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Abstract

The dissertation consists of three essays on dynamic problems in political economy.
The first essay studies motivated communication on networks. Agents have some hard

information about the world and choose whether to tell their neighbors. Information
received from other agents can be shared in later meetings. Agents' preferences are mis-
aligned, tempting senders to lie by omission. The model yields three main conclusions.
First, there is incomplete learning. Second, signals that are close to the mean are more
likely to propagate. The reason is that moderate signals travel in both directions, whereas
extreme signals are communicated in a predictable direction, which stifles their propaga-
tion. Third, if agents are forward-looking, concerns about informational cascades lead to
segmentation: agents with close preferences hide information from each other to prevent
it from traveling further.

The second essay analyzes the evolution of organizations that allow free entry and
exit of members, such as cities, trade unions, religious organizations and cooperatives.
The organization chooses a policy, which influences the set of agents who want to become
members, but current members decide policy in the next period. This generates feedback
effects: an organization with a policy x may attract a population with a median-preferred
policy higher than x, so a higher policy will be chosen in the next period; but the new
policy will attract members wanting an even higher policy, and so on. The set of steady
states is pinned down by the preference distribution; equilibrium paths converge to these
steady states depending on the starting position. Unlike in models with a fixed population,
a small change in the preference distribution can cause dramatic changes in the long-run
policy.

The third essay studies the impact of term limits on elections where biased candidates
compete through ability investments and platform choice. Good politicians facing weak
competition extract policy rents, which lowers welfare. Moreover, incumbents exacerbate
rent extraction by deterring challenger entry. Term limits alleviate this problem by cre-
ating open elections. However, they also lower incumbent quality, so their overall impact
is ambiguous. Strong limits are better when politicians are more biased, and challengers'
entry cost is intermediate.
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Chapter 1

Lying by Omission: Verifiable

Communication on Networks

1.1 Introduction

The Internet has given us unprecedented access to endless sources of information, and

has also made it easier to share this information with others through social networks.

In spite of this, a surprising degree of disagreement continues to exist when it comes

to politically charged topics, even those for which definitive evidence-based answers are

available. For example, there are significant minorities of Americans who believe that

climate change is not real or not man-made (Howe et al., 2015; Funk et al., 2015; Ipsos

MORI, 2014); that vaccines (Moore, 2015; Omer et al., 2012) or bioengineered foods (Funk

et al., 2015) are dangerous; or that Barack Obama was not born in the United States

(Morales, 2011). These and similar examples bear out two stylized facts. First, beliefs

on charged issues seem to be driven by political affiliation or other "deep" preferences,
with self-identified liberals and conservatives often having wildly different views (Dimock

et al., 2015). Second, misconceptions about the topic in question are accompanied by

misconceptions about the existing body of evidence: the number of climate change skeptics

is similar to the number of people who believe that scientific opinion is divided on the

issue (Funk et al., 2015).

In light of these examples, it is unsurprising that beliefs are also divided on questions

that have no clear-cut answer, such as the potential effects of minimum wage increases or

healthcare reform. Although the acceptance of disagreement is a fundamental prerequisite
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for democratic discourse, communication should dissipate controversies that are born of
ignorance, leaving only reasonable differences of opinion among informed citizens. How-
ever, if communication breaks down around politically charged topics, we cannot expect
this to be the case, and public opinion may fail to reflect the available evidence.

Is there a barrier to communication in these examples? If so, what is it? I propose that
the culprit may be motivated communication:' the act of using valid evidence to support
one's positions, but only after having chosen those positions in a self-serving fashion. For
instance, a climate change skeptic may cite scientific studies (perhaps ones drawn from a
fringe section of the literature, or simply outliers) to support her claims, but her position
may be ultimately driven by the fact that she works for an oil company.

This paper tackles the questions: how detrimental is motivated communication to
information transmission? Can it explain the apparent communication breakdowns we
observe? Are its effects ameliorated or heightened by easier access to, and higher diversity
of news sources?

To answer them, I build a model of communication with verifiable information in large
populations. To fix ideas, consider a country in political turmoil, whose citizens interact
and share news on an online social network. Citizens differ in their intrinsic bias: some
are connected with the ruling party or are favored by its policies, while others have been
mistreated. In addition, citizens may have some hard information about the state of the
world (e.g., whether the president took bribes) in the form of links to online articles,
videos, etc., that they acquired directly from Nature (e.g., from reading the newspaper)
or from other agents. In turn, citizens have random opportunities to talk to others, and
can decide what links to share; these can then in turn be shared by the recipients. Citizens
want to bias others towards their own views, either for public or private reasons (e.g., to
topple the government, or because they want to spend time with their friends at a rally).

Since information transmission consists of sharing links to an original source, agents
cannot lie, but biases tempt them to lie by omission, i.e., to cherry-pick evidence that
bolsters their position. For example, government supporters will avoid mentioning corrup-
tion scandals, even when they can see for themselves that the allegations are true. This

self-censorship stifles the free diffusion of information. Moreover, in the face of this be-

'Several other explanations are possible. First, if communication takes the form of cheap talk, agents
may simply think others are lying; however, the point of my motivating examples is that there is often
hard information available that is not disseminated. Second, agents may not be Bayesian; they may have
extremely strong priors; they may interpret information differently (Acemoglu et al., 2015b); or they may
be unable to separate others' priors from their information (Sethi and Yildiz, 2012). While there may
be truth to these explanations, this paper asks to what extent motivated communication can explain
persistent disagreement without resorting to them.

12



havior, biased agents who remain partly ignorant will end up with beliefs reinforcing their

bias: a dissident will think his position vindicated if he meets a government supporter

who does not produce evidence supporting the government.

The model answers two crucial questions. First, how much information is transmitted

in equilibrium? In other words, how close does the population come to learning the true

state of the world? I show that population-wide learning is possible, but requires much

stronger parameter assumptions than under truthful communication. In other words, if

initial information and meetings are abundant enough, most agents still become informed.

However, for intermediate levels of information and meetings, some agents remain igno-

rant, whereas they would learn in a world where agents always share their information.

In other words, motivated communication hinders, but may not stop the transmission of

information. Moreover, if agents forget information at some rate, these incentive conflicts

may lead to information vanishing in the long run, even if almost full learning is still

attainable under truthful communication.

Second, what information proliferates? Are certain types of signals more likely to

be diffused throughout the population than others? It turns out that moderate signals

(which are close to the mean) are more likely to be disseminated. In fact, if signals are

real-valued with support [-1, 1], there is an interior interval I = [T, '] ; [- 1, 1] such

that, if the signal x1 is in I, then x, will become publicly known given enough time.

On the other hand, extreme signals outside I-paradoxically, the ones that carry more

information-will remain less known. The logic behind this result is that extreme signals

are only communicated in a predictable direction, which stifles their propagation: e.g.,
high signals are only shared to lower-bias agents to increase their beliefs, but low-bias

agents are unlikely to pass them on further. On the other hand, moderate signals can

cycle around the population by traveling in both directions. Hence, it may not be a

coincidence that misinformation persists in disputes that have conclusive answers that

entirely favor one side.

However,.although the proliferation of moderate information is robust to many changes

in the assumptions of the model, it may be overturned if agents can personalize their news

sources or choose whom to listen to. The intuition behind this is that biased agents, if

given the choice, would rather obtain extreme signals to use them as ammunition. Yet, if

no one bothers to learn moderate signals (which travel more readily), information diffusion

suffers. Hence, according to the model, an increase in the availability of news, coupled

with a greater variety of slanted news that consumers can choose from-as has happened

in recent times-ultimately has mixed effects on information diffusion.

13



In addition, the model sheds light on the effect of different information structures, as
well as the role of forward-looking behavior by agents. First, the existence of moderate
evidence that most players are willing to share promotes the diffusion of information. Con-
versely, if all news are extreme-or if even balanced news can always be divided into small,
good-or-bad nuggets to be shared selectively-communication becomes more difficult. Sec-
ond, if agents have public incentives (meaning that they care about everyone's actions, not
just those of whom they meet) and understand informational cascades, this may lead to
either more or less communication depending on the setting. On the one hand, forward-

looking agents may seek alliances of convenience: a moderate pro-government agent may
be willing to share pro-government signals with an extreme pro-government acquaintance,
if the sender cares that the receiver will then use that information to persuade dissidents.

On the other hand, agents may be concerned that a message to a nearby agent will result
in information "creeping" through the network into the wrong hands. This may lead to
segmentation, i.e., the phenomenon where agents of similar bias, who want to communi-
cate, refuse to do so because it would allow information to travel to undesirable groups.

This paper is closely connected to the literature on strategic communication in net-
works, particularly Galeotti et al. (2013) and Hagenbach and Koessler (2010). Their
models also assume that agents are biased and match their action to the state of the
world; since they want their neighbors' actions to match their own bliss point, there is a

temptation to lie. However, my approach is novel in two ways, leading to very different
intuition and results. First, while communication in these papers takes the form of cheap
talk, I assume that agents exchange hard evidence. This allows for partial revelation
even when agents' biases differ greatly-the case that I focus on-and results in one-sided
revelation strategies, where agents reveal convenient facts and hide the rest.

Second, I allow for dynamic multi-step communication, meaning that agents can trans-

mit information they received from others. 2 This yields richer dynamics than one-step
communication (where agents can only communicate what they've learned directly from
Nature) and leads to dramatically different predictions about the long-term diffusion of

information, since signals may disseminate globally as a result of being shared locally just
a bit -more often.

On the other hand, the communication stage in this paper, if considered as a two-
player game in isolation, is similar to existing models of communication with verifiable
information. Unlike Milgrom and Roberts (1986), Hagenbach et al. (2014) and related

2 This assumption is more natural when communication consists in sharing links to news, as in that
case it does not matter how the link was obtained, and there is no risk of a "broken telephone" effect.

14



papers, which predict full revelation in equilibrium, here there is only partial revelation

because the amount of information held by the sender is uncertain, which allows a sender

with "bad" information to fake ignorance without taking too much of a reputation hit.

While the baseline model assumes there is only one signal, the results can be extended to

cases with multiple signals, which are similar to Milgrom (2008) and Shin (1994, 2003).

Finally, Glazer and Rubinstein (2006) and Sher (2011) solve a more general two-player

game, allowing for different levels of verifiability.

Finally, my model of verifiable communication contrasts with models of Bayesian per-

suasion (Gentzkow and Kamenica, 2011a,b). Although both approaches assume that

information is verifiable, Bayesian persuasion requires also that the sender commit to a

revelation strategy towards the receiver before knowing her information set. Hence, lying

is not allowed: at best the sender engages in up-front obfuscation. This assumption may

be natural in some contexts but not here, where the sender necessarily knows her avail-

able information before meeting the next receiver, and thus can always choose to lie by

omission.3

The paper proceeds as follows. Section 1.2 sets up the basic model. Section 1.3 shows

how to solve the benchmark case where agents are myopic. Section 1.4 analyzes the

general case of forward-looking agents. Section 1.5 extends the results to other settings,

in particular allowing for forgetful players. Section 1.6 concludes.

1.2 The Model

Players

Let N = {1,...,n} be the set of players and G C N x N an undirected network. Each

agent i has a type bi E R denoting her policy bias. Without loss of generality, assume

b1 < ... < bn.

Initial Information

There is a state of the world 0, drawn randomly with distribution H : [-1, 1] -+ [0, 1],

which stays fixed for all time. At the beginning of the game, Nature draws 0 and shows

3This difference in intuition is reflected in the results. When the sender can commit, her decision on
what information to reveal is driven by a desire to exploit non-linearities in the receiver's response, which
can go either way: the sender may well decide to obfuscate good signals and reveal bad ones, and under
the functional form assumptions I will make, she is actually indifferent over what to reveal. In contrast,
when the sender cannot commit she has a robust incentive to reveal good news and hide bad news.
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it to a subset S of players with probability -y(S). In general, y: 2N -+ 0, 1] can be any

probability distribution, but we will sometimes focus on the case where -y(S) > 0 only if

SI < 1, and ({i}) = -y({j}) for all i, j. We denote by -o = 1 - -y(0) the probability that
Nature informs a non-empty set of players.

Finally, it will be useful to define b = minies b and bs = maxies bi. Intuitively, bs

and bs are the lowest and highest-bias players that Nature informs, respectively.

Actions

Time is discrete and infinite, as before: t = 0, 1,... In each period t, agent i chooses an

action ait based on her beliefs about 0. Utilities are as follows:

Ui(O, ai, a_j) = -E "- u(aj, - 6-bj) + E v(aj, - 6-bj),
S=t jii

where u, v are convex, symmetric around 0, and satisfy u(0) = v(0) = 0. For simplicity,
we focus on the case where u(x) - x 2 and v(x) = IxI. This ensures that, on the one hand,
i's optimal action ait is the expected value of x + bi under her posterior distribution of x

at time i, instead of some other function; and, on the other hand, i wants to maximize (or

minimize, depending on the types) the expected value of j's posterior about x, instead of

some other function (if lbi - bj| is large enough). 4 0 < # < 1 is a discount factor, common

across agents. i's utility at time t depends on the actions of all other players j, at all

times t > s. Intuitively, i wants to choose an action ait that matches the state 9 plus i's

bias bi, but also wants other players j to choose ajt = 0 + bi, despite their desire to play

at = 9 + bj.

Meetings and Communication

In each period, an agent i has a probability a of meeting one of her neighbors j C Ni,
chosen uniformly at random.5 When i meets j, i decides whether to share 6 (if i knows

9) or share nothing: m(9, i, j, t, h) = 1 or 0. If j receives 9 she learns 0 as well as the

fact that i sent the message, but if i shares nothing, j does not know that a meeting has

occurred. In particular, meetings are one-way (j cannot talk to i).

41n particular, if utility were quadratic in the actions of other players, i would be willing to trade off
risk for return, i.e., if i > j, i might choose a revelation strategy that results in j's expected action being
lower in exchange for reducing the variance.

'We can allow the probabilities of meeting to vary across links, but this makes no difference in this
version of the model, since we will allow all pairs of connected players to have frequent enough meetings.
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This simplifying assumption makes sense in some scenarios: we can imagine i having

a meeting to mean that i has "logged on" to the social network and considered messaging

j, but j is unaware of this unless he gets a message. In other settings (for example,
face-to-face meetings) it is more natural to assume that j is aware of whom he has met.

In addition, when meetings are known by the receiver, we may also want to assume that

meetings are two-way affairs and j can also send a message to i. The only difference this

introduces is that j's posterior would jump when he meets another player i who does

not talk to him, but stays constant otherwise, whereas with one-way meetings posteriors

evolve continuously independently of when meetings happen (since j has some belief of

how frequently meetings should be happening).

In addition, we assume that actions ait are not observable by other players and payoffs

are not observed until the end of the game, so j can only learn from i through i's messages.

Timing

The timing of the game is as follows. First, before period t = 0, Nature determines the

value of 6 and which players S are told. At the beginning of each t > 0, random meetings

are decided; then, communication takes place; and players choose their actions ait at the

end of each t.

Equilibrium Concept

Our solution concept is sequential equilibrium:

Definition 1 (Sequential Equilibrium). An assessment is a strategy profile and set of

beliefs (o, p). Here o- = (a(6, i, t), m(6, j, hi)), where a(6, i, t) denotes the action chosen

by agent i at time t, given her observation of 6 E [-1, 1] U {0} (6 = 0 denotes that i is

uninformed at time t);6 and m(6, j, t, h) is the probability that i shares her information

with agent j, conditional on her history h, with the restriction that m(-) = 0 if i is

uninformed.7 [(i, h ) determines the beliefs held by an agent of type i after a history h.

An assessment (a, p) is a sequential equilibrium if it is consistent and the strategies o-

are optimal at each information set given the players' beliefs A.

6In general a could depend on h, but it is clear that it will depend only on 0, i and t in any equilibrium,
since ait is not observed by anyone else, and (0, i, t) is a sufficient statistic for i's posterior.

7Unlike ait, mit may depend on the history h, since it may contain information about who else is
informed or what other players intend to do.
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Although we can describe the equilibrium purely in terms of strategies, we will also

look at another outcome measure: the information distribution of each agent over time.

Formally, we study p(9, j, t), the probability that player j knows the signal at the end of

time t, if its value is 0. Note that p(O, j, t) depends on 0 because players condition their

decisions to share the signal on its value. When p(9, j, t) converges as t -+ oc, we will

denote the limit by p(9, j, oo).

Next, we analyze the equilibria of the game, under different assumptions about the

players' sophistication.

1.3 Myopic Equilibrium

Before solving the case of forward-looking agents, consider the case of myopic preferences.

In other words, 3 ~ 0, so i shares 0 with j if and only if it reduces E (v(0 - a9 - bj)1, hi).

This assumption simplifies the game in two ways. First, players only care about

the actions of the players that they meet, not the entire population. Second, players

only care about the current actions of others they meet, not future actions. In practice,
whether these simplifications are reasonable depends on the real-life application. For

example, if 0 is the quality of the ruling president and ajt are votes in an election, or

other political participation that ultimately affects the likelihood of toppling the regime,
then i should care about everyone's actions at all times, since they all influence the

regime's fate. However, there are several cases where "myopic" preferences are reasonable.

First, agents may care about the private effects of public actions: for example, i may want

to change j's mind so that j will go to a partisan rally with i today, and i cares more

about the consumption value of the rally than its political consequences. Second, actions

may be fundamentally private: i may want j to vaccinate his children because i and j
are neighbors, so there is a higher risk of infection; or i may want j to get a certain type

of phone because there are network benefits. Third, agents may actually be myopic and

fail to anticipate the long-term effect of their messages. Fourth, agents may be driven by
a desire to "win arguments" rather than caring directly about influencing the status quo.

Under this assumption, we have the following

Proposition 1 (Myopic Equilibrium). If / = 0, Yo < 1 and a is low enough, there is a

unique sequential equilibrium, which is given by a set of potential messages M(9,i, j,t),
information distributions p(9, j, t), and posteriors under ignorance 9(j, t) such that:

* p(9, j, t) is increasing in t for each 9 and j, and converges to a limit p(9, j, o);
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I
* I(jt) co'uve'rges to (1 limit ( j), which is the expected vaul of the normalized density

h(.0) ( -- p(0,J, iO));

* m1(0, i, j, t) 1 if 0 > (j,nt) lid 2(b - b ) < 0 0(J t), or 0 < T(j, t) and

2(b - b ) < 0(jt) -0.

Figure 1-1: p(O, j, t) on the equilibriumii path for n.

-o = 0.75, a = 0.3, and large gaps

1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8
0

Corollary 1. If (N, G) is a complete graph., 0 is binary (so h(-1) = h(1)

bi+1 - bi < for all 'i (small gaps), then p(0,j, oc) = 70 for all 0, j.

0.5) and

If (N, G) is a complete graph and bi+1 - bi > 1 for all 'i such that bj+ 1 > bi (large gaps),

then

* m(0, i, j, t) = I if bi > bj and 0 > 0(j, t) or

* p(0, j,oo) YO for e ((1),O(n));

* p(0, j, oc) P(bs < bj) for 0 < - 10

* p(0,j, oc) P(bs > bj) for 0 > .

Vice versa;
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Figure 1-2: p(9, j, oo) in the long run for j = 1, 2, 3, 4
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In addition, 9(i) --+ E(9) and p(-, j, oo) -+1111. 0 for all j, in any sequence of equilibria

as -yo -+ 0. If 9 is distributed continuously with full support in [-1, 1], p(0, j,oo) -0) 1

for all j as -yo .

Figures 1-1, 1-2, 1-3 and 1-4 illustrate the equilibrium path for sample values of the

parameters, assuming that -y(S) is uniform across singletons and y(S) = 0 if |SI >
1. Figures 1-1 and 1-2 show the expected information distributions p(9, j, t); Figure

1-3 displays the associated thresholds O(j, t); and Figure 1-4 shows in what directions

information flows depending on the value of 0.

The intuition behind Proposition 1 is simple. At any time t, a player i who can talk

to j chooses between letting j believe in his default posterior under ignorance, i.e., Hj,t,
with mean 9(j, t); or revealing the true 9. If i > j (i < j), i will then reveal 9 precisely

when doing so increases (decreases) j's posterior. But 9 may also be shared when it has

the opposite effect if Ibi - bj I is small enough. In particular, if 1 - 9(j, t) I is large and

Ibi - b I is small, then i's incentive to bias j is trumped by her desire to prevent him from

choosing a very bad action.

Information accumulates over time: p(9, j, t) increases in t as players share more infor-
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Figure 1-3: O(j, t) on the equilibrium path for j 1, 2, 3, 4
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mation, so it must converge. In turn, this means that the posteriors (j, t) also converge.'

In addition, the posteriors under ignorance of extreme types reinforce their biases over

time. The logic is that a low-bias player expects others to try and bias him upwards,
and vice-versa. If he is not informed, he will guess that 6 is low and that is why other

higher-bias players did not want to share it. This effect scales with information abun-

dance: the higher ^Yo is, the more players can infer about the value of 0 from the fact that

they are uninformed, which prompts other players to share more values of 0. There is

thus a feedback effect: if everyone is sharing information, then pretending ignorance is

more costly, which induces more sharing, and so on.

Corollary 1 shows how this equilibrium translates into long-run information transmis-

sion, depending on the distribution of biases. If there are small enough gaps between

consecutive players, information spreads through the whole network. Intuitively, there

are always agents close enough to i, in either direction, that i would like to share her

information with them. But the receivers also find close neighbors to talk to, and so on;

hence, information propagates. (Of course, agents might not like this outcome if they

were not myopic). On the other hand, if agents are clustered in groups separated by large

8 0(j, t) might not converge for 2 < j < n - 1 if yo = 1, as in that case 1 - p(q, j, 00) =- 0.
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Figure 1-4: Myopic Transmission

O < 0(1) 0 E (0(1), (n)) 6 > 6(n)

4 4 4

3 3 3

2 2 2

11 1

gaps, then extreme information only travels in the predictable direction. In other words,
if i knows that 0 = 1, i would be happy to tell players j with bi > b3 but not those with

bi << bj. However, moderate information still spreads through cycles: if 0(1) < 0 <9(n),

then all players want to share 9 with types 1 and n (since it moderates their actions);
and for any intermediate type j, either 1 or n will be willing to tell j. Thus, only partial

learning is obtained, unless -yo is close to 1.

Finally, requiring a to be low enough guarantees an unique equilibrium by ruling out

self-fulfilling prophecies in the choice of strategies at time t, which might result from the

fact that several players might talk to the same receiver j at once, and O(j, t), which

influences messages at time t, is affected by said messages.' Reducing a corresponds to

breaking up time into smaller periods (and taking a -+ 0 yields a game in continuous

time). Intuitively, if time is sliced finely enough, then j's posterior at time t conditional

on not learning has to be similar to his posterior in t - 1, and not heavily dependent on

m(9, i, j, t), restoring uniqueness. Another crucial condition for uniqueness, built into my

assumptions, is that if i meets j at time t, then i cares about ag but not other actions

(alt, for t' > t) that j takes in the future.

9 Alternatively, if time were indexed in such a way that only one player at a time had the chance to
communicate, then uniqueness would follow without any assumptions on parameters.
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1.4 Forward-Looking Equilibrium

Informational Cascades

We now move on to the general case of forward-looking agents, who care about the future

actions of the entire population. This introduces two new incentives due to informational

cascades:

* an agent i may want to share information with j, even if this negatively affects i's

payoff from j's action, so j can share it with a third player k;

* i may hide information from j, even when it improves j's action, to prevent j from

talking to k.

These effects are illustrated in Figures 1-5 and 1-6. In the former, suppose that

(b1, b2, b3 ) - (0, 1, 3 + () for a small c > 0, and ({2}) - 'o is small (in other words,

information is scarce and only 2 can be initially informed). Consider the case where 0 - 1

is realized. It is easy to check that, if 3 becomes informed, he will share 0 with 1. While 2

would rather not tell 3 that 0 = 1 if she were myopic (since 3's action would then become

higher than 2's preferred action), 2 also wants to tell 1, and the latter incentive trumps

the former. Hence, 2 tells 3.

Figure 1-5: Informational cascades encourage communication

In Figure 1-6, suppose that (b 1, b2, b3 ) = (1,4 - 6,2 - 2c) for some small C > 0;

y({1}) = yo is arbitrarily small compared to c; and 0 = 1 is again realized. We can

then check that 1 is weakly willing to share 0 with 2, and 2 is weakly willing to share it

with 3, but 1 is strongly opposed to 3 learning. Hence, conditional on being informed, 2

talks to 3. If 1 were myopic, she would talk to 2; but, being forward looking, she chooses

not to.

Figure 1-6: Informational cascades discourage communication
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Hence, informational cascades may result in either more or less connnunication. How-

ever, there is ea asymmetry between the two examples. In Figure 1-5, the result depends

on 2 not being linked to 1 (as otherwise 2 could talk to 1 directly and bypass 3); in Figure

1-6, the result is robust to adding links.

In general, in a sparse network, we expect the first motive to dominate, leading to

more communication: in order to reach desirable but far-away agents, i may be willing

to talk to undesirable neighbors who can serve as intermediaries. On the other hand, in

a dense network, the first motive vanishes (as direct communication is possible) but the

second remains, resulting in less connunication.

What Could Go Wrong?

However, concerns about informational cascades can support a variety of strange equilib-

ria. We illustrate these in several examples. In all of these, we assume that 'Yo > 0 is

small and that 0 1 is realized.

Figure 1-7: Multiple Pareto-ordered equilibria

2 4

3 5

Figure 1-8: Multiple Pareto-ordered equilibria

1 3

5

2 4

First, Figures 1-7 and 1-8 show games with multiple equilibria, such that the informed

agents agree on the best equilibrium but cannot necessarily coordinate on it. In Figure

1-7, (b1, b, b3, b4, b5 ) = (0, 1, , , b + C), with j <b < 2; 7({2, 3}) is small and IS) 0

otherwise; and c > 0 is small. Then 4 and 5 talk to 1 if they are informed, while 1 talks

to no one. Both 2 and 3 want 1 to learn, but not 4 or 5. However, it is worth using one of
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them as an intermediary. Hence, there is an equilibrnim where 2 talks to 4 while 3 does

not talk to 5, arid vice-versa. Although both 2 and 3 would rather inform 1, if the "wrong"

equilibrium is being played there is no way for 2 to inform 4 and tell 3 that informing 5

is no longer necessarv.

In Figure 1-8, (bi, b2, b3, b4 , b5 ) - (1, b, b, +0.4), where 1 < b < 4; ({2, 3}) is small,

and ?(5) 0 otherwise. (This example requires a directed network, so in particular 5 can

receive but not share information). Here 3 and 4 will talk to 5 if informed. 1 and 2 are

willing to inform 3 and 4, but this comes at the cost of informing 5. Clearly, it is optimal

to either inform no one or everyone; and one of these options (depending on the value of

b) is preferred by both 1 alnd 2. However, for a range of values of b, both are equilibrnim

outcomes. The reason is that, if no one is informed in equilibrium, then the effect of 1

informing 3 at the margin is 3 and 5 learning, but not 4: this one-player deviation does not

capture the full value of switching to the informative equilibrium. Conversely, if everyone

is informed in equilibrium, then the effect of 1 not informing 3 is that 3 no longer learns,

but there is no effect on 2 or 4, so this deviation is never profitable.

Figure 1-9: Multiple unordered equilibria
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2 9

4 8

6 5

In Figure 1-9, there are multiple equilibria but agents cannot agree on which one is

best, unlike the previous examples. Suppose that b = (0, 1, 1, 1 + , 1 + , 1.6, 1.6, 2, 2 + 6);

-({2, 4}) is small, and ?(S) = 0 otherwise. Here, as in Figure 1-7, 2 and 4 want to

use either 8 or 9 as an intermediary to share information with 1. Hence, there are two

pure-strategy equilibria. However, the choice of intermediary now results in other players

learning, such as 3 and 7 or 5 and 6; since 2 and 4 differ in their preferences over them,

2 would rather use 9 as an intermediary, and -1 would rather use 8.10 We could also

10 1f 2 and 4 could observe each other's actions, the multiplicity would disappear but each player would
race to be the first to communicate.
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construct an example where each player prefers the other's intermediary instead."

Figure 1-10: History-dependent strategies
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Figure 1-10 presents a case where the equilibriin must condition on the players'

histories h. Intuitively, a player's history may contain information relevant for guessing

what other players are already informed, which affects the optimal strategy. Assume that

(b1, b2 , b3 , b1, b) = (0, 1, 1.6, 3, 3), and ({4}) = -({5}) = 0.1 and -y(S) = 0 otherwise.

First, 1 never talks, and 2 never talks to 4 or 5. In turn, 3 and 4 always tell 1 if they are

informed, and 4 and 5 always inform 2. 3 would talk to 2 but never can (since 2 is 3's

only potential source) and 3 talks to 1 but not vice-versa. The question then is: should 2

talk to 3? The answer depends on where 2 got the information. If 2 was informed by 4,

lie should not tell 3, but lie should if lie was informed by 5.

The reason is that, ideally, 2 wants 1 to learn, but not 3. However, 3 may serve as an

intermediary. If 4 is infornied, she will tell 1, so the marginal impact of 2 telling 3 is just

3's action changing; but if 5 is the informed one, then telling 3 results in both 3 and 1

learning.

Moreover, this example can be tweaked to produce one where players nay in turn

manipulate each other's histories. Suppose that 'y({4}) = 0.001, 'y({5}) = 0.1, y({4, 5}) =

0.009 and -(S) = 0 otherwise. Then the analysis proceeds as before, with one caveat:

now 4 has an incentive not to talk to 2! Despite 4 having maximal bias, she would rather

risk a 10% chance that 2 will go uninformed (if 5 is uninformed). In exchange, 4 ensures

that, with a 90% chance, 2 will be informed by 5. Not knowing that 4 is informed and

has already informed 1, 2 will then inform 3.

Finally, 1-11 shows that a pure-strategy equilibrium may not exist. Suppose that

(bi, b2, b3 , b 4, b5 ) = (0, 0.45, 0.9,2, 2.6); i({1, 4 }) is small and 7(S) = 0 otherwise. (This

example also requires a directed network). Then 2 and 5 always talk to 3. 1 wants 2 to

know but not 3, and would rather tell neither one than both; 4 wants 3 to know but not

5, and would rather tell both than neither. Then, if neither player is talking, 4 would

III this case, even with mutual observability between 2 and 4, we would have a war of attrition with

multiple equilibria.



Figure 1-11: Non-existence of pure-strategy equilibriulm
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deviate and tell 5. If 4 is talking and 1 is not, 1 would deviate and tell 2 (since 3 is already

informed anyway). If 1 is talking but 4 is not, 1 would deviate and stop talking. And if

both 1 and 4 are talking, 4 would deviate and stop talking (since 3 is already informed

anyway).

Equilibrium Characterization with Binary State

We now show that, despite these pitfalls, there are reasonable conditions we can impose

on the network to guarantee the existence of a natural equilibrium. This equilibrium is

coalition-proof in a certain sense; it is history-free; and, under a mmutual observability

assumption, it is the unique equilibrium.

Assume a binary state of the world, with h(-1) = h(1) = 0.5. First, we define some

auxiliary concepts:

Definition 2. A strategy profile u is history-free if message strategies do not condition

on the player's history: m(O, i. + t, W) = I(, i, j).

A strategy profile T is almost history-free if there is a history-free profile T' such that

Uit ((, W) - Ut(0, W) - 0 as t -_ C) for all realizations of the equilibrium path w.

Intuitively, in a history-free profile, each player i has a set of admitted players for each

state of the world, Ai (0) C Ni. Then, if i learns 0, she mechanically shares it with all

j E Mi(0).

Definition 3. A strategy profile (- is segmented if there are two sequences of thresholds

b, < ... < b and b1 < ... < ,-, contained in [b 1 , b,], such that:

* if 0 = -1, then j eventually becomes informed iff bi > b,, where I is defined by the

condition bs E (Gb_, i1

o if 0 = 1, then . eventually becomes informed iff b1 < bl 1  , where I is defined by the

condition bs E [b1, b1+1).

27



A segimented strategy profile is natural if, for 0 = 1 and all 1, each player i in segment

/ (i.e., bi E [ 1 ,b+ 1)) 1prefers the set of higher players in seginent. 1 to be informed, but

prefers each higher-lias segment ' > / to be uninformed; and, for 0 = -1 and all n, each

player in segment tn prefers the lower players in segment in. to be informed, but prefers

each segment m' < in to be uninformed.

Figure 1-12: An outcome of a segmented equilibrium. with S =6} and 0 1
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In a segmented strategy profile, players are split into groups according to their biases.

Then groups always share information internally, but information only travels between

groups in the predictable direction, as illustrated in Figure 1-12. Here, if 0 = 1 and 6 is

initially informed, information will spread in 6's group and the one below it, but not the

one above.

Note that, in particular, segmented profiles are almost history-free, as the long-run

information distribution they generate depends only on the initial set of informed players

S:

Lemma 1. If a- is segmented, then it is almost history-free. The corresponding history-free

profile c-' is such that:

" if bi G (b,+1], then im(-1,i, j) 1 if bj > b;

" if bi E [b, b,+1), then m(1, ij) 1 iff b < b 1 -

Given an interval I = [a, b], we define an interval (N1 , G) of the graph (N, G) to be

the induced subgraph with vertex set N = {i E N : bi E I}. Given a network (N, G)

and a value of -yo, we say that (N, G) is well-connected if (N1 , GN,) is connected for all

I (a, b) C [b i , b,] such that b - a > .
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In addition, we say that an agent i is popular if she is connected to everyone, i.e.,
g(i, j) 1 Vj. Finally, (N, G) is very well-connected if, for all I = (a, b) C [bi, bn] such

that b - a> O, (NI, GNI) is connected and N, contains a popular agent.

Proposition 2 (Existence of Segmented Equilibrium). If the following conditions are

met:

" the state of the world is binary: h(-1) = h(1) = 0.5;

" (N, G) is very well-connected.

Then, generically,1 2 there are 2 > 0 and 3 < 1 such that, if yo < _0 and / > /3, there is a

natural segmented sequential equilibrium (-*, p*) described by two sequences of thresholds

b, < ... < bk and b1 < ... < bj, such that >+ bi + _ and bi+1 > i + 1 - . Moreover,

for any denser graph (N, G') with G' D G, there is a natural segmented equilibrium with

the same thresholds.

Corollary 2. If 'yO is low enough, / is high enough and b = (b 1,... , bn) [b1, bn] is

roughly uniformly distributed, then any natural segmented equilibrium -* has thresholds

roughly equal to b -(b, + 1, b1 + 2,...) and b -(. .. ,bn - 2, bn - 1).

Precisely, if (1 - c) b-b < IN[babll <1 + E)b1-b whenever |b - b > 0, and a*(/n) is a
natural segmented equilibrium for discount factor on, where , -+ 1, then

1-_x (1 + E)Y(Y + V)+
X - 5@ < liminf(b(i+l)n - bin) < limsup((i+1 )n - bin) < + 2 ,

1+ Ce (1 - C)X

where X = 1 - 2 - and Y = 1 + 2 Oy. The same holds for bi+1 - bi.

The logic of segmented equilibria is simple. Suppose that 0 = 1 and n is informed.

Clearly n wants to tell everyone; if the network has enough links, everyone will become

informed in the long run. Now suppose that n - 1 is informed. n - 1 still wants to tell

all the lower-bias players, and also wants to tell n if bn - bn_ 1 is small enough. Hence

everyon'e becomes informed.

If we look successively at lower-bias players, eventually some n' < n is reached that

would rather not tell n. However, n' understands that telling anyone in {n' + 1, ... , n}

results in everyone learning, so the choice is whether or not to tell the whole group. Since

n' is still willing to tell most members of the group, everyone learns. Eventually, there is

12Here the genericity is in the set of biases b1, . . ., b,: there is a unique equilibrium except for a measure
zero of tuples (b, .... , bn) which generate indifference.
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some '," < r' that would rather not tell {n"+ 1, ... , }. {i t" + 1, .... , n} thus becomes the

highest segment. III turn, n" 1- is happy to tell o," because she knows that informtation

will not flow upwards from n", so the process restarts.

Figure 1-13: A pathological non-segnented equilibrium

7

5

3 2

1

Although this is a natural characterization, there may still be multiple equilibria, for

two reasons. First, there may be multiple natural segmented equilibria, because choosing

different thresholds for the segments affects the players' posteriors under ignorance and,

in turn, their incentives to communicate; hence, there can be multiple fixed points of the

threshold choice problem (however, this multiplicity vanishes as go - 0, as per Corollary

2). Second, there may be unnatural or non-segmented equilibria.

Consider Figure 1-13. Assume that 7({2, 3}), 'y({ 4 }) are small and -'(S) = 0 otherwise,

and 0 = 1. The dividing red line denotes that players in { 1, 2, 3, 4} would rather not share

information with {5, 6, 7} (suppose, however, that 2 would be willing to tell {5, 6}). On the

other hand, {5, 6, 7} always communicate internally. Hence, in the natural equilibrium,

{1, 2,3, 4} and {5, 6, 7} become separate segments; {1, 2, 3, 4} communicate with each

other and {5, 6, 7} remain uninformed.

However, there is an unnatural equilibrium where 3 talks to 5 and 2 talks to 7. The

problem is that, if 2 expects 3 to share information with the upper segment, then 2's

own message has no marginal impact on the long-run information distribution, and vice-

versa. Instead, such messages only have a short-term effect, which may be positive: for

instance, 3 expects that 7 will become informed through 2 sooner than through the path

3 5 -- 6 -+ 7, so the marginal impact of telling 5 is mostly to inform {5, 6} for a short

time, which is desirable. On the other hand, if 2 has not yet been able to inform 1, then

telling 7 will speed up transmission to 1, which may be worth it.
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Consequently, if 4 is informed initially, he may choose to inform nobody. Although

b4 > b3 > b2 implies that 4 should be more willing to spread information than 2 and 3, 4

understands that informing them will trigger a continuation that is bad for all of them.

If so, the resulting equilibrium even fails to be segmented.

Next, we show that these equilibria, which seem pathological, disappear if we modify

the game to allow for mutual observability and an activity rule-and, in addition, we

can permit the network to be only well-connected. Mutual observability means that,
at each t, informed players can observe the set of other informed players in addition to

knowing 0. (Note that, while we did not make this assumption in the original model,
players still obtained some information about the set of informed players: for example, if

i informs j, j knows that i is informed. Moreover, equilibria could be constructed where

pairs of informed players share additional information through the timing of superfluous

messages) .13 An activity rule is a rule by which, if since some time to informed players

have had opportunities to communicate with all their neighbors and have declined to

inform any new players, the game ends and no new opportunities to communicate arise.

Proposition 3 (Generality of Segmented Equilibrium). Suppose that, in the game with

mutual observability and an activity rule,

" the state of the world is binary: h(-1) = h(1) = 0.5;

" a< 1;

" (N, G) is well connected.

Then, generically, there are _y_ > 0 and 3 < 1 such that, if -yo < __ and /3 > /, any

sequential equilibrium is natural segmented, with unique thresholds b, < ... < bk and

The intuition behind this result is as follows. Pathological equilibria, such as the one

in Figure 1-13, rely on players' uncertainty about who else is informed. If this uncertainty

is removed, by means of mutual observability, a sort of unraveling occurs. For instance,
if 2 informed 1 and could communicate that to 3, there would be no reason afterwards

for them to talk to {5, 6, 7}. Hence, the continuation when 1 is informed before anyone

in {5, 6, 7} would generate much higher payoffs, which would prompt 2 and 3 to wait on

their messages to {5, 6, 7} and see if this continuation is realized.
131n other words, players could have a "Morse code" to indicate information about who else is informed,

by re-sending 6 repeatedly at specific times. A temptation to do this could exist even if we disallow repeat
messages on the same link, by manipulating the time of the first message.
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On the other hand, the activity rule allows players to coordinate on withholding in-

formation from undesirable groups, when there are conflicting incentives at the margin.

Intuitively, there are variants of Figure 1-13 where both 2 and 3 prefer keeping the upper

segment uninformed; but, if they are to be informed, 2 prefers subgroup A to be informed

first while 3 prefers B to be informed first. Without an activity rule, there can be equi-

libria where both players attempt to inform their preferred group immediately, expecting

that the other player is doing likewise.

Finally, although all these results rely on the network being dense enough, there is

paradoxically another case where the equilibrium is easily characterized: a tree.

Proposition 4 (Unique Equilibrium in Trees). If

" the state of the world is binary,

" (N,G) is a tree,

* Y(S) > 0 only for singleton S, and

" yo is low enough,

then generically there is a unique sequential equilibrium a*.

The logic here is that, from the point of view of an informed player, the relevant

decision is what set of branches to inform. Branches are independent and can be solved

recursively. The assumption that there is a single source (i.e., only singletons S may be

initially informed) is crucial here: if two players were initially informed, the path joining

them might have multiple solutions, as in previous pathological examples. Interestingly,
given a distribution of biases (bi, . . . , bn), the equilibrium in a tree is very different from

what arises in a well-connected graph: rather than breaking up into segments based on the

bias distribution, agents break up into communication groups constrained by the existing

links, which often use undesirable agents as intermediaries. In particular, it turns out

that the network structure matters more when it is sparse than when it is dense.

Well-Connectedness in Random Graphs

It is worth checking how stringent the well-connectedness condition is. The following

result provides a bound on the required number of links in a random network:

Lemma 2. Let G(n, p) be a large Erdds-Re-nyi random graph, where the population N =

{1, ... , n} and the distribution of biases (b 1 , . . . , bn) are fixed. Let K = 2(b*-b*)(2--yo) and1 --yo
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m = . Suppose that (b 1 ,... b,) are roughly uniformly distributed, i.e., (1 - ) _b <

(1 + E) whenever bj - bi > 1 _. In addition, let np = (inmc)K where
n ~~~ bn-bl w 2 (2-yo)1-

p is the link probability. Then (N, G) is well-connected with probability greater than P =

e~e-c(3K-1)/(1-E) as n -+ oo.

As an example, take a random graph G(n,p) with n = 300.000.000, and let -Yo be

small and (bi, bn) (-2.5, 2.5) (so that we will have roughly 5 segments in equilibrium).

Then K = 20, m 15.000.000, ln m ~ 16.52, and P e- 5 9e-c. Then, if we take c = 9,

at least 99.2% of the resulting networks are well-connected. This choice of c implies an

average degree np = 511, which is high, but roughly satisfied by online social networks:

for example, the average Facebook user has 338 friends (Smith, 2014). In practice, well-

connectedness can be satisfied even for lower average degrees, for two reasons. First, this

bound is not tight. Second, social networks often display homophily (McPherson et al.,
2001), so links to similar players may be abundant even with a low average degree. The

condition that a player's average global degree be (ln m + c)K is not required for our

bound; it suffices for her average degree, restricted to a set of 3m similarly biased players,
to be 3(ln m + c). In our example, a person whose bias is in the 62.5th percentile must

have an expected 77 friends with biases between the 55th to 70th percentiles.

Equilibrium with Continuous State

If 9 is distributed continuously on [-1, 11 and 'yo is far from 0, our previous results do

not apply." Although extreme signals follow a similar logic as before, the communication

of moderate signals (those contained in [6(1),6(n)]) is harder to characterize, because

players may now want to inform both higher and lower-bias agents. For example, suppose

0(1) < ... < 0(5) < 9 < 0(6) < ... and player 3 is informed. Then she will want to inform

1 and 2 (since it will increase their action) and i > 6 (because it will decrease i's action)

but not 4 or 5 (because the information would increase their actions).

Nevertheless, we can partially characterize the analog of our natural equilibrium for

this case. Given some average posteriors (9A)i, we will say that a strategy profile a* is a

quasi-equilibrium for these posteriors if o-* is optimal given beliefs, but agents' average

posteriors are given by the exogenous k rather than the posteriors generated by Bayes'

rule. Then

141f _yO is close to 0, then all posteriors under ignorance are close to 0, and almost all values of 0 fall
outside of the interval bounded by said posteriors, so the game can be solved roughly as before.
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Proposition 5 (Equilibrium Characterization with Continuous 9). Let (N, G) be a com-

plete network. Let b = (b1,... , bn) and h be symmetric around 0. Then, for any sym-

metric posteriors 01 < ... < On, if 3 is high enough, there is a natural segmented quasi-

equilibrium o-* of the game described by thresholds cutoffs b1 (9) < ... < b (0) (for 9 < 0)

or b1 (9) < ... < b (0) (for 9 > 0), such that

" for 9 < 0, if hs E (b (9), b+1 ()], then j eventually becomes informed if bj > b(9);

" for 9 > 0, if bs E [b, (9), b1+1 (9)), then j eventually becomes informed iff bj < 1+1 (9).

In addition, b1 () is increasing in 9 and bI (9) is decreasing in 9, and there is E > 0 such

that if 9 E (-e, e), then the set of thresholds for 9 is empty.

The intuition behind this equilibrium structure is as follows. First, if 9 > 0(n), then

players always want to share 9 with lower-bias players; this leads to the same arguments

as in Proposition 2. Suppose then that 9(i) < 9 < (i+ 1) for some i. The first observation

is that both i and i +1 want to inform everyone. Then, consider the problem facing i - 1:

he wants to inform everyone except for i. Similarly, i +2 wants to tell everyone except for

i + 1. However, both i - 1 and i +2 understand they have to tell both i, i + 1 or neither,
since they will tell each other. It will be optimal for at least one of them to tell.

We can continue this argument: given some interval of players who inform everyone,
at least one of the adjacent players on either end will be willing to inform that set, thus

informing everyone. The argument ends when we run out of players on one side, pinning

down b1(9) or bm(9). After that, the players who are left have monotonic incentives, so

the rest of the argument follows Proposition 2.

1.5 Extensions

1.5.1 Forgetful Players

In this extension, we consider how equilibrium behavior and information transmission are

affected if players sometimes forget information. In practice, this seems like an important

case: people will often forget information they have seen a few days or weeks after seeing

it (or, at least, they will forget how to access the source which would enable them to

credibly communicate it to others). Alternatively, people might become disinterested in

the issue at hand and thus leave the population of players, being replaced by other still-

uninformed players who have become interested. For example, if 9 reflects pollution in a

given neighborhood, then agents who move out would no longer care about 9.
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The main result is that, regardless of whether players are myopic or forward-looking,
the potential loss of information stemming from motivated communication is much higher

in this case. Even when the rate of forgetting is low enough that truthful players could

achieve almost-full learning, motivated players may end up with a vanishing amount of

information in the long run.

We make three modifications to the original model:

" For simplicity, there is a continuous population of mass 1 rather than being finite,
joined by a complete network.1 5 The population is divided into k equal-sized groups

according to their biases.

" Agents have a probability 1- f of forgetting their information in each period. (They

may also have a discount factor, but it will be irrelevant in the analysis).

" On being born, an agent knows the value of 9 with probability (9). In general

we allow 7 : [-1, 1] -+ [0, 1] to be a function of 9, reflecting the fact that Nature

may be more likely to reveal certain kinds of information, but we will often focus

on the case where -y is constant and denote -y(9) y= E (0, 1). Unlike before, an

uncountable number of players is informed by Nature; these are independent events

across players.

Let us first study the myopic case. We can characterize the equilibrium of the game

as follows:

Proposition 6 (Equilibrium Characterization). Suppose that bjij - bi > 1 for all i;

there are f < f such that f < f(0) < 7 for all 0; and 7-(- m ka < 1. Then thef 1-a
model described above has a unique sequential equilibrium given by threshold strategies, as

follows:

" For each time t = 0, 1, ... there is a set of thresholds 0(j, t) = Ey (9), denoting j 's
expected posterior under ignorance at time t.

" If a sender of type i faces a receiver of type j with i > j, she reveals 9 if and only

if 9 ;> (jt). If i < j, she reveals 0 if and only if 9 < 9(j,t).

" If i knows 9 at time t, then ait = 9 + bi. Otherwise ai = Egj,,(0) + bi.

* If f is symmetric around 0, then the thresholds (j, t) are symmetric, i. e., -9(j, t) =

0(k + 1 - jt) for all j, t.
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Figure 1-14: 1p(0, j t) on the equili)rilIm path for k = , j = 6, 0 ~ -1, 1], 1 = 0.9,
- = 0.02, o, 0.6
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Although Proposition 6 guarantees us a unique equilibrium path, it is hard to infer

its long-run behavior: unlike before, information does not necessarily increase over time

due to forgetting, and the equilibrium path may display cycles. To understand long-run

behavior, it is easier to directly analyze the steady states of the game. We define a steady

state (mn, p) of the game as a revelation strategy m(O, i, j) and associated information

distribution p(0, j) such that, if we let p(0, j, -1) =p(0, j) (but mantaining 2' as the

probability of passive learning for new agents), there is a sequential equilibrium where

p(O, j, t) =p(O, j) for all , j, t, an m(0, i, j, t, s) =m(0, i, j).

Proposition 7 (Steady States). Suppose by - b& > 1 for all i. Let (in, p) be a steady

state. Then

* m is given by a set of stationary thresholds 0( j), i.e., 0( j, t) =0( j) Vt.

* (Ijl) is increasing in j.

* p can be described by a set of (k + 1) x kc coeffi cents Prj, such that p(0, j) =pg if

0 c (0(i), 0(i *+1)).16 In other words, p is localLy constant and only changes when

jumping over a threshold.

Hlaviug a continuous population eliirminates gloal uncertainty about how much information survives
over time, through the law of large numbers.

stWe take )of -1 and si 1.
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Figure 1-15: 0(j, t) on the equilibrium path for k = 11, j - 6,
=0.02, (,A, = 0.6
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* For each j, (pi.j )i is single-peaked with peak i = or i k-, k. On the other2 2 2

hand, (pij)j is decreasing in j for j < i, and increasing in j for j > i + 1.

There always exists a steady state. Iff is symmetric around 0, then there is a steady state

p such that the thresholds 0(j) are symmetric with respect to j, i.e., -(j) = 0(k +1 -j)
for all j.

We highlight two facts. First, even when the game has a unique equilibrium (given any

starting information distribution) there may be multiple steady states, and the equilibrium

path may converge to different ones depending on the starting information; or, regardless

of their number, the equilibrium may never converge to a steady state. Second, conversely,

even when uniqueness in the sense of Proposition 6 fails, there may still be a unique steady

state that all equilibria converge to. We can provide some conditions to ameliorate these

issues:

Proposition 8 (Unique Steady State). Suppose bj+1 - bi > 1 for all i. Then:

* if f U[-1, 1], there are at most 2 k steady states;
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" if f(0) = P(9), where P(9) is a polynomial of degree m that is non-negative on

[-1, 1], then there are at most (m + 2 )k steady states;

" if k = 2, f is symmetric around 0 and r = r"af < 7, there is a unique symmetricmin f - 4'

steady state.

Next, we study the amount of information that propagates in a steady state. We will

say a signal value 9 is globally transmitted if Z p(8,ill(o)) > 6 for a fixed 6 > 0, even fork

arbitrarily low values of 7(0), as we keep 7j[_j,)_{o} constant. 17 Intuitively, if players who

know the signal communicate it to more than one person-on average-before dying, the

number of informed players will grow to a significant fraction of the population, even if

the initial fraction informed players is arbitrarily small: in this case the signal is globally

transmitted. Conversely, if players share the signal with less than one other person on

average, it will not be globally transmitted.1 8 We show that:

Proposition 9 (Global Information Transmission). Suppose bj+ - bi > 1 for all i, and

let q = '. Then, in any steady state:

e Values of 0 such that 9 < 9(1) or 9 > 0(k) are globally transmitted if and only if

q5>1.

0 If 0(i) < 0 < 0(i + 1), then 9 is globally transmitted if and only if 1 > (1 - )k-i +

(1 - ).

Note that kq = is the expected number of meetings a player has over her lifetime.

For the signals most likely to be globally transmitted-given by i = i-the condition in

the Proposition boils down to (1 - #)k < 1. If k is large, this requires approximately

that ep > 4, or - > 1.4. On the other hand, for i = 1, the threshold is between

ln(k - 1) - ln(ln(k - 1)) and ln(k - 1), and for i = 0 we need at least k meetings on

average. For comparison, if players always shared their information, global transmission

would require 6 > 1.

To understand this result, consider first what happens to values 9 < 0(1). These values

are always shared "up", i.e., they are only shared if the sender's type is lower than the

receiver's. Hence type 1 players can only learn this information from Nature (Poi = -(O))

17 This is the right definition, because we want to capture how much 0 spreads when initially known by
few people, but keeping the players' strategies fixed. If we changed 7 in its entire domain, players would
respond by changing their thresholds 0(j).

18 This intuition is incomplete because transmission rates may vary across groups, with some being
bigger than 1 and others smaller; and transmission may be targeted to certain other groups. For instance,
low values of 9 will tend to be shared to high-type players, who in turn are less likely to pass them on.
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Figure 1-16: p(9, j) for k 11, i 6, 0 U[-1, 1], 3 = 0.9, y 0.02, 0.05, a = 0.5, 0.6
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or other type l's, so that their chance of learning 0 goes to 0 as -y(0) -+ 0 if there are

not enough type 1 meetings. Type 2 players can learn either from Nature or from type 1

players. However, as -y(0) -> 0, both sources of information vanish, so P02 -+ 0 as well.

Type 3 players can learn from Nature, type 1 or type 2 players, but all these sources

vanish in the limit, and so on. Although type k players have a higher chance of learning

0 than the rest, it will still go to 0 as 7(0) - 0 as a result of this unraveling mechanic. 19

The result for 0 > 0(k) is analogous.

On the other hand, other values of 0 allow for cycles. For example, if 0(1) < 0 < 0(2),
then types 2 to k can only learn 0 from lower types, as before, but type 1 players can learn

it from any higher type. Hence, a signal shared "up" by a type 1 player will be shared

back to the type 1 population (either directly or after traveling "up" through other types)
with high probability, leading to global transmission. As we increase i towards k, more

paths are enabled for the signal to cycle through.

Although this Proposition tells us what happens to values between each pair of thresh-

olds, the amount of transmitted information also depends on where the thresholds are.

We can partially characterize the behavior of steady state thresholds as a function of

parameters:

1 9 However, convergence to this zero limit may be quite slow. For example, if k = 21 and (k - 1)0 = 10,
then Pok y(O)(l + #)k-1 Y(O) (1)20
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Figure 1-17: p(,j) for k = 11, i = 1, 3, 5, 6, 0 ~ U[-1, 1], 3 = 0.9, y
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Proposition 10 (Comparative Statics on Transmission). Suppose bi+

For any sequence of steady states,

" if 1 -+ 0, then |1p - -|| --+, 0 and 9(j) -+ E(9) for all j;

" ify-+0 and < < 1, then ||p|1i -+0 and(j) -+E() forallj;

* if -- +oo, then p(0, j, a) -+ 1 for any 9 E (-1,1) and any j; and 9(j) -+ (j),
satisfying 0(1) = -1 and 0,(k) = 1;

* if -y -+ 1, then p(, j, a) -+ 1 for all 0 and j.

Intuitively, if there are frequent enough meetings to let information disseminate-or

information from Nature becomes abundant enough-then players will learn the signal
with high probability, while if there are too few meetings-or information becomes scarce-
most players will remain ignorant. Assertions 1 and 4 are evident, but 2 and 3 are not.

First, if -y -+ 0, signals may be globally transmitted so information may still become
abundant. The Proposition shows that this does not occur because, although values
between 9(1) and 9(k) will still be globally transmitted (as per Proposition 9), the gap
between these thresholds will vanish, so most values will fall into the extreme intervals

and not be transmitted globally. Second, if meetings become frequent, it could still be the
case that a significant fraction of signals are left outside of (0(1), 9(k)) and not globally

transmitted; it turns out that this is not the case, because (9(1), 9(k)) converges to (-1, 1).
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What underlies both results is that thresholds move to the extremes when information

and meetings are more abundant, and they move to the middle in the opposite case. This

is the familiar feedback effect of information abundance.

1.6 Conclusions

In this paper I have studied a model of multi-player communication where agents are mo-

tivated by private biases. The analysis pinpoints in what cases information transmission

is still possible despite these biases, and what signals are more likely to propagate when

there is only partial transmission.

If agents never forget information; initial information is abundant enough (so that, in

every realization of the game, at least one agent is initially informed); and the state of the

world is continuously distributed with full support, then information still propagates and

all agents learn in the long run. However, information transmission partially breaks down

if any of these assumptions are relaxed, and in such cases moderate signals are much more

likely to be transmitted than extreme ones.

In particular, if agents forget information at some rate, almost-full propagation is only

possible if meetings are abundant enough, and information actually vanishes completely

in the limit if the meeting frequency falls below a certain threshold. This threshold, in

turn, depends on the degree of polarization: the more widely agents differ in their biases,
the more stringent the conditions for propagation become, compared to the benchmark

case where agents always communicate truthfully.

Finally, the model also sheds light on the role of informational cascades and forward-

looking behavior by agents, in contrast with previous work in this field. In sparse networks,
forward-looking agents tend to communicate more than myopic ones, because they under-

stand that they may need to share information with undesirable neighbors to use them as

intermediaries. But in large, relatively well-connected networks, forward-looking agents

communicate less, because they understand that the main effect of informational cas-

cades is to allow information to fall into the wrong hands. Hence, even in cases where full

learning would be attained by a myopic population, a forward-looking one will segment

endogenously, and even agents of similar preferences may refuse to share information to

prevent it from spilling into the wrong group.

The model can be extended further in several directions to answer related questions

on motivated communication, which are left to future research. For instance, in many

settings players choose whether to share information publicly or not at all, and can-
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not personalize their messages (for example, when they link an article on their blog or
Facebook wall). Embedding this assumption in the current model may lead to more

transmission, if the network displays homophily and agents are myopic (as, in this case,
they would be willing to share information with their mostly-similar social circle, and
would no longer strategically hide it from their more biased neighbors); but it may also

lead to less transmission, if agents are forward-looking (as agents would then be fearful

of information spilling into the wrong group, and would potentially have to censor all

their communication to avoid it). A further complication concerns the case where senders

do not personalize their messages, but receivers can choose which of their neighbors to
listen to. Although this freedom should make it easier to obtain information from various

sources and learn the state of the world, if agents care enough about influencing others,
they may choose to spend most of their time listening to like-minded agents, who are the

most likely to share useful ammunition to argue with the other camp.

Conversely, another interesting extension would allow senders to choose what receivers

they form links with, or make an investment in order to communicate more often. A
related issue is that of controlled media: if Nature has some ulterior motive (e.g., the

government wants to censor negative news), can it choose the information it reveals to

manipulate beliefs and actions? It appears that this would push posteriors down (agents
would be more pessimistic if they receive no information), which would drive agents to

popularize contrary information (relatively more anti-government news would go viral).

However, if enough negative news are censored then nothing would go viral, leading to a

more severe scarcity of information.

Finally, the case of partially informative signals deserves more attention. For simplic-

ity, this paper focuses on the case where information is all-or-nothing. However, in reality
there may be partially informative, correlated signals. While the resulting two-player

communication problem is still tractable, embedding it in a dynamic multi-player game

creates technical challenges, stemming from the fact that an agent's optimal revelation

strategy may depend on what she thinks others have revealed or will reveal.

1.7 Appendix A: Ommitted Proofs

Proof of Proposition 1. That p(O, j, t) is increasing in t and converges pointwise is trivial.

Then, the convergence of 6(j, t) follows from the dominated convergence theorem since

O(j, t) is the ratio of two sequences of uniformly bounded integrals that converge pointwise.

The optimal message strategies follow from the fact that the differential payoff of
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informing j is Ibj - bsi - |(j, t) + bj - 0 - bi.

Proof of Corollary 1. First note that 0(j, t)j I < for all j, t.20 In the small gaps case,
this means that, if bi+1 - bi < 1" - c for all i, then each i always has a neighbor in either

direction with which he wants to share 0 E [-1, -1 + 2c) U (1 - 2c, 1]. (This follows from

Proposition 1). Hence p(0, j, oo) = yo for all j and 9 E [-1, -1 + 2c) U (1 - 2c, 1], i.e., for

all 9 if 9 is binary.

As for the large gaps case: if 0 E [O(1) + c, 0(n) - E], then any player i would want

to share 9 with 1 and n after some time to. Hence p(9, 1, oo) = p(O, n, oo) = -yo. But

then, given any player j, either 1 or n would be willing to share 6 with j, depending on

whether 9 > 0(j) or vice versa. Hence p(9, j, oo) = yo for all j. On the other hand, if

0 < - then it is only shared from lower types to higher types (as it is lower than

anyone's posterior under ignorance), yielding the result. The case where 9 > 2 is

analogous.

Next, if yo - 0, then p(9, j, oo) < yo -+ 0 for all 0 and j, yielding the result. On

the other hand, suppose that 'Yo -+ 1. Consider agent 1. For any 9 > 0(1), any agent

who knows 0 would eventually tell agent 1, so p(O, 1, oo) = yo. On the other hand,
for any 0 < -2 , we have 9 < 0(1, t) for all t, so only agents with the same bias as

agent 1 would share 9. If So is the set of such agents, then p(9, 1, oo) = yoP, where

P = Eysnso 7(S) < 1 by assumption.

We can check that, among all distributions P(9, 1, oo) satisfying these conditions, the

one maximizing Ih(9)(1 -P(0, 1, oo))I|1 is the one where P(9, 1, oo) = -yoP for all 9 < 0(1).

Now consider a sequence yon -+ 1 and corresponding equilibria, with thresholds 0(1)n

that maximize |h(9)(1 - P(0, 1, oo))||1. We can see that 0(1)n -+ 1.21 This implies that

|1h(0)(1 - P(0, 1, oo))I, -+ 0, SO P(O, 1, OO)n -+- 1 for any sequence of equilibria. L

Proof of Lemma 1. It is clear by construction that o-' is history-free. Furthermore, o-'

leads to the same long-run information distribution, and hence payoffs, as a. 0

Proof of Proposition 2. The proof is in two parts. First, we show how to find a set of

thresholds b, < ... < b, 1 < ... < b and long-run posteriors under ignorance 0(1) <

... < (n), that can support a natural segmented equilibrium. Second, we prove existence

of such an equilibrium;

20 The upper bound is attained when p(1, j, t) = 0, p(-1, j, t) = -yo, and vice versa.
21Indeed, if not, then there is a subsequence 0(1)n, -+ 0(1)* > -1. But (1-P(9, 1, oo),k)k is converging

to a continuous distribution with support in [-1, 0(1)*], so the posterior generated by these distributions
for big k must be smaller than 0(1)*, a contradiction.
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For the first part, given players i, j, let AU(1, i, j) = -Ibj - biI + Ib - bi - 11. Let 11

be such that Z3>1 AU(1, l1 ,j) < 0 but EZ> ,AU(1, l,j) ;> 0 for all I> l. Then pick bk E

(b11 , b+ 1 ).2 2 Let 12 < 1i be such that Eh1 ,J>12 AU(1, 12, j) < 0 but E ,>,i AU(1, 1, j) > 0

for all 1 > 12, and let bk_1 E (b 12, b12+ 1 ). Continue until Z 1 > 1 AU(1, 1, j) ;_ 0. We

define b. analogously, working from b1 and using A U(-1, i, j) = -Ibj - biI + Ib - bi +

11. Importantly, we can take (bi, ... , b,,) to be generic values such that all of the sums

E>j> AU(1, 1, j) and E AU(-1, 1, j) are nonzero.

Given these thresholds, for any 7, we calculate long-run posteriors under ignorance

using Bayes' rule for a history-free profile that uses these thresholds. In other words, if

b E and b e [bmb m+1), then

-P(S n [b1,b 1] #0)+ P(S [bn, bn] $ 0)
T(y)i = +]= ) (

P(S n [b1, 1+1] # 0)+ P(S A [bin] # 0)

Next, we construct an equilibrium generating this information distribution. Consider the

restricted space of message strategies such that, if i < j and j is in a higher 1-segment

than i (according to the thresholds calculated above), then m(1, i, j, t, h') = 0 for all ht

such that i does not know with certainty that a player in j's segment or higher is already

informed (i.e. if i was informed by someone in j's segment or higher); and the analogous

condition for -1.

The game played on this restricted strategy space must have a sequential equilibrium,
by the standard existence theorem.2 3  Next, we show that intra-segment transmission

must occur, and it must be "fast" as # -+1. To do this, WLOG, let 0 = 1 and take a

segment [rb, bL+ 1)- Let i be a popular agent such that bi E [bj+ 1 - y, b+1 ), and suppose

that i is informed. Then note that, for -yo low enough, i's highest possible flow payoff, if

no higher segments are informed, is

-U= ( 1b, - bj,
bjE[bibi+i)

and this is attained only when everyone in [b 1, bi 1 ) is informed, i.e., i wants to tell

everyone up to segment 1. Moreover, since i is popular, she can guarantee herself a payoff

2k can be determined at the end, but it makes no difference to relabel the thresholds.
23The fact that the game is infinite is not problematic, as it is continuous at infinity, and information

sets and action spaces are finite for every t. I.e., fix a strategy profile o0 for the infinite game; consider the
reduced (finite) game where strategies after time to are given by ao; take a sequential equilibrium of it,
for every to; then consider the sequence generated by taking to -÷ oo and take a convergent subsequence.
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of

Ui = - IbE-bs| - |i bj +j-- b-- 11
+ 1 - 1+3 (

IN b j E[b 1 ,b 1+) Nil \bjE[bi,b 1 1 )

by simply telling everybody whenever possible. Hence, in any equilibrium and

any continuation where i is informed, Ui must be at least U. This implies that

there must be K(,3) such that, in any continuation and for any j with b < bL1+1,

"t-3sP(J uninformed at time s) < K(#), and (1 - O)r(O) -+ 0 as # -+ 1. In other

words, if i is informed, everyone else in segments up to 1 must become informed quickly

as well, for high '.24

Next, suppose some other player i' with bi E [b1+1 - , is informed. If i' is

connected directly to i, then i being informed also implies everyone else being informed

with expected delay at most i'(W), with (1 - 3)t'(3) -+ 0 as 3 -+ 1: i' can just tell i to

guarantee that everyone will be informed quickly. Inductively, the same reasoning applies

if i' is connected by a path of length 1 to i. This covers everyone in [b1+1 - 1 +1 b1 ),
since (N, G) is well-connected.

Now, suppose the highest i' E [b1, b+ 1 - -) is informed. She can again guarantee

that everyone in segments up to 1 will be informed with small expected delay, by telling

anyone in [bi+1 - , i+1) (and, by well-connectedness, she will know such a person).

Although this is no longer obviously optimal, since i may prefer to inform some people

in [b1+1 - o1+1) and exclude others, we already know that informing anyone in that

group induces fast transmission; and, for low enough y and high 3, i' would rather tell all

of this interval than none of it, since by construction E j>j,, AU(1, l, j) > 0. We can

then repeat the argument with the next-highest agent, and so on.

Hence, there is always fast transmission within segments, and to lower (higher) seg-

ments when 9 = 1 (9 = -1). Finally, we must check that the equilibrium we found is

also an equilibrium of the game with unconstrained strategies, i.e., players must not want

to send messages to higher segments for 9 = 1 and vice versa, if they are not sure that

those segments are already informed. This is true since there is fast transmission within

segments, and instant transmission to an entire higher (for 9 = 1) segment is unprofitable

by the construction of the thresholds bL.

Finally, if (N, G') is any denser graph, then for low enough -Yo and high enough 3

there is a natural segmented equilibrium with the same thresholds as before, since our

24 Note that this does not mean i actually informs everyone in equilibrium; i may send very few messages
if someone else is sharing the information.

45



construction of the thresholds did not rely on the network structure at all, and we only

exploited the fact that (N, G) was very well-connected.

Proof of Corollary 2. We will write the proof for the limit case where 3 ~ 1; it is easy to

check that this implies the result.

Consider a segmented equilibrium with consecutive thresholds bl, bt+1 . Assume b1+1 -
b, < 1; we want to find a lower bound for b1+1 - bl. Let j be the highest-bias agent below

the segment [Fb, b1+1). Then it must be that j does not want to reveal 0 = 1 to this group.

Let {j + 1... , i} be the players in the segment. The payoff from revealing to them, A is

[1 + 2(bj - bm) O <A=- Ibm-bjl+ 5 I(m)+bm-b -1 0,
m=j+1 m=j+1 m=j+1

since 1(m)l 2- ;.

Let [b, b 1 ) = [bt, b, + b) U [b, + 0/, bi + 2V)) U ... U [b, + k4, b 1 ) where k'z < b1+1 -
b < (k + 1)V. Let Id = [b +dO,lj+(d+1) ) and X = 1 - 2 . Now note that

bj > bt -@ ? b1+1 - (k + 2),0;25 bm - <b (d+2)0 for bm E Id; and the worst case scenario

is when [rb + ko, bi+1) has a maximum amount of agents clustered near bi + (k + 1)V.

Hence

ko k+2

5(1 - E)C [X - 2d] + (1 + E)C [X - 2db]
d=2 ko+1

k

<EIId|[X - 2(d + 2)V] [X + 2(bj - bm)] ,
d=O M=j+1

with the worst case being that ko is such that X - 2(ko + 1)0 < 0 < X - 2koo. We can

bound this by

k+2 k+2

(1 -cE)X(k + 1) - 0(1 + E)(k + 2)(k+ 3) E(1 - c) [X - 2d ] + (2c) [-2d] < 0
d=2 d=1

(I - E)X(k + 1) - 0(1 + E)(k + 1)(k + 2) - 20(l1+ c)(k + 1) - 20(1 +,E) < 0

(1 - E)X < 0(1 + E) (k+2) +2+
k + 1

25This is because our assumption of near-uniformity implies that any interval of length 0 must be
nonempty.
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Of course, (k + 2)4' > x so k > 1, since we assumed < . Then

(k + 5)) > +

so b1+1 - bi > k' > 4-4X - 540.

Conversely, let j + 1 be the lowest-bias agent contained in the segment. Then, since

he is willing to talk to the rest of the segment,

io

S [Y + 2(bj - b,)]- X > 0,
m=j+2 m=io+1

where Y 1 1 + and io + 1 is the first agent for which bm - bj > 1 - 9(m, t). Let

[bj+ 1,b I1) = [bj+1, bj+1 + V)) U [bj+1 + 0, bj+1 + 24)) U ... U [bj+1 + k0, bl+1) as before.

Now bm - bj > d4' if brn E Id, and we assume [bj+1 + k4, L 1 ) is empty. Assume that

ko > 1 (otherwise bm - bj < (k + 2)0 < 1 + 24' and we are done). Let ko be such that

Y - 2ko04 < -X < Y - 2(ko - 1)4'. Then, using that koi > X,

ko-1 k-1

0 < E IId [Y - 2d@] ,- I'dIX
d=O d=ko

ko-1 ko-1 k-i

0 < (1 + e)C 5 [Y - 2d] + 2cC 5 2d4 - 5 (1 - c)CX
d=O d=O d=ko

0 < (1 + E)Yko - (1 - c)V)(ko - 1)ko - (1 - c)X(k - ko)

0 < (1 + c)Yko - (1 - c)(ko - 1)X - (1 - c)X(k - ko)

(1 + E)Yko+
- (1 - E)X

Now, since 2(ko - 1)4 < Y + X < 2Y, we have kOV4 < Y +4'. Hence

(1 + )Y(Y + p)
k ~ (1 - E)X

(1 +E)Y(Y + )4
(1 - C)X

The proof for the boundaries b is analogous. El

Proof of Proposition 3. Let 0(1), ... , 0(n), b < ... < bk and b, < ... < b- be the long-run

posteriors under ignorance and segment thresholds constructed in Proposition 2.
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We will show in several steps that, for low enough y and high 3, any sequential

equilibrium must be natural segmented with these thresholds. WLOG, let 0 = 1. First

we argue that, if all agents but one are informed, the remaining agent i is also informed

with expected delay at most r,(O), where (1 - -)+() - 0. Indeed, since (N, G) is well-

connected, there is an informed agent j at distance lower than "Y, who will inform i

at the first available opportunity, since this increases j's payoff and there are no further

possible changes in flow payoffs (all messages become payoff-irrelevant if all players are

already informed).

More generally, note that, if all players in [b, b,] are informed for some b < b, (and this

is a nonempty subset), then again all agents must become informed with expected delay

at most '(0) with the usual property. The proof is by induction: if there is only one

uninformed player, we are in the previous case. If there are m uninformed players, there

is an informed player j within distance at most 1 of the highest uninformed player i,2-- yo

by well-connectedness. In addition, j's flow payoff is maximized by telling all remaining

players by construction. Then, if fast transmission occurs for m' < m, j can guarantee

fast transmission to all uninformed agents by telling i; hence, fast transmission will occur.

As a result, if there is at least one informed agent i in [bn - - , ba], again all agents

are quickly informed. Indeed, all agents in [bn - 11, b,] maximize their flow payoffs byzethi fowpyofsb
ensuring fast transmission to the whole network, and there is a finite sequence of messages

within [b, - -, b] that informs the whole group (since the interval is connected), bring-

ing us to the previous case. Hence fast transmission obtains by an unraveling argument.

Finally, fast transmission occurs if there is at least one informed agent i in [b;, ba].
This follows the same argument as in Proposition 2.

Next, we argue that, if [bi, ik) is the exact set of informed agents, then no new agents

are informed in equilibrium. This is a result of unraveling from the activity rule. Let i be

the highest agent in this set, and suppose the activity rule is binding (i.e., i has a chance

to inform a higher agent, and if she does not, no new messages will ever be sent). If i

sends the message, all players will become informed with expected delay at most K(/), so

i's continuation utility will be at most

U= -Z bj - bil + max(bj - biI - bj +(j) - bi - 11, 0)(1 - 3)K().

On the other hand, if i does not send the message, there is a probability of at least

(1 - a)~-1 that no messages are sent and the game ends, while if an informative message

is sent, fast transmission again occurs. Hence i's continuation utility in this case is at
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least

U - ( b - bjj+Y bj+ (j)-bj- 1 (I - )n-l+

+ - Y - b I - max(lbj - bil- b + (j) - b- 1 O)(1 - #)K() (1 - (1 - )

By construction of the thresholds, for low -y and high ,3 we have Uj' > Uj, so i does not send

the message. By the same reasoning, other agents i' < i do not send informative messages

when the activity rule is binding. Following the same logic, informative messages are also

not sent when the activity rule is not binding, as there is positive probability that it will

become binding (and hence messages will not be sent) in the next few periods.

More generally, then, we can argue that if the highest informed agent is in [bk-_, by),
then fast transmission occurs in [bi, bk-) and no players outside of this interval are informed.

The argument is along the same lines as before: first, if only one player in the set [bi, b)

is missing, there will be someone willing to inform her, and again no one will want to

send messages to segment [br, b,) by an unraveling argument. Then, if all agents in [b, b)
are informed, they inform all the agents below them and no others. Hence, if there is

an informed agent in [bk - , by), she can guarantee fast transmission by allowing the

interval [bk - ' , b) to become informed. And finally, any agent in [k_, bk) can make

this happen.

Finally, we can now repeat the same argument for segment [Fb, bi+) for all 1, as well

as for 0 = -1.

El

Proof of Proposition 4. First, consider the case where the tree is composed of a single

path, i.e., there is a permutation or of (1, ... , n) such that o(i) is connected to o(i + 1)

for i = 1, ... , n - 1 and there are no other links. Moreover, suppose that 0 < 'y -:

y({o-(1)}) < 1, i.e., Nature only ever informs a-(1). Finally, for simplicity, we write the

proof for the case 0 ~ 1, but it can be done for any 0 < 3 < 1.

Let Aig(1) = -bj - bil + jbj - bi - 11, i.e., Aij(1) = 1 if bi > bj, Aiy(1) = -1 if

bi < bj + 1 and linear in between. Analogously, let Aij(-l) = -bj - bi| + Ibj - b + 11.

We will show that the equilibrium is given by the following rule:

* If Ao(n- 1 )(n) (0) > 0, then m(0, o-(n - 1), o-(n), t) = 1 whenever a-(n - 1) is informed

and gets to send a message; moreover, in this case we define M (n - 1, 9) = 1. Else,

if Ao(n-1)a(n)(0) < 0, then ?n(0, o-(n - 1), o-(n), t) = 0 for all t and M (n - 1, 0) = 0.
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. For k < m < n, let N(k, i, 0) = [ 1 M(m, 9) and

Eo(k) (0)= Ao(k)o(i) (O)N(k, i, 0).
i=k+1

If E,(k)(0) > 0, then m(, o-(n -1), -(n), t) = 1 whenever possible, and M(k,9) = 1.
Else, if E(k)(0) < 0, then rn(9, o(n - 1), o-(n), t) = 0 for all t and M(k, 9) = 0.

This rule pins down an essentially unique strategy profile in the generic case where none

of the expressions involved equal zero. (By essentially unique we mean that superfluous

messages may be sent between already informed players, but they make no difference).

To show this is compatible with sequential equilibrium, note first that the given strat-

egy profile generates nondegenerate posteriors about 9 at every information set, by Bayes'

rule. (This is guaranteed by -yo < 1). Moreover, o(i)'s payoff from telling or(i + 1) at time

t is of the form

E,(k)(0) Z S~t E (-Ib(j) - bo,(i)I + Iba() +9(a(j), s) - ) - 91) N(k, i, 0)(1-P,),
s=t i=k+1

where P, is the probability that o(i) would have told o-(i + 1) anyway at some time s',
t < s' < s. Since I9(c-(i), s) 1< 2 , for yo low enough it is optimal to follow the message

rule described above. Finally, if everyone is playing according to this equilibrium, players

are indifferent about sending superfluous messages.

Moreover, the same argument yields uniqueness if we proceed by backward induction:
for o(n - 1), N(n - 1, n, 9) = 1 regardless of equilibrium behavior, so it is always optimal

to follow the rule. Then o-(n - 2) has the right incentives to follow the rule, and so on.

Finally, note that -(1) being initially informed is not essential; if some player a-(i) is

#iformed for 1 < i < n, then essentially two disjoint games are played, where U(i) is the
initial player in the paths (i, i - 1, ... , 1) and (i,i + 1,.... , n), and we can solve each as

above.

Now, return to the case of a general tree. Since -y(S) > 0 only for singleton S, in each

realization of the game there is some i who is initially informed. Then N - {i} can be

partitioned into a collection of disjoint trees, such that i is connected to exactly one player

in each tree. We can solve this case by backward induction in the same fashion. E

Proof of Lemma 2. Partition the interval of biases [bl, b 2] into subintervals of size Z =

(-o) In other words, note that [b, b] = I1 U.. . U If, where I1 = [b1 + (1 - 1)Z, bi + lZ)
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for I < W and Iw = [b, + (T- 1)Z, ba], and pick m so that b1 +(W - 1)Z < b, < b, + Z.

Now, the proof is in two steps.

First we argue that, to get well-connectedness, it is sufficient that:

" each interval I, (1 < 1 < 1) is connected;

" each i E I1 (for 1 < 1 < T) has a link to some agent in I,_, and a link to some agent

in Ii+1;

" each i E I, has a link to some agent in 12;

" each i E Iy has a link to some agent in Iw-1.

The proof is as follows. Let (a, b) C [bi, b,] be an interval such that b - a > 1 .- 2--yo~
By construction, (a, b) contains at least one subinterval Ih (for 1 < I < 7). Let i be an

agent with bi E (a, b), and suppose he belongs to Ip. We argue that i is connected to

some j E I, through a path within (a, b). Indeed, if 1' = 1, this is trivial. If 1' < 1, then i

is connected to some ji'+i E u+,, who is connected to some jl'+2 E 11+2, and so on until

some j E I1. Moreover, by construction I,+, . . . , I, C (a, b). The case where 1' > 1 is

analogous. Hence, given two agents i, j in (a, b), they are both connected within (a, b)

through I.

Second, we calculate the probability that a random network satisfies the above condi-

tions. This is equal to

~M-1 M-1
P> 11QPi j (1 -(1 -p)|19 1|1+11+41| y_( )|1 2 1

i=2 1=2

where P is the probability that I is connected and p is the probability between links.

(P is larger than the right-hand side because i E I, being connected to someone in I,+1 is

correlated to agents in 1+1 being connected to someone in I,).
By ur ssuptinsIm> (1-C)Z 1-c

By our assumptions, b --b = 7jf, i.e., >I (1 - c)m = m'. On the other hand,
_ Inm+c _ Inm'+c+ln(1-c)

(1-E)M m' /

It is known that, in an Erd6s-Renyi random graph (a, q) with link probability q - In a+c,

the probability of the graph being connected converges to e-e " as a -+ oo. Therefore

lim Pi > e-'

In addition, (1- p)a -+ e-aP as a -+ oc if ap converges to a constant. Hence (1 -p)LI e

e-1 I,1P, and (1 - (1 - p)1II)11 '' ~ ee"IP4lI. Since (1 - c)m < It (1 + E)m, we have

e - Ill i -e-)m (1+C)m _ - e-(1+E)
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Thus

lim P > e-ec~1n(l)(T9-2) e-e-( -)(2 2) > e-e-e(3m-4)/(1-E) > e-ec(3K-1)/(1-E).

The last step follows from the fact that, by construction, = [K~] so Tf < K + 1.

Proof of Proposition 5. Assume values for the posteriors under ignorance 91 < ... <

Then we construct the cutoffs for each 9 as follows.

First, if 9(i) < 0 < 9(i + 1), then i and i + 1 want everyone to learn 9. Since the

network is complete, they can make this happen unilaterally.

Next, consider i - 1 and i + 2. i - 1 wants to tell everyone except for i, and i + 2

wants to tell everyone except for i + 1. However, telling i implies telling i + 1 and vice

versa, as they communicate. Hence, even in the most permissive scenario where e.g. i - 1

can inform 1, .. .,i - 1,i + 2, .. ., n and skip just i and i + 1, i - 1 will choose to tell

everyone unless he'd rather tell neither i and i + 1 than tell both. This also applies to

i + 2. However, it is easy to check that, generically, at least one of them must be willing

to tell {i, i + 1} (there are non-generic cases where both are indifferent). Say WLOG that

it is i + 2. Then i - 1 must choose between telling all of {i, i + 1, i + 2} or none of them.

This also applies to i + 3, and again at least one of the two must be willing to tell, etc.

This argument ends when we run out of players on one side. We can check that, when

9 > 0, we will run out of players on the right side, and vice versa. Then, the remaining

(low-bias) players will not want to tell this higher group, and the rest of the argument

proceeds as usual, giving segments that only talk to lower segments. E

Proof of Proposition 6. First, we argue that when i > j the sender's revelation strategy

will always be to reveal 9 above some threshold, while if i < j the sender will reveal under

the same threshold. Assume that i > j. Then j's action if i reveals 9 will be aj = 9+ bj;

if i does not reveal, it will be at = Eti(9) + bj. These generate payoffs -bi + bj and

- I El, (9) + bj - 0 - bi1, respectively. The former is independent of 9; the latter peaks at
x = E1,(0) + bj - bi. There are two values of 9 for which the payoffs equalize: 9 = E,(9)

and 9 = E,(9) - 2(bi - bj). Then, in general, 9 should be hidden if it is between these

two values. However, if |bi - b I > 1, then E,(0) - 2(bi - bj) < 1 - 2 x 1 < -1, so values

of 9 under the second threshold are never in the support of F. The case where i < j is

analogous. If i = j, it is easy to see that 9 is always revealed.

This argument shows that revelation strategies can be described by thresholds 0(j, t) =

ENK(0| i, t), such that 9 is revealed iff 9 ;> (j, t) for i > j and vice versa, where NK
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stands for j being uninformed. Note that in general these thresholds could depend on t, i

and j. However, i is irrelevant (as long as the order of i and j is fixed) since i's incentive

to bias j is independent of j's exact type, as long as the sign of Ibi - bj is fixed and the

magnitude of the bias difference is big enough.

Next, we prove that there is a unique equilibrium. To show this formally, we first

calculate p(O, j, t, s), the probability that a player of type j and age s would know 0 at

time t, given the value of 0:

11(9, j, t) = p(0, i, t - 1) (1i>>j + i<oOt)) + ap(9, j, t - 1),

p(0, j, t, s) = 1 - (1 - p(6, j, t - 1, s - 1)) (1 - 1(O, j, t)) for s > 0,

p(, j, t, 0) = Y(O),

p(0, j, t) = 1 E p(0, j, t, s),
s=O

it'i (0) = f (0) (1 - p(0, j, t))
E f(0) (1 - p(0, j, t))

[tt~(6 -f_ 1 f(6) (1 -p(, j, t))dO'

f1 Of(0) (1 - p(O, j, t)) dO
O(j, t) = ENK(6|j, t) = Epj,(O) (0) - 1

_f L f (0) (1 - p(9, j, t)) dO

Here p(O, j, t) is the probability that a random player of type j at time t knows 9, and

11(6, j, t) is the probability that j will be told 0 at time t. Note that this is independent

of s because we assume that the sender does not know the receiver's age, but if the

sender knew s, H and C would depend on it (since younger agents would tend to have less

extreme posteriors). Finally, pj,t(0) oc f(0)(1 - p(9, j, t)) because ptj is the distribution

of 0 conditional on j not knowing 0 at time t.

We then prove the result by induction. Denote p(9, j, -1) = 7. Now, suppose that

p(, j, t, s), 11(0, j, t), p(O, j, t) and 9(j, t) are determined for t up to to ;> -1. Let us pin

down O(j, to). Given a candidate k-tuple y = (Yi, .. . , Yk) of values for the thresholds, let

T(y) be the k-tuple resulting from plugging y into the first equation above, and obtaining

new estimates for O(j, to) from the last equation.

We show that T is a contraction. Let y, y' be two candidate k-tuples such that

d,, (y, y') < 6. Then Ir(0, j, t) - 1'(0, j, t) I < a, and the two can differ on a set of measure

at most kU. Hence 1-p(0, j, to, s) and l-p'(0, j, to, s) differ by a ratio of at most 1-a over
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a set of measure at most kJ;26 then the same is also true for 1 - p(9, j, to), 1 - p'(, j, to),
and I',t0 , [ 

b b'to.Next, we argue that pseudo-densities A,to are bounded between f and

f(1 - -y(0)). To see this, note that the highest possible p(O, j, t) is given by the assumption

that I(, j, t') = a for all t', yielding a minimal Aj,to(0) = f(9)(1 - -(O)) _ ; and

the lowest possible p(9, j, t) is given by assuming that II(0, j, t') = 0 for all t', yielding

Atlto() = f(0)(1 - -y(0)). In particular, this implies that ftj,to, f',to differ by at most
af(1 - -y(9)) on a set of measure at most kU.

Finally, consider the effect of slightly changing j,to on 6(j, t). Let A =

f11 Of(0) (1 - p(9, j, t)) d9 and B = f1L f(0) (1 - p(9 , j, t)) dO. Then

06(jt) OB-A 1 ( 9  A

ajto (00) B2  B ( B

60-(j, t) 1 - 0(1 -a) 1-(1-a)
aft' < (0 f 1-1| Ol+ 111)=

)- 2f(1 -)(1 -Y (0)) f(1 - #)(1 -Y())

Therefore

IT(y)f - T(y')-( < - a)ka6
f 1 -0

so T is a contraction (and the equilibrium is unique) whenever - - ka < 1. Inf 1-/3
particular, keeping other parameters fixed, there is a* such that T is a contraction if

a < a*. More importantly, keeping parameters other than # and a fixed, if 3 is increased

enough and a decreased so that 1-fi remains constant, then T eventually becomes a
contraction. This means that, if we keep all the fundamentals of the game equal but

divide time periods into smaller pieces, the game eventually has a unique equilibrium.

Finally, if f is symmetric with respect to 0, the equilibrium must be symmetric with

respect to 0 and j, meaning that -O(j, t) = G(k + 1 - j, t) for all j, t. This follows

from the fact that other fundamentals (like the group sizes sj and the initial information

distribution 7(0)) are symmetric with respect to j and the equilibrium is unique.

Proof of Proposition 7. First, the equilibrium supporting the steady state (0-, p) must be

given by threshold strategies by Proposition 6, and these must be independent of t because

o- is independent of t; hence we have thresholds 0(j), and the steady state can be described

by the system

26 - i-p =~j,1 -07 ',j, and 0< 1 (0, j, t), ]'(0, j, t) < a imply the result.
i-p ~~s1- fl'(6,j0' t _
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H(0, j) = p(0, i) (1i>hIeO>(j) + 1i<j1OK6()) + kp(0, j),
i$.j

p(0, j, s) 1- (1 - p(0, j, s - 1)) (1 - H(0, j)) for s > 0,

p(0, j, 0) = 0(),

p(0,j) (1 -- )Z p(0 , S))
s=0

(j) = ENK(ji)_ E(0) f Of (0) (1 - p(0, j)) dO

f_1 f (0) (1 - p(0, j)) dO

Next, we show that O(j) is increasing in j. Suppose not, and let #(1),... ,(k) be

a permutation of 1, ... , k such that 0(#(j)) is increasing in j. Take two types with

consecutive thresholds, i.e. j, j' such that q(j) + 1 = q(j'). Let us compare p(Oj) and

p(0,j'). Suppose that j > j'. Then, for 0 < 0(#(j)), it follows that 1(,j) > ,(0,]')

and p(,j) > p(0,j'). Analogously, for 0 > 0(#(j')), we have that 1(0,j) < H(0, j')
and p(0,j) < p(0,j'). Finally, it is clear that ,(0j)-and hence also p(0,j)-are constant,

in 0 for 0 E (R(#(j)),(#(j'))), which implies that either p(,j) < p(Oj') for all 0 E

(R(#(j)), 5(#j'))) or p(, j) > p(0, j') for all such 0.

It follows that there is 0* such that f(0)(1 - p(0, j)) < f(0)(1 - p(, j')) for all 0 < 0*

and f(0)(1 - p(0, j)) > f(0)(1 - p(0, j')) for all 0 > 0*; the above arguments show that

either 9* = 0(#(j)) or 0* = 0(#(j')). Hence pij() first-order stochastically dominates

pf (O), implying that 0(j) > 0(j'), a contradiction since q(j) < #(j'). Hence j < j' for all

pairs such that ](j) + 1 = #(j'). Thus 0(j) is increasing in j, i.e., 0(j) is increasing in j.

It follows from the above equations that p(O, j) only depends on which thresholds 0

falls between. Moreover, since the thresholds 0(j) are ordered in the same way in all

steady states, there are pij for i = 0, . .. , k, j = 1, . .. , k, such that p(O, j) = pij whenever

0(i) < 0 < 9(i + 1), in any steady state. For each i, (pij)j are the solutions to the system
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11(Ej o=~ pii (11>i>j + 1[<lilj +a

pij(s) = 1- (1- pij (s -1)) (1- H(i, j)) for s > 0,

t

Pij = (1 - #)Z#Spij(s)
s=O

13 (1 - II(i, A))

We now argue that the pij are unique. Drop the i index and let.T(p) 1 -

where H(j) is as above. Then T is increasing in p, i.e., if p > p' for all j then 1(j) > 1'(j)

and T (p) ;> T (p') for all j. Hence there are fixed points p < 7 such that every other

fixed point is bounded between them. (They can be obtained by calculating lim T"(O)

and lim T"(1), respectively).

We then aim to show that p = 3. To do this, note that i is decreasing for all 1,~T() OPI
j, because ffi(j) is decreasing in H(j), and H(j) is linearly increasing in p. Moreover,
|I _) |p=p < 1 because otherwise it would contradict the fact that T'(p) -+ p for any

p < p. Therefore, since the derivatives of T are decreasing, 11 " I)| < 1 for all p between

p and 7, which implies that p = j.

As for the shape of (pij), from the above characterization of H(9, j) and p(,j), it
follows that pij > pij if j < j' < i and pij < pi' if i + 1 < j < j'. Hence (-pij)j is

single-peaked in j with peak i or i + 1.

Moreover, we can show that pij = Pi(k+1-j) if j < i < k - j. To see this, let V be the

transformation that maps a candidate k-tuple pi = (pij)j to a new candidate by iterating

on the system above. Let Ysym be the subset of k-tuples in [0, 1 ]k such that pij = Pi(k+1-j)
if j < i < k - j. Then Vi(Ysym) g Ysym, and by Brouwer's fixed-point theorem there is a

solution pi E Ysym. Since V has a unique fixed point in [0, 1]k, said fixed point must be

pi E Ysym. Now, this symmetry in turn implies that pij > pi(i+1) if i < ( and vice versa,2

from the definition of H(i, j). This pins down the peak of (-pi)j.

On the other hand, we can show that (pij)i is single-peaked with peak i = k or i = k,

k+ for each j. To do this we compare pij with p(i+1)j. We again exploit the properties

of V. By construction, if for some pi we have that (V) 8 (pi) -+ pi, then p is the (unique)

solution.
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Now, let pi be the coefficients that solve V(pi) = pi, and use them as a candidate fixed-

point for Vi+. We can see that 'V+j (pi)j = pij for j f i +1, but V+ 1 (pi)i+1 # pi(i+1). Note

that, if V+1 (pi)i+1 > pi(i+1), then (by the monotonicity of +1/4) it follows that (V+ 1 )S(pi) is

an increasing sequence, and thus its limit pi+1 satisfies p(i+1)j > pij for all j, and vice versa.

It is easier to compare I1i(i, i + 1) = 0 1 pi with Ii+I(i, i + 1, p k) = Z E pk .

By the symmetry of pij with respect to j, these two are equal iff i = 2-1 ; otherwise, for

lower i V+1(pi)i+1 is higher, while for higher i, it is lower. This proves the result.

Finally, we can prove existence by using a fixed-point argument. Let C C [-1, 1 ]k

be the set of weakly increasing k-tuples. Let Si : C -+ [-j, 1]k be a function that maps

candidate threshold values y (yi,.. ., Yk) to new candidates like so:

f', Of(0) (1 - pi,(o)j) dO

f f(0) (1 - pi.,(o)) dO

where iy(O) is given by the condition yi.,(o) < 0 < yi( )+1. In other words, given y

we construct the corresponding distribution p(O, j) based on the known coefficients pij

and using the yi as thresholds, and from there we obtain new candidate values for the

thresholds.

Let S2 : [_j, 1]k -+ C be a function that orders k-tuples, e.g., S3 (1, 4, 2) = (1, 2, 4).

Let S = S2 o S1. It is easy to show that S : C -+ C is continuous, and C is compact

and convex, so S has a fixed point y* by Brouwer's fixed-point theorem. We aim to show

that y* is also a fixed point of Si, which implies that the y; are steady state thresholds

by definition.

Suppose y* is not a fixed point of S 1. Then there are indexes i < j such that Si(y*)i >

yj and S1(y*)j y*. (To see this, take 1 to be the first index for which S1(y*) / y*,
implying S1(y*)I > y*. Then there must be n such that S"(y*), = y*; hence S"m-(y*)=

yl, S'f(y*)I = yj have the required properties). However, as in our previous argument for

increasing thresholds, SI(y*)i and SI(y*)j are the expected values of two densities, such

that the former is higher for all 0 < 9* and lower for all 9 > 9*, for some 9* E [yj, y].

Hence, if S1 (y*)j yZ then S1 (y*)i < y* < y, a contradiction.

In addition, if f is symmetric with respect to 0, then S(Y) 9 Y, where Y = {y E

[_j, 1]k : -Yj = Yk+1-jVj}. Since Y is also compact and convex, it follows that there is

a symmetric steady state y E Y.

Proof of Proposition 8. Parts 1 and 2 follow from B6zout's theorem, since the thresholds
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must be solutions to the system

~() f(0) (1 - p(9, j)) dO =

k 0(i+1)

e> (j) E fi=0 W()

Of(0) (1 - p(O, j)) dO Vj

f(0) (1 - pi) d= (
_=O f6(w

both sides of which are homogeneous polynomials of degree (m + 2) (note that the coef-

ficients pij are already pinned down, so they are constants in this problem).

For part 3, let T be the transformation given by

-=O fi+() Off(0) (1 - pij)
T(0)(j) = Vj.

E=O f ( +f (0) (1 - pij)

Let I = {(-O, 9) : 0 E [-1, 1]}. Then TI1 ; I, so as usual there is a symmetric steady

state. T has two variables, but TI, effectively only has one, so we are down to one

equation:

T(y) = a f_~f f(O)+ b f _,f(O)+ c 1 1f 0
a fj' 9f(9) + b f_, Of(9) + c f f(0)

where a = 1 - P02, b = 1 - P12, c = 1 - P22, and from the previous Propositions we know

c > a > b. We now calculate

_f ()
a f_ "f(O) +b fyf(O) +c ff(o)

(y(a - c) + (c + a - 2b)T(y))

At a fixed point, this becomes

2 y(a - b)f(y)

af_ f() +bf'f() +cf f (9)

< 2yaf(y)
(c+a) f f(0)

2yar
(c + a)(1 - y)

On the other hand, if y is a fixed point,

af_ 9f()+ bf_,yf()+c f' Of (9)

af-Yf() +bf_"f(9) +c ff(0)

c - aff 6(0)
y = T(y) < .ca fOf(0)

c +a 1 (6
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T'(y) =

T'(y) =

T(y) =
(c - a) f Of(0)

af_ f() +bfyf(O) +cJf f(O)

Of (0) (1 - pij) dO Vj,



After some algebra, it can be shown that y* < (dr-1)y+r-VT, given that max f <
f" f (O) - r-1

min fr. Thus, for any fixed point y,

c - a (f -1)y +r - Fr y <c - ar -
~ +a r-1 1-y 2a r-1

> T'(y) < 2yar c- ar - f

-(c'+a)(1 - y) - c+a r -1

Now, if r <, T'(y) < 1. Since this holds for all fixed points y, and since T(O) > 0 and

T(1) < 1, there must be exactly one (symmetric) fixed point. 0

Proof of Proposition 9. In these arguments we will approximate the system of equations

that pins down (pij)j by

lI(i, j) pil (11>jli> + lj<5l+1<) + pij,

pij (s) --(6) + sH(i, j),
00j 0/3n' (ij j)

->p / (0) + (I - 13) #:"3sII(i, j) = /(0)+
S=O

pij Y(0) + pi (11>1 3 + l<j1+1<j) + Pu)

where # = a This approximation is accurate when (pij)j is close to 0, which is the

case we are interested in. Our system, which is now stated solely in terms of (pij)j, may

be easier to read as

P + = p=j A if j < i,

4+ ZpE if j > i+ 1,

where we have dropped the subscripts i and 6. Let U(p) be a transformation based on

this system: take p as given, plug these values into the right-hand side of the system

and let U1 (p) be the new estimates yielded by the left-hand side. Analogously, we define

U1_e(p) as

(1 - C) (Y + 0 E p1) if j < i,

(--Y + 0 Ejp if j > i + 1,

Now remember our "true" transformation V from Proposition 7. It is easy to check that

Ui(p) > V(p) for any input p, but for any c > 0 there is 6 > 0 such that U1 _E(p) < V(p)
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whenever p < 6.

Our proof method is then as follows. If U1 (p) has a non-negative fixed point p* (7), it

will necessarily be linear in -y, and thus going to 0 as y -+ 0. Since p* = U1 (p*) > Vi(p*)

and V is monotonic, (Vi)s(p*) is a decreasing sequence, and its limit p** < p*(Y) must

be the true solution pi. Hence pi -+ 0 as -y(O) -+ 0, and 9 is not globally transmitted.

On the other hand, if 0 is not globally transmitted, then for any 6 there is -y* such that

p((O)) < 6 for 'y(0) < -*. In turn, for any c > 0 there is 6 > 0 such that UlE(p) < V(p)
if p < 6. Hence, for any E > 0, if we take y small enough, we get a solution pi(Y) small

enough that U1_E(p(7)) V(pj(y)) = pi('y). Since U1 _, is monotonic, it must have a

non-negative solution (in particular, smaller than pi(y)).

Let us then find the fixed points of U1. First, assume i 1 and q < 1. Then pi

For j > 2, pj = 7 + q$_ 'J pi + qpj = pj-l + #pj, so p, =j _ T. Since this is a non-

negative fixed point of U1, 0 is not globally transmitted. The proof for i = k is analogous.

On the other hand, if q > 1, there is no fixed point and 0 is globally transmitted.

Assume then that 1 < i < k. By a similar argument we can show that p = g for

j < i and l = p 1m for j > i + 1. In addition,

Pi+1 =1+ i+1 P ~ p+=~ ~~-

______+__=_Y+Pi-+ pii= Y+ p (1-q) + 'kpj i

j=1 _=_ (1 - 0/)i1-

Pi+i - + pi)

k k-i-1 1 _

P,= Y o~p --Y+Pi+1 ______Y_ oi ~ +op
j=i s=0

171
A- +b Pi+1 (( > i i

pi+1 = -(1 )01 pi+1-

The last equation has a non-negative solution pj~i if 1 - ) ( y - ) < 1,
which is equivalent to 1 < (1 - q) + (1 - )k-.

On the other hand, note that U 1 _, is the same system as U1 if we multiply its co-

efficients by 1 - c. If 1 > (1 - #)i + (1 - #)k-i, then there is c* > 0 such that

1 > (1 - (1 - E)#)i + (1 - (1 - )0)k-i for c < E*, so U 1 -, has no non-negative fixed

point for small c, and 9 is globally transmitted. E

Proof of Proposition 10. First, if 3 -+ 0, then p -+ y follows from Proposition 9. Hence
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(1 - p(O,j)) - 1 for all j, so p -+ f and O(j) -+ E(0) for all j.

Second, suppose that -y -+ 0. Then pOj -+ 0 and Pkj -+ 0 for all j (since those signals

are not globally transmitted), so (1 - poj) -+1, (1 - Pkj) - 1. Let I = (0(1),0(k)) and

J = [-1, 1] - I. Consider

0(1) EI 1(0) = E, (010 E I)P(0 E I) + E, 1 (010 E J)P(0 E J),

0(k) = EM(0) = Ek(|0 E I)P(0 E I) + E1(010 ( J)P(0 E J).

Here E,,(010 E I) E I by construction. Hence, for these equalities to hold, we need

Ep(010 E J) < 0(1) and E, (9J0 E J) > #(k). Since p1ii ~~ kIJ for -y low enough,

E,,(0I0 E J) and E,1k(010 E J) converge to the same distribution, so 0(1) and 0(k)
become arbitrarily close. Thus p -+1 0, since pIj -+ 0. Hence 1 - p -+ 1 and 0(j) -+ E(f)

for all j.

Third, suppose that -+ 00. It is easy to check that pij -+ 1 except for (i, j) (0, 1)

or (k, k). Hence we can approximate

11(0, 1) = 0

11(0, j) = a (j-2+ y) ifj>1

R(i, j) = k -1 (k-j) ifj<iandO<i<k

11(i, j) = k (j -1) if j>iand 0< i< k

a
f(k,j)=k - 1 (k-1-j+-y) ifj<k

H(k, k) = 0

pij(s) = 1 - (1 - pij(S - 1)) (1- H(i, j)) f or s > 0,

=~
t

P = (1 - /3) Z,138 pij (s).
8=0

Since (1 - pij) -+ 0 except for (i, j) = (0, 1) or (k, k), E,, (9) -+ E, (010 < (1)) < 0(1)

(the strict inequality holds if f has full support). Since E, (9) must equal 0(1) for each

a, we have a contradiction unless 0(1) -+ -1. The argument for 0(k) is analogous. Note

that we can also recover the other thresholds 0(j) from the system above.
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The fourth statement is trivial.
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Chapter 2

Policy Persistence and Drift in

Organizations

2.1 Introduction

Many organizations provide certain services to their members, and must decide exactly

what those services are, or who they are geared towards-this is what we call a policy. In

many cases, free entry and exit of members is allowed, or the cost of changing status is low.

Members often have a say in what the policy should be. But, in turn, the chosen policy

affects the population of future members: some current members may become disillusioned

after the latest changes, or outsiders may be enticed to join. Thus, the organization's

policy and set of members constantly influence each other, potentially leading to large

changes over time. The main question of this paper is: what outcomes can we expect

from an organization ruled by these dynamics, especially in the long term?

The framework in this paper applies to many important organizations in the real

world. For instance:

* Workers in a given industry may have the option to join a trade union. The union

makes collective demands on their members' behalf, as well as providing additional

services; different policies cater to different subsets of the population. In particular,
demand for high wages is beneficial for workers who keep their jobs, but may reduce

employment overall. If senior workers have higher job stability, they will push for

more aggressive demands, as they do not suffer the cost. Hence a union with more

senior members will be more aggressive, which in turn means junior workers will
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not want to unionize, and vice versa.1

" Sports clubs and other neighborhood clubs allow people to become members for

a fee, and provide access to facilities, priority tickets to games, etc., in exchange.

Many clubs hold elections where members vote for the club leadership, and hence

indirectly for policies; on the other hand, the club attracts different demographics

depending on what it offers. For example, if the club adds a new golf course, it may

attract more upscale families in the neighborhood, leading to further "gentrification"

of the club.

* Other non-profit organizations, like churches and universities, exhibit similar dy-

namics, albeit through somewhat different channels. In both cases, people can join

the community (by converting or applying, respectively) and choose partly based

on cultural fit. Unlike the examples above, members often have no direct channel to

choose the leaders, although they may still influence decisions informally. However,
current members directly influence the community's culture by belonging to it, as

peer effects are important, so the same feedback mechanics are in place.

" Even entities not usually considered organizations can exhibit these dynamics. For

instance, a city can be construed as a club with a set of members (i.e., people living

within its limits), drawn from a larger population of people who can move in and out.

The city chooses policies such as its local taxes, school quality, housing regulations,
and so on, which affect who wants to move there. In turn, citizens can vote for

mayor as well as in referendums, and they can belong to homeowners' associations,
write petitions, etc.2

These examples differ in the details of exactly how current members influence future

policies, and whether there is some cost of entry, but they share the same essential features.

For tractability, I study a stylized version of this problem, in which members vote for

policies directly,3 and entry and exit are completely free at any time. Members choose

whether to belong to the club based on the current policy, and they are small and numerous

enough to behave like "policy-takers". Finally, and most importantly, I assume agents to

'This effect is highlighted in Grossman (1984), which studies the change in wage demands in response
to a drop in labor demand. By the same logic, if the shock leads to junior people losing their jobs-and
hence their voting rights as well-the remaining members will be more aggressive, resulting in rigid wages.

2 Glaeser and Shleifer (2005) study the case of Mayor Curley in Boston, who used wasteful policies to
induce rich citizens to move out, since he was mainly popular among the poor Irish population.

3 It is equivalent to assume that members vote for one of two policy-motivated candidates, so this is
not too restrictive.
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be forward-looking. This means that, when they are voting, they take into account the fact

that feedback effects may cause the current policy to drift away, according to equilibrium

behavior.

Several interesting questions can be answered in this setting. For instance, does the

feedback effect in this model lead to unstable or knife-edge outcomes, or multiple equi-

libria? Does policy tend to drift toward the center? Or, on the contrary, can a moderate

club be captured by extremists? How do different clubs interact?

The main result for the basic model is a characterization of the equilibrium paths that

the club's policy can follow. I find that, although there are generally multiple equilibria,
they all yield similar outcomes. Namely, given an initial policy x, future policies drift

away from x in the same direction, and towards the same limit, in all equilibria, although

the speed of convergence varies somewhat across equilibria. (In particular, policy paths

are always monotonic, i.e., they do not double back on themselves). However, there may

be multiple steady states; if so, the one the club goes to is a function of the initial policy.

The steady states, as well as their basins of attraction, are uniquely pinned down by
the distribution of preferences in the population in a simple way. Intuitively, if a policy

x attracts a group of members with median higher than x, then policy will drift upward

from x in equilibrium, and vice versa. In particular, the long-run outcome is independent

of the agents' discount factor: it is the same that would obtain if they were completely

myopic, although the speed of convergence will be proportionally lower when agents are

patient. In other words, agents understand future drift and react to it by doing what they

can to slow it down, but they do not stop it completely.

Armed with this result, I can show when clubs will drift to the mainstream or become

extremist in concrete examples. Generally speaking, drift leads clubs towards high-density

areas of the preference distribution, which favors centrism. However, a pocket of agents

concentrated at an extreme can also support a steady state. More importantly, extremism

is much more likely when agents' willingness to join is asymmetric across moderates and

extremists (i.e., extremists are more willing to be in a moderate club than vice versa).

A related feature of the model is that steady state policies are more sensitive to the

exact shape of the distribution than in models with a fixed population of voters. Rather

than being close to the global median voter, steady states tend to be close to modes of

the distribution. Hence, when the distribution is close to uniform, small changes to its

density can result in dramatic swings in the steady states. In practice, this means that

a slow, continuous demographic change may at some point trigger a change in the club's

dynamics, resulting in policy changes which would appear sudden in comparison.
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Finally, I also extend the model to allow for competition between multiple clubs and

endogenous creation of clubs. It turns out that both cases add room for new inefficiencies:

in the former, clubs tend to cluster too close together, effectively competing for members

instead of spreading their benefits to as many people as possible. In the latter, the

willingness of agents to create clubs is lowered insofar as they expect their chosen policy

to drift, resulting in underprovision of clubs.

The paper contributes to the growing literature on dynamic policy selection and "elite

clubs". Compared to Roberts (1999), Barbera et al. (2001) and Acemoglu et al. (2008,
2012, 2015a), the present framework is in the same tradition, but with three important

differences. First, in these papers, it is assumed-with some variants-that current members

get to directly restrict entry of newcomers and do so strategically, while in my model the

dynamics are driven by free entry and exit of members. Second, this model features a

continuum of voters and policies, whereas the others are discrete. Although this seems

like an innocuous difference, it turns out to have important implications: with a discrete

policy space, policies stop drifting short of the steady state when agents are patient,
because they anticipate that further shifts will happen too quickly for their taste, as a

result of the discreteness of the options. On the other hand, with continuous policies,
this sort of stalling does not occur, so policy converges to a steady state regardless of

the discount factor. (In turn, which conclusion is right in a concrete- case may depend on

how fine the space of available policies is). Third, my assumption that members can stop

receiving payoffs from the club by quitting technically breaks the assumption of increasing

differences used in previous papers, but it turns out that the results still follow through.

On the other hand, the story behind the model is closely related to more applied

papers, which focus on concrete examples from different literatures. For instance, Gross-

man (1984) highlights the interaction between wage demands and the membership of

trade unions. And Glaeser and Shleifer (2005), as well as the literature on Tiebout

competition-starting with Tiebout (1956) and continuing with Epple et al. (1984) and

Epple and Romer (1991)-study the interaction between policies chosen by a city and the

citizens' decision to relocate. These papers share the premise that policies and member-

ship decisions must be in mutual equilibrium, but they simply assume that this must be

so statically. In other words, they study the steady states of the model. In contrast, I

allow organizations to start with non-steady state policies and characterize the equilibria

of the dynamic game where the policy and set of members adjust endogenously over time.

I will proceed as follows. In Section 2.2, I set up the basic model. In Section 2.3, I

first show some common properties of all equilibria, then characterize a particular family
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with useful properties. In addition, I show a continuous time limit of the game, where

some of the results are simplified, yielding a closed-form expression for the equilibrium.

In Section 2.4, I expand on the intuition behind the results in Section 2.3, as well as their

implications in practice. In Section 2.5, I discuss an extension with multiple clubs and

entry of new clubs. Section 2.6 concludes.

2.2 The Model

There is a club existing in discrete time t = 0, 1, . The population of potential members

of the club is given by a continuous density f with support [-1, 1]. The timing is as follows:

at t = 0, the club starts with an initial policy xo. At each integer t > 1, existing members

vote on the policy xt C [-1, 1] to be implemented during the period (t, t + 1]. In addition,
at each t +c (t > 0), agents can choose to enter the club (if they are outsiders) or leave (if

they are currently members) at no cost, where c > 0 is small. We denote by It ; [-1, 1]

the set of members for the period (t + E, t + 1 + E]. The essential feature of this setup is

that membership affects both an agent's utility and his right to vote; agents will decide

whether to be in the club based on their private utility, since their voting power is diluted

by the high number of voters, but aggregate membership decisions ultimately affect future

policy.

Agents It- Agents It Agents It Agents It+, Agents It+,
choose xtbecome members choose xt+Become members choose Xt+2

t+ + tt 1+,

Figure 2-1: Order of moves in each period of the game

The assumption that entry/exit decisions happen shortly after voting serves two pur-

poses. First, since c > 0, current members want to vote for policies they like, even if

they plan to quit the club at the next possible opportunity. (Otherwise, members who

intend to quit immediately after the vote would be indifferent and thus willing to vote for

any policy). Second, since c is small, potential entrants and quitters at t + E mostly base

their decisions on the policy chosen at time t, since they are locking themselves in for the

period (t + E, t + 1 + c] which is mostly contained in (t, t + 1]. Otherwise, if c were large,
voters would be concerned instead about the policy they expect will be chosen at t + 1,

which could lead to multiple equilibria. For example, given a left-wing club, a completely

different set of right-wing agents could enter (and the current cohort would abandon the
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club) based on a self-fulfilling expectation that a right-wing policy will be chosen at t +1.

We think it is reasonable to rule out these outcomes. 4

Agent preferences

Potential member a has utility

U0 ((Xt, Iat)) = Z /3 (Ea(t-) + (1 - E)Iat) (C - (Xt - a)2)
t=o

Here xt is the club's policy at time t, a is the agent's bliss point, and It = lt

denotes whether a is a member during (t + E, t + 1 + c]. C > 0 is the maximum utility

the agent can get from being a member, if the club has optimal policy a. Intuitively,

the agent wants xt to be as close as possible to a. But, if the distance is large enough,
he will instead quit the club. Whenever a is not a member, his flow payoff is 0. Note

also that agents are forward-looking with discount factor # > 0. This greatly affects our

equilibrium analysis, since agents, when voting for a current policy, take into account how

it will drift in the future.

Finally, for the rest of the paper we will make the simplifying assumption that C ~ 0.

In other words, we will study the limit case where = 0, so that an agent's utility is

effectively:

00

Ua ((Xt, Ica)) = /It (C - (xt - a)2 ),
t=0

with the caveat that, when a member is voting between two policies which would both

induce him to quit, he will vote for the one closest to a, as he would if c were positive but

arbitrarily small.

Equilibrium Concept

Although we do not model the voting process explicitly we assume that, if there is a

Condorcet winner, then this will be the chosen policy.5

4Although this explanation might make the behavior of the model seem sensitive to the choice of E,
there are other natural assumptions that would give us the same result: for example, if agents had to
be members for a period of time before becoming "full members" (and thus being allowed to vote), this
would also rule out unstable outcomes, independent of E.

51n particular, this would be the outcome if in each period there are two representatives, who choose
a policy to win the election - or if there is some rotating proposal mechanism where voters get a turn to
propose a policy to replace the current one.
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We will focus on Markov Perfect Equilibria, meaning that

" at time t, when votes are cast, the only relevant state variable which voters condition

on is the set of current members It_1;

" at time t+6, when entry and exit decisions are made, the only relevant state variable

which agents condition on is the current policy xt.

We can spell out the structure of a MPE for this game as follows:

Definition 4. A MPE of the game is given by a policy function 9 : 21~1,1] -+ [-1, 1] and

a membership correspondence I : [-1, 1] -3 [-1, 1], such that:

" Given the current policy x, it is optimal for agents in I(x) to be in the club, and no

others.

" Given a set of voters J, choosing (J) as the policy next period is the Condorcet

winner.

We denote by s = o I the successor function. For any current policy x, the induced

set of members will be I(x), and they will vote for policy g(I(x)) = s(x). Hence, given

an initial policy xO, the equilibrium path will be given by xt+i = s(xt).

For the rest of the paper, we will describe equilibria by the functions I and s rather

than I and 9. This is without loss of detail: we only lose the description of voting

that happens when sets of voters are not of the form I(x), which never occurs on the

equilibrium path.

Finally, it will be useful in describing equilibria to have a notion of steady states:

Definition 5. Given a successor function s, we say that x E [-1, 1] is a steady state if

s(x) = x. Moreover, x is stable if there is a neighborhood (a, b) D x such that s(y) x

for all y E (a, b).

2.3 Equilibrium Characterization

In this section we show some common properties of all Markov Perfect Equilibria, which

in particular pin down the long-run behavior of any equilibrium. First, the following

Lemma allows us to simplify our description of MPE:

Lemma 3. In the game with c ~ 0, in any MPE, we must have I(x) = (x - d, x + d),
where d = VCU.
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Intuitively, since members can enter or leave at any time t + e, the optimal membership

decision is simply to join myopically whenever the flow payoff of the current policy is

positive. When E ~ 0, this happens when C-(x-a)2 > 0, i.e., when a E (x-V , x+ OU).

In other words, d is the maximum distance between the club's policy and a voter's bliss

point, such that the voter would still rather belong to the club. Since the chosen policy

x pins down I(x) = (x - d, x + d), we can describe an MPE solely as a successor function

s(x).

It will be useful to define the median voter function m. For x E [-1, 1], let m(x) as the

median voter among the set of agents who would choose to be club members if the club's

policy is x, that is, the median voter in I(x). Formally m(x) is defined by the condition

F(m(x)) - F(x - d) =F(x+d)-F(x-d)
2

For any path S = (si, S2, .. .), let E(S) = E'#*st be the discounted average policy in S.

Define S(y) = (y, s(y), s(s(y)), .. .) as the equilibrium path following from a policy choice

y. We first establish two auxiliary lemmas that allow us to compare paths based on their

average policies, in the vein of increasing differences. Note that u0 (x) = C - (x - a)2 has

increasing differences in a and x, and Un(S) would have increasing differences in a and

E(S) if a intended to always stay in the club under path S, but this property is broken

when a may choose to leave at different times given different policy paths. However, we

can still show that:

Lemma 4. Let S = (s1,S2,...) and T = (t1 ,t2 ,...) be policy paths, and ao < a1 two

voters such that sj - d < ai < sj + d and tj - d < ai < tj + d for all i, j (in other words,
both voters are always in the club under both paths). If E(T) > E(S) and ao prefers T to

S, so does a1 .

Lemma 5. Let S be a path such that sup(S) K; x and S 74 (x, x,.. .). Then there is

ao < x such that voters in [-1, ao) strictly prefer S to a constant path with policy x, and

voters in (ao, 1] strictly prefer x to S.

In other words, the expected increasing differences result holds when the two voters

being compared never want to exit the club under either path. In addition, if one of the

paths is constant and the paths do not overlap, the result holds for all voters.

Next, we characterize the possible successor functions s. First, we show that equilib-

rium paths must be monotonic:

Lemma 6. In any MPE, for any y, S(y) is monotonic: i.e., if s(y) y then sk(y) >

sk-(y) for all k and vice versa, where sk(y) Sk-l((y)).
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This rules out paths that increase up to some point and then double back, or vice versa.

Intuitively, such paths are incompatible with equilibrium: imagine a path (s, s2 .... )

which increases up to sk and decreases afterwards. Then voters in I(sk1) prefer the

path (8k, sk+1.. .. ), while voters in I(Sk) prefer (sk+1, sk+2, ... ). Note that the latter path

has a lower average policy, since it skips sk which is the highest policy in either path,
but the group I(Sk) should have preferences more biased to the right than I(sk_1), since

sk > Sk-1. The main difficulty is to prove this contradiction occurs even in cases where

the path doubles back on itself infinitely many times.

Armed with this result, we can pin down the general shape and long-run behavior of

any MPE:

Proposition 11. Let m*(y) = lim rn m (y). Then, in any MPE and for any y,

* If m(y) = y, then s(y) = y;

" If m(y) > y, then rm*(y) > s(y) > y;

" If m(y) < y, then m*(y) < s(y) < y.

In particular, sk(y) -+ m*(y) as k -+ oo.

Proposition 11 provides a natural interpretation for the steady states of s: they are

simply the fixed points of the mapping y '-a m(y). Moreover, stable (unstable) steady

states of s are also stable (unstable) fixed points of m, and their basins of attraction

always coincide.

Intuitively, it is easy to see why policies should converge to a stable fixed point of m.

Let x* be such a point, and suppose the club is initially at policy x > x*. To the right

of x*, we have m(y) < y, meaning that any given policy attracts a set of members whose

median's bliss point is to the left of the current policy. If voters were myopic, they would

choose s(x) = m(x) < x. As they are forward-looking and wary of future changes, they

will usually choose a smaller shift, but in the same direction, i.e., m(x) < s(x) < x: the

tendency to move left is still present.' In turn, the new policy attracts more left-wing

voters, leading to a lower m(s(x)) < m(x), and so on. Conversely, to the left of x* we

have m(y) > y, so the members attracted by y would rather move to the right.

Figure 2-2 illustrates this result in an example with three steady states: x* and x*

are stable, while x* is unstable. Although the successor function s differs from m (given

6The statement that m(x) ; s(x) < x, as opposed to the weaker x* < s(x) < x, is necessarily true
when x E (E* - d, x* + d) by Proposition 12, but may be false otherwise.
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Figure 2-2: Convergence to steady states in MPE
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that voters are forward-looking), the two mappings lead to the same limit policies when

iterated.

The structure of alternating stable and unstable steady states shown in the example
is actually quite general:

Corollary 3. Let f be such that m(y) = y has finitely many solutions, and call these

values x* < x* < ... < x*. Suppose that m'(xf) # 1 for all i.' Then n must be odd; x*

must be stable for odd i and unstable for even i; and, for any MPE, all equilibrium paths

starting at any y E (X*4, x ) must converge to x.

In particular, Proposition 11 shows that the long-run behavior of the club does not

depend on the players' discount factor, or on the fact that they are forward-looking.

Indeed, in any MPE starting at some y, the club's policy converges in the long run to

m*(y). This is the same result that would obtain if 3 = 0, in which case s(y) = m(y).

7 m is differentiable since f is continuous.
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In other words, the equilibria of the model do not feature any unnatural stopping

points. That is, there are no policies y such that m(y) # y, but s(y) = y (in some MPE)

because the voters in I(y) are afraid of further changes that will occur if they move closer

to m(y).

This contrasts with other papers in the literature, such as Roberts (1999), where both

extrinsic and intrinsic steady states are possible (the former correspond to fixed points of

m in our model, while the latter are created by dynamic considerations); and Acemoglu et

al. (2012, 2015a), where some dynamically stable states may be Pareto inefficient. In both

cases, policies considered suboptimal by the current voters can be sustained indefinitely

in equilibrium due to the fear that, if a line is crossed, future agents will move towards a

different policy too quickly: the so-called slippery slope argument.8 The models leading

to this result share two important assumptions: a discrete policy space and patient agents.

On the other hand, in our model, a continuous policy space always affords the option

to move slowly enough towards the steady state, so that there is a better alternative

to moving too fast or not moving at all. Hence, whether slippery slope concerns would

stall policy change in a real-life setting may depend on institutional details, namely, on

whether the exact speed of change can be regulated by using incremental changes, or

whether only certain large changes are possible. For example, take a polity with limited

franchise considering whether to extend the franchise.9 Suppose that voters are ordered

by their income and high-income voters generally prefer a limited franchise, but a bit laxer

than the smallest one they would be in (i.e., say a voter in the top 10% of income would

want the top 15% of voters to be enfranchised, a voter in the top 20% would want the top

25% to be enfranchised and so on). Then, if at each time current voters can choose to

grant voting rights to the top x% of voters for any x, slippery slope concerns would not

prevent full democracy from obtaining in the long run, through a series of small changes.

However, if voting rights can only be extended based on a coarse set of categories (e.g.,
only to men who can read; only to property owners; only to taxpayers, and so on), stalling

is much more likely to occur.

Of course, the agents' patience and forward-looking behavior still have an impact on

the equilibrium, since they affect the speed of convergence. This can also be seen in Figure

2-2: generally speaking, s(x) traces a similar shape to m(x), but it will be closer to the

identity when 3 is high (in other words, each jump Is(x) - xJ will be smaller when / is

8 See Schauer (1985) for an explanation of slippery slope arguments in judicial reasoning. Volokh
(2003) provides examples in other areas, including shifts in political power.

9This example does not fit exactly into our model but the same techniques we use can be readily
applied to it.
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high).10

Finally, we address the question of whether s must be monotonic (a stronger property

than path monotonicity). It turns out that s must be monotonic, and the Median Voter

Theorem must hold, around each stable steady state:

Proposition 12. Let x* be a stable steady state. Let I = (x**, x***) E x* be the basin of

attraction of x*, and let J = [x* - d, x* + d]. Then, in any MPE, for all y G I n J:

* s is weakly increasing;

* s(y) is m(y)'s most-preferred policy; in other words, the Median Voter Theorem

holds.

However, there may be non-monotonicities in equilibrium, away from the steady state.

These are driven by the interaction between different voters' bliss points and their optimal

times to quit the club. Intuitively, voters with a higher bliss point prefer paths with a

higher average policy, yielding monotonic choices. But whenever a policy is far enough

from the bliss point to become unacceptable, it essentially drops out of the average. Hence

different voters may disagree about how two paths compare in terms of their effective

average policy. In the same vein, the Median Voter Theorem may fail away from a

steady state because the set of people preferring one policy over another may not be a

single interval (which would need to contain the median to be a majority), but rather a

collection of disjoint intervals, each reflecting a different drop-out time.

On the other hand, as we will see next, monotonic equilibria always exist when voting

is frequent enough.

k-Equilibria and Continuous Equilibria

While we have shown that all possible MPEs share some important properties, there are

typically multiple equilibria. In this section, we illustrate what drives this multiplicity,
and how equilibria may differ, by characterizing two particular classes of equilibria: k-

equilibria and continuous equilibria.

Without loss of generality, we will study the game restricted to the right side of the

basin of attraction of a stable steady state. In other words, let x* < x** such that

m(x*) = x*, m(x**) = x** and m(y) < y for all y E (x*, x**). Then we will study

10This is not an exact result because there are many equilibria for each /, which may not be directly
comparable, but becomes clear in our next two sections, where we show explicit equilibria as well as a
continuous time limit.
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s restricted to [x*, x**]. In any MPE s, s(y) E (x*, y) for all y E (X*, X**), and 1(y)

will never want to choose a policy outside of (x*, x**), so sI[-1,1](x*,x**) is irrelevant for

determining whether sI(x*,x**) is compatible with MPE. (The case where m(y) > y is

analogous).

First, the following Lemma shows that multiplicity is pinned down by behavior that

occurs arbitrarily close to x*:

Lemma 7. Let s, s' be two MPEs on [x*, x**] such that s(y) = s'(y) for all y E [x*, x*+e].
Suppose s and s' obey the following tie-breaking rule: if the set of Condorcet winners for

I(y) has multiple elements, then the highest policy in the set is chosen. Then s = s' on

[X*, x**].

The intuition behind this result is a simple unraveling argument: suppose two equilib-

ria coincide up to some point x* + c. Then, for y slightly above x* + c, I(y) will be choosing

between successors in [x*, x* + ], which have the same continuation in both equilibria, so

the same choice will be made unless there is indifference. Conversely, if there are multiple

equilibria generically, their differences must start from the beginning.

Next, we define a k-equilibrium:

Definition 6. Let s be a MPE on [x*, x**1. s is a k-equilibrium if there is a sequence

(Xn)nEz such that xn+1 < Xn for all n, x,, -+ x** as n --+ -o, Xn --+ x* as n -+ o, and

s(x) = Xn+k if X E [Xn, Xn1).11

On the other hand, a continuous equilibrium is one where s is continuous.

Intuitively, in a k-equilibrium, there are k staggered sequences, and each policy in a

sequence leads to the next policy of that sequence being chosen in the next period. Policies

that are not in any sequence are never chosen. It is easy to guess why: by construction,
any x between Xn+1 and Xz leads to the same continuation as Xn+1 would, so the only

difference between S(s(x)) and S(s(Xn+i)) is the first flow payoff. If / is relatively high,

so that convergence to x* takes several periods, then we expect that on+ > m(Xn-k), so

there is no benefit to choosing x E (Xn+1, Xn) instead of Xn+1 - In addition, since the path

is discontinuous, there must be indifference at every discontinuity, i.e., voters in I(Xnk)

must be exactly split in their preference for Xn or Xn+l-

For our next result, we assume that m(x) is linear around a stable steady state.

Although this is not true in general, we can construct densities f such that m is indeed

"If the basin of attraction is of the form [x*, 1] then the sequence would be of the form (Xn)neN.
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Figure 2-3: 1-equilibrium for m(x) = 0.7x, / = 0.7
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linear,12 and it serves as a useful approximation of the general case, since a differentiable

m is approximately linear in a neighborhood of the steady state. It turns out that, in the

linear case, we can find k-equilibria for all k, as well as a continuous equilibrium:

Proposition 13. Let x = 0 be a stable steady state and let f be such that m(x) = ax

for x E [-e, e], where a < 1 and e < d. Furthermore, suppose that 6 ;> Z and a > 0.44.

Then, for each k and x < e, there is a k-equilibrium s* such that x0 = x, given by

xn = -y x, where 0 <'yk < 1. In addition, there is a continuous equilibrium s* given by

s*(x) = 7,,,x. Moreover, k% is decreasing in k, and -yk -+ y0.

Figures 2-3, 2-4 and 2-5 illustrate 1 and 2-equilibria, as well as a continuous equilib-

rium, for the linear case.

Although these equilibria are highly structured, there is one degree of freedom in

picking the sequence (xn)n, namely, the choice of xO. Intuitively, since both m and our

constructed sk are linear, a rescaling of one linear k-equilibrium would be another k-
12We need F(ax) = F(x+d)+F(x-d). Assuming a symmetric f around the steady state x = 0, this2

boils down to f(x + d) = 2af (ax) - f(d - x). Hence we can choose f freely on [0, d] and it becomes
uniquely determined from d on. For example, we can take f(y) = 1 - 1d"y for y E [0, d] and f(y) =

a + (1 - a)(2a2 + 1) _ (1-a)(2a2+1) y thereafter, which makes f continuous.d
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Figure 2-4: 2-equilibrium for m(x) = 0.7x, 3 = 0.7
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equilibrium, so the exact placement of the points (Xn)n is arbitrary; what is pinned down

by our construction is the ratio between the elements of each sequence.

While the case of linear m is useful to fix ideas, we want to know what equilibria exist

for more general densities. It turns out that the existence of I-equilibria is robust, and

they have some additional desirable properties.

For the following result, we use the following definition. Let s be a 1-profile given by

sequence (Xn)n. We say that s is a l-quasi-equilibrium if, for all n, m(Xn) is indifferent

between Xn+1 and Xn+2 and prefers them to all other Xk (but not necessarily to other

points outside of the sequence). Then

Proposition 14. Consider the game restricted to [x*IX**|, and let x E (x* x**). Then

there is a 1 -quasi- equilibrium s,6,, defined on [x*, x**], such that xO = x. In addition, s is

weakly increasing, depends only on m (rather than on f ), and the Median Voter Theorem

holds for all x E [x*, 7x**].

Conjecture: if the equilibrium in Proposition 17 has no jumps, then there exists < 1

such that, if 0 < , then sa,x is a 1-equilibrium.

Conjecture: s is unique given 0, x.

In a 1-equilibrium, there is just one sequence (Xn)n such that s(Xn) = Xn+l. Besides
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Figure 2-5: Continuous equilibrium for m(x) = 0.7x, 3 = 0.7
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always existing for any m, a 1-equilibrium is always guaranteed to extend nicely to the

whole basin of attraction of x*. This result is driven by the special structure of 1-equilibria,
wherein a comparison between S(xn) and S(xn+1) is essentially a comparison between x"

and S(x+ 1 ), which allows us to apply Lemma 5 and recover the Median Voter Theorem,
even away from the steady state.

k-equilibria for k > 1 and continuous equilibria do not share these properties. While

they-like any other equilibrium-can be extended to [x*, x**] if defined on a neighborhood

of x* by Lemma 7, even when m is linear they may lose their properties beyond x* + d,
meaning that in a k-equilibrium some of its sequences may disappear, or in a continuous

equilibrium discontinuities may appear, and so on. Since comparisons between S(xn) and

S(x,+1 ) are comparisons between interleaved sequences, Lemma 5 does not apply and

voters may have nonmonotonic preferences depending on their exit times.

Moreover, for general m, k-equilibria with k > 1 and continuous equilibria may or may

not exist. To see this, consider the following example. Suppose that x* = 0, # is high and

m(x) = ax+ 2 max(c -x - x'I, 0), where c is small. This is similar to the linear case, but

?n has a small "bump" around x'.13 Suppose further that s is a k-equilibrium (k > 1) such

13 We can also construct smooth versions of this example.
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that x0 - x' and x, is as in Proposition 13 for n > 0. Because m(xo) must be indifferent

between Xk and Xk+1, m(xo) must also be the same as in the linear case, but as m is

higher around x' than in the linear case, xo must be lower as a result of the bump. Then

the break-even point between xo and x1 must be lower than in the linear case because xo

being lower makes it closer to m(x-k), hence more attractive, so x-k-who is indifferent

between xo and x1 -is lower, hence more attractive himself to X-2k. Continuing in this

fashion, the subsequence (xo, xak, X-2k,...) is more attractive than it should be due to

the bump; eventually, it may become so attractive that a voter m(X-kr+1), supposed to

be indifferent between X-k(r-1)+1 and X-k(r-1)+2, instead likes X-k(r-1) better than both,

so no one votes for X-k(r-1)+1 and s becomes a (k - 1)-equilibrium beyond that point.

This "domino effect" may continue until there is just one sequence left; for high 3, this

sort of dynamic makes k-equilibria for k > 1 unstable. In similar fashion, if we consider a

continuous equilibrium in this example, the bump would generate a discontinuity around

s-1 (xo).
Although there is no guarantee that continuous equilibria exist, even in a neighborhood

of x*, we can use two arguments to find some. First, if m is analytic, we can construct

an analytic continuous s locally around x*:

Proposition 15. If m is analytic at x*, then there is at most one analytic function s

defined in a neighborhood of x* such that s supports a MPE on [x*, x* +e) for some e > 0.

Essentially, our argument is to show that the first-order conditions around the steady

state uniquely pin down all the derivatives of s at the steady state. If the resulting Taylor

series has positive radius of convergence, this is guaranteed to be a local solution to the

problem.

Second, given a continuous successor function s(x) with certain properties, we can

reverse-engineer a median voter function n(x) such that s(x) supports an MPE for m(x).

Given a path S = (so, so,.. .), let W(S) = -(1 - #) _t>0 , 3i's. (As before, E(S) =

(1 - 3) Zt>o #3st is the average policy). Take a successor function s and resulting paths
S(y) for each y, and graph (E(S(y)), W(S(y))) in R2 . We say s is well-behaved if this

graph is concave, i.e., if W is concave when taken as a function of E. Then

Proposition 16. Let X = min(x**, x* + d). Let s [x*, ] -+ [x*, sX] be continuously

differentiable, increasing, such that s(x*) = s*; s(x**) x** if applicable; and s(x) < x for

x G (x*, X). If s is well-behaved, then there is m : [x*, X] -+ [x* ^] continuous, increasing,

satisfying m(x*) = x*; m(x**) = x** if applicable; and m(x) < x for x C (x*, .), such that

s supports a MPE on [x*, ] given median voter function m.
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The condition that s be well-behaved is not as strange as it looks: it simply guarantees

that, given any voter, the utility offered by different paths is concave in the average

policy of said paths (note that this is a necessary condition for a continuous solution: if

concavity did not hold, there would be some paths which are dominated for all voters, so

any solution would have to jump over them, creating discontinuities). In addition, since

linear functions of the form s(x) = x* + 7'(x - x*) are strictly well-behaved, functions that

are approximately linear will also be at least locally well-behaved; we can construct more

examples in this fashion. However, it is also easy to construct functions s with many

oscillations that are not well-behaved, e.g., s(x) = -yx + psin(x) - , where p < -y, 1 -

and x* = 0.

In the next Section, we show how many of these results simplify when we consider the

limit case of continuous time.

Continuous Time Limit

So far we have analyzed a model in discrete time. This seems more natural and intuitive,
given that in most organizations where a policy is chosen through voting, decisions are

made periodically (e.g., at weekly meetings, annual elections, etc.). However, as we have

seen, it creates many technical problems, which ultimately arise from the need to jump

through a finite set of policies while avoiding the rest. Especially in equilibria other

than 1-equilibria, where many policy paths can run parallel to each other, this makes

comparisons between different paths difficult and often non-monotonic.

In this Section, we show how these problems are solved in the continuous time limit.

Formally, we suppose that decisions are now made increasingly often, so that each period

[t, t +1] is broken into j periods of length 1, with discount factor between sub-periods #3.

Then we take the limit as j -+ oo, denoting e-' = /.

Define s(x) as the successor policy if we start at policy x and let an amount of time

t pass. (A discrete successor policy s(x) is no longer meaningful). Note that s must be

additive in t, i.e., st(st'(x)) = st+t'(x). Suppose s is smooth as a function of t. Then, in

the limit, I(x) chooses s(x) = x. A solution st(x) must then solve

x = arg max j re-r max (C - (m(x) - st(y))2 o) dt.
Y 0

(This condition makes s(x) = x optimal for m(x), rather than for I(x). However, this

is enough because x is higher than S(x), so the Median Voter Theorem applies to this

problem, by a continuous version of Lemma 5).
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Continue working within an interval [x*, x**] as before, where x* is a stable steady

state, so that st(x) is decreasing in x and st(x) -+ x* as t -+ 00. A second simplifying

observation is that, in the continuous case, all paths must run through the same set

of values at the same speed, just with a different starting point. Hence, the first order

condition boils down to choosing a starting point that gives the same payoff as the average

for the rest of the path. In other words,

uM(X)(x) C - (m(x) - x) f = re~" max (C - (m(x) - st(x))2, 0) dt = Um(x)(X).

The following Lemma provides a useful characterization of s:

Lemma 8. If st (x) is continuously differentiable and decreasing in t; s0 (x) = X;

limt", st(x) x*; and st(st'(x)) = st+t'(x) for all t, t' > 0, then there are func-
tions d(x, y) : [x*, x**] 2 -+ R and e(z) : [x*, x**] -+ R+ such that sd(x"y)(x) - y and

d(x, y) = fY, e(z)dz.

Intuitively, d(x, y) measures the time it takes the policy path to get from x to y, if

x > y (if x < y then the time is negative). Since the path is memory-free (i.e., the speed

at which st(x) decreases does not depend on previous policy values), this time can be

expressed as an integral of the instantaneous delay e(z) at each policy z.

In addition, note that differentiability of s' is sufficient but not necessary: d(x, y) and

e(z) may be well-defined, with d(x, y) differentiable, even if st(x) is not continuous in t.

(It may be that st(x) has some instantaneous jumps, which would correspond to e(z) = 0

for the policies that are jumped over). In what follows, we will call an equilibrium smooth

if it can be expressed as per Lemma 8.

It turns out that there is a unique smooth equilibrium, and we can characterize it

explicitly:

Proposition 17. Let

(x) =1 (2m'(x) - 1 + "(x)
r X - M(X) +m'7(X)

for x E [x*, m1(x* + d)) and

1 (2m'(x) - 1 m"(x) ('X))2e-t*(x) i-
ae) \x-m(x + m()2e(m(x) - d)d + -)r x - M(x) M'(x) x - M(X) r

otherwise, where t*(x) = d(x, m(x) - d). Then there is a unique smooth MPE st(x), given

by e(x) = j(x) whenever (x) > 0 and um(x) (x) = U(x)(x), and e(x) = 0 otherwise.
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Figure 2-6: Smooth equilibrium in continuous time
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Figure 2-6 illustrates such an equilibrium. (Here s1 (x) is s (x) for t 1; s' does not

provide a full description of the equilibrium, but unlike e(x) it is comparable with previous

graphs). Intuitively, in the continuous time limit, m(x) is indifferent about whether to

include x at the beginning of the policy path S(x); but the choice of e(x) is crucial in

making that indifference possible for slightly higher x's. The required delay e(x) tends to

be high when m(x), m'(x) and m"(x) are high: if m(x) is close to x, this means that the

median voter is relatively happy to stay at x, and so S(x) must move slowly away from x

to be weakly preferable. In addition, when x > m-1 (x* + d) (i.e., when the current policy

is high enough that the median voter expects to quit in finite time), the required delay

tends to be lower because the current median voter expects not to suffer the full cost from

the policy drifting too far away. As expected, the discount rate r plays a part, essentially

as a rescaling factor: when r is low (agents are patient), the delay at all points becomes

proportionally higher, so that the effective delay (measured against patience) remains

constant. This result mirrors the discrete time case, where an increase in 6 would slow

down convergence to x* at a proportional rate, but there a change in 3 had real effects

since it also affected the effective frequency of voting (which has been made infinite here).

Finally, note that the formulas only make sense when their results are non-negative;

this condition is violated in degenerate cases, where the equilibrium needs to jump through
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some interval of policies at infinite speed (i.e., with zero delay). Generally, this case arises

when rn(x) is flat. For example, in the linear case where m(x) = a(x - x*) + x*, it arises

iff a < j. To see why, consider the decision to be made by m(x). When a > j, n(x) likes

x better than the far end of the tail of S(x), which approaches x*; hence, he is happy to

start at x given some expected delay in the path towards x*. Analogously, in the discrete

version of the model, s(x) would be arbitrarily close to x as 3 -+ 1. However, if a < -,
then m(x) actually prefers x* (and hence all points in [x*, x)) to x, so there is no way

that he will include x in the path-in fact, no points to the right of x* + 2a(x - x*) can

be included. In the discrete version, this means s(x) < x* + 2a(x - x*) regardless of 13.

Hence, in the continuous time limit, the path travels to x* instantly.

2.4 Discussion

In this Section, we further discuss the implications of our results. First, the model provides

sharp predictions about the long-term behavior of policy paths: every policy (save for

unstable steady states) is in the basin of attraction of some stable steady state, and will

eventually drift to it, independently of the MPE in consideration. However, at the same

time, the limit policy depends on the initial position of the club, so the model exhibits

path dependence.14 Strikingly, and unlike previous models in the literature, long-run

policies are also independent of the discount factor (although # does affect the shape of

the equilibrium path, it has no impact on the set of steady states, which is pinned down

only by in).

Second, our characterization of steady states reflects a natural intuition: stable steady

states should correspond to maxima of the density function f, while unstable ones corre-

spond to minima. Formally:

Lemma 9. If x is a stable (unstable) steady state, then (x - d, x + d) contains a local

maximum (minimum) of f.

In particular, if f is increasing (decreasing) everywhere, there will be a unique steady

state close to 1 (-1); and, if f is symmetric and single-peaked-say, a truncated normal

distribution-then 0 will be the unique steady state. In general, then, clubs drift over time

to policies around which the density of voters is higher.

14 Note that the multiplicity of MPEs and the multiplicity of long-run outcomes are different and
unrelated phenomena; a single successor function s can support the entire set of long-run limit policies if
we vary the initial policy, and conversely, even with multiple MPEs we may have a unique limit policy,
if there is only one fixed point of m.

83



In terms of welfare analysis, this is relatively good news, yet nbt optimal, for two

reasons. First, while a stable steady state x* must be close to a local maximum of f, it

does not have to maximize the number of members F(x* + d) - F(x* - d), nor the sum of

their utilities or other such metrics, even locally. Second, even if it were a local optimum

in some sense, the choice of steady state is still based on the (arbitrary) starting policy; it

is possible that some steady states yield more social welfare than others (i.e., they serve

more members) but there is no guarantee that the club will converge to the former.

We may also be interested in the impact of policy drift on extremism: does convergence

to steady states favor moderates? Or can it create situations where extremist factions

"capture" the club?

At face value, the above result suggests that policy drift encourages centrist policies:

if moderate voters are abundant, there will be a stable steady state close to 0 with a large

basin of attraction. Yet there are several cases where the club can exhibit extremism,
even the kind we would consider dysfunctional (i.e., when the club is extremist but most

of the population is moderate).

First, if most of the voters are moderates but f has local maxima near the extremes,
there might be multiple steady states, including some near the extremes. This is especially

easy to support if d is low, i.e., if the nature of the club is to attract a relatively small niche

of members, so that a club with an extreme policy would attract the nearby extremists

(who are locally strong) and not be disrupted by a large mass of moderates. Of course, if

f increases towards the endpoints and decreases towards the center, then the only stable

steady states would be at the extremes.

Second, even when the distribution has a single steady state, its location may be
"unstable" when f is close to being uniform. For example, consider the densities f1 (x) =

} + ex, f 2(x) = - cx and f3(x) = - x, for c > 0 small. These are all similar, and
close to uniform, but fi has a unique steady state close to -1, while f2 has one close to

1, and f3's is equal to 0. Hence, small demographic changes can have a dramatic impact

on the equilibrium policy of the club. This example contrasts with models of voting with

a fixed population, where a small change in the density function would produce a small

change in the median voter and chosen policies.

Third, and most importantly, the tendency towards moderate policies depends on the

assumed symmetry of preferences. Namely, in our basic model, a policy x always induces

the interval (x - d, x + d) to become members: there is no distinction based on whether x

is a right-wing or left-wing policy to begin with, whether it is extreme or moderate, etc.

In particular, it is equally bad to be in a club that is too moderate as it is to be in a club
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that is too extremist.

For an example where this assumption may be unreasonable, suppose that the club

in question is a local nationalist organization. Moderate agents want to join to engage

in benign activities, such as getting together for traditional meals, publishing a local

newspaper for their community, etc. Hard-line nationalists want the club to organize

harassment or attacks against foreigners living in the area, but they would still rather

join the club than not, even if it is too moderate for their tastes. On the other hand,
moderate agents would want to leave the club if it turns xenophobic.

Formally, if preferences are no longer symmetric, I(x) would no longer be of the form

(x - d, x + d), but would become some other interval (x - d_ (x), x + d+ (x)); this, in turn,
would induce a different median voter function m(x). Reflecting our example above,
suppose that preferences are such that I(x) = [x - d, 1] if x > 0, I(x) = [--d, d] if x = 0

and I(x) = [-1, x + d] if x > 0, or some continuous approximation thereof. Then, even if

f is symmetric and single-peaked at 0, x = 0 is an unstable steady state. If d is low and f
is relatively flat, there are two stable steady states, close to -1 and 1 respectively, so the

resulting policy will always be extreme. The moral of this example is that, if extremist

members are more willing to join the club, they may end up capturing it even if they are

a minority, and vice versa.

In particular, this raises questions about the merits of social discouragement as a tool

to prevent extremism. A society that becomes less tolerant towards undesirable behavior

(e.g., by punishing it with ostracism, boycotts, or by making it illegal) may dissuade people

from engaging in said behavior individually, as well from joining the "wrong" clubs. But,
if the punishments are only strong enough to make moderate members quit, they will lead

existing clubs to become more extremist.

A related point is that, if current members can somehow manipulate the pool of

potential members in addition to choosing the current policy, they may want to do so-

and this may substantially affect the club's trajectory. For example, suppose that a city

is divided into two districts, A and B, and a club can vote to only admit members from

district A rather than the whole city." If A's demographics differ from B's, replacing

fA + fB with fA may lead to a completely different set of steady states.

15 In our model, the population is exogenously given and we always allow free entry, but it can be
extended to this case.
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2.5 Multiple Clubs

In this section, we analyze an extension of the model where multiple clubs compete for

potential members. This raises important questions: how are clubs affected by nearby

clubs? Are their sets of members or possible long-term policies changed? Will clubs

distribute themselves efficiently along the preference distribution? Can the presence of

one club force another one off of a certain demographic, or make it disappear entirely?

For tractability, we first consider the case where a fixed number k > 1 of clubs is given

and focus on analyzing the steady states. Afterwards we briefly discuss the dynamics

leading to the steady state, as well as the possibility of agents creating new clubs.

Multi-Club Steady States

In this case, there is a set of k clubs with initial policy positions x1,0 < x2,o < ... < Xk,O-

For simplicity, assume that this order is always maintained. First, we will charac-

terize the sets of members for each club, given current policies: I(xi, x 2 , ... , Xk) =

(I(X1, .. . , Xk), . .. , Ik(x1,. . . , xk)). This is the multi-club equivalent of I(x). We assume

that agents can only belong to one club, so I,, . . . , Ik are always pairwise disjoint and

I, C [-1, 1]. It turns out that

x1-1 +x .1 X1+ X+1
,0(1,...X1)= (max , .xl- d) ,mm , -xl+ d) .

In other words, if the next club to the left has policy x1_1 < x, - 2d, the two clubs do

not interfere, and the leftmost member of I, is x, - d. Otherwise, each agent goes to

the closest club and the one with bliss point x'-('' is indifferent. The other side of the2

interval is analogous.

We formalize this notion that clubs' bases of support may overlap with the next

definition. A cluster of clubs is a subset {i, i + 1 .... , j} of consecutive clubs such that

x, - x1 _1 < 2d for l = i + 1, . . . , j but xi - xi- 1 > 2d and xj+1 - x ;> 2d. In other words,
all voters with bliss points between xi and x3 belong to one of the clubs, but voters at

xi - d, xj + d are indifferent about being in any club.

Next, we extend our definition of steady states to the multi-club case. We say that

X1 < ... < Xk form a steady state if m(I(x1,. . ., Xk))) = x, for all 1. In other words, given

the intervals I, defined above, the median voter in each I, has no interest in moving.1 6 Note

16 Note that, in the single-club case, the definition of steady state was that s(x) = x was compatible
with MPE; the fact that steady states were fixed points of m was a result. Here, we take it as a primitive
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that this condition is different from m(xl) = xi, as I1 (x1 , .. . , Xk) is different (generally

smaller) than I(xj), except in the case when {l} is a cluster.

Our main result in this section characterizes the possible steady state distributions,

cluster by cluster:

Proposition 18. Let (x1 ,...,Xk) be a steady state. If {i} is a cluster, then xi is com-

patible with steady state iff m(xi) = xi. If clubs {i,i + 1,...,j} form a cluster and j > i,
then m(xi) > xi and m(xj) < xj; in particular, the interval [xi, xj] must contain a stable

steady state x0 of the single-club game.

Moreover, if f is given by a non-constant polynomial, then given a cluster size j - i +1

and a stable steady state x0 , there is only a finite number of policy (j - i + 1)-tuples

(xi, xi+1 , ... , xj) compatible with steady state and containing x 0 (i.e., such that xi < x0 <
xj). Alternatively, if f is strictly log-concave in [xo - 2(j - i + 1)d, xo + 2(j - i + 1)d],

then there is a unique valid j - i + 1-tuple (xi, xi+1 , ... , x) contained in [xo - 2(j - i +
1)d, o + 2(j - i + 1)d].

Note that the Proposition says nothing about the distribution of clubs into clusters:

this is generally arbitrary, and results in multiple steady states." For example, suppose

there are three single-club steady states x1 < x2 < X3 , where x1, x 3 are stable and x2 is

unstable. Assume that there are two clubs and the steady states are far away, and f is

log-concave in a large. interval around x 1, as well as x 3 . Then there is a two-club steady

state where both clubs form a cluster around x 1; one where they form a cluster around x3 ;
and three cases where the clubs are separate and occupy two separate single-club steady

states. Hence, there are multiple possibilities even if there is a unique r-cluster for each

r around each single-club steady state.

However, if f is globally strictly log-concave, then there is a single multi-club steady

state: there must be a unique single-club steady state, so all k clubs must be clustered

around it, and there is a unique position for the cluster.

These results have important implications for welfare analysis. First, as in the single

club case, clubs will be centered around stable steady states, which are higher density

areas; but there is no guarantee that, given several steady state positions giving different

welfare, they will center around the "best" one. Second, there is now an additional ineffi-

ciency that comes from clubs bunching together: a club standing next to another creates

for tractability.
1 7 The caveat is that, if two steady states are close to each other, then two clusters centered at each

would bump into each other and become a single cluster if they are too large. This puts a joint constraint
on the size of adjacent clusters.
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a welfare loss, because it gives multiple options to certain agents in the population (who

can only take advantage of one) while leaving other agents without any club, but clubs

do not internalize this.

Dynamics

Here we briefly discuss some issues that arise in the dynamics of the multi-club case. The

general gist is that, when clubs cluster together, it makes each club's median voter less

responsive to changes in policy, which in turn induces faster convergence.

Remember that, in the single-club case, the median voter m(x) is given by the condi-

tion F(x + d) - F(m(x)) = F(m(x)) - F(x - d). In particular, then,

m,(X) f(x+d)+ f(x -d)
2

Suppose now that i is the first element of a cluster. Then i = (xi - d, xi+i+1). Taking

club i + l's policy as fixed, we instead have

f(Xi+xi+1) f(xi - d)
M' (Xi) = +.

4 2

If 1 is in the middle of a cluster, then

f(xl+xl+ 1) + f(XI+I1)
mj(x) = 4

In particular, there are many possible densities f for which . < m'(x) < 1, but

m' (x) < ., and even more for which m (x) < 1 (taking values of xj+1, x- 1 , x1+1 consistent

with the cluster). In other words, m' (x) is effectively lower than in the single-club case

because, if i moves to the right, it will not pick up as many right-wing members as it

would if alone, as it has to compete for them with club i + 1; the effect is doubled for

clubs in the interior of a cluster.

As we saw in Proposition 17, once m'(x) < 1, convergence to the steady state is much

faster-instant in the continuous time limit-because the median voter prefers the steady

state policy to anything close to x. Hence equilibria with instant convergence in the

multi-club case will be much more prevalent. (Although our argument is built assuming

that other clubs stay constant, this is consistent with an instant convegence equilibrium,
as other clubs always expect the rest to converge instantly, so it makes sense for them to

converge instantly as well, and stay fixed thereafter).
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Asymmetric Clubs

Here, we suggest how the model's results might change when asymmetric clubs interact.

In other words, if two adjacent clubs offer different payoff profiles to prospective members

(in particular, with different functional forms), which one will succeed in attracting the

marginal members between them? And how will this affect their policies in the steady

state?

Consider the following benchmark case. Suppose that there are two clubs 1, 2, and f

is symmetric and log-concave, so there is a unique stable steady state at x = 0 and both

clubs are clustered around it.

Now assume that, if club 1 implements policy x1, it generates utility a, > 0 for

members with bliss points in (x1 - di,x1 + di) and -1 to the rest. On the other hand,
given a policy x 2, club 2 provides utility a2 > 0 to (x 2 - d2, x 2 + d 2) and -1 to the rest.

Suppose that x, < x 2. What would "competition" between these clubs look like?

In this stark example, it turns out that the deciding factor is which club provides more

utility to its members, regardless of whether they have wide appeal or not. Concretely, if

a, > a2, then in the steady state x1 = 0 and x 2 > dl. The reason is simple: since a, > a 2,
all voters who get positive utility from both clubs choose 1; hence I, (x1 ) = (xi -di, x1+di)

always. Thus, for 1 to be in steady state, we need m1(x1, x 2 ) = m(x1 ) = x 1, so x 1 = 0.
Then 1 captures all the members in [-dl, d1] and x2 must be to the right of this point.18

If a, > a2 and di > d2 (i.e., 1 is superior to 2 in every way) this may seem natural,
but the result still holds even if d, < d2 . In other words, a niche club can displace a

mainstream club.

Of course, the conclusion in this example hinges on the assumption that utility is either

ai or 0. Other functional forms lead to more complex interactions. For example, suppose

now that club 1 gives utility A1 to voters within distance d, and utility a, to voters within

D1, where D, > d, and A1 > a2 > a1 ; club 2 is as before. Then, if the overlap between the

clubs is relatively small (e.g., if f is close to uniform, so the pressure to move towards the

steady state is weak) 2 would now displace 1 at the margin: although 1 still has a strong

niche, its appeal to its marginal members is weaker than club 2's. However, if the overlap

is large (e.g., if f is steeply concave, making the clubs aggressively cluster together) so

that l's core overlaps with 2, then 1 would again displace 2.

18The result presumes that d, < 2d2 and d2 < 2d,, to avoid the pathological case where one club's
members could "wrap around" the other's.
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Free Entry

In this section, we discuss an extension of the model where agents (or groups of agents)
can agree to create new clubs.

We will sketch a very simple example, as the general case is very complicated. Suppose

that there are no clubs initially. Out of the entire population, there is a single agent 7

capable of creating a club, at cost K. (For instance, T is rich, or has the right connections).

If the club is created, T gets to decide the initial policy of the club. The question is: when

will 7 decide to create the club, and when would it be socially optimal to do so?

To fix ideas, suppose 7 E [x*, x**], where x* , x** are consecutive steady states and x*

is stable. If Y indeed creates the club, he will choose initial policy xo = s(m- 1 (7)) (note

that this is generally higher than 7: he will make the club more extreme than his own

preference, taking into account that it will later drift towards the steady state). Given

this, it is optimal for him to create the club iff Uy(S(s(m-1(T)))) > K.

In the continuous time limit, this condition boils down to MT)) > K. Hence, Y's
willingness to create the club depends on how lopsided the density is around him. If f
is close to flat (or, alternatively, if T is close to the steady state), so that 7 is close to

m_'(), the club will move away slowly so he is happy to create it (in the limit, if T is the

steady state, his condition is , > K). On the other hand, if f is very lopsided, the drift

will occur relatively quickly, lowering T's interest (potentially to zero if m(x) approaches

x - d).

On the other hand, the social planner would not care about the speed at which the club

drifts, since by drifting it brings benefits to other members (which T cannot internalize).

Thus, there is a discrepancy between private and social value, insofar as the prospective

founder cannot guarantee that the club will stay where it was intended to.

This will generally lead to under-provision of clubs. The problem persists if some small

interval (e.g., (Y- , -+ )) of voters can cooperate to create the club, since they all face

similar incentives. Even if all agents have resources they could contribute, it may not be

enough to solve the problem: the theoretical solution-where all benefits are internalized-

would involve future members contributing now to the club's creation, anticipating that

it will later move towards them, but this would be unimplementable in practice.

Even if several agents have the power to create clubs, the same qualitative issue arises.

However, it will be mitigated if founders are abundant and well-distributed enough that

clubs can always be founded close to their intended long-term positions. On the other

hand, if there are many founders, this can also reduce other inefficiencies found previously:

e.g., stable steady states with more voters around them will be more likely to have clubs
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created nearby.

2.6 Conclusions

In this paper we have studied a model of policy choice in clubs with endogenous member-

ship, which is relevant to a variety of organizations in the real world. Our analysis yields

interesting technical results as well as important empirical implications.

On the technical side, the model predicts that the club's policy will drift in the long

run towards a steady state of the preference distribution, that is, a policy attracting a

set of members that have no inclination to change the policy further, even myopically.

This result is driven by the feedback effect at the heart of the model: if a policy attracts

a majority of voters wanting to increase it, the policy will drift up, attracting voters

with even higher bliss points, and vice versa. Crucially, this drift is slowed down by the

concern that further drift will occur, but it never stops completely. This result, enabled

by a continuous policy space, is true for any discount factor and contrasts with other

models in the literature, where dynamic concerns often make stable states out of policies

that are myopically undesirable.

Despite this strong prediction about long-run behavior, two factors can still generate

a variety of outcomes, even if we keep the density of potential members fixed. First,
depending on the preference distribution, there may be one or several steady states. In

the latter case, each has a basin of attraction and the club's initial policy determines

where it will drift towards in the long run; in other words, there is path dependence.

Second, in the discrete time version of the model, there can be many equilibrium paths,
all leading to the same steady state but exhibiting discontinuities of different sizes (or

none at all) on the path.

On the applied side, the model tells us when we can expect organizations to become

mainstream or drift towards extremism. With symmetric preferences, steady states are

near maxima of the density function; in particular, if moderates are the majority, there

will be a moderate steady state-but there may be others depending on the shape of the

density at the tails. On the other hand, extreme policies are much easier to support if

preferences are asymmetric, with extremists being more willing to belong to the club than

moderates.

There are three extensions of the model which we discuss briefly, but which deserve

a complete analysis in future work. First, several interesting issues arise when we allow

multiple clubs to interact. We only provide a characterization of the natural steady states
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in this case. Although it is likely that an analog of Proposition 11 holds-that is, the clubs

collectively converge to a natural steady state in the long run-a full characterization of

the dynamics*is needed to prove this. As we note in our discussion, convergence is likely

to be much faster than in the single-club case once clubs become clustered, and we would

like to have a general condition on when this is the case.

In addition, if clubs offer different payoff profiles, very complex interactions can arise

between them. We would like to understand: under what general conditions does one club

displace another? This issue arises very often in practice, as competing organizations are

rarely copies of each other; they have some built-in structure, culture, and institutions

which affect how wide their base of support can be, and how committed their members

are. For example, two political activism groups may differ on their policy prescriptions on

a left-right spectrum, but one has a culture of tolerance while the other caters to fanatics:

for a given policy, the latter group attracts fewer members, but those are more committed.

Secondly, although our analysis explains the evolution of already-existing organiza-

tions, these must be created in the first place, and we know that the policy where a club

begins matters a great deal. Hence the explanatory power of the model would be improved

by a general model of entry decisions when clubs are created endogenously. In particular,
such a model would have to account for free-riding issues (if several nearby agents can

create similar clubs, who will pay the cost of doing it?) as well as the cost of maintaining

the club (would it charge a membership fee? If so, how would it be distributed among

the members, and how would it affect membership?).

Third, the assumptions that members can freely enter and exit, and choose the club's

policy by majority vote, constitute a useful benchmark but are rarely exactly true in

practice. On the one hand, there is usually some fixed cost of entering, and sometimes

a cost of leaving (e.g., imagine a situation where migrants choose among several cities in

a new country, but after settling in cannot easily move again). On the other hand, most

organizations have leaders who choose policies, and members either vote for the leaders or

influence them through non-electoral channels, rather than deciding policy directly. Even

when voting, members may be weighted by seniority or other categories (e.g., consider a

university where administrators, faculty and students have different standing). It would

be useful to extend the paper's main results to a more general setting encompassing all

these cases. In turn, allowing for different distributions of power within the club would

allow for new comparative statics. For instance, if more senior members have more votes,
does that slow down convergence to the steady state? And if the leader has agency, can

he-by choosing the right policies-reshape the electorate to fit him instead of the other
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way around, as in the case of Mayor Curley?

2.7 Appendix A: Ommitted Proofs

Proof of Lemma 4. We can write

Ua (S) - U,(T) = 8 ('u.(st) - u,(tt))
t

Then

O(Ua(S) - Ua(T)) - z (ua(st) - u.(tt))
Oa (9a't

where the terms are positive by increasing differences since st > tt. l

Proof of Lemma 5. If a > x, clearly a prefers x to S since the comparison holds point-

wise. When a E (x, x + d) the pointwise inequality is strict for at least some terms. Now

consider a E (x - d, x). We can write

U.(x) - Un(S) - ' t (Ua(x) - Ua(St)) + 1 #tua()
tET t T

where T are the times for which Ua(Si) > 0. Then

1(U-(x) - Ua(S)) - Z t 0(ua(x) - Ua(s)) + _ _U(X)

where the first set of terms is positive by increasing differences since x > st, and the

second term is positive because a < x. (We can also check that the derivative must be

strictly positive so long as S # (x, x, . . .)). Hence, if there is ao E (x - d, x) that is

indifferent between x and S, then voters in (ao, x) must strictly prefer x, while voters in

(x - d, ao) must strictly prefer S. On the other hand, voters in [-1, x - d) weakly prefer

S since they get utility 0 from x.

If there is no such ao, since Ux(x) > Us(S), by continuity all voters in (x - d, x) must

strictly prefer x. 0

Proof of Lemma 6. Suppose that some S(y) is not monotonic. Let y = inf(S(y)) and

y = sup(S(y)). We consider two cases:
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Case 1: S(y) attains y or 7. In other words, 3k E N such that sk(y) = y or sk() - y

Suppose WLOG that the former is true. Then there is a k E N such that sk-1(y) < 7
sk(y) = 7 and sk+l(y) <719

We then consider the decision made by voters in I(sk-1(y)) and in I(sk(y)). Since sk(y)

is the Condorcet-winning policy in I(sk-1 (y)), in particular at least half of the voters must

prefer it to sk+1 (y). At the same time, s+1(y) is Condorcet-winning in I(sk(y)), so in

particular at least half of the voters prefer it to sk(y).

Consider now the intervals (sk-1(y) - d, sk-1(y) +d) and (Sk(y) - d, Sk(y)+ d). We can

divide them into A = (s-1(y), Sk(y) - d), B = (sk(y) - d, sk-1(y) + d), C = (sk-l(y) +

d, sk(y) + d). 20 Voters in B are present in both cases so they contribute the same votes;

voters in A are present only in the first vote; C is only present in the second vote. (Note:

Lemma 5 guarantees that there is at most one indifferent voter in B, so we don't have

to worry about a set of positive measure being indifferent and voting differently in each

case).

Note also that a voter will prefer S(sk(y)) to S(sk+l(y)) iff he prefers the constant

policy 8 k(y) to the path S(sk+1(y)). Now, voters in A can never prefer sk(y) to S(sk+l(y))
because by construction sk(y) gives them zero utility.21 On the other hand, voters in C

with bliss points a > sk(y) will always prefer sk(y) to S(sk+l(y)). If sk-1(y) + d > sk (),
we have a contradiction: all voters in C prefer sk (y) and all voters in A prefer sk+1 (y), so

B U C has more votes for sk(y) and fewer for sk+1(y) than A U B. If not, consider voters

in (sk-1(y) + d, sk(y)). By Lemma 5, there is ao in (sk(y) - d, sk(y)) that is indifferent. If

ao < sk-1(y) + d, then all voters in C prefer sk(y), and we have the same contradiction.

If ao > sk-1(y) + d, then all voters in A U B prefer S(sk+1(y)), a contradiction, since a

majority in A U B must prefer S(sk (y))

Case 2: S(y) never attains its infimum nor its supremum. Then there must be a

subsequence ski(y) (with increasing ki) such that ski(y) - . Given this subsequence,

construct a sub-subsequence skij (y), such that skij (y) -+ 7 and ski, 1(y) - s,-' for
.7-+oo j-+oo

some limit s,-1. Essentially, we take a subsequence such that the elements of the original

19If we relax the definition of s, there could be paths where sk(y) = ... = skm(y) >
sk-1(y), sk+m+1(y), in which case I(sk(y)) is indifferent between sk(y) and sk+m+1(y), but a similar
argument would work in this case.

20 1t must be that sk-1(y) + d > Sk(y) - d. If not, it would mean that all the voters in I(s-1(y)) Will
get utility 0 during the immediate next period when sk(y) is implemented, so they would always switch
to sk+1 (y), since the total payoff of the continuation must be positive for a majority.

21Voters in A could be almost indifferent if the rest of the path stayed close to Sk(y), so that they never
joined the club again and got zero utility either way. However, in that case, the tie-breaker is that they
still get the payoff of their immediate choice for a period of length E, so they would prefer sk+1 (y) < Sk (y).
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sequence immediately preceding the ki are also converging to some limit, not necessarily

y (we can always do this because all the sk(y) are in [-1, 1], which is compact). Iterating

this, we can construct a nested list of subsequences skin (y) such that kim is increasing in

i for each m; Km ={kim : i > 0} D Km,, for m' > m; and, for each m, skim+r (y) r

for any r E {-m, ... , m}, where s' is independent of 7n and in particular s0 = Y.
Now we consider four sub-cases. First, suppose that s' < y for some r < 0 and for

some r' > 0, and let r < 0 < r be the numbers closest to 0 satisfying these two conditions.

Then consider the decision made by I(skin+r (y)) vs. the decision made by I(skim+T-(y)),

for 7n high enough. In the limit, these decisions imply that a weak majority in I(sr)

prefers y to S(sf), while a weak majority in I(V) prefers S(s) to 7. (Here S(sf) is the

limit of the paths S(skirn+:(y)) as i, ?n -+ oo). This leads to a contradiction by the same

arguments as in Case 1, since the path S(sf) is strictly to the left of Y.
In the fourth sub-case, s = for all r. In other words, the sequence spends arbitrarily

long times near y and F (it must be true for both boundaries, as otherwise one would

fall under the first case and we would have a contradiction). We first prove the following

sub-lemma: it must be that m(y) = y for all y E [y, F].

To do this, take any yo E (y, 7) and construct a subsequence sk- (y) such that: sk" (y) >

yo but sk,+i(y) < yo for i = 1, ... ,n and there are n consecutive elements skn+r+i(Y) <

y + for some r > 0 and i = 1,..., n before s reaches above yo again. In other words,

sk, (y) are the last elements of the sequence above yo before the sequence goes near y for a

long time. Now take iterated subsequences so that sk,+i (y) has a limit s' for all i. Clearly

s > Yo and s' < yo for all i > 0.

Consider the decision made by I(sk, (y)). Almost all voters a > skn(y) strictly pre-

fer staying at skn(y) over going to skn+1 (),22 so if sk_+1(y) is the Condorcet winner,
rn(skn(y)) skin(y) + En, where En goes to 0 as n goes to oo. Now, if s2 = yo, then

m(yo) < yo. If so > yo, then a weak majority in I(so) prefers the continuation (which

is below yo) to so, hence m(s2) < SQ+Y. Moreover, we can do the same argument with

subsequences that go near 7.

Now suppose that m(yo) # yo for some yo E [y, y]. Let (y', y") be a connected com-

ponent of m|-' (R - {O}) of maximal size, and suppose WLOG that m(y) > y for all

y E (y', y"). Apply the above argument to y = y' + v for small v. Since m(y) > y, it

22Voters a > sk (y) prefer skm(Y) to any path contained in [-1, skn(y)). The path S(skn+1(y)) is not
strictly contained in there, but it only has elements higher than sk- (y) after an arbitrarily high number
of periods spent close to y. Hence, for any 6 > 0 fixed, voters in [sk. (y), sk- (y) + d - 6] prefer skn (y)
for n high enough. The exception is that voters very close to skn (y) + d are almost indifferent between
sk" (y) and lower policies, so they may prefer a path with lower policies just because it eventually travels
close to skn (y) + d.
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must be that the associated subsequence constructed above has s? > y, and 2(s") +

Hence + > y", so so - y" > y"- y. Take a subsequence with v -+ 0 and so (v) converging
to a limit so*. This satisfies the above, and moreover, by the strict monotonicity of m,

y" < m(m(s,)) < m(so,), so so - y" > y" - y'. Since m is strictly monotonic, we must

have m(y) > y for all y E (y", s*,), which contradicts the maximality of (y', y"). Hence

the only case left is if m(y) = y for all y E [y, 9.
For this last case, we employ the following

Lemma 10. Let S = (y, y,.. .), and let T be a path not identical to S. If x and x' both

prefer T to S, and x < y < x', then x' - x > d.

Proof. First, note that it is enough to check the case when T is contained in [x, x']: if

not, then create a new T' such that T' = X' if Tn > x', T' = x if Tn < x and T' = T

otherwise. Clearly T' is weakly better for both x and x' than T.

Now, if X' - x < d, then both x and x' derive non-negative utility from all elements of

T'. But then, if E(T) < y, then x' must strictly prefer S, since it has higher mean and no

variance; if E(T) > y, then x must strictly prefer S; and if E(T) = y, then both x and x'

must strictly prefer S since T cannot be constant, hence it has positive variance. E

Intuitively, the Lemma says that non-constant paths cannot appeal to too many voters

on both sides of a constant path. Now, take a subsequence s k(y) that is above yo as

before, and such that after skn(y) the sequence stays below yo for at least n periods and

also stays near y for n consecutive periods before returning above yo. Take yo = Y-v with

v small. Consider the decision made by I(skn(y)). Clearly there is e > 0 such that voters in

(skn (y) - C, s (y) + c) strictly prefer skn (y), so 8 k+1 (y) can only be preferred by a majority

if there are voters both above and below skn(y) who prefer it. Let y' < sk, (y) < y" be

the closest voters to sk, (y) who prefer the continuation.

By the Lemma, y" > y'+ d. Moreover, as n goes to infinity, y' must converge to yo and

y" to Yo + d." For each x E [y', y"] consider the utility given by x to the two agents y,

y": U(x) = (Uy,(x), Uy, (x)) E R2 (in particular both coordinates are non-negative since

agents can always quit).
Given the path T = S(skn+1(y)), construct T' as follows. First, fix v > 0. Replace

elements below y' - v with y' - v. Replace elements between y' - v and y" - d with y'.
23This happens because the continuation stays under yo for a long time, and only goes back over yo

much later. First, sk-(y) must be converging to yo, else a majority would prefer to stay at sk-(y) for
large n. Second, voters above skn (y) can't prefer the continuation unless they are very close to sk- (y) + d
and get utility almost zero from sk-(y). Hence y" is close to yo + d. Then y' must be close to yo, since
otherwise a majority would prefer to stay at sk- (y) for large n.
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Replace all elements sk'(y) > st > y" - d by their average, i.e., y, = "k- (Y)>,t>y"-d .

Replace all elements st > sk- (y) by their average Y2. Finally, if Y1, Y2 have discounted

weights w 3 , W 4 respectively, replace yi, Y2 with sk, (y), y3 = Y2 + 1Yi - Sk-(y).*24 These

changes make T' weakly better for both y' and y" than T, because both prefer elements

below y' being shifted up; y' prefers elements in [y', y" - d] being shifted to y', and y" is

indifferent; and both get positive utility from all elements in [y" - d, -], so they prefer the

decrease in variance that results from averaging or partially averaging subsets of them.

Moreover, T' is a linear combination of at most 4 policies:

U(T') = wlU(y') + w2U(y' - V) + w3U(sk(y)) + w4U(y 3 )

where w1 + W2 + W3 + W4 = 1. In addition, because the sequence spends a long time near

y (hence under y' - v) before going back up, we have that !- goes to zero as n goes to

infinity.

Since y', y" prefer T' to skn(y), we have that:

'- s )
2  -W2V2 - W 3 (y' - kn(y))2 - 4(Y- Y3)2

-(wi + w 2 + W 4 )(y' - Skn(y))2 < -w 2v
2  y ' -Y3)2

(w 1 + W 2 + w 4 )(y' - Skn (y))2 > W2v2

skn( y'> >2 _> _ V
-W 1+w2 +W 4  W1 +w22+Iw4

C - (y" - skn(y))2 < w3(C - (y" - sk (y))2) + w4 (C - (y" - y3)2)

-(w 1 + W2 + w4 )(y" - skn(Y))2 -(wi + w2)C - W4(y" - Y3)2

(wi + W2 + w4 )(y" - skn(y))2 > (W1 + w2)C

y - sW 1 + W 2  d

S~ ~ ~ (y "<dI- - W +w2+w4) <1+(+w-

d W4

Wo1 + Wo 2 + to4

At the same time, a weak majority in I(skn(y)) prefers S(sn+1(y)) to skn(y). Since

voters in [y', y"] prefer skn(y), we must have F(skn(y) + d) - F(y") + F(y') - F(sk- (y) -

24 Note that y3 must be higher than sk- (y); if not, then y" would prefer sk (y) to T', a contradiction.
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d) > F(y") - F(y'). Since m equals the identity, we have F(sk,(y) + d)) - F(sk (y))

F(skn (y)) -F(skn (y) - d)), hence F(Skn (y) +d) - F(skn (y)) > F(y") - F(y'), or F(skn (y) 
d)-F(y") > F(skn(y))-F(y'). But by the above, this implies that there are x, x' such that

(x)< ; for large n, this implies that f(x) can be arbitrarily small, a contradiction.
W2 Vf W')

Proof of Proposition 11. If m(y) = y, then compare the path T = (y', s(y'),...) with

S = (y, y', s(y'), .. .). WLOG y' > y, so by the above Lemma every element of T is higher

than y. Then all voters below y, and some above y, prefer S to T. This argument holds

for any T, so s(y) = y is the Condorcet winner.

If m(y) : y, suppose WLOG that m(y) < y. By a similar argument, all voters below

m(y) and some above m(y) would prefer s(y) = y to any increasing path. Hence s(y) < y.
On the other hand, all voters above m(y) and some below m(y) would prefer s(y) = m*(y)

(followed by m*(y) forever, since m*(y) is a stable steady state) to any decreasing path

that starts below m*(y). Hence s(y) > m*(y).

Now consider y' = "(y)+m*(). Since y > m(y), we must have m(y) > m*(y) so2

y' > m*(y). The path starting at y' would be bounded within [m* (y), y'] by the previous

results, and all voters in [y', y + d] would strictly prefer it. Since y' < m(y), this contains

a strict majority of I(y). Hence s(y) > m*(y).

Finally, we show that s(y) < y. Suppose that s(y) = y. First, note that there must

be co such that s(y - c) < y - c for all c < co (otherwise, a strict majority in I(y) would

prefer the stable path (y - c, y - c ... .) over (y, y ... .) for c small enough).

Let s (y) = lim infEo s(y - E). By our previous results, s_ (y) E [m*(y), y]. There are

two cases: either s_(y) = y or s_(y) < y.

If s-(y) = y, this implies that sk(y - c) -+ y as e -+ 0 for all k. Note that, since a

majority in I(y - E) prefers S(s(y - E)) to y - c, m(y - c) in particular must have this

preference, so Um(y-e)(S(s(y - E))) > Um(y-E)(y - e) for all c > 0 small enough, i.e.

(1 - 3) Z # (C - (st +1(y - E) - m(x))2) - C + (x - m(x))2 > 0,
t=O

where x = y - c. The derivative of the above expression with respect to x is
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2(1 - i3)m'(x)

oc -(1 - 3)m'(x)

= (1 - /3)m'(x)

= (1 - O)m'(x)

E3t (st +1 (y - c) - m(x)) + 2(x - m(x))(1 - m'(x))

' t (st+1(y - c) - m(x)) + (x - m(x))(1 - m'(x))

YZ/3t (st +1 (y - ) - m(x)) + (x - m(x))
t=o

- (x - m(x))m'(x)(1 - 13k+1) - (x - in(x))Tn'(x)3k+1

E o (st +'(y - E) - X) + (x - m(x)) - (x - mn(X))m'(x)3k+1
t=zO

As c goes to 0, k goes to infinity (because the policy stays close to y, thus above

y - d, for a long time) and st+1 (y - c) - x goes to 0 for an arbitrarily high number of

terms. Thus the above converges to y - m(y) > 0. Hence, for c > 0 small enough,
Um(y)(S(s(y - c))) > Um(y)(y), which contradicts the assumption that s(y) = y.

If s (y) < y, let (yn) be a sequence such that y, < y Vn, y, -+ y and sk(yn) -+ sk as

n -+ oo, where si = s-(y).

On the one hand, m(y) must prefer y over S(s(yn)). On the other hand, m(yn) must

prefer S(s(ya)) over y. Hence m(y) must be indifferent between y and (sk). Moreover,

m(yn) prefers S(s(yn)) to all other S(s(yn')), hence to (Sk). All this implies

0 ;> Um(y)(S(S(Yn))) - Um(y)(Y)

- (1 - 13) Z 13t (C - (S t+1 (Y-) - m(y)) 2 ) - C + (y - m(y)) 2

t=o
k k'

(1 - ) t (C - (St+ 1 (yn) - m(y)) 2 ) - (1 - )) E '3t (C - (St+1
t=o t=O

- m(y)) 2) >

(1- ) # (C - (st+(- (1 -_) M 2 E3 (C - (St+1 - m(y)) 2)
t=0 t=o
k" k'"

+(1- 3) E /t (C - (st+1 - l(Y.)) 2 ) - (1 - )5 /t (C - (St+ 1 (yn) - rn(yn)) 2 )
t=0 t=O
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If k k' = k"= k"' for n high enough,2 5 then this is equal to

k'

(1 - 3) Z' ((St+i - M(y))2 _ (S t+1(yn) - m(y)) 2) +
t=o
k'

+(1- 3) Z ((s t+1 (y ) _ m(y.)) 2 _ (st+1 -m(yn))2)
t=o
k'

(1 - 3) Z/0t 2 (st+1 - st+1(yn)) (m(yn) - m(y))
t=O

Now, crucially,

2(1 - /3) Z 0 0, (St+i - St+1(yn)) (m(yn) - m(y))

y - yn n-oo

If C - (st+1 - m(y)) 2 = 0 for some t's, the sums may have different numbers of terms,
but the same result holds. 26

Consider now the possibility of m(y) choosing S(y.) instead (i.e., the path starting at

y, instead of at S(yn). We can see that

Um(y)(S(Yn)) - Um(y)(Y)

= (1 - 3) (Um(y)(Yn) - Um(y)(Y)) + / (Um(y)(S(S(Yn))) - Um(y)(Y)) =

(1 - 3) ((y - m(y)) 2 - (yn - m(y)) 2) + / (Um(y)(S(S(Yn))) - Um(y)(Y)) =

(1- /) (y + yn - 2m(y)) (y - Yn) +0 (Um(y)(S(S(Yn))) - Um(y)(Y)) > 0

for high n, since Um(y)(S(s( y,)))- Umy)(y) is small relative to y -yn, and y+ yn -2m(y) -

2(y - m(y)) > 0, a contradiction.

Finally, we will show that s k (y) must converge to m*(y). Suppose WLOG that m(y) <

y, so m*(y) < y. Since sk(y) E [m*(y), y] for all y and the sequence is monotonically

decreasing, it must have a limit s* E [m* (y), y). Suppose s* > m*(y). By construction,

we know that m(s*) < s*, so there is ko such that m(sk(y)) < s* for all k > ko. Then

a strict majority of voters in I(sk(y)) (all voters to the left of m(sk(y)) and some to the

right) would prefer S(sk+ 2 (y)) over S(sk+1(y)), a contradiction. L

25 Note that k' is independent of n. If C - (st+1 - m(y))2 = 0 for all t, then for high enough n, k, k"
and k"' all equal k' because y, -+ y and st+1 (y) -+ st+1-

26 The fact that terms are replaced by 0 when negative can only reduce the difference between terms,
i.e., f(x) = max{x, 0} is Lipschitz with constant 1.
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Proof of Corollary 3. Let x* < x*+1 be two consecutive fixed points of m. Since m is

continuous, either m(y) > y for all y E (x*, x*+1 ) or m(y) < y for all such i. Moreover,
if m(y) > y for all y e (x*, x*+1)> we must have m'(x*) > 1 and m'(x*+1 ) < 1; these

inequalities become strict by our assumption that m'(xj) 4 1, which in turn implies that

the intervals must alternate (i.e., if m(y) > y for y E (x*, x*+1 ), then m'(x.+i) < 1, so

m(y) < y for y E (x+ 1, X+2) and so on).

Note that a fixed point of m is stable if m'(x*) < 1 and unstable if m'(x*) > 1. Since

m(-1) > -1 and m(1) < 1, x* and x* must both be stable, and stable and unstable fixed

points must alternate in between. Hence n = 2k + 1 must be odd; x* must be stable for

odd i and unstable for even i; and all equilibrium paths starting at any y E (x2k, x2k+2)

must converge to x2k+1-

Proof of Proposition 12. First, let x < x' E [X*, x***], where m(x*) = x*, m(x***) = X***

and m(y) < y for all y E (x*, x***). This is without loss of generality. Suppose x' < x* + d

and s(x) > s(x'). Then s(x) must be preferred to s(x') by a weak majority in I(x), and

the opposite must happen in I(x').

We consider three cases depending on how E(S(s(x))) compares to E(S(s(x'))).

Suppose first that E(S(s(x))) > E(S(s(x'))). Let I(x) = A U B U C where A =

[x-d,x'-d,), B = [x'-d,x*+d), C = [x* +d,x+d], and I(x') = BUCUD where

D = (x + d, x' + d]. Voters in A U B would never leave the club under either path,27 so

by Lemma 4 there is some ao E [x - d, x* + d] such that voters to the left of ao prefer

s(x') and voters to the right prefer s(x).2 8 On the other hand, voters in D must prefer

s(x) because they will quit immediately under both paths, so the tie-breaker is that they

myopically like s(x) better since x + d > s(x) > s(x').

Hence, if ao > x' - d, then all voters in A prefer s(x') and all voters in D prefer

s(x), a contradiction, since I(x) prefers s(x) but I(x') prefers s(x'). Thus it must be that

ao < x' - d, so all voters in B prefer s(x). But, since m(x') < x' < x* + d,29 B is a strict

majority of I(x'), so I(x') would prefer s(x), a contradiction.

Now, suppose that E(S(s(x))). E(S(s(x'))). Since s(x) > s(x'), this implies that

sk(X) K sk(X ) for some k > 1; let ko be the smallest such k. Then sko-l(x) > sko -(x') but

sko(x) < sko(xI). In addition, E(S(sko (x))) < E(S(sko (x'))) because otherwise E(S(s(x)))

would be higher than E(S(s(x'))). Hence sko-1(x) and sko-1 ') satisfy all the assumptions

of our first case, which we already know leads to a contradiction.

27voters in A would not be members under current policy x', but s(x') < s(x) < x and both paths are
decreasing, so they would be members in both continuations.

28There are also the degenerate cases where all voters in the interval prefer the same policy.
29 rn(x') <x' must hold unless x' = x**, but in that case we would have s(x') = x' > x > s(x).
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Finally, we prove that the Median Voter Theorem must hold. Let y E

[x*, min(x***, x* + d)] as above and suppose m(y) strictly prefers y' < s(y) to s(y). Then,
since s is increasing, E(S(y')) < E(S(s(y))), so by increasing differences and Lemma 4

all voters to the x < m(y) prefer y' to s(y). Some voters x > m(y) close enough to

m(y) will also prefer y' by continuity. Hence s(y) is not the Condorcet winner in I(y), a

contradiction. On the other hand, suppose m(y) strictly prefers s(y) < y' < y to s(y).

Then all voters in [m(y), x* + d] prefer s(y) by increasing differences, and some to the left

of m(y) prefer y' by continuity. On the other hand, voters x E (x* + d, y + d] prefer y' to

s(y) because x > x* + d > y (x's bliss point is higher than all the policies in both paths)

and sk(y') > sk+l(y) for all k (since s is increasing), which is strict for k = 0. Hence s(y)

is not the Condorcet winner in I(y), a contradiction. L

Proof of Lemma 7. Suppose that s 7 s'; in other words, the set A = {y E [x*, x**]
s(y) # s'(y)} is nonempty. Let y = inf A E [x* + c, x**) (y cannot be x** because

s(x**) = s'(x**) = x**). Also, note that the rule to always pick the highest Condorcet

winner is well-defined because, by continuity, a limit of Condorcet winners must also be

a Condorcet winner.

There are two cases. First, suppose s(y) = s'(y). Then there is a sequence y, -+ y of

policies for which s(yn) # s'(yn). If s(ynk) -+ y or s'(yn,) -+ y for some subsequence y, ,
then by continuity y is an optimal policy for I(y), contradicting Proposition 11. Hence

S(Yn), S'(yn) < y - 5 for n > no and some 6 > 0. Since the continuations to these policies

are contained in [x*, y-J], they are the same under s and s'. Hence S(s(yn)) and S(s'(yn))

must both be Condorcet winners in 1(y) under s. Hence, by assumption, s(yn) = s'(yn),
a contradiction.

Second, suppose s(y) / s'(y). Since both values are below y, S(s(yn)) and S(s'(yn))
must both be Condorcet winners in 1(y) under s, leading to the same contradiction. L

Proof of Proposition 13. First, given k > 1, assume a k-equilibrium of the form s(xn) =
k

lyk Xn .

Since s(xn) = Xn+k but s(xn-e) = Xn+k+i, m(Xn) must be indifferent between choosing

Xn+k and Xn+k+1. This implies
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E 3 /t(~j - Xn-(t~1)k)2 =

Ei 3t(ayx +t+1)kX) 2 -

2 - 7k fY2k

-2 + =
1 -13 1 - #7yk 1 -0721

k 2k

-2 +) = _

-2k(i - 2

k

7- (l + ) _

1 - #,32k

- S 
1 3
f axn - Xn-(t+1)k-1)2

E /t(ax - - (t 1)k+ X) 2

a 2 0 Yk + I 2 k + 2 2
1 --ik 1_ 2k

k+1 2k+2

-20' + 1
1 _ )3,k I _ 0,2k

2 -i _ -Y)1 - /31yk

2a

-_ yk

We now argue that there is a unique solution 0 < y 1. Let V(-) = Yk (1Y) 2a
< '-Yk < 1-3,2k 1-/37y

Note that V(0) = -2a < 0 and V(1) =(1-a > 0; hence, by continuity, there is at least

one solution between 0 and 1. Besides

V(1 ) OC W(1 ) (Yk + _yk+l)(I _ 03 1 k) - 2a(1 - #71 2k)

-2ce + -yk + -j k+l + (2a - i)/3 2k - ykl

Since the highest order term has a negative coefficient, we know that W(M) < 0 for

large M; hence there is also a solution larger than 1. On the other hand, by Descartes' rule

of signs, W has at most two positive roots. Hence there is a unique solution 0 < 1k < 1.

However, given the right 1k, any x0 can be used to start the sequence.

From here we can also show that yk is decreasing in k: let W(y) = W( 1y). Then

(1 , k) =17(1 + 71)(1 - #7) - 2a(1 -- #32). Clearly this is increasing in k for fixed

0 < - < 1. Since W is increasing around the solution, this means that the 1k that sets

W(k, k) = 0 must be decreasing in k, i.e., W(j' , k) = 0 where Zk is decreasing. Setting

1k = 't, we conclude that k( is decreasing.

Next we show that the constructed 8 k supports an MPE. First, by increasing differ-

ences, if m(xn) is indifferent between Xn+k and Xn+k+1, then all m(x) > m(xn) must

strictly prefer Xn+k between the two, and m(x) < m(xn) must strictly prefer xn+k+1-

Hence, mr(x) prefers Xn+k to all x, with r > n + k + 1 or r <n + k.

Second, we want to show that m(xn) prefers Xn+k to other policies x not belonging

to the sequence. We do this in two steps. First, we argue that yk+1 > a, which implies
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Xn+k+1 > m(Xn). Second, we argue that this yields our result.

For the first part, note that

Yk+1

(k + k+1)( _k _kll k

(1 - Y) < # (_k7 - yk+l) + k+1 _ yk))

< 0 (7k + 2 yk+1 +...+ 2 - 2 k)

Consider two cases. If k = 1, then the required inequality is 1 < 0(-y + 2-y2 ). Since

#3> 2, this holds as long as - > 2, since 1 < L. Next, we check that W(2) < 0, which
3- 273

guarantees that y > 2. It is easy to see that the worst case is when 3 is minimal, so

take /3= . Then W(2) = - 2a9 < 0 whenever a > L < 0.44. If k > 2, then it is

enough to satisfy 1 < 2( 7 k + 4 .y2k), which is true whenever 7k > .1 We then check that

W(j) < 0. Again, the worst case is when 1 is minimal, and we can bound ak+l < yk, so
22

W(1) < - 2acj < 0 whenever a> = 0.4.

Now, let's see that m(Xn) prefers Xn+k to any x not in the sequence. If x E

(xn+k+17 Xn+k), then s(x) = s(Xn+k+1). Since m(xn) < Xn+k+1 < X, m(xn) prefers Xn+k+1

to X, and the continuations are identical. Similarly, if X E (Xn+k+1-r, Xn+k-r) for r > 1,
then m(Xn) prefers Xn+k+1-r to x, and in turn prefers Xn+k to Xn+k+1-r. On the other

hand, if x E (Xn+k+1+r, Xn+k+r) for r > 1, then we know by the previous argument that

m(Xn+r) prefers Xn+k+r to x. Then m(Xn) must also prefer Xn+k+r to x by increasing

differences, and in turn he prefers Xn+k to Xn+k+r-

Next, we check that, if x e (Xn, n_1), m(x) prefers Xn+k to any other x. That he

prefers Xn+k any x < Xn+k follows from the fact that Xn+k is optimal for m(Xn), plus
increasing differences. On the other hand, he prefers Xn+k any X > Xn+k because Xn+k is

optimal for m(xn_ 1 ).

Finally, we construct a continuous equilibrium. In general, s must solve

s(x) = arg max E 0' (C - (m(x) - s'(y))2 ).
Y t=O

If s is smooth, then y = s(x) must satisfy the first order condition

/0 t-1
3 -2(m(x) - st (y)) jJ s'(s(y)) =0.

t=o i=

Since m(x) = ax, we look for a solution of the form soo(x) = -yx. We obtain
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00 t-1 00

t=O i=O t=O

whence = - -. By similar arguments as before, there is a unique solution

0 < y < 1 to this equation, and it follows that y -+ Yx because the equations

pinning down -y converge to this one. Finally, OUm1(.)(S(y))yIv=yO > 0 for yo < s(x)

by increasing differences, since OUm(-1(yo))(S())yjy=,. = 0 by construction; similarly,

OUnj(x)(S(y))yy=y, < 0 for yo > s(x). Hence y = s(x) actually maximizes U..(x)(S(y))

and s,, is an MPE. 0

Proof of Proposition 14. First, we construct a sequence of approximate 1-equilibria as

follows. Note that, since f is continuous, m must be C', so m'(x*) = a is well defined.

For each i, construct an increasing mi E Cl[x* x**] such that mi(x) = - x*) + x* for

x <x* + I and mi -+ m in the Cl norm, i.e., Ijmj - mrnI -+ 0 and I|m' - m'j . -+ 0.

Now, for each mi, we construct a 1-equilibrium si as follows. Let x' E [X*, x* + )
and define si(x) = s*(x) for x < x* + 1, where s*(x) is the 1-equilibrium constructed in

Proposition 13 with xO = x'. Then extend si(x) beyond x* + 1 in the usual way: WLOG

let x' be the highest element of the sequence below x* + . Then, by Lemma 5, there is

a unique y that is indifferent between x' and S(x') (hence indifferent between S(x') and

S(x')), so define '1 = m 1 (y). Proceed likewise to define all x,.

Next, we check that the constructed sequence indeed yields a 1-equilibrium. By the

same arguments as in Proposition 13, mi(xn) is indifferent between x+1 and x,+ 2, and

prefers these to all other elements of the sequence; and x E [xn, Xn1) strictly prefers Xn+1

to all other elements of the sequence.

Finally, the so far unproven part of the result is that, if 3 is high enough and mi is

well-behaved, then policies outside of the sequence are never optimal. This is equivalent

to the condition mi(xn) < Xn+2, which guarantees that Xn prefers Xn+2 to any point in

(Xn+2,1Xn+l)-

Next, we argue that there is a way to choose x' so that x is an element of the sequence.

By construction, for each n, xn is a continuous function of x'. If x is never an element of

the sequence, by reducing x' and making it arbitrarily close to x*, we can obtain equilibria

where the interval [x* + 1, _] has no elements of the sequence in it, which easily leads

to a contradiction. (The idea is that elements of the sequence initially above x cannot

leapfrog it by continuity, and there are only finitely many elements initially in [*+ , _],
which can all be reduced below x* + - by lowering x' enough). Let s* be a 1-equilibrium

setting xO = x.
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Now, we construct a 1-equilibrium s for the true median voter function m, such that

the s* converge to s in terms of their defining sequences, i.e., xjn -+ x" for all n. We do

this by a diagonal argument: we already know that xio = x for all i, so xO = x works.

Next, for all i, xil must be contained in [x*, x], so we can take a subsequence of the si

such that xi1 -+ x1 . (Again, x, cannot equal x by a similar argument as in Proposition

11). Next, we take a subsequence such that the Xi 2 also converge, and so on. Finally, all

the optimality conditions that made the si 1-equilibria under mi make s a 1-equilibrium

under m by continuity.

Next, we check that xn --+ x** as n -+ -oo, as intended. This follows from an

argument similar to Proposition 11: if x,, instead converged to some x < x**, then it

would be optimal for x to choose s(x) = x, which in fact is always worse than some

x'< x.

Finally, note that s is weakly increasing by design, and our consruction does not rely

on being within the interval [x* , x* + d]. The Median Voter Theorem also holds even

outside of [x*, x* + d], which is clear from our arguments above (all voters above m(xn)

prefer x,+1 to any other policy, and all voters below m(xn) prefer Xn+2 to any other

policy). El

Proof of Proposition 15. We will assume that s is analytic and characterize it in a small

interval around x*, exploiting the condition that m is analytic.

Consider a candidate equilibrium given by s(x). For x close to x*, s(x) solves

00

s(x) = arg maxE 4' (C - (st (y) - m (x))2 )
y t=O

Thus, if s is smooth, then y = s(x) satisfies the first order condition

00 t-1

E3t (m(x) - st(y)) H s'(s(y)) =0.
t=O i=0

WLOG let x* = 0. Remember that, by Proposition 13, if m(x) = ax is linear around

the steady state, there is a unique linear solution s(x) = -lx. We can in fact extract

a stronger conclusion: suppose that m(x) = E an " and we are trying to choose a

9(x)= E'-ynx such that

#3 (M(x) - 9t+1(X)jit .+1()) = O(x2),
t=O i=O

106



i.e., such that both the LHS and its first derivative vanish at x = 0. Then, it is necessary

and sufficient to choose 'T- =y as above. Intuitively, the 7. for n > 2 will be multiplied

by higher order terms, which have no effect on the first derivative. Indeed, the LHS can

be rewritten as

00 t-1 CXD

j #l3 (ax - 1x + 0(x 2)) fl(1+ 0(x)) =,6t ((ax - y+1x)-y + O(X2)),
t==O i=O t= (

so the condition pinning down 'T1 is the same as in Proposition 13.

We can then use a similar method to determine the rest of the coefficients inductively.

In general, we argue that given m(x) as above, there are unique values *, .. ., y*, such

that
cc t-i

Z #3 (m(x) - st +1 (x)) fj J (g'i+()) O -n+1)
t=O i=O

iff ' = 41, . . . , '- = ,*. We have already argued the case n = 1. For n > 1, we know by

assumption that -1, . . . , 7,_-1 are already determined. In addition, terms containing a -yj'

factor are always of order at least n; and for terms of order exactly n, there is never a 'T,

factor for m > n, or more than one 'yn factor. Finally, if we choose Ti, ... , n-1 as before,

terms of order n - 1 and below will vanish. Thus, the above expression is of the form

(Pn + inY)x" + O(xn+1 ),

where p,, and 7,. are polynomials in -1, . . . , 'x_, so that we can simply choose -y =-

and this is the only option. The main complication here is showing that qn is not zero.

To do this, we characterize it explicitly. Note that our expression can be written as

#/t ((-Pt+1xn)7t) + 5 * ((ax - A1+ 1x)Qtx--1) + E /3Rtx" + o(xn+l),
t=o t=o t=o

where Pt+1 are factors in st+1 (x) with order n and coefficients divisible by -y.; Qt are

factors in (st(y))'y=ys(x) with order n - 1 and coefficients divisible by NT; and Rt is a

polynomial in 1, .... , -- , a 1 , ... , a,, so that E /3tRt = pn.

Next, by inspection, we can show that
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Qt= nPtyi-X

Hence, focusing on the coefficients containing -yn, our expression becomes

t (-Pt+17)

t (-Pt+17i)

00

+ #3t ((a - 2 1 y
t=o

+ ((a -n11 p7-1)
t=O

#t (-Pt+174 + (a - 7t+1 n-1

00 O~

t 1 -1

t( - (n-1)(t+1))t +1 (t-ln-1)t-(n-

H i + 71 7"1 + anyl- 21 - 12-i 1 - en4 21 t + n7 -i71)+

Adding up all the infinite series, we obtain

1n-1

1 - # 1 -

anyn-2+ 1
+ 1

1 yI n nni-

1 - #+ 1 - 17y+1 + -

1 an7 ~-2  (n + 1)YW 1

1 7 1 7 1 -#71
-/2 3 n + 1)3,n+l

1, 2___ a-yn (n + 1)-'+I~
oc +

l-1 3 y1a71 an- I (n + 1)_n+l

1 -y 71 + 7 1-#7+

n-1

ni

1

anyW 2

1 -
n-I

+ i n-+
11

+
1 -

n-1

1 _ i3-yj+1

We can then check manually that this expression equals zero for n = 1 and is decreasing

in n; hence, for n > 2, 77n # 0.

By proceeding this way we can define a s such that the Taylor series of the expression

above is identically 0. Since the expression is analytic by construction, it must in fact
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be 0, which means s is a solution. If the constructed series has a positive radius of

convergence, this defines an analytic solution within some interval [x*, x* + e), which can

then be extended as per Lemma 7, although the extension may no longer be analytic (or

even continuous).

Proof of Proposition 16. A continuous solution s(x) must satisfy the first-order condition

E -(t - s'+1(x)) s
t=O i=1

Since s is given here, this implies

mn(x) - = -0i 9 iW
Et# /3t fl s'( i(x))

s(x) + 3s2(x)s'(s(x)) + ,32s(X)S(S2(x))s'(s(x)) + ...

1+ ,s'(s(x)) + #2S1(S2(x))s'(s(x)) +...

pinning down m(x). It is easy to check that m is continuous, m(x*) = x* and m(x**)

x**; in addition m(x) maps into [x*, x) for interior x because it is a weighted average of

values of the form st (x), which are in [x*, x) by assumption.

Next, we show that s supports an MPE given m. Since s is well-behaved, W(E) is

concave. We can check that Um(x)(S) = - (m(x) - E(S)) 2 + W(S) + E(S)2 = -m(x) 2 +
2m(x)E+W. Written in these terms, the first-order condition is 2m(x) = -W'(E). Since

W is concave in E, we know that this guarantees optimality. Moreover, s(x) is increasing

in x => E is increasing in x => -W' is increasing in x by the concavity of W = n(x) is

increasing, as intended. E

Proof of Lemma 8. Since st(x) is continuous and decreasing as a function of t, for each

y < x there is a unique d(x, y) > 0 such that sd(x,y) (x) = y. Conversely, d(y, x) < 0 if

x > y (in fact, by additivity, d(y, x) = -d(x, y)).

Moreover, d(x, y) is decreasing in y. Since st(x) is C' in t by assumption, d(x, y) is

C1 in y, so we can define e(x, y) = ay so that d(x, y) f e(x, z)dz. From the

additivity of s with respect to t it follows that 9d(xY) depends only on y, so e(x, z) = e(z)
'9 y

as desired. El

Proof of Proposition 17. Consider first x E [x*, m1 (x* + d)), so that the median voter

m(x) never leaves the club. Then, the condition
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C - (M(X) - X)2 = j re- max (C - (m(x) - st(x))2, 0) dt

boils down to

(m(x) - x)2

m(x)2 - 2m(x)x + x 2

j re - (M(x) - st(x)) 2 dt

m(x) 2 - 2m(x) re-rtst(x) + j re-t(sI(x))2

2m(x)(x - E(x)) = x2 - W(X),

where E(x) = fo re-rst(x) and W(x) = f0're* (St (x)) 2 . Now, note that E'(x) =

re(x)(x - E(x)) and W'(x) = re(x)(x 2 - W(x)). (This can be seen easily if we rewrite

the integrals as E(x) = fL rer Y e(z)e(y)ydy, W(x) = fL. re-rf e(z)e(y)y2dy by a change

of variables). In particular, this together with the above implies 2m(x)E'(x) = W'(x).

Now derive the above equation to get

2m'(x)(x - E(x)) + 2m(x)(1-E'(x)) = 2x - W'(x)

2m'(x)(x - E(x)) + 2m(x) = 2x

E(x) =n'(x)x + m(x) - x- x+ m(X) x
m'(x) m'(x)

E'(x) = 1 + m'(x) - 1 (m(x) - x)m"(x)
m'(x) (m'(x))2

x - m(x) 2m'(x) - 1 _ (m(x) - x)m"(x)
re(x) = re(x)(x - E(x)) = M____ _ ______

e(x) = 1 (2r'(x) - 1 "(x)
r \x - M(x) m'(x)

as desired.

For x > m-1 (x* + d), let E(x) = fO re- max(st(x),m(x) - d), W(x) =

f0 re-rt max((st(x)) 2 , (m(x) - d)2 ) and Ex. (x) = re-rtmax(s(x),m(xo) - d),
WXO(X) = f re-rt max((st(x) )2, (m(Xo) - d) 2 ). Essentially, E and W are statistics for

a truncated path where policies below m(x) - d are instead set equal to m(x) - d; Ex0,
tVx are based on the same concept but make the lower bound for truncating policies,
m(xo) - d, independent of x. Note that, in particular, 5x(x) = E(x) and WX(x) = W(x).
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By the same arguments as before, 2m(x)(x - E(x)) = 2 - W(x). In addition

My (x)
X = re(x)(x - 4W(x))

awy (x) 2
X re(x)(x - Y(x))x

E'(x) = re(x)(x - E(x)) + e-t*(x)m'(x)

W'(x) = re(x)(x 2 - W(x)) + 2e-r*(x)m'(x)(m(x) - d)

The former two equations follow as before; the latter include a second term which

results from the lower bound, m(x) - d, being shifted up as x increases. Here t*(x) is the

time it takes to reach the lower bound, i.e., t*(x) = d(x, m(x) - d).

Deriving our first order condition, we now get

2m'(x)(x - E(x)) + 2m(x)(1 - E'(x)) = 2x - W'(x)

2m'(x)(x - E(x)) + 2m(x) - 21n(x)re(x)(x - E(x)) - 2e-*(x)m(x)m'(x)

= 2x - re(x)(x 2 - W(x))-2ert*(x)m'(x)(m(x) - d)

2m'(x)(x - E(x)) + 2m,(x) = 2x + 2e-rt*(x)m'(x)d

E(x)
m'(x)x + m(x) - x - e-rt*(x)m'(x)d

m'(x)

(xm) = x + x- de-t*(x)
m'(x)

We can now derive this expression to obtain

E'(x) = A + de -*(x)r(e(x) - e(m(x) - d)m'(x))

re(x)(x - E(x)) + e-rt*(x)m'(x) = A + de-rt*(x)r(e(x) - e(m(x) - d)m'(x))

re(X) + e-rt*(x)m'(x) = A
m'(X)

e(x) = 1 (2m'(x) - 1. + "(x)
e rx = + MX I)

- de-rt*(X)re(m(x) - d)m'(x),

_(m'(x) ) 2 e-sr*(x) /
- m(X) We(m(x) - d)d +

as desired.
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Finally, note that all these calculations are made assuming that the first-order con-

dition um(x')(x') = Um(x')(x') holds in a neighborhood of x. In particular, this implies

e(x) > 0. If at any point the e(x) calculated above becomes negative, it means that no

non-negative delay around x can sustain the FOC, so e(x) = 0 and um(,x') (x) < Un(x')(x')

for x' > x close to x. Then, so long as um(x')(x') < Um(x')(x'), we must have e(x') = 0

(since m(x') would strictly prefer to move away from x'). L

Proof of Lemma 9. If there are three points x1 < x 2 < x 3 E (x - d, x + d) such that

f (x1), f (x3) < f(x 2 ), then there is a local maximum of f in (x1, x 3) ; (x - d, x + d), as

desired. Hence, if there is no local maximum, there must be x* E (x - d, x + d) such

that f is decreasing in (x - d, x*] and increasing in [x*, x + d). Suppose WLOG that

f(x - d) < f(x + d). Remember that, by definition, F(m(x)) - F(x - d) = F(x+d)-F(x-d).
2

this implies

f'(m, ,( = f(x+d)+ f(x -d)
2

given that m(x) = x. Since x is a stable steady state, m'(x) < 1, so f'(x) > f(x+d)+f(x-d) >
2

f(x - d). Hence x > x*. But then fI(x-d,2) f(x) fI(x,x+d), where the first inequality

is sometimes strict. Hence F(x + d) - F(x) > F(x) - F(x - d), which contradicts the

assumption that x was a steady state.

The other case is analogous.

Proof of Proposition 18. The case where the cluster is composed of a single club is trivial.

If j > i, we first argue that m(xi) > xi. Suppose otherwise that m(xi) xi; this

would imply that a club with policy xi would drift downward in the single-club game,
or at best stay put. In this case, the actual median voter of club i is lower than in the

single-club case, because some voters to the right of xi who would belong to club i will

instead be in club i + 1. In other words, m(hI) < m(xi) < xi. Thus club i would drift

away from the cluster in this case as well. Similarly, m(xj) < x3 .

Next, we will characterize the tuple (xi, xj+1, ... , xj) as a function of xi. Let el be the

rightmost member of I, for 1 = i, . . . , j. First, since there is no club immediately to the left

of club i, all the voters in (xi - d, xi) belong to i. For i to be in steady state, xi must be the

median member, so F(ej) - F(xi) = F(xi) - F(xi - d). This condition pins down a unique

value for ej. Since ej must be indifferent between belonging to clubs i and i +1, they must

give the same utility, i.e. ej = Xixi. This pins down xj+ 1 = 2ei - xi. Then again, for

i + 1 to be in equilibrium, there must be equal numbers of voters to the left and right of

xj+1 in the club; this imposes the condition F(ei+1 ) - F(xi+1 ) = F(xi+1 ) - F(ej), which

pins down ei+ 1 , and so on. Thus, given xi, there is always at most one tuple (i+1, ... , xj)
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compatible with steady state. Finally, for club j, there is the extra condition that its

rightmost voter ej must happen to be xj + d, which serves to pin down xi. If f is a

non-constant polynomial, then we can check that the entire system has a finite number

of solutions by B6zout's theorem.

Finally, suppose that f is log-concave. We will show that ej - xj is an increasing

function of xi, so there is a unique valid choice of xi that sets ej - xj = d. The argument

has three parts:

* Let f(x) = eg(x) with g(x) concave. Then, for any x' > x,

f(r') - f(x)
- F(x') - F(x) <gx

To see this, first note that if h(z) = keg' and H(z) = fz h(w)dw then for any z' > z

h(z') - h(z)
H(z') - H(z) -

Now take k, g such that h(x) = f(x) and h(x') = f(x'). Since f is log-concave and h

is log-linear, h(x") < f(x") for all x" E (x, '). Then H(x') - H(x) < F(x') - F(x).

In addition, g'(x) g, as otherwise h(x) = f(x) would imply h(x') > f(x'). Thus

, h(x') - h(x) f(x') - f(x)
H(') - H(x) F(') - F(x)'

On the other hand, take k, g such that h(x') f(x') and g = g'(x'). This implies

h(x") f(x") for all x" < x', so h(x') - h(x) < f(x') - f(x) and H(x') - H(x) >

F(x') - F(x), hence

, ,) h(x') - h(x) f(x') - f(x)
9KX) = H(x') - H(x) -F(') - F(x)'

o Take an interval (x, x + r) with r fixed and let q(x) be such that F(x + q(x)) -
F(x + r) = F(x + r) - F(x). We want to show that q(x) is increasing. To do this,
note that F(x + q) - F(x + r) is increasing in q, so q(x) is increasing around xo

iff f(xo + q) - f(xo + r) < f(xo + r) - f(xo) (i.e., if we leave q = q(o) fixed and

increase x + q at the same rate as x, then the left hand side does not increase fast

enough).

Note that, by assumption, F(xo + q) - F(xo + r) = F(xo + r) - F(xo) so it is
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equivalent to show

f(xO + q) - f (xO + r) f (xo + r) - f(xo)
F(xo + q) - F(xo + r) - F(xo +r) - F(xO)'

This is true because, by the previous item,

f(xo+q)-f(xO+r) <g'(xor)< f(xo + r) - f(xo)
F(xo +q) - F(xo +r) - F(xo +r) - F(xo)

o The above argument implies that ej(xi) - xi is increasing in xi, if we take x = xi - d,
x + r = xi, ej = x + q(x). Then, in particular, ei(xi) is also increasing, as is

xj+1 - ej(xi) (because it is equal to ej(xi) - xi). If we denote x - r = ej, x = xj+1,

then the previous argument tells us that e i+ - xj+1 is increasing if we increase x - r,
x by the same amount, and it is also clearly increasing in r (since lowering x - r

increases F(x) - F(x - r), it requires increasing F(x + q) - F(x)). Thus ei+1 - xj+1 is

increasing in xi. The same argument can be carried through by induction to ej - x.

Moreover, ej - xj is strictly increasing in xi unless f is exponential, i.e., log-linear

(in which case all our inequalities above are equalities).
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Chapter 3

Electoral Competition and Term Limits

3.1 Introduction

The design of term limits in presidential republics has garnered much debate. Most

presidential polities stipulate some term limits, which restrict the number of times that a

person can be president, either in a lifetime or consecutively. For example, in the United

States, a politician can serve as president for at most two four-year terms in total. In

Argentina, a candidate can be president for at most two consecutive terms, but can run

again after waiting for one term. Similar restrictions exist in most countries which have

adopted a presidential or semi-presidential system. In some cases, term limits also apply

to other elected officials, such as governors or legislators. The tradition of term limits

goes back to ancient Greece and the Roman Republic, where many public offices had such

constraints: for example, Roman consuls served for one year at a time and had to wait

several years to stand for election again.

Proponents of term limits often argue that such constraints curb authoritarianism.

As the argument goes, frequent turnover of politicians is necessary to maintain a healthy

democracy; removing term limits would lead to a powerful president becoming entrenched,
which would ultimately hurt voters. This fear is present even in well-established republics

where abuse of formal power or outright dictatorship are unlikely outcomes. For example,
prior to the Second World War, the United States had an informal rule such that most

presidents did not seek to run for more than two terms. The rule was broken by Franklin

D. Roosevelt who ran successfully four times, although he died a year after being elected

in 1944 for the fourth time. Seeing this as a threat to democracy, Congress subsequently

passed the Twenty-second Amendment, formalizing the two-term limit. In the words

of 1944 Republican nominee Thomas Dewey, who campaigned in favor of the reform,
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"Four terms, or sixteen years, is the most dangerous threat to our freedom ever proposed"

(Jordan, 2011).

However, this common wisdom clashes with standard models of dynamic electoral

competition, where term limits tend to reduce welfare. To fix ideas, consider a world

with discrete time t = 0, 1,... and two parties, L and R. Voters are forward-looking

and care both about policy and the president's ability. Each party without an incumbent

produces a candidate of ability Oj ~ F through an exogenous stochastic process every

period. Suppose parties' platforms are fixed, so ability Oi is directly translated into voter

payoffs. Then the only effect of term limits is to restrict the choice set faced by voters,
leaving them worse off. Introducing an ex post effort decision would tilt the scales further

against term limits, since the prospect of reelection is required to incentivize effort. For

instance, in Ferejohn (1986), politicians are homogeneous but choose an effort level while

in office, and voters use a retrospective rule to reward effort; Reed (1994) extends the

model to the case where politicians have heterogeneous ability. In both cases, term limits

would remove incentives and make such rules less effective.

The question then is: what are term limits good for? If they serve to prevent au-

thoritarianism, are they useful in strong democracies? Or are they only justified in weak

democracies, where a shift to non-democracy (through bribes, vote-buying, clientelism or

regime change) is a real danger?

The paper answers these questions affirmatively: term limits can be beneficial even in

a society with strong formal institutions. To show this, I add two forms of endogenous

competition to the basic model described above: strategic challenger entry and strategic

platform choice. The former means that candidates compare costs and benefits when

deciding to run for office; in particular, if a strong incumbent is running for reelection, a

potential challenger has a lower incentive to run because he is unlikely to win. The latter

means that candidates choose platforms during the election campaign. In doing so, they

balance their own desire for biased policies with the need to sway enough voters to defeat

the other candidate.1 The losing candidate then plays a disciplining role: the stronger he

is, the less the winner can bias his policy and still win.

This creates two channels through which term limits improve welfare. First, term limits

alleviate the deterrence effect which results from strategic challenger entry. Intuitively, a

strong incumbent will sooner or later come to power; if there are no term limits, he will run

for reelection indefinitely. If competition is costly, challengers will not run against him,

'Here, policies can be interpreted either as "valid" choices that differ ideologically, such as a left-right
spectrum, or as a decision of whether or not to shirk, engage in corruption, etc.
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since their chance of success is low. Hence the incumbent faces little competition, which

enables him to extract rents through platform choice. Term limits break this vicious cycle

by periodically removing the incumbent, which creates a fair ground for competition.

Second, term limits mitigate the outside option effect, which results from strategic

platform choice combined with forward-looking voters. The premise is that voters care

about the offered ability and policy menus today, but also about the continuation utilities

that each politician will generate. With strong term limits, the continuation is indepen-

dent of who is elected today (because they will be replaced anyway), but with weak term

limits a bad candidate will stay in the system longer if elected, generating a bad continu-

ation as well. As a result, weak term limits lead to bigger gaps between the attractiveness

of good and bad politicians. This allows good politicians to extract more rents when they

face a bad competitor, since voters have a lower outside option.

Both strategic entry and platform choice are essential to the story, as it is the com-

bination of the two that yields the key mechanics of the model. To see this, consider a

model with strategic entry but fixed platforms. Challengers would still be deterred by

strong incumbents, but this would not be a problem: once a good politician is found there

would be no further need for entrants. Hence term limits would still be welfare-reducing.

On the other hand, in a model with platform choice but exogenous entry, the outside

option still operates, which may by itself justify the use of term limits. But the intuition

behind this model is incomplete, leading to misleading predictions. First, by ignoring

deterrence, the model would generally underestimate the value of term limits. Second,
since the outside option effect hinges on voter patience, it would conclude that term limits

are useless if voters are myopic. 2 But, in the full model, this is precisely when term limits

are needed the most, as myopic voters will fail to foresee the rise of strong incumbents

who can exploit them. The deeper issue is that the combination of strategic entry and

platform choice creates an intertemporal dilemma for voters, which is missing from these

incomplete models: very good politicians offer high payoffs now, but they will be worse

in the future, as they will take advantage of the lack of competition to bias their policy

and/or engage in corruption.

However, note that even in the full model term limits are not necessarily beneficial, as

they have two negative side effects. First, they force voters to inefficiently discard good

politicians. Second, they may in their own way discourage challengers through the prize

effect: if politicians care about how long they will stay in office, term limits may reduce
2This is an important variant, as in reality it seems likely that many voters would not think strategically

about future elections and only compare the offered utilities in the current period. The same insights
also apply if voters are rational but do not care about future generations.
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their incentives to compete by limiting their expected tenure. As a result, the overall

welfare impact of term limits is ambiguous in principle.

My characterization of optimal term limits reflects these insights. I focus on two

aspects: the level of term limits (should they be strong or weak?) and their structure

(what type of conditions should they be based on?). Concerning the former, any level of

term limits may be optimal depending on parameter values. Strong term limits are better

when politicians are more biased-so that limiting rent extraction is more important-and

when the cost of entry is intermediate. Why is that? Intuitively, the higher the cost

of investing, the worse the deterrence effect will be, making term limits more desirable.

But, if investing is so costly that candidates do not even contest open elections, then it

is better to relax term limits to increase entry though the prize effect. In addition, I

consider the case where the social planner cares about the future but voters are myopic.

In this case the outside option effect vanishes, since voters do not care about continuation

utility either way, but the cost of entry deterrence increases-since good incumbents can

still deter challengers and extract high rents, but myopic voters will fail to see this coming

or punish it. Thus term limits become useless when the cost of investing is low, as there

is little entry deterrence to prevent, but even more essential when the cost is high.

As for optimal term limit structure, I focus on three broad types of schemes. Sta-

tionary term limits are given by a fixed probability p that an incumbent can run for

reelection, independent of seniority. Classic term limits, the ones widely used in reality,
allow politicians to rule for at most k terms. Finally, block term limits force an open elec-

tion every k terms. Again the optimal rule depends on whether agents are forward-looking

or not. If they are, stationary term limits are generally best. The reason is that classic

and block limits create artificial incentives that agents respond to, with perverse effects.

For example, classic term limits can create an incumbency advantage-incentivizing voters

to reelect the incumbent over an equally qualified challenger-due to what I call the open

election effect. The premise is that open elections are desirable by virtue of generating

more competition. Then, since classic term limits are more binding for senior politicians,
voters know that the fastest way to get a new open election is to reelect the incumbent

until his terms run out; electing a challenger would reset the clock.3

3 This is a genuine advantage, i.e., it makes the incumbent preferable to an equally good challenger.
This is different from other mechanisms proposed in the literature, like the electoral selection effect
(Gowrisankaran et al., 2008; Zaller, 1998), whereby incumbents are better than the average politician,
by virtue of having won past elections; and the strategic challenger entry effect (Cox and Katz, 1996;
Stone et al., 2004; Gordon et al., 2007b), whereby challengers are deterred from running against good
incumbents. These effects-which are also encompassed by my model-would also lead to incumbents being
reelected with high probability, but not conditional on the challenger being of high quality.
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On the other hand, if agents are myopic, then block and classic term limits dominate

stationary limits; and a hybrid rule that combines block and classic limits is optimal

among a broader class of schemes. The mechanics behind this result are different, as

agents no longer respond to perverse incentives. Essentially, term limits serve as a tool

for raising or lowering the probability of certain continuations occurring. Block and classic

limits can, to some extent, selectively rule out the bad continuations (where incumbents

extract too many rents) while retaining the good ones, by using seniority or calendar time

as a proxy for the relevant state of the world; at the other extreme, stationary limits are

not selective at all, since they are completely random.

Finally, I show how the model can be extended to explain regime change, an important

case since most attempts to change term limits are led by an incumbent, rather than made

ex ante by a social planner. I focus on an example where voters can change the scheme on

the fly through referenda. In general, voters choose to discard bad incumbents and allow

good incumbents to run for reelection, but when the cost of entry is high (i.e., there is a

high potential for deterrence) they will also deny very good politicians, a form of "fear of

tyranny". This flexible scheme may yield higher or lower welfare than a fixed rule: while

tailoring reelection offers to the incumbent's quality is more efficient in principle, allowing

voters to change the scheme opens them up to commitment problems, especially if they

are impatient.

This paper ties into the theoretical literature on dynamic elections and term limits.

The way I model electoral competition is closest to Ashworth and Bueno de Mesquita

(2008, 2009). The former presents a two-period model with strategic entry but fixed

platforms, while the latter studies a static model with strategic investment and platform

choice. Although both share ingredients with this paper, it is the combination of all

three elements-strategic entry and platform choice in a dynamic setting-that drives the

key mechanics and enables welfare analysis. For instance, the former paper shows that

incumbency advantage occurs because of electoral selection and strategic entry (a result

that my model reproduces), but this has no welfare consequence without platform choice,
while it is clearly detrimental in my model.

Other papers about dynamic elections, based on different premises, yield insights on

term limits (whether mentioned by the authors or not). For example, in Alesina and

Cukierman (1990), Hess (1991) and Smart and Sturm (2013), candidates have privately

known preferences and policies serve as signals; term limits change the value of reputation-

building in the signaling game. In Aghion and Jackson (2014) a leader with uncertain

ability must be incentivized to take risky actions, but voters will be tempted to fire
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him if in the process his ability is revealed to be low. In Ashworth (2005) politicians

with uncertain ability are motivated by career concerns to exert effort. In Rogoff and

Sibert (1988) and Rogoff (1990) politicians create political business and budget cycles to

misrepresent their ability; in Harrington Jr (1993), the effectiveness of policy is uncertain

and politicians may choose policies which are popular but inefficient. All these papers

share a common theme: if the politician's ability or preferences are private information,
reelection prospects lead to signaling behavior, which may be good (e.g., when it induces

centrism) or bad (e.g., when it induces budget cycles). Conversely, term limits mute

incentives to signal. Though interesting, this line of research is unrelated to the story in

this paper, which does not rely on private information.

There is also a sizable empirical literature on term limits, policy choice and the in-

cumbency advantage, which broadly supports the mechanics of the present model and its

predictions. For instance, Gowrisankaran et al. (2008) argue that incumbents with long

tenure in the US Senate deter challenger entry, and term limits would increase welfare

by preventing this. Carey et al. (2000) and Lee (2008) provide additional evidence of the

incumbency advantage for U.S. Representatives and its causes. These papers support the

assumption of strategic challenger entry and its logical consequence, entry deterrence.

On the other hand, Gordon et al. (2007a) show that judges facing electoral competi-

tion cater to voters by being harsher; and Acemoglu et al. (2013) find that chiefs in

Sierra Leone facing less competition generate worse economic outcomes. This parallels

the model's prediction that politicians bias their policies more when unconstrained by

challengers. Finally, I identify a novel source of incumbency advantage: the open election

effect, described above, suggests that incumbency advantage may be stronger when there

are (classic) term limits. This prediction is consistent with Querubin (2011), which finds

that the introduction of term limits to the Philippines has actually made incumbents safer

prior to the end of their tenure.

Finally, the paper is related in spirit to the literature on predation and entry deterrence

in industrial organization, and to the hold-up problem in contract theory. The logic of

strategic entry, deterrence and platform choice extends to domains other than politics: we

can recast the voters as a principal that contracts with agents (politicians) to complete

a project. If it is costly for outsider agents to make a bid for the job, the incumbent

can bargain for a larger share of the surplus; to avoid this, the principal may prefer an

incumbent that is not too competent.

The rest of the paper proceeds as follows. Section 3.2 presents the model. In Section

3.3 I characterize the equilibrium under stationary term limits, which is the simplest case.
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In Section 3.4 I analyze the welfare impact of term limits, and obtain comparative statics

with respect to the level of bias, the cost of investment and voter patience. In Section 3.5 I

characterize the equilibrium under classic and block limits and compare their performance

to that of stationary limits. In Section 3.6 I extend the model to allow for endogenous

regime change. Section 3.7 concludes.

3.2 The Model

Consider a society composed of a uniformly distributed continuum A [-C, Cl of voters,
where C > 1. Time is infinite and discrete; agents live forever and have a discount factor

3 < 1. In each period a politician is elected president through democratic elections. Voters

care both about the ability of the president and the ideological slant of their policy. The

ex ante utility of voter a is

00 00

Ua (06 1, (X00, = : Otu.,(0t, x ) = 0' (Ot - A (a _ xt )2)
t=O t=o

where Ot is the ability of the incumbent at time t; xt is the policy at time t; and A > 0 is a

constant that reflects the relative importance of competence vs. ideology. All voters prefer

competent politicians, but they differ in their policy preferences, with voter a having bliss

point a.4

Politicians are chosen as follows. There are two parties, L and R, who field candidates

with bliss points -C and C respectively, where 0 < C < C. Every period, each party

presents a candidate to the general election. If the incumbent can run for reelection, he

automatically becomes his party's candidate and the election is called closed; otherwise

(for example, at t = 0 or when term limits forbid reelection) there is an open election.

Parties without incumbents produce challengers.5 A prospective challenger can make

an investment q to improve his quality, at a cost cq. With probability q this results in the

challenger's 0 being drawn from a distribution F, given by a continuous density f with

support [0, 1]; with probability 1 - q the process fails, resulting in a default 0 = 0. A

candidate's ability 0 is fixed forever once it is drawn.

Excluding the cost of investment, a politician with bliss point a has utility given by
4Alternatively, xt can represent rent-seeking or corrupt behavior by the politician. In this case all

voters have bliss point a = 0 and the politicians want as much corruption as possible; most results below
can be reformulated for this version of the model.

5To simplify matters we assume that politicians who either have run in the past and lost, or who
have been barred from running by term limits, cannot return to politics, so only new challengers can be
chosen.
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Wa(It, xt) = j 3' [R+ - (-(a - xt)2 + a')] It,
t=o

where It is 1 if the candidate is president at time t and 0 if not; R represents the value

of rents from office; a equals -C if he belongs to the leftist party and C otherwise; and

-y reflects the relative importance of holding office vs. policy preferences. 7 In particular,
we assume that the politician only cares about policy when he is in office (i.e., the second

term is multiplied by It).

Electoral competition takes place as follows. Once each party has produced a can-

didate, their abilities are publicly revealed; then each candidate i simultaneously picks

a policy platform xtu E [-C, C] that will be implemented if i wins. (This is a credible

commitment, but no promises can be made about what platforms will be offered in future

elections). Given these observed abilities and platforms, each voter chooses the politician

offering her the highest expected utility.

3.2.1 Term Limit Schemes

In general we allow for random term limits, given by a sequence (pk)k>o of probabilities

such that po = 1, 0 pk 1 Vk > 1, and if pm = 0 then pk = 0 Vk > m. The scheme

works as follows: if a politician has been president for k periods before, he is allowed to

run again with probability Pk.

We can obtain several interesting systems as particular cases. For example, full term

limits (when there is a one-term maximum) are represented by PA = 0 for all k > 1. The

absence of term limits corresponds to pk = 1 for all k. p-stationary term limits (where a

politician has a constant chance p of being allowed to run again, regardless of seniority)
are given by Pk = p for all k > 1. Finally, classic term limits (where politicians can hold

office for at most m terms) are given by P = 1 for k < m - 1 and pm = 0. Later on we

also consider block term limits, which condition on calendar time instead of seniority.

3.2.2 Timing

The structure of play in each period is shown in Figure 3-1. At the beginning of t - 1

a new president is chosen according to the previous election, who implements the policy

6Later, we will consider a case where politicians are randomly biased so that, say, a leftist politician
has bliss-point at = -C with some probability and at = 0 otherwise, at each t.

71n the "corruption" version of the model, the utility function would instead be W(It, xt) =
'% fit (R + yxt) It, where policy xt enters payoffs linearly as rent.
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promised in the campaign. Then, if there are random term limits, it is determined by

Nature (and publicly revealed) whether the incumbent can run again (Jt = 1) to rule

in period t or not (Jt = 0) according to the relevant probability Pk. After this, parties

without an incumbent draw new challengers who decide whether to invest or not. Then

their abilities are realized and publicly observed. Finally each candidate makes campaign

promises for period t and elections are held, producing a new incumbent at the beginning

of period t.

Candidate Policy xt-1 Term limit Investments Abilities Policies X' Votes Candidate
elected implemented J decided q' made 0' revealed promised vat cast elected

tI I 1 1 1
t-1 - 7 - - t- 7- t

Figure 3-1: Order of moves in each period of the game

3.2.3 Definition of Equilibrium

Our solution concept will be Markov Perfect Equilibrium (MPE):

Definition 7 (Markov Strategy Profile and Equilibrium). A Markov strategy pro-

file is given by a sequence of actions J(k), q0, qi(9, k), 9j(qi), Xi(OL, OR, k) and

Va(OL, XL, OR, XR, k). Here a E [-0,0], i spans the parties L and R, and J and Oi are

drawn randomly from the appropriate distributions. 6 L, OR are the abilities of the general

election candidates, while 6 is the incumbent's ability, if applicable. q' is i's investment

in an open election.

A Markov Perfect Equilibrium (MPE) is a Markov strategy profile that is also a

sequential equilibrium of the game.

Several simplifications are embedded in the choice of MPE as a solution concept.

Rather than depending on the complete history of the game, actions depend only on the

payoff-relevant components of the state. Thus, the choice of platforms depends only on

the candidates' abilities and seniority; votes depend on abilities, seniority and platforms.8

In particular, this means promises about platforms can only be made for the current

election.9

8Note that, while seniority does not affect current payoffs, it affects continuation utility through the
incumbent's future prospect of reelection, so it is payoff-relevant.

91n contrast, subgame perfect equilibria would support many complicated promises: for example,
voters might punish the incumbent by not reelecting him because he "betrayed" them by offering a more
extremist platform than he was supposed to; or politicians might start making worse offers, or invest less,
if voters fail to punish an incumbent.
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We will further focus on symmetric MPE. This means that strategies and value func-

tions will be equal for both parties, and so independent of i.1 0 Finally, under stationary

term limits, we will restrict ourselves to stationary equilibria, meaning that strategies and

payoff functions are also independent of the incumbent's seniority k.

3.3 Analysis

In this section we study the MPE of the game. First, we define some value functions that

will help describe the equilibrium. Next, we solve the subgame where candidates offer

platforms and voters choose between them, conditional on the candidates' abilities being

drawn. After that we analyze the challengers' incentives to invest and characterize the

MPE under stationary term limits, which is conceptually the simplest class of schemes.

The main takeaways of this Section are:

* The candidate who is more attractive to voters wins the election. However, if the

winner is biased enough, he will offer a policy that leaves the median voter indifferent

between him and the loser; thus, the loser plays the role of an outside option for

voters.

* Under stationary term limits, higher-9 candidates are (weakly) more attractive to

voters. However, since they can't promise not to exploit voters in the future, the

continuation utility they offer is hump-shaped: it is increasing in 0 as long as the

candidate is not strong enough to deter future competition, but decreasing after

that. This key result is driven by the combination of strategic entry and platform

choice.

3.3.1 Value Functions

These value functions will serve as summary statistics for equilibrium strategies and utility.

Take a Markov strategy profile as given. We denote by V the ex ante utility of the median

voter, i.e., V = E(Uo ((Gt)t, (xt)t)). This is also the median voter's expected continuation

utility after any open election.

10There could be asymmetric MPE, where for instance L plays a "hawkish" strategy of high investment
and R plays a "dovish" strategy of low investment, or vice versa; this may be sustainable because L's
hawkishness makes it hard for R's candidates to hold onto office for multiple periods, making investments
by R less profitable, and vice versa.
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Next, we define V1(6) (for k > 1) as the median voter's continuation utility starting at

a closed election, where the incumbent has ability 6 and seniority k (i.e. the incumbent

has been in office k times already) and the challenger's ability has not yet been realized.

Finally, Uk(6) (for k > 0) is the median voter's continuation utility from electing a

candidate of ability 0 and seniority k if that candidate makes his best offer, xt = 0, in the

current election. More generally, if a politician (6, k) offers platform x, the expected utility

he offers to the median voter is Uk(O) - Ax2 . We will refer to Uk(9) as the politician's

electoral strength.

It follows that Uk(O) 9 0 + /pk+1V+1(O) + ,3(1 - pk+1)V for k > 0. This simplifies

under particular schemes. For example, under stationary limits this becomes U(9) =

0+ OpV(0) + -i(1-p)V. Under an m-term classic limit, we define UO(6), U(0), .. . , Um-1(0)

and V1(6),..., V, 1,(0) as above, and they will satisfy Uk(0) = 9 + 3Vk+l(6) for k

0,...,m - 2 and Um-1() = 0+ V.

3.3.2 Electoral Competition

Here we determine how candidates choose their policies and voters pick between them.

We start with voting behavior. Since there are only two options, voters are sincere, and

vote for the candidate that offers them the highest expected utility. Moreover, it turns

out that the Median Voter Theorem applies. To show this we use the following lemma:

Lemma 11 (Increasing Differences). Given two voters a > a' and two (stochastic) paths

(O,Xt)t, (9', X')t such that the frst is more biased to the right, i.e. t'0 ItE(xt) >

Z= 0,tE(x'), then voter a will prefer the first path relatively more, that is,

EUa(0t, xt) - EU.(0', x') > E U,, (0t, xt) - EU,(O', xt).

In other words, right-wing voters like right-wing policy paths better." Hence

Proposition 19 (Median Voter Theorem). If the median voter strictly prefers candidate

i over candidate j (i.e., Uk,(0) - Ax? > Uk, (0j) - Ax ), i wins the election. If the median

voter is indifferent, the election is tied.

Proof. Assume Uk, (0j) - Ax? > Uj (0j) - Ax . Consider the random paths (02, Xt), (', x')

that are expected from choosing i and j, respectively. If i's path is more biased to the

"This result hinges on more than single-peaked policy preferences; the quadratic functional form is
necessary. The reason is that voters have preferences over entire paths, as opposed to single policies,
so the functional form determines how they are aggregated. However, in the corruption version of the

model, all voters have the same preferences so no functional form assumption is needed.
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right (left), then all voters with a > 0 (a < 0) also prefer i, which decides the election; if

their policy bias is the same, all voters prefer i. If instead Ui (0j) - Ax? = Uk,(9j) - Axj, if

i's path is more biased to the right then all right-wing voters prefer i and left-wing voters

prefer j, while the median voter is indifferent, giving a tie; the opposite case is analogous.

If bias is equal, then all voters are indifferent.

Thus, we can collapse the votes (Va)a[1 into vo for our analysis. Knowing voting

behavior, we can now characterize the platform choices and outcome of the election in

equilibrium:

Proposition 20 (Electoral Equilibrium). In any MPE, if Uki (0) > U, (0j), then i wins

Uki(Oi)-Ukj (0,).whlth inox sthe election. If C is high enough, i offers lxi| = , while the sign of x is
given by i's party, and j offers xj = 0. This leaves the median voter indifferent but voting

for i, and she receives expected utility U, (0j).
Uki (00)-Uk 0,If C < A A , i offers 1xi| = C. In this case the median voter strictly prefers

i, and receives expected utility Uk, (0j) - AC 2 from electing him.

Proof. Suppose that i belongs to L and j to R. First, we check that these actions are

consistent with equilibrium. Assume C is high enough. Given that j is offering xj = 0,
i can win by offering any x such that Uk, (0j) - Ax 2 > Uk,(9j), which translates to lxi <

Uk (O,)-U.(O,) T
h. en i's optimal offer is the one closest to his bliss point, which leaves

the edia votr idiffrent x"~= - Uk (Oi)-Uk (03)the')A dr e : . (Note also that this is better than

"forfeiting" the election by offering a more extremist x, since losing gives the politician a

payoff of 0, while winning pays at least R). As for j, given i's offer there is no way for j
to win, so he is indifferent between all his actions.

Now we check that no other action profile is compatible with equilibrium. If j offers

x' k 0, then i's best response is x" such that Uk,(0j) - Ax" 2 = Uk,(Gj) - Ax' 2 , implying

x" < x*. But then j could deviate and win by offering x' = 0. If j offers x' = 0, then x*

is i's only best response.

When Uk,(0j) - AC2 > Uk (9j), i chooses lxi = C, as it is his bliss point and wins the

election no matter what j does. Any action by j is optimal in this case, but the choice

has no effect. 0

Two conclusions follow from Proposition 20. First, given two candidates, the one

with the higher electoral strength always wins. Formally, let rk(O, 9') be the probability

that a challenger of ability 9 will beat an opponent (9', k). Then Uo() > Uk(9') implies
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rk(0, ') = 1 and UO(8) < Uk(O') implies rk(O, 0') 0. If Uo(0) = Uk('), voter behavior is

indeterminate, but we will assume rk (0, 0')
Second, electoral competition serves to discipline winners: if one candidate is superior

to the other, he needs to offer just enough utility to the voters to match the loser's best

offer. Thus, a high ability ruler is only as good as his competitors. The only deviation

from this logic is if the ability gap is so great, or the policy bias C so small, that voters are

happy to give the incumbent a "blank check". We can restate this in terms of continuation

utility:

Corollary 4 (Continuation Utility). Let Co = '" ') ' Ly~o. f C ;C, then

in any MPE, Vk(0) = E [min(Uk(8), Uo(0) 0' ~ qk(0)F]. In other words, the continuation

utility from an incumbent (0, k) is the expected value of the minimum between Uk(0) and

value of the challenger, as long as C is large enough that |xI = C is never chosen.13

3.3.3 Investment Decisions

In this subsection we argue that more attractive incumbents face less competition. Take

a symmetric Markov strategy profile as given. Suppose there is an incumbent with ability

' > 0 and seniority k. A challenger i's objective is to maximize

E [( It, x)I|q,0', k] - cq = qT (0', k) - cq,

where W' is i's expected utility, and T is i's expected reward conditional on investing

(T contains both rents from office and policy payoffs; explicit expressions are in the

Appendix). Note that W' = 0 if q = 0: i's payoff is if he does not invest as he has no

chance of winning. Then i's choice is q = 1 if T(8', k) > c, q = 0 if T(0', k) < c, and

q E [0, 1] if there is equality. We can show that

Lemma 12. Incentives to invest, T(8', k), are decreasing in the incumbent's electoral

strength Uk(0').

The intuition of this result is that the incumbent's strength Uk(8') has no effect on the

challenger's expected rents, conditional on the challenger defeating the incumbent: all a
12We can justify the choice of r(9, 0') = - in case of a tie, by considering a perturbed game where

ability suffers small, observed i.i.d shocks ct. In other words, a candidate of ability 6 generates direct
payoffs 0 + et at time t. As the magnitude of the shocks goes to 0, this perturbed game has a unique
equilibrium where rk(0, 9') = 0 or 1 when electoral strengths differ, but r(0, 9') = } when they are equal,
because the shocks ct serve as tiebreakers.

131f C < Co, Vk (0) = E [max (Uk(0) - AC 2 , Uo(0') - AC 2 , min(Uk(9), Uo(0')))].
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strong incumbent does is set a higher bar (through the probability of winning, rk(O, 0'))

that must be cleared in order to win those rents.

3.3.4 Equilibrium Characterization Under Stationary Term Lim-

its

We now provide a full characterization of MPE under p-stationary term limits. Here, we

consider symmetric stationary Markov Perfect equilibria (henceforth SSMPE) where Uk,

Vk, qk, rk are independent of k.

First we settle a basic question: is electoral strength U(9) increasing in 9? A naive

answer would be yes, because higher-9 politicians directly produce higher utility for voters.

However, stronger politicians also drive out competition and hence will offer more biased

policies in the future. In principle, this could make them less attractive ex ante, i.e.,
it could make U(9) nonmonotonic. It turns out that this reversal is impossible under

stationary term limits:

Proposition 21 (Non-Decreasing U with Stationary Limits). In any SSMPE with p-

stationary term limits, U(9) is non-decreasing. In particular, U(9) and V(9) attain their

minima at 9 = 0. If C > Co, then U(0) = V(O) = 1-p

The logic of this result is simple. If candidates with high 0 were less attractive than

candidates with ability 9' for 9 > 9', this would make them easier to beat in subsequent

elections, which would lead to relatively more competition against them, not less; but

this, in turn, would make them desirable. Thus, the inherent value of ability cannot drive

out so much competition as to turn high 9 into a liability." However, note that U does not

have to be strictly increasing. As it turns out, U usually has a flat interval. Within this

interval, voters choose between any two candidates with a coin toss, i.e., rk(0, 9') = 1.15

We can now fully characterize the SSMPE of the game:

Proposition 22 (Unique SSMPE). Assume that C > Co, c > 0 and term limits are

p-stationary. Then

* An SSMPE can be type 1, 2 or 3.
4 We will see later that this result does not carry through with non-stationary limits.
"5 As we noted before, rk(0, 0') = - when Uo(0) = Uk(0') = U follows from assuming that ties are broken

by random shocks. However, we can get different results by varying the assumptions. For example, if the
challenger's ability is revealed with some noise, even arbitrarily small, but the incumbent's is perfectly
observed, this will break ties in favor of the incumbent (as long as U is above average), which will lead to
less entry and lower welfare in equilibrium. Our assumption rk (0, ') = } is thus the most pro-challenger
that we can make, and the most conservative in terms of assessing the effects of strategic entry.
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Figure 3-2: Type 1 equilibrium
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" If it is type 1, there are thresholds 0 < 00 < 01 < 1 such that

0 < q(9) < 1 for 0 < 0 < 01 and q(6) = 0 for 01 < 0.

" If it is type 2, there is 0 < 00 < 1 such that q(6) 1 for 9 <

for Oo < 0.

* If it is type 3, then q(9) = 0, U(9) = 0 and V(9) 0 for all 0

e In cases 1 and 2, for 0 < 0o, U is given by U'(0) =

e For 60 < 0 < min(01,1), U(0)

1

1 -- p(1 - F(O))

is constant and equal to U(0 0 ), and V'(0) = .

Furthermore, q is continuous and q'(9) = 1 where it is decreasing.16
/3PV(OO)

* If the equilibrium is of type 1, then for 6 E [01, 1] we have 17(6) = 0, 0(0) = 0 and

q(9) = 0.

'We define U(9) = U(O) - U(O), and analogously V(O) = V(6) - U(O).
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Figure 3-3: Type 2 equilibrium
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* The value of an open election is given by:

1_V = qE min 0(), C (0'))10,' ~ F]
1 -O #p

2 0 (1 - F(O) )2 -
= qO(F) + (1 - F())2

1 - p(1 - F()) 0,

Moreover, if _- <- for a fixed ;> 1 close enough to 1; there are f, > 0 such that

f < f(0) <f for all 9; and -y is low enough, then the SSMPE is unique.

Proof. We sketch the main arguments here; the details are in the Appendix. The proof

is in several steps. First, we show that any SSMPE must be of the form described above;

if we fix values for 0, qO and V this characterization pins down a unique candidate

equilibrium. Second, we show that the value of 0 compatible with equilibrium is unique.

Finally, we can similarly pin down qo and V.
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Characterization

By Proposition 21 and Lemma 12, T(0) is non-increasing in 0. Informally, suppose q(0) =
1 for 0 < 0o and q(0) < 1 for 0 > 00. If q(0) were 0 for 0 very close to 00 (i.e. q

dropped abruptly) then V(0) and U(0) would also drop abruptly, which is impossible

by Proposition 21. Thus 0 < q(0) < 1 in some interval A = (0, 61) (giving a type 1

equilibrium) or A = (0o, 1] (giving a type 2 equilibrium).

Within this interval A, challengers must be indifferent about investing, so T(0) = c

for 0 E A. But, if T is constant on A, then U must also be constant on A by Lemma

12. Since U'(0) = 1 + fpV'(0), this implies that V(0) and q(0) must decrease linearly

at a specific rate. If the equilibrium is type 1, then for 0 > 01 we have T(0) < c and so

q(0) = 0.

Finally, for 0 < 0o it is easy to calculate U'(0) and V'(0) from the equations U'(0)

1+,3pV'(0) and V(0) = E[min(U(0), U(0'))10'~ F]. Knowing U' and V', we can calculate

the functions U(0) and V(0) by integrating.

Summarizing, if we know the value of 00, we can pin down unique functions 0(0), f(0),
q(0) and T(0) that fit this characterization. Next, we need to show that 00 is unique too.

Pinning down 00

We assume that there is no type 3 equilibrium, as in that case the solution is trivial.

Given a value of 00, we can calculate an equilibrium candidate U, V, q and T. For this

to actually be an equilibrium, T must satisfy: T(0) > c for 0 < 0o, T(0) = c for 0 E A,
and T(0) < c for 0 E (01, 1] (if the equilibrium is type 1). Since U is nondecreasing (and

constant in A) this boils down to a single condition: T = c, where T = T(0) for 0 E A.

We then show that, under some conditions, T is a decreasing function of 00-an intu-

itive fact since 00 parameterizes competition, and expected rents are lower when future

competition is high. Hence, for any value of c there is a unique value of 00 such that

T(Oo) = c.

Pinning down qo and V

Knowing 00, U, V and q, we can calculate the equilibrium value of qo as follows: if the

other party is investing with probability qO, then the expected payoff from choosing q is

Trna R(0)
qOq 2 + (1 - qo)qT(0) + (1 - qo)(1 - q) 2 - qc.
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Here T
t . is the expected reward from investing when the other player also invests, T(O)

is the reward from investing against a challenger that doesn't, and R(O) are the rents

from winning without investing. We can show that the derivative of this expression with

respect to q is decreasing in qO (i.e., investing is less profitable when the other challenger

invests). So, in equilibrium, there are three possible cases. Either T 7 > c and qO = 1,

or T(O) -R(O) < c and O = 0, or < c < T(O) - R(O) and qO is given by the condition2 nd2 0o 2
qOT2 + (1 - qo)T(0) - (1 - qg)R(O) = c.

Finally, given U and qO, V can be calculated using that V = E[min(U(0), U(0')) 1, '
qoF].

Figures 3-2 and 3-3 show examples of type 1 and type 2 equilibria, respectively. In

both cases, when the incumbent's 9 is low he always faces competition, and both U and

V are increasing. Above 0, U becomes constant and V decreases with q as challengers

are deterred. If the equilibrium is of type 1, above 01, q(9) and V(9) reach 0 and the only

value a candidate can provide is through his current offer. There is a natural intuition for

why V(9) is hump-shaped. A candidate having higher 9 is valuable when that candidate

is likely to be the loser (since a stronger underdog forces the winner to choose a more

centrist policy), but not so much when he is likely to win (as he then captures the "rents"

of his electoral strength). Instead, for high 9 the main effect of increasing 9 further is to

deter competition.

Note that, although strong candidates are discounted because of their tendency to

exploit voters in the future, they make up for it by offering high present payoffs. This

can be seen as a feature of populism: strong incumbents usually do perform well in

their first term, but over time they grow complacent and shift policy towards their own

preferences as competition weakens (or, if bias is interpreted as corruption, they become

more corrupt).

The reason why uniqueness of equilibrium requires parameter conditions is that in-

creasing 0 has three effects on T, one of which has the "wrong" sign. These effects

are:

" It increases future competition (by shifting the function q(9) upwards), which lowers

expected tenure and rents, reducing T.

* It shifts the set A = (0, 01) upwards, making incumbents with 9 C A electorally

stronger. This reduces T since challengers have a lower chance of winning their first

election against someone in A.
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o Yet, conditional on winning the first election, these challengers-turned-incumbents

will be electorally stronger themselves by the same logic, which increases T.

In particular, T will be increasing if the third effect dominates. As a result, multiple

equilibria may exist when F is badly behaved, when -y is high (because policy rents

increase with U(O)), and when Op is close to 1 (because the third effect operates through

future rents, so it becomes stronger when candidates are patient). However, this is not

an issue for reasonable calibrations of the model.

3.4 Comparative Statics and Welfare Effects

In this Section we obtain comparative statics for our model, focusing on the welfare

effect of stationary term limits. As a measure of welfare, we take ex ante welfare to be

average voter utility, i.e. f_ EUa((Ot),, (xt)t)da. Due to the assumptions of quadratic

preferences and a uniform distribution of voters, this is equivalent to the median voter's

utility17 , EUo((Ot),, (xt)t) = V, which is easier to work with.

We will study how the equilibrium welfare, and the optimal level of p, change as we

vary three elements of the model:

o The cost of investment, c. The model has qualitatively different mechanics depend-

ing on the value of c. When c = 0, the model simplifies to the case of exogenous

challenger entry. For low c > 0, the equilibrium is type 2, with high 90 and q:

challengers are usually willing to compete and there is low entry deterrence. As

c increases, competition against strong incumbents declines. For very high c, qO

becomes smaller than 1: in this case, competition is so costly that not even open

elections are attractive.

o The preferences of politicians. We have focused on the extreme case C > CO, where

politicians are so biased that they always fully exploit any gap in electoral strength;

under this assumption, term limits are often beneficial. In contrast, if politicians

were unbiased, there would be no rent extraction and having no limits would be

optimal. So we ask what happens in the intermediate case, where entrenched rulers

are "coasting along" rather than using their power to choose extreme policies. To

17 We only need the distribution of voter bliss points to have mean 0 for this result to hold. However,
quadratic preferences are essential: otherwise voters would not aggregate nicely. For example, if policy
preferences were linear in policy distance, extremist voters would want more risk than centrists, and so
they would prefer lower term limits.
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answer this we consider a variant of the model where any politician has probability

a of being unbiased at each time t, and a probability 1 - a of being biased (with

C > Co); these are i.i.d. draws. As a motivating story for this assumption, imagine

that each election is about a different "big issue" and platforms revolve around them;

then a generally biased politician may be biased on some issues but not others. 18

* The social planner's discount factor. In taking the expected utility of voters as

a measure of welfare, we implicitly assume the planner's discount factor to be 3.

However, there are several reasons why the social planner may be more patient than

voters, which can result in very different policy recommendations.

3.4.1 Cost of Investment and Policy Bias

We first consider changes in c and a. Note that Proposition 22 and the results leading up

to it generalize to the case with intermediate a (the details are in the Appendix). The

main difference is that now

V(9) = (1 - a)E [min(U(O), U(9'))] + aE [max(U(9), U('))],

V = (1 - a)E [min(U(0), U(0'))10, 9' ~ qoF] + aE [max(U(0), U(0'))10, 0' ~ qoF].

In other words, with probability 1 - a the winner leaves voters indifferent with their

outside option as before, but with probability a he is unbiased and simply offers his value

U(9). From here and the analog of Proposition 22 we can show that V is decreasing in c

and increasing in a. This makes intuitive sense: welfare is lower if there is less competition

and if politicians are more biased.

The rest of our results concern the interaction between c, a and term limits: what is

the optimal level p* of term limits, and how does it depend on (c, a)? First, we intuitively

explain the channels through which term limits affect welfare:

* Term limits lower the probability of the deterrence effect kicking in. By periodically

removing strong politicians that could capture the electoral process, term limits

create a fair ground for competition in the form of open elections. 19

18A simpler assumption would be that C is positive but small: the amplitude of the policy spectrum
is limited. Then, when a very strong politician faces a weak one, his platform is given by Ixt I = C
and the median voter strictly prefers the former's offer, as we have seen. However, the fact that the
condition jxt I = C binds only sometimes makes it impossible to calculate average policy bias and welfare
analytically in this case.

19 This does not mean challengers are incentivized to compete against incumbents; in general, such
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" Term limits mitigate the outside option effect, which we can explain as follows.

The equilibrium policy bias is a function of the gap between winner and loser,
IU(0) - U(0') 1. Since voters are patient, this gap is not just 10 -O'l but also depends

on the continuations V(O), V(O') that candidates offer. If good candidates also

offer better continuations, they become more attractive the longer they can stay

in the system. Indeed, we can see from Proposition 22 that when term limits are

relaxed, U'(0) increases: the gap between good and bad candidates grows. This has a

perverse effect on welfare: as losers become comparatively worse, the outside option

goes down for voters, and winners can choose more biased policies. Conversely,

stronger term limits make U(O) flatter and put more constraints on the winner.

" Term limits sometimes inefficiently remove good politicians from office, which we

call the selection effect.

" Term limits shorten the expected tenure of politicians, and so may lower competition

through the prize effect. In other words, the upside for a challenger if he does defeat

the incumbent becomes smaller, so the incentive to run against an incumbent with

given 6 goes down.

Term limits increase welfare through the first two effects, but decrease it through

the other two. To see which effects dominate when, we derive a mostly 20 closed-form

characterization of welfare:

Proposition 23 (Welfare Effects with Limited Bias and Strategic Entry). The median

voter's ex ante utility is given by

(1 - ,13)V (#paq(0) + 2aqo(1 - 3p)) W + (1 - 2a)q2(1 -
[ 00 1 - F(O) 1 - F(O)

Jo 1-/3p(a+(1-2a)(1 -F())) J01 1 - 3pa

- 00 (1 - F(O))2  '(1 - F(O))2

1- #p(a + (1- 2a)(1 - F())) O1 1 - 3 pa

Several conclusions follow from here. First, consider the benchmark case c = 0, where

challenger entry is exogenous (in other words 00 = 1, q(O) = qo = 1, so challengers always

have an ability distribution 0' - F). In this case, we can show that V is decreasing in

incentives go down through the prize effect. However, competition goes up on average because open
elections, which foster competition, become more frequent.20 This is not a closed-form expression as it is a function of 0, 01 and qo, but it is still useful for deriving
comparative statics.

135



p if a < ', constant if a = 1 and increasing if a > 1. In other words, if politicians are

biased more than half the time then p = 0 (no reelection) is optimal; else p = 1 (unlimited

reelection) is optimal.

This result may seem counterintuitive. The obvious channel through which term limits

improve welfare is by preventing incumbents from exploiting uncontested elections. So

shouldn't term limits be welfare reducing when there is no deterrence? Not necessarily,
because the outside option effect may be substantial. Indeed, in this case there are no

deterrence or prize effects, so the outside option effect competes with the selection effect

only. If politicians are biased more than half the time, reducing bias is more important

than keeping good politicians, and vice-versa.

Next, we ask how this result changes for positive c: are term limits more valuable in

a model with strategic entry? The answer is yes, but with one caveat. Term limits are

more useful the higher c is, as long as it's low enough that challengers want to enter open

elections. Formally

Corollary 5 (Optimal Term Limits With Strategic Entry). Let co = R be the highest cost

for which q0 = 1 regardless of p. Then, for c E (0, co), there are thresholds < a*(c) < 1

such that p = 0 is optimal for all a < a* (c).

On the other hand, let Z be the lowest cost of investing for which the equilibrium is

type 3 regardless of p. There is co < c1 < Z such that p = 1 is optimal for c C [ci, Z],
regardless of a.

Compared to the exogenous entry case, the scales tilt further in favor of term limits

when 0 < c < co: full term limits are now strictly optimal even when politicians are biased

half the time. The reason is that, so long as q0 = 1 (candidates still run in open elections),
full term limits eliminate the deterrence effect (incumbents can't run for reelection so they

can't deter entrants) and give the same welfare as when when c = 0. But, under any other

scheme p > 0, the deterrence effect lowers welfare compared to the exogenous entry case.

Different forces are at work for high c. When c is high enough that challengers start

dropping out of open elections, we want weak term limits to incentivize entry through

the prize effect. In fact, the optimal p for high c may be bigger than the optimum under

exogenous entry, when the prize effect dominates the deterrence effect.

More generally, if we are interested in comparing interior values of p, we can use the

above result to find marginal effects as well:

Corollary 6 (Marginal Changes in Term Limits). Under the same conditions as above,
if q0(p) = 1 and , 9 are low enough (i.e., prize effects are low enough), then 2< 0

whenever a < .
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In other words, welfare is decreasing in p under at least the same conditions as in the

exogenous entry case, except when prize effects are large.

Figure 3-4: Welfare as a function of p for R 2, a = 0; c = 0, c 1, c 1.5, c = 2.5;
f(0) = 392
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These results are illustrated in Figure 3-4, which shows ex ante utility V as a function

of p for different values of c, and a = 0. First, for low a, full term limits (p = 0) can

be optimal even without strategic entry (c = 0), but full term limits become even more

desirable when c is intermediate (compare V'=0 to Vc= 1 ). Second, even for a = 0, a high

p (all the way up to p = 1) may be optimal when c is very high, as challengers must be

enticed to enter open elections.

21The size of prize effects is hard to bound in general. However, there is an important argument for
considering the case with low price effects. Imagine an alternative model in which candidates get a flow
payoff R while in office and some other 0 < R' < R per period after leaving: for example, their party
may reward them with a sinecure, or they may retain influence within the party, or they may profit from
book royalties or speaker fees. This would make prize effects small, since the total reward would depend
less on the length of tenure.
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3.4.2 Intertemporal Concerns

We now discuss intertemporal concerns: how does the optimal p change if the social

planner is more patient than the voters?

There are several reasons why this may be the case. One is intergenerational conflict:

the social planner may care not just about the utility of current voters but also about

future generations who cannot vote today.22 More generally, when deciding the term

limits to set down in a constitution, the planner could have a broader notion of long-term

prosperity: from a nation-building point of view, a good constitution should result in

good outcomes a hundred years from the present, rather than high payoffs today and

low payoffs tomorrow. Finally, if voters are naive and ignore continuation values when

choosing between candidates, then the equilibrium will be as if 3 = 0 even though the

right discount factor for welfare is still 3 > 0.

To fix ideas we formally sketch the first story. Suppose voters have a discount factor

/3 conditional on surviving, and a survival rate 4, so their effective discount factor is

134 = 3. A mass 1 - 4' of new voters is born in each period, so that total population

stays constant. If current voters feel no altruism towards unborn voters, they will have a

discount factor 3. However, a social planner that weights voters equally conditional on

being alive, regardless of their birth date, should have discount factor 13> /3.23

A useful benchmark for a patient planner is long-term utility, which is given by taking

/3 = 1. This turns out to be well-defined because flow payoffs converge to a certain value

for high t, so

VLT = lim EU((0)t s, (Xt6)t ),

is just average continuation utility after many periods.2 4 For maximum contrast we will

further focus on the case 3 = 0 (the planner is patient, but voters are fully naive or

myopic).

It turns out that policy recommendations are dramatically different when there is a

mismatch in discount factors. In general, term limits are now even more valuable when

22 Current voters may be altruistic towards future voters, and include their preferences when deciding
how to vote. However, even in that case, the social planner should put more weight on the future than
voters do, if he cares about the utility of current voters (including their altruism) and also cares directly
about future generations.

23More generally, if births occur at a rate x > 1 - 0 so that population is growing, then the planner's
discount factor is /(X + 0), which may be 1 or even greater, even if /3 < 1. Whenever the discount factor
is greater than 1, VLT provides the right measure of welfare for the planner.

24Equivalently, the election game plays as a Markov chain with state s = (0, k) or s = 0 for an open
election; then long-term utility is VLT = f V(s)p(s), where p is the invariant distribution of states and

V(s) = Vk(O), V(0) = V.
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strategic entry is in play, and less valuable when it isn't. Formally

Proposition 24 (Long term Welfare and Term Limits). Let T be as before and a = 0.

Then there is CLT such that, for c C [CLT, T1, p = 1 minimizes 1LT . In particular, whenever

the equilibrium is type 1 for p = 1, choosing p = 1 minimizes VLT.
On the other hand, if # is low enough, then VLT is maximized by p = 1 when c = 0.

Note that Propositions 5 and 24 are almost opposites. Take a = 0. When c is high,

having no term limits is the best choice for ex ante welfare, but the worst for long-term

welfare. When c is low, having no term limits is the worst choice for ex ante welfare, but

the best for long-term welfare (if voters are myopic enough). What causes this contrast?

We can explain it based on our decomposition of welfare effects. Remember that

term limits could improve ex ante welfare by reducing the outside option effect and the

deterrence effect; the former is more or less orthogonal to c, while the latter has more

weight the bigger c is. Now consider how a change in discount factors affects each of these.

On the one hand, when 3 goes down, the outside option effect is weakened; for / = 0,
it vanishes. Again, this is because policy bias is a function of IU(0) - U(') 1, which depends

on p through continuation utilities. If voters are myopic, they put low weight on these

continuations regardless of p; for # = 0, bias depends only on 0 - ' '.

On the other hand, the higher 3 is, the more important the deterrence effect is. This

is because the planner now places higher weight on the far future, which is more sensitive

to the deterrence effect, as the probability of an incumbent becoming entrenched increases

over time. 25

Thus, with a mismatch in discount factors, term limits become more useful for high

c and less so for low c. In particular, remember that for c = 0 term limits were only

useful to mitigate the outside option effect; now that they disappear, term limits only

discard good politicians. On the other hand, while for high c the prize effect dominated

before, now the deterrence effect dominates. In particular, suppose # = 1, a = 0, the

equilibrium is type 1, and there are no term limits. In the long run an incumbent with

S;> 01 will at some point be elected and face no competition, so flow utility will be

9 - U(9) + U(O) = 9 - 9 = 0 thereafter. The incumbent eventually extracts all welfare as

rents. Any p < 1, on the other hand, would generate positive long term utility.

Such a scheme may still be desirable in the ex ante sense as it may generate high

utility in the first few periods. But choosing weak term limits when deterrence is high is
25There is another, secondary reason why the deterrence effect is more important here. When /3> 3

and c > 0, voters are making wrong decisions from the planner's point of view: they are too likely to
elect high-0 candidates who will exploit them more in the future. In other words, voters will unwittingly
trigger the deterrence effect more often than they would if they saw it coming.
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always a bad choice in the eyes of a patient planner, as it leads to a decline in challenger

entry and maximizes rent extraction in the long run.

In summary, we showed in Subsection 3.4.1 that strategic entry tends to make term

limits more beneficial, although this conclusion can be overturned by the prize effect when

the cost of investment is very high. Here we find that, for a patient social planner facing

myopic voters, term limits are most valuable precisely when the cost of investment is high,
since in that case current voters are tempted to choose strong incumbents, which would

be disastrous for future generations.

3.5 Classic and Block Term Limits

In this Section, we perform a parallel analysis of classic and block term limits: we char-

acterize the SMPE under these schemes and then compare their welfare outcomes to

stationary limits. In the process we aim to determine the optimal structure of term lim-

its: should they trigger randomly, or depend on the incumbent's seniority, or on the time

since the last open election?

Although classic term limits are the more popular schemes in real life, and seem

intuitive, we will show that they actually perform worse than stationary limits when

agents are strategic. The reason is that making the possibility of reelection dependent on

seniority creates artificial incentives for voters, leading them to favor incumbents; this, in

turn, reduces the incentive to invest for challengers. However, if voters are naive and do

not "game the system", these issues vanish and classic limits do better than stationary

limits. We will also see that, when all agents are myopic, block term limits (which depend

on calendar time rather than seniority) outperform both, but-like classic limits-they cause

issues when agents are strategic.

We first consider classic term limits when agents are strategic and there is no in-

tertemporal conflict (/3 = > 0). The crucial feature now is that electoral strength Uk(9)

depends not only on 9 but also on k. Thus, when two candidates with the same 9 compete,
the incumbent may be preferred simply by virtue of being the incumbent, which we call

an incumbency advantage. (For some values of 9 the effect is reversed, so we may also see

an incumbency disadvantage)." We can characterize the SMPE of the game as follows:

26Our model contains two other features that might also be called incumbency advantage. First,
incumbents are a selected group composed of politicians who have won at least one election, so they tend
to have higher ability. Second, strong incumbents tend to face weak challengers when entry is costly.
Both of these features are independent of the term limit scheme we consider, and they both lead to a
high chance of reelection. But they do not give a "real" advantage, in the following sense: conditional
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Figure 3-5: Equilibrium with a two-term classic limit
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Proposition 25 (Equilibrium Characterization for Classic Term Limits). Consider a

game 'with 'n-classic tern limits. Then an SMPE takes the following form. There is a

utility threshold U* such that qk(O) -1 If UA.() < U* and qk(O) - 0 'if U(T40) > U*

For each k = 0.., ' - 2 there is a set of cutoffs . = 1,. k) such, that

Ak_1 D Ak Vk, and Ik < 2(n. - k) - 3 for k < 'ti - 2. Cutoffs 0 c Ak are given by the

condition Uk,(O) = U* for some k' > k. Electoral strength Uk(0) is strictly increasing in

each subinterval of Ak, but has discrete jumps (up or down) at the cutoffs ik E Ak.

Figure 3-5 shows the SMPE in a game with a two-term limit. Compared to stationary

term limits, two things are amiss: first, the function UO(0) is not monotonic. Second, there

is indeed an incumbency advantage for high 0: given two identical candidates of ability

O > 0 1i, Ui(0) > Uo(O), so voters will )refer the incumbent. Why does this happen?

Just as in the stationary case, incentives to run TA(0) are a decreasing function of Uk (0),

on facing a challenger with equal ability, their chance of victory is still 50%. What we call incumbency
advantage here gives incnbents an edge even against a challenger with the same ability, and is a unique
feature of classic term limits.
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Figure 3-6: Eq--uilibriumn with a three-termn classic liuit
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9
and there is a threshold U* such that (by an abuse of notation) T(U*) = c, so qk(0) = 1 for

Uk (0) < U* and qk (0) =0 otherwise. The difference is that now there cannot be intervals

where 0 < q(0) < 1 and U is constant. To see why, note that U1nq (0) = 0 + /V, which

is strictly increasing. Then there must be a 01(n,-2) where U,,. 4 (0) crosses U*, which

creates a discrete jump in q,,_-(0). This, in turn, becomes a discrete jum1p in Inl-1(O)

and U,-2(0), and so on.

In our example, the jump happens at Oil: a challenger with 0 > 0 u is expected to

suppress so much competition in his second term that he is ex ante less desirable (and a

weaker challenger) than a lower 0 alternative.

The incumbency advantage also stems from the strategic effect of term limits. Suppose

both candidates have the same 0. However, since the incumbent is running for reelection,

lie will be barred from running again afterwards, which allows him to offer the continuation

value V. On the other hand, the challenger would become a (strong) incumbent in the

next period: this would generate q = 0 and the continuation value U0 (0) < V. This

asynnetry, which we call the open election effct, effectively handicaps the challenger,

hence discouraging competition in closed elections.
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However, note that for 0 < 01 this effect is reversed. In general, for '. > 2, the

equilibrium becomes more conplicated as utilities "cycle" around the c(Utoffs: if UA.(0) >

U*, then qa(O) =( which often implies UA[(O) < U*, qA_1(0) = 1 which in turn often

nmpies Uk- 2 (0) > U* and so on. We can see this in Figure 3-6, which shows an equilibrium

in a model with a three-term limit.

3.5.1 Block Term Limits

Block term limits divide the tinmeline into blocks of m terms each. There are no limits to

reelection within each block, but each block mnust b1egin with an open election. Like classic

term limits, they become more binding over time, but there is an important difference.

When a. challenger enters late in a block, the clock is not reset for him; he automatically

becomes a "senior" incumbent. We can characterize the equilibrium in this case as follows:

Proposition 26 (Equilibrium Characterization for Block Term Limits). Under 'n-block

term. rn imits, there is a 'unique SAIPE which can be found recursively. There are cutoffs

U for k = 1, .... i,m - 2 given by Tk(Uh) = c; qk (0) 1 if Uk (0) < Uk and qk(0) = 0 if

Uk (0) > Ug. As with classic term limits, U(0) is increasing within each interval but has

discrete jumps 'where Uk'(O) crosses U*, for k' > k.

Figure 3-7: Electoral strength with a four-term block limit
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Finding the equilibrium in this case is simple. First, Urn-i(9) = 9 + 3V for some V.

Then Tmi-(9) = R(1 - F(9)) and there is a U* _1 such that Tr-1(U* _i) = c. From here

we find qm-(0), and then Vm-(0) = E[min(Umi-(0), U,- 1 (0'))]. Given this, we have

Um- 2 (0) = 9 +/3Vm-1(0). Then we can characterize Tm- 2 (0), qm- 2 (0), Vm- 2 (0) and so on.

Finally V can be calculated. However, as with classic limits, the shape of the functions

Uk(9) becomes more and more complicated for large m; we can see this in Figure 3-7.

This scheme has an upside and a downside compared to classic limits. On the one

hand, challengers and incumbents are treated symmetrically, so there is no incumbency

advantage: voters are no longer concerned that by picking a challenger they would turn

him into a new, less constrained incumbent. In turn, challengers are not deterred as

much. On the other hand, challengers are now directly discouraged from entering late in

the block, as the potential reward from winning is smaller. As with classic term limits,
value functions are nonmonotonic, so voters are sometimes incentivized to pick lower-9

candidates.

3.5.2 Optimal Structure of Term Limits

We now analyze the welfare effect of classic and block term limits. First, note that

comparative statics for these cases are similar as under stationary limits. For instance,
when (c, a) = (0, 1), m = oc (no term limits) is optimal; when (c, a) = (0, 0), m = 1 (no

reelection) is optimal. In addition, so long as q0 = 1, m = 1 is relatively better for c > 0

than for c = 0. The intuition for these results is the same as before.

The more interesting question is: how do classic, block and stationary term limits

compare to each other? Again, the answer depends crucially on whether agents are

patient or not, and the results are driven by different mechanics in each case. We then

show two cases: when 3 = # (agents are strategic) and when I = 1 and 3 = 0 (all agents,

voters and politicians, are myopic 2 7 ).

In the first case, we find in simulations that stationary limits are best. This is shown

in Figure 3-8, which measures comparable limits of all three kinds against each other

for different values of c.28 This is no surprise given the artificial incentives created by

27We could also consider a third case where /3 = 3p and &h = 0: politicians are patient, but voters are
myopic. In this case, classic term limits outdo stationary limits by the same logic as in Proposition 27:
with myopic voters, the incumbency advantage disappears and challengers are not deterred from entering.
However, block limits are poor in this case because the distortion they introduce affects challengers directly
rather than voters, and challengers still react strategically to this.

28 Classic and block term limits are plotted by mapping m to 1--; note that (1 - -)-stationary limits
produce an expected potential number of terms m. To fill in the graph, we use "fractional" (m +p)-classic
limits given by m terms allowed followed by an mth allowed with some probability p.
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Figure 3-8: Welfare of stationary, block and classic terni limits with patient agents; R
a 0; c = 0.5 and 1.5; F ~ U[0, 1]
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classic and block limits. With the former, competition in closed elections is deterred as

voters discriminate against challengers; with the latter, challengers are discouraged from

entering late in the block. On top of that, both schemes sometines incentivize voters to

choose lower-(luality challengers in open elections, since UO(O) is nonmonotonic. Welfare

is lower as a result. The cycling nature of value functions under classic and block limits

also produces zig-zag shaped welfare as a function of m. In contrast, stationary limits

sidestep all these probleims by making seniority and calendar time irrelevant.

Figure 3-9: Long-term welfare of block, classic and stationary limits with myopic agents;
R - 2, c = 0.037, a= 0, f (0) =5(1- 0)4
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In the second case, in contrast, block and classic limits outperform stationary limits:

Proposition 27 (Optimal Term Limits With Myopic Agents). IfT3 1 anId 3 = 0, then

qenerically there is a'anique m* that maximizes V7/-block ,a ,d i/*-block > Vjstationary for

m7ny p.

With myopic agents, the incentive distortions that made classic and block limits in-

ferior have now vanished. Voters perceive UA(O) = 0 regardless of k, so the incumbency

advantage disappears under classic limits. Challengers perceive Tk(O) = RP(0' > 0)

R(1 - F(0)), so they are now equally willing to enter late under block limits.
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So what force still differentiates between the three schemes? To understand the result,
we have to think about term limits as a way of reshaping the probability of certain

continuations. Denote the flow payoffs of each period after an open election by vo, vi, . . .29

and let wt = v7 8. be their partial sums. Block term limits simply truncate the

sequence, giving long-term welfare V = . Then the optimal m* is the value that

maximizes this partial average (see Figure 3-9). Stationary term limits put exponential

weights on these flow payoffs, yielding V = (1 - p) Z ptv) = (1 - p)2 Z ptWt, which is

worse than putting all the weight on the optimal m*. 30

Intuitively, suppose the sequence (vt)t is hump-shaped (vt increases as good candidates

enter and decreases as a strong incumbent becomes entrenched). Block limits allow us

to cut off the right tail at the optimal point; stationary limits only let us discount the

right tail by also discounting intermediate vt's, which are desirable. At a deeper level,
the true state variable is the incumbent's 9; block limits use time since an open election

as a proxy for this, and so are better at selectively cutting off bad continuations, while

stationary limits neglect this information. Finally, classic limits-like block limits-are

somewhat selective, and hence are also superior to stationary limits, although they use a

different proxy for 9 (the incumbent's seniority).
More generally, we can consider schemes which condition on the entire history of

election results since the last open election. Formally, let J = (Jt)t, where J : {R, N}t -+

[0, 1] takes histories ht of length t, specifying whether the incumbent was reelected or not

at each time s < t, and returns a probability of allowing a reelection bid. It turns out

that, with myopic agents, a combination of classic and block limits is optimal even among

this broad class of schemes:

Proposition 28 (Generalized Term Limits). If , 1 and # = 0, there is an optimal J*

which only conditions on seniority and time since an open election. In other words, J* is

given by m*(t) such that Jt*(ht) = 0 if the incumbent's seniority at the end of ht is m*(t)

or greater, and 1 otherwise.

3.6 Flexible Term Limits and Regime Change

So far, we have focused on the ex ante choice of fixed term limits. This is akin to assuming

that voters (or a social planner) gather to choose a constitution before the game begins,
29In general these vt are ill-defined because flow payoffs depend on term limits through entry and bias

decisions, but not here, since agents are naive.
30For them to be equal, wt would have to be constant, which can only happen when wt -- 0.
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and before the likely incumbents are known; afterwards, the constitution is unchangeable.

However, -many attempts to change term limits occur in a different context. The

push for reform is often driven by a popular incumbent that would need a constitutional

amendment to run again. For example, Hugo Chavez came to power in Venezuela in 1999;

in 2009, during his purported last term, he abolished term limits by means of a referendum,
after which he was narrowly reelected in 2013. In Argentina, prior to 1994, presidents

were restricted to a single six-year term. Elected in 1989, Carlos Menem engineered a

constitutional reform that changed the maximum to two four-year terms, allowing him to

run again in 1995. During his second term he campaigned unsuccessfully to extend the

limit to three terms. Similarly, Fernando Cardoso in Brazil and Alvaro Uribe in Colombia

extended the limit from one four-year term to two in their respective countries.3 1 The

common theme in these examples is that voters know who the incumbent will be if the

term limits are relaxed.

In this section, we extend our model to answer the question: should this sort of

discretional change of rules be allowed, or should term limits be set in stone? We focus on

two opposites of fixed term limits, which yield very different results: flexible term limits

and persistent regime change.

In the former, the default rule is p = 0 but, before each election t, voters can choose

in a referendum to override the rule and let the incumbent run for reelection; the decision

is by simple majority. In the latter, the game starts with the default rule p = 0 but the

incumbent can call a referendum to change the rule to p = 1. The difference is that, with

flexible limits, a referendum provides a one-time exception that the incumbent must renew

to run again. With persistent regime change, if the rule is changed, it stays changed by

default. Since the incumbent decides whether to have referenda, if regime change occurs

he will never do so again and the rule p = 1 will become permanent.

Consider flexible term limits first. The way voters use these limits is straightforward.

Since they cannot commit, in an MPE they will vote to keep politicians with V(9) > V

and discard the rest. This leads to the following equilibrium:

Proposition 29 (Equilibrium With Flexible Term Limits). Consider a game with flexible

term limits and a = 0. Then the MPE may be of type 1, 2, or 3. In a type 1 equilibrium,
there are 0 < 0 < Oo < 01 < 1 such that q(0) = 1 for 0 < 0 < 0, q(0) is decreasing between

3 t For an in-depth discussion of the Latin American case, see Carey (2003).
3 2We could have semi-flexible schemes where there is some default rule and voters can override it only

if they have a supermajority 1< v < 1. We could also consider hybrid systems where one-time overrides
and rule changes require different supermajorities, etc. A systematic exploration of such schemes may
bring interesting insights, but it is beyond the scope of this paper.
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Figure 3-10: Equilibrium with flexible term limits; R = 2, c = 1.5, a = 0, F ~ U[0, 1]
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00 and 01, and q(9) = 0 for 9 > 01; candidates are barred from reelection if they have 0 < 0

or 9 > 01. In a type 2 equilibrium, there are 0 < 0 < 00 < 1 such that 0 < q(9) < 1 for

9 > 00 and candidates are barred from reelection if 0 < 0. Type 3 equilibria have q . 0 as

before.

In general voters discard bad politicians (with 9 < 0) and keep good ones. However,
when competition against strong candidates is low, the best candidates (with 9 > 01)

are also discarded as they are, in effect, dangerous. If they were allowed to run, such

candidates would deter entrants and thus leave voters no choice but to reelect them;

hence, given the choice, voters will bar their reelection bid in the first place. 33 This is

illustrated in Figure 3-10.

How does this scheme compare to fixed limits in terms of welfare? Again the answer

depends on whether agents are strategic. If they are, flexible limits are better if c is low,
and worse if it is high (as shown in Figure 3-11):

Proposition 30 (Welfare Effect of Flexible Term Limits). Let a = 0 and c > 0 close

33 Interestingly, this is reminiscent of Athenian ostracism, whereby voters could preemptively exile other
citizens that might become too powerful and pose a threat to the state.
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Figure 3-11: Welfare of flexible vs. fixed term limits for different values of c; R = 2,
a = 0, F ~ U[O, 1]
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enough to c. Then the MPE under flexible term limits generates q0 = 0 and V = 0, which

is inferior to fixing p = 1. On the other hand, if c = 0 then flexible term limits generate

a higher V than p = 0 (the optimal fixed rule).

What drives this result is that flexible term limits are different from fixed ones in

two ways. First, making term limits dependent on 0 is more efficient: it allows voters to

target undesirable incumbents without having to get rid of the good ones. On the other

hand, voters-being unable to commit-will decide who to keep based on the "greedy"

rule V(6) > V, ignoring that such decisions affect challengers' incentives to enter. Thus,
when weak term limits would be ex ante optimal (because the prize must be increased to

generate entry), voters under flexible limits will still be tempted to kick out entrenched

incumbents. But challengers will anticipate this and choose not to enter in the first place.3 4

Note that, if anything, the sin of flexible limits is to give voters too much freedom to avoid
34 Term limits could theoretically consist of a committed 9-dependent rule. This would be better than

both flexible and fixed limits. However, such a rule seems unimplementable, because voters must reveal
their information about 9 for it to work-but, if the scheme doesn't obey the "greedy" rule, voters will
be tempted ex post to game it by misreporting 9. The same goes for handicap rules, which would allow
incumbents to run for reelection but require them to obtain a supermajority to win.
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exploitation, which runs against the common wisdom on relaxing term limits.3 5

If agents are myopic, on the other hand, flexible limits are optimal in a very broad

sense: they not only beat stationary limits but also classic and block limits and even the

optimal hybrid rule J* we found above. The reason is that, in terms of selecting good

continuations, flexible term limits are the most efficient, and this does not hurt incentives

when agents are myopic.

Next, consider persistent regime change. Equilibrium behavior is similar: voters obtain

V from any continuation if the rule p = 0 persists, and V1 (9) if it changes to p = 1, where

O is the current incumbent's ability and V'(9) is simply V(9) from the game with term

limits fixed at p = 1. Hence voters will allow regime change when V 1 (9) > V. Since

V(9) is hump-shaped, this will happen for good incumbents, but not for very good ones

if competition is low against high 9.

If agents are strategic, this system is weakly better than fixing either p = 0 or p = 1:

if voters choose to change the regime, it must be beneficial for them. However, if voters

are myopic, allowing persistent regime change is disastrous: voters will relax term limits

for an incumbent that is good in the near future, but this will yield VLT = 0 since the

electoral process will be captured sooner or later, as we saw in Subsection 3.4.2. Hence,
in deciding whether term limits should be changeable, the distinction between allowing

exceptions and persistently changing the rules is critical.

3.7 Conclusions

We study the optimal design of term limits in a world where politicians are tempted to

choose policies disliked by the median voter, and where challengers are less likely to enter

if their probability of success is low. Although the interplay between term limits and

welfare outcomes is complex, our model highlights a few general themes.

First, term limits may be valuable as a tool for disciplining incumbents, even without

strategic entry: just by bringing the continuation values of different politicians closer

together, term limits can reduce the outside option effect and improve welfare.

Second, the presence of strategic entry usually increases the need for term limits. In

particular, when the cost of investing is intermediate, so that challengers are willing to

enter open elections but unwilling to face a strong incumbent (a case that seems intuitively

plausible), full term limits are more likely to be optimal. However, the result is reversed

3 Of course, flexible term limits could still prove dangerous in a model where incumbents can build up
de facto power over time, so that eventually they can game the referenda, etc.

151



when the cost is very high: in that case term limits should be relaxed so as to entice

politicians to compete for a bigger prize. In turn, these conclusions change substantially
if agents are myopic. In that case, strong term limits become comparatively better when

there is high entry deterrence, because the social planner is now more concerned about

incumbents becoming entrenched, and voters do not protect against this.

Third, the optimal structure of term limits again crucially depends on whether agents

are strategic. If they are, stationary limits are optimal, because other schemes-such as

classic and block limits-generate complex incentives that lead to perverse behavior. For

the popular two-term limit, in particular, an incumbency advantage for good politicians

is created: strong incumbents will be unbeatable in their reelection bid, even by equally

qualified challengers, which in turn discourages entry and lowers welfare. If agents are

indeed strategic, this means that the popularity of classic term limits may be misguided.

In contrast, when agents are myopic, these incentive problems disappear. In this case,
the best schemes are simply those that let the good continuations go on while cutting

the bad ones short. For this purpose, flexible limits are best because they use the most

information, being based on voters' knowledge of the incumbent's 9. Block and classic

limits are in between: using calendar time or seniority as proxies for 9 is less efficient,
but better than nothing. Stationary limits are poor, as they use no information and

trigger open elections randomly. Finally, allowing regime change is the worst option, as

voters will fall for it and politicians will never have an incentive to re-establish term limits

afterwards.

Finally, our model sheds light on the welfare effects of making term limits flexible. If
voters are impatient, whether relaxing term limits is likely good or bad in practice may

well depend on whether the change is persistent. According to this logic, exceptions to

the rule, like FDR's four-term tenure in the United States, or the occasional multi-year

stints allowed to Roman consuls in times of emergency, are unlikely to be harmful. The

opposite is true when incumbents manage to permanently transform institutions, in a way

that increases their bargaining power at the expense of voters.

3.8 Appendix A: Ommitted Proofs

Proof of Lemma 11. EUa(0t, xt) can be written as

10000 00

E [E ,3% - AE OZt(a _ xt)2] E [ O1t~t - AZ Ot [(a - E(xt)) 2 + V(xt)].
t=O t=O t=O t=0
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Then, given one path (O , xt)t, and two voters a > a, -

EU, (0t, xt) - EUa,(Ot, xt) =

-A E 3#t [(a - E(xt)) 2 + V(xt)] + A > t [(a' - E(xt)) 2 + V(xt)]
t=0 t=0

- -A>] t(a2 - a'2 ) + 2A(a - a') >3 3tE(xt).
t=O t=O

Then the result follows from E' /3E(xt) > E 0 1 tE(x').

Proof of Lemma 12. Let R(O) be i's expected rents from office conditional on winning

-his first election, and conditional on his ability being 0. Similarly Q(9) are future policy

rents, and p(6, 6', k) are policy rents earned in the current election. Then

T(O', k) j (R(6) + yQ(9) + 'p(6, 6', k)) rk(0,0')f()dO,

R(6) = R !'yt, Q(O) = tyti [(1 - q(9, t))xot(0) + q(9, t)xt()],
01

t p

Yt 171 rp, (1 - q(9, s)r 8(O)), KS(9) =]J r. (0, Of)dO.
1

Here yt (t > 1) is the probability that i will win his first t reelection bids; K.() is

the probability that an incumbent (0, s) will lose against a challenger who invests; and

Xit (0), xot (6) are expected policy rents against a challenger who invests or does not invest,
respectively. Note that R(9) and Q(O) are independent of (0', k): the challenger's rents

depend only on 0, conditional on defeating the incumbent.

We want to show that T(0', k) is decreasing in Uk(O'). From Proposition 20, rk(0, 0')

is decreasing in Uk(O'). Then all that remains is to show that p(O, 6', k) is also decreasing

in Uk (0'). If Uo(0) < Uk(O') then p(0, 0', k) 0. If Uo(0) > Uk(0') and U0() AUk(O') <. C,

p(0, 0', k) 20 UO(0) - Uk(') _ UO(0) - Uk (0')

A A

which is decreasing in Uk(O') and goes from 0 to C2. If UO()-Uk(O') > C then p(, O', k) =
C2, so the result holds. L
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Proof of Proposition 21. For simplicity we consider the case C > Co. First note that

V(9) < U(9) because V(9) = E[min(U(9), U(9'))]. Then U(O) = 3pV(O) + 3(1 - p)V <
/pU(O) + 0(1 - p)V, which implies U(O) (1-p)v. On the other hand, let m - U(9*)

min U(9). Then m = V(9*) = min V(9) as well, since V(9*) = E[min(m, U('))] = m.

Then m = 9* + /pm + 0(1 - p)V, implying m > 3(1-P)v Hence 0* = 0 and U(0) =

V(O) =3(1-p)v1-f3p
Next we show that U is nondecreasing. Suppose that there are 9 < 9' such that

U(9) > U(9'). Then r(9", 0) < r(9", 9') for all 9" and strictly for some 9", so T(O) < T(9')

and q(9) < q(9'). Hence

9 + 1pV(9) + 0(1 - p)V > 9' + OpV(9') +10(1 - p)V

-> 0 < 9' - 9 < /p(V(9) - V(9')) =

= Op (E [min(U(9), U(9"))|9" - q(9)F] - E [min(U(9'), U(9"))|9" - q(9')F]) <

< 3p (E [min(U(9), U(0"))1" ~ q(0)F] - E [min(U(0'), U(0"))1" - q(0)F]) <

< Op (U(9) - U(9')) < 0,

a contradiction.

Proof of Proposition 22.

Characterization

Denote U() = U(0) - U(0), V(0) = V(0) - U(0), W(9) = E [min(U(0), U(0'))10' ~ F]

and W(9) = W(9) - U(0). Note that &(0) = 9 + opV(9).

By Proposition 21, U(9) is nondecreasing. Then, by Lemma 12, incentives to invest

are nonincreasing in 9. Furthermore, if 0 < q(9) < 1 within an interval A, then T(9) = c

for 9 E A. In turn, this implies that U is constant in A, for otherwise r(-, 9) would be

decreasing in 9, and hence T(9) would be decreasing too.

Within such an interval, for U to be constant, we must have V'(0) = since U(9) =

9 + 3pV(9) + 1(1 - p)V. Hence

V(9) = E [min(U(0), U(0'))j1' q(0)F]

/(9) = E [min(U(), U(0'))10' q(0) F = q(0) E [min(0(0), U(0'))10' F = q(9)0(0),

where W(9) is constant in 9 because U(9) is constant. Thus q'(0) - for 0 E A.flpV'(O)
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Define

Oo = sup{0 : T(0) > c},

so q(0) = 1 for 0 < 0o. Assume Oo > 0. Then q(0) - 1 when 0 -+ 0o (otherwise q would

jump down discontinuously, which would make U decreasing).

Now, if indeed 0o > 0 then there are three possible cases. In the first case A = [0o, 1]

with 01 < 1, so that for 0 > 01 we will have T(0) < c and thus q(0) = 0, V(0) = 0,
U(0) = 0: this gives a type 1 equilibrium. In the second case A = [0, 1] and the

equilibrium is of type 2. In the third case q(0) = 1 for all 0, but we will argue later that

this is only possible if c = 0.

Next we show how to calculate U for 0 < 0. Note first that

W(0) = E [min(U(0), U(0')|1'~ F] j U(O')f(0')dO' + U(0)(1 - F(0))

= W'(0) = U'(0)(1 - F(0)).

For 0 < 0 o, q(0) = 1 so W(0) = V(0). Thus

U(0) = 0 + pV(0) +13(1 - p)V

1
-> U'(0) = 1 + OpU'(0)(1 - F(0)) -=> U'() = .p

I - #p(1 - F(O))

Then we can calculate U(0) by integrating.

In particular, in the case when q(0) = 1 everywhere, this would imply that U is

strictly increasing, which would mean that an incumbent with 0 = 1 is invincible, i.e.

T(1) = 0 < c, a contradiction unless c = 0.

Finally, if 00 = 0, then q(0) - 0. Suppose otherwise that A = [0, 01] with 01 > 0. Then,

as above, U must be constant in A, so 0(0) 0 for all 0 E A. But this is impossible

since (0) > 0. Thus q(0) = 0. Moreover, q0  0 because incentives for running in an

open election are at most as high as for running against an incumbent with 0 = 0, and

q(0) = 0. Then the equilibrium is type 3: V = 0 and V(0) = 0 for all 0. Note that type

3 equilibria and type 1 or 2 equilibria cannot coexist for given parameters: in a type 3

equilibrium T(0) is maximized because no competition is expected in the continuation,
and yet running is still not worth it, i.e. T(0) < c, while in a type 1 or 2 equilibrium

T(0) > c even though T is lower because of expected competition.
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Pinning down 0

We show that under some conditions OT < 0, which implies that T is decreasing in 00.

For the details see Appendix B.

Pinning down qo and V

Formally T" = E [R(9) + -yQ(O) + -yp(O, 6)1(O, ) = (max{0, 0'}, min{0, 0'}) : 0, ' ~ F].
The derivative of expected rents with respect to q is

Tmax R(O)
qo 2 + (1 - qo)T(0) - (1 - qo) 2 c,

which is decreasing in qo. To see this, let T"""n = E [R(2) + yQ(9)]. Then T(0) >
Tmax+Tmin Ttma+R(O) Then, in equilibrium, either T > c and = 1 or2 2 eqiibim 2

T(0) - R(O) < c and q0 = 0, or T2 < c < T(O) - 2 and there is a unique q0 such that

qo T7 + (1 - qo)T(0) - (1 - q0)RO = c.
Finally, we can find V explicitly like so, using that U(0) = _-_V:

V = q E [min(U(0), U(0'))I1, 0' ~- F] + (1 - qo)2 U(O)

V - U(O) = q E [min(0(0), ((0')),10 9' r F]

[min (((0),0(o'))10,'r. F] > V =
1 3 q2E

1 - 3p
[(0)|0 ~ H],

where H = 1 - (1 - F)2. Then, integrating by parts,

E [((0)10 H] = j 0(0)h()d = 0(1) -

= ilU'(0)(1 - H(0))d0 =

U'(9)H(0)dO

/00 (1 - F(O))2 d0 +
0 1 - Op(1 - F(O))

Proof of Proposition 23. When a > 0, we can show an analogous equilibrium characteri-

zation as in the case a = 0. U(0) is still nondecreasing, so T(O) is still nonincreasing, and

there is an interval A of the form (0, 01) or (0o, 1)3" within which T(0) = c, U is constant
36 For a > 0 there is actually a fourth possible type of equilibrium, where A = (0, 01); it is not

significantly different from the other cases.
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and V'(0) = - 1. However, there are some differences:

V(0) = (1 - a)E [min(U(0), U(0')) ~0 q(0)F] + aE [max(U(6), U(0'))' ~ q(0)F]

+-> V(0) = (1 - 2a)E [min(U(0), U(0'))10' ~ q(6)F] + aU(0) + aE(U(0')10' ~ q(0)F)

+ ' V(0) = (1 - 2a)q(0)E [min(U(0), U(0'))] + aU(O) + aq(O)E(U(O')),

where X(0) = X(0) - U(O) as before. This implies that, within A, q'(0) =

&M1) aO(00)) In addition, for 0 < 0, now U'(0) = 1 + 3pV'(0) = 1 +

Op [(1 - 2a)(1 - F(0)) + a] U'(O'), so U'(0) = p[(-2a) 1 -F())+Q] For 0 > 01, U'() =
1

1-3pa *

Finally, U(O) = #pV(O) + /(1 - p)V, where V(O) = aq(O)E(U(O')) + U(O); hence

U(O) = 3paq(O)E(U(0'))+3(1-p)V

With all this, finding an expression for V is similar to the case a = 0, albeit messier.

Now

f = (1 - 2a)q2E (min( (0), U(0'))) + 2aqoE (U(o))

V = (1 - 2a)q2E (min(U(O), U(6'))) + 2aqoE (( (O)) + #paq(0)E(U(0')) +3(1 - p)V
1 -,#p I - #3P

(1-,3)V = (3paq(0) + 2aqo(1 - Op)) W + (1 - 2a)q(2

W = E(U(0')0'~ F) = j 1 - F()) I - F()
1 O-#p (a + (1 - 2a)(1 - F(O))) + 1 - #pa'

0 = E(UJ(0')|'1 - 1 F)2) 00 (1 - F(O) )2 -+ 1(1 - F(O))2

J o - #p (a + (1 - 2a)(1 - F(O))) Jo 1 - Opa

Proof of Corollary 5. Note that if c < co = j then qo = 1. The reason is that investing

in an open election increases the chance of winning by at least i, which is worth at least

. Now take some c E (0, co) and consider V(p, c). Then Vo,c = V,O because, when p = 0,
only qO matters for welfare. However, for any po > 0, Vpc < Vpo,o since c > 0 results in a

lower q(0). Then, since (when c = 0) p = 0 is weakly optimal for any a < -, when c > 0

it must be strictly optimal for such a. Thus, by continuity, p = 0 must be optimal for a

bigger interval [0, a*(c)] where a*(c) > }
To show the existence of ci, we argue that 9j dominates all the other terms in !
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when c is high enough. Consider the "worst" case a = 0. We first show that 2 is
&p

bounded below for all c close enough to Z and all p such that q0 > 0. From Proposition

22, we know

T() - c - R(O) R - qo 3) + 2#
q0r~ 2 _______==>. -

T(O) -Tax + R9 2(1-,p)+ &pf (22-p) 2

when c is close to Z (since in that case no future competition is expected). Thus OgO

is bounded below by , + 1i3. In addition, q0 -+ 0 as c -+ T. Thus 0 - becomes

arbitrarily large as c -+ Z, for any p such that qo > 0. To finish, we can check that the

other terms in - are bounded.

LII

Proof of Corollary 6. We can find the effect of a marginal change in p by differentiating

V. Assume q0 = 1 (so q(0) = 1 as well), 37 and consider the case a = , which simplifies

to:

(1 -/)V = (2 -,p) W = (2 - #p) [jo1-F ) + [1 F(,)
2o 2 01 2

J00'

= 01 - F(O) + f 1 - F(O).

If we assume 0, 9 are close enough to 0 (so there are no prize effects), then the problemap a
reduces to differentiating inside the integral, and 2 = 0. Similarly we can show that, for

9p

a < 1 a < 0 in the absence of prize effects.

Proof of Proposition 24. We can check that there is c* such that, if c E [c*, Z], then the

equilibrium for p = 1 is type 1. For any c in this interval, when p = 1, IL only assigns

positive probability to 9 E [01, 1], since these are absorbing states: they face no competi-

tion, are thus never defeated, and are also never forced out by term limits, so they persist

forever. Moreover, since p = 1, we have U(9) = 9 for 9 E [01, 1] and V(0) = 0, so VLT = 0.
However

VLT~ - P V()dp +(1-p)V=p Y(9)d+ PV > V.

37Running against an incumbent with 0 = 0 pays weakly more than running in an open election, since
in an open election there is a positive probability of the challenger investing, unless qo = 0.
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Hence, for any p < 1 but close enough to 1, the equilibrium is still type 1 so V > 0,

VLT > 0-

On the other hand, for c = 0, if / is low enough then U(6) ~~ 6 regardless of p, so the

flow payoff from an election with two candidates 6 < 6' is just 6'. Hence VLT = E,(0),

where p is the long-run distribution of the loser's ability. For p = 1 we have p ~~ F, since

in the long run the incumbent's 6 is concentrated at 1 and the challenger's distribution is

F. For any other p, the incumbent's distribution is lower and thus p is lower also. l

Proof of Proposition 25. Tk (6) is a decreasing function of Uk (6). Then there is a threshold

U* such that (abusing notation) T(U*) = c, so that qk(6) =1 for Uk(6) < U* and qk(6) = 0

for Uk(0) > U*.

Given U*, V and a candidate function Uo(6), we can solve for Uk(6) with a form

of backward induction. First, Um1(6) = 6 + /3V, which is linear and increasing. If

61(m-2) + /V = U* for some 61(m-2), then Um- 2 (6) = 0 + 0E[min(Um- 1 (6), U0 (6'))],

qm- 2 (6) = 1 for 6 < 61(m-2) and Um- 2 (0) = 6+ UO(0), qm-2(6) = 0 for 6 > 61(m-2)-38 We

can proceed like this for k = m - 3,... , 0.

This argument doubles as an algorithm for equilibrium construction: pick candidate

values of U*, V and Uo(6) and solve for an equilibrium as above. Then the resulting

strategy profile is an equilibrium if the generated U*, V and Uo(6) match the conjectures.

We also obtain the set of cutoffs Ak from this construction. To show that 1k 2(m -

k) - 3 we argue as follows. Let h(U) be a function given by h(U) = E[min(U, Uo(6'))I1' ~

F] if U < U* and h(U) = Uo(0) if U > U*. Define also ho(U) = 6 + Oh(U). Then

Uk_1(6) = ho(Uk(6)); in other words the sequence (Um-1(6), Um-2 (6),...) is recursive.

Let ao > 2 be the smallest natural number such that Um-a+ (6) > U*, and bo > 3

the smallest such that U,-b+1 (6) > U* and bo > a0 . These numbers characterize the

sequence (Um-1(), Um-2(),...) because, after Uk(6) > U* occurs, we get Uk_1(6) =

6 + Uo(0) regardless of the exact value of Uk(6); in other words, the sequence is periodic.

Furthermore, let ak = min (ao, k+1), bk = min(bo, k+1). We can check that discontinuities

in Um-k( 6 ) correspond to changes in ao and/or bo. So we have to argue that (ao, bo) can

only change 2k - 3 times within [0, 1].

To do this, note that ak, bk are non-increasing in 6 and the values that (ak, bk) can take

are bounded by (2, 3) and (k+1, k+1). Then there can be at most (k+1-3)+(k+1-2) =

2k - 3 jumps.

38 This assumes that Uk(O) > U* =' Uk(O) > Uo(O), but that can be easily shown. Note that Uk(O) =

#Vk+ 1 (0) 5; 3Uk+1(0). If Uo(O) > U* , then Uk(0) > U* for all k, so Vk+1(O) = Uo(O), implying Uo(O)
0 : U* < 0, a type 3 equilibrium. But in that case Uk(6) ;> 0 = Uo(0) still.
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Proof of Proposition 27. When 3 = 0, 0(6) = 0 and there is a cutoff 60 such that q(9) = 1

for 0 < 00, q(6) = 0 for 0 > Oo (this is a degenerate case of Proposition 22). Oo is given by

R(1 - F(90 )) = c. q0 = 1 if R > 2c and 0 if R < 2c.

We first find the flow payoff v(6) of an election where the incumbent has ability 0:

v(6) = E [min(0, 6')|0' - F] = f (1 - F(6')) if 6 < 0, and v(9) = 0 if 0 > 9o.
Then the flow payoffs vt are given by vt = f o ft(0)v(6), where ft is the density of

the incumbent's 9 at time t. Equivalently, this can be written as vt = ffo(Ft(9o) -
Ft(9))v'(9) = foO(Ft(90 ) - F(0))(1 - F(6)) and v0 = q' f (1 - F(0))2 . Finally, note that

Ft(6) = Ft+1(0) for 6 < 6o.

This is enough to characterize the payoffs of stationary and block limits. Moreover, it

can be shown that (t)tg. is a quasiconcave sequence, so we can choose the optimal m*

for block limits as shown in Figure 3-9. Finally, block limits outdo stationary ones by the

argument in Subsection 3.5.2. L

Proof of Proposition 28. First note that non-deterministic rules are weakly dominated.

Informally, given a non-deterministic J, and a history H such that 0 < J(H) < 1, increase

J(H) to 1 if the continuation after H has flow payoffs greater than V, and decrease J(H)

to 0 otherwise; repeat for all such H. This yields a deterministic J that pays at least V.

Thus we can focus on deterministic rules. For a deterministic J,

V = f'(1 F(6))2 + 0 (EH H6)) v(0)

1+fL (EH fH(60))

where H spans the histories allowed to continue by J, and fH(O) is the density of the

incumbent's ability after history H, assuming no term limits (fH is not normalized, i.e.,

f fH is the probability that H is realized and the incumbent is allowed to run again).
Next we aim to find the densities fH. Let t = IHI (time since an open election) and s be

the number of R's at the end of H (i.e., the incumbent's seniority plus one). Then we

can check that:

fo(6) = 2F(9)f (6), F(9) = F2(o)

fHR(O =H fH (0)F(6) if 6 < 60 fHNh FH (0)f(0) if 9 < Oo

fH(O) if 6 > 60 FH(00)f(0) if 6 > 60
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Hence we can find the densities fH recursively:

fH (0)

FH() ={

Hk2 + F+) 1(0)f (0) if 0 < O0

fH-s ~ H(0) N FIt+1(0o)f(0) if 0 > 0 and s<t

2F(0)f (0) if 0 > Oo and s=t

(t+2)HH =NI k Ft+2 (0) if 0 < Oo
2 H -N (Ft+2 (00) + (t + 2)Ft1+1(0 0 )(l - F(00))) if 0 1 and s<t

2Ft+2 (o) + 1 - F '(0)2
t+2 +-F0)if 0= l and s=t

We can see that f' depends only on t and s, not on the entire history H. In other

words, histories H, H' with equal t and s have proportional densities and generate the

same normalized payoffs. Note that the optimal J must satisfy the rule: if the normalized

payoffs on the continuation after H are greater than V, then J(H) = 1; otherwise J(H) =

0. Then J(H) = 1 iff J(H') = 1, i.e., J only conditions on t and s.

3.9 Appendix B: Auxiliary Proofs

Proof of Proposition 22-Pinning down 0

Under stationary limits, the expressions for R and Q simplify to

R(0) =
R R

1 - /p(l - q(0)r(0)) 1 - fp + pq(0)K(0)

Q(0) = [(1 - q(0))C 2 + q(0)(2Cx(0) - x2(0))] 1P
1 - 3p + pq()>(0)'

where t,(0) = f r(0', 0)f(0')d'. Remember also that

Too j (R(0) + -Q(0) + -yp(0, 0o)) r(0, 0o)f (0) dO

Suppose first that the equilibrium is of type 1, and let 01 = 01(0o). Then r(0, 00) = 0
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for 0 < 00, r(0, 0) = 1 for 0 E [00, 01] and r(0, 00) = 1 for 0 > 01:2

Too1 (R()+7yQ(G) +7p(9,Qo)) f(G) dO + I l
Then

r___ - 1 0(R* (0) + -yQ*(0) + 7p* (0, 0)) f (0) +490o 2 o

(R(9) + -yQ(G) + 'yp(0, 00)) f(0) dO.

I (R(0) + -yQ(Go) + 'yp(Go, 9o))f(0o) - 19'(90) (R(01) + -yQ(01) + -yp(0 1, Oo))f(01)
2 2

where R* = . and so on. We want to show that ae< 0.

The third and fourth terms are negative, since 0' (Go) > 0 (because q' > 0). Note also

that: R*(9) = 0 for 6 > 01 (because q(6)ti(9) = 0); Q,(0) = 0 for 9 > 01 (because raising

Oo has no effect on U(9) - U(O)); p*(G, Go) < 0 for 0 > 01 (because raising 00 increases

UIA but not U(0)); and p,(0, Oo) = 0 for 9 E A (because 0,9' E A implies U(9) = U(9')).

Thus, it is enough to show that

/ 010
(R,(0) + -yQ,(0)) f (0) dO <

(R(0o) + -yQ(0o)) f(0o) + 0' (0o) (R(0 1) + "yQ(01) + -yp(01, o)) f(01).

We can calculate

R
(1 - 3p + 3pq(0) ,'(0) ( q(G) + () J'

where

1 1 F( 0) + F(01) - () = f(0) + f (01)6((0)( 1- > ; 1 - 2 2

Here the bound on q, follows from 6'(Go) > 1, which is easy to show. We can also bound

_ '(9) <
K (0) -

f (0) + f(i)0'1(0o)
1 - F(00)

Then the integral of the second term is bounded by 0'(O0)R(9 1 ), i.e.

1001

(R -f_+_ (_)_()) (0)G (0o) f(0)
(1 - 3p + ;p? (Q)())2 3pq()K(9) (1 - F(90 ))~9 < 0'(0o)R (0 1)f (0 1),
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because 6_q(o> o), < 1. As for policy payoffs,1-3p+1pq(O)n(O)

Q(O) = [q(6)x1 + (1 - q(O))xol 1 - p pq(6)h(6)

q(O)x1 + (1 - q(O))xo 3pq(O)r()
(1 - /p + /pq(O)K(0)) 2

\ q(O)
+ (0)

q*(0)(xo - x1 )
1 - 13p + 3pq(O)t(O)

q(O)x1l + (1 - q(O))xo*
1 - + p + 3pq(O)K(O)

x0 = 2C U(00)
A0

xo* = U'(60 )

_ U(9 0)
A

1

C 0(00 )

00

x1, U'(00 )

2C U(0 0) - U(6)
0 A

[jo0(
0 (

_ 0(00) - U(0) f (0)
A

U (00)0)

To bound the first term of Q*(0), note that '(0) breaks down in the same way as

before, and the second part can be handled analogously. Moreover, we can bound x0 ,
x1 < C2. The second term of Q* (0) is negative so we can ignore it. Finally, we can bound

xo* and x1, like so: ( 0) ; V(10) - -1 =-0 and U'(0) , hence

C 0 p 1 C /3p

Ontheotep (r1 -hi)A U (1 - OP) < ( - 3p) ( A1 - 0t) s

On the other hand, U is concave so U(Oo) - (O) ->U' (00)(00 - 0) ;> 00 - 0, thus

(1 - 3p)x* <
jO00 (C ( 0 )A

f( 0)C 1f(0 <fo (0 0-6A

So we have to show that

[(R + C2)

T C
t(1- 3p)vN

/pq(9)n(>)
(1 - 3p + /pq(0)K(0)) 2

q(0)27 + (1 - q(0))

1 - op + opq()

1
( _gO pq(0)

Oi-O 1 f()<R0)f0)

Ki(0) J 0 0)f(o
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Using that f(0) < # 5lF(Oo) it is enough to show that for any 0 < q < 1

(R + yC 2 ) OpqK 1

(1-Op + pqr)2

1 Rf(0 )

F(01) - F(0o) 1 - Op+OpK

f(00 )
1 - F(00)

C q27+ (1 - q)6O
(1 - 3p)(1 - 3p+ Opq n)

(R +C 2)Opq

(1 - Op+3pq) 2

(R + yC2) 8pqK
(1 - Op +,pqr,)2

Now _ 1

(1
- + Cq27+(1-q) pf

q f _f( op 2

- is single peaked in q with a maximum at

R

1 _f p+/3pii

R
1 _ pP + 3pt

q* = 1 - + . Ifq 3pk 01

this q* is greater than 1, then we need

(R + yC 2 ) 1pjr

(1 - Op + 6p)2
1) C 2f+ /3pf

+ 

J f FA (1 _ -p )2

R

1 _ 3p+3p3'i

which holds for any q if -y is small enough. If 0 < q* < 1, then the maximized value is

1- and we need

(R + C2 )

4 (1 - Op+ +y if

which holds for small enough -y ff

-YC 27+ T8f R

+ 1 (1 - -p)2 < _ + OPK

1
'3 P < 

1 41 + i (i -

in particular if # < 4. If the equilibrium is type 2, then

TOO= f R() + yQ(O) + -yp(O, Oo)) f (0) dO

=I (R.(0) + yQ*.(O) +7p*(o0)) f(0) dO -(R( 0 ) + yQ(Oo) + yp(0o,0))f (0)aOo 2 jo.2
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And we have to show that

10
(R*(0) + 'yQ*(0)) f(0) dO < (R(0o) + -yQ(Oo)) f (O0).

We now have

q(0) > 1 - q(1)
--

0 0
K(6) 1 - F( 0 )

2 t(0) 1 __0__)2fO) ii(O)

Note that the bound on q, is weaker in this case. Arguing as before, we have to show

(R + -yC 2 ) /pqK

(1 - Op + pqK) 2

1

- q(1)
Oq )

f (00)
1 - F(60)

C q27+ (1 - q)

S (I - 3p)2

Rf(0 )

<1 - F(0) 1 - 3 p + p

subject to q > q(1). It is enough to show

(R +yC2))3pqi

(1 - 3p + 3pq,)2 ( 1 1 - q(1)

Obq)

+ C 2f + i3Opf
_ A 1 o

3 p) 2

R

1 _ 3 p+ OpK

Again qK)
- is single peaked in q with a maximum at q* =! 1 +

Oq )/8pk+

2(1-q(l)) . There are three cases. If q* > 1, then we need

/3 PK

(1- p+OpK)2 ( 1
1 - q(1))

a )
+ -C 2+ I/pf

fX V --P,
K

which holds for any q if -y is small enough. If 1 > q* > q(1), then q* >

and

f3pq*r,
(1 - Op + Opq* ) 2

1
( 1

S1- q(1) _

q5 J

R

3-P + 3pK'

I8pk q5
T+i2

1

4 (1 _Op + i-
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< f(0 0)
1 - (o

(R + YC 2 )

> q(1),

4(1

4((1

-3p + P(1 - q (1))

- 13p) (1 -

1 -PP + 2
Opk--Lo

1TT 
) )

+ 3r ( 1 2



which is smaller than _ if # < 2, so the main result holds for small enough -y.
Finally, if q(1) > q*, then for small enough -y we need

- pq()K

(1 -/3p +3pq()K) 2 'K(1)

Let =-3 z. Then this can be rewritten as
fOPK

(1- 3p + 3pn)/3pq(1)K( 1 - 1 q(1)
Oq (1)

(z + 1) q(1) -
1 -q1

O P + #3PK,

< (1 - Op + pq(1)K) 2

< (z + q(1)) 2

This quadratic inequality has roots

0+1
qj, 2 = 2q (z + )z /2 (z +

2

1)-Z) - (Z2 +Z+

It can be shown that these roots are either complex, or real and in [0, 1].39 To make sure

the above inequality holds without knowing q(1), we need complex solutions, i.e.

( 20 (z

2

+ ) z < z2 + z + - 2(1 - 3Z2 - 2z)

Let K 1 - 3z 2 - 2z, L = (z + 1)2. Then the inequality holds for # < q*, where

L
K

L2  L
+ K2 K 1

+ z+9 then the solutions are complex. I
2

They are positive because, if + (z + 1) - z < 0, then
20( +2 ) z

f not, the solutions are real.

> (z2 + z+1) is impossible.

The small solution is smaller than 0+1 (z + 1) - z, and this is < 1 for < > 1; then the other solution is
also less than 1 because the inequality always holds at 1; thus they are both in [0, 1].

166

0 < q(1) 2 + 2zq(1) + z 2 -
z +1
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