Oag Rate
1 2.50-107! 8.898! - 2noT = 3.04! B
1.25-10-1  1.015-! 3.13 4.168° 2.7 411! —0.43
83310~2 2945~2 305 12780 292 434' =013
6.25-102 1.21872 3.07 5.4927! 294 4511 —0.13
5.00:10~2 6.233~% 3 2.785~1 3.04 447" 4.03-1072
2 250107! 435572 - 9.8070 - 2272 -
125101 13043 506 1324° 29 1.02° -—216
8.33.10~2 1.643~% 511 3.405°! 3.35 2.07° -—1.76
6.25:10~2 3.787"% 5.1 14552 296 - 384% =215
5.00-1072 1.216~° 5.09 7.397"2 3.03 6.08 —2.06
Table A-33: 2D CG Global Results — pipc = 1
P h Eglob Rate Aégk,b Rate C-)glob Rate
13959051 3@ = 3.1627% - 9i52=8 =
8331072 1.52772 194 6.188°5 4.02 4.07°% 2.09
6.25-10-2 8.665~2 1.97 195175 4.01 226~% 205
5.00-10~2 5.569~3 198 7.976=¢ 4.01 14373 203
L e Tl R S 762977 - ST
8331072 6.1887% 4.02 6.7617% 598 1.097% 1.95
6.25-1072 19517 401 1.199°% 6.01 6.147% 2
5.00-1072 7.9767% 401 312672 6.02 3.927% 201
Table A-34: 2D DG Global Results — pipe =1
P h Eglob Rate Aéglob Rate ©gon Rate
i L T g R 219074 - LoT e =
8331072 0.228~3 1.99 4.049°° 416 4417 219
6.25-10~2 52103 199 12435 411 239°2% 213
5.00-1072 3.34473 199 5.0047% 4.08 15072 2.09
2195107 21907% - 6.01977 - oNA=E =
8331072 4.049°° 4.16 5.163~% 6.06 127°% 1.89
BO5107% - 1o 411 900BY G0 T 16
5.00-10~2 5.004~% 4.08 2.328"? 6.07 4.657*% 1.99
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Table A-35: 2D HDG-h Global Results — pjp. = 1

P h Eglob Rate Aégbb Rate ©gob Rate

1 a85107% 7508 = B L 6.39"% -
8331072 2992~% 215 8.068% 428 2703 213
BREI0-2 16I3 oI5 24D9EY A THMOSRY i2i0b
5.00-10~2 1.002~% 2.13 9529077 416 951°% 202

DR (DL e (e 1.890~7 - /1 [ IR
833102 8.068 % 4.28 1.427% 637 1.77°% 2.09
6.25:107% 240975 42 29817% 637 94T % 9a7
5.00.107%2 9.529~7 4.16 5.528719 6.35 5.80~¢ 2.19

Table A-36: 2D HDG-L Global Results — pjy. = 1

p h Eglob Rate Agglob Rate Ogop Rate

1o I¥sa0-t adigees 2.987-5 - 68573 -
8331072 1.287"% 3.01 3690°% 516 287 2.15
6.25-1072 5345~* 3.06 84777 511 159°% 206
5.00-107%2 2.695~* 3.07 27257 5.08 1.0173 2.02

2 1.25107! 2987° - i s SR 4543 -
8.33.10~2 3.690~°% 5.16 7.414~° 717 20173 201
R e e R L W | et S M T O S
5.00-1072 2.725-7 5.08 1.783710 732 6.54~% 2.24

Table A-37: 2D CG Local Results — pjye = 1

p h gﬁ“ Rate A—“_f\;‘,“ Rate O,  Rate

I o e T 3 = 13T -
8331072 5.779=° 3.9  3.67077 574 6.357° 1.83
8251072 189t st o TINE Bm o EmE® am
5.00-10—2 7.7007% 3.95 2.021°% 563 2.62°° 1.68

2 125107 goast = 1.068°° - 3.60~3 -
8.331072 26517 595 4515710 7.79 1.707% 1.84
695:10"2 489" BOR < 4B5HTYY s 1093 AT
5.00-107% 1.2487% 598 866772 7.72 6.957% 1.74

Table A-38: 2D DG Local Results — pjpe = 1

p h fus  Rate 2% Rate O Rate

B Tl e T e I ol 2220
8.33-:1072 351475 4.03 564177 574 16172 1.71
6.25-107%2 112975 395 1.1957 54 1.0672 1.45
5.00-1072 4.642-¢ 398 3677% 528 7.92-% 1.3

R e L A ) e T 47372 -
8331072 17077 6.09 4256710 767 249-% 158
6.251002 2980~% 6.07 493171 749 165~% 1.43
5.00.10"2 7.719"° 6.05 9.508"12 7.38 1.23°% 1.32
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Table A-39: 2D HDG-h Local Results — pipe = 1

P h %@ﬁ Rate A—f\‘}a& Rate ©,,  Rate

1 1.25107! 6.4937° - 9.340~7 - ji P e
833102 1.215-% 4.13 1.005~7 55  8277% 1.37
6.25-10~2 3659°° 417 21317% 539 582% 122
5.00.10~2 1.444-% 417 6.4387% 536 4463 1.2

9 19500°Y 484" - 3.1087° - 64273 =
8.33.10~2 38578 6.24 1.433710 759 3.727% 1.35
6.25:10°2 6517°° 618 1632~ 755 2502 1.37
5.00.10~2 1.650~? 6.15 3.01972 756 1.837% 1.41

Table A-40: 2D HDG-L Local Results — pipc = 1

p h %ﬁﬂ Rate A—i‘,ﬁﬁ Rate O,  Rate

B R [ i D 5649°7 — Tgise i
8.33-1072 5.744=% 498 4.209°% 6.4 7.3373  1.42
695a0=2 13905 51 e9ysz® 63y 5aTE 19
5.00-10~2 42357 511 16642 63 39373 1.19

P (5T e ) [ e 2igR2s Y 6.4873 -
8.3310~2 1.795-8 7.12 6.78711 844 3.78% 1.33
6.25-10~2 2.332~% 7.09 590472 849 2532 1.39
5.00.10~2 4.795-10 7.09 8804~1% 853 1.8473% 1.44

Table A-41: 2D CG Global Results — pipc = 2

p h Eglob Rate Agglob Rate ©Ogo, Rate

1= FEgsgs gabus2: = 762957 - =8
8.3310~2 15272 194 676178 598 44376 4.04
6.2510~2 8.665°2 197 1.199~% 6.01 1386 4.04
5.00.10~2 5569°3 198 3.12672 6.02 56177 4.04

9 HI5T0FY - 3782~ 294979 . — 9317 -
8.33-.10-2 6.188°5 4.02 1.115°10 807 1.80°% 4.05
6.2510~2 1951~ 401 1.102°! 8.04 5657 4.03
5.00-102 7.9767% 4.01 1.841712 802 23177 4.01

Table A-42: 2D DG Global Results — pipc = 2

p h Eglob Rate Aég]ob Rate G)g]ob Rate

1 1.25107! 2066°2 - 6.019°7 - 29178 =
833102 92282 199 51638 6.06 5.60°% 4.07
6.25:10~2 5.210~% 199 9.009~° 6.07 1.737% 4.08
500102 3.344-% 199 2328~% 6.07 6.96°7 4.08

2 F2540°% a9t - 246279 - 3 L i
8.33-10~2 4.049°5 4.16 9.066"11 814 22476 3.98
6.25:10~2 1.243°°% 411 884672 809 T7.1277 3.98
5.00-10~2 5.004=% 4.08 1.464-'2 806 2.93~7 3.98
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Table A-43: 2D HDG-h Global Results — pipe = 2

h 8g10b Rate Agglob Rate 93101;. Rate
1251651 71502 = 1Lg00=t = 40 i
8.33-1072 299273 215 1.427°% 6.37 47775 4.22
GigEI0% 161873 2145 298I 687 141°% 493
5.00-1072 1.00273% 213 5.528710 635 55277 4.22
10210 (e L e R AsgRELY s 1.067% -
8.33.1072 8.0687¢ 4.28 1581711 844 1.96°° 4.16
6.25-1072 2.400°° 4.2 1435512 B34 5967 414
5.00-1072 952977 416 2.196713% 841 230~7 4.25

Table A-44: 2D HDG-L Global Results — pipc = 2

h Eglob Rate Agglub Rate ©Ogop, Rate
1251071 43643 - 183552 = 1% =
8331072 1.287"% 3.01 7.414=° 717 576~% 4.16
6.25:1072 53454 306 918170 7R 1718 499
5.00.1072 2.695~% 3.07 1.783710 732 6.62°7 4.25
125107 29875 = 3:239=100 1.08—% -
8.33-1072 3.690~% 5.16 7.478'2 929 203¢ 4.14
6.25-10~2 84777 511 5.209°% 926 6.157 4.15
5.00-1072 2.725~7 5.08 6.7377 917 2477 4.08

Table A-45: 2D CG Local Results — pjp. = 2

h %j‘,ﬁ Rate %@“ Rate ©,4  Rate
T il e G 43078 - 185 =
8331072 5779°% 3.9 22159 732 383°% 342
6251677 185070 394 234" wad LEEES g
5.00.10~2 7.700~% 3.95 5.600~'! 728 7.27°% 333
1.25:100* 2.955°°% - 2.638710 - giga=he L
8.33-1072 2.65177 595 7.882~12 866 297°% 271
6251072 473973 BHOB 6350 R7e 13475 97T
5.00-1072 1.248°% 598 8926~ 879 7.15% 281

Table A-46: 2D DG Local Results — piye = 2

h fax  Rate 2% Rate O, Rate
0 O L 9.36578 - 5207% -~
8.33-107%2 3.514=° 4.03 6.2227° 6.69 1.77"% 266
6.25-1072 11295 395 8.60571° 6.88 76275 293
5.00-1072 4.642-% 398 1.850~1° 6.89 39975 29
1EPRdaTY 2010 = 542310 2.690°% -
8.33102 1.7077 6.09 1.347°11 911 7.89-5 3.02
6251072 20980~% 6.07 9.945°13 006 3.345 299
5.00-1072 7.719~9 6.05 1.31771% 906 17175 3

96



Table A-47: 2D HDG-h Local Results — pinc = 2

Afagg

P h %VEE Rate - Rate O,z  Rate

1 125107 6493°°% - 15908 - 24574 =
8331072 1.21575 413 1.237? 6.3 1.027% 217
6.25-1072 3.659°% 4.17 1.935-1° 645 52975 2.28
5.00-1072 1.444-% 4.17 4.48311 6.55 3.117° 2.38

2 19510 48417 - 7.083711 - 1467* -
8.33.10~2 3.857°% 6.24 2104712 867 5465 243
6.25-1072 6.517? 6.18 16832 878 2585 26
5.00-10~2 1.650~° 6.15 23454 883 1.427° 268

Table A-48: 2D HDG-L Local Results — pjpc = 2

P h fwx  Rate 258 Rate O, Rate

T 2o5t0"Y 439975 19958 o 26074 -
8331072 5744=6 498 6470710 704 1137 206
625102 1.324°% ) 51 8007 726 6057° 216
5.00.1072 4.235~7 511 1533711 741 3.627° 2.3

e R e 4 e 49611 = 1gget o
8331072 1.795~% 7.12 8694~ 96 4.8475% 248
625:10°% 23329 709 528071 973 22775 264
5.00.102 4.795-10 709 5885~ 984 1.2375 275

Table A-49: 2D DG with Lifting Operator Error Global Results — pipc = 1

P h Eglob Rate Agglob Rate eglob Rate

1 1.2510°! 20662 - 2.1907% =~ 1.07-2 -
8331072 9.228~% 199 4.049°° 4.16 4.417% 219
6.25-10~2 5.210~% 1.99 12435 411 2393 213
5.00.1072 3.344=% 199 5.004=% 4.08 1.50~% 2.09

o S [ ALt 6.01977 - T e
8.33.10~2 4.049°° 4.16 5.163"% 6.06 1.27°% 1.89
6251072 194379 411 900972 607 724 196
5.00:1072 500476 4.08 23282 6.07 4.65°*% 1.99

Table A-50: 2D DG without Lifting Operator Error Global Results — pipc = 1

p h Eglob Rate Afglob Rate ©Ogobp Rate

1 4.9810-1 2862 = 2.0367* - 90553 =
8.33-1072 9.22873 1.99 3.70175 421 4.037% 223
6955072 591072 189 17141°% w09 20907 21
5.00-1072 3.34473 1.99 4.641-% 4.03 13973 2.05

2 q95407 ‘20007% — 9T 44078 -~
8.33-1072 4.04975 4.16 8.473°% 6.02 2.097% 1.85
6.25:1072 124375 411 1.472°% 6.08 1.18% 1.98
5.00-10~2 5.004~% 4.08 3.7687° 6.11 7.527% 2.03
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Table A-51: 2D DG Estimate 1 Global Results — pjpc = 1

p h Eglob Rate Af?glub Rate ©go, Rate

1 1251071 20662 - 2086 - 9.9573 -
8331072 022873 1.99 3.701-° 4.21 4.0373 2.23
6.25:10°2 52107% 199 114175 409 2207% 211
5001072 3.344=3 199 4.641~° 403 1.39°% 205

2 125107 21907%* - GuEol=T = g vzt
8331072 404975 4.16 8.473°% 6.02 20973 1.85
6.251072 1.243°% 411 1472-% 608 1182 1098
5.00-1072 5.004~% 4.08 3.768°° 6.11 7.52=% 2.03
Table A-52: 2D DG Estimate 2 Global Results — pjpc = 1

p h Eglob Rate Aéglob Rate ©Ogop  Rate

1 125107' 2.066-2 - 21904 = 102 =
8331072 9.2287% 1.99 4.049°5 4.16 44172 2.19
6.25-10~2 5210~ 199 1.243~% 411 239~3 213
5.00-1072 3.344=% 1.99 5.004~% 4.08 1503 2.09

I E o [ 0 6.019°7 - DiTA=E:
8331072 4.04975 4.16 5.163"% 6.06 1.27°3 1.89
6:25:1072 124375 411 9009 ‘607 7244 196
5.00-10% 5.0047% 4.08 2.328°° 6.07 4.65-% 1.99

Table A-53: 2D DG with Lifting Operator Error Local Results — pjp. = 1

AE

P h %&5 Rate = =%  Rate ©,, Rate

1 125:10°Y “1.801~% —= F e e i 390=2 _
8331072 3.514~° 4.03 564177 574 16172 1.71
6.25-10°2 1.129-% 395 11957 54 1.0672 145
5.00.1072 4.642% 3.98 3677% 528 79273 1.3

2 1.2510°1 201885 - 15 L 7yt
8331072 1.707°7 6.09 4.25670 767 2493 158
6.25-1072 2.980~8 6.07 49317 749 1.657% 1.43
5.00-1072 7.7197% 6.05 9508~'%2 738 12373 132

Table A-54: 2D DG without Lifting Operator Error Local Results — pip. = 1

D h %‘éﬂ Rate A—f\?ﬂ Rate @,  Rate

e )5 i ) e A = 565470 = SR b
8.33-1072 3.51475 4.03 5.5487 573 1.5872 1.7
G35 1072% - 1080-5 1 3lu5 AATIET . SEal 1A s
5.00.107%2 4.642-¢ 3.98 3.617% 527 7.7973 1.28

2 DR BIREs O 1 Jag=8s s 56670 —
8.33-1072 17077 6.09 4.703710 787 2763 1.78
6.25:1072 2.980~% 6.07 526711 761 1.77% 1.54
5.00-1072 7.7197° 6.05 1.022711 735 1.327% 1.29
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Table A-55: 2D DG Estimate 1 Local Results — pinc = 1

P h £ax  Rate 255 Rate O.g Rate

1 9500°Y 180102 - 5.654% — 31472 =
8.33-10~2 351475 4.03 55487 573 15872 1.7
6.25:10~2 1.129°% 395 11717 541 1.04~2 1.46
5.00.10~2 4.642% 398 36178 527 T7.797% 1.28

2 19570°r 2018°% - 1.143°% - 56673 =
833102 1.707"7 6.09 4.703710 787 2763 1.78
6.25-10~2 2.980~% 6.07 5267 761 1772 154
5.00.10~2 7.7197° 6.05 1.022~'1 735 1.327% 1.29

Table A-56: 2D DG Estimate 2 Local Results — pipe = 1

P h S—}’vﬁ Rate ﬁ%ﬁ Rate ©,g; Rate
R e 1 e 19313 - 1.071 -

8331072 3.514~° 403 5648 % 303 161! -1
6.25.10~2 1.129°5 395 2.390~% 299 212! -—0.96
5.00-102 4.642=% 398 1.230~% 298 265! -—1.01
2 195901 et - 3023¢ = 180% =
8331072 1.707"7 6.09 8.856° 3.03 5192 —3.06
6.25:10~2 2980~% 6.07 3.754~° 298 126° -3.08
5.00.1072 7.719~% 6.05 1.9337° 298 2.50° -3.08

Table A-57: 2D DG with Lifting Operator Error Global Results — pinc = 2

P h Eglob Rate Agglob Rate ©go, Rate

1 1.2510°! 20662 - (105 L 2915 -
8331072 9.2287% 199 5.163°% 6.06 560°°% 4.07
6.25-10~2 521073 1.99 9.0097? 6.07 1.737% 4.08
5.00-10~2 3.344=% 199 2.3287% 6.07 6.96°7 4.08

2. 195407 2.090°% = 246279 = Lap=s
8.33-1072 4.049°° 4.16 9.06671! 814 224=% 398
Gigsei=2 . Toag-% 431 8846712 809 Ti2T 398
5.00-1072 5.004% 408 1464712 806 2937 3.98

Table A-58: 2D DG without Lifting Operator Error Global Results — pjnc = 2

p h Eglob Rate Aéglob Rate ©gop Rate

R T e ) 4507=01 — 2,197 -
8.3310~2 9.228°3 199 6.660-7 4.73 7.227% 274
6251072 5.210-3% 199  1.942=7 428 373° 23
5.00.1072 3.344=% 199 7.8317% 4.07 23475 2.08

o gRR0E T gt 3.838°7 - 17578 =
8.3310~2 4.049°5 4.16 3.560~% 5.86 879™* 1.7
6.25:1072 1.243°% 411 6.3407° 6 51074 1.89
5.00-1072 5.004~% 4.08 1.6427% 6.05 3.287%* 1.98
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Table A-59: 2D DG Estimate 1 Global Results — pip. = 2

p h Eslob Rate Agglob Rate ©g,, Rate

1 1.25107! 2066~2 - 4578 = 219°¢ -
8.33.10~2 9.22873 199 6.660~7 4.73 T7.22°5 2.74
6:250:2 5B 109 oA 4IR 3785 D3
5.00-107% 3.344=% 199 7.831~% 4.07 23475 2.08

9 EIRTET 2aniTe L 38387 - liFesd o
8331072 4.04975 4.16 3.560~% 5.86 879™%* 1.7
6.25-1072 1.243-5 411 6.340~° 6 51074 E89
5.00-1072 5.004~% 4.08 1.6427° 6.05 3.28°* 1.98
Table A-60: 2D DG Estimate 2 Global Results — pipe = 2

p h Eslob Rate Agg]ob Rate ©Ogob Rate

1 1.25101 20662 - 6.019°7 - 2915 =
8.33-.1072 9.228~% 199 5.163"8% 6.06 5.60°° 4.07
6.25:1072 5.2107% 199 9.009~° 6.07 1737 % 4.08
5.00-1072 3.344=% 199 232879 6.07 6.96~7 4.08

2 125107 2719074 — DUEAEa T2 s
8.33.1072 4.049°5 416 9.066°'' 814 2245 398
6251072 12435 411 88467 R09 Ti12T 398
5.00-107%2 5.004~% 4.08 1464712 806 2937 3.98

Table A-61: 2D DG with Lifting Operator Error Local Results — pip. = 2

£,

Afagg

p h 58 Rate i Rate O, Rate

o gk s 9.365"8% - oS s
8.33.107%2 3.5147% 403 6.2227% 669 177 2.66
625-107% 1.199"° 305 8605~ 688 762" 248
5.00-1072 4.642-% 398 1.850710 689 3995 29

2 145907 2eIgTY = 5423710 - 2.60~% -
8331072 1.707°7 6.09 1347711 911 7.80°5 3.02
6.25:1072 29808 6.07 9945713 906 33475 299
5.00.102 7.7197°% 6.05 13177 9.06 1.717° 3

Table A-62: 2D DG without Lifting Operator Error Local Results — pipc = 2

p h fax  Rate 2 Rate ©,5 Rate

R L L e 3741 = (e sy e
8.33-1072 3.514=5 403 1.864~7 538 530~ 1.35
6.25:1072 1.120°5 395 4.065~%° 529 360°% 135
5.00.1072 4.642-6 398 1270~% 521 27473 1.23

2 Gd510Rr 2mEE - 47509 = 23678 =
8.33-1072 1.707"7 6.09 2345710 743 1373 1.34
6.25:1072 29808 6.07 278! 741 9354 1.34
5.00.107%2 7.719°% 6.05 5370712 738 6.96~% 1.32
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Table A-63: 2D DG Estimate 1 Local Results — pipc = 2

P h S—"‘A}ﬁ Rate A—i‘;ﬂ Rate ©O,g  Rate

1 0T | e 1.6517% - o B
8.33-1072 3.514=° 4.03 1864 7 538 530°% 1.35
6.25:10~2 1.129° 395 4.065~% 529 3.60°° 1.35
5.00-1072 4.642~% 3.98 1.270~% 521 2.747% 1.23

2 1950t 2018 - Ay - 2362 <
8331072 1.707-7 6.09 2.345-10 743 1.37°% 1.34
6.25-10~2 2.980~% 6.07 2786 741 935* 134
5.00-10~2 7.719"Y 6.05 5.370°12 7.38 6.967% 1.32

Table A-64: 2D DG Estimate 2 Local Results — pjpc = 2

P h 8—?\,55 Rate ﬁ%‘;ﬁ Rate ©.g Rate

1495201 - 1L8Gi-% = ABog=8 = o e
8.33-1072 3.514=° 403 1.3207% 3.04 3.761 —0.99
6.25:10°2 1.129°5 395 5581°%* 299 494 -0.95
5.00-102 4.642-% 398 2871~% 298 6.18 -1

2 HO510"Y 201878 = 6.8037% - 3.372 =
8.3310~2 17077 6.09 1.993-% 3.03 1.17° —3.06
6.25-10~2 2980~8 6.07 844675 298 283° -—3.08
5.00-102 7.719~2 6.05 4.3485 298 563° -—3.08
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