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Abstract The invariants of rank2 Joyce–Song semistable pairs over a Calabi–Yau
threefold were computed in Sheshmani (Wall-crossing and invariants of higher rank
stable pairs, Illinois J. Math., 2016), using the wall-crossing formula of Joyce–Song
(A Theory of Generalized Donaldson–Thomas Invariants. Memoirs of American Math-
ematical Society, vol 217(1020), 2012), and Kontsevich and Soibelman (Stability
structures, motivic Donaldson–Thomas invariants and cluster transformations. arXiv:
0811.2435, 2008). Such wallcrossing computations often depend on the combinato-
rial properties of certain elements of a Hall-algebra (these are the stack functions
defined by Joyce (Configurations in abelian categories. II. Ringel–Hall algebras. Adv
Math 210(2):635–706, 2007). These combinatorial computations become immedi-
ately complicated and hard to carry out, when studying higher rank stable pairs with
rank> 2. The main purpose of this article is to introduce an independent approach
to computation of rank2 stable pair invariants, without applying the wallcrossing
formula and rather by stratifying their corresponding moduli space and directly com-
puting the weighted Euler characteristic of the strata. This approach may similarly be
used to avoid complex combinatorial wallcrossing calculations in rank> 2 cases.
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2 A. Sheshmani

1 Introduction

The Donaldson–Thomas theory (DT in short) of a Calabi–Yau threefoldX is defined
in [3,17] via integration against the virtual fundamental class of the moduli space
of ideal sheaves. In [13,14], Pandharipande and Thomas introduced objects given
by pairs.F; s/ whereF is a pure sheaf with one dimensional support together with
a fixed Hilbert polynomial ands 2 H 0.X; F / is given as a section ofF . The au-
thors computed the invariants of stable pairs, using deformation theory and virtual
fundamental classes.

Following their work, Joyce and Song defined a similar notion of a (twisted) sta-
ble pair, given by a sheafF and section mapsW O.�n/ ! F wheren � 0 was
chosen to be a sufficiently large integer so that the cohomology vanishing condition
H 1.F.n// D 0 is satisfied. These stable pairs were equipped with a stability condi-
tion rather different than the one used in [13].

Definition 1 (Joyce–Song pair stability) Given a coherent sheafF , letpF denote the
reduced Hilbert polynomial ofF with respect to the ample line bundleOX .1/. A pair
�W O.�n/ ! F is calledstableif the following conditions are satisfied:

� pF 0 6 pF for all proper subsheavesF 0 of F such thatF 0 ¤ 0.

� If � factors throughF 0 (F 0 a proper subsheaf ofF ), thenpF 0 < pF .

In this article we refer to this stability asO� -stability. For more on Joyce–Song stability
look at [10, Definition 12.2].

One advantage in definingO� -stability, is that it enables one to compute thegeneralized
Donaldson–Thomas invariantswith respect to the invariants ofO� -stable pairs. The
generalized Donaldson–Thomas invariants could not be calculated using the machin-
ery developed by Thomas in [17], since they were given by invariants of semistable
sheaves (not just the stable ones!). After work of Joyce and Song an interesting ques-
tion was whether one is able to study and compute the invariants of objects composed
of a sheafF and multiple sections given by the morphisms1 � � � sr W O

˚r .�n/ ! F

for r > 1 (we will later denote these by rankr stable pairs for short). In [15], the
author introduced the notion of highly frozen triples (same as rankr stable pairs),
and used the virtual localization technique introduced by Graber–Pandharipande [4]
to compute their invariants over local Calabi–Yau threefolds (such as localP1). The
objects studied in [15] (because of the stability condition chosen) were reminiscent
of the higher rank analog of (a twisted version of) the Pandharipande–Thomas (PT
in short) stable pairs [13]. In [16], the author studied the same higher rank objects,
but equipped with theO� -stability condition, and computed their invariants using the
wallcrossing technique.

In this article we would like to introduce a direct method of calculation of such in-
variants, which involves first stratifying the moduli space of higher rank semistable
pairs into disjoint components, where each stratum contains the stable rank1 pairs
and then computing the weighted Euler characteristic of the moduli space of higher
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rank pairs with respect to the Euler characteristic of the rank1 strata. In doing so,
we need to first define an auxiliary categoryBp (which was originally introduced by
Joyce–Song [10, Section 13.1]). The objects inBp are defined similar to the higher
rank Joyce–Song pairs and they are classified basing on their numerical class.ˇ; r/.
Here,ˇ denotes the Chern character ofF andr denotes the number of sections ofF
being considered in the construction. The definition of the categoryBp allows one to
defineweakstability conditions onBp (look at Definition6).

As we have shown in [16, Theorem 5.1], the moduli stack of weak semistable objects
(we denote this byQ� -semistable) inBp is closely related to the parameterizing moduli
stack of higher rankO� -semistable pairs, which enables us to obtain the following
identity:

Nˇ;rstp . O�/ D .�1/r
2

Bss
p.X; ˇ; r; Q�/: (1)

The left-hand side of (1) stands for invariants ofO� -semistable pairs and the right-hand
side stands for invariants ofQ� -semistable objects inBp which are, roughly speak-
ing, defined as the weighted Euler characteristic of their corresponding moduli stack.
Therefore, using this identity, we aim at calculating the right-hand side of (1), using
the stratification method mentioned above.

We show in this article that the result of our calculation agrees with the results ob-
tained in [16]. In particular, we restrict our computations to the rank2 pairs (r D 2),
and very explicitly calculate their invariants in some examples. As we will see be-
low, even though the computation of such invariants requires a detailed study of the
strata involved in the moduli space, the advantage of the strategy used in here is that
it is much more geometric and it avoids complicated combinatorics involved in the
method of wallcrossing. Moreover, we suspect that the methods introduced in this
article may be used to prove the integrality conjectures for the partition functions
of the higher rank Joyce–Song invariants in special cases. Toda in [18] has used a
similar stratification technique and provided an evidence of such integrality property,
proposed by Kontsevich–Soibelman [12, Conjecture 6].

The auxiliary category Bp

Definition 2 LetX be a nonsingular projective Calabi–Yau threefold equipped with
an ample line bundleOX .1/. Let � denote the Gieseker stability condition on the
abelian category of coherent sheaves onX . DefineAp to be the sub-category of
coherent sheaves whose objects are zero sheaves and nonzero� -semistable sheaves
with fixed reduced Hilbert polynomialp.1

Definition 3 Fix an integern. Now define the categoryBp to be the category whose
objects are triples.F; V; �/, whereF 2 Obj.Ap/, V is a finite dimensionalC-
vector space, and�WV ! Hom.OX .�n/; F / is a C-linear map. Given.F; V; �/
and.F 0; V 0; �0/ in Bp, define morphisms.F; V; �/ ! .F 0; V 0; �0/ in Bp to be pairs

1 Look at [10, Definition 13.1] for more detail.
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of morphisms.f; g/, wheref WF ! F 0 is a morphism inAp andgWV ! V 0 is a
C-linear map such that the following diagram commutes:

V
� //

g

��

Hom.OX .�n/; F /

f

��
V 0

�0

// Hom.OX .�n/; F 0/:

Our definition of the categoryBp is compatible with that of [10, Definition 13.1].
Now we define the numerical class of objects inBp based on [10, Section 3.1].

Definition 4 Define theGrothendieck groupK.Bp/ D K.Ap/˚Z, whereK.Ap/ is
given by the image ofK0.Ap/ in K.Coh.X// D Knum.Coh.X//. Let C.Ap/ denote
the positive cone ofAp defined as

C.Ap/ D
˚
E 2 Knum.Ap/ W 0 ¤ E 2 Ap

	
:

Now, given .F; V; �/ 2 Bp, we write Œ.F; V; �/� D .ŒF �;dimV / and define the
positive cone ofBp by

C.Bp/ D
˚
.ˇ; d/ W ˇ 2 C.Ap/; d > 0 or ˇ D 0 andd > 0

	
:

We state the following results by Joyce and Song without proof.

Lemma 1 ([10, Lemma 13.2])The categoryBp is abelian andBp satisfies the con-
dition that if ŒF � D 0 2 K.Ap/ thenF Š 0. Moreover,Bp is noetherian and artinian

and the moduli stacksM.ˇ;d/
Bp

are of finite type for all.ˇ; d/ 2 C.Bp/.

Remark 1The categoryAp embeds as a full and faithful sub-category inBp byF !

.F; 0; 0/. Moreover, it is shown in [10, Equation (13.3)] that every object.F; V; �/
sits in a short exact sequence

0 ! .F; 0; 0/ ! .F; V; �/ ! .0; V; 0/ ! 0:

Next we recall the definition ofweak(semi)stability for a general abelian category
A.

Definition 5 Let A be an abelian category. LetK.A/ be the quotient ofK0.A/ by
some fixed group. LetC.A/ be the positive cone ofA. Suppose.T;6/ is a totally
ordered set and� W C.A/ ! T is a map. We call.�; T;6/ astability condition onA if
whenever̨ ; ˇ; 
 2 C.A/ with ˇ D ˛ C 
 then either

�.˛/ < �.ˇ/ < �.
/ or �.˛/ > �.ˇ/ > �.
/ or �.˛/ D �.ˇ/ D �.
/:

We call .�; T;6/ a weak stability condition onA if whenever˛; ˇ; 
 2 C.A/ with
ˇ D ˛ C 
 then either�.˛/ 6 �.ˇ/ 6 �.
/ or �.˛/ > �.ˇ/ > �.
/. For such
.�; T;6/, we say that a nonzero objectE in A is
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� � -semistableif for all S � E, whereS © 0, we have�.ŒS�/ 6 �.ŒE=S�/,

� � -stableif for all S � E, whereS © 0, we have�.ŒS�/ < �.ŒE=S�/,

� � -unstableif it is not � -semistable.2

Now we apply the definition of weak stability conditions to the categoryBp.

Definition 6 Define theweak stability condition. Q�;eT ;6/ onBp by eT D f0; 1g with
the natural order0 < 1, and Q�.ˇ; d/ D 0 if d D 0 and Q�.ˇ; d/ D 1 if d > 0.

Definition6 is compatible with that of [10, Definition 13.5].

Moduli stack of objects in Bp

Before constructing the moduli stack of objects inBp, we would like to provide
a different description of objects inBp as complexes in the derived category. This
makes it easier to understand the strategy to construct their moduli spaces. By [10,
Lemma 13.2], there exists a natural embedding functorFW Bp ! D.X/ which takes
.F; V; �V / 2 Bp to an object in the derived category given by

� � � ! 0 ! V ˝OX .�n/ ! F ! 0 ! � � � ;

whereV ˝OX .�n/ andF sit in degree�1 and0. Assume that dimV D r . In that
caseV ˝OX .�n/ Š OX .�n/

˚r. Therefore, one may view an object.F; V; �V / 2

Bp as an object in an abelian sub-category of the derived category, given asŒOX .�n/
˚r

! F �. Now let us use this prespective and define the notion of flat families for objects
in Bp.

Definition 7 Fix a parameterizing scheme of finite typeS . Let�X WX �S ! X and
�S WX �S ! S denote the natural projections. Use the natural embedding functor
FW Bp ! D.X/ in [10, Lemma 13.2]. Define theS -flat family of objects inBp of
type.ˇ; r/ as a complex

��
SM ˝��

XOX .�n/
 S
��! F

sitting in degree�1 and0, such thatF is given by anS-flat family of semistable
sheaves with fixed reduced Hilbert polynomialp with ch.F / D ˇ andM a vector
bundle of rankr overS . A morphism between two suchS -flat families is given by a
morphism between the complexes

��
SM˝��

XOX .�n/
 S
��! F and ��

SM
0
˝��

XOX .�n/
 0

S
��! F 0;

2 For more detail on Definition5 look at [10, Definition 3.5].
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��
SM˝��

XOX .�n/
 S //

��

F

��
��
SM

0˝��
XOX .�n/

 0
S // F 0:

Moreover an isomorphism between two suchS -flat families inBp is given by an
isomorphism between the associated complexes

��
SM˝��

XOX .�n/
 S
��! F and ��

SM
0
˝��

XOX .�n/
 0

S
��! F 0;

��
SM˝��

XOX .�n/
 S //

Š

��

F

Š

��
��
SM

0˝��
XOX .�n/

 0
S // F 0:

From now on, by objects inBp we mean the objects which lie in the image of the nat-
ural embedding functorFW Bp ! D.X/. Moreover, by theS -flat family of objects in
Bp and their morphisms (or isomorphisms) we mean their corresponding definitions
as stated in Definition7.

Now we define therigidified objects inBp. These areonlygoing to provide the means
for construction of moduli stack of objects inBp as a quotient stack.

1.1 Rigidified objects and their realization in the derived category

As stated in Definition7, the objects inBp are defined so that the sheaf sitting in
degree�1 is given by a trivial vector bundle of rankr isomorphic toO˚r

X .�n/.
However we have not fixed any choice of such trivialization. Below we will define
closely related objects, which we denote by rigidified objects inBp, by fixing a choice
of the trivialization ofO˚r

X .�n/. These objects are essential for our construction,
as their moduli stack forms a GLr .C/-torsor over the (to be defined) moduli stack
of objects inBp. Therefore our plan is to essentially construct the moduli stack of
objects inBp as the stacky quotient of the moduli stack of rigidified objects inBp,
where the group we take the quotient with is GLr .C/.

Definition 8 Fix a positive integerr and define the sub-categoryBR
p � Bp to be

the category ofrigidified objects inBp of rank r whose objects are defined by tu-
ples .F;C˚r; �/ whereF is a coherent sheaf with reduced Hilbert polynomialp,
ch.F / D ˇ and�W Cr ! Hom.OX .�n/; F /. Given two rigidified objects of fixed
type .ˇ; r/ as.F;C˚r; �/ and.F 0;C˚r; �0/ in BR

p , define morphisms.F;C˚r; �/ !

.F 0;C˚r; �0/ to be given by a morphismf WF ! F 0 in Ap such that the following
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diagram commutes:

C˚r
� //

id

��

Hom.OX .�n/; F /

f

��
C˚r

�0

// Hom.OX .�n/; F 0/:

Remark 2Similar to before, there exists a natural embedding functorFRW BR
p !

D.X/ which takes.F;C˚r; �/ 2 BR
p to an object in the derived category given

by � � � ! 0 ! C˚r˝OX .�n/ ! F ! 0 ! � � � , whereC˚r˝OX .�n/ sits in
degree�1 andF sits in degree0. One may view an object inBR

p as a complex

�W O˚r
X .�n/ ! F such that the choice of trivialization ofO˚r

X .�n/ is fixed.

Definition 9 Fix a parametrizing scheme of finite typeS . Use the natural embedding
functorFRW BR

p ! D.X/ in Remark2. An S -flat family of objects of type.ˇ; r/ in
BR
p is given by a complex

��
SO˚r

S ˝��
XOX .�n/

 S
��! F

sitting in degree�1 and0 such thatF is given by anS -flat family of semistable
sheaves with fixed reduced Hilbert polynomialp with ch.Fs/ D ˇ for all s 2 S . A
morphism between two suchS -flat families inBR

p is given by a morphism between
the complexes

��
SO˚r

S ˝��
XOX .�n/

 S
��! F and ��

SO˚r
S ˝��

XOX .�n/
 0

S
��! F 0;

��
SO˚r

S ˝��
XOX .�n/

 S //

idOX�S

��

F

��
��
SO˚r

S ˝��
XOX .�n/

 0
S // F 0:

Moreover an isomorphism between two suchS -flat families inBR
p is given by an

isomorphism between the associated complexes

��
SO˚r

S ˝��
XOX .�n/

 S
��! F and ��

SO˚r
S ˝��

XOX .�n/
 0

S
��! F 0;

��
SO˚r

S ˝��
XOX .�n/

 S //

idOX�S

��

F

Š

��
��
SO˚r

S ˝��
XOX .�n/

 0
S // F 0:

Similar to the way that we treated objects inBp, from now on by objects inBR
p we

mean the objects which lie in the image of the natural embedding functorFRW BR
p !

D.X/ in Remark2. Moreover by theS -flat family of objects inBR
p and their mor-

phisms (or isomorphisms) we mean the corresponding definitions as stated in Defini-
tion 9.
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Notation 1 In what follows we defineM.ˇ;r/
Bp

(M.ˇ;r/

BR
p

respectively) to be the moduli

functors from Sch=C ! Groupoids which send aC-schemeS to the groupoid of
S -flat family of objects of type.ˇ; r/ in Bp (BR

p respectively).

We will show that these moduli functors (as groupoid valued functors) are equivalent
to algebraic quotient stacks. We will also show that the moduli stackM

.ˇ;r/
Bp

is given

by a stacky quotient ofM.ˇ;r/

BR
p

by GLr .C/.

1.2 The underlying parameter scheme

According to Definition3, an object in the categoryAp consists of semistable sheaves
with fixed reduced Hilbert polynomialp. Note that having fixed a polynomial (in
variablet ) p.t/ as the reduced Hilbert polynomial ofF means that the Hilbert poly-
nomial ofF can yet be chosen asPF .t/ D kp.t/=d 0Š for different values ofk where
d 0 is the dimension ofF . However here we make an assumption that there are only
finitely many possible valuesk D 0; 1; : : : ; N for which our computation makes
sense. We explain the motivation behind this assumption further below.

Our analysis inherits this finiteness property directly from applying [10, Proposi-
tion 13.7], where the authors show that there are only finitely many nontrivial con-
tributions to their wallcrossing computation which are induced by objects, whose
underlying sheaves could only have finitely many fixed Hilbert polynomials. In other
words, according to [10, Proposition 13.7], it suffices to consider Hilbert polynomials
PF .t/ D kp.t/=d 0Š induced byp and only finitely many values ofk D 1; 2; : : : ; N

for someN > 0. Similarly, for us there would only be finitely many suchk for which
(1) holds true, which justifies the reason behind our assumption.

On the other hand, as discussed in [6, Theorem 3.37], the family of Gieseker-semi-
stable sheavesF onX such thatF has a fixed Hilbert polynomial is bounded. There-
fore, the family of coherent sheaves with finitely many fixed Hilbert polynomials is
also bounded. We will use this boundedness property in our construction of parame-
terizing moduli stacks.

Now fix the Hilbert polynomialPF .t/ D P as above and use the fact that, given a
bounded familyF of coherent sheaves with fixed Hilbert polynomialP (hereF de-
notes a member of the familyF), there exists an upper bound for their Castelnuovo–
Mumford regularity, given by the integerm, such that for each memberF of F the
twisted sheafF.m0/ is globally generated for allm0 > m. Fix suchm0 and letV be
the complex vector space of dimensiond D P.m0/ given byV D H0.F˝OX .m

0//.
Twisting the sheafF by the fixed large enough integerm0 would ensure one to get
a surjective morphism of coherent sheavesV ˝OX .�m

0/ ! F . One can then con-
struct a scheme parametrizing the flat quotients ofV ˝OX .�m

0/ with fixed given
Hilbert polynomialP . This by usual arguments provides us with Grothendieck’s
Quot-scheme. Here to shorten the notation we useQ to denote QuotP .V ˝OX .�m

0//.
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Denote byQss � Q the sublocus of Gieseker-semistable (� -semistable for short)
sheavesF with fixed Hilbert polynomialP .

Definition 10 Let n in Definition 7 be given so thatn � m0. DefineP overQss to
be a bundle whose fibers parameterize H0.F.n//. The fibers of the bundleP˚r over
each pointŒF � D fpg, wherep 2 Qss, parameterize H0.F.n//˚r. In other words, the
fibers ofP˚r parameterize the mapsO˚r

X .�n/ ! F (which define the complexes
representing the objects inBR

p ).

There exists a right action of GL.V / (whereV is as above) on the Quot-scheme
Q which induces an action onQss, after restriction to the open subscheme of� -
semistable sheaves. It is trivially seen that the action of GL.V / onQss induces a right
action onP˚r. However note that, since we have fixed the trivialization ofO˚r

X .�n/

for the objects inBR
p , there exists also an extra action of GLr .C/ on P˚r which is

described as follows. Let �
O˚r
X .�n/

�
�! F

�
be given as a point inP˚r. Let 2 GLr .C/ be the map given by W OX .�n/

˚r !

OX .�n/
˚r. The action of GLr .C/ on P˚r is defined via precomposing the sections

of F with  as shown in the diagram below:

O˚r
X .�n/

 

��
O˚r
X .�n/

� // F:

Note that, by the Grothendieck–Riemann–Roch theorem, fixing a polarization over
X and the Chern character of sheaves as ch.F / D ˇ, induces the fixed Hilbert poly-
nomial for suchF . Therefore this is the reason why we index our parameterizing
moduli stacks by.ˇ; r/ instead of.P; r/.

1.3 Artin stacksM.ˇ;r/
Bp

andM
.ˇ;r/

BR
p

By Definitions7 and9, the construction of moduli stack of objects inBp andBR
p is

done similar to [15, Section 5].

Theorem 1 LetP˚r be as in Definition10. Then the following statements hold true:

(i) Let �
P˚r

GL.V /

�
be the stack theoretic quotient ofP˚r by GL.V /. Then, there exists an isomor-
phism of stacks

M
.ˇ;r/

BR
p

Š

�
P˚r

GL.V /

�
:
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In particular, M.ˇ;r/

BR
p

is an Artin stack.

(ii) The moduli stackM.ˇ;r/

BR
p

is a GLr .C/-torsor overM.ˇ;r/
Bp

. In particular, there

exists an isomorphism of stacks

M
.ˇ;r/
Bp

Š

� M
.ˇ;r/

BR
p

GLr .C/

�
:

(iii) It is true that locally in the flat topology

M
.ˇ;r/
Bp

Š M
.ˇ;r/

BR
p

�

�
Spec.C/
GLr .C/

�
:

This isomorphism does not hold true globally unlessr D 1.

Proof The proofs of parts (i), (ii) are essentially the same as [15, Proposition 3.3,
Remark 3.4, Theorems 3.5]. Now we prove part (iii) by showing that there exists a
forgetful map� W M

.ˇ;r/

BR
p

! M
.ˇ;r/
Bp

which induces a map from

M
.ˇ;r/

BR
p

�

�
Spec.C/
GLr .C/

�
to M

.ˇ;r/
Bp

and show that this map has an inverse locally but not globally unlessr D 1.
First we prove the claim forr D 1.

For r D 1, GL1.C/ D Gm. For aC-schemeS , anS -point of

M
.ˇ;1/

BR
p

�

�
Spec.C/

Gm

�
is identified with the data.OX�S .�n/ ! F;LS /, whereLS is aGm line bundle over
S . Let�S WX �S ! S be the natural projection onto the second factor. There exists
a map that sends this point to anS -pointp 2 M

.ˇ;1/
Bp

which is obtained by tensoring
with LS , i.e.

OX .�n/�LS
�L

��! F���
SLS :

Note that tensoringOX�S .�n/with ��
SLS does not change the fact that fiber by fiber

OX�S .�n/js2S Š OX .�n/�LS js2S . Moreover, there exists a section map

sW M
.ˇ;1/
Bp

! M
.ˇ;1/

BR
p

�

�
Spec.C/

Gm

�
:

Simply take anS -point ŒOX .�n/�LS ! F � 2
�
M
.ˇ;1/
Bp

�
.S/ and send it to anS -

point in �
M
.ˇ;1/

BR
p

�

�
Spec.C/

Gm

��
.S/
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by the map�
OX .�n/�LS ! F

�
7!

��
OX�S .�n/ ! F˝��

SL�1
S

�
; LS

�
:

Note that sinceLS is a line bundle overS then it is invertible and hence a section
map is always well-defined andM.ˇ;1/

Bp
is aGm-gerbe overM.ˇ;1/

BR
p

. Now letr > 1. It

is left to show that there exists a map from

M
.ˇ;r/

BR
p

�

�
Spec.C/
GLr .C/

�
to M

.ˇ;r/
Bp

and this map does not have an inverse (section map) globally. To proceed
further, we state the following definition.

Definition 11 Consider a stack.Y; pYW Y ! Sch=C/. Given two morphisms of
stacks�1W X ! Y and�2W X0 ! Y, the fibered productof X and X0 over Y is
defined by the category whose objects are defined by triples.x; x0; ˛/, wherex 2

X and x0 2 X0 respectively and̨ W�1.x/ ! �2.x
0/ is an arrow inY such that

pY.˛/ D id. Moreover, the morphisms.x; x0; ˛/ ! .y; y0; ˇ/ are defined by the
tuple.�W x ! y;  W x0 ! y0/ such that

�1. /ı˛ D ˇ ı�2.�/W PE .x/ ! PF .y
0/:

Now observe that forr > 1, there exists a forgetful map

� W M
.ˇ;r/

BR
p

! M
.ˇ;r/
Bp

which overS -points takesŒOX .�n/�O˚r
S ! F � (see Definition9) to ŒM �OX .�n/

! F �, whereM is defined in Definition7. Moreover, there exists a map

g0
W M

.ˇ;r/
Bp

! BGLr .C/

which sendsŒM �OX .�n/ ! F � to M by forgettingF. Finally there exists the
natural projection

i W Spec.C/ !

�
Spec.C/
GLr .C/

�
D BGLr .C/:

It follows directly from Definition11 that the diagram

M
.ˇ;r/

BR
p

g //

�

��

pt D Spec.C/

i

��

M
.ˇ;r/
Bp

g0

// BGLr .C/ D

�
Spec.C/
GLr .C/

�
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is a fibered diagram and

M
.ˇ;r/

BR
p

D M
.ˇ;r/
Bp

�BGLr .C/pt:

However, one cannot use the same argument used for the case ofr D 1 to conclude
that there exists a section map

sW M
.ˇ;r/
Bp

! M
.ˇ;r/

BR
p

�

�
Spec.C/
GLr .C/

�
;

since theS -point of BGLr .C/ is a GLr .C/ bundle overS and this vector bundle is
trivializable locally but not globally. Therefore locally one may think ofM

.ˇ;r/
Bp

as
isomorphic to

M
.ˇ;r/

BR
p

�

�
Spec.C/
GLr .C/

�
but not globally. ut

Definition 12 DefineM
.ˇ;r/
Bp ;ss. Q�/ as the substack ofM.ˇ;r/

Bp
parameterizingQ� -semi-

stable objects inBp. SinceM.ˇ;r/
Bp

is of finite type [10, Lemma 13.2], thenM.ˇ;r/
Bp ;ss. Q�/

is of finite type for all.ˇ; r/ 2 C.Bp/.

2 Stack function identities in the Ringel–Hall algebra

We review here some basic facts about the stack functions in the Ringel–Hall alge-
bras. LetM be an ArtinC-stack with affine geometric stabilizers. Consider pairs
.R; �/, whereR is given by a finite type ArtinC-stack with affine geometric stabiliz-
ers and� D R ! M is a1-morphism. Now define an equivalence relation for such
pairs, where.R; �/ and .R0; �0/ are called equivalent if there exists a1-morphism
�W R ! R0 such that�0ı � and� are2-isomorphic1-morphismsR ! M. Joyce and
Song in [10, Section 2.2] define the space of stack functionsSF.M; �;Q/ as theQ-
vector space generated by the above equivalence classes of pairsŒ.R; �/� such that
the following relations are imposed:

(a) Given a closed substack.G; �jG/ � .R; �/, we have

Œ.R; �/� D Œ.G; �jG/�C Œ.RnG; �jRnG/�: (2)

(b) Let R be aC-stack of finite type with affine geometric stabilizers,U denote
a quasi-projectiveC-variety, �RW R�U ! R be the natural projection and
�W R ! M be a1-morphism. Then

Œ.R�U; �ı�R/� D �.ŒU�/Œ.R; �/�: (3)
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(c) AssumeR Š ŒX=G�, whereX is a quasiprojectiveC-variety andG a very
special algebraicC-group acting onX with maximal torusT G, then we have

Œ.R; �/� D

X
Q2Q.G;TG/

F.G; T G;Q/
��
ŒX=Q�; �ı �Q

��
;

where the rational coefficientsF.G; T G;Q/ have a complicated definition ex-
plained in [9, Section 6.2]. HereQ.G; T G/ is the set of closedC-subgroupsQ of
T G such thatQ D T G \ CG.Q/, whereCG.Q/ D fg 2 G W sg D gs; s 2 Qg

and�QW ŒX=Q� ! R Š ŒX=G� is the natural projection1-morphism. Similarly,
one definesSF.M; �;Q/ by restricting the1-morphisms� in parts (a)–(c) to be
representable.

(d) There exist the notions of multiplication, pullback, pushforward of stack func-
tions inSF.M; �;Q/ andSF.M; �;Q/. For further discussions look at [10, Def-
initions 2.6, 2.7 and Theorem 2.9].

Joyce and Song in [10, Section 13.3] define the notion of characteristic stack func-
tions ı .ˇ;d/ss . Q�/ 2 SF.MBp

. Q�/; �;Q/. Moreover, in the instance where the moduli
stack contains strictly semistable objects, the authors define thelogarithmof the mod-
uli stack by the stack function� .ˇ;d/. Q�/ given as an element of the Hall-algebra of
stack functions supported over virtual indecomposables, we will include these defi-
nitions below.

Definition 13 Define thestack functions

ı .ˇ;r/ss . Q�/ D ı
.ˇ;r/

M
.ˇ;r/
Bp;ss

. Q�/

in SFal
�
M
.ˇ;r/
Bp ;ss. Q�/

�
(for definition of SFal look at [10, Definition 3.3]) for.ˇ; r/ 2

C.Bp/. Now define elements� .ˇ;r/. Q�/ in SFal
�
M
.ˇ;r/
Bp ;ss. Q�/

�
� .ˇ;r/. Q�/ D

X
n>1

.ˇ1;r1/;:::;.ˇn;rn/2C.Bp/
.ˇ1;r1/C���C.ˇn;rn/D.ˇ;r/

Q�.ˇi ;ri /DQ�.ˇ;r/8i

.�1/n�1

n
ı .ˇ1;r1/

ss . Q�/ � ı .ˇ2;r2/
ss . Q�/

� � � � � ı .ˇn;rn/
ss . Q�/;

(4)

where� is the Ringel–Hall multiplication defined in [10, Definition 3.3].

Our goal in the remainder of this article is to first evaluate the element of the Hall al-
gebra� .ˇ;r/. Q�/ above, by explicitly computing the right-hand side of (4), and then
calculate the invariants. To do this one needs to apply the Joyce–SongLie alge-
bra morphismto � .ˇ;r/. Q�/. In order to clarify the latter, we need further definitions.

Definition 14 ([10, Definition 13.3]) Define theEuler form inBp as�Bp
WK.Bp/�

K.Bp/ ! Z such that

�Bp
..ˇ; d/; .
; e// D �.ˇ; 
/ � d �.ŒOX .�n/�; 
/C e�.ŒOX .�n/�; ˇ/;
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where�. � / is the Euler form onK.Coh.X//.

Definition 15 ([10, Definition 13.11]) DefineS to be the subset of.ˇ; d/ in C.Bp/ �

K.Bp/ such thatPˇ .t/ D kp.t/=d Š for k D 0; : : : ; N andd D 0 or 1 or 2. Then
S is a finite set [7, Theorem 3.37]. Define the Lie algebraeL.Bp/ to be theQ-vector
space with the basis of symbolse�.ˇ;d/ with .ˇ; d/ 2 S with the Lie bracket�e�.ˇ;d/;e�.
;e/� D .�1/�Bp..ˇ;d/;.
;e// �Bp

..ˇ; d/; .
; e// �e�.ˇC
;dCe/ (5)

for .ˇC
; dCe/ 2 S andŒe�.ˇ;d/;e�.
;e/� D 0 otherwise. Here it can be seen that�Bp

is antisymmetric and hence equation (5) satisfies the Jacobi-identity and that makeseL.Bp/ into a finite-dimensional nilpotent Lie algebra overQ.

Now the Joyce–Song Lie algebra morphismis defined as theQ-linear mape‰Bp W

SFind
al MBp

! eL.Bp/ by applying [10, Definition 5.13] to the moduli stackMBp
andeL.Bp/.3

Definition 16 Define the invariantBss
p.X; ˇ; r; Q�/ associated toQ� -semistable objects

of type.ˇ; r/ in Bp by

e‰Bp
�
� .ˇ;r/. Q�/

�
D Bss

p.X; ˇ; r; Q� / �e�.ˇ;r/;
wheree‰Bp is given by the Lie algebra morphism above.

From now on, to minimize the unnecessary computational complexity, we restrict
our analysis to rank2 pairs, i.e.r D 2. First to motivate the intuition behind our
computations we study an interesting example.

3 Direct computation of invariants in an example

Example 1Computation ofBss
p.X; ŒP1�; 2; Q� /, whereX is given by the total space of

O˚2

P1 .�1/ ! P1.

We compute the invariant ofQ� -semistable objects.F;C2; �C2/ of type .ŒP1�; 2/ in
Bp. In this caseF has rank 1 over its support andpF .n/ D n C �.F /. Assume
that�.F / D k. In this case by computations in [5,11] the only semistable sheafF
with ch2.F / D ŒP1� is given byOP1.k�1/ which is a stable sheaf. First we give the

description ofM.ŒP1�;2/
Bp ;ss . Q�/.

By definition, an object of type.ŒP1�; 2/ in Bp is identified by a complexOX .�n/˚2

! ��OP1.k�1/, where�W P1 ,! X (from now on we suppress�� in our notation).
By the constructions in Sect.1.2, the parameter scheme ofQ� -semistable objects is

3 For further detail look at [10, Definition 13.11].
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obtained by choosing two sections.s1; s2/ such thatsi 2 H0.OP1.nCk�1// for i D

1; 2. Moreover sinceOP1.k�1/ is a stable sheaf, its stabilizer is given byGm.

An important point to note is that, given aQ� -semistable object.F;C2; �C2/, one is
always able to obtain an exact sequence of the form

0 ! .F;C; �C/ ! .F;C2; �C2/ ! .0;C; 0/ ! 0; (6)

for every object in the moduli stack and sinceQ�.F;C2; �C/ D 1 6 Q�.0;C; 0/ D 1,
one concludes that all objects parametrized by the moduli stack are given by ex-
tensions of rank 1Q� -stable objects and hence all objects areQ� -strictly-semistable.
Moreover, note that giving aQ� -semistable object of the form

OX .�n/
˚2 .s1;s2/

����! F

is equivalent to requiring the condition that.s1; s2/ ¤ .0; 0/, since otherwise, one
may be able to obtain an exact sequence

0 ! .C2; 0; 0/ ! .C2; F; 0/ ! .0; F; 0/ ! 0

such thatQ�.C2; 0; 0/ D 1 > Q�.0; F; 0/ D 0, hence.C2; 0; 0/ (weakly) destabilizes
.C2; F; 0/, hence a contradiction. Now use Theorem1 and find that

M
.ŒP1�;2/
Bp ;ss . Q�/ D

�
H0.OP1.nCk�1//˚2 nf0g=Gm

GL2.C/

�
Š

�
P.H0.OP1.nCk�1//˚2/

GL2.C/

�
:

(7)

We need to compute the element of the Hall algebra� .ŒP
1�;2/. Q�/. By applying Defini-

tion 13 to M
.ŒP1�;2/
Bp ;ss . Q�/, we obtain

� .ŒP
1�;2/. Q�/ D ı .ŒP

1�;2/
ss . Q�/ �

1

2

X
ˇkCˇl DŒP1�

ı .ˇk ;1/
s . Q�/�ı .ˇl ;1/

s . Q�/: (8)

Now we use a stratification strategy in order to decomposeM
.ŒP1�;2/
Bp ;ss . Q�/ into a disjoint

union of strata as follows. Since the objects in the moduli stack are of type.ŒP1�; 2/,
one would immediately see that the only possible decomposition of aQ� -semistable
object of type.ŒP1�; 2/ is given by.ŒP1�; 2/ D .ŒP1�; 1/ C .0; 1/. This means that
a strictly Q� -semistable object of type.ŒP1�; 2/ is always given by an (split or non-
split) extension, involving an object of type.ŒP1�; 1/ and an object of type.0; 1/.
Note that it is allowable to flip the order of an extension, as long as the original
strictly semistable object is re-produced. Our stratification then involves a study of
the parametrizing moduli stack for the objects, depending on which extension is used

to produce them. This will enable us to decomposeM
.ŒP1�;2/
Bp ;ss . Q�/ into a disjoint union

of split and non-split strata (i.e. induced by split or non-split extensions).
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Definition 17 DefineM
.ŒP1�;2/
Bp ;sp . Q�/ � M

.ŒP1�;2/
Bp ;ss . Q�/ to be the locally closed stratum

over which an object of type.ŒP1�; 2/ is given by split extensions involving objects

of type .ŒP1�; 1/ and .0; 1/. DefineM
.ŒP1�;2/
Bp ;nsp . Q�/ � M

.ŒP1�;2/
Bp ;ss . Q�/ to be the locally

closed stratum over which an object of type.ŒP1�; 2/ is given by non-split extensions
involving objects of type.ŒP1�; 1/ and.0; 1/.

Now we study the structure of each stratum separately.

3.1 Stacky structure ofM.ŒP1�;2/
Bp ;sp . Q�/

It is easy to see that anyQ� -semistable objects of type.ŒP1�; 2/ given as�
OX .�n/

˚2
! OP1.k�1/

�
Š

�
OX .�n/

˚2
! OP1.k�1/

�
˚ ŒOX .�n/ ! 0�

has the property that the sectionss1; s2 for this object are linearly dependent on one
another. Hence the underlying parameter scheme ofQ� -semistable objects of this given
form is given by choosing a nonzero section ofOP1.nCk�1/, in other words we
obtain H0.OP1.nCk�1//nf0g. Now we need to take the quotient of this space by
the stabilizer group of points. We know that the condition required for aQ� -semistable
object

OX .�n/
˚2 .s1;s2/

����! F

to be given by split extensions of rank 1 objects is thats1 ands2 are linearly dependent
on one another. Now pick such an object given by

OX .�n/
˚2 .s1;0/

���! F:

The automorphisms of this object are given by the group which makes the following
diagram commutative:

OX .�n/
˚2

.s1;0/ //

Š

��

OP1.k�1/

Š

��
OX .�n/

˚2
.s1;0/ // OP1.k�1/:

Hence it is seen that the left vertical map needs to be given by a subgroup of GL2.C/
which preservess1, i.e. the Borel subgroup of GL2.C/ whose elements are given by

2�2 upper triangular matrices
�
k1 k2

0 k3

�
, wherek1; k3 2 Gm andk2 2 A1. Having

fixed one of the automorphisms via fixingk1; k2; k3, it is seen that, by the commu-
tativity of the square diagram, the right vertical map needs to be given by multipli-
cation byk1 which is an element ofGm. Note that one needs to take the quotient
of the parameter scheme by all isomorphisms between any two objects in the split
stratum, not just the automorphisms of one fixed representative. In general for an
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object to live in the split stratum one requires the sections.s1; s2/ to be given by
.s1; a �s1/. We observed that fixing a representative for a split object of rank2 (such
as fixing.s1; s2/ D .s1; 0/ as above) would tell us that its automorphisms are given
by G2

moA1. Hence, taking into account all possible representatives implies that the
stabilizer group of objects in the spit stratum is given byG2

moA1�Gm. Hence we
obtain

M
.ŒP1�;2/
Bp ;sp . Q�/ D

�
H0.OP1.nCk�1//nf0g

G2
moA1�Gm

�
D

�
P.H0.OP1.nCk�1///

G2
moA1

�
: (9)

3.2 Stacky structure ofM.ŒP1�;2/
Bp ;nsp . Q� /

In this case, the objects inM.ŒP1�;2/
Bp ;nsp . Q�/ are given by non-split extensions of the

form

0 // OX .�n/ //

s1

��

O˚2
X .�n/ //

.s1;s2/

��

OX .�n/ //

��

0

0 // OP1.k�1/
Š // F // 0 // 0:

(10)

Note that switching the place ofOP1.k�1/ and 0 in the bottom row of diagram
(10) would produce a split extension and so such extensions cannot lie in the non-
split stratum. Now, in order to obtain non-split extensions, one needs to choose two
sectionss1; s2 such thats1 and s2 are linearly independent. The set of all linearly
independent choices ofs1 ands2 spans a two dimensional subspace of H0.OP1.nC

k � 1// which is given by the Grassmanian G.2; nCk/.

Now, we need to take the quotient of this scheme by the stabilizer group of points in
the stratum. We know that the condition required for aQ� -semistable object

OX .�n/
˚2 .s1;s2/

����! F

to be given by non-split extensions of rank1 objects is thats1 and s2 are linearly
independent. Now pick such an object given by

OX .�n/
˚2 .s1;s2/

����! F:

The automorphisms of this object are given by the group which makes the following
diagram commutative:

OX .�n/
˚2

.s1;s2/ //

Š

��

OP1.k�1/

Š

��
OX .�n/

˚2
.s1;s2/ // OP1.k�1/:



18 A. Sheshmani

Hence it is seen that the left vertical map needs to be given by a subgroup of GL2.C/
whose elements are given by2�2 diagonal matrices of the form

�
k1 0
0 k1

�
, where

k1 2 Gm. Having fixed one of the automorphisms via fixingk1, it is seen that by
the commutativity of the square diagram, the right vertical map needs to be given by
multiplication byk1 which is an element ofGm. Hence we obtain

M
.ŒP1�;2/
Bp ;nsp . Q�/ D

�
G.2; nCk/

Gm

�
: (11)

Now we are ready to compute
P
ˇkCˇl DŒP1� ı

.ˇk ;1/
s . Q�/� ı

.ˇl ;1/
s . Q�/ appearing on the

right-hand side of (8). We use the fact that

X
ˇkCˇl DŒP1�

ı .ˇk ;1/
s . Q�/� ı .ˇl ;1/

s . Q�/

D ı .ŒP
1�;1/

s . Q�/� ı .0;1/s . Q�/C ı .0;1/s . Q�/� ı .ŒP
1�;1/

s . Q�/

(12)

and compute each term on the right-hand side of (12) separately.

Remark 3As we described above, there exists an action of GL2.C/ on

S D P
�
H0.OP1.nCk�1//˚2

�
:

This action induces an action of the corresponding Lie algebra on the tangent space
of Sgiven by the map

OS˝gl2.C/ ! TS; (13)

wheregl2.C/ denotes the Lie algebra associated to the group GL2.C/. The dimension
of the automorphism group of objects representing the elements ofS is given by the
dimension of the stabilizer (in GL2.C/) group of these elements, which itself is given
by the dimension of the kernel of the map in (13). On the other hand, the dimension
of the kernel of the map in (13) is an upper-semicontinious function. Therefore by
the usual arguments, we obtain a stratification ofS which induces a stratification of�

S
GL2.C/

�
into locally closed strata, such that over each stratum the dimension of the stabilizer
group is constant as we vary over points inside that stratum. Here in Definition17we

stated without proof that the defined strata are locally closed inM
.ŒP1�;2/
Bp ;ss . Q�/, this is

discussed in detail and for more general cases in Appendix10.
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3.3 Computation ofı .ŒP
1�;1/

s . Q�/� ı
.0;1/
s . Q�/

Given

ı .ŒP
1�;1/

s . Q�/ D

��
P.H0.OP1.nCk�1///

Gm

�
; �1

�
;

ı .0;1/s . Q�/ D

��
Spec.C/

Gm

�
; �2

�
(�1; �2 are natural embedding maps toMBp

. Q�/), consider the diagram

Z0
12

ˆ //

��

ExactBp

�2 //

�1��3

��

�
S

GL2.C/

�

�
P.H0.OP1 .nC k � 1///

Gm

�
�

�
Spec.C/

Gm

�
�1��2 // MBp .Q�/�MBp .Q�/;

whereZ0
12 is given by the scheme parametrizing the set of commutative diagrams

0 // OX .�n/ //

s1

��

O˚2
X .�n/ //

.s1;s2/

��

OX .�n/ //

��

0

0 // OP1.k � 1/
Š // F // 0 // 0:

(14)

Since that the extensions in (14) have the possibility of being split or non-split, there-
fore, we consider each case separately and define the multiplication

ı .ŒP
1�;1/

s . Q�/�ı .0;1/s . Q�/

in each case separately as follows below.

Definition 18 Let Œı .ŒP
1�;1/

s . Q�/�ı
.0;1/
s . Q�/�sp denote the stratum of.�2ıˆ/�Z0

12 over
which the points are represented by split extensions given by the commutative dia-
gram in (14).

Definition 19 Let Œı .ŒP
1�;1/

s . Q�/�ı
.0;1/
s . Q�/�nspdenote the stratum of.�2ıˆ/�Z0

12 over
which the points are represented by the non-split extensions given by coomutative di-
agram in (14).

Therefore

ı .ŒP
1�;1/

s . Q�/�ı .0;1/s . Q�/ D
�
ı .ŒP

1�;1/
s . Q�/�ı .0;1/s . Q�/

�
spC

�
ı .ŒP

1�;1/
s . Q�/�ı .0;1/s . Q�/

�
nsp:

Now we computeŒı .ŒP
1�;1/

s . Q�/�ı
.0;1/
s . Q�/�sp. This amounts to choosings1; s2 so that

s1 ands2 are linearly depending on one another. The scheme parametrizing nonzero
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sectionss1 is given byP.H0.OP1.nC k� 1///. Now we take the quotient of this
scheme by the stabilizer group of points. Similar to arguments in [16, Lemma 12.1],
given any point inP.H0.OP1.nC k� 1/// represented by the extension in (14), its
stabilizer group is given by the semi-direct productG2

moHom.E3; E1/, where each
factor ofGm amounts to the stabilizer group of objects given asE3 D OX .�n/ ! 0

andE1 D OX .�n/ ! OP1.k� 1/ respectively. Note that the extra factor ofA1
will not appear as a part of the stabilizer group since, by the given description ofE1
andE3, we know that Hom.E3; E1/ D 0 for every suchE1 andE3. We obtain the
following conclusion:�

ı .ŒP
1�;1/

s . Q�/�ı .0;1/s . Q�/
�

sp D

�
P.H0.OP1.nC k� 1///

G2
m

�
: (15)

Now we computeŒı .ŒP
1�;1/

s . Q�/� ı
.0;1/
s . Q�/�nsp. This amounts to choosings1; s2 so that

s1 ands2 are linearly independent and the extension in diagram (14) becomes non-
split. Note that for any fixed value ofs1, one hasP1 worth of choices fors2. Now we
need to consider all possible choices ofs1 and in doing so, we require the sections
s1; s2 to remain linearly independent. This gives the flag variety F.1; 2; nCk/. Hence
we obtain �

ı .ŒP
1�;1/

s . Q�/�ı .0;1/s . Q�/
�

nsp D

�
F.1; 2; nC k/

Gm

�
: (16)

Note that the factor ofGm in the denominator of (16) is due to the fact that we
have used one of theGm factors in projectivising the bundle ofs2-choices over the
Grassmanian. We finish this section by summarizing our computation. By (15) and
(16) one obtains

ı .ŒP
1�;1/

s . Q�/�ı .0;1/s . Q�/ D

�
P.H0.OP1.nC k� 1///

G2
m

�
C

�
F.1; 2; nC k/

Gm

�
: (17)

3.4 Computation ofı .0;1/s . Q�/�ı
.ŒP1�;1/
s . Q�/

Now change the order ofı .0;1/s . Q�/ andı .ŒP
1�;1/

s . Q�/ and obtain the diagram

Z0
21

ˆ //

��

ExactBp

�2 //

�1��3

��

�
S

GL2.C/

�

�
Spec.C/

Gm

�
�

�
P.H0.OP1 .nCk�1///

Gm

�
�2��1 // MBp .Q�/�MBp .Q�/:

HereZ0
21 is given by the scheme parametrizing the set of commutative diagrams

0 // OX .�n/ //

0

��

O˚2
X .�n/ //

.0;s2/

��

OX .�n/ //

��

0

0 // 0
Š // F // OP1.k � 1/ // 0:

(18)
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Note that the computation in this case is easier since the only possible extensions
of the form given in (18) are the split extensions. The computation in this case is
similar to computation in (15) except that one needs to take into account that over
any point represented by an extension (as in diagram (18)) of E1 D OX .�n/ ! 0

andE3 D OX .�n/ ! OP1.k� 1/ we have Hom.E3; E1/ Š A1. Hence by similar
discussions we obtain

ı .ŒP
1�;1/

s . Q�/�ı .0;1/s . Q�/ D

�
P.H0.OP1.nC k� 1///

G2
moA1

�
: (19)

3.5 Computation of�.ˇ;2/. Q�/

By (8), (9), (11), (12), (17) and (19) we obtain

� .ˇ;2/. Q�/ D

�
P.H0.OP1.nC k� 1///

G2
moA1

�
C

�
G.2; nC k/

Gm

�
�
1

2
�

�
P.H0.OP1.nC k� 1///

G2
m

�
�
1

2
�

�
F.1; 2; nC k/

Gm

�
�
1

2
�

�
P.H0.OP1.nC k � 1///

G2
moA1

�
:

(20)

Now use the decomposition used by Joyce and Song in [10, p. 158] and write�
P.H0.OP1.nC k� 1///

G2
moA1

�
D F

�
G;G2

m;G
2
m

�
�

�
P.H0.OP1.nC k � 1///

G2
m

�
C F

�
G;G2

m;Gm

�
�

�
P.H0.OP1.nC k� 1///

Gm

�
;

whereF.G;G2
m;G2

m/ D 1 andF.G;G2
m;Gm/ D �1. Equation (20) simplifies as

follows:

� .ˇ;2/. Q�/ D

�������������
P.H0.OP1.nC k� 1///

G2
m

�
�

�
P.H0.OP1.nC k� 1///

Gm

�
C

�
G.2; nC k/

Gm

�
�

�������������
1

2
�

�
P.H0.OP1.nC k� 1///

G2
m

�
�
1

2
�

�
F.1; 2; nC k/

Gm

�
�

�������������
1

2
�

�
P.H0.OP1.nC k� 1///

G2
m

�
C
1

2
�

�
P.H0.OP1.nC k� 1///

Gm

�
:
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Now use Definition22and write�
G.2; nC k/

Gm

�
D �.G.2; nC k// �

�
Spec.C/

Gm

�
and �

F.1; 2; nC k/

Gm

�
D �.F.1; 2; nC k// �

�
Spec.C/

Gm

�
D �.P1/ ��.G.2; nC k// �

�
Spec.C/

Gm

�
D 2 ��.G.2; nC k// �

�
Spec.C/

Gm

�
;

(21)

where the second equality is due to the fact that the topological Euler characteristic
of a vector bundle over a base variety is equal to the Euler characteristic of its fibers
times the Euler characteristic of the base. By (20) and (21), we obtain

�
1

2
�

�
P.H0.OP1.nC k� 1///

Gm

�
C �.G.2; nC k// �

�
Spec.C/

Gm

�
� 2 �

1

2
��.G.2; nC k// �

�
Spec.C/

Gm

�
D �

1

2
�

�
P.H0.OP1.nC k� 1///

Gm

�
D �

1

2
�

�
P.H0.OP1.nC k� 1///

�
�

�
Spec.C/

Gm

�
D �

1

2
.nC k/ �

�
Spec.C/

Gm

�
:

3.6 Computation of the invariant

Now apply the Lie algebra morphisme‰Bp in Definition15 to � .ŒP
1�;2/. Q�/. By defini-

tion,

e‰Bp
�
� .ŒP

1�;2/. Q�/
�

D �na

�
�
1

2
.nC k/ �

�
Spec.C/

Gm

�
;
�
�ı i2

��
�

M
.0;2/
Bp

�
�e�.ŒP1�;2/;

where by�na we mean thenäıveEuler characteristic defined by Joyce and Song [10,
Definition 2.3], weighted by the corresponding Behrend function. Note that by (7),

M
.ŒP1�;2/
Bp ;ss . Q�/ D

�
P.H0.OP1.nC k� 1//˚2/

GL2.C/

�
and hence �

Spec.C/
Gm

�
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has relative dimension�1� .2nC 2k � 5/ D 4� 2n� 2k overM.ŒP1�;2/
Bp ;ss . Q�/. More-

over, �
Spec.C/

Gm

�
is given by a single point with Behrend’s multiplicity�1 and

.�ı i2/
��

M
.0;2/
Bp

�e�.ŒP1�;2/
D .�1/4�2n�2k

��� Spec.C/
Gm

� D �� Spec.C/
Gm

�;
therefore,

e‰Bp
�
� .ŒP

1�;2/. Q�/
�

D �na

�
�
1

2
.nC k/ �

�
Spec.C/

Gm

�
; �� Spec.C/

Gm

��
� e�.ŒP1�;2/

D .�1/1 �
�1

2
.nC k/ �e�.ŒP1�;2/:

Finally by Definition16, we obtain

Bss
p.X; ˇ; 2; Q�/ D

nC k

2
: (22)

Note that a simple calculation shows that substituting.ŒP1�; 2/ for .ˇ; 2/ in [16, Equa-
tion (5.2)] would give the same answer as in (22). Hence our result is compatible with
wallcrossing calculations.

To summarize, in Sect.3 we introduced our strategy of direct computations over an
example wherer D 2 andˇ was given by the irreducible classŒP1�. Our strategy
involved computing the weighted Euler characteristic of the right-hand side of (8).
After carefully analyzing the stacky structure of the moduli space of objects of type
.ŒP1�; 2/ (Sect.3.2), first we computed the second summand on the right-hand side
of (8) (Sects.3.3and3.4). Then, by the stratification of the original moduli stack, we
showed that the first summand on the right-hand side of (8) is written as a sum of the
characteristic stack functions of the strata in a suitable way, such that essentially the
difference of the first and second summands on the right-hand side of (8) turned out
to be given as a sum of stack functions supported over virtual indecomposables. This
enabled us to apply the Lie algebra morphism defined in Definition15 to both sides
of (8) and obtain the final answer in (22).

4 Direct calculations in general cases

In this section we extend the computational strategy in Sect.3 to one level of gener-
alization further, i.e. to the case wherer D 2, howeveř can have the possibility of
being given by a reducible class. Eventually the final generalization, which is to con-
sider semistable pairs with rank> 2, follows the same strategy as will be described
in detail below.
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Remark 4As was seen above, a key condition to hold for our strategy to work is
that the strata involved in our stratification are locally closed and disjoint from one
another. In order to show that such stratification is possible for general cases, we start
below by assuming that an objectE2W O2X .�n/ ! F2, with F2 being a semistable
sheaf with reducible Chern character, is decomposable into rank1 objectsE1 D

OX .�n/ ! F1 andE3 D OX .�n/ ! F3, whereF1; F3 are stable sheaves. We then
show that the moduli space parameterizingE2 can be decomposed into a disjoint
union of locally closed strata, depending on howE2 is produced by extensions of
E1; E3. In other words, we will show below that the extensions of the form0 !

E1 ! E2 ! E3 ! 0 (depending on being split or non-split), or the ones with the
order of the extension flipped as in0 ! E3 ! E2 ! E1 ! 0 are all locally closed
and disjoint from one another.

Assumption 1 Throughout this section we assume that aQ� -semistable object.F; V;
�V / 2 Bp of type.ˇ; 2/ has the property thať is either indecomposable or it satisfies
the condition that if̌ D ˇkCˇl (i.e. if ˇ is decomposable) theňk D ŒFk � andˇl D

ŒFl � such thatFk andFl are� -stable sheaves with fixed reduced Hilbert polynomial
p. In other words,̌ cannotbe decomposed into smaller classes whose associated
sheaves are not� -stable.

Lemma 2 LetS.ˇk ;1/
s andS

.ˇl ;1/
s .for somě k ; ˇl / denote the underlying schemes,

as in Sect.1.2given as a bundleP over the� -stable locus of the Quot-schemeQs � Q,
parameterizing mapsOX .�n/ ! F such that the Chern character ofF is given
by ˇk and ˇl respectively, satisfying Assumption1. Then, given a tuple of objects
.E1; E3/ 2 S

.ˇk ;1/
s �S

.ˇl ;1/
s , the following is true:

Hom.E3; E1/ D A1 if E1 Š E3;

and

Hom.E3; E1/ D 0 if E1 © E3:

Proof This is mainly due to the assumption on the stability of the sheaves involved.
Fix E1 D ŒOX .�n/ ! F1� 2 S

.ˇk ;1/
s andE3 D ŒOX .�n/ ! F3� 2 S

.ˇl ;1/
s . Con-

sider a map WE1 ! E3. By definition, the morphism betweenE1 andE3 is defined
by a morphism F WF1 ! F3 which makes the following diagram commutative:

OX .�n/ //

idOX

��

F1

 F

��
OX .�n/ // F3:

(23)

By assumption,F1 andF3 are given as stable sheaves with fixed reduced Hilbert
polynomialp. Hence any nontrivial sheaf homomorphism fromF1 to F3 is an iso-
morphism. Moreover by simplicity of stable sheaves any such nontrivial isomorphism
is identified withA1. Now use the commutativity of the diagram in (23). ut
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Given a reducible clasš, there might be multiple ways to decompose it into un-
derlying smaller classešk andˇl . We will now show that having fixed a clasš
and moving from one decomposition type, sayˇ D ˇk C ˇl , to another given by
ˇ D ˇk0 Cˇl 0 , will correspond to moving from one stratum to another in the ambient
moduli space ofE2, such that the corresponding strata are disjoint from one another.

Lemma 3 Fix ˇk andˇl such thať k C ˇl D ˇ andˇ; ˇk andˇl satisfy the con-
dition in Assumption1. Consider an objectE2 given as an element ofS

.ˇ;2/
ss .by this

notation we mean that an objectE2 may consist of a semistable sheaf with reducible
classˇ/ which fits into a non-split extension of objects

0 ! E1 ! E2 ! E3 ! 0;

such thatE1 andE3 are given by the elements ofS
.ˇk ;1/
s andS

.ˇl ;1/
s respectively.

Now supposeE 0
1 andE 0

3 are objects with classes.ˇk0 ; 1/ and .ˇl 0 ; 1/ respectively
such thať k0 C ˇl 0 D ˇ, ˇk0 ¤ ˇk , ˇl 0 ¤ ˇl and furthermore,̌ ; ˇ0

k
andˇ0

l
also

satisfy the condition in Assumption1. Then it is true thatE2 cannotbe given as an
extension

0 ! E 0
1 ! E2 ! E 0

3 ! 0:

Proof If E2 is given by both extensions then we obtain a map between the two short
exact sequences

0 // E1
� // E2 //

Š

��

E3 // 0

0 // E 0
1

// E2
p // E 0

3
// 0:

Hence we obtain a mapp ı � W E1 ! E 0
3. Since by assumptioňk ¤ ˇk0 (this means

ˇl ¤ ˇl 0 becausě k C ˇl D ˇk0 C ˇl 0 D ˇ), by Lemma2, we conclude thatp ı � is
the zero map. Hencep ı � factors through the map�0ıg in the following diagram:

0 // E1
� //

g

��

E2 //

Š

��

E3 // 0

0 // E 0
1

�0 // E2
p // E 0

3
// 0:

SinceE1 © E 0
1, by Lemma2, g is the zero map. By considering the left commutative

square in (25) we obtain a contradiction, since the image ofE1 in E2 cannot always
be zero. ut

Now we show that flipping the order of non-split extensions will again induce disjoint
parameterizing stratum in the ambient moduli space.
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Lemma 4 Fix ˇk andˇl such thať k C ˇl D ˇ as in Assumption1. Now consider
E2 2 S

.ˇ;2/
ss which fits into a non-split extension

0 ! E1 ! E2 ! E3 ! 0;

whereE1 andE3 are given by the elements ofS
.ˇk ;1/
s andS

.ˇl ;1/
s respectively. Then

the objectE2 cannotbe given as an extension

0 ! E 0
1 ! E2 ! E 0

3 ! 0;

whereŒE 0
1� D .ˇl ; 1/ andŒE 0

3� D .ˇk ; 1/.

Proof We prove by contradiction. AssumeE2 fits in both exact sequences. We obtain
a map between the two sequences

0 // E1
� // E2 //

Š

��

E3 // 0

0 // E 0
1

// E2
p // E 0

3
// 0:

Similar to before, we obtain a mapp ı �WE1 ! E 0
3. SinceE1 andE 0

3 have equal
classes, we need to consider two possibilities. First whenE1 Š E 0

3 and second when
E1 © E 0

3.

If E1 Š E 0
3, then the image of the mapp ı � is either multiple of identity overE1 or

the zero map. If the former case happens it means that the exact sequence on the first
row is split, contradicting the assumption thatE2 fits in a non-split exact sequence.
If the map is given by the zero map, then we can apply the argument in Lemma3 and
obtain a contradiction. IfE1 © E 0

3 then the mapp ı � is the zero map and the proof
similarly reduces to argument in proof of Lemma3. ut

5 GL2.C/-invariant stratification

Now we are ready to introduce a GL2.C/-invariant stratification ofM.ˇ;2/
Bp ;ss. Q�/ for

ˇ satisfying the condition in Assumption1. Note that, by Theorem1 and Defini-
tion 12,

M
.ˇ;2/

ss;BR
p

D

"
S
.ˇ;2/
ss

GL.V /

#
; M

.ˇ;2/
Bp ;ss. Q�/ � M

.ˇ;2/
Bp ;ss D

24 M
.ˇ;2/

ss;BR
p

GL2.C/

35;
which shows us that a suitable stratification ofS

.ˇ;2/
ss , after passing to the subsequent

quotient stacks and restricting to theQ� -semistable locus, induces a GL2.C/-invariant
stratification ofM.ˇ;2/

Bp ;ss. Q�/. The cartoon below explains the intuition behind our strat-
egy:
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Fig. 1

Strictly semistable objects inM
.ˇ;2/
Bp ;ss. Q�/ and further stratifications

Now we pass to the subsequent quotients ofS
.ˇ;2/
ss (the picture above) and study

the stratification ofQ� -semistable loci inM.ˇ;2/
Bp ;ss. These strata will be induced by the

decomposition types of the objects involved. Note that in this section we provide only
the description of the disjoint strata involved in our calculation and we assume that
they are locally closed. The proof of locally closedness property of these strata is
somewhat technical and so the interested reader may find the details in Appendix10.

Definition 20 DefineM
.ˇ;2/
st-ss . Q�/ to be the parametrizing scheme of strictlyQ� -semi-

stable objects inBp of type.ˇ; 2/ (for ˇ as in Assumption1) which are obtained as an

extension of twoQ� -stable objects of rank1. In other words, an objectE2 2 M
.ˇ;2/
st-ss . Q�/

with class.ˇ; 2/ fits in an exact sequence

0 ! E1 ! E2 ! E3 ! 0; (24)

whereE1 andE3 are Q� -stable objects with classes.ˇk ; 1/ and.ˇl ; 1/ respectively for
somě k andˇl such thať k C ˇl D ˇ.

Remark 5Note that the existence of exact sequence (6) and the discussion in Sect.3
show that all objects inBp of type.ˇ; 2/ are strictlyQ� -semistable. HenceM.ˇ;2/

st-ss . Q�/ Š

M
.ˇ;2/
Bp ;ss. Q�/.
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If the extension in (24) is non-split then its automorphism group is obtained by
Hom.E3; E1/oGm and if split the automorphism group is obtained by Hom.E3; E1/
oG2

m [10, p. 33]. We need these automorphism groups in order to compute the prod-
uct (�) of the elements of the Ringe–Hall algebra. These elements are given as stack
functions which parametrize objects of a given type (such as.ˇk ; 1/ or .ˇl ; 1/). Now
assume that the exact sequence in (24) is non-split and moreoverE1 Š E3. In this
case since a semistable rank1 object in M

.ˇ;1/
st-ss . Q�/ is also stable, by the property

of ˇ in Assumption1 and Lemma2, Hom.E3; E1/ Š A1 and the automorphism
group of extension (24) is obtained byA1oGm. Moreover if in (24), E1 © E3, then
by Lemma2, Hom.E3; E1/ D 0 and the automorphism group of extension (24) is
obtained byGm.

Following similar argument for case of split extensions, we find that the automor-
phism group of the split extension isA1oG2

m whenE1 Š E3 andG2
m whenE1 ©

E3. Therefore, first we decomposeM.ˇ;2/
st-ss . Q�/ into two disjoint strata

M
.ˇ;2/
st-ss . Q�/ D M.ˇ;2/

n-sp . Q�/ t M.ˇ;2/
sp . Q�/:

HereM
.ˇ;2/
n-sp . Q�/ andM

.ˇ;2/
sp . Q�/ stand for the strata over which the objects representing

the elements inM.ˇ;2/
st-ss . Q�/ are given by non-split and split extensions respectively.

These strata are disjoint since an elementE2 2 M
.ˇ;2/
st-ss . Q�/ cannot be given by both

split and non-split extensions. Now by Lemmas3 and4, M
.ˇ;2/
n-sp . Q�/ can further be

stratified into a disjoint union over all possiblěk andˇl :

M.ˇ;2/
n-sp . Q�/ D

G
ˇkCˇl Dˇ

M.ˇk ;ˇl ;2/
n-sp . Q�/;

whereM
.ˇk ;ˇl ;2/
n-sp . Q�/ stands for stratum over whichE2 is obtained by a non-split

extension ofQ� -stable objectsE1 byE3 with fixed classes.ˇk ; 1/ and.ˇl ; 1/ respec-
tively. Now take one of these strataM.ˇk ;ˇl ;2/

n-sp . Q�/ by fixing ˇk andˇl . We claim that
one may decompose this stratum further into two disjoint strata, depending on the
values of̌ k ; ˇl respectively.

� DefineM
.ˇk ;ˇl ;2/
1 . Q�/ to be the parametrizing stack of objectsE2 2 M

.ˇk ;ˇl ;2/
n-sp . Q�/

such that there exists a non-split exact sequence0 ! E1 ! E2 ! E3 ! 0,
whereE1 2 M

.ˇk ;1/
Bp ;ss . Q�/ andE3 2 M

.ˇl ;1/
Bp ;ss. Q�/ andE1 © E3.

� DefineM
.ˇk ;ˇl ;2/
2 . Q�/ to be the parametrizing stack of objectsE2 2 M

.ˇk ;ˇl ;2/
n-sp . Q�/

such that there exists a non-split exact sequence0 ! E1 ! E2 ! E3 ! 0,
whereE1; E3 2 M

.ˇ=2;1/
Bp ;ss . Q�/ andE1 Š E3.

Lemma 5 There exists a stratification ofM.ˇk ;ˇl ;2/
n-sp . Q�/:

M.ˇk ;ˇl ;2/
n-sp . Q�/ D M

.ˇk ;ˇl ;2/
1 . Q�/ t M

.ˇk ;ˇl ;2/
2 . Q�/:
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Proof We show thatM.ˇk ;ˇl ;2/
1 . Q�/ andM

.ˇk ;ˇl ;2/
2 . Q�/ are disjoint. Assume that

M
.ˇk ;ˇl ;2/
1 . Q�/ \ M

.ˇk ;ˇl ;2/
2 . Q�/ ¤ ∅:

Therefore, there exists an objectE2 2 M
.ˇk ;ˇl ;2/
n-sp . Q�/ which fits in exact sequences

0 ! E1 ! E2 ! E3 ! 0 and 0 ! E 0
1 ! E2 ! E 0

3 ! 0;

such thatE1 © E3 andE 0
1 Š E 0

3. Hence, one obtains a mapp ı �WE1 ! E 0
3 via the

following diagram:

0 // E1
� // E2 //

Š

��

E3 // 0

0 // E 0
1

// E2
p // E 0

3
// 0:

If E1 Š E 0
3, then the image ofp ı � is multiple of identity overE1 or the zero map.

For the former case we conclude that the first row splits, hence a contradiction. Ifp ı �

is the zero map, thenp ı � factors through the map�0ıg in the following diagram:

0 // E1
� //

g

��

E2 //

Š

��

E3 // 0

0 // E 0
1

�0 // E2
p // E 0

3
// 0:

(25)

SinceE1 Š E 0
3 andE 0

3 Š E 0
1 thenE1 Š E 0

1 and we conclude one of the fol-
lowing possibilities: either� and�0 are both given as zero maps which is over-ruled
(since� and�0 are both injections) or the mapg is zero which is obviously over-ruled.
Moreover if the mapg is an isomorphism thenE3 Š E 0

3 and sinceE1 Š E 0
3 by as-

sumption, thenE1 Š E3 which is a contradiction. Therefore, we assumeE1 © E 0
3.

In this casep ı � 2 Hom.E1; E 0
3/ which is the zero map by Lemma2. Then similarly

p ı � factors through the map�0ıg in diagram (25). SinceE 0
1 Š E 0

3 andE1 © E 0
3,

thenE1 © E 0
1 and, by Lemma2, g is the zero map. By considering the left commuta-

tive square in (25), we obtain a contradiction since the image ofE1 in E2 is nonzero.
ThereforeM.ˇk ;ˇl ;2/

1 . Q�/ \ M
.ˇk ;ˇl ;2/
2 . Q�/ D ∅. ut

So far we have proved

M.ˇ;2/
n-sp . Q�/ D

G
ˇkCˇl Dˇ

�
M
.ˇk ;ˇl ;2/
1 . Q�/ t M

.ˇk ;ˇl ;2/
2 . Q�/

�
:

Now consider the split stratumM.ˇ;2/
sp . Q�/. We similarly decompose this stratum fur-

ther, depending on the values ofˇk ; ˇl .

� DefineM
.ˇ;2/
� . Q�/ to be the parametrizing stack of objectsE2 2 M

.ˇ;2/
sp . Q�/ such

that
E2 Š E1˚E3;

whereE1; E3 2 M
.ˇ=2;1/
Bp ;ss . Q�/ andE1 Š E3.
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� DefineM
.ˇk ;ˇl ;2/
O-� . Q�/4 to be the parametrizing stack of objectsE2 2 M

.ˇ;2/
sp . Q�/

such that
E2 Š E1˚E3;

whereE1 2 M
.ˇk ;1/
Bp ;ss ,E3 2 M

.ˇl ;1/
Bp ;ss andE1 © E3.

By the same argument as in Lemma5, we see that

M.ˇ;2/
sp . Q�/ D M

.ˇ;2/
� . Q�/ t M

.ˇk ;ˇl ;2/
O-� . Q�/:

The above arguments enable us to give a stratification ofM
.ˇ;2/
st-ss . Q�/:

M
.ˇ;2/
st-ss . Q�/ D

Go

ˇkCˇl Dˇ

�
M
.ˇk ;ˇl ;2/
1 . Q�/ t M

.ˇk ;ˇl ;2/
2 . Q�/

�
t

Gu-o

ˇkCˇl Dˇ

�
M
.ˇk ;ˇl ;2/
O-� . Q�/ t M

.ˇ;2/
� . Q�/

�
:

(26)

Here
Fo
ˇkCˇl Dˇ and

Fu-o
ˇkCˇl Dˇ stand for ordered and un-ordered disjoint unions

respectively. The latter notation makes sense because for non-split extensions it is
important which of the two classešk ; ˇl appear first (flipping the order of a non-split
extension would mean obtaining a different stratum), where as for split extensions
flipping the order of appearance ofˇk ; ˇl will not make any change.

We introduce a new notation. Fix̌k andˇl such thať kCˇl D ˇ. LetD.ˇk ;ˇl ;2/. Q�/

be the parametrizing stack of objectsE2 Š E1˚E3 such that.E1; E3/ 2 M
.ˇk ;1/
Bp ;ss �

M
.ˇl ;1/
Bp ;ss andE1 Š E3. It is obvious from the definition that if̌ k ¤ ˇl then

D.ˇk ;ˇl ;2/. Q�/ D ∅ and forˇk D ˇl D ˇ=2, D.ˇk ;ˇl ;2/. Q�/ D M
.ˇ;2/
� . Q�/. Using

this new notation,
M
.ˇ;2/
� . Q�/ D

G
ˇkCˇl Dˇ

D.ˇk ;ˇl ;2/. Q�/

and by (26) we obtain

M
.ˇ;2/
st-ss . Q�/ D

Go

ˇkCˇl Dˇ

�
M
.ˇk ;ˇl ;2/
1 . Q�/ t M

.ˇk ;ˇl ;2/
2 . Q�/

�
t

Gu-o

ˇkCˇl Dˇ

�
M
.ˇk ;ˇl ;2/
O-� . Q�/ t D.ˇk ;ˇl ;2/. Q�/

�
:

(27)

6 The element of the Hall algebra ofM.ˇ;2/
Bp ;ss. Q�/

Definition 21 Define functionsı .ˇ;2/st-ss . Q�/, ı
.ˇk ;ˇl ;2/
1 . Q�/, ı .ˇk ;ˇl ;2/

2 . Q�/, ı .ˇk ;ˇl ;2/
3 . Q�/

andı .ˇk ;ˇl ;2/
4 . Q�/ to be the characteristic stack functions ofM

.ˇ;2/
st-ss . Q�/ Š M

.ˇ;2/
Bp ;ss. Q�/,

M
.ˇk ;ˇl ;2/
1 . Q�/, M

.ˇk ;ˇl ;2/
2 . Q�/;M

.ˇk ;ˇl ;2/
O-� . Q�/ andD.ˇk ;ˇl ;2/. Q�/ respectively.

4 The notation� and O-� stand for diagonal and off-diagonal respectively.
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Then, by Definition21and (27) the following identity is true:

ı .ˇ;2/ss . Q�/ D

Xo

ˇkCˇl Dˇ

�
ı
.ˇk ;ˇl ;2/
1 . Q�/C ı

.ˇk ;ˇl ;2/
2 . Q�/

�
C

Xu-o

ˇkCˇl Dˇ

�
ı
.ˇk ;ˇl ;2/
3 . Q�/C ı

.ˇk ;ˇl ;2/
4 . Q�/

�
;

where
Po
ˇkCˇl Dˇ and

Pu-o
ˇkCˇl Dˇ denote the ordered and un-ordered sums respec-

tively. However by construction,ı .ˇk ;ˇl ;2/
2 . Q�/ D ı

.ˇk ;ˇl ;2/
4 . Q�/ D ∅ wheneveř k ¤

ˇl , hence we obtain

ı .ˇ;2/ss . Q�/ D

Xo

ˇkCˇl Dˇ

ı
.ˇk ;ˇl ;2/
1 . Q�/C ı

.ˇ=2;ˇ=2;2/
2 . Q�/

C

Xu-o

ˇkCˇl Dˇ

ı
.ˇk ;ˇl ;2/
3 . Q�/C ı

.ˇ=2;ˇ=2;2/
4 . Q�/:

(28)

On the other hand, by applying Definition13 to M
.ˇ;2/
Bp ;ss. Q�/, we obtain the following

description of the element of the Hall algebra:

� .ˇ;2/. Q�/ D ı .ˇ;2/ss . Q�/ �

Xo

ˇkCˇl Dˇ

1

2
ı .ˇk ;1/

s . Q�/� ı .ˇl ;1/
s . Q�/: (29)

Now, by (28) and (29), we obtain

� .ˇ;2/. Q�/ D

Xo

ˇkCˇl Dˇ

ı
.ˇk ;ˇl ;2/
1 . Q�/C ı

.ˇ=2;ˇ=2;2/
2 . Q�/ C

Xu-o

ˇkCˇl Dˇ

ı
.ˇk ;ˇl ;2/
3 . Q�/

C ı
.ˇ=2;ˇ=2;2/
4 . Q�/

�

Xo

ˇkCˇl Dˇ

1

2
ı .ˇk ;1/

s . Q�/� ı .ˇl ;1/
s . Q�/:

(30)

It is easily seen thatXu-o

ˇkCˇl Dˇ

ı
.ˇk ;ˇl ;2/
3 . Q�/ D ı

.ˇ=2;ˇ=2;2/
3 . Q�/C

1

2

Xo

ˇkCˇl Dˇ
ˇk¤ˇl

ı
.ˇk ;ˇl ;2/
3 . Q�/:

Hence, we rewrite the right-hand side of (30) as

� .ˇ;2/. Q�/ D

Xo

ˇkCˇl Dˇ

ı
.ˇk ;ˇl ;2/
1 . Q�/C ı

.ˇ=2;ˇ=2;2/
2 . Q�/C ı

.ˇ=2;ˇ=2;2/
3 . Q�/

C
1

2

Xo

ˇkCˇl Dˇ
ˇk¤ˇl

ı
.ˇk ;ˇl ;2/
3 . Q�/

C ı
.ˇ=2;ˇ=2;2/
4 . Q�/

�

Xo

ˇkCˇl Dˇ

1

2
ı .ˇk ;1/

s . Q�/� ı .ˇl ;1/
s . Q�/:

(31)
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Next we compute the ordered productı .ˇk ;1/
s . Q�/� ı

.ˇl ;1/
s . Q�/ for a fixed choice of̌ k

andˇl .

7 Computation of ı .ˇk ;1/
s . Q�/� ı

.ˇl ;1/
s . Q�/

In this section we describe the computation of the Ringel–Hall product of the stack
functionsı .ˇk ;1/

s . Q�/�ı
.ˇl ;1/
s . Q�/ for ˇk andˇl satisfying the condition in Assump-

tion 1. Similar to discussions in Sect.3, let�i W ExactBp
! MBp

. Q�/, for i D 1; 2; 3,
be the projection map that sends an exact sequence

0 ! E1 ! E2 ! E3 ! 0

to its first, second and third objects respectively over moduli stack of objects inBp.
We also have the map�1��3W ExactBp

! MBp. Q�/�MBp. Q�/. By the Joyce and
Song definition in [10, Definition 3.3],

ı.ˇk ;1/
s . Q�/�ı.ˇl ;1/

s . Q�/ D �2�
�
.�1��3/

�
�
ı.ˇk ;1/

s . Q�/˝ı.ˇl ;1/
s . Q�/

��
: (32)

Suppose that

ı.ˇk ;1/
s D

�
M.ˇk ;1/. Q�/

Gm; �1

�
and ı.ˇl ;1/

s D

�
M.ˇk ;1/. Q�/

Gm; �3

�
;

whereM.ˇk ;1/. Q�/ andM.ˇk ;1/. Q�/ denote some underlying parameter schemes and

�1W

�
M.ˇk ;1/. Q�/

Gm

�
! MBp

. Q�/; �3W

�
M.ˇl ;1/. Q�/

Gm

�
! MBp

. Q�/:

Let us denote byZ0 the fibered product��
M.ˇk ;1/. Q�/

Gm

�
�

�
M.ˇl ;1/. Q�/

Gm

��
��1��3;MBp .Q�/�MBp .Q�/;�1��3

ExactBp
:

The identity in (32) is described by.�2ıˆ/�Z0 in the following diagram:

Z0
ˆ //

��

ExactBp

�2 //

�1��3

��

MBp
. Q�/

�
M.ˇk ;1/. Q�/

Gm

�
�

�
M.ˇl ;1/. Q�/

Gm

�
�1��1 // MBp

. Q�/�MBp
. Q�/:

We compute the product of stack functions in (32) by computing it over theC-points
of ı .ˇk ;1/

s . Q�/ and ı .ˇl ;1/
s . Q�/ (these are induced fromC-points of M.ˇk ;1/. Q�/ and

M.ˇl ;1/. Q�/) and then integrating over all points inM.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/.
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7.0.1 Pointwise products

Consider the stack function

ı1 D

��
Spec.C/

Gm

�
; �1ı �1

�
; with �1W

�
Spec.C/

Gm

�
!

�
M.ˇk ;1/. Q�/

Gm

�
:

Moreover let

ı3 D

��
Spec.C/

Gm

�
; �3ı �3

�
; with �3W

�
Spec.C/

Gm

�
!

�
M.ˇl ;1/. Q�/

Gm

�
:

Note thatı1 � ı
.ˇk ;1/
s . Q�/ andı3 � ı

.ˇl ;1/
s . Q�/ are the substack functions, induced

by taking the stacky quotients ofC-points ofM.ˇk ;1/. Q�/, M.ˇl ;1/. Q�/ respectively.
Let E1 2 M

.ˇk ;1/
Bp

. Q�/, E3 2 M
.ˇl ;1/
Bp

. Q�/ andE2 2 M
.ˇ;2/
Bp

. Q�/. Consider the exact
sequence inExactBp

0 ! E1 ! E2 ! E3 ! 0: (33)

The automorphism group of the extension (33) is given by Hom.E3; E1/oG2
m. The

element.g1; g2/ 2 G2
m acts on Ext1.E3; E1/ by multiplication byg�1

2 g1 and the
action of Hom.E3; E1/ on Ext1.E3; E1/ is trivial. If extensions in (33) are non-split,
then the parametrizing scheme of such extensions is obtained byP.Ext1.E3; E1//
and for split extensions, it is obtained by Spec.C/. In case of non-split extensions,
the stabilizer group of the action ofG2

m is given byGm and for split extensions, the
stabilizer group of the action ofG2

m is G2
m itself, hence

ı1� ı3 D

��
Spec.C/

Hom.E3; E1/oG2
m

�
; �1

�
C

��
P.Ext1.E3; E1//

Hom.E3; E1/oGm

�
; �3

�
: (34)

7.0.2 Motivic integration over points

Now we can integrate the right-hand side of (34) over C-points ofM.ˇk ;1/. Q�/ and
M.ˇl ;1/. Q�/ respectively. Let us define/recall such notion of integration.

Definition 22 Let R be aC-stack given by

R D

�
M

G

�
:

Let BG denote the quotient stack�
Spec.C/
G

�
:

Now definemotivic integration overR as an identity in the motivic ring of stack
functions Z

M

�
Spec.C/
G

�
d�m D

�
R

G

�
:
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Moreover assume thatP ! R is a vector bundle overR. Then define

Z
M

�
P
G

�
d�m D

Z
M

�.P/ �
�

Spec.C/
G

�
d�m D �.P/ �

�
R

G

�
;

where�.P/ denotes the topological Euler characteristic ofP. Here, themeasure�m
is the map sending constructible sets onM to the their corresponding elements in the
Grothendieck group of stacks.

Now we use Definition22 to motivically integrate (34) over the points ofM.ˇk ;1/. Q�/

�M.ˇl ;1/. Q�/:

ı .ˇk ;1/
s . Q�/�ı .ˇl ;1/

s . Q�/ D

Z
.E1;E3/2M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/

ı1�ı3 d�m

D

Z
.E1;E3/2M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/

�
Spec.C/

Hom.E3; E1/oG2
m

�
d�m

C

Z
.E1;E3/2M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/

�
P.Ext1.E3; E1//

Hom.E3; E1/oGm

�
d�m:

(35)

By the result of Lemma2, if �1 D �3, i.e. if E1 Š E3, then Hom.E3; E1/ Š A1 and
if �1 ¤ �3, then Hom.E3; E1/ D Spec.C/, hence we can evaluate the first summand
on the right-hand side (35) as follows:

Z
.E1;E3/2M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/

�
Spec.C/

Hom.E3; E1/oG2
m

�
d�m

D

Z
�

�
Spec.C/
A1oG2

m

�
d�m C

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

�
Spec.C/

G2
m

�
d�m

D

�
M.ˇ=2;1/. Q�/

A1oG2
m

�
C

�
M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/n�

G2
m

�
:

(36)

Here� is the diagonal in the productM.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/. Similarly for the sec-
ond summand on the right-hand side of (35) we obtain

Z
.E1;E3/2M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/

�
P.Ext1.E3; E1//

Hom.E3; E1/oGm

�
d�m

D

Z
M.ˇ=2;1/.Q�/

�
P.Ext1.E1; E1//

A1oGm

�
d�m

C

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

�
P.Ext1.E3; E1//

Gm

�
d�m:

(37)
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From (35), (36) and (37) we obtain

ı .ˇk ;1/
s . Q�/�ı .ˇl ;1/

s . Q�/

D

�
M.ˇ=2;1/. Q�/

A1oG2
m

�
C

�
M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/n�

G2
m

�
C

Z
M.ˇ=2;1/

�
P.Ext1.E1; E1//

A1oGm

�
d�m

C

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

�
P.Ext1.E3; E1//

Gm

�
d�m:

(38)

Equation (38) was obtained by fixing the classesˇk ; ˇl and adding motivically over
the points of the underlying parameterizing schemes, i.e. adding the contribution of
all sheaves with the same fixed numerical classes. Now, the final step to complete the
calculation is to vary the classesˇk ; ˇl as long aš k C ˇl D ˇ,

Xo

ˇkCˇl Dˇ

ı .ˇk ;1/
s . Q�/�ı .ˇl ;1/

s . Q�/

D

Xo

ˇkCˇl Dˇ

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

�
P.Ext1.E3; E1//

Gm

�
d�m

C

Z
M.ˇ=2;1/.Q�/

�
P.Ext1.E1; E1//

A1oGm

�
d�m

C

Xo

ˇkCˇl Dˇ

�
M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/n�

G2
m

�
C

�
M.ˇ=2;1/. Q�/

A1oG2
m

�
:

It is easily seen that

Xo

ˇkCˇl Dˇ

�
M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/n�

G2
m

�
D

�
M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/n�

G2
m

�
C

Xo

ˇkCˇl Dˇ
ˇk¤ˇl

�
M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/

G2
m

�
:
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HenceXo

ˇkCˇl Dˇ

ı .ˇk ;1/
s . Q�/�ı .ˇl ;1/

s . Q�/

D

oX
ˇkCˇl Dˇ

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

�
P.Ext1.E3; E1//

Gm

�
d�m

C

Z
M.ˇ=2;1/.Q�/

�
P.Ext1.E1; E1//

A1oGm

�
d�m

C

�
M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/n�

G2
m

�
C

Xo

ˇkCˇl Dˇ
ˇk¤ˇl

�
M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/

G2
m

�
C

�
M.ˇ=2;1/. Q�/

A1oG2
m

�
:

By (31) and the above equation, we obtain

� .ˇ;2/. Q�/

D

Xo

ˇkCˇl Dˇ

�
ı
.ˇk ;ˇl ;2/
1 . Q�/ �

1

2

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

�
P.Ext1.E3; E1//

Gm

�
d�m

�
C ı

.ˇ=2;ˇ=2;2/
2 . Q�/ �

1

2

Z
M.ˇ=2;1/.Q�/

�
P.Ext1.E1; E1//

A1oGm

�
d�m

C ı
.ˇ=2;ˇ=2;2/
3 . Q�/ �

1

2

�
M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/n�

G2
m

�
(39)

C

Xo

ˇkCˇl Dˇ
ˇk¤ˇl

�
1

2
ı
.ˇk ;ˇl ;2/
3 . Q�/ �

1

2

�
M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/

G2
m

��

C ı
.ˇ=2;ˇ=2;2/
4 . Q�/ �

1

2

�
M.ˇ=2;1/. Q�/

A1oG2
m

�
:

We introduce a new notation which simplifies the right-hand side of (39). Let

�
.k;l/
1 . Q�/ D ı

.ˇk ;ˇl ;2/
1 . Q�/ �

1

2

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

�
P.Ext1.E3; E1//

Gm

�
d�m;

�
.1=2;1=2/
2 . Q�/ D ı

.ˇ=2;ˇ=2;2/
2 . Q�/ �

1

2

Z
M.ˇ=2;1/

�
P.Ext1.E1; E1//

A1oGm

�
d�m;

�
.1=2;1=2/
3 . Q�/ D ı

.ˇ=2;ˇ=2;2/
3 . Q�/ �

1

2

�
M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/n�

G2
m

�
; (40)

�
.k;l/
3 . Q�/ D

�
1

2
ı
.ˇk ;ˇl ;2/
3 . Q�/ �

1

2

�
M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/

G2
m

��ˇ̌̌̌
ˇk¤ˇl

;

�
.1=2;1=2/
4 . Q�/ D ı

.ˇ=2;ˇ=2;2/
4 . Q�/ �

1

2

�
M.ˇ=2;1/. Q�/

A1oG2
m

�
:



Weighted Euler characteristic of the moduli space of higher rank Joyce–Song pairs 37

Using the notation in (40), (39) is rewritten as

� .ˇ;2/. Q�/ D

Xo

ˇkCˇl Dˇ

�
.k;l/
1 . Q�/C �

.1=2;1=2/
2 . Q�/C �

.1=2;1=2/
3 . Q�/

C

Xo

ˇkCˇl Dˇ
ˇk¤ˇl

�
.k;l/
3 . Q�/C �

.1=2;1=2/
4 . Q�/:

(41)

Next we show that each summand on the right-hand side of (41) is given by a stack
function supported over virtual indecomposables. Note that by construction and The-
orem1, the first summands on the right-hand side of equations (40) are each char-
acteristic stack functions which are given as (stacky) quotients of some associated
parameterizing scheme by the action of GL2.C/, together with the corresponding
embedding map, in other words,

ı
.ˇk ;ˇl ;2/
i . Q�/ D

��
M
.ˇk ;ˇl ;2/
i . Q�/

GL2.C/

�
; �i

�
:

For more detail on how to obtain the schemesM
.ˇk ;ˇl ;2/
i . Q�/ look at Appendix10,

Definition23. Joyce in [9, Section 6.2] has shown that given���
U

GL2.C/

�
; �

��
;

one has the following identity of stack functions:���
U

GL2.C/

�
; a

��
D F

�
GL2.C/;G2

m;G
2
m

� ���
U

G2
m

�
; �ı i1

��
C F

�
GL2.C/;G2

m;Gm

� ���
U

Gm

�
; �ı i2

��
;

where

F.GL2
�
C/;G2

m;G
2
m

�
D
1

2
; F.GL2

�
C/;G2

m;Gm

�
D �

3

4
;

and�ı i1 and�ı i2 are the obvious embeddings. Now apply the result of Joyce [9,
Section 6.2] and obtain a decomposition ofı

.ˇk ;ˇl ;2/
i . Q�/ of the following form:

ı
.ˇk ;ˇl ;2/
i . Q�/ D

���
M
.ˇk ;ˇl ;2/
i . Q�/

GL2.C/

�
; �i

��
D
1

2

���
M
.ˇk ;ˇl ;2/
i . Q�/

G2
m

�
; �0

i ı i1

��
�
3

4

���
M
.ˇk ;ˇl ;2/
i . Q�/

Gm

�
; �0

i ı i2

��
;

(42)

where�0
i ı i1 and�0

i ı i2 are the obvious embeddings.
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7.1 Computation ofQ‰Bp
�
�
.k;l/
1 . Q�/

�
By definition, for any fixed choice ofk; l , the objectsE2 2 M

.ˇk ;ˇl ;2/
1 . Q�/ fit into

non-split exact sequences

0 ! E1 ! E2 ! E3 ! 0; (43)

whereE1 © E3. In this case, the automorphism group of extension (43) is given
by Gm. Since overM.ˇk ;ˇl ;2/

1 . Q�/ there exists an action of GL2.C/ and the stabilizer

group of each point inM.ˇk ;ˇl ;2/
1 . Q�/ is Gm, then the GL2.C/ action reduces to a

free action of PGL2.C/ on M
.ˇk ;ˇl ;2/
1 . Q�/. Hence it is easy to see that there exists a

map

�1W M
.ˇk ;ˇl ;2/
1 . Q�/=PGL2.C/ ! M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/n�

which sendsE2 to .E1; E3/.

Consider.E1; E3/ 2 M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/n�. Consider the fiber�1j.E1;E3/ which

is given by the set of pointsE2 2 S
.ˇk ;ˇl ;2/
1 . Q�/ which fit in the exact sequence (43).

Dividing by the automorphism group of extension (43), Gm, would provide a bijec-
tive correspondence between the set of isomorphism classes of suchE2 (which still
undergo a free action of PGL2.C/) and the set of tuples.E1; E3/. Therefore there
exists a bijective map between the closed points of the fiber of�1 over .E1; E3/ 2

M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/n� and the closed points ofM.ˇk ;ˇl ;2/
1 . Q�/=PGL2.C/ which

fit into (43), i.e. the closed points ofP.Ext1.E3; E1// overM.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/n

�. Now rewriteı .ˇk ;ˇl ;2/
1 as

ı
.ˇk ;ˇl ;2/
1 D

�
M
.ˇk ;ˇl ;2/
1 . Q�/

GL2.C/

�
D

�
M
.ˇk ;ˇl ;2/
1 . Q�/=PGL2.C/

Gm

�
D

Z
M

.ˇk ;ˇl ;2/

1
.Q�/=PGL2.C/

�
Spec.C/

Gm

�
d�m

D

Z
.E1;E3/2M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

�
P.Ext1.E3; E1//

Gm

�
d�m;

(44)

by (44) and (39) the equation for�.k;l/1 . Q�/ is obtained as

�
.k;l/
1 . Q�/ D

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

�
P.Ext1.E3; E1//

Gm

�
d�m

�
1

2

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

�
P.Ext1.E3; E1//

Gm

�
d�m

D
1

2

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

�
P.Ext1.E3; E1//

Gm

�
d�m:
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Now apply the Lie algebra morphisme‰Bp to �.k;l/1 . Q�/ and obtain

e‰Bp
�
�
.k;l/
1 . Q�/

�
D
1

2
��na

�Z �
P.Ext1.E3; E1//

Gm

�
d�m; �

��
M

.ˇ;2/
1

�
�e�.ˇ;2/

D
1

2

Z
�

�
P.Ext1.E3; E1//

�
�

�
Spec.C/

Gm

�
d� � e�.ˇ;2/

D .�1/1 � .�1/dimM
.ˇk ;ˇl ;2/

1
.Q�/�1

�
1

2

Z
�

�
P.Ext1.E3; E1//

�
d� � e�.ˇ;2/;

(45)

where integrals are taken over the points ofM.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/n�. The factor

of .�1/dimM
.ˇ;2/
st-ss;Bp

�1 is due to the fact that a stacky point given as�
Spec.C/

Gm

�
has relative dimension dimM.ˇk ;ˇl ;2/

1 . Q�/�1with respect to the ambient stack. More-
over, the factor of.�1/1 is due the fact that Behrend’s function over�

Spec.C/
Gm

�
detects a singular point of multiplicity1.

7.2 Computation ofQ‰Bp
�
�
.1=2;1=2/
2 . Q�/

�
By (42),

ı
.ˇ=2;ˇ=2;2/
2 . Q�/ D

�
M
.ˇ=2;ˇ=2;2/
2 . Q�/

GL2.C/

�
D
1

2

���
M
.ˇ=2;ˇ=2;2/
2 . Q�/

G2
m

�
; �0

2ı i1

��
�
3

4

���
M
.ˇ=2;ˇ=2;2/
2 . Q�/

Gm

�
; �0

2ı i2

��
:

The stabilizer group of points inM.ˇ=2;ˇ=2;2/
2 . Q�/ is given by the automorphism group

of extensions associated to those points. Since a pointp 2 M
.ˇ=2;ˇ=2;2/
2 . Q�/.C/ is

represented by an objectE2 which fits into a non-split exact sequence

0 ! E1 ! E2 ! E1 ! 0; (46)

then the automorphism group of extension (46) is given byA1oGm. The stabi-
lizer group (at pointp) of the action of GL2.C/ on M

.ˇ=2;ˇ=2;2/
2 . Q�/ is obtained by

A1oGm. SinceE1 Š E3 then for diagonal matrices (given byG2
m D T GL2.C/) we

have that
G2
m \ Stabp.GL2.C// D Gm � G2

m;
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hence the action ofG2
m descends to a free action ofG2

m=Gm Š Gm. Hence���
M
.ˇ=2;ˇ=2;2/
2 . Q�/

G2
m

�
; �0

2ı i1

��
D

���
M
.ˇ=2;ˇ=2;2/
2 . Q�/=.G2

m=Gm/

Gm

�
; �0

2ı i1

��
:

Hence

ı
.ˇ=2;ˇ=2;2/
2 . Q�/ D

1

2

���
M
.ˇ=2;ˇ=2;2/
2 . Q�/=.G2

m=Gm/

Gm

�
; �0

2ı i1

��
�
3

4

���
M
.ˇ=2;ˇ=2;2/
2 . Q�/

Gm

�
; �0

2 ı i2

��
:

(47)

By (39) and (47),

�
.1=2;1=2/
2 . Q�/ D

1

2

���
M
.ˇ=2;ˇ=2;2/
2 . Q�/=.G2

m=Gm/

Gm

�
; �0

2ı i1

��
�
3

4

���
M
.ˇ=2;ˇ=2;2/
2 . Q�/

Gm

�
; �0

2ı i2

��
�
1

2

Z
M.ˇ=2;1/.Q�/

�
P.Ext1.E1; E1//

Gm

�
:

(48)

7.2.1 Calculation of
Z

M.ˇ=2;1/.Q�/

�
P.Ext1.E1; E1//

Gm

�

Note that there exists a map�W M
.ˇ=2;ˇ=2;2/
2 ! � Š M.ˇ=2;1/. Q�/ which sends an ob-

jectE2 fitting in the exact sequence (46) toE1. Moreover, givenE1 2 M.ˇ=2;1/. Q�/,
the fiber of� over E1 is the set of pointsp 2 M

.ˇ=2;ˇ=2;2/
2 . Q�/ represented by

the exact sequence (46). Now for any pointE1 2 M.ˇ=2;1/. Q�/ there exists a map
�ExtW �

�1.�/ ! Ext1.E1; E1/ which projects the pointsp 2 ��1.E1/ to their exten-
sion classes. Now consider an element of the extension class˛ 2 Ext1.E1; E1/n0.
The pre-image��1

Ext.˛/ consists of pointsp 2 ��1.E1/ which fall into the class̨ .
There exists a surjective morphism

GL2.C/ � ��1
Ext.˛/

which is induced by the GL2.C/-action onM
.ˇ=2;ˇ=2;2/
2 . Q�/. The stabilizer group of

the action of GL2.C/ at the pointp 2 M
.ˇ=2;ˇ=2;2/
2 . Q�/ represented byE2 sitting

inside the exact sequence (46) is given byA1oGm hence Stab.GL2.C//p for p 2

��1.E1/ is given byA1oGm, then the fibers of the map GL2.C/ � ��1
Ext.˛/ are

given byA1oGm. Now it is easy to relate the virtual Poincaré polynomial of��1
Ext.˛/

to the virtual Poincaŕe polynomial of GL2.C/.

In general, given two algebraic spacesX andY and a fibrationX ! Y with fibers
Z, one has the following identity for their corresponding virtual Poincaré polynomi-
als:

Pt .X/ D Pt .Y / �Pt .Z/:
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Therefore, we obtain

Pt .GL2.C// D Pt .A1oGm/ �Pt .�
�1
Ext.˛//: (49)

On the other hand, for each̨the free action ofG2
m=Gm Š Gm on M

.ˇ=2;ˇ=2;2/
2 . Q�/

induces a freeGm-action on��1
Ext.˛/. Passing to the quotients via this action, we

obtain a map

��1
Ext.˛/ ! ��1

Ext.˛/=.G
2
m=Gm/;

whose fibers are given byG2
m=Gm Š Gm. Hence we obtain the following relation

for the virtual Poincaŕe polynomials:

Pt .�
�1
Ext.˛// D Pt .G2

m=Gm/ �Pt
�
��1

Ext.˛/=.G
2
m=Gm/

�
: (50)

By (49) and (50) and according to calculations in [1, p. 4], we obtain

Pt
�
��1

Ext.˛/=.G
2
m=Gm/

�
D

Pt .GL2.C//
Pt .A1oGm/ �Pt .G2

m=Gm/

D
.t4 � 1/ � .t2 � 1/ � t2

t2 � .t2 � 1/ � .t2 � 1/
D t2 C 1:

(51)

The computation in (51) means that for eachE1 2 M.ˇ=2;1/. Q�/ by passing to the
quotients via the action ofG2

m=Gm, the map�Ext induces a map

�.G2
m=Gm/

jE1
W ��1.E1/=.G2

m=Gm/ ! P.Ext1.E1; E1//

whose fibers have virtual Poincaré polynomial as obtained in (51). Moreover, the
Euler characteristic of the fibers is computed by evaluating their virtual Poincaré
polynomial att D 1, hence for every suchE1 the fiber of the map�.G2

m=Gm/
jE1

has
the Euler characteristic equal to2. We will use this factor of2 in (53) below.

Now go back to (48). Since�.1=2;1=2/2 . Q�/ is supported over virtual indecomposables,
we can apply the Lie algebra homomorphisme‰Bp :

e‰Bp
�
�
.1=2;1=2/
2 . Q�/

�
D
1

2
��na

��
M
.ˇ=2;ˇ=2;2/
2 . Q�/=.G2

m=Gm/

Gm

�
; .�0

2ı i1/
��

M
.ˇ;2/
2

�
� e�.ˇ;2/

�
3

4
��na

��
M
.ˇ=2;ˇ=2;2/
2 . Q�/

Gm

�
; .�0

2ı i2/
��

M
.ˇ;2/
2

�
� e�.ˇ;2/

�
1

2
��na

�Z
M.ˇ=2;1/.Q�/

�
P.Ext1.E1; E1//

Gm

�
d�m; �

��
M

.ˇ;2/
2

�
� e�.ˇ;2/:

(52)
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Now we compute each term on the right-hand side of (52) separately. For the first
term we obtain

1

2
��na

��
M
.ˇ=2;ˇ=2;2/
2 . Q�/=.G2

m=Gm/

Gm

�
; .�0

2ı i1/
��

M
.ˇ;2/
2

�
� e�.ˇ;2/

D .�1/
dimM

.ˇ;2/
st-ss;Bp

�1
�
1

2

Z
M

.ˇ=2;ˇ=2;2/
2

.Q�/=.G2
m=Gm/

1

�
Spec.C/

Gm

�
d� � e�.ˇ;2/ (53)

D .�1/1 � .�1/dimM
.ˇk ;ˇl ;2/

2
.Q�/�1

�
1

2

�2

Z
M.ˇ=2;1/.Q�/

�
�
P.Ext1.E1; E1//

�
d� � e�.ˇ;2/:

For the second term on the right-hand side of (52) we use property (b) of the stack
functions in (3)

�
M
.ˇ=2;ˇ=2;2/
2 . Q�/

Gm

�
D �

�
M
.ˇ=2;ˇ=2;2/
2 . Q�/

�
�

�
Spec.C/

Gm

�
:

The action ofGm Š G2
m=Gm is free onM.ˇ=2;ˇ=2;2/

2 . Q�/ and since theGm-fixed locus
via this action is empty we have that

�
�
M
.ˇ=2;ˇ=2;2/
2 . Q�/

�
D 0:

Therefore, the second term on the right-hand side of (52) vanishes

�
3

4
��na

��
M
.ˇ=2;ˇ=2;2/
2 . Q�/

Gm

�
; .�0

2ı i2/
��

M
.ˇ;2/
2

�
� e�.ˇ;2/ D 0:

Finally, by (53) and (52), we obtain

e‰Bp
�
�
.1=2;1=2/
2 . Q�/

�
D �

Z
M.ˇ=2;1/.Q�/

�
�
P.Ext1.E1; E1//

�
d� � e�.ˇ;2/

�
1

2

Z
M.ˇ=2;1/.Q�/

�
�
P.Ext1.E1; E1//

�
d� � e�.ˇ;2/

D �
3

2
� .�1/dimM

.ˇk ;ˇl ;2/

2
.Q�/�1

�

Z
M.ˇ=2;1/.Q�/

�
�
P.Ext1.E1; E1//

�
d� � e�.ˇ;2/:

(54)
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7.3 Computation ofQ‰Bp
�
�
.1=2;1=2/
3 . Q�/

�
By (39) and (42), we rewrite�.1=2;1=2/3 . Q�/ as follows:

�
.1=2;1=2/
3 . Q�/ D

1

2

���
M
.ˇ=2;ˇ=2;2/
3 . Q�/

G2
m

�
; �0

3ı i1

��
�
3

4

���
M
.ˇ=2;ˇ=2;2/
3 . Q�/

Gm

�
; �0

3ı i2

��
�
1

2

�
M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/n�

G2
m

�
:

The set ofT GL2.C/=Gm-fixed points is given by the image of the mapf W M.ˇ=2;1/. Q�/

�M.ˇ=2;1/. Q�/n� ! M
.ˇ=2;ˇ=2;2/
3 . Q�/ such that for everyE1 © E3 it sends.E1; E3/

toE1˚E3. Rewrite�
M
.ˇ=2;ˇ=2;2/
3 . Q�/

G2
m

�
D

�
Im.f /

G2
m

�
C

�
M
.ˇ=2;ˇ=2;2/
3 . Q�/n Im.f /

G2
m

�
; (55)

where (55) is obtained by property (a) of stack functions in (2). Now by injectivity of
the mapf , �

Im.f /

G2
m

�
D

�
M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/n�

G2
m

�
;

hence

�
.1=2;1=2/
3 . Q�/ D

1

2

���
M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/n�

G2
m

�
; �0

3ı i1

��
C
1

2

���
M
.ˇ=2;ˇ=2;2/
3 . Q�/n Im.f /

G2
m

�
; �0

3ı i1

��
�
3

4

���
M
.ˇ=2;ˇ=2;2/
3 . Q�/

Gm

�
; �0

3ı i2

��
�
1

2

���
M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/n�

G2
m

�
; �0

��
D
1

2

���
M
.ˇ=2;ˇ=2;2/
3 . Q�/n Im.f /

G2
m

�
; �0

3ı i1

��
�
3

4

���
M
.ˇ=2;ˇ=2;2/
3 . Q�/

Gm

�
; �0

3ı i2

��
:

There exists a free action ofG2
m on M

.ˇ=2;ˇ=2;2/
3 . Q�/. Moreover, there exists a trivial

action ofGm � G2
m onM

.ˇ=2;ˇ=2;2/
3 . Q�/whereGm is given by the corresponding sub-

group of diagonal matrices. Hence the freeG2
m action onM.ˇ=2;ˇ=2;2/

3 . Q�/ is reduced
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to a free action ofG2
m=Gm Š Gm. Therefore,���

M
.ˇ=2;ˇ=2;2/
3 . Q�/n Im.f /

G2
m

�
; �0

3 ı i1

��
D

����
M
.ˇ=2;ˇ=2;2/
3 . Q�/n Im.f /

�
=.G2

m=Gm/

Gm

�
; �0

3 ı i1

��
:

Denote5

A D
�
M
.ˇ=2;ˇ=2;2/
3 . Q�/n Im.f /

�
=.G2

m=Gm/:

With this notation

�
.1=2;1=2/
3 . Q�/ D

1

2

���
A

Gm

�
; �0

3ı i1

��
�
3

4

���
M
.ˇ=2;ˇ=2;2/
3 . Q�/

Gm

�
; �0

3ı i2

��
:

Since�.1=2;1=2/3 . Q�/ is supported over the virtual indecomposables, one can apply the
Lie algebra morphisme‰Bp

e‰Bp
�
�
.1=2;1=2/
3 . Q�/

�
D
1

2
��na

��
A

Gm

�
; .�0

3ı i1/
��

M
.ˇ;3/
3

�
� e�.ˇ;2/

�
3

4
��na

��
M
.ˇ=2;ˇ=2;2/
3 . Q�/

Gm

�
; .�0

3ı i2/
��

M
.ˇ;3/
3

�
� e�.ˇ;2/

D

�
.�1/1 �

1

2
��.A/ � .�1/1 �

3

4
��

�
M
.ˇ=2;ˇ=2;2/
3 . Q�/

��
� e�.ˇ;2/:

(56)

7.3.1 Calculation of�.A/ and�
�
M
.ˇ=2;ˇ=2;2/
3 . Q�/

�
There exists a map�13W M

.ˇ=2;ˇ=2;2/
3 . Q�/ ! M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/n� which

sends a pointE2 Š E1˚E3 to .E1; E3/. Fix such.E1; E3/. The set of points in
��1
13 .E1; E3/ consists of thoseE2 which can be written asE2 Š E1˚E3. Moreover,

every point in��1
13 .E1; E3/jIm.f / can be determined byE2 Š E1˚E3 or E2 Š

E3˚E1, i.e. by a permutation and an isomorphism, hence there exists an induced
map

� 0
13W M

.ˇ=2;ˇ=2;2/
3 . Q�/ ! Sym

�
M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/

�
:

The action of GL2.C/ onM
.ˇ=2;ˇ=2;2/
3 . Q�/ is restricted to an action on the fiber of� 0

13

over.E1; E3/.

The stabilizer group of the points in.� 0
13/

�1.E1; E3/ is given byG2
m. Hence, one

concludes that for every.E1; E3/ 2 Sym
�
M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/

�
there exists a

5 The schemeA is an analog ofeQ.2;2m/
2 in [18, Lemma 5.6] when the sheavesF composing the ob-

jectsE D .F;V; �/ have zero dimensional support with length2m. In that situation, roughly speaking,

the schemeM.ˇ;2/
3 .Q�/ is replaced by a subscheme of a product of Quot-schemes. Here we are following

an almost identical strategy.
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map GL2.C/ ! ��1
13 .E1; E3/ whose fiber over each pointp 2 .� 0

13/
�1.E1; E3/

is given byG2
m. Hence, over.� 0

13/
�1.E1; E3/n Im.f / the action of GL2.C/ is re-

stricted to GL2.C/n .G2
m [ .G2

m/
�/, whereG2

m is given by the diagonal matrices of
the form

G2
m D

��
g1 0

0 g2

�
W g1; g2 2 C�

�
;

and.G2
m/

� is given by the anti-diagonal matrices of the form

.G2
m/

�
D

��
0 g1
g2 0

�
W g1; g2 2 C�

�
:

Therefore, there exists a map GL2.C/n .G2
m [ .G2

m/
�/ ! .� 0

13/
�1.E1; E3/n Im.f /

whose fiber over each pointp 2 .� 0
13/

�1.E1; E3/n Im.f / is given byG2
m. Now

compute the virtual Poincaré polynomial of.� 0
13/

�1.E1; E3/n Im.f /:

Pt
�
.� 0
13/

�1.E1; E3/n Im.f /
�

D
Pt

�
GL2.C/n .G2

m [ .G2
m/

�/
�

Pt .G2
m/

D
.t4 � 1/ � .t2 � 1/ � t2 � .t2 � 1/2

.t2 � 1/2
D t4 C t2 � 1:

The occurrence of the term.t2 � 1/2 in the numerator is due to the free action of
G2
m [ .G2

m/
� on Im.f /. Note that.� 0

13/
�1.E1; E3/n Im.f / is a Gm bundle over

.� 0
13/

�1.E1; E3/n Im.f /=Gm, hence

Pt
�
.� 0
13/

�1.E1; E3/n Im.f /=Gm

�
D

Pt
�
.� 0
13/

�1.E1; E3/n Im.f /
�

Pt .Gm/

D
t4 C t2 � 1

.t2 � 1/
D t2 C 2:

(57)

Therefore, for every.E1; E3/ 2 Sym
�
M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/

�
, by evaluating

(57) at t D 1, the fibers.� 0
13/

�1.E1; E3/n Im.f / have the Euler characteristic
equal to3. On the other hand, there exists a bijective map between the set of points
in the G2

m=Gm-fixed locus ofM.ˇ=2;ˇ=2;2/
3 . Q�/ and the set of points in Im.f / Š

M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/n�. Denote byd3 D dimM
.ˇk ;ˇl ;3/
3 . Q�/� 1. Now rewrite
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(56):e‰Bp
�
�
.1=2;1=2/
3 . Q�/

�
D

�
.�1/1 �

1

2
��.A/ � .�1/1 �

3

4
��

�
M
.ˇ=2;ˇ=2;2/
3 . Q�/

��
� .�1/d3 �e�.ˇ;2/

D

�
�
1

2

Z
A

1 d�A C
3

4

Z
M

.ˇ=2;ˇ=2;2/
3

.Q�/

1 d�
M

.ˇ=2;ˇ=2;2/
3

.Q�/

�
� .�1/d3 �e�.ˇ;2/

D �
3

2

Z
?

1 d�? � .�1/d3 �e�.ˇ;2/ (58)

C
3

4

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

1 d�M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n� � .�1/d3 �e�.ˇ;2/
D �

3

2
�
1

2

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

1 d�M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n� � .�1/d3 �e�.ˇ;2/
C
3

4

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

1 d�M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n� � .�1/d3 �e�.ˇ;2/
D 0;

where? stands for Sym
�
M.ˇ=2;1/. Q�/�M.ˇ=2;1/. Q�/

�
.

7.4 Computation ofQ‰Bp
�
�
.k;l/
3 . Q�/

�
Throughout this subsection by earlier constructionˇk ¤ ˇl andˇkCˇl D ˇ. The ac-
tion of GL2.C/ restricts to an action ofG2

m onM
.ˇk ;ˇl ;2/
3 . Q�/ hence we obtain

ı
.ˇk ;ˇl /
3 . Q�/ D

�
M
.ˇk ;ˇl ;2/
3 . Q�/

G2
m

�
:

On the other hand, it is easily seen that there exists a bijective mapf W M
.ˇk ;ˇl ;2/
3 . Q�/ !

M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/ which takesE2 Š E1˚E3 to .E1; E3/ whereE1 © E3.
Hence, we obtain�

M
.ˇk ;ˇl ;2/
3 . Q�/

G2
m

�
D

�
M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/

G2
m

�
:

Therefore, for every pair.ˇk ; ˇl / by definition of�.k;l/3 . Q�/ one obtains

�
.k;l/
3 . Q�/ D

1

2
�

��
M
.ˇk ;ˇl ;2/
3 . Q�/

G2
m

�
�

�
M.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/

G2
m

��
D 0;

hence Xo

ˇkCˇl Dˇ
ˇk¤ˇl

e‰Bp
�
�
.k;l/
3 . Q�/

�
D 0:
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7.5 Computation ofQ‰Bp
�
�
.1=2;1=2/
4 . Q�/

�
By construction, there exists a bijective map betweenM

.ˇ=2;ˇ=2;2/
4 . Q�/ andM.ˇ=2;1/. Q�/,

hence one rewrites�.1=2;1=2/4 . Q�/ directly as follows:

�
.1=2;1=2/
4 . Q�/ D

1

2
�

���
M
.ˇ=2;ˇ=2;2/
4 . Q�/

G2
m

�
; �0

4ı i1

��
�
3

4
�

���
M
.ˇ=2;ˇ=2;2/
4 . Q�/

Gm

�
; �0

4ı i2

��
�
1

2
�

���
M.ˇ=2;1/. Q�/

A1oG2
m

�
; �0

��
D
1

2
�

���
M.ˇ=2;1/. Q�/

G2
m

�
; �0

4ı i1

��
�
3

4
�

���
M.ˇ=2;1/. Q�/

Gm

�
; �0

4 ı i2

��
�
1

2
�

���
M.ˇ=2;1/. Q�/

G2
m

�
; �0

ı i1

��
C
1

2

���
M.ˇ=2;1/. Q�/

Gm

�
; �0

ı i2

��
which simplifies to

�
.1=2;1=2/
4 . Q�/ D �

1

4

���
M.ˇ=2;1/. Q�/

Gm

�
; �0

ı i2

��
:

Now apply the Lie algebra homomorphism and obtain

e‰Bp
�
�
.1=2;1=2/
4 . Q�/

�
D �

1

4
��na

��
M.ˇ=2;1/. Q�/

Gm

�
; .�0

ı i2/
��

M
.ˇ;2/
4

�
� e�.ˇ;2/

D .�1/1 � .�1/dimM
.ˇk ;ˇl ;3/

4
.Q�/�1

�

�
�
1

4

�
��

�
M.ˇ=2;1/. Q�/

�
�e�.ˇ;2/: (59)

8 Computation of Q‰Bp
�
� .ˇ;2/. Q�/

�
Finally in order to computee‰Bp

�
� .ˇ;2/. Q�/

�
in (41), we add the contributions coming

from �
.k;l/
i (for all possible choices of̌k andˇl ) to e‰Bp

�
ı
.ˇ;2/
s . Q�/

�
, i.e.

e‰Bp
�
� .ˇ;2/

�
. Q�/ D

Xo

ˇkCˇl D

ě‰Bp
�
�
.k;l/
1 . Q�/

�
C e‰Bp

�
�
.1=2;1=2/
2 . Q�/

�
C e‰Bp

�
�
.1=2;1=2/
3 . Q�/

�
C

Xo

ˇkCˇl Dˇ
ˇk¤ˇl

e‰Bp
�
�
.k;l/
3 . Q�/

�
C e‰Bp

�
�
.1=2;1=2/
4 . Q�/

�
:
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Let di D dimM
.ˇk ;ˇl ;3/
i . Q�/ � 1 for i D 1; : : : ; 4. By (45), (54), (58), (59) we ob-

tain

e‰Bp
�
� .ˇ;2/

�
. Q�/ D �na

��
M
.ˇ;2/
s . Q�/

GL2.C/

�
; �

M
.ˇ;2/
s

�
� e�.ˇ;2/

C

oX
ˇkCˇl Dˇ

�
�1

2
� .�1/d1

Z
?

�
�
P.Ext1.E3; E1//

�
d� � e�.ˇ;2/�

�
3

2
� .�1/d2

Z
M.ˇ=2;1/.Q�/

�
�
P.Ext1.E1; E1//

�
d� � e�.ˇ;2/

C
1

4
� .�1/d4 ��

�
M.ˇ=2;1/

s . Q�/
�

� e�.ˇ;2/;
(60)

where? stands forM.ˇk ;1/. Q�/�M.ˇl ;1/. Q�/ n�.

9 Final computation of invariants

By the wall crossing computation of Joyce and Song in [10, Equation (13.31)],

�
�
M.ˇ=2;1/

s . Q�/
�

D

X
16l

ˇ1C���Cˇl Dˇ=2

.1/

lŠ
� �Bp

..0; 2/; .ˇ1; 0//

�

lY
iD1

�
DTˇi .�/ ��Bp

�
.ˇ1 C � � � C ˇi�1; 2/; .ˇi ; 0/

�
� .�1/�Bp..0;2/;.ˇ1;0//C

Pl
iD1 �Bp..ˇ1C���Cˇi�1;2/;.ˇi ;0//

�
:

(61)

By Definition16, (61) and (60), we obtain

Bss
p.X; ˇ; 2; Q�/ D

Xo

ˇkCˇl Dˇ

.�1/d1C1
�
1

2

Z
M.ˇk ;1/.Q�/�M.ˇl ;1/.Q�/n�

�
�
P.Ext1.E3; E1//

�
d�

C
3

2
� .�1/d2C1

Z
M.ˇ=2;1/.Q�/

�
�
P.Ext1.E1; E1//

�
d�

C
1

4
� .�1/d4

X
16l

ˇ1C���Cˇl Dˇ=2

.1/

lŠ
��Bp

..0; 2/; .ˇ1; 0// (62)

�

lY
iD1

�
DTˇi .�/ ��Bp

�
.ˇ1 C � � � C ˇi�1; 2/; .ˇi ; 0/

�
� .�1/�Bp..0;2/;.ˇ1;0//C

Pl
iD1 �Bp..ˇ1C���Cˇi�1;2/;.ˇi ;0//

�
;

where the first and second summands on the right-hand side of (62) can be calculated
easily based on the geometry given and using Grothendieck–Riemann–Roch along
the fibers.
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Remark 6It is easy to see that by substituting.ŒP1�; 2/ in (62) one immediately ob-
tains the result obtained in (22). As another example one may try to compute the
right-hand side of (62) by substituting.ˇ; 2/ D .2ŒP1�; 2/, for instance when the
base varietyX is given by the total space ofO˚2

P1 .�1/ ! P1. Assume�.F / D k.
Now, if k D 2q C 1 then semistability implies stability and ifk D 2q thenF is
given as a strictly semistable sheaf. Based on computations in [5,11] for k D 2qC 1

there exist no stable sheaves withˇ D 2ŒP1�. Now assumek D 2q. In this case
the semistable sheaves are given byF D OP1.q� 1/˚OP1.q� 1/.6 Therefore by
substituting.2ŒP1�; 2/ in (62) we see that

Bss
p.X; 2ŒP

1�; 2; Q�/ D �
1

2
.nC q/2 � .nC q/:

The computations in this case involve arguments similar to the ones given in Sect.3
hence we have omitted the explicit calculations here.

Remark 7In [18], Toda has exploited similar stratification strategy for the mod-
uli stack of objects composed of a zero dimensional sheafF given as the quotient
O2X � F , where the objects are assumed to be semistable with respect to a stability
condition in the sense of Bridgeland [2]. Moreover the author has given an evidence
of the integrality conjecture [12, Conjecture 6] for the corresponding partition func-
tions associated to the moduli stack of these objects. The identities in [18, (88), (99)
and (100)] play an important role in the auhtor’s proof of theintegrality conjecture.
Our stratification strategy and calculation of the invariants share many similarities
with those in [18]. Equations (45) and (54) are analogs of equations (88) and (99)
in [18] respectively, and we suspect that in some cases they can be used to prove the
integrality property of the corresponding partition functions for the invariants of the
moduli stack of objects inBp. Note that the stability condition used in our approach
is the weak stability condition (Definition6) used by Joyce–Song in [10] which, de-
spite having a much simpler definition than the Bridgeland stability conditions used
by Toda in [18], shares many strong properties with them.

10 Appendix: Locally closedness of the strata

In this appendix we discuss the reason behind the assumption on locally closedness
property of the strata obtained on the right-hand side of (26). As was mentioned in
Theorem1, the moduli stack of semistable objects inBp is obtained as a two-fold
(stacky) quotient (by GLr .C/�GL.V /) of the bundleP˚r, parameterizing the maps
O˚r
X .�n/ ! F , defined over the Quot-scheme, parameterizingF . Our strategy in

this section is to investigate the locally closedness property of the strata appearing
on the right-hand side of (26), via analyzing the stabilizer groups of objects in their
corresponding parameterizing schemes, given as subschemes ofP˚r.

6 Note that by obvious reasons, a sheafF D OP1 .a/˚OP1 .b/ wherea ¤ b is unstable.
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Lemma 6 Fix .ˇk ; ˇl / such thať k C ˇl D ˇ, then the.k; l/-th summand on the
right-hand side of(27) is composed of locally closed strata.

Proof By Theorem1, there exists a projection map

P˚2 �
�! M

.ˇ;2/
Bp

:

Let us use the notation for the underlying parametrizing scheme

S
.ˇ;2/
st-ss . Q�/ D ��1M

.ˇ;2/
st-ss . Q�/ � P˚2:

By construction in Sect.1.2and Remark5, there exists an action of GL2.C/�GL.V /
on S

.ˇ;2/
st-ss . Q�/. This action induces an action of the corresponding Lie algebra on the

tangent space ofS.ˇ;2/
st-ss . Q�/ given by the map

O
S

.ˇ;2/
st-ss .Q�/

˝ .gl2.C/�gl.V // ! T
S

.ˇ;2/
st-ss .Q�/

: (63)

The dimension of the automorphism group of objects representing the elements of
S
.ˇ;2/
st-ss . Q�/ is given by the dimension of their stabilizer group (in GL2.C/�GL.V /),

which is given by the dimension of the kernel of the map in (63), which itself is
an upper-semicontinious function. Now let us denote the.k; l/-th summand on the
right-hand side of (27) by

R D M
.ˇk ;ˇl ;2/
1 . Q�/ t M

.ˇk ;ˇl ;2/
2 . Q�/ t M

.ˇk ;ˇl ;2/
O-� . Q�/ t D.ˇk ;ˇl ;2/. Q�/: (64)

Then take the pre-image ofR under� and denote

��1R D S
.ˇk ;ˇl ;2/
1 . Q�/ t S

.ˇk ;ˇl ;2/
2 . Q�/

t S
.ˇk ;ˇl ;2/
O-� . Q�/ t D0.ˇk ;ˇl ;2/. Q�/ � S

.ˇ;2/
st-ss . Q�/

(65)

and observe that the dimension of the stabilizer group of points in each summand of
��1R remains constant as we vary over points inside that stratum.

Now we would like to re-package the data on the right-hand side of (65) and write
��1R as a sum of three summands, based on the dimension of stabilizer groups in-
volved. First note that the stabilizer group of points inS

.ˇk ;ˇl ;2/
1 . Q�/ is given by the

automorphism group of their corresponding objects (i.e. given by extensions of sta-
ble non-isomorphic objects with classes.ˇk ; 1/ and.ˇl ; 1/) which is given byGm

(Lemma5). So let us denote this stratum (with one dimensional stabilizer group) as
R0
1 D S

.ˇk ;ˇl ;2/
1 . Q�/. Now for the second and third summands, notice that the stabi-

lizer groups of elements inS.ˇk ;ˇl ;2/
2 . Q�/ andS

.ˇk ;ˇl ;2/
O-� . Q�/ are given byA1oGm and

G2
m respectively. Therefore, let us denote the union of these two strata (both of which

have2-dimensional stabilizer groups) as

R0
2 D S

.ˇk ;ˇl ;2/
2 . Q�/ t S

.ˇk ;ˇl ;2/
O-� . Q�/:

Finally by construction, the stabilizer group of elements inD0 .ˇk ;ˇl ;2/. Q�/ is given by
A1oG2

m and so let
R0
3 D D0 .ˇk ;ˇl ;2/. Q�/:
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Hence, the right-hand side of (64) is written as

��1R D R0
1 tR0

2 tR0
3;

where the points overR0
1; R

0
2 andR0

3 have1-, 2- and3-dimensional stabilizer groups

respectively. It is true thatR0
1; R

0
2 andR0

3 are locally closed inS.ˇ;2/
ss (defined in

Lemma3).

Now let us discuss the locally closedness property of these strata. First, consider

R0
2. Let S

.ˇk ;ˇl ;2/
O-� . Q�/ denote the closure ofS.ˇk ;ˇl ;2/

O-� . Q�/ in S
.ˇ;2/
ss . Recall that by

definition, the objects parametrized by elements ofS
.ˇk ;ˇl ;2/
O-� . Q�/ are given by split

extensions, i.e.E2 Š E1˚E3 whereE1 © E3. The automorphism group of these
objects is given byG2

m. Taking the closure ofS.ˇk ;ˇl ;2/
O-� . Q�/, we immediately see that

the objects parametrized byS.ˇk ;ˇl ;2/
O-� . Q�/ are given by all split extensions ofE1 by

E3, i.e. one has

S
.ˇk ;ˇl ;2/
O-� . Q�/ � S

.ˇk ;ˇl ;2/
O-� . Q�/ [R0

3:

Now take the closure ofS.ˇk ;ˇl ;2/
2 . Q�/ and obtainS.ˇk ;ˇl ;2/

2 . Q�/. By definition, the

objects representing elements ofS
.ˇk ;ˇl ;2/
2 . Q�/ are given by non-split exact sequences

0 ! E1 ! E2 ! E3 ! 0;

whereE1 Š E3. So it is seen that taking the closure, the objects representing the

elements in the boundary ofS
.ˇk ;ˇl ;2/
2 . Q�/ are given byE2 Š E1˚E3 whereE1 Š

E3, i.e.

S
.ˇk ;ˇl ;2/
2 . Q�/ � S

.ˇk ;ˇl ;2/
2 . Q�/ [R0

3:

SinceR0
3 \ S

.ˇk ;ˇl ;2/
O-� . Q�/ D ∅ andR0

3 \ S
.ˇk ;ˇl ;2/
2 . Q�/ D ∅, then it is seen that

S
.ˇk ;ˇl ;2/
2 . Q�/ andS

.ˇk ;ˇl ;2/
O-� . Q�/ have empty intersections inR0

2 but non-empty inter-
sections inR0

3, in other words, their boundary is given by a subset ofR0
3 which itself

is locally closed inS.ˇ;2/
ss . HenceS

.ˇk ;ˇl ;2/
O-� . Q�/ andS

.ˇk ;ˇl ;2/
2 . Q�/ are locally closed

in S
.ˇ;2/
ss . ut

Remark 8Here, for completeness, we discuss a second approach to the proof of the
fact thatS.ˇk ;ˇl ;2/

2 . Q�/ andS
.ˇk ;ˇl ;2/
O-� . Q�/ are locally closed inR0

2.

Proof First we state a theorem from SGA3 [19, Expośe X, Theorem 8.8]):

Let T be a commutative flat group scheme, separated of finite type over a
noetherian schemeS , with connected affine fibers. Lets 2 S and s be a
geometric point overs and suppose:

� the reduced subscheme.Ts/red of the geometric fiberTs is a torus, and

� there exists a generalizationt of s .i.e. the closure offtg containss/ such
thatTt is smooth overk.t/, the residue field oft .
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Then there exists an open neighborhoodU of s such thatTjU is a torus over
U.

Note that, by construction,R0
2 is given as a stratum ofS.ˇ;2/

ss over which the stabilizer
groups of associated points are two dimensional. As we vary overR0

2, the stabilizer
groups of points inR0

2 make a group schemeG overC. According to the above theo-
rem, for every pointp 2 R0

2 such that.Gp/red is given by the two dimensional torus
(G2
m), there exists an open neighborhoodU such thatGjU is given byG2

m overU. Let
K denote the union of all suchU. It is easily seen that every geometric pointk 2 K

is given as a two dimensional torusG2
m which corresponds to the stabilizer group

of a pointp 2 S
.ˇk ;ˇl ;2/
O-� . Q�/ and there exists a bijective correspondence between

suchk andp. Hence according to the above theorem, the locus of pointsp 2 R0
2

with torus stabilizers, i.e.S.ˇk ;ˇl ;2/
O-� . Q�/ is open inR0

2. SinceR0
2 is locally closed in

S
.ˇ;2/
ss thenS

.ˇk ;ˇl ;2/
O-� . Q�/ is locally closed inS.ˇ;2/

ss . On the other hand, the comple-

ment
�
S
.ˇk ;ˇl ;2/
O-� . Q�/

�c
is closed inR0

2. SinceS
.ˇk ;ˇl ;2/
O-� . Q�/ \ S

.ˇk ;ˇl ;2/
2 . Q�/ D ∅ then

S
.ˇk ;ˇl ;2/
2 . Q�/ �

�
S
.ˇk ;ˇl ;2/
O-� . Q�/

�c
which is closed inR0

2, henceS.ˇk ;ˇl ;2/
2 . Q�/ is locally

closed inS.ˇ;2/
ss . ut

Now consider the.k; l/-th summand on the right-hand side of (27). The action of
GL.V / onS

.ˇ;2/
ss induces an action on each stratum. Take the quotient of each stratum

by GL.V / and obtain locally closed quotient stacks (disjoint from one another) as
follows.

Definition 23 Define

M
.ˇk ;ˇl ;2/
1 . Q�/ D

�
S
.ˇk ;ˇl ;2/
1 . Q�/

GL.V /

�
; M

.ˇk ;ˇl ;2/
2 . Q�/ D

�
S
.ˇk ;ˇl ;2/
2 . Q�/

GL.V /

�
;

M
.ˇk ;ˇl ;2/
O-� . Q�/ D

�
S
.ˇk ;ˇl ;2/
O-� . Q�/

GL.V /

�
; D.ˇk ;ˇl ;2/. Q�/ D

�
D0 .ˇk ;ˇl ;2/. Q�/

GL.V /

�
:

Definition 24 Define

M
.ˇ;2/
st-ss . Q�/ D

�
S
.ˇ;2/
st-ss . Q�/

GL.V /

�
:

By Definitions23and24and (27), one obtains

M
.ˇ;2/
st-ss . Q�/ D

Go

ˇkCˇl Dˇ

�
M
.ˇk ;ˇl ;2/
1 . Q�/ t M

.ˇk ;ˇl ;2/
2 . Q�/

�
t

Gu-o

ˇkCˇl Dˇ

�
M
.ˇk ;ˇl ;2/
O-� . Q�/ t D.ˇk ;ˇl ;2/. Q�/

�
:

Now by our construction taking the quotient ofM
.ˇ;2/
st-ss . Q�/ one more time by the action

of GL2.C/ will naturally produce back the quotient stackM
.ˇ;2/
Bp ;ss. Q�/ and the right-
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hand side of (27), in other words, we can easily see that

M
.ˇk ;ˇl ;2/
1 . Q�/ D

�
M
.ˇk ;ˇl ;2/
1 . Q�/

GL2.C/

�
; M

.ˇk ;ˇl ;2/
2 . Q�/ D

�
M
.ˇk ;ˇl ;2/
2 . Q�/

GL2.C/

�
;

M
.ˇk ;ˇl ;2/
O-� . Q�/ D

�
M
.ˇk ;ˇl ;2/
O-� . Q�/

GL2.C/

�
; D.ˇk ;ˇl ;2/. Q�/ D

�
D.ˇk ;ˇl ;2/. Q�/

GL2.C/

�
:
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