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by Dawsen Hwang

Submitted to the Department of Electrical Engineering and Computer Science
on May 20, 2016, in partial fulfillment of the requirements for the degree of

Doctor of Philosophy in Electrical Engineering and Computer Science

Abstract

This thesis is concerned with the design and analysis of algorithms for new vari-
ants of optimization problems where the problem instance is not completely known.
Specifically, we consider two online problems where the problem instance is revealed
over time, and one distributed problem involving many computational units, each of
which can access only local information. We measure the performance of algorithms
by the worst-case ratio between their objective values and the optimal objective value
obtained by algorithms knowing the entire problem instance. Better algorithms have
ratios closer to one. For online problems, this ratio is known as the competitive ratio.

First, we study a class of generalized online scheduling problems, where the online
Weighted Traveling Repairman Problem (WTRP) is a special case. For the online
WTRP, we propose a family of parameterized deterministic and randomized online
algorithms. For both deterministic and randomized cases, our competitive ratios are
the smallest (best) in the literature. For the general setting, our online algorithms
achieve similar competitive ratios.

Second, we study a distributed version of the Multi-Depot Vehicle Routing Prob-
lem. In particular, we divide the space into smaller regions based on the depot con-
figurations through a partition scheme, and assign each region to a vehicle. For
partition schemes, we call the aforementioned worst-case ratio their Price of No-
Communication (PoNC). We show that the Voronoi partition achieves a PoNC linear
in the number of depots. In addition, for two special classes of depot configurations,
we design partition schemes with PoNCs sub-linear in the number of depots.

Third, we study quantity-based single-resource revenue management problems in
a new parameterized online model, which is a combination of the worst-case and the
random-order models. When there are only two classes of customers, we develop two
online algorithms and show that they achieve the best-possible competitive ratio for a
wide range of problem parameters. We also study two problem extensions. In the first
extension, online algorithms can observe whether an arriving customer follows the
adversarial arrival order. In the second extension, similar to the classical secretary
problem, the goal of the online algorithms is to maximize the probability of selecting
the highest-valued customer.

Thesis Supervisor: Patrick Jaillet
Title: Dugald C. Jackson Professor of Electrical Engineering and Computer Science
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Chapter 1

Introduction

This thesis is concerned with the design and analysis of algorithms and solution pro-

cedures for new variants of classical combinatorial optimization problems such as the

traveling salesman problem and the knapsack problem, where the problem instance

is not completely known.

1.1 Motivation and General Setting

1.1.1 The Traveling Salesman Problem and Its Variants

The Traveling Salesman Problem (TSP) is one of the most important classical com-

binatorial optimization problems. The solution techniques developed for solving the

TSP are not only valuable in their own right but also useful for solving many more

complicated problems. One basic version of the TSP (the metric TSP) can be described

as follows: given a metric space, and a set of points (request locations) and a partic-

ular starting point (depot) in the space, find a tour of minimum total length for a

salesman (server) that starts and ends at the prescribed starting point and visit all

the points. When the traveling speed of the server is constant, the solution of the

TSP also minimizes the traveling time. By adopting various other constraints and

objective functions, we obtain a general class of vehicle routing problems, which have
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a wide range of transportation applications such as designing routes for couriers to

deliver packages and mails and routes for taxi to pick up/drop off passengers. For

example, to model the need to first pick up packages/passengers before they can be

dropped off, we can add precedence constraints, which specify that a location must be

visited after some other locations. We may also associate each request with a release

date, and impose the constraint that the location of a request must be visited at or

after the release date. Adding release dates is appropriate when requests arrive over

time such as the scenario of passengers looking for taxis.

The Weighted Traveling Repairman Problem (WTRP) and the Multiple-Depot Ve-

hicle Routing Problem (MDVRP) are two of the most well known generalizations of

the TSP. In the WTRP, the goal is to minimize the total weighted completion time of

the requests, where the completion time of a request is the earliest time when the

request location is visited. The TSP and the WTRP represent two very different man-

agerial measures. The objective of the TSP is to minimize the time for the server

to complete all the tasks, which mainly corresponds to the server's interest. On the

other hand, the objective of the WTRP takes into account the completion time of all

requests, which reflects the perspective/interest of the customers/requests. For ex-

ample, for food delivery companies, reducing the waiting time for each customer is

important, and hence the WTRP formulation would be more appropriate. The MD-

VRP is a multiple-server version of the TSP. In one of its simplest form, we have a

set of servers starting at different prescribed depots, and the goal is to find a tour for

each of them, such that the team collectively visits all requests before returning to

their respective depots and the total length of the tours is minimized. This problem

models the situation of deploying a fleet of servers (e.g., UAVs, robots) to visit requests

located in a surrounding territory [47, 87].

Uncertainty of the Future in Vehicle Routing

In many vehicle routing applications, it is unrealistic to assume that we know the

entire problem instance when solving the problems. In particular, when the afore-

16



mentioned release dates are appropriate, instead of knowing all requests and cor-

responding release dates in the beginning, a more realistic assumption is that we

know the existence of a request and its location only at or after its release date, and

the server must take actions (whether to travel or not/which direction to travel) with

currently available information. For example, food delivery and courier companies

(Grubhub, Google Express, UPS, FedEx, etc.) offer many express services such as

one-day or even one-hour delivery. In order to deliver food/goods/mails in time, plan-

ning the path in real-time (also known as in an "online" fashion) is essential, because

service requests arrive over time and forecasting the future requests is difficult. Un-

der this setting, we face the trade-off between waiting for more requests to be revealed

before traveling, and traveling early in a direction, which may turn out not to be op-

timal when more requests are revealed.

There are numerous approaches to solving optimization problems under such un-

certainty. For example, when the underlying distribution of the future requests is

available ahead of time, we can find optimal solutions (in expectation) by dynamic

programming algorithms. However, in order to use such approaches, we need to know

(or approximate) these probability distributions. This is not always possible in prac-

tice because the available past data may not be sufficient for us to properly estimate

these probability distributions, or the stream of requests may not be generated from

any stochastic processes. Let us consider the food delivery and courier company ex-

ample. When a company expands its business to a new region, there are no available

data to forecast the future customer requests. Also, consider the following rescue-

team routing example. After a natural disaster (such as earthquake, tsunami), two

teams are sent out: a search team and a rescue team. The search team looks for

victims. The rescue team has to determine how to travel in real-time to rescue all

victims in the shortest amount of time without knowing the locations of the victims

yet (to be discovered by the search team). Since a natural disaster is a rare event,

there is insufficient prior knowledge for a rescue team to plan the route, and the res-

17



cue team has to design the route on the fly based on the available information about

the victims that have been located so far.

The online optimization framework deals with uncertainty about future requests

without imposing any probabilistic assumptions. In this framework, each request

becomes known at its release date only, and an online algorithm must determine

how the server(s) should travel based on the current available information only. The

performance measure of an online algorithm is the competitive ratio, which is the

worst-case ratio between the cost of the online algorithm and that of the optimal of-

fline algorithm, which plans the route at the beginning once and for all with complete

information of all the stream of requests and their release dates. The goal is to design

an online algorithm with the best-possible competitive ratio. Since vehicle routing

problems are usually cost minimization problems, lower competitive ratios imply bet-

ter online algorithms. Although the competitive ratio is a conservative performance

measure, it is appropriate when it is difficult to characterize the uncertainty about

the future requests.

Using the competitive (worst-case) analysis to study the performance of online al-

gorithms was first proposed by Sleator and Tarijan [131] for analyzing the amortized

efficiency for algorithms that dynamically maintain a data structure (linear list). This

notion is later given the name of the competitive ratio by Karlin et al. [81]. The on-

line optimization framework and the competitive analysis have been applied to many

applications in the computer science and operations research literature [3, 16, 31, 53]

such as resource management in operating systems, maintaining data structures,

scheduling and load balancing, network routing, and revenue management, to name

a few.

Ausiello et al. [12] first apply competitive analysis to study the online TSP. They

propose an online algorithm with a competitive ratio of 2 for general metric spaces,

and show that it is the best possible competitive ratio. The online versions of many

other vehicle routing problems are also studied extensively under the competitive ra-
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tio performance measure [8, 11, 14, 29, 52, 69, 72, 75, 92, 104]. Since the competitive

ratio is a conservative performance measure, variations of the worst-case analysis

have been proposed such as limiting the feasible routes of the offline algorithm [25],

augmenting the power of the online algorithms by allowing advance notice of the

release of requests [6, 69] or allowing more servers than its offline counterpart (for

multiple-server settings) [29], and studying the asymptotic behavior [70, 77]. See

[76] for a survey of online vehicle routing problems. We remark here that although

the best possible competitive ratio of the online TSP is known, it remains unknown

for many of its variants, including the online WTRP. Therefore, there are still oppor-

tunities to propose online algorithms with better competitive ratios for many variants

of online vehicle routing problems.

Distributed Setting

In addition to having no information regarding future requests, multiple-server

vehicle routing problems are often studied in a distributed setting in which each

server is a computational unit that cannot access all "global" information that has

been revealed so far. Each server then plans the path through an algorithm that can

access only "local" information. In particular, let us consider the MDVRP. The ex-

ample of deploying a fleet of servers (e.g., UAVs, robots) to visit requests located in

a surrounding territory naturally adopts such a distributed setting. In order to gain

insights to the challenge brought by a distributed setting, we focus on the distributed

offline version of the MDVRP.

For solving the offline MDVRP, a distributed approach is also motivated by com-

putational needs. It is computationally challenging to solve the centralized version

of the MDVRP optimally because it requires solving assignment (i.e., which server

visits which subset of requests) and routing problems simultaneously. Finding the

shortest route for a single server to visit all its assigned requests is the TSP, which

do not admit any polynomial-time solutions unless P = NP, so it is computationally

challenging per se. Furthermore, the assignment part of the problem significantly
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increases the computational difficulty because evaluating the quality of a particular

assignment requires solving several TSP, one for each server. As a result, many solu-

tions to the MDVRP first assign each request to the server at the nearest depot, and

then refine the solution through communication among servers (by "trading" requests

between "selfish" servers or solving a local optimization problem between cooperative

servers) [39, 43, 47, 54, 87, 120, 125]. However, we are not aware of any worst-case

performance guarantee for such heuristic algorithms.

Existing performance guarantees for algorithms solving the MDVRP rely on the

availability of probability distributions of the request locations. Bompadre et al. [28]

give a polynomial-time algorithm in which each request is assigned to the nearest

depot (the "base" of a server). They assume that the locations of the requests are

independently and uniformly distributed in the unit square and all requests have the

same demand, and show that the proposed algorithm achieves an approximation ratio

strictly less than 2 almost surely as the number of requests goes to infinity. In another

line of research, the probability distribution of the request locations is used to divide

the metric space into smaller regions and let each server be responsible for requests

in the corresponding region. In particular, partitioning the metric space has been

applied to a variant of the MDVRP in which the objective is to minimize the maximal

length of the tours (a Min-Max objective). Carlsson et al. [35] find a partition of the

metric space such that the load (length of the tour) is almost surely the same for all

servers asymptotically (i.e., as the number of requests approaches infinity) when the

requests locations are uniformly distributed in a compact set in the two-dimensional

Euclidean space. Carlsson [36] finds a way to partition the metric space to balance the

load asymptotically when the request locations are identically distributed according

to a known (but not necessarily uniform) distribution. When the precise probability

distribution is unknown but some first and second order statistics are given, Carlsson

and Delage [37] find a way to partition the metric space such that the load is most

balanced under the worst-case distribution.
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We remark here that the performance guarantees for the above-mentioned results

are all for the asymptotic case when the probability distribution of request locations is

available. However, in situations we described earlier where probability distributions

are not available, or when the number of customers does not approach infinity, no

performance guarantee has been proved.

1.1.2 The Knapsack Problem and Its Variants

In addition to the TSP, the knapsack problem is also a very popular classical combi-

natorial optimization problem. In one of its simplest form, the knapsack problem can

be described as follows. Given a list of items, each with a weight and a value, and a

limit on the total weight, find the collection of items with the maximum total value

while the total weight is less than or equal to the given limit. In complexity theory,

the knapsack problem is important because it is an NP-complete problem.

Uncertainty of the Future in the Knapsack Problem

Similar to the TSP, the knapsack problem has online and offline versions. As-

suming the weights are identical among items, the offline version of the knapsack

problem becomes trivial: We can simply use a greedy algorithm that selects the items

with the maximal value one by one until no more items can be added. However, when

the values of the items are not fully known ahead of time, the knapsack problem with

identical weights is an interesting problem with many applications.

One of the applications is the problem of quantity-based revenue management for

a single resource with two classes of demand [16, 133], which is a basic yet fundamen-

tal problem in online resource allocation. In this problem, a firm is endowed with b

(identical) units of a product to sell to customers arriving sequentially over a finite

selling period. Each customer demands one unit of the product. Customers belong to

two classes depending on their willingness-to-pay: class-1 and class-2 customers are

willing to pay $1 and $a respectively, where 0 < a < 1. When a customer arrives, the

firm (by using an online algorithm) has to determine whether to allocate resource to

21



a customer instantly and irrevocably so as to maximize the overall revenue while sat-

isfying the resource capacity constraint. This formulation captures selling products

or services with a sharp expiration day, such as hotel rooms, rental cars, tickets (for

flights, cruises, movies, or sporting events), and radio/TV advertisement slots. Classi-

cal approaches solving this problem often require a priori knowledge of the probability

distribution of the demand [20, 33, 99, 100, 105]. However, in many markets, the de-

mand cannot be perfectly learned a priori due to unpredictable components such as

traffic spikes and competitor's change of strategy [2, 16, 50, 129, 137]. In such cases,

the firm must consider alternative approaches that do not require a priori knowledge

of the probability distribution.

In the literature of online resource allocation, many customer arrival models that

do not require a priori knowledge of the probability distribution of the demand have

been proposed. Such customer arrival models broadly belong to two categories: ad-

versarial models and stochastic models.

In adversarial models, the sequence of arrivals is assumed to be determined by an

adversary, and cannot be learned (or predicted) as the sequence unfolds. Adversarial

models have been studied for single-resource revenue management [16] as well as

in more general settings mainly motivated by various forms of Internet advertising

[34, 114]. The online algorithms developed for these models aim to perform well in

the worst-case scenario, and hence the resulting bounds are often very conservative.

For example, Ball and Queyranne [16] develop an online algorithm for the single-

resource revenue management with 2 fare classes that guarantees only a - factor of

the maximum revenue that can be achieved in hindsight. They also show that this

bound is the best achievable bound in the adversarial model.

On the other hand, stochastic models have the common feature that the arrival

pattern can be learned (almost perfectly) as we observe the sequence. An example

of the stochastic models is the random-order model, which assumes that sequence of

arrivals is a random permutation of an arbitrary sequence [2, 46, 83, 88]. In such a
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model, after observing a small fraction of the input, one can predict the future de-

mand pattern. This intuition is used for developing online algorithms that achieve

near optimal revenue, under some appropriate conditions on the relative amount of

available resources to allocate. These algorithms heavily rely on learning from the ob-

served data, either once [46] or repeatedly [2, 83, 88]. The limitation of this approach

is that there are examples where real data do not confirm the stochastic structure

presumed in the random-order model' as witnessed in [129, 137] using real data. In

fact, as discussed in [50, 115], large online markets (such as Internet advertising sys-

tems) often use modified versions of these algorithms to make them less reliant on

accurate demand prediction.

We note that there is a gap in the competitive ratio between the worst-case model

and the random-order model: while we can achieve a near-optimal competitive ratio

asymptotically in the random-order model, the best possible competitive ratio in the

worst-case model is at most - (strictly less than one). Similar gaps between the two

customer arrival models also appear in other problems such as the online budgeted

matching problem, for which the best possible online algorithm against the worst-

case model has a competitive ratio of 1 - l/e [114] while online algorithm against the

random-order model can achieve a near-optimal solution [2, 46]. It remains unknown

what happens when customers arrive according to a model that is a middle ground

between these two extreme cases.

1.1.3 Three Topics in this Thesis

In this thesis, we study three classes of new variants of classical combinatorial opti-

mization problems, related to WTRP, MDVRP and quantity-based revenue manage-

ment for a single resource with two classes of demand respectively, when the problem

instances are not fully known ahead of time.

First, we study the online WTRP and design online algorithms with a competitive

lNote that stochastic models that assume there is an (unknown or known) independent and identi-
cally distributed arriving sequence can be viewed as special cases of the random order model.
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ratio better than the existing ones in the literature. The online WTRP has a wide

range of applications, including the food-delivery and rescue-team routing examples.

Our algorithms can also be applied to many variants of the online vehicle routing

problems, including the case when the precedence constraints are imposed. Further-

more, we note that the online WTRP has a mathematical structure similar to many

other online problems such as the online machine scheduling problems [711, in which

jobs are released over time and online algorithms, knowing only the jobs released so

far, are to assign jobs to machines in an online fashion so as to minimize a given cost

function of all job completion times. We show that our algorithm is applicable to a

new general class of online scheduling problems in which each machine has multiple

states that lead to different processing times with a wide range of cost functions.

Second, we study the MDVRP under the distributed setting, and pose the fol-

lowing question: if we disallow any communication among the servers, what is the

Price of No-Communication (PoNC), which is defined to be the worst-case ratio be-

tween the no-communication solution and the optimal centralized solution? We can

achieve a no-communication solution by a static partition scheme of the underlying

metric space, determined once and for all based solely on the depot locations; there-

after, independent of the locations of other requests, each server is only responsible

for requests in its prescribed region. Our goal is to find a static partition scheme

that minimizes the PoNC. We do not claim that no-communication distributed algo-

rithms based on our static partition schemes outperform any of the existing heuristic

algorithms proposed for the MDVRP, but our setting is worth-noting for the following

two reasons. First, finding the static partition with the optimal PoNC is an essential

building block for quantifying the "value of local communication", which character-

izes the tradeoff between decreasing the degree of communication and increasing the

performance of the algorithm. Since the PoNC compares the optimal centralized so-

lution with one that disallows any local communication, this quantity is clearly an

upper bound on how much local communication can improve on the solution. The
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optimal static partition provides the tightest upper bound. Second, existing heuristic

algorithms with local communication can benefit from adopting our static partition

scheme as the initial request-server assignment. By doing so, those algorithms can

potentially inherit the PoNC as their performance guarantees.

Third, for the online quantity-based single-resource revenue management prob-

lem with 2 fare classes [16], we aim to bridge the gap in competitive ratios between

the worst-case and random-order customer arriver models. In particular, we mix

these two models and introduce the partially-learnable demand model. In this model,

initially, similar to the worst-case model, an adversary determines a sequence of cus-

tomers to be revealed to the online algorithms. However, a subset of customers does

not follow this prescribed order. This group of customers, which we will call the Unfol-

lower group, arrives at a "uniformly" random time during the horizon. Each customer

belongs to the Unfollower group independently and with the same probability p. Note

that the extreme cases p = 0 and p = 1 correspond to the worst-case and random-

order models discussed above. In our model, even though we cannot identify which

customers belong to the Unfollower group, we can still (partially) learn the future de-

mand because the Unfollower group is almost uniformly spread in the time horizon.

Customers that do not belong to the Unfollower group present the unpredictable com-

ponent of the demand. Therefore parameter p determines the level of learnability of

the demand. Also one can view the scalar 1 - p (the probability each customer follows

the adversarial order) as the "level of robustness" or caution that the firm should take

in regard to what the observed data reveals about the future.

1.2 Terminology

In this section, we first define the online optimization framework and the competitive

analysis, a standard way to evaluate the performance of online algorithms. Then,

for vehicle routing problems that involve multiple depots, we introduce a new dis-

tributed setting based on partition of the metric space, and define the Price of No-
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Communication (PoNC) as a way to evaluate partition schemes under our setting.

Finally, we compare our terminology with the terminology in the literature.

1.2.1 Online Optimization Framework

In an online optimization problem, the problem instance reveals itself incrementally

over time, and decisions must be made at each time instance. Based on the available

information of the problem instances at each time, we classify the algorithms into

offline algorithms and online algorithms. An offline algorithm knows the entire prob-

lem instance at the beginning, and can calculate and determine all future decisions

once and for all. On the other hand, an online algorithm knows only the partially

revealed problem instance, and typically calculates the current and future decisions

repeatedly as more information is revealed. The goal is to design online algorithms

with strong worst-case (over all problem instances) performance in comparison with

the optimal offline algorithm (formalized in Definition 1.2.1).

Sequential and Dynamic Models

In an online optimization problem, the problem instance, denoted by I, can be

represented as a stream of items (requests/jobs/customers), that is I = (Y1, X2, . , Xn),

where we use n to denote the number of items, which may or may not be the same

across instances, depending on the particular setting of the problem. Based on how

the problem instance reveals itself over time, we can classify online models into the

sequential model and the dynamic model.

In the sequential model, items are revealed one by one in the order of X 1, Y2,.. ,Xn-

When an item is revealed, a decision must be made before the next one is revealed.

In Chapter 4, we study a maximization problem in the sequential model in which

the number of items n is a constant across problem instances, and online algorithms

know n at the beginning.

In the dynamic model, a continuous time component is involved and the problem
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begins at a specific point in time, denoted by 0. For each j E [n]2, each item x; is

associated with a release date r; e R>o, which is independent of the decisions of the

algorithm. For simplicity, we assume r1  r2  ... rn. In this setting, at time t, online

algorithms must make decisions based on the partially revealed problem instance,

denoted by It L {x;1r; t, j E [n]}. In this model, the total number of items n can be

different across instances, and is not revealed to online algorithms. In Chapter 2, we

study a minimization problem in the dynamic model.

Deterministic and Randomized Algorithms

Online algorithms can be further classified as deterministic and randomized al-

gorithms. A deterministic online algorithm makes the decision at time t as a de-

terministic function of the partially revealed problem instance. On the other hand,

a randomized online algorithm randomizes over a collection of deterministic online

algorithms, and hence can make randomized decisions.

For notational convenience, for a deterministic online algorithm that is called ALG,

we denote ALG(I) the objective value it achieves when the problem instance is I. For

a randomized online algorithm that is called ALG, defined by a collection of deter-

ministic algorithms {ALG(w)} where w is drawn from probability distribution A, we

denote ALG(I) the expected objective value it achieves, i.e., ALG(I) E EA [ALG(w)(I)].

We drop I and w when it is clear from context.

Competitive Analysis

To measure the performance of online algorithms, we adopt the standard compet-

itive analysis. We describe the competitive analysis for minimization problems, as

we will apply this model to minimization problems in Chapter 2. In the competitive

analysis, we compare the objective value obtained by the online algorithm and that

obtained by the optimal offline algorithm. To formalize this, we write OPT(I) to de-

note the infimum of all the objective values achievable by all offline algorithms. Here

we use the infimum rather than the minimum because we use its value as a baseline

for evaluating online algorithms, but are not concerned about whether any specific
2 [n] {1,2,...,n}.
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offline algorithm can achieve this value.3 The competitive analysis is closely related

to the notion of the competitiveness and the competitive ratio, and we formalize the

definition as follows.

Definition 1.2.1 (Competitive Analysis).

" If for all problem instances I, ALG(I) > cOPT(I), then (deterministic or random-

ized) online algorithm ALG is c-competitive.

" The competitive ratio of ALG is the infimum of c such that ALG is c-competitive.

* Smaller competitive ratios imply better online algorithms (for minimization prob-

lems).

There is another popular definition of the competitive ratio in the literature, in

which an additive factor is allowed [31]. In this alternative definition, an online al-

gorithm ALG is c-competitive if for all I, ALG(I) > cOPT(I) - k for some positive scalar

k independent of the problem instance. This alternative definition allows the online

algorithm to make more mistakes than our definition, particularly when the optimal

offline solution OPT(I) is small. Due to this difference, our definition is often referred

to as the strict competitive ratio. In this thesis, we only consider the strict competitive

ratios.

It is useful to view the competitive analysis as a zero-sum game involving two

players: an online player and an offline player. We are the online player and we play

against the offline player (the adversary). Roughly speaking, our goal is to design a

good online algorithm, and the adversary's goal is to demonstrate that offline algo-

rithms are more powerful than online algorithms. We next formalize the game.

The game is a two-stage sequential game. First, we propose an (deterministic or

randomized) online algorithm ALG. Second, the adversary, knowing ALG, chooses an
3For the problems we consider in Chapter 2, in general, we do not know whether any offline algo-

rithm can achieve the infimum. What we know is that by under the technical assumptions described
in Section 2.5.3, the infimum is achievable (we can see this by using an argument similar to the proof
of Lemma 2.5.10).
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adversarial problem instance I. At the end of the game, our score is - and the

adversary's score is . When the adversary plays the best strategy, his/her score

corresponds to the competitive ratio of ALG (the online algorithm we propose). The

equilibrium of the game corresponds to the best-possible competitive ratio of (deter-

ministic or randomized) online algorithms.

Note that for the case where we present a randomized online ALG, the adversary

does not know the realization (a)) of algorithm when choosing the adversarial prob-

lem instance I in the second step. Adversaries against randomized online algorithm

with this limitation are called oblivious adversaries [21]. See [21] for a comparison

between oblivious adversaries and other classes of adversaries that have more power

in choosing the adversarial problem instances.

Stochastic Online Sequential Models

The competitive analysis introduced earlier is a very conservative performance

metric, because the worst-case ratio typically corresponds to a very specific and some-

times restricted class of problem instances. In addition, the adversary has the com-

plete power to choose the adversarial problem instance (stream of items). To address

this issue, alternative online models have been introduced, where instead of specify-

ing a particular problem instance, the adversary specifies the probability distribution

(satisfying some properties) of the problem instance. Adversaries with such limita-

tion are called diffuse adversaries [21]. For example, in the unknown i.i.d. sequential

model, the adversary specifies a (worst-case) probability distribution, and each item

Xi in the problem instance is generated i.i.d. from that distribution [80, 108]. Simi-

larly, in the random-order model, also known as the random-permutation model, the

adversary specifies the set of items, and the items are permuted uniformly at random

before arriving [2, 46, 83, 88]. Note that the unknown i.i.d. model can be viewed as a

special case of the random order model.

Next, we describe the competitive analysis for stochastic models where the prob-

lem instance I is a (possibly non-uniform) probability distribution over a collection of

29



permutations of a particular stream of items I', which can be expressed as I ~ D(I')

for some function D. We consider maximization problems, as we will apply this model

to maximization problems in Chapter 4.

Similar to our previous discussion, we write ALG(I) to denote the objective value

(expected objective value, respectively) when problem instance is I under a determin-

istic (randomized, respectively) online algorithm called ALG. The problems we study

have the property that the objective value obtained by the optimal offline algorithm

is the same for all I - D(I'), and hence we denote the optimal solution as OPT(I'). The

competitive analysis, then, can be formalized as follows.

Definition 1.2.2 (Competitive Analysis (when I ~ D(I))).

" If for all streams of items I', E [ALG(I)] > cOPT(I'), where the expectation is taken

over I - D(I'), then ALG is c-competitive.

" The competitive ratio of ALG is the supremum of c such that ALG is c-competitive.

" Larger competitive ratios imply better online algorithms (for maximization prob-

lems).

1.2.2 A Distributed Framework

In this section, we introduce a new distributed framework for vehicle routing cost-

minimization problems that involve multiple depots. We will start with an offline

setting and then progress to an online setting.

In the most general setting of the problems, we are given a metric space (M, d) and

a team of m servers, each associated with one of m distinct depots X 4 (x1, x2 ,.. ., xn) in

the space M where m can vary in different depot configurations. A problem instance

consists of a finite list of n requests I A (11, 12, I in) in the metric space M where n can

vary in different problem instances. The goal is to design the routes for the team of

servers based on X and I so as to minimize a given cost function of the routes such as

the total traveling distance of all servers.
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On the team level, the central question that immediately arises is finding a good

partition of the problem instance (request set) I, i.e., which server covers which re-

quests; here and onwards, a partition of the request set is to be understood as a

disjoint collection of m sets Si,..., Sm whose union is I. The question then becomes

how to find an efficient (or perhaps, in some sense, optimal) partition. However,

in characterizing an efficient partition, we need to make assumptions on allowable

partition-selection schemes, such as how consensus (on the assignment) is reached

among the servers and what communication or collaboration processes are allowed.

Centralized Algorithms

If we allow for full collaboration/communication among the servers, then it effec-

tively becomes a centralized planning problem where a centralized algorithm decides

on the optimal partition, denoted by is OPT(IX)}7 , that leads to the minimum total cost,

denoted by OPT(I, X). For notational convenience, we drop the dependency on I and/or

X when it is clear from context.

Distributed Algorithms without Communication

However, because communication can be costly, we are interested in developing

distributed algorithms that solve the problem. In particular, we consider an extreme

distributed setting where communication among servers is not allowed. In this set-

ting, the goal is to find a good static partition of the entire metric space (that depends

only on the depot locations X), which then induces a partition for any request set I.

The following definition formalizes the notion of a partition scheme that is static in

nature.

Definition 1.2.3 (Partition Scheme). A partition scheme PAR is a function that, given

the m depot locations X e (x1,...,x), assigns each server i to a region M'AR(X) such

that {MAR(X)} M is a partition of the metric space M, that is, UM 1 MPAR(X) = M and

for all i j, MPAR(X) n MPAR(X) = 0.

When given a depot configuration X and a problem instance I, SPAR(IX) A M!AR(X)nI

is the set of requests assigned to server i under the partition scheme PAR. We write

31



PAR(I, X) to denote the minimum cost achievable by distributed algorithms using the

partition scheme PAR. For notational convenience, we often drop the dependency on

I and/or X in Mf'AR(X) and PAR(I, X) when it is clear from context.

Price of No-Communication

Our goal is to find a good partition scheme. The optimal (minimal) cost OPT(I) ob-

tained by a centralized algorithm is a good (and ambitious) comparison metric against

which we can evaluate the solution quality of the best possible distributed algorithm

based on partition schemes. We wish for the cost of the resulting distributed algo-

rithm to be "close" to OPT(I), where closer is better. Similar to the competitive ratio,

we propose a new performance measure of partition schemes as follows.

Definition 1.2.4 (Price of No-Communication (PoNC)).

" The PoNC of a partition scheme PAR is c(n, m), where

PAR(I, X)
c(n, in) = sup OPT(I, X)'

where the supremum is over all I and X satisfying II = n and lXi = m.

* Smaller PoNCs imply better partition schemes (for minimization problems).

Similar to the competitive ratio, it is useful to view the PoNC as a zero-sum game

involving two players: a distributed player and a centralized player. We are the dis-

tributed player and we play against the centralized player (the adversary). Roughly

speaking, our goal is to design a good partition scheme for distributed algorithms

based on partition schemes, and the adversary's goal is to demonstrate that central-

ized algorithms are more powerful than distributed algorithms based on partition

schemes.

Since the PoNC is a function of the number of requests n and the number of depots

m, we need to fix n and m when describing the game. For fixed n and m, the game

has the following two stages. First, we propose a partition scheme PAR. Second, the
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adversary, knowing PAR, chooses both a problem instance I of size n and a depot con-

figuration X of size m. At the end of the game, our score is -ALG(IX) and the adversary's
ALG~lX) Thee

score is ^L . The equilibrium of the game corresponds to the best-possible PoNC

(for given n, m).

A Distributed Online Setting

We next consider vehicle routing problems involving multiple servers in a dis-

tributed online setting by combining the distributed setting and the online dynamic

model. In the online version of the problems, because a time component is involved,

we can consider dynamic partition schemes, described as follows.

Definition 1.2.5 (Dynamic Partition Scheme). A dynamic partition scheme PAR is a

function that, given the depot locations X = (x1,...,xm) and the current time t, assigns

each server i to a region MAR(X, t) such that {MPAR(X, t)} is a partition of the metric

space M, that is, U= M)AR(X,t) = M and for all i .j, M)AR(X,t) n MPAR(X,t) = 0. We

drop the dependency on t when studying a static partition scheme and on X when it is

clear from context.

In a dynamic partition scheme PAR, request j, revealed at time r; with location

1j, is assigned to server i if and only if 1j e Mf^R(X, r;). Since the assignment of each

request does not depend on other requests in the problem instance (request set) I, no

communication among servers is required.

Given a dynamic partition scheme, each server must use its own online algorithm

to calculate its route, without knowing the information about any other servers, in-

cluding their current location and the requests assigned to them. For notational con-

venience, we write ALG(I, X) to denote the cost of a distributed online algorithm with

name ALG when the problem instance is I and the depot configuration is X. Similarly,

we write OPT(I, X) to denote the corresponding cost obtained by the optimal central-

ized offline algorithm. Similar to earlier definitions, we define the competitive ratio

of a distributed online algorithm as follows.

Definition 1.2.6 (Competitive Analysis (in the Distributed Setting)).
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" For all n and m, if for all problem instances I of size n and depot configurations X

of size m, ALG(I, X) c(n, m)OPT(I, X), then the distributed online algorithm ALG

is c(n, m)-competitive.

" For all n and m, the competitive ratio of ALG is the infimum of c(n, m) such that

ALG is c(n, m)-competitive.

* Smaller competitive ratios imply better distributed online algorithms (for mini-

mization problems).

The distributed online algorithm is not the main focus of our work, but we briefly

discuss the connection between the offline and the online setting in Section 3.4.2.

1.2.3 Comparison with Other Approaches

Comparative Analysis

The competitive ratio (Definition 1.2.1) and the Price of No-Communication (PoNC,

Definition 1.2.4) both compare two classes of algorithms: online algorithms versus

offline algorithms for the competitive ratio, and distributed algorithms based on par-

tition schemes versus centralized algorithms for the PoNC. These two performance

metrics can thus be described as special cases of the comparative analysis, that com-

pare the power of two classes of algorithms [89], denoted by class A and class B, for

solving an optimization problem. For simplicity, we consider only minimization prob-

lems.

The comparative analysis can be described as a zero-sum game involving two play-

ers: player A and B. Player A's goal is to design a good algorithm in class A, and player

B's goal is to demonstrate that class-B algorithms are more powerful than class-A al-

gorithms.

The game has the following three stages. First, player B proposes a class-B al-

gorithm ALGB. Second, knowing ALGB, player A proposes a class-A algorithm ALGA.

Third, player B, knowing ALGA, chooses a problem instance I. At the end of the game,
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the player A's score is - ALG,() and player B's score is ALGA,. The equilibrium of the

game corresponds to the best-possible comparative ratios.

Price of Anarchy

A notion closely related to the Price of No-Communication (PoNC) is the Price of

Anarchy (PoA) [122]. Originally known as the coordination ratio [90], the PoA is an

important concept in economics and game theory. The PoA is used to measure the

loss of not having a central authority in a non-cooperative game, and is defined to be

the ratio between the objective value of the worst-case Nash equilibrium, achieved

by self-interested agents, and the social optimum. For more discussion about the

PoA, see [126]. The PoNC studies a rather different setting in which the servers are

cooperative but lack the ability to communicate.

1.2.4 Notations

In Table 1.1, we list the notations that we use in the thesis.

1.3 Thesis Outline and Contributions

In this section, we describe the thesis outline and highlight our contributions.

1.3.1 Chapter 2: Online Scheduling with Multi-State Machines

In Chapter 2, we study a generalized version of online scheduling problems, where the

online WTRP is a special case. This work presents the following three contributions.

First, we formulate a new class of online scheduling problems. In this setting,

each machine has a state that can be controlled over time and the processing time

of jobs depends on the machine states. In addition, we introduce a family of generic

cost functions for these problems that can describe many practical objectives such as

minimizing the makespan and minimizing the total weighted completion time. The

offline version of this new online scheduling problem is NP-hard, because it includes
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the Weighted Traveling Repairman Problem (WTRP) as a special case. Therefore,

solving the offline version efficiently is challenging per se. We restrict our attention to

quantifying the competitive ratio and do not consider the computational complexity

aspect of an online algorithm.

Table 1.1: Notations in the thesis

<- assignment
= definition

approximately equal
set minus

0 the empty set
C A 9 B means the set A is included in the set B
n union/conjunction
U intersection/disjunction

(-)+ non-negative part, i.e., (x)+ = maxlx, 01
[-] the set of positive integers up to a value, i.e., [n] = {1, 2,..., n}
- the smallest interger that is no smaller than a value, e.g., [1.91 =2

L-J the largest interger that is no greater than a value, e.g., L1.9J =1
1 I SI is the number of elements in set S and I - 11 = 1 is the absolute value

{.,..., . a set of elements
a tuple, i.e., an ordered list of elements

(-, -) either an open interval or a 2-tuple, depends on the context
[-, -] closed interval
(-,-] half-closed interval, e.g., (a, b] = {xla < x b}
[-,-) half-closed interval, e.g., [a, b) = {xla x < b}

I a problem instance
n number of items (jobs/requests/customers) in the problem instance
R the set of real numbers

R>O the set of positive real numbers
R,0  the set of non-negative real numbers
N the set of positive integers

X - D means random variable X is drawn from probability distribution D
P (-) probability, e.g., P (X) is the probability of event X
E [-] expected value, e.g., E [XI is the expected value of random variable X
O(-) big-o notation
o(-) little-o notation
D(-) big-w notation
w(-) little-co notation
E(.) big-O notation

log(.) binary logarithm (in Chapters 2 and 3) or natural logarithm (in Chapter 4)
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Second, for this new generic class of scheduling problems, we derive deterministic

and randomized online algorithms (PAC and RPAC1 ) using a plan-and-commit ap-

proach, where algorithms plan the schedule of jobs and the control of machine states

at predefined geometric time steps, and commit to the plan (regardless of newly re-

leased jobs between these time steps). The analyses of the specific plan-and-commit-

based online algorithms in the classical online scheduling and online WTRP litera-

ture use a summation-transformation proof technique. However, this proof technique

cannot be applied to our versions of algorithms, which makes it difficult to obtain a

provable low competitive ratio. We address this challenge by using a factor-revealing-

linear-program-based proof technique, and obtain a low-competitive-ratio online al-

gorithm for all problems in the general framework. Our competitive ratios (5.14 for

PAC and 3.65 for RPAC1) are smaller than the existing ones for the online WTRP (a

special case in the general framework) in both deterministic and randomized settings

(where the best existing results are 5.83 and 3.87, respectively).

Third, for a probabilistic version of the online WTRP, we prove that an existing

algorithm ReOpt (re-optimizing the route of the server whenever a new request is re-

vealed in a greedy fashion) is almost surely asymptotically optimal as the number

of requests approaches infinity. This is the first theoretical guarantee of the perfor-

mance of ReOpt for the online WTRP in any performance metrics.

Research in Chapter 2 is a joint work with Patrick Jaillet.

1.3.2 Chapter 3: Price of No-Communication in Multi-Depot

Routing

In Chapter 3, we study a distributed version of the Multi-Depot Vehicle Routing Prob-

lem (MDVRP). In particular, we introduce the notion of Price of No-Communication

(PoNC) and pose a systematic way of accessing the PoNC of several static partition

schemes for the MDVRP. Ideally, we want to find a static partition scheme with the

PoNC being a constant, independent of the number of servers (i) and the number
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of requests (n). However, we did not determine whether such a partition scheme ex-

ists in part due to the difficulty of analyzing partition schemes. While this question

remains open, we make positive progress in this direction, and obtain the following

results.

First, we show that the Voronoi partition (assigning requests to the server at the

nearest depot) achieves a PoNC of m. This means that the PoNC does not have to de-

pend on n. With this result, we view the Voronoi partition as the benchmark, and our

next goal is to design partition schemes with a PoNC that is sub-linear in m, or o(m).

For general depot configurations, the question of whether there exists such a sub-

linear partition scheme remains open. However, we prove that in the following two

extreme cases, such a partition scheme is possible: the line case in which the depots

form a line in any metric space (the most "stretched" case), and the o(m)-bounded-

ratio case in which the ratio between the furthest pair of depots and the nearest pair

is bounded by a sub-linear function of m (the somewhat "clustered" case).

For the line case, we find an O(log m) PoNC static partition scheme. The partition

scheme is based on grouping the servers into different levels: one in every two servers

are in the first level, one in every four servers are in the second level, one in every

eight servers are in the third level, and so on. The servers in the first level are only

responsible for "local" requests. As the level increases, the corresponding servers are

responsible for requests in larger regions. Each level of servers only has a constant

PoNC, and the log m factor comes from the number of levels. The major technical

contribution is to show that each level of servers only has a constant PoNC.

We also study the f(m)-bounded-ratio case in which the ratio between the furthest

pair of depots and the nearest pair is bounded by a function of m (f(m)), and obtain

a O(f(m)) PoNC partition scheme. This partition scheme assigns only a local region

to all except for one arbitrary server, and all remaining regions to the one server. By

doing so, when f(m) is a sub-linear function of m, we obtain a sub-linear partition

scheme for a wide range of depot configurations.
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Research in Chapter 3 is a joint work with Patrick Jaillet and Zhengyuan Zhou.

1.3.3 Chapter 4: Online Resource Allocation under Partially

Learnable Demand

In Chapter 4, we study the online quantity-based single-resource revenue manage-

ment with two classes of demand. In the basic setting of the problem, a firm is en-

dowed with b (identical) units of a product to sell over n periods, where n > b. In each

period, at most one customer arrives demanding one unit of the product. Customers

belong to two classes depending on their willingness-to-pay: class-1 and class-2 cus-

tomers are willing to pay $1 and $a, respectively, where 0 < a < 1. Our contributions

can be summarized as follows.

Our first contribution is to bridge the gap between worst-case and random-order

analyses by presenting the partially-learnable model. In this model, an adversary

determines an adversarial sequence of customers to be revealed to online algorithms.

However, a subset of customers does not follow this prescribed order. This group of

customers that we call the Unfollower group arrives at a "uniformly" random time

during the horizon. Each customer belongs to the Unfollower group independently

and with the same probability p. Other customers are referred to as Followers. Note

that the extreme cases p = 0 and p = 1 correspond to the adversary and random or-

der models discussed above. In general, the parameter p corresponds to the degree

of randomness of the customer arrival model. In our model, even though we cannot

identify which customers belong to the Unfollower group, we can still (partially) learn

the future demand because the Unfollower group is almost uniformly spread in the

time horizon. Customers that belong to the Follower group present the unpredictable

component of the demand. Therefore the degree of randomness p also determines the

level of learnability of the demand. Also one can view 1 - p as the "level of robust-

ness" or caution that the firm would like to take in regard to what the observed data

reveal about the future. In order to address the new challenges in both the design
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and analysis of online algorithms for our demand model, we first establish a concen-

tration result relating the actual customer arrival sequence and that assigned by the

adversary, which requires a delicate analysis.

We develop two online algorithms that achieve nearly the best possible competitive

ratios in the partially learnable model for different ranges of the b and n. In both

of these algorithms, we keep track of the number of accepted customers from each

class, and we decide whether to accept an arriving class-2 customer, by comparing

the number of already accepted class-2 customers with carefully designed dynamic

thresholds."5 These thresholds are designed to ensure that we do not exhaust the

capacity prematurely by accepting "too many" class-2 customers, but at the same

time, that we do not accept "too few" class-2 customers in the false hope of more

future customers.

Our first algorithm is non-adaptive, meaning that the thresholds do not depend

on the observed data. This algorithm makes use of the fact that the Unfollower group

is spread over the entire horizon. Therefore, at least a fraction p of the capacity

should be allocated at a constant rate. However, the adversarial part of the demand

can mislead us by having many class-1 customers in the beginning but none towards

the end, which would result in rejecting many class-2 customers early on. To avoid

this, we keep another threshold that guarantees that we are not accepting too few

class-2 customers. We show that this algorithm achieves a competitive ratio of p +

- -O( Ogf_) (Theorem 4.4.1), which is the convex combination of the known

results for p = 0 [16] and p = 1 [2, 88]. We also provide adversarial instances and

show that this is the best possible competitive ratio for b = o ( .
Our second algorithm is adaptive in setting thresholds based on the observed cus-

tomers. Here we compute upper bounds on the number of future customers in each

class based on observed data with the knowledge that a fraction p of them follows

4 Such algorithms are similar to booking-limit policies (algorithms) in the revenue management
literature but with dynamic booking limits.

5Both of our algorithms always accept an arriving class-1 if there is inventory left.
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a random arrival order. We use these upper bounds to ensure we protect enough

capacity for future class-1 customers. We show this algorithm achieves a competi-

tive ratio that is strictly larger than that of our non-adaptive algorithm (p + LE) for

b = c (n2/3 log11 3 n). In particular, when b > 0.5n, the competitive ratio is significantly

higher (see Figure 4-2). The analysis of this algorithm is based on developing a novel

factor revealing math program (see (MP1)), which contains all the "bad instances"

that prevent us from achieving certain competitive ratios. We conjecture that our

adaptive online algorithm achieves the best competitive ratio as b and n go to infinity

simultaneously with a fixed b/n ratio, and show that this conjecture is true under

some approximations. Finally, we also show that when the problem parameter p is

not precisely known, our adaptive algorithm is robust against small errors in the

estimate of p.

Last but not least, we relax the constraints where there are only two classes of

customers and study the following two problem extensions. The first extension is a

hypothetical scenario in which online algorithms can observe whether an arriving

customer is in the Unfollower group or not when making the accept/reject decision.

We show that for this problem, a near-optimal online algorithm can be obtained. In

the second extension, b = 1 and the goal is to maximize the probability of accepting

the customer with the highest value. When p = 1, this becomes the classical online

secretary problem, for which the optimal (deterministic or randomized) online algo-

rithm is to observe the first l/e portion of customers and then accept the next one

with the highest value so far (if any). For different values of p, we determine the op-

timal length of the observation period, and we show that unlike the p = 1 case, when

p < 1, randomizing between the length of the observation period helps to increase the

success probability.

Research in Chapter 4 is a joint work with Le Nguyen Hoang, Patrick Jaillet, and

Vahideh Manshadi.
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1.3.4 Chapter 5: Conclusion and Future Work

In Chapter 5, we summarize our results and discuss future research directions.
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Chapter 2

Online Scheduling with Multi-State

Machines

2.1 Introduction

In an online scheduling problem, jobs are released over time and an online algorithm,

knowing only the jobs released so far, is to assign jobs to machines in an online fash-

ion so as to minimize a given cost function of all job completion times. Competitive

analysis is a standard performance metric for evaluating an online algorithm, and

is based on the concept of competitive ratio, which, in our context, is defined as the

worst-case ratio (among all problem instances) between the overall cost of the on-

line algorithm and that of the optimal offline algorithm which has the full knowledge

ahead of time about all jobs to be released. A lower competitive ratio implies a better

online algorithm.

Unlike offline scheduling problems, one limitation in the majority of the online

scheduling literature is the assumption that the processing time of a job depends only

on its assigned machine. This assumption is not realistic in applications where each

machine has multiple states that lead to different processing times. This is the case

for many manufacturing problems such as producing paper bags, semiconductors,
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and automobiles [5, 85, 124, 138]. For example, Pinedo [124] describes an application

in a paper bag factory, where a machine has different states, each corresponding to

the size of bags and the combination of colors the machine can produce. Problems

involving multiple machine states are typically studied in the offline (but not the

online) setting and under the simplification that each job can only be processed in

the minimal-processing-time state. However, this simplification fails to consider the

state-transition time, which may also be important in an overall time-objective. In

this chapter, we study the more general set-up where we remove the above-mentioned

simplification, and where we consider an online setting. In particular, as we will see,

our algorithms will need to balance the tradeoff between minimizing the processing

time and the state-transition time.

The rest of this chapter is organized as follows. In Section 2.2, we discuss related

work. In Section 2.3, we formulate a new class of online scheduling problems where

each machine has multiple states, and the processing time of jobs depends on the

states of the machines. In addition, we define a new family of cost functions including

many classical ones such as the makespan and the total weighted completion time.

Finally, we show that the online VRPs are special cases of the newly defined online

scheduling problems. In Section 2.4, we consider the online WTRP because the so-

lution to this special case provides intuition on how to approach the general case.

We define a novel family of parameterized online algorithms, analyze the algorithms,

and find the parameters that give the lowest provable competitive ratios. By doing

so, we obtain a 5.14-competitive deterministic online algorithm and a 3.65-competitive

randomized online algorithm. The analysis is not tight and the lower bounds on the

competitive ratios of the above two algorithms are 4 and 2.82 respectively. Finally,

we consider a probabilistic formulation of the online WTRP and prove that ReOpt is

almost surely asymptotically optimal as the number of requests approaches infin-

ity. In Section 2.5, we consider general online scheduling problems with multi-state

machines when the cost belongs to our new family of cost functions (following some
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minor technical assumptions, as discussed in Section 2.5.3). The analysis for the pa-

rameterized online algorithms designed for the online WTRP, in general, cannot be

applied to the general setting, because the cost functions are not necessarily linear

in the completion times of jobs. Therefore, we construct online algorithms for the

general problems based on the parameters that lead to the best provable competitive

ratios for the online WTRP, and analyze only the resulting online algorithms. By

doing so, we obtain 5.14-competitive deterministic and 3.65-competitive randomized

online algorithms.

2.2 Related Work

There has been extensive research on problems related to ours. Here we give a review

of relevant work, organized around three main categories, as follows.

Scheduling Problems

The area of scheduling has a rich literature. The central question in a scheduling

problem is to determine at what time and to which machine each job is assigned so

as to minimize a given cost function. Different machine environments (single ma-

chine, parallel (identical) machines, or unrelated machines, etc.), processing char-

acteristics and constraints (preemption/preemption-repeat/non-preemption, release

date constraints, precedence constraints, etc.), and cost functions (makespan, total

completion time, etc.) result in different versions of scheduling problems. The reader

is referred to [63] and [124] for comprehensive reviews.

The predominant models in the scheduling literature assume the processing time

of a job to be a function of the machine-job pair assignment. There are two models that

do not require this assumption, and they are mostly studied in the offline case. The

first such model corresponds to scheduling problems with controllable processing time

(for surveys, see [119, 128]). In this model, the processing time of a job depends on

the resource allocated to the machine, and costs for allocating resources are imposed.

The second such model corresponds to scheduling problems with sequence-dependent
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set-up time (for surveys, see [4, 5]). In this model, the overall processing time of a

job depends on the job processed by the machine right before it. Kim and Bobrowski

[86] and Vinod and Sridharan [136] study this last model in a dynamic setting, when

jobs arrive over time and obtain simulation-based results. However, to the best of our

knowledge, no previous work along these two directions has considered a competitive

analysis for online algorithms when the processing time of a job is not a function of

the machine-job pair, except for the special cases of online Vehicle Routing Problems

VRPs (discussed later). We study general online scheduling problems whose offline

setting goes beyond the sequence-dependent processing time model, and design online

algorithms with provable competitive ratios.

Online scheduling has been studied extensively for the basic model where the pro-

cessing time of a job is a function of the machine-job pair. Among these problems, most

relevant to our work are the ones with the cost function being the total (weighted)

completion time of all jobs [7, 42, 45, 61, 62, 66, 67, 106, 112, 113, 123, 130]. The goal

in this line of research is to derive online algorithms with the smallest competitive

ratios. Recently, Gunther et al. [65] develop an algorithmic approach that can approx-

imate the best-possible competitive ratios for many versions of these problems. We

note here that the solution techniques described in all the papers discussed in this

paragraph cannot, in general, be adapted to fit our problems because the effect of

the machine states on the processing time is not taken into account. The only excep-

tions are [38, 66, 67] whose ideas can be used to design algorithms for our problems

(elaborated more in the solution techniques part of this section). As we will see later,

our algorithm involves other design ideas and is not a trivial generalization of those

contained in [38, 66, 67].

Online Vehicle Routing Problems

In the online VRPs, a server with a unit speed limit is to visit requests that are

located in a metric space and released over time. The server is originally located

at a prescribed depot. Different characteristics of requests (weights, precedence con-
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straints, capacity constraints, etc.), cost functions (the makespan, total weighted com-

pletion time, etc.), and underlying metric spaces (the nonnegative real line, the real

line, general continuous metric spaces, discrete metric spaces, etc.) result in different

problems. The reader is referred to [76] for a survey.

The online VRPs are special cases of our new class of scheduling problems when

we view the servers as the machines and the location of a server as the state of the

corresponding machine. The online VRPs are more restrictive because when a ma-

chine (a server) finishes processing a job (a request), the machine state (the server

location) always corresponds to the location of that job and thus cannot be selected

by the algorithm. The specific class of cost functions we study here covers classical

online VRPs such as the online WTRP (discussed more later), the online nomadic

traveling salesman problem [8, 12, 25, 104], and the nomadic version of the online

quota traveling salesman problem [11, 14, 72], the nomadic and/or the latency on-

line dial-a-ride problems (with infinite capacity) [30, 52, 104] (see Remark 2.3.2 for

detail). Therefore, our general online algorithms can be applied to the above online

VRPs. Our algorithms and competitive analyses can also be applied to the nomadic

and/or the latency online dial-a-ride problems with capacity constraints. Moreover,

both our deterministic and randomized online algorithms achieve better competitive

ratios than the existing ones for the online WTRP and the latency online dial-a-ride

problem (with or without capacity constraints).

The online WTRP is a version of the online VRP in which the objective is to mini-

mize the total weighted completion time. We provide here a more detailed literature

review about the online WTRP because the technical aspect of this problem is rele-

vant to ours. Feuerstein and Stougie [52] propose a deterministic 9-competitive online

algorithm and show that no deterministic online algorithm has a competitive ratio

lower than 2.41 when the metric space is the non-negative real line. With some mi-

nor modifications, the 9-competitive online algorithm becomes 3.5-competitive when

the metric space is the non-negative real line [104]. Krumke et al. [92] prove that 2
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and 2.33 are lower bounds on the competitive ratios of any randomized online algo-

rithm for the real line and for general metric spaces respectively. Jaillet and Wagner

[69], Krumke et al. [92] propose two different deterministic online algorithms with a

competitive ratio of 5.83 for general metric spaces. The randomized versions of these

two online algorithms both have a competitive ratio of 3.87.

The latency online dial-a-ride problem is a variant of the WTRP. In this problem, a

request contains a source location and a destination location, and the server needs to

transport the request from the source to the destination. The 5.83-competitive deter-

ministic and 3.87-competitive randomized online algorithms for the online WTRP can

also be applied to the latency online dial-a-ride problems (with or without capacity

constraints) [69, 921. For the online latency online dial-a-ride problem with capacity

one, Feuerstein and Stougie [52] prove that any deterministic online algorithm has a

competitive ratio of at least 3 when the metric space contains the real line.

An interesting algorithm for the online WTRP is ReOpt, which re-optimizes and

follows the route that minimizes the total weighted completion time of requests that

have not been served whenever a new request is released. The algorithm ReOpt be-

longs to the class of zealous algorithms, defined by Blom et al. [25], in which the server

always travels with the maximum speed when there are requests that have not been

served and may change directions only when either it arrives at a request location or

a new request is released. To the best of our knowledge, the only zealous algorithm

for which a competitive analysis has been applied is a 6.04-competitive deterministic

online algorithm proposed by Ausiello et al. [13] for the real line. Therefore, it is un-

known whether the competitive ratio of ReOpt is finite or not, even for the real line.

Jaillet and Wagner [77] attempt to give the only performance guarantee for ReOpt. In

particular, they try to show that, under some stochastic assumptions, ReOpt is almost

surely asymptotically optimal, i.e., it has a competitive ratio of 1 almost surely when

the number of requests goes to infinity. However, one part of their proof (Lemma 5

in [77]) turns out to be flawed, invalidated their overall argument. We provide here a
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full proof that ReOpt is indeed almost surely asymptotically optimal.

Solution Techniques

The core idea in the design of our algorithms is to divide time into geometric

steps, and control the machine states and assign jobs to machines at each time step

via solving a specific auxiliary (offline) problem. Jaillet and Wagner [69], Krumke

et al. [92] apply this idea with an auxiliary problem consisting of maximizing the

total weight of the requests to be completed by the next time step, and derive a 5.83-

competitive deterministic algorithm and a 3.87-competitive randomized algorithm for

the online WTRP. When applied to the classical online scheduling problems 1|rj1 E wjc

and P~r;I E wjc;, the idea of using such an auxiliary problem leads to a 4-competitive de-

terministic algorithm and a 2.89-competitive randomized algorithm [38, 66, 67]. The

competitive ratios of these algorithms are obtained based on a summation-transformation

proof approach, which compares the cost of the online algorithm and that of the op-

timal offline algorithm using the following transformation of summation: E wjc =

fx= Ej:, w; dx. This transformation provides an expression suitable for comparing

the costs between the online and the optimal offline algorithms because at each time

step, the total weight of requests not completed by a deadline (proportional to the

time step itself) of the solution to the auxiliary offline problem is at most that of

the optimal offline algorithm. This particular auxiliary problem and the summation-

transformation proof technique have also been applied to derive polynomial-time ap-

proximated algorithms for the (offline) TRP [26, 60].

Instead of the actual completion time, the above auxiliary problem only considers

whether a request is served by a deadline, which is a major drawback due to its "low

resolution". Ideally, in addition to maximizing the total weight that can be completed

by the next time step, we want the auxiliary offline problem to simultaneously min-

imize the total weighted completion time of requests that are completed by the next

time step. For the classical online scheduling problem 11r;1 E w;C;, Hall et al. [66] ad-

dress this issue by using a two-stage optimization approach: finding the optimal order
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for serving those jobs so as to minimize the total weighted completion time after solv-

ing the original auxiliary problem. The modified schedule is feasible for 11r1 E wjCj

because the total processing time does not depend on the order in which the jobs

are scheduled. With this two-stage optimization approach, Hall et al. [661 obtain a

3-competitive deterministic algorithm for 1|r;1 E w;C;. However, this approach does

not have an analogy for the online WTRP because the completion time of the last re-

quest depends on the order in which the requests are served and thus the order that

minimizes the total weighted completion time can be infeasible with respect to the

deadline constraint. Here we attempt to solve two optimization problems simultane-

ously by setting the objective functions to be the summation of the two original ones.

At a conceptual level, Koutsoupias and Papadimitriou [91] use this idea in the design

of the famous (2k - 1)-competitive Work Function Algorithm for the online k-server

problem, but their approach bears no similarity to ours on a technical level.

The summation-transformation proof technique described earlier does not pro-

vide useful competitive ratios for our algorithms. Therefore, we derive a compet-

itive analysis using factor-revealing Linear Programs (LPs), i.e., LPs whose objec-

tive values correspond to the quantity of interest (in our case, an upper bound on

the competitive ratio). Although the factor-revealing-LP approach has been used to

calculate the approximation ratio or competitive ratio of algorithms in many prob-

lems [9, 59, 78, 79, 108-110, 115], its application to our problems remains non-trivial

because of the particular choice of suitable variables, objectives, and constraints for

factor-revealing LPs strategies to become successful.

2.3 Problem Formulation

In Section 2.3.1, we formally describe the online scheduling problem with multi-state

machines, a new class of online scheduling problems. The defining feature of this new

problem is that each machine has multiple states and the processing time of jobs de-

pends on the state of the machine processing it. In addition, we introduce a generic
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class of cost functions, which we call the total costs of active projects. These generic

cost functions cover many classical ones such as the makespan and the total weighted

completion time. In Section 2.3.2, we formally describe the online WTRP. Moreover,

we show that the online WTRP is a special case of the new class of scheduling prob-

lems.

2.3.1 Online Scheduling with Multi-State Machines

In Section 2.3.1.1, we formulate the basic setting of the online scheduling problem

with multi-state machines. In Section 2.3.1.2, we describe several settings, i.e., ma-

chine environments and job processing characteristics and constraints, to which our

online algorithms and analysis can be applied.

2.3.1.1 Basic Setting

Machines

We assume that we have m machines, indexed by i e [m] {1, 2,..., m), where each

machine i can process at most one job at a time. Each machine i has an internal

state si that can be controlled over time t E RO. The state of machine i is assumed to

take values in a metric space (Mi, di), with the initial state being a prescribed origin

Oi E Mi. The distance di(s', s2), s1, s2 e Mi, is defined to be the minimum time required

for the state of machine i to change from s' to S2. When being directed to go from state
1 toS

s to s, machine i commits itself to a time duration of di(s', si) and cannot process any

job during that period.

Problem Instances and Jobs This is a problem in the online dynamic model, as

described in Section 1.2.1. A problem instance I is composed of a finite set of n jobs,

indexed by j c [n] where the size n is different across problem instances and unknown

to online algorithms. Each job j is characterized by a release date r; e R O, a function

pij : Mi -+ R>0 of processing time for each machine i E [m], and some other character-

istics p; belonging to a set P (to be defined later):

51



* The release date r; is the earliest time at which any machine can start processing

job j. Without loss of generality, we assume 0 r1  r2  ... rn.

" The function pij, i c [m], is defined such that for any state si E Mi, pij(si) is

the required time for machine i to process job j when in state si. In the basic

setting, we do not allow preemption, meaning that once machine i in state si

starts processing job j at time t, t E R>o, both the machine i and the job j commit

themselves to an amount of time duration pij(si): the machine i cannot process

any other job and the job j cannot be processed by any other machine during

that period. Also, we assume we cannot control the machine state when it is

processing any jobs, and processing a job does not change the machine state. As

a result, the completion time of job j, denoted by c;, will be c; = t + pi;(si).

" The other characteristics p; are used to define the cost, which we will discuss

next.

Cost Functions

Here we introduce a new generic class of cost functions, which we call the total

costs of active projects. Before describing the mathematical formulation, we first in-

troduce the intuition behind the new cost functions and then illustrate the idea with

two examples.

In our setting, the overall cost is the summation of the costs contributed by projects.

The list of projects is given in advance irrespective of the problem instance. Each

project corresponds to completing a set of jobs whose characteristics collectively sat-

isfy some conditions; the project is said to be active when the jobs released so far

include a subset of jobs whose characteristics collectively satisfy those conditions.

Only active projects are counted in the overall cost. The cost of an active project

is a function of the completion time of that project (i.e., the earliest time when all

jobs in one of the sets defining the project are completed). For simplicity, we call the

above completion-time-to-cost function the cost function of that project. A project's
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cost function is realized when it becomes active, using the characteristics of jobs re-

leased so far. Note that the characteristics of the jobs determine both the "activeness"

and the cost function of each project. Therefore, we need to define P and p; C P, j E I,

accordingly (recall that p; E P is the characteristics of job j other than r; and {pi;}&).

This new class of cost functions covers many classical ones, including the following

two examples:

1. The total weighted completion time (E wjc;).

2. The quota-collecting makespan, i.e., the earliest time when the total value (vj E

R>o) of completed jobs achieves a prescribed quota Q e R>O. This corresponds to

min 1 EjES V1 Q max1 Es C1.

In the first example, a (possibly countably infinite) number of projects, which can

be labeled as N, are involved, where project j E N corresponds to completing a partic-

ular job j. Project j is active if and only if job j is in the problem instance. Following

the definition, the completion time of an active project j is the same as the completion

time of the job j. At the time when project j becomes active, wj is revealed to online

algorithms, and the cost function is defined to be hj(x) = wjx, x e R>O. Because we need

w; to calculate the cost function of project j, wj is included as one of the characteristic

of job j, setting P = R>o and p; = wI.

In the second example, there is only one project, which consists of completing a

set of jobs whose total value achieves/exceeds a given quota Q. The project is active

if there exists a subset of jobs in the instance whose total value achieves/exceeds the

quota. We need the value v; of each job j to determine whether the project is active.

Therefore, we include v; in the characteristics of a job by setting P = R>O and p; = v1 .

If the project is active, then the cost function is simply the identity function. Now

let us formally describe the definition behind the total costs of active projects. In this

setting, a (finite or infinite) collection of projects K is given a priori, independent of

the problem instance. Each project k c K is defined by a satisfying set indicator 1 k,
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which defines whether a particular set of jobs' characteristics collectively satisfy the

conditions specified by project k; and a cost function hk, which relates the completion

time of project k to the amount it contributes to the overall cost:

" The satisfying set indicator 1k of a project k e K is a binary function that maps

a subset S of jobs with corresponding characteristics (p;jl e S) to whether the

characteristics of jobs in S collectively satisfy the conditions specified by project

k or not. Note that in a problem instance, there might be zero, one, or multiple

sets S such that I(S, (pjlj e S)) = 1. For each problem instance I, the notation

K(I) denotes the set of all active projects, or mathematically,

K(I) L {klk c K, 3S c I such that Wk(S, (pjlj E S)) = 11.

The completion time of an active project k E K(I), denoted by Xk, is defined to be

the earliest time at which all jobs in one of the satisfying set are completed, or

mathematically,

Xk min max c.
ScI,1k(,(PjijES))=1 jES

* The cost function hk of a project k e K(I) relates the completion time Xk to the cost

contributed by project k. As discussed earlier, the cost function hk can depend on

the following characteristics of jobs:

(pjlj e I,rj min max r,)
SCI,Ik(S,(PjIjES))=1 j'ES

where the quantity given by the MinMax operator is the time when project k

becomes active (recall that rj is the release date of job j).

The cost defined by the total costs of active projects is then

cost(I) A E hk (Xk) = ( hk( min max c1).
kEK(I) kEK(I) SCI,k(,(pj jES))=1 jES
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In Table 2.1, we describe how the following four classical cost functions can be de-

scribed using our framework: the total weighted completion time (Ej wjc;), the quota-

collecting makespan (mins, ys v1 Q maxjes c;), the discounted total weighted completion

time (Ej wj(1 - e-i)), and the makespan (maxj c;).

Table 2.1: Four classical cost functions formulated as the total costs of active projects

Cost K P p_ SI1M(S,(p;| c S)) = 1 hk(x)
E ; N R>o wI S = {k} PkX

minsI, es v Q maxjEs cj {1} R>o vj IZc=S pj 1 Q X

E, w;(1 - e-i) N R>o wy S = {k} pk(i - e-rx)

maxj cj N 0 S={1,2,...,k} rkx (r -> oo)

The total costs of active projects can also describe other cost functions of practi-

cal interest, such as the following example. Assume a given company owning the

machines makes an amount vj E R>o, j E [m], of money when completing job j. For

each k E N, when earning a total amount Qk E R>0 of money, the company offers a

corresponding bonus Wk E R>0 to its employee. Because the employee operating the

machines wishes to get the bonus as early as possible, his/her goal is to minimize

the weighted summation of the times at which the total money earned achieves each

quantity Qk, k E N, for those Qks that are achievable. In this example, the projects

can be indexed by K = N and project k, k e K, corresponds to making a total amount

of Qk of money. Regarding the characteristics of jobs, we set P = R>o and p; = vj. A set

of jobs S satisfies the conditions set by project k, i.e., 1k(S, (p4j1 e S)) = 1, if and only if

EjEs Pj Qk. Finally, a project k e K(I) contributes an amount of WkXk to the cost, and

hence the cost function is defined to be hk(x) = WkX.

For our results to hold, we need to impose the following assumption on the cost

functions:

Assumption 2.3.1. For any k E K(I), hk is non-decreasing and concave, and hk(O) = 0.

We assume that hk is non-decreasing because a greater completion time for a

project does not decrease its cost for most practical applications. We assume hk(0) = 0
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because a project completed at the start should not contribute any cost. Concavity

captures many practical cost functions, including the four in Table 2.1 and the ad-

ditional one we described earlier. This assumption is applicable to problems where

the unit-time cost for a project k until completion is decreasing in time, that is, when

hk(t + 6) - hk(t) is decreasing in t for any 6 > 0.

Performance Measure of Online Algorithms

Following the discussion of Section 1.2.1, we wish to design online algorithms with

small competitive ratios, as formalized in Definition 1.2.1.

2.3.1.2 Problem Examples

In addition to the basic setting described above, our results can be applied to more

general online scheduling problems with multi-state machines. In this section, we

describe several such problem examples using the conventional three-fold notation

alpy [63, 124]. The a field represents the machine environment, the P field represents

the processing characteristics and constraints, and the y field represents the cost

function. Since we are interested in only the case where the cost function is the total

costs of active projects, we introduce only the machine environments (a field) and

processing characteristics and constraints (P field) to which our results can be applied.

As a side note, the Greek letters a, p, y refer to problem examples in this section only

but they do not carry the same meaning in the other parts of this chapter.

Machine Environments

In the basic setting described in Section 2.3.1.1, the machine environment corre-

sponds to unrelated machines in parallel, meaning that each job needs to be processed

by only one machine, and the processing times on different machines do not necessary

have any relations.

The machine environments that our algorithms and analysis can be applied to in-

cludes flow shop, in which each job has to be processed by all machines in a prescribed

and job-independent order; job shop, in which each job has to be processed by all ma-
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chines in a job-specific order; and open shop, in which each job has to be processed by

all machines in any order.

Processing Characteristics and Constraints

In the basic setting described in Section 2.3.1.1, there are two processing con-

straints. The first is the release date constraint, that is, the earliest time a job can

start being processed is its release date. This constraint is necessary for our results to

be applicable. The second is the non-preemption constraint, meaning that we cannot

interrupt the processing of a job. This constraint can be replaced with the preemption-

repeat constraint, under which the processing of a job can be interrupted but has to

start form scratch if resumed later.

In addition to the above constraints, we can add precedence constraints to the p
field, allowing each job to specify a set of jobs that has to be completed before the job

itself can start being processed.

Last but not least, we can add batch processing (batch(b)), where b is an integer

greater than or equal to 2, as a processing characteristic to the p field, allowing a

machine to process a batch of up to b jobs at the same time. The processing time

of a batch of jobs is the maximum processing time among the jobs in that batch,

and the completion times of all jobs in the same batch are defined as the completion

time of that batch. If preemption-repeat is allowed and the processing of a batch is

interrupted, all jobs in that batch are not completed and have to be processed from

scratch if being processed later.

2.3.2 Online Weighted Traveling Repairman Problem

In this section, we show that the online Weighted Traveling Repairman Problem

(WTRP) is a special case of the general framework described in Section 2.3.1.

To begin with, we first describe the online WTRP. In this problem, a single server

(the repairman), initially located at a depot D E M, travels in a metric space (M, d)

with a unit speed limit in order to visit requests located in the metric space. A problem
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instance consists of a finite list of n requests, indexed as 1,2,..., n, where n is instance-

specific. Each request j e [n] has a release date r' c R O, a location I; G M, and a weight

w1 e RO. The completion time of a request is the earliest time at which the server

arrives at the location of the request after or at its release date (the on-site service

time is zero). The objective is to minimize the total weighted completion time.

Here is how we can formulate the online WTRP as a problem in our general frame-

work. In this formulation, there is only one machine, i.e., m = 1. The machine state

represents the server location, i.e., (M1, dl) = (M, d) and 01 = D. Each request cor-

responds to a job with the same release date. The location of a request is included

in the definition of the processing time of the corresponding job: when the state of

the machine is at the location of the request, the processing time is 0; otherwise, the

processing time is infinity, i.e.,

p1;(x) = 0 if x 1j,

00 if X i i.

The characteristics of jobs and the projects are defined so that the cost is the total

weighted completion time, as described in Table 2.1.

Remark 2.3.2. The release date and the processing time in the above formulation

is applicable to all variants of the VRPs. If we restrict our attention to those with

cost functions being in Table 2.1, we can obtain the following two variants: First,

when the cost functions is the makespan, the problem becomes the online nomadic

traveling salesman problem [8, 12, 25, 104]. Second, when the cost function is the

quota-collecting makespan, the problem becomes the nomadic version of the online

quota traveling salesman problem [11, 14, 72].

If we allow precedence constraints in the problem formulation, our general frame-

work can cover the nomadic and/or the latency online dial-a-ride problems (with

infinite capacity). In any of these two problems, a request j is characterized by

(r , Uv, w ), where r' and w' are the release date and the weights, and uj and v1 are
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the source and destination locations of the request, and the request has to be deliv-

ered from uj to v. Our general framework can describe this request by setting two

jobs, labeled as 2j - 1 and 2j, where r2 ;- 1 = r2j = r ,

( 0 if x =u, 0 if x= vi,

00 if x u, oo if x *v

W2j-1 = 0 and w2j = w', and impose the precedence constraint that we cannot start

job 2j until we have completed job 2j - 1. We can describe the nomadic and the la-

tency online dial-a-ride problems [30, 52, 104] by setting the cost functions to be the

makespan and the total weighted completion time respectively.

2.3.2.1 Probabilistic Version

Here we describe a probabilistic version of the online WTRP, where we make the

following stochastic assumptions:

Assumption 2.3.3 (Locations). The metric space is an M-dimensional Euclidean space,

M e N, and the locations are independently drawn from an identical distribution over

a compact support in the metric space.

Assumption 2.3.4 (Release Dates). For all j e [n], rj = 1 Yi where Y 1,Y 2,...,Yn are

independent random variables drawn from an identical distribution of a non-negative

support with a finite mean and variance.

Assumption 2.3.5 (Weights). The weight of each request has positive upper and lower

bounds, i.e., there exists 0 < w < 77v such that for all j E [n], wj c [_w, 77v].
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2.4 The Online Weighted Traveling Repairman Prob-

lem

In this section, we study the online WTRP formulated in Section 2.3.2. In Sec-

tion 2.4.1, we propose and analyze a family of deterministic online algorithms. In

Section 2.4.2, we propose and analyze a family of randomized versions of algorithms

introduced in Section 2.4.1.1. Finally, in Section 2.4.3, we study a probabilistic version

of the online WTRP, and show that ReOpt is almost surely asymptotically optimal.

2.4.1 (a, P)-Plan-and-Commit

In Section 2.4.1.1, we propose a family of algorithms, parameterized by a pair of num-

bers (a, P) satisfying a E (0, 1] and 0 E [a, o). In Section 2.4.1.2, we analyze the pro-

posed algorithms and provide upper and lower bounds on the competitive ratios, and

determine the parameters (a, P) that lead to the smallest provable competitive ratio.

2.4.1.1 The Algorithms

In this section, for each pair of real numbers (a, P) such that a c (0,1] and P e [a, oo),

we propose a deterministic online algorithm (a, p)-Plan-and-Commit (PACa,p), as pre-

sented in Algorithm 1.

The algorithm PACap has two major stages: initialization and iterations.

Initialization

This stage begins at time 0 end ends at a time t1, which is a time variable computed

by the algorithm PACa,p. The server stays at the depot D through the entire period

of this stage. Here we describe how our algorithms compute t1 . For reasons that will

be clear when we analyze the algorithms, the value t, must satisfy the following two

conditions:

1. The time ti needs to be non-zero to ensure the geometric series {t, L t1(1+2a)-1}
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to be unbounded (recall that we have assumed a > 0 so 1 + 2a > 1).

2. No request j can be completed before time t1/(1 + 2a) by any online or offline

algorithm (including OPT) except for the trivial case where r; = 0 and l1j = D.

The online algorithms calculate tj as follows. Let T be a time variable updated by

PACa,p that will end up being t1 at the end of this stage. At time t = 0, PACa,p sets

T to be either the distance between the depot and the nearest (but not at the depot)

request with release date 0, or oo if there are no requests with release date 0. Note that

because the server has a unit speed limit, we can set the value of the time variable

-c to be a distance. Note that because the server has a unit speed limit, we can set

the value of the time variable to be a distance. After time 0, if no request is released

before T, then PACa,p sets t1 = c. Otherwise, PACa,p sets t1 to be the earliest release

date of such requests.

Clearly, Condition 1 is satisfied according to the way we define ti. To see that

Condition 2 is also satisfied, we note that the server has a unit speed limit. Therefore,

request j cannot be visited before time d(1;, D). Furthermore, request j cannot be

visited before its release date r;. Thus, for any online or offline algorithm ALG, cALG >

max (rj, d(j, D)). On the other hand, the variable t1 determined by PACa,p is at most

min; max (r;, d(;, D)). Therefore, for any online or offline algorithm ALG, t1 /(1 + 2a) <

t1 CALG

Before starting the first iteration of the second stage at time ti, we define R1 to be

the set of all requests with release date at most ti, i.e., R1 =It.

Iterations

For any positive integer 1, the Ith iteration begins at time ti and ends at time t1+1-

The algorithm is called Plan-and-Commit because it plans the route at time ti and is

committed to following the route until time ti+1 , regardless of the requests released

between time tj and ti, 1 .

At time tj, the online algorithm calculates what an offline algorithm ALGI would
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have done between time 0 and at, such that the following cost is minimized:

11 wjfa,p(Cj,tz)
jERj

where

fa,P (X, Y) =! x if x -; ay

Py if x > ay

and the set R, roughly represents the remaining released requests at time t, and is

defined either in the initialization stage (if 1 = 1) or in the previous iteration (if 1 > 2).

We call the problem of finding the algorithm ALGI the auxiliary offline problem. Note

that despite the fact that all requests in R, have been released by the time we compute

ALG1, in the auxiliary offline problem, c; is still defined as the earliest time when the

server arrives at 1j at or after time r; (see Remark 2.4.1 for discussions regarding why

we take into account the release dates in the auxiliary offline problem). It is clear

that an optimal algorithm ALGI exists, because the number of permutations of jobs

in R, is finite. If ALGI is computed approximately, then, in general, the analysis in

Section 2.4.1.2 cannot be applied due to Lemma 2.4.10. For what follows, we compute

the auxiliary offline problem exactly and ALG 1 is an exact optimal solution.

The auxiliary offline problem can be interpreted as the following. We first view

at, as the deadline of the algorithm. Then, we view the cost as the summation of

contributions of requests in R1. More precisely, request j in R, contributes one of the

following two amounts to the cost:

" the weighted completion time wjcj, if completed by the deadline at,; or

" a weighted penalty wfptl (where Pt, is the penalty), if not completed by the dead-

line at,.

Thus, for requests that are completed by the next time step, the auxiliary problem
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has the objective of both

e minimizing the total weighted completion time; and

* maximizing the total weight.

The parameter P represents the tradeoff between the two objectives. In the extreme

case where P -+ oo, the auxiliary offline problem maximizes the total weight of re-

quests that are completed by the next time step. On the other hand, when P = a, the

auxiliary offline problem emphasizes more on the first objective. The other parameter

a represents the tradeoff between utilizing more information in the auxiliary offline

problem and having a smaller common ratio between successive time steps. To see

this, we note that the route of the optimal solution to the auxiliary offline problem is

only related to requests revealed up to time at,. Therefore, when a is bigger, we use

more information for designing ALGI. However, when a is bigger, the deadline at, is

bigger, and we need to spend more time to visit requests that ALGI completes by time

at,.

The server follows a delayed version of the route of ALGI (delayed by ti) for a dura-

tion of at, starting at time t1. The server then travels through the reverse of the route

of ALG 1 and returns to the depot D at time (1 + 2a)t = t1+1.

We denote A, those requests in R, that have a completion time no greater than at,

under the offline algorithm ALG1. In fact, the primary goal of the auxiliary offline

is to find the set A, which is crucial in the analysis of the competitive ratio. For

example, at each iteration 1, if we replace algorithm ALG by an alternative algorithm

that minimizes the total completion time of requests in A, subject to the constraints

that all requests in A, are completed and the server returns at the depot D at time

t1+1, then the upper bounds on the competitive ratios are still valid. Following the

definition of A, for all j in A, the completion time of our algorithm, cPACaP, satisfies

PACap < LG1  (2.1)C. (2. c)
i - I
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At time tl 1,, we finish the 1th iteration by defining R1,1 to be Ri minus A, plus the

requests with release dates in the time interval (ti, t1. 1], i.e., R1+1 A (R1 \ A;) U (It+1 \ It).

The algorithm is formally described in Algorithm 1.

Algorithm 1 (a, p)-Plan-and-Commit Algorithms (PACa,,p) for the online WTRP

1. Initialization

(a) At time t = 0, set - <- min {d(D, lj)|j c 10, 1j # DI. By convention, if

{j E 1, Ij # D} is an empty set, then set T <-- oo.

(b) At time t E (0, -c), if a request is revealed, then set t1 <- t and end the
initialization phase.

(c) At time t = T, set t <-- T and end the initialization phase.

At the time when the initialization phase ends: For all positive integer 1, set
t <-- t1 x (1 + 2a)'-1. Define R1 A It,.

2. Repeat for l = 1,2,...,

(a) Plan: At time t = ti, calculate what an offline algorithm, ALG, would have
done between time 0 and at, so as to minimize E wjfa,p(c;, ti). Denote A, the

jER,

set of requests in R, completed by ALGI before time at,.

(b) Commit:

" At time t e [tj, (1 + a)tl], follow a delayed version of the route of ALG
(delayed by tj).

" At time t E [(1 +a)tl, (1 +2a)tl], return to the depot D by traveling through
the reverse of the route of ALGI.

(c) At time tl 1,, define R1, 1 A (RI \ A,) U (I,, \ It).

Remark 2.4.1. At each iteration 1, we take into account the release dates when find-

ing the auxiliary offline algorithm ALGI even though all requests in A, have been

released by the time we compute the route and can be visited at any time after ti.

The intuition is the following. The release date is a lower bound of the completion

time of the request in any offline algorithm, so the optimal offline algorithm would

(conceptually) serve requests with lower release dates earlier. By taking into account

the release date, ALGI and PACa,, would (conceptually) serve those requests earlier,
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and thus a lower competitive ratio may be achieved. In fact, taking the release dates

into account is necessary for Lemma 2.4.13, which is essential to our analysis.

2.4.1.2 Competitive Analysis

We first list our results. The proofs regarding the upper bounds and lower bounds

appear in Sections 2.4.1.2.1 and 2.4.1.2.2, respectively.

Upper Bounds

We start by introducing theorems related to the upper bounds on the competitive

ratios of PACa,p.

For general pairs of (a, P) satisfying a e (0,1] and / a, the lowest upper bounds

that we prove is related to the following linear program, which is parameterized by a

positive integer N:

Maximize CN + TO
(C1,C 2 ,...CNT0,T1---,TN-1

subject to

(2.2a)

(2.2b)

(2.2c)

(2.2d)

(2.2e)

Ci+1 - Ci >! ia (Ti - Ti+1) for i = 0, --- , N - 1
N
(i + 1)a

N
1> 2a2  CN+ a(P - a(l+ 2 a))T (if/3>a)

(1 + 2a)(p - a) (1 + 2a)(p - a)

1 a CN a T.
2P 2+ 4a

p -2a 1-2aCN+ 1 2  C+fTi+C[N + NN ,'' ,

where CO and TN are defined to be 0.

Theorem 2.4.2 formally describes this result:

Theorem 2.4.2. Let (a, P) be a pair of real numbers satisfying a e (0,1] and P a.
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For any positive integer N, the objective value of LPde (N) is an upper bound on the

competitive ratio of PACap.

Theorem 2.4.2 allows us to select parameters a and / such that the upper bound

on the competitive ratio is minimized. We numerically calculate the optimal objective

value of for all pairs of a, 3 when they are both multiples of 0.01 by using the software-

package Gurobi. For example, Figure 2-1 illustrates the optimal objective values of

LP (N) with N = 10000 and a = 1 for different values of /.

Figure 2-1: Optimal objective values of LP (N) with N = 10000 and a = 1 for different
values of p

7

6.5

6

5.5

5 1 2 3 4 5

Our observation of the numerical results indicates that the lowest upper bound

on the competitive ratio among different a and / occurs when (a, /) = (1, 1). As a

result, we believe that (a, /) = (1, 1) is the parameter that minimizes the upper bound

provided by Theorem 2.4.2. For PAC,,, we have the following corollary:

Corollary 2.4.3. The competitive ratio of PAC,, is at most 5.14.

Proof According to Gurobi, the objective value of LP (N) with N = 10000 and a =

3 = 1 is slightly below 5.135, and the maximum possible numerical error is smaller

than 0.005. Therefore, using Theorem 2.4.2, we conclude that the competitive ratio of

PAC,I is at most 5.14.

The next corollary (Corollary 2.4.4) is weaker than Corollary 2.4.3 but still shows

that the competitive ratio of PAC,, is lower than the smallest competitive ratio in the

literature (5.83). We include Corollary 2.4.4 because we can analytically prove this

corollary.
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Corollary 2.4.4. The competitive ratio of PACi,, is at most 39/7 ~_ 5.57.

In addition to the case of a = P = 1, our observation of the numerical results

indicates that as N -> oo, when we fix a e (0,1], for all P 2a2 + 3a, the optimal

objective values of LPdt (N) are the same. For example, in Figure 2-1, for all 3 5, the

optimal objective values are the same. In fact, for any a c (0,1], when 3 2a2 + 3a, our

best provable upper bounds on the competitive ratios have a closed-form expression,

as formalized in the following proposition:

Proposition 2.4.5. For any a c (0,1], when 3 > 2a2 +3a, the competitive ratio of PACa,p

is at most (+2a)+a)a

Lower Bounds

When it comes to lower bounds, we have the following result for PACa,p:

Theorem 2.4.6. For the case where the metric space M contains the real line, for any

a E (0,1] and P/ e [a, oo), the competitive ratio of PACa,p is at least 3 + .; and as ->oo,

the competitive ratio of PACa,p is at least (+a)+2a)

The second statement of Theorem 2.4.6 together with Proposition 2.4.5 show that

the analysis is tight when P -> oo. Furthermore, for the algorithm that achieves the

best provable upper bound on the competitive ratio, PAC,,, we have the following

corollary for its lower bound:

Corollary 2.4.7. The competitive ratio of PAC,, is at least 4.

Proof Theorem 2.4.6 with a = 1 proves this corollary.

2.4.1.2.1 Upper Bounds on the Competitive Ratios We first note that, for the

sake of determining the upper bounds on the competitive ratios, we can assume that

no request j has both r; = 0 and ij = D. The reason is the following. If there is a

request j such that r; = 0 and l; = D, then for any feasible algorithm, c = 0. Therefore,

removing this request does not change the cost of any (online or offline) algorithm.

Hence, without loss of generality, we assume no request j has both rj = 0 and i; = D.
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In what follows, we prove the results in the order of Theorem 2.4.2, Corollary 2.4.4,

and Proposition 2.4.5.

For proving Theorem 2.4.2, we need to introduce a series of lemmas. First, we

show that {AI} 1 forms a partition of all requests I:

Lemma 2.4.8. The sequence of subsets {Ai}' 1 is a partition of I, i.e., U' 1 A, = I and for

any i j, A, n A1 = 0.

Proof It is clear from the definition that for all i # j, Ai n A1 = 0, so it is sufficient to

show that I= U' 1 A.

The statement I = U' 1 A, is equivalent to saying that there exists an integer I
such that there are no requests to serve after the Ith iteration, i.e., R, = 0 for all I> .

Consider a number I large enough such that

tr > rn and tr > OPT(I)
amin{wjlj E I

Such T exists because the right hand sides of both of the inequalities above are finite,

and the sequence {t,}Q1 goes to infinity. The first constraint is to ensure that no request

is released after time tT. Let us prove that the second constraint implies that all

requests in Ry will be completed at the th iteration. If at least one request in Ry is not

completed in the ~th iteration, we have the following inequality:

SWjfa'p(C AG1 , t)

a OPT(I) < P min {wjj E I} t) y

Because ALG is the algorithm that minimizes the auxiliary offline problem, we have

WjR fa,p(c t ) wja,P(C 1T

jERT jERT
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Combining the two inequalities above, we obtain

-OPT(I) < 'V w j (fOPT t) < OPT(I)
jeRi PTI

which is a contradiction. Therefore for all 1 > I, R, = 0.

Because of Lemma 2.4.8 and (2.1), for any problem instance I, PACa,p(I) has the

following upper bound:

PACa,p(I) W41L1 + wjtj = C(a)(I) + T(O)(I), (2.3)
1=1 jeAj 2=1 jEAj

where for all r e [0, a],

00 00

C~r)(I) = ) T(O( G
1=1 j AcLGI = j ACLGi

As1, a result sup1  I. rt

As a result, sup + T(I is an upper bound on the competitive ratio of PACa,p. In
COa)(I) T(O)(I

order to find a small upper bound on sup, O(I) + ,T(D' we find inequalities between

{T(r)(I)}re[o,a], {C(r)(I)}re[o,a] and OPT(I) that are valid for all problem instances I. For

notational convenience, we drop the parameter I when it is clear from context.

The first sets of inequalities are a direct result of the definition of {T(r)}re[o,a] and

{C(r)}rE[o,a] and is independent of the online algorithm:

Lemma 2.4.9. For 0 r r' a,

r(T(r) - T(r')) C(r') - C(r) r'(T(r) - T(r')).
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Proof By definition,

00 00

C(r' ) - C(r) = A w c LG and T(r) -T(r') wjt.

=1 jEA,rtl<c LG rt1, jEAI,rti <C LGI <r' t

Clearly, for any j E A, such that rt, < < LGI rti, rt, < CLGI <r'tI I

The rest of the inequalities are based on the fact that for all positive integers 1,

ALGI is an optimal solution to the auxiliary offline problem. In addition, the following

lemma shows that ALGI is also optimal if the summation of the cost in the auxiliary

offline problem was taken over any set of requests satisfying some properties:

Lemma 2.4.10. For any set S satisfying A, C S 9 U', Aj, ALG, is the offline algorithm

that minimizes the cost:

E wifa' (c j,t.
jeS

Proof. Let ALG be any offline algorithm. Any request j in S but not R, is released after

ti, and thus >LG rj t1 and fa,p (LG, tI) = ft. Therefore, we can decompose the cost

into two terms as follows:

( Wjfap (C<LG,t wjfa, (LG t)
jeS jESnRj jeS\Rl

The second term is independent of the algorithm, so this lemma is equivalent to ALGI

being optimal when the cost consists of the first term only.

Any request in R, but not in S is not in A, and thus is not completed by ALGI before

time at,. For those requests j, we have fa, (cLi, t1) = pt,. Therefore, suppose on the

contrary that algorithm ALG' obtains a lower value for the first term on the right
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hand side of Equation (2.4) than ALGj, then

Wjfa,p (C LGI t)
jER

Wjfa,p (LGl, t) +
jESnRj

> E Wjfa,p (C ALG' ti
jESnR

Wjfa,p (C LG,' t),
jeR

+ E Wjfa,p (CLG

jERI\S

which contradicts the definition of ALGj. 01

Comparing the costs given by OPT and ALGI for each integer I by using Lemma 2.4.10

with S = U', Aj, we obtain the following lemma:

Lemma 2.4.11. When P > a,

a(P - a(1 + 2a))
+ 2a)-aT(O). (2.5)

Proof Consider Lemma 2.4.10 with S = U'l A . Since ALGI achieves the lowest cost

value, we have

Wjfa,p C OPTI t)
jEU0 1 A,

(2.6)U jfa,p C LG
jEU'j Ai

For further discussion, we define A* to be the set of requests that are completed in

the time interval (at,_1 , atj] by OPT, that is, for all positive integers 1,

(2.7)

where to - j- for simplicity. We define 0A0 this way in order to use the following
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jER1 \S

OPT > C(a)
-(1 + 2a)(p - a)

A,* --L jjj E I, at,1 < COPT < at,



inequalities:

0 for c OPT < at,.
fa,p (COPTI ti) 5 at, +

(p - a)tl for cOPT > at,.

Using these inequalities, we have the following upper bound on the left hand side

of (2.6):

SWjfa,p (COPTI ti) :5 awit1 + (p-a)wjtl.
IeUs Ai IEUs Ai jE(U-,Ai)n(U-1 iA*)

Because U' 1+1 A* is a superset of (Uil Aj) n (Uo 1+ A*), the inequality above still holds

even if we replace the second term on the right hand side with the summation over

the set U' 1 1 A*, which is what we will do.

On the other hand, we have the following equation for the right hand side of (2.6):

Wjfa,p (C LGI, 1 = W C ALGI + fwjt,.
jeU00 Ai jeA jeU 1+1 Ai

Summing the above inequalities and equations over all positive integers 1, we ob-

tain

awjt + (P - a)wjtlj + AwtJ
1=1 jeGoj Ai jEG'o,,1 A* , = 0EAi jEU01+1 Ai

Interchanging the order of the summations on both sides, using equations E'_1 t =

i , and arranging terms properly, the above inequality is equivalent to the following

inequality:

___a wjt I (+ 2a 2  -C(a)(I) + ( a(1 + 2a)) T(O)(I). (2.8)
1ic +h 2fa d sd f t(1 +2a)v q-a) I (1+2a)( - a)

Since the left hand side of the above inequality is smaller than OPT(I), (2.5) holds.
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0

Similarly, comparing the costs given by OPT and ALGI for each integer I by using

Lemma 2.4.10 with S = A, U A,, 1 , we obtain the following lemma:

Lemma 2.4.12.

a a
OPT > -C(a) + T(O). (2.9)

2P 2 + 4a

Proof Using Lemma 2.4.10 with S = A, U A, 1+, we obtain

( w j faP (c,,t1) ( Wjfa,p (cALGl, _ WjCLGI + E Wjft 1.

jEA1 UAI 1~ jEAIUAI+1 jEA1  jeAI 1~

The following inequality holds for any x, y > 0:

-x > fa,p (x, y). (2.11)

Combining (2.10) and (2.11), we obtain

WjC > + LG+t1.
jEAUA+i jeA jEA,+1

Summing over all positive integers 1, using Lemma 2.4.8 and the equation t1, 1 = (1 +

2a)ti, we obtain the lemma.

In the previous two lemmas, for each positive integer 1, we compare ALGI with OPT

by using Lemma 2.4.10 to obtain inequalities between C(a), T(O), and OPT. In order

to obtain more inequalities, we compare ALG, with a family of uncountably many

algorithms. Since comparing ALGI with an algorithm gives an inequality between

{C(r)}rE[o,a] and {T(r)}relo,a], the following lemma gives uncountably many inequalities:
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Lemma 2.4.13. For any y E [0, ,

C(a) + T(O)
1 +2a

C(y) + 3T(y)+C a+ 2y

I
Figure 2-2: Illustration of ALG,, 1+1(y)

0

0

C.)
0

ALG

ALG 1,y(y)

yA at

ALGt
Time t

Proof For each y E [0, 1] and each positive integer 1, we define the offline algorithm

ALG, 1+1 (y) (Figure 2-2) as the following combination of algorithms ALG, and ALG,+1 :

1. At time 0 t yti, the server follows the route of ALGj.

2. At time yt; t < 2yt;, the server travels reversely so as to arrive at D by time

2 y tj.

3. Starting at time 2yti, the server follows a delayed version (delayed by 2yti) of

ALG;+1 .

Compare ALGI, 1+1(y) with ALGI in Lemma 2.4.10 with S = A, U A. 1+, we obtain the

following inequality:

Wj fa,p (cALGI, 01
jeA1 UA 1 +1

(2.12)
;eA1 uAi1
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The left hand side of (2.12) equals to

WCALG, wjt,.
jeA1  jeAl+l

The part of the summation over A, on the right hand side of (2.12) is at most

WjAL G1  jl

i+ /AL ALLG 1

jEA,C1 L
2 

ytj JEA1 ,C1 LG t

The part of the summation over A,, 1 on the right hand side of Inequality (2.12) is at

most

2y____ ALG1+1 + 2y y;t+

I+ 2oa witl.1 + I wy 1 +2ai w jti+1
jEA1+1  jEAI,+,c +LG1 ,1a t1+ jeA,1,c ALG+1 a-2y +

where we have used the equation ti1 = (1 + 2a)tl. This expression is not tight only if

the server under ALG1,,+ 1 (y) happens to visit some locations of requests j in A,, 1 earlier

than 2yt, + c LG+1.

Summing over all positive integers I and using Lemma 2.4.8, we obtain the lemma.

El

Now we are ready to prove Theorem 2.4.2, which we reiterate as follows:

Theorem 2.4.2 . Let (a, P) be a pair of real numbers satisfying a e (0,1] and p a.

For any positive integer N, the objective value of LP' (N) is an upper bound on the

competitive ratio of PACap.

Proof The idea is to use {R) and I -E-r) as variables in a linear program.
(~r CrEr)~ ) i Tar

Since there are uncountably infinite many variables in and wear ifiit mnyvaiaie i jOPT []a OPT[0'w

divide [0, a] into N+ 1 arithmetic steps, and for all i = 0,1,..., N, we use Ci to represent

C(')/OPT and Ti to represent T(L)/OPT. By definition, Co = TN = 0, so there is only a

total of 2N nonnegative real variables {C,} 1 and {Ti IN.
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Due to Inequality (2.3), CN + To, the objective of LPd(N), is an upper bound

on the competitive ratio of PACap. Therefore, what is left is to show that the lin-

ear constraints are all valid for all problem instances I. Lemma 2.4.9 proves Con-

straints (2.2a) and (2.2b). Lemma 2.4.11 proves Constraint (2.2c). Lemma 2.4.12

proves Constraint (2.2d). Lemma 2.4.13 proves the Constraints (2.2e) for all i. This

concludes the proof 

In the proof of Theorem 2.4.2, we first find inequalities related to terms of the

forms

S w LGI and wt

jcA,,c LGI ri EA1,C ALGI

and then we take the summation of the inequalities over all positive integers 1 to ob-

tain linear inequalities as constraints. It may seem that we can obtain better bounds

by considering each of the linear inequalities separately without taking the summa-

tion over all integers 1. However, it is not the case. Denote Imax the maximum integer

1 such that A, # oo. We observe that the upper bounds on the competitive ratio of

PAC,, approach the optimal objective value of LPd (N) with a = p = 1 when lmax

increases. Therefore, we cannot reduce the upper bound on the competitive ratios

significant enough to be observable even if we did not take the summation over all

positive integers 1.

Now we prove Corollary 2.4.4, which we reiterate as follows:

Corollary 2.4.4. The competitive ratio of PAC,, is at most 39/7 ~~ 5.57.

Proof Using Theorem 2.4.2, it is sufficient to prove that for some positive integer N,

the optimal objective value of LP (N) at a =p = 1 is at most 39/7 ~ 5.57. To have a

simpler expression of (2.2e), we choose N = 5 so that when i = 1, i = = [N-2iJ =1.

Comparing (2.2a) and (2.2b), for all i = 0,1,..., 4, (Ti - Ti+1) ; Ci.1 - CiN

ia Ti- i~),and thus Ti - T 1 :0. Therefore, (2.2a) gives, for all i = 1.,2,...,,4, Cj+i Ci
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- T+ 1) ) =(T - =(Ti - Ti+1). Taking the summation over all i = 1,.. .,4, we

obtain Cs - C1 > }(T1 - T5) = 1T1, or equivalently,

1
C1 + 1 T1  C5 .5

(2.13)

Therefore,

1
C1 + T1 + C1 + 1T15

6
= 2C1 + 6 T15

6
6C1 + 6 T15

6C5,

((2.2e) with i = 1)

(C1  0)

((2.13))

or equivalently,

1
-5C 5 + -T o  0.

5
(2.14)

Constraint (2.2d) gives

1 1
-C 5 + -To < 1.
2 6

(2.15)

Multiplaying both sides of (2.14) by - and both sides of (2.15) by L, and then taking

the summation, we obtain C5 + To 9, which implies the optimal objective value of

LPd(N) at a = p = land N = 5 is at most 39/7 ~- 5.57 and thus completes the proof. i

Now we prove Proposition 2.4.5, which we reiterate as follows:

Proposition 2.4.5 . For any a E (0,1], when p 2a2 + 3a, the competitive ratio of

PACap is at most (+2a(+a)
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Proof. Consider Lemma 2.4.9 with r = 0 and r' = a, we obtain

0 > C(a) - aT(0). (2.16)

The inequality
(1 + 2a)(1 + a) x2 - (2a2 + 3a) x (2.26)

x (2.5) + x(.6
a -a

and Inequality (2.3) prove the proposition.

2.4.1.2.2 Lower Bounds on the Competitive Ratios In this section, we prove

Theorem 2.4.6.

For the case of general P and the case of / -> oo, we have Lemmas 2.4.14 and 2.4.15,

respectively.

Lemma 2.4.14. For a E (0,1], for each e > 0, define I(e) to be the problem instance that

contains only one request with r1 = 1, 11 = (1 + 2a)ka + e, and w1 = 1, where k is the

smallest integer such that (1 + 2a)ka > 1, then for all / > a,

lim. PACap(I(c)) 1
un > 3+ -.

e-O++ OPT(I(e)) a

Proof For simplicity, we start with the special case in which a e (0.5,1]. After prov-

ing this special case, we explain how we may modify the argument to show that the

statement is true for all a e (0,1].

For a E (0.5,1]:

In this case, k = 1.

We first consider the cost of the optimal offline algorithm. One feasible offline

algorithm is to let the server travel to the location of the request 11 with full speed

starting at time 0. The server arrives at time 11, and 11 > r1 because we have assumed

a > 0.5. As a result,

OPT(I(e)) ; 11 = (1 + 2a)a + e. (2.17)
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Now let us consider the cost of PACap. For this problem instance, tj = r, = 1,

t2= 1+2a, and t3 = (1+ 2a)2 . Because the completion time of the request in any offline

algorithm is at least the location 11, which is greater than at2 , the request cannot be

completed in the first two iterations. As a result, the cost of the online algorithm has

the following lower bound:

PAap(())=PACa,p> t3 +2= + + +C
PACa,P()) = C " _ t3 + 11= (1 +2a + 2a)a + c > (1 + 2a)(1 + 3a). (2.18)

Considering (2.17) and (2.18), the lemma holds for a c (0.5,1].

For a c (0,1]:

For fixed r1 = 1, the key in the proof of the case a c (0.5,1] is to design the location

11 to be slightly greater than at, for some positive integer I (in the proof above, I = 2),

with the additional constraint that 11 > 1(= r1). Using the same argument, when

a 5 0.5, this lemma still holds.

For the case P -> oo, we have the following lemma:

Lemma 2.4.15. For a c (0,1], for each e > 0, define the problem instance I(e) to have

the following 3 requests:

(1, -((1+ 2a)ka2 - e), C2) for j = 1,

(rj, 1i, wj) ((1 + 2a)ka, (1 + 2a)ka, e) for j = 2,

((1 + 2a)ka + , (1 + 2ka + e,1) for j = 3,

where k is the smallest positive integer such that (1 + 2a)ka > 1, then

lim lim PACa,p(I(e)) (1 + a)(1 + 2a)
e--+O p-+oo OPT(I(e)) a

Proof For simplicity, we start with the special case in which a e (0.5,1]. After prov-

ing this special case, we explain how we may modify the argument to show that the
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statement is true for all a E (0,1].

For a E (0.5,1]:

The cost of the optimal algorithm is lower than the algorithm ALG that travels to

13 starting at time 0 and then travels to 11 with maximum speed. Under algorithm

ALG, the completion time of Request 3 equals 13, and as e -> 0+, the completion time of

any other request is bounded above by a constant, e.g., a(1 + 2a)2 + 1. In addition, the

total weight for the first two requests approaches 0 as e -- 0+. As a result, as e -) 0+,

2

OPT(I(e)) ALG(I(e)) = wcjG + w3cLG -+ (1 + 2a)a. (2.19)
j=1

Now let us consider the online algorithm PACa,P. The key observation is that re-

quests 1 and 3 are completed in the last iteration and Request 3 is visited after Re-

quest 1. Therefore, most of the weight (w 3) will have a large completion time.

The first request defines tj = 1, t2 = 1 + 2a, and t3 = (1 + 2a)2 . For a fixed a and a

fixed problem instance I(c), when P is big enough, PACa,p maximizes the total weight

of requests that can be completed at each iteration. Because (1 + 2a)a2 > a when

a > 0.5, we can find a small enough c such that 1l1| > a. For such an e, the first

request cannot be completed in the first iteration, and therefore is in R2. At time t2 ,

the auxiliary offline algorithm ALG 2 will complete only the second request, because

its weight e is greater than that of the first request e 2. As a result, the first request

will not be completed in the second iteration, and thus is in R3. Therefore, the set R3

contains the first and the third requests.

At time t3 , the only way to complete both requests in R3 is to visit 11 first. Thus,

lim c AC' >_ t3 +2111+ 1131 = (1 + 2a)2 ( + a)- e.
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Therefore,

rn PACa,p(I(e)) > urn cPAC"'p = (1 2a) 2 (1 + a) - e. (2.20)

Combining (2.19) and (2.20), the lemma holds for a c (0.5,1].

For a e (0,1]:

The key in the proof of the case a e (0.5,1] is that the first request will not be

completed by PACa,p until the last iteration, which makes the completion time of most

of the weight large. Using a similar argument as in the proof of the case a G (0.5,1],

we can show that the lemma above holds for all a c (0,1].

Now we are ready to prove Theorem 2.4.6, which we reiterate as follows:

Theorem 2.4.6 . For the case where the metric space M contains the real line, for

any a c (0,1] and P E [a, oo), the competitive ratio of PACa,p is at least 3 + 1; and as

0 

-0, the competitive ratio of PACa,p is at least (1+a)(1+2a)

a

Proof It is sufficient to prove the case where M = R and D = 0.

Lemma 2.4.14 proves the first statement of the theorem.

Lemma 2.4.15 implies the following statement: For any real number p < (+a)(1+2a)a

there exists an adversarial problem instance I on which the ratio between PACa,p(I)

and OPT(I) is greater than p for all large enough P. Thus, Lemma 2.4.15 proves the

second statement of the theorem, which completes the proof.

2.4.2 Randomized (a, p)-Plan-and-Commit

In Section 2.4.2.1, we propose a family of randomized online algorithms, parameter-

ized by a pair of numbers (a, P) satisfying a E (0,1] and P E [a, oo). In Section 2.4.2.2,

we analyze the proposed algorithms and provide upper and lower bounds on the com-

petitive ratios, and determine the parameters (a, P) that lead to the smallest provable

competitive ratios.
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2.4.2.1 The Algorithms

In this section, for each pair of real numbers (a, P) such that a C (0,1] and P E [a, oa) we

propose a randomized online algorithm called Randomized (a,p)-Plan-and-Commit

(RPACa,p), as presented in Algorithm 2.

The randomized online algorithm RPACa,p is similar to the deterministic online

PACap. The only difference is that, at the end of the initialization stage, after getting

the geometric time series {t,}1 similarly to what the deterministic algorithm PACa,p

does, RPACa,p draws a random varialbe ( uniformly from[0, 1), and multiplies each t

by the same random variable (1 +2a)w for all 1, i.e., setting ti <- ti x (1 +2a)'. Therefore,

for the RPACap, t1 is a random variable. Clearly, Conditions 1 and2 about t1 described

in Section 2.4.1.1 are satisfied for all realization of o. Furthermore, for all realization

of w, (2.1) is satisfied. Algorithm 2 presents formally describes the algorithm.

Algorithm 2 Randomized (a, p)-Plan-and-Commit Algorithm (RPACa,p) for the online
WTRP

1. Initialization

(a) At time t = 0, set T +- min (d(D, 1j)|j c 10, 1j # Dl. By convention, if

{j E Io, lj # D} is an empty set, then set T <- 00.

(b) At time t e (0,), if a request is revealed, then set t <-- t and end the
initialization phase.

(c) At time t = T, set t1 <- T and end the initialization phase.

At the time when the initialization phase ends: For all positive integer 1, set ti <-
ti x (1 + 2a)- 1 . Draw w - u[0, 1) and for all positive integer 1, set tj <- ti x (1 + 2a)'.
Wait until time ti, defineR1 = It1 .

2. Repeat for I = 1,2,..., do what PACap does with the t computed by this algo-
rithm.
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2.4.2.2 Competitive Analysis

We first list our results. The proofs regarding the upper bounds and lower bounds

appear in Sections 2.4.2.2.1 and 2.4.2.2.2, respectively.

Upper Bounds

We start by introducing theorems related to the upper bounds on the competitive

ratios of RPACa,p.

Similar to the results for the deterministic online algorithms, for general pairs of

(a, P) satisfying a E (0, 1] and P3 > a, the lowest upper bounds that we prove is related

to the following linear program, which is parameterized by a positive integer N:

Maximize CN + T0  (LPrad(N))
(Cl,C 2 ,...CN,T0, ,--,TN-1)ER

subject to

Constraints (2.2a), (2.2b), (2.2d), (2.2e)

a ln(1 + 2 a) +a)) (n(( + 2a) (if > a) (2.21)
P - a 2(p - a)

where CO and TN are defined to be 0.

Theorem 2.4.16 formally describes this result:

Theorem 2.4.16. Let (a, P) be a pair of real numbers satisfying a E (0,1] and p > a.

For any positive integer N, the objective value of LPan (N) is an upper bound on the

competitive ratio of RPACap.

Similar to the case of the deterministic algorithms, Theorem 2.4.16 allows us to

select parameters a and P such that the upper bound on the competitive ratio is min-

imized. We numerically calculate the optimal objective value of for all pairs of a, P

when they are both multiples of 0.01 by using Gurobi. For example, Figure 2-3 illus-

trates the optimal objective values of LPr7(N) with N = 10000 and a = 1 for different

values of/p.
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Our observation of the numerical results indicates that the lowest upper bound on

the competitive ratio among different a and / occurs at all (1, /) with 0 5. Therefore,

we believe that for all p 5, (1, 3) minimizes the provable competitive ratio in our

analysis. In fact, for the case a = 1 and / 5, we have a closed-form expression

of the competitive ratio. More generally, for any a e (0, 1], when / 2a2 + 3a, our

best provable upper bound on the competitive ratios has a closed-form expression, as

formalized in the following proposition:

Proposition 2.4.17. For any a c (0,1], when / 2a2 + 3a, the competitive ratio of

RPACap is at most 2(1+a)ln(1+2a)

The expression of the upper bound on the competitive ratio given by Proposi-

tion 2.4.17 is the same as that of the existing online algorithms INTERVAL [92] and

BREAK [69], if one chooses the same common ratio for the geometric time steps. How-

ever, we achieve lower competitive ratios because our algorithms have a wider range

((1,3]) of possible common ratios to choose from, compared to the existing algorithms

((1,1 + V/21). The existing algorithms solve an auxiliary offline problem right after

the server completes a delayed version of the solution given by the auxiliary offline

algorithm in the previous time step. However, because the online algorithm must be

compared to the optimal offline algorithm that starts from the depot, in the analysis,

the auxiliary offline solution is compared with one that returns to the depot through

the shortest path and then follows the optimal solution (of the auxiliary offline prob-

Figure 2-3: Optimal objective values of LPrand (N) with N = 10000 and a = 1 for differ-
ent values of /
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lem). By doing so, the existing online algorithm cannot use the information revealed

before returning to the depot, which ultimately limits the range of possible common

ratios between time steps. On the other hand, our algorithm addresses this issue by

solving the auxiliary offline problem after the server returns to the depot, which leads

to a wider range of possible common ratios between time steps.

In summary, the following corollary describes the combinations of (a, P) that achieve

the smallest competitive ratio that we can prove:

Corollary 2.4.18. For any 3 5, the competitive ratio of RPAC1,p is at most 4/ ln(3)

3.64.

Proof. Proposition 2.4.17 with a = 1 proves the corollary. E

Lower bounds

Regarding the lower bounds on the competitive ratio of RPACa,p, we have the fol-

lowing theorem:

Theorem 2.4.19. For the case where the metric space M contains the real line, for any

a c (0,1] and P c [a, oo), the competitive ratio of RPACa,p is at least 1 + 2a ; and asln(1+2a)'

3 -> oo, the competitive ratio of RPACa,p is at least 2(1+a)
1n(1+2a)~

The second statement of Theorem 2.4.19 together with Proposition 2.4.17 show

that the analysis is tight when P --+ oo. Furthermore, for the algorithm that achieves

the best provable upper bound on the competitive ratio, PAC1,p with p > 5, we have

the following corollary for its lower bound:

Corollary 2.4.20. For all P 5, the competitive ratio of PAC1,p is at least 1+ - > 2.82.

Proof Theorem 2.4.19 with a = 1 proves this corollary. 0

2.4.2.2.1 Upper Bounds on the Competitive Ratios The proofs related to the

upper bounds are similar to those in Section 2.4.1.2.1. Here we highlight the differ-

ences. First, similar to Section 2.4.1.2.1, we assume, without loss of generality, no
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request j has both rj = 0 and 1j = D. In what follows, we prove the results in the order

of Theorem 2.4.16 and Proposition 2.4.17.

For proving Theorem 2.4.16, we must first Note that for any realization of W, Con-

ditions 1 and2 about t1 described in Section 2.4.1.1 are satisfied. Therefore, for all w,

Lemma 2.4.8 is valid for RPACa,p.

Due to Lemma 2.4.8 and 2.1), for any problem instance I, RPACa,p(I) has the fol-

lowing upper bound:

RPACa,p M : E E wjtj = C(a)(I) + T(0)(I), (2.22)
1=1 jeAi 1=1 jeAi

where for all r e [0, a],

C(r)(I) 4 E ( wc ,LGI and T(r)(I) E IE
JeAl,c LG =rt jeAlC LGI

Unlike the deterministic algorithm PACa,P(I), here the notations IC(r)(I)}rE[Oaa] and

{T(r)(I)}rEjo,a represent the expected values of the corresponding functions. Note that

due to (2.22), sup, O(D) + T(D is an upper bound on the competitive ratio. In or-

der to find a small upper bound on sup1 C(a)() + , we find inequalities betweenOPT(I) OPT(DI

IT(r)(I)}re[o,a], {C(r)(I)}r[o,a] and OPT(I) that are valid for all problem instances I. For no-

tational convenience, we drop the parameter I when it is clear from context. Clearly,

the inequalities described in Lemmas 2.4.9-2.4.13 are still valid when conditioned

on any particular realization of co. Taking the expectations, those inequalities are

all valid for the notations {T(r)(I)}rE[o,aI, C(r)(I)rE[o,a] defined here. Here we slightly

abuse notations and refer to Lemmas 2.4.9-2.4.13 as with the notations {T(r)(I)1rE[o,a],

{C(r)(I)}rE[o,a defined here for RPACa,p-

To find better upper bounds, we improve upon Lemma 2.5 and prove the following

lemma:
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Lemma 2.4.21. When P > a,

OPT >_a ln(1 + 2a) (a) - a(1 + 2a)) In(1 + 2a) (2.23)
C -a 2(p -a)

Proof First we follow the proof of Lemma 2.4.11.

For RPACa,p, since (2.8) is valid for any realization of a), it is also valid when we

take expectations on both sides. For each j e I, the minimum value at, such that

C PT < at, has the following expected value:

(1 + 2a)cOPT dx = 2a OPT (2.24)J 1  ln(1 + 2a) c

This equation gives us the following equation:

JE F W ti = n( + 2a) wiTIn(1 + 2a) OPT(I). (2.25)
i=1 )EA , jEI

Taking expectation on both sides of (2.8), using (2.25), and rearranging terms prop-

erly, we obtain (2.23), which proves the lemma. E

Now we are ready to prove Theorem 2.4.16, which we reiterate as follows:

Theorem 2.4.16 . Let (a, P) be a pair of real numbers satisfying a E (0, 1] and 3 > a.

For any positive integer N, the objective value of LPrad(N) is an upper bound on the

competitive ratio of RPACa,p.

Proof The idea is to use OPT and () as variables in a linear program.IC r IE[O,a] I~ OT IrE[,a]

Since there are uncountably infinite many variables in (r) and OT ) weOPT ire 1,a] I OP rE'o,aI'

divide [0, a] into N +1 arithmetic steps, and for all i = 0,1,. ., N, we use Ci to represent

C(')/OPT and Ti to represent T(L)/OPT. By definition, Co = TN = 0, so there is only a

total of 2N nonnegative real variables {C,} and {Til"
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Due to Inequality (2.22), CN TO, the objective of LP rand(N), is an upper bound

on the competitive ratio of RPACap. Therefore, what is left is to show that the lin-

ear constraints are all valid for all problem instances I. Lemma 2.4.9 proves Con-

straints (2.2a) and (2.2b). Lemma 2.4.12 proves Constraint (2.2d). Lemma 2.4.13

proves the Constraints (2.2e) for all i. Finally, Lemma 2.4.21 proves Constraint (2.21).

This concludes the proof.

Now we prove Proposition 2.4.17, which we reiterate as follows:

Proposition 2.4.17 . For any a E (0,1], when / 2a 2 + 3a, the competitive ratio of

RPACa,p is at most 2a

Proof Consider Lemma 2.4.9 with r = 0 and r' = a, we obtain

0 C(a) - aT(0). (2.26)

The inequality
2(1 + a) x 3 - (2a2 + 3a) x (2.26)

ln(1 + 2a) P - a

and Inequality (2.22) prove the proposition. .

2.4.2.2.2 Lower Bounds on the Competitive Ratios In this section, we prove

Theorem 2.4.19. For the case of general P and the case of / -> oo, we have Lem-

mas 2.4.22 and 2.4.23, respectively.

Lemma 2.4.22. Define I to be the problem instance that only has one request with

(ri,11, wi) = (1,1,1), then
RPACa,p(I) 2a

= 1+.
OPT(I) ln(1 + 2a)

Proof Clearly, OPT(I) = 1. On the other hand, the expected cost of RPACa,p is

RPACap(I) = 1+ E(t1) =1+ 1(1j+a)x=+ (1 + 2a
f ln( + 2a)'
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0

For the case P -> oo, we have the following lemma:

Lemma 2.4.23. For each e > 0, define I(e) to be the problem instance with the following

2M + 1 requests:

(e,e2j,e) for j =,- -,M

(rj,Ij,wj) (e,-e2 (j - M),e6 ) for j = M + 1,- ,2M

(a, a,1) for j = 2M+ 1

where M [ , then,
. RPACa,p(I(C)) 2(1 + a)lim him ->.

E--O+ P->o OPT(I(e)) - ln(1 + 2a)

Proof The cost of the optimal algorithm is lower than the algorithm ALG that travels

to location 1 starting at time 0 and then travels to -1 with maximum speed. The

completion time of request (2M + 1), which carries most of the weight, is a, and the

completion time of all other requests is at most 3. Moreover, as e -) 0+, the total

weight of the first 2M requests approaches 0. As a result, as e -) 0*, the cost of OPT

has the following upper bound:

OPT(I(e)) ALG(I(e)) -* w2m41c^2 = a. (2.27)

Let us now consider the randomized algorithm RPA Ca,p. For a fixed a and a fixed prob-

lem instance I(e), when p is large enough, the online algorithm maximizes the total

weight of requests that can be completed at each iteration. The problem instance I(e)

is designed so that when e is small enough, the total weight of the (M + 1 )th through

the 2Mth request is smaller than the weight of any other request. Therefore, none of

the above mentioned M requests will be completed at iteration I if t1 < 1.

For each realization of co, let k to be the smallest integer such that tk > 1. The
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expected value of tk is

E(t)= 1(1+2a)xdx= 2a
) ln(1+2a)

At time tk, the optimal offline auxiliary algorithm ALGk maximizes the number of

requests that are completed among the (M + 1)th to the 2pAth requests subject to the

constraint that the server arrives at location a by time atk. As a result, the completion

time of the (2M + 1)th request in any realization of (v has the following lower bound:

RPACai* tk + C'j > (1 + a)t - 22.

Consider this and the expected value of tk calculated above, as e -) 0+, we obtain the

following inequality for the expected total weighted completion time of the random-

ized online algorithm:

R P ACa,p(I(e)) JR (2+1RPACaP E ((1 + a)t, - 22 -- 2a(1 . (2.28 )
RAaP0 !E WMC2M+1 ln(1 + 2a)'(.8

Considering (2.27) and (2.28), the lemma holds.

Now we are ready to prove Theorem 2.4.19, which we reiterate as follows:

Theorem 2.4.19 . For the case where the metric space M contains the real line, for

any a e (0,1] and P E [a, oo), the competitive ratio of RPACa,p is at least 1 + 22 and

as p -> oo, the competitive ratio of RPACa,p is at least 2(1+a)ln(1+2a)'

Proof. It is sufficient to prove the case where M = R and D = 0.

Lemma 2.4.22 proves the first statement of the theorem.

Lemma 2.4.23 implies the following statement: For any real number p < 2(1a

there exists an adversarial problem instance I on which the ratio between RPAC,P(I)

and OPT(I) is greater than p for all large enough P. Thus, Lemma 2.4.15 proves the

second statement of the theorem, which completes the proof. 0

90



2.4.3 Probabilistic Version

In this section, we consider the probabilistic version of the online WTRP described

in Section 2.3.2.1, where assumptions 2.3.3, 2.3.4, and 2.3.5 are imposed. We prove

that with these assumptions, the deterministic online algorithmReOpt (Algorithm 3)

is almost surely asymptotically optimal. Finally, in Remark 2.4.28, we compare our

results with that of Jaillet and Wagner [77].

Algorithm 3 Online algorithm ReOpt

1. If all released requests are completed, the server stays at its location.

2. When a request is released, the server calculates and follows the route so as to
minimize the total weighted completion time of the released but not completed
requests (starting at the server's current location).

The major result is the following theorem:

Theorem 2.4.24. For any sequence of problem instances {I'}10Z where for any i < n, P

is the set of the first i requests in I", almost surely,

.ReOpt(I")
n- OPT(In)

In order to prove this theorem, we denote TSPi the length of the shortest tour

among the depot and the locations of the requests in Ii (TSP stands for the Traveling

Salesman Problem). We need the following lemma that relates ReOpt(I") with TSPn:

Lemma 2.4.25.
n

ReOpt(I") w 1 (r + 0 (log n) TSP,).
j=1

In order to prove Lemma 2.4.25, for any positive integer i, we denote ReOpti the

route of the server under ReOpt when the problem instance consists of only the re-

quests in P.
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We prove Lemma 2.4.25 with the following two lemmas. First, we prove that for

each positive integer i, the total weight of unserved requests decreases "exponen-

tially" under ReOptj with a rate related to TSPj:

Lemma 2.4.26. For any integer k 0, 1 i n,

Y wi 2-k Lw

c RetI>ri+3kTSPi 1=1

where all summations are restricted to 1 j i.

Proof For any t ri, we define an alternative route Altt (of ReOpti) as follows:

1. Follow ReOptj up to time t.

2. Return to the depot using the shortest path.

3. Follow the tour TSPi.

The time it takes for the second step is at most 1TSPj and for the third step is TSPj.

Therefore, the completion time is at most t + !TSPj for all requests (recall that in this

lemma, we consider only requests in Ii.) Thus, the cost of the alternative route Altt(P)

is at most

Altt(I') E WjC + Y w (t + 3TSP)

where we restrict the summations to j e [i] through the proof of this lemma. Because

ReOptj achieves the lowest cost among all routes that are the same before time ri, the

cost of Altt for the first i requests is no smaller than that of ReOpti. Thus,

E w; jt + 3T SPj ! : Wj C Reptj

C. >t C >t

t+3TSP>c I .i >t C I . >t+3TSPi
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Canceling the same term wjt and dividing both sides by 3TSPi, we obtain

>

C ReOpt >t+3TSPi

This inequality, together with mathematical induction, completes the proof

M

Second, we find an iterative relation for {ReOpti(I1)}& 1 :

Lemma 2.4.27. For any positive integers i and k,

ReOpti+1(I+1) ReOpti(I) + (ri+1 + 3k + 3) TSP+l) Wi+1 + 3TSPi+12-k
2

Proof We consider the following alternative route Alt (of ReOpti,1):

1. Follow ReOptj until time ri + 3kTSPi. (If this value is less than ri. 1, then go to step

2 at time ri+i.)

2. Travel to the origin.

3. Follow the tour TSPi, 1 .

We continue the proof with the case ri +3kTSPj > ri1+. We can prove that the conclusion

holds in the other case using a similar argument.

For all j e [i], if C ReOpti ri + 3kTSPi, then cjt = ReOpti;

and thus

otherwise, CReOptj > ri + 3kTSP

cAlt riPj k + TSP + TSPj+1 < c. + 3TSPi, 1 .I -2 1 2

In addition, we have the following upper bound on the completion time of request i +1:

1 +kS 1 TSP1 + TSPj+j 5 rj1 j +5r kS ~ 3 + 2) TSPi+1 .
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According to Lemma 2.4.26, the total weight of requests in P such that c ROpt > ri +

3kTSPj is at most 2 - 1 w;. As a result, we have

Alt(i'+1) ReOpti(1') + (ri+1 + 3k+ 32 TSPj+1) Wi+1 + 3TSPi+12k
2

According to the definition of ReOpti+1 , ReOpti+1 (I'+1) Alt(I+1 ), which completes the

proof 0

Now we are ready to prove Lemma 2.4.25, which we reiterate as follows:

Lemma 2.4.25.

ReOpt(I) w (rj + o (log n) TSPn).
j=1

Proof According to Lemma 2.4.27 and mathematical induction, for any positive inte-

ger k,

ReOpt(I") = ReO ptn(In) 5 f wj (r;
j=1

+ 3k +
+ + 3n2-k TSPn ).

Set k = Flog n1, we have

ReOpt(I") 5 w1 (rj + (3(logn+ + 3n2- o nTSPn

n

w; (r; + (3 log n + 6) TSPn). (n2- l" n= 1)

0

Now we are ready to prove Theorem 2.4.24, which we reiterate as follows:

Theorem 2.4.24. For any sequence of problem instances {II}' where for any i < n, Ii

is the set of the first i requests in In, almost surely,

. Reopt(I")
n-m O = 1.
n-+" OPT(In)
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Proof For all j e [n], we have c; > ri. Thus, OPT(I") > 1 WIT. With this inequality,

Lemma 2.4.25, and Assumption 2.3.5, we have

ReOpt(I") > w1 jO (log n) TSPn nivO(log n)TSPn
OPT(I") - + _17 wr; - wE71 rj

According to Beardwood et al. [17] and Assumption 2.3.3, TSPn = O(n -) almost

surely. On the other hand, according to Assumption 2.3.4, E _I r can be written as

E1=1(n + 1 - i)Yi, which is 9(n2 ) almost surely according to the strong law of large

numbers. Therefore, with probability one,

nfv- 0(log n) TSPn Wo 1
n) = -O(n A log n),

Ew E1 rj w

which approaches 0 as n goes to infinity.

Remark 2.4.28. Theorem 2.4.24 is a special case of Theorem 3 in [77]. However, the

proof of Theorem 3 in [77] is invalid as it contains a wrong claim (described in detail

in the next paragraph). Using the arguments in this section, we can show that the

general case of Theorem 3 in [77] does in fact hold.

The proof of Theorem 3 in [77] relies on a lemma (Lemma 5 in [77]) whose proof

wrongly assumes that

max c. - rn + TPn-1 - (2.29)
jE(1,2,...,n-1} 1 2

To see that this does not necessary hold, let us consider the problem instance that has
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the following 5 requests in the 2-dimensional Euclidean space:

(0, (0, -10),1) for j = 1.

(0, (0, -9), 101) for j= 2.

(rj, l, w1) = (0,(0,9),106) for j = 3.

(0, (0,10),102) for j = 4.

(1, (0,0),1) for j = 5.

When the first 4 requests are released, the algorithm ReOpt 4 travels in the order of

locations 13, 12, 14, and then 11. Therefore, maxjej1,2,...,n-1i c .e't"- = 66. On the other hand,

the TSP tour for the first 4 requests has a length of 40. Therefore, rn + 2TSPn_1 = 61 <

66, which contradicts (2.29).

Here, we do not say whether Lemma 5 in [77] is true or not. Instead, we use an

alternative lemma (Lemma 2.4.25) to prove that the main theorem holds.

2.5 Online Scheduling with Multi-State Machines

In this section, we develop online algorithms for general online scheduling problems

with multi-state machines as defined in Section 2.3.1 based on the best (a, p) pair

found in the previous section. For simplicity, we describe our algorithm and analysis

for the basic setting defined in Section 2.3.1.1, but our results are valid for all problem

variants described in Section 2.3.1.2. We assume r1 > 0 to simplify the initialization

stage of the algorithms and the corresponding analysis. However, it is clear that we

can modify the algorithms and analysis without increasing the upper bounds on the

competitive ratios for cases where r1 = 0. As a minor caveat, we impose some mild

technical assumptions as discussed in Section 2.5.3.2.

In section 2.5.1, we propose a deterministic online algorithm Plan-and-Commit

(PAC) and prove that the competitive ratio is at most 5.14. In section 2.5.2, for each
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a 1, we propose a randomized online algorithm Randomized a-Plan-and-Commit

(RPACa). We show that the best possible algorithm in this class is RPAC1, which has

a competitive ratio of 4/ ln(3) ~ 3.64.

2.5.1 Plan-and-Commit

2.5.1.1 The Algorithm

In this section, we describe the algorithm Plan-and-Commit (PAC), Algorithm 4,

which, when applied to the online WTRP, is PAC,, with minor modifications.

Algorithm 4 has two stages: initialization and iterations.

The first stage starts at time 0 and ends at time r1. During that stage, the algo-

rithm PAC does not change the states of the machines and does not process any jobs.

At time r1, before finishing the initialization stage, PAC defines {t, L r131- 1}1 , and

R1 L K(Itl).

The second stage consists of iterations. For each positive integer 1, the 1th iteration

starts at time t, and ends at time t1,1. At time t1, PAC calculates what would an offline

algorithm ALGI have done starting at time 0 so as to minimize the following cost:

L hk (min (Xk, t,)),
kER1

where R, roughly represents all uncompleted projects that are active with respect to

the partially revealed problem instance It,. For I = 1, R, is defined in the initialization

stage; for I > 2, R, is defined at the end of the (1 - 1)th iteration. Here we assume that

such an offline algorithm ALG exists, which is not necessarily true if the assumptions

in Section 2.5.3.2 are not imposed. See Section 2.5.3 for a detailed discussion. Note

that at the first iteration, staying at the depot is one of the optimal solutions to the

auxiliary offline problem. Therefore, in the first iteration we use let ALG 1 to be this
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algorithm and hence

A1 = 0. (2.30)

From time ti to time 2t,, PAC follows a delayed version (delayed by t1) of algorithm

ALG1 with the following two modifications: First, if between time 0 and time t1, ALG

processes some jobs that PAC has already completed before time t1, then PAC does

not process those jobs (but still control the states of the machines). Second, for each

machine i c [m], PAC stops controlling the state of machine i and stops processing

any jobs on machine i when the last job processed by machine i with completion time

at most t, under ALGI is completed. By doing so, PAC is not processing any job nor

controlling any machine state at time 2t,. The algorithm PAC defines A, to be the

projects in R, that are completed by time t, under the offline algorithm ALGI, i.e.,

A, - {klk e R1, XLGI < t}. Following the definition, for all k E A,

xPAC < + XLGI

In addition for reasons mentioned for the online WTRP case, (2.31) is not necessarily

tight because the jobs required for completing a project k can be completed jointly in

multiple previous iterations.

From time 2t, to time t1, 1, PAC controls the machine states so that all machines i

are at their original states O at time t1 1. This is feasible because the state spaces of

the machines correspond to symmetric metric spaces. At time t1+1 , before entering the

next iteration, PAC defines R1+1 to be R, minus A, plus the projects that become active

between time t, and t1+1, i.e., R1+1 A (Ri \ A,) U (K(Itl+,) \ K(It,)).

The algorithm is formally described in Algorithm 4.
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Algorithm 4 The deterministic Plan-and-Commit algorithm (PAC) for general of on-
line scheduling problems with multi-state machines

1. Initialization: Wait until the first job is released (at time r1). At time rl, for all
positive integer 1, define ti <- r, x (1 + 2a)-1 . Define R1 4 K(It1).

2. Repeat for l= 1,2,...,

(a) Plan: At time t = ti, calculate what would an offline algorithm, ALGI, have
done starting at time 0 so as to minimize EkER, hk (min (Xk, t)).

(b) Commit:

" At time t E [tl, 2t1], follow a delayed version (delayed by t1) of algorithm
ALG 1 with the following two minor modifications mentioned in the main
text.

" At time t E [2t,, 3t,], control the machine states so that all machines i are
at their original states 0; at time 3t1.

(c) At time ti1+, define R1+1 4 (Ri \ A) U (K(It,+1) \ K(It,)) where A, 4 {klk E R1,x LG

til}.

2.5.1.2 Competitive Analysis

Since the online WTRP is a special case of the problem, the lower bounds presented

in Section 2.4.1.2.2 are still valid for this algorithm. Here we discuss our results

regarding the upper bounds on the competitive ratios.

Similar to the results for the online WTRP, for general pairs of (a, P) satisfying

a c (0,1] and P > a, the lowest upper bounds that we prove is related to the following

linear program, which is parameterized by a positive integer N:

Maximize XN + TO,N (LPde'(N))
Xi O for all i=1,2,...,N and Ti,1&O for all i=,...,N-1,j=1,2,...,N
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subject to

Ti,j,1 + Ti,j- 1 < 2Tij

Xi+1 - Xi >_ Tii - Ti+,i

Xi+1 - Xi Tii 1 - Ti,1,i.1

T0 [L3 + XN 2.

XN + To,3 Xi + Ti,N + X[ N + ToF + T LN1 F 1

o i 0, ... ,N
for

j = 1, - -,N - 1

for i = 0, .. f* N - 1

for i = O, --- ,N - 1

for i = 0,f -. - ,

where Xo is defined to be 0 and for all i = 0,1,... ,N, Ti,0 and TNi are defined to be

0.

Our main result is the following theorem:

Theorem 2.5.1. For any positive integer N, the optimal objective value of LPde (N) is

an upper bound on the competitive ratio of PAC.

Proof The proof of Theorem 2.5.1 is similar to that of Theorem 2.4.2 for the online

WTRP. In the following proof, we omit arguments that are essentially the same as

that of Theorem 2.4.2.

We first notice that using a similar argument as the proof of Lemma 2.4.8, we can

show that {AI}Q forms a partition of active projects K(I). Because of (2.31) and the

concavity of hk, the PAC(I) has the following upper bound:

P AC(I) ( hk (LG) k ( 1) X(1)(I) + T(0, 1)(I)
1=1 keA1 1=1 keA1

where

C0

X(r)(I) 4 ( hk (LGI)

=1 kEA,,x LG rt

and T(r, v)(I) A hk (vt1) .
ALGI

cA,,x k >rt,
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As a result,

X(u)(I T(0, 1) (I)
uOPT(I)+ OPT(I)

is an upper bound on the competitive ratio of PAC. We drop the parameter I and

view {X} [011 and { Trv , as variables in an LP. We then find linear inequali-

ties between {X(r)}re[o,11, {T(r, v)}r,ve[o,l] and OPT that are valid for all problem instances

I, and translate those inequalities into linear constraints in the LP. There are un-

countably infinite many variables X(r) and T(r, v), so we cannot solve the LP numer-

ically. Therefore, for all positive integers N, we define LPdet(N) by dividing [0,1] into

N + 1 arithmetic steps, and for all i = 0,1,... ,N, letting Xi to represent X(O)/OPT

and for all i, j = 0,1,..., N, letting Tij to represent T(', j)/OPT. By definition, for all

i = 0,1,.. , N, X0 = Ti,0 = TN = 0. Therefore, there is only a total of N2 + N nonnegative

real variables {X,)} and {Ti,1}j% 1 .

Constraints (2.32a) follow from the concavity of functions hk. Constraints (2.32b)

and (2.32c) follow from the definition of {T(r, v)}rve[o,1i and {X(r)}rE[o,1], and can be proven

using an argument similar to the proof of Lemma 2.4.9. The property (2.30) says

that A1 is empty, and this fact is useful for proving the other constraints. Similar

to Lemma 2.4.10, ALGI is the algorithm that minimizes the cost if the summation is

taken over A, U A, 1+, i.e., the cost

Yhk (Min (xk, t1)). (2.33)
kEAuA, 1,

Similar to Lemma 2.4.12, comparing cost (2.33) of ALGI and that of OPT, we obtain

the following linear inequality:

T 0, + X(1) 2OPT.
( i

This inequality gives us (2.32d). Similar to Lemma 2.4.13, for all integers 1 and all
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r E [, ], define algorithm ALG 11+1(r) to be the algorithm that does the following.

1. At time 0 t rtl, follows algorithm ALGj.

2. At time rt, t 2rtl, control the machine states in a way such that the states of

the machines i are Oi at time 2rtl.

3. Starting at time 2rtl, follow a delayed version (delayed by 2rti) of algorithm

ALG,1, with the two modifications that are also used in PAC.

Comparing cost (2.33) of ALGI and that of ALGI,1,1(r), we obtain

hk (4(hk ~~ G'+ hk 41) 5(
k Ek

+ E
keAIl,x ALG1+1 -2r)t

+ (

kEAI.1,xAL +>(1-2r)tl

LGI)+ AL h
kixALGIkEAI,xk 1>rt,

hk 2rti + /LG+1)

hk(tk).

Using two inequalities that come from hk being concave, hk (2rt + <LG1+) hk (2rt1 ) +

hk (XLGI+j) and hk (tI) hk (2rti) + hk ((1 - 2r)tl), and taking the summation over all inte-

gers 1, we obtain the following inequality:

X(1) + T (0, X 1 32r +T 1 2r 1 2r

With all r e [0, a/2], the above inequality gives Constraints (2.32e). Thus, the proof is

completed. 01

Using Theorem 2.5.1, we obtain the following upper bound on the competitive ratio

of PAC:

Corollary 2.5.2. The competitive ratio of PAC is at most 5.14.
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Proof Using Gurobi, the optimal objective value of LPdet(N) with N = 1200 is smaller

then 5.14 (already taken into account numerical errors). Hence, Theorem 2.5.1 implies

this corollary.

The next corollary (Corollary 2.5.3) is weaker than Corollary 2.5.2 but still shows

that the competitive ratio of PAC is lower than the best competitive ratio in the liter-

ature for the online WTRP (5.83). We include Corollary 2.5.3 because we can analyti-

cally prove this corollary.

Corollary 2.5.3. The competitive ratio of PAC is at most 39/7 ~ 5.57.

Proof Using Theorem 2.5.1, it is sufficient to prove that the optimal objective value

of LPde'(N) for some N is at most 39/7. To have simpler expressions of (2.32d) and

(2.32e), we choose N = 15 so that when i = 3, ,i, and 1 are integers.3 3

Constraint (2.32e) with i = 3 gives

X 15 + TO,5  X 3 + T3,15 + X 3 + TO,2 + T3,3. (2.34)

The above inequality involves X3 and X15. In what follows, we derive a lower bound

for X15 - X3. Summing over (2.32b) for i = 3,4,...,14, we obtain

14

X15 - X3 > Tu~ - Ti,1,i
i=3

13

=T3 ,3 + L ( Til,1,, - Ti,,i) - T15,14
i=3

13

=T3 ,3 + L (Tii,1 - Ti+1,i). (T15 , 14 = 0) (2.35)
i=3

In what follows, we show for all i = 3,...,13, Ti+1 ,i+1 - Ti+1,J 0. Compare (2.32b) and

(2.32c), for all i = 0, 1,...,14, Tii+1 - Ti+1,i+ 1  Xi+1 - Xi Tij - Ti+,,i, or equivalently,

Tii,1 - Ti Ti+1,,i 1 - Ti+,,i. Constraints (2.32a) with i = 1,2,...,14 and j = i gives

Tiil +Tiil 2Ti,, or equivalently, Tii-Tiji1 Ti, 1+ -Ti. Combining the two inequalities
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above, we obtain, for all i = 1,...,14, Ti - Ti1 Ti+1,i 1 - Ti,1,. Using this inequality

repeatedly, for all i = 1,..., 14, Ti, - Tij-1 > T15,15 - T15,14= 0. Hence, for all i = 3,...,13,

Ti,1,i,1 - T>.1, ! 0. As a result, (2.35) gives X15 - X3 T3 ,3 , or equivalently,

X3 + T3,3 5 X 15 . (2.36)

Inequality (2.34) motivates us to prove the following three inequalities based on

Constraints (2.32a). Constraints (2.32a) with i = 3 gives, for all j = 1,...,14, T3,j-1 -

2T3,j + T3,j+1  0. As a result,

- 5T3,3 +T3,15

=4T3,0 - 5T3,3 +T3,15 (T3,0 = 0)

3 14

=L 4i(T3 ,j- 1 - 2T,j + T3,j+1 ) + (15 - j)(T3,j-1 - 2T3,j + T3 ,j 1+) 0,
j=1 j=4

or equivalently,

T3 ,15 5T3,3 .

Similarly, when i = 0, for all j =1,...,14, Toj 1 - 2TO,; + TO,j+ 1  0. As a result,

3TO,15 + 1OT0 ,2 - 13TO,5
5 14

= 10(i - 2)(TO,j_1 - 2TO,j + TOj+ 1) + E 3(15 - j)(Toj 1 - 2TO,; + To,j 1+) 0.
j=3 j=6

(2.37)

(2.38)
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In addition,

To,1,5 - 3T O,5

TO,15 - 3TO,5 + 2T, 0  (To,o = 0)
5 14

= 2i(T 3,j1 - 2T3,j + T3,j,) + 1(15 - j)(T3,j-1 - 2T3,j + T3,j 1+) 0. (2.39)
j=1 j=6

Going back to (2.34), we have

X15 + TO,5  X 3 + T3,15 + X 3 + TO,2 + T3,3  ((2.34))

52X 3 + 6T3,3 + T0,2  ((2.37))

6(X 3 + T3,3 ) + TO,2  (X3  > 0)

56X 15 + TO,2 , ((2.36))

or equivalently,

-5X 15 + TO,5 - TO,2 < 0. (2.40)

From (2.32d), we have

TO, 5 + X15  2. (2.41)

Multiplying both sides of (2.40) by 10, (2.41) by 78, (2.38) by 1, and (2.39) by 25, and

taking the summation, we have 28X15+28TO, 15  156, which means X 15 +T 0 ,15 : 156/28 =

39/7. Therefore, the optimal objective value of LPdet(N) with N = 15 is at most 39/7,

which concludes the proof. 0
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2.5.2 Randomized a-Plan-and-Commit

2.5.2.1 The Algorithm

In this section, we describe the randomized online algorithm a-Plan-and-Commit

(RPACa), Algorithm 5, which, when applied to the online WTRP, is RPAC1,O with mi-

nor modifications.

Algorithm 5 has a single random variable w, uniformly distributed in [0,1). We

use RPACa(w) to denote the algorithm with realization w. For any W E [0,1), RPACa()

has two major stages: initialization and iterations.

The first stage is initialization. In this stage, RPACa() does the same thing as

PAC defined in Section 2.5.1 except that now {t, <- (1 + 2a)l-+"wr1} 1 and R1 is defined

at time t1 . We drop the dependency on co when writing t, for simplicity.

The second stage is composed of iterations. The 1th iteration begins at t, and ends

at t1+ 1. At time ti, RPACa(W) calculates the optimal offline algorithm ALGI that would

have minimized the following cost function:

E (hk (t,+1 ) - hk (t)) 1 (Xk > at,), (2.42)
kER1

where 1 is the indicator function with value 1 if the argument of the function is a true

statement and 0 otherwise; and R, is defined either in the initialization stage (when

I = 1) or the previous iteration (when 1 > 2). The existence of such an algorithm ALG1

is obvious because the cost (2.42) depends only on whether each Xk is greater than

at, or not, which depends only on the set of jobs that are completed by time at,, and

there are at most 2" such sets. The intuition for choosing this cost is to minimize

the increase of the original cost due to the projects that are not completed at each

iteration.

From time ti to (1 + a)ti, RPACa(O) follows a delayed an modified version of ALG1,

where the modifications are analogies of those for PAC described in Section 2.5.1. The
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algorithm RPACa(v) defines A, 4 {klk e R1, xALGI < t,}. By doing so, for all k E A,

xRPACa() t + LGI (2.43)

Between time (1 + a)t, and ti1, RPACa(o) controls the machine states such that all

machines are at their original states at time t+i1. At time t+i1, before entering the next

iteration, RPACa(co) defines R1+1 4 (RI \ A,) U (K(Itl,+) \ K(It,)).

The algorithm is formally described in Algorithm 5.

Algorithm 5 The Randomized a-Plan-and-Commit (RPACa) for general online
scheduling problems with multi-state machines

1. Initialization: Draw co u[O, 1). Wait until the first job is released (at time ri).
At time r1 , for all positive integer 1, define t, +- r1 x (1 +2a)- 1+w. Define R1 4 K(It1).

2. Repeat for l = 1,2,...,

(a) Plan: At time t = ti, calculate what would an offline algorithm, ALG,, have
done starting at time 0 so as to minimize EkeR, (hk (t, 1 ) - hk (t)) 1 (x > at,).

(b) Commit:

" At time t e [t,, (1 + a)t,], follow a delayed version (delayed by t,) of al-
gorithm ALGI with the two minor modifications mentioned in the main
text.

* At time t e [(1 + a)tl, (1 + 2a)tl], control the machine states so that all
machines i are at their original states O at time (1 + 2a)tl.

(c) At time t1+1, define R,+1 4 (R \ A,) U (K(I1+1) \ K(It,)) where A, 4 {klk E R1, kLG
ti}.

2.5.2.2 Competitive Analysis

The main result is the following theorem:

Theorem 2.5.4. For all a c (0,1], the competitive ratio of RPACa is 2(1+a)ln(1+2a)

The proof of the theorem requires the following lemma that is an analogue of

Lemma 2.4.10.
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Lemma 2.5.5. For all positive integers I and any realization W E [0,1):

(hk (t1+1) - hk (t)) 1 (x RPACa(w) > (1 + a)tl)
keK(I)

:5 E (hk (t1+ 1 )
keK(I)

- hk (t)) 1 (xPT > ati).

Proof Obviously, for all i < 1 - 1 and k e Ai, xRPACa() < (1 + a)ti. On the other hand,k

for any project k E K(I) \ U11 Ai such that /LGi - at,, k is in A According to (2.43),

xRPACa(W) + LG (1 + a)ti. Therefore,

(hk (t1+1) - hk (t)) 1 (xRPACa(W) > (1 + a)tl)
keK(I)

(hk (ti+1 ) - hk (t)) 1 (XALG, > at,).
< ( A

kEK(I) \ U'- Ai

Similar to Lemma 2.4.10, ALG 1 satisfies the following inequality:

(hk (tl+1 ) - hk (t,)) 1 (xLG, > ati)
kEK(I)\U :} Ai

< (hk (t1+1 ) - hk (t1)) 1 (xkT
kEK(r)\U'-' Ai

> at). (2.44)

Combining the two inequalities above, we obtain the lemma.

1:

Now we are ready to prove Theorem 2.5.4, which we reiterate as follows:

Theorem 2.5.4. For all a e (0,11, the competitive ratio of RPACa is (1+2a)

Proof The lower bound is trivial. For the special case of the online WTRP, RPACa is

reduced to RPACa,,. According to Theorem 2.4.17, the competitive ratio of RPACa is

at least 2(1+a)
ln(1+2a)'

Now let us begin to prove the upper bound. For a project k such that (1 + a)tli1 >

xRPACa() > (1 + a)ti, we have the upper bound on the cost incurred by the project:

108



hk (xRPACa(w)) k h ((1 + a)tl1+) (1 + a)hk (t1+1). Taking the summation over all active

projects k and rearranging terms, we have the following upper bound on RPACa(w)(I):

RPACa(W)(I) < 1 hk(to) + ( (hk (t1+1) - hk (t)) 1 (xRPACa(W) > (1 + a)ti)

keK(I) 1=0 keK(I)

where we have defined to = t1/(1 + 2a) for simplicity. Using Lemma 2.5.5 and exchang-

ing the order of the double summations, we obtain

RPACa(P)(I) 0 hk (t1+1 ) 1 (at+ x0PT > ati). (2.45)
kEK(I) 1=0

Note different realizations of a give different sequences of {t1}0 1 . Therefore, for a

fixed k, the integer I such that at+, > x PT > at, can be different. However, due to the

distribution of o, we know that when I is the integer such that at,+1 > xOPT > at,, the

distribution of at,1+ is the same as that of xOPT(l + 2a)x with x ~ u[O, 1). Furthermore,

because hk is concave and hk(O) = 0, for at,+1 > xOPT, we have

ahk (t1+1) hk (at,1+) athk (xOPT).
Xk

Therefore, taking the expectation on both sides of (2.45), we obtain

E (RPACa(o)(I)) + a 1J(1 + 2a)x dx hk (xOPT) = (1 + a) OPT(I). (2.46)
keK(I)

Using Theorem 2.5.4, we have the following corrolary regarding the lowest upper

bound on the competitive ratios that we can prove:

Corollary 2.5.6. The competitive ratio of RPAC1 is 4/ In(3) ~_ 3.64.

Proof. Theorem 2.5.4 with a = 1 proves that the competitive ratio is at most 4/ ln(3).

Theorem 2.4.19 with a = 1 proves that the competitive ratio is at least 4/ ln(3). Thus
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the corollary holds.

Remark 2.5.7. Here we consider the effect of ALGI being an approximation. For each

pair of numbers p > 1 and y 1, we say that ALGI is a (p, y)-approximation if the

following inequality holds:

(hk (tl+1 ) - hk (t1)) 1 (x$LGI > ati) p sup (hk (tl+1 ) - hk (t1)) 1(x^LGk > yati).
kER1  aig kER,

In other words, the cost of an (p, y)-approximated algorithm is no more than p times

of the optimal algorithm that operates with a shorter period (y portion) of time.

If for all integers 1, ALG is replaced with a (p, y)-approximation, then the competi-

tive ratio of RPACa becomes 2(1+a)p . Here the analysis goes through because when we

are applying an analogue of Lemma 2.4.10 to prove (2.44), the selected set is a super-

set of R1. For the deterministic version of this algorithm (where c = 0 with probability

one), replacing fJ (1 + 2a)x dx with 1 + 2a in (2.46), we obtain a competitive ratio of
(l+a)(l+2a)p . Among all a E (0,1], the minimum is achieved at a = V2 with a competitiveay

ratio of (1 + -2)2P 5.83P.

2.5.3 On the Existence of ALG 1

In this section, we discuss the existence of ALG1. In Section 2.5.3.1, we show that

ALGI does not always exist by providing an example. In Section 2.5.3.2, we provide a

sufficient condition under which ALG1 must exist.

2.5.3.1 A Nonexistence Example

Assume m = 1, M1 = N, 01 = 1, and d1 (i, j) = 1 for all i # j. Assume the cost is the total

unweighted completion time (hence hk(x) = x). Let there be only one job with r1 = 1,

and

00 if i = 1
p11(i) = .

S1 + jif i > 2
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In the first iteration ( = 1), the job cannot be completed. In the second iteration

(I = 2), the goal is to minimize hi(min(x1, t2)), which equals min(ci, 3). If processed in

state i, i E N \ {1}, the best possible completion time of job 1 is 2 + 1/i (1 for directing

the state from 1 to i, 1 + 1/i for the processing time). On the other hand, if processed in

State 1, the completion time is infinity. Hence, the infimum of the cost is 2, but is not

achievable by any offline algorithm. Therefore, such an offline algorithm ALG 2 does

not exist.

2.5.3.2 A Sufficient Condition for the Existence of ALGI

In this section, we show that the optimal offline algorithm ALGI exists when two mild

technical assumptions are imposed.

The first assumption is about the metric space:

Assumption 2.5.8 (Compactness). For any machine i c [m] and any k E RO, the

subset of the metric space {s : s e Mi, di(Oi, s) k} is compact.

This assumption is valid in many metric spaces of practical use such as a closed

subset of a multi-dimensional Euclidean space and a discrete metric space such that

the number of points within any finite distance from O is finite. This assumption

is violated for some artificially designed metric spaces such as the one discussed in

Section 2.5.3.1.

The second assumption is regarding the processing time:

Assumption 2.5.9 (Lower-semicontinuity). For any i c [m] and j E [n], pij is lower-

semicontinuous.

This assumption is valid in many practical settings such as the online vehicle

routing problems and the case where all processing time functions are continuous.

However, for artificially designed functions that violate this assumption, ALGI does

not necessarily exist. For example, assume m = 1, M1 = [0,1], d1(i, j) = Ii - jl, and
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01 = 0. Assume the cost is the total unweighted completion time (hence hk(x) = x). Let

there be only one job with r1 = 1, and

O for s =0.5
P11(s) =

Is-0.51 for s * 0.5.

Because the processing time is always non-zero, x1 = c1 > r1 = ti. Therefore, the job

is not completed in the first iteration. In the second iteration, the goal is to minimize

hi(min(x1, 3)), which equals min(c1, 3). When being processed in any states s # 0.5, the

optimal completion time for the job is 1 + Is - 0.51 (1 for the release date and Is - 0.51

for the processing time.) Therefore, the infimum of min(x1, t2) equals 1, but is not

achievable by any offline algorithm.

The primary result in this section is the following lemma:

Lemma 2.5.10. With Assumptions 2.5.8 and 2.5.9, there exists an (offline) algorithm

that minimizes the following cost:

E hk (Min (xk, 0))
kER1

Proof Let {ALG'}&1 be a sequence of algorithms such that

lim ( hk (mi (LGt)) = inf E hk (min(xLG

keR1  keR1

where two algorithms ALG' and ALGi' are allowed to be the same even if i # i'.

Now let us consider the following sequence of n-dimensional real vectors: S -

{(min(cLG1 , t1), min(CLGI, t), . .. , min(LGti)) 1. Since the vectors are in a compact

subset of the n-dimensional Euclidean space ([0, t1]), there exists a limit point. With-

out loss of generality, we assume S converges to a limit point, and denote this limit

point (v1 , v2 ,. .. ,vA), i.e., for all j c [n], set vj A limi, min( ALG, ti). It is sufficient to
i
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prove that there is an algorithm ALG' such that for all job j e [n], min(CALG',t1) v1

because for all k e R1, min(xk, t1) is a non-decreasing function of {min(c;, t1)}.

Let us now construct such an algorithm ALG'. If v1 = ti, then we are not concerned

about the completion time of job j under ALG' because min(cp, tz) t, independent of

the algorithm. Therefore, for simplicity, we can assume for all j e [n], v1 < t,, and

all jobs are completed by one of the machines under algorithm ALGi (for all large

enough i). With this assumption, there exists a subsequence of algorithms {ALGI} 1

such that each job is processed by the same machine among the algorithms because

there are a finite number (m") of possible combinations. Without loss of generality,

we assume {ALGi}O 1 is itself such a subsequence. Now we consider jobs processed

by each machine separately. For simplicity, we say that all jobs are processed by

Machine 1. We denote p a permutation of [n] such that {v_,)}1 is non-decreasing.

For all positive integers i and jobs j E [n], we denote si- the state of Machine 1 under

which job p(j) is processed under algorithm ALGi. Because of the compactness (2.5.8)

assumption, the sequence {(s 1 i,s 2, ... , s ")}0 1 has a limit point ( 21,2.. 9n) where for

all j E [n], 9i e S1. We let ALG' to process jobs in the order of p(1), p(2),.. . p(n) at states

si ,2,..., s, ,respectively.

It is sufficient to prove that for all j e [n], c LG/' < limi- CG'. To prove this, first

note that cALG' = 1 d(gi-, 9i) + p()W) and CG > d(sis) + p((s), where

s 01 and for all i, si'0 4 01 for simplicity. The conclusion follows directly from the

fact {si-i} converges to 9i and the lower-semicontinuity (2.5.9) assumption. 0
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Chapter 3

Price of No-Communication in

Multi-Depot Routing

3.1 Introduction

In the Multi-Depot Vehicle Routing Problem (MDVRP), given a metric space, we have

a set of servers starting at different prescribed locations (depots) in the space. Given

a set of locations (requests) in the space, our goal is to find a tour for each of the

servers, such that the team collectively visits all requests before returning to their

respective depots and the total length of the tours is minimized. This problem mod-

els the situation of deploying a fleet of servers (e.g., UAVs, robots) to visit requests

located in a surrounding territory [47, 87]. Due to both practical and theoretical

concerns, this is often viewed as a distributed optimization problem. In practice, in

the aforementioned applications, each server is a computational unit, and thus the

problem naturally calls for distributed solutions where only local communication is

allowed among servers. In theory, it is challenging to solve the centralized version

of this problem optimally because it requires solving assignment (i.e., which server

visits which subset of requests) and routing problems simultaneously. Finding the

shortest route for a single server to visit all its assigned requests is the famous Trav-
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eling Salesman Problem (TSP), which does not admit any polynomial-time solutions

unless P = NP, so it is computationally challenging per se. Furthermore, the assign-

ment part of the problem significantly increases the computational difficulty because

evaluating the quality of a particular assignment requires solving several TSP, one

for each server. In designing a distributed algorithm, we can achieve a better solution

by allowing a higher degree of communication at the cost of increasing both computa-

tional and communicational burdens. As a result, an interesting question is to quan-

tify the value of local communication with different degrees of communication, which

then can describe the tradeoff between decreasing the degree of communication and

increasing performance. However, answering this question is challenging and we are

not aware of any existing results, partially because it is difficult to analyze heuristic

algorithms with local communication and obtain informative worst-case performance

guarantees. In this chapter, we address a dual perspective of this question, which

sheds light on future research along this direction.

In this chapter, we pose the following question: if we disallow any communication

among the servers, what is the price of no-communication (the worst-case ratio be-

tween the no-communication solution and the optimal centralized solution)? We can

achieve a no-communication solution by a static partition scheme of the underlying

metric space, determined once and for all based solely on the depot locations: there-

after, independent of the locations of other requests, each server is only responsible

for requests in its prescribed region. Our goal is to find a static partition scheme that

minimizes the price of no-communication. We do not claim that no-communication

distributed algorithms based on our static partition schemes outperform any of the

existing heuristic algorithms proposed for the MDVRP, but our setting is worth-noting

for the following two reasons. First, the price of no-communication is a dual problem

of the value of local communication. Since the price of no-communication compares

the optimal centralized solution with one that disallows any local communication,

this quantity is clearly an upper bound on how much local communication can im-
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prove on the solution. The optimal static partition scheme provides the tightest

upper bound. Therefore, finding the static partition scheme with the optimal price

of no-communication is an essential building block for quantifying the value of lo-

cal communication, and then characterizing the tradeoff between decreasing the de-

gree of communication and increasing the performance. Second, existing heuristic

algorithms with local communication can benefit from adopting our static partition

scheme as the initial request-server assignment. By doing so, those algorithms can

potentially inherent the price of no-communication as their performance guarantees.

The rest of this chapter is organized as follows. First, in Section 3.2, we discuss

related work. Then, in Section 3.3, we formally describe the problem and introduce

the notion of the price of no-communication. In Section 3.4.1, we consider general

depot configuration and show that the PoNC for the Voronoi partition is m. In Sec-

tion 3.5.1, consider the line case and propose a static partition scheme with the price

of no-communication being O(log m). In Section 3.5.2, we consider the f(m)-bonded-

ratio case and we give a partition scheme with a PoNC of e(f(m)).

3.2 Related Work

There has been extensive research on problems related to ours. Here we place our

work in the broader such context by giving a review (in no way complete) of past

relevant work, categorized into four classes as follows.

Single-server

Given a particular assignment of requests to servers, the problem then reduces

to several single-server problems, each of which is the classical Traveling Salesman

Problem (TSP): the single server needs to find the optimal order to visit the as-

signed requests and to return to the depot so that the travelled distance is mini-

mized. The TSP is a classical NP-complete problem [82]. Furthermore, if P # NP,

then no polynomial-time algorithm can find an approximate the solution with a ra-

tio better than 117/116 [27, 121]. On the other hand, Christofides [41] provides the
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best polynomial-time approximation algorithm so far in general metric space with

an approximation ratio of 1.5. For the Euclidean plane [10, 116] or a unit-weight

graph [117, 118, 127, 132], (1 + e)-approximated algorithms (for any e > 0) and 1.4-

approximated algorithms exist respectively. See [101] for a comprehensive review

of hardness results and the classical analysis of heuristic solutions to the TSP and

related problems.

Multi-server Single-depot

This class of problems consists of two primary scenarios. In the first scenario, each

server is required to visit at least one request. This is known as the multiple traveling

salesman problem (see [18] for a review). In the second scenario, each server has a

limited capacity, and thus multiple servers are required to visit all the requests. This

is known as the capacitated vehicle routing problem [1, 32, 56, 57, 134]. The readers

are referred to [44, 94, 95] for comprehensive reviews of this problem.

Multi-server Multi-depot

This class of problems has two possible objective functions: Min-Max and Min-

Sum. Bertazzi et al. [23] give a comparison between algorithms for these two objec-

tives. In this chapter, we focus on the Min-Sum objective, and thus we review the

literature for the Min-Sum objective in the following paragraphs.

Due to the computational complexity, few algorithms that find the optimal solution

have been given [15, 96, 97] for this case. There are extensive computationally effi-

cient heuristic algorithms in the literature. We classify existing heuristic algorithms

into the following four categories of strategies. The first strategy is to first assign each

request to the server at the nearest depot, and then refine the solution through com-

munication among servers (by "trading" requests between "selfish" servers or solving

a local optimization problem between cooperative servers) [39, 43, 47, 87, 120, 125].

The second strategy is to first assign each request to a server in a centralized fash-

ion, and then determine the route of each server without modifying the assignment

of the requests [58]. The third strategy is to start from calculating a sub-optimal
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TSP tour that visits all requests. The TSP tour is then divided into pieces, and each

piece of the tour is assigned to a server. After that, refinement of the solution is ap-

plied [49, 102]. The fourth strategy is to use an integer-programming approach to

solve this problem [64]. There are no performance guarantees for the heuristic algo-

rithms mentioned above. In addition, either a centralized planner or communication

between servers is required for these heuristic algorithms.

Probabilistic formulations of the multi-depot vehicle routing problems have also

been considered. Bompadre et al. [28] give a polynomial-time algorithm in which

each request is assigned to the nearest depot, and then apply probabilistic analysis to

the algorithm. They assume that the locations of the requests are independently and

uniformly distributed in the unit square and all requests have the same demand, and

show that the proposed algorithm achieves an approximation ratio strictly less than

2 almost surely as the number of requests goes to infinity. The focus of our work here

is rather different: we do not restrict our attention to any particular metric space,

and we do not impose any assumptions on the number of requests nor impose any

probabilistic assumptions on the locations of the requests.

The core idea of static partition, a central quantity we study in this chapter, lies

in dividing the ambient metric space into different regions and letting each server

be responsible for requests in the corresponding region. This idea has been applied

to balance the load of servers (Min-Max objective) when the ambient metric space

is a compact set in the two-dimensional Euclidean space. Carlsson et al. [35] find a

partition of the metric space such that the load (length of the tour) is almost surely

the same for all servers asymptotically (i.e., as the number of requests approaches

infinity) when the requests locations are uniformly distributed in a compact set in

the two-dimensional Euclidean space. Carlsson [36] find a way to partition the met-

ric space to balance the load asymptotically when the request locations are identically

distributed according to a known (but not necessarily uniform) distribution. When the

precise probability distribution is unknown but some first and second order statistics
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are given, Carlsson and Delage [37] find a way to partition the metric space such that

the load is most balanced under the worst-case distribution. We note that there are

several key differences from our formulations. In addition to having different objec-

tives (Min-Max vs. Min-Sum), the work mentioned above considers only the asymp-

totic case where the number of requests approaches infinity. Moreover, the partition

of the metric space is based on the distribution of the locations of the requests rather

than the locations of the depots.

Online Problems

Ausiello et al. [12] formulate and study the online TSP, in which the requests are

revealed incrementally and a server that travels with a unit speed limit is to visit all

the requests so as to minimize the returning time (to the original depot). The perfor-

mance measure is the competitive ratio, the worst case ratio between an online algo-

rithm and an optimal offline algorithm that knows the locations and release dates of

all requests from the start. Ausiello et al. [12] propose a 2-competitive algorithm and

proved that it is the best possible deterministic online algorithm. For the multiple-

server case, the objective in most past work is to minimize the returning time of the

last server (a Min-Max objective). Jaillet and Wagner [70] proposed a centralized

deterministic algorithm with a competitive ratio of 2 for the Min-Max objective and

prove that it is the best possible competitive ratio. Bonifaci and Stougie [29] consider

a variant of this problem in which the cost of an algorithm is measured by the time

when the last request is visited and the servers are not required to return to the

depot. For this problem, when the online algorithm has k servers and the offline algo-

rithm used to define the competitive ratio has only k* servers (k* ; k), they propose a

centralized deterministic online algorithm with competitive ratio 1 + -1 + 1/2k/k*J-i.

The focus of work in this domain is not the same as ours, and thus online algorithms

proposed for the multiple-server settings are all in a centralized fashion [29, 70]. In

this chapter, we focus on the distributed setting, and discuss the possibility of gener-

alizing the notion of price of no communication to the online problems.
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3.3 Problem Formulation

In this section, we formulate the Multi-Depot Vehicle Routing Problem (MDVRP).

For simplicity, our formulations belong to the un-capacitated vehicle routing setting

where there is no limit on the number of requests a server can visit. However, all

of our results and analysis are applicable for the capacitated setting when replenish-

ment is allowed at all depots for every server.

We describe the general setting of vehicle routing problems that involve multiple

depots in Section 1.2.2. What is left here is to define the particular cost function for

the MDVRP. In the MDVRP, each server must start and end at their corresponding

depots, and the goal for the team of servers is to collectively visit all requests in a way

that minimizes the total distances travelled by all the servers. Note that for the MD-

VRP, if server i is (somehow) assigned to a particular subset Si of requests, then server

i's optimal action is to, at least in principle, compute the solution TSPi(Si), defined as

the shortest tour that starts and ends at the depot xi and visits all requests in Si, to

the Traveling Salesman Problem (TSP). Therefore, the optimal solution obtained by

a centralized algorithm can be expressed as OPT(I) = mins1,.,Sm i Um TSPi(Si).

However, for the MDVRP in particular, using a centralized algorithm has at least

two drawbacks. First, it is instantly clear that this problem is computationally in-

tractable because evaluating a particular assignment requests to servers requires

solving m TSPs (one for each server), and the TSP is NP-complete. The second draw-

back lies in the strong assumption on the communications involved on the servers'

part; moreover, for the online variation of the problem where the requests are re-

vealed, such communication happens every time a new request is revealed overtime,

since the partition of the requests is intrinsically dependent on the entire problem

instance.

Motivated by these two concerns, we are interested in considering the distributed

setting described in Section 1.2.2. In particular, we want to find a partition scheme
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(Definition 1.2.3) with a small PoNC (Definition 1.2.4). Note that for the MDVRP,

PAR(I) = E TSPi(S.AR) where TSPi(SAR), as defined earlier, is the shortest tour that

starts and ends at the depot xi and visits all requests in Si. Since we use the value of

PAR(I) as a means to measure the PoNC of PAR, we are not concerned about how the

value can be computed. For computing the value, the reader is referred to the related

work regarding the TSP, as discussed in Section 3.2. We emphasize here that the

central problem in the MDVRP lies in finding a good partition scheme. Theorem 3.4.1

gives a partition scheme with a PoNC of m, which is independent of the instance size n,

hence establishing an initial benchmark. However, it is far from obvious whether any

PoNC sub-linear in m can be achieved in the general case. We take such a partition

scheme to be an ambitious goal.

3.4 General Depot Configurations

In this section, we study general depot configurations. In Section 3.4.1, we study the

Voronoi partition and show that it acheives a PoNC of m, which is important because

the PoNC is independent of n. In Section 3.4.2, we show that static partition schemes

designed for the offline problem can be useful for solving distributed online problems.

3.4.1 The Voronoi Partition

In this section, for general depot configurations, we study the Voronoi partition (VOR)

in which a point p e M is in MyOR if and only if xi is the nearest depot for p (ties broken

arbitrarily). Our main result is the following theorem:

Theorem 3.4.1. The Price No-Communication (PoNC) of the Voronoi partition VOR

is exactly m.

Proof. Bompadre et al. [28] give an example demonstrating that the Voronoi partition

has an PoNC of at least m. In their example, the metric space is the Euclidean plane

and the depots are located at a unit circle. There are m requests, each of them are
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located at the segment between the origin and a depot, with the distance between

the origin and the request being some positive number e > 0. As e -* 0, the optimal

centralized algorithm assignes all requests to one server and obtaines a total trav-

elled distance that approaches 2. On the other hand, the Voronoi partition assigns

one request to each server, which hence leads to a total travelled distance that ap-

proaches 2m. Comparing the costs in the optimal and the Voronoi partition schemes,

the Voronoi partition cannot provide a PoNC less than m. Because of this result, it

suffices to prove that the approximation ratio of the Voronoi partition is at most m.

X2

X1 X

Figure 3-1.a: OPT(I) Figure 3-1.b: TSP2 (S2PT S1VOR)

Figure 3-1.c: TOUR2  Figure 3-1.d: VOR'

Figure 3-1: An illustration for upper bounding the PoNC of the Voronoi partition

The key is to consider the route of any server (without loss of generality and for

convenience, say server 1) under the Voronoi partition, and show that the following
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inequality holds:

TSP1(SflR) OPT(I), (3.1)

where SvOR, as defined in Section 3.3, is the set of requests assigned to server 1 under

the Voronoi partition.

Since server 1 in Inequality (3.1) can be replaced by any server,

VOR(I) = TSPi(SOR) mOPT(I),

and thus Inequality (3.1) proves the theorem. Figure 3-1 illustrates the proof of In-

equality (3.1).

First, we distinguish two classes of servers based on whether any request in the

region assigned to server 1, M1 , is assigned to the server according to the optimal par-

tition OPT, or equivalently, whether SPT n SfOR = 0 or not.1 Without loss of generality,

we label the index of ther servers such that, for some integer k,

{2,3,..., k} = {ili E [M] \ {1}, SOPT n Sv'R# 0), and

{k +1,k + 2...,m} = {ii e [m] \{1},SPT n SOR =01

For example, in Figure 3-1, k = 3.

Because j=1 TSP (S.T) < OPT(I) trivially holds by definition, Inequality (3.1) fol-

lows from the following inequality:

k

TSP1(SIOR) " TSP (S). (3.2)
i=1

In what follows, we prove (3.2). To prove (3.2), based on the solution obtained by the

optimal centralized algorithm (Figure 3-1.a), we construct, for server 1, an interme-

'Recall that S'PT is the set of requests assigned to server i under the optimal partition OPT.
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diate tour, denoted by VOR' (Figure 3-1.d), that visits all requests in SfOR with the

length

k

VOR' TSPi(SPT ), (3.3)
i=1

where we abuse the notation VOR' to denote both the tour and its length. Because

TSP1 (S OR) corresponds to the minimum length of all such tours, TSP1 (SyOR) VOR'.

Thus, the construction of a tour VOR' satisfying (3.3) implies Inequality (3.2).

To construct VOR', we first specify, for each i c {2,3,...,k}, a tour TOURi that

begins and ends at the depots x1 , visits all requests in SOPT n SVOR, and has length at

most

TOUR, TSPi(SOPT n SOR) (3.4)

where we abuse the notation TOURi to denote both the tour and its length. Then,

we obtain VOR' by concatenating all the k - 1 tours {TOURj} 2 together with the tour

TSP1 (SOPT n SyOR). The length of the concatenated tour VOR', then, is

k

VOR' L TSPi(SOPT n SVOR

which is clearly not greater than the right hand side of(3.3). Therefore, a construction

of TOURi satisfying (3.4) implies (3.3) and completes the proof.

To construct TOURi, i E {2,3,..., k), we first consider the tour TSPi(SPTfn SVOR)

starting and ends at xi (with an arbitrary traveling direction). Along the tour, the

server visits all requests in SOPT n SVOR, and we denote the locations of the first and

last requests in the tour to be If and i (Because we have assumed SOPT n SVOR not

being empty, locations If and 11 exist). As a side note, if and i coincide if there is only

one request in SOPT n SVOR. Figure 3-1.b illustrates TSP2 (S2T n SVOR) and how if and

1i are defined. In the same example, if we consider i = 3, then if and i collide at the
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same point.

We then construct TOURj as the concatenation of the following three paths (an

example of TOUR2 is illustrated in Figure 3-1.c):

1. Travel from x1 to If through the shortest path.

2. Travel from 1f to 11 according to TSP(SPT n SIOR). (Denote path(lf, i) the corre-

sponding length of the path.)

3. Travel from If to x1 through the shortest ptath.

Clearly, server 1 visits all requests in SOPT n SVOR. We then show that TOURi satisfies

(3.4):

TSPi(SOPT n SVOR) = d(xi, If) + path(lf, i) + d(fi, xi)

>d(x1 , If) + path(if, i) + d(fi, x1) = TOUR,

where we have used the property of the Voronoi partition, d(xi, If) > d(x1, if) and

d(fi, xi) > d(fi, x1), for establishing the inequality. 0

3.4.2 A Digression on Distributed Online Multi-Depot Vehicle

Routing Problem

In this section, we discuss how static partition schemes with small Price of No-

Communication (PoNC) for the offline problem can be useful for solving some dis-

tributed online problems described in Section 1.2.2.

As a quick recap, the crucial (and standard) feature in the distributed online prob-

lem is that each request is associated with a release date. More precisely, a problem

instance I is

I = {(r1, 1),..r,) r1 r2 .- 5 rn,r c R>O,1 cI MI},
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where r; and i; are the release date and the location of request j, respectively, and the

number of requests n can vary in different problem instances as in the distributed

offline problem. All the servers are assumed to have a unit speed limit and are to

collectively visit all requests after or at their release dates.

To specify an online version of the problem, we must specify the cost function. Due

to the additional feature of the requests being online, a partition scheme of the re-

quests is inadequate in specifying the corresponding cost and how each server travels

must also be respected. To formalize it, we first consider a feasible algorithm ALG

that determines the location of each server i at time t c R>O, denoted by 1ALG(i, t), sub-

ject to the initial location constraint: 1ALG(i, 0) = xi and the unit speed limit constraint:

for all t2 > t1 > 0, d(lALG(i, t2 ), JALG(i, t 1 )) t2 - t1- Under algorithm ALG, the completion

time of request j, denoted by <LG, is defined to be the earliest time when one of the

servers arrives at the location of the request after or at its release date, i.e.,

CALG & infIt I Eli, 1ALG(j t) = Ill.

The cost incurred by server i, denoted ALGi, can be measured in different ways. Here

we mention two variants. In the first variant, ALGi is defined to be the earliest time

at which it returns to its depot after all the requests have been served, i.e.,

ALGi A inf {t~lALG(i, t) = x,}. (3.5)
t:maxn LG

In the second variant, we drop the requirement that all requests must have been

served, resulting in the following cost incurred by server i:

ALGi A inf {t I lALG(i, t) = x,}. (3.6)
t>max(rj,,)ESi cGI

With either of the two definitions of the cost of a server, the objective is then to
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minimize the sum of all the time costs, given by

m

A LG(I, X) A LGi.
i=1

Given a particular cost function, as described in Section 1.2.2, our goal is to design

distributed online algorithms based on dynamic partition schemes (Definition 1.2.5)

with the smallest competitive ratios (Definition 1.2.6).

The following theorem indicates that finding a good static partition scheme for

the offline problem is useful for solving the distributed online problem with the cost

incurred by server i defined in Equation (3.5):

Theorem 3.4.2. If there is a (static) partition scheme PAR for offline problem with

a PoNC of c, then, based on PAR, there exists an (c + 2)-competitive distributed on-

line algorithm for the distributed online problem, under the cost version defined in

Equation (3.5).

Proof To simplify the notation, we denote R' the set of the locations of all requests in

MPAR and Ri the set of the locations of requests in MPAR with release dates at most t,

i.e.,

R' . Lj : (r, l) c I, r, E MAR} and R" 4 lj: (r1,lj) e Ii}.

We consider the following distributed online algorithm ALG:

" The online algorithm ALG adopts the partition scheme PAR.

" At any time t, if a request is released in MAR, then server i stops traveling

through the planned route, returns to its depot xi, and then follows the route

TSPi(R|).

Since we do not exclude visited requests in the definition of RI, ALG may travel to the

locations of some requests that have been visited, but it is fine and will simplify the

proof.
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We first find an upper bound on the cost of the algorithm ALG. Let j denote the

index of the request with the maximum release date in MiAR. At the release date rj,

the distance between the location of server i and its depot xi is at most rj, and thus

the time when server i returns at its depot and starts the route TSPi(R1 ) is at most

2rj, which is at most 2r. Moreover, R' = R1. Therefore,

ALG 2r, + TSPi(R ). (3.7)

Now we find lower bounds on the cost of the optimal centralized offline algorithm

OPT(I). First we notice that the completion time of request n is lower bounded by its

release date, i.e., c OPT > rn, and therefore, for all server i e [m], OPTj r,.. Summing

over all i e [m],

OPT(I) ! mrn. (3.8)

In addition, according to the presumption of this theorem,

cOPT(I) Y, TSPi(R'). (3.9)
i=1

Combine the results above, we have

ALG(I) = ALG
i=1

< 2mrn + TSPi(R) (upper bound (3.7))

<20PT(I) + cOPT(I) = (c + 2)OPT(I). (lower bounds (3.8) and (3.9)).

0

We note that such a reduction does not exist for the online problem using cost de-

fined in Equation (3.6): in this case, it is easy to show that the partition schemes dis-
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cussed in Definition 1.2.3 cannot provide such online algorithms (consider the prob-

lem instance consisting of m requests with (rj, l;) = (TSP(x1 ,X2,....,Xm), xj) for all j).

Therefore, alternative partition schemes that do not require communications between

servers need to be taken into consideration, which opens interesting research direc-

tions. Dynamic partition schemes described in Definition 1.2.5, where the assignment

of a request depends on both the location and the release date of the request, are pos-

sible candidates for solving this variant of the distributed online problem.

3.5 Efficient Static Partition Schemes in Special De-

pot Configurations

The Voronoi partition scheme introduced in the Section 3.4.1 has a PoNC of m and

serves as an initial benchmark. The central open problem (Open Problem 8) is whether

there exists a partition scheme with better PoNC (sub-linear in m) than the Voronoi

partition for general depot configurations. To make progress towards this direction,

we consider two special classes of depot configurations and identify such sub-linear

partition schemes: the line case and the bounded-ratio case.

In this section, we provide two different static partition schemes on two classes

of depot configurations that provide sub-linear guarantees. More precisely, in Sec-

tion 3.5.1, we define and study the line case. In Section 3.5.2, we define and study the

bounded-ratio case. Finally, after formally defining the two classes of depot configu-

rations in the first two sections, in Section 3.5.3, we show that the Voronoi partition,

when specialized to these two classes of depot configurations, still gives an PoNC of

at least m, which implies our partition schemes proposed in Sections 3.5.1 and 3.5.2

outperform the Voronoi partition for large m.

Remark 3.5.1. These two classes of depot configurations are deliberately chosen as

they stand on the two extremes of the general case: the line case (Section 3.5.1) is the

most "stretched-out" depot configuration and the bounded-ratio case (Section 3.5.2) is
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the somewhat "clustered" depot configuration. The existence of sub-linear partition

schemes, although different, in the two extremes leads us to conjecture that there

exists a sub-linear partition scheme for the general case.

3.5.1 Depots form a Line in the Metric Space

Here we consider the case in which the depots form a line in the metric space, i.e.,

d(xi, x) + d(xj,Xk) = d(xi,Xk) for any 1 i < j < k m. For this configuration of depots,

we give a partition scheme (the Level partition LEV) with a PoNC of O(log m). It is not

clear whether our analysis is tight: the proposed partition scheme may have a lower

asymptotic PoNC.

The Level Partition

The core idea of this partition scheme is to classify servers into different "lev-

els" based on the number of factors of 2 included in the index of the server. For

any non-negative integer 1, we will denote L, the set of servers in level 1. For nota-

tional convenience, we assume, without loss of generality, that the number of servers

takes the form 2 k + 1 for some integer k > 0, and the servers are indexed in order as

0,1,2,..., m -1(= 2 k). Indeed, if the number of servers is not of the form 2k + 1, then we

can duplicate the last depot for the filling: creating enough copies (at most m - 3) of

depot m-1 so that the total number of depots is brought to 2 k+ 1. The partition scheme

and analysis still apply. Therefore, for each integer 1 = 0,1,... ,k - 1, the servers in

level I is formally defined as

L, L {21(2t + 1)It = 0, 1, 2,... 2k-1-1 -

As a special case, Lk = {2k*. Finally, for notational convenience, we redefine level k + 1

as Lk+1 = {0}. Roughly speaking, the Level partition divides the metric space M into

different regions as follows. servers at level 0 are only responsible for requests that

are "very close" to its depot. As the level increases, the servers at that level will
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be responsible for "larger" areas (but not areas that have been assigned to smaller-

leveled servers). As the extreme case, server 0, the only server at the highest level,

is responsible for a potentially unbounded region - everything that are not in the

responsible area of any other server.

Here we formalize the concept mentioned in the previous paragraph. For each

level I = 0,1,..., k - 1, we use ci to denote a local area with respect to the depot xi

for any server i in level 1. Mathematically, ri is defined to be the intersection of two

particular closed circular disks:

T i ={p c M I d(p,xi-21) d(xi- 21, xi) + Ad(xi+21, x)}

n{p E M I d(p,xi+21) d(xi+21, xi) + Ad(xi- 21, x)},

where A 4 3/4 for simplicity (in fact, any fixed constant in (1/2,1) will do). The local

area Ti with server i in a higher level corresponds to a "larger" region in the sense

that the difference between the index i and the indexes of the other two involving

servers (21) is larger for larger level 1. For the special case 1 = k, we define T2k A {p E

M I d(p, x2k) Ad(xo, x2k)}. Finally, for the highest level 1 = k + 1 (server 0), we define

T0 A M. We are ready to define the Level partition. For any level 1 = 0,1,... ,k +1, any

any server i in level I (i E LI), we define MEV to be the points in Tj but not in 'r, for any

lower-leveled i', or mathematically,

MiEVimLEV A- CJJTp.
l'=O i'eLie

See Figure 3-2 for an illustration of the Level partition with m = 9.

Now we have to verify that the Level partition is a valid partition, in other words,

U MLEV = M. (3.10)
i=O

MLEvfnMLEV=0, for allij. (3.11)
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Condition (3.10) follows directly from the definition of MOLEV. To verify Condition (3.11),

we consider two cases separately. When i and j are at different level, say i is in

a higher level than j, Condition (3.11) follows directly from the definition of MLEV

When i and j are in the same level, say level 1, then Condition (3.11) follows from

zc n = 0. Assume on the contrary, Tr n T # 0 and p is in this intersection. Without

loss of generality, we assume i > j. Then, i - 2' > j + 21, and thus, by the triangle

inequality, the definition of -ci and -i, the assumption that the depots form a line, and

the fact A < 1,

d(i + 2', j - 2') d(p, i + 2') + d(p, j - 2')

d(xi+21, xi) + Ad(xi21, xi) + d(xj- 21, Xj) + Ad(x j+21, Xj)

d(xi+21, xi) + Ad(xi, xj) + d(x_ 2 1, x1) < d(i + 2', j - 2'),

a contradiction.

In the following discussion, we abuse the notation LI, 1 = 0,1,..., k + 1, to denote, in

addition to servers in level 1, the regions assigned to servers in level 1, that is,

L =U MLEV
iELI

Our main result regarding the Level partition is the following theorem:

Theorem 3.5.2. The Level partition has a PoNC of O(log m), or mathematically, there

exists a positive real number c, independent of m and n, such that, for all problem

instances I,

LEV(I) c log mOPT(I).

As long as the base in the log is greater than 1, different bases lead to different c

in the above theorem but has the same meaning in the big-O notation. For simplicity,

we use base-2 logarithm.
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Figure 3-2: The Level partition

The proof of Theorem 3.5.2 is based on the following lemma that considers requests

in different levels separately:

Lemma 3.5.3. There exists a constant c3 .5. 3 such that, for any level I = 0,1,... ,k + 1,

LEV(I n L,) < c3 .5.30PT(I n LI).
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Figure 3-3.b: RES'
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Figure 3-3.c: RES

Figure 3-3.d: NOS Figure 3-3.e: LEV'(SNOS)

Figure 3-3: An illustration for proving Lemma 3.5.3

Figure 3-3 illustrates the idea behind the proof of Lemma 3.5.3. For proving

Lemma 3.5.3, starting from the solution given by the optimal centralized algorithm

(Figure 3-3.a), we first need to construct a series of three intermediate solutions and

establish Lemmas 3.5.4, 3.5.5, and 3.5.6.

In the first step, we construct a responsible solution, in which servers in Level I are
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responsible for all requests in I n L, , i.e., all requests in I n L, are assigned to servers

in Level 1. Through this construction, we obtain the following lemma:

Lemma 3.5.4. There exists a responsible solution RES whose cost satisfies

RES c3.5.40PT(I n L),

where we abuse the notation RES to denote the cost of RES with respect to requests in

I n L, and c3 .5.4 is some constant independent of 1, m, and n.

Proof To simplify the discussion, we prove only the cases in which the level I =

0,1,2,... , k - 1, but it is clear that a similar argument works for cases 1 = k, k + 1.

Without loss of generality, we assume I c L, so we can write I = I n L1.

We construct a responsible solution RES' that satisfies the inequality we need to

prove in Lemma 3.5.4 but does not always travel between requests via the shortest

path. Then, since the optimal responsible solution RES assigning requests according

to RES' has cost no greater than the cost of RES', we can use RES as the responsible

solution that are used for further analysis. For example, Figure 3-3.b illustrates the

requests assigned to server 2 in RES', and Figure 3-3.c represents the corresponding

RES (in these figures and the subsequent figures in Figure 3-3, we only present the

requests assigned to server 2 in RES').

To construct RES', first, for each server that serves at least one request in OPT,

we assign it to a server in level 1, formalized as follows: If server i', i' = 0, 1,2,... , 2 k,

serves at least one request in OPT, i.e. S"'T # 0, then we let i be the minimum index

of servers in level I such that SIPT contains at least one request in MLEV and assign

i' to i. We use Ai to denote the indexes of servers assigned to server i. For example,

in Figure 3-3.a, A2 = {0, 3, 9}, A6 = {6}, A10 = {7,13}, and A14 = 0. The set of requests

assigned to server i in RES' is defined to be SRES' . UI'EAS 5 OPT

The route of each server i e L, in RES' is described as follows: The basic idea is to

let server travel to the "rightmost" depot with index ima,, and then to the "leftmost"
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depot with index imn, and then back to xi, where imax and ims are defined as follows.

imax min {i, max{i'Ii' E Ai}},

imn a max {i, min{i'li' e AjI},

where by convention, max{i'li' e 01 L -oo and min{i'li' e 0} o co. For example, in

Figure 3-3.a, when i = 2, imax = 9, imin = 0; when i = 6, imax = imjn = 6; when i = 10,

imax = 13, imij = 7; when i = 14, imax = imi = 14. When server i passes through a depot

xi, assigned to it (i' e Aj) in the above route, it follows TSPj, (SOPT) to serve all requests

in Sf7 T before continuing to follow the route. For example, Figure 3-3.b illustrates the

route of server 2 in RES'.

Clearly, RES' serves all requests, and the cost of RES' can be expressed as follows:

RES'(I) = ( 2d(xi, xima) + E TSPi,(S5OPT)J.

The key is to prove the following statement: There exists a positive constant g,

independent of 1, m, and n, such that, for any p = MLEV, i e LI, the following inequality

holds:

d(p, ximax) > gd(xi, ximax) (3.12)

Here we prove Inequality (3.12) with g 4 1/30. The particular value 1/30 works for

our choice of A 4 3/4, but we do not optimize over either A or g.

The depot at location xi2 plays an important rule in the definition of MLEV and
LEV to we t +T .Therefore, tosimplify the notation, wedenote j i +2'.
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The case where imax > j is easy:

d(p, xi) d(xi-21, Xmax) - d(xi- 21, p)

Sd(Xi-21,Xi.x) - (d(xi-2i, xi) + Ad(xi, x1))

= (1 - A)d(xi, xj) + d(x;, ximax)

(1 - A)d(x, Xjmax)

> gd(xi, xi).

(triangle inequality)

(definition of Ti-21)

(depots form a line, imax > j) (3.13)

(A < 1, imax > j)

(1 - A > g)

The case where imax = i is trivial:

d(p, xiax) 0 = gd(xi, xij).

What is remaining to prove is the most difficult case where i < imax < j (this case is

possible only if 1 1). Inequality (3.13) with imax = j gives

d(p, xj) > (1 - A)d(xi, x;). (3.14)

The above inequality, as we will see soon, will be useful to prove Inequality (3.12) for

each of the only two cases: d(xi, Xmax) > fd(xi, xj) and d(x, Xjmax) fd(xi, x;), where we

define f = 7/8 for simplicity but any value in (A, 1) will do (for possibly a different

constant g).
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For the case d(xi, xi..) > fd(xi, xj), we have,

d(p, ximax) d(p, xj) - d(xj, ximx)

= d(p, xj) - (d(xi, x.) - d(xi, xi,))

> d(p, xj) - (1 - f)d(xi, xj)

> (1 - A)d(xi, x;) - (1 - f)d(xi, x;)

= (f - A)d(xi, xj)

> (f - A)d(xi, xi.a.)

> gd(xi, Ximax)

(triangleq inequality)

(i < imax < j and depots form a line)

(d(xi, xi,,,,) > fd(xi, xj))

(Inequality (3.14))

(i < imax < j and depots form a line)

(f - A > g)

What is remaining is the case where i + 1 imax < j - 1 and d(xi, ximax) fd(xi, xj). This

case, using i < imax <j and that depots form a line, is equivalent to

1 - f
d(xi_,a xj) >! d(xj, xj.),

f
(3.15)

which we use frequently in the remaining of proof. We further distinguish two cases.

1. i + 1 5 imax s i + 21- 1.

In this case ( + 1 imax i + 21-1), there exists at least one positive integer

t' 1 I - 1 such that i + 2 t''<- imax !5 i + 2'. According to the definition of MEV,

for any t = 0,1,..., 1 - 1, the point p is not in the lower-leveled region 'i+2Tt. Thus,

for each t = t' - 1, t',... ,l - 1, the point p in MfrEV must violate at least one of the

following two constraints:

d(p, xi) d(xixi+2t)+ Ad(xi+2t, xi+2t+1).

d(p,xi+2t+1) d(xi+2 t+1, xi+20) + Ad(xi,xi+2 t).

(3.16)

(3.17)

In the subsequent argument, the idea is to consider a t in {t' - 1, t',..., - 2} such

that Constraint (3.17) is violated for t + 1 and Constraint (3.16) is violated for
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t. However, such t may not exist. If such t does not exists, then either Con-

straint (3.17) is not violated for t = I - 1 or Constraint (3.16) is not violated for

t = t' - 1. Therefore, in what follows, we study three cases separately.

(a) Constraint (3.17) is not violated for t = 1 - 1.

In this case, Constraint (3.16) is violated for t = 1 - 1. As a result,

d(p, xi) > d(xj,xi+21-1) + Ad(xi+21-1, Xi+21). (3.18)

Therefore,

d(p, ximax)

>d(p, xi) - d(xi, ximax)

>d(xi, xi+21-1) + Ad(xi+21-1,x i+21) - d(xi,ximax)

=d(Xi, xi+21-1) + Ad(xi+21-1, xi+21)

>Ad(xi,ax x1)

> Ad(x, Ximax)f
>gd(xj, xm.x)

(triangle inequality)

(Inequality (3.18))

(depots form a line)

(A < 1)

(Inequality (3.15))

1-f

The third to last line,

d(p, xi..) > Ad(Xaxi, xj),

will be useful to prove case 2.

(b) Constraint (3.16) is not violated for t = ' - 1.

In this case, Constraint (3.17) is violated for t = t' - 1. Therefore,

d(p, xi+2t') > d(xi+2t, xi+2t-' ) + Ad(xi, xi+2 '-1 ).

140

(3.19)

(3.20)



As a result,

d(p, ximax)

d(p, xi+2 ') - d(XmaxI, xi+2t')

>d(xi+2t', xi+2t'-1) + Ad(xi, xi+2'-1) - d(Xi_, xi+2t')

=d(Xmaxi xi+2t'-1) + Ad(xi, xi+2t'-1)

>Ad(xi, ximax)

>gd(xi, Xmax).

(triangle inequality)

(Inequality (3.20))

(depots form a line)

(A < 1)

(A > g)

The second to last line, together with A > -1-fg, implies

f
d(PX p x)> gdxxm),

1- f ma)
(3.21)

which will be used to simplify the proof for case 2.

(c) There exists a t in {t' - 1, t',..., 1 - 21 such that Constraint (3.17) is violated

for t + 1 and Constraint (3.16) is violated for t. In this case,

d(p,xi+2t+2) > d(xi+2 t+2 , xi+2 t+1) + Ad(xj, Xi+ 2 t+1), and (3.22)

d(p, xi) > d(xi, xi+2t) + Ad(xi+2t, xi+2t+1). (3.23)

Therefore,

2d(p, ximax)

>d(p,xi+2 t+2) - d(XimaxI Xi+2 t+2) + d(p, xi) - d(Xjmax, xi) (triangle inequality)

>Ad(xi, xi+2t) + (2A - 1)d(xi+2t, xi+2 t+1) ((3.22) and (3.23))

>(2A - 1)d(xi, xi+2 t+1) (A > 2A - 1)

>(2A - 1)d(xi, Xjmax) (i < imax < i + 2t+')

2gd(xi, xmax). (2A - 1 > 2g)
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Note that the second to last line, together with 2A -1 > 21ffg, again implies

Inequality (3.21), which will be used to simplify the proof for case 2.

2. i + 2'-1 < imax 5 j - 1.

Note that we did not use p C 'T; in the proof of case 1 (imax i + 21-1). Therefore,

the proofs of cases 1 and 2 are symmetric to each other (with i and j swapped).

We can thus distinguish sub-cases symmetric to cases la, 1b, and 1c.

In the case symmetric to case la, we have

d(p, ximax) > Ad(Ximax, xi)

gd(xi, Xi).

(Inequality (3.19) with i and j swapped)

(A > g)

For the cases symmetric to cases lb and 1c, we have

d(p, xima) > gd(xjxim)
1 - fgd(X Xjma)

> gd(xi, xjma).

(Inequality (3.21) with i and j swapped)

(Inequality (3.15))

Since we have covered all possible cases, Inequality (3.12) is proved.

Using Inequality (3.12), we are ready to prove Lemma 3.5.4. Because Inequal-

ity (3.12) is true, for any request with location p in ST n MEV,
imax

TSPin. (SOPT) > 2d(p,xi_) > 2gd(x1 ,x).

By symmetry, the same inequality holds for imin. Therefore, when imin # i and imax # i,

1E TSPi,(Si'T ) ! g(TSPi (SOT) + TSPimx(SOP T)) > 2d(xin, xim
g max g 2dxn Xi).

If either imin = i or imax = i, using a trivial argument, the above inequality still holds,
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T SP,(S5OPT)
i'eAi

> 2d(xmmXimax).

As a result, given Inequality (3.12), Lemma 3.5.4 follows with c3 .5.4 = 1 + !(= 31) as

follows:

RES(I) RES'(I) = TSP, (SpT + 2d(xi., Ximax)
icL, \i'EA

< 1 TSP,
\i'E6Ai

(S5PT))
p

+ ) OPT(I).+ 11:
giE LI

0
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X 3

Figure 3-4.a: RES

Figure 3-4.b: A solution assigning requests based on the Level partition derived directly from
RES

Figure 3-4.c: NOS

Figure 3-4.d: LEV'

Figure 3-4: An illustration of the necessity of constructing a non-oscillating solution

Figure 3-4 motivates the necessity of the next lemma. We consider level I = 0

in the example of Figure 3-4, where the metric space is the Euclidean plane and

d(x1, x 2 ) = d(x 2, x 3 ) << d(xo, x1) = d(x 3, x4). Locally, the boundaries of MLEV and MLEV

the same as those of 1 and C3 , are approximately lines perpendicular to the lines of

the depots, as depicted as dashed lines. Figure 3-4.a represents the optimal respon-

sible solution RES. If we construct a solution assigning requests based on the Level

partition using the naive way: by letting each server i to travel to the first and last re-

144



quests each time the route of RES enters the region MLEV, as depicted in Figure 3-4.b,

then the additional traveling length is large because the distance between those re-

quests can be very large compared with the distance between the two dashed lines.

Each time server 1 "oscillates" between the two region MLEV and MLEV, the traveling

distance in Figure 3-4.b increases by a quantity that is potentially in the order of the

total traveling distance of server 1 in RES. Therefore, if we want such a naive con-

struction to increase at most constant times of the total traveling distance, then some

sort of "non-oscillating" notion must be introduced. For example, if we first construct

an intermediate solution depicted in Figure 3-4.c, where the route of server 1 only

"oscillates" between MLEV and MLEV three times, then we could construct a solution

assigning requests based on the Level partition as depicted in Figure 3-4.d which has

smaller additional traveling distance than Figure 3-4.b.

The definition of non-oscillating solutions is formally described below. For each

server i e LI, we consider the sequence of the level-i regions M EV visited by server

i (we only count those that server i visits to serve a requests (or to leave / return

to the depot) but do not count those that the server simply passes by between the

services of two requests). For example, in Figure 3-3.c, the sequence for server 2

is (MLEV E m V MEV MEV MEV mLEV, mEV MEV MLEV). Note that for server i,

this sequence begins and ends at M4 EV, and if the sequence given in RES consists of

only one region (MLEV) for all i E LI, then trivially RES is an upper bound on LEV(I n LI)

and we are done. Therefore, we encounter an issue only when the sequence contains

multiple regions for some servers. For reasons described in the previous paragraph, it

is difficult to directly compare the cost of RES and that of any solution that assigns re-

quests according to the Level partition when the sequence of regions that some server

i visits "oscillates" between two regions multiple times. We thus define non-oscillating

solutions to be responsible solutions in which the pattern (M EV EV EV EV)

does not occur in the sequence of the regions visited by any server i C L1. For ex-

ample, in the solution RES given in Figure 3-3.c, the sequence of regions server 2
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visits "oscillates" between MEV and MLV five times and between MLEV and MEV four

times, each of which makes Figure 3-3.c not a non-oscillating solution. Our construct

an non-oscillating solution that establishes the following lemma:

Lemma 3.5.5. Given any responsible solution RES, there exists a non-oscillating solu-

tion NOS whose cost satisfies

NOS 4RES,

where we abuse the notations NOS and RES to denote their corresponding costs with

respect to requests in I n L1.

Proof Without loss of generality, we assume I c L; so we can write I = I n LI.

Given a solution RES (e.g., Figure 3-3.c), we construct a non-oscillating solution

NOS (e.g., Figure 3-3.d) where each level-i server serves the same set of requests as

that in RES. Therefore, it is sufficient to describe the route of each server i in NOS

separately, and prove that for each server i, the length of the non-oscillating route is

at most four times of the route given by RES.

To describe the non-oscillating route for server i, we first denote the sequence of

the regions visited by server i to be (MgEV, MLE,..., MLEV) where q is the length of the

sequence. According to this definition, i1 = iq = i, and ij # ij 1+ for any j = 1,2,..., q - 1.

For example, in Figure 3-3.c, when i = 2, q = 10 and the sequence (i1 , i2 ,. , i1o) =

(2,10,14,10,14,10,6,10,6,2).

For each j e [q], denote a1 and b; the first and last points (each point could be a

request or the depot xj) corresponding to the region MEV visited by server i under the
ti

solution RES. Note that according to the definition, a, = bq = xi. See Figure 3-3.c for

an example.

Now we consider the case where the route is oscillating between the tth region and

the tVth region and V - t > 3, i.e., ij = ij+2 for j = t... , t' - 2, but it+1 # it-, and it'-, # it'+1.

We distinguish two cases based on the parity of t' - t.

When t' - t is odd, e.g., (t, t') = (6,9) in Figure 3-3.c, we define the following non-

oscillating route for the server i to travel from b, to at, and visits all requests that RES
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visits along the route. To describe the route, we use the solid arrow, r -+ r', to denote

the exact route server i takes in RES between the two requests (or between a request

and a depot) r and r'. On the other hand, we use the dashed arrow, r --> r', to be

the shortest path to travel from location r to location r'. The non-oscillating route of

server i concatenates the following three steps.

1. Travel through the requests in MLEV, V E V through the same order as
it it+2it'-i

RES, i.e.,

(at ->)bt -- > at1 2 --+ bt+2 ---> at4 --+ b*4 at,-1 -+ bt,_1,

where the parentheses represents the route before arriving bt.

2. Go to location at+,, i.e.,

bt,_1 -- > at+1.

3. Travel through the requests in MEV,MLEV,... ,MLEV through the same order as
it+, it+3 it,

RES, i.e.,

at+i - bt+l -- > at+3 -* bt+3 -- * at+5 - t+5 at(--> bt),

where the parentheses represents the route after arriving at,.

It is clear that the alternative route does not oscillate at all and that server i through

this route serve all requests in bt -> at'. Now we compare the length of this non-

oscillating route with that of bt -+ at,. First, we count the total lengths of the solid

arrows. Because all the solid arrows are also part of the original route, bt -> at,, of RES

and we do not double count any solid arrows, the total length of the solid arrows is at

most that of bt -+ at'. Now we count the total length of the dashed arrows. Clearly, in

each of the three steps, the total length of the dashed arrow is smaller than that of

bt -4 at,. Therefore, the alternative non-oscillating route from bt to at, is at least four

times that of the original bt -> at,.

When t' - t is even, e.g., (t, t') = (2,6) in Figure 3-3.c, we adopt the alternative route

for the tth to the (t' - 1)th region, as described in the t' - t odd case. The resulting route
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oscillates between the two regions MLEv and MLEV three times in a row, so does not
it it+I

violate the non-oscillating constraint.

Lemma 3.5.5, then, follows from the observation that the routes bt -> at, between

different parts of the routes that oscillate do not intersect with each other. 0

Finally, based on a non-oscillating solution, we construct an intermediate solution

(e.g., Figure 3-3.e) that assigns all requests based on the Level partition, and establish

the final lemma:

Lemma 3.5.6. Given any non-oscillating solution NOS, the cost of the Level partition

LEV(I n L1) satisfies

LEV(I n Li) c3 .5. 6NOS,

where we abuse the notations NOS to denote its cost with respect to requests in I n L,

and c3 .5.6 is some constant independent of 1, m, and n.

Proof We prove only the cases in which the level 1 = 0,1,2,.. ., k - 1, because each of

the cases I = k, k+ 1 consists of only one server and is trivial. Without loss of generality,

we assume I c L, so we can use I = I n LI.

The key of the proof is to, for each i in level 1, construct an intermediate solution

LEV'(S os) that covers the requests assigned to server i in NOS, denoted by i s

and assigns those requests to servers based on the Level partition. For example,

Figure 3-3.e illustrates LEV'(SIjs) when the route of server 2 in NOS is given in Fig-

ure 3-3.d. After having LEV'(SOs) for all i E L1, we concatenate all the intermediate

solutions to obtain the overall intermediate solution LEV'(I). Because LEV(I) LEV'(I)

and LEV'(I) = LELI LEV' (SNOS), Lemma 3.5.6 is implied by the following inequality: For

all i E L1,

LEV'(SfOS) c3 5 6 NOSi, (3.24)

where we abuse the notation LEV'(SOS) to denote the total traveling distance of

server i in the solution LEV'(SNOS), and NOSi represents the total traveling distance of
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server i in NOS. In the following, we construct LEV'(S"'s) and prove Inequality (3.24)

with c3 .5.6 _ 25--62

Let us now describe the solution LEV'(SNOS). Given the route of server i in NOS, we

define q and {a;, b, i} 1 the same way as the proof of Lemma 3.5.5 with respect to NOS.

For example, in Figure 3-3.d, q = 6 and the sequence (i1, i2 ,... , ) = (2,10,14,10,4,2).

If q = 1, set LEV'(SNOS) to be equal to the route of server i in NOS and we are done.

Therefore, in the following, we assume q > 1 without loss of generality. As a side note,

q > 1 implies q > 3, because i1 = iq = i but i1 # i2 . We start by setting the temporary

LEV'(SOS) to be the same as the route of server i in NOS, and modify the solution

through the following three steps:

1. For all j e [q - 1], remove the segments (bj,a;1+) from LEV'(S'os).

2. For j = 1, q, add two segments (bi, xj) and (xi,aq) to LEV'(SNOS).

3. For each j = 2,3,..., q - 1, add two segments (xi,, aj) and (bj, xi1) to LEV'(SNOS).

Clearly, by doing so, each server in level l can follow a route that begins and ends

at the depot xy and the level-i servers collectively visit all requests in SNOS. Hence,

we have successfully defined a valid algorithm LEV', except that Inequality (3.24)

remains to be proved. To prove Inequality (3.24), we first find an upper bound on the

total length of LEV'(S's) as follows:

q-1 q-1

LEV'(S"os) =NOSj - ( d(bj,aj+1 ) + d(b1,xi) + d(xi,aq) + ( d(xi,,aj) + d(bjxj,)
j=1 j=2

q-1

NOSi + d(b1, xi) + d(xi, aq) + E d(xi,, a1) + d(bj, xi,). (3.25)
j=2
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On the other hand, NOSj has the following trivial lower bounds:

q-1

NOSj > d(aq,xi) + E d(aj,aj+1 ). (3.26)
j=1

q-1

NOSi > d(xi, b1) + E d(bj, b. 1+). (3.27)
j=1

Inequality (3.24) is established by comparing the length of each of the added segments

d(xi, a1) and d(x j, b;) to some corresponding terms in lower bounds (3.26) and (3.27).

More precisely, we prove the following inequality:

0

2-Ad(a1, a2)

d(xi,, a1) !5 4-A- (d(a._1,a1) + d(a a + d(a+i1, aj+2 ))

2-A (d(aq_1,aq) + d(aq, xi))

d(aq, xi)

By symmetry, similar results hold for each d(xi1, b;):

d(xi, b1)

2-A(d(xi, b1 ) + d(b1 , b2 ))

d(xij, bj) 5 4-A-A 2 (d(b_ 1,b 1) + d(b1,b 1+1) + d(bj+1, bj+2 ))

1-A

0-Ad(b 1,bq)

0

forj= 1,

for j = 2,

for j = 3,...,q - 2,

for j = q -1,

for j = q.

for j=1,

for j = 2,

for j =3,...,q - 2,

for j = q - 1,

for j=q.

Inequality (3.24) with c3 .5.6=25-5A-6A2 follows straightforwardly from the above two in-

equalities, upper bound (3.25), lower bounds (3.26) and (3.27), and 1 < -j < 4_-21A 1-A

Now we prove Inequality (3.28). For j = 1 and j = q, the results are straightforward

by using i1 = iq= i and a, = xi. For the case j = q -1, due to the triangle inequality, it is
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sufficient to prove d(xi, aj) < -4d(aq1, xi). Therefore, cases j = 2 and j = q - 1 (with the

stronger version) are symmetric to each other, so it is enough to prove the case j = 2.

Without loss of generality, we assume i2 > i. First, we find a lower bound of d(a1, a2 ):

d(a1, a2) = d(xi, a2 )

>d(xj, xi212 ) - d(xi2+21, a2 )

>d(x,xi2, 2 ) - (d(xj2121, x 2)+ Ad(xi2-21, xi2))

=d(xi, xi2 21) + (1 - A)d(xi2-21, xi2)

;>(1 - A)d(xi, xi2)

Inequality (3.24) with j = 2 follows as follows:

d(xj2,a 2) d(xi2, xi) + d(xi, a2 )

d(al, a2) + d(al, a2 )1 -A

= _ d(a, a2 ).1-A

(a1 = xi)

(triangle inequality)

(a2 E Ti2)

(depots form a line)

(1 > 1 - A). (3.29)

(triangle inequality)

(Inequality (3.29) and a, = xi)

Before proving Inequality (3.28) for the most difficult case where j = 3,4,...,q - 2,

we first establish the following two useful inequalities: For any three level-i indexes

t1 , t2 , t3 in L, such that ti < t2 < t3 and three points pi E ztj, P2 E Tt2 , and p3 E Tt3, we have

d(xt2, p2 ) 5 2 d(p1, p3 ).

4 - A - A2

d(xt,, p3 ) 2- 2 A (d(pi, p3) + d(p 2, p)).

(3.30)

(3.31)

To prove Inequality (3.30), we first find the following upper bound for d(xt2, P2).

2d(xt2, P2)

d(xt2+21, P2) + d(xt2+21, Xt 2 )+ d(xt2- 21, p2)+ d(xt2 21, Xt2 )

(2 + A)d(x'221,xt2-21),

(triangle inequality)
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where the last inequality holds because p2 E Tt2 and depots form a line. Then, we find

the following lower bound for d(pj, p3).

d(pi, p3)

>d(xt - 21, Xt3 +2 ) - d(xt,-21, pO - d(x6+21, p3)

>d(xt 1+21,x,-21) + (1 - A)d(x, 1+21,xt1) + (1 - A)d(xt,-21,xt3 )

>d(xt- 21, xt2 +2 1),

(triangle inequality)

(pi c Tt1 and P3 e TOt)

(3.32)

where the last inequality holds because depots form a line, t1 +2' < t2 -2, and t2 +2' <

t3- 21. Inequality (3.30) follows straightforwardly from the two inequalities above.

The second to last line in the above inequality, together with 1 > 1 - A, gives

d(pi, p3) > (1 - A)d(xt3, Xt2 ), (3.33)

which is useful in proving Inequality (3.31). Inequality (3.31) can be derived as fol-

lows:

d(xt3, P3)

d(xt3, Xt2) + d(xt2, P2) + d(p 2, p3)

*1 dpP)+2 + A d(pi, P3 ) + d(P2, P3 )
1 - A 2

4 4 - 2 - A 2 (d(pi, p3) + d(p 2, P3)),2- 2A

(triangle inequality)

((3.30)and (3.33))

where the last inequality comes from 1 + 2 A 4-A-, and 1 < 4-A-A 2
1-A 2 =2-2A a -2-2A

We are now ready to prove Inequality (3.28) for the case where j = 3,4,..., q - 2.

Without loss of generality, we assume that ij_ 1 < ij. We distinguish three cases.

1. i1+1 < i; and ij- 1 # i;+1. In this case, according to Inequality (3.31),

4 - A - A2

d(xi,, aj) 2 A 2A (d(a;_1, aj) + d(aj, a;+1)).
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2. ij < i+1. In this case, according to

d(xi,, aj)

< 2 d(a;_1, aj,)

2+A
< 2 (d(a;_1, aj) + d(aj, a;+1))

4- A- A2

<2 - 2A (d(a;_1, a1) + d(aj, aj+1))

(Inequality (3.30))

(triangle inequality)

2+A 4- A - A2

2 - 2A

3. ij- 1 = i;+1. In this case, we consider ij+2 . Because the route is non-oscillating,

i;+2  ij. We further distinguish two cases.

(a) ij+2 < ij. In this case, according to Inequality (3.31),

4 - A - A2

d(xij, a1) 2 - 2A (d(a1 , aj+2) + d(aj, aj+1)).

The rest follows from

d(aj, aj+2 ) + d(aj,a+i,)

S(d(a;, aj+,) + d(aj+1, aj+2 )) + d(aj, a;+1) (triangleq inequality)

2(d(a;, a1+1 ) + d(a1+1, a1+2)).

(b) ij+2 > ij. In this case, according to Inequality (3.30),

2+ A
d(xi,, a1) 2 d(aj1+, aj+2 ).

The rest follows from 2 4

2 1-A

With Lemmas 3.5.4, 3.5.5, and 3.5.6, we are ready to prove Lemma 3.5.3, which

we reiterate as follows:
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Lemma 3.5.3 . There exists a constant c3 .5.3 such that, for any level I = 0,1,..., k + 1,

LEV(I n Li) c3 .5.30PT(I n LI).

Proof From Lemmas 3.5.4, 3.5.5, and 3.5.6,

LEV(I n L1) c3 .5.4 x 4 x c3.5.6 x OPT(I n Lj).

Hence, the lemma holds with c3 .5.3 = 4c3 .5. 4 c3 .5.60

With Lemma 3.5.3, we are ready to prove Theorem 3.5.2, which we reiterate as

follows:

Theorem 3.5.2. The Level partition has a PoNC of O(log m), or mathematically, there

exists a positive real number c, independent of m and n, such that, for all problem

instances I,

LEV(I) clog mOPT(I).

Proof

k+1 k+1

LEV(I) = E LEV(I n LI) c3 .5. 3 E OPT(I n L1) c3 .5.3(k + 2)OPT(I) c log mOPT(I),
1=0 1=0

where the first equation is a property of the Level partition, the first inequality follows

from Lemma 3.5.3, the second inequality is due to I n L, C I for any I = 0,1,..., k + 1,

and the last inequality holds by defining c big enough, for example, c - 3c3 .5.3- 0

3.5.2 Bounded Ratios between Distances of Depots

In this section, we propose a static partition scheme (Local partition) for the case

where the ratios between the distances of depots are bounded above by a function f
of m, i.e.,

maxijjd(xi,xj)}
-- f(M).

mini,j{d(xi,xj)}
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We will also show that the Local partition achieves a PoNC of E(f(m)) and hence the

Local partition achieves a sub-linear PoNC when f(m) = o(m).

The Local Partition

Fix an arbitrary ordering of the servers, i = 1,2,... m. For all server i except for

server m, the region MOc assigned is a "local" region around its corresponding depot:

For i E [m - 1],

MLOC - p E M I d(p, xi) < mm',.d(xj,

Server i, on the other hand, is assigned all remaining region:

MmOC A M \JMOC
i=1

We have the following result regarding the PoNC of the Local partition.

Theorem 3.5.7. The Local partition has a PoNC of e(f(m)).

Proof To simplify notation, we assume, without loss of generality, the minimum dis-

tance between a pair of depots is one, i.e., mini,;{d(xi, x;)} = 1.

We first provide an example showing that the Local partition could have a PoNC

of Q(f(m)). Without loss of generality, we assume f(m) > 1. Let the metric space be

the real line R plus m - 3 extra points {ai}m 3 , and the distance be

d(ai,ai) = 0

d(ai, aj) = 2

d(p,ai) = 1 + Ipi

d(p,q) =|p - qj

i = ,2 ...m -1.

i j.

p E R.

p,q e R.
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The m depots are located at

ai i,= 1, 2,..., m - 3,

0 i= m -2,
xi =

1 i= m-l1,

f(m)+l i=m.

Let there be only one request and the request is located at 1 + 1/4. Because the

distance between the request and any depot is at least 1/4, the request is not in the

"local" region of any server in LOC. Thus, the request is assigned to server m, and

thus the cost induced by the Local partition is LOC(I) = 2(f(m) - 1/4). On the other

hand, the optimal solution could assign the request to server m - 1 and the cost would

be 1/2, so OPT(I) = 1/2. As a result, the PoNC is at least

LOC(I) 2(f(m) - 1/4)5 = 4f(m) -1,
OPT(I) 1/2

which is e(f(m)).

We now prove that the Local partition scheme achieves to a PoNC of at most 2 +

4f(m).

We first divide the requests into two sets based on whether the request is in a

"local" region of any server or not:

M-1
I, =In M , and I2 4I n Mm.

i=1

The rest of the proof is based on the following two trivial but useful results. First, the

cost induced by the Local partition is the summation of costs for serving requests in

I, and 12, that is,

LOC(I) = LOC(1 1) + LOC(I2).
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On the other hand, because either I, of 12 is a subset of I,

OPT(I) OPT(1j) , and OPT(I) OPT(I2).

Based on the above identity and inequalities, Theorem 3.5.7 can be established straight-

forwardly from the following two inequalities:

LOC(1) = OPT(1) (3.34)

and

LOC(I2 ) (1 + 4f(m))OPT(I2 ). (3.35)

We first prove Inequality (3.34). For proving this inequality, we assume, without loss

of generality, I = I,. It is sufficient to prove that, in the optimal solution OPT, for any

server i E [m - 1], S2 'T consists only requests in Mfrc. The key in the proof is the

observation that the distance between two points in different regions MiOc and MLOC

is greater than 1/2: pi c MOC, P1 e MLOC, and i#jm=1 then

d(pi, pj) d(xi, x1) - d(xi, pi) - d(xj, pj) (triangle inequality)

>1 - 1/4 - 1/4 = 1/2. (Pi e M~iOc,p e M 0 ) (3.36)

Assume, on the contrary, that in OPT, server i serves at least one request not in

MrOc. We denote, after leaving and before returning MfiOC, the sequence of regions

that server i visited is (MLOC, MLOC, ... , MLOC) for some positive integer q. For each

q' = 1,2,..., q, denote aq, and bq, the first and last requests visited in the region MOc

(aq, = bq, if there is only one such request). For simplicity, we also denote bo the last

point (either a request or the depot xi) server i visits before leaving MiOC and aq+1

the first point (either a request or the depot xi) server i visits after returning MiOC.

We argue that the following alternative routes of servers that remove (I + 1) edges,
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{(bi,,aj,,,)}1,=, and insert (21 + 2) edges, (xi, bi,), (xi,ai ), and {(xj,,a,,), (xi,,, b,,)} , 1 , cover

requests served by S"'T but with a smaller cost, a contradiction. The statement that

servers following the alternative routes collectively serve all requests is obvious. Due

to Inequality (3.36), the length of each removed edge is greater than 1/2, and thus the

total length of removed edges is greater than (I + 1)/2. On the other hand, according

to the definition of the "local" region, the length of each added edge is at most 1/4, and

thus the total length of added edges is smaller than (I+ 1)/2. Hence, the length of the

new solution is smaller than that of the optimal solution, is a contradiction. In the

proof, we could have defined a "local" region for server m, and the result still holds,

which implies that, when I = I1, in OPT, server m does not server any request. Hence,

Equation 3.34 is true.

Now we prove Inequality (3.35). We assume, without loss of generality, I = 12. This

inequality obviously holds if in OPT, for all i = 1,2,..., m - 1, server i does not serve

any requests, i.e., SOPT = 0. Thus, we only need to construct alternative routes to serve

requests assigned to each server i, i e [m - 1], in the optimal solution. We are done

as long as for each i e [m - 1], server m serves all requests in SOPT and the length of

the alternative route is at most 1 + 4f(m) times of the original route TSP (SOPT). When
SPT 0, i E [m - 1], we define the following alternative route. First, we denote as

and bi be the first and last requests in the route of server i in OPT (ai = bi if there is

only one such request). In the alternative solution, we remove (ai, xj) and (bi, xj) and

add (ai, xm) and (bi, xm). By doing so, clearly, all requests in SOPT are served by server

m in the alternative solution. To compare the length of OPT and the new solution, we

obtain the following inequality:

d(ai, xm) <d(ai, xi) + d(xi, xm) (triangle inequality)
d(ai,xi) - d(ai, x)

< 1 + 4f(m). (ai V M'Oc and d(xi, xm) f(m))

158



Similarly,

d(bi, Xm)< 1 + 4f(m).
d(bi, xj)

Therefore, for each i e [m - 1], the new solution serves all requests in S2PT by server

m and have a total length smaller than (1 + 4f(m))TSP(SPT). Thus, Inequality (3.35)

holds. E

3.5.3 Bad Problem Instances for the Voronoi Partition

In this section, we provide examples showing that the PoNC of the Voronoi partition

is at least m for both the line case and the bounded ratio case.

For the line case, we provide the following example. Let the metric space be the

two dimensional Euclidean space and for all server i = 1, 2,..., m, the depot location is

xi = (0, i). Let (Ik)' 1 to be a sequence of problem instances where a particular problem

instance Ik consists of m requests where the location of the request j is at 1j = (k, j).

Clearly, VOR(Ik) = 2km. Since a solution could assign all requests to the same server,

OPT(Ik) 2k + 2m. Therefore,

lim VOR(Ik) 2km M.
k-o OPT(Ik) - 2k + 2m

Hence, the PoNC of the Voronoi partition is at least m.

For the bounded-ratio case, we provide the following example with f(m) = 1. Let

the metric space be the m-dimensional Euclidean space and xi = ej where ej the

m-dimensional vector that has the value of 1 in the ith dimension and 0 in all other

dimensions. For any e > 0, we denote Ie to be the problem instance that consists of

m requests where for each j = 1,2,..., m, the location of request j is 1j = ee1 . Clearly,

VOR(Ie) = 2m(1 - e). On the other hand, a solution that assigns all requests to the
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same server could have the total traveling distance to be at most 2 + 2mc. Therefore,

m VOR(Ie)lim
e->0)+ OPT(Ij)

>-lm2m(1 - c) M> lim2 e .
-e-*O+ 2 +2me -m

Hence, the PoNC of the Voronoi partition is at least m.
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Chapter 4

Online Resource Allocation under

Partially Learnable Demand

4.1 Introduction

E-commerce platforms host markets for perishable resources in various industry sec-

tors ranging from airline to Internet advertisement to online retail. In these markets,

the demand realizes sequentially and the firm needs to make online (irrevocable) de-

cisions regarding how (and at what price) to allocate resources to arriving demand

without precise knowledge of the future demand. The success of any online allocation

algorithm crucially depends on the firm's ability to estimate the future demand. If

the demand can be predicted or even learned, then under some mild conditions on the

amount of available resources, there is little loss incurred for making online decisions

(as shown in [2, 46] among others). However, in many markets, the demand cannot

be perfectly learned due to unpredictable components such as traffic spikes and com-

petitor's change of strategy [50, 129, 137]. In such cases the firm could choose to take

a completely robust approach and assume that the demand is not predictable, but

that usually results in strategies that are too conservative. Instead, the firm wishes

to employ online algorithms that try to learn the demand with the caution that the
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demand could embody an unpredictable component. This chapter aims to investigate

to what extent the above goal is achievable: we propose a new demand model that

is only partially learnable and we show how the firm can still make use of the lim-

ited information that the data reveal and improve upon a completely conservative

approach.

We study the following basic yet fundamental resource allocation problem: A firm

is endowed with b (identical) units of a product to sell over n periods, where n b.

In each period, at most one customer arrives demanding one unit of the product.

Customers belong to two classes depending on their willingness-to-pay: class-1 and

class-2 customers are willing to pay $1 and $a respectively, where 0 < a < 1. This

setting, also known as the single-resource revenue management with 2 fare classes,

has been extensively studied in the literature [16, 19, 20, 33, 93, 99, 100, 105].We

focus on this problem when describing our model, developing online algorithms, and

deriving insights on the power and limitation of partial learning. However, we believe

that many of the insights carry over to general online resource allocation problems,

as formalized in [2].

The rest of this chapter is organized as follows. First, Section 4.2 discusses re-

lated work. Section 4.3 formally defines the problem, introduces our customer arrival

model, and then discusses basic properties related to this model. Section 4.4 designs

and analyzes an online algorithm whose threshold of accepting a customer is not

adaptive to what it has observed. Section 4.5 designs and analyzes an online algo-

rithm whose threshold of accepting a customer is adaptive to what it has observed.

Section 4.6 discusses how to estimate the degree of randomness p from data, and

how robust our adaptive algorithm is if p is slightly overestimated or underestimated

(Proposition 4.6.7). Also, we present a class of instances that provide strong evidence

that our adaptive algorithm is the best possible for the asymptotic case where b and

n go to infinity but b/n stays constant. Furthermore, Section 4.7 presents two other

models closely related to our main model. Section 4.7.1 studies a hypothetical sce-
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nario in which we can recognize which customers belong to the Unfollower group and

show that there is an online algorithm that can achieve near optimal revenue (Theo-

rem 4.7.2). Section 4.7.2 considers an analogy of the classic secretary problem which

corresponds to the setting where b = 1. In this setting, each customer has a differ-

ent willingness-to-pay, and the goal is to maximize the probability of accepting the

highest-valued customer in our customer arrival model. We show that, unlike the

well-known completely random-order case, a fixed observation period is no longer the

best possible algorithm. Finally, Section 4.8 discusses the limitation of our demand

model and also describes an alternative demand model with which we believe results

similar to this chapter can be obtained.

4.2 Related Work

There has been extensive research on problems related to ours. Here we review rele-

vant work, organized around four main categories, as follows.

Classical Demand Models

Starting with the seminal work by Littlewood [105], the online quantity-based

revenue management problem with single resource has been extensive studied under

the classical setting where the distribution of the demand of customers at each class

is known (and independent), primarily in the context of selling airline tickets. In par-

ticular, Littlewood [105] studies the two-class case and imposes the Low-Before-High

(LBH) assumption: class-2 (lower-fare) customers arrive before class-1 (higher-fare)

customers, which is an appropriate assumption for the airline industry. They obtain a

booking-limit algorithm that achieves the optimal expected revenue by computing the

marginal revenue of accepting the current class-2 customer. If the marginal revenue

is lower than that of selling to future class-1 customers, then the algorithm rejects the

current class-2 customer. By applying Littlewood's rule to successive fare levels, Be-

lobaba [19, 20] provides a heuristic for the multiple-class case. For this multiple-class

case, Brumelle and McGill [33] use dynamic programming to find the optimal solu-
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tion. It turns out that the optimal solution is a nested booking limit algorithm with

fixed thresholds. Lee and Hersh [100] and Lautenbacher and Stidham Jr [99] remove

the LBH assumption, consider time-dependent distributions of the future demand,

and obtain optimal solutions by using dynamic programming approaches. Unlike our

work, all papers mentioned in this paragraph require a priori stochastic information

about the demand.

Classical Online Models

Online arrival models, characterized by the assumption that no any prior stochas-

tic information regarding the demand is known and studied in the literature for vari-

ous online resource allocation problems, broadly belong to two categories: adversarial

(worst-case) models and stochastic (random-order) models.

In adversarial models, the sequence of customers is completely determined by an

adversary and cannot be learned (or predicted) as the sequence of customers unfolds.

Adversarial models have been studied in single-resource revenue management prob-

lems [16] as well as in more general settings mainly motivated by various forms of

Internet advertising [34, 114]. For the single-resource revenue management with

two classes of demand, Ball and Queyranne [16] develop an online algorithm with a

competitive ratio of - - 0(1/b). They also provide online algorithms for problems

involving multiple classes of demand, and they show that their competitive ratios are

the best possible. The online algorithms developed for these models aim to perform

well in the worst-case scenario, and hence the resulting competitive ratios are often

very conservative in characterizing the performance in the "average" case.

Stochastic models have the common feature that the arrival pattern can be learned

(almost perfectly) as we observe the sequence of customers. A very important example

of the stochastic models is the random-order model, which assumes that the actual

sequence of customers is a random permutation of an arbitrary and adversarial se-

quence [2, 46, 88]. Kleinberg [88] studies the random-order model and allows the

customer to take any non-negative values. He proposes a near-optimal online algo-
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rithm with a competitive ratio of 1 - 0(1/ \b) and shows that no online algorithm can

achieve a competitive ratio better than 1 - E(1/ V/%). The intuitions behind Kleinberg

[88]'s algorithm is based on the observation that the b customers that the optimal

offline algorithm would select arrive at the same rate over time, and that online algo-

rithms can approximate the pattern of the future customers after observing (even a

small fraction of) the arrived customers. In particular, this algorithm dynamically up-

dates a cut-off value as the bid price (and accepts customers with values greater than

the bid price) at appropriate times. Similar idea is also applied to developing near-

optimal online algorithms for general resource allocation problems [2, 46, 73, 74, 83]

in several stochastic online models. In particular, Kesselheim et al. [83]'s algorithm,

when applied to Kleinberg [88]'s setting, update the threshold at all times whenever

a customer arrives. We adopt this idea in designing our algorithms.

One limitation of the random-order model is that there are examples where real

data do not confirm the stochastic structure presumed in the random-order model 1

as witnessed in [129, 137] using real-data. In fact, as discussed in [50, 115], large

online markets (such as Internet advertising systems) often use modified versions of

these algorithms to make them less reliant on accurate demand prediction.

Other Models

Several earlier papers also acknowledge and address the limitation of both of the

adversarial and random-order (or stochastic) models using various approaches, as

discussed below.

One line of research involves designing algorithms with good performance guar-

antees in two different customer arrival models simultaneously. Mahdian et al. [107]

study the case where the demand is either perfectly predicted or completely adver-

sarial. Mirrokni et al. [115] study the case where the demand follows either an ad-

versarial order or a completely random order. Unlike these works, our demand model

contains both predictable and unpredictable components at the same time, and we

'Note that stochastic models that assume there is a known or unknown distribution underlying the
arriving sequence can be viewed as special cases of the random-order model.
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design algorithms that take advantage of estimation based on the partially revealed

problem instance.

Another approach to address unpredictable patterns in demand is to use robust

stochastic optimization Ben-Tal and Nemirovski [22], Bertsimas et al. [24]. These

papers aim to optimize allocations when the demand belongs to a class of distributions

(or uncertainty set). This approach limits the power of adversary by restricting the

class of demand distributions. Here, we take a different approach: we do not limit the

class of distribution that the adversary can choose from; instead, we assume that a

fraction p of the demand will not follow the adversary.

Another paper that takes a robust approach is [93]. Lan et al. [93] study the

single-resource revenue management problem with multiple classes of demand in

a very interesting setting where the only prior knowledge about demand is lower

and upper bounds on the number of customers from each fare classes. Lan et al.

[93] use these fixed upper and lower bounds to develop optimal static algorithms in

the from of nested booking limits, and also show that dynamically adjusting these

algorithms can improve the competitive ratio. Comparing to their work, we do not

assume prior knowledge of lower and upper bounds on number of customers from

each class. Instead, in our model, we learn such bounds as the sequence of customers

unfolds.

Shamsi et al. [129] use a real data set related to advertisement display at AOL/

Advertising . com to show that arrival patterns do not satisfy the crucial property im-

plied by assuming a random-order model for demand. In particular, they show the

dual prices of the offline allocation problem at different times can vary significantly

over time. They use a risk minimization framework to devise allocation rules that

outperform the existing algorithms when applied to the real data. Even though the

results are practically promising, the paper does not provide any performance guar-

antee, nor does the paper offer insights on how to model traffic in practice.

Last but not least, Esfandiari et al. [50] consider a hybrid arrival model where
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the input comprises of a known stochastic i.i.d. demand and an unknown number of

arrivals that are chosen by an adversary (which is motivated by traffic spikes). They

do not assume any knowledge on the traffic spikes, but the performance guarantees

of their algorithm is parameterize by A, which is roughly the fraction of the revenue

in the optimal solution that is obtained from the stochastic (predictable) part of the

demand. Parameter A plays a similar role as the parameter p in our model in the

sense that it controls the power of adversary. However, the underlying arrival pro-

cesses in these two models differ considerably and cannot be directly compared. In

particular, we do not assume any prior knowledge of the stochastic component (i.e.,

the Unfollower group); instead we partially learn this. However, we do assume that

the adversary only determines the initial order of arrivals (i.e., before knowing which

customer will eventually follow its order). Also, the online allocation problem (despite

the arrival model) we study is a special case of the setting studied in [50].

The Secretary Problem

Our work is closely related to the literature on the secretary problem, which is

an important problem in stopping theory. In the language of our problems, we can

describe the secretary problem as the online quantity-based revenue problem under

the random-order model, where the customers can take any non-negative values, b =

1, and the goal for online algorithms is to maximize the probability of successfully

accept the customer with the highest value. The optimal algorithm of this problem

is an observation-selection algorithm: observe the first n/e customers; then select

the first one with value exceeding the maximum of observed ones [48, 51, 55, 103].

Recently, Kesselheim et al. [84] relax the uniformly random-order assumption, and

analyze the performance of the above algorithm under certain classes of non-uniform

distributions over permutation. In our work, we also study the secretary problem

under our new customer arrival model.
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4.3 Preliminaries

4.3.1 Problem Formulation

A firm is endowed with b (identical) units of a product to sell over n periods, where

n > b. In each period, at most one customer arrives demanding one unit of the prod-

uct; customers belong to two classes depending on their willingness to pay: class-1

and class-2 customers are willing to pay $1 and $a respectively, where 0 < a < 1. Upon

arrival of a customer, the firm observes the class of the customer and must make an

irrevocable decision to "accept" this customer and allocate one unit, or to reject this

customer. If a firm accepts a class-1 (class-2) customer, it will earn $1 ($a). Our goal

is to devise online allocation algorithms that maximize the firm's revenue. We eval-

uate the performance of an algorithm by comparing it to the optimal offline solution

(Definition 1.2.2).

Before proceeding with the model, we introduce a few notations and briefly discuss

the problem structure. We represent each customer by its value, and the sequence of

arrival by I = (v1 , v2 ,... , v), where vi c {0, a, 11; vi = 0 implies that no customer arrives

at period i. Further, we denote the number of class-1 (class-2) customers in the entire

sequence by n, (n2). First note that the optimal offline solution that we will denote by

OPT(I) has the following simple structure: accept all the class-1 customers, if ni < b,

then accept min{n2, b - n1} class-2 customers. Therefore,

OPT(I) = min{b, n1 } + a min{n2, (b - n1 )+}, (4.1)

where (x)+ = max{x, 0}. Note that in each period, a reasonable online algorithm will

accept a class-1 customer if there is capacity left. Thus the main challenge of an online

algorithm is to decide whether to accept/reject an arriving class-2 customer facing the

natural trade-off: accepting a class-2 customer may result in rejecting a potential

future class-1 customer due to the resource constraint; on the other hand, rejecting a
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class-2 customer may lead to having unused capacity at the end. Therefore, any good

online algorithm needs to strike the balance between accepting too few and too many

class-2 customers. We denote by ALG(I) the revenue obtained by an online algorithm.

In this paper, we take a middle-ground approach in modeling the demand and

introduce the partially-learnable model, which works as follows. The adversary de-

termines an adversarial sequence of arrivals which we denote by I' = (v'i, v',... ,v'

V {0, a, 11. This can be thought as the sequence that the adversary prescribes to

the customers. However, a subset of customers will not follow this order. We call this

subset the Unfollower group and denote it by H. Each customer joins the Unfollower

group independently and with the same probability p where p e (0,1) represents the

degree of randomness. Other customers are in the Follower group. Customers in the

Unfollower group are permuted uniformly at random among themselves. Formally,

permutation ar : H -* H is chosen uniformly at random and determines the order of

arrivals among Unfollower group. In the actual arriving sequence, customers belong

to the Follower group follow the adversarial order according to I', and those in the

Unfollower group follow the random order given by Jn.

Example presented in Figure 4-1 illustrates the arrival process. The top row (gray

nodes) shows the adversarial sequence (I'). The middle row shows which customer

belongs to the Unfollower group: the black nodes belong to Unfollower group, and

the white ones belongs to the Follower group. The bottom row shows both the per-

mutation ar and the actual arriving sequence. In this example H = {2,5,6,8}, and

crr(2) = 6, ar(5) = 2 , ar(6) = 5,ar(8) = 8.

Note that the extreme cases p = 0 and p = 1 correspond to the adversary and

random order models that have been studied before [16, 88]. For any p e (0,1), at any

time we can use the number of observed class-1 (class-2) to obtain a "rough" estimate

on the number of customers of each class that we will have in the rest of the horizon.

This idea is formalized in Section 4.3.2 along with further analysis of our model.

Before proceeding to formally defining how we evaluate an algorithm, we revisit
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v'=1 v'=0 v'=1 v'=a V' v'=a v=1 vf=0

2 6 6
v1 =1 v2 =1 v3 =1 v4 =a v5 =a v6 =0 v7 =1 v8 =0

Figure 4-1: Illustration of the customer arrival model

the instance presented in [16] to illustrate the limitation of online algorithms in the

adversarial model. Suppose n = 2b; in the adversarial sequence, all class-2 customers

arrive before class-1 customers (such instances are known as Low before High, LBH,

in early revenue management literature [19]); the number of class-1/-2 customers

are determined by the adversary. At any time between 1,..., b, no algorithm can

distinguish between an instance with all class-2 customers (i.e., I' = (a,a,...,a)), and

another one where the first b customers belong to class-2 and the last n - b are class-1

(i.e., I = (a,a,... ,a, 1,1,..., 1)). Therefore any algorithm needs to set a conservative

threshold for accepting class-2 customers to ensure that it does not keep too much/ too

few capacity for class-1 customers that may arrive later. Our arrival model, however,

excludes such extremely unsmooth (and therefore unpredictable) instances: under

our model if the first b arrivals are from class-2, with high probability, the number

of class-1 customers arriving later is o(b/p), which is negligible compared to the total

demand.

Also, from a practical point of view, as discussed in [98], LBH demand model over-

looks the demand arrival process. Even in the special case of airline industry, not all

high-fare customers arrive toward the end. Under our model, a subset of high-fare

customers arrives randomly over time. However, the arrival process also includes an-

other subset of class-1 customers that arrive at unpredictable times, and they could

all arrive toward the end.

Having described the arrival process, we use the competitive ratio (Definition 1.2.2)

as the performance measure of online algorithms.
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In Sections 4.4 and 4.5, we present two online algorithms that perform well in the

partially-learnable model for various ranges of b and n.

4.3.2 Relation between I and I'

Before proceeding to introducing our online algorithms, in this section, we describe

the quantitative relation between I, the actual customer arrival sequence, and I', the

adversarial customer arrival sequence. The relation between I and I' is independent

of the online algorithm but will be useful for analyzing online algorithms.

For notational convenience, in this chapter, introduce a series of notations, as de-

scribed in Table 4.1. For simplicity, we normalize the time horizon to 1, and represent

time steps by A = 0, 1/n,2/n,..., 1.

Table 4.1: Notations in Chapter 4

nj number of class-j, j = 1, 2, customers in I' (or in I)
A normalized time: A = 0, 1/n,..., 1

oj(A) number of class-j, j = 1,2, customers arriving before time A in I
o'(A) number of class-j, j = 1,2, Unfollowers arriving before time A in I
q1 (A) number of class-j, j = 1,2, customers arriving before time A in I'
d;(A) (1 - p)ij;(A) + pAnj (a deterministic approximation of oj(A))
5r(A) pAn (a deterministic approximation of o'(A))

First, we introduce notations related to the actual customer arrival sequence I. At

any time step A, for j = 1,2, the number of class-j customers observed by the online

algorithms up to time A is denoted by o;(A). Note that o;(A) is a random variable where

the randomness comes from the randomness of I. Furthermore, we denote ol(A) the

number of class-j customers in the Unfollower group that arrives up to time A in I.

Note that o0(A) is related to I but online algorithms cannot observe it.

Second, we introduce notations related to the adversarial customer arrival se-

quence I'. As discussed earlier, for each j = 1,2, the adversary specifies the total

number of class-j customers, denoted by n1 . In addition to nj, at each time step

A = 0,1/n,..., 1, the adversary also specifies the number of class-j customers among
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the first An customers in I', denoted by q;(A). Note that both n; and p;(A) are deter-

ministic. Finally, we denote 5;(A) e (1 - p)q;(A) + pAn; and 5'(A) e pAnj (see discussion

after Lemma 4.3.1 for motivation of this definition).

Here we go back to the example in Figure 4-1 and review the notations. Suppose

A = 5/8 and p = 0.5; in this example, o1(5/8) = 3, o'(5/8) = 1, ni = 4, q1(5/8) = 3,

51(5/8) = 0.5 x 3 + 0.5 x 4(5/8) = 2.75, and 5(5/8) = 0.5 x 4(5/8) = 1.25; 02(5/8) = 2,

o'(5/8) = 1, n2 = 2, 112(5/8) = 1, 62(5/8) = 0.5 x 1 + 0.5 x 2(5/8) = 1.125, and (3n(5/8) =

0.5 x 2(5/8) = 0.625.

At time A, knowing oj(A), j = 1,2, but not n; and r1y(A) (except for the trivial case

where A = 1), an intermediate goal of online algorithms is to infer nj. There are some

simple inequalities between n; and rg;(A) such as n; q1 (A) and r;(A) + (1 - A)n n;.

Therefore, if we can find a relation between o;(A) and 5;(A), which is a function of

n1 and q;(A), then we can later reduce it to a relation between oj(A) and nj by using

those inequalities. We describe our main result regarding the relation between the

quantities related to I (o;(A), o'(A)) and those related to I' (5;(A), 57(A)) in the following

lemma:

Lemma 4.3.1. There exist positive real numbers a, e and k such that when e < c

with probability at least 1 - e, all the following hold:

" If n1 log n, then for all A e {0,1/n,2/n,...,n/n},

Ioi(A) - 51(A)l < a -ni log n, and (4.2a)

Ioi(A) + o2(A) - (51(A) + 52(A))< a .(n, + n2) log n (4.2b)

* If n2  log n, then for all A e {0,1/n,2/n,...,n/n},

1o2(A) - 52(A) < a jn 2 1og n, and (4.3a)

1021(A) - 521(A)l < a - n210g n, (4.3b)
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Before proving this lemma, we explain the intuition behind it. Let us count the

Unfollowers and the Followers in oj(A) separately. First, we count the Unfollowers.

Roughly, a total of pn; class-j customers belong to the Unfollower group, and a A frac-

tion of them arrive by time A because these customers are spread almost uniformly

over the entire time horizon. As a result, there are approximately pn;A class-j Un-

followers arriving up to time A. Regarding the Followers, there are a total of i1 (A)

of class-j customers arriving before time A in I'. Since with probability 1 - p each of

them will be a Follower, the total number of class-j Followers arriving before time A

is approximately (1 - p)r1 (A). Therefore, for j = 1,2, with high probability,

oy(A) ~ (1 - p) 1j(A) + pAn;(= 5;(A)). (4.4)

Similarly, o(A) ~~ pAnj(= 5'(A)). Lemma 4.3.1 formally quantifies the probability and

the error of estimate (4.4). See Remark 4.3.11 for a discussion regarding why we do

not express 5;(A) as E [o1 (A)].

The proof of Lemma 4.3.1 is based on the following lemma:

Lemma 4.3.2. There exists positive real numbers a4 .3.2, E4.3.2 and k4 .3.2 such that

when 0 < e' < E4.3.2 and n1 > .2 log(, for any (but not all) A e {1/n,2/n,...,n/n},

with probability at most c',

|oi(A) - 51(A)l > a4 .3.2 n log .

To prove Lemma 4.3.2, we use two existing concentration bounds for random vari-

ables obtained from sampling with/without replacement. Before proceeding to the

proof, we state these concentration bounds.

First, we use a classical Chernoff bound regarding the concentration of Binomial

random variables. Chernoff [40] first states this theorem. Here, we quote the theorem

from [111]:

Theorem 4.3.3. [111] Let 0 < p < 1, let X 1, X2,..., Xn be independent binary random
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variables, with IP (Xk = 1) = p and IP (Xk = 0) = 1 - p for each k, and let S, = E'k Xk.

Then for any t 0,

IP (ISn - npl nt) 2e

When applying this theorem in our proof, we find it more insightful and convenient

to use the following form of the above concentration result:

Corollary 4.3.4. For any positive real number k, there exist positive real numbers

a4.3.4,k, 4.3.4,k, such that, when 0 < < e4.3.4,k, under the same setting as in Theo-

rem 4.3.3,

P (ISn - np| a4.3.4,k n log ( ke.

Proof In order to apply Theorem 4.3.3, we define t such that 2e-2n, ke, which corre-

sponds to

1 2
t -log -.

By setting t to be log k, what is remaining to prove is that we can find a4.3.4,k'E4.3.4,k

such that when 0 < e < E4.3.4,k'

n T-log k a4.3.4,k n log).

This can be achieved by setting E4.3.4,k = k/2 and a4.3.4,k = 1:

2 1 2 1 1 21
c:5 k/2 - 2 - I - =>log- < 2 log- -> n - log - a4.3.4 n logQ-).

kec 2  ke e 2n ke -a434k

Second, we use a concentration found for random variables drawing from the Hy-

pergeometric distribution given by Hush and Scovel [68]:2
2We remind the reader that Hypergeometric distribution is similar to Binomial distribution when
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Theorem 4.3.5. [68] Let K - Hyper(ni, n, m) denote the hypergeometric random vari-

able describing the process of counting how many defectives are selected when n1 items

are randomly selected without replacement from a population of n items of which m

are defective. Let y > 2. Then,

P (K - E [K] > y) < e2ann,m(y2
_1)

and

IP (K - JE [K] < -y) < e-2an,n,m(y 2 -1)

where
( 1 1 1 1

an,n,m = max + +
n1+1 n-n1 +1'm+1 n-m+1J

Similar to the concentration result for Binomial distribution, we find it easier to

to use the following form of the above concentration result:

Corollary 4.3.6. For any positive real number k, there exist positive real numbers

a4.3.6,k' e4.3.6,k,4.3.6,k such that, when 0 < e < 43.6,k and m !4.3.6,k, under the

same setting as in Theorem 4.3.5,

F (|K - E [K] > a4.3.6,k m log ( ke.

Proof According to Theorem 4.3.5, when y > 2,

F (1K - E [K]j > y) < 22an,,n,m(y 2 1)

We first find an upper bound of the above right-hand-side probability when y and m

are large enough. When m > 1,

( 1 1 1 1 >1 1

ani,n,m = max + ,> >-.
ni +1 n -nj+1 m+1 n -m+1 m+1 2m

sampling without replacement is performed. It is defined precisely in Theorem 4.3.5.

175



Further, when y 2, we have: y2 _ 1 ! y2 /2. Putting these two together,

e-2annm(y2 -1) < 2e-1 Y.

Therefore, if a4.3.6,k mlog (1) > 2 and m> 1

FP (K - E [K] > a4.3.6,k mlog()) <2exp 24.3.6,k () = 24.3.6'.

Thus, it is sufficient to have a4.3.6,k m log() 2 m 1, and

2e4.3.6,k <ke.

The last condition holds by setting a4.3.6,k = 2 and C4.3.6,k = k/2 (e E4.3.6,k = k/2

e2  ke/2). The first two conditions hold by defining 43.6,k = max log )1 ,1
'4.3.6,k

Before proceeding to the proof of Lemma 4.3.2, we explain the idea of the proof by

going back to the example of Figure 4-1. Let us consider A = 5/8. In the following, we

count the number of Unfollowers and Followers in o(A) separately.

We begin by counting the number of class-1 Unfollowers group that arrive no later

than time 5/8 in I in Figure 4-1. Among the five customers arriving by time 5/8, two of

them are Unfollowers: customers at positions 2 and 5. We aim to count the number of

class-1 customers in these two positions. There are a total of four Unfollowers (there

are four black nodes in the middle row). Note that only one of them is class-1 (v' = 1).

Now we take two samples without replacement from the four customers to fill the two

positions (2 and 5). Thus, given the realization of the Unfollower group (the middle

row), the number of class-1 customers in these two positions follows a Hypergeometric
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distribution with parameters (2,4,1) (which, as defined in Theorem 4.3.5, corresponds

to taking two samples without replacement from four customers among which one is

class-1). In the particular realization of Figure 4-1, the class-1 Unfollower is placed

in position 2.

Now we count the number of class-1 Followers that arrive no later than time 5/8

in I in Figure 4-1. In the adversarial sequence I', there are three class-1 : customers

at position 1, 3, and 5. Any of these five customers will be a Follower independent

of each other and with probability (1 - p), and hence the number of class-1 Followers

that arriving no later than time 5/8 in I follows the binomial distribution Bin(3, 1 - p).

In the particular realization of Figure 4-1, among the three class-1 Followers arriving

no later than time 5/8 in I', two of them are Followers: customers at position 1 and 3.

Therefore, the number of class-1 Followers that arrive no later than time 5/8 in I is

two.

In the proof of Lemma 4.3.2, we use the method described in the above example

to count the number of customers in o1 (A). For counting the Unfollowers in o1(A): (i)

First we count the number of positions before time A that belong to the Unfollower

group. Call this number Z. (ii) Next we count the number of class-1 Unfollowers.

Call the total number of Unfollowers R and the number of class-1 Unfollowers R1. (iii)

We compute the number of class-1 Unfollowers that fill one of these Z positions. Call

this number Z1. As mentioned above, this is equivalent to taking Z samples without

replacement from R customers among which R1 are class-1. The number Z1 is the

number of Unfollowers in oi(A). Counting the Followers in ol(A) is relatively simple.

Call this number C1. Finally, we obtain ol(A) with the equation ol(A) = Z1 + 1. In

summary, the random variables have the following distributions:

" R - Bin(n, p),

" R1 ~ Bin(ni,p),

" Z - Bin(An, p),
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. Z1 ~ Hyper(Z, R, R1 )3,

* C- ~ Bin(n,1(A), 1 - p).

The proof of Lemma 4.3.2 includes a series of smaller lemmas.

The first lemma focuses on analyzing R, R1, and Z. In particular, we use Corol-

lary 4.3.4 along with the union bound to show the following:

Lemma 4.3.7. There exist real numbers E4.3.7 and a4 .3.7 such that when 0 < e E4.3.7,
with probability at least 1 - e/4, all the following three events happen:

R ( np-a4 .3.7  nlog(!),np+a4 .3.7  nlog( , (4.5a)

R E nip - a4 .3 .7 ni log (2 ),nip + a4.37 ni log( , and, (4.5b)

Z E (Anp - a4 3 .7  An log (), Anp + a4 .3.7 An log( . (4.5c)

Proof Let k = 1/12, Corollary 4.3.4 implies that there exist E4.3.4k and a4.3.4,k such

that when 0 < e E4.3.4,k'

1 - F (R E np - a4.3.4,k fn log (), np + a4.3.4,k n log ()
= (IR - npl > a4.3.4,k n log (15 e/12. (4.6)

Defining E4.3.7 E 4.3.4,k and a4 .3.7 L a4.3.4,k, repeating the same for R1 and Z, and

applying the union bound imply the statement. E

We note that conditioned on R, R1, and Z, the expected value of Z1 is Li. Thus we

have:

E [ZN E [E [Z ZR, R1, Z]] = En neesrl (4.7)

3Note that Z, R, and R1 are not necessarily independent.
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The last expectation is a non-linear function of the three random variables R, R1, and

Z. Instead of computing the expectation directly, we use the concentration bounds of

(4.5a)- (4.5c) to show the following lemma:

Lemma 4.3.8. Conditioned on the events (4.5a)- (4.5c), there exists positive real num-

bers a4 .3.8, k4 .3. 8 such that when n1 > .8 10

R APni - a4 3 .8 n log (1), Apnj + a 4 .3. n lg(1) . (4.8)

Proof First we define the constant a4 .3.8  3a4 3 7 + 2a3.7 1/k4 3 8 where k 4 3 8

4a2  The definitions of the constants become clear in the process of the proof.

We prove the lower bound first. Because 0 < : < 1, the ratio does not increase byR

subtracting the same positive number from both the denominator and the numerator

if the denominator remains positive after the subtraction. In particular, we subtract

a4 .3.7  n log (') from both the denominator and the numerator, Therefore,

Z Z - a4.3 .7  n log() (

R - a4 .3.7  n log(})

Note that R - a4 .3. 7  n log (}) > 0, because under event (4.5a), we have:

R-a4 .3.7  nlog(l) np-2a4 .3.7  nlog(i).

Therefore,

n 43.7 log R-a4 .3.7  nlog(!)>0. (4.10)
p
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The first inequality in (4.10) holds because n > n1 , and, by assumption in the lemma,
4a

2

n > *4.3.8 log 43.7 log () where we use the fact that we defined k4 3 8 =

4a 2
4.3.7.

Going back to (4.9), under the events (4.5a) and (4.5c), we have:

z Z - a4 .3.7 n log(})

R - a4 .3.7 n log( )

Anp - a4 .3.7 An log )-a4 .3.7 nlog) 2a4 3 7 nlog()
> A - . (4.11)

np + a4 .3.7 n log (}) - a4 .3.7 n log (}) np

Combining (4.11) and with the lower-bound on R1 under event (4.5b), we get:

ZR1 2a4.3.7
R >A p

E log
n nip - a4.3.7 Fni l

log W' (1\ 2  -log()=Anip - 2a4 .3.7 ni n Aa4 .3.7  ni log +2 24 3.7

Because nj n, we have ni < y'hVj7. By definition, a4 .3. 8 > 3a4 .3.7 > (2+ A)a4.3.7

and therefore, the right hand side of the above inequality is at least

An 1p - a4 .3.8 ni log .

Hence we complete the proof for the lower bound part of Inequality (4.8). When

it comes to the upper bound, we can use the same argument as the lower bound and
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obtain,

ZRi < A+ 2a4.3.7 log (0, nip + a4.3.7R nC -0 In, log

=An1p + 2a4 .3.7 n l +Aa 4 3 7 nilog()
+ a2 .

+2
p

Anlp + 2a4 .3. 7 ni log ()+ a4 3 7 ni log +

+ 2a2 . logni log,=Aip+3a4 3.7 + .3]7npio[(!),

nlog
n C'e

niiog(!) noQ

(4.12)

where the inequality in the third line comes from the fact that S 1 and A 1.

Combining the definition a4 3 8 = 3a4 .3.7 + 2a2  1/k4 3 8 and (4.12), it is sufficientCombinig the dfinitio a4.3.84 .3.7A/ 48
to have

1 log(l)

p n

upper bounded by the constant 1/k4.3. 8 . By the assumption of this lemma, ni >

(, and thus iogQ) < 1 /k4 3.8 Further, because n nj, we have:

i) 1k.3.8. Thus we have:P-0 p 43& w

+ 2 13a4.3.7 + 2a24 .7 1
log (1) 2

n < 3a4.3.7 + 2a4.3.7 k438 a4 .3.8-

Putting this back in (4.12) completes the proof of the lemma.

Lemmas 4.3.7 and 4.3.8 together imply that:

P(--zpn1 A a4 .3.8 nilog()
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Having (4.7) and Lemma 4.3.8, we are ready to establish a concentration result for

Z1. We partition the sample space of (R, R1, Z) into two events as follows: the event

where (4.5a)-(4.5c) hold, denoted by 8; the complement event, denoted by 8'. Note

that Lemma 4.3.7 implies that P (8C) i. Using the law of total probability, we have:

for any a > 0,

P (Z 1 - E[Z1 IR,R1,Z]I a nilog(!)

P (8') P (Z 1 - E [ZR, R1, Z]I > a ni log 8C

+ IP (8) IP (Z 1 - E [Z1IR, R1, Z]I a ni log 8)

*4 - 1 + 1 -F (jZ1-E[Z1 |R,R1,Z] a nilog 8). (4.14)

Using Corollary 4.3.6 and the definition of events (4.5a)-(4.5c), we show the follow-

ing lemma:

Lemma 4.3.9. There exists positive real numbers e4.3. 9 , a4 .3.9 and k4 .3. 9 such that, for

all 0 < e 4.3.9 when n1 > -29 log 0), for any realization resulting in (R, R1, Z) e 8,

we have:

P IZ1 - E [Z1 R,R1, Z]| > a4 .3.9  ni log( , R 1RZ . (4.15)

Proof Applying Corollary 4.3.6 with k = 1/4, there exist positive real numbers a4.3.

a4.3.6, k and _m =.k4.3.6,k such that when 0 < e 4.3.6,k and R1  m,

IP (IZ1 - E [Z1|R, R1, ZII a 3. 9 Relog(!j.
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Now, we define E4.3.9 f min{E4.3.6,kE4.3.7, k4 3 9  max {4a2437' (2 and4
(4.3.9)

a 3
F4.3.9 wm

First we check the condition R, ! mn: Because ni > p2- log C} 2 l .

a4 .3.7 ni log .i (4.16)

Therefore, under event (4.5b), we have:

R1 > nip -a 4 .3.9  nihlog)> nip > m,

where the first inequality follows the definition of event (4.5b), second one uses In-

equality (4.16), and the last one uses k4 .3. 9 > 2- (which gives ni > 4.9 (1) >
2m 

emp2 -p

Next we show that because we defined a4.3.9 4 3.9 'J' ehae

a 4 3 9 R1 log (5 a4.3.9 ni log . (4.17)

This again follows by the definition of k4.3.9 and event (4.5b) and Inequality (4.16):

R1 <nip + a 4 3 9  ni log ) nip nl.

Inequality (4.17) implies that:

F (Z1 - E [Z 1R, R 1, Z]I > a4 .3.9 ni log

5.(Z, - IE [Zj |R, R1, Z]| I a4.3. R1 log -4'
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which completes the proof of the lemma.

Putting Lemma4.3.9 back to (4.14) and setting a = a4 .3.9 , we get:

P( IZ - E [Z|R, R1, ZII a4 3 9  ni log() e (4.18)

Finally, we have the following lemma regarding (1:

Lemma 4.3.10. There exist real numbers e4.3.10 and a4 .3 .10 such that when e <

E4.3.10>

uP ( I -(1 - p)r1i(A) 2 a4.3. 10  n, log (1) (4.19)

Proof Recall that C1 follows the binomial distribution Bin(r,1(A), 1 - p). Hence, the

lemma follows straightforwardly from Corollary 4.3.4. E

With the lemmas above, we are ready to prove Lemma 4.3.2, which we reiterate

as follows:

Lemma 4.3.2. There exists positive real numbers a4 .3.2 , E4.3.2 and k4 .3.2 such that

when 0 < e' 4.3.2 and n p > 4.2 log (.j, for any (but not all) A c {1/n, 2/n,..., n/ni,

with probability at most e',

|o,(A) - 51(A)l a4 .3.2 n log

Proof. For simplicity, we denote e = e'.

First, we define 4.3.2 = min{4.3.7,4.3.9,1 4 .3 .10}, k4 .3.2 I max{k 4 .3.9,k4 .3.8} and

a4 .3.2  a4 .3. 8 + a4 .3.9 + a4 .3. 10 . Now we can apply the union bound on (4.18), (4.13),

and (4.19) and obtain: when 0 < e e4.3.2 and n p > 432 loge(), with probability at
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least 1 - c,

1Z1 - E [Z1IR, R 1, Z]I < a4 .3.9 ni log(,

R Z pn1A < a4 .3.8  ni log , and

-(1 - p)q1(A)l < a4 .3. 10  ni log .

We have o1(A) = Z1 + C1, and thus, by using the triangular inequality (note that

E[Z1 |R, R1, Z] =Rf ),

R1Z
|oi(A) - 51(A)I 5 Z1 - E [ZI|R, R1, Z]I + R pn1A + 1 - (1 - p)n1(A),

which, according to the three inequalities above and the definition a4 .3.2  a4 .3.8 +

a4 .3.9 + a4 .3.10 , is smaller than a4 .3.2  ni log (}).

With Lemma 4.3.2, we are ready to prove Lemma 4.3.1, which we reiterate as

follows:

Lemma 4.3.1. There exist positive real numbers a, e and k such that when < e 1,

with probability at least 1 - e, all the following hold:

* If nj > 1 log n, then for all A E {0,1/n, 2/n,..., n/n},

Ioi(A) - 51(A)I< a gn1 log n, and (4.20a)

|oi(A) + o2(A) - (51(A) + 52(A))I < a V(n1 + n2)log n (4.20b)

* If n 2 > log n, then for all A E {0, 1/n, 2/n,..., n/n},

lo2(A) - 52(A)I < a Vn2 log n, and (4.21a)

o2(A) - 52r(A)| < a ,n 2 log n, (4.21b)
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Proof. The proof consists of two steps:

First, we note that the results similar to Lemma 4.3.2 can be applied to the other

three random variables oi(A) + o2 (A), 02(A), and o(A). When applied to oj(A), the only

modification is that we do not need to consider Lemma 4.3.10 and (4.19).

Second, we apply the union bound on the probability that at least one of the 4n

events in (4.20a)-(4.21b) is violated (note that A takes n different non-zero values:

when A = 0, oi(A) - j 1(A)I = 10 - 01 = 0 and the same holds for the other three random

variables), and chose the appropriate constants.

To prove this lemma, we define a L 2a4 .3.2 , E 4.3.2, and k - 4k4 .3.2-

Using Lemma 4.3.2 with e' = -, the lemma holds because all of the following three

statements are true:

If e < e, then e' < c4.3.2. (4.22a)

If ni > k log n, then n > k.log -. (4.22b)

If oi(A) - 51(A)I > a ni log n, then loi(A) - 51(A)l > a4 .3.2  ni log . (4.22c)

Because e' < e, and e = e4.3.2, (4.22a) holds. Before proceeding to the other two

conditions, we first note that log (.) = log (g) <log (") log (n4) = 4 log n, where we

use n > 2 in the first inequality and e> 1 in the second inequality. Therefore, (4.22b)

and (4.22c) hold because k = 4k4 .3.2 , and a = 2a 4 .3.2- 0

Remark 4.3.11. In Lemma 4.3.1, we use the deterministic value dj(A) rather than

E [oj(A) to estimate oj(A) because dj(A) is a very simple function of nj and nj(A). Here

we provide an example to show that d;(A) and E [o;(A)1 are not necessarily the same,

which explains why we do not write the term dj(A) as E [oj(A)].
Let us consider an example where n = 2 and I' = (v', v') = (1,0) at A = 1/2. First we

compute E [ol(1/2)]. Because o(1/2) consists of only one customer,

E [o1(1/2)] = P (v1 = 1).
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We can then use the law of total probability to express the probability as

IP (v = 1) =P (v1 = 111 V H) P (1 9 H)

+P (vl = 111 c H, 2 H) IP (1 E H, 2 Z H)

+P (v1 = 111,2 c H)I P (1,2 e H).

Following the definitions,

2 P2

E [o1 (1/2)] = IP (vi = 1) = 1 - (1 - p) + 1 -p(l - p)+ -p22 2

On the other hand,
1 1 p

51(1/2) = (1 - p)rqi( ) + p = 1 - .

Therefore, for all p c (0,1), E [o1(1/2)] # 51(1/ 2).

4.4 A Non-Adaptive Algorithm

In this section, we design and analyze a non-adaptive algorithm. In Section 4.4.1,

we describe the algorithm. In Section 4.4.2, we analyze the competitive ratio of the

proposed algorithm.

4.4.1 The Algorithm

Our first algorithm is a non-adaptive online algorithm that uses pre-determined thresh-

olds to accept/reject customers. This algorithm combines some of the ideas of the pri-

mal algorithm of [83] and the threshold algorithm of [16] to capture maximal revenue

from both predictable and unpredictable components of the demand.

In particular, our non-adaptive algorithm makes use of the fact that the Unfollow-

ers are spread over the entire horizon. Therefore, at least a fraction p of the capacity

should be allocated at a roughly constant rate. To this end, we define an evolving
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threshold that works as follows: at any time A, accept a class-2 customer if the total

number of accepted customers by this rule does not exceed Apb.

However, the arrival pattern of the other 1--p fraction can be arbitrarily unsmooth.

In particular, if the adversary puts many class-2 customers in the very beginning of

the time horizon but none towards the end, then we may reject too many class-2 cus-

tomers from the Unfollower group early on. To prevent this loss, we keep another

quota for class-2 customers rejected by the evolving threshold. We only reject the cus-

tomer if number of such class-2 customers accepted so far exceeds the fixed threshold

of 0 1-P. When p = 0, this is the same threshold as in [16].

The formal definition of our algorithm is presented in Algorithm 6. Note that qi

represents the number of accepted class-1 customers (i.e., case (a)); q2,e represents the

number of class-2 customers accepted by the evolving threshold (i.e., case (b)), and q2,f

represents the number of class-2 customers accepted by the fixed threshold (i.e., case

(c))

Algorithm 6 Online Non-adaptive Algorithm (NADP)

1. Initialize q1, q2,e, q2,f <- 0, and define 0 1-P

2. Repeat for time A = 1/n, 2/n,..., 1, accept the customer i(= An) arriving at time

A if there is remaining capacity and one of the following conditions holds:

(a) vi = 1; update qi +- qi + 1.

(b) Evolving threshold rule: vi = a and qi + q2,e < LApbj; update q2,e < q2,e + 1.

(c) Fixed threshold rule: vi = a and q2,f < Lebi; update q2,f <- q2,f + 1.

We prioritize the evolving threshold rule if both of the last two conditions are

satisfied.
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4.4.2 Competitive Analysis

In this section, we analyze the competitive ratio of Algorithm 6. Our main result is

the following theorem:

Theorem 4.4.1. For p c (0,1), the competitive ratio of Algorithm 6 is at least p + 1-P -

O a(1 P)P in the partially-learnable model.

In Section 4.6.2, we prove that no online algorithm can have a competitive ratio

larger than p + _2 + o(1) when b = o ( WH). On the other hand, Theorem 4.4.1 indicates

that Algorithm 6 achieves a competitive ratio of p + - o(1) when b = co(log n).

Comparing the two results, we see that, for fixed a, p, Algorithm 6 nearly achieves

the best possible competitive ratio in the regime where b = co(log n) and b = o( i n)

hold simultaneously.

For proving Theorem 4.4.1, we introduce some notations. We define qi(A), q2,e(A),

and q 2,f(A) the value of q1, q2,e, and q2,f right after the algorithm determines whether to

accept the customer arriving at time A. Note that q1 (A), q 2,e(A), and q2,1(A) are functions

of I and thus are random variables. Furthermore, a, k, and E denote the corresponding
1 log nvalues specified in Lemma 4.3.1. We define A 4 a Vblogn and e ap to

simplify the notation. When

1
- < e < e, (4.23)
n

there is an event with probability at least 1 - e specified by Lemma 4.3.1. We denote

this event by . In addition, we define k' 4 min , ,.4 When ajlp~p ;k

O 1 a Io) becomes 0(1) and Theorem 4.4.1 becomes trivial. Therefore, we as-

sume, without loss of generality, 1< k, or equivalently,
a(1-p)p Lb ,o euvlety

1 log n
b > - .o (4.24)

k'2ea2( _ P P 2)

4The definition of k' is motivated by (4.27), (4.31), and (4.32).
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Since the value OPT(I) is independent of I, we drop I to simplify the notation. Finally,

for simplicity, we treat eb as an integer.

The proof of Theorem 4.4.1 requires a series of lemmas. The lemmas are useful for

different values of ni and different realizations of I.

The first series of lemmas are useful for the case where ni log n. In this case,

we can apply (4.20a) in Lemma 4.3.1.

For realizations I under which Algorithm 6 exhausts the resource, that is, qi(1) +

q2,e(1) + q2j(1) = b, we need to prove that q2,e(1) is not too large. In particular, we have

the following lemma:

Lemma 4.4.2. Under event 8, if n1  log n, then

q2,e(i) p(b - nl)* + A (4.25)

Proof We assume, without loss of generality, ni b. Otherwise, we consider an arbi-

trary subset of class-1 customers of size b in I' (before the random permutation). For

any A, with the same realization of the Unfollower group and random permutation,

the value of oi(A) corresponding to these b class-1 customers cannot be larger than

the original ones. As a result, the number of class-2 customers accepted through the

evolving threshold rule in the original case is not larger than that in the case with

a subset of b customers. Hence the upper bound proven in the case with a subset of

b customers is still valid for the original case. Note that we can still apply Inequali-

ties (4.20a) to these b customers.

If no class-2 customer is accepted by the evolving threshold, then q2,e(1) = 0 and we

are done. Otherwise, let A 1 be the last time that a class-2 customer is accepted by
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the evolving rule. Then we have

q2,e(1) =q 2 ,e(A) Apb - ol(A) (definition of A)

Apb - (Apni + (1 - p)r11 (A) - A)) ((4.20a) and n1  b)

p(b - ni) + A. (i(A) 0 and A 1)

Using Lemma 4.4.2, we prove the following lemma:

Lemma 4.4.3. Under event 8, if n1 > F log n and q1(1) + q2,e(1) + q2,f(1) = b, then
NADP(I) >+1-p (1-a)A

OPT P2-a ab

Proof The revenue of Algorithm 6 in this case is NADP(I) = b - (1 - a) [q2,e(1) + q2,f(1)] 1

which is decreasing in q2,e(1) + q2,f(1). Note that due to the fixed threshold rule, we al-

ready have an upper bound on q2,f(1), i.e., q2,f(1) Ob. As a result, using Lemma 4.4.2,

NADP(I) > b - (1 - a)(Ob + p(b - nl)+ + A). Note that OPT b - (1 - a) (b - n1)', and thus

NADP(I) b - (1 - a)(Ob + p(b - n1)+ + A)
OPT - b - (1 - a)(b - ni)

b - (1 - a)(Ob+ (p + 0)(b - n)+ + A) (0 0)
b - (1 - a) (b - nl)'

1-p (1-a)A
2 - a OPT

The rest follows from the simple inequality OPT > ab due to ql(1)+q2,e(l)+q2,f(1) = b. o

The next two lemmas are useful for the case where ni > klogn and Algorithm 6

does not exhaust the capacity, i.e., qi(1) + q2,e(1) + q2,f(1) < b. In this case, all class-

1 customers are accepted. Therefore, the ratio between NADP(I) and OPT can be

expressed as:

NADP(I) _ ni +a [q2,e(1)+ q2,f(1)]

OPT n1 + a min{n2, (b - nl)}
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The only "mistakes" that the algorithm may make is to reject too many class-2

customers. The following lemma establishes a lower bound on the number of accepted

class-2 customers:

Lemma 4.4.4. Under event 8, if n1 > , log n and q1(1) + q2,e(1) + q2,f() < b, then one of

the following conditions hold:

1. q2,e(1) + q 2,f() = n2,

2. q2,f(1) = L bJ and n1 > bp - 3A, or

3. q2,f(l) = LObJ, ni bp - 3A, and q2,e(1) > (p(ni + n2 ) - ni - 5A)+.

Proof First note that q2,f(1) < L~bJ means that Algorithm 6 never rejects a class-

2 customers. This implies that q2,e(1) + q2,f(1) = n2. Now suppose q2,f(1) = L~bJ. If

n, > bp - 3A, then the second condition holds. The most interesting case is when

q2,f(l) = Ob, and n, bp - 3A.

Now we consider the case where q2,f(1) = Ob, and n, bp - 3A. In this case,

without loss of generality, we can assume n, + n 2  b. Otherwise, we consider an

alternative adversarial instance I' that keeps the values of arbitrary b - ni class-2

customers in I' but modifies the values of all other class-2 customers in I' to 0's. In

the following we show that, with the same realization of the Unfollower group and

random permutation, for any A, the value of q2,e(A) corresponding to I' (denoted by

q2,e(A, I)) is not smaller than that corresponding to I' (denoted by q2,e(A, I)), that is, for

all A,

q2,e(A, I) > q2,e(A,I).

To see this, we use induction. The A = 0 case is trivial. At time A, if q2,e(A,I) =

q2 ,e(A - 1/n, I), then we are done. Otherwise, q 2,e(A, I) = q 2 ,e(A - 1/n, I) + 1. This implies

that a class-2 customer arrives at time A in I, and thus also in I. If q2 ,e(A, I) = q2 ,e(A -

1/n, I) + 1, then we are done. Otherwise, under customer arrival sequence I, we do not

accept the class-2 customer at time A, which means that o1 (A)+q2,e(A, I) = Apb. Because
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o1(A) + q2 ,e(A, I) Apb, we conclude q2,e(A, I) q2,e(A, I), which concludes the induction.

Thus, without loss of generality, we assume ni + n2  b.

In order to apply Inequalities (4.21a) and (4.21b), we need n2  2 . Because

n2 Ob, n2 > p holds if

k log n
b 2 (4.26)

which is given by (4.24) and

k' <i 1/ Vk. (4.27)

We first show that, for any A that satisfies the following condition:

ol(A) + of'(A) - or,() Apb for all A A, (4.28)

the following inequalities hold:

q2,e(A) oj'(A) - o2'(A) for all A A.

We prove that (4.28) implies (4.29) by induction on A. The base case A = A is trivial. At

time A > A, if the arriving customer is not a class-2 Unfollower, then o'(A) = ol(A -1/n)

but q2,e(A) q2,e(A - 1/n), so we are done. Else, the customer is a class-2 Unfollower,

then o(A) = o'(A - 1/n) + 1. Now if this customer is accepted, then both sides of

(4.29) are increased by one, so we are done. Otherwise, the customers is not accepted,

which implies we have reached the threshold, and therefore oi(A)+q 2,e(A) = Apb, which,

combined with (4.28), implies (4.29).
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Here we find a sufficient condition of A for Condition (4.28) to hold.

01(A) + or,(A) - on'(A) Apnj + (1 - p)qi(A) + A + Apn 2 + A - (Apn2 - A)

Apn1 + (1 - p)ni + (A - A)pn 2 + 3A

= Xpnj + (1 - p)ni + (A - A)p(n, + n2 ) + 3A

Apn1 + (1 - p)nl + (A - A)pb + 3A.

((4.20a), (4.21b))

(q1(A) n1 )

(n, + n2 b)

As a result, Condition (4.28) holds if Apni + (1 - p)ni + 3A < Apb. Thus, defining

n1(1 - p) + 3A
p(b - n1 )

(note that A 1 when nj bp - 3A) and using (4.29) with A = 1, we have the bound:

q2,e(1) >o(1) - o2'(A)

pn2 - A - (Apn 2 + A)

((4.29))

((4.21b))

pn2 - (n1(1 - p) + 3A) - 2A (b - ni n2 )

=p(n1 + n2 ) - ni - 5A.

01

Using Lemma 4.4.4 and we show the following lemma:

Lemma 4.4.5. Under event 8, if n1 log n and q1(1) + q2,e(1) + q2,f() < b, then

NADP(I)
OPT

>P+1 - P
2 - a

5A
eb'

Proof We consider three cases of Lemma 4.4.4 separately.

1. q2,e(1) + q2,f() = n:

Algorithm 6 accepts all customers and hence achieves the optimal revenue.
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2. q2,f(i) = [Gbj and ni > bp - 3A:

NADP(I) n1 + aOb and OPT ab + n1(1 - a). Therefore,

NADP(I) >
OPT -

n1 +aOb
ab+n1(1 -a)'

which is increasing in ni, so the ratio is minimized at ni = bp - 3A, which is a

special case of the third case.

3. q2,f(i) = LObj, n1  bp - 3A, and q2,e(1) > (p(n, + n2 ) - ni - 5A)+:

NADP(I) >nj + a(p(n, + n2) - ni - 5A + Ob)

>ni + a(p(ni + n2) - ni - 5A + 0(n, + n2))

=n1 (1 - a + pa + Oa) + n2 (p+ O)a - 5Aa

>n1((i - a)(p + 0) + a(p + 0)) + n2 (p + 0)a - 5Aa

=(p + 0)(n, + n2a) - 5Aa > (p + 0)OPT - 5Aa

=( + P)OPT -5Aa.

NADP(I) ! +
OPT

1-p
2-a

5Aa
Oba

i-p
p+ 2-a

(b > ni + n2 )

(p + 0 1)

(p + 0 = p + iP)
2- a

5A
Ob

0

The last two lemmas are useful for the case ni < - log n:

Lemma 4.4.6. Under event e, if n1 < ' log n, then one of the following conditions hold:

1. q,(1) + q2,e(1) + q2,f(1) = b,

2. qi(1) = nj and q2,e(i)+ q2,f(i) = n2, or

3. qj(1) = ni, q2,f(l) = LbJ and q2,e(i) pn2 - I log n - 4A.
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Proof. Clearly, either case 1 happens or q1(1) = n1. Below we consider the cases where

q1(1) = n1 . If q2,f < Ob, then we do not reject any class-2 customer, and thus case 2

happens. The interesting case is when q2,f = 6b. In this case, we know n2  Ob. As a

result, (4.26) implies we can use (4.21b).

Following the discussion in the proof of Lemma 4.4.4, we assume, without loss of

generality, n1 + n2 5 b. For a A satisfying Condition (4.28), Inequality 4.29 holds. Here

we find a sufficient condition of A for Condition (4.28) to hold.

oi(A) + oj(A) - or,(A) < k log n + Apn2 + A - (Apn 2 - A) (oi(A) ni < - log n, (4.21b))
p p
k

= k log n + (A - A)pn2 + 2A
p

k 
-log n + (A -A)pb+ 2A (n1 + n2 5 b).

As a result, Condition (4.28) hold if

k log n + (A - A)pb + 2A Apb,

which can be achieved when

2 log n + 2A
pb

If A < 1, then

q2,f(1) >o,'(1) - or'(A) (Inequality 4.29)

>pn2 - A - (Apn2 + A) ((4.26) and (4.21b))

I logn + 2A
>pn2- ( klog n + 2A) - 2A (=)

ppn2

=pn2 - k log n - 4A.
p
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If A > 1, then

pn2 - k log n - 4A =pn2 - (k log n + 2A) - 2A
p

<pn2 - pb - 2A < p(n2 - b) < 0 (A > 1,n2 b)

q2,f(1).

0

Using Lemma 4.4.6 and basic algebra we show the following lemma:

Lemma 4.4.7. Under event 8, if n1 < -. log n, then

NADP(I)
OPT

ni + a [q2,e(1) + q2,f(1)]

n1 + a min{n2 ,(b - n1 )}
> min p + a-

- 2 - a

log n
abab '

1 -p
+

2 -a

-logn + 4A

Ob

Proof Following the discussion in the proof of Lemma 4.4.4, we assume, without loss

of generality, ni + n2  b. We consider three cases in Lemma 4.4.6 separately.

If case 1 in Lemma 4.4.6 happens, then NADP(I) + ni > OPT and OPT ab. As a

result,

NADP(I)
OPT

n1 L log n i-p log n

OPT ab p+ 2 -a ab

If case 2 in Lemma 4.4.6 happens, then NADP(I) = OPT, and we are done.

If case 3 happens, then

NADP(I) > n1 + pn2

i-p
2 - a

a log n + 4A)

OPT

Ob a.

(p + 1-2)n2 and OPT = ni + an2 > aOb,

1-p -logn+4A
P 2 - a Ob

(4.30)
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Because ni (p + 1P) nj, pn2 + Ob > (p + O)n2 =

we have

NADP(I)
OPT



0

With the lemmas above, we are ready to prove Theorem 4.4.1, which we reiterate

as follow:

Theorem 4.4.1 . For p e (0,1), the competitive ratio of Algorithm 6 is at least p+ -

g _ in the partially-learnable model.

Proof. First, we need to check Condition (4.23), that is,

(4.23), we have a(1 p > > . In addition,
and . In addition, a(l-p)pand

< 1 VL o chen
Sa(1-p)p b . To check

bl n is implied by (4.24)

k' E. (4.31)

Therefore, Condition (4.23) holds. As a result, the event 8 is well defined and P (8) >

1 - e. As a result, we know

[NADP(I)
E OPT ] E ADP(I) 1 P (8)+E

IOPT IBP()+E INADP(I)
OPT ]

SADP(I)1 -
OPTI

Therefore, it is sufficient to prove that under event 8,

NADP(I) 1-p -- p
OPT 2 - a 2 - a

1 logn
a(1 -p)p b

Lemmas 4.4.3, 4.4.5, and 4.4.7 discuss all possible values of ni and realizations of I un-

der event 8, and thus it is sufficient to prove = 1 o ,A ( 1

lo2 lo gn

0(a(1-ip) p FO and (b o = 0

It is easy to prove (1-a)A = 0 (1 T)p and = 0 1eb ( a(l-p)p
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~log =o lo n~~wf
To prove =b 0 , we first note that (4.24) and

k' < 1.

implies log n a2 2b, and thus log n = og n logn ap Vblog n. As a result,

k logn k blogn

ab b

-Ok 1 logn
a(l - p)p b

(log n & ap blog n)

(0<p <1 anda <1)

Similarly, to prove - , we first note that (4.24) and (4.32)

implies log n bp2 , and thus log n = log n log n p Vblogn. As a result,

kblogn+4a blogn

Ob

< k + 4a ogn
pa b

(logn p blogn and A = a blogn)

(p < 1 and 0 > a)

5(k + 4a) (1 p ogsqrt n

=0 og n
a(l - p)p F!b

Remark 4.4.8. Note that even though p + 1 is the convex combination of the worst-

case bound of [16] and the average-case one of [83], it cannot be achieved by simply

randomizing between these two algorithms. Suppose we flip a coin with probability p

follow the algorithm of [83] (or any others like [2]) and with probability 1 - p follow

the fixed threshold algorithm of [16]. This will not result in a p + 1-P competitive2-a
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algorithm, because as shown in Section 4.6.1, under partially-learnable model the

learning based algorithms do not generate almost optimal revenue.

Remark 4.4.9. Our competitive analysis of Algorithm 6 is tight. There exists an

instance for which Algorithm 6 can only attain a __ + p fraction of the offline solution:

Suppose b = n and all customers belong to class-2. The revenue of the optimal offline

algorithm is ab. On the other hand, if we employ Algorithm 6, at the end we will have

qi = 0, q2,e pb and q2f Ob. This results in a revenue of at most a(p + 6)b.

4.5 The Adaptive Algorithm

In the design of Algorithm 6, we use the observation that in the partially learnable

model, the demand has a "smooth" component. As noted in Remark 4.4.8, when ca-

pacity b is small compared to the horizon n, the competitive ratio of p + L is in fact2-a

the best possible, and it can be achieved with our non-adaptive algorithm. Therefore,

in this regime, learning from data would not help to improve the performance. More

precisely, when b = o( VrWp) there is not enough time for learning; the adversary can

mislead us to allocate all the capacity before seeing enough of the data. However, as

b becomes larger, we will have more chance to observe and learn from the data before

allocating a significant part of the inventory. In this section, we design an adaptive

algorithm which achieves a better competitive ratio for large enough b/n.

In Section 4.5.1, we describe the algorithm. In Section 4.5.2, we analyze the com-

petitive ratio of the proposed algorithm.

4.5.1 The Algorithm

In this section, we describe the Adaptive Algorithm (ADPC, c e [0,1]), where c is the

"targeted" competitive ratio of the algorithm. We discuss the range of c for which the

competitive ratio of ADPc is close to c in the analysis.
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We call this algorithm the adaptive algorithm because it repeatedly computes up-

per bounds on the total number of class-1/-2 customers based on the observed data,

and uses these upper bounds to decide whether to accept an arriving class-2 customer

or not. Before proceeding with the algorithm, we first present the upper bounds based

on the estimation (4.4):

Lemma 4.5.1. If for some A and I, the estimation (4.4) holds with equality for both

o1 (A) and o2 (A), then

S 1mino(A) o1(A) + (1 - A)(1 - p)n
Ap' 1-p+Ap

. ol(A) + 02 (A) Io(A) + o2(A) + (1 - A)(1 - p)n(43
Ap 1-p+ Ap

Proof Note that (4.33b) and (4.33a) are symmetric and hence it is sufficient to derive

(4.33a). The simple inequality i 1 (A) 0 and (4.4) imply that n, (A. Furthermore, in

the adversarial customer arrival sequence I', the number of class-1 customers arriving

after time A cannot exceed the number of the remaining time slots, i.e., n, - q11(A) <

(1 - A)n. This means i 1 (A) n, - (1 - A)n. Substituting this in (4.4), and rearranging

term we get: n, , o(A)+(-A)(-p)n

Our algorithm calculates upper bounds of n, and n, + n2 based on Lemma 4.5.1.

Since the effect of approximation error is particularly significant for small A, for small

A, instead of using the upper bounds suggested by Lemma 4.5.1, we use a naive bound

of b. To be precise, we say that A is too small when A < 6 = (1-)b. We denote ul(A)

and u1,2(A) the upper bounds of n, and n, + n2 calculated at time A, and define, for all
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A = 0,1/n, 2/n, ... ,1,

( b if A < 6 (no enough data to learn).

min 4, "A)/( -A)(1 if / > 6.AP 1-p+Ap

U1,2(A) a b 0(if 
A < 6 (no enough data to learn).

min Ap ' 1-p+Ap ifA>6.

Note that ul(A) and u1,2 (A) are functions of the observed data o1(A) and o 2(A) and hence

are random variables. Despite that u1 (A) and u 1,2 (A) are not necessarily always valid

upper bounds of ni and n, + n2, as we will see in the analysis, they are good enough

to provide strong competitive ratio. In the design of our algorithm, we view ul(A) and

u1,2 (A) as valid upper bounds of n, and n, + n2 .

Having defined ui(A) and u1,2 (A), now we describe how the adaptive algorithm de-

termines whether to accept an arriving class-2 customer when there is remaining

resource. In the following, qj(A), j = 1,2, represents the number of class-j customers

accepted by the algorithm by time A.

If u1,2 (A) < b, then we accept the customer, because if n, + n2 5 u1,2(A), then we will

have extra capacity at the end.

On the other hand if u1,2 (A) b, we may want to reject this customer to reserve

capacity for a future class-1 customer. The decision of whether to accept the customer

is based on the following two observations:

Observation 4.5.2. If ui(A) > n1, then

OPT 5 min{ni, b} + a(b - nl)* = (1 - a) min{nl, b} + ab min{ul(A), b}(1 - a) + ab.

Observation 4.5.3. If we accept the current class-2 customer, then the maximum rev-

enue we can get is (b - (q2 (A - 1/n) + 1)) + a (q2 (A - 1/n) + 1).

In order to have a competitive ratio of at least c, Observations 4.5.2 and 4.5.3
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motivate us to accept the class-2 customer only if

(b - (q 2 (A - 1/n) + 1)) + a (q 2 (A - 1/n) + 1)
min{ui(A), b)(1 - a) + ab -

(4.34)

After rearranging terms, we get the following threshold for accepting the class-2 cus-

tomer:

q2(A - 1/n) + 1 5 -b + c (b - ul (A))+ .
I - a

(4.35)

In summary, when u1 2(A) > b, we use Condition (4.35) to accept/reject a class-2 cus-

tomer. For notational convenience, we define H = 2. Note that db is the lowest

threshold for accepting a class-2 customer.

The formal definition of our algorithm is presented in Algorithm 7. Note that in

Algorithm 7, we represent the number of accepted customer in class-j so far as q;

(instead of q;(A)).
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Algorithm 7 Online Adaptive Algorithm (ADP,).

1. Initialize q1, q2 +- 0, and define p = , and 6 e .1-a n

2. Repeat for time A = 1/n,2/n,...,1:

(a) Calculate upper bounds for n, and n, + n2 :

ul (A) A- b if A < 6 (no enough data to learn).
ui(A) o14+1A(-~

{minAp / 1-p+Ap i

Ui,2(A) a b oAif A < 6 (no enough data to learn).
ui,2(A) ~min {1(A)+o2(A) o (A)+o2(A)+(1-A)(1-p)n}ifA6

mn Ap ' 1-p+Ap ) fA :6

(b) Accept the customer i(= An) arriving at time A if there is remaining capacity

and one of the following conditions holds:

i. vi = 1; update q1 <-- qi + 1.

ii. vi = a and ui,2(A) < b; update q2 -- q2 + 1.

iii. vi = a and q2 < Lpb + c (b - ui(A))+J; update q2 <- q2 + 1.

We prioritize the second condition if both the second and the third ones

hold.

Recall that our algorithm is parameterized by the targeted competitive ratio c.

Note that the right hand side of (4.35) can be expressed as -b - c - (b - ul(A)),

which is decreasing in c. Therefore, when c is too large, we may reject too many class-2

customers and thus the algorithm may not achieve the targed competitive ratio.

The valid range of c is related to the mathematical program presented in MP1.

Denote c' the optimal objective value of MP1. To obtain a good competitive ratio, we

should choose c : c*.
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Minimize c
(A,n1,n2,q1,q2,C)ER6

subject to
a(n2 - 52 + I)+ ni

a min{n, + n2, b} + (1 - a)ni + 2b + a min{a1 , b}

U1 ,2 ;> b

A: 1 (4.36c) q1 + q2 An (4.36d) T1 n, (4.36e)

n1  b (4.36g) n, + n2  n (4.36h) ni + n2 5 1 + q2 +

where 51 a (1 - p)q1 + pn1A, 02 (1 - p)12 + pn2A, a1  min{ ,
{0+2 m1+n2+(1-A)(1-p) .

mm1, M Ap ' (1-p+Ap)

L - A)n (4.36i)

S "+(1-A)(1-p)n and(I1-p+Ap) 1

Before proceeding to the analysis of Algorithm 7, we evaluate the solution of MP1.

First, we solve MP1 numerically for the regime where b = O(n), and show that

if b/n > 0.5 then Algorithm 7 achieves a better competitive ratio compared to Algo-

rithm 6. In Figure 4-2, we fix a = 0.5,0.7, and plot c* for p = 0.05,0.1,...,0/95 for

___b/n=0.9

- ,, - bln=0.7
- b/n=0.5
-- Algorithm 6

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

a = 0.50

0.95

0.90

,20.85

0.80 4

0.75
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

a = 0.70

Figure 4-2: Solution of MP1 vs. p for a = 0.50 and 0.70

three cases of b/n = 0.9, 0.7, and 0.5. As the figure illustrates, for every p, the so-
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lution c* increases as b/n ratio becomes larger. This increase is more significant for

small probabilities. This highlights the power of adaptive (even partially) learning:

consider a = 0.7, b = 0.7n and p = 0.2; this means 80% of the demand follow the ad-

versarial order, i.e., we can only learn from 20% of the data. Our adaptive algorithm

guarantees 10% more revenue than the non-adaptive algorithm does.

Finally note that as the capacity b becomes larger (for a fixed time horizon n), the

power of adversary naturally reduces. Our adaptive algorithm takes advantage of this

limiting phenomenon, and provides better competitive ratios for larger capacities. In

contrast, the non-adaptive is ignorant of this phenomenon.

In addition, in the next proposition, we find lower bounds on c*, the optimal objec-

tive value of MP1:

Proposition 4.5.4. For any b 5 n, we have: c* > p + -. Further, if b = n, then c* = 1.

Proof case b # n:

For proving this case, we can relax some of the constraints and only keeps Con-

straints (4.36a) (4.36c), (4.36e), (4.36f) and show that for every point in this superset

of the feasibility region, c p + 1_'

We first notice that, for fixed n, and n2 , the right hand side of Constraint (4.36a) is

non-increasing in each of t1 and 52, and hence non-increasing in each of T1 and n2. By

using Constraints (4.36e) and (4.36f), we can obtain upper bounds 51 (1 - p + Ap)ni

and 52 (1-p+Ap)n2 . With these upper bounds and the fact ai 0, Constraint (4.36a)

gives:

a(n2 - (1 - p + pA)n2 + -) + ni
C > 1a (-~An

a min{n1 + n2, b} + (1 - a)ni + 2b + a min (1- "', b}

which, after rearranging terms, leads to

an2p(1  - A) + -a + niC > 1-a .(4.37)
a minln2, b - n1} + n, + A-- + a min J(L + 1) ni, b)

206



We focus on lower bounding the right hand side of (4.37). When n2 ;> b - ni, the right

hand side of (4.37) is non-decreasing in n2 because the denominator remains the same

while the numerator is non-decreasing when n2 increases (due to Constraint (4.36c)).

Therefore, for the sake of obtaining a lower bound, we can assume, without loss of

generality,

n2  b - n1 . (4.38)

With (4.38), the right hand side of (4.37) can be written as

an2P(1 - A) + fb + ni .(1 - p)nl
I-aif A:5 (4.39a)

an2 + ni + 2 + ab p(b - nj)'

an2p(1 - A) + - b + ni . (1 - p)nl1-a if A > .~ n) (4.39b)
an2 + ni + Ll + a ( ,9P + 1) n, ~ 1

We prove expressions (4.39a) and (4.39b) being at least p + 1 separately.

We first prove that expression (4.39a) is at least p + L. Because (4.39a) is non-

increasing in A, we only need to prove for the case A = _'-" . With this, quantity

(4.39a) can be rearranged as

1 -- ~n_an2 (i-p + ~1p~b$n;p)

aan2+ ni+n '

which, for fixed ni and n2 , is non-decreasing in b. Therefore, according to (4.38), we

only need to consider the case b = nj + n2 (in the degenerated case nj = n2 = 0, the

above quantity is 1, which is greater than p + }-P, so we can assume, without loss of

generality, ni + n2 > 0), in which case, the above quantity equals to

a(1 - p)(n1 + n2 )

an2 + ni + a(nl+n2)
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which is at least

a(1 - p)(ni + n2 ) 1 - p + -p

an2 + an, + a(n +n2) + 2 - a

Thus, we are done proving that (4.39a) is at least p + .

Due to Constraint (4.36c), case (4.39b) only happens when (1 p)n < 1, or equiva-p(b-ni)

lently,

b > n. (4.40)
p

Proving (4.39b) being at least p + 1 is trickier because both the numerator and de-

nominator decrease in A. To address this issue, we express what we need to prove as

follow,

an2p(i - A) + a + ni > (p + (an2+ni + ab+ a + ni),1 -a 2 -a 1 -a AP

which is equivalent to

an2P + + n > p + (an2+ n1+ + a + + 1 ni + an2pA. (4.41)
1-a 2-a 1 -a Ap

The left hand side of statement (4.41) is not a function of A while the right hand side

of (4.41) is a function of A of the form

xA + + Z (4.42)
A+

where x, y, z are non-negative constants. Clearly, the second derivative of (4.42) (over

A), -, is non-negative for A c [(b;1', I. As a result, (4.42) is convex and is maximized

at extreme values of A, which in our case is at either A = (1-p)n or A = 1. Therefore,

we only need to prove statement (4.41) at these extreme two values of A. The former

case, A = (1"p)n is covered in (4.39a). Thus, we only need to prove (4.41) for A = 1.
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When A = 1, (4.41) can easily be rearranged as

ab 1 -p 0.anab+ni- p+ an2+ n1+ a2b+ an, 0.
1-a 2-a)( 1-a P

Because the left hand side of the inequality above is a decreasing function of n2 , us-

ing (4.38), we only need to prove that the inequality holds when n2 = b - ni, which is

equivalent to

a+ni- p+ a(b-n1)+n1+ a + 0.
a - a 2-a)( 1- a p

By separating terms associated with ni and b, and using

+ 1-p) (1-p)(1-a)
-P2-a 2- a '

the above inequality is equivalent to

a( - p) b+(1 -p)(1 -a) 1-p -a(1-p) 0
2-a 2-a 2  )-)a p

Using the lower bound of b given by (4.40), and then dividing (1- p)nl on both sides (in

the degenerated case where (1 - p)nl = 0, both sides are 0 so we are done), the above

inequality is implied by

a 1-a (1-p pa)
(2-a)p 2-a 2-ap

Canceling the two terms involving 1/p, the above inequality is equivalent to

(1 - a)2

2-a 0,

so we are done.

case b = n:

Now let us prove the b = n case. For proving this case, we can relax some of the
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constraints and only keeps Constraints (4.36a), (4.36c), (4.36d) and (4.36h) and show

that for every point in this superset of the feasibility region, c 1.

According to Constraint (4.36a) and using a min{n1 + n2, b} + (1 - a)nl = a min{n2, b -

n1} + ni, it suffices to prove

a(n2 - j2 + + ni
ab >1

a min{n2, b - n1 } + ni + a + au1

Multiplying both sides by the denominator of the left hand side, using min{n2, b-n1}

n2, subtracting an2+n, on both sides, and dividing both sides by a, the above inequality

is implied by

b ab
-32+ -> -+u 11 - a 1 - a

Subtracting -b on both sides and using t1 ' l- , the above inequality is im-

plied by

b 2-51 + (1 - A)(1 - p)n
(1 - p + Ap)

Multiplying 1-p + Ap on both sides and using b = n, the above inequality is equivalent

to

An -(1 - p + Ap)5 2 > 51.

Due to Constraint (4.36c), 1 - p + Ap 1, and thus the inequality above is implied by

An 52+51,

or equivalently,

An >(1 - P)n2 + pn2 A + (1 - p) l+ pn1 A.
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This follows straightforwardly from Constraints (4.36d) and (4.36h).

4.5.2 Competitive Analysis

In this section we analyze the competitive ratio of Algorithm 7 and prove the following

theorem:

Theorem 4.5.5. For p e (0,1), for any c < c* and c < 1, Algorithm 7 (ADP) is c -

o ((1_2 n) competitive in the partially-learnable model, where c* is the optimal

objective value of MP1.

In addition, we have the following corollary:

Corollary 4.5.6. When c* = 1, the competitive ratio of the Algorithm 7 is 1-0 ( 2 P

for c = 1 - ",b3 n where c* is the optimal objective value of MP1.

Proof Theorem 4.5.5 with c = 1 - 1 proves the corollary.

Theorem 4.5.5 with Proposition 4.5.4 shows that when both b and n go to infinity

with a fixed b/n ratio, our adaptive algorithm outperforms our non-adaptive one.

In Section 4.6.2.1, we present a class of instances for which, under some technical

conditions, no online algorithm can achieve a competitive ratio better than c' (the

solution of MP1) in the asymptotic case where b and n go to infinity with a fixed b/n

ratio.

For proving Theorem 4.5.5, we introduce some notations. First, a, k, and E denote

the corresponding values specified in Lemma 4.3.1. Furthermore, wee define A 4

1________ lg n
a -blog n and e -c)2 apI 2  "" to simplify the notation. When

1
- < e < 7, (4.43)
n
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there is an event with probability at least 1 - e specified by Lemma 4.3.1. We denote

this event by 8. In addition, we define k' min , 1 1 s5When 1ng/2 30

1
2 og n)2 

k IC2p

k', 0 (1C)2ap32 :
3  becomes 0(1) and Theorem 4.5.5 becomes trivial. Therefore, we

assume, without loss of generality, _1n 31  " " < k', or equivalently,

31 n - lo~g n
b > -- (4.44)

k' (1 - C)2ap3/2

Since the value OPT(I) is independent of I, we drop I to simplify the notation. Finally,

for simplicity, we treat the threshold of accepting class-2 customer, qpb + c (b - ui(A))',

to be integers for all A.

The proof of Theorem 4.5.5 requires a series of lemmas. The lemmas are useful for

different values of ni and different realizations of I.

The first series of lemmas are useful for the case where ni > g log n. In this case,

we can apply (4.20a) in Lemma 4.3.1.

First, we modify Lemma 4.5.1 to include the error term and the learning period

_ ( P and obtain the following lemma:

Lemma 4.5.7. Under event 8, if n1 . log n, then for all A,

uiA i i- ~, and (4.45a)
2A

2AU1,2(A) min 1bni + n2 - } (4.45b)

Proof Since Inequalities (4.45a) and (4.45b) are symmetric, it is sufficient to prove

Inequality (4.45a).

When A < 6, ul(A) L b, and thus (4.45a) trivially holds. The more interesting case

is when A 6.

Without loss of generality, we assume ni b + 2 Otherwise, under the same

5The definition of k' is motivated by (4.46), (4.59), (4.60), and (4.61).
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realization of the Unfollower group and the random permutation, the number of ob-

served class-1 customers is at least the number in the case where we consider only

an arbitrary subset of b + 2 class-1 customers in the original adversarial sequence I'.

Therefore, we still get a valid lower bound on o0(A) (and hence ui(A)) when we assume

ni  b + Note that we can apply Inequality (4.20a) to those b + ! class-1. Note that

6 - 'b - (1-c)b > (1-c)b and (4.44) andn (1-a)n - n

3
k' 2 (4.46)

give

A 3- < -b.
6p - 2

(4.47)

Therefore, n, b + - < 4b, and thus Inequality (4.20a) implies oi(A) 5 1(A) -

a fn i log n 51(A) - a V4blogn = 51(A) - 2A. As a result,

. oi(A) o1(A) + (1 - A)(1 - p)n
u1(A)=mmi,

Ap 1-p+Ap

> min 51(A) - 2A 51(A) - 2A + (1 - A)(1 - p)n
Ap 1 - p + Ap

{ 2A 2A 2A
>ni - max -= ni -

-Ap' - P + AP Ap
2A

fnl - .
6p

(o1 (A) > 51(A) - 2A)

(Lemma 4.5.1)

(A > 6)

The next two lemmas are useful for the case where ni -. log n and the realization

of I such that Algorithm 7 exhausts the capacity, i.e., qi(1) + q2(1) = b.

Note that it is possible that u1,2 (A) < b but n, + n2 > b, which misleads us to accept

a class-2 customer which we should have rejected. In the following lemma, using
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Lemma 4.5.7, we show that this does not happen when ni + n2 > b + L:6p

Lemma 4.5.8. Under event 8, if n1 - -log n, then one of the following conditions

holds:

1. n1 +n 2  b + -, or65p

2. n1 + n2 > b+ 2 and q2(1) 1 b+c (b - n)+ + c .

Proof The only interesting case is when nj + n2 > b + g. If q2(1) = 0, then we are

done. Otherwise, let A be the last time we accept a class-2 customer. By Lemma 4.5.7,

u 1,2 (A) min {b, ni + n2 - = b. Therefore, according to the definition of A, Condi-

tion (4.35) must be satisfied. Thus,

q2(1) =q2(X)

<1 C b + c (b - u(A))+
1-a

1 -c 2A
< 1  b + c(b - nl) + c .

1 - a 6P

(Condition (4.35))

(Lemma 4.5.7)

0

Using the Lemma 4.5.8, we find a lower bound on the competitive ratio:

Lemma 4.5.9. Under event 8, if ni > - log n and q,(1) + q2(1) = b, then

ADPc(I) 2A
OPT - ab6p

Proof We consider the two cases of Lemma 4.5.8 separately.
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For the first case, ni + n2  b + Z, we note that

OPT n1 + n2a

A(p 2A

<ADPe(I) +

(n, + n2  b + 2A
6p

n2) +n 2a

2A

6p
(ADPe(I) > (b - n2)+ an2 )

Therefore,

ADPJ(I)
ADP(I) + A-

2A
-1 >

ADPJ(I) -

ADP(I) -2A

ADPJ(I)

2A
a > C -

2A
ab6p.

(ADPe(I) > ab)

For the second case, n, + n 2 > b + - and q2(1) 5 b + c (b - n1)* + c!, we have

b - (1 -a)q2(1)
OPT

b- (1 -a)(j-b+c(b - n) + c)

OPT

c(b - (1 - a)(b - nl)*) _ 1-a)c ',
OPT OPT

(1 - a)c2
>c - OPT

(q,(1) + q2(1) = b)

(Lemma 4.5.8)

2(1 - a)cA
ab6p

> C -
2A

abbp

(OPT 5 b - (1 -a)(b - n1)*)

(OPT >: ab)

0

Now we consider the case where Algorithm 7 does not exhaust the capacity, i.e.,

q1(1) + q2(1) < b.

First note that in this case OPT = n, + a min{b - ni, n2}. Also, in this case, we accept

all class-1 customers. Therefore, q1(1) = n1. In order to bound the competitive ratio,

we only need to show that we do not reject too many class-2 customers, i.e., q2(1) is
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large enough. Note that if for all A, condition (4.35) holds then all class-2 customers

are accepted, and we have q2(1) = n2. This implies that ADP(I) = OPT, and we are

done. The more interesting case is when there exists at least one time step, for which

condition (4.35) is violated. Let A be the last time that we reject a class-2 customer.

This means that at time A, we have:

U1,2(X) > b, (4.48) q2(A) b + c (b - u(A)). (4.49)
1 - a

This also the following lower bound on the number of accepted class-2 customers:

q2(1) = q 2 (1) + [n2 - 02 ()] > b + c (b - ui(A))* + [n2 - 02 (/)] (4.50)
-- a

Therefore, when ql(1) + q2(1) < b,

ADP(I) ni + a (--b + c (b - ui(A))+ + [n2 - 0 2(X)])
OPT -n + a min{b - nl, n2 }

Re-arranging terms, the right hand side of (4.51) being smaller or equal to c is equiv-

alent to:

a(n2 - 02(A) +-L) + ni
C > _a . (4.52)

a min{n + n2, b} + (1 - a)ni + 1 + a min{ui(A), b}

The rest of the analysis is related to MP1. Note that the tuple (A, n1 , n2 , q1(A), q 2(A), c)

satisfies Constraints (4.36c)-(4.36i). Now we explain how we construct MP1 by consid-

ering the special case where (o 1(A), 02(A)) = (j1(A), 52(A)). In this case, Constraint (4.36b)

is satisfied due to (4.48). Therefore, if c < c* (the optimal objective value of MP1), then

the tuple (A, ni, n2 , I1(A), q2 (A), c) is not in the feasible set of MP1, and hence Con-

straint (4.36a) is violated, which means (4.52) is violated and hence due to (4.51),
ADPc r
OPT
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However, in general, due to the difference between (01(), 02 (0)) and (31 (A), 2 (X)),

Constraint (4.36b) might be violated (even though (4.48) is satisfied) and violating

Constraint (4.36a) does not imply violating (4.52). To partially address these is-

sues, in the following lemma, we give a slightly modified tuple that satisfies Con-

straints (4.36b)-(4.36i):

Lemma 4.5.10. Under event 8, if n1 > log n, then the tuple (A', n', n', ', 1, c') e

( n1 , n2 + , 171(A), q2 (A) + 4, c) satisfies Constraints (4.36b)-(4.36i), where

0 if ni + n2>2 b,

min in - (ni + n2), ifn+n2 <b;

f0 if 1 + n2> b,

min {E, An - (n1(A) + n2(A))} if ni + n2 < b.

Proof Let us define 5', 5, R' and a' to be the values of 1, 52 , iland f,2 corresponding

to the modified tuple (A', n', n, '1, q', c').

It is easy to check that (A', n', n', i', q', c') satisfies Constraints (4.36c)-(4.36i). The

interesting part is to show that it satisfies Constraint (4.36b). When ni + n2 b, we

can prove it directly from Lemma 4.5.1 (since a' > n' + n' = n, + n2 b). Below we

consider the case ni + n2 < b.

For the case n1 + n2 < b, we prove R' 2 > b by showing R' _ > u1, 2(A) (because we have

(4.48)).

Recall that we reject a customer at time A and that the threshold of rejecting a

customer is at least 4pb, we have An > 02(A) pb. This gives

A = 6 (4.53)
n

(which we will show at the end of the proof). Then, R' 2 > u,(A) is equivalent to

d' + 5 o1(A)+02(A). We prove this by breaing down into two cases based on the value
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of . For the first case, E = n - (n, + n2 ), we have n' + n' = n and r' + i' = An, and thus

1 + 5'= An 010() + 02 (A). For the second case, = -, we have

j' + 5' =A'pn' + (1 - p)r' + A'pn' + (1 - p)q'

An An-
>XApn1 + (1 - p)RI + Ap(n2 + An ) + (--p)R2 (p A ,p 0)

pbp pbp

=51(A) + 52(A) + -A > 51(A) + 52(A) + A ((4.53))
Ob

>o1 (A) + o2(A) ((4.20b))

Using the tuple (A',n, n', ni, ,c') of MP1 given in Lemma 4.5.10, we show the

following lemma:

Lemma 4.5.11. Under event 8, if nj > log n and q,(1) + q2(1) < b, then

ADP(I) 4An
OPT - 2b2p

Proof We first show that, for all c 5 c*, Constraint (4.36a) (same as (4.52)) is either

violated or holds with equality. First, we note that, for all real number x, the tuple

(A',n',ng, ', ix) satisfies Constraints (4.36b)-(4.36i) because those constraints are

not related to the last element in the tuple. For all x < c', (A', n', nf, 17', q', x) is not

in the feasible set of MP1, and hence Constraint (4.36a) is violated. Taking the limit

x -> c, Constraint (4.36a) is either violated or hold with equality. This means, for

ADPc (with any c c*),

a(n' - j2' + -)+ n'
S-a(4.54)

a minn' + n', b} + (1 - a)n' + -b + a min{il, b}

After rearranging terms (similar to that Inequality (4.52) is equivalent to the right
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hand side of (4.51) being smaller than or equal to c), (4.54) is equivalent to

n' + a L-b + c +b-n') + [n' - 5']
/ c. (4.55)

n' +amin{b - n1,n'

We want to compare the right hand side of (4.51) with the left hand side of (4.55).

First, we compare (b -') with (b - u1(A))+ and show

(b - ') < (b - u1(A))+ . (4.56)

Recall that we do not exhaust the capacity, and thus n, < b. Therefore, according to

(4.20a), 5' = 51 (A) o1 (A) - A. Combining this and using an argument similar to the

proof of Lemma 4.5.7,

in 51 1 + (1 - A')(1 - p)n
'IA'p 1 - p + Ap

=min 51(A) 51 (A) + (1 - A)(1 - p)n

Ap 1-p+ p

{o1(A) - A o1(A) - A + (1 - /)(1 - p)n
> min _ ,(5', > 01(A) - A

Ap1- p + Ap

>u1(A) - max -,=u(}) - -A
-p 1-p+ p Ap

U1 (A) - An ((4.48))
pbp

Now we compare ' with o2(A) and obtain

5' 02(/) - 2A. (4.57)

We first show that, we can assume, without loss of generality, pb < n2  b + 1. To

see this, we note that when q1(1) + q2(1) < b, q1(1) = n1 . Therefore, the only "mistakes"

that the algorithm may make is to reject too many class-2 customers. When n2  4b,

we never reject a class-2 customer and so q2(1) = n2 and ADP(I) = OPT. For proving
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the upper bound on n2,we first note that, clearly, if n2 > b + -, decreasing n2 to b6+

(while fixing n1) does not modify the optimal revenue OPT. Using Lemma 4.5.7, we

know that, when n2  b + , u1 2 (A) > n1 + n2 - b. Therefore, we accept a class-

2 customer arriving at time A only if the number of customer accepted so far does

not reach the dynamic threshold that depends only on 01 (A) but not o2(A). Thus, we

can apply the argument in the proof of Lemma 4.4.4 to show that when n2 increases,

because there are more class-2 customers, we will accept more class-2 customers.

Note that we can apply Inequalities (4.21a) if n 2 ! k l9, which, due to n2 > pb, is

implied by

kpb > - log n. (4.58)
p

Inequality (4.44) and

k' -(4.59)

implies
b b2 1 -logn > log n
b -n k' (1- c) 2a2 p3/ 2  pV1 - C'

This, together with qp = - > 1 - c, gives (4.58). Using (4.47), n2  b + 2 < 4b.

Therefore, 5 0, d' 0 and Inequality (4.21a) give,

2 62() 0 2 (!)- a ni log n > o 2 (A)- a 4blog n= o 2(A) - 2A.
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At last, we obtain

n' + a 1-b + c (b - f' + [n' -,5])

n' + a min{b - n1, n

i +a(-b + c [(b - ui(A)) +An+ [n2 +- 02(A) + 2A])

n, + a min{b - ni, n2}
a(cn + + 2A)

OPT
4aAn

ap2b2 p

ADP(I)
OPT

4An

+02b2p

((4.55))

((4.56),(4.57), n' = n2 + n2 )

(n2 > Ob,A s
An

Obp'

((4.51))

An

pbp

01

The next two lemmas are useful for the case where n, < k log n:

Lemma 4.5.12. Under event 8, if n1 < - log n, then one of the following three condi-

tions holds

1. q 1 (1) + q2 (1)= b;

2. qi(1) = ni and q2(1) = n2; or

3. q,(1) = ni and q2(1) cb.

Proof Note that q1(1) = n1 when q1(1) + q2(1) < b. Therefore, what is remaining is to

show that if q,(1) + q2(1) < b and q2(1) < n2 , then q2(1) cb.

Let A be the last time when a customer is rejected. Then, Similar to earlier dis-
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cussion, Inequalities (4.53) is satisfied. Therefore,

u (A) =min{ oi(A) 01(A) + (1
fAP 1-

01(A)
Ap

< nin
4pbp

n lo gn
< P 2

<pbp

kn log n
4pbp 3

- A)(1- p)n

p+Ap

kn log nAs a result, q2(1) = qpb + c(b - u1(A))+ > (qp + c)b - c ", which is greater

b2 > 1- .lon Using 4p = > 1 - c and Inequality (4.44) and

than cb when

k' <-

b b
b = b > n

>1 n log n
0 (1 - c)4a2p3 >

(4.60)

kn log n
C .

Therefore, b2 > Clog and thus q2(1) > cb.

Using Lemma 4.5.12, we prove the following lemma:

Lemma 4.5.13. Under event 8, if ni < - log n, then ADPC(I) > C
p 2  OPT

Proof We consider each case of Lemma 4.5.12 separately. For the first case, qj(1) +

q2(1) = b, since ni < log n, it is easy to see that

ADPe(I) ab ab - I log n
OPT ab + logn ab

k log n
abp2

which is at least c if b klogn Inequality (4.44) and (4.59) implya(l-C)p2~

b = b b2 1 logn
b - n k' (1 - c) 2a2 p3/ 2

-
logn

p Va(1- c)'
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((4.53) and o1(A) n1 )

k
(n, < - log n)

p 2

we have



and thus b> k-,?: and ADPc(1) 2 C.

For the second and third cases, q2(1) min{n2, b}, we have

ADP(I) n, + c(min{n2, b})a c(ni + min{n2, b}a) cOPT.

0

With the lemmas above, we are ready to prove Theorem 4.5.5, which we reiterate

as follow:

Theorem 4.5.5 . For p E (0,1), for any c c* and c < 1, Algorithm 7 (ADP,) is

C - ( (_ap3/2 'o") competitive in the partially-learnable model, where c* is the

optimal objective value of MP1.

Proof First, we need to check Condition (4.43). We have e = a1232 3g >P
I (1-C) 2ad i n _ "

(1c 2a3 2 n b3 - e< is implied by (4.44) and

/ .1
1n'

k' s5 e. (4.61)

Therefore, Condition (4.43) holds. As a result, the event 8 is well defined and P (8)

1 - e. As a result, we know

E [ADPJ(I) ADPJ(I) ADP(I) ] F (8c) I E ADPe(I) 1] (1-e).
IOPTI

Therefore, it is sufficient to prove that when c c*, under event 8,

ADP(I) (_______ n2 log n
OPT 2 c - O(e)(= c - (1 - c)2ap3/2 b

Lemmas 4.5.9 4.5.11 and 4.5.13 discuss all possible values of n, and realizations of I

under event 8, and thus it is sufficient to prove 2 ( = 0 1c~ap3I2 2 n2 ) and =

01
O((1p)ap3/2 

), which obvious.
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4.6 Model Discussion

In this section, we derive some fundamental properties of our demand model. In

Section 4.6.2 we present upper bounds on competitive ratios achievable by any online

algorithms. In Section 4.6.3, we show how to estimate p from offline data for future

runs of the process. Also, we show how the competitive ratio changes if we slightly

overestimate or underestimate p. Further, in Section 4.6.1, we present a problem

instance in the partially learnable model for which our algorithms outperform the

existing ones.

4.6.1 Comparison with Existing Algorithms

In this section, we show that, if the customers follow our model, then for a certain

class of instances our algorithms have better performance than algorithms designed

for either the worst-case or the random-order model [2, 16, 46].

To see this, we consider the following adversarial instance I' where

a for i:5 b,

0 for b < i < n.

Algorithm Worst-Case [16] Random-Order [2, 46] Algorithm 6 Algorithm 7

Ratio 2; at most p + j(1 - p) p+ '-- 0 1 1og)

Table 4.2: Expected ratios of different algorithms

Table 4.2 states the ratios between the expected revenue of different online algo-

rithms and that of the optimal offline one. As we can see, when b = o(n), for instance I',

our algorithms outperform algorithms designed for the worst-case and the random-

order models. Further, this example shows that, for any p e (0,1), the competitive

ratio of our algorithms are better than existing ones. Hence, if our model describes
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the true demand model, then our algorithms have a better performance guarantees

than the existing ones.

Here we calculate the ratios listed in Table 4.2.

The offline solution is OPT(I) = ab. The algorithm of [16] proposed for the worst-

case model has a fixed threshold of 1b, and hence accepts a total of -b class-2

customers.

The algorithms proposed for the random-order model (e.g., [2, 46]) accept roughly

Ab customers at any time A e [0,1]. As a result, these algorithms accept at most

b 2/n customers up to time A = b/n. According to our model, in the arriving instance

I, there are approximately (1 - b/n)bp customers arriving after time b/n. Therefore,

these algorithms can accept at most roughly b2 /n + (1- b/n)bp class-2 customers, which

corresponds to a ratio of at most p + j(1 - p).

Our Algorithm 6 achieves a ratio of at least the performance guarantee given by

Theorem 4.4.1. Remark 4.4.9 shows that the ratio for this instance is tight (up to

an additive error term of ( 1 The second algorithm accepts all class-

2 customers before time 6 (since we have 6 4p). The algorithm again accepts all

customers for time A > 6 because ul(A) : "(A) = 0. Hence, the adaptive thresholdAp

algorithm will accept all customers and give a ratio of 1.

4.6.2 Upper Bounds

In this section, we present upper bounds on the competitive ratio of any online algo-

rithm under two different regimes of b compared to n.

We start by a warm-up example that illustrates a fundamental limit of any online

algorithm in partially-learnable model. Figure 4-3 shows two instances with 8 arriv-

ing customers. The bottom row shows the sequence that the online algorithm will

see; note that we represent the nodes of the Unfollower group as filled (but the online

algorithm cannot distinguish between the two groups of customers). Suppose b = 4;

In the instance presented on the left, the offline solution rejects all class-2 customers,
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a a 0 a 1 1 1 1 a a 1 a 0 0 0 0

a a 1 0 1 1 a 1 a a 1 0 a 0 0 0

Figure 4-3: Two problem instances online algorithms cannot distinguish at time j
8

and in the instance on the right, it accepts all of them. Now by time A = 4/8, online al-

gorithms cannot distinguish between these two instances, and hence cannot perform

as well as the optimal offline algorithm on both of these instances. Similar to this

example, we prove the upper bounds by presenting two problem instances that are

"difficult" for online algorithms to distinguish up to a certain time, and show that the

trade-off between accepting too many or too few class-2 customers limits the compet-

itive ratio of any online algorithms. First we focus on the case b = o ( and show:

Proposition 4.6.1. Under the partially-learnable model, no online algorithm, deter-

ministic and randomized, can achieve a competitive ratio better than ! + p + 0 .

Proof Here we prove that the competitive ratio of any online algorithm is at most

pL+ +3 ). When L > 1/2, p+ L+3( )is greater than 1 and hence we are done.
pb

2

In the following, we assume, without loss of generality, = < 1/2.

We consider two adversarial instances I' and I defined by

a, i= 1,2,...,b,

S 1, i =b+1,b+2,...,2b for I',

0, i =b+1,b+2,...,2b for I',

0, i > 2b.

Let us denote 8 to be event in which the realization of the Unfollower group and

the random permutation is in a way such that the online algorithms cannot distin-

guish whether the adversarial sequence is I' or 1. Note that event 8 occurs when none

of the customers intended to appear in positions b+ 1, b+2,..., 2b shows up before time
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b/n. It occurs with probability

P (e) = P ( for all i E [1, b], i 0 H or a- (i) 1 [b + 1, 2b])

1 - IP (i E H
iE[b]

and ar (i) E [b + 1, 2b]) (union bound)

> 1 -
2

n

where we have used the following inequality in the last inequality: For all i * j,

iP (i e H and ar(i) = j) -.ri n
(4.62)

To prove (4.62), we first note that jIP (i e H and a-(i) = i) = p. Second, denoting

R the random variable corresponding to the size of the Unfollower group, we have

1P(UR(i) = iii E HR) = n > , and thus IP (c(i) = iii E H) 1. Therefore,

e H and a1 (i) =j) =P-EP (i
j#i

=P - iP (ar'(i) = iii c H)iP (i E H) 5

By symmetry, for each j # iP(i e H and 1(i) =

iP (i c H and crR1(i) = i)

p (n)p
n n

j) <5 E which proves (4.62).

Under the event 8, the value of each customer accepted by time b/n is necessarily

a. We denote q2 the expected number of accepted class-2 customers up to time b/n

(conditioned on 8).

We first find an upper bound on the expected revenue for any online algorithm

ALG under 1,

E [ALG(I2)] E [ALG(I2) 18] P (8) + OPT(I') (1 - IP (e))

pb2
< q2a + (b - q2) + OPT(I' ).

n

(4.63)

(4.64)

Before computing the total revenue for I', we first turn our attention to the cus-
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tomers arriving after time b/n in I,. Note that, under 8, the expected number of

class-2 customers that arrive after b/n is upper-bounded as follows

n

E[{i >b+1Ivj=a}I8]= IP(vi=aI8)
i=b+1

En (i E H and oLR'(i) e [1, b])
- ~~ ]P ()

(n - b)b p
n

pb pb

pb <pb 1+2 Pb,2

n

where we use _ <1/2 in the last inequality. As a result,

(Observation 4.62)

E [ALG(I1 ) 18] IP (8) + OPT(I') (1 - F (8))

( (/pb2\ (pb2 '
q2a+ 1+2 pba + b 2 OPT(I')

n n) ()

:5 q2a + pba + 3 -p 2 OPT (I' ).( n (OPT(I') = ba > pba)

Thus, the competitive ratio is at most

fE [ALG(I1)] E [ALG(I2)] ( p2) 2 + 2)-{+
OPT(I') OPT(I')) b \n'b \ b n|

:5min 2+ p, La+ 1- q2)+3 (,

P(+ + 3 , +

2 -a n

where the last equality holds for q2 = b.

Note that our proof works even if we augment the power of online algorithms by

allowing them to see whether an observed customer vi is from the Unfollower group

or not and its intended location in the adversarial instance. o
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4.6.2.1 Asymptotic Case

In this section, we assume b, n -+ oo while b/n = K where - is a positive constant. We

have the following conjecture for this asymptotic case:

Conjecture 4.6.2. Under the partially-learnable model, when b, n -+ oo and b = n

where K is a positive constant, no online algorithm, deterministic and randomized, can

achieve a competitive ratio better than c*, the optimal objective value of MP1.

If true, this conjecture would imply the asymptotic tightness of the adaptive algo-

rithm. While rigorous proof of this conjecture is beyond the scope of this article, we

show how to prove it under two approximations.

The first approximation allows partial customers to arrive in continuous time:

Approximation 4.6.3 (Continuous Instance). A valid problem instance I' is specified

by two non-decreasing functions q1, 172 : [0,1] -> [0, n] that represent the number of

class-1 (class-2) customers arriving up to time A e [0, 1]. These functions satisfy: q1(0) =

112(0), and for any A e [0, 1], _A+_2(A)] < 1. We again denote ni = r1(l) and n2 = 2(1) to

be the total number of class-1 and class-2 customers respectively.

The second approximation ignores the error terms and assumes that (4.4) holds

with equality:

Approximation 4.6.4 (Deterministic Observation). For any instance I and every A,

we have

o1 (A) = Apn1 + (1 - p)ql (A) and o2(A) = Apn2 + (1 - P)12(A).

Focusing on asymptotic instances allows us to drastically decrease the variances

of random events, and make the two approximations almost exact. Note that the

feasibility of a competitive ratio c in MP1 only depends on the ratio b/n, and hence it

does not change by scaling the problem.

While rigorous proof of Conjecture 4.6.2 is beyond the scope of this thesis, we

manage to prove the following proposition with these two approximations:
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Proposition 4.6.5. Under Approximations 4.6.3 and 4.6.4, no online algorithm, de-

terministic or randomized, can achieve a competitive ratio better than c*.

Proof Based on the optimal solution of MP1, (A*, n, n;, q*, i*, c'), we construct two

adversarial instances I' and f that are indistinguishable by any online algorithm up

to time A*. Using Approximations 4.6.3, we will define instance I' by functions q1 and

12 and 11 by functions i and i .

We define the first instance I' by setting, for j = 1,2, qj(A*) =q and r;(1) =n, and

apply linear interpolation for other values of A. Formally,

* for 0 A A*.
7j(11) = q*

~A q+ A-'ny for A* < A 1.

We construct the second instance If with the following properties: (i) the number

of observed class-j customers up to time A* is the same as in instance I', i.e., for all

A A*, F;(A) = oj(A). (ii) instance If has as many class-1 customers as possible after

time A*.

Recall that at time A*, from an online algorithm's perspective, we have the follow-

ing upper bounds on i and ni + n 2 :

A*pn* + (1 - p)q* A*pn* + (1 - p)q* + p(l - p)(1 - A*)n
ij u1 = min{* ;Ap+ P)1 u)1p+ p

S U n A*p 1 - p + A*p
. A*p(n* + n*) + (1-p)(q* + q*)

A1n 1 2 =mm

A*p(n* + n*) + (1 - p)(R* + q*) + p(l - p)(1 - A*)n

1 - p + A*p

Note that the second terms of the minima ensure that u* : n and 2  n. Thus, we

can define I to have i = u1, n2 = u*1 - u~1. To put as many class-1 as possible after A*,

we set:
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ifi(A) = 4 max {0, ij - (1 - A*)n},

-(A*) = 4 max {0, n - (1 - A*)n -

Now we define instance P by linear interpolation between time 0 and A* and be-

tween A* and 1:

for 0 A A*.

It is easy to check both I' and T are valid continuous instances under Approxima-

tions 4.6.3.

Now we consider the arriving instances I and I generated from adversary instances

I' and P respectively. We can show that, under Approximation 4.6.4, online algorithms

cannot distinguish between I and T up to time A. Formally, for all A e [0, A*] and

j = 1,2, we have o;(A) = 5j(A). To see this, we note both o;(A) and j;(A) are linear in

A E [0, A*]. Thus it is enough to show that o1(A*) = i(A*), which is easy to verify.

Now, because I and Tare indistinguishable until time A, we know that any online

algorithm must accept the same number of customers in both cases. In particular,

the expected number of accepted class-2 customers by time A, which we denote as q2,

must be the same for both instances.

The competitive ratio of any online algorithm is at most

mm(E [ALG(I)] E [ALG(I]
OPT(I') OPT(I)

If q2 (')b - c* min{u*, b}, then we have not accepted enough class-2 customers
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to guarantee c*-competitiveness in F:

E [ALG(I)] n* + a(n - 02(A*) + (')b - c* min{u*, b})

OPT(I') (1 - a)n* + a min b, n* + n*

c*.

(Constraint (4.36g))

(Constraint (4.36a))

On the other hand, if q2 > (l )b - c* min{u*, b}, then we will not have enough

capacity for class-1 customers arriving after A*:

IE LALG(I)] (b - q2 )+ aq2

OPT(I') ab + (1 - a) mintb, u*}

b - (1 - a) ((1-ac*)b - c* min{u*, b}}

ab + (1 - a) min{b, u* }

=c.

This completes the proof

(n1 + n2 = U* and Constraint (4.36b))

0

4.6.3 Offline Estimation of p and Robustness to Errors

In this section, we discuss what the Algorithm 7 could do if not knowing the exact

value of the degree of randomness p. In Section 4.6.3.1, we discuss how we may

estimate p if there are multiple runs of the same process with the same p (but different

F). In Section 4.6.3.2, we discuss the competitive ratio of Algorithm 7 when value p

that Algorithm 7 uses is slightly off from the true parameter.

4.6.3.1 Offline Estimation of p

In this section, we discuss how we may estimate the degree of randomness p using

the previous runs of the process (when available). Note that here we do not provide

any results regarding the quality of our estimation of p.

Our estimation of p is based on the fact that the inequalities in Lemma 4.3.1 hold
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with high probability. After observing the sequence, we know n; and o;(A) for 0 <

A 1 and j = 1,2. However, we do not observe the arrival order of customers set

by adversary, thus we do not have functions ri1(A), and q2(A). We find values of p e

[0,1] with which Inequalities (4.20a),(4.20b), and (4.21a) hold for at least one set of

functions q;(A), j = 1,2. We estimate the degree of randomness by maximizing such p.

This optimization problem is described in MP2.

Maximize p (MP2)
(q1(O),q1(1/n) ... q(1),q2 (0),q2 (1 /n)...q2(1),p)E[0,1]2+

subject to

1 k
1 1(A) - o,(A)l a jni log n for all A= ,...,1 (if ni 2 log n),

n p
1 k

k1(A) + 52 () - (ol(A) + o 2(A)) a -(ni + n2) log n for allA= , .. .,1 (if ni k -log n),
n p
1 k

152(A) - 02(A) 1 a jn2 log n for all A = -,...,1 (if n2 > - log n),
n p

Il A - i q1(A);q 2 (A - 1):5 2(A) for all A=-,...,1,
(A 11

ni(A)+ 1 2 (A) 511(A - + q2(A - n+1 for all A =,...,1,

where 11(1) = n1, q2(1) = n2 , q1(O) = 0, 12(0) = 0, 51 (A) L (1 - p)n1(A) + pn1A, and 52(A) 4 (1 - p)r1 2(A) +

pn2A.

In MP2, the first three sets of constraints correspond to Inequalities (4.20a), (4.20b),

and (4.21a) and the last two sets ensure that l;(-) corresponds to valid problem in-

stance (under the Approximation 4.6.3): the functions are non-decreasing, and in one

time step at most one customer arrives.

Note that the above estimation is only useful if we have access to many past runs

of the process. In fact, if we only have access to one offline instance then the adversary

can mislead us to estimate p to be 1 by giving us a randomly order sequence. However,

if we use the strategy of repeating the estimation, and always taking the minimum

estimated p, then in the long run the adversary may not benefit by misleading us to

overestimate p.
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4.6.3.2 Robustness

In this section, we show that our adaptive algorithm is robust against a slightly off es-

timation of the parameter p. For notational convenience, we define ADP,, to be ADP

with parameter p, and we study the performance of ADP,, when the true parameter

is p. For the sake of brevity, we only consider robustness under Approximations 4.6.3

and 4.6.4. Under these approximations, the algorithms are modified so that for all A,

Ap ' 1-p+Ap
omi({ + )(A) o+(A) + (1 - A)(1 - p)n

u,2(A) min /P, 1PA
u12(AAmin{O1Q) + 02(M 0 1 ) + 02(M + (1 - A)(1 - p)n}

Ap 1-p+ Ap

In this section, we use c*(p) to denote the solution of MP1 under parameter p. In

the next proposition, we show that c*(p) is continuous and non-decreasing in p:

Proposition 4.6.6. For all 0 < A < p < 1,

C* (P)_ C* (P)4(1 - a) lo(P( - )
a P(1 - p))

Note that the proposition above is a property of MP1 but not a property of the

algorithm.

Furthermore, we have the following proposition showing that our adaptive algo-

rithm is robust to a small error in estimating the degree of randomness (in the proof

we also give the competitive ratio for the case p > p + 6p):

Proposition 4.6.7. Under Approximations 4.6.3, and 4.6.4, if the true probability in

the partially-learnable model is p, then,

1. if p < p, then ADP,p has a competitive ratio of at least c for all c c*(p).

2. if p < p < p + 6p, where 6 p is a small positive constant, then ADPc,p has a competi-
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tive ratio of at least

C*(1) - p log p)) , if c*(p) < c c*(p),

C [1 (1a)(pp) , if c 5 c*(p).

We first prove Proposition 4.6.6, and then Proposition 4.6.7.

The proof of Proposition 4.6.6 relies on the following lemma:

Lemma 4.6.8. For any p E (0, 1),

dc*(p) 4(1 - a)
dp ap(1 - p)

Proof For any fixed p E (0,1), we discuss what happens to c*(p) when we increase the

value of p from p to p + dp where dp is a small positive number approaching 0. We

start with an optimal solution (A*, n*, n*, i*, q*, c*) of MP1(p). We first prove that the

optimal solution satisfies the following conditions:

C* = f(n*, qi%* , p) (4.66a)

where f(n2 , 72, ai, p) = a((1-Arp)n2 -(1-p) 2 +-L)+nl
a minln;+n2 ,b}+(1-a)n + a+a min{a 1,b}

+ = min{n* + n*, A*n}. (4.66b)

n* + n* < b. (4.66c)

Condition (4.66a) is obtained by setting (4.36a) to an equality and expressing 52 as

(1 - p)R2 - pAn2. We can derive Condition (4.66b) because f(n2 , 172, fi, p) is decreasing

in both 12 and 1 (this holds because f is non-increasing in t1 and f1 is increasing in

1l). Also note that (4.36d)-(4.36f) gives 171 + 172 min{n + n2, An). While fixing A, ni,

and n2 , min{n1 + n2, An) is the maximum value of 1 + 12. Thus, in order to minimize f,
Condition (4.66b) holds. Now let us prove Condition (4.66c). Assume on the contrary
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n* + n* > b, we note that, decreasing n2 does not change the value of the denominator1 2

of the function f. On the other hand, the numerator of the function f is decreasing

either when n2 and U2 decrease by the same amount or when n2 decreases by itself.

Therefore, replacing (n*, qi) with (b - n, max{q + b -n* - n, 01) gives a smaller value of

f. Further, it is easy to verify that replacing (n*, i*) with (b - n*, max{1q + b - n* - n, 01)

still gives a feasible solution. Thus, Condition (4.66c) holds.

In the following, our goal is to find feasible solutions of MP1(p + dp) for all small

enough positive numbers dp. We first note that the tuple (A*, n, n, i*, qi, c*) satisfies

Constraints (4.36c) through (4.36i) in MP1(p + dp). However, Constraint (4.36b) is

not necessarily satisfied. Therefore, we may need to define an alternative tuple with

increased values of ni, n2, q1, 112.

In what follows, we construct a feasible tuple by keeping nj = n* and q 1 = n*, and

increasing the values of n2 , 72, c. More precisely, we define

n2 (p) n +_ 2b (4.67a)
p(1 - P)

2(P) 1 7 + min{n2(p) - n*, A*n - q* - q*}, and (4.67b)

c(p) c* + _~ _ p (p -P). (4.67c)

Note that at p = p, n2(p) = n;, 2(P) = qi, and c(p) = c*.

Next, we show that if dp is a small enough positive number, then the tuple (A*, n, n2(p+

dp), q*, q2(P + dp), c(p + dp)) is in the feasible set of MP1(p + dp).

First, we note that (A*, n*, n2(p + dp), q*, q2(p + dp), c(p + dp)) still satisfies Con-

straints (4.36c)-(4.36i) in MP1(p') due to (4.66b) and (4.66c). In what follows, we show

that it satisfies Constraints (4.36b) and (4.36a) separately.

Constraints (4.36a)

First, we show that for small enough positive dp, (A*, n*, n2 (P+ dp), ij*, 12(p+ dp), c(p +

dp)) satisfies Constraint (4.36a) in MP1(p+dp). Due to (4.66a), it suffices to show that
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when evaluated at p = p,

dc(p) df(n2(p), 12(p), a1 (p), p)

dp
(4.68)dp

where we note that a1 is a function of p even though (ni, 1l, A) are fixed at (n*, R*, A*).

For simplicity, we denote aR = a1(p). The right hand sice of (4.68) is the total derivative

over p, which can be expressed as

df(n2, 72, a1, p) dn1 (p)

9n2  dp

df(n 2, 72, a1, p)

dp

df(n2, 72, a1, p) d172 (p) df(n2 ,172, a1, p) du1(p)
+ n2 dp + da1 dp

(4.69)

where the partial derivatives are evaluated at (n2, q2, ai, p) = (n*, q;, a, p) and the total

derivatives are evaluated at p = p throughout the proof.

We can further derive an upper bound for each term in (4.69).

(4.66c) and a min{n* + n', b} + (1 - a)n* ;> an; + n*, we have

df(n2, 172, a1, p)
dn2

First, because

1 (a((1 - A*p)(n* + dn2 ) - (1 -p)1; + L)+ n
dn2 a(n; + dn2)+ n* + a + a min{a*, b}

a ((1 - A*p)n - (1 - P)am + b) +

an* + n* + 1 + a minfl*, b}

1
-dn 2

(a ((1 - A*p)(n* + dn2) - (1 - p)i1; + b + n*

an; + n* + a + a min{a, b}

a ((1 - A*p)n* - (1 - p)7* + b)+

an + n* + L + a min{a, b}
(see below)

a(1 - A*p) a 1 - a

an* + n* + - + a min{a, b} - ab

For deriving (4.70), we use the fact that when dp > 0, n2(p + dp) > n*, and thus dn 2 > 0.
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Using the above inequality and (4.67a),

df(n2, q2, Ri, p) dn2 (p)
9n2 dp -

1-a 2b
ab p(l - p)

2(1 - a)

ap(l - p)
(4.71)

For the term regarding the partial derivative of 12, we have

a a((1 - A-p)n; - (1 - p)q2 + L + n-df(n2,,l,p)
d112

((4.66c))

a(1 - p) < 0.
an; + n* + a + aui

Further, from (4.67b), da( > 0, and thusdp

df(n2, 12,fi,p) dq2(p) < 0 (4.72)
d112 dp -

Now let us consider the term regarding the partial derivative of a,. We consider

two cases a* > b and R* ; b separately.

For the case fi > b, since R, is continuous in p, for small enough dp we have

a1(p + dp) > b, and thus

f(n2,2,C1, p) 0.

Therefore, in this case,

df(n 2, 12, A1, p) dfil(p) = 0.
df1 d2 p
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For the other case, a* : b, we have

df(n2, 1 2,i,p) _ d
dR1 dil

a
= -a

a((1 - A*p)n2 -(1 - P)12+ L)+ n

an2 + nf + -2 + af1t

(1-A*p)n* - (1 - P)n* + + n*

(an; + n* + f + af*)2

ac*

an* + n* + __ + ai*1

ac* (1 - a)c*
a2b ab
1-a

((4.66c))

((4.66a))

In order to bound da p (under the case fl b), we distinguish two cases based on thedp

definition of Xl in MP1(p). Note that (1-p)q;+Aspn < (1-p)I_" is equivalent to

p(A*(1 - A*)n - A*n* + i*) > i.

The first case is f = P < -- , which happens when p(A*(1 -

A*)n-A*n*+n*) > ill. Since, (p+dp)(A*(1-A*)n-A*n+qj) p(A*(1-A*)n-A*n*+1*) > ni, we

have t1(p + dp) = (1-(p+dp)) 7 +A (p+dp)n; . Furthermore, (1-p)ijj+Ajpn; = X7 < b implies q* <A .AConndp) t1- a 1bv

Combining the above equality and inequality.

da1 (p) d (1 - p) + A*pn _ _ b
d 2 1- _.

dp dp A*p A*p2 -pgl _ p) (4.74)

The other case is a* =

p(A*(1 - A*)n - A*n* + qi) < i*, we have X = 1-1 1 1 11-p+Avp

< " 1-P) n, which happens when

. For small enough and

positive dp, (p+dp)(A*(1-A*)n-A*n*+q*) < 1i, and thus fi(p+dp) = 1-(p*dp))(-
n a n r1 1-+A*(p+dp)

In addition, rearranging terms in the definition of the case, we have -(1 - A*)A*n >
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1- -* - ,n*. As a result,

dai(p) _ d (1 - p)r' + A*pn* + (1 -p)(l - A*)n
dp dp 1- p+ A*p

d A*p(n* 17*) - A*n

dp 1 - p + A*p
-(1 - A*)A*n + A(n* - q*)

( p + Ap)2

(1 - p + A*p)2

__ __ __ _ b
-(1A > - b.
P(1 - P + A*p) p(1 - p)'

(4.75)

((4.36e) and (4.66c))

Overall, if al : b, in either case,

(1 - a)c b
- ab p(1 - p)

_ (1 - a)c

ap(1 - p)

Since this bound is looser than that of (4.73), the above inequality is true for general

For the terms regarding the partial derivative with respect to p, we have

S((1 - A*p)n2 - (1 - P)q2 + -L)+ n*

dp an2+n* + 2b + a minu,b}

a (q; - A*n*)

an; + n* + - + a min{ X, b}

a = 1-a

aib a
1-a

((4.66c))

((4.36f) and (4.66c))

Applying (4.71), (4.72), (4.76) and (4.77), on (4.69), we obtain

2(1 - a)(4.69):5_ -
ap(1 - p)

+ (1 - a)c* +
ap(1 - p)

-a
a

4(1 - a)

ap(1 - p)

which implies (4.68) and thus completes the proof that (A*, n*, n2(p + dp), *1, 2(p +
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df(n2, n2,fi1, p) daI(p)
da1 d p

(4.76)

df(n 2, T12, a1 , p)

dp

(4.77)

dc(p)
dp



dp), c(p + dp)) satisfies Constraint (4.36b).

Constraint (4.36b)

Now, we show that for small enough positive dp, (A*, n*, n2(p + dp), q*, 112(P + dp), c(p +

dp)) satisfies Constraint (4.36b) in MP1(p + dp).

For notational convenience, we view ai, 2 as a function of p and denote a 2 = 1,2 (p)

as the value of il,2 corresponding to the original solution in MP1(p).

if a* > b, then because u 1,2(p) is continuous in p, for small enough and positive dp,

the modified tuple still gives ai,2(p + dp) b and thus satisfies Constraint (4.36b) in

MP1(p + dp). Due to (4.36b) in MP1(p), X 2  b, and hence the case a < b does not

exist. In the following, we consider the remaining case where a = b.

Similar to how we distinguish two cases of u* when proving that Constraints (4.36a)

is satisfied, we consider different values of Xj separately. However, the proof here is

trickier and we need to consider three cases separately, based on whether A 2

is smaller, greater, or equal to ( 1- 2+I-)+Ap'

The first case is ) <fnin ( 1-p +Ap. In this case, we
(1p)1 1-p+ p

have afi = ( *1-)7 .+,3(n;+n. Furthermore, when dp is a small enough positive num-

ber, n2 (p + dp), 12(p + dp), and p + dp are close enough to the respective values of n*, 1,

and p, and thus the corresponding value of a1,2 still takes the same form. Therefore,

t1,2(p)
dp

d ((1- p)(q* + q2) + A*p(n* + n2) dn2 (p)
dn2  A*p ) dp

S(1 -p)(* + q2) + A*p(n* + n2 ) d12 (p)
d 2 \ A*p dp

d (1 -p)(* + 112)+ A*p(n + n2 )
dp A*p

dn2 (p) 1 - p dq 2 (p) _ b
dp A*p dp p(1-p)
2b b b

>- _ - _ _ = _ _ > 0, ((4.67a) and (4.67b))
p(O - P) p(1 - P) p(G - P)
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where the partial derivatives are evaluated at (n2 , q2, p) = (n*, ri, p) throughout the

proof As a result, when dp is a small enough positive number, a1,2(p + dp) > a1,2 (p) > b,

and hence Constraint (4.36b) is satisfied in MP1(p')

The second case is 1 * > 1 "A*"; In this case, we
AR1p)1-p+Ap

have a*2 =1)+) "+)"( . Similar to the first case, when dp is a small

enough positive number, n2 (p + dp), 2(P + dp), and p + dp are close enough to the re-

spective values of n*, q*, and p, and thus the corresponding value of f1 still takes the

same form. Therefore,

dah, 2(p)
dp

_d_ (1 - p)(ij + q2) + A*p(n* + n2 ) + (1- p)(1 - A*)n dn2 (p)
dn2  + 1 - p + A* p ) dp

+ d (1 - p)(1* + 12) + A*p(n* + n2 ) + (1 - p)(1 - A*)n dq 2 (p)
9112 \ 1 - p + A*p dp

d (1 - p)(q* + 172) + A*p(n* + n2) + (1 - p)(1 - A*)n

dp 1 - p + A*p
A*p dn2 (p) 1 - p dT 2(p)

1-p+A*p dp +1-p+A*p dp
-(1 - A*)A*n + A*(n* + n* - q* - ri)

(1 - p + A*p) 2

A*p dn2 (p) -(1 - A*)A*n + A*(n* + n* - q* - q*)
-1-p+A*p dp (1-p+A*p) 2

(similar to (4.75))

which is greater than 0 when

dn2 (p) (1 - A*)n - (n* + n* - * - 9;)
dp (1 - p + A*p)p

(4.78)

Therefore, it is sufficient to prove (4.78). By the assumption of this case, we know

(1 - p)(q* + q*) + A*p(n* + n*) + (1 - p)(1 - A*)n (1 - p)(1 - A*)nb1 = 1 21 > .
1,2-1 - p + A*p - 1 - p+A* p
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By using Constraints (4.36e), (4.36f) and the inequality above, we know

(1 - A*)n - (n* + n* - g ' 1-A) b d2p
(1 - p + A*p)p - (1 - p + A*p)p - (1 - p)p (1 - p)p dp

which proves (4.78) and hence concludes the proof of this case.

Finally, the third case is . In this
(1P(71q)A A~ n; p)( ~ +~~ln)(-1-*)np

case, we have f* = .+In this case, we1,2 A* p 1-p+A*p

can show that (we will show this shortly), either for all small enough dp,

(1 - (p + dp))(q* + 112(P + dp)) + A*p(n* + n2(p + dp))
ui,2(P + dp) = , (4.79)

or for all small enough dp,

R1,2(P + dp)

(1 - (p + dp))(' + 12(P + dp)) + A*(p + dp)(n* + n2(P + dp)) + (1 - (p + dp))(1 - A*)n*

1 - (p + dp) + A*(p + dp)

(4.80)

And hence, we can reduce this case to either the first or the second case that we have

just proved and completes the proof

In what follows, we show either (4.79) or (4.80) holds. To see this, we first note that,

for all p c (0, 1), (1( +r1 2 (p))+Asp(n1+n2 (P)) (1-P)(17 +q2(p))+Ap(n +n2(p))+(1-p)(1-A)n is equivalent toA*P l-p+A~p

p(A*(1 - A*)n - A*(n* + n2 (p)) + g* + 12(p)) - (* + 12(p)) > 0. Since the left hand side of this

inequality is a quadratic function of p, there must exists some positive number 6 > 0

such that for all dp < 6, the quadratic function evaluated at all p = p + dp is either

always non-negative or always non-positive, which concludes the proof that the tuple

(A*, n*, n2(p + dp), u', 112(p + dp), c(p + dp)) is in the feasible set of MP1(p + dp).

Since the tuple (A*, n*, n2 (p + dp), i*, 172(p + dp), c(p + dp)) is in the feasible set of
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MP1(p + dp), when evaluating the derivative of c*(p) at p = p,

dc*(p) c*(p + dp) - c*(p) c(p + dp) - c(p) (c*q( + dp) cp + dp) and c*Q() =
dp dp dp

C* + 4(1-a) dp - c*
ap~l-p)((4.67c))

dp
4(1 - a)

ap(1 - p)'

which completes the proof.

With Lemma 4.6.8, we are ready to prove Proposition 4.6.6, which we reiterate as

follows:

Proposition 4.6.6. For all 0 < p p < 1,

0 :5 c*(p) - c*(P) :541aa log .)

Proof First, we prove the lower bound, c*(p) - c*(p) > 0. We start with an optimal

solution (A*, n*, n*, q*, qi, c*) of MP1(p). Consider the follwoing tuple (A*, n*, n*, 1', 7', c*)

where 1'= - and q' = n ) . It is easy to verify that (A* n, n, 1 ', c*)1 i-P 12 i-P1212

satisfies Constraints (4.36c)-(4.36i) in MP1(p). Below we prove that (A*, n., n., q', 1', c*)

also satisfies Constraints (4.36a)-(4.36b) in MP1(p'). To prove this, we denote 1i, a;,

, the values of 51, 52, a1, a1,2 corresponds to the original (optimal) solution in1,2

MP1(p), and 5', 5', a's, a' the values corresponding to the modified solution (the tuple

(A*, n*, n, i', I', c*)) in MP1(p).
e11 2 isPobndwt h

By the definition of 1'1 and ', we have 5' = 5* and 5' = 5. This, conbined with the

observation that the right hand side of Constraint (4.36a) is non-increasing in a1 and

the left hand side of Constraint (4.36b) is increasing in a1,2, indicates that if Ft' > a*

and a'2 > a>2, then (A*, n*, n, ' ', c*) satisfies Constraints (4.36a)-(4.36b) in MP1(p').

Thus it suffices to prove a' > a* and a' 2 a>2 .
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Using the definition of ia in MP1, for proving R' > a*, it is sufficient to show

and
5'1 + (1 - p)(1 - A*)n 5* + (1 - ^)(1 - A*)n

p + A*p - 1 - p + A*p

The first inequality is due to 5' = 51 and p > p, and the second is implied by

5' + (1 - p)(1 - A*)n 5* + (1 - p)(1 - A*)n (A*n - o*)(P - p)(1 - A*) > 0.
1 -p+ A*p 1 -p + A*p (1 - p + A*p)(I - p + A*p)

Similarly, we have a' 2  , which completes the proof for the lower bound.

The upper bound, c*(p) - c*(p) 4(1j log (OW, relies on Lemma 4.6.8:

c*(p) - c*(p) = f dc*(t)

< I 4 -adt (Lemma 4.6.8)
t= at(1 - t)

4(1 a) (log p - log(1 - p)) - (log P - log(1 - P))

4(1 - a) p(1-p)
= log ,

which completes the proof.

Proposition 4.6.7 consists of two cases based on whether we underestimate the

problem parameter (p < p) or overestimate it (p > P). For proving Proposition 4.6.7,

we first introduce two lemmas, each of them deals with one of the two cases.

When we underestimate the true parameter (p < p), we have the following lemma:

Lemma 4.6.9. Under Approximations 4.6.3, and 4.6.4, if the true probability in the

customer arrival model is P and p < p, then ADP,,p has a competitive ratio of at least c

for all c c*(p).
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Proof For any adversarial problem instance F given by functions r 1 and 112 in Approx-

imation 4.6.3, we define the following auxiliary problem instance I' given by functions

t1 and i 2, where for all A E [0,1],

n1A(p - p) + r1(A)(1 - p) n2A(p - p) + r12 (A)(1 - p)
01(A)and 2(A)q(A) -p -p

The validity of functions q, (A) and i 2(A) are easy to verify because our construction of

each of them is a convex combination of two obviously valid instances (n1A, n2A) and

(qI(A), 72(A)) with weights P and 1 and the constraints of valid instances are linear.

Note that for all A c [0,1],

n1Ap + i1(A)(1 - p) = n1Ap + q 1(A)(l - p) and n2 Ap + q2 (A)(1 - p) = n2 AP + q2 (A)(1 - p).

This means that the values of {o 1(A), 02(A)wIEo,1] given by F with the true problem pa-

rameter p is the same as those given by I' with problem parameter p. As a result,

ADPC,P makes the same decision for the above two scenarios. The rest follows from

that the ratio between ADPc,p and OPT is at least c against I' with problem parameter

p and that OPT(I) = OPT(I') (due to i1(1) = q1(1) and 2(1) = 2(1)). 0

When we overestimate the true parameter (p > p), we have the following lemma:

Lemma 4.6.10. Under Approximations 4.6.3, and 4.6.4, if the true probability in the

customer arrival model is p and p > p, then for all c c*(p), ADP,p has a competitive

ratio of at least

min {1 - (-ap-p) C (1 l-a)(p-p) c*(p) - 4) log ( )} , if c> c*(p),

min 1 - -a)(p ,c (i (-a)(P-p)) , if c c*(p).

For proving Lemma 4.6.10, for all A E [0,1], we denote u1(A,p) (u1,2(A,p), respec-

tively) to be the upper bound on nj (n1 + n2, respectively) we compute assuming the

probability is p at time A (while we still observe the ol(A) and o2 (A) given by the model
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with the true probability parameter P).

For proving Lemma 4.6.10, we need a series of lemmas.

The first lemma indicates that when p is not too far away from p, the upper bounds

we compute is not too far from the ones if we used the real problem parameter P:

Lemma 4.6.11. If p > p, then

u1 (A, p) ui(A,p) -u(A, p) and u1,2(A,p) ui,2(A,jP) -ui, 2(A,p).
p p

Proof. The two statements are essentially the same, so proving the inequalities re-

garding u1 is sufficient.

We first prove the first part of the inequality, ul (A, p) u1 (A, p). Using Defini-

tion 4.33a, it is sufficient to show

01(A) oi(A)
A - Ap

and
oi(A) + (1 - p)(1 - A)n oi(A) + (1 - p)(1 - A)n

1-p+Ap 1-p+Ap

The first inequality is trivial, and the second is implied by

o(A) + (1 - p)(1 - A)n o(A) + (1 - p)(1 - A)n _ (An - o1(A))(p - p)(1 - A) >
-p+ AP 1 -p + Ap (1 -p+Ap)(1 -p+Ap)

Let us prove ui(A, p) u1 (A, p) now. To do this, we consider the following two cases
p

separately: u1 (A, p) = , and u1 (A, p) = o(A)+(1-p)(1-A)n . The first case is easy, we have

o1 (A) =p o1 (A) p
Ap 1pAp p

This case implies ( > "1(A)+(-_p)(" which is equivalent toAp >-p+Ap

ol (A) ! (1 - A)Apn. (4.81)
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Replacing o1(A) in o(A)+(1-p)(1-A)n using (4.81) gives1-p+Ap

ul (A, p) =ol(A) + (1 - p)1- A)n > (1 - A)n.
1 - p + AXp

Using (4.81) and (4.82),

u (A,P) - u(A, p) < o(A) + (1 - p)(1 - A)n oi(A) + (1 - p)(1 - A)n
1iA -) - +1A p)I +1-p+Ap 1-p+Ap

_ (An - oi(A))(p - )(1 - A)

(1 -p + Ap)(1 - p + Ap)
An(1 - p + Ap)(p - p)(1 - A)

(1-p + Ap)(1 - p + Ap)
_ An(p -p)(1 - A)

(1 - p + Ap))

A(p - p)
(1 - p + Ap)

:5 (p - O~ul(A, p).

(4.82)

(using (4.81))

(using (4.82))

(1 - p + AP > (1 - p)A + Ap = A)

Rearranging terms, we get

ui(A,p) (1 + p - p)u(A, p) < (+ PPul(A p) = u(Ap),)U(p P =p U A )

and hence we are done. 01

We break down the proof into two cases based on whether ADP,p exhausts the

capacity or not, and each of the following lemmas is useful for one of the two cases.

We first consider the case where ADP,, exhausts the capacity, i.e., qi(1) + q2(1) = b.

We consider the last class-2 customer accepted by ADP,,. (If ADP,, does not accept

any class-2 customer, then it has a total value of b, which is the optimal so the case is

trivial.) Say the customer arrives at time A. Since ADP,, accepts a customer at time
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A, one of the following condition must hold: u1,2(A, p) b, or

b-q2 (A)+q 2 (A)a >c
min{u1(A, p), b}(1 - a) + ab - (4.83)

For each of the two cases, we have one of the following two lemmas.

Lemma 4.6.12. Under the setting of Lemma 4.6.10, if q1 (1) + q2(1) = b and u1,2(A, p) b,

then ADP,p() > 1 - (1-a)(p-p)
OPT - ap+(1-a)(p-p'

Proof From Lemma 4.6.11 and using the fact that ui,2(A, 9) is an upper bound of n1 +n2

(given by Lemma 4.5.1), we have

ni + n2 5 ui, 2 (A, P) : ^U,2(A, p) 7b.
p p

(4.84)

As a result,

a min{b, n2} + b - min{b, n2 }
-min{b, n1 } + (b - min{b, n1 })a

b - (1 - a) min{b, n2}
ab + (1 -a) min{b, n1 }

For general p/p ratio, the above ratio is at least a, which happens when min{b,n1} =

min{b, n2 } = b. Therefore, when p/p 2,

ADPC,,(I) a
OPT - P + ( - a)(p - 2P)

(1-a)(p - p)
ap + (1-a)(p - P)'

When p/p < 2, we can derive a better bound using (4.84). We have

ADPc,,(I) b - (1 - a) min{b, n2}
OPT -ab + (1 - a)min{b,n1 }

b - (1 - a) min{b, n2}
S ab + (1 - a)n .

((4.85))

(n, min{b, n1})

Combine the above in equality and the trick that when 0 < x < y, for any x > 6 2 0,
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(x - 6)/(y - 6) x/y, we have, either

b - (1 - a) minb, n2}
ab + (1 - a)ni -

ab + (1 - a)nl - '

b - (1 - a) min{b, n2 } -(1 - a)(b - min{b, n2})

ab + (1 - a)ni - (1 - a)(b - min{b, n2})
b - (1 - a)b

ab + (1 - a)(n1 + min{b, n2} - b)

When (4.86),
ADPc,,(I) (1 - a)(p - p)>1>1-

OPT - a- +( a( )

and we are done. When (4.87),

b - (1 - a)b
ab + (1 - a)(ni + min{b, n2 }- b)

b - (1 - a)b
ab + (1 -a)(n +n 2 - b)

> b- (1 -a)b

ab + (1 - a) G - 1) b
ap

ap + (1 - a)(p - P)

(min{b, n2 } n2 )

((4.84))

(1-a)(p - p)

ap + (1-a)(p - O)'

which completes the proof.

Lemma 4.6.13. Under the setting of Lemma 4.6.10, if q1(1) + q2(1) = b and (4.83), then

(1-a)(p-p)
p

Proof From Lemma 4.6.11, we have n1  ui(A,p) Lui(A,p), and thus OPT min{ni, b}(1-

a) + ab min{ ui(A,p),b)(1 - a) + ab. Combing this with ADP,p(I) = b - q2 (A) + q2 (A) a,
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we obtain

ADPc,,(I) b - q2 (A) + q2 (A) a
OPT -min{ u1(A,p),b}(1 - a) + ab

p

min{ul (A, p), b}(1 - a) + ab ((483))
min{ ui(A, p), b}(1 - a) + ab

=cf(ui (A, p)), (4.88)

where f(x) = -aab We next show that f(x) is minimized when x = b. When
miP

x b, f(x) = inb-a)+ab, and hence f(x) is non-decreasing in x. On the other hand,

when x b, f() -aab, and hence f(x) is non-increasing in x. Combining thewhe -' ~X(1a)+ab

above two cases, f(x) is minimized at x = b. As a result, (4.88) gives
p

ADPC,(I) p b(1 - a) + ab (1 - a)(p - P)
> cf(ui(A, p)) cf( b)c =c 1--

OPT p b(1 - a) + ab p

Now we consider the case where ADP,p does not exhaust the capacity, i.e., qj(1) +

q2(1) < b. We discuss the cases c c*(p) and c*(p) < c c*(p) separately in the following

two lemmas.

Lemma 4.6.14. Under the setting of Lemma 4.6.10, if q1(1) + q2(1) < b and c c*(p),

then DPC,p > c.OPT-

Proof According to Lemma 4.6.11, ui(A,p) ul(A,P) and ul,2(A, p) u1,2 (A, p). As a

result, when a class-2 customer arrives, if ADPcp accepts the customer, then ADPcp
either accepts the customer or has already accepted at least the same amount of

class-2 customers as ADPc,p has. As a result, ADPcp accepts at least as many class-2

customers as ADPcp does. Furthermore,since q1 (1)+q 2 (1)< b, ADPc,p accepts all class-1

customers. Therefore, ADPcp > ADP, . At last, ADPc,p > ADPq 2 C. >
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Lemma 4.6.15. Under the setting of Lemma 4.6.10, if q1(1) + q2(1) < b and c*(p) < c <

c*(p), then Ac( > c'(^) - log

Proof Let A be the last time we reject a class-2 customer. According to (4.51),

ADPC,,(I) n + a (jib + c (b - u1(A, p))' + [n2 - 02(A)])

OPT - ni +a min{b - n1 ,n 2}
a (b + n2 - 02 (A)) - c (b + a min{ui(A, p),b) + ni

. (Lmm 4.-.11
a mi{n 1 + n2, b} + (1 - a)ni (Lemma 4.6.11)

(4.89)

Let us consider the tuple (A, ni, n2, qi(A), q 2(A), c) in MP1(p). Recall that under Approx-

imation 4.6.4, o 1(A) = 51 , o2 (A) = 51, and ui(A, p) = t. Due to Lemma 4.6.11,

U1,2( A, P) : U1,2( A, p) >-:: b.

Thus, (A, ni, n2 , q1(A), q 2(A), c) satisfies Constraints (4.36b)- (4.36i) in MP1(p). Following

the argument deriving (4.54) and (4.55) regarding MP1(p), the optimal objective value

c*(P) satisfies

a + n2 - 52) - c(p) (-b + a min{ih, b}) + ni
c*(P) < a P 1C*(p a mminIn + n2, b} + (1 - a)nl

(4.90)

Therefore,

ADPc,,(I) a L+ n2 - J2) - c (-L-b + a min{a 1 , b}) + n,

OPT a min{n, + n2, b} + (1 - a)ni

a b+ 2 - 02) - c*(p) (Ab + a min{U1, b}) + nl

a min{n + n2, b}

a(c - c*(p)) (a2b + a min{a 1 , b})

a min{n + n2, b} + (1 - a)ni

a(c*(p) - c*(p)) ( ab + a min{a1 , b})
c*(P) - ~-a .

a minin1 + n2, b} + (1 - a)ni

((4.89))

(4.90) and c c*(p)) (4.91)
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Recall that we always accept at least pb = 1-b class-2 customers. Thus, in this case

(qi(1)+ q2(1) < b), if n2 < ljb, the we have a ratio of 1. Thus, without loss of generality,

we assume n2 1--b. As a result,

a(c*(p) - c*(p)) ( b)
Pa ->c*(P^) - -CT-a -

=c' (p) - (c*(p) - c*(P))

4(1 - a) (1 - P)
>c*( P) - Clog , -)

((4.91))

(Proposition 4.6.6)

which completes the proof 01

With Lemmas 4.6.13, 4.6.14, 4.6.14 and 4.6.15, we are ready to prove Lemma 4.6.10,

which we reiterate as follows:

Lemma 4.6.10. Under Approximations 4.6.3, and 4.6.4, if the true probability in the

customer arrival model is p and p > p, then for all c c*(p), ADPc,p has a competitive

ratio of at least

- ~a)(p-p)) c*(p) - (-a log ( ) )}
- (-ap-p))

if C > c*(p),

if c 5 c*(p).

Proof. Lemma 4.6.10 follows directly from Lemmas 4.6.13, 4.6.14, 4.6.14 and 4.6.15

and c(1 - (l-a)(p-p) < C. 0

With Lemmas 4.6.9 and 4.6.10, we are ready to prove Proposition 4.6.7, which we

reiterate as follows:

Proposition 4.6.7. Under Approximations 4.6.3, and 4.6.4, if the true probability

in the partially-learnable model is p, then,

1. if p < p, then ADP,p has a competitive ratio of at least c for all c 5 c*(p).
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2. if p < p < P + 6 p, where 6p is a small positive constant, then ADP,, has a compet-

itive ratio of at least

c*(p) - 4-a- log (g) , if c*(p) < c 5 c*(p),

c [1 -a)p-P) if c < c*(p).

Proof Lemmas 4.6.9 proves the case where p < p. For the case where p < p < P + 6P,

we compare the terms in each of the minimizations in Lemma 4.6.10. Clearly, there

is a small positive number 6p > 0 such that when 0 < p - p < 6p, the competitive ratio

is at least

c*(p) - a) o ) , if C > C*(-),

c(1 -aMP-P), if c 5 c*(p).

Hence the proof of Proposition 4.6.7 is completed.

4.7 Problem Extensions

In this section, we study two extensions of the problem. In both of the extensions,

we relax the constraint that vi e {0, a, 1) and let vi take any positive values. In

Section 4.7.1, we study the hypothetical situation where the algorithms can observe

whether a customer is from the Unfollower group or not. To distinguish with the orig-

inal setting, we call such algorithms discerning online algorithms. In Section 4.7.2,

we study the classical online secretary problem (where b = 1 and n -+ oo) under our

arrival model. Since b = 1 and the values can take any positive numbers, the objective

is to maximize the probability of successfully selecting the highest-valued customer.

4.7.1 Discerning Online Algorithm

In this section we assume that different customers take different values. To ensure

that this happens, we can add a small and independent random disturbance to ecah
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of the customer values.

When online algorithms can distinguish whether a customer is from the Unfol-

lower group or not, we can learn the pattern from the first few samples of customers

in the Unfollower group, and derive an online algorithm with a competitive ratio of

1 - 0(e) with some e > 0.

Our one-time learning algorithm builds upon the ideas of [2]. We solve a scaled

version of the allocation linear program after observing "enough" customer from the

Unfollower group, and we use the dual prices from the linear program to make online

decisions after this initial period. However, we modify both the initial phase and also

the linear program of [2] to account for the adversarial component of the demand. In

particular, unlike [2], we accept all of the customers in the learning phase. In the

next paragraph, we show that this is indeed necessary when p < 1.

Let us consider the example where v' = b2 and v' < 1 for all i 2. To achieve

at least a 1/b fraction of the optimal revenue, an online algorithm must accept the

customer with value v'. However, if 1 is in the Follower group, which happens with

probability 1 - p, then the classical one-time-learning algorithm rejects the customer

with value vi = v'. Thus the competitive ratio of the classical one-time-learning is at

most p + b, which is clearly not near-optimal when b 2.

Note that if we use the learning period of e (same as [2]), then we might exhaust all

the capacity in this initial phase (if b en). Therefore we use a different criterion in

defining our learning period. In particular, let 2 = p, our learning period continues

until we observe Cn customers from the Unfollower group. Note that our learning

period is not deterministic. The following lemma gives an upper bound on the number

of customers arriving during the learning period, denoted by T. (By convention, we

define T = oo if the learning period never ends.)

Lemma 4.7.1. If n ( log , then,

\P T n) C e
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Proof Let X denote the number of customers from the Unfollower group among the

first " of all customers. Then, X is drawn from the binomial distribution Bin (, p).
Note that T > implies X Cn. Thus, p (T 2c) I P (X Cn). Chernoff bound gives,

for any 6 E (0,1) and y = E(X), P(X < (1 - 6)y) < e-62 12. Therefore, setting 6 = 1/2 and

y = (n,

S(T 2P ) P(X (n) e-"

where the last inequality follows from our assumption n 2 log}.

At time T, we solve a scaled offline linear program (Primal) and its dual (Dual) to

estimate the dual price. In the following, we use Sr to denote the set of customers

from the Unfollower group we have observed in the learning period. In Primal, we

first reduce the capacity to b - 2 to compensate for the customers we have accepted
p

during the learning period (note that by Lemma 4.7.1, P (T ! ) e). Then, we scale

the capacity by C (because |SrI = (n). Finally we scale the capacity by a factor of (1 - e)

to ensure that, with high probability, what we learn will select at most b - L future

customers. After this initial phase we use s' (optimal solution of s of Dual) to decide

whether to accept/reject a class-2 customer. The formal definition of our algorithm is

given in Algorithm 8.
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Maximize
xiE[0,11 for all iESrJ

subject to

Minimize
sO;yi O for all ieSn-

subject to

for all i c Sr

2vixi
iESrJ

xr (1 - e)C b -
iESnJ

(Dual)(-e)C b - --n S+ E yi( P 2 ) iESn-

S + Yz > Vi.

Algorithm 8 The One-Time Learning Algorithm. (OTL)

1. Initialize Sr <- 0 and define P =b6

2. Repeat for time A = 1/n, 2/n,..., 1, accept the customer i(= An) arriving at time

A if there is remaining capacity and one of the following holds:

(a) Before learning: Srl < (n.

If customer i is from the Unfollower group, then update Sr +- Sr U {i}; If

after updating, |Sr > Cn, then find the optimal solution s* of s of Dual.

(b) After learning: Srl > Cn and vi > s*.

We show that the one-time-learning algorithm achieves the following near-optimal

results:

Theorem 4.7.2. If e < and b2 > L log (i1), then the one-time learning algorithm is

(1 - O(e))-competitive in the partially learnable model.

Roughly speaking, (if we ignore the log } terms and make some minor assumption),

the one-time-learning algorithm is near optimal in the regime where b = Co .
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On the other hand, Proposition 4.6.1 also applies to discerning online algorithms.

Therefore, it is not possible to achieve near-optimality when b = o ( 7i). Thus we

have achieved near-optimality in a fairly wide range of b (with respect to n) where it

is still possible.

For proving 4.7.2, we first introduce Hoeffding-Berstein's Inequality for sampling

without replacement, which first appeared in [135]. We quote from [2]:

Theorem 4.7.3. Let U1 , U2,...,Ur be random samples without replacement from the

real numbers c1 , c2,... ,CR. Then for every t > 0,

P ui - rC t J 2 exp - t2
(2r R + t AR

where AR = maxi Ci - mini ci, i1 Ci, and R 1(Ci -

When applying Theorem 4.7.3 to our proof, the variables take values in {0, 1}, and

we find it more convenient to use the following corollary:

Corollary 4.7.4. In the setting of Theorem 4.7.3, if c1 , C2 ,..., CR take values in {0, 11,

then for every t > 0,

P ui - r t J2exp 2rE+t )

Proof First we note that AR 1. Therefore, it is sufficient to prove Cr2 < e, which is

given by

2 (Ci - f)2 (c - 2ci + 2)

i=1 i=1
R R

E C2) - 2 C) + Re2
R R~i)f

ci) - 2Re2+ Re2 (c c, (ci) =RE)

R

>R [(ci) = .
i==1
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0

For the subsequent proof, we introduce the following notation:

0 if v' <s s*,
xi(s*) =

1 if v' > s*.

According to the definition of xi(s*), the algorithm accepts customer i (where i is

the order of the customer before the random permutation) when either ar(i) T or

xi(s*) = 1 . As a consequence, T + E", xi(s*) is an upper bound on the overall number of

customers that would have been selected if we did not have the inventory constraint.

In addition, if T + E", xi(s*) b, then E" v'xi(s*) is a lower bound on the total revenue

of the algorithm (recall that we accept all the first T arrived customers). The above

two observations motivate us to prove the following two lemmas.

The first lemma shows that with high probability, the one-time-learning algorithm

does not attempt to sell products to too many customers:

Lemma 4.7.5. If e 1, 2 < and > - log ), thenp -e 6 -e2

JP xi(s*) > (b - 1n |T !& n )e.
P

Proof We first note that all values of s collectively give a total of n + 1 distinct se-

quences of (x,(s))n 1 . This is because the number of zeros in the sequence (xi(s))n 1 is

between 0 and n, and when we fix the number of zeros in a sequence to be m, those ze-

ros must correspond to the m i's with the lowest values of v'. Therefore, it is sufficient

to show that for each particular realization ( .) satisfying

2Cn
xi > b- , (4.92)

]P ((xi(s*))n = ()) We first make a connection between xi(s*) and the optimal
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solution of Primal and Dual, denoted by ({x> y7}iEs, s*). For all i in the Unfollower

group (i E H), if xg1j(s*) = 1, then vi = v'- ) > s* and thus vi + y* > s*. Due to

complementary slackness, x* = 1. Therefore, for all i e H,

XG 1()(S*) X.

Thus, when (xj(s*))g1 = (si)",

iEXr i = x x* (1- e)( b - 2Cn
iESnj iESn iESnj

As a result,

p ((xi(s*)), = (^,)n|T n)

IP X^-,i, (1 - e)c b - 2Cn IT n

IP r IY X-) 1( (1 - e) -jIT n ((4.92))
iESri=1

P I C Xi ;> C ,I|Tn 5 n
iESnl i=1 i=1

Conditioned on T < n, at the end of the algorithm, Sr is a random set of size Cn

(whose indices are {uR1(i)Ii e Srj before the random permutation) from {1, 2,... ,n}.

Thus, we can use Corollary 4.7.4 and give the following upper bound on the probabil-

ity presented int the above expression.

[, n12 _2 2CE
2exp - ' 1. j= ]= 2exp 2 i+ )

2Cn + ] ex K + 1'

(- 2C b - n _C-2C
:52 exp 2 + 3x n + 1'
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where the first inequality holds due to (4.92) and last inequality holds because <bp - 2

and b > -- log ( l).

The following lemma shows that E xi(s*)V is close to OPT:

Lemma 4.7.6. If L and b 21 , then

P nxi(s*)v < (1 - 3e) 1 - 2C) OPTIT n < C.

Proof Conditioned on T < n, and thus at the end of the algorithm, s* is well defined

and at the end of the algorithm, Sr is a random set of size Cn (whose indices are

{an(i)Ii e Sr} before the random permutation) from {1, 2,... ,n}.

Recall that OPT is the optimal offline value to the original problem. Denote

OPT' the optimal offline value when the inventory is b' = (b - L) rather than b

and the binary decision variables are relaxed as continuous [0,1] variables. Then,

by multiplying the offline optimal solution by the same factor of 1- ), we have,

OPT' > (1 - L)OPT.

Consider Lemma 3 of [2] with m = 1 and b' = (b - L). The condition for the lemma

holds because b' = (b - ) > ( a. Therefore, with proability at least 1 - c,

xi(s*)v' (1 - 3e)OPT' (1 - 3e) 1 - 2 OPT.

With Lemmas 4.7.1, 4.7.5, and 4.7.6, we are ready to prove Theorem 4.7.2, which

we reiterate as follows:

Theorem 4.7.2. If e < 2 and b2 2 > log (), then the one-time learning algorithm

is (1 - O(e))-competitive in the partially learnable model.

Proof First we show that can apply Lemmas 4.7.1, 4.7.5, and 4.7.6. To apply Lemma 4.7.1,

we need n (log 1, which is equivalent to b g log (1), which is implied by our as-
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sumption b2 _> !log( ). To apply Lemma 4.7.5, we need L < and C < . ThepC .p -2 p - 2

first condition is implied by 7 = eb < e < . The second condition is equivalent top 2 2

our assumption b2  l s). To apply Lemma 4.7.6, we need b E ,which is

implied by our assumption b2 
- logn

Applying the union bound to Lemmas 4.7.1, 4.7.5, and 4.7.6, we have with proba-

bility at least 1 - 3c, T < L(< n) (and thus s* is computed), E xi(s) b- 7 <b-T

(and thus we do not run out of capacity), and E1 xi(s*)v, > (1 - 3e) (1 - ) OPT. This

implies that with probability at least 1 - 3e, the total revenue achieved by the online

algorithm is at least (1 - 3e) (1 - L) OPT. Therefore, the competitive ratio is at least

(1 - 3e) 2 (i - = (1- 3C)2 (1 - C) 1 - 7e, which completes the proof 0

4.7.2 Secretary Problem

When p = 1, the problem reduces to the classical online secretary problem. In this

case, it is well-known that the best-possible online algorithm works as follows [48, 51,

55, 103]: Observe the fist LynJ customers and then accept the next one that has the

highest value so far (if any) where y = }.

Algorithm 9: Observation-Selection Algorithm. (OSA., y E (0,1))

1. Initialize Vmax <- 0.

2. Observation period: Repeat for customer i = 1,2,..., LynJ: reject customer i

and update Vmax <- max{vmax, Vi}.

3. Selection period: Repeat for customer i = LynJ + 1, LynJ + 2..., n:

* If vi > vmax, then select customer i and stop the algorithm.

* Otherwise, reject customer i.

Here we analyze similar algorithms that we call Observation-Selection Algorithm

(OSA.), described in Algorithm 9, for general y in our partially learnable model. We
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first list our results and then prove them.

Our first result is the following theorem:

Theorem 4.7.7. Under the partially learnable model where the probability a customer

being at the Unfollower group is p, as n -- oo, the success probability of OSAY is

yplog .

By optimizing over y, we obtain the following corollary:

Corollary 4.7.8. Let y* e [0,1] be the unique solution to

log(y*p + I - p) + - 0,
y*p + 1 - p

then, OSAY. achieves the highest competitive ratio among OSAy for all y c [0,1].

Proof Using Theorem 4.7.7 and taking the derivative, we obtain the corollary. o

p 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
y* 0.4935 0.4863 0.4784 0.4696 0.4597 0.4482 0.4348 0.4184 0.3975 0.3679

OSAY. 0.0026 0.0105 0.0244 0.0448 0.0724 0.1081 0.1533 0.2095 0.2796 0.3679

Table 4.3: The optimal length of the observation period y* and the success probability
of OSAY. for different values of p

Table 4.3 shows the optimal length of the observation period y* and the success

probability of OSAY. for different values of p.

Next we show that when p < 1, randomizing over the length of the observation

period (y) to increases the success probability. Intuitively, when p < 1, the customer

arrival sequence has an "adversarial component", and thus randomization can help.

In particular, we have the following proposition:

Proposition 4.7.9. For any 0 y1 < y2 1 and 0 < q < 1, the randomized algorithm

that runs OSA. 1 with probability q and OSAY 2 with probability 1 - q has a success

probability of at least

qs1 + (1 - q)s2 + min (1 - q)p(1 - p)(1- y2) q(1 - p) - 1
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where for i = 1,2, pi denotes the success probability of OSAY,.

When p < 1, this lower bound on the success probability shows that randomizing

the length of the observation period can lead to higher success probability. For ex-

ample, when p = 0.5, if we set y1 = 0.427, 72 = 0.69, and q = 0.824, then the success

probability is 0.083. On the other hand, the success probability of the best possible

OSAy given by Theorem 4.7.7 and Corollary 4.7.8 is 0.072.

Now we prove Theorem 4.7.7, which we reiterate as follows:

Theorem 4.7.7 . Under the partially learnable model where the probability a cus-

tomer being at the Unfollower group is p, as n -> 00, the success probability of OSAy

is yplog +1-_

Proof For each integer k > 2, we denote 8 k the event satisfying all the following

conditions:

1. All k highest-valued customers are in the Unfollower group.

2. The kth-highest-valued customers arrive in the observation period and the k - 1

customers with the highest values do not.

3. The highest-valued customer arrives first among the k - 1 customers with the

highest values.

Clearly, for any k > 2, 8k is a success event and those events are mutually exclusive

for different values of k. Furthermore, we note that, conditioned on that a customer

is in the Unfollower group, the probability that it arrives before time y approahces y

as n -+ oo. This can be done by using a slightly modified version of (4.21b) that takes

into account all customers instead of only class-2 customers. Thus, we can write the

probability the probability of event ck as P (8 ) = pk(y + o(1))((1 - y + o(1)))k-1 k1l, where

o(1) represents a small (positive or negative) real number approaching zero as n -> co.

As a result, IP (8 k) - p y(1 - y)k-1 1 pkk1 o(1), which approahces 0 as n -+ oo, so we
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can denote IP (6k) pky(l - y)k-i1 - |0(1)1. Thus, for any fixed m, we have

IP (success) L IP (Ek) E IP (8k)
k=2 k=2

P -y(l - k< k 1 flu

k=2

(fyOl - Y)k- k 1 mlo(1)I,
k=2

which approaches Ek=2 (pky(i - y)k-1 'i) for fixed m as n -> oo. Since the above in-

equality holds for all m, we have

P (success) lim EP (8k) lim 1 pk(j -Y)k-1 1 yp 1.
n-oo k=2 m-o k=2 yp + p

For simplicity, in the remaining proofs related to this algorithm, we skip the above

argument, and simply write the probabity that a customer (given that it is in the

Unfollower group) arrives between time A 1 and A 2 (> A1) to be A 2 - A1 .

Now we show that the analysis is tight. Consider the following adversarial in-

stance. The highest-valued customer is the first customer in I' (before the random

permutation). For each k = 2,3,..., (1 - y)n + 1, the kth-highest-valued customer is the

(yn + k - 1)th customer in I'. Other customers arbitrarily fill other positions in I'.

For each positive interger 1 1 (1 - y)n, we denote 8,' the event where all of

the I highest-valued customers are in the Unfollower group but the (1 + 1)th-highest

is not. Similarly, we denote 8 '_ the event where all the ((1 - y)n + 1) highest-

valued customers are in the Unfollower group and 8' the event where the highest-

valued customer is in the Follower group. Clearly, {8 '}7")n+ is a partition of the

sample space. In addition, for all 1, P (8,) pl. Conditioned on 8, the highest-valued

customer arrives during the observation period, and thus the algorithm has a success

probability of 0. Conditioned on 8, the algorithm either accepts the customer with the

second-highest value or does not accept any customer (if the highest-valued customer
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arrives before y), and hence has a success probability of 0. Further, it is easy to

check that for any 2 1 5 (1 - y)n, conditioned on 8', to have a success, either one of

82,83,-. - -8 occurs or the highest-valued customer must be one of the (yn + 1)th through

(yn + I - 1)th arrived customers, which has a probability of 'n (conditioned on 8). As

a result, the total success probability is at most

(l-y)n

I(8f) 17)FU 8mI 18]+ +I 8(1 n 
1-y)n+1)

1=2 m=2

(1-y)n 1 (1-y)n

< P(8mn 81)+ 1 p +po-)" (IP(ci) p1 )
1=2 m=2 1=2

0000(- 

n l

m=2 1=2

E iP (8') + P + (1-y)n+l

(1 - p)2 n

which converges to 1'=2 P (81) as n approaches infinity.

The key in the proof of Proposition 4.7.9 is that when the position of the second-

highest-valued customer in I' (before the random permutation) is before y2n, OSAY 2

has a success probability greater than s2; otherwise, OSAY 1 has a success probability

greater than si. To formalize this idea, we introduce two lemmas.

Lemma 4.7.10. If the second-highest-valued customer is among the first y 2n customers

in I', then OSAY 2 has a success probability of at least s 2 + p(l - p)(1 - Y2).

Proof The events {kI}k'= 2 introduced in the proof of Theorem 4.7.7 collectively give a

success probability of s2.

Now we consider the event, denoted by ,, which satisfies the following conditions:

1. The highest-valued customer is in the Unfollower group and arrives after time

y-

2. The second-highest-valued customer is in the Follower group.

266



Note that 8 is a success event that does not overlap {8k}= 2 . Therefore, 8 gives an

additional success probability of p(1 - p)(1 - y2). o

Lemma 4.7.11. If the second-highest-valued customer is not among the first y 2n cus-

tomers in I', then OSA 1 has a success probability of at least s1 + (1 - P) S1.

Proof The events {Ik}k= 2 introduced in the proof of Theorem 4.7.7 collectively gives a

success probability of s1.

For each positive integer k 2, we consider the event, denoted by 8k, which satis-

fies all of the following conditions.

1. Among the k highest-valued customers, all except the second highest-valued cus-

tomer are in the Unfollower group and arrive after time yl.

2. The second-highest-valued customer is in the Follower group.

3. The (k + 1)th-highest-valued customer is in the Unfollower group and arrives

before time yi.

4. The highest-valued customer arrives no later than Y2 and arrives first among

the k highest-valued customers (except for the second-highest-valued customer).

Clearly, for any k > 2, 8k is a success event. In addition, those events are mutu-

ally exclusive for different values of k. Furthermore, {Wk}k>2 does not overlap {k}k>2.

Note that conditioning on the highest-valued customer arriving before time y2, the

probability that it arrives first among the k highest-valued customers (except for the

second-highest-valued customer) is at least n. Therefore, IP (8k) > pk(l - p)yi (1 -

y1)k-2(Y2 -- y1)6y. As a result, the success probability is at least

00 0

s1 + i (ck) >Si + , pk(1 - p)y1(1 - y 1 )k-2(Y 2 - Y1)k 1
k=2 k=2

=s1 + (1 -p) s1.
1 - y
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With Lemmas 4.7.10 and 4.7.11, we are ready to prove Proposition 4.7.9, which we

reiterate as follows:

Proposition 4.7.9. For any 0 y1 < Y2 1 and 0 < q < 1, the randomized algorithm

that runs OSA., with probability q and OSA.2 with probability 1 - q has a success

probability of at least

qs1 + (1 - q)s 2 + min (1 - q)p(l - p)(1 - Y2), q(1 - p)Y2 si}

where for i = 1,2, pi denotes the success probability of OSAYi.

Proof Recall that for any position of the second-highest-valued customer in I', OSAy1

has a success probability of at least si and OSAY 2 has a success probability of at least

s 2 . As a result, using Lemma 4.7.10, if the second-highest-valued customer is among

the first y 2 n customers in I', then we have a success probability of at least qs1 + (1 -

q)(s2 + p(l - p)(1 - y2)). Similarly, using Lemma 4.7.11, if the second-highest-valued

customer is not among the first y2n customers in I', then we have a success probability

of at least q(s1+(1-p)3/' s1)+(1-q)s 2. As a result, for any adversarial problem instance

I', our success probability is at least

min qsl + (1 - q)(s2 + p(1 - p)(1 - y2)), q(s1 + (1 -Y2 p - s)(1 - q)s2
1 - y1

=qs1 + (1 - q)s 2 + min (1 - q)p(1 - p)(1 - Y2), (1 - p) Y2 s

which completes the proof.

4.8 Discussion

The premise of our partially-learnable demand model is to find a compromise between

giving adversary the full power to determine the arrival order and none at all. In our

model, the adversary can only determine the order without knowing which customer
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is going to join the Unfollower group. Such a model cannot capture sudden unpre-

dictable change in the demand.

Here we used a discrete time model, and also assumed that the arrival times

of customers from the Unfollower group are randomly permuted among their pre-

determined positions. We believe similar results can be obtained for a model where a

total of n customers of the two groups (those in the Unfollower group and those who

are not) arrive according to independent Poisson distributions with rate p and 1 - p.

Finally, here we focus on the special case where customers belong to only 2 classes.

We believe that by combining our ideas for adaptively learning bounds on the demand

of each class with those of [93], one can generalize our algorithms to the multiple-fare

class problem. In particular, achieving the convex combination of the worst-case and

the average-case bounds in the generalized model is an interesting open question.
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Chapter 5

Conclusion and Future Work

We conclude this thesis with a summary of our contributions and a discussion of

future research directions.

5.1 Summary of Thesis

In Chapter 1, we began by motivating the necessity to study optimization problems

with incomplete information and the general setting of this thesis. Then, we provided

an overview of current online optimization problems and also introduced a new class

of distributed problems. Finally, we presented an outline of the thesis and a summary

of our contributions.

In Chapter 2, we studied a generalized version of online scheduling problems,

where the online WTRP is a special case. First, we formulated a new class of gen-

eralized online scheduling problems and also introduced a new family of generic cost

functions. Putting together, our setting covers a wide range of problems, including

the online WTRP. For the online WTRP, we proposed and analyzed a family of pa-

rameterized deterministic and randomized online algorithms, and determined the

parameters that provide the smallest provable competitive ratios. For both deter-

ministic and randomized online algorithms, our competitive ratios are lower than the

271



best in the literature for the online WTRP. Based on the parameters we obtained, we

designed two online algorithms (one is deterministic and the other is randomized) for

the generalized setting, and obtained a competitive ratio similar to that of the online

WTRP.

In Chapter 3, we studied a distributed version of the Multi-Depot Vehicle Routing

Problem (MDVRP). In our distributed setting, the goal is to design static partition

schemes with small PoNCs. First, we considered general depot configurations and

showed that the Voronoi partition achieves a PoNC that is linear in the number of de-

pots and independent of the number of requests. Then, we designed partition schemes

for two special classes of depot configurations: the line case where the depots form a

line and the bounded-ratio case where the ratio between the furthest pair of depots

and the nearest pair is bounded by a sub-linear function of the number of depots.

For each of the cases, we designed partition schemes and showed that their PoNCs

are sub-linear in the number of depots. These results indicated that our partition

schemes for these two classes of depots have PoNCs lower than the Voronoi partition

asymptotically.

In Chapter 4, we studied the online quantity-based single-resource revenue man-

agement with two classes of demand. First, we introduced a new customer arrival

model that is a middle ground between the worst-case and the random-order models.

We developed and analyzed two online algorithms and showed that our algorithms

achieve the best possible competitive ratio for a wide range of pairs of the initial ca-

pacity and the number of customers. In addition, we relaxed the constraints where

there are only two classes of customers and studied two extensions of problems. In

the first extension, where online algorithms can observe whether an arriving cus-

tomer follows the worst-case arrival order or arrives at a somewhat random time, we

proposed a near-optimal online algorithm. In the second extension, where the goal is

to select the customer with the highest value with the highest probability, we deter-

mined the optimal deterministic length of the observation and show that randomizing
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over the length of the observation period helps to increase the success probability.

5.2 Future Research Directions

Our formulations open up several challenging research directions. Even though we

has made progress in tackling some of the problems, many problems remain open,

and we conclude our work by listing twelve such problems.

5.2.1 Open Problems for Chapter 2

Open Problem 1. For each a E (0,1] and P > a, what are the competitive ratios of

PACa,p and RPACa,p for the online WTRP? What is the competitive ratio of PAC for

general online scheduling problems with multi-state machines?

Either a tighter analysis of the algorithm or a better adversarial problem instance,

or both could address this open problem.

Open Problem 2. What is the competitive ratio of ReOpt for the online WTRP? What

about the competitive ratio for general online scheduling problems with multi-state

machines?

We proved that ReOpt is almost surely asymptotically optimal. However, when not

imposing stochastic assumptions, we do not even know whether ReOpt has a constant

competitive ratio or not (for both the online WTRP and general online scheduling

problems with multi-state machines).

Open Problem 3. What are the competitive ratios of the best-possible deterministic

and randomized online algorithms for the online WTRP when the metric space is the

non-negative real line, the real line, and the 2-dimensional Euclidean space?

In the online VRPs, the difficulties in determining the best-possible competitive

ratios typically arise when going from the non-negative real line to the real line, or
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when going from 1D (real line) to 2D, while going from 2D to general metric spaces is

usually straightforward.

Open Problem 4. What are the competitive ratios of the best-possible deterministic

and randomized online algorithms for the online WTRP for general metric spaces?

What about the competitive ratio for general online scheduling problems with multi-

state machines?

This problem is probably the central one that we would like to get an answer to.

The best-possible online algorithms could be ReOpt, PACa,p (RPACa,p for the random-

ized case), or other algorithms.

5.2.2 Open Problems for Chapter 3

Open Problem 5. Does there exist a partition scheme with a PoNC of o(log(m)) when

the depots form a line?

This open problem can be solved either by a different partition scheme or a tighter

analysis of the Level partition scheme for the line case.

Open Problem 6. Does there exist a partition scheme with a PoNC of o(m) when the

metric space is the two-dimensional Euclidean space V? What about R3?

Since difficulties can potentially arise when one goes from 1D to 2D and from 2D to

3D (where going from 3D to higher dimensions is typically straightforward), answer-

ing this question can be very valuable.

Open Problem 7. For a fixed sub-linear function f, under what configurations of

depots does there exist a partition scheme with a PoNC of e(f(m))?

This problem is a natural generalization of our bounded-ratio result. In particular,

the bounded-ratio configuration works for any sub-linear f.

Open Problem 8. Does there exist a partition scheme with a PoNC of o(m) for any

configuration of depots in any metric space?
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Our conjecture here, as mentioned in Remark 3.5.1, is that such sub-linear parti-

tion schemes exist.

Open Problem 9. Does there exist a partition scheme with a PoNC of E(1) for any

configuration of depots in any metric space?

If the answer to Open Problem 9 is yes, then the resulting partition scheme will

be a surprisingly good one that completely trivializes the use of communication.

5.2.3 Open Problems for Chapter 4

.Open Problem 10. Under the partially-learnable model, when b, n --> oo and b = cn

where K is a positive constant, can no online algorithm, deterministic and random-

ized, achieve a competitive ratio better than c', the solution of MP1? (Is Conjec-

ture 4.6.2 true?)

It is difficult to remove Approximation 4.6.4 from the proof of Proposition 4.6.5

and obtain this conjecture, because this assumption increases the power of the ad-

versary. For example, let us consider two problem instances with the same vales of

51(A) and 52(A) up to a time A. With Approximation 4.6.4, online algorithms cannot

distinguish between these two instances up to time A. However, when we drop this

assumption, online algorithms can somehow distinguish these two instances because

o1 (A) can have different means and variances on the two instances (examples are easy

to construct).

Open Problem 11. When allowing multiple classes of demand, can we, similar to

Algorithm 6, still obtain a competitive ratio that is the convex combination of the

worst-case and the average-case bounds in the generalized model? If not, what can

we achieve?

We believe that by combining our ideas for adaptively learning bounds on the

demand of each class with those of [93], one can generalize our algorithms to the

multiple-fare class problem and partially address this open question.
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Open Problem 12. For the general online resource allocation problems [2], can we,

similar to Algorithm 6, still obtain a competitive ratio that is the convex combination

of the worst-case and the average-case bounds in the generalized model? If not, what

can we achieve?

This open question is the central one that we want to answer due to its generality,

but is difficult because, if the answer is positive, then it covers Open Problem 11 as a

special case.
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