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ABSTRACT

A design methodology for vibration control of deformable laser

mirrors is developed. To develop the methodology, a clamped-clamped

beam is treated in place of a mirror. Transverse actuators are used

to control static deflections and vibrations. Position- and velocity-

feedback are used.

A single-input/single-output classical control approach is used.

By placing the actuators and sensors at the nodes of a given mode, it

is possible to design a simple control system for vibration control of

all lower modes. The reasons for using this actuator/sensor placement

scheme are outlined. An expression is presented which yields the mean

square displacement of the beam, at a given location, when the beam is

subjected to a stationary, ergodic, distributed random process. This

equation uses natural frequencies, mode shapes and damping ratios derived

in the control system synthesis.

A computer model was developed to calculate root mean square dis-

placements for any number of actuator/sensor pairs. The results of a

specific example are presented.

Thesis Supervisor: H. Philip Whitaker
Title: Professor, Aeronautics and Astronautics
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CHAPTER 1

INTRODUCTION

1.1 Outline

This chapter introduces the problem of dynamic control of de-

formable laser mirrors in the presence of distributed unsteady disturb-

ance forces. Section 1.2 describes the mirror setup and typical control

loops. The disturbance forces are explained in Section 1.3. The limi-

tation of the problem to that of one-dimensional vibrations of a clamped-

clamped beam is outlined in Section 1.4.

1.2 Deformable Laser Mirrors

High-energy laser beams are subjected to optical degradations

caused by atmospheric turbulence and by local heating of the air due to

the presence of the laser beam itself (thermal blooming). A method of

compensating for these effects is to introduce into the laser optical

train a deformable mirror whose shape can be changed rapidly enough to

correct for the above-mentioned effects.

As shown in Figure 1, a typical deformable mirror system consists

of a thin, flexible plate (the mirror itself), which is connected to a

rigid surface via a set of electromechanical force actuators. These

actuators drive the mirror to the shapes desired for laser beam correction.

Position and velocity sensors are provided either at the actuators or at

other locations on the mirror. (Alternatively, accelerometers could be

used, the readings from which would be integrated to provide velocity

6



MIRROR SURFACE

ACTUATORS .
AND/OR
SENSORS

MOUNTING PLATE

Figure 1. Deformable mirror schematic.

data and integrated again to provide position data. These sensors provide

feedback for control loops to drive the mirror.

A typical control-loop block diagram for a deformable mirror is

shown in Figure 2. For clarity, this setup shows a position-feedback

loop only. A position- and velocity-feedback block diagram for the con-

trol system of one of the actuators is shown in Figure 3.

The degree of structural flexibility of the mirror is a design

parameter. If the mirror plate is too flexible, then it will be overly

susceptible to structural vibrations caused by disturbance forces (see

Section 1.3). On the other hand, if the mirror is too rigid, then the

actuators will not be able to drive the mirror to the desired shapes. A

solution to this dilemma is to use a thin, flexible mirror and to use

part of the control system authority to control the mirror's vibrations.

This thesis will address the problem of controlling the vibrations

of such a mirror when it is subjected to unsteady disturbance forces. In

order to develop a design methodology, ths' mirror will be replaced by a

beam structure (as explained in Section 1. 4) in order to limit vibrations

to one dimension. The design techniques will center upon finding the

number and locations of actuators and sensors required. -The one-dimensional

analysis is greatly simplified by placing the actuators and sensors at nodes

7



LASER BEAM OPTICAL DISTURBANCE
QUALITY COMMAND FISTRBCE

DESIREDFORCES
DISPACEMNTSLASER

OPTICAL MIRROR OF N ACTUATORS N N BEAM
QUALITY SHAPE DISPLACEMENTS ACTUATOR OPTICAL

ERROR COMMAND RORS FORCES QUALITY

A +N
PROCESSOR PROCESSOR * + - * ACTUATORS

N
DISPLACE DSENT PC

SENSORS

N INDICATED MDMIRROR
DISPLACEMENTS DISPLACEMENTS

OPTICAL
INDICATED SENSOR

LASER BEAM
QUALITY

Figure 2. Deformable mirror control system block diagram (position
feedback only) , N actuators and N sensors.

DESIRED MIRROR DISTRIBUTED
DISPLACEMENT DISTURBANCE

TOTAL ACTUATOR ACTUATORj FORCES MRO
DISPLACEMEN'r ERROR COMMAND FORCE + DISPLACEMENTS

COMPENSATION ACTUATOR MIRROR VLOCTY

VELOCITY X INDICATED
DAMPING GAIN GAIN VELOCITY VELOCITY

(DAMPING) SENSOR

DISPLACEMENT X INDICATED
STIFFNESS GAIN GAIN - DISPLACEMENT DISPLACEMENT

(STIFFNESS) SENSOR

Figure 3. Position and velocity feedback loops for single
actuator/sensor pair.
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of certain mode shapes. If a similar condition is true for plate mirrors,

then the design methodology developed here could be directly applied to

such plates.

1.3 Disturbance Forces

All of the mirrors in the optical train of a high-energy laser

are subjected to unsteady disturbance forces (these are included in

Figures 2 and 3). These forces arise from several sources: the acous-

tic sound field of the laser comrustion (for gas-dynamic lasers), base

motions (if the laser is mounted on a mobile platform such as on air-

craft), or coolant water flow through the mirror (if it is actively

cooled) (see Reference 2). These disturbances can cause significant

mirror distortions and "jitter", even in the relatively rigid uncontrol-

led mirrors in a high-energy laser. The effects on a flexible deformable

mirror would seem to require special attention.

1.4 Approach

The purpose of this thesis is to attempt to provide insight into

the design of deformable mirrors which are in the presence of unsteady

disturbance forces. The focus is on determining the number and positions

of actuators required to bring the resulting mirror motions to within ac-

ceptable tolerances. To simplify the problem, the mirror structure is

replaced here by a flexible constant cross-section clamped-clamped beam

structure. Thus, only one-dimensional vibrations are allowed. Therefore,

the problem is reduced to finding the number and locations of transverse

actuators required to keep the vibration displacements of such a beam to

within specified tolerances when the beam is subjected to distributed

unsteady loads.

The setup is shown in Figure 4. As in the full mirror case, the

beam is provided with point-load electromechanical actuators and position

and velocity sensors. For simplicity, it is assumed that the actuators

9



DISTRIBUTED, UNSTEADY
DISTURBANCE FORCE
f x't)

ACTUATOR/SENSOR BEAM
PAIR-

Figure 4. Clamped-clamped beam with actuators and sensors.

and sensors are colocated. The control-loop block diagram for one of the

actuator-sensor pairs is shown in Figure 5.

DISTRIBUTED
DISTURBANCE
FORCES

DESIRED DISPLACEMENT BEAM
DISPLACEMENT ERROR ACTUATOR DISPLACEMENT

ACUAO FORCE -V ACTUATO0R BEAM y(t)
BEAM

Yd 
IVELOCTY

VELOCITY INDICATED
FEEDBACK DAMPING VELOCITY VELOCITY

DISPLACEMENT INDICATED
FEEDBACK STIFFNESS DISPLACEMENT DISPLACE-

GAIN MENT 1
KCS SENSOR

Figure 5. Single actuator/sensor control loop for beam problem.

A single-input/single-output classical control approach is used

in analyzing the control system response. The control system gains are

considered to be the same for all actuators. For example, the position

feedback loop gain, Kcs, is the same for all actuators. Simple static

gains are used.
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CHAPTER 2

VIBRATIONS OF AN UNCONTROLLED BEAM

2.1 Introduction

This chapter solves the problem of finding the vibration displace-

ments of a clamped-clamped beam with no actuators. This is a relatively

simple structural dynamics problem and will be handled with standard

modal analysis techniques. The method will be presented in detail, as

the specifics will be important later in developing the controlled beam

model.

In Section 2.2, expressions will be developed which give the mode

shapes and natural frequencies of the undriven, undamped beam. Viscous

damping is added to the beam in Section 2.3. An equation is then presented

which gives the mean square displacements of the beam when it is subjected

to a stationary, ergodic, distributed random force.

2.2 Mode Shapes and Natural Frequencies of an Undamped Beam

The problem of finding the vibration displacements of a clamped-

clamped beam has been extensively investigated and is usually solved via

modal analysis techniques. The particular application of those techniques

as used here is well detailed in Meirovitch (Reference 3).

The beam is shown in Figure 6.

Assuming that the vibrations are of relatively small amplitudes

and that the cross-sectional dimensions of the beam are small compared

11



....................... ST A Y -"DISTU B N EF R E O ,

DISPLA CEMENT, y(x, t)

BEAM-

Figure 6. Uncontrolled beam.

to the beam length, the linearized, undamped free-vibration equation of

the beam can be written

2
EI(x) 3 y(x,t)

x
2

2
(X) a2 y(x,t)

at2

E = elastic modulus

I = area moment of inertia

y = beam displacement

m = mass per unit length of the beam

Since the beam is uniform (constant cross section and constant

mass per unit length) Eq. (2-1) reduces to

4 2
a y(xt) _ -m 0 y(x,t)

4 EI 2ax at
(2-2)

We shall assume that the solution of Eq. (2-2) is separable in

time and space so that

y(x,t) = Y(x)T(t)

12
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Substituting this expression into Eq. (2-2) gives

T (t) d Y(x)
dx

4
=-m d2T (t)=- Y (x)

Eii dt2

Dividing both sides of Eq. (2-4) by mT (t) Y (x) / (EI) gives

EI d4Y (x)
mY (x) 4

1 d 2T (t)= - L. Tt
T (t) dt2

Note that the left-hand side of Eq. (2-5) is a function of x only, while

the right-hand side is a function of t only. Since x and t are indepen-

dent variables, both sides must be constant for Eq. (2-5) to be true for

all possible values of x and t. In modal analysis methods, this constant

is chosen as a positive value, w 2. Equation (2-5) then yields two

equations

d4Y(x) 2
EI - W 2 m(x)Y(x) = 0 (2-6)

dx4

d 2T (t)_ + w 2T (t) =0
dt2

Equation (2-7) indicates that thetime function T(t) will be har-
2monic. Equation (2-6) is an eigenvalue problem with w 2 m as the eigen-

value parameter. Associated with the eigenvalues are the nontrivial

solutions Y(x), which are the eigenfunctions.

Since the beam is clamped at both ends, the boundary conditions

of Eq. (2-6) are

Y(0) = Y(L) = 0 (2-8)

13
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Letting

dY - dY (x)
d(x) = dx

x=0 x=Z

2

El = kEI

= 0 (2-9)

(2-10)

Eq. (2-6) can be rewritten

44d4 ) 
W- kY(x) = 0

dx4

The general solution to Eq. (2-11) is (see Reference 3)

Y (x) = C 1 sin kx + C2 cos kx + C3 sinh kx + C cosh kx

The solution to Eq. (2-12) using boundary conditions Eq.

(2-9) is (see Reference 4)

cos (k) cosh (kx) = 1

(2-11)

(2-12)

(2-8) and

(2-13)

This equation yields an infinite number of solutions, kn (and thus wn

with n = 1, 2, ... , e. Substituting a particular eigenvalue kn into

Eq. (2-12) we find the eigenfunctions

Y (x) = cosh (kx) -cos (kx)

Fcos (k 2,) - cosh (k 1n n Isinh (kx) - sin (kx)J

sin (k x) -sinh (ksnk
n n

(2-14)

14
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The eigenfunctions in Eq. (2-14) form an orthogonal set, with the result

that

0 n 96 m
Y (x)Y (x) dx = (2-15)

0

The eigenfunctions Yn (x) are also called mode shapes. Mode -

shapes for the first five modes are shown in Figure 7.

Figure 7. First five mode shapes.

The beam displacement y(x,t) can then be expressed as a summation

of the mode shapes multiplied by harmonic time functions

0o

y(x,t) = E Y (x) A cos (w t) + Bn sin (w t)] (2-16)
n=1 I

where A and B depend upon the initial conditions.
n n

15



We can normalize the mode shape functions by dividing Eq. (2-14)

by 4 1. Denoting the resulting orthonormal mode shapes by yn (x)., we

have

Y (x)
y (x) = n (2-17)

The orthogonality condition of Eq. (2-15) then becomes

/t0 
n 1m

y n xm W n = m (2-18)

2.3 Beam with Damping

The preceding analysis has assumed that there is no damping in

the beam. The analysis of a beam with viscous damping is treated in

this' section.

Let us denote the left-hand side of Eq. (2-1) by a linear stiff-

ness operator L[y(x,t)], so that

4
L[y(x,t)] = EI a y(X,t) (2-19)

ax

We will also assume that we have a damping force (per unit length)

that is proportional to and opposite in direction to the velocity, so that

F (x,t) = -C ay(x,t) a tCy(xt)] (2-20)
damping t a(t

C is constant with respect to x and t.

16



If the beam is subjected to a distributed external force f(x,t),

the differential equation for the beam motion is

aa 2
L[y(x,t)] + T [Cy(x,t)] + m 2,t) = f(x,t) (2-21)

at2

Using the boundary conditions in Eq. (2-8) and (2-9) we first

solve the undamped, undriven problem of the last section. This yields

an infinite set of natural frequencies, w n, and orthonormal mode shapes,

y n (.

We can note that from Eq. (2-6) and the fact that L is an operator

4
2 a yn (

L[y n(x) - wiy x) = EI ax4  (2-22)

Thus, using Eq. (2-15), we have two orthogonality conditions

f my (x)y (x) dx = mn
0

ym (x) L [y2 x (2-23)

fty [)Lyn(x)] 6x= n 1
0

where 6 is the Kronecker delta.mn

We can then expand the solution of Eq. (2-21) in an infinite

series of the orthonormal modes; y n(x), multiplied by time-dependent

"generalized coordinates" and n (t) (which are the harmonic functions

shown in Eq. (2-16) with appropriate coefficients An and B n

y(x,t) = yn Wn ) (2-24)
n=1

17



Substituting Eq. (2-24) ihto Eq. (2-21) and noting that

L[y(x,t)] and Cy(x, t) are linear functions of the derivatives of y(x,t),

we have

In (t)L[yn (] + n n(t)Cyn ( + n n(t)my(x) = f (x, t),
n=l n=1 n=1

(2-25)
n = 1, 2, .. 00

Multiply Eq. (2-25) by ym(x) and integate with respect to x, frcm

0 to Z, using the orthogonality relations of Eq. (2-23)

0O

TIn (t) + cm In(t) + n (t)
n m=l 1 t

c = Yn(x)CYm(x) dx,

f (t) = f9Yn (x)f(x,t) dx,
n O n

= fn (t), n = 1, 2, ... , (m

m, n = 1, 2, ... ,o

n = 1, 2, ... , W0

The set of equations represented ,Yj Eq. (2-26) is coupled by the

damping term c . However, if the quantity Cym is chosen to be a linear

combination of L[ym(x)] and my m, the equations are decoupled. That is,

if

Cym = aL[ym(x)] + a2ym(x) (2-29)

where a1 and a2 are constant with respect to x, then by Eq. (2-27)

18
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c y n (x) a1L[y m(x) ] dx + yn (x) a 2ym (x) dx (2-30)

However, by the orthogonality Gonditions, Eq. (2-23)

c = c 6 = a W 2 6 + a 6 (2-31)
mn n mn 1 n mn 2 mn

For an uncontrolled beam, a2 = 0 and a1 = Y , where y is the "struc-

tural damping factor". (When the actuators and control system are in-

cluded in the analysis, a1 and a2 will ch~hge.)

We shall then make the following definition of damping ratio C

c
nn

n (2-32)
n 2w

n

Substituting Eq. (2-32) into Eq. (2-31) and substituting the result into

Eq. (2-26), we have for each mode, n

2
n (t) + 2C w I (t) + W 'l (t) = f (t) (2-33)
n n n n n n n

This is simply the differential equation for a driven second-order

system with natural frequency, w n, and damping ratio, ,n

2.4 Response to Random Excitation

If we allow the forcing function f (x, t) in Eq. (2-25) to be an

ergodic distributed random excitation, then we can follow the procedure

outlined in Section 11-14 of Meirovitch (Reference 3).

Let us take the Fourier transforms of the variables used in

Eq. (2-26) where the Fourier transform of a function x(t) is defined as

19



X (W) = f-x (t) e- it dt

Denoting the Fourier transform of the generalized coordinate 71n (t) by

Qn (w) and denoting the transform of the forcing term fn (t) by Fn (w), we

have

H (w)F (w)
Qn (w) _ n 2nn 2

n

(2-35)

In Eq. (2-35), Hn () is the second-order complex frequency response

H (W)
n

1
(/W)2+ (2 w/
n n n

(2-36)

We then define a generalized excitation cross-correlation function

S (T) = M l i fT,2 f (t) f (t + T) dt~fmn (Ti = T- -T/2 n m
(2-37)

and its Fourier transform

G :E() = (W fmn()e iwr dr (2-38)

Meirovitch shows that the temporal mean square displacement of the beam

at position x is

20
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2 1 y (x) y (x) 0c H

2r = 2 2H(w)Hmi))Gfm(W) d,0n
n=l W= Wnm

(2-39)

where H (w) is the complex conjugate of H ().

21



CHAPTER 3

CONTINUOUS ACTUATOR/SENSOR DISTRIBUTION

3.1 Introduction

This chapter describes the analysis of a theoretical clamped-

clamped beam with a continuous distribution of actuators and colocated

sensors. That is, we allow an infinite number of actuators and sensors,

each of which is infinitesimally narrow, so that the force distribution

due to the actuators is continuous- This setup is shown in Figure 8.

A representative desired static shape is shown as ydesired (x). We wish

to hold that static shape in the presence of the disturbance forces. For

simplicity of analysis, we shall assume that static shape is simply the

straight, undeformed beam shape. As the analysis is linear, no general-

ity should be lost.

DESIRED DISPLACEMENT UNDEFLECTED CONTINUOUS DISTRIBUTION
(SHAPE) BEAM OF ACTUATORS AND SENSORS
Yd(x)

Figure 8. Beam with continuous distribution of actuators
and sensors.

22



Although this control system is not physically realizable, it is

simple to analyze and provides insight into the more realistic problem

of a beam driven by a discrete number of actuators. (That case is

handled in Chapter 4.)

Section 3.2 addresses the solution of the beam vibration problem

when a continuous distribution of actuators and sensors with position

feedback is allowed. This is followed, in Section 3.3, by the problem

of a continuous distribution of actuators and sensors with both position

and velocity feedback.

3.2 Continuous Actuators with Position Feedback

Suppose that at each point along the beam the actuators exert a

force per unit length which is proportional to and opposite to the beam

d.splacement at that point. Thus, for each point x, we have a control

system like that shown in Figure 9.

DISTURBANCE FORCE
BEAM

DESIRED DISPLACEMENT CTUATOR DISPLACEMENT

DISPLACEMENTI + ERROR FOCE M y(t)
ACTUATOR IBEAM

POSITION INDICATED
FEEDBACK GAIN DISPLACEMENT POSITION

KCs SENSOR

Figure 9. Position feedback loop.

In the block diagram, Kcs is the control system "stiffness" gain. This

problem is identical to the well-characterized structural dynamics problem

of a clamped-clamped beam on an elastic support. (See Reference 5.)

We will begin by including this effect in Eq. (2-1), the undamped

free-vibration equation, so that

23



4 a 2y X~t)
E a y(x,t) + K y(x,t) = -m t

a4 at 2
(3-1)

Using separation of variables as in Chapter 2, we have, in place of

Eq. (2-6)

dY (x) 2
EI + (K -w' m)Y(x) = 0

x4 Cs
(3-2)

where we have replaced w by w', which will be the controlled beam fre-

quency.

Again, this is simply an eigenvalue problem but this time the

eigenvalue parameter is (K -w' m). If we let
Cs-

-K +w i'cs = k4 (3-3)
EI

we have

d 4Y Wx 4
dx - kY(x)
dx4

= 0 (3-4)

This is identical to Eq. (2-11), and the

Eq. (2-13) repeated here

eigenvalues kn are found from
n

cos (k9,) cosh (ki) = 1

Thus, the k 's are the same as for the uncontrolled beam. If we letn

k 
4

n

2
Wnm

SEn
EI (3-5)

24



as in Eq. (2-10), where wn is the uncontrolled beam natural frequency,

then Eq. (3-3) yields

WN 2 + K /m (3-6)
n n Cs

Equation (3-6) gives the controlled beam natural frequencies in terms

of the uncontrolled natural frequencies and the position feedback loop

gain, Kcs'

Since the k 's are identical to the uncontrolled beam k 's,
n n

Eq. (2-14) says that the mode shapes are also unchanged.

Therefore, when a continuous distribution of actuators and sen-

sors with position feedback is applied to the beam, the natural frequen-

cies are changed as shown in Eq. (3-6). The mode shapes corresponding

to those natural frequencies are the same as the uncontrolled beam mode

shapes.

3.3 Continuous Actuators with Position and Velocity Feedback

Now let the continuous distribution of actuators and sensors have

a velocity feedback loop in addition to the position feedback loop. The

control scheme is shown in Figure 5. The velocity feedback loop is

such that the actuators at each point along the beam exert a force per

unit length which is proportional to and opposite in direction to the

beam velocity at that point. That is, the control loop provides a viscous

damping force. The proportionality constant is the velocity feedback loop

gain, C . If we denote the natural (structural) damping. constant used
CS

in Section 2.3 by Cnat, we have

F (x,t) = -(C + C ) ay(xt) (3-7)
damping nat cs at

Substituting this into the differential Eq. (2-21) and noting that Ct

and C are constant with respect to t, we have
Cs

' 25



L'yx3) a at Csay(x,t) -fxt

L' [y(x,t)I + - ((C + C )y(x,t)] + m = f (x,t)
3 t nat cs at 2

where

4
L'[y(x,t)] = EI d y (x, t) + K y (x, t)4 cs

As the mode shapes and undamped natural frequencies do not depend upon

the damping, they will be the same as derived in the last section.

Using the expansion of Eq. (2-24) we have

Cn (t) ' n)
n=n

+ ~ )(nat +C cs)y nW

+ ,n(t)myn(x)n=1
= f (x,t) n = 1, 2, . *

(3-10)

If we make the substitution for Cnat used in Section 2.3

yL[y (x)]
e = nC -'

n
(3-11)

The uncontrolled beam stifiness, L [yn (x)], is used instead of

L'[y n(x)] because Cnat is a result of material properties only. The con-

trolled beam natural frequency, w' , is used since the actual motions of
n

each mode will occur at the modified natural frequencies.
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where

y = structural damping factor

L[yn (x)] L'[yn (x) - K yn (x) EI nx) (3-12)

We then have for the second term in Eq. (3-10)

00 M [y (x)] yK s y x + C y 1
n ' n ) n cs n

:n(- In n
(3-13)

As in Section 2.3, Eq. (3-10) will decouple if the terms inside the

brackets of Eq. (3-13) are a linear combination of L'[y n(x)] and

Myn (x). That is, we want

yL' [y (x)] YK
sy (x) + C y (x) = a L'[y(x)] + a my (x)

W W' n cs n 2 n
n n

(3-14)

Setting

a = /'1 n (3-15)

a = cs yKcs
2 m M'

(3-16)

we see that a1 and a2 are constant with respect to x, and thus, the linear

combination criterion is met. Therefore, the equations will decouple.
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Multiplying Eq. (3-10) by y m(x) and integrating along the length

of the beam, we have

n (t) + C Un (t) + w, 2ri (t) = f (t) (3-17)
n m= mn n nn

=

where W' is determined from Eq. (3-6) andn

Z ym(x)yL' [yn(x)] C csy n(X) YK y(x)
c =n W1 n + mg~x m mWs n dc

mn 0n f n

(3-18)

If we use the orthogonality conditions, Eq. (2-23), we have

C yK
c = c6 = yW'6 +-6 - cs (3-19)mn n mn n mn m Mn mw' mn

From the definition of C n, Eq. (2-32)

C yK
= Y+ Cs - Cs (3-20)

n 2 2mw' 2
n

Equation (3-20) gives the damping ratio for each mode of a beam

with a continuous distribution of actuators having position and velocity

feedback. The undamped natural frequencies are given by Eq. (3-6), and the

mode shapes are given by Eq. (2-17). The mean-square response to a random

disturbance force is then found from Eq. (2-39), where w and w are
n m

taken to be w' and w'.
n m
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CHAPTER 4

DISCRETE ACTUATOR/SENSOR DISTRIBUTION

4.1 Introduction

This chapter deals with extending the foregoing analyses to the

case of a clamped-clamped beam with a finite number of actuators and

sensors distributed along its length. A representative configuration is

shown in Figure 10. A special actuator/sensor location scheme is used to

greatly simplify the analysis. This scheme is described in Section 4.2.

A velocity feedback loop is applied in Section 4.3.. A position feedback

loop is added to this in Section 4.4. Section 4.5 recounts the special

assumptions made in the analysis.

I-

/
I-

/

x Il

Xp X1 x2 x3 X4

Figure 10. Discrete actuator/sensor distribution.

4.2 Actuator/Sensor Placement

The locations of the actuators and sensorS W ill play a very im-

portant part in the following analysis. As will be shown in Section 4.4,

the solution to the beam problem when the actuators are placed arbitrarily
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is not simple. There is, however, a certain placement scheme which greatly

simplifies the problem solution.

The first aspect of this scheme is that the actuators and sensors

are colocated. That is, each actuator has a position sensor and a velocity

sensor at the same beam location. (Or there may be only a velocity sensor,

the output of which is integrated to provide position information). In

addition to simplifying the analysis, this colocation, when coupled with

certain ways of locating the actuator/sensor pairs, guarantees stability

of the beam vibrations. (See Herrick' s explanation in Reference 6,
*

pp. 52-55. ) This will become more apparent in' Section 4.3 and 4.4.

The second aspect of the actuator/sensor placement scheme is that

we will require the actuator/sensor pairs to be located at certain points

along the beam. The rationale for chosing these locations will be ex-

plained in this thesis. The goal of this placement method is to allow the

modal summation Eq. (3-10) to be broken down into an infinite set of de-

coupled modal equations. Recall that in the uncontrolled and continuous

actuator/sensor distribution cases, the separation into modal equations was

achieved by use of the orthogonality conditions in Eq. (2-23). These condi-

tions require that the spatial integrals of the products of pairs of mode

shapes and the spatial integrals of the products of mode shapes and stiff-

ness functions have Kronecker delta qualities. In the discrete actuator/

sensor case we seek an additional form of orthogonality condition that can

be applied only to the points at which actuator/sensor pairs are lo-

cated. Thus, we seek to replace the integrals in Eq. (2-23) with sum-

mations. That is, we seek a discrete orthogonality condition of the form

NACT NACT

S'y (x ) y (x )=R63 E 2S y(X) (4-1)
n p m p mn np

p=l p=l

*
Herrick shows that, for collocated actuators and sensors with a control
system having positive semidefinite feedback gain matrices, the struc-
tural vibrations are guaranteed to be stable. These criteria will be
met by our final design.

30



where

NACT = number of actuator/sensor pairs

th
x = location of the p pair
p

R = constant

If we rewrite Eq. (3-10) using only discrete actuator/sensor pairs

which act at single points, we have

2 Tn (t)L[yn(x)] + I n (t)Kcs n act

n- n=1

+ F (t)Cnat n + n (t)Ccsyn act
n=1 n=1

+ Tuin(t)myn (X)

n=1

M f (x,t)

(4-2)

where 6 (x - x act) is a Dirac delta function equal to wa when x corresponds

to any actuator location, in such a way that

x
1 act

act

(4-3)S(x - x act) dx = 1

At nonactuator locations, the delta function is zero. (The delta func-

tion is used since the terms in Eq. (4-2) represent forces per unit

length. The assumption of point-force actuators implies an infinite

force per unit length for a finite force.)
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In Eq. (3-22), L[yn(x)] is defined as in the uncontrolled case,

i.e., as in Eq. (3-12).

If we try to decouple Eq. (4-2) by multiplying both sides by

y (x) and integrating over x, and assume that the mode shapes are not
m*

affected by the presence of the actuators, we see that the first,

third, and fifth series in Eq. (4-2) will each be decoupled by virtue

of the orthogonality conditions in Eq. (2-23).

We then desire to decouple each of the second series and the

fourth series, the integrals of which will be o.f the form

I NACT

A yxym(x)S(x -xact) dx = 'A yn (x )ym (xfj n act p p
n=l 0 n=i p=l

(4-4)

where A is constant with respect to x, and represents in (t)K or n (t)C
n cs *n cs

Note that we assune that K and C do not vary with actuator location.
CS cs

If the actuator/sensor pairs are positioned such that Eq. (4-1) is

true, then Eq. (4-4) becomes

Z. NACT

A .J y (x)y x)6 (x - xc) dt = A y 2 (x) (4-5)
n mact n p

n=l 0 p=1

where, once again, NACT is the number of actuator/sensor pairs used,

and the subscript p refers to the p pair. Thus, Eq. (4-5) has de-

coupled each of the second and fourth series in Eq. (4-2). Therefore,

Eq. (4-2) is decoupled and the modal analysis can continue as in Chap-

ters 2 and 3.

*
This very important asstmption will be proven to be justified when this
special actuator/sensor location scheme is used (see Section 4.4).
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The author noted, from a trial-and-error approach, that an ortho-

gonality condition of the form of Eq. (4-1) can be approximately achieved

if the actuator/sensor pairs are placed at the nodes at one of the un-

controlled beam mode shapes. If this is done, then Eq. (4-1) will hold

for all modes lower than the one used for placement. That is, if we wish

to control N modes, we place the actuator/sensor pairs at the nodes of

mode N + 1. Note that all N nodes of the N + 1 mode must be used, implying

that, for a given number of actuators, the locations are uniquely speci-

fied. NACT in Eq. (4-1) is thus equal to N. The first N modal equations

can then be decoupled in Eq. (4-2). However, a11 modes higher than N + 1

will remain coupled to each other and to modes lower than N + 1.

A suggested design approach is to use N actuators to control N

modes, placing the actuators at the nodes of mode N + 1. A low-pass

filter would then be placed in the control system, as shown in Figure 11.

The filter would cut off all frequencies above that corresponding to mode N.

Thus, since the control system could not detect the higher modes, the higher

modes would remain stable, but might have amplitudes higher than for the

uncontrolled case, due to control "spillover". (See Reference 7, page 677,

Section IV.) The effect of spillover will not be treated here, but can be

important.

The trial-and-error determination that this placement scheme will

yield a discrete orthogonality resulted from programming a programmable

calculator to find the mode shape function. Values of this function at

the actuator/sensor locations were multiplied and summed as in Eq. (4-1).

Table 1 gives a summary. of some results for the proposed scheme. Note

that, for the three-actuator case, the largest value of Eynm for n 0-m

is about 0.15 percent of the typical value for n - m. For the six-actuator

case, the largest n A m value is about 0.28 percent of the typical n = m
2value. Note also that for a given NACT, the value of Ey is approximately
n

the same for all n. However, this value is different for each NACT (i.e.,
2 2Ey is about 4.5 for NACT = 3; Ey is about 7.5 for NACT = 6).n n
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DISTRIBUTED
DISTURBANCE
FORCES

BEAM
DESIRED DISPLACEMENT TOTAL ACTUATORDISPLA
DISPLACEMENT ERROR ACTUATOR FORCE EAM

BEAM
VELOCITY

VELOCITY
FEEDBACK

IND.

C VEL*VELOCITY iLOW-PASS

CEMENT

I DISPLACEMENT IND.FEEDBACK K DISPLACEMENT LOW-PASS
cs F SENSOR FILTER

Figure 11. Control system with filters.

Table 2 shows another actuator placing scheme, for comparison. Here,

three actuators are placed at intervals of 1/4. Note that Eyyy3 is about

3.3 percent of Ey 1 y 1 for this case, as compared to 0.15 percent for the

three-actuator case in the proposed placement scheme.

Table 1 also shows, for the three-actuator case, the results when

the actuators are located slightly off of the fourth mode nodes. An error

of 0.005 . is introduced into the locations of the left- and right-most

actuators. (Both of these actuators are moved to the right.) As the table

shows, the orthogonality character is still well preserved.

Due to the fact that the odd mode shapes are symmetric about the

beam midpoint while the even mode shapes are antisymmetric about that

point, the discrete orthogonality, Eq. (4-1) , will hold when n is odd

and m is even or vice versa, for any actuator distribution which is

symmetric about the beam midpoint. The need for a special actuator
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Table 1. Discrete orthogonality examples (for suggested actuator/
sensor placement scheme) (m = 1, X = 1) .

No. Actuators Used
(NACT 7 N)

Summation

Ey ly

Ey 
1y2

Ey 
1y3

Ey y4

Ey2 22

Ey 2Y3

Ey 2Y4

Ey 3y3

Ey 3 Y4

Ey
4y4

Ey ly

Ey 
1y2

Ey 
1y3

Ey 1y4

Ey 
1y5

Ey
1y6

Ey2y2

Ey 2 3

Ey 2 Y4

Value of Z

(Actuators at
Nodes of Mode*

N+l)

4.521

0.000

0.007

0.000

4.522

0.000

-0.001

4.488

0.000

0.000

Value of Z

(Left and Right
Actuators Moved to

Right by 0.005 1)

4.521

0.079

0.002

-0.202

4.517

-0.149

-0.001

4.487

-0.227

0.021

7.505

0.000

0.013

0.000

0.007

0.300

7.520

0.000

0.021
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Table 1. Discrete orthogonality examples (for suggested actuator/
sensor placement scheme) (m = 1, , = 1). (Cont.)

No. Actuators Used
(NACT E N)

Summation

Zy2 y
Ey 2 6

Zy3y3

Ey3 4YEy 3 3

Zy3y6

Zy y4Ey 3y6

Ey 4y 4

Zy5y5

Zy
5y6

'y6 6

Value of E

(Actuators at
Nodes of Mode

N+l)

Value of E

(Left and Right
Actuators Moved to
Right by 0.005 J)

0.000

0.001

7.530

0.000

0.010

0.000

7.520

0.000

-0.007

7.493

0.000

7.488

distribution like the proposed one comes about in order to satisfy

Eq. (4-1) when n and m are both odd or both even.

Because the actuator/sensor pairs are at the nodes of mode N + 1,

that mode is undetectable and uncontrollable. That is, that mode is

not affected by the control system, and the stability of the control

system is unaffected by the presence of that mode.

The proposed placement scheme works well also when the beam is

simply supported at both ends. For beams with asymmetrical boundary
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Table 2. Discrete orthogonality example (actuator/sensors
at x/t = 0.25, 0.5, 0.75).

No. Actuators Used

3

3

3

3

3

3

3

3

3

3

Summation

y y2

y y3

y y4

y2y2

y2y3

y2y4

y3 y3

y3y4

y y4

Value of Z

4.012

0.000

0.133

0.000

4.175

0.000

1.648

5.735

0.000

0.651

conditions (like clamped-free), Eq. (4-1)

appears to work better than other schemes

is not

tried.

satisfied as well, but

4.3 Discrete Actuator/Sensor Distribution with Velocity Feedback

Assume that we have located the actuator/sensor pairs in the manner

described in Section 4.2. That is, we wish to control N modes by placing

the actuator/sensor pairs at the nodes of mode N + 1. Thus, the discrete

orthogonality condition, Eq. (4-1), is satisfied. (Recall that NACT

equals N.)

Also asjune that we have a control system which applies, at each

actuator/sensor location, a force proportional to and opposite to the

beam velocity at that location. Setting Kcs equal to zero in Eq. (4-2),

we have
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n(t)Lyn (I + E ny(t) nat )

n=l n=1

+ In t)Ccsyn act + n(t)myn(x) = f (xt)

n=l n=l

(4-6)

As before, we will multiply Eq. (4-6) by y and integrate over x. Usingm
the continuous and discrete orthogonality conditions, Eq. (2-23) and

(4-1) , and substituting yL [y (x) ] /n for Cnat yn(x)

NACT

ri (t) + [Y + CcsY (x)](t) + 2 = (4-7)
n n n p n n n(t)

p=1

From the definition of n, Eq. (2-32), we then have

NACT

+= --+ - C y 2 ) (4-8)
n 2 2 acs n

fip=l

Equation (4-8) then gives the damping ratio for the discrete actuator/

sensor case with velocity feedback only. The undamped natural frequencies

and mode shapes are the same as for the uncontrolled beam.

4.4 Discrete Actuator/Sensor Distribution with Position and
Velocity Feedback

Now let us treat the full problem of a beam that has a discrete

number of actuators with both position and velocity feedback. This prob-

lem is, in general, much more difficult to solve than the previous ones.

This is because, for most actuator/sensor distributions, the position
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feedback loop will change the mode shapes in complicated ways. However,

as will be shown, the actuator/sensor distribution proposed in Section 4.2

preserves the mode shapes of the uncontrolled system, thus greatly simplify-

ing the analysis.

We will begin by finding the undamped natural frequencies of the

system. Since we expect, in general, the mode shapes to be changed by the

presence of the position feedback loop, we will use an approximate solution

method known in structural dynamics as the Ritz method. For a complete

description of this method, see Reference 3.

The basic tenet of the Ritz method is the assumption that the mode

shape functions can be approximated by weighted finite series summations

of "admissable functions". The admissable functions are any functions

which satisfy the problem' s geometrical boundary conditions. Thus we have,

for each mode, n

NACT

yn (x) = a * (x) (4-9)

iinl n

where $ (x) is the i tadmissable function and a. is the ith weighting

th 
in

factor in the ser3ies for the n mode. We limit the series to NACT terms

because that is the number of discretely orthogonal modes that we have.

We shall use the orthonormal mode shapes of the uncontrolled beam

as the admissable functions. That is

= cosh (k.x) - cos (k.x)

E[cos (k.L) - cosh (k.)1)i

[cos (k.L) - sh (k.t) [sinh (k.x) - sin (k.x)]
s-in 'k. 0 - sinh (k. 1)-

(4-10)
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Next, we define the elements of two matrices [k] and [m] by

L

= / .(x)L j (x) ] dx

0

L

m.. = .(x)m . (x) dx
13 JJ.)

where as before

L' [ (x) ]

4
d W (x)

dx 4 cs act

Because the *'s and *.'s are the eigenfunctions of the uncontrolled beam,
1 )

we have , Ly Eq. .(2-23)

JLd 4 (x) 2
* ()E i = .c. .

0 dx4 123
0

(4-14)

where w is the uncontrolled beam frequency, and

M...
2.) = 6 .

2.)
(4-15)

Thus, from Eq. (4-11), (4-13), and (4-14)

NACT

= S2 + K p (x (x
i a cs ap p

p=l

where x is the location of the pth
p

actuator/sensor pair.
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(4-11)

(4-12)

(4-13)

k..
1)
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If the actuator/sensor pairs are placed as suggested in Sec-

tion 4.2, Eq. (4-16) becomes

NACT

k W.26.. + 6 P K 2.(x)k = o E csi p (4-17)
p=i

Let us use the weighting factors a. in Eq. (4-9) to form a column

vector {a} n, such that

a 1

a
2

{a}n a3  (4-18)

aNACT n

The general eigenvalue problem in the Ritz Method is then (see

Reference 3, pages 211 to 225)

[k]{a} = A [m]{a} (4-19)
n n n

where An is the n eigenvalue of the approximated systems, {a}n is the

associated eigenvector, and [k] and [m] are as defined by Eq. (4-11) and

(4-12) . If the actuator/sensor pairs are placed in the suggested loca-

tions, then, by Eq. (4-17), [k] is diagonal. By Eq. (4-15) we see that

[m] is the identity matrix when we use the chosen admissable functions,

*.. Thus Eq. (4-19) becomes for mode n
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0

NACT

{2 + E KCS )a2
p-2

' NACT

n + nCSf p) aNACT in

0

'AnNACT 
In

The only way that the set of equations in Eq. (4-20) can all be true

simultaneously is for only one element of the eigenvector {a} to be

nonzero. We can then choose to set the nonzero elemert equal to unity.

Thus, we will have n eigenvectors of the form

1

0

{a} ,

0

0

{a} 2 = , ... {a}NACT

0

The associated eigenvalues are

NACT

A, W2 + ' K 2 (x)A (A)1 +p
p=l

42

NACT

+ Kn )a,

p=1 n

0

= Ana I

0n
Ana

2

(4-20)

0

0

1
(4-21)



NACT

A2  2 + K 2 (x

p=1

NACT
2 K 2  (

ANACT ()NCT + KcsNACT p (4-22)

p=i

Substituting the eigenvectors in Eq. (4-21) into Eq. (4-9), and using

the definition, Eq. (4-18) , we see that

yn ( (x) (4-23)

That is, the mode shapes of the discretely controlled beam are identical

to those of the uncontrolled beam, if the actuator/sensor pairs are placed

so that the discrete orthogonality condition, Eq. (4-1), is satisfied. This

is the justification for the assumption concerning mode shapes made in the

development of Eq. (4-4).

Note that, if we increase NACT, we do not change either the mode

shapes or the eigenvalues. Thus, the eigenvalues of the approximated

system, Eq. (4-9) are not approximate (except to within the accuracy of

the discrete orthogonality assumption), even though the series used in

Eq. (4-9) is finite. Thus, the approximated eigenvalues A are equal
n

to the actual eigenvalues X n. We then have, for the undamped natural

frequencies of the discretely controlled system

NACT
W' + K sy Wx (4-24)

P=.L
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where the uncontrolled undamped frequencies, -n, and the uncontrolled

mode shapes, yn (x), are given by Eq. (2-13), (2-10), (2-17) and (2-14).

If we compare Eq. (4-24) to Eq. (3-6), which gives the undamped

natural frequencies of the beam for a continuous distribution of

actuators and sensors, we see that the forms are very similar. In the

limit, as NACT approaches infinity, the summation inside the square

root sign of Eq. (4-24) would be replaced by an integral, whose value

would by, Eq. (4-23), be K cs/m. In that case, Eq. (4-24) and (3-6)

would be identical.

Next we seek to find the damping ratio, n , for each mode.

Multiply the set of equations (4-2) by y and integrate over x, using
m

the continuous and discrete orthogonality conditions. Let us also use

the definition

4
d yn(x

L'[y (x)] = EI n + K y (x)6 (x - x ) (4-25)
n x4 cs n act

which is analogous to Eq. (3-9) in the continuous actuator case. Recall

that

L[y n(x)] = L'[y n(x)] - K csy (x - xact

4

= EI n (4-26)
dx 4

We shall also use rthe definition for Ct, that is Eq. (3-11) repeated

here

yL[yn (x)
C = n

n
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Using these relations, the integrated equation becomes

NACT NACT

n (t) + [yo ' + Ccs p) - Kcsn p n(t)
p-i p=i

NACT

+ (2 + . K y2 (x) t = f (t)
n n cs n p"n n

p=

(4-27)

From Eq. (2-32), the definition of C

NACT NACT

C = + C y2 (X Y K 2 (X (4-28)n 2 A E cs n p 2 ,2 csyn p
Tip=1 2 n P=l1

Thus, y (x), W', and c are given by Eq. (4-23), (4-24), and
n n n

(4-28). These expressions can be substituted into Eq. (2-39) to yield

the mean square displacements.

4.5 Review of Assumptions

The following assumptions were made in the foregoing analysis.

(1) The beam cross section is small ccupared to the beam length

(allowing shear and rotary inertia effects to be neglected,

as pointed out in Reference 3, page 135).

(2) The vibration amplitudes are small so that displacements

are elastic.

(3) Actuators and sensors are collocated, and act at single points

(i.e., have infinitesimal widths).
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(4) In order to control the first N modes, the actuator/sensor

pairs are placed at the nodes of mode N + 1.

(5) If the actuator/sensor pairs are placed as in assumption 4,

the discrete orthogonality condition, Eq. (4-1), is satis-

fied.

(6) The control-loop gains are simple static gains, and are

the same for all actuators.
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CHAPTER 5

A NUMERICAL EXAMPLE

5.1 Introduction

This chapter describes the results of a computer simulation of a

representative beam problem. Modeled is a beam with a discrete number

of actuators and sensors, having position- and velocity-feedback. A

distributed, random forcing function is *applied. Undamped natural fre-

quencies, mode shapes and damping ratios are then calculated, and mean

square displacements are found for various numbers of actuator/sensor

pairs.

Section 5.2 describes the modeling. The specific input data are

outlined in Section 5.3. The final results are shown in Section 5.4.

5.2 Computer Model of a Controlled Beam

The temporal mean square displacements of the beam with a discrete

number of actuator/sensor pairs are to be calculated using Eq. (2-39).

In order to perform the calculations, it is necessary to find the mode

shapes, natural frequencies, and damping ratios by the methods in Chap-

ter 4. Next, it is required to calculate the frequency response function

H n(w) from Eq. (2-36). Then the generalized excitation cross-spectral

density function G (w) is found from Eq. (2-37) and (2-38). The in-

tegral in Eq. (2-39) is then performed for each combination of mode

numbers. These values of the integral are then multiplied by the mode

shapes and divided by the natural frequencies as shown. Finally, the
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summations are made to find the mean square motion at any point along

the beam. Each of the aforementioned calculations will be described.

The mode shapes are easily calculated by the use of Eq. (2-17)

and (2-14). The undamped natural frequencies of the uncontrolled beam

can be calculated iteratively by Eq. (2-13) or found from tables. (A

short table can be found in Reference 8, p. 432.) The controlled-beam

undamped natural frequencies can then be found from Eq. (4-24). The

structural damping factor, y, is given, for various materials, in tables

such as in Reference 9. Then Eq. (4-28) can be used to find the modal

damping ratios. Then the complex frequency response functions Hn (w)

can be calculated easily from Eq. (2-36).

In order to find the generalized excitation cross-spectral den-

sity function G (w), it is necessary to statistically specify the
fin

distributed random forcing function f (x, t). This can be done as

follows.

First, assume that the disturbance force is a stationary random

process at each position, x. From the definition of $pm (T), Eq. (2-37)

T/2 ]
(T) lim ym (x)f(xt) dx y (x)f(xt + t) dx dt

-T/2 U I
(5-1)

If we let x' and x" represent x in the two spatial integrals

T/2

ff () = fy(x')y (x") lim - f(x',t)f(x",t + T) dt dx' dx"
f f Ymx'Yx) n i Tf
0 0 -T/2

(5-2)

48



If it is assumed that the forcing function is perfectly uncor-

related point-to-point (which is approximately true for such disturbances

as coolant-flow through a mirror), then the temporal integral in Eq. (5-2)

is zero except when x" = x'. In this case, the function whose limit is

taken is equal to the autocorrelation function of the disturbance force

at a particular position x' , which will be denoted V(x' , T)

Z

S(T) f ym (x)Yn (x)f (x' ,T) dx' (5-3)

0

To find G (w). we take the Fourier transform of Eq. (5-3).

We can also replace x' by x. Thus, we have

G f (m) = fYm (x)Yn (x)G f(xw) dx (5-4)

0

where G (x,w) is the power spectral density function-of the disturbance

force at each position x. If G (x,w) does not vary with x, the integral

in Eq. (5-4) can be performed simply by using the orthogonality condi-

tions, Eq. (2-23). However, for general interest, it was decided to

assume here that the magnitude of G f(xw) varies linearly with x. It

was also assumed, for the sake of simplicity, that at each position, x,

G f(xw) is a band-limited white-noise random process. Thus, for a given

upper cutoff frequency ou and lower cutoff frequency wTA we kave

G f(xW) = S (1 + bx/t) , 'L < < IWi

(5-5)

G f(x1W) = 0 IWL > uj
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where S x= is the magnitude of the white-noise power spectral. density

function at x = 0 and b is the slope of the linear variation of G f(xf)

with x. The upper and lower cutoff frequencies do not vary with x.

Thus, the disturbance force spectrum shape is constant with x, but the

magnitude varies linearly with x.

At a particular position x1 , Gf(x 1 'w) is as shown in Figure 12.

-W

Gf(x1 ,w)

-WL W L

x-xI

WA

"U

Figure 12. G (x,w) at a particular x = x .

Figure 13 shows the manner in which the assumed white-noise spectrum

magnitude varies with x.

S x

0)

SLOPE - b

x

Figure 13. Variation of S with x.
x

With this type of disturbance force, G (f ) becomes, after use

of the orthogonality conditions in Eq. (2-23)
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G ()+ fsW y nx (x) b (x/X) dx E S (5-6)

0

for I w between | L and Iw G (w) = 0 at all other frequencies.

In thin model, the integral in Eq. (5-6) was performed by the

simple numerical method known as Simpson's Rule (see Reference 10, pp.

288-290).

To find f Hn )H(M)G (w) dw for use in Eq. (2-39), the author

found, using simple but lengthy complex algebra, an algebraic form for

the integral when G (um ) is band-limited white-noise with amplitude

S fmn'The result will be stated without proof.

If n 0 m

fH()H ()G (w)dw =

22 + 2bL + W ) (W -_ 2b +

2 oM n 1 1 e (w2+ e2bW + W ) (W - 2b W +

2S) w iLb U

+ 2c -tan- +b - tan 1 (w bl) + tan (wL+ bl) + tan b

+d log 2b 2b2Wu + W
2 e (2 + 2u + W 2 2_ 2 +U _+2i + (M)(L 2 wL + wM)

- 2c 2 [tan-1 (w+b 2  - t ( jm) 2 + tan- ( b2) + tan- W b2
wMC W M C M v m M
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The following definitions are used for the terms in (5-7)

a1
= - c n Wn

b, W 2
by = (An

a2  m Wm

b2 m

+tan b - bb2 -b1

-tan1 a1- a2II

b2 + 1

2b J(a1 - a2 2 + (b1 - b2
2 (a, - a2 + (b + b2 )2

Cos
(5-1

sin 6
d =

1

cos -90* - tan __-a -

I1 -a2

b2 +b tb
tn-1 2 1i

tan a - a
1 21

2b2 (a1 - a2 ) 2 + (b1 - b2 ) 2 (a 1 - a2 ) 2 + (b2 + b1 )2

= k 2 
(5-12)

k2
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c1

cos -90*0

(5-9)

c2 =

(5-11)



d = sin 02 (5-13)
2 2

It is assumed here that mode number n. is always less than mode

number m. If n = m, then the value of the integral is simply half that

given by Eq. (5-7).

When G (w) is ideal white-noise (not band limited) and n = m,

this calculation agrees with the answer given by Reference 11, Eq. (2.50),

page 79.

Given the integral, the calculation of <y 2(x,t)> from Eq. (2-39)

is straightforward. The summations are stopped after a desired number

of modes, say NSUM, have been used.

For convenience of interpretation, an "average mean-square dis-

placement" can be calculate4 by averaging Eq. (2-39) over the length of

the beam. Due to the orthogonality conditions in Eq. (2-23), we have

NSUM G
21 2 H (w w)d(y (x,t)> = (y2 (xt)> - 21rtm Hn()H ()G () d

0i~ n=1 w -00
n

(5-14)

The square root of Eq. (5-14) can be taken to provide values comparable

to root mean square (rms) values.

5.3 Specific Values Used

The particular beam modeled is an aluminum beam with the following

characteristics

k = 60 in

Cross Sectional Area = (1/8 in) 2

M = 0.0015625 lbm/in
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y = 0.0001

It was decided to include the first eleven modes in the summation of

Eq. (2-39).

The actuators were assumed to be of an electromechanical type

described in Reference 1. These actuators have a dynamic range of

2.18 lbf, and it is assumed that they operate linearly over the fre-

quency range spanned by the eleven modes used. It is further assumed

that 50 percent of the dynamic range is used to control static shape,

leaving 1.09 lbf to control the vibrations. Of this, 50 percent is

reserved for the position-feedback loop and 50 percent is allocated to

the velocity-feedback loop.

The disturbance force is band-limited white-noise with

= 12.57 rad/s (2 Hz)

W u= 16,158.8 rad/s (2700 Hz)

2 3 2
S = 0.001285 lbm /s = 0.2 (lbf/ft) /(rad/s)

b = 0.2

where these terms are defined in Section 5.2. This forcing function

gives an rms force (integrated over the length of the beam) of 1.1 lbf.

To find the gains K and C we first choose the number of ac-
cs cs

tuators (and thus also their locations). Mean square displacements

and velocities are calculated for those actuator locations, assuming

the actuators themselves to be inoperative. Using the amount of dynamic

range available in each control loop, and assuming that the maximum dis-

placement at each location is three times the root mean square displace-

ment (and similarly for velocity), maximum allowable gains K and CcS CS
are found. These values are then entered into the undamped natural

frequency and damping ratio calculations, and from these results new

displacements and velocities are calculated, and new gains found. This
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process is repeated until "steady state" values of Kcs and Ccs are

found. Thus, as the number of actuator/sensor pairs is increased, the

gains can also increase.

Computations were made for cases with from zero to seven actuator/

sensor pairs. For mode numbers greater than NACT, it was assumed that

the control system had no effect on the modal characteristics, because

of the sensor filtering shown in Figure 10.

5.4 Results

The undamped natural frequencies and damping ratios for cases

with zero, one, and seven actuators are shown in Table 3.

Table 3. Undamped natural frequencies and damping ratios

for various numbers of actuator/sensor pairs.

Mode NACT = 0 NACT = 1 NACT = 7

n n n n n n

(rad/s) (rad/s) (rad/s)

1 44.08 0.00005 44.26 0.00146 45.90 0.01175

2 121.51 0.00005 121.51 0.00005 122.18 0.00445

3 238.22 0.00005 same as for 238.56 0.00231

4 393.79 0.00005 NACT = 0 393.99 0.00142

5 588.25 0.00005 588.39 0.00096

6 821.60 0.00005 821.70 0.00070

7 1093.85 0.00005 1093.92 0.00054

8 1404.99 0.00005 1404.99 0.00005

9 1755.02 0.00005 same as for

10 2143.94 0.00005 NACT = 0

11 2571.76 0.00005

Uncontrolled, undamped natural frequencies

lation performed by U.S. Air Force Weapons
provided by computer simu-
Laboratory.
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The root mean square displacement of the beam midpoint is shown

for several different values of NACT in Table 4.

Table 4. Root mean square displacement at x/t = 0.5
for various NACT.

NACT y (x,t)> (inches)

0 1.195

1 0.236

3 0.141

5 0.100

7 0.074

Figure 14 graphically portrays the value of the square root of

the averaged mean square displacement as found in Eq. (5-14) for various

values of NACT.
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Figure 14. Square root of averaged mean square displacement

vs. number of actuators.
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CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS

6.1 Conclusions

A method has been presented for the design of control systems to

reduce vibrations in a clamped-clamped beam structure. The analysis is

greatly simplified by a special actuator/sensor placement scheme. This

scheme involves locating collocated actuator/sensor pairs at the nodes

of one of the uncontrolled beam mode shapes. All lower order modes can

then be controlled. This placement scheme is based upon an empirical

determination that it approximately yields a "discrete orthogonality con-

dition" (see Section 4.2). This condition is well met for the clamped-

clamped beam, as well as for a beam with both ends simply supported.

(Beams with asymmetrical boundary conditions do not satisfy the discrete

orthogonality condition as well.)

A sample control system was designed for a specific beam and forcing

function and is presented in Chapter 5. As can be seen from Table 3, the

addition of up to seven actuators, with the particular sample control

system, does not greatly change the undamped natural frequencies. However,

the addition of even one actuator/sensor pair causes significant increase

in the modal damping ratio of the controlled mode. Table 4 and Figure 12

demonstrate that the effect of this increased damping is a great reduction

in mean square beam displacements. The effect is most pronounced when the

first actuator/sensor pair is added. As Figure 12 shows, the averaged

mean square displacements decrease as more actuators/sensors are added,

but not very rapidly after the fourth or fifth actuator/sensor pair is
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included. (Note that the uncontrolled modal damping ratios shown 2re

probably much lower than they would be for a real beam.)

By plotting the mean square displacements as a function of

actuator/sensor numbers, the designer can determine the numbers (and lo-

cations) of actuator/sensor pairs required to keep a structure within

vibration displacement design limits. Using the methods of Section 5.3,

the feedback gains can also be determined.

6.2 Recommendations

The approximate discrete orthogonality condition discussed in

Section 4.2 has only been empirically investigated. The underlying rea-

sons for this phenomenon should be investigated to discern its level of

generality. Thus, it would be possible to decide which structures demon-

strate that characteristic, and to what degree the approximation is valid

for a given structure.

In order to apply these results to a deformable mirror, a discrete

orthogonality condition for two-dimensional plate structures must be

found.

59



REFERENCES

1. Koso, D.A. , et al. , Adaptive Mirror Systems for Compensation of

Turbulence, Charles Stark Draper Laboratory Technical Proposal,

November 1980.

2. McQuade, P .D., An Investigation of the Flow-Induced Vibrations of

the Water-Cooled Laser Mirrors of the U.S. Air Force Airborne

Laser Laboratory, AFWL-TN-79-002, Air Force Weapons Laboratory,

Albuquerque, NM, April 1979.

3. Meirovitch, L., Analytical Methods in Vibrations, MacMillan,

New York, 1969.

4. Volterra, E. and E.C. Zachmanoglou, Dynamics of Vibrations,

C.E. Merrill Books, Columbus, Ohio, 1965.

5. Timoshenko, S., D.H. Young, and W. Weaver, Vibration Problems in

Engineering, 4th edition, Wiley & Sons, New York, 1974.

6. Herrick, D.C., Application of a Root Locus Technique to Multiloop

Velocity Output Feedback Vibration Suppression Controllers, Ph.D.

Dissertation, Department of Mechanical and Aerospace Engineering,

Princeton University, May 1980.

7. Balas, M.J., "Feedback Control of Flexible Systems", IEEE Trans-

actions on Automatic Control, Vol. AC-23, No. 4, August 1978.

8. Den Hartog, J.P. , Mechanical Vibrations, McGraw-Hill, New York,

1956.

9. Beranek, L.L., Noise and Vibration Control, McGraw-Hill, New York,

1971.

10. Greenspan, H.P. , and D.J. Benney, Calculus: An Introduction to

Applied Mathematics, McGraw-Hill, New York, 1973.

11. Crandall, S.H., and W.D. Mark, Random Vibrations in Mechanical

Systems, Academic Press, New York, 1973.

60




