MIT
Libraries | D>pace@MIT

MIT Open Access Articles

The Stored Energy of Cold Work, Thermal
Annealing, and Other Thermodynamic Issues in
Single Crystal Plasticity at Small Length Scales

The MIT Faculty has made this article openly available. Please share
how this access benefits you. Your story matters.

Citation: Anand, Lallit, Morton E. Gurtin, and Daya Reddy. "The Stored Energy of Cold Work,
Thermal Annealing, and Other Thermodynamic Issues in Single Crystal Plasticity at Small
Length Scales. International Journal of Plasticity, vol. 64, 2015, pp. 1-25.

As Published: http://dx.doi.org/10.1016/j.ijplas.2014.07.009
Publisher: Elsevier B.V.
Persistent URL: http://hdl.handle.net/1721.1/106613

Version: Author’s final manuscript: final author’'s manuscript post peer review, without
publisher’'s formatting or copy editing

Terms of use: Creative Commons Attribution-NonCommercial-NoDerivs License

I I I .
I I Massachusetts Institute of Technology


https://libraries.mit.edu/forms/dspace-oa-articles.html
http://hdl.handle.net/1721.1/106613
http://creativecommons.org/licenses/by-nc-nd/4.0/

The stored energy of cold work, thermal annealing, and
other thermodynamic issues in single crystal plasticity
at small length scales

LALLIT ANAND", MORTON E. GURTIN', B. DAYA REDDY'

*Department of Mechanical Engineering
Massachusetts Institute of Technology
Cambridge, MA 02139, USA

"Department of Mathematical Sciences

Carnegie Mellon University
Pittsburgh, PA 15213, USA

"Department of Mathematics and Applied Mathematics
University of Cape Town
7701 Rondebosch, South Africa

Abstract

This paper develops a thermodynamically consistent gradient theory of single-
crystal plasticity using the principle of virtual power as a paradigm to develop
appropriate balance laws for forces and energy. The resulting theory leads to a
system of microscopic force balances, one balance for each slip system, and to an
energy balance that accounts for power expended during plastic flow via micro-
scopic forces acting in concert with slip-rates and slip-rate gradients. Central to the
theory are an internal energy and entropy, plastic in nature, dependent on densities
that account for the accumulation of glide dislocations as well as geometrically nec-
essary dislocations — and that, consequently, represent quantities associated with
cold work. Our theory allows us to discuss — within the framework of a gradient
theory — the fraction of plastic stress-power that goes into heating, as well as the
reduction of the dislocation density in a cold-worked material upon subsequent (or
concurrent) thermal annealing.
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1 Introduction

The plastic deformation of metals when conducted at temperatures less than ~ 0.354,,,
where #,,, is the melting temperature of the material in degrees Kelvin, is called cold-
working.! In this temperature range the underlying mechanism of plastic deformation
of metal single crystals is the glide of dislocations, which are crystalline line-defects, on
certain crystallographic slip systems in the material. This process of plastic deformation
is usually accompanied by a rapid multiplication (and eventual saturation) in the num-
ber of dislocations. However, the dislocations so produced are seldom homogeneously
distributed in the material; instead they form a heterogeneous “cell”-structure, with
cell-walls made of clusters of dislocations and with cell-interiors which are relatively free
of dislocations. The increased dislocation density and resulting dislocation cell-structure
leads to an increased resistance to subsequent plastic flow. This increase in the resistance
to plastic flow is called strain-hardening.

When a metal is cold-worked, most of the plastic work done is converted into heat,
but a certain portion is stored in the material. In nominally pure metals, the dominant
contribution to the stored energy is the energy associated with the evolving dislocation
density and sub-structure of the material. The dislocations — being line defects in the
crystalline lattice — cause distortion of the lattice and therby store a certain amount
elastic energy, which is called the stored energy of cold-work.

The microscale dislocation substructure in a ductile metal that has been cold-worked
and unloaded, is generally unstable. Upon subsequent heating to a temperature in the
range =~ 0.35 through ~ 0.5, it undergoes a restoration process called recovery or
annealing, during which the dislocation configurations in the cell-walls annihilate, the
cell-walls sharpen, and the stored energy is released.?

The extensive literature on the experimental and theoretical developments concerning
the stored energy of cold work has been reviewed by BEVER, HOLT & TITCHENER (1973).
The reported values of the ratio of the stored energy to that expended plastically ranges
from near zero to approximately 15 percent (cf., e.g., FARREN & TAYLOR, 1925; TAYLOR
& QUINNEY, 1934,1937). A discussion of the notion of stored energy of cold work
and its ramifications, within a one-dimensional conventional (non-gradient) theoretical
framework, is the focus of an important study of ROSAKIS, ROSAKIS, RAVICHANDRAN &
HoDOWANY (2000). For a recent two-dimensional, discrete-dislocation-plasticity-based
numerical study regarding the stored energy of cold work, see BENZERGA, BRECHET,
NEEDLEMAN & VAN DER GIESSEN (2005).

From a fundamental theoretical standpoint, mechanical and thermal effects should
be coupled within a consistent thermodynamical framework. Accodingly, the purpose
of this paper is to formulate a thermo-mechanically coupled gradient theory of single-
crystal plasticity at low homologous temperatures, ¥ < 0.357,,. In this temperature
range plastic flow of metals is only weakly dependent on the strain-rate; accordingly
we limit our considerations to a rate-independent theory. Central to our continuum-
mechanical theory are an internal energy and entropy, plastic in nature, dependent on
dislocation densities that account for the accumulation of statistically-stored as well
as geometrically-necessary dislocations — and that, consequently, represent quantities
associated with cold work. Our theory allows us to meaningfully discuss — within the
framework of a gradient crystal plasticity theory — the fraction of plastic stress-power

1Plastic deformation in the temperature range ~ 0.35 through ~ 0.5¥., is called warm-working,
while hot-working refers to the plastic deformation of metals into desired shapes at temperatures in the
range of &~ 0.5 through =~ 0.9 9.

2Heavily cold-worked metals when heated to a sufficiently high temperature, 1 % 0.59;, may also
undergo a restoration process called recrystallization. We do not consider recrystallization processes in
this paper.



that goes into heating, as well as the reduction of the dislocation density in a cold-worked
material upon subsequent thermal annealing.

2 Basic equations

2.1 Kinematics

We begin with the requirement that the displacement gradient admit a decomposition
Vu = H° + H? (um- — H{ + HPJ) (2.1)

in which H¢, the elastic distortion, represents stretch and rotation of the underlying
microscopic structure, here a lattice, and HP, the plastic distortion, represents the local
deformation of material due to the formation and motion of dislocations through that
structure. We define elastic and plastic strains E€ and EP as the symmetric parts of H®
and H? so that the (total) strain E — which is the symmetric part,

E=1(Vu+(Vu)), (2.2)
of the displacement gradient Vu — is the sum
E = E° + EP. (2.3)

Single-crystal plasticity is based on the physical assumption that the motion of dislo-
cations takes place on prescribed slip systems o =1,2,..., N. And the presumption that
plastic flow take place through slip manifests itself in the requirement that the plastic
distortion HP be governed by slips v on the individual slip systems via the relation

HP = ZWQ s*®@ m“ (HZ = Zv%?m?‘), (2.4)

where for each « the slip direction s and the associated slip-plane normal m® are
constant orthonormal lattice vectors; viz.

s m® =0, |s¢| = lm“| = 1. (2.5)
Here and in what follows: lower case Greek superscripts «, (3, ... denote slip-system labels
and as such range over the integers 1,2, ..., N; we do not use the summation convention

for Greek superscripts; we use the shorthand
N
[ a=1
A consequence of (2.1) and (2.4) is that
Va=H°"+ Z Y8 ® m” (ui,j = Hfj + Zﬁo‘s‘i"m?), (2.6)

a relation that represents a fundamental kinematical constraint on the fields u, H® and
e
The tensor

S =s“®@ m*”

Delplstrainsrots?




is generally referred to as the Schmid tensor. Important to what follows is the symmetric
Schmid tensor defined by

Sem = 3 (s“®@ m*+ m*® s%); (2.7)

Sym

this tensor allows us to write the plastic strain — which is the symmetric part of H? —
in the form
EP = 7S (2.8)
(o7

Some notation is useful. For any slip system «, II* denotes the ath slip plane; 11 is
oriented by the unit normal m®; s is tangent to II*. The lattice vector

1o e g (2.9)

is important to what follows. Indeed, since for any slip-system «, 1% is a unit vector on
II* orthogonal to s¢,

{s%,1%} represents a right-handed orthonormal basis for the slip plane II*.  (2.10)
Given any vector w,
wh, =w— (m® w)m® = (s* w)s“+ (14 w)l¢ (2.11)

is the vector component of w tangent to I1*. We write Vg, for the tangential gradient

tan
on 11, so that, for any scalar field ¢,

Vond = (s Vo)s*+ (1% Vo) 1¢ (2.12)
=V¢— (m® V¢)m® (2.13)
and
mx V¢ =mx Vg o (2.14)
Then, for t tangent to I1*
t-Vo=t Vi, o. (2.15)

2.2 Geometrically necessary dislocations

Dislocations are microscopic defects in a crystal lattice. In a continuum theory there
can be no dislocations, as such, but slip gradients on the individual slip systems re-
sult in quantities that mimic the behavior of microscopic dislocations; we refer to such
macroscopic quantities as geometrically necessary dislocations (GNDs).3
As ARSENLIS & PARKS (1999) have shown, physically meaningful candidates for edge
and screw GND densities are given by
pt = —s% Vy*= —s* V& " and po = 1% Vy*=1%- Vg 7%, (2.16)

tan
where 1% is given by (2.9) and, like s®, is tangent to II*. Thus,

pg =—s%- v?anﬁ.ya and Pg =1"- Vtaan;ya . (217)

As noted by GURTIN & OHNO (2011), a vectorial measure of the flow rate of edge and
screw GNDs on slip system « is given by the flow-rate vector

VoA = —ps® 4 pe1 (2.18)

3Cf., e.g., AsuBy (1970), FLECK, MULLER, ASHBY & HUTCHINSON (1994), ARSENLIS AND PARKS
(1999).
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Note that

IVean 7T = /16212 + 198 [?, (2.19)

clearly represents an accumulation rate of GNDs on .

Remark The geometrically necessary dislocation densities p® and p? defined in (2.16)
are “continuum-mechanical densities.” In materials science, dislocation densities are
measured in terms of the dislocation line length per unit volume, and hence carry the
dimension length=2. The continuum-mechanical densities p® and pe may be converted
to corresponding “materials-science densities,” by multiplying each of these densities by
b~!, where b is the magnitude of the Burgers vector — which is the vector that represents
the closure failure of a Burgers circuit around a single dislocation in a crystal lattice.
The densities p®, without the subscripts - and o, defined in the next sub-section — and
used in the remaining body of the paper — will be materials science densities, and hence
will carry the dimension length 2.

2.3 Dislocation demnsities that account for thermal effects

To this point we have limited our discussion to edge and screw GNDs. This was done
only to motivate our view of |V 4| as a measure of the accumulation rate of GNDs
on slip-system «. On the other hand, our goal is a dislocation density that accounts for
a mizture of glide dislocations and GNDs. With this in mind, we view

Il © VAR + CIVEAP (2.20)
as a generalized scalar slip-rate or, equivalently, as an accumulation rate; here « is the
underlying slip system, while £ > 0 is a strictly positive constant whose units are length.’

Specifically, we consider dislocation densities p® > 0 for the individual slip sys-
tems, with each density viewed as a mean-field representation of the distribution of glide
dislocations and GNDs.% The following notation is useful:

PN, 8 (00, 0) 220

We assume that the densites p® evolve according to constitutive relations of the form

P =AY, )T, — R*(9,p) with  p[,_, = p§- (2.22)

In (2.22):

e The first term (on the right) characterizes changes in dislocation density due to
plastic flow. We refer to A*(d,p) as the dislocation-accumulation modulus and
assume that

A%(9,p) > 0. (2.23)

e The second term (with the minus sign) characterizes decreases in density due to
thermal annealing. We refer to R*(4, p) as the recovery rate for p®, and assume

that SR
R, p) >0,
oY -

so that the recovery rate increases with temperature.

R*(9,5) >0, (2.24)

We refer to (2.22) as defect-flow equations.

4Cf. ONNO, OKUMURA & SHIBATA (2008).

5Cf. GURTIN, ANAND & LELE (2007), who refer to I'?.. as an effective flow rate.

SWhat we refer to as glide dislocations here, are usually called statistically-stored dislocations in the
literature; but we eschew the latter terminology. Also, bear in mind that in actual metal single crystals
the dislocations are seldom uniformly distributed; instead they often form cell-structures.
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2.4 Macroscopic and microscopic force balances derived via the
principle of virtual power

Following GURTIN (2002) we formulate these laws based on a nonstandard version of the
principle of virtual power,” but here we restrict attention to quasi-static behavior.

We identify the body B with the closed region of space it occupies and let P denote
an arbitrary subbody (subregion) of B. The virtual-power principle is based on a funda-
mental power balance between the internal power Win(P) expended within P and the
external power Wext(P) expended on P. Regarding the internal power we allow for power
expended internally by a stress T power-conjugate to H® and, for each slip-system a,
a scalar internal microscopic stress m® power-conjugate to ¥ and a vector microscopic
stress € power-conjugate to V&, 4.8 Because V&, 7 is tangent to I1%, we may without
loss in generality assume that

&% s tangent to T1%; (2.25)
then, by (2.15) and (2.25),
5 vtanj/ SOL : v,'ya, (226)
and, by virtue of the divergence theorem, this leads to an identity,
/E Ve Y* dv = /(EO‘ n)y* da — /”'yo‘divéo‘ dv, (2.27)
ap P

basic to what follows.

Regarding the external power, we supplement the standard expenditures t(n) - and
b - u by tractions and body forces with an additional expenditure Z*(n)4* associated
with microscopic tractions power-conjugate to slip rates.” We therefore begin with the
power balance'®

/t(n)~1’1da+/b-1’1dv+z/Ea(n)va
P * op

oP

Wext (P)

/T H* dv—i—Z/ TOYY 4 €4V AN dv. (2.28)

Wint(P)
Important to what follows is the resolved shear defined by
74 =8% Tm*" (2.29)

for each slip-system «a.
The balance equations and traction conditions of the theory — presumed not known
in advance — are derived using the principle of virtual power, a principle based on a

7Cf. GERMAIN (1973), who developed such a principle for materials whose internal power expenditures
involve first and second gradients of the velocity u. The kinematics associated with Germain’s virtual-
power principle bears no relation to that of single-crystal plasticity.

8Here, we use the tangential slip-rate gradient ViaYe rather than VA4® because the underlying power
expenditure £%- Vg, 4 is meant to characterize power expenditures associated with the flow of GNDs
on the ath slip-plane IT%; by (2.18) this flow is characterized by the flow-rate vector V& A%.

9The tractions are deﬁned for all unit vectors n — with n in (2.28) the outward unit normal to OP.
We do not assume a priori that the stress T is symmetric.

0GURTIN (2002).

dtfootl



view of the velocity u, the elastic distortion-rate H¢, and the slip rates 4',42,...,4" as
virtual velocities to be specified independently in a manner consistent with (2.6). That
is, denoting the virtual velocities by @, H¢, and 4,52, ..., 5", we require that

Vi=H+) 58 (2.30)
define a (generalized) virtual velocity to be a list
V=(a,H5",5%...,9") (2.31)
consistent with the constraint (2.30), and rewrite (2.28) as a virtual power balance

/t(n)-ada+/b-ﬁdv+z/Ea(nwada
“ op

opP P

Wext (P,V)

= /T:I:Ie dv—i—Z/(wo‘ﬁo‘—i—{O‘- Ve A% dv. (2.32)
P “p

Wint (P7V)

Further, we say V is macroscopic if the associated virtual slip rates all vanish; rigid if

a(x) =w X x

with w a vector constant. The precise statement of the principle of virtual power within
the present framework then consists of two basic requirements for any choice of the
subbody P:1!

(i) the virtual power-balance (2.32) be satisfied for all virtual velocity fields consistent
with the kinematic constraint (2.30);

(ii) the internal power vanish whenever the virtual velocity field is macroscopic and
rigid.

The virtual-power principle has the following consequences:

(a) The macroscopic stress T is symmetric and consistent with the macroscopic force
balance and macroscopic traction condition

divT+b=0 and t(n) = Tn. (2.33)

(b) The microscopic stresses m* and £ are consistent with the microscopic force bal-

G/I’lC€12

¢ =71 — div €7 (2.34)

and the microtraction condition
E%m)=€¢%n (2.35)

for each slip-system o.

M Here we follow GERMAIN (1973) in requiring that the principle hold for all subbodies P, not just for
P = B; this requirement is basic to what follows.
12GuRTIN (2000, 2002).
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(¢) The macroscopic and microscopic virtual-power relations

/t(n)~ﬁda+/b~ﬁdv:/T:Edv (2.36)

oP P P
and

2/5 ekl da_z/ et thn’Y)dU (2.37)

are satisfied. The microscopic relations are useful in developing a weak form of the
microscopic force balance.

A consequence of the symmetry of T, (2.7), and (2.29) is that
= T:S° (2.38)

sym*
Next, since the symmetric part of H¢ is E€, we may conclude from the symmetry of
T that . .
T:H® =T:E° (2.39)
and we may rewrite the internal power — as described by the right side of (2.28) — in
the form

Wins ( /T E° dv—f—Z/ TOYY 4 €YV AY) dv (2.40)

Finally, when dlscussmg plastic flow an 1mportant quantity is the conventional plastic
stress-power defined by

T:E’ = T:H” = T: (Z"y“s”‘@ ma) = 48" Tm® = > 799, (2.41)
where we have used (2.4), (2.29), and the counterpart of (2.39) for H? and E?. The
plastic stress-power is therefore the net power expended by the resolved shears acting in
concert with the slip rates.

Remark Our derivation of the microscopic force balances (2.34) followed a procedure,
common in mathematical physics, in which the underlying fields are assumed to be
smooth enough to render the underlying differential operations meaningful. However, as
noted by GURTIN AND REDDY (2014), to characterize the relevant physics within the
present framework the theory should be capable of coping with situations in which the
slip-rate gradients V¥ 4* and the microscopic stresses € suffer jump discontinuities.

3 Thermodynamics

The first two laws of thermodynamics for a continuum consist of balance of energy and
an entropy imbalance generally referred to as the Clausius-Duhem inequality; given any
subregion P, these laws have the respective forms'?

/adv = Wext (P) —/q-nda+/qdv

P oP P

L (3.1)
/nde—/%-nda—i—/%dv,

P oP P

13Cf., e.g., TRUESDELL AND NOLL (1965, §79). The use of a virtual-power principle to generate an ap-
propriate form of the external power expenditure in thermodynamic relations is due to GURTIN (2002, §6).
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where ¢ and 7 represent the internal energy and entropy, q is the heat flux, ¢ is the heat
supply, and ¥ > 0 is the absolute temperature, and where Weyt(P) is the external power
expended on the subregion P. Applying the power balance (2.28) in conjunction with
(2.40) we can rewrite balance of energy in the form

/Edv:/T:Eedv+2/(7ro‘~'ya+§O‘-Vt°‘an"y°‘)dv—/q-nda—l—/qdv; (3.2)
* P

P P oP P

thus using the divergence theorem and the arbitrary nature of the subregion P we arrive
at the local form of the first two laws:

e=T:E +) (79" + £ Vi) —divg +q,

. . q
> —d =) +
=T (ﬁ)
If we introduce the free energy defined by
Y =e—Un, (3.4)

and multiply (3.3)2 by ¢ and subtract it from (3.3)1, we arrive at the free-energy imbal-
ance

(3.3)

S

. .1 .
V) +5a VO =TS =) (709 €7 V5% <0, (3.5)

[e3

The left side of (3.3)2 minus the right side,

N & ﬁ+div<%) - % >0, (3.6)

represents the entropy production per unit volume. On the other hand, the quantity 9N/,
which turns out to be the negative of the left side of (3.5), represents the dissipation per
unit volume.4

4 Boundary and initial conditions

4.1 Macroscopic boundary conditions
We consider more or less conventional boundary conditions for the macroscopic fields:

(i) We assume that the displacement u and traction t = Tn are prescribed on com-
plementary subsurfaces OBgisp and 0Byrac of OB. These conditions take the form

u=u" on OByisp, Tn =t* on 0Birac, (4.1)
with u* and t* prescribed vector fields.

(ii) As thermal boundary conditions we assume that the temperature 9 and the normal
component q-n of the heat flux are specified on complementary subsurfaces OBiemp
and 0Bgux of 0B. These conditions take the form

19:19* on 8Btcmp; qn:q*

n

on OBiux, (4.2)

with ¥* and ¢ prescribed fields.

M Cf. e. g. TRUESDELL AND NOLL(1965), GURTIN, FRIED AND ANAND (2010).

reeenerg
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4.2 Microscopic boundary conditions

The microscopic boundary conditions are nonconventional and for that reason their pre-
scription is a bit more delicate.!®> We assume that the body B is the union

B = BP(t) UB“(t) (4.3)

of a plastic region BP(t) and an elastic region B°(t) — each assumed closed — that
intersect along an elastic-plastic interface Z(t) (which need not be connected). Note that
the set ot
SP(t) = 0BP(t)N OB (4.4)

— which we refer to as the external plastic boundary — represents that portion of 9B” ()
which lies on the external boundary 0B.

Let 0Bray, and 0By, denote time-independent complementary subsurfaces of 9B, so
that

OB = OB, U OB (4.5)

free’

with the subsurfaces 0Bjarg and 9By, presumed to characterize physical characteristics

of the body’s environment. Here we limit our discussion to:

(i) microscopically hard subsurfaces OBjarq that form a barrier to flows of glide dislo-

cations; !0

env

(ii) microscopically free subsurfaces OBy

locations.

that form no obstacle to flows of glide dis-

The subsurfaces 0B} arq and 0Bfiw, are related to plastic flow via their intersections with
the external plastic boundary SP(t); these are given by

S}Z:ard (t) =0 }ell’;‘ll‘d ns? (t) and Sp

free

(t) = OBfee N SP(1), (4.6)
respectively, and satisfy
Sp(t) = S}Z:ard (t) U Sgcc(t) (47)

In contrast, the subsurfaces of 0Bp.yq and 0Bfi, that are exterior to SP(t) do not affect
plastic flow.

Based on the foregoing discussion, we consider boundary conditions which require

that, at each time,
¥¥(x,t) =0 on SF, 4(1),
hard (4.8)
£%(x,t) -n(x) =0 on S _.(t).

We refer to (4.8)1 and (4.8)s, respectively, as the microscopically hard and microscopically
free boundary conditions for SP(t).

Remarks
1. The boundary conditions
4 =0 on Sparqa and €% -n=0 on Spee,

(4.9)
Shard ) Sfree = 6B7

introduced by GURTIN (2000) and used by him and others'” are conceptually in-
correct because they are independent of time and hence incapable of characterizing
conditions on the external plastic boundary SP(t). Moreover, in (4.9) the role of
SP(t) is incorrectly played by 0B.

5Cf. GURTIN AND REDDY (2014).
16For example, a portion of a crystal surface in contact with a hard anvil.
17Cf. e.g. KURODA & TVERGAARD (2008a, p.1596).
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2. It has been argued by REDDY (2011), and in greater detail by GURTIN AND REDDY
(2014), that from the point of view of constructing a well-posed problem there is no
need to posit “boundary” conditions along the elastic-plastic interface Z. Further,
GURTIN AND REDDY (2014) elaborate on the continuity or otherwise of microscopic
quantities across Z, and derive from the microscopic virtual-power relation jump
conditions for normal components of microscopic stress across Z.

4.3 Initial conditions

With regard to macroscopic quantities we prescribe the initial displacement and temper-
ature by setting
u(x,0) = up(x), 9(x,0) = Jo(x) on IB, (4.10)

for given functions ug and ¢y. In addition, it is necessary to specify initial conditions for
the slips v and the dislocation densities p®: we assume these to be given by'®

7%(x,0)=0,  p%(x,0) =p; onIB, (4.11)

for a given function pf.

5 The plasticity spaces H”
Given a slip-system «, we let

H = the set of all pairs v = (a, b) such that
a is a scalar and b is a vector tangent to 11, (5.1)

and we endow H* with the (natural) inner product

aea=aa+b-b, (5.2)
so that the norm on H is given by'®

o] = Vlal* + [b]*. (5-3)

We refer to H® as to the plasticity space for system «; and to a and b as the scalar
and vector components of an element v = (a,b) € H®. Note that H“ is a vector space
of dimension 3.

6 Generalized slip-rate. Generalized stress

We refer to

| N A v (6.1)

tan

as the generalized slip-rate on «; clearly I ene
Note that — by (5.2), (5.3), and (6.1) — the generalized scalar slip-rate, (2.20), takes
the simple forms

re, =1

= eI (6.2)

18CF. (2.22)2
9We use the symbol | - | for the norm on H® and also for the magnitude of a scalar or a vector; it
should be clear from the content which is meant.

11
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As a complement to the generalized slip-rate we introduce a generalized stress
2 = (7, 071g). (6.3)
Then, by (5.2), the plastic stress-power takes a form,
B0 T = 74 4 €7 Vi, A° (6.4)

that allows us to rewrite the free-energy imbalance (3.5) as follows:

1 : . o
—q- Vi —T:E° - > E%I" <0 (6.5)

b+ nd
w+77+19

7 Constitutive theory

7.1 Some preliminary constitutive assumptions. Coleman—Noll
procedure
We seek constitutive relations for the fields ¢, n, T, q, €%, and 7 compatible with the

free-energy imbalance (6.5). We begin by assuming that the free energy, the entropy, the
Cauchy stress, and the heat flux are given by the constitutive relations

Y =B, 9,0, n=nE"9,75), T=TE"97, aq=al, V) (7.1)
and that the free energy is the sum
Q/S(Eevﬁvﬁ) = "Zje(Eevﬁ) +¢p(07m (7'2)

of elastic and plastic free energies 1/36 and 1/;7” . Our first step is to determine those con-
stitutive restrictions implied by the free-energy imbalance (6.5).2° We begin by noting,
as a consequence of (7.1) and (7.2), that

L ) 6¢E M‘) aw
V= E D+ Z (7.3)
We introduce thermodynamic forces
def i
S0, 220, (7.4)
and assume these to satisfy
FS.(9,p) > 0. (7.5)
We then find, with the aid of the evolution equation (2.22) for p® and (6.2), that
P9, 7)., N N "o pa
3 6(7% =Y Fe .7 (A T — R w,m) (7.6)
— Z 9, ) A* (¥ Z 9,9 R*(0,p).  (7.7)

o
ENR

20Here we use a version of the Coleman-Noll procedure appropriate to single-crystal plasticity.
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The under-braced term in (7.7) suggests that we introduce energetic nonrecoverable
generalized stresses X7, defined by the constitutive relations

L7

« (0% [e3 I‘
Y0k = FaW (0, 0)A%(D, p) ﬁa (7.8)

for then i
el

has the form of an elastic stress-power. Thus using (7.7) we may write (7.3) as folows;

= WEL) e OO 19%+Zz =X R R.A. (1)

Finally, by an analog of (6.3)
EgR = (ng,f—lggR) (7'10)

and (7.8) has the component form

(07 (0% «@ F.Ya (&3 « o dn”y
T = Fow (9, 0)A% (9, p) ﬁv &xn :€2ch(19vﬁ>A (7, p) |t | : (7.11)

The quantity X, represents a generalized energetic stress associated with plastic
flow; hence we may define generalized dissipative stresses via the relations

dis =2 -E%,  and B = (n8i, 0 '€G)- (7.12)
y (6.1) and (7.12)2

dlb.]'-‘ - Trdlbpy +€dlb vtangy (713)

Next, a consequence of (7.9) and (7.12); is that the free-energy imbalance (6.5) be-
comes

e (Be, ) . . . [ OP(ES, D, e :
(%—T(E ,0,5}):E +(%+n(E ,19,p‘)>19
S Z 9, 5) R*( ﬁ)+$q(19,V19)-V19§0. (7.14)

We assume that — constitutively — the stresses 3g;, are independent of E¢ and 9J; thus,
since these rates appear linearly in the inequality (7.14), this inequality can hold for all
values of E€ and ¢ only if the Cauchy stress and the entropy are given by the constitutive
relations

dY< (B, 9)
OEe

and the free-energy imbalance reduces to a dissipation inequality

O (E®, 9, p)

T = T(E,9) = T

=N(EJ,p) = — (7.15)

1
szls.r +Z 9,5) R(9, 5) = 5a(9, V) - V9 > 0.

Further, assuming that the stresses X3, are independent of V{J, we arrive at the heat-
conduction and mechanical dissipation inequalities

a0, vo)-vo<0 and ) 3 eI” +Z 9,7) R*(9,5) >0.  (7.16)
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By (2.24) and (7.5)
FS (9, p) R*(9,p) > 0, (7.17)

a result central to what follows. Further, we assume that the material is strongly dissi-
pative in the sense that
Gee T >0 (7.18)

for each a.
Dissipation is therefore characterized by the three inequalities,

qv,ve)- Vo <0, X5 eI" >0, F2,(9,75)R*(¥,p") >0, (7.19)

with the second and third of these required to hold for all slip-systems «. These inequal-
ities are of three distinct types, but only two have a more or less standard structure:
the first, —9q - V¥, represents dissipation associated with the flow of heat; the second
231501"‘&, represents stress-power. But the third type, FS, R“, being atypical of quantities
that characterize dissipation, requires some discussion. First of all,2!

Fgw = %
ap*
represents a thermodynamic force associated with the presence of glide dislocations and
GNDs on system «a. Secondly, a consequence of the bulleted remark containing (2.24)
is that —R® represents a recovery rate for such dislocations; that is, a decrease-rate in
dislocation density due to heating. Thus the product FS, R represents a force-power.
But what is most important, consistent with our use of the term dissipation inequality
for F&,R* > 0, and a consequence of the requirement that?? F%, > 0 and R* > 0 is
that
R*>0 = FS,R*>0, (7.20)

and hence that

e recovery represents a dissipative process.

Remark It is important to note that the expression (7.8) is valid only when re # 0.
REDDY (2011) has proposed a formulation for energetic microstresses of this nature that
circumvents complications arising when the generalized slip rate is zero. This is achieved
by extending the definition to include the case in which I'" = 0. The microstress is then
defined by

o7

I o
zgr{ = FgwAaﬁ if T 7£ 0, (7213)
»o oIT" < F2 ALY I =0 for all T” € 1. (7.21b)

Equivalently, we define the function ¢ by
(0, A1) = Fa, (9, ) A% (9, p)[E° 5 (7.22)

then the relations (7.21) are equivalent to the inequality

[e3 hNe?

$(T7) = ¢(T7) + 2, o (" — 1), (7.23)

21t (7.4).
22Cf. (2.24)1, (7.5).
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in Whichaf‘a is an Oz}rbitrary generalized slip-rate. Here, for convenience we have written
o(,p,T ) = ¢(I' ). Note that the function ¢ is convex, positively homogeneous, and
differentiable except at ' =o0. For I'" # 0 one can show that (7.23) becomes

o _ 09
NR — Q0

or

which is equivalent to (7.21a). The advantage of the formulation (7.23) is that it accom-
modates all values of I'” in a single expression.

7.2 Further consequences of thermodynamics

Further, (7.9) and (7.15) imply that

p=T: B —pi+) =0, eI = > F R*, (7.24)

where, for brevity, we have introduced the notation
FS, = F&S, (0, 0), and  R“ = R“(Y,p). (7.25)

Hence temporal changes in the free energy as described by (7.24) may be viewed as the
sum of

a net stress power
[e3

T:E° + g Yool (7.26)
elastic @
stress power h/_/
plastic energetic
stress power

an entropic free-energy change —nd,

-3 F& R

and a decrease

in free-energy.

Further, from (7.24) and (3.4)

e=Un+T:E°+> X% oI =Y Fa R, (7.27)

using which, balance of energy (3.3); may be written as
9 = —divg+ g+ »_ E§. eI + ) Fo R (7.28)

Granted the thermodynamically restricted constitutive relations (7.15), this entropy re-
lation is equivalent to balance of energy.
Next, the expression (3.4) for the free energy together with (7.1); 2 yield a subsidiary

relation R
e =&(E°, ¥, p) = (E®, 9, p) + In(E°, 9, p) (7.29)

for the internal energy, and an important consequence of this relation and (7.15)2 is that

O2(E,0.7) _  0n(E*,0.)

59 59 (7.30)
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In addition, differentiating the expression (7.2) with respect to ¢ we find, upon using
(7.15)2, a decomposition

N(E, 9, p) = i (E,9) + 7P (0, p) (7.31) mp 5

of the entropy into elastic and plastic entropies

o e gy — _ OV (EY) _ 9. p)
0 (E,9) = 90 ) 0 (9, p) = EE (7.32) metaep
Next, as is standard, the heat capacity is defined by
e E°, 9
= o(Er,0,5) = ZE0D (7.33) Fpheatiq

I

and assumed to be strictly positive. Using (7.30) through (7.32), the heat capacity is
alternatively given by

0%ye(Ee,9)  9*Yr(d
(w0, ) = —o( LLELD TR0 (7.34) pphetss

Thus, from (7.31), (7.32), and (7.34)

(922/16(]36 ' 9 Z (92’(/1

Vi =—v 8198E€ 8198

a+c(Ee,19,ﬁ)19. (7.35) heatl

The use of (7.35) in (7.28) gives the following partial differential equation
c(E, 9, 5)0 = —divq + ¢ + Z %5, eI + ZF

asze PI.7) o
) Ggame Zﬁ 99 9p

for the temperature. By (7.15); and (7.4), the last equation can be written in the form

c(B°, 9, 0)) = —divg + ¢+ »_ B, ¢ T" + ZFCWR

(8T(E ,9) )

+9 E¢

p‘l , (7.36) Efabal3d

so that with R
OT(E*, )
o0
defining a stress-temperature modulus, and noting from (7.12), (6.4), and (7.8) that

D OmG oD + ) FA RY =) a0+ €5 VAT = ) Fae”,

we may rewrite (7.36) as

M = M(E¢,9) < 9 (7.37) Etabal3d

C(ES, 0, 7)) = —diva + g+ Y 75+ £ V4

OFEW .
59 )p. (7.38) [etabal3d

+MEe -3 (Fa, -0

[e3
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Next, multiplying the microscopic force balance (2.34) by 4 we obtain

o= "m0y — 4div £%), (7.39)

[e3

use of which in (7.38) gives

(B, 0, p)0 + divg —q =Y _79% = (Fgw - 8g§W) "

[e3%

+M:EC+ ) div(57€%).  (7.40)
This form of the energy balance is the main result of this section.

7.3 The Mises—Hill framework

This section is based on an alternative framework for gradient single-crystal plasticity —
due to REDDY (2011) — that generalizes the conventional rate-independent Mises—Hill
theory.?3

We introduce, for each slip-system «,

(i) a yield function
F(Bdisr £,0) = [Bgss| =Y (0,9) (7.41)

with slip resistance Y*(p, 1) consistent with
Y*(p,9) >0 and Y*(po, Vo) > 0, (7.42)

where Y*(pp, ¥g) and Y*(p, ) represent the initial and current values of the plas-
tic flow resistance, while py and ¢ represent the initial values of the dislocation
densities 7 and temperature .24

(i) a normality relation®®

I = Zds for 36, 40, (7.43)
|2dis|

with A% a scalar multiplier, together with complementarity conditions
F (X5 0, 0) <0, AY >0, A FY(EGe 0 ) = 0. (7.44)

By (6.1) and (7.12)2 the normality relation (7.43) may be written in the “component
form”

,-yoc =\ 7-‘-gis
VImg P + 2165
for 3G #O. (7.45)
072€5,
v‘?‘an;ya = A" o 2 fg a (2
VITgsl? + €2[€4,]
In addition, (7.43) implies that
A= 1Y for =G, #0, (7.46)

23Cf., e. g., SIMO AND HucHEs (1998), HAN AND REDDY (2013).
24Initial value here means the value at the onset of plastic flow.
250r equivalently I'™ = A« OF~ /0% -
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and yields the codirectionality relation

| R >
— = = 7.47
|F | |Egis| ( )

Important physical consequences of the normality relation and the complementarity con-
ditions are the plastic-flow conditions

|23is| S Ya(ﬁvﬁ)v
]:-10‘ 7£ 0 = |zgis| =Y“ (ﬁa 19)5 (748)
B4 <Y50) = I =o0.

The first of (7.48), a consequence of (7.44)1, defines the elastic range. The second defines
the yield condition

B8] = Y (5.0).
The third, which we refer to as the no-flow condition, asserts that there be no flow interior
to the elastic range.

Conversely, granted the normality relation, so that (7.46) is satisfied, the plastic-flow
conditions imply that \* = |I‘a| for T° # 0 and that the complementarity conditions
(7.44) are satisfied. Thus, granted the normality relation, we may replace the comple-
mentarity conditions by the reduced complementarity conditions

fa(zgisa ﬁa 19) < 07 ]:-‘afa(zgisa ﬁa 19) =0. (749)
Next, using (7.41), (7.48), and (7.47) we can invert the normality relation (7.43) and
arrive at an equation — called the flow rule — that does not involve the multiplier A%:

r . o
B =Y (7, 19)1"‘—a| for ' # 0. (7.50)

By (6.1) and (7.12) we can express the flow rule (7.50) in terms of the stresses 7§;, and
£3is:

{03

« af = 7
T = Y (0, 9) - -
VIR + Ve o
Pue s forT' # 0. (7.51)
{7 o = aan/ya
Eais = Y (0, 0) :

VP + 2Vl
Note that by (7.50), the mechanical dissipation inequalities (7.18) become

Yp,Nle. >0 for each «, (7.52)

acc
and by (7.42); are satisfied.

Remark The elastic-range inequality (7.48); and the flow rule (7.50) together imply the
remaining plastic-flow conditions (7.48)2,3 and hence may be viewed as representing (a
complete set of) constitutive relations for plastic flow. We associate the flow rule (7.50)
with the reduced complementarity conditions (7.49), which also do not involve A®.

Remark A consequence of the flow rule (7.50) is that the mechanical dissipation (7.18);
is given by a function of the form

«

D1, 5,0) = Y (5, 9)[T7]. (7.53)
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Then the flow relation (7.43) together with (7.44) can be shown to be equivalent to the
inequality

~ .« ~ . v
)

DI, 5,0) > DX, 5,0) + B0 (07 - T7) (7.54) [oeqy

for arbitrary I = (32, 0V2, 7%).

tan
The equivalence may be seen as follows26: first, for I'" = 0 (7.54) with (7.53) reduces
to

Y7 )| 2 S e T°
which holds if and only if
|Egis| S Ya;

that is, the dissipative generalized stress must lie in the elastic range. On the other hand,
ey
for T' # 0 the relation (7.54) becomes

[e3 LNe%

YOI - D7) - B (07 ~17) 2 0,

which can be shown to be equivalent to

G = o (Y2(E°1)

this is precisely (7.50).

8 Plastic free energy

The constitutive relation ¢? = 1/31’ (9, p) for the plastic free energy is capable of accounting
for interactions between slip systems via dependencies on the dislocation densities p® on
different slip systems. However, at this point in time the physical mechanisms and reasons
for such interactions are not clear, and because an accounting for such interactions is
beyond the scope of this study,

e we henceforth neglect slip-system interactions in the plastic free-energy.

Consistent with this we assume that the constitutive relation for the plastic free-energy
has the form

PP = 1[)1’(19,5) = Zdjp(ﬁvpa)v (81) laanocintcel

where — importantly — given any choice of ¥ we use the same function P (49, -) for all
slip systems, leaving it up to the argument p® of ¥P (¥, p*) to indicate the slip-system o
in question. As a consequence the constitutive relation (8.1) does not involve interactions
between slip systems. Similarly, using (7.32) we are led to a corresponding relation for
the plastic entropy; viz.

=i, p) = > iV, p%). (8.2) Bnointetace

26see GURTIN & REDDY (2014), Section 5.2 for a similar argument in the purely mechanical setting.
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9 The internal energy and entropy of cold work

Important to the determination of the internal energy and entropy of cold work is the
heat capacity defined by (7.33), in which the heat capacity is possibly dependent on the
dislocation densities p. As reviewed by BEVER, HOLT & TITCHENER (1973, §1.3.4),
a number of researchers have previously recognized the possibility that the dislocations
produced by cold working may alter the heat capacity of a material by changing the modes
of atomic vibrations of the metal, and to investigate such a possibility these researchers
compared the measured heat capacities of both annealed and heavily cold worked metals,
that is metals with low and high dislocation densities, respectively. The differences in
the measured heat capacities for a given metal with low and high dislocation densities
were seldom found to be more than a fraction of one percent. Accordingly, following
LUBLINER (1972) and RosAKis, ROSAKIS, RAVICHANDRAN AND HODOWANY (2000),
to generate our candidates for the internal energy and entropy of cold work, we assume
here that

e the heat capacity is independent of the dislocation densities p’; viz.
c = c(E®,9). (9.1)
Granted this, (7.34) and (8.1) imply that
[ 0%YP (0, p™ 0% [ OYP(V, p™
0 (9%r(0,p%) - Y 99, p%) -0 (9.2)
op® 09?2 092 ape
for each slip system «. Thus we choose a slip-system «, write
0=p"
and find as a consequence of (9.2) that 9YP (1, 0)/dp is linear in 9,

P9, 0
Q0L _ o) + ibto). (9.3)
0

Assuming that ¢?(¢J,0) = 0, and noting that
free energy = internal energy - (temperature)entropy

represents the generic structure of a free energy, we find, upon integrating (9.3) from
o = 0 to an arbitrary value o = p®, a relation of the form

YP(9, p%) = Ecw(p”) — INew(p”) (9.4)

with Eow(0) = New(0) = 0. The constitutive relation (8.1) for the plastic free-energy
therefore takes the form

1[)1’(19, ﬁ) = égw(ﬁ) - ﬁﬁgw(ﬁ)v

9.5
égw(ﬁ) - ZECW(pa)a ﬁgw(ﬁ) = ZNCW(pQ)v ( )

or, equivalently,

9,5 = 30 (0, 0°). (9.6)

We refer to
ng = égw(ﬁ) and W@w = ﬁgw(ﬁ) (97)
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as the internal energy and entropy of cold work. A consequence of (9.5)z 3 is that this
energy and entropy do not involve interactions between slip systems.

Next, by (9.5);

flow(P) = _81/12(%/7), (9.8)

as might be expected. Moreover, (7.15)q, (7.2), and (9.8) imply that

oe(Be,9)
n=-2000 ()
and hence defining
R 0y (E°, )
¢ — [ Y) = — L~ 7) )
n® =n°(E,9) 50 (9.9)
we see that 7 is the sum
n=0"(E,9) + ity (p) (9.10)
of elastic and plastic entropies. Finally, (7.34) and (9.10) imply that
ne(Ee, 9
c(E°, ) :0%. (9.11)
We let 9e.(7) B ()
(0% € o
feup) = =5t and - ge(p) = =50 (9.12)

denote thermodynamic forces associated with the internal energy and entropy of cold
work and note that, by (9.5)2,3,

def

fgw(p_j = Eé:w(pa) = fcw(pa)
def

Jow(P) = N(/:w(pa) = gew(p®),

where a prime is used to denote the derivative of a function of a single scalar variable. We
refer to fow(p®) and gew(p®) as the internal-energetic and entropic forces for slip-system
Q.

(9.13)

We assume that
fow(p®) >0 and gow(p®) > 0. (9.14)

Then (6.2), (9.7), (9.12), and (9.13) imply that

Ebw = Z few(p™)p®

° (9.15)
ﬁgw = Z Jew (pa)pa'

Remark The requirement that the entropic force satisfy

ay _ Iew(P)
= "> 0
Jew(p™) ape

seems consistent with the expectation that an increase in the value of the dislocation
density p® results in a concomitant increase in the degree of disorder in the system.

21

[thermenforces?

simpfstherm



Next, by (9.5); and (9.13) the thermodynamic forces (7.4) associated with the plastic
free-energy are given by

def

Fow(0,0) = fow(p®) = O9ew (%) = Fow (¥, p%), (9.16)
and hence the energetic stresses (7.8) take the form
B = FE(0:97) 470, ) (9.17)
Further, on account of the assumption (7.5)
Fow (9, p%) > 0; (9.18)

hence (9.16) implies that
fow(p™) > Igow(p)-

Then, by (7.4), (9.6), and (9.16),

e the plastic free-energy YP(V, p®) is a strictly increasing function of the dislocation
density p~.

Next, (9.16), (9.17) and (9.18) imply that the stress power associated with the stress

33, has the form

Sne T = fow(p) A% (9, p) o = Dgow(p®) A% (9, ) T > 0. (9.19)

internal-energetic entropic
power power

Thus, interestingly, provided A%(d, p) > 0, the stresses 3¢, mimic dissipative behavior,
even though they derive from an energy.?”

Remark As noted by BEVER, HOLT & TITCHENER (1973), the entropy of dislocations
has been estimated by COTTRELL (1953) to be quite small, and that, at ordinary and
low temperatures, the temperature-entropy product

Y Z New(p®)

may be neglected relative to the energetic contribution ) Ecw(p®) to the plastic energy
P, 7).

10 Balance of energy revisited

Next, we revisit the energy balance (7.40). Using (9.16) and (9.15);

(P~ 250 g =3 o)™ = 2, (10.1)

[e3

Use of (10.1) and (9.1) in the energy balance expression (7.40) gives

cd+divg—g=) 79—l + M:E + ) div(§°€%). (10.2)

27Cf. GURTIN & REDDY (2009, p. 242), GURTIN & OnNO (2011, p. 333).
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If we integrate (10.2) over the body B we are led to the global energy balance

/cﬁdv—Z/To‘w dv— /Efw dv+ [ M: Eedv—i—Z/ 4%€%nda /q nda—i—/qdv
B B

oB
(10 3)
Note that if .
M:E°=~0 (10.4)

— a standard assumption equivalent to neglecting thermal expansion — and if the body
is insulated and microscopically noninteractive in the sense that

q-n=0 and 4%€“ - n=0 forall «on 0B, (10.5)

and ¢ = 0 on B, then (10.3), when rearranged, represents a partition

Z/ @ dv = /aédv+/s'gw dv (10.6)

B

of the plastic stress-power into terms involving temporal changes in temperature and
energy storage due to cold work.

11 The fraction [ of plastic stress-power that goes
into heating
Ever since the classical experimental work of G. I. Taylor and co-workers (cf., e.g., FAR-

REN & TAYLOR, 1925; TAYLOR & QUINNEY, 1934,1937), an important notion in ther-
modynamic considerations of plastic deformation is the fraction

heating
/3 =

- (11.1)
plastic stress-power

of the plastic stress-power that goes into heating. “Heating” is best described by the term
cf because it involves the temperature an experimenter would measure at a point within
the body. Accordingly, in the context of the present gradient single crystal plasticity
theory, the fraction of the plastic stress-power that goes into heating is given by

el
T (11.2)
cd
R )

where we have used (2.41). Use of the energy balance (10.2) in the definition (11.3) gives

g <t . (11.4)
20T e+ by = 30, div(59€”) +divg — g — M Ee

In traditional considerations (cf., e.g. ROSAKIS, ROSAKIS, RAVICHANDRAN AND
Hobowany, 2000) of the fraction of stress power that goes into heating, gradient ef-
fects are neglected (> div (¥*£”) = 0), the body is presumed to be thermally insulated
(¢ = 0), heat conduction is neglected (q = 0), as is the small thermo-elastic coupling
term (M : E¢ = 0). Under these approximations,

cd

% ﬁ7 (11.5)
c + Eaw
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from which it is clear that in general § is a history-dependent quantity and is not expected
to be a constant.?® The parameter 3 deviates from unity, and as to how much it deviates
depends on the rate of change of the stored energy of cold work £%,,.

The fraction (11.3) is local; a fraction S that includes higher-order contributions
begins with the definitions

heating = /cf’dv—l—/ q~nda—/qdv
B OB B

plastic stress-power = Z (/ T dv +/ AUE™ nda)
B OB

(03

and results in the global fraction

B chﬁdv—l—fan-nda—qudv
S (o 73 dot fy 7€ )

The term ZafBB 4%€%- nda represents energy flow out of B across 9B associated with
the flow of glide-dislocations, so that the denominater of (11.6) represents the net plastic
stress-power associated with this flow. If the body is insulated and microscopically
noninteractive in the sense of (10.5), then

s

(11.6)

Js e dv
g =BT 11.7
2o gV dv e
or equivalently, by (10.6) granted M = 0,
By = fB e dv (11.8)
B_fmédv—l—fégwdv’ .
B B

which shows that fp deviates from unity because of the term
/ el dv,
B

which represents the rate of change of stored energy in B.?°

12 Temperature changes during to thermal annealing
in the absence of mechanical deformation

In the absence of mechanical deformation — that is, assuming that u = 0 and v* =
— the energy balance equation (10.2) reduces to

¢+ divq — g = —£2,. (12.1)

Recall (9.15), viz.
g = chw(pa)pa with  fow(p®) >0, (12.2)

28 As noted by ROSAKIS, ROSAKIS, RAVICHANDRAN AND HODOWANY (2000) and shown by HODOWANY,
RAVICHANDRAN, ROSAKIS AND RoOsAkIs (2000): “forcing 3 to be a constant is an assumption of an
approximate nature that is not supported by experimental evidence.”

29Dividing the numerator and denominator of (11.6), (11.7) and (11.8) by the volume of B leads us
to expressions for S in terms of averages.
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and from (2.22) that in the absence of mechanical deformation
p% =—R*(,p) with R*(9,p)>0.

Using (12.2) and (12.3) in (12.1) gives

619 +divq —q = chw(pa)Ra(ﬁvﬂa

and integrating this relation over the body B gives

/Bcﬁdv+/an nda—/qdv—Z/fcw

(12.3)

(12.4)

9, 7) dv. (12.5)

Equation (12.5) provides guidance for interpreting results from calorometric experiments
typically used for measuring the stored energy of cold-work by comparing the thermal
behavior of a cold-worked specimen against that of a standard specimen; cf. §2.2 of

BEVER, HOLT AND TITCHENER (1973).

13 Summary of governing equations

We present here for convenience a summary of the governing equations for the problem:

macroscopic equilibrium:

divT +b =0; (13.1)
microscopic force balance:
T4 =71 — div €% (13.2)
energy balance:
9 : asa « 8F‘COCW el : e
cz9+d1vq—q:ZT”y —Z(ch—ﬁ 59 )p +Zd1v(’y£). (13.3)

In stating the last equation we have made use of (9.1) and have invoked the assumption

(10.4).

For a complete formulation these three equations must be supplemented by

(i) expressions for the heat capacity ¢(E®,¢), thermodynamic force Fg, (1, p), as well

as the evolution equations for the dislocation densities p®; an

d

(ii) constitutive relations for the stress T, the heat flux q, and the generalized stress

¥ = (72, 071e?).
From (7.2) and (9.4) the free energy 1 is given by

W(E, 9, p) = (B, +ZECW — O New(p

@) (13.4)

&P (9,9)

with Few(0) = New(0) = 0. Thus from (7. 34) (9.1), and (7.4) respectively, the heat
capacity ¢(E°, ) and thermodynamic force F% (1, p®) are found from

19821/16(]367 19)

c(E09) = — 502
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and

P

FEu0. ) = F& (0,07 = 515 (13.6)
The evolution equation for p® is
p = A0, p) T — R*(9, ). (13.7)

The equations for the stress, resolved shear stress and heat flux are given by

9y (K, 9)

T =T(u,7,9) = 13.8
(u7 77 ) 8E8 Y ( )
7 =7%(w,7,9) = s* T(u,7,9)m", (13.9)
q=q(9, V). (13.10)
The equation for the generalized stress is
B = (n%,07€%) = B3 + B,
r . o
= (Fgw(ﬁaﬁ)Aa(ﬁvm+Ya(ﬁa 19)) 1'_\7 for T 3&07 (1311)

acc

where I'" = (42, 4V% 4*) and T'%,_ = V(52 + 2]V, 522 Plastic flow is determined
by the complementarity conditions

Fr<o0, |I%>0, FI%=0 (13.12)
with the yield function F¢ given by
]:O‘(Eg‘is,p_', 0) = |Egis| = Y*(p,9). (13'13)

Alternatively, the generalized stresses are given by

o7 [e3 LNe?

DX, 5,0) > DX, 5,0) + B0 (0" =17, (13.14a)
$(T7) > ¢(I7) + 25, o (0" —T7), (13.14b)

with ¢ and D defined by (7.22) and (7.53) respectively.

The equations or inequalities in this section are required to hold in the domain B
for all times ¢ > 0, and to be solved for the displacement u, temperature ¥, and slips
v* (e =1,...,N). For the problem to be properly posed the governing equations must
be supplemented by a set of boundary and initial conditions; cf. §4.

14 Variational formulation of the problem

GURTIN & REDDY (2014) have derived a weak or variational formulation of the purely
mechanical problem. The flow relations take the form of a global variational inequality,
which incorporates the macroscopic balance equation, and which is supplemented by a
weak formulation of the microscopic balance equation. In this section that variational
theory is extended to the problem considered in this work.
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Step 1: The flow relation, microscopic force balance, and energetic mi-
crostress. For convenience in what follows we write

D) = D*(X° 7,9).

Virtual fields @ and T consistent with (4.1); and (4.8); are referred to as kinematically
admissible.

The flow relation is given by the inequality (13.14a), which is local. It has an impor-
tant global counterpart which follows upon integrating (13.14a) over B:

[ (Do) = ") - 20 07

B

- 1'““)) dv > 0. (14.1)

We view (14.1) as an inequality to be satisfied for all kinematically admissible virtual
fields T on B.

Next, we turn to the microscopic balance equation (13.2): multiplying both sides of
this equation once by 4 and another time by 4, integrating over B, and then integrating
by parts the term involving div £, and finally subtracting the two equations we obtain

[reae s renvae - i o= [rGe- i (14.2)
B B

Here the boundary conditions (4.8) have been invoked. From the definitions (6.3) and

(6.1) of X and f‘a, with similar definitions for the virtual counterparts, and by expressing
the stress X in terms of its nonrecoverable energetic and dissipative components using
(7.12), equation (14.2) becomes

/(zgis L3 e (B %) do — /Ta(aa— 5 dy = 0. (14.3)

B B

By adding (14.3) and (14.1) we eliminate 3§, from (14.1) to arrive at the inequality

/Da dv—/D"‘ dv—i—/EﬁRo (T°-1%) dv —/Ta(aa —4%) dv > 0. (14.4)
B

B

Next, integration of (13.14b) over the domain B gives the global inequality

/¢ dv—/qﬁ dv—/ w0 (T =T%) dv > 0. (14.5)

By adding (14.5) and (14.4) and using the identity (2.38) we obtain the inequality

J@E) 0@ do— [0 + o dv—/T (3 4) dv 2 0.
’ ’ (14.6)

When summed over all slip systems this inequality takes the form

> 0@+ o) o= Y [0 + 62" do

—Z/T S m(3* =) dv > 0. (14.7)
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Step 2: Macroscopic force balance.  Consider the macroscopic virtual-power rela-
tion (2.36) with P replaced by B and a replaced by t — u, and with @ and 1 consistent
with the boundary conditions (4.1); the result — which we require to hold for all kine-
matically admissible virtual velocity fields . on B — is

/T:(E(ﬁ)—E(ﬁ))dv— /t*-(ﬁ—ﬁ)da—/b-(ﬁ—ﬁ)dv:(). (14.8)

B 8Btrac B

Step 3: Combined flow relations and force balances. We now add (14.8) to
(14.7); the result is

> JE) + o) do - > / (D2 () 4+ 6(F")) do
+/T: <E ngym )) dv

_ /t*.(ﬁ_u)da—/b-(ﬁ—ﬁ)dvzo. (14.9) basievT
8Btrac B

The global variational formulation (14.9) is to be understood as an inequality in the
variables u, ¥ and p; thus the expression (13.8) is used for the stress T in this inequality.
Summarizing, we have shown thus far that

(i) the constitutive relations for plastic flow,3°
(if) the macroscopic and microscopic virtual-power relations (2.36) and (13.2),

(iii) and the boundary conditions (4.1),
together imply the global variational inequality (14.9).

We supplement the global variational inequality (14.9) with the global microscopic
virtual-power relation (14.3), viz.

/Eo‘o (f‘a— I‘a) dv = /T"‘(ﬁo‘— A% dv for all . (14.10) microil
B B

Step 4: Energy balance. It remains to formulate the global form of the energy
equation (13.3). First, we define thermally admissible temperatures Y to be those that
satisfy the homogeneous boundary condition J=0on OBtemp>!

This is achieved by multiplying this equation by v, integrating over the body B, and
integrating by parts the two terms involving divergences. Invoking also the assumption
(10.4), these steps lead to the equation

/cz%‘dv—i—/ Iq - nda—/ q- Vﬁdv—/qﬁdv— /1970‘7"6[1}

_Z/ ) aﬁd“JFZ/ 'n)ﬁda—Z/ 4o€% . Vi dv.

(14.11) HeakenD
301.¢., the elastic-range inequality (7.48)1 and the flow rule (7.50) — or equivalently the inequality
(7.54).
31CE. (4.2).
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Next, we use the boundary conditions (4.2) and (4.8)2 so that the integrals on 0Biemp
disappear. This gives the final variational form of the energy equation:

/cz%‘dv—i— / 19qnda—/ q- Vﬁdv—/qﬁdv— /197
B B

OBf1ux
= )paédv—Z/ 49€ . Vi dy.  (14.12)
“ B

—Z/

Here it is understood that the functions ¢, Few, q and 7% are obtained as functions of u,
9, p® and/or v as appropriate via (13.5), (13.6), (13.10), (13.8) and (2.29). Furthermore,
we note in respect of the last term on the right-hand side that the term 4*£¢< is non-
zero only when flow occurs, so that £ is given by the second component of (13.11), or
equivalently by

£ = (Fa,(0,)A°(0,7) + Y*(7.0)) i (14.13)

acc

acc

in which T'%,, = /(3%)2 + 2]V, 72
The variational problem takes the following form.

PROBLEM VAR. Given the initial conditions (4.10) and (4.11), body force and surface
traction b and t* on B and 0Byac respectively, the heat flux ¢ on 0Baux and heat
source ¢ on B, find the displacement u, the slips 7%, the dislocation densities p®, the
generalised microstress X%, and the temperature 9 that satisfy the global variational
inequality (14.9), the microscopic virtual-power relation (14.10), the energy equation
(14.12), the evolution equation (13.7), and the boundary conditions (4.1); and (4.2); for
all admissible displacements u, slips ¥ and temperatures v

Remark Given that the dissipative microstress 3§, is indeterminate in the elastic region,
it would appear that is not possible to use (13.12); to establish when flow takes place.
This observation has been made earlier by FLECK AND WILLIS (2009). The key to
understanding this situation is to note that the flow relation makes sense only when
considered as a global expression, for example in the form (14.9). REDDY (2011) has
shown, for example, that when time-discretization is introduced, this inequality, in which
the dissipative microstresses are absent, may be formulated as a well-posed minimization
problem in u and . Thus, while it is not possible to determine the elastic range pointwise,
the elastic-plastic zones at any given time may be established a posteriori, once the
solution has been obtained.

15 Specialization of the constitutive equations

The theory presented thus far is quite general. With a view toward applications, in this
section we discuss a constitutive theory based on the following simplifying assumptions:

(i) The temperature ¥ is close to a fixed reference temperature 9.
(ii) Recalling the additive free-energy (7.2), viz. ¥ = ¢¢(E¢,9) + ¢ (¥, §), we consider

(a) The elastic energy ¥° to be given by

- 1
J¢(B°, ) = SE: CE* — (¥ — do)A: CE* + T(19 90)2, (15.1)
0
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where C is a symmetric, positive-definite linear transformation of symmetric
tensors into symmetric tensors that represents the elasticity tensor at the
reference temperature 9y, while A is the symmetric thermal expansion tensor
at ¥y, and ¢ > 0 is a constant specific heat.

By (7.15)1 the stress is then given by
T = C(E — (9 — 9p)A). (15.2)

(b) The defect energy 9P to be given by

W0, p) = ZECW(pO‘) - ﬁZNCW(pO‘), (15.3)

a free-energy which gives a heat capacity independent of p.

As discussed in Section 1.4 of BEVER, HOLT AND TITCHENER (1973), the
internal energy per unit length of a dislocation line may be estimated, using
a line-tension model, as aub?, where a is a constant approximately equal to
0.5, 41 is the suitable shear modulus at 9¢,%? and b is the magnitude of the
Burgers vector. Hence for a dislocation density p® (dislocation line length per
unit volume), a simple estimate for Fqy (p®) is

Ecw(p®) = apb®p®. (15.4)

Also, as discussed in BEVER, HOLT AND TITCHENER (1973), the entropy
of dislocations has been estimated by COTTRELL (1953) to be quite small,
and that, at ordinary and low temperatures, the temperature-entropy prod-
uct ¥)  New(p®) may be neglected relative to the energetic contribution
Yo Eow(p®) to the defect energy UP(9, 7). Accordingly, we take the defect
energy to be given by the special form

W0, 7) = apb® Y . (15.5) Fpecialy

Thus, by (15.1), (15.5) and (7.15)a, the entropy is given by

n= ﬁi(ﬁ—ﬁo) +E:CA. (15.6)
0
Further, using (15.5),
AP (9, N
FS(9,p) = % = few(p®) = a/"b2 > 0. (15.7) [specialf|

Hence, using (7.8), the generalized energetic stress X<, = (7%, 0 1€S,) is

given by .
r .
B = (@ub)A%(9,0) 7=, for I" #0, (15.8)
where T = (42, 0V2, 4*), and
e € VP + 2Vl (15.9) [pecialg

32For cubic crystals, = \/044 x (C11 — C12)/2, where the three non-zero C;; are the elastic constants
cubicshear Ir standard Voigt-notation.
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(iii)

(iv)

The generalized energetic stress (15.8) has the component form

T = (aub*) A°(9, ) =,

E:;; . for T # 0. (15.10)
(0% « aan/ya

€NR, = (a’:ubz)A (195 ﬁ) I"tfa

acc

Hence, using (15.8) and equation (7.51) for 3G, = (75, ¢ '€5;s), the gener-

alized stress £ = X + X5, = (7, £71£%) has the component form

« o af= ,'}/a
™ = ((aub2)A (197/7) +Y (p,’l?)) PT
(T

T

acc

3

for " #£0.  (15.11)
£ = ((apb®)A%(9, ) + Y *(p, V)

3

A commonly used functional form for Y'*(p, 9) is

Y(5,9) = Yo(¥) +aub > pP, (15.12)
B

where the first term on the right represents a lattice friction stress, and the second
term, which depends on the square root of the total dislocation density, represents
a resistance offered by “forest dislocations.”

Recall from (2.22) that dislocation densities p* are presumed to evolve according
to
= AW, ) T — RO(0,7) with  p®,_g = pf. (15.13)

The evolution equation (15.13), in the “hardening-recovery” format, is based on
ideas which have long been prevalent in the materials science literature on the
creep of metals (cf., e.g., BAILEY (1926), OROWAN (1946)). To fix ideas:

(a) A simple form for the dislocation accumulation modulus A“(?, §) may be taken
as (e p
A9, 5) = Ao(9) <1 - ”T> , (15.14)
Psat
where Ap(?¥) > 0 is a temperature-dependent constant, and pSy, > p§ and p >
0 are additional constants. This is a non-interacting form for the accumulation-
rate, in the sense it does not depend on the variables p® # p®. Under cir-
cumstances in which R*(¢, p) = 0, the material parameter pS,, represents a
saturation value of p“; that is, as p® approaches p%,;, the dislocation accumu-
lation modulus A%(?J, p)) approaches zero and there is no further accumulation
of p® due to plastic flow.

(b) A simple non-interacting form for the recovery rate may be taken as

R0 = Rooxp (~1 25 ) (= g, (1515)

Here Ry, Q., ¢, are constants, with @, representing an activation energy
for static recovery, and kp is Boltzmann’s constant. The quantity p2,, (9)
represents a minimum defect density at a given temperature. Also, (x) denotes
the ramp function with a value 0 if x < 0, and a value x if > 0.
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Fig. 1 shows a plot of the evolution of p®, for a slip sytem «, based on the evolution
equation (2.22) with the special forms for A% and R® listed in (15.14) and (15.15).
Fig. 1la corresponds to accumulation of dislocations at a plastic shear strain rate
of 1073s~! for 50 seconds — that is for a total plastic shear strain of 5% — at
a temperature of 293K (20°C), while Fig. 1b corresponds to the decrease in the
dislocation density due to a subsequent thermal annealing step in which the plastic
strain-rate is set to zero and the temperature is increased to 423K (150°C), for an
additional time of 4950 seconds. In producing this figure we have used the following
illustrative values for the material parameters:33

Ag=3x10"%m=2 p2, =10"m™2 p=1, with Py = 102 m—2,
and
Ry=10"s"', Q,=175x10""], ¢=2, with p% =0m 2
together with the Boltzmann’s constant kg = 1.38 x 10723 J /K.
Finally, as a constitutive equation for the heat flux we take Fourier’s law
q=—-KV9¥, (15.16)

with K, the thermal conductivity tensor at ¥y, positive definite and symmetric.

14 14
10X 10 ‘ ‘ ‘ 10X 10

8 8

6 6
3 3
Q Q

4 4

2 2

0 0

0 10 20 30 40 50 0 1000 2000 3000 4000 5000
t t

(a) (b)

Figure 1: (a) Increase in dislocation density at a plastic shear strain rate of 107357 for 50
seconds, at a temperature of 293 K. (b) Decrease in dislocation density due to a subsequent
thermal annealing step in which the plastic strain-rate is set to zero and the temperature is
increased to 423 K, for an additional time of 4950 seconds.
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Concluding remarks

We have formulated a thermo-mechanically coupled gradient theory of rate-independent
single-crystal plasticity at low homologous temperatures, ¥ < 0.359,,. Central to our

33For simplicity, the prameters Ag and P, are taken to be temperature-independent.
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continuum-mechanical theory is a defect energy
7/;;0(197 /7) = Z E(‘,W(Pa) - Z Ncw(pa),

which represents an internal energy Y, Eow(p®) and an entropy > New(p®) associated
with the accumulation of statistically-stored as well as geometrically-necessary disloca-
tions — as represented by the dislocation densities p®, which are presumed to evolve
according to

P =A%, 5) T — R*(9,p) with  p®|,_, = p§.

Our theory allows us to meaningfully discuss (cf. Section 11) the fraction of plastic
stress-power that goes into heating, as well as the reduction of the dislocation density in
a cold-worked material upon subsequent (or concurrent) thermal annealing.

The flow rule for the gradient theory is rate-independent, and takes the form of a
yield function involving the dissipative generalized stress XJ;,, and an associated nor-
mality relation of Mises-Hill type for the generalized slip-rate I'“. The flow relation
may be expressed in equivalent form as an inequality involving the mechanical dissipa-
tion D(I'”, 7). This inequality is central to the weak or variational formulation of the
initial-boundary value problem: the resulting variational inequality incorporates the flow
relation, the relation for the energetic generalized microstress 35, , and macroscopic equi-
librium, and is supplemented by variational equations for microscopic forces and balance
of energy.

The dissipative generalized microstress 3g;; is indeterminate in the elastic region,
so that the yield function may not be used pointwise to determine when flow takes
place. The relation does however make sense within the variational setting in that the
variational problem can be shown to be solvable?*, the solution providing a posteriori
the elastic and plastic zones at each time-step.

We close by emphasizing that the purpose of this paper has been only to report on the
formulation of our theory. We leave a report concerning its numerical implementation to
future work. This is likely to follow an approach developed by REDDY, WIENERS AND
WOHLMUTH (2012) for a study in which the dissipative microstresses are absent and
isothermal conditions are considered.
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