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ABSTRACT

A new method is applied to determine the complete thermo-

dynamic properties of potassium chromium alum in the entropy

range S/R = 0.8 to 1.1. Most previous work has been devoted

to finding S(T*) and T(T*), where the "magnetic temperature" T*

is used as an index for the entropy. These two functions are

determined in the present experiment by new methods. The func.

tion T(T*) is determined by comparing adiabatic magnetization

curves of the sample with those of an ideal paramagnetic gas

at the same entropy. The function S(T*) is determined by eom-

paring the asymptotic values of these curves at high fields

with those of the ideal paramagnetic gas. The temperature meas-

urements give good agreement with those of previous investiga-

tors, but the agreement of the entropy measurements is less sat-

isfactory. The difference is attributed to our need to extrapo-

late our data to large magnetic fields, to the need of previous

investigators to have a theoretical knowledge of the low-lying

energy levels, or to an actual difference among samples.
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I INTRODUCTION

In earliest times physics dealt phenomenologically with

the bulk properties of matter. With the advent of particle

physics and the quantum theory, workers have been concerned

primarily with systems of atomic dimensions. Increased un-

derstanding of the interactions of atoms leads us back to the

investigation of the bulk properties of matter, now from a

more fundamental viewpoint. These properties may be classi-

fied as those characteristic of an equilibrium state and those

characteristic of transport processes involving non-equilib-

rium situations. Logically, the former should be investi-

gated first as they are the most tractable theoretically.

Such investigation invokes the descriptive techniques of ther-

modynamics and the interpretive principles of statistical me-

chanics.

This thesis is concerned with a new technique for the

experimental study of the equilibrium properties of paramag-

netic salts in the temperature range attained by adiabatic

demagnetization - that is, below 10 K. This technique is in-

tended to replace or supplement the classical experimental

technique of calorimetry, which heretofore has stood alone as

the generally applicable source of information of the elemen-

tary excitations of bulk matter in equilibrium.

The problem of interpretation of calorimetric data in

terms of the excitations of matter has always taken for

(1)
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granted the use of the temperature as the thermal independent

variable. The fact that two bodies in contact have the same

temperature is the basis for this choice, In addition, the

ideal gas thermometer gives a reliable measurement of tempera-

ture. For use in the temperature region below 10K, however,

no reliable absolute thermometer exists; moreover, thermal

equilibrium between two bodies is difficult to attain experi-

mentally. The nature of the cooling method, however, sug-

gests the entropy as a replacement for the temperature as the

thermal independent variable. A measurement of T(S) rather

than S(T) should not suggest a classification of this study as

"thermometry." Thus, a reorientation of the problem of inter-

pretation of the data is necessary since statistical meehanics

continues to have its simplest expression in terms of the tem-

perature, even below 10 K, The reasons for these statements

are detailed in the remainder of this introduction.

The magnetic cooling method designated by the phrase 'adi-

abatie demagnetization" consists of two processes, the latter

of which gives rise to the title. A paramagnetic working sub-

stance is chosen whose atomic dipoles are nearly free near lK,

the lowest temperature readily attainable with a liquified gas.

Since the entropy of the lattice is quite small at this temper-

ature, most of the entropy arises from the free atomic dipoles.

This entropy may be decreased by aligning the dipoles with a

magnetic field applied isothermally. This field is then re-
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moved isentropically. The temperature must fall to such a

value that the entropy of the salt without the ordering influ-

ence of the field is still as low as that of the aligned salt

at the initial field and temperature. Sufficiently low tem-

peratures must be attained to allow magnetic interactions to

provide the required order. The energy is removed through

the agency of magnetic work done by the thermal excitations in

disaligning the dipoles when the field decreases. The demag-

netization is reversible and isentropic provided the field is

reduced slowly enough for this energy exchange to take place

in a substantially constant field. Finally, for the present

purpose, when we use the term adiabatic demagnetization we

shall always impose the following restrictions: 1) The ini.

tial temperature is near 10K, 2) the final magnetic field is

zero, and 3) the working substance is one whose magnetic mo-

ment is-nearly free at 10K.

We now contrast the theoretical and experimental approaches

to finding the properties of the equilibrium state achieved af-

ter adiabatic demagnetization. In the theoretical treatment of

a thermodynamic system, the temperature enters as the natural

thermal variable in the following way. One chooses a model

for the system under consideration and computes the energy lev-

els as a function of externally imposed parameters. The par-

tition function, Z, which explicitly involves the temperature,

is then computed and from Z the thermodynamic properties of the

system may be determined. In the most elementary ease the pa-
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rameter which determines the energy levels is the volume, V,

and the properties derived from the partition function may be

expressed by the pressure and the entropy, P(VT) and S(V,T).

If, instead, a paramagnetic material is considered, volume

changes are usually negligible, and the energy levels are de-

termined by the imposed magnetic induction, Be-. The parti-

tion function then yields the total magnetization, " , and

the entropy, We then have Yn (Be, T) and S(Be, T) from the

theoretical model. One desires to check the theoretical mod-

el by experimentally determining these properties.

In the region of temperature reached by adiabatic demag-

netization, the natural experimental variables are the mag.

netic field and the entropy, the latter of which is now the

thermal variable* In order to check the theories the experi-

menter may determine m (Be, S) and TI(Be, 8), and thence

TM (Be, T) and S(Be, T). The experimental measurement of

the temperature is thus not mere thermometry, but a requisite

for the comparison of experiment with theory.

The function M (Be, S) may be determined by simple mag-

netio measurements. The experimental determination of T(Be, S)

is more difficult and we eonsider first the determination of

(S) = T(O, S), from which we can find T(Be, 8) using (2)

below.

Heretofore, the most reliable determination of tempera-

ture, in the region reached by adiabatic demagnetization, has
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been to make use of the definition, T a . Internal

energy changes are induced by heating the sample. Deter--

mining the rate of heating is, however, a difficult experi-

mental task. Entropy changes are determined by computation

of the isothermal entropy reduction arising from the applica-

tion of the magnetic field before demagnetization. We call

this computation of entropy change the isothermal method. In

Chapter III we discuss in detail the method of temperature -de-

termination T = . , together with other methods which have

been previously applied, and a new method which we now out.

line.

To determine T(S), we compare isentropic magnetization

curves of an actual paramagnetic salt with those of an ideal

paramagnetie gas. If 9N is the magnetization of an ideal

paramagnetic gas and " is the magnetization of the actual

salt at the same entropy we find in Section III that the final

temperature reached in an adiabatic demagnetization is

To evaluate Ts(S) from (1), measurements of Th(B ) alomg

several isentropes are required, It is possible to identify

an isentrope without actually knowing the value of the entropy.

However, at large fields, asymptotically IM approaches T,

and the entropy may be computed using formulas for the ideal

paramagnetic gas. We call this determination the agyaptotio

method.



The data mentioned in the last paragraph then give us

the following:

1. )7 (Be, S)

2. A new method of measuring entropy

3. Tf(S) = T(0, S)

4, T(Be, S)- = T(0, S) ( 4(2)

We could in theory use (2) to determine the final temperature

in an adiabatic demagnetization but the demands on experimental

accuracy would be much greater than when (1) is used.

The present experiment was undertaken primarily to test

the applicability of (1) for the determination of temperature

and of the asymptotic method for the entropy as a preliminary

to comparing the behavior of actual salts with that of theo-

retical models. Therefore, a salt, potassium chromium alum,

with known properties was chosen for the experimental sub-

stance. Equation (1) was found to give good results for the

temperature, but the asymptotic method did not agree with the

isothermal method as applied by other workers. The latter

discrepancy is attributed to our need to extrapolate tn(Be)

at large fields, or to a failing of the isothermal method,

which requires a knowledge of the low-lying energy levels of

the salt. These levels are not well understood.

In Section II, after presenting preliminary material, the

isothermal method of entropy determination is discussed. We

are then in a position to present in Section III a discussion



of various methods of temperature determination. The re-.

mainder of the thesis is a presentation and evaluation of the

present experiment,

5b
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II THE ENTROPY OF DILUTE PARAMAGNETIC SALTS

In order to compute thermodynamic properties from the

partition function it is necessary to know what external pa-

rameter determines the energy levels of the system under con-

sideration. This information can be obtained by examining

the expression for the differential of the internal energy.

The independent variables in this expression will be the en-

tropy and, in addition, those variables which determine the

energy levels of the system. We proceed to establish the

fact that the energy levels of a paramagnetic salt are deter-

mined by the external magnetic induction, Be, as a preliminary

to a discussion of the computation of the entropy.

We confine our attention to substances which contain para-

magnetic ions and which are magnetically so dilute that no co-

operative phenomena occur above 10K. In the limited region

of temperature which we wish to consider the volume changes of

paramagnetic salts are negligible. In particular, our work

is carried out under very low pressure. Mechanical work is

therefore completely negligible. We consider then the change

in magnetic field energy associated with the insertion of a

sample in the field. If we exclude remanent and irreversible

magnetization, the energy contained in the field is
B

E dV H.dB, where the integral is extended over all

space. The quantity B is the actual induction. Rational-

ized MKS units are used. We restrict ourselves to the case

where the induction, Be, before the insertion of the sample,



is uniform and in a medium of permeability L0,, and where the

magnetization in the sample is uniform after -its insertion in
2

the field. In this case, Guggenheim computes the change in

field energy, & E, which occurs upon insertion of the sample

as AE = -V SM*dBe, where M is the magnetization of the sys-

tem, and V its volume. We then have for the differential of

the internal energy of the sample

d U = Td$ - VMd Be = Td $- ?nmd B

where h= MV is the total magnetization,

If Z = Ze is the partition function of the sys-

tem, with the El being the system energy levels, then the en-

tropy is given by

9N (T 1%

We consider the various terms which contribute to the

energy levels which appear in the partition function and eval-

uate their contribution to the entropy in the region of 10K

for our paramagnetic salt. At these temperatures the entropy

derived from vibrations is given by the Debye theory as

R J where R is the gas constant and @
is the, Debye temperature. 9 is of the order of 100 K or

greater for salts so that O/ - 1014 at 10 K. We shall see

that this amount is generally negligible. A second contribu-

tion to the entropy, which is constant near 10K, is that aris-

7



8

ing from the orientation of the nucleus with respect to the

moment of the electrons. This comes into play, of course,

only if the nucleus has a magnetic moment. However, the en-

ergy of the interaction, per ion, amounts to only about

k.10-, so that the nuclear states are equally populated a-

bove 10K. This hyperfine structure, however, clearly may

come into play at the temperatures reached by adiabatic de-

magnetization.

If we omit the constant contribution of nuclear entropy,

then the major contribution to the entropy in the neighborhood

of 10 K is that of the electrons of the paramagnetie ions. This

contribution is determined by the interaction of the electrons

of the ions with the lattice, among themselves, with an ex-

ternal field, and with the electrons of the other paramagnetic

ions. All these interactions except the last are the same

for every ion, and with sufficient patience the energy levels

due to them may be solved in terms of constants which usually

are determined experimentally. We turn to a discussion of

these contributions in the case of potassium chromium alum.

The energy levels of the electrons of the chromium ions

may be examined spectroscopically insofar as the ions act in-

dependently of one another. This independence is assured at

high temperatures where thermal agitation precludes co-opera-

tive effects among the paramagnetic ions. It is found from

ordinary optical spectroscopy that, aside from low-lying lev-

els, the first excited state is about k-22,0000 above the
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ground state. The low-lying levels may be examined using
4

the method of microwave spectroseopy. At room temperature,

it is found that there are two such levels separated by

- k-.120 , and each level is two-fold degenerate. The de-

generacy is lifted by a magnetic field in a way consistent

with the hypothesis that one level has J = + 3/2, the other

J = + 1/2 with g " 1.98. Below about 1600 K, a change in

the microwave spectrum takes place, which is not understood.

At zero field there are at least two energy-level splittings

of the order of S , indicating that not every chromium ion

has the same environment at low temperatures. The specific

heat arising from these splittings may be computed, but does

not agree with that measured in the adiabatic demagnetization

region. This disagreement may be caused by interactions

among the chromium ions. Notwithstanding, experimenters usu-

ally compute the entropy arising from the low-lying levels as

though there were only one splitting, the magnitude being cho-

sen so as to agree with the specific heat data at temperatures

such that kT is large compared with 6 . It should be pointed

out, however, that when a magnetic field splits the low-lying

levels, kT is no longer large compared with the splittings.

This fact makes the entropy dependent on the details of the

model chosen for the low-level splittings.
7

We briefly review the method developed by Van Vleck et al,
4

and refined by Bleaney jt al to explain the low-lying levels.

The method is to apply successive perturbations to a free chro-



10

mium ion. The electrons are considered to be coupled to

form a resultant S and L. The effect of all surrounding mat-

ter is then taken into account by assuming that it gives rise

to an effective potential, V, whose symmetry is taken as that

of the point group of the chromium ion. Then perturbations

of spin-orbit and of nuclear coupling are included. The as-

sumption that the interaction of the chromium ion with the

rest of the crystal may be represented by an electric potential
8

has been criticized by Kleiner, though he feels that the suc-

cess of the theory lends support to the hypothesis that the ef-

feet of the rest of the crystal may be taken into account by a

potential, V.

The qualitative results of the calculation above may be

found by examination of the wave functions4 or by the applica-
9

tion of group theory. Hund's rule gives the lowest level

of Cr" as 4F and X-ray studies show that the immediate en-

vironment of the Cr 4+ ion is a distorted octahedron of water

molecules. The distortion is along a different body diagonal

of the cubic unit cell in the case of each of the four chrom-

ium ions in a unit cell. The potential, V, is taken as pre-

dominantly cubic with a small superposed trigonal part. The

coupling of the cubic part of V with the orbit is large enough

to separate the orbital states widely, leaving a state with no

orbital degeneracy lowest. The average orbital moment of this

state is zero. Since this is the only occupied state, mag-

netic properties arise only from the spin. As far as mag-
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netic properties are concerned, then, we need not distinguish

between J and S, in this case. The cubic part of V allows

of no matrix elements to higher orbital states so that inclu-

sion of spin-orbit coupling does not alter the fact that S

may have any orientation without change of energy. The trig-

onal part of V does allow matrix elements of spin-orbit coup-

ling, which give rise to the splitting S and to the change

of g from the value 2. In this case, g is not the gyromag-

netic ratio but is the factor such that the change of energy

with magnetic field is IpSZB , where P is the magnetic mo-

ment of the electron and Sz is the component of spin along the

field Bt at the ion. For a Cr+ ion where S = 3/2, only one

splitting 5 is allowed, for a spin doublet must always remain

until a magnetic field is applied, according to Kramer's

Theorem.1 1

We now return to the problem of computing the entropy of

the paramagnetic salt and consider the interactions among the

various ions. This problem is extremely difficult of solu-

tion as compared with the single ion problem. This situation

arises because the magnetic interaction drops off only as 1/r3 ,

invalidating close neighbor approximations. In addition,

Vlc 12there may be exchange effects. Van Vleek attacked this

problem by expanding the partition function in powers of Be

and /T where T/3 is the Curie constant in the non-interact-

ing case. He solved this problem up to terms in (T/T)4 and
a

to terms in Be o in the case where the crystalline electric
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field is not able to split the lowest level of the multi-

plet. This calculation, then, is applicable only to the

case of small fields, Be, and large temperatures. At tem-

peratures so low that terms higher than that in (T/T)2 become

significant, comparison with experiment indicates that many

more terms than Van Vleck computed must be included to obtain

satisfactory results.13  Van Vleck also computed the parti-

tion function up to the terms in (T/T)2 and in %2, in the

case where there is a crystalline field splitting of the low-

est multiplet level. We see that insufficient information

is available from this computation to enable one to find the

entropy at large fields, even at moderately high temperature.

In the past it has been customary to make use of the follow-

ing line of reasoning for the solution of the problem of in-

cluding magnetic interactions in the calculation of the en-

tropy when a magnetic field is applied. We note that it is

possible to compute the magnetization and thence the suscepti-

bility, if the partition function is known, from the formula

M S(N/) K T ( aIZ/A80).r. By susceptibility we shall refer al-

ways to the adiabatic differential susceptibility Z: (AM/aH,.)

The field H is measured within the sample. We also consider

the susceptibility X0 = (l /e), where H. = B Since

for Be = 0, M = 0 and since (M/4 )=

we need not distinguish between the adiabatic and isothermal

susceptibility in this case. This fact is also true for X,.
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H is used here to conform to convention although we have

shown that the logical independent variable is B. However,

we shall almost always be concerned with Xe whose value would

change only by a constaa factor if B. were the independent

variable.

We see that Van Vleck's expansion discussed above enables

us to compute the zero field susceptibility in the case where

the lowest multiplet level is not split by the crystalline

field. If exchange is negligible, he finds

M V (93)
3 T- '(f + x!RI

q

where x = 1+ 3 QiiaVN (=14.4 for alums)

is a lattice sum over the distance rj between the sites of

ions i and J, and M t is the field at an ion site due to di-

poles of moment at all other sites. The quantity M is

thus the Lorentz local field14 and has the value (1/3 - D)N for

cubic crystalline structures, where D is the demagnetizing fac.

tor. If we neglect the term in T2 in (5) we see that the Van

Vleck treatment of magnetic interaction gives the same result

as that of Lorentz. When we apply the local field picture of

Onsager,15 the results agree partially up to the term in Ta.

The reason for only partial agreement is that Onsager's picture

is only valid for a continuum, so that the coefficient xQ/9

must be adjusted to a suitable value to obtain agreement.12 As

these local fields persist in the literature on thermometric



14

measurements, they are discussed in Appendix A.

In the case in which the lowest multiplet level is split

by the crystalline field, Van Vleck finds that

~M ae (4)
xf +Qz' 2 VC&) XO-s

where , is the susceptibility if magnetic interactions are

ignored, and a() is a coefficient in the expansion of the

partition function. Because of the difficulty in computing

(a')
a~ , Van Vleck suggests that again the Onsager approach may

give a good approximation to the magnetic interaction. Clear-

ly, the Lorentz approach may also be used to lesser accuracy.

The quantity X* may be computed if the splitting pattern is

known.

In order to solve the problem, then, of computing the en.

tropy as a function of field and temperature, the assumption

is made that the magnetic interactions may be taken into ac-

count by the local field picture. Usually the Lorentz field

is used because of the ease of computation. The entropy is

then computed as a function of this local field and tempera-

ture, taking into account the low level splitting. The prob-

lem of inclusion of the low level splitting has been solved

for chromium alum (using the assumption of a single low level

splitting) in the case of Be along the (100) direction by Hud-

son16 and to terms in (S /T)8 by Daniels and Kurti17 for any

orientation, where i is the crystalline field splitting. This
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computation of the entropy before demagnetization has been

most generally used. Clearly questions arise both as to the

method of taking magnetic interactions into account and as to

the situation regarding the low-level splitting. We remark

that direct measurement of the entropy change when a magnetic

field is applied is difficult experimentally, and reserve the

discussion of our new entropy calculation (the asymptotic

method) to Section III.
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III METHODS OF MEASUREMENT OF TEMPERATURE AS A FUNCTION

OF ENTROPY

As pointed out in the introduction, the important exper-

imental problem in finding the thermodynamic properties of

paramagnetic salts is the determination of T(S), the temper-

ature as a function of entropy when no external field is pres-

ent. In this section we present four methods of obtaining

this information. Three of these have been applied previ-

ously and the results obtained using them are discussed.

The fourth is the new method, the -test of whose validity

forms a major objective of this thesis. It will also be ex-

plained in detail how the new determination of T(S) gives rise

to an alternative and natural method for measuring the entropy,

which we have called the asymptotie method. Finally, we point

out that with the new method, once T(S) is measured, T(S, Be)

may be obtained using the data already obtained and (5), be-W

low.

We consider the measurement of T(S) in the demagnetiza-

tion region in the case of potassium chromium alum. This salt

was chosen to test the present method because it has been stud-d

ied more completely than any other salt and therefore affords

a more detailed comparison among the various methods. A gen-

eral review of the situation with respect to this salt has been

given by de Klerk18

In all work with paramagnetic salts below 10K, advantage

-4
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is taken of the convenience of the zero-field susceptibility

as a thermometric parameter. This is expressed by the sym-

bol T*, called the "magnetic temperature," and defined as the

temperature inferred from the magnetic susceptibility assum-

ing Curie's law to hold. Thus, T* = A/Xe , where A= 7/3

is the Curie constant and Z, is the magnetic susceptibility

measured in zero magnetic field, The function T(S) is then

given in the parametric form T(T*) and T*(S). When the ex-

perimental results are expressed in this form, it is possible

to separate differences among observers arising from the en-

tropy determination and from the temperature determination.

It should be clear that difficulties with T(T*) arise in the

demagnetization region and with T*(S) in the helium region of

temperature. In conformity with the point of view adopted

here that S is the independent variable, T* is considered to

be an index to the entropy. It therefore designates an en-

tire isentropic curve, even though the temperature itself

changes along this curve.

Near T* = .030, Xebecomes complex at the usual experi-

mental frequencies of the order of 100 cps and the real part,

X , goes through a maximum with respect to entropy. Clear-

ly, Ze is no longer a good thermometric parameter. The tem-

perature at which Xe becomes appreciable is often called the

Curie temperature. We shall not be interested here in temper-

atures below the Curie point. We now proceed to consider four

methods of determining the relation T(T*).
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1. Self-Consistent Method. This method has often been

12
called the "theoretical method." Van Vleck's expansion of

the partition function gives the entropy and susceptibility in

zero field, including both the effects of magnetic interaction

and crystalline splitting as a function of temperature. HObb

and Purcell13 have explicitly calculated the entropy and the

susceptibility neglecting, however, the magnetic interaction

in the calculation of the susceptibility. These interactions

are taken into account by a local field hypothesis. Desig-

nating the local field hypothesis by the subscript A , this in-

formation then gives S(T) and T1*(T), and thence T(S) and T(T, ).

Then, T,*(S) is obtained from adiabatic demagnetization experi-

ments using various initial fields, and using the isothermal

method to determine the entropy. The experimenter is thus in

a position to use the theory to compute the final temperature

in the demagnetization in two ways, i.e., from the entropy and

from T, . He calls the former Ttheo and the latter TA . If

these agree it is assumed that the validity of the theoretical

calculations and the local field hypothesis is established. It

is found that, using the Onsager local field, the agreement is

good at temperatures above .20K, and is not unreasonable for

temperatures between .070K and .20K. Below .070 K, wide de-

partures are noted.

2. Calorimetxio Metho4. At ze ro external field, dU = dQ

and so T dT dS The second factor is obtained fnom de-

magnetization experiments. The first is obtained by noting the
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change in T when a certain amount of heat is added. The ex-

perimental difficulty is in adding the heat. We consider

three methods:

a) External Heatinz. Heating by contact with an elec-

trical resistance coil is the standard method for calorimetry

at higher temperatures. This method, or an equivalent, re-

mains applicable at temperatures greater than about .20K. It

fails at lower temperatures not only because the thermal con-

ductivity decreases,19 but because a given temperature dif-

ference is a larger percentage of the temperature being meas-

ured,

b) Gamma Ray Heating. Since the absorption coefficient

is small, it is possible to achieve reasonably uniform heat-

ing. It must be assumed that the absorption coefficient is

independent of temperature, Unless the absorption coeffi-

cient and the strength of the source are known the heating

must be calibrated in a region where the heat capacity of the

sample is known. This situation pertains in the helium re-

gion of temperature but the heat capacity is so low that the

warming rate is large. Smaller heating rates are unfeasible

because they must be large in comparison with the residual

heat leak into the sample due to imperfect thermal isolation.

The only satisfactory method of calibration of the gamma ray

heating is to make a comparison with a thermometric measure-

ment in the region of .30K - *50 K, achieved by the theoretical

-I
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method or by external heating. Lastly, it must be men-

tioned that this method has been criticized because of the

disruption of the crystal by the gamma rays and because of

the possibility of non-equilibrium situations arising.21

c) Magnetic Heating. Below the Curie point hystere-

sis sets in. It is possible, then, to supply heat at a

rate which may be established by magnetic measurements. These,

however, are not easily made and inaccuracies have led to un-

explained deviations among various workers using this method,

which at first sight seems to be the most straightforward.6

This method is naturally restricted to temperatures below the

Curie point. The difficulty of attaining thermal equilib-

rium between various parts of the sample may account for part

of the discrepancy. The use of paramagnetic relaxation at

high frequencies does not seem to have been explored, although

much is known about such relaxation in the helium temperature

region*

22
3. Garrett's Susceptibility Method. If we expand

the magnetization along an isotherm as a power series in He,

we may write

where the quadratic term vanishes by symmetry. Remembering

that the temperature changes when a magnetic field is applied,

one may compute the susceptibility when a small field He is

applied adiabatically and find
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where

X X 4 j1

The temperature may be determined if it is known at one point

from
,VdX

A T : a

where - is determined experimentally by measuring the

change in X when a small field is applied adiabatically and

~' is estimated theoretically. The correction due to " is

18
small at high temperatures. DeKlerk calculated some tem-

peratures using this method, but does not publish them as they

do not agree with other temperature determinations. He finds
23

that the i values, which he obtains from Garrett's work,

are too large. This would be the case if the field, He, used

were too large. The trouble with the method is that very small

fields must be used. The change in susceptibility with field

then is not large compared to the change due to heat leak with-

in the time of measurement.

4. Magnetic-Method. From the Maxwell relation

mi ne44084 temerature dhanges can tfrom be 6etsr-

mined from
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where the subscripts i and f refer to the initial and final

conditions of T and B8 along an adiabat. In the case of an

adiabatic demagnetization

Tf-T = -V1 TBe (5)

Bel

A knowledge of "'(Be, S) suffices to determine the final tem-

perature. This information can be obtained by purely mag-

netic methods if the entropy is known before the demagnetiza-

tion. If, however, Ti is 10 K and Tf is of the order of *050K,

a small percentage error in the determination of the right-

hand side of (5) would spoil the determination of Tf.

This difficulty in the determination of Tf = T(S) is a-

voided by applying a method developed by Professor M. A. Her-
24

lin, which compares the behavior of the actual salt sample

to that of a corresponding ideal paramagnetic gas. Consider

the ideal paramagnetic gas for which the energy levels are

given by mgp Be, where m is the magnetic quantum number. The

partition function of the ideal paramagnetic gas is a func-

tion of ge Be/kT and therefore of Be/T alone. The values of

S and 7t derived from this partition function are thus also

functions of Be/T alone. Then 7 is a function of S alone

and independent of Be,, We write " = 9" 1(S) in this case.

In an adiabatic demagnetization, where S is constant, $, re-

mains constant as does B /T. The explanation for this be-

havior is that the entropy and the magnetization are both meas-

ures of the alignment of the dipoles. As the field decreases,
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the decrease in its aligning effect must be compensated by

a decrease in the disaligning effect of the thermal excita-

tion. This means a drop in temperature and, since Be/T is

constant, when the field goes to zero the temperature must

also go to zero.

Now consider the situation in an actual paramagnetic

salt. Here the entropy may be reduced through interactions

within the salt and not through the agency of the magnetic

field alone. In an adiabatic demagnetization the magnetiza-

tion may then vanish with the field, and the temperature drops

to a final value above zero. (The salts which are of inter-

est for magnetic cooling are not generally ferromagnetic, so

that remanent magnetization at 1 0 is not expected.) When

a large field is applied, however, the energy of interaction

of each ionic dipole within the salt with the external field

becomes large compared to internal interaction energies. The

behavior of the actual salt then approaches that of the ideal.

Curves of magnetization vs. field at constant entropy would

then start at the origin, but at high fields approach an

asymptotic value characteristic of an ideal salt at the same

entropy. This asymptotic value is not that arising from mag-

netic saturation but from the increase in temperature result-

ing from the increase in the field. This behavior is exem-

plified in our experimental curves, Figure 14, where the range

of the experimental curves brings the magnetization to within

12% of the computed asymptotic, or ideal value, for the mag-
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We now

of the real
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that the id(
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compare our actual salt with the ideal. Let

M 1 define )V7 where IM is the magnetization

salt. Then (5) gives

T. +'I~~ a 5 0
10 C 48,.

were ideal, T would be zero so the first two

e right cancel if the initial field, B e, is such

eal and actual salt have the same temperature.

Lon pertains as B -+ cc . We thus have

T4IA be - (6)

Equation (6), which is equivalent to (1) in the Introduction,

gives the final temperature in terms of magnetic quantities

measured non-calorimetrically, just as does (5). However,

the objection of the loss of accuracy upon subtracting two

nearly equal numbers has been removed. The magnetic method,

which has previously been useful only for finding temperature

changes in small fields, becomes a practical procedure in the

study of the transition of paramagnetic substances to the

ordered state characteristic of absolute zero. The experi-

mental comparison of the results of this method with those of

the methods described earlier will be seen to give satisfac-

tory agreement. Reservations to this statement may be as-

cribed to uncertainties applying to all methods in some degree.
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The data required in the application of the magnetic

method is expressed by the function 7n e(Be, S). We recall

that the entropy is labeled by T* for experimental conven-

ience so actually we find Wlc(Be, T*) and T*(S). The func-

tion 74 (Be T*) is found from experiment for values of Be

less than (in the case of the present experiment) 2000 gauss.

At larger fields the extrapolation of Appendix B is used. This

extrapolation assumes that magnetic interactions may be taken

into account by the Lorentz local field and assumes a general

form for the effect of the interactions between a magnetic ion

and the non-magnetic constituents of the salt on the entropy.

At very large fields the actual salt approaches ideality and

so ?74,9 the ideal magnetization at the same entropy.

Since ?n I is a function of S alone, S can be evaluated when 7M

has been found. We have called this method the asymptotic

method of entropy determination.

We point out some aspects of this method.

1) There are no constants which have to be deter-

mined in the demagnetization region, such as the splitting

or a heating rate.

2) The question of magnetic interactions does not

enter except in the extrapolation. One would hope to carry

the measurements in the magnetic field to such a large field

that the extrapolation would account for a very small portion

of ?n1. It would not be advantageous, however, to go to such



high fields and therefore temperatures that the lattice en-

tropy is appreciable. For a demagnetization from 10 kilo-

gauss, measurements of 7 up to about 5000 gauss would be

quite satisfactory. As noted, the present experiment fell

somewhat short of this goal as measurements could be made

only in fields up to 2000 gauss. Even in this case, however,

the extrapolation accounted for only 12% of the value of the

asymptotic magnetization.

3) The entropy determination does not depend on

holding the magnetic field and temperature constant while the

salt is being isolated from the helium bath prior to demag-

netization.

4) We would expect the theory not to enter so

heavily when the entropy is found as a function of the magne-

tization instead of B /T. The expectation is founded on the

fact that both the magnetization and the entropy are measures

of the amount of alignment of the dipoles, whereas B./T is

merely a measure of the strength of one possible aligning

mechanism. Other aligning mechanisms arise from interac-

tions within the sample.

5) We see that with the asymptotic method of en-

tropy determination, there is only small reliance on a model

of the low-level splittings. This model enters only into the

extrapolation to large magnetic fields, and could therefore,

with suitable experimental techniques, be avoided. With

22d
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the isothermal method, on the other hand, the use of a model

is essential to calculate deviations from the behavior of an

ideal salt. It is possible that, although the customary

models give only small deviations from the ideal, large devia-

tions may occur.
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IV EXPERIMENTAL ARRANGEMENT

In order to measure temperatures by the magnetic method

it is necessary to measure the magnetization as a function of

field and entropy. The field was produced by a liquid-nitro-

gen-cooled, iron-free magnet. At a given field the suscepti-

bility was measured with the aid of a mutual-inductance coil

surrounding the sample and a Hartshorn mutual-inductance bridge.

This data was taken for a range of entropy values as the sample

warmed up due to the unavoidable heat leak. Each value of the

entropy was identified by the susceptibility at zero field at

that entropy. The actual value of the entropy was later de-

termined from the high-field magnetization at that entropy.

This experiment was repeated at various fields. These data

were sufficient to plot the susceptibility as a function of

field at various values of the entropy. At fields greater

than 2000 gauss extrapolation as explained in Appendix B was

used. Integration of these curves yielded the required data.

Some of the apparatus is shown in cross section in Fig-

ure 1. The sample S is suspended by a nylon thread from a

bakelite holder, mounted with radiation shields, and is held

in place by the glass weight W. The region around the sample

may be maintained at a high vacuum by pumping through tube P.

The entire assembly may be removed through a ground glass stop-

per at the top of P. The sample chamber is maintained-at a

low temperature by the helium bath H contained in the inner
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dewar I. The temperature of this bath may be lowered by

pumping and is controlled either by maintaining the pressure

above H constant (by controlling the pumping speed) or by

keeping a resistance thermometer at a constant temperature

(by adding heat to H while simultaneously pumping). The mag-

net M is supplied with current through leads L, while the mu-

tual inductance coil C consists of primary C, and secondary Cm.

The lower part of the apparatus is cooled by the liquid-nitro-

gen bath N contained in outer dewar 0. As this dewar is not

sufficiently long to provide for cooling of the entire inner

dewar, the region above the ring seal of this dewar is cooled

by 5/8" copper rods R which are fitted to the inner dewar by

a tightly fitting yoke.

Figure 2 is a block diagram of the measuring apparatus.

Mutual inductances which are enclosed in dotted lines are actu-

ally coaxial coils, although they are shown separated for clar-

ity. The apparatus of Figure 2 consists of the-Hartahorn

bridge and the magnet M, together with its control equipment.

This magnet is used both to perform the demagnetization and to

provide the steady field in which the susceptibility is meas-

ured. We show in Appendix C that the susceptibility is a line-

ar function of the mutual inductance, ,c' of the coil c, which

surrounds the sample S. A current is established in the pri-

mary by the power amplifier. Mutual inductors L and V and

resistor R3 are varied until the detector shows no secondary

current. The value tL, + L of the mutual inductance of the
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mutual inductors E' and V in series is then a measure of the

real part of wC, and the value of R a measure of the imagi-

nary part of 11. The imaginary part at the frequency, fields,

and entropies used in this experiment does not arise from

properties of the sample but from circulating currents in metal

which must be placed near to the sample.

We consider now, in detail, the components of the equip-

ment.

The primary current is derived from a power amplifier

capable of delivering about 5 watts without serious distortion.

This amplifier is driven by a multivibrator source of 331/3 ops

which is synchronized with an accurately controlled 100 cps sig-

nal supplied by the MIT electrical engineering department. The

output of this source is filtered to such an extent that the

overtone content is about 5%.

The mutual inductor C surrounding the sample, and the cal-

ibrated variable mutual inductors, X. and V, were designed

with the following criteria in mind:

1) The change in C with susceptibility must be

great enough to allow the necessary measurements to be made.

2) The alternating field at the sample must not be

so large that the susceptibility changes appreciably over this

range of field.

3) The secondary must be so designed that the volt-

age induced at the line frequency shall not be so large as to
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saturate the detecting equipment.

4) The capacitance between the primary and the

secondary must be kept small, to avoid the introduction of

secondary currents arising from this capacitance.

5) Similarly, shunting capacitances in either the

primary or secondary circuit should be avoided. These capa-

citances have much less disturbing effect than those of 4).

6) The secondary circuit should not change in po-

sition as the inductors Z~ and V are varied. This precaution

minimizes the effects of stray fields on the calibration of

TZ and V.

Criterion 5) is met by making coils of one layer only.

This requirement does not conflict seriously with 1) as the

lower impedance level achieved by using small numbers of turns

allows of a smaller thermal noise level* The small mutual in-

ductance values thus attained also make the fulfilling of 2),

3), and 4) easier. Condition 4) is met, in the case of L~

and V, by sufficient spacing of the primary and secondary coils.

In the case of C, large spacing is not possible, as the space

inside the magnet is too valuable. Therefore, a grounded metal

foil in the form of a cylinder with a longitudinal slit was

placed between the primary and secondary of C. Condition 3)

is met by making all secondaries astatic. This term is used

to mean that, for any secondary turn, there is nearby one of

the same area, wound in the opposite sense. It was felt that 2)
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would be satisfactorily met if the alternating field at the

salt were restricted to one gauss, peak to peak.

The design proceeded as follows. It was decided that

a sphere of chrome alum 7 mm in diameter would have a suffi.

ciently large heat capacity to allow long warmup times. The

secondary which surrounded the sample might be wound of #44

formex insulated magnet wire. One turn per millimeter was

considered convenient for the corresponding primary. It was

estimated that at the secondary impedance of about 10 ohms im-

posed by these conditions, 10"9 volts might be detected with

a band width of one cps consistent with rapid measurements.

These conditions, together with 2), dictated that the smallest

unit of mutual inductance should be 5 X 10 henry. Variable

inductors E and V were designed with this value in mind. The

details of C are given in Figure 3. The secondary, surrounded

by the grounded metal foil, is wound on a piece of cigarette

paper which slips on the tube containing the sample. The a-

static secondary is wound of five sections in such a way that

the mutual inductance between it and the magnet is small. The

primary is in liquid nitrogen, inside the magnet.

The inductor V is continuously variable, It consists of

two coplanar, astatic, secondary windings mounted side by side,

with a primary which slides in a parallel plane. The primary

leads travel through mercury puddles which are connected to

the rest of the primary circuit. The geometrical factors, in-

dicated in Figure 4, are so adjusted that the third and fifth
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derivatives of mutual inductance, with respect to displace-

ment of the primary from the center, vanish. Since the even

derivatives vanish by symmetry, the mutual inductance is a

nearly linear function of distance over a wide region. The

variation in mutual inductance due to 1/2" of travel of the

primary in the linear region is about 5 x 10"9 henry and is

called one turn. With the help of a vernier, .01 turn is

easily read. The mutual inductor V is calibrated by finding

the change of displacement corresponding to a certain change

of mutual inductance for all positions of the primary. These

data are then summed to yield the curve of mutual inductance

vs. displacement of Figure 5. The zero of mutual induetance

is chosen arbitrarily.

The mutual inductor Z is stepwise variable. It eon-

sists of four secondary turns placed as a magnetic octupole

inside various primary windings through which the primary cur-

rent may be reversed. These windings are so placed that a re-

versal of the current through them leads to a change of mutual

inductance of about 2, 4, 8, 16; 20, 40, 80, 160, and 320 turns.

These steps are calibrated with the help of V. The dimen-

sions of Z are shown in Figure 6.

The resistive network connected with R in Figure 2 is

used to balance the imaginary part of the mutual inductance.

Since the imaginary part is not used for quantitative measure-

ments, no special precaution is taken concerning the values of

the resistances.
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The detector consists of a transformer with a voltage

step up of 500 feeding a battery operated preamplifier using

3 type 5678 tubes, with a final cathode follower output. This

output is put through a low pass filter and attenuator in or-

der to prevent intermodulation distortion in the selective am-

plifier which follows. This amplifier has three stages, each

of which incorporates degenerative feedback at frequencies re-

mote from the passed frequency. The over-all bandwidth is

about 2 cps. The output is displayed on an oscilloscope which

is synchronized to the 33-1/3 cps source in such a way that the

unbalance due to the real and the imaginary part of the mutual

inductance may each be conveniently observed.

. The magnet is powered by two submarine batteries which

may be connected so as to give either 2 or 4 volts. The cur-

rent is controlled by the resistorsRl which consist of two

3/8" Kovar tubes cooled by water running through them. It is

to be noted that one resistor is in parallel and one in series

so that the magnet current may be adjusted to any value up to

that provided by the full voltage. The current is read as the

voltage drop across a shunt, as measured by a meter or poten-

tiometer. The field is inferred from the current, as cali-

brated by a Sensitive Research fluxmeter which was in turn cali-

brated in a magnet whose field was known from proton resonance

experiments. The calibration yielded B = .1773 I webers/sq.

meter, where the current I is measured in an arbitrary unit,

The magnet itself is constructed of two concentric stacks
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of annular copper disks. A radial slit is out in each one,

and its end is soldered to the next disk; *00025"-thick mylar

is used as insulation. The inner and outer sections are con..

nected in series. The inside diameter is 2.03 cm, the out-

side diameter 10.84 em, and the length 6.62 cm. Somewhat

thicker disks are used in the center so that at low currents

the field is uniform + .2% for 1 cm along the axis. This

error figure represents the limits to which it was possible

to measure the homogeneity of the field. 10 kilogauss may

be obtained with the expenditure of 800 watts in the liquid

nitrogen coolant. Greatly larger fields are not possible as

the coolant is circulated by convection only. There is ad-

ditional loss of nitrogen from heat flow down the 5/8" copper

rods serving as leads. About 100 liters of liquid nitrogen

are consumed in a 15-hour run, including about 10 demagnetiza-

tions.

The mutual inductance 3 is included for the following

reason. The current in the primary of the measuring coil C

induces a voltage in the magnet through pa. The alternating

current thus induced would depend on the setting of R2. This

situation would be undesirable as the alternating field aris-

ing from this current would be part of the field at the sample.

To avoid this difficulty, i, is made equal but opposite in

sign to L.

The sample consisted of a spherical crystal .280" in di-

ameter of potassium chromium alum, The commercial salt was
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allowed to crystallize from a solution in a dish at room tem-

perature. As a thermostat was not used the resulting crystal

was by no means free of imperfections. The crystal was mount-

ed to a polystyrene rod with coil dope in such a way that a

cubic axis of the crystal was along the axis of the rod. A

hemisphere was then machined of the crystal with a lathe.

This hemispherical end was again mounted in a polystyrene rod

and the other end of the crystal was machined to complete the

sphere. The rod in which the sample was mounted was then out

off near the sample and another piece of polystyrene rod was

used to close over the freshly machined end of the crystal.

The crystal was thus mounted in a polystyrene cylinder about

.4" long and .3" in diameter. Coil dope was used to seal up

this capsule and was reapplied after every run to maintain the

seal. Nevertheless, deterioration of the surface of the sam-

ple was evident after four runs. A cubic axis of the crystal

was thus along the axis of the polystyrene cylinder. This

axis was mounted parallel to the magnetic field.

The sample was suspended by nylon threads from a 1/8"

bakelite rod 8" long which had three pairs of radiation shields

mounted on it. The top view of one of these shields is shown

in Figure 7. The upper two pairs were brass while the lower

pair was bakelite. The lower 9" of the pumping tube, together

with the sample chamber, was enclosed with carbon paper held in

place by black photographic masking tape. A glass weight, used

to keep the nylon threads taut, fitted snugly in the sample cham-
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ber which was 12 mm glass tubing 5" long sealed off at the

bottom. The pumping tube was 15-mm tubing. The asseubly

was positioned by the lowest radiation shield's resting on

the necked portion between the sample chamber and the pump-

ing tube. This tube is connected to an oil diffusion pump

(Diffusion Products Industries GF20A) whose action may be

stopped with a stopcock. Figure 8 schematically shows the

arrangement. A small amount of helium gas from V2 may be ad-

mitted to the sample chamber via the volume V1 , which is of

such a size that when 30 mm of Hg pressure of helium gas in V,

is allowed to expand into the pumping system the final pres-

sure is about 10' mm of Hg. This expansion is performed

when the sample chamber is immersed in liquid helium so that

the volume ratio is actually not so large as 3 x 105. The

volume Va is large compared to V, so that a supply of helium

gas at about 30 mm of Hg pressure may be maintained in V2 dur-

ing a run.

The inner dewar was 34" long, vacuum-jacketed for the

lower 30". The bottom 4" was, narrowed to an outside diame-

ter of 20 mm, inside diameter of 15 mm, The body of the dewar

was 32 mm inside diameter. The outer dewar was 6-1/8" in in-

side diameter and 24" long. The upper portions of the inner

dewar were cooled by copper rods as has already been explained.

Both dewars were silvered, leaving slits, not only to provide

visual access to the helium bath but also to preclude the pos-
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sibility of circulating currents in the silvering.

The temperature of the helium bath was lowered by pump-

ing on it. At the lowest pressures the vapors above the li-

quid helium were removed by a Diffusion Products Industries

MB200 booster pump backed by a Kinney DVD 8810 mechanical

pump of 40 liters per second capacity. At higher pressures

the mechanical pump alone was used.

The pressure over the helium bath was measured by a mer-

cury manometer, a McLeod gauge, or a differential oil manome-

ter, which were connected to the PumDing line wVtch connected

the dewar with the booster pump. This Dresmure, and thence

the temperature of the bath, could be maintained constpnt with

the help of a "barostat." This consists of a valve in the

pumping line which is actuated by a magnet which is controlled

by contacts in the differential oil manometer, aided by an am-

plifier. A bleeder valve is used at lower pressures when

greater pumping speeds are required. At still lower Dressures

the adjustment of the bleeder valve becomes so critical that

the use of the barostat is unfeasible'

In the latter case the temperature of the bath was meas-

ured directly with a carbon resistance thermometer connected

in an alternating current bridge'_ The outrut of this bridte

was applied to a phase sensitive detector whose ovtriut was rec-

tified and amplified. Adjustment of this amplifier was Dos-

sible such that the current from it to a heater in the bath

might have any prescribed value when the bath was too cold an6



any other prescribed value when the bath was too warm. The

average temperature of the bath may be changed by adjusting

the value of the variable resistor in the bridge.
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V PROCEDURE FOR AN EXPERIMENTAL RUN

The secondary of the measuring coil was placed at a con-

venient position on the sample chamber. The length of the

thread supporting the sample was adjusted so as to position

the sample at the center of the secondary. After the inner

dewar was mounted the magnet, with the primary of the measur-

ing coil already placed within, was slipped onto the inner de-

war and adjusted to a position such that the mutual inductance

between the magnet and the secondary of the measuring coil was

a minimum. This procedure was used to minimize pickup in the

secondary due to vertical vibration of the magnet.

The vacuum space of the inner dewar was flushed several

times with air to remove any helium which might have diffused

in during the previous run. About 0.1 mm of Hg pressure of

air was allowed to remain in the vacuum space to provide for

a heat-transfer gas during precooling. (This gas froze out

upon introduction of the liquid helium.) The sample assembly

was then positioned and, after pumping with the forepump to a

pressure of about 0.1 mm of Hg in the sample chamber and inside

the inner dewar, liquid nitrogen was piped into the outer de-

war. An effort was made to cool immediately after pumping

out the sample chamber so that the crystal might not lose

water of crystallization through any faults in the polystyrene

capsule. The sample was isolated from the pump until it had

cooled sufficiently, so that there was no danger of its losing
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water. When this temperature was reached the diffusion pump

was turned on. Shortly before the liquid helium was to be

introduced, gaseous helium was introduced into the inner de-.

war. At the same time, V2 was filled with helium to a pres-

sure of 30 mm of Hg. Liquid helium was then transferred in-

to the inner dewar.

While the barostat maintained the pressure over the he-

lium bath near, but below, atmospheric pressure a measurement

of 4C was made. The temperature of the sample was at this

time high, but not known exactly. Its susceptibility was

therefore small. The measurement of pC thus made was used

only as a guide. After closing off the diffusion pump with

a stopcock, exchange gas at a pressure of about 0.1 micron

of Hg was introduced to the sample chamber through the inter-

mediary of V1. After equilibrium obtained (about 5 minutes)

C was again measured. The barostat was then successively

set to maintain different pressures, while at each pressure

c was measured. About a dozen such measurements were made.

At bath temperatures below 1.60K the resistance-thermometer

and heater temperature control was used instead of the baro-

stat. On many runs, however, no readings were taken below

1.60 K. It was observed that equilibrium was attained within

five seconds to within .0020, after the bath temperature was

changed. The preceding data were used to calibrate the meas-

uring coil.

The temperature of the bath was then reduced as much as



possible (to about 10 K) and the magnet turned on to a field

of about 10 kilogauss. After about 2 minutes the diffusion

pump was turned on to pump the exchange gas from around the

sample. After pumping about 3 minutes the temperature of

the bath was allowed to rise to about 1.3*K for 5 minutes.

This procedure was of value in desorbing (outgassing) much of

the helium gas absorbed on the walls of the sample chamber.

The bath was then reduced to its lowest temperature again for

two minutes and the magnet then turned off by varying R2. The

demagnetization required about 10 seconds. Allowing a longer

time for any of the foregoing procedures did not appreciably

reduce the thermal leak, but using shorter times increased it.

After demagnetization the following procedure was re-

peated until the sample warmed up to T* = .180. With zero

field applied, si was measured. Having fixed R2 , the magnet

was turned on over a period of about 2 seconds using R1 . Then

sc was again measured along with the magnet current I. The

magnet was next turned off, again using R2, and sC was meas-

ured again. The switch S2 was then closed and the magnet cur-

rent increased to give a field of about 4500 gauss. This field

was maintained for ten seconds and then reduced to zero. The

purpose of this remagnetization was to re-establish tempera-

ture homogeneity throughout the sample. The time at which

each measurement of sC was made was recorded mechanically to

the nearest .01 minute. This procedure was then repeated.

The alternating magnetic field at the sample was 0.6 gausa, rMs.

N
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After the sample reached T* = .180, exchange gas was

introduced and a calibration point in the helium region of

temperature was taken to check that there had been no change

in the relative positions of the coils of C. Another de-

magnetization was then carried out and a new value of steady

field was applied in making the measurements described in the

last paragraph.

After three or four demagnetizations, the helium was ex-

hausted. The dewar was refilled with liquid helium and the

entire procedure repeated. Four or five calibration points

were taken in the helium region of temperatures on fillings

after the first.

About ten demagnetizations took enough time nearly to

exhaust the supply of liquid helium which was available on

one day. At this time the sample was removed and the poly-

styrene capsule painted with coil dope to seal any cracks

which appeared under thermal stress. Readings of C were

then made at various values of field.



VI LIMITATIONS IMPOSED BY THE EQUIPMENT

Before discussing the evaluation of the data it will be

useful to have an understanding of why the data had to be taken

in the manner in which they were.

It would be desirable to make the measurements of suscep-

tibility at all fields at a given entropy on one demagnetiza-

tion. The unavoidable warm-up rate precluded this. It was

originally supposed that, using our pumping system to isolate

the sample from the helium bath, the residual heat leak might

be reduced to the value of 4 ergs per minute obtained by

Malaker,25 who originally used our system of mounting the sam-

ple. When it was found that the heat leak was actually about

20 ergs per minute it was realized that the likely cause was

our smaller scale. Whereas the pumping rate decreases as r4,

where r is the radius of the pumping line, the amount of helium

gas to be pumped depends mostly on the wall area from which the

gas is desorbed. This area decreases only as r. We see,

then, that when warm-up times are considered, small systems

have this disadvantage in addition to the necessarily small

heat capacity of the sample.

Some experiments were carried out on the vacuum which

might be attained in the sample chamber. An additional tube

was brought up from the sample chamber and attached to an ion-

ization gauge. The pressure in the line through which the

chamber was pumped was likewise measured. The pressure as

-3
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read at the gauges differed by a factor of ten throughout

the pumping procedure, the lower pressure being observed in

the line which was being pumped. Other information was ob**

tained by observing warm-up rates of the sample. If the sam-

ple chamber was not outgassed according to the procedure de-

scribed above, the warmup rate was about doubled. If the sam-

ple chamber was not outgassed and a fluctuation in the booster

pump action caused the temperature in the bath to rise, the

warm-up rate was increased many-fold. If an ionization gauge

was used to measure the pressure in the pumping line during a

run the warm-up rate was about doubled.

It was not possible, using the present apparatus, to

measure the susceptibility in large fields. This situation

arose because vibration of the magnet induced a noise voltage

in the secondary of the measuring coil. This vibration stem-

med from two causes. The first was the mechanical pumps,

whose effect was greatly reduced by mechanically decoupling

them from the dewar system. The second cause was the boiling

of the liquid nitrogen coolant around the magnet. No feasible

method of preventing vibrations caused by the boiling came to

mind. The following limitation on measurements in magnetie

fields was therefore imposed. Up to about 2 kilogauss, there

was no serious reduction in sensitivity; at higher fields the

sensitivity was rapidly reduced, the reduction being about a

factor of 200 at 10 kilogauss over the zero-field condition.
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We were thus forced to make an extrapolation at high fields

and were prevented from measuring the entropy in the helium

region with the aid of the formula

k 'ai , 8, .

It was found that, even with Rg untouched, there were

small variations in the magnet current, attributed to changes

in resistance of the leads into the nitrogen as the nitrogen

level dropped. These changes were just large enough to be

detected on the meter used to read the magnet current. Later

runs used a potentiometer to measure the current and a correc-

tion was applied for the variation in current.

The viscous pressure drop between the surface of the li-

quid helium and the point at which the pressure was measured

was increased by the presence of the pumping tube to the sam-

ple by a factor of 8 over the drop which would be observed in

the case of an unobstructed dewar of the same size. This in.

creased pressure drop was aggravated by our inability to cool

the top of the inner dewar effectively. A warmer inner dewar

increases both the volume and viscosity of the gas passing

through it, as well as increasing the heat leak. These diffi-

culties, then, limit the lowest temperatures attainable and

the accuracy of pressure measurements at the surface of the

liquid helium.

As changes in the behavior of samples from run to run

have been observed,6 ,26 it would be desirable to make all meas-

j
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urements without allowing the sample to come greatly above

helium temperatures, thus avoiding the thermal shocks which

occur between runs. As noted, however, only about 10 demag-

netizations could be made with the liquid helium available at

one time and this much data was insufficient to give an accu-

rate magnetization curve. In addition, about 20 hours was

needed to obtain this data, after which time the efficiency

of the observer is greatly reduced. Several coolings were

therefore required to take the complete set of data.



VII EVALUATION OF THE DATA

As shown in Appendix C, both the real and imaginary parts

of LC vary with susceptibility. We concern ourselves only

with the real part, but to save writing use no special nota-

tion. For each calibration we fit the results to a straight

line

4C= A + B/T (E)

of pC plotted against 1/T. We then define an experimental

susceptibility, 'Xg by

4L = A +BX (8)

The quantity XE is then proportional to the susceptibility,

which is given by Curie's law in the helium region of tempera-

tures. It was found that, on any one run, B is a constant,

near to 21 turn-deg, but that A may change if the coils of C

are disturbed. The parameter A never changed by more than

0.4 turn during a run. The parameters A and B also depended

on the magnetic field as 43 could be adjusted only in magni-

tude, not in phase. The change of A with field was measured

and found to be 0.2 turn at the largest field used (2000 gauss).

B was again assumed to be constant within the experimental ac-

curacy. The quantity X is determined from (8), using ap-

propriate values of A and B for that run.

Above the I-point, the values of T in (7) were determined

from the pressure in the liquid helium near the sample. The

pressure was taken as the pressure in the pumping line increased
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by the hydrostatic pressure of the liquid helium. Below the

A-point, thermal equilibrium was assumed and the hydrostatic

pressure was not included. The pressures were converted to

temperatures using the Agreed Scale. Below T=1.60 K, de-

viations from (7) were observed. It was assumed that these

corresponded to a pressure drop along the dewar as we should

not expect deviations from Curie's Law at this high a temper-

ature.16 Figure 9 is a typical calibration curve.

For each current I in the magnet, %, was determined as

a function of T* as follows. The "magnetic temperature" T*

was used as a measure of the entropy, which was evaluated

later. The value of ,,= l/Twas measured before and after

the measurement of Xg. The value of Zs, at the time of the

measurement of X& was then found by linear interpolation.

It was then possible to plot XE (T*). However, for small I,

Xf was known to about 5 parts in 105, so that such a plot

would not be convenient. For small I, then, X., L Xe

is a convenient quantity to plot, as illustrated by Figure 10.

At large I, Xj is small and may be plotted directly, as exem-

plified in Figure 11. At intermediate fields neither pro-

cedure is satisfactory. We then plot some slowly varying

function of XF and T* against T * Figure 12 illustrates

such a procedure. In practice, the quantity 8X as- A

was used instead of X8 . The results were later divided

by B, as the greatest inaccuracy of calibration was in the val-

ue of B. Any later corrections, which might be realized,
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could then easily be applied.

From these curves the value of Xs at any T* can be read

for the various values of I used. Thence plots of X, vs. I

at constant entropy (labeled by the value of T* corresponding

to that entropy) are constructed. Again accuracy is gained

by plotting differences. In Figure 13 we plot

I+ (TAX )
for the values of T* included. The parameter I, is different

for each value of T* as indicated in Table 1. The curves

are drawn to fit the points, but errors enter on the scale to

which the curves are drawn. The points of Figure 13 repre-

sent the results of two runs which seemed to agree well with

each other. A third run gave points at high fields which did

not agree with these two. It was felt that this disagreement

was associated with the variation from run to run which other

workers have observed below the Curie point.6 ,26  It was

necessary to use this latter run to provide the following ex-

trapolation. At low fields ( < 500 gauss) all runs agreed.

At large I it was found that the experimental points approached

a curve of the form

(See Appendix B.) Then Xz and 12 were chosen so as to fit

the values of XZ measured at the three largest fields used

(I = 0.9943, 1.1068, 1.2143) and are given in Table 1. In
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all cases, (9) was used for fields given by I >1; the ex-

perimental points were used for fields given by I < 1.

X
We define M4(41 Z , EJZ. Thus ME is proportional

to the magnetization of the sample and is evaluated by apply-

ing Simpson's rule to the curves of Figure 13 and adding the

values obtained analytically for the part of X. expressed ana-

lytically. The curve .l ME vs. I is given in Figure 14.

As I-* o , ME is found to approach a limit ME.., as given

in Table 1. Finally, we define the function F: S[ M e d

which is also evaluated by a combination of Simpson's rule and

analytical formulas and is tabulated in Table 1.

We now wish to make connection between the experimental

quantities and absolute values. We assume that the suscep-

tibility in the helium region is given by Curie's law

T, .... vA N j' T(+1) 0
*437 3VIKT (10)

where g = 2 and J-S=3/2 for the case of chromium alum.

Then

V x ,* W - 3.367 3.36E7 Xr
3 KT T

and

- xE J 8 S(3.3487) (.1-73) d1. *53?6& Me .

The quantity * = .5962 ME is given In Table 1.
No

I1
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Fk fr' 13 8 B. (.ssa)(. r73)(s.ae ae o-A) F

= .813 0o F,.

The tables of Hull and Hull28 were used to con

entropy. These give 3 as a function o

B/ is the Brillion function with 7=3/2. For an

magnetic gas

3 ~ ~ e)

If g=2 and x = ,KrT
9" .

pute the

f x, where

ideal para-

Making this associa-

tion, the values of x given in Table 1 were computed. The

values of SIR of Table 1 and Figure 15, for an ideal salt

subjected to this value of x, were then read from the tables

of Hull and Hull. Values of S/N = k S/R are also given

in Table 1.

The quantity F was then associated with the integral in

(6), and F is plotted as a function of S/N in Figure 16. The

slopes were determined graphically and their negatives are

plotted as T in Figure 17 as a function of T*.

rLey,
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VIII CONCLUSIONS

Determination of the Thermodynamic Properties

Since the primary objective of this thesis was to es--

tablish a new method of measuring the thermodynamic proper.

ties of a paramagnetic salt in the demagnetization region,

we wish to compare our work with that of others. In addi-

tion, some previously undetermined properties of the partic-

ular salt studied have been measured, which are discussed

later in their connection with theory.

The important result of measurements in the demagne-

tization region is embodied in the function T(S), the tem-

perature as a function of entropy when there is no external

field. The experimental index of the entropy is T*, so

that actually one must determine S(T*) and then T(T*). The

methods which have been applied to the solution of these two

problems for potassium chromium alum are summarized in the

following table:

Laboratory Sample Entropy Temperature References

Oxford Powder Isothermal Gamma Ray Heating 5, 17, 18
Method

Leiden and Powder Isothermal Self-Consistent 6,18,26,29,
National Bureau and Method (Theoretical) 30
of Standards Single Method and Mag-

Crystal netic Heating

Present work Single Asymptotic Magnetic Method
Crystal Method
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We typify the previous work by that of Bleaney5 at Oxford and

of de Klerk, t al.29 at Leiden. The isothermal method of en-

tropy determination consists of computation in the helium re-

gion of temperature. The asymptotic method makes useof the

fact that at high fields the isentropic magnetization ap-

proaches that of an ideal paramagnetie gas. Since the zero-

field magnetic properties of chromium alum are very nearly

isotropic, we expect Bleaney's results on a powder sample to

agree with those on single crystals.

The comparison with the results of other workers is given

in the form of graphs of S(T*) (Figure 15) and T(T*) (Fig-

ure 17). For completeness we give the result T(S) in Fig-

ure 18. Making the comparison for the entropy we see that

Bleaney's results lie above ours by a constant amount. Re-

sults of other workers roughly agree with those of Bleaney or

lie somewhat higher, as exemplified by those of de Klerk. As

the slope of our S(T*) curve then agrees with that of others,

we may proceed to a consideration of the temperature agreement.

The difference in the absolute value may not be ignored, how-

ever, and is discussed later. Making the comparison for the

temperature, we see that all results are in rough agreement.

That the differences noted actually constitute rough agreement

is substantiated by the fact that if the g-factor for our sam-

ple were as small as 1.96, our results would be brought into

agreement with those of Bleaney. As it has been suggested3 o

that the g-factor might be this low at high fields, and con-
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sidering the possibility of calibration errors, the differ-

ences between our results and those of Bleaney must be dis-

counted with our present state of knowledge about the salt.

The results of de Klerk are given by the self-consistent meth-

od, which does not give complete internal agreement at the en.

tropies used in this experiment and are omitted from further

discussion.

We take this agreement of temperature determinations to

indicate that the magnetic method, expressed by Equation (1)

or equivalently Equation (6), has a satisfactory basis and is

in actual fact practical, Since entropy differences are used

in the application of (1), the asymptotic method of entropy de-

termination is thought to give valid entropy differences.

The agreement so far as the absolute value of the entropy

is concerned is not good. We first dispose of the possibil-

ity that the disagreement arises from instrumentation errors,

and then discuss other possibilities among which no decision

can be made at present,

The greatest experimental errors arise in the measurement

of B in (7) (the calibration constant of the mutual inductance

coil), and the calibration of the field Be in terms of the cur-

rent I. It is estimated that each of these errors is at most

1/2%. It seems unlikely that the g-factor is much less than

1.98 at zero field, a difference of 1% from the value 2 chosen

in Curie's law (10). As g enters into (10) as g2, the total

possible error from these causes is 3%, an insufficient amount
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to account for the 7% reduction in our values of 'M, which

would be necessary to make our entropies agree with those of

deKlerk, et al. It should be noticed that a variation in g

would lead to an alteration of the entropy computed by the

isothermal method though not so great an alteration as in

our case.

We must consider the possibility that the extrapolation

to large fields (9) is in error. As, at fields below 2000

gauss, XE falls off more rapidly than a function of the

form (9), we might expect that our extrapolation leads to

too large values of asymptotic magnetization MEso . Typi-

cally, the extrapolation accounts for about 12% of the value

of "E" . As noted, this amount would have to be reduced to

5% to obtain agreement with deKLerk, et al. Although the

possibility cannot be excluded, it seems unlikely that such a

large error in extrapolation would be possible.

Another possibility for the non-agreement of entropy val.

ues is an error in the theoretical basis for the computation

of entropy. In the case of the asymptotic method, the great-

est possibility for error arises from the extrapolation to very

large fields. In the case of the direct calculation of the

entropy near 10K (the isothermal method), a knowledge of the

structure of the low-lying energy levels is necessary. The

magnetic interactions must also be taken into account. As

has been pointed out, it is impossible to make these correc-
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tions correctly at present. However, the heat capacity

near 10K at zero field is known5 to be about *Ol6 R/T2 so

that the entropy reduction from the free spin case is AS/R=.008

at zero applied field. It seems unlikely that this value

would be greater with an applied field, as AS/R vanishes in

the limit of very large fields. A correction of the order

of A is not large enough to bring about agreement

of the values in Figure 15.

Finally, the difference among our results at high fields

on different runs must be recalled. These differences may

be correlated with those noticed below the Curie point6 ,26 in

T*(S) and in the high-temperature specifie heat. The former

is attributed to the rate of cooling to liquid helium temper-

atures and the latter to aging of the sample over a period of

time. Definitive experimental information is, however, lack-

ing on this point of non-reproducibility from run to run.

Comparison with Theory

The theoretical problem occasioned by the interactions

among magnetic ions at low temperatures has been attacked by

two methods. One, valid in the high-temperature limit, is

to compute the partition function as a series in T/T, where

T/3 is the Curie constant. This expansion has been dis-

cussed in Section III where we have shown that it is the ba-

sis for the isothermal method of entropy determination near 10K.

A
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This expansion breaks down, however, at temperatures reached

by adiabatic demagnetization. Bleaney5 has shown in detail

that the zero-field specific heat below 0.50K cannot be fitted

to a curve given by this approximation. The other theoreti-

cal approach is to evaluate the low-lying energy levels of the

system of interacting magnetic ions. It is difficult, how-

ever, to evaluate even the ground state, so this method has

fallen short, up to now, of settling the theoretical situation

up to temperatures where the series expansion method holds.

Some progress, however, has been made along these lines by con-

sidering spin-waves or by introducing an order parameter. These

approaches do not seem to be valid at temperatures as high as

0*.1K. The temperatures achieved in the present experiment

thus lay between those covered by the two theoretical ap-

proaches.

It should be noticed, however, that in principle complete

specific-heat data, at a given external magnetic field, yields

the energy-level structure at that field. In practice, it is

possible only to choose a model for the energy-level structure

and see if it gives results which agree with experiment. As

the thermodynamic behavior at high magnetic fields is not sen-

sitive to the structure of the model chosen, the most signifi-

cant comparison is with data at low fields. The data obtained

in the present experiment (with the help of (2)), are suffi-

cient to determine the complete thermodynamic properties at low

fields with good accuracy. Inasmuch as no agreement with
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theory can be obtained even at zero field,5 it is fruitless

to make comparisons at other fields at the present time.

When further theories are proposed, they may now be compared

with data over a wide range of fields (in the limited region

of entropy covered in the present experiment) whereas previ-

ously the emphasis has been only on the zero-field behavior.
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IX SUGGESTIONS FOR FURTHER WORK

To carry out a complete program toward understanding the

interactions among magnetic ions imbedded in a crystal, one

would like to propose theoretical models and compare the e-

quilibrium and the transport properties predicted by them

with the properties measured experimentally. We consider

only the experimental problems connected with the measurement

of the equilibrium properties.

The present work has pointed up the value of two new meth-

ods of measuring the thermodynamic properties of a paramag-

netic salt. The measurement of the entropy still is not be-

yond question. One would like, then, to establish the en-

tropy measurements.

It would be desirable to modify the equipment so that

measurements might be made in large fields. Then the extrap-

olation (9) could be made to account for a smaller fraction of

the asymptotic magnetization (and hence of the entropy deter-

mined by the asymptotic method) and also might be made more

accurately. It should be possible to make these measurements

in large external fields, in spite of the high noise level, by

use of a very narrow band width detector. The long time that

would then be necessary to measure the susceptibility would

not be a serious difficulty for two reasons. 1) At large

fields the change of susceptibility with entropy is small.

2) For a given heat leak, the rate of entropy increase is



smaller at high fields than at low fields as the temperature

is higher.

One could then check these findings by measuring the en-

tropy change when a magnetic field is applied isothermally in

the helium region of temperature. This problem is not so

simple experimentally as it is necessary to measure the heat

evolved instead of the heat added as in ordinary calorimetry.

One might, however, provide the sample with a thermometer and

heater. Then, after magnetizing isothermally, isolate the

sample and demagnetize isothermally, keeping the temperature

constant with the aid of the heater. The entropy, when the

magnetic field was applied, would then be determined. This

calorimetric method of measuring the entropy would require more

complicated apparatus than is required for the application of

the asymptotic method. The hope would be to establish the

asymptotic method calorimetrically and then rely on the asymp-

totic method.

If a large magnetic field were available for making the

demagnetization, one could attain the very low-temperature re-

gion where there is greatest disagreement among experimenters

as to the value of the temperature and where the greatest theo-

retical interest lies. Similarly, the use of a salt for which

the low-lying levels of the individual ions are well known would

be of greater theoretical interest, for then the problem of mag-

netic interactions among the ions might be more easily distin-
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guished from that of the interactions of the ions- with their

immediate surroundings.

In the region below the Curie point, relaxation effeets

make the determination of the equilibrium magnetization by al-

ternating current methods difficult. It would not be out of

the question, however, to design an apparatus which measures

the magnetization by moving the sample at constant magnetiza-

tion.
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LOCAL-FIELD APPROXIMATIONS

We set ourselves the problem of finding the connection

between He = Be/ 0 , the external field, and H = Bg /L , the

field actually acting on a magnetic ion. We consider only

ellipsoids, for which H = H -DM where H = B - M is the

field inside the sample, and D is the demagnetizing factor.

We now wish to relate HA with H.

Lorentz approaches this problem by assuming that the mag-

netization arises from dipoles of magnetic moment p = OM /N

located at each ion site. This assumption, though valid for

induced moments, is clearly invalid for permanent dipole mo-

ments. He computes the field at a dipole, which is chosen

as the origin of coordinates, by summing the contributions of

dipoles within a sphere around the origin, and computing the

contribution of other dipoles by macroscopic magnetostatics.

The latter contribution is H diminished by the field arising

from dipoles in a sphere, - M The summed contribution is
3

zero if the point group is cubic, since the z-component of

field at the origin of a z-directed dipole is ( -

Y s

and Z x'a a alX A /3. Thus the field at the dipole is

H =H = H+ .
L 3

Onsager avoids making the error of computing the reaction

of a dipole on itself by conceiving of a continuum of permea--
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bility p with a spherical cavity of permeability e into

which a dipole is placed. The change in field when the di-

pole is inserted has no orienting effect. We solve this

problem with the condition that the field at large distances

is H. We find that HA = Ha 3 H/[r 4-"*/, ].

We define

where = I/ and T/3

only low fields so that

we find

3

on
3O

-. ,(Al)

is the Curie constant. We consider

M/ N M /H. Substituting Xt:M/Hi

I+ ('/s- 0) Ze

Ze (A2)

(- V+ - a

-AT

T + (A3)

If the sample is a sphere, we have T>: V/3Xe. This fact

leads to the popularity of using spherical samples for adia-

batic demagnetization experiments.

Van Vleck's5 calculation gives

-a'
3.-r 

()

I

(A4)
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which is equivalent to (4) of the text where 9 and Q are
*

defined. We call this temperature TV and might imagine

a corresponding local field given by (Al). It is most con.

venient to eliminate X. between (A4) and (A2) yielding

= (A5)
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APPENDIX B

LARGE-FIELD SUSCEPTIBILITY

We wish to compute the form of susceptibility curves at

large fields, along an isentrope. We use

- T(Bl)

fT)
The form of Daniels and Kurti's1 7 result is that to first

approximation, we may write

S. N~h. - y q4) ($]-5~~~~~~ tJ t r 4
(B2)

and

,7II (Ba)

where K:-K T , z is the ionic partition function derived

from energy levels my/J, and B is a Brillion function. Since

z is the ionic partition function, a local-field hypotheses

is required to take account of magnetic interactions, as in-

dicated by the use of B in y. We now restrict ourselves

to the use of the Lorentz local field and a spherical sample

so that BI = B e The terms in (Bi) are then easily com-

puted and we find

6 78(s ) _ ._ + _ _ _/ _ ( B 4 )
4. +I 1



At large fields, with constant entropy,

entropy, we let
= G(5)- G(.)2 -'

and expand u=l/y in a Taylor series in

f Ind
G 4 ) - G (it.)

vOL Cl

( i'v to

so that kT

a 1. 0

!5 a, (I )

Substituting in (B4) we find

+ z(J.)' ,'( )

_ .4___ 9#_____4 e (06 +

(e) e(I 7'P)4f8/CyV4)J 2 84

where we have let y = ya in the argument. (B7) is some-

what inconvenient for extrapolation, and we compare it with
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At this

V k
P iSe

- we

(lb
(B5)

S+

(B6)

(B7)

I 

, (YO)( CI)" 9a

y -+b ye .*

4 )v . 0

4) "
.- M-M-MMM- T

OIL

(Ir (46+ -
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a function of the form

X zo ____ ___ ___

8+ se Be +. (B8)

By suitable choice of B and (B8) agrees with (B7),

except for a factor 3/4 in the last term in the denominator

if 66 ja , which is the case for the results of Daniels

and Kurti in the region of y, used in the present experi-

ment. (BS) was used as the extrapolation formula in the

present work.
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APPENDIX C

DEPENDENCE OF MUTUAL INDUCTANCE ON SUSCEPTIBILITY

We wish to show that the mutual inductance of a pair of

coils surrounding a sample is a linear function of the sus-

ceptibility of that sample. The flux intercepting the sec-

ondary coil is then of the form

where a and b are geometrical constants. B0 is the field

which would be present if the sample were not and M is the

magnetization of the sample. The assumption has been made

that the distribution of B does not change with M. The

equipment for the present experiment was designed to make

this assumption valid. The voltage induced in the second-

ary is then

where I is the primary current, assumed sinusoidal, and c

and d are geometrical constants. The last equality arises

im is

from the fact that any current induced by i, and thence the

field B0 , may be expressed as a linear combination of I and



di/dt. If we compare this expression with that defining

the mutual inductance 7 :& ' Ci -

we see that both the real and imaginary parts of the mutual

inductance are linear functions of the susceptibility dM/dB0

of the sample.
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