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Abstract

Structured data such as sequences and networks pose substantial difficulty for tradi-
tional statistical theory which has focused on data drawn independently from a vector
space. A popular and empirically effective technique for dealing with such data is
to map elements of the data to a vector space and to operate over the embedding
as a summary statistic. Such a vector representation of discrete objects is known
as a 'continuous representation'. Continuous space models of words, objects, and
signals have become ubiquitous tools for learning rich representations of data, from
natural language processing to computer vision. Even in cases that the embedding
is not explicit, many algorithms operate over similarity measures which implicitly
embed the original dataset. In this thesis, we attempt to understand the intuition
behind continuous representations. Can we construct a general theory of continuous
representations? Are there general principles for semantically meaninguful represen-
tations?

In order to answer these questions, we develop a framework for analyzing con-
tinuous representations through diffusion limits of random walks. We show that
measureable quantities of discrete random walks with a latent metric structure have
closed form diffusion limits. These diffusion limits allow us to approximate attributes
of the discrete random walk such as the stationary distribution, hitting time, or co-
occurrence using closed-form expressions from diffusions. We establish limits which
guarantee asymptotic consistency of such estimators, and show they work well in
practice.

Using this new approach, we solve three classes of problems: first, we derive prin-
cipled network algorithms which connect statistical estimation tasks such as density
estimation to network algorithms such as PageRank. Next, we demonstrate that con-
tinuous representations of words are a type of random walk metric estimator with
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close connections to manifold learning. Finally, we apply our theory to single-cell
RNA seq data, and derive a way to learn time-series models without trajectories by
using stochastic recurrent neural networks.

Thesis Supervisor: Tommi S. Jaakkola
Title: Professor

Thesis Supervisor: David K. Gifford
Title: Professor
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P Estimatior for the density p(x) based upon Gn

Other

Tr Trace of a matrix

Var, Cov Variance / covariancex of a random variable

Random walks

W(t) or Wt Brownian motion at time t

Xn(t) A discrete random walk over n objects at time t

Y(t) A diffusion process at time t

TE Hitting time of a Brownian motion started at x stopped at E
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7ry(x) Density of the stationary distribution of a random walk Y at position x

Tp, Discrete hitting time on a n vertex graph started at vertex xj and stopped at
Xi

Tk Hitting time started at x stopped at a domain E

t Rescaled time. As the graph grows large, neigbhorhoods shrink and so a single

step in the random-walk moves ever smaller distances. t is re-scaled by g2 to
prevent this from happenig (See entry for gn).

Spaces

Rd d-dimensional Euclidean space

D Closure of the domain

OD Boundary of the domain

D C Rd Compact, path-connected domain

D Skorokhod space (the space of right-continuous functions)

X Set of discrete objects (vertices or words)

Z Integers

C Continuous functions

C([O, T], Rd) Continuous functions mapping [0, T] -* Rd

W2 (x, y) 2-Wasserstein distance between x and y

18



Chapter 1

Introduction and background

Discrete-time random walks lie at the heart of many domains in machine learning,
ranging from graph algorithms to biological processes. This thesis unifies many
algorithmic approaches for inference on random walks by approximating discrete-
time and space random walks using diffusion processes. Much like how a random
walk over a lattice converges to a Brownian motion, we exploit the fact that random
walks over large domains behave as diffusions.

Many empirically effective random-walk based algorithms over discrete structures,
such as the PageRank algorithm for graph vertex importance and word2vec for word
embeddings are poorly understood from a statistical point of view. The diffusion
process based techniques in this thesis develops connections between classical statis-
tical ideas such as density estimation or manifold learning, and discrete algorithms
such as PageRank and word embeddings. These connections allow us to understand
new, empirically effective algorithms through the lens of parameter estimation for a
well-specified metric model.

In this chapter, we will first introduce the ideas behind diffusion based random
walk inference as well as the basic intuition for the diffusion limit. For now we will
focus on intuition and defer precise technical discussions to Chapter 2.

1.1 Introduction

Structured non-metric inputs such as DNA sequences, social networks and natu-
ral language texts pose difficulties for traditional statistical and machine learning
techniques which are designed to process real valued vectors. One approach for rig-
orously analyzing such structured data has been to infer latent embeddings which
are assumed to be independent and identically distributed.
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For example, if we are asked to determine the most important vertices of a social
network, we may first assign a vector to each vertex in the graph such that connected
vertices are close to each other, and then return the modes of the density of these
embedded vertices as important vertices.

However, these embedding methods have thus far been ad-hoc and domain spe-
cific. For example, the techniques for embedding networks [Alamgir and von Luxburg,
2011] and English words [Mikolov et al., 2013a] rely upon completely different justifi-
cations. We show that there is a straightforward, unified approach to understanding
and estimating latent metric structures by analyzing embeddings that exploit random
walk structure. These techniques are simple, widely applicable and answer several
open questions in nonparametric statistics and machine learning.

Conceptually, our work consists of three main ideas:

1. Random walks over discrete objects encode metric structure by frequently tran-
sitioning between more similar words or graph vertices.

2. Metric random walks over large spaces behave similarly to diffusion processes
which are simple to analyze

3. Many algorithms such as PageRank, or word2vec for word embeddings, can be
reduced to methods to infer properties of the underlying metric random walk.

We begin by analyzing the problem of performing density estimation given only
the undirected connectivity structure of a k-nearest neighbor graph, and use this to
develop the theory of diffusion process limits in Chapter 2. Having established a basic
framework for connecting random walks and diffusions, we solve the problem of fully
recovering a latent embedding from a geometric graph using weighted hitting times
in Chapter 3. Applying these methods to a practical machine-learning problem, we
show that word embeddings are a special type of scalable weighted graph embedding
in Chapter 4.

Finally, having established results for discrete random walks and their relationship
to diffusions, we show that a particular type of recurrent neural network naturally
generates diffusion processes. Using this connection we analyze a problem of mod-
eling the differentiation of embryonic stem cells using single-cell RNA-seq (Chapter
5).

1.1.1 Graph vertex embeddings

Many graph algorithms rely upon an implicit assumption of a metric graph, which
is a graph where latent attributes of a vertex determine its connectivity. For example,
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a k-nearest neighbor graph is a type of metric graph, and finding similar vertices using
the number of common neighbors attemps to recover latent vertex similarities.

One instance of such a metric assumption is the assumption that a simple random
walk over the graph will frequently transition to similar vertices. For example, if
our graph is the integer lattice, then a random walk will remain 'close' over short
timespans. Our goal is to formalize the implicit metric assumption, and then to
derive results under this assumption.

Informally, our metric assumption will be the following:

1. Each graph vertex is assigned a coordinate in a metric space

2. Graph vertices connects to neighbors that are sufficiently close

3. The graph is sufficiently large

The simplest example of such a metric graph is the integer lattice, where a vertex
has a multidimensional integer coordinate, and is connected to neighbors within a
distance of one. We will prove a surprising property of metric graphs: simple random
walks on metric graphs converge to diffusion processes.

The convergence of a simple random walk over a lattice to a Brownian motion
is a classic diffusion limit. For example, if Xi - Bernoulli(0.5) then S, = Er Xi is
the one-dimensional simple random walk after n steps, and as n grows this simple
random walk behaves as a Brownian motion, n- 1/2St, -+ W [Lawler and Limic,
2010, Chapter 3.1].

In the case of a general metric graph, a similar phenomenon holds. Figure 1-1 is
an informal sketch of this convergence to a diffusion process for a k-nearest neighbor
graph. As the graph grows large, the discrete-space and discrete-time random walk
over a graph (Xe) resembles a continuous-space discrete time process Y (Figure 1-1,
Panels A and B). After a time-rescaling which considers many discrete steps per
unit time we obtain a Gaussian limit which turns our random walk into a diffusion
process (Figure 1-1, Panels C and D).

A surprising result is that not only does this diffusion process limit exist under
very general conditions, we show that the limiting process can be written down in
closed form and does not depend on the precise connectivity rules used to construct
the graph (Theorem 2.3.3).

The main idea of our graph diffusion limit is that even though we do not observe
the latent metric, the diffusion limit can reveal the underlying metric properties of
the graph. For example, in Chapter 2 we show that the stationary distribution of a
discrete random walk can be interpreted as a type of density estimation procedure
over the latent metric of a graph, and in Chapter 3 we show tliat a exponentially
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Random walk on graph Neighborhood restricted jumps Drift-diffusion process

Figure 1-1: An informal description of the convergence of random walks to diffusions. In

panel A) we have a simple random walk over a graph. In B), as the size of the graph (n)

and the number of points in each neighborhood (k) grows we can jump anywhere within the

ball. In C), if we take many steps the sum of many independent jumps begins to resemble

a Gaussian limit.

weighted hitting time (termed the log-LTHT) can be used to robustly recover the
latent metric structure of a graph.

1.1.2 Word embeddings

Word embeddings are a class of techniques which use the co-occurrence of words
across a large text corpus in order to assign a vector representation to each word.
Generally, word embedding methods ensure that frequently co-occurring words are
close in the embedded space.

These simple un-supervised representations were found to capture surprising se-
mantic structures such as analogical reasoning [Mikolov et al., 2013b]. For example,
if we define the vector for the word 'man' as vec(man) and apply the following oper-
ations: vec(king)-vec (man)+ vec(woman) ~vec(queen).

Word embeddings have been remarkably useful across NLP tasks but remain
poorly understood. The main approach to understanding the semantic properties of
word embeddings have been to examine the properties of text corpora, which has lead
to a very narrow view of semantic embeddings as being driven by text co-occurrences.
Our goal in this thesis is to develop a theory of word embeddings that can be used to
generalize semantically meaningful vector representations beyond natural language
processing.

In order to achieve this goal, we ground word embeddings in semantic spaces
studied in the cognitive-psychometric literature, taking these spaces as the primary
objects to recover. To this end, we relate log co-occurrences of words in large corpora
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to semantic similarity assessments and show that co-occurrences are indeed consistent
with an Euclidean semantic space hypothesis.

Fundamentally, we take metric recovery as the key theoretical goal. This per-
spective unifies existing word embedding algorithms, ties them to manifold learning,
and demonstrates that existing algorithms are consistent metric recovery methods of
co-occurrence counts from random walks.

To formalize this, we use the diffusion limits developed in Chapter 2 as a way
to analyze the observed co-occurrence of words in a corpus. We show that log co-
occurrences between vertices on a graph with a latent metric converge to the squared
distance in the latent metric.

Further, we propose a simple, principled direct metric recovery algorithm that
is comparable to the state-of-art in both word embedding and manifold learning.
Finally, we complement recent focus on analogies by constructing two new inductive
reasoning datasets - series completion and classification - and demonstrate that word
embeddings can be used to solve them as well.

1.1.3 Recurrent networks as diffusions

Using many of the diffusion process techniques, we analyze a central problem in de-
velopmental biology: understanding the forces which control gene expression changes
during differentiation.

We model the gene expression of a single cell over differentiation as a high-
dimensional diffusion process which is stopped and observed at a given time point
through single-cell RNA-seq. This problem is particularly challenging since RNA-
seq measurement kills the cell, preventing longitudinal trajectory measurements of
individuals.

We show that cross-sectional samples from an evolving population suffice for re-
covery within a class of processes even if samples are available only at a few distinct
time points. We provide a stratified analysis of recoverability conditions, and estab-
lish that reversibility is sufficient for recoverability. This reversibility condition is
closely related to a concept known as the "epigenetic landscape" in developmental
biology, and we show that the landscape can be recovered from existing single-cell
RNA-seq data.

For estimation, we derive a natural loss and regularization, and parameterize the
processes as diffusive recurrent neural networks. Using our diffusion limit, we show
that a particular recurrent neural network architecture naturally models reversible
diffusions, and use this as a way to develop fast, scalable inference for single-cell
RNA-seq data.
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1.1.4 Prior publication

This thesis is derived from several prior publications with collaborators who have
been invaluable to developing the results in this thesis.

The graph diffusion process limits in Chapters 2, 3 are expanded versions of
Hashimoto et al. 12015c,a] with corrections for typographical errors and is based on
joint work with Yi Sun and Tommi Jaakkola. Chapter 4 specializes these limits for
word embeddings and is based upon work in submission done jointly with David
Alvarez-Melis and Tommi Jaakkola. Chapter 5 applies diffusion limits to develop-
mental biology and is joint work with David Gifford and Tommi Jaakkola.
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Chapter 2

Density estimation on metric graphs

Data for unsupervised learning is increasingly available in the form of graphs or
networks. For example, we may analyze gene networks, social networks, or general
co-occurrence graphs (e.g., built from purchasing patterns). While classical unsuper-
vised tasks such as density estimation or clustering are naturally formulated for data
in vector spaces, these tasks have analogous problems over graphs such as centrality
and community detection. We provide a step towards unifying unsupervised learning
by recovering the underlying density and metric directly from graphs.

We consider "unweighted directed geometric graphs" that are assumed to have
been built from underlying (unobserved) points xi, i = 1,...,n. In particular, we
assume that graphs are formed by drawing an arc from each vertex i to its neigh-
bors within distance E (zx). Note that the graphs are typically not symmetric since
the distance (the er-ball) may vary from point to point. By allowing E (xi) to be
stochastic, e.g., depend on the set of points, the construction subsumes also typ-
ical k-nearest neighbor graphs. Arguably, graphs from top k friends/products, or
co-association graphs may also be approximated in this manner.

The key property of our family of geometric graphs is that their structure is
completely characterized by two functions over the latent space: the local density
p(x) and the local scale e(x). Indeed, global properties such as the distances between
points can be recovered by integrating these quantities. We show that asymptotic
behavior of random walks on the directed graphs relate to the density and metric.
In particular, we show that random walks on such graphs with minimal degree at

least w(n2/( 2 +d) log(n)d+2) can be completely characterized in terms of p and E using
drift-diffusion processes. This enables us to recover both the density and distance

given only the observed graph and the (hypothesized) underlying dimension d.

The fact that we may recover the density (up to constant scale) is surprising. For
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example, in k-nearest neighbor graphs, each vertex has degree exactly k. There is
no immediate local information about the density, i.e., whether the corresponding
point lies in a high-density region with small ball radii, or in a low-density region
with large ball radii. The key insight of this paper is that random walks over such
graphs naturally drift toward higher density regions, allowing for density recovery.

While the paper is primarily focused on the theoretical aspects of recovering the
metric and density, we believe our results offer useful strategies for analyzing real-
world networks. For example, we analyzed the Amazon co-purchasing graph where
an edge is drawn from an item i to j if j is among the top k co-purchased items with
i. These Amazon products may be co-purchased if they are similar enough to be
complementary, but not so similar that they are redundant. We extend our model
to deal with connectivity rules shaped like an annulus, and demonstrate that our
estimator can simultaneously recover product similarities, product categories, and
central products by metric embedding.

2.1 Relation to prior work

The density estimation problem addressed by this paper was proposed and partially
solved by von Luxburg and Alamgir [2013] using integration of local density gradients
over shortest paths. This estimator has since been used for drawing graphs with
ordinal constraints in von Luxburg and Alamgir 120131 and graph down-sampling in
Alamgir et al. [2014]. However, the recovery algorithm is restricted to 1-dimensional
k-nearest neighbor graphs under the constraint k = w(n2/3 log(n)3). Our paper
provides an estimator that works in all dimensions, applies to a more general class
of graphs, and strongly outperforms that of von Luxburg-Alamgir in practice.

On a technical level, our work has similarities to the analysis of convergence of
graph Laplacians and random walks on manifolds Woess [1994], Hein et al. [2006]. For
example, Ting et al. [2010b] used infinitesimal generators to capture the convergence
of a discrete Laplacian to its continuous equivalent on k-nearest neighbor graphs.
However, their analysis was restricted to the Laplacian and did not consider the
latent recovery problem. In addition, our approach proves convergence of the entire
random walk trajectory and allows us to analyze the stationary distribution function
directly.
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2.2 Main results and proof outline

2.2.1 Problem setup

Let X = {X 1 , x2 , .. .} be an infinite sequence of latent coordinate points drawn in-
dependently from a distribution with probability density p(x) in Rd. Let E,(xi) be
a radius function which may depend on the draw of X. In this paper, we analyze
a single draw of X. Let G,, = (X,, E,) be the unweighted directed neighborhood
graph with vertex set X, = {, ... , x,} and with a directed edge from i to j if and
only if lxi - xj I < E6(xi).

Fix now a large n. We consider the random directed graph model given by
observing the single graph G,. The model is completely specified by the latent
function p(x) and the possibly stochastic en(x). Under the conditions (*) to be
specified below, we solve the following problem:

Given only G, and d, form a consistent estimate of p(xi) and 1xi - xj I up to
proportionality constants.

In the case that the graph is disconnected, we will recover the corresponding quantity
up to scaling for each separate connected component.

The conditions we impose on p(x), E&(x), and the stationary density function
7rx" (x) of the simple random walk X,(t) on G, are the following, which we refer to
as (*). We assume (*) holds throughout the paper.

" The density p(x) is differentiable with bounded V log(p(x)) on a path-connected
compact domain D C Rd with smooth boundary OD.

" There is a deterministic continuous function F(x) > 0 on D and scaling con-
stants gn satisfying

g9 - 0 and gnnF log(n) d -0

so that, a.s. in the draw of X, gn-- En(x) converges uniformly to T(x).

* The rescaled density functions nrrxn (x) are a.s. eventually uniformly equicon-
tinuous.

Remark. We conjecture that the last condition in (*) holds for any p and T satisfying
the other conditions in (*) (see Conjecture A.1.1).
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Let NB,(x) denote the set of out-neighbors of x so that y is in NB,(x) if there is
a directed edge from x to y. The second condition in (*) implies for all x E X, that

INB,(x)I = w(nT log(n)N). (2.1)

2.2.2 Statement of results

Our approach is based on the simple random walk X,,(t) on the graph G,. Let
7rx,,(x) denote the stationary density of X, (t). We first show that when appropriately
renormalized, 7rx, (x) converges to an explicit function of p(x) and '(x) up to a scaling
constant c.

Theorem 2.2.1. Given (*), a.s. in X, we have

p(x)
n7rx,(x) -+ C_ 2 , (2.2)

for the normalization constant c 1 = f p(x) 2g(X)- 2dx.

Combining this result with an estimate on the out-degree of points in Gn gives
our general result on recovery of density and scale. Let V be the volume of the unit
d-ball.

Corollary 2.2.2 (Density and metric estimator). Assuming (*), the estimators

cINBlN(X)d+217rXn(X)W -+ p(x) and

c2 NBn(x)Id7rx,(x)- d2 -+(x) with

1d= d22 c /2 y) n2g ) dcv,/=g- c2 2n

consistently recover the underlying density a.s. in X up to a scale depending on the
normalizer c defined in (2.2) which cannot be identified from the graph alone.

Proof. Immediate from the out-degree estimate p(x)E(x)d d = JNBn(x) I/n and The-
orem 2.2.1.

Remark. If en(x) is constant, every edge is bidirectional, so rx7 (x) is proportional
to the degree of x, and we recover the standard e-ball density estimator.
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Our estimator for the density p(x) closely resembles the PageRank algorithm
without damping Page et al. [19991. For the k-nearest neighbor graph, it gives the
same rank ordering as PageRank and reduces to PageRank as d -+ 00.

For the k-nearest neighbor density estimation problem posed in von Luxburg and
Alamgir [20131, we obtain the following.

Corollary 2.2.3. If e(x) is selected via the k-nearest neighbors procedure with k -
w(nk log(n)2) and satisfies the first and last conditions in (*), for c1 and c 2

depending on c as in Corollary 2.2.2 we have a.s in X that

d
c 7rx,(x)d+2 -p(x) and

c2rx,(x) d+ )

Proof. By Devroye and Wagner [19771, the empirical Fn(x) induced by the k-nearest
neighbors procedure satisfies the second condition of (*) with

(x) = and g, = (k/n)l/E.
/d~()1/d

2.2.3 Outline of approach

Our proof proceeds via the following steps.

1. As n -+ o, the simple random walk X,(t) on G, converges weakly to an
1t6 process Y(t), yielding weak convergence of stationary measures. (Theorem
2.3.4)

2. The stationary density wy(x) is explicitly determined via Fokker-Planck equa-
tion. (Lemma 2.4.1)

3. Uniform equicontinuity of n7rx, (x) yields convergence in density after rescaling.
(Theorem 2.2.1)

An intuitive explanation for our results is as follows. For large n, the simple
random walk on Gn, when considered with its original metric embedding, closely
approximates the behavior of a drift-diffusion process. Both the process and the
approximating walk move preferentially toward regions where p(x) is large and diffuse
more slowly out of regions where F(x) is small. Occupation times therefore give us
information about p(x) and F(x) which allow us to recover them.

Formally, the convergence of Xn(t) to Y(t) follows by verifying the conditions
of the Stroock-Varadhan criterion (Theorem A.2.3) for convergence of discrete time
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Markov processes to It6 processes Stroock and Varadhan [1971a]. This criterion
states that if a process reflects at the boundary and the variance an, expected value
bn, and higher order moments An,a of a jump are continuous and well-controlled in
the limit, the process converges to an It6 process. Via the Fokker-Planck equation,
we can express the stationary density of this process solely in terms of p(x) and
|NBn (x) 1. This allows us to estimate the density using only the unweighted graph.

Let D and OD be the closure and boundary of the support D of p(x). Let B(x, 6)
be the ball of radius e centered at x. Let hn = gn be the time rescaling necessary for
Xn(t) to have equal timescale to Y(t).

2.3 Convergence of the simple random walk to an
Ito process

We will verify the regularity conditions of the Stroock-Varadhan criterion (see Stroock
and Varadhan [1971a, Section 6]).

Theorem 2.3.1 (Stroock-Varadhan). Let Xn(t) be discrete-time Markov processes
defined over a domain D with boundary OD. Define the discrete time drift and
diffusion coefficients by

ii1 1
az3s, X) (I - Xi)(y - X)

yENBn(x)

b' (s, x) h N~X B (yi- i
yENBn(x)

A n ,a ( S , X ) 1 
N B (-)

yENBn(x)

If we have ai (s, x) "4 ad (s, x), b(s, x) a_4 b'(s, x), X,1(s,x) "-4 0, and regu-
larity conditions to ensure reflection at OD (Theorem A.2.2 and Theorem A.2.3),
the time-rescaled stochastic processes Xn( [t/hJ) converge weakly in Skorokhod space
D([0, oo), D) to an It6 process with reflecting boundary condition

dY(t) = o-(t, Y(t))dW + b(t, Y(t))dt,

with Wt a standard d-dimensional Brownian motion and O-(t, Y(t))O-(t, Y(t))T -
a(t, Y(t)).
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Remark. The original result of Stroock-Varadhan was stated for D([0, T], D) for all
finite T; our version for D([0, oc), D) is equivalent by Whitt f1980, Theorem 2.8].

The technical conditions of Theorem 2.3.1 enforcing reflecting boundary condi-
tions are checked in Theorem A.2.8 to Theorem A.2.12. We focus on convergence of
the drift and diffusion coefficients.

Lemma 2.3.2 (Strong LLN for local moments). For a function f(x) such that

supxEB(J,e) If(x)I < E, given (*) we have uniformly on x E Xn that

NB (y-
yENBn(x)

a.s. p(y)
hI IyEB(x,--n(X)) ) PEn (x)

Proof. Denote the claimed value of the limit by p(x). For convergence in expectation,
we condition on IN B (x) I and apply iterated expectation to get

E -NB(y-K yENBn(x)INBn(X)I

= E E [f(y -x) |N Bn(X)I] = '(X).

For y E B(x, En(x)), we have f(y - x) ; En(X), so Hoeffding's inequality yields

P( -f(y - X) - P(X) ;> t
hnyE N Bn WINn)~

2h 2 N Bn(X)l2t2
< 2 exp -

= e (exp (-2g2r(X)-2NBn(X) It2)) (2.3)

= o(n-2t 2W())

for INBn(x)I = w (n2/(d+ 2) log(n)d/(d+2 )) by (2.1). Borel-Cantelli then yields a.s.
convergence.

Remark. This limit holds for stochastic En (x) if g;;lEn (x) a.s. converges uniformly

to a deterministic continuous F(x). An example of such a graph is the k-nearest

neighbors graph.
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Theorem 2.3.3 (Drift diffusion coefficients). Almost surely on the draw of X, as
n - oc, we have

lim a'n(s, x) = 6ij 2
n-4o0 3

lim bn (s, x) = - z(x)2

lim An(s, x) = 0,

where 6 jj is the Kronecker delta function.

Proof. By Lemma 2.3.2, an, bn, and An,1 converge a.s. to their expectations, so it
suffices to verify that the integrals in Lemma 2.3.2 have the claimed limits. Because
p is differentiable on D, for any x E D we have the Taylor expansion

p(x + y) = p(x) + y- Vp(x) + o(1y12)

of p at x, where the convergence is uniform on compact sets. For n large so that
B(x, En(x)) lies completely inside D, substituting this expansion into the definitions
of an, bn, and An, and integrating over spheres yields the result. Full details are in
Theorem 2.3.3. l

Theorem 2.3.4. Under (*), as n -+ oc a.s. in the draw of X the process Xn([t/hnJ)
converges in D([0, oc), D) to the isotropic D-valued ItM process Y(t) with reflecting
boundary condition defined by

dY(t) = V(Y(0))(Y(t))2dt + dW(t). (2.4)
3p(Y(t)) v/3

Proof. Lemma 2.3.2 and Theorem 2.3.3 show that Xn([t/hnJ) fulfills the conditions
of Theorem A.2.3. The result follows from the Stroock-Varadhan criterion using the
drift and diffusion terms from Theorem 2.3.3.
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Figure 2-1: Accuracy vs sam-
ple and neighborhood size.
Path integral (green, maroon)
is from von Luxburg and Alam-
gir [20131. Our estimator (red,
blue, black) is nearly perfect at
all sample sizes and neighbor-
hood sizes.

- ground trutrh
- graph random walkII

metrc k-rn estiator
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Figure 2-2: Examples of four density estimates: our
method (red) using no metric information is indistinguish-
able from metric k-nearest neighbor (blue) and close to
ground truth (black). Path integral estimator of von
Luxburg and Alamgir [20131 (green) shows higher error
in all cases.

2.4 Convergence and computation of the stationary
distribution

2.4.1 Graphs satisfying condition (*)

The It6 process Y(t) is an isotropic drift-diffusion process, so the Fokker-Planck

equation [Risken, 1984] implies its density f(t, x) at time t satisfies

+ X2 [a"(t,x)f(t,)]Otf (t, X) (2.5)=Ox, [b 2(t, x)f (t, x)]

where b'(t, x) and a"(t, x) are given by

b(t, x) = Cp.) 2 and a"(t, x) = -E3p(x) 3

Lemma 2.4.1. The process Y(t) defined by (2.4) has absolutely continuous station-
ary measure with density

ry(X) = cp(X)2(X)-,

where c was defined in (2.2).
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Proof. By (2.5), to check that 7ry(x) = Cp(X)2g(X)-2, it suffices to show

E (Oxp(x) P( (x) (x)2 ) - 1 xi ((x)2c (X)2) ) 0. L

We now prove Theorem 2.2.1 by showing that a rescaling of 7rx (x) converges to
7ry(x).

Proof of Theorem 2.2.1. The a.s. convergence of processes of Theorem 2.3.4 implies
by Ethier and Kurtz 11986, Theorem 4.9.12] that the empirical stationary measures

n

d/pn = Z xn(xi) 6Xi
i=1

converge weakly to the stationary measure dp = iry(x)dx for
and 6 > 0, weak convergence against 1B(x,5) yields

Z 7rxn(Y) -+ 6
YEXn ly-xj<( <6-x<

Y(t). For any x e X

7ry (y)dy.

By eventual uniform equicontinuity of n7rx (x), for any e > 0 there is small enough
6 > 0 so that for all n we have

rxn(y) - IXn n B(x, 6)Iirxn(x)
YEXn,ly-xl<6

<; n-ljXn n B(x, 6)1,

which implies that

lim grx,(x)p(x)n
n-+oo

= lim lim V-16-dnrxn(x)
6-+0 n-+oo

liM liM V-16-|x n B(x,|xx6-+0 n-+oo d 17 n(X

= limVi16-d
6-+O Ily-x|<6

7ry(y)dy = 7ry(x).
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Figure 2-3: Estimate
performance degrades in
high dimensions due to
over-smoothing (blue and
red), but the estimator
is still highly accurate
up to log concentration
parameter (black).

Figure 2-4: Example isotropic metric graphs. Our esti-
mator (black) agrees with the true density (red) in all
cases. Degree and stationary distribution (green and ma-
roon) based density estimates work for some cases (right
two panels) but cannot work if the degree is tied to spatial
location (left).

Combining with Lemma 2.4.1 yields the desired

7ry(x) p(X)
lim n7rx, (x) - =- l.

n -- ,o P~x -7(X)2

2.4.2 Extension to general metric graphs

To obtain our stationary distribution in Theorem 2.2.1 we require only convergence

to some It6 process via the Stroock-Varadhan criterion. We can achieve this under

substantially more general conditions. We define a class of metric graphs on X,
termed isotropic over which we have consistent metric recovery without knowledge

of the graph construction method.

Definition 1 (Isotropic metric graph). A graph edge connection procedure on X, is
isotropic if it satisfies:

Distance kernel: The probability of placing a directed edge from i to j is defined
by a kernel function h(rij) mapping locally scaled distances

rij = xi - xj IE7(xi)-.

with &n(x) obeying (*).

Nonzero mass: The kernel function h(r) has nonzero integral joj h(r)rd-ldr > 0.
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Bounded tails: For all r > 1, h(r) = 0.
Continuity: The scaling nirx, (x) of the stationary distribution is eventually uni-

formly equicontinuous.

This class of graph preserves the property that the random graph is entirely
determined by the underlying density p(x) and local scale e(x); this allows us to
have the same tractable form for the stationary distribution.

Both constant E and k-nearest neighbor graphs are isotropic upon assumption
of eventual uniform equicontinuity. Another interesting class of graphs allowed by
this generalization is truncated Gaussian kernels, where connectivity probability de-
creases exponentially. Note that h(r) might not be monotonic or continuous in r;
one surprising example is h(r) = 1[o.5,1] (r), which deterministically connects points
in an annulus.

Corollary 2.4.2 (Generalization). If a neighborhood graph is isotropic, then the
limiting stationary distribution follows Theorem 2.2.1, and the density and distances
can be estimated by Corollary 2.2.2.
Proof. We check the Stroock-Varadhan condition stated in Theorem A.2.3. For this,
we use a version of Lemma 2.3.2 for isotropic graphs, which requires that the ball
radius vanishes and that the neighborhood size scales as w(nd log(n)2).

Vanishing neighborhood radius follows because bounded tails and the fact that
the kernel is evaluated on Ixi - x Ie,(xi)- ensure the isotropic graph is a subgraph of
the En(x)-ball graph. Kolmogorov's strong law implies that the stochastic out-degree
concentrates around its expectation. It has the correct scaling because the argument
of h(r) is scaled by e (x). See Theorem A.3.2 for details. Thus the analogue of
Lemma 2.3.2 holds.

We then check that the limiting local moments for isotropic graphs are propor-
tional to those of En(x)-ball graphs in Lemma A.3.3. All but one of the conditions
for the Stroock-Varadhan criterion follow from this; the last Theorem A.2.11 follows
from the bounded ball structure of the connectivity kernel.

To check that we obtain the same limiting process and stationary measure, note
the ratios of integrals in Theorem 2.3.3 are unchanged in the isotropic setting. See
Lemma A.3.3 for details. Recovering the stationary distribution, density, and local
scale is then done in the same manner as in the e-ball setting.

2.5 Distance recovery via shortest paths

Our results in Theorem 2.2.1 give a consistent estimator for the density p(x) and the
local scale F(x). These two quantities specify up to isometry and scaling the latent
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metric embedding of X.

In order to reconstruct distances between non-neighbor points, we weight the
edgesof G, by wij = E,(xi) and find the shortest paths over this graph, which we
call G. The results in Alamgir and von Luxburg [2012a, Section 4.1] show that in
the k-nearest neighbor case, setting wij = ?,(xi) for the estimator F, of E, results in
consistent recovery of pairwise distances.

In Theorem A.4.5, we give a straightforward extension of this approach to show
that given any uniformly convergent estimator of E (x), the shortest path on the
weighted graph G, converges to the geodesic distance. Applying standard metric
multidimensional scaling then allows us to embed these distances and recover the
latent space up to isometry and scaling.

Reconstructed

"V

Original (PCA)

Figure 2-5: Recon-

struction closely

matches projection of

the true metric.

0 5 1C 15 20 25
te distance

Figure 2-6: Distances es-
timated by our method
are globally close to the
true metric.

Reference digitII
E

Digits ranked by similarity to reference

ElK
Figure 2-7: Items close in our
weighted graph (bottom) are more
similar than those under the Jaccard
index (top).

I
2.6 Empirical results

We demonstrate extremely good finite sample performance of our estimator in simu-
lated density reconstruction problems and two real-world datasets. Some details such
as exact graph degrees and distribution parameters are in the supplementary code
which reproduces all figures in this paper. Standard graph statistics such as cen-
trality and Jaccard index are calculated via the igraph package Csardi and Nepusz
[2006].

37

i

Q)
C



k-nearest neighbor graphs We compared our random-walk based estimator and
the path-integral based estimator in von Luxburg and Alamgir [2013] to the metric
k-nearest neighbor density estimator. The number of samples n was varied from 100
to 20000 along with the sparsity level k (Figure 2-1).

While our theoretical results suggest that both our algorithm and the path-
integral estimator of von Luxburg and Alamgir [2013] might fail to converge at \/n
and log(n) sparsity levels, in practice our estimator performs nearly perfectly at both
low sparsity levels.

For constant degree k = 50 we achieve near-perfect performance for all choices of
n, while the path-integral estimator fails to converge in the k = log(n) regime.

Some specific examples of our density estimator with n = 2000, k = 100 are shown
in Figure 2-2. The examples are mixture of uniforms (left), mixture of Gaussians

(center), and t-distribution (right). As predicted, our estimator tracks extremely
closely with the metric k-nearest neighbor estimator (red and blue), as well as the
true density (black). The path integral estimator has high estimate variance at points
with large density and fails to cope with the two mixture densities.

Varying the dimension for an isotropic multivariate normal with k = , we find
that a large number of points are required to maintain high accuracy as d grows large

(red and blue lines in Figure 2-3). However, this is due to a global 'flattening' of the
density. Measuring the correlation between the true and estimated log probabilities
show that up to a global concentration parameter, the estimator maintains high
accuracy across a large number of dimensions (black lines).

Kernel graphs We validate the nonparametric estimator in Corollary 2.4.2 for
kernel graphs by constructing three different kernel graphs. In all cases, we sample
5000 points with connection probability following pij = exp(-E(xj)-1 lxi - x ). We
vary the neighborhood structure e in three ways: a constant kernel, e(xi) Oc 1; k-
nearest neighbor kernel: E(x) Oc 1/Ek=100; and spatially varying kernel E(x) Oc |xj.

In Figure 2-4, we find that our nonparametric estimator (black) always matches
the ground truth (red). This example also shows that both degree and stationary
distribution can be valid density estimators under certain assumptions, but only
our estimator can deal with arbitrary isotropic graph construction methods without
knowledge of the graph construction technique.

Metric recovery on real data As an example of metric reconstruction, we take
the first 2000 examples in the U.S. postal service (USPS) digits dataset Hull 11994]
and construct an unweighted k-nearest neighbor graph. We use our method to re-
construct the metric and perform similarity queries, and the Jaccard index was used
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to tie-break direct neighbors.
The USPS digits dataset is known to have a high-density cluster of ones digits

(orange). Results in Figure 2-5 show that we are able to successfully recover the
density structure of the data (top). Inter-point distances estimated by our method
(Figure 2-6, y-axis) show nearly linear agreement to the true metric (x-axis) at short
distances and high similarity globally.

Performing a similarity query on the data (Figure 2-7) shows that the our re-
constructed distances (bottom row) have a more coherent set of similar digits when
compared to the Jaccard index (top row) Jaccard [1901]. The behavior of the un-
weighted Jaccard similarity is due to a known
nearest neighbor graphs preferring low density

[2013].
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Figure 2-8: Density estimates in the graph
correlate well with sales rank, unlike the other
measures of centrality.
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Figure 2-9: Embeddings from
estimated distances recover the
separation between different
product categories.

Classics
The Prince
The Conununist Manifesto
The Republic
Wealth of Nations
On War

Literature
The Stranger
The Myth of Sisyphus
The Metamorphosis
Heart of Darkness
The Fall

Classical music
Beethoven: Synphonien Nos. 5 &
Mozart: Synphonies Nos. 35-41
Mozart: Violin Concertos
Tchaikovsky: Concerto No. 1/Rac
Beethoven: Symphonies Nos. 3 &

Philosophy
The Practice of Everyday Life

The Society of the Spectacle
The Production of Space
Illuminations
Space and Place: The Perspectiv

Table 2.1: Top 4 clusters formed by mapping each item to its mode (first row). Each group
is a coherent genre.

Amazon co-purchasing data Finally, we recover density and metric on a real

network dataset with no ground truth. We analyzed the largest connected component

of the Amazon co-purchasing network dataset (n = 7175, k = 21804) Leskovec et al.

[2007]. Each vertex is a product on amazon. com along with its category and sales

rank, and each directed edge represents a co-purchasing recommendation of the form
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"person who bought x also bought y." This dataset naturally fulfills our assumptions
of having edges that are asymmetric, where edges represent a notion of similarity in
some space.

The items that lie in regions of highest density should be archetypal products
for a category, and therefore be more popular. We show that the density estimates
using our method with d = 10 show a strong positive association between density
and sales (Figure 2-8). We found that this effect persisted regardless of choice of d.
Other popular measures of network centrality such as betweenness and closeness fail
to display this effect.

We then attempted metric recovery using our random walk based reconstruction
(Figure 2-9). For visualization purposes, we used classical multidimensional scaling
on the recovered metric to embed points belonging to categories with at least two
hundred items. The embedding shows that our method captures separation across
different product categories. Notably, nonfiction and history have substantial overlap
as expected, while classical music CD's and computer science books have little overlap
with the other clusters.

Analyzing the modes of the density estimate by clustering each point to its local
mode, we find coherent clusters where top items serve as archetypes for the cluster
(Table 2.1). This suggests that there may be a close connection between clustering in
a metric space and community detection in network data. The overall performance of
our method on density estimation and metric recovery for the Amazon dataset sug-
gests that when a metric assumption is appropriate, our random walk based metric
quantities can be used directly for centrality and cluster estimates on a network.

2.7 Conclusions

We have presented a simple explicit identity linking the stationary distribution of a
random walk on a neighborhood graph to the density and neighborhood size.

The density estimator constructed by inverting this identity matches the metric
k-nn density estimate with r > 0.95 at log(n) degree with as few as a hundred
points (Figures 2-1,2-2). We also generalized the theorem to a large class of graph
construction techniques and demonstrated that the choice of construction technique
matters little for accuracy (Figures 2-4).

Our estimator performed well on real-world data, recovering underlying metric
information in test data (Figures 2-6,2-7) and predicting popular Amazon products
through density estimates (Figure 2-8).

There are several open questions left unanswered by our work. Our results re-
quired that the graphs be of degree k = w(n 2 /(d+ 2 ) log (n)d/(d+2)) rather than the
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log(n) required for connectivity. Our simulation results suggest that even near the
log(n) regime our estimator performs similarly to the dense case, suggesting that the
true degree lower bound may be much lower.

The close connection of our density estimate to PageRank suggests that combin-
ing the latent spatial map with vector space estimates may lead to highly effective
and theoretically principled network algorithms.
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Chapter 3

Metric recovery on graphs

In chapter 2 we considered the problem of estimating an unknown, latent density

function from unweighted graphs. As a consequence of this estimator, we constructed

consistent, and empirically effective estimators of two quantities: the neighborhood

radius E,(x) and the density p(x) at each vertex. While this estimate can be used

to identify the latent embedding of a noiseless graph (Section 2.5), it does not serve

as an robust, empirically effective metric over vertices on a graph. In this section,
we will formalize the problem of estimating vertex similarity as recovering the latent

pairwise distances in a metric graph and derive a new graph embedding algorithm.

Many network metrics have been introduced to measure the similarity between

any two vertices. Such metrics can be used for a variety of purposes, including

uncovering missing edges or pruning erroneous ones. Since the metrics tacitly assume

that vertices lie in a latent (metric) space, one could expect that they also recover the

underlying metric in some well-defined limit. Surprisingly, there are nearly no known

results on this type of consistency. Indeed, it was recently shown by von Luxburg

et al. [20141 that the expected hitting time degenerates and does not measure any

notion of distance.

We analyze an improved hitting-time metric - Laplace transformed hitting time

(LTHT) - and rigorously evaluate its consistency, cluster-preservation, and robust-

ness under a general network model which encapsulates the latent space assumption.

This network model, specified in Section 3.1, posits that vertices lie in a latent metric

space, and edges are drawn between nearby vertices in that space. To analyze the

LTHT, we develop two key technical tools. We establish a correspondence between

functionals of hitting time for random walks on graphs, on the one hand, and limit-

ing Ito processes (Corollary 3.3.3) on the other. Moreover, we construct a weighted

random walk on the graph whose limit is a Brownian motion (Corollary 3.3.1). We
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apply these tools to obtain three main results.
First, our Theorem 3.2.5 recapitulates and generalizes the result of von Luxburg

et al. [2014] pertaining to degeneration of expected hitting time in the limit. Our
proof is direct and demonstrates the broader applicability of the techniques to general
random walk based algorithms. Second, we analyze the Laplace transformed hitting
time as a one-parameter family of improved distance estimators based on random
walks on the graph. We prove that there exists a scaling limit for the parameter
3 such that the LTHT can become the shortest path distance (Theorem B.5.1) or
a consistent metric estimator averaging over many paths (Theorem 3.3.4). Finally,
we prove that the LTHT captures the advantages of random-walk based metrics by
respecting the cluster structure (Theorem 3.3.5) and robustly recovering similarity
queries when the majority of edges carry no geometric information (Theorem 3.3.7).
We now discuss the relation of our work to prior work on similarity estimation.
Quasi-walk metrics: There is a growing literature on graph metrics that attempts
to correct the degeneracy of expected hitting time [von Luxburg et al., 2014] by
interpolating between expected hitting time and shortest path distance. The work
closest to ours is the analysis of the phase transition of the p-resistance metric in
Alamgir and von Luxburg [2011] which proves that p-resistances depend on distances
for some parameters of p; however, their work did not address consistency or bias of p-
resistances. Other approaches to quasi-walk metrics such as logarithmic-forest [Cheb-
otarev, 2011], distributed routing distances [Tahbaz-Salehi and Jadbabaie, 2006],
truncated hitting times [Sarkar and Moore, 20071, and randomized shortest paths
[Kivimiki et al., 2014, Yen et al., 2008] exist but their statistical properties are un-
known. Our paper is the first to prove consistency properties of a quasi-walk metric
and our techniques could be applied to other quasi-walk metrics with appropriate
scaling limits to derive consistency properties.
Nonparametric statistics: In the nonparametric statistics literature, the behavior
of k-nearest neighbor and E-ball graphs has been the focus of extensive study. For
undirected graphs, Laplacian-based techniques have yielded consistency for clusters
[von Luxburg et al., 2008] and shortest paths [Alamgir and von Luxburg, 2012b]
as well as the degeneracy of expected hitting time [von Luxburg et al., 2014]. Al-
gorithms for exactly embedding k-nearest neighbor graphs are similar and generate
metric estimates, but require knowledge of the graph construction method and their
consistency properties are unknown [Shaw and Jebara, 2009]. Stochastic differen-
tial equation techniques similar to ours were applied to prove Laplacian convergence
results in Ting et al. [2010a], while the process-level convergence was exploited in
Hashimoto et al. [2015c]. Our work advances the techniques of Hashimoto et al.
[2015c] by extracting more robust estimators from process-level information.
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Network analysis: The task of predicting missing links in a graph, known as link
prediction, is one of the most popular uses of similarity estimation. The survey by
Lu and Zhou [20111 compares several common link prediction methods on synthetic
benchmarks. The consistency of some local similarity metrics was analyzed under a
specific model which required strong assumptions on the graph class and similarity
estimator [Sarkar et al., 2011]. The LTHT is the first global metric to achieve such
a consistency property.

3.1 Continuum limits of random walks on networks

3.1.1 Definition of a metric graph

We take a generative approach to defining similarity between vertices. We suppose
that each vertex i of a graph is associated with a latent coordinate xi E Rd and
that the probability of finding an edge between two vertices depends solely on their
latent coordinates. In this model, given only the un-weighted edge connectivity of
a graph, we define natural distances between vertices as the distances between the
latent coordinates xi. Formally, let X = {X 1, X 2, ... } C Rd be an infinite sequence
of points drawn i.i.d. from a differentiable density with bounded log gradient p(x)
with compact support D.

As defined before in Chapter 2, a metric graph is defined by the following:

Definition 2 (Metric graph). Let E, : X, -+ R>O be a local scale function and
h : R>O -+ [0, 1] a piecewise continuous function with h(x) = 0 for x > 1, h(1) > 0,
and h left-continuous at 1. The metric graph G, corresponding to E, and h is the
random graph with vertex set X, and a directed edge from xi to xj with probability

pij = h(Ixi - xjIE,(xi)-').

This graph was proposed in Definition 1 as the generalization of k-nearest neigh-
bors to isotropic kernels. To make inference tractable, we focus on the large-graph,
small-neighborhood limit as n -+ oo and En(x) -+ 0. In particular, we will sup-
pose that there exist scaling constants g, and a deterministic continuous function
T: D -+ R>O so that

g-+d 0, grn' log(ri)-d 2 -4 , (x)g- -+ 0(x) for x E Xn,

where the final convergence is uniform in x and a.s. in the draw of X. The scaling

constant gn represents a bound on the asymptotic sparsity of the graph.

We give a few concrete examples to make the quantities h, gn, and e, clear.
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1. The directed k-nearest neighbor graph is defined by setting h(x) = 1XE[0,1], the
indicator function of the unit interval, En(x) the distance to the kth nearest
neighbor, and gn = (k/n)l1d the rate at which En(x) approaches zero.

2. A Gaussian kernel graph is approximated by setting h(x) = exp(-x 2/ 2 )xE[,1.
The truncation of the Gaussian tails at o- is an analytic convenience rather than
a fundamental limitation, and the bandwidth can be varied by rescaling en(x).

3.1.2 Continuum limit of the random walk

Our techniques rely on analysis of the limiting behavior of the simple random walk
Xtn on a spatial graph Gn, viewed as a discrete-time Markov process with domain D.
The increment at step t of Xtn is a jump to a random point in X, which lies within
the ball of radius en(X") around Xt. We observe three effects: (A) the random
walk jumps more frequently towards regions of high density; (B) the random walk
moves more quickly whenever en(X") is large; (C) for En small and a large step
count t, the random variable Xt - Xo is the sum of many small independent (but
not necessarily identically distributed) increments. In the n -4 oc limit, we may
identify Xtn with a continuous-time stochastic process satisfying (A), (B), and (C)
via the following result, which is a slight strengthening of Theorem 2.3.4 obtained
by applying Stroock and Varadhan 11979, Theorem 11.2.31 in place of the original
result of Stroock-Varadhan.

Theorem 3.1.1. The simple random walk Xt converges uniformly in Skorokhod
space D [0, oo), D) after a time scaling t = tgn to the It6 process Y valued in the
space of continuous functions C([0, oc), D) defined by

V log(p(Y)) _(YdY = (Yd)2dt +- dW (3.1)

with reflecting boundary conditions on D.

Effects (A), (B), and (C) may be seen in the stochastic differential equation
(C.1) as follows. The direction of the drift is controlled by V log(p(Y)), the rate of
drift is controlled by (Y,) 2 , and the noise is driven by a Brownian motion W with
location-dependent scaling q 1

1Both the variance e(En(X) 2 ) and expected value ((Vlog(p(x))en(x) 2 ) of a single step in the
simple random walk are E(g2). The time scaling t = tg2 in Theorem 3.1.1 was chosen so that as
n -4 oo there are gn 2 discrete steps taken per unit time, meaning the total drift and variance per
unit time tend to a non-trivial limit.
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We view Theorem 3.1.1 as a method to understand the simple random walk X,
through the continuous walk Y. Attributes of stochastic processes such as stationary
distribution or hitting time may be defined for both Y and X", and in many cases
Theorem 3.1.1 implies that an appropriately-rescaled version of the discrete attribute
will converge to the continuous one. Because attributes of the continuous process
Y can reveal information about proximity between points, this provides a general
framework for inference in spatial graphs. We use hitting times of the continuous
process to a domain E c D to prove properties of the hitting time of a simple random
walk on a graph via the limit arguments of Theorem 3.1.1.

3.2 Degeneracy of expected hitting times in net-
works

The hitting time, commute time, and resistance distance are popular measures of
distance based upon the random walk which are believed to be robust and capture
the cluster structure of the network. However, it was shown in a surprising result
that on undirected geometric graphs the scaled expected hitting time from xi to xj
converges to inverse of the degree of xj [von Luxburg et al., 20141.

In Theorem 3.2.5, we give an intuitive explanation and generalization of this result
by showing that if the random walk on a graph converges to any limiting It6 process
in dimension d > 2, the scaled expected hitting time to any point converges to the
inverse of the stationary distribution. This answers the open problem in von Luxburg
et al. [20141 on the degeneracy of hitting times for directed graphs and graphs with
general degree distributions such as directed k-nearest neighbor graphs, lattices, and
power-law graphs with convergent random walks. Our proof can be understood as
first extending the transience or neighborhood recurrence of Brownian motion for
d > 2 to more general It6 processes and then connecting hitting times on graphs to
their ItO process equivalents.

3.2.1 Hitting times of an It6 process

For a domain E C D, let Tj be the hitting time of Y started at x to E and Tx' the
hitting time of Xtn started at xi to E. We will give a lower bound for P(Tx" > cgn-)
for any constant c using a similar bound on P(TL > c). Such bounds arise naturally
from the Feynman-Kac theorem, which shows that functionals of hitting times are
solutions to partial differential equations. We apply it to the It6 process in (C.1)

with drift and diffusion functions p(x) = V1P(X))(x)2 and o-(x) =
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Theorem 3.2.1 ([0ksendal, 2003, Exercise 9.12] Feynman-Kac for the Laplace
transform). The Laplace transform of the hitting time (LTHT) u(x) = E[exp(-OT3)]
is the solution to the boundary value problem with boundary condition u|OE = 1:

1
- Tr[aTH(u)o-j + p(x) - Vu - #u = 0.
2

Let B(x, s) be the d-dimensional ball of radius s centered at x.

Lemma 3.2.2. For x, y E D, d > 2, and any 6 > 0, there exists s > 0 such that
E[e-T (y, )] < 6.

Proof. We compare the Laplace transformed hitting time of the general It6 process
to that of Brownian motion via Feynman-Kac and handle the latter case directly.
Details are in Section B.2.1. El

Corollary 3.2.3 (Typical hitting times are large). For any d > 2, c > 0, and 6 > 0,
for large enough n we have P(Txi,, > cg"-2) > 1 - 6.

Proof. Because T,, ;> T xjs) by Theorem 3.1.1 we have

Xi 2 ~ x

lim E[e- 7n9n] ; E[e (xis)] for any s > 0. (3.2)
n-+oo

Applying Lemma 3.2.2, we have E[e B(Xi's)] < 6e-r for some s > 0. For large
enough n, this combined with (3.2) implies P(Tjn cg- 2)e-c < 6e- and hence
P(Tx, < cg,-2) <

3.2.2 Expected hitting times degenerate to the stationary dis-
tribution

To translate results from It6 processes to directed graphs, we require a regularity
condition. Let qt(xj, xi) denote the probability that Xtn = xj conditioned on Xo = xi.
We make the following technical conjecture which we assume holds for all spatial
graphs.

(*) For t = E(g -2 ), the rescaled marginal nqt(x, xi) is a.s. eventually uniformly equicontinuous.

Assumption (*) is related to smoothing properties of the graph Laplacian and is
known to hold for undirected graphs [Croydon and Hambly, 2008a]. No directed
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analogue is known, and Conjecture A.1.1 in Section 2 is a weaker property conjec-
tured to hold for all spatial graphs. See Section B.1 for further details. Let rxn(x)
denote the stationary distribution of Xtn. The following was shown in Theorem 2.2.1
under conditions implied by our condition (*) (Corollary B.2.6).

Theorem 3.2.4. Assuming (*), for a- 1 = f p(x) 2 (x)-2dx, we have the a.s. limit

7(x) : lim n7rxn(x) = a X)
n- oo (X)2

We may now express the limit of expected hitting time in terms of this result.

Theorem 3.2.5. For d > 2 and any i, j, we have

E[Txx,'] nIas. I

7F '(xj)'

Proof. By definition, we have

E[T> 2] E[Tx;,n1 > P(Tx;,n > 2 )E[T,, I T, > g-2] (3.3)

By Corollary 3.2.3, for any 6 > 0 and to > 0, there is some n, so that for n > n, and
t> to we have P(Tx,, > g- 2 ) > (1- 6). Define now pt = XP(T;, = t T, t);
by definition we have

E [||, |x., > Ig-2] = tpt ( -p)

t= F-tg 21 r= Etg n21

By Theorem B.2.5 obtained as a consequence of Corollary 3.2.3, the simple random
walk Xtn mixes at exponential rate, implying in Lemma B.2.8 that the probability of
first hitting at step t > cgn-2 is approximately the stationary distribution at xj (See
Section B.2 for a full proof).

By Lemma B.2.8 , we have for some n2 that for n > n2 and t > tog1  that

C exp(- 3tg2)
JAi - On (xj)I < n n

n

so in particular for 6 = j minxED 7(x) and r = 2 maxxED 7(x), we have for some n3
that for n > n3 we have

6 < npt < T and 6 < n6n(xj) < T.
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For n4 large enough that 1 - r/n4 > 6/N, for n > n4 we have

)_- 21(1 - Pr) - On (xi)(1 - On(Xj) < C exp(-rg (1 T/n)t-n

-2

< C2(1 -nr t 0n

This implies that

| T ' > tg 2] - t9n(xj)(1 - On(xj)) '
t=F7 2 1

< C e-i eu (1 - 2/) -f _h1

C e-
r(n - T) 1 -

where we note that for n > 2T, we have

C e-)
T(n - T) 1 - e

2Ce-4t
< -

1 V -2n
K "

1

2

12

+ 12

Because limnoon-l (gn2 + I + _gn) = 0, considering n > max{ni, n2, n3 , n4}, we
conclude that

lim 1n-+o- n [TXIn x > tg 2 ] = lim
n-+oc

= lim
n-4oc

1nS tO(x)(1 - 97 (xj)

t= - |1

1 1 - On(xj ) + On(xj) rIg n2-

1

) t - n2

On (xj)
1

= lim=
n-o n6n (xj) 9(Xj)'

where the last equality follows from Lemma B.2.10. Now by (3.3), we conclude that

1 1
lim -E[Ti n] = 7

n-+oo n X , (x)
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A: Stationary B: Expected C log-LTHT : log-LTHT E Shortest
distribution hitting time C (beta=0.01) (beta =1) path

Figure 3-1: Estimated distance from orange starting point on a k-nearest neighbor graph
constructed on two clusters. A and B show degeneracy of hitting times (Theorem 3.2.5).
C, D, and E show that log-LTHT interpolate between hitting time and shortest path.

Theorem 3.2.5 is illustrated in Figures 3-lA and 3-JB, which show that on as few
as 3000 points, expected hitting times on a k-nearest neighbor graph converge to the
stationary distribution rather than any measure of distance. 2

3.3 The Laplace transformed hitting time (LTHT)
In Theorem 3.2.3 we showed that expected hitting time is degenerate because a simple
random walk mixes before hitting its target. To correct this we penalize longer paths. p

More precisely, consider for ) > 0 and n - fSg! the Laplace transformns E[e-STk]
and EF [e-nJ'm of Ti and Ti,1 .

These Laplace transformed hitting times (LTHT's) have three advantages. First,
while the expected hitting time of a Brownian motion to a domain is dominated by
long paths, the LTHT is dominated by direct paths. Second, the LTHT for the Ito
process can be derived in closed form via the Feynman-Kac theorem, allowing us to
make use of techniques from continuous stochastic processes to control the continuum
LTHT. Lastly, the LTHT can be computed both by sampling and in closed form as
a matrix inversion (Section B.3). Now define the scaled log-LTHT as

-~~~R )4g (E c "(]/ /D

Taking different scalings for do with n interpolates between expected hitting time

2Surprisingly, von ILuxburg et al. 120141 proved that 1-D hitting times diverge despite convergence
of the continuous equivalent. This occurs because the discrete walk can jump past the target point.
In Section B.2.4, we consider 1-D hitting times to small out neighbors which corrects this problem
and derive closed form solutions (Theorem B.2.13). This hitting time is non-degenerate but highly
biased due to boundary terms (Corollary B.2.15).
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( - 0 on a fixed graph) and shortest path distance (i3, -+ oc) (Figures 3-1C, D,
and E). In Theorem 3.3.4, we show that the intermediate scaling 0,3 = 8(0^g') yields
a consistent distance measure retaining the unique properties of hitting times. Most
of our results on the LTHT are novel for any quasi-walk metric.

While considering the Laplace transform of the hitting time is novel to our work,
this metric has been used in the literature in an ad-hoc manner in various forms
as a similarity metric for collaboration networks [Yazdani, 2013], hidden subgraph
detection [Smith et al., 2014], and robust shortest path distance [Yen et al., 2008].
However, these papers only considered the elementary properties of the limits 03, -+ 0
and ,, -* oo and simple triangle inequalities. Our consistency proof demonstrates
the advantage of the stochastic process approach over existing combinatorial ones.

3.3.1 Consistency

We now consider metric recovery. It was shown previously that for n fixed and
03, -+ 00, - log(E[-#,T- ,],.3 converges to shortest path distance from xi to
x3 . We investigate more precise behavior in terms of the scaling of 03. There are
two regimes: if 3, = w(log(g n)), then the shortest path dominates and the LTHT

converges to shortest path distance (See Theorem B.5.1). If , = E)(3g), the graph
log-LTHT converges to its continuous equivalent, which for large / averages over
random walks concentrated around the geodesic. To our knowledge, this is the first
method with any consistency property without appeal to shortest paths.

To show consistency for On = E(#3g), we proceed in three steps: (1) we reweight
the random walk on the graph so the limiting process is Brownian motion; (2) we
show that log-LTHT for Brownian motion recovers latent distance; (3) we show that
log-LTHT for the reweighted walk converges to its continuous limit; (4) we conclude
that log-LTHT of the reweighted walk recovers latent distance.
(1) Reweighting the random walk to converge to Brownian motion: We
define weights using the estimators - and ? for p(x) and e(x) from Corollary 2.2.2.

Theorem 3.3.1. Let y and F be consistent estimators of the density and local scale
and A be the adjacency matrix. Then the random walk Xtn defined below converges
to a Brownian motion.

PX+ =Xj I X xi)={zk Ae;AX0 ) s

Proof. Reweighting by j and E is designed to cancel the drift and diffusion terms in
Theorem 3.1.1 by ensuring that as n grows large, jumps have means approaching 0
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and variances which are asymptotically equal (but decaying with n).
Set an(x) = )(x)- 1 and bs(x) = F(x)-2 as estimated by Corollary 2.2.2 so that

lima_, an(x) = p(x)- 1 and limn, bn(X) = r(x)- 2 . Verifying the limiting drift and
diffusion coefficients using the Stroock-Varadhan criterion (Theorem B.4.1) shows
that the limiting process is a Brownian motion. 3

(2) Log-LTHT for a Brownian motion: Let Wt be a Brownian motion with
WO = xi, and let T" be the hitting time of Wt to B(xj, s). We show that
log-LTHT converges to distance.

Lemma 3.3.2. For any a < 0, if /= s', as s -+ 0 we have

- log(E[exp(-/T B(2j,s))])/ 23 -+ lxi - xjj.

Proof. We consider hitting time of Brownian motion started at distance 1xi - XjI
from the origin to distance s of the origin, which is controlled by a Bessel process.

Let Bt = |WI be the order v = d/2 - 1 Bessel process. The LTHT of Bt to hit
xj s is equivalent to the LTHT of W to hit B(xj, s). Defining w =xi - xj 1, by
Borodin and Salminen [2002, Eq 4.2.0.1], this is:

K(v,w 23)w-v
E[exp(-#Tx B(x,,,y)]=

K(v,s 2)s-V

where K(v, w) is a modified Bessel function of the second kind.

Write - log(E[exp(-3TB(xj,,))})/ 2/ = ci + c2 for

c= -log(K(v, w 2)w-")/42

C2= - log(K(v, s )s~V)/ 2.

Taylor expansion of c1 at #^1 = 0 yields

log(7r 2 /(80^)) + 4 log(W- 1/ 2 -v) v 2

Ci = w - +0 O
42/

3This is a special case of a more general theorem for transforming limits of graph random walks
(Theorem 3.3.1). Figure B-4 shows that this modification is highly effective in practice.
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hence ci -4 w. For c 2 , note that v log(s)/ 2 -+ 0 and for s small,

log(s 2 ) d = 2
K(v, s 2 ) v

2/)( s 2/) d > 2

by Abramowitz and Stegun [1972, p3751. Checking that - log(K(v, s 2 ))/ 2/ -

0 and combining estimates gives - log(E[exp(-3BT(.,S))1)/ 2= c 1 + c2 -+ W. EL

(3) Convergence of LTHT on graphs with 0,, = E(3g2): To compare continuous
and discrete log-LTHT's, we will first define the s-neighborhood of a vertex xi on Gn
as the graph equivalent of the ball B(xi, s).

Definition 3 (s-neighborhood). Let '(x) be the consistent estimate of the local scale
from Corollary 2.2.2 so that E(x) -+ (x) uniformly a.s. as n -+ oo. The eweight of
a pathi1  - -xi, xi, is the sum E", E(xjm) of vertex weights F(xj). For s > 0
and x E G,, the s-neighborhood of x is

NB8(x) := {y I there is a path x -+ y of 6.weight < gn 4 s}.

For xi, xj E Gn, let T a,) be the hitting time of the transformed walk on Gn

from xi to NB'(xj). We now verify that hitting times to the s-neighborhood on
graphs and the s-radius ball coincide.

2 TNX(j, d -x(js

Corollary 3.3.3. For s > 0, we have gnTN ) B-j)s)+

Proof. Consistency of the F-balls imply that the ball and the neighborhood will have
nearly identical sets of points.

After verifying that 6'-balls are close to e balls, we can directly apply Theorem
3.1.1. See Section B.6.2 for details. l

The requirement that we consider hitting times to s-neighborhoods are likely a
technical condition, similar to that of requiring equicontinuity. In practice we con-
sider hitting times to single vertices and find that these quantities are well-behaved.
Proving that such single-vertex LTHTs are well behaved will require more advanced
techniques which are outside the scope of this thesis.
(4) Proving consistency of log-LTHT: Properly accounting for boundary effects,
we obtain a consistency result for the log-LTHT for small neighborhood hitting times.
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Theorem 3.3.4. Let xi, x3 E G, be connected by a geodesic not intersecting 1D.
For any 6 > 0, there exists a choice of 3 and s > 0 so that if 0, = /g , for large n
we have with high probability

-lg(E~xp-/fl~X l])/p 21- lxi - Xj < 6
- log(E[exp(-OnTNnx)n

Proof of Theorem 3.3.4. The proof has three steps. First, we convert to the contin-
uous setting via Corollary 3.3.3. Second, we show the contribution of the boundary
is negligible. The conclusion follows from the explicit computation of Lemma 3.3.2.
Full details are in Section B.6. D

The stochastic process limit proof of Theorem 3.3.4 has two unique implications.
First, small perturbations to the graph such as removing g2/n edges do not affect
the limit; this shows that the log-LTHT does not rely heavily on any one path in
the limit (Section B.8). Second, while we explicitly removed the effect of cluster
structure by reweighting, we can construct a cluster preserving metric by applying
the log-LTHT to the unweighted simple random walk.

3.3.2 Bias

Random walk based metrics are often motivated as recovering a cluster preserving
metric. We now show that the log-LTHT of the un-weighted simple random walk
preserves the underlying cluster structure. In the 1-D case, we provide a complete
characterization.

Theorem 3.3.5. Suppose the spatial graph has d = 1 and h(x) = 1xE[o,1]. Let
Tx be the hitting time of a simple random walk from xi to the out-neighborhood

N Ban (xj),n
of xj. It converges to

- log(E[-#Tx i~x)fl ])/ 8/ - j 1m(x)dx + o (log(1 + e V')/ 2,3),

where m(x) = + xo( + .
9 op() defines a density-sensitive metric.

Proof. We first prove an approximation for the LTHT of the continuous stochatsic
process:
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Let E[exp(-Tx')] = u(xi), where u(x) is the hitting time to xj from point x.
By Feynman-Kac, this is

a 2u +2 2 log(p(x))
Ox 2 Ox

a + q(x)u = 0,ax

where q(x) = -203 (x) 2 . Rewrite this as a perturbation of a second order ODE via
the change of variables to obtain

y(x) = u(x) exp

9 log(p(x))
OX 2 (log(p(x))\2)

1 a2 y y )=- fxyx)

Since this is a type of Schrodinger's equation with f(x) 4 0 everywhere we can apply
the WKBJ asymptotic expansion [Bender and Orszag, 1999, section 10.11 to obtain

y(x) - f 1 / 4 exp (-O X f(s)ds + C 4 exp f(s)ds) +o(exp(-3)).

Since we assumed xi < xj and by the boundary condition u(xj) = 1 we have

u(x) = f() p exp oJj f(s)ds) + f() p) exp (J,- LXj
To obtain the boundary conditions, note that u'(y) = 0. Taking the derivative for
y(x)p(x), setting to zero and solving for c2 results in

exp(-2v 3f ff(s)ds)(p(y)40f (7)3 / 2 + f'(y)) - f(y)p'(y)
C 2 = Ci

40f(y)3/2p(y) - p(-y)f'(7y) + 4f(-y)p'(7)
+ o(exp(-,3)),

from which we obtain

C2= ci exp (2 j f(ds 1 +0 .
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Pulling out the -- O# term, we get

u(xi) = 1E[exp(-3Txj)] - exp (-/ j f(s)ds

1 + ( ) exp (-2V/ f f(x)dx) + o(exp(-E))).

This expansion give us the first-order terms of the LTHT in a continuous setting.
Taking the taylor expansion of the log (Corollary B.7.2) and using Stroock-Varadhan
to convert this result to the graph setting (Corollary B.2.14) gives the desired result.

The leading order terms of the density-sensitive metric appropriately penalize
crossing regions of large changes to the log density. This is not the case for the
expected hitting time where the boundary effects dominate density effects (Theorem
B.2.13). In d > 1, no approximation analogous to WKBJ is known, but for linear
drift, an exact solution exists and is similar to our 1-D result [Yin, 19991.

3.3.3 Robustness

While shortest path distance is a consistent measure of the underlying metric, it
breaks down catastrophically with the addition of a single non-geometric edge and
does not meaningfully rank vertices that share an edge. In contrast, we show that
LTHT breaks ties between vertices via the resource allocation (RA) index, a robust
local similarity metric under Erd6s-R6nyi-type noise. 4

Definition 4. The noisy spatial graph G, over X,, with noise terms q1 (n), ... , q,(n)
is constructed by drawing an edge from xi to xj with probability

pij = h(Ixi - xje,(xi)- 1)(1 - qj(n)) + qj (n).

Define the directed RA index in terms of the out-neighborhood set NB,(xi) and
the in-neighborhood set NB"(xi) as Ri xENBn(i)nNBI(xj) jNBn(Xk)- 1 and two
step log-LTHT by M := - log(E[exp(-OTxx*) |T, > 1]). 5 We show two step

4Modifying the graph by changing fewer than gn/n edges does not affect the continuum limit of
the random graph, and therefore preserve the LTHT with parameter 3 =(gi). While this weak
bound allows on average o(1) noise edges per vertex, it does show that the LTHT is substantially
more robust than shortest paths without modification. See Section B.8 for proofs.

5The conditioning Tx, > 1 is natural in link-prediction tasks where only pairs of disconnected
vertices are queried. Empirically, we observe it is critical to performance (Figure 3-3).
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log-LTHT and RA index give equivalent methods for testing if vertices are within
distance Ec(x).

Theorem 3.3.6. If 3 = w(log(g'n)) and xi and xj have at least one common neigh-
bor, then

M! - 20 - -log(Rij) +log(INB (Xi)I).

Proof. Let Pij(t) be the probability of going from xi to x3 in t steps, and Hij(t) the
probability of not hitting before time t. Factoring the two-step hitting time yields

MP = 21 - log(Pij (2)) - log (1 + Hij(t)e-3-2

Let kma, be the maximal out-degree in Gn. The contribution of paths of length
greater than 2 vanishes because Hij(t) 1 and Pij(t)/Pij(2) < k 2

a, which is domi-

nated by e-, for 3 = w(log(gnn)). Noting that Pij(2) =N i concludes. For full
details see Theorem B.9.1. El

For edge identification within distance en(x), the RA index is robust even at noise

level q = o(g/

Theorem 3.3.7. If q, = q = o(gn'2 ) for all i, for any 6 > 0 there are c1 ,c 2 and hn
so that for any i, j, with probability at least 1 - 6 we have

* lxi - x| < min{en(xi), en(x)}} if RIg hn < c1 ;

* lxi - xjI > 2 max{en(xi), en(xj)} if Rj hn > c2 .

Proof. The minimal RA index for overlapping balls is bounded using Chebyshev's
inequality. Since much of the calculations are routine, we provide a short summary
of the proof, and defer details to (Theorem B.9.2).

First note that the out-degree of xi can be decomposed into expectation and noise
terms:

INBn(Xi)I = nq + ki + zi.

Applying a Taylor expansion to 1/NB,(xj)| and applying the definition of the RA
index gives:

Rij(=+k + O(61 1/ 2 (nq + ki)-3/2)
XkENBn(xi)nNBin(xj)

We can then apply this bound to the two cases above, where xi and xj are less than

En(xi) or greater than 2en(xi). 0

58



a)i~

j 

-r -
Shortest 
path

z> --- Hitting time

a)
0  

-- Two-step LTHTU 
Tam

Common neighbors

One-step LTHT
shortest hitting log- RA common

path time LTHT index neighbors False positive rate

Figure 3-2: The LTHT recovered deleted Figure 3-3: The two-step LTHT (defined
edges imost consistently on a citation net- above Theorem 3.3.6) performs best at word
work similarity estimation, outperforming even

the basic log-LTHT (one-step).

3.4 Link prediction tasks

We compare the LTHT against other baseline measures of vertex similarity: shortest
path distance, expected hitting time, number of common neighbors, and the RA
index. A comprehensive evaluation of these quasi-walk metrics was performed in
Kivimniki et al. [20141 who showed that a metric equivalent to the LTHT performed
best. We consider two separate link prediction tasks on the largest connected com-
ponent of vertices of degree at least five, fixing :3 0.2.' The degree constraint is to
ensure that local methods using number of common neighbors such as the resource
allocation index do not have an excessive number of ties. All code to generate figures
in this paper are contained in an iPython-notebook in the supplement.
Citation network: The KDD 2003 challenge dataset [Gehrke et al., 2003] includes a
directed, unweighted network of e-print arXiv citations whose dense connected com-
ponent has 11,042 vertices and 222,027 edges. We use the same benchmark method
as Li and Zhou [20111 where we delete a single edge and compare the similarity of
the deleted edge against the set of control pair of vertices i, j which do not share an
edge. We count the fraction of pairs on which each method rank the deleted edge
higher than all other methods. We find that LTHT is consistently best at this task
(Figure 3-2). 7

Associative Thesaurus network: The Edinburgh associative thesaurus [Kiss
et al., 1973] is a network with a dense connected component of 7754 vertices and
246,609 edges in which subjects were shown a set of ten words and for each word
was asked to respond with the first word to occur to them. Each vertex represents

6 Results are qualitatively identical when varying 0 from 0.1 to 1; see supplement for details.
7The two-step LTHT is not shown, since the LTHT is equivalent to the two-step LTHT for

missing link prediction.
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a word and each edge is a weighted, directed edge where the weight from xi to xj is
the number of subjects who responded with word xj given word xi.

We measure performance by whether strong associations with more than ten re-
sponses can be distinguished from weak ones with only one response. We find that the
LTHT performs best and that preventing one-step jumps is critical to performance
as predicted by Theorem 3.3.6 (Figure 3-3).

3.5 Conclusion

Our work has developed an asymptotic equivalence between hitting times for random
walks on graphs and the Feynman-Kac theorem for diffusion processes. Using this,
we have provided a short extension of the proof for the divergence of expected hit-
ting times, and derived a new consistent graph metric that is theoretically principled,
computationally tractable, and empirically successful at well-established link predic-
tion benchmarks. These results open the way for the development of other principled
quasi-walk metrics that can provably recover underlying latent similarities for spatial
graphs.
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Chapter 4

Word embeddings as metric recovery

Word embeddings, which seek to represent words as vectors whose similarities capture
co-occurrence, are another class of embeddings which are closely related to the graph
embeddings. Words can be viewed as vertices on a graph, and sentences can be
viewed as a random walk over this graph. The major distinction between graph and
word embeddings is that in word embeddings both the random-walk and measurable
quantities are outside of our control. While in the graph setting we could measure
sophisticated statistics such as hitting times, here we are given co-occurrences arising
from a random walk and asked to embed it.

Continuous word representations have been remarkably useful across NLP tasks
but remain poorly understood. We ground word embeddings in semantic spaces
studied in the cognitive-psychometric literature, taking these spaces as the primary
objects to recover. To this end, we relate log co-occurrences of words in large cor-
pora to semantic similarity assessments and show that co-occurrences are indeed
consistent with an Euclidean semantic space hypothesis. Fundamentally, we take
metric recovery as the key theoretical goal. This perspective unifies existing word
embedding algorithms, ties them to manifold learning, and demonstrates that exist-
ing algorithms are consistent metric recovery methods of co-occurrence counts from
random walks. Further, we propose a simple, principled direct metric recovery algo-
rithm that is comparable to the state-of-art in both word embedding and manifold
learning. Finally, we complement recent focus on analogies by constructing two new
inductive reasoning datasets - series completion and classification - and demonstrate
that word embeddings can be used to solve them as well.
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4.1 Introduction

Continuous space models of words, objects, and signals have become ubiquitous
tools for learning rich representations of data, from natural language processing to
computer vision. Specifically, there has been particular interest in word embed-
dings, largely due to their intriguing semantic properties [Mikolov et al., 2013b] and
their success as features for downstream natural language processing tasks, including
named entity recognition [Turian et al., 2010], parsing [Socher et al., 2013], and many
others.

The empirical success of word embeddings has led some to seek a better un-
derstanding of their properties, associated estimation algorithms, and explore pos-
sible revisions. Recently, Levy and Goldberg [2014a] showed that linear linguistic
regularities first observed with word2vec extend to other embedding methods. In
particular, explicit representations of words in terms of co-occurrence counts can be
used to solve analogies in the same way. In terms of algorithms, Levy and Gold-
berg [2014b] demonstrated that the global minimum of the skip-gram method with
negative sampling in Mikolov et al. [2013b] implicitly factorizes a shifted version of
the pointwise mutual information (PMI) matrix of word-context pairs. Arora et al.
[2015] explored links between random walks and word embeddings, relating them to
contextual (probability ratio) analogies, under specific (isotropic) assumptions about
word vectors.

Analogy Series Completion Classification

I 
e D4

B I A C
B2__ *D3 ~ --- ®D

____ 4 D3  DI4,* 1 L
tI 0 D4/B

A C

Figure 4-1: Inductive reasoning in semantic space proposed in Sternberg and Gardner
[1983]. A, B, C are given, I is the ideal point and D are the choices. The correct answer is
shaded green.

In this work, we take semantic spaces studied in the cognitive-psychometric lit-
erature as the prototypical objects that word embedding algorithms estimate. Se-
mantic spaces are vector spaces over concepts where Euclidean distances between
points are assumed to indicate semantic similarities. We link such semantic spaces
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to word co-occurrences through semantic similarity assessments, and demonstrate
that the observed co-occurrence counts indeed possess statistical properties that are
consistent with an underlying Euclidean space where distances are linked to semantic
similarity.

Formally, we view word embedding methods as performing metric recovery. This
perspective is significantly different from current approaches. Instead of aiming to
find representations that exhibit desirable semantic properties, we seek methods
that recover the underlying metric of the hypothesized semantic space. The clearer
foundation afforded by this perspective enables us to study whether embedding al-
gorithms indeed succeed. In particular, we ask whether word embedding algorithms
are able to recover the metric under specific scenarios. To this end, we unify existing
word embedding algorithms as statistically consistent metric recovery methods un-
der the theoretical assumption that co-occurrences arise from (metric) random walks
over semantic spaces. The new setting also suggests a simple and direct recovery
algorithm which we evaluate and compare against other embedding algorithms.

The main contributions of this work are the following:

" We ground word embeddings in semantic spaces via log co-occurrence counts.
We show that PMI (point-wise mutual information) relates linearly to human
similarity assessments, and that nearest-neighbor statistics (centrality and reci-
procity) are consistent with an Euclidean space hypothesis.

" In contrast to prior work Arora et al. [20151, we take metric recovery as the
key object of study, unifying existing algorithms as consistent metric recovery
methods based on co-occurrence counts from simple Markov random walks over
graphs and manifolds. The strong link to manifold estimation promises fruitful
extensions of word embeddings.

" We propose and evaluate a new principled direct metric recovery algorithm that
performs comparably to the existing state of the art on both word embedding
and manifold learning tasks, and show that the GloVe technique is closely
related to the second-order Taylor expansion of our objective.

* We construct and make available two new inductive reasoning datasets beyond
analogies - series completion and classification - and demonstrate that word
embeddings can be used to solve these as well. For example, in the series
completion task, given "body, arm, hand" we find the answer predicted by
vector operations on word embeddings to be "fingers".
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Analogy king:man::queen:? woman
Series penny:nickel:dime:? quarter

Classification horse:zebra:{deer, dog, fish} deer

Table 4.1: Examples of new inductive reasoning tasks from Sternberg and Gardner [1983].

4.2 Word vectors and semantic spaces

Most current word embedding algorithms build on the distributional hypothesis [Har-
ris, 1954] (similar contexts imply similar meanings) so as to tie co-occurrences of
words to their underlying meanings. The relation between semantics and co-occurrences
has also been studied in psychometrics and cognitive science[Rumelhart and Abra-
hamson, 1973, Sternberg and Gardner, 1983], often by means of free word asso-
ciation tasks and semantic spaces. The semantic spaces, in particular, provide a
natural conceptual framework for continuous word representations as vector spaces
where semantically related words are close to each other. For example, the obser-
vation that word embeddings can solve analogies was already shown in Rumelhart
and Abrahamson [1973] using vector representations of words derived from semantic
similarity surveys, i.e., similarity judgments between pairs of words.

A fundamental question regarding vector space models of words is whether an
Euclidean vector space is a valid representation of semantic concepts. There is sub-
stantial empirical evidence in favor of this hypothesis. For example, Rumelhart and
Abrahamson [1973] showed experimentally that analogical problem solving with fic-
titious words and human mistake rates were consistent with an Euclidean space.
Sternberg and Gardner [1983] provided further evidence supporting this hypothe-
sis, proposing that general inductive reasoning was based upon operations in metric
embeddings. Using the analogy, series completion and classification tasks shown in
Table 4.1 as testbeds, they proposed that subjects solve these problems by finding the
word closest (in semantic space) to an ideal point: the vertex of a parallelogram for
analogies, a displacement from the last word in series completion, and the centroid
in the case of classification (Figure 4-1).

We use semantic spaces as the prototypical structures that word embedding meth-
ods attempt to uncover, and we investigate the suitability of word co-occurrence
counts to recover their metric structure. In the next section, we show that co-
occurrences from large corpora indeed relate to semantic similarity assessments, and
that the resulting metric is consistent with an Euclidean semantic space hypothesis.
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4.3 The semantic space of log co-occurrences

Most word embedding algorithms are based on word co-occurrence counts. In or-
der for such methods to uncover an underlying Euclidean semantic space, we must
demonstrate that co-occurrences themselves are indeed consistent with some seman-
tic space. We must relate co-occurrences to semantic similarity assessments, on one
hand, and show that they can be embedded into a Euclidean metric space, on the
other. We provide here empirical evidence for both of these properties.

U Iss r d t N y
U

MEN survey score

Figure 4-2: Normalized log co-occurrence (pointwise mnutual information) linearly correlates
wvith humnan semantic similarityN j udgements (MIEN survey).

We commence by demonstrating in Figure 4-2 that Pointwise Mutual Information
(PMI) evaluated from co-occurrence counts has a strong linear relationship with se-
mantic similarity judgements from survey data (Pearson's r=0.75).1 This suggestive
linear relationship does not, however, by itself demonstrate that log co-occurrences
(with normalization) can be used to define an Euclidean metric space.

Earlier psychometric studies employed two nearest neighbor statistics to gauge
whether similarity evaluations are embeddable. Specifically, they viewed words as
points in an Euclidean space, sampled from some unknown distribution, demonstrat-
ing that not all types of similarities are embeddable under this GS model [Tversky
and Hutchinson, 1986, Schwarz and Tversky, 19801. We extend this analysis to log
co-occurrences and show that semantic similarity estimates from log co-occurrences
are actually consistent with an Euclidean semantic space hypothesis.

The first statistic, centrality C, is defined in terms of nearest neighbor indicators

'Normalizing the log co-occurrence with the unigram frequency taken to the 3/4th power max-
imizes the linear correlation in Figure 4-2, explaining this choice of normalization in prior work
[Levy and Goldberg, 2014a, Mikolov et al., 2013b].
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Corpus C Rf
Free association 1.51 0.48
Wikipedia corpus 2.21 0.63
Word2vec corpus 2.24 0.73
GloVe corpus 2.66 0.62

Table 4.2: Semantic similarity data derived from multiple sources on multiple tests show
evidence for latent embeddings consistent with the GS model

Nij = 1{i is j's nearest neighbor} by

C= (1 Ni)2
i=1 j=1

Under the GS model, C ; 2 with high probability as the number of words n -0+ o
regardless of the dimension or the underlying density [Tversky and Hutchinson, 19861.
Typical non-asymptotic values of C in the embeddable case range approximately from
1 to 3, while, e.g., non-embeddable hierarchical structures have C > 10 [Tversky and
Hutchinson, 1986].

The second statistic, reciprocity fraction Rf [Schwarz and Tversky, 1980, Tversky
and Hutchinson, 1986], is defined as

Rf = n Nj
i=1 j=1

and measures the fraction of words that are their nearest neighbor's nearest neighbor.
Under the GS model, this fraction should be greater than 0.5 2

Table 4.2 shows the two statistics from three popular large corpora and a free word
association dataset (see Section 4.6 for details). The nearest neighbor calculations are
based on PMI. The results show a surprisingly high agreement on all three statistics
for all corpora, with C and R1 contained in small intervals: C E [2.21, 2.66] and R1 E
[0.62,0.73]. These results are consistent with Euclidean semantic spaces and the GS
model in particular. The largest violators of C and Rf are consistent with Tversky's
analysis: the word with the largest centrality in the non-stopword Wikipedia corpus
is 'the', whose inclusion would increase C to 3.46 compared to 2.21 without it. In
contrast to Tversky's original (small scale) analysis of semantic similarities, we find

2Both R and C are asymptotically dimension independent, due to the fact that they rely on only
the single nearest neighbor, and represent very basic properties of embeddability. Understanding
the number of necessary dimensions requires other more dimension sensitive measures such as ball-
expansion rates, but these measures are often not stable beyond tens of dimensions.
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that word co-occurrence and free association data are in fact largely embeddable into
a metric space.

The results of this section are an important step towards justifying the use of
word co-occurrence counts as the central object of interest for semantic vector rep-
resentations of words. We have shown that they are empirically related to a human
notion of semantic similarity and that they are metrically embeddable, a desirable
condition if we expect word vectors derived from them to behave as true elements
of a metric space. This, however, does not yet fully justify their use to derive se-

mantic representations. The missing piece is to formalize the connection between

these co-occurrence counts and some intrinsic notion of semantics, such as the se-
mantic spaces described in Section 4.2. In the next two sections, we establish this
connection by framing word embedding algorithms that operate on co-occurrences
as metric recovery methods.

4.4 Semantic spaces and manifolds

The notion of semantic spaces and the associated parallelogram rule for analogical
reasoning extend naturally to objects other than words. For example, images could
be approximately viewed as points in an Euclidean space by representing them in
terms of their underlying degrees of freedom (e.g., orientation, illumination). Man-
ifold learning methods such as Isomap [Tenenbaum et al., 2000] aim precisely to
uncover such an underlying Euclidean coordinate system, whenever possible. If we
view geodesic distances on the manifold (represented as a graph) as semantic dis-
tances, then it suffices to isometrically embed these distances in an Euclidean space.
Tenenbaum [19981 showed that such isometric embeddings of geodesic distances could
solve analogies via the parallelogram rule.

Semantic spaces provide a common foundation for word embeddings and manifold
learning. Both approximate semantic distances as Euclidean metrics. The difference
is how semantically meaningful distances are extracted between the objects. We
have argued that for word embeddings, negative log co-occurrences between words
already provide approximate semantic distances as shown in Figure 4-2. For manifold
learning, semantic distances (geodesics) may be obtained via neighborhood graphs
built from the original, high-dimensional points.

We can now demonstrate that a simple random-walk model of sentences allows
us to view word embeddings as a type of manifold learning problem. In Figure 4-2
we argued that co-occurrences between words correlated with semantic similarities.
A simple toy model capturing this relationship would be to define a sentence as a
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random walk Xt where the probability of transitioning from word i to j is

P(Xt = iJXt_1 = i) = h(JJxi - xj|| /o-) (4.1)

where I lxi - x 112 is distance between words in semantic space and h is an unknown,
subgaussian function linking semantic similarity to co-occurrence. 3

Given a corpus over such sentences with m words and a vocabulary size of n, as m
grows large, the co-occurrence converges to the joint probability P(Xt = j, Xt_ 1 = i)
by the Markov chain law of large numbers. Consider C!,,'" to be the co-occurrence
matrix over this corpus. We can show that there exists unigram normalizers a' , bV
such that

Lemma 4.4.1. Given a corpus generated by Equation 4. 1 there exists ai and bj such
that simultaneously over all i, j:

lim - log(C!'") - a"'n - b7' -+ Ilx - Xj11
m,n-+oo

if the window size for the co-occurrence is chosen appropriately large (See Corol-
lary C.1.4 for precise statement and conditions). Intuitively, this result is an analog
of the central limit theorem for random walks, although we do not know the true
link h between semantic similarity and co-occurrence, the random walk structure al-
lows us to approximate it with a squared-exponential form. The practical details of
symmetrizing and considering windowed co-occurences only modify constant terms
of 4.4.1 (see section C.3 for details).

We can make this connection between metric recovery and word embeddings more
precise by providing a reduction from a manifold learning problem to a word embed-
ding problem. Suppose that we are given a manifold learning problem which consists
of n points {x 1 ... xn} E Rd drawn i.i.d from a density p lying on a manifold isomet-
rically embeddable into D < d dimensions, and we are asked to find an embedding

of x 1 ... x, into D dimensions.
Such nonlinear dimensionality reduction problems arising from manifold learning

can be solved exactly as word embedding problems in the following way:

1. Construct a neighborhood graph (such as k-nearest neighbors) over {x1 ... xn}.

2. Record the vertex sequence of a simple random walk over these graphs as a
sentence.

3 This toy model ignores the role of semantics and function words, but the framework is robust
to adding such complications as long as the moment bounds originally derive in Hashimoto et al.
[2015c] are fulfilled. For examples of such constraints see Theorem A.2.2 and Theorem A.2.3
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3. Co-occurrences over a corpus of such sentences fulfill Lemma 4.4.1, replacing
the L2 norm with the geodesic distance.

4. Apply word embedding to co-occurrences over the vertex sequence corpus to
generate D-dimensional vectors.

The same argument for the proof of Lemma 4.4.1 demonstrates that with the ap-
propriate graph construction, log co-occurrences will capture the squared geodesic
distances 4 . A surprising result is that assuming that Lemma 4.4.1 holds, existing
word embedding algorithms are nearly equivalent to manifold learning algorithms,
allowing this reduction to solve manifold learning in a formal sense.

4.5 Recovering semantic distances with word em-
beddings

We can now take the random walk in section 4.4 as a simplified model of how log
co-occurrences relate to the semantic space. Our goal is to understand how popular
word embedding algorithms behave under this model. We ask the following question:
given a corpus generated as a semantic random walk, can word embedding algorithms
recover the latent semantic space? We show that, surprisingly, many popular word
embedding algorithms consistently recover the latent, unknown embedding.

4.5.1 Word embeddings as metric recovery

Using Lemma 4.4.1, we show that three popular word embedding methods can be
viewed as metric recovery algorithms from co-occurrences.

GloVE The Global Vectors (GloVe) [Pennington et al., 20141 method for word
embedding optimizes the objective function

min f(Cij)(2(2, 'cj) + ai + bj - log(Cij)) 2

2,c,a,b.

4 This approach of applying random walks and word embeddings to general graphs has already
been shown to be surprisingly effective for social networks [Perozzi et al., 2014], and demonstrates
that word embeddings serve as a general way to connect metric random walks to embeddings.
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with f(Cij) = min(Cij, 100)3/4. If we rewrite the bias terms as ai = 'ai- I11I11 and

bj= 11 2 , we obtain the equivalent representation:

min f(Cij)(- log(Cij) - I- p 112 + +b3))2.
5 ,c,a,b i

Together with Lemma 4.4.1, we recognize this as a weighted multidimensional scaling
objective with weights f(Cij). Splitting the word vector 7, and context vector '3 is
helpful in practice but not necessary under the assumptions of Lemma 4.4.1 since
the true embedding 2' = '3 = xi/o- and 'a, bi = 0 is a global minimum whenever
dim(s) = d. In other words, GloVE can recover the true metric provided that we set
d correctly.

word2vec The embedding algorithm word2vec approximates a softmax objective:

Mnin Ci3 log ( exp((Xi, Fi))_'
2, 1exp((-i Ica)))

Without loss of generality, we can rewrite the above with a bias term bj by making
dim(x) = d + 1 and setting one of the dimensions of X to 1. By redefining the bias
bj = bj- 11, 112/2, we see that word2vec solves

exp(-I1 - 112 /2 + b)
minl E Cij log E -1 1

Edij k=1 exp(-X|i -- 2k|/2 +bk)

Since according to lemma 1 C1/ "_1 Cik approaches , thisk=_ eXP(-IlIXi-Xk111/0,2), hi
is the stochastic neighbor embedding (SNE) [Hinton and Roweis, 20021 objective
weighted by E"_1 Cik. Global optimum is achieved by x' = ' = x (v/2/o-) and
bj = 0. The negative sampling approximation used in practice behaves much like
the SVD approach [Levy and Goldberg, 2014b]. In the absence of a bias term,
by applying the same stationary point analysis as [Levy and Goldberg, 2014b],
the true embedding is a global minimum under the additional assumption that

2 xI 2(2/0.2) = log(Ej C/ jj Cij) [Hinton and Roweis, 2002].

70



SVD The SVD method of Levy and Goldberg [2014b] uses the log pointwise mutual
information matrix defined in terms of the unigram frequency Ci as:

Mij = log(Ci3 ) - log(Ci) - log(Cj) + log ( c,)

and applies the SVD to the shifted and truncated matrix: (Mi + r)+. This shift
and truncation is done for computational reasons and to prevent Mij from diverging.
Assuming that the limit of Lemma 4.4.1 holds, and the corpus is sufficiently large
that no truncation is necessary (i.e. r = - min(Mij) < oo) we will recover the
underlying embedding assuming I||IIX| = log -i via the law of large numbers

since Mi -+ (xi, xj). Centering the matrix Mi prior to SVD would relax the norm
assumption, resulting in exactly classical multidimensional scaling [Sibson, 19791.

4.5.2 Metric regression from log co-occurrences

We have shown above that with few additional assumptions and reparameterization,
existing embedding algorithms can be seen as consistent metric recovery methods
under Lemma 4.4.1. However, Lemma 4.4.1 suggests a more direct regression method
for recovering the latent coordinates which we propose here. The new embedding
algorithm serves as a litmus test for our metric recovery paradigm.

Lemma 4.4.1 describes a log-linear relationship between distance and co-occurrences.
The canonical way to fit such a relationship would be to use a generalized lin-
ear model, where the co-occurrences Cij follow a negative binomial distribution
Cij - NegBin(O,p), where p = 0+exp(-IIx-xsIl+a+b3 )

Under this overdispersed log linear model

E[Cjj] = exp(-Ixi - Xz||2/2 + ai + bj)
Var(Ci) = E [C] 2 /9 + E[Cij]

Here, the parameter 0 controls the contribution of large Cij and acts similarly to
GloVe's f(Ci) weight function. Fitting this model is straightforward, as we can
define the log-likelihood in terms of the expected rate Aij = exp(-||li - x3 I|/2 +
ai + b3) as follows
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Google Semantic

L2  Cos

75.5 78.4
71.1 76.4
50.9 58.1
71.4 73.4

Google Synatactic

L2 Cos

70.9 70.8
68.6 71.9
51.4 52.0
70.9 73.3

Table 4.3: Accuracies on Google, SAT analogies and on two new inductive reasoning tasks.

Type

Semantic
Syntactic
Total

Manifold Learning Word Embedding

Isomap Regression

83.3
8.2
51.4

Table 4.4: Semantic similarity alone can solve the Google analogy tasks

LL(x, a, b, 9) = E9 log(9) - 9 log(Aij + 0)+
i~j

Cij log 1 - 0 + log (F(C + 0)
Aij + 0) (F(0)r(Cij + 1))

Optimizing this objective using stochastic gradient descent will randomly select
word pairs i, j and attract or repulse the vectors X and ' in order to achieve the re-
lationship in Lemma 4.4.1. Our implementation uses the GloVe codebase (Appendix
C.4.1).

Relationship to GloVE The overdispersion parameter 9 sheds light on the role of
GloVe's weight function f(Cij). Taking the Taylor expansion of the log-likelihood at
log(Aij) ~ - log(Cij) we find that for a constant kij,

LL(x, a, b, 0) = -kg.- 2(C +) (log(Aj) -log(Cij)) 2+o((log(Aij)-log(Cij)) 3 ).

Note the similarity of the second order term with the GloVe objective. Both weight
functions (C+9 and f(Cij) = max(Cij, Xmax)3/ smoothly converge to 9/2 and Xmax

for large Cij, down-weighting large co-occurrences.

72

Method

Regression
GloVE
SVD
Word2vec

Google Total

L 2  Cos

72.6 73.7
69.6 73.7
51.2 54.3
71.1 73.3

SAT

L 2  Cos

39.2 37.8
36.9 35.5
32.7 24.0
42.0 42.0

Classification

L2  Cos

87.6 84.6
74.6 80.1
71.6 74.1
76.4 84.6

Sequence

L2  Cos
58.3 59.0
53.0 58.9
49.4 47.6
54.4 56.2

70.7
76.9
73.4



4.6 Empirical validation

We experimentally validate two aspects of our theory: the semantic space hypothesis,
and the correspondence between word embedding and manifold learning. Our goal
is not to find the absolute best method and evaluation metric for word embeddings,
which has been studied in Levy et al. [2015]. Instead we will demonstrate evidence
for the semantic space hypothesis, and show that our simple algorithm for metric
recovery is competitive with state-of-the-art on both semantic induction and manifold
learning.

4.6.1 Datasets

Corpus and training: We trained word embeddings on three different corpora:
a Wikipedia snapshot of 03/2015 (2.4B tokens), the corpus used in the original
word2vec paper Mikolov et al. [2013a] (6.4B tokens), and a combination of Wikipedia
with Gigaword5 emulating GloVe's corpus [Pennington et al., 2014] (5.8B tokens).
We preprocessed all the corpora by removing punctuation, numbers and lower-casing
all the text. We limited the vocabulary to the 100K most frequent words in each
corpus, and trained embeddings using four methods: word2vec, GloVe, randomized
SVD (referred to as SVD), and metric regression (referred to as regression). Full
implementation details are provided in the Appendix. 5

For fairness we fix all hyperparameters, develop and test the code for metric re-
gression exclusively on the first 1GB subset of the wiki dataset. For open-vocabulary
tasks, we restrict the set of answers to the top 30 thousand words, since this improves
performance while covering the majority of the questions.

In the following, we show performance for the GloVe corpus throughout but
include results for all corpora along with our code package.

Evaluation tasks: We test the quality of the word embeddings on three inductive
tasks: analogies, sequence completion and classification (Figure 4-1). For the analo-
gies, we used the standard open-vocabulary analogy task by Google [Mikolov et al.,
2013a] (19,544 semantic and syntactic questions). In addition, we use the more diffi-
cult SAT analogy dataset (version 3) [Turney and Littman, 2005], which contains 374
questions from actual exams and guidebooks. Each question consists of 5 exemplar
pairs of words wordl:word2, where all the pairs hold the same relation. The task

5We used randomized, rather than full SVD due to the difficulty of scaling SVD to this problem
size. For performance of full SVD factorizations see Levy et al. [2015].
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is to pick from among another five pairs of words the one that best represents the
relation represented by the exemplars.

Inspired by Sternberg and Gardner 119831, we propose two new difficult induc-
tive reasoning tasks beyond analogies to verify the semantic field hypothesis: se-
quence completion and classification. As described in Section 4.2, the former in-
volves choosing the next step in a semantically coherent sequence of words (e.g.
hour, minute, .. .), and the latter consists of selecting an element within the same
category out of five possible choices. Given the lack of publicly available datasets
with questions of this type, we generated our own questions using WordNet [Miller
and Fellbaum, 1998] relations in combination with word-word PMI values. These
datasets were constructed before training any embeddings to avoid biasing them
towards any one method.

For the classification data, we created the in-category words by selecting words
from various WordNet relations associated to some root words, after which we pruned
down to four words based on PMI-similarity to the root word and the other words
in the class. The additional options for the multiple choice question were created
searching over words related to the root by a different relation type, and selecting
those most similar to the root.

For the sequence data, we obtained WordNet trees of various relation types, and
then pruned based on similarity to the root word. For the multiple-choice version
of the data, we selected additional (incorrect) options by searching over other words
related to the root word, and pruning, as for sequences, based on PMI similarity.

After pruning, we ended up with 215 classification questions and 220 sequence
completion questions, of which 51 are open-vocabulary and 169 are multiple choice.
These two datasets will be released along with the code used to generate all embed-
dings.

4.6.2 Results on inductive reasoning tasks

Solving analogies using survey data alone: We demonstrate that word embed-
dings trained directly on semantic similarity derived from survey data can solve anal-
ogy tasks. Extending a study by Rumelhart and Abrahamson [19731, we use a free-
association dataset [Nelson et al., 2004] to construct a similarity graph, where vertices
correspond to words and the weights wij are given by the number of times word j
was considered most similar to word i in the survey. We take the largest connected
component of this graph (consisting of 4845 words and 61570 weights) and embed it
using Isomap for which squared edge distances are defined as - log(wij/ maxkl(wkl)).

We use the resulting vectors as word embeddings to solve the Google analogy ques-
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tions [Mikolov et al., 2013a]. The results in Table 4.4 show that embeddings obtained
with Isomap on survey data can outperform the corpus based metric regression vec-
tors on semantic, but not syntactic tasks; this is due to the fact that free-association
surveys capture semantic, but not syntactic similarity between words.

Analogies: The results on the Google analogies shown in Table 4.3 demonstrate

that our proposed framework of metric regression and L2 distance is competitive

with the baseline of word2vec with cosine distance. The performance gap across

methods is small and fluctuates across corpora, but metric regression consistently

outperforms GloVe on most tasks and outperforms all methods on semantic analogies,
while word2vec does better on syntactic categories. For the SAT dataset, the L2

distance performs better than the cosine similarity, and we find word2vec to perform
best, followed by metric regression. The results on these two analogy datasets show
that directly embedding the log co-occurrence metric and taking L2 distances between
vectors is competitive with current approaches to analogical reasoning.

Sequence and classification tasks: As predicted by the semantic field hypoth-
esis, word embeddings perform well on the two novel inductive reasoning tasks (Ex-
amples in Table 4.1) . Again, we observe that the metric recovery approach of metric
regression and L2 distance consistently performs as well as and often better than the
current state-of-the-art word embedding methods on these two additional semantic
datasets.

4.6.3 Word embeddings can embed manifolds

In section 4.4 we argued that asymptotically, word embedding algorithms could be

used to solve manifold learning problems. Surprisingly, this simple reduction is
highly effective in practice, making word embeddings solve standard manifold learn-

ing benchmarks as well as manifold learning algorithms. The benchmark task we
consider is nonlinear dimensionality reduction on the MNIST digits dataset from 256
to two dimensions. Using a four-thousand image subset, we generated a k-nearest
neighbor graph (k = 20) and generated 10 simple random walks of length 200 from
each point resulting in 40,000 sentences each of length 200. We compared the four

word embedding methods against standard dimensionality reduction methods: PCA,
Isomap, SNE and, t-SNE which use the full image. The cluster purity of an embed-
ding was measured using the percentage of 5-nearest neighbors having the same digit
label. The four embeddings shown in Fig. 4-3 demonstrate that metric regression is

highly effective at this task, outperforming metric SNE and beaten only by t-SNE
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GloVe (64.3)

SVD (68.0)

jY

Word2vec (68.7)

SNE (72.8)

Regression (75.3)

t-SNE (91 4)

16,

Figure 4-3: Dimensionality reduction using word embedding and manifold learning. Per-
formance is quantified by percentage of 5-nearest neighbors sharing the same digit label.

(91% cluster purity), which is a visualization method designed to preserve cluster
separation. All word embedding methods including SVD (68%) embed the MNIST
digits well and outperform baselines of PCA (48%) and Isomap (49%) (Other figures
included with code package).

4.7 Discussion

Our work recasts word embedding as a metric recovery problem pertaining to the
underlying semantic space. We use co-occurrence counts from random walks as a
theoretical tool to demonstrate that existing word embedding algorithms are con-
sistent metric recovery methods. Our direct regression method is competitive with
the state of the art on various semantics tasks, including on two new benchmark
problems of series completion and classification

Our framework highlights the strong interplay and common foundation between
word embedding methods and manifold learning, suggesting several avenues for re-
covering vector representations of phrases and sentences via properly defined Markov
processes and their generalizations.
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Chapter 5

Population-level estimation of
diffusion processes

Thus far we have considered the embeddings of graphs and networks (Chapters 2
and 3) and words (Chapter 4) by applying the continuum limit of a random walk.
In this chapter we consider a different continuum limit: we consider the problem of
estimating a time-series, and use the continuum limit of a recurrent neural network
(RNN) as a way to solve this estimation problem. Many of the techniques used
in earlier chapters will be used to characterize the recoverability of the underlying
inference problem.

5.1 Motivation

Understanding the population dynamics of individuals over time is a fundamental
problem in a variety of areas, from biology (gene expression of a cell population
[Waddington et al., 1940]), ecology (spatial distribution of animals [Tereshko, 2000]),
to census data (life expectancy [Manton et al., 2008] and racially segregated housing
[Bejan and Merkx, 20071). In such areas, experimental cost or privacy concerns often
prevent measurements of complete trajectories of individuals over time, and instead
we observe samples from an evolving population over time (Fig. 5-1).

For example, modeling the active life expectancy and disabilities of an individual
over time is an area of substantial interest for healthcare statistics [Manton et al.,
20081, but the expense and difficulty of collecting longitudinal health data has meant
that much of the data is cross-sectional [Robine and Michel, 2004]. Our technique
replaces longitudinal data with cross-sectional data for inferring the underlying dy-
namics behind continuous-time time-series.
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Example observations

SI P ./ /I II! I fI/* 0 =0
4 t=0.05

* e 4.* *t=0 35

4

4 2 C,2 4

Figure 5-1: In population-level inference we observe samples (colored points) drawn from
the process at different times. The goal is to infer the dynamics (blue vectors). In this toy

dataset each point can be thought of as a single cell and the x and y axes as gene expression

levels of two genes.

The framework we develop will be applicable to the general cross-sectional pop-

ulation inference problem, but in order to ground our discussion we will focus on

a specific application in computational biology, where we seek to understand the

process by which embryonic stem cells differentiate into mature cells. An individual

cell's tendency to differentiate into a mature cell is thought to follow a 'epigenetic

landscape' much like a ball rolling down a hill. The local minima of this landscape

represents cell states and the slope represents the rate of differentiation [Wadding-

ton et al.. 1940]. While more recent work has established the validity of modeling

differentiation as a diffusion process [Hanna et al., 2009, Morris et al., 2014], direct

inference of the epigenetic landscape has been limited to the dynamics of single genes

[Sisan et al., 20121 due to the difficulty of longitudinally tracking single cells.

Our work establishes that no longitudinal tracking is necessary and population

data alone can be used to recover the latent dynamics driving diffusions. This result

allows cheap, high-throughput assays such as single cell RNA-seq to be used to infer

the latent dynamics of tens to hundreds of genes.

Analyzing the inference problem for population-level diffusions, we utilize the

connection between partial differential equations, diffusion processes, and recurrent

neural networks (RNN) to derive a principled loss function and estimation procedure

that performs well in practice.

Our contributions are the following
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" First, we rigorously study whether the dynamics of a diffusion can be recovered
from cross-sectional observations, and establish the first identifiability results.

" Second, we show that a particular regularized recurrent neural network (RNN)
with Wasserstein loss is a natural model for this problem and use this to con-
struct a fast scalable initializer that exploits the connection between diffusions
and RNNs.

" Finally, our method is verified to recover known dynamics from simulated data

in the high-dimensional regime better than both parametric and local diffusion
models, as well as predict the differentiation time-course on tens of genes for
real RNA-seq data.

5.2 Prior work

Population level inference of dynamics consists of observing samples drawn from a
diffusion stopped at various times and inferring the forces driving the changes in the
population (Fig. 5-1) which contrasts with inferring dynamics with trajectory data
which tracks individuals longitudinally. Our work is distinct from existing approaches
in that it considers sampled, multivariate, and non-stationary (t < oc) observations.

5.2.1 Population level inference

Inferring dynamics from population appears in two areas: In home-range estimation,
one estimates the support of a two-dimensional time series from the stationary distri-
bution in order to find the grazing area of animals [Fleming et al., 2015]. Our work
is distinguished by our focus on the high-dimensional (d > 2) and non-stationary
settings. Identifiability and limitations of a stationary assumption are discussed in
section 5.4.1.

Inverse problems in parabolic differential equations identify dynamics in one to
three dimensions given noisy but complete measurements along the boundary [Taran-
tola, 2005]. These methods require complete observation (rather than samples) and
additional boundary conditions which do not hold for our problem. One-dimensional
methods which use plug-in kernel density estimates to translate samples to com-
plete observations exist [Lund et al., 2014] but do not generalize to greater than one
dimension.

79



5.2.2 Diffusive RNNs

Diffusive networks [Mineiro et al., 1998] connect diffusion processes and RNNs much
like our work. Our work focuses on the more difficult problem of recoverable population-
level diffusions (rather than full trajectory observations) and derives new pre-training
schemes based on contrastive divergence. Our work shows that the connection be-
tween recurrent network and diffusions such as those in Mineiro et al. [1998] can be
used to develop powerful inference techniques for general diffusions.

Ideas from diffusions have been used for unsupervised density estimates [Sohl-
Dickstein et al., 20151 and our RNN architecture is reminiscent of memory models
such as LSTMs [Gers et al., 20001, but both of these models do not make a formal
connection to stochastic differential equations which is the focus of this paper.

5.2.3 Computational biology

Pseudo-time analysis [Trapnell et al., 2014] models differentiation of individual cells
measured by single-cell RNA-seq by assigning each cell a 'pseudo-time' indicating its
level of differentiation. Our approach of modeling the epigenetic landscape is both
more general and fully generative. While Pseudo-time describes cells as having one
dimension (pseudo-time) with bifurcations, the epigenetic landscape can describe
multiple continuous dimensions (such as the toy example in Fig. 5-1) as well as
provide predictions of future population distributions.

Although identifying the epigenetic landscape in a multivariate setting requires
substantially more cells than identifying a pseudo-time ordering, our results on the
identifiability of the epigenetic landscape will become increasingly more valuable
as the number of captured cells in a single-cell RNA-seq experiment grows from
hundreds [Klein et al., 2015] to tens of thousands.

Systems biology models of the epigenetic landscape have focused on understand-
ing and constructing landscapes which recapitulate the qualitative properties of dif-
ferentiation systems [Qiu et al., 2012, Bhattacharya et al., 2011]. Our work is instead
focused on data-driven identification of the epigenetic landscape. Our results show
that our system captures complex qualitative properties of differentiating gene ex-
pression.

Existing data-driven models of epigenetic landscape are for a single gene and
either rely on longitudinal tracking [Sisan et al., 20121 or require assuming that a
particular cell population is stationary [Luo et al., 20131. Our approach requires
neither, and we discuss the limitations of the stationarity assumption in section
5.4.1.
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5.3 Population-level behavior of diffusions

We will begin with a short overview of our notation, observation model, and mathe-
matical background.

A d-dimensional diffusion process X(t) represents the state (such as gene expres-
sion) of an individual at time t. Formally we define X(t) as a stochastic differential
equation (SDE):

dX(t) = p(X(t))dt + f/2o 2dW (t). (5.1)

Where W(t) is the unit Brownian motion. This can be thought of as the continuous-
time limit of the discrete stochastic process Y(t) as At -+ 0:

Y(t + At) = Y(t) + pt(Y(t))At + v/2. 2 AtZ(t) (5.2)

where Z(t) are i.i.d standard Gaussians. The function p(x) is called the drift and
represents the force acting on an individual at a particular state x. In Fig. 5-1, the
blue curves are p(x) which result in X(t) converging to one of four terminal states.
The probability of observing X(t) at any point x at time t is called the marginal
distribution and corresponds to the colored points in Fig. 5-1.

We define the population-level inference task as finding the drift function [ given
distributions over the marginals.

Definition 5 (Population-level inference). Define the marginal distribution p(t, x) =

P(X(t) = X).
A population-level inference problem on X(t) given diffusion constant 0-, time

points T ={0, t1 ... t}, and samples M = {mo ... m,} consists of identifying I(x)
from samples {x(t)i - p(t, x) I i E {1 . .. mt}, t E T}.

Fully general population level inference is impossible. Consider a process with the
unit disk in R2 as p(O, x), and the drift i is a clockwise rotation. From a population
standpoint, this would look identical to no drift at all.

This raises the question: what restrictions on p(x) are natural, and allow for
the recovery of the underlying drift? Our paper considers gradient flows which
are stochastic processes with drift defined as p(x) = -VT(x) '. The potential
function T (x) corresponds to the 'epigenetic landscape' of our stochastic process.
The force p(x) = -V(x) drives the process X(t) toward regions of low T(x) much
like a noisy gradient descent.

'For diffusion processes, the gradient flow condition is equivalent to reversibility [Pavliotis, 2014,
Section 4.6].
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A remarkable result on these gradient flows is that the marginal distribution
p(t, x) evolves by performing steepest descent on the relative entropy D(p(t, x) I exp(-P(x)/. 2))
with respect to the 2-Wasserstein metric W2. Formally, this is described by the
Jordan-Kinderlehrer-Otto theorem [Jordan et al., 1998]:

Theorem 5.3.1 (The JKO theorem). Given a diffusion process defined by equation
5.1 with jt(x) = -VJ(x), then the marginal distribution p(t,x) = P(X(t) = x)
is approximated by the solution to the following recurrence equation for p(t) with

pM = p(0, x).

p(t+At) = argmin W2 (p(t+At), P(t))2

P(t+At)

+ At D p (tJ . (5.3)

in the sense that limato p(t) ( -+ p(t, x)

This theorem is the conceptual core of our approach: the Wasserstein metric,
which represents the probability of transforming one distribution to another via
purely Brownian motion, will be our empirical loss [Adams et al., 2013]; and the rel-
ative entropy D(pI I exp(-T (x)/a.2 )) describing the tendency of the system to maxi-
mize entropy, will be our regularizer.

5.4 Recoverability of the potential T

Before we discuss our model, we must first establish that it is possible to asymptot-
ically identify the true potential xF(x) from sampled data. Otherwise the estimated
I(x) will have limited value as a scientific and predictive tool.

We consider recoverability in three regimes of increasing difficulty. First, in sec-
tion 5.4.1, we consider the stationary case of observing p(oo, x) which results in
a closed-form estimator for I, but requires unrealistic assumptions on our model.
Next, in section 5.4.2 we consider a large number of observations across time, and
show that exact identifiability is possible. However, this case requires a prohibitively
large number of experiments to guarantee identifiability. Finally, in section 5.4.3 we
will consider the most realistic case of observing a few observations across time, and
discuss the conditions under which recovery of T is possible.
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5.4.1 Stationary observations

In the stationary observation model, we are given samples from a fully mixed process
p(oo, x). In this case, one time observation is sufficient to exactly identify the poten-
tial. This follows from representing the stochastic process in Eq. 5.1 as a parabolic
partial differential equation (PDE).

Theorem 5.4.1 (Fokker-Planck [Jordan et al., 1998]). Given the SDE in equation
5.1, with drift p (x) -VTI(x), the marginal distribution p(t, x) fulfills:

= div(p(t, x)V T (x)) + a.2 V2p(t, x) (5.4)at

with given initial condition p(O, x).

- Now in the stationary case, we can note that the ansatz p(oo, x) = exp(-(x)/o. 2 )
gives:

0 = div(VI(x)p(oc, x))/u.2 + V 2 P(00, x)

implying that exp(-P(x)/a 2) is the stationary distribution, and we can estimate the
underlying drift as VxI(x) = -V log(p(oo, x))o.2 . The quantity -V log(p(oo, x)). 2

can be estimated from samples via one step of the mean-shift algorithm [Fukunaga
and Hostetler, 1975, Eq. 41].

Although estimation of VI(x) from the stationary distribution is tractable, it
has two substantial drawbacks. First, it is difficult to collect samples from the
exact stationary distribution p(oo, x); we often collect marginal distributions that
are close, but not exactly equal to, the stationary distribution. Second, our estimator
-V log(p(oo, x)) is only accurate over regions of high density in p(oo, x) which may
be distinct from our region of interest. For differentiation systems, this means we
will only know the behavior of VI(x) near the fully differentiated state, rather than
over the entire differentiation timecourse.

To make this drawback clear, consider the case where o.2 is small. The stationary
observations from exp(-xI(x)/u.2 ) will concentrate around the global minimums of
I(x) and will therefore only tell us about the local behavior of XI(x) around the
minima. On the other hand, observing a non-stationary sequence of distributions
p(0, x), p(ti, x) ... does not have this drawback, as p(O, x) may be initialized far from
the minima of 'IF(x) allowing us to observe how the distribution p(O, x) converges to
the minima of I(x).
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5.4.2 Many time observations

We show that sampling multiple nonstationary timepoints is identifiable, and avoids
the drawbacks of a single stationary observation. Consider a observation scheme
where we obtain p(O, x), p(ti, x) ... up to some time t = T such that we can estimate
one of two quantities reliably:

SShort-time: ~ " 'p(tx)-p(tox)at ti-t
T

" Time-integral: f [ p(t, x)dt Z 1 p(ti, x)/n

In both of these cases, we can show that the underlying potential I(x) is identi-
fiable via direct inversion of the Fokker-Planck operator. The time-integral model is
particularly interesting, as it can be implemented in practice for single cell RNA-seq
by collecting cells at uniform times across development [Klein et al., 2015].

Theorem 5.4.2 (Uniqueness of Fokker-Planck like operators). Let I(x) be a con-
tinuously differentiable solution to the following elliptic PDE:

f(x) = V2'IF(x)T(x) + V'I(x)Vr(x) + O 2V2r(x) (5.5)

subject to the constraint f exp(- I(x)/u2 )dx = 1.
Equation 5.5 is fulfilled in the short-time case with, f = 2, r = p and in the

time-integral case, f (x) = p(to, x) - p(tn, x) and r(x) = f p(t, x)dt.
Additionally, the Fokker-Planck equation associated with p(t, x) is constrained to

domain Q via a reflecting boundary. Formally, there exists a compact domain Q with
(VAJ(x)r(x) + o.2Vr(x), nx) = 0 for any boundary normal vector nx with x E OQ. 2

Then T(x) is unique up to sets of measure zero in r(x).

Proof. Consider any Ji(x) and T 2 (x), then by linearity of the PDE, T'(x) = XF1 (x) -

XI2(x) must be a solution to the homogeneous elliptic PDE

0 = div(V'(x)r(x)) = V 2'IJ'(x)r(x) + VT'(x)Vr(x).

Consider the set R, = {x : x C Q, V'(x) 5 miny V'(y) + e}. By smoothness of '
and compactness of Q, for all e > Emin = miny P'(y) the region R, is compact.

2 This boundary condition is only necessary to keep the proof simple. We prove a relaxation in
theorem D.O.2.
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By construction, OR, can be decomposed into two parts: the boundary of the
level set V'(x) = min, '(y) + e which we define as aR' and a possibly empty. subset
of the domain boundary 9Q defined as o9Q0 .

By the divergence theorem we can integrate the elliptic PDE over any Re:

/XR div(VT'(x)r-(x))dx = JXaO(V '(x)-r (x), nx) dx

+ I IVP'(X)1 2 (x)dx = 0

By the boundary condition, for any n, with x E aQ, (VIi(x)r + 0.2 V, nx) = 0
which implies that (VxJ'(x)T, nx) = 0 and therefore fXEORo IV'(X)1 2r(x)dx = 0.

By construction, r(x) > 0 over Q and therefore IVT'(x) = 0 for all x E *Re.
The union of sets &RO contains all of Q by construction, and therefore for x E Q,

VP'(x)I = |V'F1(x) - VT2(X)l = 0. Combined with the normalization constraint,

f exp(-'(X)/0.2 )dx = 1, this implies XI1(X) = T 2 (x).

The proof of Thm. 5.4.2 illustrates that the recoverability depends critically on
T(x) > 0. Thus in the time-integral case, the regions which can be clearly recovered

are those over which r(x) = fe[ p(t, x)dt has large mass. Compared to the stationary
situation, this is substantially better; we will get accurate estimates of XI over the
entire timecourse of p(O, x) ... p(T, x).

Finally, we ask whether IF is recoverable when the time observations p(O, x), p(ti, x).
are sufficiently few and separated in time such that both the short-time and time-
integral assumptions are not valid.

5.4.3 Few time observations

In more realistic settings, we may get many samples, but very few time observations
such that the time-integral uniqueness theorem does not hold. We analyze this case
and establish two results: first, we establish exact identifiability in one dimension
(Thm. 5.4.3) and give evidence for the conjecture in multiple dimensions (Cor.
5.4.4). Next, we establish that a sufficiently mixed final time observation is sufficient
for uniqueness (Thm. 5.4.5) and derive a model constraint based on this theorem
(Eq. 5.6).

In one dimension, three time points are sufficient to recover the underlying po-
tential function3 :

3The requirement of three marginal distributions is arises due to the more general nature of
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Theorem 5.4.3 (1-D identifiability). Assume there exists some c such that o- > c >
0; boundaries a, b such that p(t, a) = 0 and p(t, b) 0 for all t; and the marginal
densities are Holder continuous with p(t, x) E H2 +A.

Given p(, x), p(t1, x), p(t2 , x) with 0 # t1 = t2 < 00, there exists a unique con-
tinuous potential I(x) E C1 fulfilling the Fokker-Planck equation.

Proof. This is a special case of problem 1 considered in GolaA2dman [20101 once we
set c(x,t,u) = 1, f(xt) = 0, d(xtu) = 0, bi(x,t,u) = 0, p(x) = di(x,t,u) = 0.
The result follows from GolAA2dman [2010, Theorem 11. E

In the multivariate case, the adjoint technique used in GolAA2dman 12010] no
longer applies, and the equivalent result is an open problem conjectured to be true
[De Cezaro and Johansson, 20121. We believe this conjecture is true and show that
for any finite number of candidate IF which agrees at two marginals p(O, x) and p(t, x)
we can identify the true potential using a third measurement.

Corollary 5.4.4 (Finite identifiability of T). Let To and T, be candidate potentials
such that given po(0, x) = pi(0, x) and

api
= div(VI(x)pi(t, x)) + o 2V2 pi(t, x)at

such that po (t, x) = p1 (t, x). Define p (t3 , x) where t3 ~ T is a draw from T defined
as a random variable absolutely continuous with respect to the Lebesgue measure,
then p1 (t6, x) = po(t6, x) with probability one if and only if Vx, TJ1(x) = TIo(x).

Proof. See Supp. section D.0.1. The statement reduces to short-time uniqueness
studied in section 5.4.2. E

In the case that the final marginal distribution p(t., x) is sufficiently mixed, sta-
tionary identifiability allows us to derive an identifiability result regardless of the
conjecture.

Theorem 5.4.5 (Relative fisher information constraint). Let p(O, x) and p(tn, x) be
marginal distributions associated with the potential T. Then, if the final time p(tn, x)

is sufficiently mixed:

at D(p(tn, x) I Iexp(- IF(x)/lo.2)) < E

the problem considered in GolAA2dman [2010, Problem 11. We believe only two marginals are
necessary.
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all T which are consistent with p(O, x) and p(tn, x) with similar mixing constraints:

-aD(p(tn, x)| exp(-X(x)/a2 )) < e must imply similar drifts:

JVI(x) - VT(X)1 2p(tn, x)dx < 4e.

Proof. This follows from a relative fisher information identity in Markowich and
Villani [2000, Lemma 4.1]. We reproduce an abbreviated proof for completeness.
Since p is the solution to the Fokker-Planck equation evolving according to T, we
can write ht(x) = p(tn, x)/ exp(-P(x)/ 2 ), leading to

aD (p(tn , x) I exp(- V(X)/U2))

at/exp(-W(x)/a 2 ) IVht(x)I 2dx
ht (x)

fVP(x) - Vp(tn, x)1 2p(tn, x)dx < E.

Where the second equality follows via integration by parts on the Fokker-Planck
equation. Applying the Minkowski inequality to the last line gives the desired iden-
tity. E

Theorem 5.4.5 implies that if we are willing to assume that p(tn, x) is closed to

mixed, and we can ensure that our estimated P has a tight bound on - &D(p(tn, x) exp(-T(x)/o2 )),
then we can recover a good approximation to the true P. In practice this assump-
tion and constraint is straightforward to fulfill: experimental designs often track cell
populations until they do not show substantial changes (p(tn, x) is close to mixed)

and we can fit P under the constraint that it is smooth with bounded gradient and

(p(tn , x) |exp(-9()o) 1 -. (5.6)

Which implicitly bounds the mixedness in Thm. 5.4.5 by the JKO theorem (Thm.
5.3.1). Thus we have established a constraint (Eq. 5.6) and experimental condition
(Thm. 5.4.5) under which we can reliably recover the underlying dynamics even with
few timepoints.
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5.5 Inference

We will show that a Wasserstein loss with an entropic regularization on a noisy RNN
is natural for this model.

5.5.1 Loss function and regularization

To motivate the Wasserstein loss, consider the case where we observe full trajectories
of a single stochastic process X(t). Then one natural loss function is to consider the
expected squared loss between the observed value xt and the predicted distribution
of X(t) under the model.

The Wasserstein distance is exactly the analogous quantity to the L2 distance
when we switch from fully observed trajectories to populations of indistinguishable
particles in a diffusion [Adams et al., 2013, Section 3]. We outline the intuition for
this argument here: the squared loss for a diffusion arises from the fact that given
mt trajectories with x(t) = {x(t)o, x(t)1 .. . x(t)m,}, then lim4 -tlog(P(X(Z+ t) =

x(i+ t)iX(t) = x(t))) = \ Z(t + t), - x(t);I|. The usual squared loss is then
derived as the log-probability that Brownian motion transforms the predicted value
X(t) into the true value x(t) in an infinitesimal time t

If we make the particles indistinguishable via a random permutation a E Smo,
the above limit becomes:

lim -tlog(P(X(t + ) = x(t + )|X(t) = x(t))) =
-+ 0

inf Ix(t + ), - X(t),(i) 1- (5.7)
7ESm-n i=1

This is a special case of the Wasserstein metric, implying that for population infer-
ence, the natural analog to empirical squared loss minimization is empirical Wasser-
stein loss minimization. Thus at time ti we penalize W2 (p(ti, x), pP(t,, x)) 2 which
is the Wasserstein distance between the empirical distribution ' and the marginal
distribution predicted by T, pp. This loss is approximated via sampling and the
Sinkhorn distance [Cuturi, 20131.

We regularize this loss function with an entropic regularizer. Thin. 5.4.5 states
that if !D(p(tn, x)I exp(- p(x)/a.

2 )) is small then we can recover any mixed poten-
tial. We fulfill this mixing constraint by controlling the relative entropy in Eq. 5.6,
which we write as

EX ~p(t.,x)[10g(P(tn, X))] + EXP(tiex)[(X)/, 2 ] ; 77,
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where p(t7 , x) is the unknown, true marginal distribution at time t. Removing con-
stant terms not involving TI(x) and replacing p(t, x) with samples xj ~ p(t,,, x) gives
us the regularizer: E"' 'I(x)/. 2 . Converting this constraint into a regularization
term with parameter i and assuming that T is contained in a family of models K,
our objective function is:

min W2 ((ti, x), pq(ti,))2

i=1 I

+ T .
j=1

(5.8)

The similarity of Eq. 5.8 to the JKO theorem (Thin. 5.3.1) is not coincidental.
One interpretation of the JKO theorem is that W2 is the natural metric over marginal
distributions and likelihood is the natural measure of model fit over T.
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5.5.2 Diffusions as a recurrent network

Thus far we have abstractly considered all stochastic processes of the form: dX(t) =

-V I(x)dt + V22dW(t).
A natural way to parametrize T is to consider linearly separable potential func-

tions, which we may write as:

xF(x) = ( h(wkx + bk)gk,
k

such that h is some strictly increasing function. This represents T as the sum of
energy barriers h in the direction of vectors Wk, allowing us to fit our model via
gradient descent, while maintaining interpretability of the parameters.

Setting h(x) = log(1 + exp(x)) parametrizes xF(x) as the sum of nearly linear
ramps and we obtain that the drift VW is a one layer of a sigmoid neural network,
where the linear terms are tied together much like an autoencoder:

Z Vh(wkx + bk)gk = S h'(wkx + bk)gkWkj
k k

Applying this to the first order time discretization in Eq. 5.2, a draw pl of our
stochastic process can be simulated as:

9i+dt = t + At E h'(wkay + bk)wkgk + V-to.2 (5.9)
k

This can be interpreted as a type of RNN with noise based regularization. The
network is generative and as At -+ 0 the draws from this recurrent net converge to
trajectories of the diffusion process X above. 4

5.5.3 Optimization

Optimizing the full objective function (Eq. 5.8) directly via backpropagation across
time is slow and sensitive to the initialization. Exploiting the connection between
RNNs and the diffusion, we can pre-train the objective function on the regularizer
alone: Z ", 'J(xj)/U2 under the constraint that.f exp(-(x)/u)dx = 1. We solve
this with contrastive divergence [Hinton, 2002] using the first-order Euler scheme in

4 1n practice, we set At to be 0.1 which gives at least a ten time-steps between observations in
our experiments and find anywhere from five to hundred time-steps between observations to be
sufficient.
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Figure 5-8: Held-out goodness of fit (lower is better), as measured by Wasserstein distance.
'Oracle' represents the error from Monte Carlo sampling for the true gradient flow. The
RNN parametrization performs best across a wide range of tasks.

Eq. 5.9 to generate our negative samples.
After this initialization, we perform backpropagation over time on our objective

function. with p, approximated via Monte Carlo samples using Eq. 5.9 and the
Wasserstein error approximated using Sinkhorn distances. These stochastic gradients
are then used in Adagrad to optimize J[Duchi et al., 2011]. We implement the
entire method in Theano, and full code is available in the supplement as an ipython
notebook.

5.6 Results

. DO

* D7

Figure 5-9: DO and D7 dis-
tributions of Oct4 (y-axis)
and Kr x-axis2

Fig're M-2: Observed

'vt-A

Figure 5-10: Learned dif-
ferentiation dynamics

Figure 5-11: Distributions
of true Krt8 expression

data and learned model for single-cell RNA-seq data

We now demonstrate that the pre-training and RNN parametrization are effective,
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and bring new insights to single-cell RNA-seq data. 5

5.6.1 Effectiveness of the stationary pre-training

The stationary pre-training via contrastive divergence results in substantially better
training log-likelihoods in less than a third of the total time of the randomly initialized
case (Fig. 5-2) for the Himmelblau flow (Fig. 5-1). We control for initialization and
runtime of both procedures by ensuring that the initial parameters of the pre-training
matches that of the random initialization, and applying shared code for both pre-
training and backpropagation.

5.6.2 Learning high dimensional flows

One of the primary advantages of using recurrent networks and sums-of-ramps as a
potential is that they behave well in high-dimensional estimation problems. We com-
pare our RNN model against a linear T(x), the Orstein-Uhlenbeck process (quadratic
T(x)), and a local sum-of-gaussian potentials parametrization for 1(x) (details in
Sec. D.O.4).

In the first task (Fig. 5-5), we have a population evolution in Rd for d C {2, 10, 50}
according to a unit quadratic potential T(x) = Ix12. The initial measurement is 500
samples drawn from a normal distribution with 1/2 scale centered at (5,0,0... 0),
and the final time measurement is 500 samples at t = 1 with o- = 1.5. This tests
whether our model can recover a simple, high-dimensional potential function. In
this case, the simple dynamics mean that the parametric models (Orstein-Uhlenbeck
and Linear flows) perform quite well. The RNN parametrization is competitive with
these models in as the dimensionality increases, and substantially outperforms the
local model (Fig. 5-5).

In the second task (Fig. 5-6), we consider a population over d E {2, 10, 50}
with two of the dimensions evolving according to the Styblinski flow (41(x) = 13x3 _

32x + 512), and the other dimensions set to zero. This tests whether our model can
identify a complex low-dimensional potential embedded in a high-dimensional space.
Example outputs in Fig. 5-3 and 5-4 demonstrate that our RNN model can model the
multi-modal dynamics embedded within a high-dimensional space. The quantitative
error in Fig. 5-6 shows that the local and RNN methods perform best at low (2-10)
dimensions, but the local method rapidly degenerates in higher dimensions. In both

5 Step-size is selected by grid search (see section D.0.3 for other parameter settings). o- is assumed
known in the simulations, and fixed to the observed marginal variance for the RNA-seq data.
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cases, our RNN approach produces substantially lower Wasserstein loss compared
both parametric and local approaches.

5.6.3 Analysis of Single-cell RNA-seq

In Klein et al. [2015] an initially stable embryonic stem cell population (termed 'DO'
for day 0) begins to differentiate after removal of LIF (leukemia inhibitory factor)
and single-cell RNA-seq measurements are made at two, four, and seven days after
LIF removal. At each time point, the expression of 24175 genes for several hundred
cells (933 cells at DO, 303 at D2, 683 at D4, and 798 at D7) are measured. We apply
standard normalization procedures [Hicks et al., 2015] to correct for batch effects,
and impute dropout expression levels using nonnegative matrix factorization. Our
tasks to predict the gene expression at D4 given only the DO and D7 expression
values.

Fitting our RNN model on the top five and ten most differential genes as de-
termined by the Wassertein distance between DO and D7 distributions, our RNN
method performs best compared to baselines (Fig5-7), and is the only one to per-
form better than predicting the D4 gene expression with D7 data. We find that ten
genes is the limit for with a few hundred cells and the RNN begins to behave much
like the linear model with more genes. As the number of captured cells in single-cell
RNA-seq grows, our RNN model will be capable of modeling more complex multi-
variate potentials.

We now focus on whether our model captures the qualitative dynamics of dif-
ferentiation for the two main differentiation markers studied in Klein et al. [2015]:
Keratin 8 (Krt8) which is an epithelial marker and Oct 4 (Pou5fl) which is a em-
bryonic marker. Krt8 in particular shows two sub-populations at day 4 (Fig. 5-11)
suggesting that epigenetic landscape may have multiple minima.

Fitting our RNN on this two dimensional problem shown in Fig. 5-9 we obtain a
potential function with a single minimum (Fig. 5-10) demonstrating that differenti-
ation is concentrated around a linear path connecting the DO and D7 distributions.
Surprisingly, this simple unimodal potential predicts a bimodal distribution for the
D4 Krt8 distribution shown in Fig. 5-13 despite the lack of bimodality in either the
input data (Fig 5-9) or the potential (Fig 5-10). 6

The bimodality arises from modeling the quantitative dynamics from DO to D7,
and would not be possible to predict from either cluster or pseudo-time based analy-
sis which would predict a unimodal distribution for D4. Estimation of the epigenetic

6 Similar qualitative results hold for D4 Krt8 expression under five and ten-dimensional versions
(Supp. Fig. D-1, D-2, D-3, D-4).
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Figure 5-13: D4 predictions of Krt8 recapitulate bimodality

landscape offers an alternative and expressive representation of the cellular differen-
tiation process.

5.7 Discussion

Our work establishes the problem of recovering an underlying potential function us-
ing samples from the population distribution. Using a variational interpretation of
diffusions, we derive both loss and regularizers for the problem which are natural
and amenable to scalable gradient based methods. Finally, we demonstrate through
multiple synthetic datasets that our model performs well in a high-dimensional set-
ting and captures unique dynamics of cellular differentiation in single-cell RNA seq
data.
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Chapter 6

Open problems and future work

This thesis represents the first, general attempts to unify machine learning over
graphs and words with traditional unsupervised learning. We show that existing
network analysis and word embedding algorithms are variants of well-understood
metric algorithms in machine learning. The techniques developed in this thesis are
general to any discrete structures which admit a natural random walk and allow for
a tight link between the theory of embeddings and similarities.

Specifically, we applied techniques from diffusion processes to machine learning,
and used this to substantially simplify the analysis of algorithms when there exists a
latent, metric embedding. The method we develop uses the Stroock-Varadhan lemma
(Theorem A.2.3) which is a very general way for mapping discrete-time random walks
to diffusions. We believe that this technique can be applied to a variety of iterative
algorithms in machine learning due to its simplicity.

However, the thesis also leaves open several major questions on the applicability
of metric embeddings, as well as the convergence rates of estimators relying upon
diffusion approximations. In this section, we briefly discuss the appropriateness of
our assumptions as well as review conjectures made in the prior sections.

6.1 Robustness of embeddings to non-metric data

The assumption of a latent metric space associated with discrete objects is a com-
mon and convenient implicit assumption as discussed in the motivation of Chapter
3. Formally, these types of metric assumptions have been studied in the psycho-
metric literature as part of understanding multidimensional scaling algorithms. For
example, the GS model proposed by [Tversky and Hutchinson, 1986] formalizes the
idea of a metric space by proposing that similarities between objects arise from a
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latent metric space where the coordinates are drawn independently from a common,
smooth distribution. This is a minor weighted generalization of our metric graph
model (Definition 1) used throughout the thesis.

How appropriate is the GS model as an assumption? For word embeddings we
demonstrate that this assumption is a reasonable one based on several test statistics
proposed in the literature (Section 4.3). For un-weighted graphs, it is unclear if the
GS model can be directly tested, as we need to define an appropriate similarity metric
over vertices. In future work, we hope to see if there is a single, universal distance
function between vertices (such as the log-LTHT) that can be used to determine if
a social network is compatible with a latent embedding assumption.

In the case that the metric assumption such as the GS model is violated, the
accuracy of the estimators presented in this thesis would depend heavily on the
type of non-metric violation. For example, if a part of the graph is metric and the
non-metric component arises randomly, then our robustness results such as (Theo-
rem 3.3.7) imply that we would still be able to consistently recover the underlying
metric component of the graph. In the case that the non-metric violation is system-
atic, for example because the graph is bipartite, or because the graph is actually
a block-model, then our estimators have no theoretical guarantees on performance.
Optimization based estimators would embed these graphs on a best-effort basis, but
it is still not clear if that is sufficient for obtaining reasonable embeddings.

A important direction for this line of work is to consider the implications of non-
metric, standard network models such as block-models or preferential attachment
type models. In these cases, it is possible to define a notion of similarity (for example,
whether two vertices belong to the same cluster, or attached to the same hub) but
it is clear that no exact embedding exists. The hitting -time proofs used for the
continuum limit are no longer applicable, but short-time asymptotic expansions used
in Theorem B.5.1 could still be used to show that embeddings capture the underlying
graph structure.

It is an interesting conjecture whether metric embedding type methods can re-
cover the phase-transition of block-model recovery. Such a result would substantially
increase the importance of network embedding methods in the analysis of network
algorithms and properties.

6.2 Equicontinuity as an open conjecture

The other large assumption made in this work is that of equicontinuity of various
properties of the random walk. To review, the results on density estimation require
equicontinuity of the stationary distribution (Conjecture A.1.1):
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Conjecture 6.2.1. Given the other continuity and scaling conditions on p(x) and
en(x) in (*), n7rx,(x) is a.s. uniformly equicontinuous.

For hitting times, we require a slightly stronger version of this condition in terms
of equicontinuity of the marginal distribution:

Definition 6. If t = e(gn 2 ), with probability 1, for any 6 > 0, there exist y > 0 and
no so that for n > no, any Xk E Xn, and any xi, xj E Xn with Ixi - x1 < y, we have

Inqt(xi, Xk) - nqt(xj, Xk)I < 6.

The reason why these conditions are necessary is that the Stroock-Varadhan
criterion (Theorem A.2.3) guarantees that two stochastic processes converge weakly
in measure. This means that integrating any fixed continuous function against both
the discrete random walk and the diffusion produce identical results. This is close,
but not exactly the result we need, which is to show that the stationary density
function (or the transition density in the case of the second version of the conjecture)
between the two processes converge.

In order to go from weak convergence of measures to convergence of densities, it
is sufficient to assume that the stationary distribution 1rxn(x) is smooth. However,
this result turns out to be extremely difficult to obtain. As discussed in Section B.1,
this result is trivial if the graph is undirected, since a random walk can be defined
to increase smoothness over time using standard spectral graph theory arguments.
However, as soon as the graph becomes directed, the same argument breaks down.
Cycles and other adversarial structures can be very badly behaved, and prevent the
stationary distribution from being smooth.

Somehow, metric graphs are free of this phenomenon since they are 'almost re-
versible' graphs. That is to say, their limiting diffusions are reversible stochastic
processes, and we can show in a precise sense that adversarial cycle like behavior
is unlikely. However these techniques all fall short of proving the conjecture above.
While standard spectral graph based approaches do not seem to be able to solve the
conjecture, we are hopeful that more advanced techniques for analyzing graphs, such
as directly characterizing the entropy of a random walk will do so.

6.3 Finding further generalizations of continuous em-
beddings as relaxations

Finally, while we have emphasized that the continuous diffusion limit is general, it is
not clear whether this approach can be generalized beyond the obvious random-walk
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and time-series applications. Chapter 5 provides a new way forward by analyzing
iterative algorithms such as recurrent neural nets as a type of diffusion process, but
it is an open question whether there exists an even more general framework for
understanding a diffusion limit as a type of continuous relaxation, much like how a
convex relaxation is viewed as a general approach to difficult optimization problems.

The technical complexity of the arguments is one of the main roadblocks to
widespread application of diffusion limits. This thesis provided first steps towards
providing a simpler way of applying diffusion limits by presenting a simple, general
scheme for applying diffusion limits via calculation of the first three moments of an
increment of a stochastic process (Theorem A.2.3). Future application of diffusion
limits to stochastic gradient methods and neural networks could help popularize such
diffusion methods.

Finally, we have not fully resolved the question of generating semantically mean-
ingful representations in an un-supervised manner. For example, we may ask whether
the same strategy as word embeddings can be generalized to un-ordered collections of
images. The random-walk analysis used in this thesis no longer applies in this case,
and a new theory would have to be developed which links semantics and un-ordered
collections. Clarifying the connection between semantic spaces and manifold learning
could lead to a general theory of semantically meaningful continuous representations.
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Appendix A

Density estimation

A.1 Conjecture on eventual uniform equicontinuity
of the rescaled stationary distribution

In the conditions (*) we imposed, we required the eventual uniform equicontinuity
of n7rxn. Without this condition, our proof technique implies the weak convergence

E 7rxn(x)6x -- ry(x)dx
xEXn

of the empirical stationary measures of Xn(t) to the stationary measure of Y(t).
The additional imposition of eventual uniform equicontinuity was required solely to
upgrade this convergence to a convergence of the rescaled discrete density functions
to the continuous density function. We conjecture that this continuity is true in
general.

Conjecture A.1.1. Given the other continuity and scaling conditions on p(x) and

En(x) in (*), n7rxn(x) is a.s. uniformly equicontinuous.

We discuss a few reasons why we might believe this conjecture to hold.

" In the case of constant en(x), n7rxn(x) is proportional to INBn(x)j, hence con-
verges to p(x) uniformly. The conjecture therefore holds in this case.

* Our empirical results produce robust results across a broad range of n, e(x),
and p(x). One possible explanation would be that Conjecture A.1.1 holds for
all datasets constructed according to (*).
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* For x, y E X,, let r,(x) denote the expected first return time to x and c"(x, y)
denote the expected commute time from x to y. It is known that

1
rX(X) =,

so to show that nyrx, (x) is uniformly equicontinuous, it suffices to show that
is uniformly equicontinuous. Notice that

rn(x) 5 cn(x, y) + rn(y) + cn(y, x)

and that

rn(y) cn(x, y) + rn(x) + Cn(Y, x),

which together imply that

Irn(x) - r.(y) jc(x, y) + c(y,)I.

This relates continuity of rn(x) and hence 7rxn(x) to the commute time cn(x, y).
On the other hand, our techniques using the Stroock-Varadhan criterion yield
convergence of the simple random walk Xn(t) to the It6 process Y(t) in D([O, 00), D)
without assumption of eventual uniform equicontinuity. In a scaling limit, this
should lead to a relation between c,(x, y) and a rescaling of the commute time
of the corresponding ItO process. In future work, we intend to use this re-
sult to relate a scaling of c,(x, y) to Ix - y| and approach Conjecture A.1.1 in
conjunction with new methods for metric estimation.

A.2 Full proof of Theorem 2.2.1

The goal of this section will be to give a fully rigorous proof of Theorem 2.3.4 from
the main text. We first restate the theorem as Theorem A.2.1.

Theorem A.2.1. Under (*), if h n -g as n -+ oc, then a.s. in X, the process
Xn(t/hnj) converges in D([O, oo), D) to the isotropic D-valued ItM process Y(t) with
reflecting boundary condition defined by

dY(t) = V(t (Y(t)) 2 dt + dW (t), (A.1)
3p(Y(t)) y in

where the precise meaning of the reflecting boundary condition is given in Subsec-
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tion A.2.1.

Our technique is an application of the Stroock-Varadhan criterion (see [Stroock
and Varadhan, 1971a, Theorem 6.31) for convergence of discrete time Markov pro-
cesses in a bounded domain to drift-diffusion processes with reflecting boundary con-
ditions in that domain. In what follows, we preserve the notation used by Stroock
and Varadhan [1971a] whenever possible.

A.2.1 Definition of the objects

In this subsection, we recall in detail the problem setup. We are given an infinite
sequence X = {x1, x2 ,... } of latent coordinate points drawn independently from a
distribution with probability density p(x) in Rd supported on a compact domain
D C Rd with smooth boundary 9D. We may then find a bounded C2 function O(x)
on Rd so that

D = {x I O(x) > 01, OD = {x I O(x) = 0}, and |V0(x) ;> 1 on OD.

We fix a single random draw of X and analyze the quenched setting.
We are then given a radius function E,7 (xi) which may depend on the draw of X

and a scaling factor gn so that

hrM gnjEn(X) = F(x)

for some deterministic (x) on D. Let G, = (Xr,, Er,) be the unweighted directed
neighborhood graph with vertex set X, = {X, .. ., n} and with a directed edge from
i to j if and only if

lXi - XjJ < en(Xi).

Note that G, is stochastic and depends on the specific realization of X, which is
drawn.

Let X,(t) be the simple random walk on the directed graph G, so that X,(t) is
a discrete-time Markov process with state space Xn. We normalize the timestep of
X,(t) to be hr = gn and identify Xr,(t) with the continuous time process given by
t -+ Xr,([t/hn]). From now on., we refer to these two processes interchangeably.

In Theorem A.2.1, we wish to show that X,(t) converges weakly in D([0, o), D)
to the continuous-time continuous-space ItO process Y(t) defined by (A.1) with re-
flecting boundary conditions. We interpret the boundary conditions in terms of the
submartingale condition of Stroock and Varadhan [1971a]. That is, we define the
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vector function -y(s, x) to be the normal vector to OD at x whose length is normalized
so that

('Y(s,x), V(x)) = 1.

Take also the scalar function p(s, x) = 0. Together, -y and p specify the boundary
conditions in the following sense.

We say that a process Y(t) solves the submartingale problem for a, b, p, and -y if
for any function f E C1, 2([0, oc) x D) satisfying

p(Of /t) + (-Y, Vf) > 0

on [0, oo) x oD, the random variable

f(t, Y(t)) -] (fs + Lsf)(s, Y(s)) 1D(Y(s))ds

is a submartingale, where

1 d 0 2 f d a f
2 1a axox + Ox

i,j=1 =1

As explained in Stroock and Varadhan [1971a], when p = 0, this formulation is
equivalent to specifying that Y(t) satisfies (A.1) on the interior of D and has reflecting
boundary conditions on OD.

A.2.2 Quantities used in the Stroock-Varadhan criterion

We now define the moment and boundary quantities which are used in the Stroock-
Varadhan criterion. We follow the notations of Stroock and Varadhan [1971a]. Our
discrete time Markov process X,,(t) has time increment hn = gn and transition kernel

In(x, A) = p(Xn(t + 1) E A|Xn(t) = x) = 'Xn n An B(xEn(X))I
jXn n B(x, En(x)) I

for x E Xn, where we recall that X,, n B(x, En(x)) = NBn(x).

The moment quantities in Stroock and Varadhan [1971a] are the discrete time
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drift b,, diffusion a,, and tail a coefficients, defined for x E X, by

a (s, x) = ( I i)(y -x)H(,dy) = YENBn(x) INBn(X)I

1 1 y- - X-
b'(s,x) = (y i -rI) (x, dy) = - x

yENBn(x) INBn(X)I

An,a(S, X) = Iy - XI"'rH(x, dy) = N B ( )2
yENB,(x)

The boundary conditions are specified by -y and p, where we recall that p 0. We
note that -y has the alternate expression

7y(s, x) = C,(x) lim En()-1 y dy,
ly1<En(x) Pen(x)(x)

where p,(x) = f 1<, p(x+ y)dy for a normalization factor C(x). Define Jo = {(t, y)

p(t, y) = 0} and J1 as its complement. In our setting, Jo = OD and J is empty.

Remark. In the definitions above, we have included possible time dependence in
all quantities to be consistent with the notation of Stroock and Varadhan [1971a].
However, all processes we consider are time-independent, so this dependence will not
exist in our case.

A.2.3 Statement of the Stroock-Varadhan criterion

We now state two theorems of Stroock-Varadhan which together imply the conver-

gence of X,(t) to Y(t) in D([0, T], U) for any T > 0. These theorems will depend on
several conditions which we label A-E and F1-4 and check in the next subsection.

Remark. By Whitt [1980, Theorem 2.8], convergence in D([0, T], V) for all T > 0
implies convergence D([0, oc), D). Further, by [Ethier and Kurtz, 1986, Theorem
4.9.12], this implies weak convergence of the stationary measures of X"(t) to the
stationary measure of Y(t).

The first theorem yields tightness of measures of X,(t) on Skorokhod space.

Theorem A.2.2 ([Stroock and Varadhan, 1971a, Theorem 6.1]). Suppose a discrete
time Markov process Xn(t) satisfies the following conditions.
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A. (bounded tail mass): For some a > 0, as n -+ oc, we have

sup sup An, (t, X) - 0.
O<t<T xEG

B. (all large drifts are reflections): There exists M and c such that for all n > no,
jbn(t, x)| > M implies (VO(x),b.(tx)) > C.

C. (bounded drift outside boundary): For every 6 > 0 there exists some Mj < oo
such that for all n > no, |b,(t, x)| > MI implies O(x) < 6.

D. (bounded diffusion): There exists M < oo such that for all n > no,

sup sup IIan(tx)II < M,
O<t<T xEG

where I | denotes the Frobenius norm.

Then, the family of distributions Pxn induced by Xnx(t) over trajectories is condition-
ally compact in D([0, T], D). Moreover, any weak limit of these is concentrated on
the subset C([0, T], U) C D([0, T], D).

The next theorem yields convergence of Xn(t) under convergence of the moment
quantities and some regularity conditions on the boundary.

Theorem A.2.3 ([Stroock and Varadhan, 1971a, Theorem 6.3]). Suppose Xn(t)
satisfies the following.

E. (convergence of coefficients): Drift and diffusion coefficients an and bn converge
uniformly on compact subsets K C [0, T] x D to some a and b.

Fl. (reflectivity at absorbing boundary): Given (t, y) E J1 and E > 0, there ex-
ists no < oo, 60 > 0 such that if |t - sI < 60, |x - y| < 60, n > no and
(VO$(x), an(s, x)V$(x)) < 60 the following hold:

Ian(sx)I < E and Ibn(s,x) - p- 1(t,y)(t,y)I < E.

F2. (bounded drift under absorption): Given (t, y) C J there exist Mo < oo and
6o > 0 such that if |s - t| < 6o and |y - xI < 6o, then

Ibn(s,x)I < MO for all n.
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F3. (drift dominates diffusion on reflection): Given (t, y) E Jo and M < o there
exist 60 > 0 and no < oo such that if |t - s| < 60, x - y| < 60 ,n > no, and
(Vq(x), an(s, x)VW(x)) < 6 0, we have

| b (8s, X)| > M.

F4. (drifts at boundary simulate reflection): Given (t, y) E Jo and e > 0 there exist
60 > 0, n < oo and M < oo such that if |s - t| < 6o, x - y| < 60 ,n > no, and
|bn(s,x)I > M, then

bn(s, x)
(bn(s, X), VO(W)

Then any weak limit Y(t) of Xn(t) in D([O, T], D) solves the submartingale problem
for a, b, p, and -.

Finally, we state a criterion for uniqueness of solution to the submartingale prob-
lem for a, b, p, and -y.

Theorem A.2.4 ([Stroock and Varadhan, 1971a, Theorem 5.8]). Suppose a, b, p,
and -y are time independent and satisfy the following conditions.

1. a is continuous, symmetric, and positive definite on D;

2. b is bounded and measurable;

3. -y is bounded, locally Lipschitz, and on OD satisfies

(-Y(x), 7(x)) ;> > 0;

4. p(x) is bounded, continuous, and non-negative.

Then the solution to the submartingale problem for a, b, p, and y is unique.

Combining Theorem A.2.2, Theorem A.2.3, and Theorem A.2.4 yields the follow-
ing conclusion.

Corollary A.2.5. Suppose that Xn(t) satisfies the conditions of Theorem A.2.2,
Theorem A.2.3, and Theorem A.2.4. Then Xn(t) converges to Y(t) in D([0, T],D).

Proof. By Theorem A.2.2, some subsequential limit of Xn(t) exists. Theorem A.2.3
implies that any such limit is a solution to the submartingale problem for a, b, p,
and 7, so the uniqueness of Theorem A.2.4 yields the desired result. D
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A.2.4 Verification of the Stroock-Varadhan conditions

We now verify each of the nine conditions necessary for weak convergence. Conditions
F1 and F2 are vacuous because Ji is empty for us. We now verify each of the
remaining conditions.

Moment conditions

Theorem A.2.6 (Condition A). As n -÷ 0, we have

sup sup An,,1 (t, x) - 0.
O<t<T xED

Specifically, we have

An, 1(s,x) -+ lim f IY 3P(X + ) dy = 0.n-*ao hnj1 <Ien(X) PEn W W

Proof. From Lemma 2.3.2 with f(x) = 1x13. El

Theorem A.2.7 (Condition E). The sequences of drift and diffusion coefficients
an -+ a and bn -+ b converge uniformly on compact subsets K C [0, T] x G. More
specifically, the limiting quantities are

.1 p(x + y)aI3(s,x) -+ hm - yyy dyn-+oo hn fYI(X) Pen(x)( )

b'(s, x) iim - f yP(x+Y) dy.
n-+oo hn yI<en(x) Pen(x)(x)

Proof. From Lemma 2.3.2 with f(x) = x and f'i(x) = xjxj.

Boundary conditions

Theorem A.2.8 (Condition C). For 6 > 0, there exists Mj < oo and n0 so that for
n > no, |bn(t, x)I > Mb implies $(x) < 6.

Proof. On the compact set {(x) ;> 6}, bn(t, x) converges uniformly by Theorem
A.2.7 and Theorem 2.3.3 to }vP(x)-(X)2, hence is uniformly bounded on this set. 13

3 p(x)

Theorem A.2.9 (Condition D). The diffusion term an is uniformly bounded by some
M < oo so that

sup I|an(s, x)I < M.
s,x,n
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Proof. By definition the diffusion term

a1 (sx ) = 1i 1NB ( )|
yENBn(x)

is an average of numbers bounded by h" . This quantity converges to the bounded
function () as n -+ oc, yielding the result. 0

Theorem A.2.10 (Condition F3). Given (t, y) e Jo and M < oo, there exist 60 > 0
and no < oc so that if It-sl < 60, Ix-y < 6o, n > no, and (VO(x), an(s, X)V(x)) <
6o, then Ibn(s,X)I > M.

Proof. For any 61 > 0, by Lemma 2.3.2, we may choose no large enough so that for
all n > no and x E X, we have

||an(s, x) - a(s, x) I < 61,

which implies that

(VO(x), an(s, X)VO(x)) > - 1f) IV(x) 2*

Because F(y) > 0, we can choose 60 > 0 so that F(x) 2 is uniformly bounded away
from 0 on Ix - yj < 60, hence choosing 61 small makes the condition vacuous. E

Theorem A.2.11 (Condition F4). Given (t, y). E Jo and e > 0, there exist 6o > 0,
no < oo, and M < oo so that if It - s| < 60, Ix - y| < 6o, n > no, and Ibn(s,X)| > M,
then

bn(s, X)
(bn(s, X), Vq(x))

Proof. For any E > 0, fix M > 0 to be chosen later. Choose 60 small enough so that
if Ix - yj < 260, we have

p(x) - (y) (y-X).Vy) < C
p(y)

for some uniform C1. By Lemma 2.3.2 and the fact that |Vq(x) > 1 on OD and is
continuous, we may choose no large enough so that for all n > no and Ix - yj < 6o,
we have

0 en(x) < 6o;
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) - (x) 2 1 < C2 for a uniform C2 > 0;

" bn(s,) - E[bn(s, X)] < M/2 for x E Xn;

0(bn(s,x),Vc(x)) ~ (E[b,(s,x)],V(x)) < E/2 for x E Xn.

If bn(s,X) > M for n > no, then

JE[b,,(s, x)] I> M/2.

Now, orient the coordinate axes so that the first coordinate axis lies on the normal
vector from x to OD, and let T be the distance from x to OD. In this case, we
compute

E[bl(s, x)] = h-1 (z-i) z)JzEB(x,en(x))nD pEn(X) dy

En(x)- min{T, En(x)} 1 &1 p(X) En(x) 2 + T 2 + 03hn 6 p(x) hn

and for i > 1 that
1 OiP(X) En 04)

E[b (s, x)] = - (A.2)
6 p(x) h +

for error terms C3 and C4 independent of n. Choosing M large enough, we find

T < (1 - C5(M))En(X)

for a constant C5 (M) > 0 independent of n, which implies that

E[bl(s, x)] > C5(M)nx + 1 1p(x) en(X)2 + 2  03. (A.3)
hn 6 p(x) h +

Now, notice that -(s, y) is a vector purely in the normal direction to OD at y nor-
malized so that (y(s, y), VO(y)) = 1. Because the constants C3, C4 , C5 (M) in (A.3)

and (A.2) are independent of n, all terms in these equations aside from C5 (M)n()

scale to constants as we take no and M large, so E[bn(s,x)] becomes arbitrarily
close to a vector purely in the normal direction to D from j. Choosing 60 small
enough makes these vectors coincide up to error e/2, which gives the result when
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combined with the bound

b,,(s, x) E[b,,(s, x)] <E/
(bn(s, x), V(x)) (E[bn(s, x)], V#(x))

we obtained by taking no large. El

Theorem A.2.12 (Condition B). There exist M, c, and no so that for all n > no,
bn (t, x)| > M implies

(V#0(x),I bn (t, X))>
| bn (t,X)|I -

Proof. By definition, y(t, x) is uniformly bounded above by some Co. Now, by com-
pactness of OD = Jo, there exists some 3 > 0 so that each x E {#(y) < 6} has
a corresponding x' E 6D so that the conclusion of Theorem A.2.11 applies with
E = Co/2. Taking M = M6 and no from Theorem A.2.8 for this 3 and applying
Theorem A.2.11 yields that

(V#(x), bn(t, x)) >2
>- o|bn(t X)| - CO'

A.2.5 Completing the proof of Theorem A.2.1

By Corollary A.2.5, to complete the proof of Theorem A.2.1, it suffices for us to
compute the limiting terms a and b and to verify the conditions of Theorem A.2.4
for uniqueness of the submartingale problem. We begin by computing the limiting
a and b, for which we will need the following lemma.

Lemma A.2.13. For d > 2, let Bd(r) be the d-dimensional ball of radius r and

Vd(r) = Vdrd be its volume. As r -+ 0, we have

x'dx =(0 
n odd

JBd(r) 2Vd-1 rn+d o(r n+d n even

and

Ld x xdx = 0 if n odd.

Proof. If n is odd, both claims follow because the integrands are odd functions inte-

grated over symmetric domains. If n is even, for the first claim we compute

Id n xdx = j V_( r2 
- x2)xdx = 2Vd_1rn+d + o(rn+d). El

Bd(r) x Jr - 1(/
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Theorem A.2.14 (Drift diffusion coefficients). The limiting integrals for drift and
diffusion are

a (sx) = (6(X)2 + o(en(x)2) ! E(x)2

a'3(s, X) = ___________n h 2Vdlp(x)en(x)d + o(En(x)d) -+ 0

b(s, x) = 0 n (x)2 o(e (x)2) O ()2
n h Gp~x) 3p(x)

An 1 (x,s) = en(x)d+4p(x)V_1+ dK)) -+4 0
hn 2V_1P(x)En (X)d+O(En (X) d) (E _ inX 0

Proof. Because p is differentiable on D, for any x E D we have the Taylor expansion

p(x + y) = p(x) + y . Vp(x) + o(1y12)

of p at x, where the convergence is uniform on compact sets. For n large enough so
that the ball of radius &n(x) centered at x lies completely inside D, we can substitute
this expansion into the definitions of an and bn. Using Lemma A.2.13 to estimate
the resulting expressions yields

1 J<en(x) ylp(x) + y,2y- Vp(x) + y o(|yI2)dy
an (s, x) =j h p(x) + y - Vp(x) + o(jyj2)dy

1 2Vd-1p(X)E (x)d+2 + o(n(X)d+2)
hn 2Vdlp(x)En (x)d + o(En(x)d)

- En(X)2 + o(en(x)2)

a (s, x) =
1 JlYI<en(X) y'yjp(x) + yYjy -Vp(x) + yiyjo(lyj 2 )dy

hn YI<(xP(X) + y - Vp(x) + o(jyj 2)dy

1 O(En(X)d+2)
hn 2Vd-lp(x)en (x)d + o(& e(x)d)
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, and

1 fjiY<en(x) yip(x) + yiy - Vp(x) + yio(lyI 2 )dy
nsX) = h <n(X) p(x) + y- Vp(x) + o(jyj 2)dy

1 NVd1 2 x En (x)d+2 + o(En(x)d+ 2 )

hn 2Vd-lp(x)el(x)d + o(en(x)d)

S(1iP (X) En(x)2 + o(en(x)2)).
hn 3 p W)

Defining Sd(r) to be the surface area of a radius r ball in d dimensions, we find

1 (JyI<cn(x) yj3p(x) + yj 3p(x) + Iy| 3o(1y13)dy

hn Jj1 <e)p(x) + y . Vp(x) + o(ly1 2)dy

1 f n(X) r 3 Sd(r)p(x) + o (6(x)d+4)

hn 2Vd-lp(x)Ef(x)d + o(gE(x)d)
1 o(En(x)d+4)

hn 2Vd-lp(x)efl(x)d + o(En(x)d)

The result follows by taking the n -* oo limit in each estimate and recalling that h"
was chosen so that h- 1 En(x) 2 __+ n) 2 and hnl'E(x) 2+ -+ 0. The final convergence
is uniform on compact sets because the convergence of the initial Taylor expansion
was, each integration estimate preserves uniformity, and the limit h lEn(x)2 -+ *(X)2

is uniform over all of D.

Proof of Theorem A.2. 1. To prove Theorem A.2.1, it remains only to check the con-
ditions of Theorem A.2.4. Condition (1) follows because a(x) = jr(X)2 . I is a con-
tinuous multiple of the identity. Condition (2) follows because b(x) = } (X)2

is evidently bounded and measurable. For Condition (3), -y is evidently bounded,
locally Lipschitz because it is a normalized vector normal to the smooth OD, and
('y(x), Vq(x)) = 1 by definition. Finally, Condition (4) is evident because p = 0. E

A.3 Generalizing to metric graphs

In this section, we give details on how to generalize our results for En(x)-ball graphs
to isotropic metric graphs. The approach is exactly parallel; we verify the conditions
of the Stroock-Varadhan criterion and consider the limiting rescaled stationary dis-
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tribution. We give in this section the necessary estimates of the minimal degree and
the drift and diffusion terms. We first present a technical lemma.

Lemma A.3.1. For d > 2, Let Sd(r) be the d-dimensional shell of radius r and
Vd(r) = Cdrd be its volume. As r -+ 0, we have

x (dx 0 n odd

Sd(r) 4_1 (n + d) rn+d-1 ) n even

and

x ) x"dx = 0 if n odd.
J sd(r) 

j

Proof. This follows by differentiating Lemma A.2.13.

Let us now consider an isotropic metric graph model with kernel function h(r).
In particular, this implies that there is an edge from xi to xj with probability h(|xj -
xjIEn(xj)-1) and that

j h(r)rd- 1dr > 0.

We characterize the minimal out-degree in this setting.

Theorem A.3.2 (Minimal out-degree). For an isotropic metric graph with kernel
h(r) satisfying (*), we have the almost sure convergence

X B,,(x)) + C(h)p(x)
| X, n B (x, E,,(x))|I

for a constant C(h) independent of x and n, which implies that the minimal degree
INBn(x)I = w(n 2 /(d+ 2) log(n)d/(d+2 )).

Proof. The out-degree of a vertex is the independent sum of binary variables, each
with probability h(Ixi - xi 1En(xi)-_), so Kolmolgorov's strong law yields

_nW a - NBn(X)l _+ E n|X- NBn(X)l

| Xn n B (x,-n (X ))| | I j, n B(x, En(x ))|_

Let y(r, 9) be the radial representation of y and let C = 2Cd+1(n+d) be the constants
n+1
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in Lemma A.3.1. The desired expected value is the integral

p(x + y)h(Iyjen1(x))dy
yEB(X,6n(X))

~ en(x)-d
p(X -d yEB(x ,En(X))

En(x x)d j
En(

+ (XEn(x) -d 1
En W

(p(x) + Vp(x) -y)h(jyjEn1(x))dy

(p(x) + Vp(x) -y(r, 0))h(r)dydO
d(r)

h(r)rd-ldr

The latter term is zero by Lemma A.3.1 since it is the integral of the odd function
y(1, 6) over a symmetric domain. Now take the substitution s = r/En(x) to obtain

E [ En(x) -| NB(x| ' = Cp(x) h(s)sd-lds.
24n n B(x, En(X))I_

The Kolmogorov strong law provides concentration around this value. Noting that
En(X)d = W(n 2 /(d+ 2 ) log(n)d/(d+2 )) gives the asymptotic claim. l

Since Theorem A.3.2 guarantees that asymptotically we achieve the necessary
minimal number of points, and h(x) is zero for x > 1, Lemma 2.3.2 applies to
show the moment conditions in the Stroock-Varadhan criterion. For the boundary
conditions, note that C, D, and F3 only require convergence of coefficients in Lemma
A.3.3 to those in Theorem A.2.14. Conditions F4 and B rely on two facts, the uniform
convergence of coefficients given by Lemma A.3.3, and the asymmetry induced by
the boundary (A.3), the proof of which is parallel to the one given for E-ball graphs.
Therefore, to complete the proof the generalization, it remains only to compute the
limiting drift and diffusion coefficients.

Lemma A.3.3 (Polynomial integrals with respect to kernel). Under the same con-
ditions as Theorem A. 3.2, for any positive integer a we have

y'p(x + y)h(jyjE 1 (x))dy ~ V(h, a)
i n fJyEB(x,En,-(x))

yip(x + y)dy

as n -+ oo for a constant V(h, a) independent of n with V(h, 1) = V(h, 2).
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Proof. Perform the same Taylor approximation and radial decomposition as in The-
orem A.3.2 to obtain

JyEB(x,en(x)) yip(x + y)h(jyjc 1 (x))dy

~% En(x)
yi(r, 0)'(p(x) + Vp(x) -y(r, 9))h(re-J(x))drdO.

iOESd(r)

For a an odd integer, by Lemma A.3.1 we have

jy'p(x + y)h(IyKE- 1(x))dy
JyEB(X,En(X)) 

n

en(x) h(r
= ( r

= pi~x W f 1

E-1 ())ra+d yi(l, 0)'Vp(x) -y(1, 9)drd
JOESd(1)

h(r)ra+ddren (X)a+d

~ V(h, a) j y'p(x + y)dy

for

V(h, a) = (a + d + 1)

If a is an even integer, we have

J yp(x + y)h(jyje-1(x))dyyEB(x,en(x))

h(rej (x))ra+d-
1

OESs(1)
yi(1, 0)'p(x)drd9

h(ren1(x))rc+d-1dr
OESd(1

h(r)ra+d-dr j

ypp(x + y)dy

yi(l, )ad9
)

yi(1, 9)0 d9
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~ jen(x)

= p(x) /

= p(X)En(X)+

~ V(h, a) JEB(x,6n1

fO~~)yi(1, O)a+1dO



for

V(h, a) = (a + d) J h(r)r'+d-ldr. E

The limits of drift and diffusion terms in Theorem A.2.14 depend only on ratios
of these integrals for a = 1, 2, so applying Len'ima A.3.3 shows that the limits for
isotropic metric graphs are identical to the ones for E-ball graphs. The remainder of
the analysis proceeds unchanged.

A.4 Recovery of distances via ball-radii

We will prove that given the ball radii Ec(xi), we can recover point-to-point distances
if xi are located in a convex domain. Otherwise, we recover the geodesic distances.
Our goal is to show that for any points xi and xj, the weighted shortest path distance
dij between the points on the graph G, where outgoing edges are weighted by Ec(x)
converges to the distance |Xi - zjI.

A.4.1 Outline of proof approach

We proceed in two steps. First, we consider the case when Ec,(xi) is known exactly.
In this case, the weighted shortest path is an upper bound on the true distance. We
bound its weighted distance dij by constructing a path whose weighted distance is
close to the geodesic distance.

To control the upper bound, we show that there exists a 6 that converges to
zero faster than minxi En(xi) while still guaranteeing that every ball of size 6 in the
domain contains at least one point. Once we find such a 6, the upper bound will
follow. Indeed, if we are at some x, we can always find a point that whose distance
from our target x3 is smaller by at least Ec(x) - 6. This gives an upper bound on
the number of steps in our path and therefore the total error.

Second, we assume that we are given noisy estimates of F(x) from our algorithm
via the stationary distribution. We use uniform convergence of F(x) to control the
overall pathwise error.

We give a detailed analysis of each step in separate subsections below.

A.4.2 The case of exact knowledge of en.

We begin with two lemmas allowing us to construct for each pair of points i, j a

point k along which to start a path from i to j.
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Lemma A.4.1. Let 6, = Q(n-d ). For any set of n2 balls with radius 6,, all n2

balls will have at least one point of X, with high probability.

Proof. The number of points N(x) in a ball of radius 6, follows a binomial distribu-
tion with n draws and success probability

p5"(x) = p(y)dy ~ Vdp(x) 6n.

Therefore, the probability that N(x) = 0 is

P(N(x) = 0) = (1 - pn(x))' = ((1 - P(x) ) P6n(x)- )6n W n(X)

if n6n -+ oc. Recalling that 6n = Q(n-dNl ),this implies that

npbn (x) ~ nd+

and in particular that P(N(x) = 0) = o(n-2 ), so taking the union bound over all n2

balls yields the result.

Lemma A.4.2. Let 6n = Q(n-di). For all i, j, there exists Xk E B(xi,en(xi)) such
that

(Ixi - xj| -|xk - xI) -xi -x I 26, and Ixk - Xi| - En(Xi) 26n.

Proof. Let v = 3 X and consider the n2 balls

Bj = B(xi + v(Fn(xi) - 4n), 6n).

By Lemma A.4.1, there must exist with high probability at least one point of Xn in
each Bij. Any such Xk E Bij verifies the desired conditions. 0

Theorem A.4.3. Let xi, x3 E Xn and dij be the weighted shortest path distance over
the weighted graph G constructed from Gn by assigning weight En(xi) to all outgoing
edges from xi. For any E > 0, there exists an n such that

|xi - x W - dit < E.

Proof. Take 6n = E)(n--N--). We show that with high probability, there exists a path
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with M steps whose weighted path distance d satisfies

lxi - xj 1 < d < lxi - xj I + 2M6, + max E(x)

and so that limn, M6, = 0. The result then follows because dii < d.
To construct such a path from xi to xj, we apply the following procedure. Start

at the point xi. If the current point is Xk and x2 E B(Xk, En(Xk)), move to it and
terminate. Otherwise, pick a point x, E Bkj and repeat until x3 is reached.

The lower bound holds because each edge weight is at least its length. For the
upper bound, by Lemma A.4.2, moving to x, reduces the geodesic distance to xj by
at least lxk - X11 - 26n and moves a weighted distance of En(Xk) < IXk - Xil + 2 6n.
Thus, if our path has M steps, the difference between our weighted distance and the
geodesic distance is at most 4M6n + max, e (x), where we add the weighted distance
of the last step. This gives the upper bound.

It remains now to bound M. For this, notice that the geodesic distance to xj
decreases by at least minexE, En(x) - 2 6n at each step, leading to the bound

M < x j
minzexE En(x) - 26n

Recall now that 6n = e(n-di) so that E,(x) = w(6n) and hence

Mn -= 0. E
minzexE (X") - 1

A.4.3 The case of stochastic estimates of E,

We now consider the case where we are given only an estimate s (x) of e, obtained by
first estimating e(x) via the stationary distribution and then applying a normalization
to obtain n(x) on Xn. We first control the error in ' (x) along a single path.

Lemma A.4.4. For k1 = i and k1n = j, let Xk 1 ,... , Xk 1 be a path between i and j
in Gn. If ln = On1), we have

(|E-n(Xk) - En(xk)| -+ 0

i=1

in probability.
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Proof. By uniform convergence of the stationary distribution and continuity of the
out degree estimate p(x)efl(x)Vd = k/n, for all y and 6, we have

P sup -(X) >y <o

for large enough n. This implies that

P sup |E'(X) -En(X)l >79n <6.
(xEX /

Now notice that

1n

P E (xki) - En(xk)I > < (p n sup |E'n(Xk) - en(xk)I > 7)

By assumption, the number of steps in the path is 4n = O(gg). Therefore, there
exists a constant M > 0 such that

P ( |(xki) - en(Xk) I > y < P sup In (X) - en(x)I > MYn) < 6,
i=1X

from which the claim follows by choosing n large enough.

We now show that the shortest weighted distance path recovers the geodesic
distance with stochastic estimates 'n(x) instead of the true values. Our approach is
the same as in the deterministic case; we will construct a weighted path and show that
its weighted distance converges to the geodesic distance and is close to the weighted
distance of the shortest weighted path. Let di denote the weighted distance of the
shortest weighted distance path from xi to xj.

Theorem A.4.5. For any E > 0, there exists n such that

|ixi - xj| - djj <,F

with high probability.

Proof. Let 6 = e(n-d4 ). For any -y > 0, we show that for large enough n, with
high probability there exists a path from xi to xj with M steps whose weighted path
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distance d satisfies

d xi - xiI+4M& +- + max F,(x). (A.4)

Construct the path as in Theorem A.4.3 with En(x) replaced by '(x).

We now analyze its weighted distance. Arguing as in Lemma A.4.2, a step from

Xk to xi which is not the last step in this path reduces the geodesic distance to xj by
between iXk - XiI - 26J and IxXk - xi. On the other hand, this step has a weighted
distance of ' (Xk), which satisfies

Ixk - xi - 26n - |1(xk) - E,(xXk)l < n(X) < |Xk - xi| + In(Xk) - En(xk)|.

Therefore, the geodesic distance traveled and weighted distance d along our con-
structed path differ by at most

M-1

E n(xk) - en(xki+,)l + 4M6n

in the first M - 1 steps. By arguing as in the proof of Theorem A.4.3 with en(x)
replaced by ' (x) and noting that s'(x) converges uniformly to &n(x), the number

of steps in the constructed path satisfies

1x XI< M < .x j (A.5)
maxx En(x) minx En (x) - 26n

In particular, we note that M = O(gn-). Applying Lemma A.4.4 to choose n large

enough so that
M-1

i -n(Xki+l)<

and adding maxzxEs En(x) for the last step yields (A.4). Noting by (A.5) that M&n -
0, taking large enough n in (A.4) shows that di < d < xj - xjI.

We now show that ij ;> jxi - xj I. It suffices to show that the length L of the
shortest weighted distance path must be L = O(g- 1), as Lemma A.4.4 would then
imply that its weighted distance with respect to En(x) converges to its weighted
distance with respect to En (x), which is bounded below by Ixi - xj .

To bound L, note that the minimum weighted distance at each step is minxex" En(x),
while the total weighed distance is at most d. Therefore, by (A.4), we obtain that
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for any -y > 0 we have

L min ?,(x) <xi - I + 4M& + 7 + max (x)
xEXn xEXn

for large enough n. By uniform convergence of ' (x) to E"(x), this shows that for
any -y > 0 we have

I Xi - Xj I+ 4M&n + - + maxxexn ' (x) _L < =n O(g,)
mlrxon En(x) y is

for large enough n, yielding the desired.
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Appendix B

Metric estimation

B.1 Uniform equicontinuity of the marginals

We discuss condition (*) stated in the main text. We conjecture and assume that the
following technical condition holds on all metric graphs. Note that as shown in Corol-
lary B.2.6 this is a strictly stronger condition than Conjecture A.1.1 in Appendix A,
which is necessary due to the fact that we are looking at individual trajectories of
the stochastic process.

(*) For t = e(g- 2), the rescaled marginal density nqt(x, xi) is a.s. eventually
uniformly equicontinuous.

To make the terminology we use in (*) clear, we rephrase it as follows.

Definition 7 (Condition *). If t = E(g2), with probability 1, for any 6 > 0, there
exist -y > 0 and no so that for n > no, anyXk c Xn, and any xi, xj E Xn with
|xi - xyjI < ', we have

|nqt(xi,xk) - nqt(xj,xk)I < 6.

This statement allows us to convert the weak convergence in distribution ensured
by Theorem C. 1.1 and the results of Stroock and Varadhan [1971b] to the convergence
in density required by Corollary B.2.6. Such a statement rules out the possibility that
the density function qt (x, xi) oscillates at frequencies increasing with n as n -4 oc.
Controlling regularity of t (x, xi) seems to be a critical ingredient for approaching
(*).

In the case of an undirected graph, (*) follows from results in the literature.
The strong local limit law for simple random walks shown in Croydon and Hambly
[2008a] yields an even stronger result than (*). In addition, in the same setting,
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the convergence result for spectral clustering of [von Luxburg et al., 2008] yields an
equicontinuity result for eigenvectors of the Laplacian which implies (*).

However, for directed graphs no such result exists, and non-reversibility of the
Markov chain seems to be an obstacle to proving such a result. Some results on
utilizing the directed Laplacian as a smoothing operator Zhou et al. [2005] exist in
this direction. We believe these techniques could lead to an approach to (*) but thus
far they have not yielded a sufficiently strong equicontinuity result.

One consequence of equicontinuity is that convergence in distribution implies
convergence in density. We prove this for the marginal distribution (Xk, i) of Y-
for the purpose of Theorem 3.2.5, following the original strategy in Appendix A.

Lemma B.1.1 (Convergence of marginal densities). If tag, = ?= E(1), then under
(*) we have

lim nqtn(x, x) = i{xXj)
n-+o p(x)

where the convergence is uniform in x and xi.

Proof. The a.s. weak convergence of processes of Theorem C.1.1 (which is uniform in
xi) implies by Ethier and Kurtz [1986, Theorem 4.9.12] that the empirical marginal
distribution

n

d pn = Eqt (i Xi)j
j=1

converges weakly to the marginal distribution dp = {x, xi)dx for Y. For any x E X
and 6 > 0, weak convergence against the test function IB(,,3) yields

E qtn (y, Xi) -+ try, xi)dy.
YEXn,IY-XI<95fu6<

By eventual uniform equicontinuity of nqt(x, xi), for any e > 0 there is small enough
6 > 0 so that for all n we have

S qtn(y,x ) - jX nB(x,6)jqtn(XXi) < n-1jX nB(x,6)je,
YexnIY-x\<6
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which implies that

lim qn(x, Xi)p(x)n = lim lim V-h--nqt,(x, xi) p(y)dy
n-+o 6+0 d fy-X1K

= lim lim - = lim VN--d 4 gy, xi)dy = ^qJx, xi).
6-+0 n-+o 6-+0 fl--go6

We conclude the desired

lim nqt(x,,xi) = ,
n-+oo p(x)

where uniformity in x comes from (*) and uniformity in xi comes from uniformity of
Theorem C.1.1. 

B.2 Hitting times

In this section, we prove Theorem 3.2.5 (restated as Theorem B.2.11) to generalize
the result of von Luxburg et al. [2014] on degenerate behavior of hitting times via

Lemma 3.2.2. Our proof consists of two parts. First, we show that by Lemma 3.2.2
we can make the random walk mix before hitting any point. Next, we use this to show
that if the chain is sufficiently mixed, then the expected hitting time is degenerate.

B.2.1 Typical hitting times are large

In this subsection, we give a complete proof of Lemma 3.2.2, reproduced here as

Lemma B.2.2. Recall that Ti is the hitting time of Y from xi to a domain E C D.
We will require a more general version of the Feynman-Kac theorem.

Theorem B.2.1 ([Oksendal, 2003, Exercise 9.12] Feynman-Kac). Let Zt be an It6
process in Rd defined by

dZt = p(Zt)dt + o-(Zt)dBt.

For a function V(x) and TL the hitting time to a domain E C D, the function

u(x) = E e- fE V(ZS)ds]

is the solution to the boundary value problem

- Tr[oTHua] + p(x) - Vu - V(x)u = 0
2
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with boundary condition u|DE = 1-

Lemma B.2.2. For x, y E D, d > 2, and any 6 > 0, there exists s > 0 such that
E[e-TB(,8] <6.

Proof. We use Feynman-Kac to compare E[e-B(s)] for the general process to that
of Brownian motion. By Theorem 3.2.1, u,(x) = E[e~T (y,)] satisfies the boundary
value problem

Au + 2Vp(x) -Vu, - 2u,8 (x)- 2 = 0

with u I B(y,,) -1. This is equivalent to

10[()aS 2 usp(X) 2  0.Bipx2;s - -u = 0.

Set v8(x) = p(x)u8 (x) and change variables to obtain

([p(x )8v - V(x)iP(x2)] - - = p(x )- Ap(x-)v - V 0,(a~wav s~~i~xl-d (X)) )AS-Px(S- ) 2

which is equivalent to

Av 8 - (An) + 2r(x) -2 v = 0

with boundary condition v, aB(y,,) = 1. Theorem B.2.1 for V(x) = + 22(x)-2
implies

v,(x) = E [e- fo' p(Br) +2(B,)-2dr

for Bt Brownian motion started at x and T'B y,,)the hitting time of Bt to B(y, s).
For a constant C depending on p and 2, we have

us = v8(x) < E[e-C(y,)].u()-p(x)

Applying Lemma B.2.3 with this C implies u,(x) < 6e-c, as needed. E

Lemma B.2.3. For x, y E D, let Bt be a Brownian motion with reflecting boundary
condition in D started at x and Tix(y,,) its hitting time to B(y, s). Then for any
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sufficiently small C, c, 6 > 0, there exists some s > 0 so that

E[e-CT(Y,) < 6e-c.

Proof. Fix c > 0 and 6 > 0 small enough so that e-c6 < 1/10. If Ix - yj = p, by
Theorem 3 of Byczkowski et al. [2013], the probability density of TL(,,,) started at x
if there were no outer boundary is bounded by

s 3 (p se- e
p(t) < C1 pt3/2

for some constant C1.
Choosing constants: We claim that we can choose s, p, and r
so that:

with r > p > s > 0

(a) B(y, r) is contained entirely in the domain D;

(bl) 2-d > max{1/2, _-el} if d > 2;r2-d_2d > x - }fd 2

(b2) log r-log p > maX{ 1/2, 1- if d - 2log r-log s 2- -

(ci) Cisd (C-1 + 00 ud/2-2e-(p-s)2udu) < 6e-c if d > 2;

(c2a) Cis2 fI e-C (ps + t) 1 / 2dt < 16e-c if d = 2;

(c2b) Cis 2 (ps + 1)1/2 f 1 t-3/2e-(p-s) 2/2tdt < 16e-c if d = 2.

For d > 2, we have that

F(d/2 - 1) )2-d

(p - S)d-2 -=( -) 1
Xd/ 2 -2e-xdx =

0 
0

-2I ud/2-2e-(p-) 2 udu.

Then for p = 2qr and s = qr, we have that

r2-d _ P2-d 1-2 d-2 qd-2 d-2 d-2
r2-d _ S2-d d-2

and that
l'(d/2 - 1) 2r(d/2 - 1)
(P- s)d2
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{ ((t/s2)d3 + (p/s) )-1 d > 2
(p/s+t/s2 )/ 2 (1+og(p/s))

(1+log(1+t/ps))(1+log(p/s+t/s2 )) d = 2

u d/2-2 e-(P-s)2d >



Therefore, sending r -+ 0 and q -+ 0 gives a choice of r > p > s satisfying (a), (bi),
and (ci) as needed.

For d = 2, notice that for t = u-1, we have

/I 1t-3/2e-(p-)2 /2tdt = J 00
u--1/2 e-(p-) 2 /2du.

Observe now that

(p-s)--F(1/2) = (p-s)-

whence we conclude that

00

t- 1 / 2 e-tdt =

0O o 00

C, 2V/ -+ 1(1/2) > CIS2;(ps + 1)1/2
P- s 01

Again choose p = 2qr and s = qr, for which we obtain

Cis 2 (ps + 1)1/2 Io
1

t-3/2e-(p-8>2/ 2tdt < C 1 F(1/2)qr 4q2r2 + 1.

Sending q and r to 0 then yields r > p > s satisfying (a), (b2) because q -+ 0, (c2a)
because s -+ 0 and (ps + t)1/2 < (1 + t) 1 / 2 , and (c2b) by the estimate above.

Bounding the Laplace transform: Having chosen r > p > s > 0 with the desired
properties, we have for any z E D that

E[e-cT (Y,)] < max E[e-CT(ys)]
Ix-yI=p

Our strategy will be to bound E[e-CTL(Ys)] for any x with Ix - yj = p. Fix such
an x. Let E be the event that the walk hits B(y, s) before B(y, r). By Theorem
3.17 of M6rters and Peres [20101, the probability of E is r'2-'_22_ if d > 2 and
logr-logp if d = 2. By our choice of parameters, this probability is at least P(E) >log r-log s

max{1/2, 1-e-c _}.

Let E'[e-CT(Y,,)] denote the case where there is no outside boundary. For d > 2,
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we have

E' [e-CT(Y')] < C1 sd j

< C1 sd (C-

< C1 sd (C-

1
< -6e-

4

by the choice of s and p. For d = 2, we have

Io 1t-d/2e-(p-s)2/2tdt)

+ ud/ 2-2-(p-s)udu10

< C1s 2 j eCt-3/2e-(p-S)2/2t(ps + t)1/2 4e-

again by our choice of s and p. Conditioning on E, we find that

E[e-CTL(y,s> E] < P(E)- E'[e-C(Y)] < e-
2

This implies the desired

E[e-CTL(Ys)] < P(E)E[e-CTL(Ys)] + (1 - P((E)) < 6e-c.

B.2.2 Exponential mixing on metric graphs

In this subsection, we show that mixing rates are exponential on metric graphs as
assuming (*).

Lemma B.2.4 (Uniform Doeblin condition). Assuming (*), there exist a > 0 and
K < oc so that for some no > 0 and to > 0, we have for n > no and t > to that

1. minx,E , qLem B] (x, xi) > w;

2. maxxwis qt-g2 nx i)

Proof. By Lemma B. 1. 1, assuming (*) we have nq n 2] (X, Xi) -+ 4tx, xi)/lp(x), where

convergence
that for n >

is uniform in x and xi. Therefore, we may choose no > 0 and to > 0 so
no and t> to, we have for any x, xi E Xn that

min qx,xi)/p(x) < nqn 21 (x, xi) < max 4(x,xi)/p(x),
x,xjGD F9 x,xiED
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where the first and last quantities are well-defined by compactness of D. Taking

1
a = - mn q(x, y)/p(x) and K = 2 max q(x, y)/p(x)2 X,yED X,yED

thus fulfills the desired conditions.

Theorem B.2.5. Then we may choose to, no > 0 and C, / > 0 so that for t > to,
n > no and xi, x E An, we have

jq' 2](x, Xj) - irxn(x)I < C exp(- it)rxn(x).

Proof. By Lemma B.2.4, the family of processes Xt" satisfies the uniform Doeblin
condition of Eloranta [1990, Section 2.8]. The claim follows by the consequences for
exponential mixing given in the analogue of [Eloranta, 1990, Theorem 2.7]. El

Corollary B.2.6. Assuming (*), the rescaled stationary distribution nlrxn (x) is a.s.
eventually uniformly equicontinuous.

Proof. Choose a, K,t1 , ni by Lemma B.2.4 so that for n > n, t > tj, we have

a K
n < q g21 (x, Xi) < n.

Choose C, 3,t2, n2 by Theorem B.2.5 so that for n > n2 , t> t2 , we have

Iq" n21 (X, Xj) - rXn (X) I< C exp(- )?rxn (X).

Thus, for n > max{ni, n2 } and t> max{ 1,t2}, we have

CK
q 21 (x, Xj) - irxn(x)| < C exp(-3)rx,(x) < exp(-3i). (B.1)

Now, for any -y > 0, choose no > max{ni, n2} and to > max{t1, t 2} large enough and
6 > 0 so that

* - exp(-i) < /3;

* by eventual uniform equicontinuity of nq to21 (x, xi), for n > no, if Ix - y <6,

then

Inq[tg21 (x, Xj) - nqtg2 2(y, xi)| </ 3 .
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Now, for n > no and Ix - y < 6, we find that

in7rxn (x) - n7rxn (y) < nq" 21 (x,, X) - nq g-2 1 (y, Xi) + Inq[g2 1 (x, Xi) - nirxn ()

+ Inqg21 (y, xi) - n7rxn (y)I

2CK
< -/3 + exp(-#to)

where we apply (B.1). This implies that n7rxn(x) is eventually uniformly equicon-
tinuous, as needed. L

B.2.3 Expected hitting times degenerate to the stationary
distribution

For any xj, let 7r' n be the stationary distribution of the simple random walk on the
graph G' formed from Gn by removing xj and all edges incident to it.

Lemma B.2.7. Assuming (*), the rescaled stationary density n7r' n() is a.s. even-
tually uniformly equicontinuous and satisfies

lim n7r' ,(x) = '7r(x).
n-*oo

Proof. Let q'(x, xi) be the marginal distribution of the simple random walk on the
modified graph G'. Because G' is also a metric graph, by Theorem 2.3.4, the time-
rescaled simple random walks on G' and Gn converge to the same continuous-time
It6 process, and we have under (*) that

liM n7r'Xn(xi) = 7r(xi),
n-+oo

where the convergence is uniform in xi. l

Lemma B.2.8. There exist to > 0, no > 0, and C, 3 > 0 so that for all t > to and
n > no and any integer t > tg- 2 , we have

Pt T =tTx ;> t) -n x < <Cexp(-pg)
XENB'n(xj)

Proof. By Theorem B.2.5, we may choose to > 0, no > 0, C1 > 0, and # > 0 so that
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for t > to and n > ni, we have

Iq'[? _1(x, xZ) - 7r'%1 (x) < C1 exp(-i)7r'3,(xj).

We claim that the desired result will hold for to and this no.

By definition, we have

P ( TX ,, = t|T, ; 1 (x,> x)

xENB'(xj)

from which we conclude that for t > tog- 2 we have

xr /n nZX qt-1 (X, Xj) -r'n X
3 nTs t | Tx',n > t -Nn(~ < - Nn("a'"~i (x'" -n (Nx()j~|Bx

-_ > t) -ENBn(xy) xENBn(xy)

< Ci exp(-3tgn)

XENB'n(y

|NBn"(xj)|I
< Ci exp (- Otgn) " n max 7r' I )

minx IN Bn(X)| I..X

We now show there exists C2 > 0 such that IN Bn(xj) < C2 almost surely due to theminx INBn(x)I
construction of gn and T. By the out-degree estimate of an isotropic graph Theorem

A.3.2, we have

IN~n(X) C(h)p(x)
|Xn n B (x,En (X))|I

for some constant C(h) independent of x and n. Further, since the number of points

in jXn n B(x, En(x))| ~ Pois(Ef(x)dVp(x)), we obtain for a constant 0 < C, < oc
dependent on p, Vd and C(h) that

-+ CX.

En (X)dn

For the denominator min NBn(x)1, the above limit immediately implies that minx INBn(x) E-dn-1 -
minx Cx > 0 by the lower bounds on p(x) and En(x).

For the numerator, note that by construction of T, for any 6 > 0 there exists

a n such that E,(x)-d < (1 + 6) maxx T(x)-dg-d almost surely. By the expecta-

tion in Theorem A.3.2, the out-neighborhood of a graph constructed with uniform
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scale max. r(x)gn asymptotically dominate the in-neighborhood of the original graph.
Therefore,

maxINB,(x)'" K(X)--gn-dn-' < max C(1 + 6) < oo.
x x

Combining the two bounds gives that

_NB,"(__)_ max ~C(X)dINB(x) <(1+).
minx IN B (X) I minx CxT(X)d

The ratio max Cx is bounded by definition of p(x), and therefore there exists C2 > 0min,, C.,

such that ImN B(x < 02 almost surely. Finally, by Lemma B.2.7, there existsminx INBn(x)I

C3 > 0 such that 7r' (x) C3/n for large enough n. The original statement follows
by setting C = C1C2C3. E

Lemma B.2.9. We have the limit

lim 1 1.
n-ooo INBn(X)I

xENBn(xB)

Proof. We will proceed through three estimates.

Estimating T(x) for x E NBi(xj): For a > 0, define ay = minx (x) > 0. We may
choose 6 > 0 so that if Ix - yJ < 6, then |F(x) - r(y)I < -y. Choose no so that if

n > no then gn maxx (x) < 6/2. For n > no, we find that for x E NB,"(x), we have

IX - j I en(x) < gn max (x) < 6
x

and therefore that

|K (x) - (xj) I < or min (x) < or(xj).
x

This implies that for n > no we have

(1 ar~y)< (X) < (1 + U) (Xj). (B.2)

Estimating INBn(x)I for x C NB'(xj): By Theorem A.3.2, we have

fmcd n fx C(h)p(x)
|xn n B(x, En(X)) I

for some constant C(h) independent of x and n. For any r > 0, we may therefore
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find some ni so that for n > ni we have

(1 - r)C(h)p(x)X. n B(x, E(x))j < INB(x)l < (1 +r)C(h)p(x)|Xf, nB(x, E(x)) .

On the other hand, by (B.2), for x E NB"(xj) and any o > 0 there is some no so
that for n > no we have

2X, n B(x, (1 - o-)En(xj))| < IX n n B(x, E,(x))I < IX , n B(x, (1 + O-)En(xi))I. (B.3)

Estimating INB"(x )|: By (B.2) and an analogue of the proof of Theorem A.3.2,
we have for x E NB,"(xj) that for any p > 0, there is n2 > 0 so that if n > n2 then

(1-p)C(h)p(x)jXnnB(x, (1-o-)En(Xj))j < IN B'"(xj)l < (1+p)C(h)p(x)|XnnB(x, (1+U-) E"(xj)).
(B.4)

Completing the proof: The conclusion follows by taking T, -, p --+ 0, choosing n
large, and combining (B.3) and (B.4).

Lemma B.2.10. The quantity On(xj) = ExENB (x) IN n(x)I satisfies

lim n9 n(xj) = '(Xj).
n-4oo

Proof. Fix a sequence of points Y1, Y2, ... in X with Yk E G' so that limk4 Yk = X3 .
Fix any 6 > 0. By Lemma B.2.7, we may find some no so that for n > no, for each
x E NB,(xj) we have

17rx' (X) - 7r' n(yn)| < 6/2.

This implies that for n > no we have

nO,,(xj) - n7r' n (yn) <( E |NBn(x)l 2 |NBn(x)|
xENB"(x,) xENB,"(xj)

The result then follows by Lemma B.2.9 and Lemma B.2.7. F

Theorem B.2.11. For any xi and xj, we have

E[T,nI 1

where the convergence is a.s. in the draw of X.
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Proof. By definition, we have

(B.5)

By Corollary 3.2.3, for any 6 > 0 and to > 0, there is some ni so that for n > ni and
we have ( > g) > (1 - 6). Define now Pt = (T, t T,> t);

by definition we have

> tgn2 Z tpt (1 -Pr ).
t=[rtn21 r= r-gn21

By Lemma B.2.8, we have for some n2 that for n > n2 and t > tog,-2 that

C exp(-3tg2)
|JA - On (xj | < n n

so in particular for 6 = j minTED 9(x) and r = 2 maxxED '(x), we have for some n3
that for n > n3 we have

6 < npt < r and 6 < nOn(xj) < T.

For n4 large enough that 1 - T/n4 > 6/n4 , for n > n4 we have

Pt r (1 -Pr ) - -(Xj)(1-)On(Xj))t 
2 1

r= tg 21

C exp(-orgn) n1

r=t'g 2]
at,

n

1 - e-/g T/n)tF l
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This implies that

E, T, > tg-2] t&n(xj)(1 - On(Xj)) -tgnl

t=fgn 21
00 C eOtf-n2_

C e-

n21 _ e-3g2
C e#

r(n--r)- e-n

where we note that for n > 2T, we have

C e-4 2Ce-O _1 _2 1 12.C _ e 2 < 20 n (g + - + g).
T(n - r) n " 2 12

Because limIO n-1 (g- 2 + } + -Lgn) = 0, considering n > max{ni, n 2 ,n3 , n 4}, we
conclude that

1 1 0

lim _E[T x,* T, > tg- 2] = r- t (Xj)( - On(Xj))- _F g
n-4oo n [T2tnTxon n_+0

t= )gn 21

1 1 - n(Xj) + On(Xj) [I-g --21=lim
n-+oo n On(Xj)

=lim =
n-+Oo n6n(Xj) 9(Xj)'

where the last equality follows from Lemma B.2.10. Now by (B.5), we conclude that

1 _1

lim -IE[T, - .l
n-+oo n r (- )

B.2.4 The case of one dimension

The Laplacian-based bounds in von Luxburg et al. [2014] suggest that the hitting
time should diverge even when the dimension of the underlying geometric graph is 1.
This is a very surprising result, since the continuous random walk in one dimension
converges to a non-trivial limit. We provide another explanation of this result in our
framework.
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Intuitively, this happens since we are concerned with the hitting time to a single
point, and the discrete random walk may jump over the point, while the continuous
walk cannot. To demonstrate this, we show that considering the hitting time to a
sufficiently large out-neighborhood of a vertex instead of the vertex itself fixes this
problem.

Pick xi, x3 E G., and let Xtn be the simple random walk on Gn. Suppose without
loss of generality that xi < xi and define

= inf min xi
n xiEXn

to be the left boundary of D. Pick a sequence of sets of vertices Sn C X" so that
every element in Sn is reachable from xj in o(g-) steps and the removal of Sn from
G. disconnects Gn. Let Ts be the hitting time to any point in Sn. We will use the
Feynman-Kac theorem for functionals of hitting time.

Theorem B.2.12 ([0ksendal, 2003, Exercise 9.121 Feynman-Kac). Let Zt be an Ito
process in Rd defined by

dZt = p (Zt)dt + c-(Zt)dBt.

For a function f(x) and T the hitting time to a domain E c D, the function

u(x) = E [J f(Z,)ds]

is the solution to the boundary value problem

- Tr[uTHuoa-+ p(x) -Vu + f(x) = 0
2

with boundary condition u|aE = 1

Theorem B.2.13. Such a sequence of vertex sets Sn always exists and the expected
hitting time E[Txn~] converges to a non-degenerate continuum limit defined by

E[Tgn p(y) 2 1 ' 2 dzdy.

Proof. First we prove a sequence S, exists. Take the set of points Sn = {Xk
Jxk - xjJ < cn} for a sequence cn with cn -+ 0 and cngn -+ oc. Let s be the

maximum shortest path distance to any element in Sn. Then we have s = o(gn)
since cn - 0 and the length of the shortest path between any two points scales as
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e(g;1). Therefore the set Sa, defined by all points whose shortest path distance to
xj is at most s fulfills the requirements.

Let Tij be the hitting time to x, of Y started at xi. Note that it is not infinite
because we have d = 1. By Corollary 3.3.3 and the fact that sgn1 -+ 0, we have

-> Tn T

Finally, by Theorem B.2.12 with f(x) = 1, the expected hitting time u(x) to x,
under the continuous process Y started at x is the solution to the boundary value
problem

1(x) 2u"(x) + F(x)2u'(x) + 1 = 0
2 p(x)

We may rewrite this as

p(x) 2u"(x) + 2p(x)p'(x)u'(x) = 2p(X) 2

after which integration of both sides and application of u'(y) = 0 implies that

p(x) 2U'(x) = - 2 2 dz.

Another integration and application of u(xj) = 0 implies that

u(x) = - )2 j 2 L2dzdy.
x.p(y)2 (Z)2

Setting x = xi then implies that

l i m E [ T % g ] = E [ -

[1 2 p z 2 S-+ ,ngl = [i Jxt p(y) 2 f- (Z) 2 dzdy.

For cases where the kernel function takes values in {0, 1}, such as the k-nearest
neighbor graph, the following corollary is useful.

Corollary B.2.14. Suppose that Gn is constructed by the kernel h(x) = 1[0,1]. Then
the expected hitting time of Xtn started at xi to the out-neighbors of xj converges to
the limit of Theorem B.2.13

Proof. From the fact that the out-neighborhood of xj satisfies the conditions for Sn
in Theorem B.2.13. 0
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Although this metric is nontrivial in the sense that it retains some information
about the latent space metric, it is still highly distorted. We examine this phe-
nomenon in the case of (x) = 1 and p(x) = 1 in the following Corollary.

Corollary B.2.15. If F(x) = 1 and p(x) = 1 in Corollary B.2.14, for any xi and
xj the rescaled expectation of the hitting time Txi of Xtn started at xi to the
out-neighborhood of xj has the limit NBn(xj),n

E [T~ i 2] _- |xj - xi| - |x + xi - 23|.

Proof. This follows by applying Theorem B.2.13 with our F(x) and p(x). D

Remark. Note that the boundary condition in Corollary B.2.15 induces a large
non-uniform multiplicative error. Because of this, the expected hitting time is not
consistent even in the ideal situation of a one-dimensional latent space with random
walk converging to Brownian motion. Compare this result with Theorem 3.3.4, which
shows a much stronger consistency property.

B.3 Computing the LTHT

Algorithmically, computing the LTHT can be done in two major ways: matrix inver-
sion, or sampling. For the results in the paper, we use the direct sampling method of
drawing a simple random walk and calculating the exponentially discounted hitting
time. This same computation can be performed using a truncated power method
Yazdani [2013, Algorithm 1].

Alternative approaches for computing the LTHT involve the following matrix
inversion method. Let P be the transition matrix for some random walk. Then the
LTHT E[exp(-3Tx, )] is given by

E[exp(-#Tx")] = (I - W exp(-O))-.

Note that this expression is a close discrete analog of Feynman-Kac (Theorem B.2. 1).
This relationship was used in prior work [Smith et al., 2014, Eq. 221 to calculate the
LTHT in a different setting and formulation. Correctness of this expression can be
seen via the series expansion which was computed as a normalizer for randomized
shortest paths [Frangoisse et al., 2013, Algorithm 2]. This method has been used to
calculate the LTHT in in prior work [Kivimiki et al., 2014].
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B.4 Reweighting the random walk

Recall that A was the adjacency matrix of Gn. In Corollary B.4.2, we give a
complete proof of Theorem 3.3.1 from the maintext.

B.4.1 General construction and application to Brownian mo-
tion

Let an(x) and bn(x) be scalar functions on A, with possibly stochastic dependence
on X, so that

lim a,(x) = -(x) and lim bn(x) = b(x)
n-40o n-+oo

uniformly in x for some deterministic d(x) and b(x).

Theorem B.4.1. If an(x) is a.s. eventually equicontinuous, U(x) is smooth with
bounded gradient, and b(x) is continuous and bounded in (0,1], the weighted random
walk Zt defined by the transition matrix

{> An "(x ) bn(xi) i 4 j
P(Z~i = x3 I Zt = xi) = E ENBn(xg) an(xk)

1 n -b(Xi)i=j

converges to the ItM process with drift V log(p(x)d(x))/3 and diffusion z(x) 2b(x)/3.

Proof. To show convergence to an It6 process, it suffices to check the Stroock-
Varadhan criterion [Stroock and Varadhan, 1971b]. Since the boundary for both
the original and modified walk are the same, we only need check that

E[Zt+1 - xi j Zt = xi] !1 V[p(xi)m (xi )(xi), and
3 p(xiz)(xzi)

p1

E[(Zt+l - xi)2 Z = xi] 1 -(÷i).
3

For this, by definition we have that

E[Zt+1 - xi Zt = xi] = P(Zt+1  x xi) L (xk- xi)an(Xk), and
ExkeNBl(x,) an (xk) XkENBn(xZi)

E[(Zt+1 - xi)2 Zt = xi] = P(Zt+1  xi) 1 (Xk--- xi)an (xk),
EXk ENBn (x,) an (Xk) Xk ENBn(Xi)
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from which the desired estimates follow by using P(Zt+1 # xi) = bn(xi) and the
values and concentration of conditional moments E[f (Zt - Zt_1) I Zt- 1, Zt , Zt_1]
given by applying Lemma B.4.3 and Lemma 2.3.2 to f(x) = x and f(x) = x2 . L

Corollary B.4.2. Let j and E be consistent estimators of the density and local scale
and A be the adjacency matrix. Then the random walk Xtn defined by the following
transition

A ,_(xj)-' -2 -

1p (Xtn =j x* = ) Ai,kA(Xk) 1'
t+1 3 2 -?(X,)-

2  ij

converges to a Brownian motion.

Proof. Set an(x) = fi(x)- 1 and bn(x) = F(x)- 2 as estimated by Corollary 2.2.2 so that
limnco a,(x) = p(x)- 1 and lim_ o bn(x) = F(x)- 2 . These satisfy the conditions
of Theorem B.4.1 and yield limiting drift and diffusion coefficients for Brownian
motion.

B.4.2 Technical moment estimates

In this subsection, we give the moment estimates necessary in the proof of Theorem
B.4.1. We first derive the expected values of each moment quantity averaged over
draws of Xn.

Lemma B.4.3 (Expected values of reweighting). Let x = Xtn and y = Xt+1 . Then
the conditional expectation after weighting by an(x) converges to the weighted draw
over p(x)an(x); that is, we have a.s. that

lim 1 Nn B(X) I E an(Y y -X) I y = xn-+oo hn EzENBn (x) an(Z

f(y - x) dy = 0.h~J~Bxe~x)fzEB(X,En(x)) p(z)zi(z)dz

Proof. By the continuity of p and a.s. eventual equicontinuity of an(y), we have

suPyeB(x,en(x)) Ian(y)p(y)-an(x)p(x) - 0 and supyEB(x,,n(x)) p(y) -p(x)I - 0. These
together imply

yEB(x,(xa(y)p(y)dya.s
fp d -x). (B.6)

ycB(x,en(x))
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Because an(x) -+ d(x) uniformly in x, for any 6 > 0, we may choose no so that
for n > no, we have Ian(x) - d(x)l < 6/2 and en(x) is small enough so that if

y - XI < En(x), then I-(y) - -(x)I < 6/2. For n > no, we then have

sup Ian(z) - i(x)| < sup jan(z) - -(z)| + Iu(z) - d(x)l < 6.
zENB (x) zENBn(x)

This shows that supZENBn(x) an(z) - +(x) -÷ 0 and therefore

ZzENBn(x) an(Z) a. (X) (B.7)
INBn(x)l

Applying (B.6) and (B.7), we find that

im 1 an(y)1lim INBn(x)l E [ ny() an( - X) I x # yn-+oo hn EZENBn (x) anW

-1 E [an(y)f(y - x) x f y] fEB*(X)) p(y)dy 0.
hn ' fyEB(x,en(x)) an(y)p(y)dy

We apply the argument of Lemma 2.3.2 to this iterated expectation to obtain

lim IE [an(y)f(y - x) I x y] fyEB(x,en(x)) p(y)dy
n-4oo hn fyeB(Xn(X)) an(y)p(y)dy

if f ~yy-xy
f (y - X)z~) dy -+ 0. El

hn JyB(xen(x)) fzEB(,en(x))p(z)"(

Evaluating the integrals for f(x) = x and f(x) = x2 in Lemma B.4.3 implies
that the expected value of an increment of the reweighted walk across all draws of
X, limits to V log[p(x)Z(x)]/3 and the expected variance of the increment limits to
e(X) 2b(x)/3. However, in order to apply the Stroock-Varadhan criteria we require
that this hold with high probability over all draws of Xn.

Lemma B.4.4 (Strong LLN for local moments). For a function f(x) such that

suPxEB(o,e) f (x)I < F for small e > 0, we have a.s. that

1 ___y) 1 f y___y)
lim -an(y) f(y-x)- f(y-x) dy = 0.

hn yENBn(x) zENBn (x) an W n EB(XEn(x)) zEB(x,En(x)) P z
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Figure B-1: Distance estimates for various values of 0 on re-weighted walks on a sinmiulated
dataset

Proof. Define the quantity

We wish to bound

Pn (t) = P(
yCNB, (x)

an(y)
Z N n , () f (y

ENB,,(x) a.z

By a.s. eventual equicontinuity of an(y), we have for some c > 0 and large enough n
that

EzCNB,,(x) an(z) W NB(x)K

By the construction of En(X), if y - XI < E,(x), then If(y - X)I < E (X). Combining
these two we apply Hoeffding's inequality to obtain that

p i(t) < 2 exp -
2h 2N Bn(X) 12 c2 t2  o 2W(1)

INBn (X),En (X) 2 0 (B.9)

where we use that INB"(x)I = w (n2/(d+2) log(,)d/(d+ 2)). This completes the proof by
Borel-Cantelli. 11
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Figure B-3: Re-weighted walk
diffuses evenly on the true
metric

Figure B-4: Visualization of the marginal distribution Pj (t) of a random walk over a k-nn
graph on a Gaussian restricted to a disk, starting at the blue initial point and run for 40
steps. The re-weighted walk diffuses evenly from the starting point, ignoring biases due to
density p and neighborhood size E.
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B.5 Consistency at /3 = w(1og(gdn)) via shortest paths

Definition 8. Define the f-length of any path 'y C D as given in Alamgir and von
Luxburg [2012b] as

Df,, = f (-Y(t))IK'(t)Idt.

Let the f-distance from x to y be the minimum path length between two points

Df (x, y) = min Df, .
YEC',-t(O)=X,-Y(1)=Y

Theorem B.5.1. Let # = w(log(gdin)), then for f(x) = F(x) 1 we have

- log(E[exp(-/T",,)])/3gn -÷ Df(xi, xj).

Proof. Define Hij(t) to be the probability of not hitting xj by step t, and P3(t) to
be the probability of going from xi to x3 in exactly t steps. The expected value is
the series

- x Tx,,) -- <gn log

Now, let Dij be the length of the shortest path from i to j. By definition Hij (Dij) = 1
and

- log(E[exp(-#Txj,)])/#gn = Dign - log(Pi(Dij))

-log 1 +
t=Di j + 1

Pi (t) Hij(t) exp(-3(t -
Pi (Dij)

This forms the upper bound

- log(E[exp(-OT,,<)])/g< Di g - log(Pi (Dij)) .

The probability Pij(Dij) of hitting xj in exactly Dij steps is lower bounded by
(gn) -Dij since by definition at least one path exists. This implies that log(Pij (Dij)) -
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o(g- log(g n)) and therefore

Di g 5 - log(E[exp(--T,",)])/<g Dig - 0(l),

where the lower bound follows because it is impossible to reach vertex x, in less
than Dij steps. By Alamgir and von Luxburg 12012b] for the k-nearest neighbor case
and Theorem A.4.5 with Lemma B.6.3 for the other cases of a metric graph, Dijgg
converges to the f-distance defined by e(x)- 1 , completing the proof. LI

B.6 Consistency of LTHT

In this section, we prove some results needed in the proof of Theorem 3.3.4 (restated
as Theorem B.6.6).

B.6.1 LTHT of the Brownian motion

Lemma B.6.1. Let Wt be a Brownian motion with WO = xi. Let Tj(x3 ,,) be the

hitting time of W to B(xj, s). For any a < 0, if/3 = s", as s - 0 we have

- log(E[exp(-/3T (x,))])/ 23 xi - X..

Proof of Lemma B. 6.1. Let Bt = IWtI be the order v d/2 - 1 Bessel process. The
LTHT of Bt to hit xj s is equivalent to the LTHT of W to hit B(xj, s). Defining
w = lxi - xjj, by Borodin and Salminen 12002, Eq 4.2.0.1], this is:

K(v,w 2)w-v
E[exp(-3TB(xj,s)1

K(v,s 2)s-'

where K(v, w) is a modified Bessel function of the second kind.

Write - log(E[exp(-fTB'(X,8 )])/ 2]^3= c1 + c2 for

ci = - log(K(v, w 23)w-")/23

C2 = - log(K(v, s 23)s-V)/ 2/.

144



Taylor expansion of ci at j-i = 0 yields

log(7r2/(83)) + 4 log(w- 1/ 2 -v) V2
C= W- +0-O ,

4 2,3

hence ci -+ w. For c2 , note that vlog(s)/ 2- 0 and for s small,

K(v, sP 2 - log(s 2,) d = 2

21~(s i.)(1s 2)-v d> 2

by Abramowitz and Stegun [1972, p375]. Checking that - log(K(v, s ))/ 2

0 and combining estimates gives - log(E[exp(-BT (X.,))])/2 = c1 + c 2 -+ w. El

B.6.2 Proof of Corollary 3.3.3

We prove here Corollary 3.3.3 (restated below as Corollary B.6.2). We recall the
setup. For points xi, xj E Gn and s > 0, Th'xS) is the hitting time of the de-biased

walk on Gn from xi to N B' (xj). In the continuous setting, T (xj,,,) is the hitting time
of Brownian motion with reflecting boundary conditions in D from xi to B(xj, s).
We would like to show the following.

Corollary B.6.2. For s > 0, we have 2 fixi (,

Our proof consists of two steps. First, we show that hitting N B' (xj) is equivalent
to hitting B(xj, s) with the discrete walk. Second, we use Corollary B.4.2 to show
convergence in distribution of this second hitting time. We require a few lemmas.

Lemma B.6.3. For any 6 > 0 and s > 0 so that B(xj, s + 6) C D, we have with
high probability that

X n B(xj, s - 6) C NB8(xj) C B(xj, s + 6).

Proof. Recall that NB'(xj) is defined as

NB'(x) := {y I there is a path x -+ y of F'weight < s}.
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The estimator ^(x) is appropriately scaled such that F(x) -+ e(x) uniformly and al-
most surely. Thus, we need to show that Fweighted shortest path distance converges
to true shortest path distance up to error E(gn).

We first present the simpler case of a constant kernel h(x) = 1 over [0, 1]; this
includes the k-nearest neighbor and 6-ball cases. Let Dij be the minimum &-weight
of a path from xi to xj. The proof of Theorem A.4.5 shows that in this case

1xi - Xj I - Dijgg < En (Xj). (B. 10)

If Xk E X, n B(xj, s - 6), this implies that Dikgn --+ I X - X2j s - 6. Therefore
Dkgkn < s with high probability and Xk E NB'(xj). If Xk E NB'(xj), this implies
that Dik 5 s. By Equation (B.10), we have s > Dijgg - xi - xjl. Therefore

Xk E B(xj, s + 6) with high probability.

The proof for the case of generic h(x) is closely analogous. The same proof as
used for Theorem A.4.5 shows that there exists some k such that IXk - xi I < en(Xk)
such that

|xi - xj| - Dikgn En(x).

At this stage, a difference arises. The proof of Theorem A.4.5 bounds the number
of steps necessary to reach distance En(xj) to the target, but for a general choice of
h(x) this does not guarantee that we can reach xj.

For general h(x), we instead show that two extra jumps are sufficient. Because
h(1) > 0 and h is continuous at 1, there exists some interval (ci, 1) and some c 2 > 0
such that

inf h(x) > c 2 -
xE(ci,1)

This annulus will yield a lower bound on the true connectivity. If Ixi - xj E (Xi),
then the probability that there is some point Xk such that the path xi -+ Xk --+ X

exists in Gn is governed by

P(Dij > 2) = (1 - C2)2NB(xi)nNBn"(xi)I

where
jNBn(xi) n NB i"(xj)| ~ Pois(g nT(Xi - Xj))

and T(z) is the total overlapping density between the connectivity kernel of xi and
x1 . This is lower bounded by the annulus; for any d > 2 the annuli have nonzero
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overlap volume and

r~) > 1>|i~11j>jj-xj>c dx ;> 0.
JXEB(0,1)

This implies that INBn(xi) n NBin(Xj)I = E(k) with high probability and therefore

(Dij > 2) = (1 - c2)2 NBn(xi)nNBin(xi) .

Thus, there exists a two step path from xi to xj whenever 1xi - xj| < En(xi). Com-
bined with the analogue of Theorem A.4.5, this shows that with high probability
there is a walk of E-weight at most IXi - Xkl +2En(Xk) from Xi to Xk. We conclude in
the same way as in the constant kernel case.

We now require a lemma on the continuity of functions on Skorokhod space. For
this, we recall the metric which induces the relevant topology on Skorokhod space.
Let A be the set of strictly increasing continuous bijections [0, oc) -+ [0, oc). The
Skorokhod metric on D([0, oo), D) and D([0, oo), R>o) is given by

u(f, g) = inf max{IA - idIIf - g o A l},
AEA

where | I |oc denotes the sup-norm on the relevant space.

Lemma B.6.4. Let B C D be any ball and TB the hitting time from x to B of
Brownian motion with reflecting boundary condition in D. As a map D([0, oo),D) -+
R>0, the hitting time TB is continuous on the subset of C([0, o), D) of paths whose
hitting time to B is finite.

Proof. Denote by CB the subset of C([0, oc), D) of paths whose hitting time to B is
finite. We first claim that the function

dB : D([0, oo), V) -+ D([0, oo), R>o)

given by composition with the function dB : D -+ B giving the distance to B is
continuous. For any e > 0, pick 6 by uniform continuity of dB so that 6 < E and if

Ix - yI < 6, then d3B(x) - B(y)I < e. If o-(f,g) < 6, we have

a(dB(f) , dB(g)) = inf max{ IA - id I., IdB Of - dB go A oo}.
A EA

Because u(f, g) < 6, we may find A E A so that lf -goAlloo <6J and IIA idloo <6J.
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By our choice of 6, this implies that

max{||A - id||., J|dB 0 f - dB o g o Al ,, < E

and therefore that o-(dB(f), dB(g)) < E, establishing continuity.
Now, the image of CB under dB is the subset CO of C([0, oc), R>o) of paths whose

hitting time to 0 is finite. By Whitt [1980, Theorem 7.1], the first passage time to
0 is continuous on Co. The hitting time TxB is the composition of the first passage
time and dB, hence is continuous on CB as claimed. E

Lemma B.6.5. Let B C D be any ball containing at least one point of G". For
xi E Gn, let TL', be the hitting time from xi to B of the de-biased random walk on

G. Then gn$T 4 T+B.

Proof. First, note that both the de-biased random walk and Brownian motion with
reflecting boundary condition started at xi have a.s. finite hitting time to B. By
Lemma B.6.4, the hitting time to B is a.s. continuous on the subset of D([0, oc), D)
containing their trajectories. The desired convergence in distribution then follows
from Corollary B.4.2, the continuous mapping theorem (see [Whitt, 1980, Section
1]), and noting the time-rescaling used in Corollary B.4.2. 0

Proof of Corollary B.6.2. Recall that T is the hitting time of the simple ran-
dom walk on Gn to B(xj,p). By Lemma B.6.3, for any 6 > 0, we have with high
probability that

B~(xj,s+65),n -TB(xj,s),n <T~x,-6,

Applying Lemma B.6.5 to B(xj, s 6), we see that

2Tx d -x

gn T j3+6), 7B x,siJ)3

which shows that

(,s-) M g (x),n < B(x3 ,S+6)

for all 6 > 0. Sending 6 -+ 0 yields the result.

B.6.3 Proof of Theorem 3.3.4 .

We prove here Theorem 3.3.4. Recall we chose an estimator ^(x) -+ e(x).
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Theorem B.6.6. Let xi and xj be points in G, connected by a geodesic not inter-
secting OD. For any 6 > 0, there exists a choice of 3 and s > 0 so that if 3 =
we have for large n with high probability that

-log(E[exp(-T ))])/ 23 - lxi - xj <6.

Our proof will proceed by converting to the continuous setting by Corollary B.6.2
and then reducing to the case of Brownian motion without boundary which was
analyzed in Lemma B.6.1. Because we are in the setting of Brownian motion with
reflecting boundary conditions, we must apply the "principle of not feeling the bound-
ary" to show that our results are unaffected by it. For this, we define some events to
condition on.

Let g be the geodesic from xi to x3, and for a distance scale p, let g(p) be the set
of all points of distance less than p from 9. Choose p small enough so that 9(p) c D.
For a distance s > 0, let Bt be a Brownian motion without boundary started at xi,
and let T " be its hitting time to B(xj, s). For a time t* > 0, define the following
events:

" let E1 be the event that T? (x,) < t*;

" let E2 be the event that E1 holds and Bt hits B(xj, s) before g(p);

" let E3 and E4 denote the analogous events for Brownian motion with boundary.

Notice that P(E2) = P(E4 ). In the rest of this section, we will consider the scalings
t= s7 and / = s' for some y > 0 and a < 0 so that a + 7 > 0, so that Bt* -+ oo
as s -+ 0.

Let pt (x, y), pf (x, y), p' (x, y), and p' (x, y) be the transition density of Brownian
motion started at x and run for time t with reflecting boundary condition, killed at
OD, killed at OG(p), and no boundary condition, respectively. For * E {R, K, G, F},
let h*(T) be the probability that the respective process hits B(xj, s) before time
T, and let h*(t, x) be the density of hitting at x E B(xj, s) at time t. Note that
pf(x,y) < p(xy), pf:(xy) < p'(x, y), and pf(xy) < pf(xy). We have the fol-
lowing three lemmas, which are instances of "the principle of not feeling the bound-
ary."

Lemma B.6.7. For x, y a distance at least p' > 0 to 0G(p), there are constants
to > 0 and A > 0 dependent only on p so that for t < to, we have

pt (x, y) > 1 -At'

pF (x, y)
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Proof. This follows from Hsu [1995, Theorem 1.2]
[1967a].

Lemma B.6.8. For x, y a distance at least p' > 0 to
and A > 0 dependent only on p so that for t < to, we

and the results of Varadhan

OD, there are constants to > 0
have

ptK(xy) > 1-
pF (x, y) -

Proof. This follows from Hsu [1995, Theorem 1.2] and the results of Varadhan
[1967a]. L

Lemma B.6.9. For x, y a distance at least p' > 0 to OD, there are constants to > 0
and A > 0 dependent only on p so that for t < to, we have

ptK (xy)
pt(x,y) -

Proof. Note that our domain D is a Lipschitz domain in the sense of Bass and Hsu
[1991, Section 3]. Therefore, by Bass and Hsu [1991, Theorem 3.1, Theorem 3.4, and
Remark 3.11], the reflecting Brownian motion in D has transition density pt(x, y)
satisfying

01 t-d/2-C1 Ix--2 < pfX, y) < C 2t-d/ 2e-2 e -C2 (B.11)

for constants c1 , c 2 , C1, C2 and small enough t. This verifies the conditions of Hsu
[1995, Theorem 1.2], yielding the conclusion. 0

We now prove a general lemma on when the probability of hitting B(xj, s) before
a time t* is asymptotically equal for two processes.

Lemma B.6.10. Let Q be a diffusion process with transition densities pQ(x, y), and
let pf (x, y) of Q killed at some boundary. If for some A > 0 and small enough s, we
have for all t < t* and x, y E B that

> pt > 1 - ed and l>>1 - e-
pQ (xi, X) ~ QP (x, y)

then the probabilities hK(t*) and hQ(t*) that K and Q hit B(xj, s) before t* are
asymptotically equal.

Proof. Let B = B(xj, s), and consider s small enough so that B(xj, s) C D. For
x E B and t > 0, let hK(t, x) and hQ(t, x) be the densities of the first passage time
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to B, and let hK(T) and hQ(T) be the probabilities that the respective first passage
times are at most T. Note that hK (t, X) hQ (t, x). For * E {K, Q}, we have

h*(t, x) = p*(xi, x) -

so we may integrate to obtain

h*(T) = P*(xi, x)dtdx -
0T xEB

it JyEB
Pt-T(y, x)h*(-r, y)dydTr

jT t

0 0 x,yEB
(B.12)

Define the differences d(T) := hQ(T) - hK(T), d(t, x) = hQ(t, x) - hK(t, X)

et(x, y) :=p(x,y) ptK(x, y). By assumption, if x = x or x, y E B, we have

et(X,,y) ( e-r p* K (X, y).

Subtracting (B. 12) for * E { K, Q}I, we obtain

and

d(T) = j et(x , x)dtdx +
T xEB

fTjt

0 0 Jx,yEB
et r(y, x )hK(T, y) dydxdTdt

+ jT j B j K,(y, x)d(T, y) dydxdrdt

fT J -e Q(xi, x) dtdx + jT j j

xEB 0 0 Jx,yEB

+ TJfBIT 
y 

t B

T

d(r, y)dTdtdy

fT ft

0 0 JyEB
dydTdt + d(T)dT

T

d(-rjdT2 fj e- At-dt+

< 2Te- AT' + T d(T)dT.

By Gronwall's inequality, this implies that

Te-A- (T- T)dT 2(T + T 3)e-AT
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e- dt +

d(T) < 2T -AT-' + 2 j

t--y, x) h*(-r, y) dydxdrdt.

et- )-1 h K(_F, Y)



We conclude that
lim d(t*) = lim hQ(t*) - hK(t*) 0.
s-400 s-+oo

Lemma B.6.11. As s -+ 0, we have P(E2 E1 ) -1.

Proof. Let B = B(xj, s). By Lemma B.6.7 with p' small enough, we have for some
A > 0 and small enough s that for all t < t* and x, y E B that

PtG >I -) > -et- 1 and P (e -).
( 

F -y -

Notice that P(E2 ) is the probability that the Brownian motion killed at G(p) hits B
before t* and P(E1) is the probability that the free Brownian motion hits B before
t*. Therefore, Lemma B.6.10 implies that

lim P(E1) = lim P(E2 ),
s-+O sO

from which we conclude that

lim P(E2 I E1 ) = lim P(E2)= 1.
S+Oo S-O P(E1)

Lemma B.6.12. As s -+ 0, we have P(E4  E3) - 1.

Proof. Applying Lemma B.6.10 twice using Lemmas B.6.9 and B.6.8 implies that

lim P(E1 ) = lim hF (t*) = lim hK(t*) = lim hR(t*) = lim P(E3).
s-+00 s-+00 S-+00 s-+00 s-+00

We conclude from Lemma B.6.11 that

lim P(E4 I E3) = lim P(E4) lim lim P(E2 E) 1.
S-+00 S-+00 P(E3) S-+oo P(E1) S-400

Proof of Theorem B. 6.6. Throughout this proof, we will take t* - s and o= s for
some fixed a < 0 and y > 0 so that a + -y > 0. We will pick a small s > 0 at the
end of the proof.
Bounding the effect of conditioning on E4 on the process with boundary:
By Corollary B.6.2, for any # we have that

-log(E[exp(-g )])/ 24 - log(E[exp(-OT'(2,S))/ 2.
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Conditioning on E3 and E4, we see that

IE[exp(-3Ts(xj,s))] = E[exp(-#Ts(X,,)) I Ej] P(Es)

+E[exp(-#TB(x ,s)) I E41 P(E4)

+ E[exp(-#T (xj,S)) E3  E ] P(E4 E3) iP(E3).

By definition of E3, we have 0 < E[exp(-#T(xj,s)) I E] P(Ec) e- . By the

trivial bound exp(-#T(xj,s)) < 1, we find that

0 < E[exp(-OTx'(xj,s)) E3 n E] P(E E3) P(E3) 1 - P( 4  E3).

By Lemma B.6.12, for any T > 0, for small enough s > 0 we have e- t* < T and
1 - P(E4 I E3) < r. Noting also that P(E4) = P(E2) and E[exp(-#T(xj,.,S)) I E4]

E[exp(- TLx3 8 )) E2], we conclude for small enough s that

E[exp(-T(xj,s))] - E[exp(--L3x# )) E2] P(E2) < 2T. (B.13)

Bounding the effect of conditioning on E2 on the process without bound-
ary: We now compare to the computations for Brownian motion without boundary.
By conditioning on E, and E2, we have that

E[exp(-OTIx S)] = E[exp(-OT 'S)) I E] P(E)

+ E [exp ( ~ s) I E2] P(E2)

+ E[exp(-OTZ (xjs)) I E n E2] (1 - P(E2 I E1)) P(E1 ).

We again note that

0 E[exp(- )) E ] P(E) < e-I'*

and

0 < E[exp(-3T xjs)) I E nE] (1 - P(E2 I E1)) P(E1) < 1 - P(E2 I E1).

These together with Lemma B.6.11 imply that for any r > 0, for small enough s > 0
we have that e-t* < r and 1 - P(E2 I E1) < T. We conclude for small enough s that
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E[exp(-1 (XjS))] - E[exp(-317,XS)) I E2] P(E2) < 2T.

Combining (B.13) and (B.14), we conclude for small enough s that

E[exp(-^3'T(j,8 ))] - E[exp(- IX ,))] < 4T.

(B.14)

(B.15)

Aggregating the estimates: To conclude, for any 6 > 0 and /O > 0, choose r > 0
small enough so that if Ix - yj < 4r, then for all # > 0, we have

log(x)/2 - log(y)/ 2/3< 6/3.

Now, choose s > 0 small enough and n large enough so that #^> ,3, and for this r,
we have:

* by our previous discussion, (B.15) holds;

" by Lemma B.6.1, we have

- log(E[exp(-3L( 8 ))])/ 23- lxi

* by Corollary B.6.2, we have

- log(E[exp(-3T'(xjS))])/

- xjI < 6/3;

23 + log(E[exp(-gT )])/ 23 < 6/3.

For these choices of r, s, and n, we have by (B.15) that

log(E[exp(- TV(2))) - log(E[exp(-/ 31x)])/ 2/3 < 6/3.

Combining the last three inequalities yields the desired

- xjl < 6. 0
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B.7 1-D bias calculation

We repeat the full theorem statement and proof for the bias characterization.

Theorem B.7.1. Let TX be the hitting time to x3 of a 1-dimensional It6 process with

drift p(x) = log(P(X))2 (x) and diffusion 22 (x) started at xi with reflecting boundary

for y < xi < xj. The Laplace transform of Tx admits the asymptotic expansion

E[- exp(#Tx)] = f)pexp

(1
(1))

(-O Xj1

exp i2 f

f(s)ds)

ff(x)dx) + o(exp(-m)) ,

where f(x) = 2i+ - o(P(x)) a 1 ,(P( , and c1 is a normalization constant

depending on p, z,and j to make E[-3Tf] = 1.

Proof. Let E[exp(-3Tx)] = u(xi), where u(x) is the hitting time to xj from point.
x. By Feynman-Kac, this is

O2U aOlog(p(x))
-+2

OX2 19x
+ q(x)u = 0,

where q(x) = -202 (x)-2. Rewrite this as a perturbation of a second order ODE via
the change of variables to obtain

y(x) = u(x) exp (JX
49log(p(y))d) =u(x)p(X)p(Y)- 1

Oy( log(p(x))
OX2 + (olog(P(x)))2

Since this is a type of Schrodinger's equation with f(x) / 0 everywhere we can apply
the WKBJ asymptotic expansion [Bender and Orszag, 1999, section 10.11 to obtain

S2ds+ expy(x) = e) xp (o [ f(s)ds) +o(exp(-#)).
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Since we assumed xi < xj and by the boundary condition u(xj) = 1 we have

u(x) = c2p(-Y) exp
f W)1/4p(x) (-Jx f(s)ds)

+ cip(y)
f(X) 1 14p ()

exp (0 jx3 f(s)ds) +o(exp(- 3

To obtain the boundary conditions, note that u'() = 0. Taking the derivative for
y(x)p(x), setting to zero and solving for c2 results in

exp(-2- f(s)ds)(p(y)4#of() 3/ 2 + f'(_y)) - f(Y)p'(7)
4 Of(y) 31 2p () - p(y)f'I(y) + 4f (-)p'(-y)

from which we obtain

C2 = ci exp jxi

Pulling out the -V3 term, we get

u(xi) = E[exp(-/Tx )] = i) exp

exp -2 j

of j f(s)ds

f(x)dx) + o(exp(-#))).

We now connect this statement to the discrete walk.

Corollary B.7.2. Let T be the discrete hitting time to a s ball around x3
where s is selected as given in Theorem B.2.13. Then the simple random walk over a
graph constructed on density p(x) and scale T(x) has the following log-LTHT under
the boundary conditions of Theorem 3.3.5

-log(E[exp(-pT g)])//2 o fX 
[

Jx N
1

~(x)
+1 ( log (p(x))

aX2 + (alog(p(X))' dx+ ax))d

P log(p(xi)/p(x)) + log(f (xi)/f(xe))4 + O(log(1 + e- te i/a).

Proof. Taking the logarithm of the result of Theorem B.7.1 and noting the initial

156

C2 = C1 I o(exp(-/)),

f(s)ds

( 1 + 0 ( 1 l

61).



condition u(xj) = 1 implies that asymptotically we have

C 1 X (f I (1 + o(e-2+) f (Xj)"/pX)

which completes the continuous statement. The convergence of the hitting time to

its discrete counterpart follows from Theorem B.2.13. E

B.8 Basic noise resistance

We give details for the basic noise bound from the main text footnote. Our goal is
to prove the following statement about random walks.

Theorem B.8.1. Let G, be generated by the noise model of Definition 4 with
Ej qj = o(g2). Then the simple random walk over G, converges to the same limit

as the noiseless case in Theorem C.1.1.

Proof. Since the boundaries of both noisy and noiseless graphs are identical, we need
only verify the moment conditions in the proof of Theorem C. 1.1. In particular we
require that under any noise q, we have

lim gn-2 E [X" 1 - X"|Xt] = V log(p(Xtn))p (Xt) 2
n-+oo

him g--2COV[Xn"+1|Xt] =2(Xtn)2 . In
n-4oo

lim gn 2E[|X+ 1 - X|2+, | X"] = 0,

which we show in the, Lemma B.8.2 and Lemma B.8.3 below. By the Stroock-
Varadhan criterion, this implies convergence to Theorem C.1.1, as well as any macro-
scopic quantities such as hitting times, or LTHTs with ( = (gE).

We now prove the moment bounds required for convergence of the noisy graph.

Lemma B.8.2 (Noisy moments). If the noisy graph Gn is generated by the noise
model of Definition 4, for any choice of latent noise parameters qj such that XIj qi =
o(g2) then we have for a > 0 that

im gn 2E [Xn+ 1 - X|X I] = V log(p(Xt7l))z(Xt) 2
n-+oo

lim g;-2COV[Xn"1|Xt"] = 2(Xn) 2 . In
n-+oo

liM gn E[lXt~l _ X7] 0.
n-4o0
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Proof. Let X denote quantities in the noise-free graph. We recall from Theorem
2.3.3 that

lim gE - tI"x = x] = V log(p(x))r(x) 2
n-+oo

lM gn-2o[X+ +1 1 = x] = (X) 2 . In
n-4oc

lim g- 2 +E[x r1 - 12+o, I = x] = 0.
n-+oc + t

Let q =Ej qi so that q = o(gn). In the noisy graph, we first check the expectation
via

lim gn-2E[X 1 - Xtn | X" = x] = - E [ Xt X] + g-2 q%(XiX)n-*oo n-+oc o+

= lim gj2 E [X+ 1 - t7|IY = x]n-+oo

= V log(p(x))p(x) 2.

The covariance follows because for all indices i and j we have

lim g 2 E [(X+ 1 - Xt") (Xt+1 - Xtn)I | Xtn = x]
n-+oo

= lim (1 - tgn2E [( X 1 - - X = x] + g[ 2 Sqk(xk - x)(Xk -x)

= lim g- 2E[(I +1 - X" j(X E+1 - X)4|7 = x]
n-+oo

= 6,jT(x)2 .

Finally, the higher moments follow because we have

g,2E [X+1 - X2 = x]
n-*oo

= lim g-2(1 n-2 [|I +1 - n12+a I = x] +gn-2 2+a
n-*oo jxj-X

= lim g- 2 (1 _)gn-2 n+ 2a1 - =]
n-*oo

= 0,

where we use that lxi - x1 2+a = 0(1). l

Lemma B.8.3 (Strong LLN for noisy moments). For a function f(x) such that

supxB(Oe) f(x)I < e and supxND fx)I <C for some constant C, given (*) we have
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uniformly in x E X,, that

fB1 f X) 4 g 2

INB l + yEB(X,En(x))
f(y - x) dy.

P~n (X) xW

Proof. Denote the claimed value of the limit by p(x). Let the set of non-noise out-
neighbors of x be NBn(x) and the set of noise out-neighbors of x be NBn(x), where
we consider noise edges to be strictly non-geometric edges. We have uniformly in
x E cX that

-2 EyENBn(x) fy(y - X) + NYENn(x) f(y - X)

INBn(x)l + INBn(x)l
-2 EYNBn(X) f(y - x) + o(Cg2)

|NBn(x)l + o(g)

a.s. -2  f (y -x)
INB (x)I'

yENBn(X)

so the result follows by the noise-less result in Lemma B.4.4. El

Now the behavior of noisy hitting times can be recovered by combining Lemma
B.8.1 with the convergence result of Corollary B.6.2.

Theorem B.8.4. Let Gn be a noisy geometric graph with noise Z3 qj = o(g2). For

any 6, there exists some 3 = /g , s, c such that

log(E[exp(-TLj)])

-/- ( 8,J n - CIxi - xj| < j

with high probability as n -+ oc.

Proof. By Lemma B.8.1, the noisy and noise-free walks converge to the same con-
tinuum limit, and this guarantees that by Corollary B.6.2 that their hitting times
converge in distribution. Applying Theorem 3.3.4 gives the desired result. 1

This is a basic, but useful result for robustness of hitting times. Up to o(1) noise

edges can be allowed for each vertex without disrupting the global convergence of

hitting times.

159

yENBn(x)



B.9 Resource allocation index

Recall that the directed RA index was defined by

Z 1Rj - 11

XkENBn(xi)nNB"(xj) JNBn(Xk)I

and the modified log-LTHT was defined by

M Tod =log(E[exp(-/Ti,) I Ti;, > 1]).

B.9.1 RA index reduction

Theorem B.9.1. If 0 = w(log(gnn)) and xi and x3 have at least one common
neighbor, then

Migod - 2/ - -log(Ri 1 ) + log(jNB (x )).

Proof. Let Pij(t) be the probability of going from xi to x, in t steps, and Hij(t) the
probability of not hitting before time t. Factoring the two-step hitting time yields

Myod = 20 - log(Pi (2)) - log 1 + 1:Pit)Hij(t)e-O(t-2)

Let kmax be the maximal out-degree which occurs in Gn. By assumption, at least one
of the at most k 2 two-step paths from xi goes to xj, we have the bound P3 k(t)

max P13 (2) - max

For / = w(log(gnn)), we see that / = w(2 log(kma)) with high probability. Applying
the bounds Hij(t) < 1 and Pf1 3 ) k ., we obtain

P j() -m-2 I).

t-3 Pij (2) e - 1

We conclude that MTod -+ 2 - log(Pij(2)). It remains to verify that log(Pij(2)) is
related to the resource allocation index by

log(Pij(2)) = log 1 E1 = log(Ri)-log(IN B(Xi)).JNn B(Xi) I N Bn(Xk)
kENBn(xi)nNBn"(Xj)
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log LTHT with correction

Figure B-6: Modified LTHT rapidly
converges to RA index.

-- tu I II
-- two step LTH

F P

Figure B-7: Conditioning on t >
1 substantially outperforms naive
LTHT.

B.9.2 RA index robustness

We verify the robustness of the RA index by directly bounding the statistics involved.

Theorem B.9.2. If qi = q = o(jg/) for all i, then for any 6 > 0 there exist cutoffs

c1, c2 and scaling h., so that with probability at least 1 - 6, for any i, j we have

9 xi - x3 < inin (xi), E, (xj) I if Rij h, < cl ;

* xi - xj > 2 MaxfE,(Xi), E (Xj)} if Rij h, > c2 .

Proof. Decompose the out-degree of xi into expectation and noise terms by

N B,(xi)[ = nq + ki + zj,

where ki = E,(Xi)"p(Xi)1/%In, V is the volume of the d-unit ball, and zi is a random
variable giving the remaining error. The number of noise edges has a binomial
distribution with n draws and success probability q, and the number of geometric
edges has a Poisson distribution with rate ki. Therefore, the Chebyshev inequality
implies

i(Iz2 l > c) < ki + nq(1 - q) < ki + nq
P(zi >c)<; 2 2 .

Let 61 = 6/4 and define c by the equality

k, +F nq(1 - q)
61 = 2

(B.16)

(B.17)
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so that c = j 1/2 \ki + nq. For the rest of the proof, we condition on the event that
zi < c. By Taylor expanding 1NBa(x)I in zi, we have that

1 1 __Z__ +0 Z?

|NBn(xi )I nq + ki (nq + ki) 2  (nq + ki)

1 -0 (C (B.18)
nq + ki (nq + ki )

By (B.17), we see that Izil < c with probability at least 1 - 61, which implies that

c - 1/2 (nq + ki )-3/2.
(nq + ki) 2

By the definition of the RA index, we obtain

Ri = Z (q + (nq + ki)-3/2)
(nq + ki

XkENBn(xi)nNB'(xj)

Since our domain is compact, we may define

k+ = sup E,(x)dp(x)Vn and k- = infEn(x)dp(x)Vn.

By construction, kZ > ki > k- for all i. Let Ci := INBn(xi) n NBn(x )I. Then we
have

-i 0 j1/ C < ?ij < Ci + 611 C .nq + k+ nq+
+6i/2(nq + k+)3/2 -R - nq+ k(nq + k; )3/2

(B.19)
Choose the scaling

hq + k+
hn k+

We will now bound Cij to control hnR j. To do this, decompose Cij as

Cij = Cig + +C 2

where C , Ci', and Cj2 are defined as follows.

1. Geometric edges (C): If Ixi - xj I < min{en(xi), en(xj)} then they share com-
mon neighbors due to the geometric graph. Specifically their number of com-
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mon neighbors has Poisson distribution with mean at least Tdki(1 - q), where
Td is a constant independent of n defined as the overlapping density of two
kernels at a unit distance.

2. One noise edge (Cn1 ): The edge xi -+ Xk occurs by noise but Xk -+ Xj is
geometric. There are at most k+ such vertices with in-edges to xj and so this
is at most a binomial random variable with k+ draws and success probability
q.

3. Two noise edges (CO2): Both xi -+ X1 and Xk -+ x3 may occur by noise, this is
at most a binomial random variable with n - k- draws and success probability

2
q.

The case of Ixi - xjI < min{E,(xi),& e(xj)}: All types of edges may occur, so we
obtain the moment bounds

E [ ] Td(1 - q)

[Ci Td (1 - q)k,- (n - k-)q 2 (1 - q2 ) + ktq(1 - q) Td(1 - q)k- + nq2 + kiq
Var <+<+Vrk+ - (k+)2 n (k+)2 n(k+)2 (k+)2 n

Notice that 2 is bounded between the minimum and maximum of En(X)P(X) for x, y E

D so limanl, E > cij for some q > 0. Further, we find that Var -+ 0.

These imply that for large enough n, we have S> ci with probability at least

1 - 61. Therefore, if Ixi - xj I < min{e,(xi), En(xj)}, we have

C- - C--
lim hnRi > lim " - 0 6 > ci.. (B.20)

n-+oo n-oo k+ 1/ 2 (nq + kj) 1/ 2 k+j

The case of Ixi - xj I > 2 max{En(xi), En(xj)}: Only noise cases occur, hence we
have the moment bounds

[Cil q2 ( - k-) + qk+ q2 n qk+
E _j < _ n n n < _+ _n k- k- k- k-

~Cy n-k-)q2(l _ q2) + kiq(1 - q) qn qkVar < < +
.kJ (kI < 2  (kj )2  (kj)2

Because q = o(gn/2), both the expectation and variance converge to zero and for

large enough n, we have Cij/kn -÷ 0 probability at least 1 - 6 1. Therefore, if
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lxi - xj I > 2 max{E,(xi), E,(xj)}, for we have

Cij (nq + k:) (Cn,(rq + k )lim ha RIg < lim + 0 CiMq+ +)/ 0. (B.21)n-ooo - n-+oo k:(nq + k-) + 1/2k (nq + k-) 3/2

Combining the cases: Taking hn = n+kt we combine (B.20) and (B.21) to
conclude that the desired holds with probability at least 1 - 3 6 > 1 - 6 for any
c, < cij and c2 > 0. l
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Appendix C

Word embeddings

C.1 Metric recovery from Markov processes on graphs
and manifolds

Consider an infinite sequence of points X, = {x1,..., x, }, where xi are sampled
i.i.d. from a density p(x) over a compact Riemannian manifold equipped with a

geodesic metric p. For our purposes, p(x) should have a bounded log-gradient and

a strict lower bound po over the manifold. The random walks we consider are over

unweighted spatial graphs defined as

Definition 9 (Spatial graph). Let Or :4, -4 R>o be a local scale function and

h : R>O -+ [0, 11 a piecewise continuous function with sub-Gaussian tails. A spatial

graph Gn corresponding to U, and h is a random graph with vertex set X, and a

directed edge from xi to x1 with probability pij = h(p(xi, Xj) 2 /On(X) 2).

Simple examples of spatial graphs where the connectivity is not random include

the 6 ball graph (On(x) = E) and the k-nearest neighbor graph (un(x) =distance to

k-th neighbor).
Log co-occurrences and the geodesic will be connected in two steps. (1) we use

known results to show that a simple random walk over the spatial graph, properly
scaled, behaves similarly to a diffusion process; (2) the log-transition probability of
a diffusion process will be related to the geodesic metric on a manifold.

(1) The limiting random walk on a graph: Just as the simple random walk

over the integers converges to a Brownian motion, we may expect that under spe-

cific constraints the simple random walk Xtn over the graph Gn will converge to

some well-defined continuous process. We require that the scale functions con-

verge to a continuous function & (Un(x)gn'-- " d(x)); the size of a single step
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vanish (gn - 0) but contain at least a polynomial number of points within Uo-(x)
(gann log(n)- I + 00). Under this limit, our assumptions about the density p(x),
and regularity of the transitions, 1

Theorem C.1.1 ([Hashimoto et al., 2015c, Ting et al., 20111). The simple random
walk Xt" on G,, converges in Skorokhod space D( [0, oo), D) after a time scaling = tgn
to the It6 process Y valued in C([0, oc), D) as X 2 Y-+. The process Y is defined
over the normal coordinates of the manifold (D, g) with reflecting boundary conditions
on D as

dY = V log(p(Y))i(Y) 2dt + 5(Y)dW (C.1)

The equicontinuity constraint on the marginal densities of the random walk im-
plies that the transition density for the random walk converges to its continuum
limit.

Lemma C.1.2 (Convergence of marginal densities). [Hashimoto et al., 2015b! Let
xo be some point in our domain X, and define the marginal densities q(x) = IP(Y =
x|Yo = x0) and qtn(x) = P(Xt" = xIXO = x0 ). If tngn = = e(1), then under
condition (*) and the results of Theorem C.1.1 such that Xt - Y weakly, we have

lim nqtn(x) = ijt(x)p(x)- 1 .
n-+co

(2) Log transition probability as a metric We may now use the stochastic
process Y to connect the log transition probability to the geodesic distance using
Varadhan's large deviation formula.

Theorem C.1.3 ([Varadhan, 1967a, Molchanov, 19751). Let Y be a It6 process
defined over a complete Riemann manifold (D, g) with geodesic distance p(xi, x,)
then

lim -t log(P(Y = xzIYo = xi)) - p(xi, xj)2
t-*o

This estimate holds more generally for any space admitting a diffusive stochastic
process [Saloff-Coste, 2010]. Taken together, we finally obtain:

Corollary C.1.4 (Varadhan's formula on graphs). For any 6,'Y,no there exists some
t, n > no, and sequence bj such that the following holds for the simple random walk

'For t = 19(g-), the marginal distribution nP(XtIXo) must be a.s. uniformly equicontinuous.
For undirected spatial graphs, this is always true[Croydon and Hambly, 2008b] , but for directed
graphs this is an open conjecture from [Hashimoto et al., 2015c]
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Xn.t.

P) sup tlog(1P(X 2 = X = i)) - tbj - PY(x)(Xi,Xj) 2

xi2 ,xjErnI0

Where p,(x) is the geodesic defined as

pO(x)(Xi, xj) = mi -(f(t))dt
fEC' :f(O)=Xi,f(1)=x,

Proof. The proof is in two parts. First, by Varadhan's formula (Theorem C.1.3,

[Molchanov, 1975, Eq. 1.7]) for any 6
1 > 0 there exists some tsuch that:

sup I - Ilog(P(Y = y' o y)) - P_(x)(Y, 2 < 61
y,y'ED

The uniform equicontinuity of the marginals implies their uniform convergence (Lemma

B.1.1), so for any 62 > 0 and -yo, there exists a n such that

P( sup IP(Y= zxlYo =xi) -np(xj)P(X 27= x|X1 " = x)I > 62) < 7o
xj,xiEXn 0

By the lower bound on p and compactness of D, P(YjYo) is lower bounded by some

strictly positive constant c and we can apply uniform continuity of log(x) over (c, oc)

to get that for some 63 and y,

P( sup Ilog(P(Y-= xlYo = xi)) - log(np(xj))
x j xi&Eno

- 1og(IP(X,"_ 2,= xy Xo = Xi))I > 63) <'y. (C.2)

Finally we have the bound,

P( sup - log(P(X'22 X = xi))
xiXjE nO

- log(np(xj)) - p-,(x) (xi, Xj) > 61 + t63) < 7Y

To combine the bounds, given some 6 and -y, set bj = log(np(xj)), pick t such that

61 < 6/2, then pick n such that the bound in Eq. C.2 holds with probability 7 and
error 63 < 6/(2). D
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C.2 Consistency proofs for word embedding

Lemma C.2.1 (Law of large numbers for log coocurrences). Let Xt be a Markov
chain defined by the transition

= exp(-lxi - ,(C/.2)IP(X, = xy lXti1 = xi) = ep-j -XI/J)(C.3)

PA = xI~t-=1 exp(-||Xi - Xk 12U2)

and Cij be the number of times that Xt = x3 and Xt- 1 = xi over m steps of this
chain. Then for any 6 > 0 and E > 0 there exist some m and constants a" and bj
such that

psup - log(Cj) - IIx - xl/o. 2 + a + b >j <E

Proof. By detailed balance we observe that the stationary distribution 7rx (xi) exists
and is the normalization constant of the transition

P'(X, = xylX_ = xi)irx(xp) = exp(-Ixi - X-/ 2) /Ze2x/(-IIXi-XkI12/o 2 )
= exp(-jx - k=1IU/2)

- P(Xt = xiIxt_1 = x3)7rx(x3 ).

Define mi as the number of times that Xt = xi in a m word corpus. Applying the
Markov chain law of large numbers, we obtain that for any 6O > 0 and Jo > 0 there
exists some m such that

P (sup lrx(xi) - mi /M > o) < Eo.

Therefore with probability Eo, mi > m(wrx(xi) - Jo).

Now given mi, Cij ~ Binom(P(Xt = xj Xt- 1 = Xi), mi) applying Hoeffding's
inequality and union bounding for any 61 > 0 and El > 0 there exists some set of mi
such that

P( sup Ces/mj - P(Xt = xi I X, = xi) < 61 > (1 - 2exp(-26'2mi)) 2

Since |Hxi - Xjl12 < o, P(Xt = xjlXt-_ = xi) is lower bounded by some strictly
positive constant c and we may apply the continuous mapping theorem on log(c)
uniformly continuous over (c, oc) to obtain that for all 62 and E2 there exists some
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set of mi such that

P (sup log(Ci3 ) - log(mi) - log(P (Xt = xj IXti = xi)) < 62) >2

Therefore given any 6 and E for the theorem statement, set 62 = 6 and E2 = VE and
define m' as the smallest mi required. Since supi3 IIxi - xj I < oo, the Markov chain
law of large numbers implies we can always find some m such that infi mi > m' with

probability at least /' which completes the original statement. E

Theorem C.2.2 (Consistency of GloVE). Define the GloVe objective function as

g(2, , b) = f (Ci) )(2xi cj +-+ b-log (Cij)) 2
i~j

Define fm, Tm, Zm, bm as the global minima of the above objective function for a corpus
of size m.

Then the parameters derived from the true embedding in Lemma C.2.1, x' = x/o-,
a' = af - ||xI /o.2 , b = bT - ||x| 1 1o. 2 is arbitrarily close to the global minima in

the sense that for any E > 0 and 6 > 0 there exists some m such that

P(Ig (x', x', a', b') - g (m, m, Zm, LM)I > 6) < E

Proof. Using Lemma C.2.1 with error 6J and probability EO there exists some m such
that uniformly over i and j,

(-|xi - xj||1/0.2 + am + bm + log(Cij)) 2 < 60.

Now recall that f(Cij) < 103/4 = c therefore -

P(g(x' / '/, a' b'I ) > cn 2j02) 0

Now the global minima g(Tm, Tm, -m, Lm) must be less than g(x', x', a', b') and we
have 0 < g (Tm, Tm, dm bm) < g(x', x', a', b').

Therefore,

P(g(x', x', a', b') - g (m, Tm, Zm, Lm)I > cn2 6 /2) < E.

Picking a m such that 60 = 26/(cn 2 ) and 8o = E concludes the proof. l
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Lemma C.2.3 (Consistency of SVD). Assume the norm of the latent embedding is
proportional to the unigram frequency

|IxiI|/o
2 = Ci

zjC

Under these conditions, Let X be the embedding derived from the SVD of Mij as

2XXT = = log(C() - log (Ci -log (cs) + log ci) + r.

Then there exists a T such that this embedding is close to the true embedding
under the same equivalence class as Lemma C.2.3

P(Z |A'i/Ou -x > 6) < .
i

Proof. By Corollary C.1.4 for any 61 > 0 and E, > 0 there exists a m such that

P sup - log(Ci,) - (IIxi - Xj I/or2 ) - log(mc) > 61 < 61.

Now additionally, if C/ Ej C = |IIX2 /, 2 then we can rewrite the above bound
as

P (sup log(Cjj) - log(Ci) - log(Cj) + log C2)

- 2(i, X)/U2 - log(MC) > 61 < 61.

and therefore,

P (sup Mij - 2(x, Xj)/u 2 - log(mc) > 61 < Ei.

Given that the dot product matrix has error at most 61, the resulting embedding it
known to have at most vI/j error [Sibson, 1979].

This completes the proof, since we can pick i = - log(mc), 61 = 62 and E1 =

E. F-
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Theorem C.2.4 (Consistency of SVD-MDS). Let Cj be defined as above and Mij =
log(Cij) and the centering matrix V = I - 1/n. Define the SVD based embedding

X as
XX = M - VMV/2.

Without loss of generality, also assume that the latent vectors x have zero mean, then
for any e > 0 and 6 > 0, there exists some m, scaling constant o-, and an orthogonal
matrix A such that

P(I |Asi/0r Xj 2 > 6) <

Proof. By Lemma C.2.1 we have that

P sup -log(Cj,) -| x, - x I|21U2 + am +b < F

Since mean error cannot exceed entrywise error we can bound the row averages of
log(Ci3 ), where the dot product term is zero since x is zero mean.

Ej log(Ci ) E _ flXb1_ x ZJ xj )
sup - - a> n 2 + 2 xi, > 6

n n o- .2n n

Or in other words, - Zs no~e ~ or -

Define Mil= - log(C) - - log(C)03; applying the triangle inequality and com-
bining both bounds gives

iMi jb E k hI 2~

P sup - bM - nb+||x|| - ok2n >2) < 1 -(1 )2.

Note that M,3 - E> M,3/n = 2M is the doubly centered matrix as defined above
and combining all above bounds we have,

Psup Mij - (xi, Ixj) > 4 ) <_E ( 2

Given that the dot product matrix has error at most 46 the resulting embedding it

known to have at most 46 error [Sibson, 1979].
This completes the proof, since we can pick 6 = 62/4 and E?= 1 - (1 - 0)1/4
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Theorem C.2.5 (Consistency of softmax/word2vec). Define the softmax objective
function with bias as

g(x, ,) = log exp(- 112 i i|+ bi)
\Zk=1exp(-H -kI12+bk)

Define Tm, Ib, as the global minima of the above objective function for a co-
occurence Cij over a corpus of size m. For any e > 0 and 6 > 0 there exists some m
such that

P(lg(x/l-, x/o-, 0) - g(Tm, c~m, bm)| > 6) <

Proof. By differentiation, any objective of the form

min Cij log exp(-Aij)
4, (Ek exp(-Aik)

has the minima A = - log(Cij) + ai up to un-identifiable ai with objective function
value Ci log(Ci,/ Ek Cik). This gives a global function lower bound

g(Tm,cmbm) ;> Ci3 log (zECk

Now consider the function value of the true embedding x/-;

g(x/l-, X/U, 0)

= CiJ log exp(-Ix, -x I|/O.2 )

kexp(--HXi - XkI 2-2)/

= Cij log exp(log(C j) + 6ij + ai)
kjk exp(log(Cik) + 6 ik + ai)

We can bound the error variables 9' j using Corollary C.1.4 as supij 16'jI < 6o with
probability sO for sufficiently large m with ai = log(mi) - log(E1:' exp(- Ixi -

Xk 2/or.2
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Taking the Taylor expansion at Jij = 0, we have

g(x/O, x/O-, 0) = Ci log ) n Ci61 + o(||61|2)
Ek CikZk Cik

By the law of large number of Cij,

P ( g(x/U, x/,0) - Cij log E C > no) < Eo
ij

Combining with the global function lower bound we have that

P ( g(x/u, x/Or, 0) - g(T, , b) I> no) < E".

To obtain the original theorem statement, take m to fulfil 60 = 6/n and EO E. E

Note that for negative-sampling based word2vec, applying the stationary point
analysis of Levy and Goldberg [2014b] combined with the analysis in Lemma C.2.3
shows that the true embedding is a global minima.

C.3 Symmetry and windowing co-occurences

Existing word embedding algorithms utilize weighted, windowed, symmetrized word
counts. Let C define the t-step co-occurence which counts the number of times
Xt+t' = xj and Xt, = xi.

Then for some weight function w(t) such that E w(t) = 1, we define

00

Cii = w(t)(Cit + .
t=1

This is distinct from our stochastic process approach in two ways: first, there is
symmetrization by counting both forward and backward transitions of the Markov
chain. second, all words within a window of the center word Xt, are used to form
the co-occurences.
Symmetry: We begin by considering asymmetry of the random walk. If the Markov
chain is reversible as in the cases of the Gaussian random walk, un-directed graphs,
and the topic model, we can apply detailed balance to show that the joint distribu-
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tions are symmetric

P(Xt+1 = Xj|Xt = xi)wrx(xi) = P(Xt+1 = xj|Xt = xj)7rx(xj)

Therefore the empirical sum converges to

C +Cji -+ P(Xt+t, = xj, Xt' = x) +P(Xt+t, = xi, Xt, = xj) = 2P(Xt+t' = xj, Xt, = xi)

In the cases where the random walk is non-reversible, such as a k-nearest neigh-
bor graph then the two terms are not exactly equal, however note that if the non-
symmetrized transition matricies Cij fulfill Varadhan's formula both ways:

-t log(Cis) -a" -+ ||xi - x| + b and - t log(Cji) -aT - |x -x|| + b"

The sum Cjj will fulfil

(C -+ C -) = exp(- Ixi - xj 1I/t + o(1/t)) (exp(ai/t + bj/t) + exp(bi/t + aj/t))

and

-t7log(C, + Cj,3) = |xi - x3I| + log (exp(ai/t + bj /t) + exp(bi/t + aj /t)) t + o(1)

More specifically, for the manifold case, ai = log(7rx.) -+ log(np(x)/ (x,)2 ) and
b= - log(np(x)), and so the above term reduces to

-t log(Ci +Cli) = Ix - xj112+ log (5 2(x) + 5- 2 (x3 )) t + o(i)

Since the - is independent of t, as t -+ 0, we are once again left with Varadhan's
formula in the symmetrized case.

In practice, this does not seem to affect the manifold embedding approaches
much; in the results section we attempt embedding the MNIST digits dataset using
the k-nearest neighbor simple random walk which is nonreversible.

Windowing: Now we consider the effect of windowing. We focus on the manifold
case for analytic simplicity, but the same limits apply to the other two examples of
Gaussian random walks and topic models.

Let qt(x, x') = P(Y = xIYo = x') and where Y fulfills Varadhan's formula such
that there exists a metric function p,

lim -t log(qt(x, x')) -+ p(X, X')2
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Under these conditions, let qj(x, x') = fo qt (x, x')/tdt' define the windowed marginal
distribution. We show this follows a windowed Varadhan's formula.

lim t(x, X') -+ p(> , X')2
t-+o

This can be done via a direct argument. Varadhan's formula implies that,

qt(x, x') = exp ( p(x, X'T
t

+0 .

Thus we can find some bounding constants 0 < c = o(1) such that

exp
-(x, x'

tl Io t
exp ( + dt'

Performing the bounding integral for general c E R,

( p(X, X') 2

Vi t (exp

=- (exp
t (

pX I2 _ 2c t

C p( , X)2

t t

+ (c - p(x, X') 2 /2)r'

2t
+

-2c - p(x, z')2

p(X, 2 - 2c

2tJ

t2)

Therefore we have that for any c,

(p(X, X') 2
li -t log ( exp

By the two-sided bound and c = o(1),

lim t(x, X') ÷ p(X', x) 2.

as desired.
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C.4 Empirical evaluation details

C.4.1 Implementation details

We used off-the-shelf implementations of word2vec 2 and GloVe3 . The two other
methods (randomized) SVD and regression embedding are both implemented on top
of the GloVe codebase. We used 300-dimensional vectors and window size 5 in all
models. Further details are provided below.

word2vec. We used the skip-gram version with 5 negative samples, 10 iterations,
a = 0.025 and frequent word sub-sampling with a parameter of 10-'.

GloVe. We disabled GloVe's corpus weighting, since this generally produced supe-
rior results. The default step-sizes results in NaN-valued embeddings, so we reduced
them. We used XMAX = 100, r/ = 0.01 and 10 iterations.

SVD For the SVD algorithm of Levy and Goldberg [2014b], we use the GloVe co-
occurrence counter combined with a parallel randomized projection SVD factorizer,
based upon the redsvd library due to memory and runtime constraints4 . Following
Levy et al. [2015], we used the square root factorization, no negative shifts (T = 0 in
our notation), and 50,000 random projections.

Regression Embedding We do standard stochastic gradient descent with two
differences. First, we drop co-occurrences values Cij smaller than 10 with probability
proportional to 1 - Cij/1o and scale the gradient, which resulted in training time
speedups with no loss in accuracy. Second, we use an initial line search step combined
with a linear stepsize decay by epoch. We use 0 = 50 and 7 is line-searched starting
at r = 10.

C.4.2 Word embedding corpora

We used three corpora to train the word embeddings: the full Wikipedia dump of
03/2015 (about 2.4B tokens), a larger corpus similar to that used by GloVe [Pen-
nington et al., 2014]: Wikipedia2015 + Gigaword5 (5.8B tokens in total) and the one
used word2vec [Mikolov et al., 2013b], which consists of a mixture of several corpora

2http://code.google.com/p/word2vec
3http://nlp.stanford.edu/projects/glove
4https://github.com/ntessore/redsvd-h
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from different sources (6.4B tokens in total). We preprocessed all the corpora by
removing punctuation, numbers and lower-casing all the text. Finally we ran two
passes of word2vec's tokenizer word2phrase. As a final step, we removed function
words from the vocabulary and kept only the 100K most common words for all our
experiments.

C.4.3 Datasets for semantic tasks

Our first set of experiments is on two standard open-vocabulary analogy tasks:
Google [Mikolov et al., 2013a] and MSR [Mikolov et al., 2013c]. Google consists
of 19,544 semantic and syntactic analogy questions, while MSR's 8,000 questions are
all syntactic. As an additional analogy task, we use the SAT analogy questions (ver-
sion 3) of Turney [Turney and Littman, 20051. The dataset contains 374 questions
from actual SAT exams, guidebooks, from the ETS web site and other sources. Each
question consists of 5 exemplar pairs of words wordi:word2, where all the pairs hold
the same relation. The task is to pick from among another five pairs of words the
one that best represents the relation represented by the exemplars. To the best of
our knowledge, this is the first time word embeddings are used to solve this task.

Given the current lack of freely available datasets with category and sequence
questions, as described in Section 2, we decided to create them. We used n1tk's5

interface to WordNet [Miller and Fellbaum, 1998] in combination with word-word
PMI values computed on the Wiki corpus to create the sequences and classes.

As a first step, we collected a set of root words from other semantic tasks to
initialize the methods. For the classification data, we created the in-category words
by selecting words from various WordNet relations associated to the root words, after
which we pruned down to four words based on PMI-similarity to the root word and
the other words in the class. The additional options for the multiple choice question
were created searching over words related to the root by a different relation type,
and selecting those most similar to the root.

For the sequence data, we obtained from WordNet trees of words given by var-
ious relation types, and then pruned based on similarity to the root word. For the
multiple-choice version of the data, we selected additional (incorrect) options by
searching over other words related to the root word, and pruning, as for sequences,
based on PMI similarity. Finally, we manually pruned all three sets of questions,
keeping only the most coherent questions, in order to increase the quality of the
datasets. After pruning, the category dataset was left with 215 questions and the

'http://www.nltk.org/
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sequence dataset with 51 questions in its open-vocabulary version and 169 in its
multiple choice version.

The two datasets will be made publicly available, in the hopes of broadening the
type of tasks used to evaluate semantic content of word embeddings.

C.4.4 Solving inductive reasoning tasks

The ideal point for a task is defined below:

* Analogies: Given A:B::C, the ideal point is given by B - A+C (parallelogram
rule).

" Analogies (SAT): Given prototype A:B and candidates C1 : D1... C. : D",
we compare Di - Ci to the ideal point B - A.

* Categories: Given a category implied by wi, ... , wn, the ideal point is I =

* Sequence: Given sequence w, : : w, we compute the ideal as I = wn +
(Wn - Wi).

Once we have the ideal point I, we pick the answer as the word closest to I among
the options, using L2 or cosine distance. For the latter, we normalize I to unit norm
before taking the cosine distance. For L 2 we do not apply any normalization.
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C.5 Full table of analogy results

C.5.1 Top-30k vocabulary resctriction

Google Analogies SAT MSR Analogies

Semantic Syntactic Total

Covered 5022 8195 13217 217 4358
Total 8869 10675 19544 374 8000

Table C.1: glove corpus question coverage

Google Analogies SAT MSR Analogies

Semantic Syntactic Total

Covered 4746 7679 12425 199 4340
Total 8869 10675 19544 374 8000

Table C.2: wiki corpus question coverage

Google Analogies SAT MSR Analogies

Semantic Syntactic Total

Covered
Total

3965
8869

8447 12412 257
10675 19544 374

4554
8000

Table C.3: w2v corpus question coverage

Google Analogies (cosine) Google Analogies (12)

Method Semantic Syntactic Total Semantic Syntactic Total

70.5 73.5 74.1
70.6 59.2
50.0 49.1
71.6 66.6

70.0 71.2
67.7 64.5
41.2 44.3
71.2 69.4

Table C.4: wiki corpus analogy accuracy

SAT MSR Analogies

Method L2 diff-cosine cosine cosine L 2

regression 38.7
GloVE 37.2
SVD 32.7
word2vec 41.9

41.7
40.7
32.2
42.9

33.7 67.2 64.0
35.7 61.2 53.5
28.1 33.5 30.3
41.4 65.0 63.4

Table C.5: wiki corpus analogy accuracy for MSR and SAT datasets

regression
GloVE
SVD
word2vec

78.4
70.2
55.8
68.0

70.9
46.4
73.8



Classification

Method Cosine L 2

Sequence Sequence (open vocab)

Cosine L 2 Cosine L2

Sequence (open vocab, top5)

Cosine L 2

regression 86.1
GloVE 80.9
SVD 74.9
word2vec 85.1

85.6
76.7
64.7
71.6

Table C.6: wiki corpus for classification and sequence

Google Analogies (cosine) Google Analogies (12)

Method Semantic Syntactic Total Semantic Syntactic

73.7
71.7
53.4
73.3

75.5
65.6
53.7
71.4

70.9 72.6
66.6 67.2
48.2 50.3
70.9 71.1

Table C.7: glove corpus analogy accuracy

MSR Analogies

L2 diff-cosine cosine cosine

37.8
33.6
25.8
42.0

65.6
62.0
32.0
67.9

Table C.8: glove corpus analogy accuracy for MSR and SAT datasets

Classification Sequence Sequence (open vocab)

Method Cosine L2 Cosine L2 Cosine L2

regression

GloVE
SVD
word2vec

84.6
80.1
74.6
84.6

87.6
73.1
65.2
76.4

58.9
58.9
53.0
56.2

58.3
48.8
52.4
54.4

0.0
0.0
0.0
0.0

0.0
0.0
2.0
3.9

Sequence (open vocab, top5)

Cosine L 2

23.5
27.5
19.6
53.0

21.6
23.5
15.7
58.8

Table C.9: glove corpus for classification and sequence

Google Analogies (cosine) Google Analogies (12)

Method Semantic Syntactic Total Semantic Syntactic Total

regression

GloVE
SVD
word2vec

80.1
70.4
55.2
66.8

73.0
73.0
43.6
73.4

75.2
72.2
54.1
71.3

77.3
61.9
52.8
67.2

73.1
70.0
50.6
72.2

74.4
67.2
51.3
70.6

Table C.10: w2v corpus analogy accuracy

C.5.2 Top-100k vocabulary

1

58.0
59.2
46.2
57.4

55.6
51.5
46.2
59.2

7.8
2.0
2.0
2.0

5.9
2.0
2.0
5.9

72.5
51.0
21.6
49.0

60.8
37.3
25.5
51.0

regression
GloVE
SVD
word2vec

78.4
72.6
57.4
73.4

70.8
71.2
50.8
73.3

Total

SAT

Method

regression
GloVE
SVD
word2vec

39.2
36.9
27.1
42.0

40.6
42.8
32.2
49.2

63.9
55.6
30.6
66.5



SAT

L2 diff-cosine

38.1
27.9
27.1
39.0

43.0
37.3
32.2
46.4

MSR Analogies

cosine cosine L 2

36.9
29.1
25.8
42.3

69.4
35.6
32.0
75.3

68.4
35.4
30.6
75.6

Table C.11: w2v corpus analogy accuracy for MSR and SAT datasets

Classification

Method Cosine L 2

regression

GloVE
SVD
word2vec

81.4
78.2
74.1
87.0

85.5
70.0
61.1
75.0

Sequence

Cosine L2

57.1
57.7
47.0
52.7

55.4
50.6
48.2
50.9

Sequence (open vocab)

Cosine L9,

0.0
2.0
0.0
3.9

0.0
0.0
0.0
5.9

Sequence (open vocab, top5)

Cosine L2

25.5
31.4
35.3
49.0

21.6
31.4
21.6
45.1

Table C.12: w2v corpus for classification and sequence

Google Analogies SAT MSR Analogies

Semantic Syntactic Total

Covered 7829 10411 18240 217 5612
Total 8869 10675 19544 374 8000

Table C.13: glove corpus question coverage

Google Analogies SAT MSR Analogies

Semantic Syntactic Total

Covered 7667 10231 17898 199 5186
Total 8869 10675 19544 374 8000

Table C.14: wiki corpus question coverage

Google Analogies SAT MSR Analogies

Semantic Syntactic Total

Covered 7213
Total 8869

10405 17618 244
10675 19544 374

Table C.15: w2v corpus question coverage

Google Analogies (cosine) Google Analogies (12)

Method Semantic Syntactic Total Semantic Syntactic Total

regression

GloVE
SVD
word2vec

76.9
69.0
53.8
67.9

64.6
66.0
40.2
70.4

69.9
67.3
46.1
69.3

64.9
53.5
40.2
67.4

62.5
62.1
34.2
67.2

63.5
58.4
36.8
67.3

Table C.16: wiki corpus analogy accuracy

Method

regression

GloVE
SVD
word2vec

5462
8000



Method

regression
GloVE
SVD
word2vec

SAT MSR Analogies

L2 diff-cosine cosine cosine L2

38.7
37.2
32.7
41.7

41.7
40.7
32.1
43.2

33.7
35.7
28.1
41.2

62.6
58.6
31.3
62.4

57.4
50.2
26.7
61.5

Table C.17: wiki corpus analogy accuracy for MSR and SAT datasets

SAT MSR Analogies

Method L2 diff-cosine cosine cosine L2

40.6
42.8
32.2
49.2

37.8
33.6
25.8
42.0

65.6 63.9
62.0
32.0
67.9

55.6
30.6
66.5

Table C.18: wiki corpus analogy accuracy for MSR and SAT datasets

Classification

Method Cosine L2

regression
GloVE
SVD
word2vec

86.0
80.9
74.9
85.1

85.6
76.7
64.7
71.6

Sequence Sequence (open vocab, top 5)

Cosine L2 Cosine L2

58.0
59.2
46.2
45.1

55.6
51.5
46.2
43.1

62.7
51.0
21.6
43.1

37.3
37.3
25.5
45.1

Sequence (open vocab)

Cosine L9

11.8
3.9
3.9
3.9

15.7
3.9
3.9
11.8

Table C.19: wiki corpus for classification and sequence

Google Analogies (cosine) Google Analogies (12)

Method Semantic Syntactic Total Semantic Syntactic

regression
GloVE
SVD
word2vec

75.0
70.7
57.0
71.7

66.4
67.5
44.2
71.5

70.1
68.8
50.3
71.5

70.0
62.5
47.9
70.0

66.1
62.4
42.0
68.7

Total

67.7
62.5
44.5
69.5

Table C.20: glove corpus analogy accuracy

SAT

L2 diff-cosine

39.2
36.9
27.2
42.1

40.6
42.9
32.3
48.2

MSR Analogies

cosine cosine L2

37.8
33.6
25.8
41.7

62.2
61.0
30.6
67.0

58.9
53.0
27.4
66.8

Table C.21: glove corpus analogy accuracy for MSR and SAT datasets

regression

GloVE
SVD
word2vec

39.2
36.9
27.1
42.0

Method

regression

GloVE
SVD
word2vec



Classification

Method Cosine L 2

regression
GloVE
SVD
word2vec

84.6
80.1
74.6
84.6

87.6
73.1
65.1
76.4

Sequence

Cosine L 2

58.9
58.3
55.6
55.6

58.3
48.8
54.4
54.4

Sequence (open vocab top 5)

Cosine L9.

23.5
27.5
19.6
49.0

17.6
23.5
11.8
54.9

Sequence (top 1)

Cosine L2

0.0
0.0
0.0
0.0

0.0
0.0
3.9
7.8

Table C.22: glove corpus for classification and sequence

Google Analogies (cosine) Google Analogies (12)

Method Semantic Syntactic Total Semantic Syntactic

regression

GloVE
SVD
word2vec

Method

regression
GloVE
SVD
word2vec

78.2
70.6
55.9
67.1

68.9
69.8
47.8
71.6

72.7
70.1
51.1
69.8

72.0
61.2
45.4
68.0

68.6
65.7
44.7
70.4

Table C.23: w2v corpus analogy accuracy

SAT MSR Analogies

L2 diff-cosine cosine cosine L 2

38.1
36.9
27.9
39.2

43.0
53.9
37.2
47.1

36.9
34.0
29.1
42.8

66.1
65.3
33.6
73.8

63.1
59.0
31.1
74.6

Table C.24: w2v corpus analogy accuracy for MSR and SAT datasets

Classification

Method Cosine L 2

regression
GloVE
SVD
word2vec

81.3
78.2
74.1
87.0

85.5
70.0
61.1
75.0

Sequence

Cosine L2

57.1
58.3
45.8
53.3

55.4
50.6
48.2
50.9

Sequence (top 5)

Cosine L2

24.5
31.4
31.4
43.1

21.6
31.4
21.6
35.3

Sequence (top 1)

Cosine L2

0.0
3.9
0.0

7.84

0.0
0.0
0.0

11.8

Table C.25: w2v corpus for classification and sequence

Total

70.0
63.9
45.0
69.4
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Appendix D

Population level diffusion

D.O.1 Hypothesis test proof

Corollary D.O.1 (Hypothesis test for I). Let TO and I, be candidate potentials
such that given po(0, x) = pi(0, x) and

ap,= div(V TjJ(x)pi(t, x)) + oaV2 pi(t, x)

fulfill po(t, x) = p1 (t, x). Define p(t3 , x) where t3 - T is a draw from T defined as
a random variable absolutely continuous with respect to the Lebesgue measure, then
either

P(p1(t3, x) = po(t3 , x)) = 1

if Vx, X'i(x) = 'Io(x), or

P(p1(t3, x) = po(t3 , x)) = 0

otherwise.

Proof. By theorem 5.4.2, we know that if both P' = ! 2P0 and pi(t, x) = po(t, x) for
any t, then 'I 1 (x) = Jo(x). Therefore if xI'(x) # To(x), any t such that pi(t, x) =

Po (t, x) must have distinct time derivatives.
Now by Bolzano Weierstrass, if pi(t, x) = po(t, x) an infinite times over any

finite time interval [0, T], then there must be some accumulation point such that
p1 (t, x) = po (t, x) has a convergent subsequence. By differentiability of p with respect
to time, this implies %P at some p1 (t, x) = po(t, x). Therefore, if 'I 1 (x) / To(x) there
can only be a finite number of times such that p1 (t, x) = po (t, x). This has measure
zero over with respect to the Lebesgue measure, thus any random stopping time t3
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implies
P(p1(t3 , x) = po(t3, x)) = 0.

The other direction occurs by uniqueness of the solution to the Fokker Planck equa-
tion.

D.0.2 Boundary conditions for identifiability

We prove the non-compact boundary condition, which replaces the boundary with
some sequence of compact sets such that the probability of leaving the set limits to
zero.

Theorem D.O.2 (Uniqueness of Fokker-Planck like operators). Let 1(x) be a C1

solution to the following elliptic PDE:

f(x) = V2'I(x)T(x) + VW'(x)VT(x) + a2V2r(x) (D.1)

subject to the constraint f exp(-XJ(x)/a2 )dx = 1, f r(x)dx < oo.
Equation D.1 is fulfilled in the short-time case with, f = T = p and in theat,

time-integral case, f (x) = p(to, x) - p(tn, x) and T(x) = fj p(t, x)dt.
In both cases, assume that the underlying Fokker-Planck boundary condition al-

lows us to construct a sequence of compact sets Rn such that limnI. fxE&n r(x)dx =

fLEVd r(x)dx < oc and limno,+ LE, f(x) 0.
Then T(x) is unique up to sets of measure zero of T(x).

Proof. Consider any 'I(x) and XI 2 (x), then by linearity of the PDE '(x) = 'I(x) -

I 2 (x) must be a solution to the homogeneous elliptic PDE

0 = div(VT'(x)T(x)) = V2'F'(x)T(x) + VX'(x)VT(x)

Construct Re,,n = {x : x E Qn, T'(x) < 4}, which is the intersection of the level
set of T' with Qn.

Expanding the limit boundary constraint on f and taking the difference we obtain:

lim (V 'F(x)r(x), nx)dx = 0.

Analogously to the reflecting boundary condition, define OROn as the boundary
of the sublevel set and ffl,, as the boundary of Qn such that the union of the two
sets forms the boundary of Re,..
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Applying the divergence theorem over the decomposition of the boundary analo-
gously to the other boundary condition:

lim div

=lim (

+ lim
nIoc JX6aR ,m

(V'J'(x)T(x))dx

V4T'(x)r(x), nx)dx

IV'(x)|2 T(x)dx = 0.

which implies via our boundary constraint

lim
x OR 

0
IV '(x)12r(x)dx = 0.

This limit occurs uniformly in E, since the first line of Eq D.2 is exactly zero and Eq
D.3 is uniformly bounded as

Now assume that there exists some compact set S of nonzero measure such that
for all x E S, 11V'JT(x) I 0. Since T is continuous the extreme value theorem implies
the existence of some Emin = minXEs XJ(x) and Emax = maxxes XI(x). Using the fact
that any x with V'I"(x)I 1 0 must be a part of OR',n for sufficient large n and
uniformity of our limit with respect to E we obtain:

lim f V I'(x)12T(x)dx
n- oo

-lim
n-+oo min IxErO

emax f

< lim I
n-+oo xEOR,

IV'I'(x) T(x)dxde
ns}

I V '(x) 1r(x)dxdE = 0.

Which is a contradiction, as this implies limneo, V T(x) = 0 from the fact that r(x)
has a lower bound strictly greater than zero over S.
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Equicontinuity of Vx'(x) then implies jVx'(x) = 0 for all x, and therefore

V'J(x)I = IV'Pl(x) - VXF 2(x)I = 0.

Combined with the normalization constraint, f exp(-'I'(x)/o 2 )dx = 1, this implies
XI1(x) = D2(X).

D.O.3 Details on parameters and methods

The following are the 'free' hyperparameters of the model:

* K: The number of hidden layers (200 for simulated data, 500 for RNA-seq
data)

* At: simulation timestep (0.01 for simulations, 0.1 for RNA-seq)

" r: regularization constant (0.7 for all data)

* E: step size of adagrad (Grid searched from starting with 0.1 for 10 steps with
decaying powers of 2)

" -y: adagrad squared gradient decay rate (0.01, all experiments)

" NS: number of samples to draw from simulations (Fixed to be the same as the
number of points at the first time point)

* burnin: number of steps of the first-order Euler scheme to burn-in for con-
trastive divergence (set to 50)

For initializing the contrastive divergence, W is set to be i.i.d unit Gaussians, b to
draws from the [-1, 1] uniform, and g to zero.

D.O.4 Alternative methods

We fit the following baseline models:

" Orstein-Uhlenbeck: Quadratic potential with one parameter p, 'I(x) = (x -

* Linear: Linear potential with one parameter w, '(x) = xwT.

" Local: Sum of Gaussian potentials with three parameters M, g and b, T(x) =

g exp(-(x - p)2/b2)
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D.O.5 High-dim gene expression

Applying our RNN model to the top 5 or 10 differentiating genes as measured by
the Wasserstein distance between the marginal day 0 and 7 distributions results in

qualitatively similar results. In order to fit the higher-complexity multivariate model,
we modified a few hyperparameters (K = 2000, initialization of b as bi = Jwii 12x

increasing NS to 1000, u- = v2 and using continuous contrastive divergence) and

included all (non-heldout) data for pre-training. The parameter changes result in
producing a similar goodness-of-fit to the higher dimensional versions of the problem
with only a few hundred points.

For example, the D4 nonstationary dynamics of Krt8 are re-capitulated

045

040 True D4 Krt8 expression
Predicted Krt8 expression

Figure D-1: 5-gene model prediction of Krt8 also reproduces the underlying bimiodality of
the data

Plotting the predicted marginal distribution for all 5 genes, we find that the

RNN based model substantially outperforms other, parametric approaches to the

same problem:
This same trend holds as we increase the number of genes from 5 to 10 where the

RNN performs best compared to alternatives. We find that as we increase the di-

inensionality, the learned dynamics begin to become unimodal, as all models struggle

to identify the true dynamics from sparse, high-dimensional data.
Even in this setting where we have a, few hundred examples in 10 dimensions,

we can still effectively identify correlations and other relationships between genes at
this non-equilibrium state.
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