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ABSTRACT

A procedure is developed for modeling stochastic ocean wave and wind loads as diffusive
stochastic differential equations (SDE) in a state space form to derive the response
statistics of offshore structures, specifically wind turbines. Often, severe wind and wave
systems are highly nonlinear and thus treatment as linear systems is not applicable, leading
to computationally expensive Monte Carlo simulations. Using Stratonovich-form diffusive
stochastic differential equations, both linear and nonlinear components of the wind thrust
can be modeled as 2 state SDE. These processes can be superposed with both the linear and
nonlinear (inertial and viscous) wave forces, also modeled as a multi-dimensional state
space SDE. Furthermore, upon implementing the ESPRIT algorithm to fit the
autocorrelation function of any real sea state spectrum, a simple 2-state space model can
be derived to completely describe the wave forces. The resulting compound state-space
SDE model forms the input to a multi-dimension state-space Fokker-Planck equation,
governing the dynamical response of the wind turbine structure. Its solution yields
response, fatigue and failure statistics-information critical to the design of any offshore
structure. The resulting Fokker-Planck equation can be solved using existing numerical
schemes.
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1 Introduction

Clean energy production is likely the paramount issue of today's world. Of all
the many alternative energy methods, wind energy is extremely promising yet
under-utilized. One of the largest barriers to implementing wind energy devices on
a larger (and global) scale is the cost and time associated with design, validation and
operation of these structures in extreme environments. Of particular interest for
offshore wind turbines are failure margins in designing the devices, and controls for
operation in large storms. Intuitively, a larger storm contains more energy, and if
the devices can be operated in these conditions without mechanical failure, the
potential for capturing wind energy is increased that much more. However,
characterizing the response statistics in extreme wind conditions and sea states is a
significant problem due to nonlinearities found in nature. Current methods are very
expensive in terms of time and required computational power, and are only Monte
Carlo averages at best. If a method could be found to derive the linear and nonlinear
response statistics, the design and validation process could be greatly simplified.
What follows in this thesis attempts to do exactly that.

1.1 Motivation
When designing any system or structure, it is critical to understand its

responses to excitation for safe operation without failure. Statistical measures of
failure conditions and likelihoods are often difficult to estimate in the real world,
where systems can be nonlinear and subject to nonlinear and non-Gaussian
excitations. Classically, the method of deriving response statistics for a linear
system under a general Gaussian-distributed excitation is easily characterized by
linear system theory. However, as soon as the system is no longer well
approximated as linear, or the excitation becomes non-Gaussian, either in shape or
possessing thick tails of the probability distribution function, linear system theory is
no longer applicable [1].

In the fields of ocean engineering and naval architecture, an overwhelming
number of the systems fall into the categories of nonlinear systems, excited by
nonlinear processes, or both. One example is vessels in severe sea states, where the
wavelength of the waves are of comparable or greater scale than the length of the
vessel, and the sea state often has a non-Gaussian probability distribution [2]. In
this case, the response is comprised of coupled six degree-of-freedom nonlinear
motions [2]. Furthermore, modeling and characterizing these motions is a very
poorly understood problem, with only minimal empirical tow tank models. These
are effectively curves-of-form solutions in the naval architecture vernacular. A
second example, and the primary motivation and topic of this thesis, is a major
player in the push for large-scale renewable energy-offshore wind turbines.
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Wind turbines are subject to severe sea states and wind speeds, both of
which often have non-Gaussian distributions [3]. Correctly characterizing the
response statistics is therefore a key but difficult challenge to their design and
implementation. Furthermore, the economic cost problem is two-fold. Damage and
Failures of these devices in extreme weather conditions can be very expensive to
repair or catastrophic, and potentially hazardous to surrounding structures.
Therefore, uncertainty in characterization of the response is met with excessive
safety margins [4]. These safety margins are also expensive, in terms of weight,
material cost, maintenance and complexity [4]. But with better response
characterization, the safety margins and cost can be reduced dramatically. This
addresses the problem of failure in extreme conditions, but given this is an energy-
generation device, there's the question of damage-preventative shutdown in severe
but survivable conditions [3].

Often, there is a wide safety margin associated with the shutdown point, i.e. it
will occur well before the severity threshold of the conditions will cause damage,
because that point is poorly characterized [3]. Therefore, better characterization of
the overall response statistics will allow the operating envelope to be extended to
higher-energy weather conditions, boosting the renewable energy capture. Current
methods are able to approach a sufficient characterization, but they are very
inefficient.

Currently employed methods are entirely dependent on large
computationally expensive computational fluid dynamics (CFD) and finite element
analysis (FEA) coupled with Monte-Carlo simulations [4]. This process, which
produces sufficiently good results, is tremendously inefficient. The procedure flow
chart is outlined in Figure 1.1.

To begin, current methods require measuring wave elevation and wind
speed records. The records can also be generated, however generated records are
often Gaussian distributed or post-processed to be non-Gatissian. The resulting flow
field and corresponding forces on the structure are then calculated via CFD for the
wind thrust and wave loads. The resulting time signal of the loads is fed into a
suitable FEA package, which calculates the dynamic response [3]. However, this
only gives the response for one single stochastic realization of a combination of
wind and sea state conditions. Therefore, this procedure is repeated many times to
capture the response statistics to the excitation ensemble described by a single
combination of conditions, each described completely by a spectrum and probability
distribution. Already, for a single wind and sea state pair, this process is very
computationally expensive, requiring hours of run time on large-core machines [4].
However, characterizing the entire range of environment conditions that the

structure may be exposed to requires performing the above loop over tens or
hundreds of combinations of wind and sea state combinations [4]. This is a massive
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challenge in designing and operating offshore wind turbine farms or any offshore
vessel.

Define
All Wind & Sea States

Single Wind & Sea State
Combination

Define Wave
S(W) & P(X)

I
Define Wind
S(W) & P(X)

Complete Response
Statistics

Characterization

Figure 1.1: General flow chart of current procedure
response statistics of an offshore wind turbine.

to calculate

Part of the challenge with current methods is that it can be difficult to
determine exactly how each input parameter affects the results, due to the massive
number of variables and the constraints on running a complete sensitivity study for
each design. Therefore, this thesis seeks to find solutions to address three aspects of
this problem. First, to generate a variety of wind speed and wave elevation signals
with general power spectra and probability density functions. Second, to develop
appropriate models for the various nonlinear loads and responses in analytic forms.
And finally, develop a state space representation of the linear and nonlinear
dynamic loads on the structure. A state-space model is a useful tool to analytically
or numerically calculate the response statistics to excitations with general PDFs and
spectra with significantly increased efficiency.

11

I

Monte Carlo Simulations

Generate Generate
Input X(t) Input X(t)

RunCFDto RunCFDto
find F(t) find F(t)

Run FEA for
Y(t)

I



1.2 Wind Turbines
Wind turbines can take on many design forms. The ones considered here are

comprised of either a bottom mounted or floating tower, cylindrical or slightly
tapering conic in cross-section. A nacelle and propeller are affixed at the top free
end, as shown in Figure 1.2.

V

Figure 1.2: Sketch of a typical bottom-mounted wind turbine with a
cylindrical tower.

The system is well understood and well approximated by Euler-Bernoulli Beam
Theory. The boundary conditions are a rigidly clamped or stiff-clamped end (tower
base) and a free end (nacelle) with arbitrarily general forcing along the beam [3].
Therefore, the dynamic response equations is given by minimizing the functional [5]

wL S (,x) ) i f 24 2
S = Y -t) 2 x + q (x, t) 8(x, t) dx

fo 2 a 
2(1)

where 6(x, t) is the displacement of the beam.

equation (2), the Euler-Lagrange equation [5]

x2 (102(\ 02(
El = -pYtz

The solution takes the form of

+ q(x,t)

(2)

12

I



The right hand side of equation (2), q(x, t), is the forcing term. For wind
turbines, the forcing is comprised of two components-wind and wave loads [3].
Because the wind loads on the turbine blades are much greater than any
aerodynamic effects on the tower itself, the wind thrust can be modeled as a point
load applied at the nacelle hub, resulting in a standard free-end forcing. Given the
wind velocity u, the thrust T is found from actuator disk theory to be [3].

1
T = .pAdiskCruz

(3)

CT is the thrust coefficient-a critical design parameter of wind turbines.
The form of the wave load model is dependent on the type of platform or

base structure used [3]. For the purposes of this thesis, a bottom-mounted jacket
structure or cylinder will be used. In this case, the wave loads vary in the vertical
direction and are distributed over the submerged depth of the structure [3]. The
details of calculating this force will be introduced appropriately in Section 3.

The current challenge is that the processes that generate these forces, the
wind and waves, are nonlinear stochastic processes. Wind speed and wave
elevation can be assumed to be stationary and ergodic when fully developed for
short periods of time relative to the time scale of the atmospheric conditions [6].
Current practices in the wind turbine industry take 10-minute intervals to be
sufficiently short for stationary and ergodic assumptions to hold [7]. In this case,
the process is completely described by a power spectrum and probability
distribution, which are relatively easy to measure in the real world. Often, it is
sufficient to approximate these processes as linear, i.e. Gaussian distributed. In this
case, the when the system is linear, linear system theory can be applied to derive
response statistics.

However, in extreme sea states and wind conditions, these processes can be
very far from Gaussian distributed, with complex, asymmetric shapes and thick tails
[3,6]. A linear system theory analog for nonlinear processes and nonlinear systems
does not exist currently. There are some techniques for special cases of deriving the
statistical results of nonlinear transformations [8]. Therefore, a general technique
for finding the nonlinear response statistics (probability distribution and power
spectrum) of a wind turbine is sought.

1.3 Stochastic Differential Equations
Stochastic calculus is the framework of analogous principles for stochastic

processes that are commonly understood for deterministic processes in standard
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calculus. In the middle of the 20th century, two mathematicians were at the core of
developing stochastic calculus-Kiyosi Ito and Ruslan Stratonovich. As a result,
there exists an analog to the deterministic differential equation, the stochastic
differential equation (SDE), which will form the core of the methodology found in
this work.

The wind and wave processes can be modeled as stochastic differential
equations. More specifically, they are modeled as diffusive stochastic differential
equations [8,9]. A diffusion process is a solution to a stochastic differential
equation, which is often the time-continuous Markov process [9]. The most
common example of a diffusion process is Brownian motion (the Wiener process).
When dissipation terms are applied, this becomes an Ornstein-Uhlenbeck process
[8]. Wind speed and wave elevation, and the resulting forces, are modified
Ornstein-Uhlenbeck processes. As will be seen in the following sections, these
processes can be modeled in two forms-Ito and Stratonovich. The Ito form is
generally more applicable and straightforward in the context of the machinery of
stochastic calculus [8]. However, for diffusion processes, the Stratonovich form is
often thought to better represent real physical processes [8]. Without going into
further detail on their workings, stochastic differential equations allow for the
derivation of a realization of a stochastic process with a given general probability
distribution and power spectrum. This is the key tool used in this thesis.

2 The Wind Model
The response statistics of an offshore wind turbine are composed of two

main components-wind and waves. This section will attempt to model the wind
contribution, and the following section will address the wave contribution. Finding
the wind loads is a two-step process, requiring first the characterization of a
turbulent wind speed record, developed in Section 2.1, and characterizing the
resulting thrusts, developed in Section 2.2.

Before developing the details, it is necessary to mention several key
properties of wind. First, wind speeds, particularly in storms, are often very far
from Gaussian-distributions, often best characterized by Weibull distributions [3].
Second, wind spectra nearly always have a peak at zero frequency, as demonstrated
by the von-Kdirman and Dryden continuous gust wind turbulence models [10]. The
von-Kdirmain linear velocity spectrum is given by [10]

1

= W [1 + (1.339Lvf2) 2]jS
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8 )
S 2L, 1+0 (2.678Ld) 2

[1 + (2.678LQ) 2 ] 6
8

[1 + (2.678Lwd)2 W

d2-

(4)

f2 is a spatial frequency normalized by some characteristic velocity V. The Dryden
linear velocity spectrum model is given by [10]

U 7 1 + (LU d2)

aw2Lv 1 + 12(LQ) 2

= 7rii [1 + 4(LVfn) 2] 2

=V a2Lw 1+ 12(Lw12) 2

W 7 [1 + 4(Lwn)2]2

(5)

From inspection, both of these commonly used models have a low-pass shape, and
their inverse Fourier transform, i.e. their autocorrelation functions, are well fit by a
single decaying exponential function. Therefore, we seek to find a process through
which we can derive the response statistics to this non-Gaussian process while
maintaining generality of the probability distribution function and the wind
spectrum within the above general families.

2.1 The Turbulent Wind Speed Model
The first step is to create a general model of a turbulent wind process. Much

of the theory used to derive the following results exists already in theoretical form,
and has been applied to other fields of study-primarily telecommunications.
However, the key steps that follow require application of the correct mathematical
models and simplifications in line with the physics of the problem to achieve the
desired results.

Wind speeds are often well characterized by several spectral models
mentioned above, which have a peak at zero and are monotonically decaying. Wind
speeds are also well characterized by the Weibull distribution [3]. While real wind
speed records have complex probability distributions, the Weibull distribution is
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generally the best two-parameter distribution to fit natural data in a least squares
sense [3]. The Weibull distribution is given by

p(x) =
0, x < 0

(6)

where A is the shape parameter and k is the scale parameter.
Given that the stochastic wind process is stationary and ergodic, and has a

probability density and power spectrum known a priori, Cai and Lin derive a
diffusive SDE to model a low-pass spectrum process [9]. Letting the spectrum be of
the form

=2 + a

(7)

where U.2 is the variance of X(t), the parameter a can be selected to fit the Dryden
spectral model, or any real data spectrum, via numeric nonlinear least squares
algorithms. The resulting diffusive SDE in the Ito form is

dX = -aX dt + D(X)dW(t)
(8)

where the parameter a is now known as the drift coefficient and the function D(X)
is known as the diffusion term of the process [9]. W(t) is a Weiner process,
otherwise known as a Brownian motion process [9].

In this form, the parameter a can be determined independent of the
distribution by least squares fitting the spectrum. The diffusion D(X) is then
determined by solving the one-dimensional Fokker-Planck Equation for the process
X(t),

dG = 0 = - axp(x)+ 1 d [D2(X)p(X)= - df( 2 dx

(9)

The Fokker-Planck equation in general governs the probability flow from one
process to the corresponding response process [8]. For a diffusive Markov process,
it is also known as the Kolmogorov Forward Equation [8]. Because it is a statistical
relation, the process X(t) need not be deterministic. Furthermore, by solving the
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general Fokker-Planck equation, the goal of deriving the response statistics is

realized.
In the one-dimensional case, equation (9) is simply a homogeneous first

order ODE, which is simply solved via separation of variables, yielding the formula
of the diffusion term [9]

2a (
D 2 (x) = - ) 1  up(u)du

pW xxiower

(10)

Before calculating the diffusion, the theory requires a zero-mean process, so the
distribution is shifted accordingly, as well are the bounds of the integral.

Cai and Lin complete the derivation by transforming equation (8) from the
Ito form to the Stratonovich form [9],

1 dD2 (X)Xk=-aX- dX + D(X)((t)
4 dX

(11)

E(t) is a white Gaussian noise process with a unit spectral density (unit variance)

[9].
The Stratonovich form has two benefits when applied to the wind problem.

First, the real process is modeled more accurately by including the derivative of the

diffusion with respect to X, dD(X) Intuitively, the addition of this term captures the
dx

behavior that the diffusion values at Xi and Xj+1 will not be identical, as would be
the case in the Ito sense. A large drive behind this implementation is that this

method will ultimately be implemented numerically, so while dD(X) may be
dX

negligibly small in the continuous case, once discretized, the derivative term may
have a noticeable affect. Secondly, in the Stratonovich form, equation (11) can be
solved using a simple forward Euler time-marching scheme,

X(ti 1+) = X(t) - aXiAt - 1 dD2 (X,) At + D(Xi)4(t1) At
4 dX

(12)

Solving equation (12) leads to a model of the process X(t), with the specified power
spectrum and probability density function given by equations (6) and (7).

Several numerical algorithms exist for solving SDEs. The three most
prominent are the Runge-Kutta SDE algorithm, the Milstein method, and the Euler-
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Maruyama algorithm [11]. The most popular for Ito SDEs is the Euler-Maruyama
(EM) algorithm [11]. The algorithm solves equation (8) by step-marching the
Markov chain using the formula [11]

Y+1 = Y + a(Y)i * At + D(Y) * AW
(13)

A W is the discretized solution to the integral of a Weiner process, which is simply a
unit normal random variable with zero mean and variance .2 = At. Applied to
equation (12), EM is simply a time marching scheme, so a simple modification is
necessary, yielding the discrete time marching formula

1 dD2 (X1 )X(ti+1) = X(t) - aX At - dX At + D(Xi)AW
4 dX

(14)

Finally, the mean wind speed is added back to the signal to account for shifting the
distribution. In other words, X(t) up until now has been a model of the unsteady
component of the wind velocity, which oscillates about the mean wind speed.

Before moving to an example, several notes must be made on the practical
implementation of this method. Because the Weibull distribution is defined to be

dDXzero for X < 0, there is a discontinuity in evaluating Dx . This is a practical

challenge not addressed by the references cited, as it is only a property of specific
distribution function families. To remedy this issue, the Weibull distribution is fit
with a superposition of several Gaussian distributions, known as a Gaussian
mixture. This is easily implemented in MATLAB using the Gaussian mixture
function. Because a Gaussian has thin tails that asymptote to zero but remain
infinitesimally finite, the distribution can be expanded. That is, before the mean is
set to zero, the distribution can be expanded to negative wind speeds, without
significant deviation from the Weibull distribution, as shown in Figure 2.1 below.
However, a superposition of several Gaussians is a non-Gaussian (i.e. nonlinear)
distribution. This has two benefits. First, the Weibull distribution is a best fit of
some natural phenomena, but is not intrinsically naturally physical. As a result, it
does not capture negative wind speeds, which do occur in extreme and turbulent
conditions, which are the motivation of this thesis. Secondly, the Gaussian mixture
actually allows for a better fit to certain real data sets, as it can capture more
complex shapes and multiple-peaked distributions, improving the method's
generality. Addressing computational concerns, this added step adds no significant
computational complexity.

18



Several test simulations were implemented in MATLAB. After determining
that the target spectrum (6) could well approximate the Dryden wind turbulence
model in the x-direction velocity component u(t) with various combinations of
parameter, the diffusion SDE parameter a was then selected as an input to further
simulations to simplify the number of input parameters. Next, several shapes of
wind speed PDFs, including Weibull and NREL wind speed data, were fit with the
Gaussian mixture toolbox in MATLAB. To maintain flexibility to fit general shapes of
PDFs, particularly real wind speed data [12], 5 Gaussian functions are used to
approximate the PDFs. Then the SDE parameters were calculated and resulting SDE
was solved, over a large set of independent Weiner processes.

While theoretically, a single process over a long enough time span should
have the correct PDF and spectrum, any numerical calculation has numerical round
off errors, and truncation errors (notably in calculating the derivative of the
diffusion in the Stratonovich form of the SDE). And numerical signal analysis
processes, i.e. histogram discretization methods and the Fast Fourier Transform
(FFT) introduce similar numerical errors, resulting in "jaggedness" of the results.
Therefore, a large sample is run, and averaged, yielding smoother results. While this
does increase the cost of the process, approximately 100 trials take on the order of
35 minutes on a single laptop core. This method is easily parallelizable when
increasing the simulation sample size.

An example wind model averaged over 50 trials is simulated using the
parameters provided in Table 2.1 for a Weibull distribution and target spectrum
given in equations (6) and (7), respectively.

Table 2.1: Example distribution and spectrum parameters.

Distribution kappa 2.3

lambda 12
Spectrum alpha 1/(2*pi)

Trials 50
Simulation
Signal Time Length
Signa_ 300

Properties- [seconds]
dt [seconds] 0.01

The simulated wind speed distribution is shown in Figure 2.1 below, with the
Weibull distribution and its Gaussian mixture fit comprised of 7 Gaussians.
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Averaged Simulation Histogram
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Figure 2.1: Plot of input Weibull distribution (blue), the Gaussian
mixture fit (red) and the histogram of the simulated wind speed signal
(light blue).

A plot of the diffusion is given for illustrative purposes in Figure 2.2.
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Figure 2.2: Diffusion D(X) provided for illustrative purposes.
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The input spectrum defined by equation (7) is shown in blue and the corresponding

averaged spectrum of the simulated process X(t) is shown in red in Figure 2.3.

Simulation Power Spectrum

70 ~.-.-.Input Spectrum
-Averaged Simulation

60

>150-
C
a>
0 40

a) 30
Cl)

20-

10

0 2 4 6 8 10
Frequency [rad/sec]

Figure 2.3: Input spectrum (blue) given by equation (7) and averaged

simulated spectrum (red).

Finally, a characteristic wind speed record is plotted in Figure 2.4 for a 200-second

interval, which by eye, conforms to expectations.

Simulated Wind Record
30 --- --

25

20
-U,

E
- 15,

10

0

0 20 40 60 80 100 120 140 160 180 200
Time [s]

Figure 2.4: A single example wind speed record shown over a 200-

second interval.
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A second example is repeated using exactly the same procedure, except
instead of defining the parameters a, A and k, the parameters are determined by
fitting a 10-minute NREL wind speed record [12]. Figure 2.5 shows the NREL data
in blue, and an example simulated record in red.

NREL Wind Speed Record And Simulation
16

D
SI

ata Signal
mulated Signal

14

12

10

8

4-

2
0

-A

100 200

~~

300
Time [s]

400 500

Figure 2.5: Wind speed record with NREL data shown in blue, and a
simulated record shown in red. Data courtesy of NREL open source

wind data archives [12].

The probability distributions and power spectra of the data, target function
fits (equations 6 and 7 with Gaussian mixture) were then fit. The averaged
simulation results are shown below in Figure 2.6 for the real data distribution.
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Figure 2.6: Probability distribution of the NREL data, Weibull fit,
Gaussian mixture fit and averaged simulation.

2.2 The Wind Thrust Model
Thus far, a model has been derived to generate a stochastic wind process

with a known probability distribution and power spectrum. This method is unique
in that other current methods are only able to generate a Gaussian process or
transform a Gaussian process to another distribution but sacrificing the defined
spectral shape. The next step is to calculate the thrust exerted by the wind onto the
nacelle at the free end of the tower.

Using actuator disk theory, the thrust exerted by a flow on a propeller shaft is
given by equation (3) [3],

1
T = pAdiskCTu2

Recall that the wind speed u = u(t) is a stochastic process, and modeled in the
previous section as the stochastic process X(t). From inspection, equation (3) is a
nonlinear transformation of the stochastic process u(t) = X(t) . Expanding

equation (3) yields,
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T = pAd iskCT unean + umeanUturb + Uturb)

(15)

where umean is the mean wind speed and Uturb = X(t) before the mean wind speed
is added back to the signal. The first term

1
T1 = 2 pAdiskCTUnean

(16)

is simply a constant thrust, and is trivial to address. The second term

1
Tlinear = jpAdiskCTUmean * Uturb

(17)

is a linear term in Uturb, where all other variables are constant, and this as well is
simply addressed in Section 2.2.1 below. Finally the third term,

1 2
Tnonln = jpAdiskCTuturb

(18)

is nonlinear, and more complicated to resolve, carried out in Section 2.2.2.
Current methods would likely attempt to linearize equation (15) by omitting

the third term, equation (18). This may be reasonable for certain combinations of
wind distributions and spectra, but in the general form, it is unknown whether this
is a good assumption to make. Therefore, all terms will be maintained throughout
the procedure, and once parameter values are applied, negligibly small terms can
then be dropped.

A potential method to progress is to iterate over the procedure described
above. More explicitly, a family of wind records could be simulated by computing
the solution to the SDE in equation (12), and plugged into the thrust equation (3).
By taking the average periodogram and histogram over a large number of computed
thrust signals, the spectrum and distributions can be calculated, and used to
generate a new SDE for the thrust, which can be solved in an identical way. This
iterative method will be termed the "cascade" method. While this is accurate, and is
much faster than current Monte-Carlo CFD methods, the cascade method
implements a Monte-Carlo scheme, albeit with a smaller evaluation cost, requiring a
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large number of trials. However, a better solution exists, derived in the following
sections.

2.2.1 The Linear Wind Thrust Model

The linear thrust given by equation (17) can be simply addressed using a
linear transformation of the method presented in Section 2.1 above. Because the
transformation is linear, the transformation from wind speed to thrust can be
written for any general process X(t) and Y(t).

Consider the stationary and ergodic stochastic process X(t), which has a
zero-mean, some distribution px(X) and a spectrum SX(w). Allowing px(X) and
Sx(o) to be any valid distribution and spectrum, the process Y(t) can be written

Y(t) = C1X(t) + C2

(19)

If the process Y(t) also has a zero mean, C2 must be identically zero. The spectrum
Sy(o) can then be defined in terms of Sx(w) using the Weiner-Khinchine theorem
[6], given that the transfer function Hc1 (a) = C1

Sy(w) = IHc1((o) 2Sx(w) = CSX(w)
(20)

which is just a scalar multiple of Sx(w). Note Sy(w) and Sx(o) have similar shapes
and properties. Another critical note must be made here-in general, this is an
incorrect statement. The Weiner-Khinchine theorem assumes a linear system,
which provided the PDF of the processes X(t) and Y(t) is not enforced to be, does
not apply. However, by direct computation of the spectrum of the process of Y(t),
given the spectrum of X(t) via Fourier analysis yields the same result as would be
realized through application of the Weiner-Khinchine theorem, but only in the case
of a scalar-multiple transform. This is because the constant coefficient can be pulled
out of the integrals, and is a special case where linear system theory can be applied
to a nonlinear process.

The probability distribution of Y(t), py(Y), is given in terms of px(X) by the
linear change of variable formula [8],

py(Y) = PX(X)

(21)
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Substituting equation (19) into (21) yields the PDF of Y(t) in terms of px(X),

py(Y)= Px (
(22)

Because this is true for any general distribution, and the shape properties of the
spectrum Sy(w) are similar to Sx(w), the derivation to realize an SDE for the process
Y(t) is identical to the procedure in Section 2.1.

Applied on the linear thrust term, T11,(t), an SDE process can be derived for
the linear wind thrust. Let

1
C1 = -pAdiskCTUmean

(23)

From equation (20), the spectrum of T1 1n(t) in terms of Swind(M) is

ST 1 (W) = (pAdiskCTUmean 2Swnd

(24)

Similarly, from equation (22), the probability distribution of T1in(t) in terms of
px(X) is found to be

2 ( 2 * Tun
pTl1 Tufl =l * Pwind A '

pAdiskCTUmean kpAdiskCTUmean/

(25)

To derive the corresponding diffusive SDE, the procedure described in
Section 2.1 is carried out. Note that the target spectrum in equation (7) is a single
parameter equation, so the parameter a it must be fit by nonlinear least squares or
Levenberg-Marquardt algorithms to the Suin(w) [9]. However, because this is in
terms of the wind spectrum, which is known a-priori, simulating the wind speed to
formulate a linear wind thrust SDE can be entirely bypassed.

Substituting the new parameter aln , along with the corresponding
probability distribution function Pun(Tun), into the diffusion in equation (10) leads
to
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D( ) aln * PAdiskCTUmean
D2(Tun = - ( 2 * Tun

Pwind (PAdiskCTUmean)

P lin 21 2 \
* iwn ()df?

TLin"ower pAdiskCTUmean PAdiskCTUmean

(26)

Formulating the complete linear thrust SDE using equation (11),

Tim -alilTli -1 dD2(Tun) + D(Tu) 4 (4 dTn+ )
(27)

and solving it in the discrete modified Euler-Maruyama form,

1dD2 (Tung1 ) A DT~ )W
Tuin(tin+) = Tuin(ti) - alnTlunl At - 1 d- X _t + D(Tunji W 4 dX

(28)

The continuous and discrete Stratonovich SDEs model any general family of linear
wind thrust signals defined by a general physical wind spectrum Swinfd(W) and
physical distribution Pwind(X).

2.2.2 The Nonlinear Wind Thrust Model
The more difficult term to address is the nonlinear component, where linear

system theory no longer applies. However, while it is desired to maintain generality

of the PDF and spectrum, constraints associated with the physics of the problem

allow certain simplifications. First, while the spectrum shape will change by a

nonlinear transformation, in the limit of large frequencies, the spectrum will remain

low-pass [8]. Furthermore, inspecting equation (18) shows that the specific form of
the nonlinear transformation is algebraic.

Therefore, to find the PDF of the nonlinear thrust component, a change of
variable is again applied to the probability distribution. Again, using general
processes, let Z(t) be a nonlinear transformation of the process X(t) given by

Z(t) = C * X(t)y
(29)

where n is any real exponent. Applying equation (21) yields
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Pz(Z) = Px

(30)

Applying equation (30) to the nonlinear wind thrust, the probability distribution
becomes

P~oninMoli) 1 Tnonlin Pid Tnontin
Prno2(Tnnun) 2 1U"' wn 1 1

-pAdiskCT 7pAdiskCT

(31)

Finding the corresponding spectrum is not apparently obvious. Given the
squaring transformation, the Werner-Khinchine theorem no longer applies.
However, thanks to earlier work done by physicists and pure mathematicians,
driven by the telecommunications industry, a solution to this problem has already
been found by Primak et. al [8].

The stochastic wind processes described thus far belong to a family of
stochastic processes Primak et. al. label A processes. A A process is a stochastic
process with arbitrary PDF and an exponential autocorrelation function described
by [8]

R (r) = U.2 exp(-AITrI)
(32)

From the Weiner-Khinchine relation, the spectrum of any process is the Fourier
transform of the autocorrelation [6]. Furthermore, the target spectrum described
by Cai and Lin in equation (7) is the Fourier-transform pair of an exponential
autocorrelation function given by equation (32) [9]. Therefore, the wind model
described above is a A process.

Primak et. al. further show that, if a process X(t) is a compound
multiplicative process [8],

X(t) = X1 (t) * X2 (t)
(33)

where X 1(t) and X2(t) are correlated A processes with autocorrelation functions
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Rx 1 (T) = or, exp(-/1,IT1)

Rx 2 (T) = ax exp(-/ 2 II1)

(34)

then the autocorrelation function of X(t) is [8]

Rx(T) = a-2 exp(-AITI)
A = Al1 + /12

Ux = Orx1O x 2

(35)

Applying the result found in equation (35) to the nonlinear wind thrust, the

processes X 1(t) and X2 (t) become Uturb(t), A = 2a and ax = U2ind . The two
processes are solutions to the 1-D correlated SDEs

= -Ai xi + gi(xi)( f(t)
(36)

The resulting vector SDE system becomes

'Y11  -A.x1 + g 1(xD) 1(t)kei = -A 2 x 2 + g 2 (x2 ) 2 (t)

X-exix2 - /2x21 + X291 W+X12x2 g1 (x1 ) 1 (t) (x2)2

(37)

This three component system can be reduced to a 2-D vector state-space SDE

because x1(t) and x2 (t) are dependent on each other, and are, in fact, identical.

I [2i -A 1 + g 1(x1 )( 1(t)

-211x + x1(I ) + -g 1(x1 G (t)

(38)

Simplifying and substituting in the appropriate nonlinear wind thrust parameters

yield a 2-D state-space vector SDE model for the nonlinear wind thrust component,
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-AwindX1 + DTron(x1)0(t)

x -2Awindx + xlD li + Dr (x)(t)]

(39)

With this, a complete model is formulated for the wind thrust resulting from a
turbulent wind signal with an exponential autocorrelation model of a real wind
process and a sufficiently general probability distribution function.

3 The Wave Model
Modeling the wave loads is a more challenging task. The wave model seeks

to create a stochastic differential equation governing the wave elevation. This
choice is obvious, as all other variables of interest, such as local fluid particle

velocity, wave parameters, and forces can be derived from knowing the time-
evolution signal of the free surface elevation.

Taking the wave elevation (i.e. free surface elevation) about the mean free

surface <mean = z = 0, the incident wave potential is [13]

(PI = 9fjk e kz-ikx+iwOt

W 2
k = -

9
(40)

Just for clarity, note that (PI is not a spectrum, but a scalar potential flow function, as

opposed to the ' = P(w) variable used above to represent a target spectrum. Also,

the variable x in the potential flow equations is the spatial horizontal variable and
91{-} denotes the real component. Therefore the wave elevation is the partial
derivative with respect to z [13],

a gAk
((x,t) =-qT 1 = ez sin(wt-kx)

dz w
(41)

The corresponding flow velocity, as a function of depth z and time t, is [13]

0 g Ak
u^(x, Z' t) = -a -P ~ e kz cos(wt - kx)x O

(42)
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For simplicity, the deep-water dispersion relation is used, but could be substituted
for the intermediate depth or shallow water dispersion relations.

Calculating the force on a structure with simple geometry is now

straightforward. As mentioned above, this analysis is considering only bottom-

mounted cylinders or jacket structures, composed of inclined cylindrical members.
Furthermore, only large waves are of interest, leading to the assumption that the
wavelength is much larger than the characteristic diameter of the structure. This

leads to the implementation of the Morison Equation for a fixed body [13],

dF(z)= p P(l + mAddea)D U+ pDCDraguIUI

(43)

to calculate the force on the structure. The first term, Finertiai, is the inertial force
due to the acceleration of the fluid particles, and is linear with respect to the fluid
particle acceleration, ft. As will be discussed further in the following sections, this
will lead to a linear state-space representation. The second term, Fvisc, is the
viscous term, and is nonlinear with respect to the velocity u, requiring a different
treatment, described in the following sections.

Finertial = - p(l + mAdded)(2a)U
4

1
Fisc= 1 p2aCDraguluI

(44)

For inclined cylindrical jacket members, equation (43) is slightly modified, with the
following analysis remaining identical.

Note, that under the assumption the Keulegan-Carpenter number,

2K T * u
Kc oL

(45)

is either much less than unity or much larger than unity, the Morison equation is
valid [13]. In more precise terms, the Keulegan-Carpenter number describes the
ratio of the viscous forces to the inertial forces. When the two forces are not of
comparable order of magnitude, they can accurately be superposed linearly. If
Kc~1, this is not the case.

In a real sea state, the waves are a stochastic process comprised of infinitely
many frequencies, with an associated amplitude and phase. The resulting
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superposition is described completely by a sea state power spectrum and
probability distribution of the wave elevation [6]. In comparison to wind, a sea state
is a more complex, mathematically speaking, stochastic process, namely because the
PDF can be equally non-Gaussian, and the spectrum has a non-zero peak, which is
often asymmetric as well. The added complexities result in a more complex SDE,
using a higher-dimension state-space representation.

3.1 The Wave Elevation Model
The first step is to create a model for the wave elevation. The most common

mathematical representation of sea states is a linear superposition of sinusoids with
amplitudes taken from a power spectrum, and uniformly distributed random phases
[6,14],

xAn COS(nt + On) = cos(wnt + On)
n=1 n=1

(46)

However, this model makes no statement on the distribution of the wave elevation
signal. Therefore, an SDE model is desired. However, attempting to deal with a
large number of states in this summation model is impractical. For large sea states
(and other examples), this model can be re-written as a narrow-band model [14],

(t) = A(t) cos[wt + P(t)]

(47)

The frequency wp is the peak frequency of the spectrum, with a slowly varying

amplitude A(t) and slowly varying phase P(t) given by [14]

00-2 00 2

A(t) = An cos((wn - Wpeak t + On + An sin(((n- Wpeak t + On)

n=1 J n=1

_ n" 1 An cos((ao. - Wpeak)t + Pn)
X(t = tan 1 n

[X*= A n sin((WC - wpeak)t + In
(48)

The corresponding sea state is fully described by any physical spectrum and

probability distribution. Let the spectrum be any reasonable model of a real sea

state spectrum, i.e. JONSWAP, Pierson-Moskowitz, Bretschneider, etc. For the
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purposes of this study, only unidirectional sea states will be considered. Similarly,
the PDF can be any physically reasonable distribution, often modeled as Gaussian,
but any continuous PDF will be sufficient to maintain generality.

Under specific conditions, the narrow band spectrum has properties that are
not directly utilized in the following analysis to maintain generality, but could be
used to simplify some analyses. In all cases, the random phases 4i in the
superposition model (46) are uniformly distributed between [0,27]. As follows, the
random slowly varying phase p(t) in the narrow band model (47) is also uniformly
distributed between [0,27]. And in the special case that the wave elevation ((t)
(note, not the wave height) has a Gaussian distribution, the slowly varying
amplitude A(t) has a Rayleigh distribution [14]. When the PDF of (t) is not
Gaussian, the PDF of A(t) is some other corresponding continuous function.

Beginning with the more general case of the PDF, the wave elevation ((t) can
be modeled as a one-dimensional process comprised of the sum of a two-state
vector SDE. Primak et. al. derive the general case of a two-state vector SDE model
for a narrow-band process (t) with an arbitrary PDF and cosine autocorrelation
function with an exponential envelope [8]. Because this process is based on a vector
SDE process, the solution to the SDE is no longer a simple Markov process [8].

Using angle summation identities, the narrow band model for a general
process ((t)can be decomposed into single component trigonometric functions [8],

((t)= A(t) cos(p(t)) sin(wt) + A(t) sin(P(t)) cos(ot)

(49)

Further decomposing the model into a pair of orthogonal component processes
yields [8]

(t) = A(t) cos(P(t)) sin(ot)

R (t = A(t) sin(ip(t)) cos(ot)
(50)

Summing (I(t) and (R(t) is easily shown to equal the original process '(t). Because
there are now two state variables, , and (R, a more rigorous definition of the joint
probability distribution between the two random variables A(t) and q/(t) are
needed to move forward. Using the Blanc-Lapierre transform [8], the distribution of
A(t) for an arbitrarily general distribution of '(t) can be found [8],
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PA(A) = A f p fp(y)wo(A)e1Y dy dw

(51)

Because 0p(t) is uniformly distributed, the integral is simply a constant, yielding a
marginal distribution for A(t), p(t):

PA, (A ), = PA (A)

(52)

This is a useful result in determining the distribution of the slowly varying
amplitude term for an arbitrary distribution of the wave elevation '(t). Further
note, that if the general process '(t) has a Gaussian PDF, then A(t) has a Rayleigh
PDF, retrieving the result above.

Applying this result to the sub-processes <I and R, it is shown that they have
identical probability distributions,

1 pA(y2+z2)
2r _y 2 +z 2

(53)

Furthermore, because they are comprised of identical functions A(t) and orthogonal
trigonometric functions (with respect to each other), their autocorrelation functions
are identical as well. As such, the covariance matrix of the process is given by

[ 2 0 _ 2=

0 U2

(54)

where U 2 is the variance of ((t).
The corresponding state-space vector SDE becomes [8]

d(R ~A(Rdt + o.E 1dt +l gj( R, 1)dW1(t) + 912( R, I)dW2(t)
d(' = -W'Rdt - AIdt+ 921 (R, ()dW(t) + 9 2 2 (R, c1)dW2 (t)

(55)

This must satisfy the corresponding 2-dimensional Fokker-Planck equation

34



a a 1a2
[Dl1(y,z)p .IER(yz)] - [D 12 (Uy, Z)pI,,' y, Z)] + 2 [D21 1(y,Z), (YZ)]

1 02 1 (2

+_ Z [D2 2 2 -(y,Z)p(IR (y,Z) + [D 212 y, Z)p(,R (y, Z)] = 0

(56)

The drift coefficients are given by

D11 = -A(R + (oI7

D1 = -(JR - A(I

(57)

which, because they are linear, form the correlation matrix ODE

C(r) = [ 0'] C(T)

(58)

The solution of (58) with the correct initial conditions is

C~r e 'ITICOS (coT) e -AITI sin(OJT) IC(O)
)= e-AITI sin(Tr) e-AITI cos(or)j

(59)

The only remaining component is solving for the diffusion functions, which are the
solutions to the integral equations [8]

D21 1(y, Z) = z mPIR (mi, z)dm

kA (Y' z) fm
D222 (Y, Z) = mp ,IERymd

P IA ( Z) -W

R(0 z zP R(y, m)dm -
pkIER Y')(- 0

J mp ,,. (m, )dm)

Re-writing these results in matrix state-space form yields a 2-dimensional vector
SDE, which is simply solved via the modified Euler-Maruyama method (equation
13), given that the state space form is in the Stratonovich form. This yields the state
space vector SDE [8],
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d [R _ ~ Ri D2[ t (y,z)D212(y,z)] [dW1(t)]
LC1 L-w-A T D2 22 Y, z) D212 (y, Z) I dW2 (t)

( = () + (1()
(61)

As a useful and illustrative example, Primak provides an example using a
Gaussian distribution, which simplifies the diffusion term to a constant. The
resulting state space vector SDE is

d [R] [-* '0 ]R]d

A

-2 (AO~2
y2+ Az -A2 +z 2 +z Z2 d W1(t)

+y2+A+z 2  [dW2(t)]Fy+ AZ2+ )] _(+ 2 +Z)2

(62)

This example is indeed useful for most cases, as large sea states can often be
approximated reasonably well to have a Gaussian PDF [8].

Thus far, an assumption has been implied-that the autocorrelation function

of the sea state of interest, R(T) = R-{Sg(w)}, is well approximated by a single

cosine with an exponential envelope, i.e.

R<(r) = e-AITI cos(wr)

(63)

In the case where this is not the case, and the autocorrelation function of the sea
state has a more complex shape, alternative methods are required.

3.1.1 Higher Dimension Models
Now consider an arbitrarily general sea state spectrum S(o) and the

corresponding autocorrelation function R(r). With knowledge that the wave
elevation is a periodic function (and the spectrum is a non-periodic function), the
autocorrelation function will have, in the most general terms, a decaying oscillating
shape. In order to expand the analysis presented so far, intuitively it is desired to fit
the autocorrelation function with a superposition of complex exponentials. Because
the autocorrelation function is decaying, the real component of the exponentials is
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expected to be negative. Attempting to fit a large number of exponentials via

nonlinear least squares or Levenberg-Marquardt curve fitting algorithms would be

unreasonable and likely inaccurate.
Instead, the ESPRIT (Estimation of Signal Parameters via Rotation Invariance

Techniques) algorithm described by Potts and Tache is employed, which can very
efficiently and accurately fit nearly any oscillatory signal [15]. Again, this algorithm
has been known to the telecommunications world for several years, but is only
recently being applied in engineering domains, and is a new development being
used in ocean wave analysis and control applications. Explanation details of the

ESPRIT algorithm will be left to outside references. However, the output of the
algorithm is a pair of vectors, containing complex exponential values, A and
respective amplitude coefficients u for an n-number of terms, yielding an
autocorrelation function

N

R (r) = pne-Ar

n=1

(64)

These terms are in descending order of amplitude, which will be relevant when

referring to the first or second ESPRIT term in later sections.
Once the autocorrelation function exponentials are found, the SDE model is

relatively strait forward. Now taking the wave elevation process to be ((t), it can be
represented as a sum of vector Markov component SDEs, in the form

x(t) 1 x(t)

d (t) I=-A (t) I
-t (t) =-A (t) +Bt)

X(N) x(N-1)(01

(65)

The number of components in i corresponds to the number of exponentials used to

fit the autocorrelation function by ESPRIT (or at least the number of terms kept).
Following the derivation presented by Primak et. al., this equation can be re-written

in a Stratonovich-like form [8],

dvn
Anvn = Mn(t)

(66)
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The complete wave elevation process is then given by

N

W(t = VnW)
n=1

(67)

The only remaining component is to calculate the coefficients Mj. In order to

maintain full generality of the PDF, a higher-dimensional Fokker-Planck equation,
similar to the 2-dimensional equation (56), would need to be solved. However, this
is very complex, and will be detailed later in the future work section. In order to
reasonably realize a model, let the PDF of the wave elevation be Gaussian, so as to
use the solution presented by Primak et. al. A Gaussian distribution leads to
constant diffusion terms, implying the diffusions Mj are simply constants [8],

.ff (r; - An)Z(ry)
7-+4 N(rj)

(68)

with
I

ZWry = (r7 - hj)
j=1

N

Nr) =j (77 - An)
n=1

(69)

To calculate the zeros hj of the target spectrum (o)

C I( + 2w91(h) +h1 2)P(W) =H=(W 2 + 2W9iGA) + I12 )

(70)

one can simply use the Levenberg-Marquardt algorithm to fit P(a) to S(O) knowing
that the order of the numerator must be less than the order of the denominator,

m n - 1 [8].
Therefore, in order to maintain more generality for the spectrum, generality

of the PDF is sacrificed, and vice versa. However, in section 3.3.3, it will be shown
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that this is no longer necessary. However, before then, the wave load SDE models
will be derived from the wave elevation SDE model.

3.2 The Inertial Wave Loads Model
The first step in calculating the wave loads is the linear inertial term in the

Morison equation (13), Finertiai. This term is equal to the integral of the pressure
distribution induced by the wave, given by the Bernoulli equation [13],

P(x, z, t) = pgA(t)ekz cos(wt - 0(t))

(71)

Finertial(t) = P(xO,z, t)dz = e kzA(t) cos(wt - 4(t))

(72)

From equation (72), the velocity term is shown to be a linear transformation of the
wave elevation, and the resulting SDE model can be formed using the general linear
transformation procedure found in equations (19) through (22). This is almost an
identical process to the linear wind thrust term, simply with different values and
coefficients.

To apply the linear transform to the probability density function, the process
is first applied to the transform from wave elevation to fluid particle acceleration.
This yields an intermediate result,

Pfi(it) = P(

(73)

Then calculating the probability distribution to the linear transform from the fluid
particle acceleration to the linear wave loads yields the final result,

PFlin VFun) =T 1 2)2t PC - Fu 20P(1 + mAdded)(2 a)2wp p +2

(74)

The spectrum of the linear wave loads is given by aggregating the corresponding
coefficients to the pair of linear transforms,
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SFn *() = , * 1
T P(1 + mAdded)( 2 a)2&)P

(75)

Recall the process is based on
above, so the result is a transformed
SDE is

the 2-dimensional vector SDE in
vector SDE. The corresponding

Section 3.1
state-space

d FR =j [FR] dt + [ D211 Y, z) D212 (y'z) [dW1(t)|
F1  LFJ D 2 22(y, z)D212 (y,z) I LdW2 (t)]

The drift coefficients are given by the modified correlation matrix as

1

p(1 + mAdded)( 2 a)2 (t)p
Di- 

T4 p(l + mAdded)(2 a)w W

and the diffusion terms are found, using the transformed marginal PDFs,

PA (AInertia) = 7 p(l + mAdded)( 2 a)2W PA(t) f f pFi,,(y)lJo(W A)e iydy dip

(75)

This equation is solved in a similar coupled time-marching scheme as

presented in Section 3.1, and simply summed, yielding

Finertia = Fuin = FR + F
(76)

Note: In higher dimension models, the identical procedure is applied, but this study
will be limited to the 2-dimension state-space model.

3.3 The Viscous Wave Loads Model
Things become more interesting when addressing the viscous wave loads.

Thus far, the analysis has been relatively clean and clear-cut, as the sub-systems
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above have properties that significantly simplify the analysis. However, a significant
chunk of the complexity of the problem lies in calculating the viscous wave loads. A
significant cost of applying CFD methods is found in this viscous flow step (although
without the Morison's simplification). And as mentioned above, with Monte-Carlo
simulations, despite the large sample sizes, it is possible to miss extreme events that
occur on the heavy tails of the distributions, such as a wave three times the height of
the mean, which is actually not a rare phenomenon. This concept is also illustrated
by the analysis tool of the hundred-year wave [2]. Therefore, it is desired to have a
more efficient technique that can more accurately capture these effects, so as to
reduce the safety margin, thereby reducing the temporal and fiscal cost of the
structures.

To begin the analysis, recall the viscous wave force given by equation (44),

1
Fisc -= 1 p 2 aCDraguluI

The complexity of this term lies in the nonlinear transform of ulul. Absolute values
are a nasty function to work with. However, understanding the conceptual physics
of the problem, this term is only a signed-square operator, i.e. in this context,
ulul = sign(u) * u 2 . This function can be well approximated by a superposition of
the velocity and the cube of the velocity,

ulul ~ clu + c2 u 3

(77)

Now, the viscous wave force is approximated as

1
Fviscous ~ p 2 aCDrag(c1u + C2

3 )

(78)

The coefficients c1, c 2 can be numerically fit via nonlinear least squares or
Levenberg-Marquardt to a numerical ensemble average of the velocities realized by
simulating several realizations of the wave elevation. In this form, the viscous wave
loads become more tractable to solve.

3.3.1 Expanded Linear Viscous Loads
The viscous wave force in equation (78) now has two components-a linear

term and a cubic term. In fact, the linear term looks very similar to the linear
inertial wave loads in Section 3.2. The only differences are coefficients, and the first
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linear transform is from wave elevation to fluid particle velocity, rather than fluid
particle acceleration. Therefore, by applying equation (19), the spectrum is

SFflfinf(o) = * S (w)
p2aCcragc1

(79)

And by twice applying equation (22), the transformed PDF is

PFvisc(Fis) 1P
Zp 2 aCDrag c1

1 isc( 1

k2P2aCDragc1

Plugging equation (80) into the diffusions relations given by equation (60) provides
the new diffusions used in the linear viscous wave load SDE. The updated
correlation matrix is

1
1
p 2 aCDrag c1

- W p
1

7p 2aCDrag C -

Finally substituting these results into the
state-space form for the linear viscous wave

2-state vector SDE
load process,

process yields the

d [FR] linear
[FI visc

=Di [FR] linear dt +
F, visc

D2 y11 (, z)D 2 12 (y z)

D 222 (y, z)D 2 1 2 (y, z)

3.3.2 Expanded Nonlinear Viscous Loads
To complete the formation of a diffusive SDE model of the wave loads on the

structure, the nonlinear component of the viscous wave loads now must be

modeled. In this case, because the wave elevation, and therefore the resulting fluid

particle velocity, is non-Gaussian and has an arbitrary shaped power spectrum with
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I[d W1 (t)
dW2 (t)J
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a non-zero peak, the simplifying properties that have been advantageous in
simplifying the SDE models are no longer available. As such, there are two options:
to attempt to analytically solve a completely general single, or multi-dimensional,
Fokker-Planck equation analytically, or to introduce approximations based on an
understanding of the physics and goals of the problem and questions being asked,
respectively.

Solving the general Fokker-Planck Equation analytically is possibly
intractable in this instance, but at least unreasonably difficult. Instead, a more
desirable solution, and the process carried out in the following analysis, is to form a
well-approximated model sufficiently general to model and solve the question of
response statistics for a wind turbine in a nonlinear environment (wind and sea
state). Therefore, the term of interest is the cubic component of the viscous wave

force, 1 p2 aCDragC 2 U
3 .

Before deriving transformations and higher-dimension SDE models, it is
important to restate the end goal-to derive the nonlinear response statistics of the
system. Independent of the model or any earlier steps, the final step of the overall
process is to solve an n-dimensional state-space Fokker-Planck equation, which acts
as a superposition of the wind and wave loads.

a pX(X, t) N 1 N N a2

i=1 i=1 j=1
(83)

f is the drift coefficient matrix, and D is the diffusion matrix, and p(X) is a vector of
probability distribution functions. In state space form, the Fokker-Planck equation
governs the probability flow from a system's input state to its output state, in
general for both linear and nonlinear in systems and excitations [16]. Linear system
theory, including linear probability transformations and spectral transforms (i.e.
Weiner-Khinchine Theorem), are special cases of the Fokker-Planck Equation and
supporting theory [11].

The solution to this is unreasonable to consider in an analytical form, due to
the complexity of the systems and minimal simplifications to maintain generality.
However, this family of equations can be solved numerically with several algorithms
in state space form, using general SDE models. Several techniques are presented by
Pichler et. al. [16], and in general, Papadrakakis et. al [17]. Sparing the details,
these algorithms are very similar to those used to solve normal partial differential
equation problems, such as fluid flow (note the earlier mention of a "probability
flow"). Pichler et. al. describe several algorithms, including finite difference, finite
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volume and alternating direction implicit methods for solving 2-dimensional (with
examples) and higher dimensional problems [16].

To derive the corresponding nonlinear viscous wave force, again it will be
maintained that the autocorrelation function (and the spectrum, it's Fourier-pair)
and the probability density function of the wave elevation are known a priori. From
these, the probability distribution of the wave velocity is known, from equation (80).
Furthermore, applying the Blanc-Lapierre transform, the PDF of the slowly varying
amplitude, A(t), is given by equation (53). The PDF of A 3 (t) can be found by
applying equation (22) as done for the linear transforms and the second-order
transform in the nonlinear wind thrust case.

2 /
3 3

1 Fnonlin Fnonlin
PFnonlin (Fnonln) = -~ 1 Px

S-p2 aCDragC2 J p2aCDragC2

(84)

However, a problem arises when trying to compute the autocorrelation
function of the nonlinear viscous wave force, Fn""ear. In Section 2.2.2, the one-
sided autocorrelation function of the nonlinear wind thrust is well approximated by
a single decaying exponential function. Calculating the autocorrelation of the
nonlinear wind thrust signal is relatively easily found analytically in the time
domain (or by convolving in the frequency domain). However, so far, the best
simplification that can be made for the autocorrelation function of the wave
elevation and flow velocities is a sinusoidal autocorrelation function with an
exponential envelope. In this form, the autocorrelation of the resulting cubic
viscous force function does not have an analytic closed form, either by direct time-
domain computation or frequency-domain convolution. Numerical convolution and
inverse FFT solutions do exist, but the result would be unusable in the analytic
framework developed to this point. Furthermore, as preservation of generality is
strongly desired, attempting to fit a curve would likely significantly sacrifice this
goal. Therefore, the first attempt of an analytical state-space form is attempted.

Considering the narrow band wave model, the amplitude A(t) and phase
p(t) are slowly varying compared to cos(wjpt). Therefore, derivatives of the
function are approximately equal to the derivative of the cosine term, times a
constant.
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' fX(t) = CA(t) cos (o t + # (t)) CA(t)w, sin (W t + 0(t))

(85)

Furthermore, the dominant shape and frequency of the cube of a sinusoidal function
is almost identical to the base sinusoid. This is illustrated for an arbitrary sinusoid
in Figure 3.1 below.

0.5 1 1.5

cosine vs. cosine 3

-cos 3 x)

2 2c3s (33x)

2 2. 3 35 4 -

Figure 3.1: A comparison between a sinusoid and the cube of the
sinusoid.

It is not necessary to compute the nonlinear viscous wave loads
independently of the other components, or directly in analytic form. Recalling from
earlier in Section 3.3, the penultimate step will be to numerically solve a multi-
dimensional Fokker-Planck equation to find the response statistics. Therefore, a
satisfactory solution to this component is achieved if the nonlinear viscous wave
force can be formed into a state-space representation based on unique components
as well as those calculated in previous steps. Therefore, let the viscous wave force
be represented in as

Fvnonliear = X3(t) = C * X3(t)

(86)

The first time derivative with respect to time becomes

I
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d
X3 (t) = C * 3X12 (t) * X1 (t)

dt
(87)

Recall the formulation of an exponentially-correlated process by Primak et. al. from
above,

X1 = XR(t) + X1(t)

Substituting the Primak 2-D vector SDE model for equation (87) yields a 3-
dimensional state space system,

dt'x f(X3

-AXRdt + wXdt + D2 njdW1(t) + D2 12 dW2 (t)-
-wXdt - AXdt + D2 12 dW1(t) + D2 2 2 dW2 (t)

C * 3(X[ + X)2 * (XR + Xj)

(88)

If the process X1 is now replaced with the linear component of the viscous wave
loads, and the system is written as a nonlinear 3-dimensional state-space vector,

d FR

dt F1
Fnonlin

-AFRdt + wpFidt + D2 njdW1(t) + D2 1 2 dW2 (t)~
-wpFRdt - AFjdt + D2 12 dW1(t) + D2 2 2 dW2 (t)

d]
C* 3(F+FR)2 * -(FR +F)3(jdt 1

(89)

With the constant C

1
'C = p2 aCoragc2

(90)

Simply summing the processes,

Fviscous = Fuin + Fnonuin = FR + F + Fnonln

(91)

From equation (91), the total viscous wave load is recovered. Therefore, equation
(90) is a modified approach and calculation in a single sub-procedure. While

46



nonlinear state-space vectors are more difficult to handle numerically, nonlinear
solvers can be implemented without adding too much cost, in the grand scheme of
things. Because all components are in a state space form, in future work, the

solution of the dynamic response Fokker-Planck Equation can be calculated

numerically.
A note on higher-dimension models before proceeding: a clear-cut Gaussian

case of a Gaussian distributed nonlinear viscous wave force does not exit. Consider

again the special, albeit somewhat uninteresting case of a Gaussian distributed
amplitude A(t). One may initially suspect that because A(t) is Gaussian distributed,
the higher-dimension Gaussian procedure introduced above could be applied. This
would involve numerically convolving the power spectra, taking the inverse FFT,

and fitting the numerical autocorrelation function with the ESPRIT algorithm. This
initially seems valid, but consider applying equation (22), which yields the PDF for
A 3 (t)

2

2 Fnonnli

1 Fn0 n1 n 1 ( p2aCDragc2
PFnonlin\nonln) =3 p2aCDragc2 exp 20.2

(92)

This is clearly non-Gaussian, and therefore, the model described above is not
applicable. A critical note: a Gaussian distributed A(t) does not correspond to a

Gaussian-distributed wave elevation or fluid particle velocity, (t) and u(t),
respectively. When the wave elevation '(t) (or u(t)) is Gaussian-distributed, A(t) is

precisely Rayleigh distributed [14]. This can be easily shown by applying the Blanc-
Lapierre transform to derive the joint probability distribution between A(t) and

4)p(t).-

3.3.3 Improved Approximation for Viscous Loads

As it turns out, simplicity is often the best choice, and systems can be easily
over-fit, adding unnecessary complexity with marginal gains. Unfortunately, while
the above sections provide a useful state-space form of a multi-state SDE vector for

the viscous wave loads, they are also an exercise in reading and algebra, as the first
2-dimensional vector SDE model can be shown to be to a high order of accuracy,

sufficient.
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A sea state is again modeled as a narrow-banded wave elevation process,
'(t), with a known spectrum and probability distribution. Take the PDF to be any

generally valid smooth function, and the spectrum to be a physically real spectrum,
such as a Bretschneider sea state spectrum [6],

S(O) =  HS exp 41}

(93)

The corresponding autocorrelation function is given by taking the inverse cosine
transform of equation (93). The autocorrelation function is an oscillating function
with a decaying envelope. For illustrative purposes, a Bretschneider spectrum is
provided in Figure 3.2 below.

The autocorrelation function can now be parameterized in the time domain.
The ESPRIT algorithm can fit any oscillating signal as a sum of exponentials-in the
case of an autocorrelation of a real spectrum, with exclusively negative real
components. To check the fit against the original spectrum, the cosine transform of
the fit autocorrelation function can be computed. A common problem in modeling is
over-fitting data. To examine the sensitivity of the ESPRIT spectrum fit to the
number of terms (number of exponentials) kept in the ESPRIT fit, they can be
periodically omitted. Because ESPRIT solves an eigenvalue problem, as stated
above, the terms are arranged in descending order of largest amplitude to smallest.
Therefore, the first several terms should dominate the later terms. Interestingly,
when performing this analysis with several example spectrums (with a significant
wave height Hs > 6m), it was found that the spectrum is nearly exactly matched by
retaining only the first and second ESPRIT terms. The results are shown in Figure
3.4 below.
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Comparison of ESPRIT Spectrum Fit
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Figure 3.2: Bretschneider spectrum with H, = 10m in red. The first
two ESPRIT terms are shown in green and magenta, respectively.
Their sum is shown in blue.

Inspecting the properties of the spectrum of each ESPRIT term, the first term

nearly matches the spectrum, with a small DC offset. The second term effectively

resolves the DC offset, with a nearly flat spectral density. A flat spectral density

corresponds to a white-noise process. The white noise process is easy to handle.

The white noise can have any generic distribution. But because most mechanical

systems are nearly low pass, and because the frequencies of interest are relatively
rad

low (< 20-), and the spectral magnitude is small in comparison to the sea state

spectrum peak, the white noise process can be modeled as a wide-low-pass system,

using the same form as the turbulent wind speed model. Interestingly, a Gaussian

white noise process is a constant-diffusive process, i.e. the corresponding SDE

model has only constant diffusions and drifts [8]. Furthermore, the diffusion is

equal to the variance of the signal [8]. In either case, a white noise excitation is a

very easy process to handle, and in state space form, an easily solved component of

the response Fokker-Planck equation. Alternatively, if the white-noise process is

Gaussian, it simply acts as a low-power (low amplitude) broadband excitation, and

can be modeled and solved with a nonlinear partial differential equation.

The remaining component is a nearly complete model of the sea state

spectrum collapsed into a single envelope exponential. This interesting result arises

due to the internal workings of the ESPRIT algorithm. In general practice, the

autocorrelation function would simply be fit with a single complex exponential
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function, via nonlinear least squares, Levenberg-Marquardt, a min-max optimization
or some other technique. This method necessarily requires information to be lost
by simplifying the "signal model" as a single complex exponential. However,
because ESPRIT fits the entire signal, using signal-optimized mathematics, it actually
retains more information about the signal in each term. It happens to be a nice
coincidence that the large sea state autocorrelation-spectrum pair has properties
that allow 2 ESPRIT terms to contain sufficiently complete information about the
"true" functions.

In addition to the new exponential fit, an alternative approximation to the
state space form for the viscous wave force can be found. Recall the viscous wave
force is given by

1 g
dFvisc = -p 2 aCDrag _g Ikz2 A(t) cos(ot) IA(t)cos(wt)I

2 ((
(94)

Instead of approximating A * cos(wt) IA * cos (wt) I as a linear and cubic term, it is
more desirable to develop a first-order approximation. The Fourier series
expansion of cos(wt)Icos(wt)I is

cos(wt)|cos(wt) I b1 cos(ot) + b2 cos(2wt) + b3 cos(3wt)

(95)

with Fourier coefficients

b, = 1 [sin(4wrw)
7T 4w

=1 3sin(27w) + sin(6wrw)
7r 6 o

1 [sin(2oi) cos 3 (2ww)
b3 =

(96)

A(t)IA(t)I is pulled out of each term in the expansion, and because A(t) is an
amplitude, and therefore always positive, becomes A 2 (t). From the second term
onwards, the ratio of the i-th term coefficient to the 1st coefficient is much less than
1, allowing the second and higher order terms to be dropped. Therefore, the viscous
wave force simply becomes
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dFisc = -p 2 aCDrag (_ ekz * 1 [sinr) + I] A 2(t) COS(wt + (#(t))2 7rn 4w

(97)

Therefore, the entire viscous wave load model is reduced to the friendly 2-D vector

SDE model, while maintaining complete generality on the probability distribution of

the narrow band amplitude, taken to be A'(t) = A 2 (t), and therefore, on the

probability distribution of the wave elevation ((t). Briefly considering the simple

case of a Gaussian distributed wave elevation ((t). This obviously corresponds to a

Gaussian distributed fluid particle velocity u(t). Then the probability distribution of

the new viscous wave force, PX(t)=FVisC(t) becomes the square of a Rayleigh

distributed process.
With that, a model of the wave loads is now complete, and a low dimensional

state space model has been developed to solve for the nonlinear response statistics
in extreme sea states and arbitrary wind records for nonlinear systems such as

offshore wind turbines.

4 Discussion with a Brief Comparison
In the previous sections, a simple but powerful diffusive SDE model was

presented for modeling the stochastic aerodynamic and hydrodynamic loads on a

wind turbine system. However, one may ask, why is this necessary, given
conventional nonlinear system models? Most generally, nonlinear systems can be
modeled by an n-term Volterra series,

xU x

y(t) = ho + f hl(r)x(t - T)d-r + f h2 (T1 , r2)x(t - Tr)x(t - r2 )dr dr2 +
xl xl

(98)

Reducing the Volterra series to only the zero-th and first order terms is simply the
time-domain integral form of linear system theory. However, computing the

integral kernels is very expensive, especially over 5th order [18]. However, 5th order
and higher terms may be necessary to accurately capture the response of a
nonlinear system to a very nonlinear, heavy tailed input. In fact, the computational
cost can be not too far from the complexity of running Monte-Carlo CFD-FEA
simulations. And it must be completely re-computed with any change in the system.

Alternatively, less complex methods and models exist, and have been
frequently used in nonlinear system identification problems [18]. These
conventionally rely on the Hammerstein NL model, or the Weiner LN model. Both
place a linear system element in series with a nonlinear operator element. The wind
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turbine system appears to be a hybrid of the two-a nonlinear element, then a
linear system, followed by a nonlinear element, at the most basic model level. While
these models are very powerful for representing most nonlinear transforms, as
applied to the wind turbine system, or a variety of other ocean-related systems,
these systems break down and are effectively useless due to the properties of the
specific nonlinear transforms found in the physical relations of the quantities of
interest. The most common of these are the square and absolute value nonlinear
transform operators, among others [18]. And because the key quantities of interest
rely on these problematic operators, an alternative method is required. Hence, the
introduction of the state-space diffusive stochastic differential equation and Fokker-
Planck model above.

All that remains is to add a few brief words and lessons learned on the
practical implementation of the model introduced in this thesis.

5 Conclusion
A simple and complete procedure has been derived for modeling any real

turbulent wind state and large sea state as a set of diffusive stochastic differential
equations in state space form. This model is only a first step proof of concept and by
no means exhaustive. Yet it is an extremely powerful tool, especially in analyzing
general systems subject to nonlinear ocean environments with conventionally
difficult nonlinear system operators. This allows the numerical computation of the
solution to the corresponding state-space Fokker-Planck equation, which directly
gives the probability distribution of any response mode. Therefore, the response
statistics, and in particular threshold up crossing frequencies for failure regimes,
can be found almost completely analytically for a nonlinear system excited by a
linear superposition of nonlinear stochastic processes.

The method above is an aggregate of existing methods that have been
available for some time in the mathematical and telecommunications realms, but
have only recently been considered for fluid and mechanical applications. The
challenge with these simple yet extremely powerful mathematical tools is applying
them subject to the correct physics of the problem at hand. Often, these processes
are linearized, or simply assumed to be linear, allowing linear system theory to be
used. However, it is well understood that the probability distributions very often do
not have a Gaussian, or near Gaussian, shape and can indeed have thick tails. As
such, an appropriate model is needed. In comparison to other methods, difficulty
exists with using more conventional nonlinear system models, such as the
Hammerstein or Weiner models. Trouble with these often arises when calculating
wave loads, namely viscous drag forces, which employ squaring and absolute value
transforms, which are fundamentally limiting cases in applying techniques using
these conventional nonlinear system models. Furthermore, computing a sufficiently
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large Volterra series to capture the system behavior may often be impractically
difficult, especially given the stochastic nature of the excitation. The model
presented resolves these difficulties in an efficient and flexible form, which also
allows for future refinement and improvements. Finally, while the intermediate
models can be solved above, the state-space form can be successively carried
forward and substituted into the final Fokker-Planck equation, removing the need to
simulate each component using an ensemble of independent Weiner processes.

The models presented in this thesis can be applied to the design and analysis
processes of offshore wind turbines to achieve more efficient response statics
results and with greater accuracy. Applying this solution, even if only used as a
preliminary design tool, would allow the iterative design process to avoid the
computationally and temporally costly process of implementing viscous
computational fluid dynamics solvers and nonlinear finite element simulations
using Monte Carlo Methods. Therefore, implementing this method should greatly
reduce the cost and time required to design and implement clean wind energy
devices in more diverse and complex environments, and in more locations. At the
end of the day, time to implement cleaner energy generation solutions is limited,
and methods such as the one presented here can help reduce the associated costs,
making the deadline less stringent.

6 Future Work
Several aspects of the method presented in this thesis have been left to future

explorations. First, it would be interesting to implement numerical simulations in
MATLAB, or similar software, for a wider range of test cases than what was able to
be implemented for this thesis. While example cases were run, by no means was a
comprehensive numerical simulation study completed on the methods presented
above, nor was the sensitivity of the above methods studied. In addition, it would be
desirable to expand this method in two ways. First, tradeoffs were made, either to
maintain more general and complex autocorrelations with Gaussian PDFs, or to
maintain generality over the PDF, but restraining the autocorrelation to lower order
models. In theory, it is possible to solve the Fokker-Planck Equation for a higher-
dimension state space form, maintaining more generality over both the PDF and
spectrum simultaneously. This was omitted due to time constraints and the limited
scope of this thesis but will be explored in subsequent studies. Finally, this model
can also be expanded to multiple coupled spatial dimensions (of excitation and
response motion). While multi-spatial dimensions are not required for the wind
turbine system, the power and flexibility of this method would be of great use in
many other applications where coupled degrees of freedom are prevalent or critical
for the understanding of the system.
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