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ABSTRACT

A Jocal parametrix F for hyperbolic pseudodif-
ferential operators P with involutive double charac-
teristics satisfying the Levi condition is constructed.
The problem is reduced to construct a parametrix E for
the Cauchy problem for a 2x2 symmetric hyperbolic
system with characteristic roots of non uniform multi-
plicity. This is done via the sum of two Fourier Integral
Operators and an oscillatory integral with wedges E3 .
The wave front set of E 1s contained in the union
of the two canonical relations defined by the Fourier
Integral Operators and the "cone generated" by the two
canonical relations on the points of double character-
istics. Out of the wedge of this cone E is & Fourier
Integral Operator and its symbol satisfieé a symmetric
hyperbolic system. The wave front set of F 1is contained
in the union of the diagonal, the canonical relations
defined by H if P = P.P. + Q , and the "cone

Py 172
generated" on the points of double characteristics by
the canonical relations.

We generalize this construction to get a parametrix
for the Cauchy problem of a symmetric hyperbolic system
with double characteristics that leads to a parametrix
for the Cauchy problem for hyperbolic operators with
double characteristics under an assumption that coincides
with the Levi condition in the involutive case.
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INTRODUCTION

In this paper we study hyperbolic pseudodiffer-
entlal operators with double characteristics on a C°
manifold X . We conslder the construction of right and
left parametrices for these operators (Chapter I) and we
study the Cauchy problem (Chapter II).

Hyperbolic with double characteristics means that
the principal symbol p of P € Lm(X) has the form
P = PPy » Py real valued homogenous functions on T*X
with single characteristics i.e. dgpi(x,g) # O on
Pi(x:g) =0, 1=1,2.

In Chapter I we construct a local parametrix F for
P , when the characteristics are involutive i.e.

{pysp,} =0 on 3z =((x,8) € T*X - {0}]

Py (%, 8) = py(x,8) = 0 .
We also assume Cp =0 on Y where Cp is the subprin-
cipal symbol of P . Ivrii-Petkov (see [I-P] and
Chapter II.2) have shown that this last assumption is
necessary for the well possedeness of the Cauchy problem
for P under the involutive assumptions. Also the
condition Cp =0 on ¥ 1is equivalent to the local Levi
condition (see Chapter I) that it is a necessary and
sufficient condition for the well possedeness of the

Cauchy problem for hyperbolic operators with characteristic



roots of constant multiplicity as it was shown by
Flaschka-Strang (see [F-S]). The construction is done
first by transforming the operator P to a "simpler"
one M in R"®. The principal part of M has the form
D.D, . Afterwards we consider a system associated to
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M and we reduce this system to:

L = + A(t,y,Dy)

where the coordinates in TR" are denoted by (t,y) €

Rx R, & ¢1%(xr

smooth in t . For constructing
a parametrix for L we construct a parametrix for the
Cauchy problem for L , i.e. an operator

E: C2(R™) = C™(R") s.t.

LE ¢ C°(R*! x RP)

Y E = Id mod L™(R""1)

where vyt C*(R®) = ¢®(R™ 1) is the restriction to the
hypersurface t = 0, i.e. y f(y) = £(0,y) , f ¢ c®(R™) .

E 1is not a Fourier Integral Operator as it is when P

is strictly hyperbolic or P has characteristic roots



of constant multiplicity.

We have

E=E +E, +E&E B,

1

=T

where eq € Sl(]Rx]Rnx]R

WF'E3 c cl(o) 1y C

where

03(0) = {((t,y,r,;);(:},@)
yp =y * ’T'Jzi ’
J = 2,...’n—l ]

We have 03(0) =

and 53(t) = 02(0) P

t icp3('r,t,Y:e)
[e

n—l)

(See Chapter II.1 and [CHl].)

1

e 1 H®ML,RP ,C;(0))

63('\': t:y,v e)f'(e)ded'r

We have

.

5(0) u €5(0)

T,(]Rnx ]Rn—l)l

) €
“tiTS.t’yj:yj’
r=gl=oig=g}
‘ ) Cy(7)
-t <1<t

'63’3(-t) = c,(0) .
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So 03(0) ~is the cone generated by Cl(O) and C2(O)

on the points where r = g =0 (pl = p, = 0) . The
appearence of the extra term E3 is motivated in Chapter
I, Section 4. Its construction was suggested by the
Granoff-Ludwig paper (see [G-L]). We show that Eq is

a Fourier Integral Operator out of the "wedge" of the
cone mentioned above and its principal symbol satisfies

a symmetric hyperbolic system like the wave equation in
three dimensions. The "phenomenon" that the transport
equation is a symmetric hyperbolic system appears also in
conical refraction (see [L]). Eg is also a Fourier
Integral Operator out of % . The wave front set of F
1s contained in the union of the diagonal, Ei where

Ci are the canonical relations defined by Hpi , i=1,2

and 63 , where 53 is the "Cone generated" by the
canonical relations 31(0) , i=1,2, on ¢, (see
Chapter I, Section 7 for more precise'information).

In Chapter II we construct a parametrix for a
symmetric hyperbolic system with double characteristics,
reducing this system via a canonical transformation that

"preserves" the Cauchy data, to a system of the form:

[l
I
+
w )i
&
&
@)
e
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B(t,.,.) € L° smooth in t . A parametrix for
T is constructed using a generalization of the idea
of the construction of a parametrix for L . This leads
to a parametrix for the Cauchy problem for hyperbolic
operators with double characteristics under an assumption
that coincides with the Levi condition in the involutive
case.

Finally in Chapter III we mention some open
problems related to this work.

The general emphasis in this thesis is on

constructive methods.
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CHAPTER I

THE LOCAL PARAMETRIX

If Y is a C7 manifold, we are going to denote
by Lm(Y) the pseudodifferential operators whose full
symbol is an asymtotic sum of homogenous functions. More

o0

precisely: p =~ E: p_j s D_. homogenous function of

J
J=-m
degree =-j on T'(Y) = T*(Y) - {0} and

p- ) p_ySTH(THY))
J<k

and p 1s the full symbol of the operator.
If P € Lm(Y) we are going to denote by small p ,

the principal symbol unless the other thing is stated.

1. Assumptions. Let X be a C° manifold.

m oy .
P e L (X) P=PP, +Q P, €L (xX) 1i=1,2

m.+m_ -1
QeL?t 2 (x) .

Py homogenous functions of degree m, on T*X with real
values, 1 = 1,2 .

q homogenous of degree m1+m2-1 .

Let % = {x, g) € T'(X)' Pl(x, g) = Pe(x’ g) = 0} .
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We will assume
il) {pl,pe} =0 on Y

o linearly independent on ¢, i = 1,2

gPi

C. =0 on % where Cp is the subprincipal symbol

i) le s Hp2 » V are 1l.i. on ¢ where Hpi is the
Hamiltonian vector field of Pi » i=1,2 and V
is the cone axis.

15) P, have simple characteristics, 1 = 1,2 .

Notation: We will say that P satisfies (I) if

m m.+m_-1

P = PP, +Q P, €L i(X) i=1,2 Qe¢L 172 (X)

Py homogenous of degree my i=1,2 , q homogenous

of degree ml+m2-1 .

2. Reduction of the problem.

Proposition 2.1: Suppose P satisfies (I); P satisfies
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il). Then P satisfiles i «oq=0 on ¢¢.

3)

Proof: We have that in local coordinates on X :

n
1 32
(1) Cp = Pp.1 - B E: S;;gzg (ef. [D]) and
3=1
n
op, op
(2) pm_l—q+—i-z—€§§€ (cf. [D]) . Also
J=1
(3) »=pyp,
Then
n n
dp, Op op, 9p
) e LS T L Ty
J=1 73] J J=1 773 J
! {'1 oPy 9P, rzl p; 9P,
21 L s ~. 21 =
§=1 5gj ij j=1 agj ij
n 2 n 2
o1 Zapl o3 zape
21 Po Y 51 P1 -
J=1 77373 J=1 7733
So:
(5) Cp =q + é% {Pl’pe} on %

From (5) Proposition 2.1 is trivial.
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Definition: Let (xo, go) € N={(x,8 €T (X)] p(x,8)=0}.

Then we say that P as in (I) , satisfies the local

Levi condition at (x_,8,) if ¥p € C7(X) solution of

the equation pl(x,dxcp) = 0 (resp. p2(x,dxcp) =0 ) in
00

a neighborhood of x_  with dxcp(xo) = g, and vfeCO(X)

supported in a neighborhood of Xq where do £Z 0, we

have

m.+m_ -1
(6) eit“’P(feitw) = 0(t 12 ) as t= o

>0 and R € R'

in the sense that vN € IN, % CN,f,cp

s.t. Yt>R

where | | , denotes the euclidean norm induced by a

coordinate system in a neighborhood of x (taking that

o
neighborhood sufficiently small), in the case that

Pi(x,8) =0, p,y(x,8) #0 (resp. py(x.,8) #0,
pQ(XQ’ ;o) =0 ) .

If (x,,8,) € £, let o be a solution in a neighborhood
of X s of pl(X,dxcp) = pg(x, dxcp) = 0 with dxcp(xo)= & -
Let f € CE(X) supported in a neighborhood of X, where
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dep # O then P satisfies the Levi condition at (xo,go)

if
-1t 1t m, +m, -2
(7) e " Pp(fe"?) = o(t ) as t—= e ,

in the same sense than before.

Proposition 2.3: Let P gatisfy condition (I) and (il).

Then (13) is equivalent to the local Levi condition.

Proof: (a) We have that in local coordinates

ml+m2

8) e (M) (x) = t 1 Pp(x,d 0)f(x)

m.+m. -1
Pt g ) $Ee 05t
j=1 dJ J
+ Cp(x,dxcp)f(x)]

m.+m.-2
+t T 2 n(t,x) ,

(ef. [D]). BSo if pl(x,dxm) =0 = pe(x,dxm) =0,

@ € CT(X) , dxm(xo) = 8 » (x,,8)) € £, then clearly
P(X:dxw) = 0, and %%g(x,dxm)
X, - If we suppose that C_ =0 on g, then clearly

m.+m, -2
e 1top(el®®) _ 0 (+ 1 2 7) . 1In the case that

0O in a neighborhood of

pl(xo,go) =0, pe(xo,go) # 0, then clearly for the
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~itegn, 1t )+, -1
corresponding ¢ , e~ ‘PP(e”"%®) = 0(t ) because
p(x,dxm) = pl(x,dxm)-pe(x,dxm) = 0 . Same reasoning
works for the case pl(xo,go) £0, p2(xo,go) =0 .

(b) Suppose the Local Levi condition is satisfied
at (xo,go) € £ . We want to show Cp(xo,go) = 0 . Take
f e CZ(X) one in a sufficiently small neighborhood of
X, » where pl(xo,dxm(xo)) = Py(x,,dxp (x,)) = 0,
dya(x,) = & -

n
Since z: %%— (x,dx¢) %%— (x) = 0 and (7) ,
j=1 9 J
we have that: Cp(x,dxm)f(x) =0 ,
then Cp(xo,go) =0 .

Q.E.D.

Proposition 2.4: Let (xo,go) € L. Then g a; (1=1,2)

oo

C functions homogenous of degree 1 =~ my s.t.
ai(xo,go) #£ 0 and {ri,rQ} = 0 in a conic neighborhood

of (xo,go) with r, = a;p, » 1=1,2.

Proof: Let hi be C* functions homogenous of degree

l-mi’ in T'(X),i:l,g,
(hypy5h5p,} = hyh,y(py, D) + pgihlpl,hg} + pl{hl,hgpg}

Then (h }] =0 on ¥ . Let us consider the

1P32 5P,
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operator

(9) H = H PH, = H,P,P_H, + H,QH,

with H

i
s
)
| s
Il
)
‘e
n
o
I
e
)
O
=
n

We have that CH =0 at ¥ since fﬁl;ﬁe} =0 on ¥

and T = hlqh on ¥ . Then using Proposition 2.1 and

2

that clearly H satisfies (I) we get Cy=0 on %.

Since [hl,he}(x,g) =0v (x,8) €¢ £, we have that

(10) {hl’hg} = A\hy + \oh, in a conic neighborhood
of (x_,8&) , xic“‘ homogenous of degree O ,

i = 1,2 .

Let's observe that

f f f

£ £
(11) (e 'nj,e®n} = e

5 f
(hl’hg} + e

+ +
1 1 "2

f1+f f.+f

+
2 1
+ e {hl,felh2 + e

2
{fl’fE}hlhE'

We first solve the equation
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We know that there is a unique solution in a conic
neighborhood of (xo,go) with fl homogenous of degree
0, with initial data fl = O on a conic hypersurface
transversal to H  at (x,28) . (ef. [D])

5 o’ o
Having determined fl s We solve for f2 .
fl f
(13) {e hl’fg} + xee
of (xo,go) , T, homogenous of degree O with

2
initial data O 1in a conic hypersurface trans-

at (xo: go) .

1. 0 1in a conic neighborhood

versed to th

f

Let's take a. = e ihi , 1 =1,2 . Then we have

i
[alpl,agpg} = 0 1in a conic neighborhood of (xo,go)
because by (10) and (11) we have

£ fl+f

£y > 2
(18) (e h)se h2] = e [a;hy + [fl,h2]hl]

f f f
2 1 1
+ e hz[xle + {e hl,fg}] .

Q.E.D.

Remark : Let's consider

(15) AJPA, = A P,PA, + AjQA,
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L
i
>
g
|
I
| o
‘e
N

where

We have that {31;32} = 0 in a neighborhood of (xo,go)é .

We have clearly that H_ (xo,go) , H_ (xo,go) , V(xo,go)
a a
1 2
are 1.i., because H_ (xo,go) = Hp.(xo’go) , 1=1,2 .
a - Fi
i
Also to find a local parametrix for A near

(xo,go) is clearly equivalent to finding one for P

since the A, are elliptic near (xo,go) , 1=1,2.

i
Lemma 2.5: Let pj,...,p Dbe real valued C® functions
in a conic neighborhood of (xo,go) € T'(X) which are
homogenous of degree 1. For the existence of a homo-
genous canonical transformation  from a conical
neighborhood U of (xo,;o) to a conical neighborhood
n
V of (z,8,)) € T'(R)

(%, 8) = (x(%,8)., %, (%, 8),0,(x,8),.,8,(x,8) € T (R")

with pj(x,g) = ej(x,g) , J=1,...,k 1it's necessary
and sufficient that:
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i) {pi’pj] = 0 1in a neighborhood of (xo,go)‘,
i,J = 1,ooo,k .

ii) Hp (xo,go),...,sz(xo,go),V(xo,go) are 1l.i.

1

Proof: See [D-H].

Reduction: Since {al,az} = 0 1in a conic neighborhood
of (xo, F;o) € ¥ , and the Remark of page 19, we can apply
Lemma 5. We choose for later convenience (zo, eo) €

n 1 1
T'(R") s.t. z, # 0 with z_ = (zo,...,zg) .

o
Let's choose (see [D-H]) A € I°(XxR™%,T')s.t.

i) I' is a closed conic subset of graph ¥
ii) (xo, €, 252 0,) 1is a non-characteristic point for
A .

Let B e I (R"xX, (I")') be s.t.

(15) (xo, go) £ WF(AB - Ix) I, 1is the identity

operator in X .

I is the identity

(16)  (z,,8,) £ WP(BA - I n

)
R® R

operator in Rr" .

Now let's consider



22
P = BPA .

Proposition 2.6: & R,Al,A2 € Lo(ﬂfl) s.t.

(17)  (z,,8,) £ WF(P - (D;D, +A;D; +A,D, +R))

Proof: We know that the principal symbol of P is §l§2
in a conical neighborhood of (zo,eo) € T'Cmn) - (0}

(cf. [D-H]). We also know that c_(z,,8,) = O, because
the subprincipal symbol restricted to § 1is invariant
under canonical transformations. So P = D1D2 + S with
S € Ll(Ifl) in a conical neighborhood of (z_,8,) €
T'(R") - {0} . The fact that C_(2,,8,) =0 =

S = algl + a2g2 in a conic neighborhood of @O,eo)

with a, ¢® functions homogenous of degree 0, so taking

A, € I°(R"™) with principal symbol ay » 1=1,2

i

P = D1D2 + AlDl + A2D2 + R in a conical neighborhood of

(z,.8,) -

Q.E.D.

Proposition 2.7:

(18) (XO’ gO’zO’ 60) £ WF'(PA - AM) »

(19) (zgs8,5%,,8,) £ WF'(BP - MB)



23

where M = D1D2 + AlDl + A2D2 + R with Al,Ag,R as in

Proposition 2.6.

Proof: PA - AP = (I - AB)PA .
Since (15), (x,,8,,2,,08,) £ WF'(PA - fB) then by
(17) we get (18)

BP - PB = BP(Id - AB) .

So in the same way we get (19).

Q.E.D.

Remarks: (a) Using (18) and (19) and the construction
of a parametrix for M we will show in I.7 how to get
a parametrix for P .

(b) The observation about the equivalence of the
local Levi condition with condition (13) if P satisfies
(I) and (il) will be discussed further in Chapter II .

3. Reduction of simpler case to a system.

We are going to denote the space of vector valued
functions or operators with the same notation as in the

scalar case.



ol

Proposition 3.1: There exists an elliptic operator

E € I1°(R") with values in 2x2 matrices s.t.

D, A.D D, O
(1) (ol ;1) - (Ol D2>E mod L°(R?)

Proof: We have that:

Dy 0y/Eyn Eyoy DiEjy DiEyp
(O D2>(E21 Ele> (D2E21 D2E22>

Ia A

So taking E = ( l) € L°(R%) . We get (1) since
d

AJD; = DjA; mod Lo(]RnI) . E 1is clearly elliptic.
Q.E.D.
So we have for the operator:
D A.D A R D A.D
= 1 171 2 1 171 >
(2 T-( )+ ( )= ( ) + K
0 Dy -1d 0 0 D2
that:
~ D 0
(3) L = R 1 ) + A]E mod L™ Y(R%), A € L°(®R")
-0 D

2

with A = AE' and E' € L°(R"™) a parametrix for E .

Let's consider
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0

(1) K = (I;l D) + A A € Io(RY)

2

Let's make the change of variables:

(5) yl= xl - X2

We are going to denote the new variables by (t,y) e R"

and the corresponding dual variables in the cotengent

space by (r,%) . So in this new variables, K looks
like:
(6) K= (" ) + A& X e 1°(RP)
0 D,-D
t ¥

Proposition 3.2: There exists C € LO(IfU elliptic,

A(t,¥,D,) € I°(R*"!) smooth in t s.t.

0

(7) (th 5. >+A(t,y,Dy))C

vty ty mod L™ "(R") .

Proof: We write:

Cw ) Cp Awm ) A, Ay € " I®Y 3 € wulo)
k=0

k=0 c_y € TR
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v
in the sense that C - E: C_y € - (VF1) g0y
k=0

A - z A, € L'(V+1)(]Rn)

First we take Co = Id . Then C is elliptic. Let us

suppose we have chosen A c . for j < k-1 s.t.

-3 7 T-3-1

D 0

(8) K - ((Ot 5,3 Yra gt th (e et y)
Y1

LR(®Y)

- then we must find A Cc s.t.

-k * “-k-1°’

(9) K - (( t >+A +A_k+l><co+ +C_K) -
yl
D 0

A-k + (Ot k-1

>C-k-l mod L~ .

D, -D
t yl

Calling the principal symbol of left hand side of (o)

h_, € S'k(lﬁl) (because of (8)), we know:

hii(t:Y:O:g) h}i(t,y,O,g)

(10) h_k(t:Y:r: ) = +
2l (t,y, &, 8) hZ2(t,y, 8, €)
l 1
r| %—hli(t,y,sr,g)ds J g—hli(t,y,sr,g)ds

@'§12£< )hgl@:Y:S&“'l) gﬁs &' ]ﬁl( r)h?%i:Y:S@“giL.QdS
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Since C_, € S'k(ﬂfl), it is clear that:

ald € sTH(RxRY) 1,5 = 1,2
i-lji—-l € S—k_l(mnxmn) i,j = 31,2 .

From (10) we get immediately (9) considering

r 0 Cll r012
Sl Cle 1 k-1
<° r‘§1><c?-1t-1 ol :L> <(r‘g1 0%y (r-gy)eF )
Q.EoDo

4, Construction of fundamental solution for the Cauchy

problem for L .

For a fundamental solution of the Cauchy problem

for L , we mean an operator E: C°O°(]Rn"l)—> ¢®(R™) s.t.
IE = R

(1)
YOE = Id + R!

with R: c:’(mn“l)-‘c”(mn) an operator with C° kernel

in RV xR, t.e. RE(t,y) = [r(ty,y)E(y)ay

n-1 n-1
) s )

feco(R r € C(R™"x R
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R' € L—w(]Rn'l) and
Yo C:Cm”)-——,c“Cmn‘l) defined by
Y E(¥) = £(0,¥) £ € Co(R")

-Remark: A natural idea to consider, for constructing ou'i*

E , would be

- (

E f(t,y) = |eX®% (t,y,0)%(e)a0

E. O
1 ) , with
o E,

for £ e Co(R™Y), e € SYE"xR') for some m

i{ (t+yl, 61) +Yo8,F. .. +yn-len-l}

E f(t,y) = j e ez(t,y,e)%(e)de

' -
for £ € CO(B™1), e, € s" (R xR™!) for some m' € R
because this is the form that the fundamental solution
D 0
for the Cauchy problem for ( t ) has (see Chapter
0 D,-D
t ¥y

II.1). We have that

Dt 0] :] El 0 _ DtEl 0 AllEl A12E2
G o, ) G ) - )+( )

0 0 (Dt-Dnyg AppEqy AnSE,
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So for being able to prove (1) we would need Ay E, =0,

A, Ey = 0 , mod C°(R™1xR") and this is in general
impossible.

The second idea is to try E = E, + E

1 o s Ei matrix

valued operators 1 =1,2

E £(t,y) = [V (t,y,0)F(0)a0 £ e (™)

with e € Sm('.IRnx]Rn—l) for some m € R.
i Py
E £ (t,y) = [eX¥ 8% (t,y,8)F(0)d0

' -
with e, e g™ (]Rnx]]Rn 1) for some m' € R, and

<t+y,8> = (t-+y1)91 + Y0, t el yﬁ-len-l . Then we have
that
D 0] D 0
[K b ) +-4](E1+E2) = [elv.0>("t Je 2(0)as
0 Dt—D 0 D, -D

¥y ~ t 1
0 0
1<y,8> $
+ Ie , <o . >e1f(9)d9
-8
s Xei<y,e>e-i<y,9>A(ei<Y’°>el)%(e)de

D 0

1cts .

+ [l T80 Je,(t,5,8)F(8)ae
0 DD,

1

6 ¢ R
+ jei<t+y,9>( 1 )eg(t,y,e)f(e)de
0 0
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. j'ei<t+y, 6> - 1<t+y, 8> (1< tHY, e)ee)f'(e)de .

For getting (1) we should have then either

<Ol >e2 =0 or ( >e1 = 0 mod Sm' or s .
O O "91
Then going to the following step we should have
21 22 m'-1
alz(t,y,e)e2 =0 ale(t,y,e)eg =0 mod S .
11 12 m-1
or agl(t,y,e)el =0 agl(t,y,e)e1 =0 mod S

This is because

e-i<y’ 9>A(ei<y’ e>el) = a(t,y, G)el +h

ORI O ) — a(ty,0)e, + b

h e Sm'l(]Rnlen'l) h' e Sm'-l(]Rnx]Rn—l)

see [D]). If eld - 0o s, J = 1,2 , there is no contri-
2 0

D
bution in the second row from the term ( t )e .
0 Dt-Dy 1
1

So we have again restrictions on A , that are not

satisfied in general.
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The idea of our construction is to try to anni-
91 o) 0 0
hilate the terms of the form ( )e and ( )e
o o 2 o -8) 1
that cause the trouble and don't disturb the

initial data, this is accomplished in the following way.
We put

(2) E=E) +E, +B; E: (R — ¢"(B%) 1 =1,2,3

il

(3) Ef(t,y) [er<¥s8%¢ (t,y,0)E(0)a0

£ e (R
(B) B f(t,y) = [THW8%e (1,5,0)(0)a0
t 1<T+t-+y,9> "
(5) Egf(toy) =] [e °Z e5(7,t,30)F(8)d8ar
-t
where <1%i+y,9> = (lgﬁ-fyl)el + oo Y191 - Let's

observe that:

Glgﬁ-fy,8> = <y,8> when T = -t
(6)
61§E-+y,e> = <t+y,8> when 71 =1

and



D¢ O 1<y, _ (O O
SR (e

(;) (Dt;Dyl ) © Vel<tHy, o (O 0)

-D 0 o)
t MY
T+t
D,~D 0 1< +y,0> 0 0
( tO ' D _+D,-D )e ° =<O O>
Tt ¥y

and

T+t T+t
Dy (<= +y,0>)= Dék-g-—ry,e>)

(8)

T+t T+t
(Dt..Dyl)(o_E--+y,e>) = -DT@—Q—-+y,e>)

(6), (7) and (8) play a fundamental role in our construc-

tion.
o, on-1
Construction of e,, e, and e; . Take f € Co(RT7) .
We have |
D, O
i > ~1 8> i 8>
(9) LE£(t,y) = |el<¥:8> gty [( B ET GRS
0 Dt
£(8)de
0 o
. Xei<y,9>e—i<y,e>[§ )](ei<y’e>el)
0O -D
V1

£(9)de
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+ [PV (-t,t,5,0)F(0)a0

D.-D - 0
+ j‘ei<t+y,e>e—i<t+y,9>[( t "7y >+€l
o D ,-D
t 7y,

D 0
+ jei<t+y,e>e~i<t+y,e>[K Y1 5](ei<t+y,e>eg>
0 o’

£(e)de

+ jei<t+y’9>e3(t,t,y,e)f(e)de

N rt XeiCP:S(T:t,Y:e)e"‘iCP3(T:t:y:e)
J
-t
D 0 - g, .
[K t ) +af(e 3e3)f(6)d9dT

0 Dt—Dy
where m3(f,t,y,e) = <I%E-+y,e> . We have used here that
A doesn't contain D, derivatives and (6 ). Using (7 )
and (8), integrating by parts in the last integral of
(9), we get:

0\ .
)elf(e)de

. D
(10) LEf(t,y) = |e*<¥V-8>(F
° 0 D

t
+ [l<Vs826m1<y, 00, (1<Y,8>¢ )3 (g)ap
icy,0> ~1icy,05(9 O i<y, 8>
+ Ie 'Y ! ( >(e "ey)
0 -D
V1 .
£(8)das

+ jei<y’9>e3(-t,t,y,e)%(a)de
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-1 0 )
+ [T 02( )e3(-t,t,y,e)f(e)de
0 1

D "‘D »
s [l<tHL0>(TE Ty e, (t,y,0)F(0)as
0 Dy-Dy

N jei<t+y,e>e-i<t+y,6>A(ei<t+Y:9>eg)%(e)de

D. O .
N Xei<t+y,9>e-—i<t+y,9>( ¥y )(ei<t+y’9>e2)f(e)de
0 0

+ et <82 (4,5,y,0)F(0)a0
1 0
1<t+y,8> 5
+ Xe Ty, <0 _l>e3(t,t,y,8)f(9)d9
t o ig,,D,-D 0
[.773(7t 7«
+X J€ <

-t 0 Dt—Dyl+DT

t iep, -io ie a
+ X ye 3e 3A(e 3e3)f(e)dedT .
-t

)e3(¢,t,y,9)%(e)ded¢

From (10) we are golng to deduce the transport equations
for e, » e2 ,» and e3 :

First a remark:

Remark: It is enough for constructing E , to construct

E satisfying

(11) PE € ¢CO(R I x RY)
YoE = 8 mod L "(R™7)
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n-l), WFS c V, V a sufficiently small

n-l)

where S € LO(IK
ébnic neighborhood of T'(R (we are going to construct
Ef(t,y) for t in a given finite interval of time),
because we can take pseudodifferential partitions of the

unity.
(a) We will put

- 1
ey ™ L eij eiJ homogenous of degree -j in

™X , 1 = 1,2

in the sense that

1<

e, - ) e’ € g~ (V+1) (g0 y ®P-1y
=0

Choose ei s.t.

D 0
(12) (Ot D >e§(t:YJ9) + a(t:Y:e)ei(t:Y:e) =0
t

t € [0,t,] (y,0) €V

D,-D 0

)eg(t:Y:e) + a(t:y:e)eg(t:Y:e) =0
0 D,-D
t ¥y

t € [0,tg] (v,8) €V
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e‘l’ , eg have to satisfy the initial condition at t = O :
[e] (o]
(14) e (0,y,8) + e,5(0,y,8) = 8(y,8) (v,8) €V

We extend e , eg tobe in §7([0,t 1x6X) , X<V,

X open.

J

For constructing ei s we solve the equation

D 0 ~
(15) (ot ) )e1? (£.3,8) + a(t,y,0)e7? (t,y,0) = B, (¢.5,0)
t

with E; homogenous of degree -j in © . For e2d s

J

we solve:

D,-D
(6) ( e Jezd (t,y,0) +a(t,y,0)exd(t,y,0) =

k_J(t:y:e)

~J

with Elj homogenous of degree -j in 6 . e'J s €5

1
submitted to the initial condition at t = O :

(17)  e37(0,5,8) + e39(0,¥,8) = 5_,(y.0)(y,8) €MV

o0
if sS w z:s_J R s_J homogenous of degree -J
J=0

Again eij s eéj are extended to be S~ out of Hc V,
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H closed and for t € [O,to] . H;J s E;j are chosen,

so that

(18) ((I;t 1(: ) +A)E, € C"(BL x RY)

t
D,-D 0]
("t ) +A)E, € (RO x L) .
0 D _-D
t i
(b) eyt Let e%(f,t,y,e) be homogenous of degree 1 s.t.
D, -D 0o
(19) ( L )e%(w,t,y,e) + a(t,y,e)e%(t,y,e)==0
0] Dt—D +D
yp T

for t € [0,8] , -t<T<t, (y,8) €V . Putting
111 121

1 3 3
e3 = \p1 1 22 31) » We require (20) and (21) when T =t
e

3 %3
and T = =t

1 1
(20) ( 0 ) = Wl(t,y,e)

t near 0 ; (y,98) near V
where
-i<t+y,0> Dy 0 i<t+y,6> g
w(t,y,0) = e (Y1 )(e Tey) mwWy )Wy
0 0 3=0

“i homogenous of degree 1 in 8 , “LJ homogenous of

degree -J and
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o 0
(21) = v,(t,y,9)
<218%("t1t,y16) 2263(t,t,y,9)) l(

0
where v(t,y,08) = e—i<y,6>( 1)
0

0
>(ei<y,e>e
D

wyl
r vl(t,y,e) + Z:V—J(t’y’e)
J=0

vy homogenous of degree 1 in 6 , V—j homogenous of

degree -j in 8 .

We extend ei to be in §° out of V s

3
t € [0,t,] . (The meaning of this is the same as in the
extension of ei s eg .) TFor the J-th step, we solve
D,-D 0
(22) ( v )egj(w,t,y,e) + a(t,y,e)egj( t,y,8)
= :ij('r,t,y,e) te[o,t]] -t<T<t
(y,8) EWCV
Meld(e,t,y,0)  12e29(t,t,y,0)
3 3
(23) ( o > = W_J(t:y:e)
t € [O,to]
(y,8) € W
and
0 0
(24) ) i ) = v_,(t,¥,8)
(21e33(—t,t,y,9) 22e33(t,t,y,9) J
t € [O,to]

(y,8) €W
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3;J(¢,t,y,e) is homogenous of degree -3 1in 0 . 3;3

is chosen so that

D,-D 0
(25) (T ) +a Efe (B xR
0  Dy-D_ 4D
y,
where E4:Ch(R™1) —— ¢*(R™*) defined by

+
. ei<—"-§§+y,e>

ELf(,y,7) = | e3(vr,t,y,e)%(e)de

From (18), (25) considering (19) and (20), (21) we get:

PE € CO(R* ! x B

From (17) we get:

So we get (1) using the remark (11).

5. Construction of a parametrix for L .

In (i) we got an operator E: C;(Ifhlﬁ ___,cm(nﬁﬁ

LE =R € C(R* 1 xRY)

y E=1Id +R' R' € L"°(R™ 1)



Lo
Let R": C:(]Rn'l)———ocw(]Rn) be defined by

(1) R"f(t,y) = R'£(0,y)

Clearly R" € CwCRn'lxIRn) . We have also from (1) and

4. (1)

(2) P(E - R") € c®(R™ ! x B?)

YO(E - R") = Id

Notation: We will denote E - R" by E .

Doing the same construction that in 4 we can construct
a one parameter family of operators (ES)SGIR
E : Co(R™™Y —— ¢”(R")

.

s

depending smoothly on 8 , such that:

LE € c°(R™1xRY)

(3)
YsEs = Id

where y_: C*(R")— (R L) Y E(¥) = £(s.y)
Let's consider E: C:CRn)-——e Cw(Igw defined by
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(4) Ef(t,y) = (B y f)(t,y)ds
0 s 8
We clearly have that
(5) LEf (t,y) = £(t,y) + RE(t,¥)
from (3) and the form of L with
R: CL(R") ——C”(R") of the form
Rf(t,y) = X j r(t,y,8,¥)f(s,y)dy,ds
0 A
with T e (R xRY) .

Definition 5.1: Let N: Cg(R")— C™(R") . We will say

N €N if
to , -
6) Nf(t,y) = IOJ n(t,y,s,y)f(s,y)dyds

with n € ¢”(R” x R")

So we get from (5 ) and definition 5.1 an operator E

E: CO(R") — C™(R")  s.t.

~

(7) LE = Id + R REN

- 00



Lo

Proposition 5.2:

WFN <& {((t’y:r:g).;(:ﬁsysi':g))e T'(]Rnx]Rn)l E=1r= g = O}
if NeN~.

Proof: Let us denote by KN the Schwartz kernel of N .
Then we have

Ke(98 V) (e~1¢ ;a(r,g)>e-i<-;a(§-,'§')>) _

ngyjn(t,y’%’y)e-i<(t:y)ia(r,§)>e*i<(f,§)3a(§,z)>

o(t,y) 4(,¥)dy at 3t 3y

Take ((t,,¥5sT0s80)5 (FosTgsT0:8,)) € T' (R xR™) s.t.
ry # 0 . Then for r sufficiently near r, » SO that

|r] > C > 0. We have

Dte—i<(t,y);a(r,§)> _ _(ar)e—i<(t,y);a(r,§)>

So applying integration by parts a sufficiently
large number of times with respect to the variable t, we

get Y Me N, 4 C s.t.

M:CP:*

~-M

(8) Iky(oy) (67t (T80 13 (@B g s

t>1
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The same argument changing D for D ~or D= proves
. t i Yy
(8) if gl #0 or 8l 4o,

Q.E.D.

Proposition 5.3: Let N € N~© , then

t

WEN” < {((t,¥,7,8)5(%,¥,T,8)) € T (R°xRY)| r=¢ =€ =0}

Proof: Same argument as in Proposition 5.2.

Q.E.D.

So for making the same statement about the right and left

parametrices for L , we introduce the class:

Definition 5.4: We will say that H € H* if

H: C(R") — c™(R") s.t.

il
un
i
o
tapnd
O
Ly

WFH c {(t,¥,7,8);(E,7,7,8))e T (R x R™)| r
WFH © {(t,y,7,8);(E,5,5,8) € T'(R" xR | ¥ = ¥ = 0}

Proposition 5.5: Let A € Lm(IfU be a properly supported

pseudodifferential operator, H € H* , then

a) AH € H”
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b) HA € B~

c) H® ¢ H
Proof: We know (cf. [D]) that

(9) WF'(AH) < WF'(A) .WF'(H) U (WF'A x (0)) U (O x WF'H)
Wl(‘]Rn) vg(mn)
where WF'A = ((t,y,r,8) € T"(R™ | T (%,5) € ®R" s.t.

(tsy,r, g8);(%,y,0,0)) € WFA}

wr'H = {(%,7,7,8) € T (R®) | 7 (t,y) € B? s.t.

((t,y,0,04%,¥,7,8)) € WFH]}

From (9), we deduce then a) and b). c¢) is immediately

a consequence from

K (9@ y) (et 5(r8)2m<msa(n0))y oG5 - b
N

-i<-;0(r,8)> e—i<-;a(r,§)> ]

Y=

where 5 = e

Q.E.D.

Considering At instead of A , we can construct an
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operator EC: CwCBn) — Cw(IfU s.t. ﬁtL = Id + H',

o)
H'€e Y . So as a consequence of c), we have operators
E s Et , satisfying
IE = Id +H HeH™
(10)
E'L = ID + & H' € H®

6. Construction of a parametrix for M .

Notation: In this paragraph, we will denote by E all

the parametrices constructed.

Proposition 6.1:  E: cg(m”) —sC”(R?) s.t.
(1) KE = Id mod H™®

Proof: By 3.(7) we have that

e
[

IC with C elliptic.

Let C' be a parametrix for C . Using 5.(10) and

Proposition 5.5, we get that



L6

KEC' = ID mod H™™
Q.E.D.

Proposition 6.2: & E: C%(R")——C"(R") s.t.

(2) KE = Id mod H® .

Proof: We have that K is obtained from X by the

change of variables

t = Xl
30(5) yl = xl - X2
yj = x'j+1 j = 2,.0-,1’1"1 .

So we just change the variables in the parametrix
E of ¥ and we observe that H ® is invariant under
the change of varisbles 3.(5), because if (t,y,r,g) ¢
T'(R"™) are the new variables obtained under the change
of variables 3.(5) and (x,8) € T'(IRn) are the old ones,
then 6y =r, 6 =T - & , O59=%,,, J23.
Q.E.D.

Proposition 6.3: dE: C:(IRn)——v c®(R™) s.t.

(3) LE = 1d mod H™°(R")
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Proof: We have by 3.(3) that

L = KE with E elliptic.

Let E' Dbe a parametrix for E . Using (2) and Propo-
sition 5.5 we get:

IE'E = Id mod H °(R"™)
Q.E.D.

Proposition 6.4: q E: C‘;(]Rn)—-r c®(R™) s.t.

() ME = Id mod H°(R")

Proof: Using Proposition 5.5, and 5.(10) we can prove
Proposition 6.1, Proposition 6.2, Proposition 6.3, with
E a left parametrix instead of a right parametrix (taking
real transposes).

So 1 E: C°0°(1Rn)—-—-'C°°(1Rn) s.t.

(1) EL =Ia+H, HeH®(R. In this case, we have
with
5 - (Ell E12>
¥ E
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r~

(5) (Ell ElE)(Dl AlDl) _ <E11D1 E11A1D1+E12D2)
Cand ~ - i ~ L d ,
Boy  Epp' O D> EyiP1 By ByDy+ESD,
and
(6) (Ell E12><A2 R) _(F11f27 o E11R>
Bry  Bpp' -1d 07 E,By-E,,  EnR
D u
Let's take U = ( 2 ) , u€C®(RY) . Then
u o]
(7) ELU =
<E11D1D2u + EllAlDlu + E12D2u + E11A2D2u - E12D2u + EllRu>
E, DyDyu +Ey  AD u+Ey D ou+E, A0 u -, Dou+ R
D.u H..D.u + H.,.u
=<2>+(112 12" 1y, € HO(RY)
u H21D2u + H22u

(8) ﬁglMu =u+ Hmwj; H' e H®(R") by proposition 5.5,

Note that

Mt = D D, + D Al + pat + g

1 171 ofto
t t t ~
(9) M" = DD, + A7D; + ASD, + K
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with R = [D;,A]] + [Dy,A7] + RY € LO(R").

So Mt has the same form as M , =

g E: CO(R") —— ¢™(R") s.t.
t

(10) EM® = Id+ H, He H® .

Taking tranpose and applying Proposition 5.5 we are done.
QR.E.D.

7. Construction of a local parametrix for P .

Let us consider the operator P satisfying (I)
and assumptions (il), (12), (13), (1y), (i5).

a) Local right parametrix. See also [D-H].

i) Take (x_,8) € T . We can take T ¢ LO(R")
s.t. WFT 1is near (x_,%,) . Since we have constructed
a canonical transformation carrying (xo,go) into

(zo,eo) , and we have freedom to choose 2z _, we will

o
assume zé # 0 (this is for latter convenience) and we

can take T with WFT so near (xo,go) s.t. x (WFT)
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doesn't intersect the surface zé = 0 , where ¥ is
the canonical transformation of Lemma 2.5.

Let § € C°(R"xR") s.t. § =1 in a neighborhood
of the diagonal A in R xR’ , and ¢ = O outside
another sufficiently small neighborhood of 4 .

Let's take

(1) F=AyEBT , A and B as in 2.(15) and 2.(16).
Then we have:
(2) PF = PAYEBT = (PA - AM)yEBT + AMyEBT .

We know that (x_,§,,2,,84) £ WF'(PA - AM)cI’ by Propo-
sition 2.7. So we have that 4 a conical neighborhood
V of (z_ ,8,) s.t.

(3) (PA - AM)v € C° if WFv c V .

WF'(yE) can be chosen arbitrarly close to the
A in T'(ﬂflximp) , by choosing the support of § close
to the diagonal in R" x R" .

If WF(T) 1is so close to (xo,go,xo,go) s.t.
x(WFv) <« V' , where V' 1is a conic neighborhood of
(2,58,) s.t. WF(4Ev) €V 1f WFv c V' =



51

(1) (PA - AM)yEBT € C”

We have also that:

(5) AM¢EBT = -AM(1 - ¢)EBT + ABT + AHBT, HeH “(R")
by Proposition 6.4. We have

(6) (%gs 89 %os B) £ WF(AHBT)

(6) follows from the fact that

WF'(CeD) ¢ WF'(C) « WF'(D) UWF}'C(A) xDT*(Z)) U Oy X
WTé(B)
where C: CZ(Y) — D' (X) X,Y,Z C” manifolds
D: C (Z) — D'(Y)
(ef. [D])

and the fact that WF'(A) ¢ T'(X) x T'(R"%)

WF'(B) < T'(R"™) x T'(X)

(7) ABT = (AB - I)T+ T

Since (xo,go) £ WF(AB - ID) , (7) says that:

(8) (AB - I)T € C”
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if WPFT is sufficiently close to (xo,go,xo,go) .
Then from (4), (5), (6), (7), (8) we get

(x5 8,) £ WF(PAEB - Iq )T
If (xo,go) € T'(X) is such that

(a) pl(xo,go) #0, pg(xo,go) # 0, a local right and
left parametrix is easily constructed, since in this case

p is elliptic at (xo,go) .

(®) pi(x,,8) # 0, py(x,,8) =0, the construction of
a local right and left parametrix is known, since in this
case p 1is with single characteristics at (x_,8]) ,

because of 15)
(c) pl(xo,go) =0, pg(xo,go) # 0, same argument as in
(v).

b) Local left parametrix.

In the proof of Proposition 6.4 it was shown that

there exists E: C‘;(IRn)—-—b c®(R"™) s.t.

(9) ™ = Id + H, H e H°(R").
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We take now T' € L°(R") with WF(T') sufficiently near
(2,,8,) such that WFT n {(z,8) € T'(R")| z; = 0} = & .

We know by Proposition 3.7, that
(10) (2,96,:%X,s8,) £WF'BP - MB) .

We take § € C*(R"xR"™), ¢ = 1 near the dlagonal in
Iflximp and O outside another small neighborhood of

A . We take
(11) F = TByEA

And using that (z_,0 ) £ WF(BA - M. ), we get, using
o’ Yo R’

the same proof as in 7. (a) that
(12) (X 85 %os &) £ WF'(ByEAP - Id )

when (xo,go) € ¥ . The argument for (x,8) € T'(X) ,
(x,8) £ £, is the same as given in 7 a).

In the following section we will analyze the properties

of the local parametrix constructed for P, through the
properties of the parametrix constructed for M . We will
also analyze the fundamental solution for the Cauchy

problem for L .
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8. Properties of the parametrix constructed for P,M

and the fundamental solution of the Cauchy problem

for L .

(i) Singularities of the operators constructed.

We will use the following lemmas:

Lemma 8.1: If up,u, € D'(Ifl), WFu, cT, , 1i=1,2,
Ty closed cones in T'(ﬂf‘), r; N (-re) = @ where

n n
T, = ((x,-g) € T"(R")| (x,&) € T,} then wuu, € D'(R")
and WF(ulug) c (rl + PQ) u T, v T, where

n
1‘1+ TQ = {(X, §1+gg) € T'(]R )I (x’ gl) € 1‘1 P (X, ;2)61‘2}
Lemma 8.2: Let @: R®x R — R™ the projection, then
if ueD'(R®xR), mu e D'(R®) if 1: sup u — R"
is proper and WF(mu) < {(z,7n) € T'(Eﬁ”] 7717 € R;
(Z,n, T,O) G, WFU.} .

Proof: See [D].

Note also that [,u = ju(x,q)dT (in formal terms) i.e.

integration over the fiber «r .

Remark: Lemmas 8.1 and 8.2 are more general than stated,
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but we will need them only in this form.

(a) E3: C:(]Rn"l)——-» C®(R™) was defined by

1§3+y,e>

t . i< i
Eyf(t,y) = f_tj e es(mt,y,0)f(0)dedr .

Putting the inner integral as an oscillatory integral,

we have:
rt i<lg-1-3-+y, 9> <Y, 8> -
Eyf(t,y) = | tj e e5(rst, v, 8)£(¥)daydedr
Let
1<y, 05 -<F, 0> o
E4f(t,y) = j e e; (7, t,¥,0)f(¥)dyde

(It makes sense of course as an oscillatory integral.)

We have that since Eé is a Fourier Integral Operator:

(1) WP'EL ¢ /((mm); ((t,¥,7,8)36,8)) € T'(RxB® x R*™1)|

3
- + -
y1=—-—T2t+yl , yj =yj s J=2,...,n-1
§=-§.: m=r=%§l
1 if -t <7 -
Let H(t+r) = g in RxR*xR®"? s
O otherwise
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1 if ¢ <t _
and H(t-7) = in RxR xR™?T .
0O otherwise

WPH(t+1) € (((7m);(t,y,7,8)5(5,8)) € T'(Rx R* x R™71

r=-t, g =¢=0, m""r},

and

WFH(t-1)  (((7,m), (t,¥,7,2); (¥, %)) € (RxR" x R""1
r=t, €=E8=0, m=r).

So, we have that WFH(t+r) n (-WFH(t-7)) = ¢ and

WE' (H(t+7)H(t-7)) n (-WF'E})

g . Considering that

KEB(t,y,§) =] H(t+¢)H(t-T)KEé(T,t,y,i)aT :

and using Lemmas 8.1 and 8.2 we get:

(2) £((t,y,7,8); (7, %)) € T (R x R*™)]
WF'Ey €y - 1+—%-§,-t5¢§_t,373=yj, = ¢5(0)
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((t,y,7,8); (7, %)) € T'(R™ x B*™))
8] §'1=Y1+t1 &:j:y'j: .j=2,...,n—1 =Cg(0)
r=28 =%, £=E
((t,¥,7,8)5(y,8)) € T'(]RnX]Rn_l)l

U = C1(0>

§J=yj’3=l,oo¢’n-1,r=o’ g=_§

Remark: Note that we have that Cl(O) and C2(O) are
the canonical relations that appear in the construction
of the fundamental solution of the Cauchy problem for

D, and D, - Dy respectively. (See Chapter II.1)
1

((tsy5r58)5(¥,8)) € T'(]Rn) XT'(]Rn—l)I
Cl(O) =<(t,y,r, &) 1is in the same bicharacteristic

strip of H =ZDt as (O,§,x1(0,§,3),§)
P

I'l"l)

A (t,y,8) =0 v (t,y,8) € RxT'(R in this case.

((t,5,7,8); (7, 8)) € T (B®) xT (R"™1)
CQ(O) = 4(t,y,r, &) 1is in the same bicharacteristic

strip of Hp2 =Dt" Dyl as (O:ir )\2(0:57: E)) E)
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Xg(t,y, g) = g v (t,y,8) ¢ ]RXT'(]Rn-l) in this case.

Note that Al(t,y: g) = )‘Q(t’y’ g) ® gl =0 .
Let T,(0) = ¢;(0) n ((t,y,7,8); (7, 8) € T'(B®) xT' (R*1)|
g, =0}, 1=1,2.

We have that 'Ei(o) are isotropic submanifolds of

T (R® x %" 1) of dimension 2n-2, i = 1,2 . Note that
(3) 0 = L) Fn

-t<7&t
where

((t,y,7,8); (7, 8)) € Tr(B®) xT*(R*™1)]

T = 5. = r o5 - -
C(r) =y ¥y =¥+ 555 ¥y3=95, 3 =2...,0-1

n-l)

'53( t) is an isotropic submanifold of T'(R" x R of

dimensions 2n -2 for each fixed ¢ . Note that
(4) C5(t) =T,(0) , Ty(-t) = T,y(0)
also Tp(0) n ((t,¥,7,8);(5,8) € T'(R™) x T (R*H)|t =0} =

T,(0) n {(t,y,7,8);(F,8) € T'(R”) xT'(IRn'l)|t=o}
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(3) and (4) explains the sentence: the "cone generated by

Cl(O) and 02(0) .

(b) From the construction of the parametrix E for M

it is clear that it has the form

2
(5) ’Ef(t:y) = Z ij I (Eij(s )Y f)(t:Y)dS .
1, =
k=1,2 3
Recall that E = El E2 3 are 2y 2 matrices of
operators
k k
E E
_ 11 21 kK O/phl
Ek‘(Ek Ek) By € L(RY)
21 22

So to calculate WF'E it is enough to calculate WF'ﬁl s

WF'ﬁQ , WF'E since WF'(Bij) < A where A 1is the

3 »
diagonal of T'(R") xT'(R")

(v We have that

1)

(B1(8)vg (£)(t,y) = [ XV ¥ 8¢ (s,1,5,0)1(s,7)a7as

f ¢ C:(JRn) .

We will consider
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n n+l
E (8)yg: CL(R")—— C™(R")

WF'El(S)YS c {((T:m)i(t:y:r: ;): (E,i;f.v-g)) €
TRXR xRY)| §5 =¥5, J=1..0-1,

Taking into account that:

E = J“ H(t - 8)H(s)E,(s)y(s)ds

using Lemmas 8.1, 8.2 and

WFH(S) < [((S)u)3 (t,Y:r: !);(E,f’,f‘,-g)) € T'(IRX]RnX]Rn)l

s§=0,r=8=1r=8 =0},

WFH(t—S) [t {((s,u);(t,y,r, 5)3 (5,57,1_-",_%)) €

il

T (RxR xR )| t=858, u=r, §=r=§=

we get:
(6)
((t,¥,7,€); (3,%,7,8)) € T'(R" x R")]
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((t,y,r,8); (%, 7,7,8)) € T'(R" x R™)|

ij = yd N J=l,ooo,n_lj t=£! r:;‘, g=g

((t,y,7,8);(E,%,7,8)) € T'(R" x R")|

U = Cl(O) .

t=0,r=0, g='§,§j=yj,:j=1,...,n-1

Note that C1 is the canonical relation defined by

Cl = {((t:y’r: g):('E:B-B]—?,E)) € T‘(]Rnxmn” (tsy.vr: §)

and (%t,y,7,E) are in the same bicharacteristic

strip corresponding to Hr = Dt] .

A denotes the diagonal in T'(R") xT'(R") . Notice

~ also, that
“c‘l(o) = €4(0) « R(0)

where R(0) is the canonical relation associated to the

Fourier Integral Operator:

Yo CO(RY)— c®(R"™'), defined by

Yof(y) = f(O,y) P



62

R(0) = (((¥y,8);(t,y,1r,8)) € T'(]Rn—lx]Rn)l g =8,
y=Y¥, t=0)}

~

Remark: Note that the singularities of El that lie in
A or 51(0) come from the "wedge" 8 =t or s = O,
because if E'f(t,y) = J El(s)y(s)f(t,y)ds , supposing

that this would make sense, then we would have

WF'E' ¢ C; .

More precisely El(o) comes from the contribution
of 1 =0 (H(r)) and the A comes from the contri-
bution of 7 = t(H(t-r)) . In the same way, we get:

(5,)
(7) WF'(E,) € ¢, 1y 4y T,(0)
where C2 = {((t,y,r,g),‘(f,fhf‘,-%)) € T'(]Rnx]Rn)'

§l=y1+(t-€), §J=yj’3=2’...,n-l’

~

02(0) = {((t,y,7,8); (%,¥,7,8)) € T'(]RnX]Rn)I

E=O: S;J:yjpj=2:---:n"1:§1=y1+t:



63
We notice that

¢, = (((ty,r,8); (3,5,7,8)) e T(R"xR")| (t,y,7,8)
and (t,y,r,&) are in the same bicharacteristic

strip of Hr-§1 =D, - Dyl‘].

We also have “0'2(0) = ,(0) « R(0) .

(b3) We have

(8) if(t,y) = jz (E5(8)v4£)(t,)ds

where

E3(8)ysf(t,Y) = Jf;jsj ei<£:§i£4-y.-§’e>e3(s,T,t,y,ﬁ,e)
f(s,y)dydedr

where <-I-:§-ﬁ°—+y-§',e> = (13425-1'3+y1-il)91 + (ye-frg)ee‘

T (yn—l'-yn-l)en-l :
We consider the operator

n+l )

§3T(s): CO(R") — C*(R to be defined by
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-t -
Ty -F,0

'ﬁgi)f(t,y) -fe ex(ss T, t,¥,0)f(s,¥)dFae

in the sense of an oscillatory integral. We have that:

WEEE) o (((rm);(s,0)5 (83,7, 8); (5,5,7,8)) ¢
T(RxRxR x®")| §, =y, + 2L,

yj=YJ)j=2,.o-,n—l,t:s,m=r=%

§=?:) Ez‘u='%’§1}
and considering that

WFH(t - s+7) < {((7,m); (s,u); (t,y,1,8); (E,¥,7,8)) ¢
T (RxRxR'xR")| 1=t-8, m=-r=u,

g€=%=r = 0]

and

WFH(°t+S+T) < {((Tim);(S:u).; (t,y,r, g)f (‘E:I;’,f‘,-!)) €

T (RxRBRxR ' xR")| tr=-t+s,

g:g:f:O,m:I‘:-u}
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and applying Lemmas 8.1, 8.2 to the fact that:
- MH(t-a- - %(s)
E3(a)v(s) = JH(t s-1)H( t+S+T)E3T dr
we get

((S’u)!'(t:y’r: %);(’E;B_B ;:E)) ET'(]R % ]Rn X ]Rnx

(s) = T-8+t  _ e 5 -
WF:E3 Yg vyl—yl+ 5 y ~t+8 < Tt s,yj_yj,

In

J=2,...,n-l, Ezs, g:g, §l=r=;=u=0

((S,u), (t:y:r: g);(E,ﬁ,f‘:g)) GT'(]RX]Rn X]Rn)|
U §1=Y1'8+t,§'3=yj,J=2,...,n-—l,f=s

u:r:;‘:gl——'o’ g::—g

((S’u): (t:y: r, g)? (:E:i;)l-" E))ET'(]R ]Rn ]Rn)l

t yj=YJJJ=1,---’n‘1,E=S:

Remark: The contribution to WF'Ey(s)y(s) from 'ﬁgi’)

is reflected in the first term.
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Considering that
Bor(t,y) = [H(t-s)H(s) (B{%)yg)0) (6,3)as

and applying our lemmas we get:

(9)
((t,y,r, 8)3(2,¥,7,8)) € T'(]Rnx]Rn)l
WFv'E'Bg §l=yl+l':igi..?~, ~t+% < 1<t ,yj vy = Cs

J=2,...,n=1, r=§=gl=0, £=¢

((tsy,7r,8);(E,5,7,8) € T'(R” x R")|
U yl yl T;t 'tiTit:ijzyJ! =E3(O)

j=2,...,n-1,t=0, r=r=§ =0, §=§

((t!y:r: g); ('3:37,5:2)) € T'(IRnx]Rn)I
9] §1=Y1:5’j=yjsj=l,...,n—l,t=f, < A

r=r=2¢ =0, g=%

((t,y,7,8); (5, 5,7, 8)) € T (R xR")|
W AT =y tt, Fy=vy, 3=2,..0m0-1, E=0p = T3(0)

r=1¢=0,¢8=%
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((ts¥57, g); (’E,{r,?,'&)) € T'(]Rn xmn)

U Ji=¥y,3=L.nnl, t =%, c A

((t,y,r,8);(E,¥,7,8)) € T'(R" x R")

U 2%, =¥.53=1,.0n-1, T =0, = T3 (0)

Let us denote H(0) = 33(0) U'Eg(o) U E%(O . So we get

(10) WF'E; ¢ C5 u A v H(O)

Remark: Note that C, is the "generated cone" by the

3

conical relations Cl and C2 in a sense similar to the

remark of page 57, since

(]
Cy » Cg(-t) = ¢, ,

@]
W
i
Lo
Q
w
-
3
N
-
(@]
W
"
ct
N
t

Cy = ¢y 0 (((t,y,r, )i (E,7,5,8) € T/ (R* x BV
rT=7Tr-= g = 0} , i=1,2 .

So from (bl)’ (b2), and (b3) we get:

Proposition 8.3:

WF'E ¢ Ay €y uCynCyuTi(0) uT,(0) uH(O) .
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We will get rid of the terms of the form Cl(O) , 02(0)

and H(O) .

(e¢) Let us recall that the local parametrix for P near

a point (x,,§,) € T was defined by
F = AyEBT (See Section 7))

We required for T ¢ Lo(Ifl) that X(WFT) does not
intersect the surface z) = O , where x 1is the canonical
transformation defined in Lemma 3.5. So by the calculus

of wave front sets (see [D]), we get that

-1 -1/ -1
(11) WF'Fca o ux (C)u x () u x(Cg)
T 1(X)
(because of the condition required for T .) We have,
because x (resp. xfl) preserve Hamiltonian vector
fields Hp , 1 =1,2 (resp. H, , i =1,2) and the

]
i i
corresponding bicharacteristic strips that

~

Proposition 8.4: WF'F S Apy(x) U Cy U'Eg u X
Ei = {((x,8),(y,n) € T*(X x X)| (x,8) and (y,n) are

1
(C3) where

in the same bicharacteristic strip corresponding

to H_}, 1i=1,2 .
Py
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So the new element in the singularities of the parametrix
of F 4is the term {4103) c ¥ , and which is sort of
a cone with 51 and ’52 as wedges. A 1is the diagonal

in T'(X) x T'(X) .

(ii). Further description of operators constructed.

(a) It is clear from the construction of Section 4, that

Ei are Fourier Integral Operators i = 1,2 . We have
that: Eg: (R — ¢™(R™)

ot i<%'-§+y-§,e> | .
B f(t,y) = [ [e es(1,t,y,8) £(F)aydedr .
3 —t 3

Take XO = (to,yogrox QO)}(&:O:EO) € C3(O) (See (2))

and FOA Y] by FLAY] s tg A0 .

(This means that X, € C3(O) but it is not in the "wedge"
of the cone.)

Take o(t,¥,¥) € C:;(]Rnx]Rn-l)

s =1 near
(to,yo,§o) but supported in points (t,y,y) s.t.

Yy AV +ts ¥4V, t#£0.



70

2 —¢,(0)

Clearly X, £ WF(E; - E2) with

3
t -
t . i<EriyoF, e o
ng(t,y) = Jr Jr e e e3(1‘,t,3’, G)m(t,YsY)f(Y)dydedT
So E3 and Eg are equivalent at X . Let

6= (8,0') € RxR™H, 3= (y,¥y') € RxB"H,

§ = (3—’115") € ]R)(]Rn_l .

Then we have:

! ! ' - - -
B3r(t,y) = | eV =Y 5800 (4,y,7, 01 )8(F)aFde

where

t 1ty e
(13) n(t,y,5,61) =] [e 2 "1 1

t 63 (‘T’t: Y 91, 8! )

@(t’y:i)deldT .

Remark: Note that (13) makes sense as an oscillatory

integral (so as an usual integral) using the usual trick
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of integration by parts argument, since in this case we
have, that the only problem for making sense of (13)
using the usual trick of integration by parts (see [HQ])

is the appearence of terms of the form:

r i(ylmil ) 91

al(t:y,g,e') = Je ml(t:y: 61:9')6()('0,%37)(191

where my € Sm(IRnx]Rn'l) for some m or

i<t+yl-—§rl, 8,>

- r -
a,(t,¥,¥,0') = |e m,(t,¥, 81,0 )o(t,¥y,7)de, .

Note that on supp ¢ , Y1 # 571 and 371 £t + yl s SO

we have

r__1 1(y;-7,)8;

&l(t:y:§; 9') = - € (De )ml(t’y’el’ 8')
(y1-¥;) 1

cP(t.v Y,'.;)del .

Integrating by parts a sufficiently large number of times,

n-1 ,.n-2

we get € ST°(R" xR x R""°) , In the same way we get

i |
a, € S™(R"x Ry RP?)

Claim: h € Sl(JRn x B*1 x B"72)

Proof: By the remark, we can consilder
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t ¢ i<T+t+yl+yl,el>

h(t,y,f},e') = J ‘]e eS(T’tJy)el!e')

-t

o(t,y,¥y)de dr

as an usual integral. The result is then trivial consi-

dering that e, € ST, (1+|ey| +|e'|) < (1+]0y])-(1+]e'])

3
and the term corresponding to (l%-lell) is taking care
by integration by parts in the oscillatory integral.

Also,

1 < 1
(1+]og] +lor)® = (1+|e])E

»

So we have that Eg is a Fourier Integral Operator and

WFES € (65,7, 8)5 (F,8) e TR xRV vy = §1

r=§1=§l=0,§'=§']=H3.

Note that H3 is a Lagrangian submanifold of T'(R"™) x
T (R™ 1) and it 1s obtained from C,(0) by eliminating

the wedge ¥y < ¥ g_yl-kt .

Claim:

D 0 t i<-31'i°-+y - V58>
(* ey, 5,00) = [ Je 2 TH T
0 D —Dy -t

t oy,

co(t:Y’B-f)

hg(v,t,y, 8,,8" )deld'r
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with

Dt-Dw 0
h3('\':t:y,91:9') = ( > 3(T1tjy’al)e')
0 D,-D +D
t ¥y

for (t,y,y) near (to,yo,§o) . The equality is mod
s™(R® x B L x BP9 .

Proof: The proof follows immediately since there are no
contributions from derivatives of ¢ near (to,yo,io)

and

T+t -
157ty =009 = t¥y-Yy08y

2 -
Dt e = DT e

T+t - T+t
i< 5 +y:L yl, el> i<—~—=—= 5 +y1 yl, 91
(Dt"D Je =

yl T
We have by construction that:

D, -D 0
(* " Je3 + op(t.¥,0,,0")el = O
0  D.-D_ +D
t Yy

then using the claim we conclude that:

T+t
D 0 t i< =—=+y, =¥.,0.>
t - 1
( )h(t,y,y,e') + Jr fe 2 il
0 D, - -t

(P(t:y:Y)

OA(t,Y,Gl,G')e3d91dT = 0
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in a neighborhood of (to,yo,ﬁo) . We have

Developing in Taylor series o around 91 = 0, we get:

l 11 t’ y, y’ e O'A t’ y’ ] e Il

in a neighborhood of (to,yo,§o) , because
0p(ts¥,0.508') = (0,(t,¥,0,8') +07a_1(t,¥,0,,0")

with a_, € sTH(R®x R") and the term of the form:
T+t _z
ft ] Ly =T

% Cp(t;yyi)el;_l(t:y; 91,9')

33("'3 t:y: 91: 8’ )deld'f

T+t
t IK—5=+y, -¥,>86 ——~
J Jr 2 '5"6 e 2 1 1 lcp(t:Y:Y)a_l(t:y) 91:9')

63(7, t,¥, 91, 6')de dr .

Then integrating by parts, we get:



75

+t -
t . icT=ey, -Fe s
= | tJQe S To(t,y, 7)a_1 (t,7, 6,,6")

%“:’ 83 (T,t,y,elyﬂ')deld‘r

i(t+yl -il)e

+2J‘ e 1°P(t1y:§)z_l(t: Ys 91’ 8’ )33(t: t,¥, 91: 8! )del

1(y, -¥,)e -~
S lw(t,y,y)a_l(t,y,el,e')e3(-t,t,y,el,e')del

Using the same arguments as in the proof of claim we can

show

e sT°(R™ x B™L x R"7?)

I, € s°(R"x R x R™2) 1

Remarks: a) Apparently we would get h; = 0, since
hl(O,y,i,e') = 0, but (14) is only valid in a neighbor-
hood not intersecting t = 0 .

b) Note that equation (14) says that if ”ril
is the principal symbol of EQ » then

(15) (Opl . B, +C, B = o0

where B, is p, = r lifted to T'(R")xT'(R™1)
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~

B, is py = r-r lifted to T (R®) x T (R™1)

and E3p is the pull back of the subprincipal symbol of
Dt o)
P = ( ) + A(t,y,Dy) under the projection:
0 D, -
trlyl o) 1/4, n-1 _n
HB———-vT'(]R). Then E3GI (R ,IR,H3).

We had by construction that

D 0
t o} o
(O 5 )el + 0, (t,¥,8.58" )eq
t

i
(@]

Then calling “e"{ the principal symbol of E, and

le the pull back of the subprincipal of
Dt 0
P = ( ) + A(t,y,D.) under the projection
o D,-D y
t ¥

ci’(o) — T'(R®), i = 1,2, we have:

H o0
(Opl . )“e'l + ?:'lp”él = 0
By

In a similar way we get:
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So as a conclusion to 8(ii)(a), we have that E, , E, ,
are Fourier Integral Operators, E3 is a Fourier Integral
Operator out of the wedge of 03(0) » the principal

i i=1,2 , satisfy the usual transport
equation and the principal symbol of Eg satisfies a

symbols of E

symmetric hyperbolic system. Note also that the order

of E‘s’ differs by 1 of the order of E, , E, .

(v) We have

- t, iky-y, e _ L

B f(t,y) =] e ey (s, t,¥,7,8)f(s,¥)dFdeds
0

Let o(t,¥,E,¥) € CO(R" x R")
supp g < ((t,y,%5,5) e B* xR T 40, T # t)

then we consider

Br(t,y) = [[ MYV e (5,85, 0)0(t, ¥, 5,7 )dydeds
£(s,¥)
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It is clear then that if
X, € C; and X = ((to’yo’ To? %0)3(’30,570: f'o’ E:'o))

with £ 40, t #% ., o=1 near (t_,vy,,%..¥,)

then X° ¢ WF('E]_ - ng) . This is very natural since in

the calculation of WF'E, the terms A and '(\3’1(0) came

1
from the boundary contributions that are "killed" by ¢ ,
~0 -1, .-n on

E E I (]R :]R ’C

1 l) :

We have that

~ —{— ..- - - -
Eof(t,y) ATV =T8¢ (5,t,y,8)0(t,¥,8,5)E(s, ¥ )dFde.
o o .

Il

Take XO ( (tO’ yo, rO’ Q();(’EO, 50) ;O’ -go) ) € C2 s

o(t,y,E,5) € CO(R"xR"”) = 1 near (t_,y,,%,,7,) s.t.

supp o = ((t,7,%5,F) € R xR’ £ 40, T #¢t) .

We have again X £ WF(E, - E ) and ﬁg is a PFIOP with
=0

WFES < ¢,

=0 ~%/m0 h

E, € I"3(R,R,C,)

tt-s Iy e

Exf(t,y) = foj e © ex(s, 1,t,¥,8)f(s,y)

- S

dydedrds .
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Let XO = ( (tO" yO’ rox 505 to’ yO’ rO" %O ) ) € C3 . Let
o(t, ¥y, t,¥) € C:(Eflxiﬁn) =1 near X  , and

Supp C{)E—{(t:y’E’&)l ‘E=O,t=€,t=0, iliéyl"'t:

¥y, £y} -
Let us consider

~ re vV -yt - - -
ng(t,Y) =) LA AR >h(t,s,y,y,e')f(s,y)dyde'ds

where

- T-s+t .z
t=s J ei( 5 +¥, yl>el

h(tss,Y:y-': 8') = J‘ e3('r,t,s,y, 91: 8"

-t+s

CP(t:y:SJ§)deldT .
With the same arguments as in (b), we have:
”E’g € I°(JR“,:1Rn,03) ,

=0
and X, £ WF(E3 - E3) .

To conclude this section, we have that ﬁl s §2 R §3 are

FIOPS out of certain regions.
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()  Let Xy = (t,,¥,Tg 805 (Fr %) € TH(R™) x T (R*).

Let us suppose that €6 # 0 . Let g be homogenous of

degree O in 6 , € = 1 near g, > essupg_c:_{ee]Rn| 91#0}.

Claim: X £ WF'(E

_;): ¢ (R™) —— ¢*(®") and
~ rt i<£;i+y'§,9>
E3f(t,y) = | J e

g(9)33('\',t,y,B)f(g')dided'r .

Proof: In the calculation of WF'E3 (see 8(1i)(a)) we

have

WF'E3 & {(t:y:r: §),‘(§’,E) € T'(]Rn) X T'(IRn—l” g = 2 R

E € ess sup e3}

since g £ ess supp e3(1 - g(8)) the claim is trivial.
Now
t+r -
t i(._........+y..y 6> -
~t B o) 2 ’ g(e)

f(y)dydedr .

Integrating by parts, we get:
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~t +y y’ 8>
E3f(t,y) = j j 2 ﬁi—l 3783 f(y)dydedr

i< -y y)dy
b [ i<ty =Ty ag.fl e5(t,t,y,0)f(¥)ayde

[T, B.S;l e5(~t,t,y, 0)f(¥)dyae

Repeating this procedure a sufficiently large number of
times, we get:
- - 1/L

=I+I I, eI

] . s (B, ®B""1,c,(0)) , 1=1,2
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CHAPTER IT

THE CAUCHY PROBLEM

1. Parametrix for the Cauchy problem for a strictly

hyperbolic differential operator.

In this section we only intend to give an outline
of the construction in Ifl, with the purpose of motivating
section 4 of Chapter I and section 3 of this chapter.
For further details we refer to[CHl],[D], and [H3].

n-1

We will denote by (t,y) € Rx R the variables

n-1 the dual variables in

in BR® and (r,f) e RxR
T*(R") .

Let P be a differential operator with C%
coefficients of degree m > 1 and let us assume that its

principal symbol p has the form:

(l) p(t:y: r,§) = (I‘ - Xo(t:y‘v ;))- .o (I‘ - )\m_l(t:Y: %))

where \; are homogenous function of degree 1 in g,

i = O,a.o’m-l and

(2) 2 (5, 8) # ay(t,y,8) for 1 #J, 0<4,5<m1,
g£0 .
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(2) and (1) imply that X, € C(RxT'(R"™)),
if=0,...,n-1, because p € C*(T'(R™). Note also that
(1) implies that the hypersurface t = O 1is non charac-
teristic for P .

Let us denote pi(t,y,r,g) =7r - xi(t,y,g) ,
i=0,...,m-1 and P,
operator with principal symbol Py > i=0,...,m-1 .

€ LY (R®) a pseudodifferential
Let us consider:

(3) ©(0) = (((t,y,7,8); (5, 8)) € T'(R™) xT'(R*™)]
(t,y,r,€) is in the same bicharacteristic
strip of Hpi as  (0,7,2(%,%,8),8)} ,
i = O,...,m'—l

we have Ci(O) =Cy o R(0) where R(O) is the canonical

relation associated to the Fourier Integral operator

Yo ? where Yo is the restriction to the hypersurface

ci = {((t,¥,7, g)f(:E:S;Jf':E)) € T'(]Rn) XT'(JRn)'

(t,ysr,8) 1is in the same bicharacteristic

Strip Of Hp as (E,&’ ;‘, 2)}, i=o, . o,m-l .}
i
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Assumption (1) implies that R" is pseudoconvex with
respect to P , so we have that Ci are canonical rela-
tions 41 = 0,...,m-1 (see [D-H]).

Ci(O) are canonical relations 1 = 0,...,m-1 and
a local coordinate system for Ci(O) is given by:
Let ¢i(t,y,§) be a ¢~ homogenous of degree 1 function

in g , solution of:

'Bmi
3T ki(t:y,dy¢3)

(4) i=0,...,m=1
Yo@j_ = <y’ §>

in a conic neighborhood T of (O,yO,go) € I{xfr'(]fn'l) s
then

(5) F:T ———— ¢, (0)

(t,y,8) ———sr ((t:Y: dtcpi: dyCPi)3 (dngi: £))
is a local diffeomorphism.

Definition 1.1l: We call E a parametrix for the Cauchy

problem for P , if

m-1
E = E: Ej R EJ are Fourier Integral Operators,
J=0
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_ 1

J- -
Ej eI E(Ifh]Rn l,Ci(O)) s J=0,...,m=1, satisfying

PE, € (R x BP)
(6)
yo(g-%-)kz 4= 8414 mod L™(R 1)

j = O,...,m-l >
1 k= j
] = .
Koo x££y

See [CHl] for the construction of a solution for
the Cauchy problem for P from the E,j satisfying (6) .
We will consider examples to motivate the appearence
of the EJ and its relation with the Cauchy problem, as
well as to give the main ideas of their construction.
(1) oOn R° let P = D, -D, . Let us consider the

Cauchy problem

&

(7) f e Co(R) .

The solution u 1is given by:
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(8) u(t,y) = [ X8 2(0)ae - (tuy)

Let us consider the operator E that maps the Cauchy data

f into the solution u , so we have:
+ ~
(9)  Ef(t,y) = | H(EVEE(g)ag

From (9) it is clear that E 1is a Fourier Integral

Operator and

PE =0
(10) .
yoE = Id
also
o) o)
Sg-§)e =0
CP(O:y: g) = <y, ®

with o(t,y,8) = (t+y)e

and WF'E = {((t,y,7,€);(7,8)) € T'(R°)| § = dgo(t,y, §),

(Observe relation with (4) and (5) of this section). This
example 1s very particular as it will be shown in example

(ii) since (10) is an exact equality and the amplitude of
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E 1is equal to 1.

(11) ©Let P =D, - A(t,y,Dy) on R" where A(t,y,E) ¢
C*(RxT'(R"1)) is homogenous of degree 1 in g and
x(t,y,Dy) is a pseudodifferential operator in :mn'l
smooth in t .

Let us try as in (10) to find an operator E of

the form
Br(t,y) = [ e*(®¥:8) 2(g)ag, £ e c(m)

with ¢ satisfying:

d
‘5‘.? = X(t,y,dy,cp)
CP(O:Y’ ;) = <y, &

~ We have: PEf = j P(eim(""g))f(g)dg . So we need:

(11) prelol-s-s8)y _ o

(11) is not satisfied in general, because we may have
contributions on S° or lower order from x(t,y,Dy) (eiw)

The way to "kill" these lower order terms is

n-1 )

introducing an amplituded a € S°(R" xR in E :
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Er(t,y) = | 2(B¥: 8oty g)E(g)ae
We need now to solve:
(12) e lvp(aeley - o |

Because of the asymtotic expansion of e_i¢P(aeim)
(see [D]) we would have to solve an infinite number of
differential equations along characteristics (of
Dy - x(t,y,Dy)) with initial condition a(0,y,€) = 1 .
For avoiding this we put

(13) a m z a_j a_y € S-J(IRnx]Rn"l)

Pluging (13) into (12) we have now to solve for each a_ys
J 2 1 an inhomogenous differential equation along the
characteristics with O initial condition. For a we
have to solve an homogenous differential equation along
the characteristics with initial condition: ao(o,y,g)==l.
So what it is possible to find in this example is

a Fourier Integral Operator satisfying:

PE ¢ (R x RD)

Y,E = Id mod L™°(R 'l) .
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To motivate the appearence of the same number of

Fourier Integral Operators as characteristic roots Xi »

i=0,...,m-1, in the decomposition (1) of p , we

consider:
2 2 2
iii) Let P=§——-——A where A=§—-—-+...+a
2 2

is the Laplacian in n-1 dimensional space. n > 2 .

The solution of the Cauchy problem:

Pu= 0
_ ©0 n-1
you—O‘ feCO(IR )
Q.. _
Yodzgu =1

is u(t,y) = [ WO +lE]] ;;%;T f(g)ag
_ Jr AT -t g} 1 204,
2i| g

1l

Let o (t,¥,8) = <y, ® + t|¢g|

Cpl(t:y.o g) =<y, ® - t] gl

Oy gy
then  5¢= = |g] st = -l &l
Yooy = <Y, ® Y°¢92'= <y, & .
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| | is the principal symbol of the square root of the
Laplacian /& and the principal symbols of P and
& - /) ($¢ + /B) coincide. We have that in this
example xl(g) = |g and xe(g) = -| g| , and the map that
sends the Cauchy data to the solution is a sum of two
Fourier Integral Operators.

A strictly hyperbolic operator P (i.e. p satis-
fies (1)) behaves "essentially"” as P with

B = (Dy - A (6,9,D0))e e (D = Ay (8,3,D0))

y

The essential features of the construction of the

E have been indicated in the examples. We put:

J

reicpj (t: s §)

o

Ey£(t,y) = ay(t,y, ©f(g)ag , £ € CG(R™)

with Py satisfying (4), j = 0,...,m-1 . The principal

symbol of the E, will satisfy the differential equation

J

("along characteristics")

(14) HEJeJ + Cjej =0 on CJ(O) s J=0,...,m=1,

where B, 1is the lifting of p; to Tr(R™) x T (R™L)
and C,; 1is the pullback of the subprincipal of Py

J
to CJ(O) under the projection
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¢ (0) — T (R") .

Initial conditions for ej are determined from the

= 5ijd , and it is possible to

satisfy them because the characteristic roots are different.

d \k
condition Yo(-a-t—) :EJ

A very important motivation of the construction of
(6) is the paper of Lax (see [La] where an approximative
solution is constructed.

Chazarin succeeded in constructing a parametrix for
the Cauchy problem for hyperbolic operators P with
characteristic roots of constant multiplicity if P
satisfies the Levi condition, with a slight modification
of (6) (what changes are the number of Fourier Integral
Operators and their order) (see [CHl]).

Flaschka and Strang had shown before [CHl] that
the Levi condition is necessary for the c®  well
possedeness of the Cauchy problem for hyperbolic differ-
ential operators with characteristic roots of constant
multiplicity, using a modification of Lax construction in
[La] (see [F-S]).

Equations (14) are called transport equations.

2, Ivrii-Petkov result.

We will state in this section a result of Ivrii-



92

Petkov, related to condition (iii) of Chapter 1, Section 1,
and therefore to the Levi condition according to
I. Proposition 2.3. For the proofs see [I-V] and also
the very nice exposition of H8rmender (see [Hl}) of the
Ivrii-Petkov paper.

Let P be a differential operator with c®
coefficients in Q c ]Rn‘, Q open n > 2. Coordinates

n-1

are denoted by x = (t,y) ¢ Rx R and dual variables

by n= (r,g) ¢ ]Rx]Rn—l .

Let Qt,={er|t<t'}.

Definition 2.1: The Cauchy problem is said to be cor-

rectly posed in Qs if

(a) vfeco(n), xue €' (n) with Pu=f in
Q.tg ¢
(bp) ue €(n) and Pu=0 in Q. , =u=0 in

Qv -

Let (xo,no) € T'(n) , and A,B,C the matrices:

2 2
A= (Fn_:s%g(xo’ 1"o)> » B= (53{%5%()(0’ “o)> ’
C = (5??%("0’“00 , 1<i,j<n .
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Let u = (x,m) € T*(Q) , v = (x,q) € T*(q) . Let
Q be the symmetric bilinear form on T*(Q) x T*(Q)

defined by:

(1) Q(u,v) = #<An, » + 3<Bx, p» + &Cx, > .

<, > 1is the scalar product in R". Let F: T*q — T*(q)

be the linear map given by

(2) Q(u,v) = o(u,Fv)

where ¢ 1is the canonical 2-form in T*(Q) i.e. in

local coordinates

n
5

i=1

Proposition 2.2: Let (xo,no) € T*(q) such that:

pl(xo’no) = pQ(Xo’no) = 0 where
p(xo-’ no) = p{l(xo’ no )pg(xo’ no)

2
then {pl’pz}(xo’“o) =0 =F =0 .

Theorem 2.3: Let Q be an open set in IRn, let Xoéﬁi,

and assume the Cauchy problem is correctly possed in Qy
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for t near t  1if x = (to’yo) . Assume that:

S 2

o/

Let F Dbe the linear map corresponding to Q (see (1)
and (2)), then if F has no real eigenvalues different

from zero, then:
<
|Cp(xo’ no)l ..<-. L uJ’

where iuj are the eigenvalues of F on the positive
imaginary axis repeated according to their multiplicity
and Cp is the subprincipal symbol of P .

2

Corollary 2.4: F° =0 = Cp(xo,no) =0 .

So by Proposition 2.2 and Corollary 2.4 a necessary
condition for the well possedeness of the Cauchy problem
in the sense of Definition 2.1 is that Cp(xo,n0)==0 at
points where pl(xo,no) = pQ(XO’nO) =0 if P=P;P, +Q
{pl:PQ}(XO,nO) =0, Pi with simple characteristics

with respect to r 1i.e. drpi(xo,no) #0, 1i=1,2,
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3. Cauchy problem for symmetric hyperbolic systems with

double characteristics.

Let Y be an open set in K™Y, n > 2 . Let

X = RxY. Variables in Y will be denoted by (t,y)
and dual variables by (r,g) € Iiximn'l . Let

> + D(t:y’Dy)
0 Dt—xg(t,y,Dy)

where xi(t,y,g) € CP(RxT'(Y)) are real valued homogenous
functors of degree 1 in g, i = 1,2, and xi(t,y,Dy) are
pseudodifferential operators in Y depending smoothly on

t . D(t,.,.) is in L1°(Y) , smooth in t . All pseudo-
differential operators will be assumed to be classical

ones and properly supported.

(1) Reduction to simpler case.

Let @€ C(RxT'(Y)) satisfy

4

g‘% = Xl(t,yl dpr)
(2)
YOCp =<y,

in a conic neighborhood of (O,yo,go) € RxT'(Y). Let

(3) 8(t,y,rs8) = (t,y, &) + tr .
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Let x be the canonical transformation defined in a conic

neighborhood V of (O,yo,ro,go) € T'(X) with g £ 0,
to T!'(R") defined by

(4) x(t,y,dté(t:y,r,g),@yﬁ(t,y,r,Q)) = (dré:dgé:r,g) .

Note that

3(0,%x,1,8) = <y, &
dré(t,Y:r:g) =t
(5)
dyé(O,y,r, g) = ¢

dté(t,y,r,g)

T+ (ty,dge) .

We are going to denote also by (t,y,r,g) coordinates in
Tt(R™) . Let

x(0s¥gsTos 8) = (0,37, E,) - Let A e I°((RxY)xR%T')
where T 1is a closed conic subset of the graph of  ,

be defined by:

(6) Af(t,y) = fei@(t’y’g)‘<y’§>a(t,y,§,g)f(t,§)d§d;

where a € SO (RxY xR L xB™1). Let

Be IYARxY) xIRn,(I‘-l)') be such that
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(O,yo,ro, go) £ WF(AB - IdX)

(0,¥,,T»%,) £ WF(BZ - Id]Rn)

Because of (6) we have

X, = {(0,y) € RxY) and

~ iKy-y, & - - -
Kg(y) = [e7V ¥ Ra(0,y,7, e)e(¥)ayag
B can be chosen so that:

(7) Yy B = By s B € Lo(mn-l) s

R - {(0,¥)] v € Z[Rn'l} . Note that we can chose A , B

elliptic near (yo, go) e T'(Y) , (:'y"o, go) respectively.

Proposition 3.1: The principal symbol of

P = BPA 1is near (0,¥,57,s8,) -
~ r 0
P= <O ) for some 3:2 € Cw(]RxT'(]Rn—l))

I’-’x (t)y, §)
2
homogenous of degree 1 in § .
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Proof: We have to show:

p(t:X: dté(t:Y: r, g): dyé(t:Y.v r, %)) = E(t: de: r, §)

Now

p(t:y, dtQ(t:y: r, g)dyQ(t:y: r, g)) =

( d, 8- xl(t,y,d &) 0 )
dya-rp(t,y,d,2)

o) > .

r
p(t,dgé(t,y,r, §),r, g) = ( ~
0 r-xg(t,dg@(t,y,r,z),g)

Now because of (5) we have our claim.

Q.E.D.

Note that Kg(t,dga(t,y,r,g),g) xz(t,y,dyé(t,y,r,g)

xl(t,y,dy@(t,y,r,g)

and we have named Yy = dg§ s & = dyé .
-n (tsy Dy ) 0
Remark: R = ( T ’ ) is not a
0 Dt-xe(t,y,Dy)

pseudodifferential operator on IR xY, because it is not
pseudolocal (see [N]). However WF'R outside the diagonal
in T'(RxY) only contains points of the form
((t,y,r,0);(t,y,r,0)) but taking BRA those points do
not contribute to WF'(BRA) (see [D]) because we have
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go;!o.
So we are reduced to study the operator

(Dt 0
0 Dt-ﬂig(t’y’Dy)

B e I°(R") ,

rol
I

(8) ) + B(t,,D,5D,)

using the same argument as in Chapter I. Proposition 3.2
developing in Taylor series around r = O 1in the first
row and T = Kg(t,y,g) in the second row, we can find
an elliptic operator C ¢ LO(IRn) and 5(t,y,D_y) €

LO(IRn_l )

9) =cf(®t B(t,y,D,)| -
( [( —xg(t,y,D )>+ 5.y y}

(Indeed in Proposition 3.2 we got a C in the right hand

smooth in t such that:

side of the right hand side of (9), but taking real

transposes we can get (9).) Let

0

(10) L = <Dt )+ E(t,y,Dy) .

Dt-AiQ(t’ Ys Dy)

(i1) Construction of parametrix for the Cauchy problem

for L .

In this paragraph we are not going to give as many
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details as in I.4 since the construction is along the
same lines.

Let E: cz(mn‘l)—-»c”(mn) be defined by
E=E, +E, +E where:

1 2 3
Ef(t,y) = [ eV e (t,y,0)F(0)d0
i (t’y,e) "~
B f(t,y) = [ 2 ep(t,y, 0)E(0)ds
t j-cp3(1':t,y: 9) -
E£(t,7) = j_tf e es(t,y,0)f(0)dedr
where
dp _ ~
(11)
Yocp2 = ¥, 06>
and
(12) CPB(T:t:y, 9) = %(P';i:y, 9) .
Note that:
4 CP3("t: t,¥,0)= <Y, 0>
cp3(t,t,y, 9) = cpg(t,y:e)
(13)

(’p3 (Tﬁt:Y:e) 'g—,r CP3(T’t:y, 9)

A A

Y __29
- xg(t,y:dycp:.;) = - 373 -
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ey w 2 e;_‘j s e_{‘] homogenous of degree -j , i = 1,2,

are chosen so that:

(1) ((2“' §t> + B(t,y,D,) B, € ¢(RY™H xR

)\. (t:y: ) 0 ~
Dt-XQ(t’y’Dy
(16) yo(El + E2) = Id .
e, = er + l homogenous of degree 1 and e—’j
37 °3 L 3

homogenous of degree -j are chosen so that:

an (0

0

- ) *+ B(,3,D,))E] €
Dt+D'T-)‘2 (t, Ys Dy)

Coo(]Rn-l X ]Rn+l)

where Ei: Cz(]Rn'l)——-va(]R , and

i (T,t:y:e)
[

Eéf('r:tsy) = 33(Tﬁt:y:9)f(9)de »

f e C:(IRn"l) .

~ D,-D o
Let P = ( t o N > then
0 Dt+DT-x2(t,y,Dy)
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5( Ts t:stTCp3:dth3,dyq)3) =0 .
Initial conditions are given for e3 at Tt =1t

and r = -t Dby:

t t:Y:e) eﬁg(t,t:Y.ve)

any (3 o)
(xQ(t’Z’Dy) Z)(eiméee) mod S°°
and
0 0
(9] <e§1(-t,t,y,e) ege(—t,t,y,e)>=
(;; Z)(ei<y’9>el) mod §™° .
2

The symmetric hyperbolic system that we have to solve for

e; in order to have (17) is:

7D, 0 0 0
n:} BK + ( ) e3 +
0 D+D 5——2—%— q O
8 9y
k=1
d(t,y,d. 0.)el = 0
+¥2dy93)e3 ’

where:



Kz(t,y,Dy)(eim3e3) = xg(t,y,dng) + E: ;%g_g;_ eg + aeg
k=1 9%k “Yx
+ lower order terms.
n-loa%
Note also, that (Dt +D_ - Eﬁ 53& %§E>(m3) =0 .

So the transport equations for the e; » i=1,2,
are the usual ones, i.e. calling 'Ei the principal symbol

of E i=1,2.

i 3

(20) HE e; +C e, =0 on ci(o)

where T, is the lifting of p, to (R x TH(RY) ,
Py =T, p, =T - Kg(t,y,g) . Epl is the(pull back of

the subprincipal symbol of

g O )+ B der th % . (0) = T*(RP)
(0 5 (t,y,Dy) under the projection C,(0) = T'(R").
.t

Ep is the pull back of the subprincipal symbol of
2
CDt'ke
0 Dy Xy
C,(0) = T'(R") . ¢;(0) as in II.1.(2) with A = O,

0 ~
- ) + D(t,y,Dy) under the projection

A (tsy, 8) = Kz(t,y,g) . Let ’53 be the principal symbol

of Eé s then 1t satisfies:
Hg 0
1 ~ ~
+ =
(20) (O ) Cge, = 0 on T;(0)
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where 53(0) is the canonical relation defined by E!

3
and B, is the lifting of r -m to T'(R™!) xTr(R").
¥, is the lifting of r +m - X, to T'(R™) x Tt (R*1),

where the variables in T'(]Rn+l)

are denoted by
(rst,y,m,r, &) . So 33 satisfies a symmetric hyperbolic
system which is an essential difference with the strictly
hyperbolic case.
So in conclusion of (ii) we get E s.t.

BE ¢ (R x BY)
(21)

Y.E = Id mod L™°(R"™)

(1ii) Construction of a parametrix of the Cauchy problem

for P .

Clearly we can choose in 3 (ii) E s.t.

1

(22) WF(AB - Id) o x = o WF'E = & .

Now let E = BE . Then by (21) and (7) we get:

APE ¢ (B! x R?)

¥ BE=BY E=B8B .
O o]

Let B' Dbe a parametrix for B » and let ﬁ = EB' .



105
Then we get
AP® ¢ (R RY)
v.E = 1d moa L™(R™1) .
By (22) finally

PE ¢ c(R* T x RY)
(23)
YOE = Id mod L_m(]Rn'l)
Remark: Essentially the same construction for the para-
metrix for the Cauchy problem for P works for an mxm

system of the form:

Dt"}\l(t:Y:Dy) 0

Dt—kg(tl y,Dy)

.
.

(24) P = + D(t,y,Dy)

0 Dy=h,(t,¥,D,)

where )‘l s >‘-2 s D satisfy the same hypothesis as in
this section, xj(t,y,g) € C°(RxT'(Y)) homogenous of
degree 1 in &, j =3,...,m , and AJ. # M 2 d=35...,m,
k=1,2,...,m , J £k, )\j(t,y,Dy) pseudodifferential
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operators in Y smooth in t , J = 3,...,m .
Let #(t,y,r,8) = o(t,y,8) + tr as in 3.(4) .

(25) @j(t,y,r,;) = cpj(t,y,g) + tr with

3,
E?l = )\j(t:Y: dycpj)

ij(o.vy: g) = <Y, §
and take the associated canonical transformatation %2 X3

Let A,Aj be the associated Fourier Integral Operators to

Q,QJ as in 3.(6) j = 3,...,m , and take

A 0
A
-]
A= A3
0 A
m
B
B
B - By
0 B
m

s
with B,B local inverses of A, AJ . A is

J

a Pourier integral operator, since the canonical relations
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associated to A,Aj are disjoint j = 3,...,m . We

consider now P = KI’% and we are reduced to the study of

(26)

R
I
d
+
RN
s
S
o
e

B(ty.,.) € LO(Y) .

The construction of fundamental solution E of the Cauchy
problem for (26) has the same form as that for (8), i.e.
E = El + E2 + E3 with Ei as before.

The transport equations for €1s €5 e3 are

obtained from:

Dy 0
a) . + B(t,5,Dy) |Ey € (R xR
0 Dy
Dy~ ~ 0
Dt_)ﬁg ~ 0o n-1 n
b) ) + D(t,y,Dy) E,€C (R x R).
0 D=y

The initial conditions are:
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- n-1
c) yO(El + E,) = Id mod L (RT)
D¢-D,
Dy -Ap*D
a) D¢-D, + D(t,7,Dy )} € C7(R"

t o
~ , i<y, 8> 1]
e%’j(-t,t,y, 8) = "‘Kz(el ¥, 8 eiJ) J=1,...,m
mod 8™
i
egj(tgt,y,e) = xg(e cpQel,_;f*]) k>1,J =1,

=00

mod S

L., Parametrix for the Cauchy problem for hyperbolic

operators with double characteristics.

Notation is the same as in section 3 of this
Chapter. Let

(1) P = (Dr’Xl(t:y,D ))(Dt'kz(t:Y:Dy)) + S

y

S ¢ Ll(X) and we assume s(r,t,y,€) = 0 1if
r - Xl(t:Y: §) =TI - )\Q(t)y: §) =0 .

-1X]Rn)

ooo,m
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Proposition 4.1: If '{l(t,y,g) is the full symbol of
[+ ]
Ay (£55D ), Tyo=a+ )AL, ald e sTI(mxTH(Y)),

then we can choose ko so that:

(2) P = (Dt - )‘l(t’y’Dy))(D‘t - XE(t’y’Dy)) + T
. o

with T e L (X) .

Proof: Let 51 € S'(T*(X)) be the term of order one
in the asymptotic expansion of the full symbol of p , then
to have (2) comparing terms of order 1 we must solve for
o}
M
n-1 a)‘

51 = _ki(r - >‘2) 2 5-% Dx Ao F (- >‘1)ho

where ho is the term of order O in the asymtotic

expansion of the full symbol of —xg(t,y,Dy) . So at
r = Xl(t:y: §)

= a)‘1 o
(3) Pl(t:y:Xl(t:y: g): g) +D z B"—D >\2 = -)"l()“l - )\2).

But the left hand side of (3) is s and by assumption it

vanishes when Xl = K2, so xi is determined.

Q.E.D.
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Now let us consider the system:

~ D - (t:Y:D ) 0 o T
W T=("71 y )+ ( ) .
0 Dt—xz(t,y,Dy) -Ia ©
- O T o
Let D = ( > € L°(X) . We can choose

-Id
¢ e L°(X) elliptic and D(t,y,Dy) € 1°(Y) smooth in t

s.t.

Dt-),,l 0

40

By Chapter II, Section 3 we can construct E s.t.

) + "D'(t,y,Dy)]

Di-Mo

IE € C°(R™ L x R®)

YE=1Id mod L™ (R 1)

.

So we have

TE ¢ (R x BY)
(5)
Ia .

YoF
From (5) we get:

s n-1 n
i) (Dg-2q (£,¥,Dy))E ;) + TEy) € (R x R™Y)
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(Dy = 2 (£,35D ) )E 5 + TE,, € (R x R7)

: n-1 n
i) (Dy = ap(E¥sD))Eyy - Bpq € CT(RT T xR)

-1 n
iu) (Dt'>‘2(t’y’Dy))E22 - E12 € Cw(]Rn x IR )

15) Y By = Id
YoEpp = Id o el
mod LT (R )

YOEQI = 0

YoElQ = 0

From il) and 13) we get:

n-1 n
(D‘t - Xl(t’y’Dyl)(Dt - Xe(t:Y:Dy))Egl‘F TE21 € Cw(IR x R ) .
From 3‘.2) and iLt) we get:

(Dt - Xl(tsy,vDy)(Dt - )\g(t:y:D ))E22 + TE22 € Cw(mn-l X ]Rn)

Yobop = 1d

Also from 15)

YE.. =0 mod L™

o 21

- -0
From 13) and 15) YO(Dt - xe(t,y,Dy)Egl = Id mod L ,
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[t

But Yokg(t: y,Dy) XE(O’ y’Dy)YoEQl

0 mod L™ .

it

. -0
From 14) and 15) YPtEyp = O mod L .

=
i

Then calling 1 E22
By = Bpy »

We have PE, ¢ C°(R™1 x R*)

J

k
0 ~w -1 :
Yo(ﬁ) Ej = by Idmod L7(RTT) , koJ = 1,2 .

So E = E1 + E2 is a parametrix for the Cauchy problem

for P .

Remark: Using remark of II Section 3, we can construct
a fundamental solution of the Cauchy problem for an

operator of the form

P = (Dt 'kl(t:Y:Dy))(Dt" >\e(tay:Dy))‘-'(Dt —km(t,y,Dy) + S

with kl » x2 s S as before and Xj s J=3e.,m , as
in the remark in Section 3 of this chapter.
Using a slight modification of Proposition 4.1 we

are reduced to consider
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P = (Dy = Aq(t:5,D))(Dy = Ay (£, 55Dy ) ) -+« (Dy = Ay (%,5,D ) + T
T e L°(X)
because the principal symbol of (Dt-—xn(t,y,Dy)...

(Dt - xm(t,y,Dy) is different from zero when T =\, =X\,

and we can make a reduction to the case

Dt—)‘l 0

Di-np

and continue as before.
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CHAPTER III

Open Problems.

The main problem that is implicit in this thesis
is to make a general theory of oscillatory integrals with

"wedges", i.e. to make sense of expressions of the form

t iCP (T:t:y’ixe)
fer

(1) |

. e5(:t,5,F, 0)1(F)aFde
with conditions on €3 s K3 etc., or more generally to
make sense of oscillatory integrals with singular symbols
(in (1) we have the term H(t- )H(t+ )e3 with H the
Heaviside function) and I think a generalization of [G]
would lead to that. With a functional calculus 1t could
be constructed (maybe) a global parametrix in certain
cases and it could lead to results in the asymtotic study
on the spectral function of an elliptic system P on
which the eigenvalues of p are multiple and in the
description of the singularities of the spectral function
(see [D-G] and [Hu]).

The problem of conical refraction, that has many
relations with this thesis, is very interesting as well
(see [L]).

In Chapter II the singularities of the parametrix
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constructed are not analyzed, since this was done in
detail in the involutive case in Chapter I. In the
non involutive case (i.e. {pl,pe} £ 0 og Py = P, = 0)
we observe that this condition implies §~§ P # O where
%? p3 = O with @ as in Chapter II, Szgtion 3 (12);
so applying the method of stationary phase to E3 s We
get that the "extra" term in the singularities of E3
are broken bicharacteristics (corresponding to Hbi »
i =1,2) starting on points where Py = Py = 0 . (See
[G,-L] and [M].)

We do not have definitive results on these

problems yet, so we have not included its analysis on

this thesis. We will come back to this soon.
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NOTATION

3.(4) for instance means number 4 of section 3 of the

same chapter. (4) means 4 of the same section and

chapter.

If X is a C° manifold:

Tt (X) = T*X - {0} .

C”(X) 4is the set of C” function on X .
Cz(X) is the set of C° functions on X with
compact support.

D'(X) 4is the set of distributions on X .
€'(X) is the set of distributions on X with
compact support.

Lm(X) denotes the set of properly supported,
classical pseudodifferential operators on X .
L™(X) 1is the set of pseudodifferential
operators with C* kernel.

P e Lm(x) s, p denotes its principal symbol and
CP its subprincipal symbol.

If Y is a C° manifold and A: C_(X) = D'(Y)
linear map, then K, € D'(¥YxX) denotes its

A
Schwartz Kernel.
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If T €D'(X) , WPT denotes the wave front
set of the distribution T .

If A: Cz(X) - D'(Y) continuous linear then
WFA = WFKA .
If A ¢ Cz(X) - D'(Y) continuous linear then

WE'A = {((ysn);(x,8)) € T'(¥xX)|
((¥>m)s (x,-8)) € WFA}
WFY'A = {(y,8) € T'(Y)| ¥x € X such that
((x,0);(y,m)) € WFA)}
WF}EA = {(x,8) ¢ T'(X)] 8y € Y such that

((y50)3(x,8)) € WFA} .

Let X be an open set in R", f ¢ co(x) ,

£(e) = J‘ e 1% B (x)ax

<K, @ = X 8 + ...+ X 8

X
c 3f  d df 3
by f
(£.8) = ) Sg 5% - & 0%
Sm(X xR') = {a € C°(X x]Rn)l given K < X compact,
0

g4 C > such that

Qs B:K ‘5'
a m-

(DgDRa(x,8)) < O o (1 + |g|)

Y a = (al,u—,an) s B = (sl,...,sn) multiindices

alal

008 € Ny(0), ()%=

& %n
Bxl ,...,axn
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|G.| =G.l+...+an, DX =

In general we use the notations of [D].
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