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FIELDS OF DIVISION POINTS OF ELLIPTIC CURVES

RELATED TO COATES-WILES

by
RAJIV GUPTA

Submitted to the Department of Mathematics on
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requirements for the Degree of Doctor of Philosophy in
Mathematics

ABSTRACT

The conjectures of Birch and Swinnerton-Dyer predict the behavior of
the Hasse-Weil zeta function of an elliptic curve defined over the
rational numbers at one. One of the major advances in the study of
these conjectures is the result of Coates and Wiles, For elliptic curves
with complex multiplication by the ring of integers of a complex quad-
ratic field k of class number one, they show that the zeta function
vanishes at one if there is a rational point of infinite order. A version
of this result due to Harold Stark is an attempt to understand it from an
analytic viewpoint. Stark's proof assumes that for infinitely many
primes T in k, a certain abelian extension of the field of t-division
points of the elliptic curve is ramified. This assumption is analogous
to Wieferich's criterion for the first case of Fermat's last theorem.

We remove this assumption by extending the argument up the tower of
fields of division points considered by Coates and Wiles. The analogous
abelian extension of the field of T™ -division points is ramified for some
n, We determine the least such n and for this n find that the conductor
of the corresponding extension is 5132 , where DB is the unique prime
ideal above (). This follows from a discriminant bound obtained using
Kronecker's limit formulas and a discriminant-conductor relation which
is a consequence of relations between induced characters on relative
Galois groups. The 332 conductor result and the structure of certain
units (Robert's elliptic units) combine to give the theorem of Coates and
Wiles without most of the machinery they use.

Our method works for first and second degree primes and avoids the
complications of anomalous primes which Coates and Wiles need to con-
sider. We are also able to calculate conductors at arbitrary locations
in the tower.

Thesis Supervisor: Dr. Harold Stark

Title: Professor of Mathematics
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CHAPTER ONE

INTRODUCTION

The theory of the Hasse-Weil zeta function of an elliptic curve
is replete with conjectures but relatively lacking in general results,
Foremost in the state of uncertainty about these zeta functions is the
question of where they exist, They are defined by Euler products
which converge in a half plane and are not known in general to be
continuable to the whole complex plane, Weil has conjectured that
the zeta function of an elliptic curve over @ is in fact a familiar
object, namely the Mellin transform of a modular form,

By drawing parallels with zeta functions of number fields, we
may expect that the zeta function LE(s) of an elliptic curve E
stores arithmetical information about E in its behavior at special
points. In this spirit, and based on extensive numerical evidence,
Birch and Swinnerton-Dyer ([5]) in 1965 conjectured that, for E
over 0, LE(s) has a zero at s=1 of order equal to the rank of E,
This conjecture is especially remarkable in light of the fact that the
half plane where LE(s) is initially defined is {s | Re(s) > 3/21%.

For elliptic curves with complex multiplication, many of
these conjectures can be replaced by theorems., Building on the clas-
sical theory as developed by Kronecker, Weber, and others, Deuring
made major advances in the theory of complex multiplication in the

1950's ([7], [8], [9]). In particular, he showed that if E has complex



multiplication then LE(S) has an analytic continuation to the entire
complex plane and satisfies a functional equation.

In 1977 Coates and Wiles ([6]) proved

THEOREM. Suppose E has complex multiplication by the

ring of integers of an imaginary quadratic field k of class number

one and that E is defined over k or 0. Then if E has positive

rank over k or M, its zeta function over k or @ respectively

vanishes at s=1,

Considering the full statement of the Birch and Swinnerton-Dyer con-
jecture, this is a relatively weak result but it is the strongest evi-
dence to date in support of the Birch and Swinnerton-Dyer conjecture,
In ([16]), Stark attempts to understand this important result

from a more analytic viewpoint, The central idea is the same,
namely to show that LE(l) = 0 by showing that some associated num-

/\_/ S~
ber LE(l) is divisible by infinitely many primes. Here, LE(I) is
in k and is zero if and only if LE(l) is zero, In both versions,
/\/
LE(l) is brought into play by the structure of certain elliptic units,
but Stark replaces the formal groups arguments in ([6]) by a simple
congruence, The major simplification involves the explicit observa-
tion that if, for m a prime in k, the field of m-division points of

2

E has an abelian extension of conductor P (where P is the unique

P 4

prime above (1)), then m divides LE(l). This extension is



constructed by dividing a rational point of infinite order by 1.
Assuming that this extension is ramified, Stark is able to show it
has conductor ‘DZ .

Our goal in this thesis is to remove this major assumption by
investigating more carefully the structure of the tower of fields of
division points considered by Coates and Wiles, We prove, as do
Coates and Wiles, that for some n the extension Kn of the field
kn of ‘rrn-division points is ramified, where Kn is obtained by
dividing a rational point of infinite order by . Moreover, we find
the conductor of the abelian extensions Kn/kn for all n and deter-
mine the first n for which ramification occurs, For this n, we
prove a '‘conductor ‘132 '"" result which implies that 7 divides LE(l).
This happens for all but finitely many m and hence LE(I) =0,

The methods we use are considerably different from those
used by Coates and Wiles, We are able to find our conductors using
""conductor -discriminant relations' and certain key polynomial dis-
criminants calculated by Stark using Kronecker's limit formula,
Eisenstein and "almost-Eisenstein'' criteria play central roles in our
arguments, We avoid the machinery of formal groups, Lubin-Tate
theory, and local class field theory used by Coates and Wiles, Con-
cerning class field theory, we use only the most elementary facts
about ray class fields,

While Coates and Wiles consider only first degree primes,



our method allows us to include second degree primes as well, It
certainly suffices to consider only first degree primes for the pur-
poses of showing LE(l) = 0, but we believe that any treatment of
curves without complex multiplication using these methods will be
modelled on the second degree prime case. Most of the time, we are
able to treat first and second degree primes simultaneously, We are
also able to include the (most likely infinite) set of anomalous primes
which Coates and Wiles need to eliminate from consideration.

Following Birch and Swinnerton-Dyer, we deal only with ellip-
tic curves over @, The reader interested in the full generality of the
Coates-Wiles theorem will note that our arguments extend easily to
elliptic curves over k, We believe that our methods should extend
to elliptic curves (not defined over @) with complex multiplication by
an order of class number greater than one. Nicole Arthaud ([1]) has
generalized the Coates-Wiles result slightly, but still with the class
number one assumption, and promises to remove the class number
one assumption under certain milder assumptions in a subsequent
paper. We also generalize the Coates-Wiles theorem somewhat by
proving it for elliptic curves over @ with complex multiplication by
a non-maximal order,

Chapter 2 consists mainly of background material needed
later, In chapter 3 we construct the fields Kn and kn and prove

some facts we need about them, We also prove a character relation



which leads to the crucial conductor -discriminant relation., In
chapter 4 we present our main result, the calculation of the conductor

of Kn/kn . Finally, in chapter 5 we prove the Coates-Wiles theorem

using the results of chapter 4,



CHAPTER TWO

PRELIMINARIES

In this chapter we present some background material on elliptic
curves as well as some facts which will prove useful in the next chap-
ters, We draw special attention to the "almost Eisenstein'' criteria
of section 2, 3 and the calculation of certain polynomial discriminants
in section 2,4, The first two sections deal with well known facts
about elliptic curves and complex multiplication; for our purposes the
important result here is Proposition 2. 2. 4 which tells us something

about the form of multiplication by 1.

2.1 Elliptic Curves

We gather some basic facts about elliptic curves, See Tate's
excellent survey article ([18]) or Lang ([11]) for details. We con-
fine ourselves to elliptic curves over @; the general form for such

a curve is

2 3 2
(2.1, 1) Y +a1XY+a3Y-X +a2X -l~a.4X+a,6

where the coefficients are rational, For most purposes it suffices to

deal with the simpler Weierstrass normal form
(2.1.2) y = 4x - g% - g,

obtained by letting



2
al + 4a2

1 .
X=x-—7— , Y=3-aX-a,) .

1

The discriminant of (2,1.2)is A = gg - 27 g32 which is non-zerc;.

The equation (2, 1.1) for E is unique up to a coordinate change

2
X:uZX’-!-r, Y=u3Y’+qu'+t

where u,r,s,t € @ with u # 0. Under some coordinate change, it
is always possible to find a model (2,1, 1) for E such that all the aLi
are integers and |A| is minimal., The associated Weierstrass
normal form (2, 1.2) is unique subject to these restraints and we call
it the minimal Weierstrass equation for E ; even though g, and 84
may have denominators dividing 63 » A is integral and we call it the

discriminant A(E) of E. The j-invariant of E is

ToAE)

This quantity is indeed invariant under coordinate change and in fact
parametrizes isomorphism classes of elliptic curves over an alge-
braically closed field,

From now on, unless otherwise stated, we take E to be given
by a minimal Weierstrass equation, Associated to E is a lattice
Q < € such that if p(z) is the Weierstrass p -function for this lat-

tice, then the map



A €/0 —E(C), z — (p(z), p’(z))

is an isomorphism between the torus €/Q and the complex points of
E (including the point »(0) = (« , »)), This map allows us to define
an addition of points on E, I (xl,yl) = le) and (XZ’YZ) = x(zz)

we let
(Xl’yl) ® (Xz,yz) = (x1 ® x,, v, @ yz) = )\(z1 + ZZ) ;

the origin for this group law is (®, »). The following theorem makes

this addition more concrete,

ADDITION THEOREM.,

2
p'(z)) - p'(zz))

| 1
plz +2,) = -p(z,) - p(z,) + Y <p(zl) oz,

We thus have xl 2> X, as a rational function of xl, X5 Yl’
and Y, Differentiating the above formula yields v, @y, asa
rational function in these quantities as well,

The Addition Theorem shows that the set E(Q) of rational
points of E is a subgroup of E(C), In 1925 Mordell profred that E(D)

is finitely generated. This result was generalized by Weil and is

known as the



MORDELL-WEIL THEOREM, X E is defined over a number

field K, the group E(K) of K-rational points of E is finitely

generated.

In fact, Weil showed that this result holds for abelian varieties,

In light of the Mordell- Weil Theorem it makes sense to make

DEFINITION 2.1.3. The rank r(E) of E over @ is the

rank of E(Q) mod torsion, i.e. E(D) = Zr(E) @ torsion.

We now define the Hasse-Weil zeta function of E.

DEFINITION 2,1, 4.

-1 -1

p+1-N t
- ﬂ p ! ﬂ P
LE(s) = (]_ - = + 28-1) ( -._.) .

p 4 A(E) p p p | A(E) p°

Here, s is a complex variable, the products are over primes, Np is
the number of points on E mod p, and tp is £1 or O, NP is one
more than (because of the point (® , ®»)) the number of solutions in
Z/pZ x Z/pZ to a minimal equation (2.1,1); for p # 2,3 we may
use the minimal Weierstrass equation to find Np . Thanks to Hasse,
who proved |[p+1 -Np | < 2np, it is easy to see that LE(s) is de-

fined for Re s > 3/2. In fact much more is believed.

CONJECTURE 2.1.5, LE(s) has an analytic continuation to

the whole complex plane and satisfies a functional equation,
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Even though we are not justified in doing so, let us put s =1

in Definition 2, 1.4, Ignoring the [I part we get
p|AE)
-1
N
L~ (_pz) N [N
P+ AE) P

Now if r(E) is large, we expect that Np is large so that LE(I) is
small, Based on similar heuristics and extensive numerical calcula-

tions, Birch and Swinnerton-Dyer made in ([ 5 ]).

CONJECTURE 2,1, 6, LE(s) has a zero at s=1 of order

r(E).

Here we are of course assuming that Conjecture 2, 1,5 is true,

An expression for the lead coefficient in the Taylor series
about s=1 is formulated in a more general version of this conjecture,
This expression involves the order of the Tate-Shaferevitch group,
which is conjectured to be finite, This leads Tate to remark ([18])
'"This remarkable conjecture relates the behavior of a function at a
point where it is not at present known to be defined to the order of a

group which is not known to be finite !"

2.2 Complex Multiplication

We now discuss an important special class of elliptic curves
which we deal with in this thesis, those with complex multiplication,

For more on the rich theory of complex multiplication, see for
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example Weber ([19]) or Lang ([11]).

DEFINITION 2,2,1. E has multiplication by B € € if

B c Q. E has complex multiplication if it has multiplication by

some 8 t z.
Deuring ([ 8]) proved

THEOREM 2,2,2, ¥ E has complex multiplication, Conjec-

ture 2,.1.5 is true,

Deuring proved this by showing LE(S) is a Hecke L-function with
Grossencharacter, Thus for elliptic curves with complex multiplica-
tion it at least makes sense to formulate Conjecture 2.1, 6,

We note that E clearly has multiplication by rational integers.

If E has complex multiplication (CM) then
I = {8|E has multiplication by 8}

is an order in the ring of integers 6, of an imaginary quadratic field

k
k and Q = wOI‘ for some w, € Q. For some ¢ € Z, called the
conductor of ', '=Z +c8Z where {1,8} 1is an integral basis for

c! The j-invariant j(E) depends only on I' andis in @ exactly

k *
when the class number of T is one, There are precisely 13 orders
in imaginary quadratic fields with class number one, Besides the 9

maximal orders @k as k ranges over the imaginary quadratic fields

of class number one, the orders with conductors 2 and 3 in Q(N-23)
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and the orders with conductor 2 in Q (i) and Q('\/-_'/) have class
number one,

This means that over the algebraic closure of @ there are
exactly 13 isomorphism classes of elliptic curves definable over @
with complex multiplication, To decide whether a given elliptic curve
has CM, we only need to compute its j-invariant and check whether it
is one of the corresponding 13 values, These values, which are in
fact not only rational but integral, may be found in Weber ([19]). For
example, the curves yz = 4x3 - 4Dx with j-invariant 1728 have CM
by the Gaussian integers, |

Not surprisingly, given the terminology, if E has multiplica-

tion by 8 we can define a multiplication by B8 on the points E(C).

Namely, we define
BO (x,y) =(BO x, BO@y)=(p(Bz), p'(B8z))

where (x,y) = (p(z), p ‘(z)). The inclusion QB < ( implies that this
multiplication is well-defined; p(8z) and p’(8z) are elliptic func-
tions for the lattice Q,

The theory of the Weierstrass p -function tells us that p(B8z)
is a rational function in p(z). Investigation of the poles of p(B8z) in

fact yields

LEMMA 2,2,3. Suppose E has multiplication by 8. Then

f (p(z))

P(82) = (o2
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2 2
where f and g are polynomials of degree lB[ and IB] -1

respectively,

We rewrite this more suggestively as 8 © x = f(x)/g(x). For
2
| B[ odd, the polynomial g(x) has double roots at the points p(—g-) s
w € Q~8Q, so gx) is a square, We normalize f and g by setting

2
(x) where

glx) = Vg
4ot = 8T (x-p(2)
) w

Here, the product ranges over w € Q~8Q mod B8, mod + 1, where
by "mod £ 1" we mean that if Wy W, occur in the product then

Wy F + w5 mod BQ . The fact that p(z) is even means that LlJB (=)

2
is well-defined, With this normalization we have B ® x = CPB (x)/LPB (x)

where ch is monic and ¢ _, liB have coefficients in @ or k accord-

B

2
ing as B € Z or & For |g|~ even it is still possible to define

k
U,JB so that Lp; is a polynomial over © or k and B © x is as
above,

The following result tells us much more about the polynomials
ch and LpB in the case that B8 is a prime in @k . Our future in-

vestigations rely heavily upon it,

PROPOSITION 2,2,4, Suppose E has complex multiplication

by anorder I' © 6, andlet m&T be a prime of norm q relatively

k
prime to 6 A(E). Then
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cPﬂ,(x) = xq mod( 1)
and

Lpﬂ_(x) = constant ¥ 0 mod(1)

where these congruences hold coefficient-wise.

This result is most efficiently proved by invoking the notion
of Frobenius automorphisms. With E and 1 as above we may
reduce the minimal Weierstrass equation for E mod(m); we then have

a curve E over [E‘q. The Frobenius automorphism of E is

) 7) —s &3, 59)

g

In this setting Deuring ([ 8 ]) (see also Lang ([11], p. 138)) proved

THEOREM 2,2.5, Using a bar to denote reduction mod(),

we have ©/0@ (x,y) = G(Tr) (X,5¥) for some generator m’ of (1) in T.

Remarks., (1) If ™ is second degree and has norm p2 .

then TT’= -po

(2) Since p(z) is even and p’(z) is odd,

(-7) @ (x,y) = &L,-F0).

q

Using these remarks we see that T ® x =x ° except possibly

when T contains units other than £ 1; even then we have

FACT 2,2,6, ¥ I'=6_,, then m0O x = E—q where
2

= d' = - A -
0 1 and if T GQ('\/_-_Z;) then m®x =pxXx~ where p 1.
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This fact may be found in Stark ([15]) where an elementary
proof of Theorem 2, 2,5 (at least for 1 first degree) is given,

Proposition 2, 2,4 now follows immediately from

Cpﬂ(X) =4

_ 4+ sas ='§§q .
g (F:'E(q'l)/z +...)2

b &)

This last equality is an equality of rational functions so indeed

p (x) =X and q;ﬂ(x)z = 5-1 (= 1 most of the time).

2,3 Eisenstein and Almost-Eisenstein Criteria

In this section we state for later reference the well-known
Eisenstein criterion and prove some elementary facts about poly -
nomials which are '"almost-Eisenstein.' To inspire our proofs of
these almost-Eisenstein criteria we briefly sketch the proof of the
Eisenstein criterion. Here, ” denotes ''exactly divides'' and by the
discriminant disc (f) of a polynomial f(x) we mean the discriminant
of the associated monic polynomial, which we recall is the square of

a van der Monde determinant,

THEOREM 2, 3,1 (Eisenstein irreducibility criterion). Let

k be a number field, P a prime ideal in @k , and f(x) = anxn +

-1
=0T .. ta € @k[x]. Suppose that ‘ﬁ*an, B|a

1,-00’

n-1 n-

q3|a1 and T | a and let © be a root of f(x). Then

(1) f(x) is irreducible over k.,

(2) P ramifies totally in K =k(g) - say B = .
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(3) | e.
(4) The power of B in disc (f) is the power of P in the

field discriminant D(K/k).

Proof, We reduce to the case h(k) = 1 by localizing at B;
see Lang ([10], p. 65) for justification. Then (1) follows easily and
(2) and (3) follow by setting P = (B, a_ 8). For (4), the assumption
h(k) = 1 means there is an integral basis {al,a

2:.--,an} for

@K/Gk, so there exists an nxn matrix M over 6, such that

k

n-1
(2, 3,2) (Lia_8...s(a 8 ) =(a ity .00 0 )M,

I g(x) has root ane , this leads to
(2. 3. 3) disc(g) = D(K/k)(det M)% .

The same power of P occurs in disc(g) and disc(f). One checks by
- 3 n-l i

induction that Zj=0 cj(ane)J = 0 mod P for cj € @k forces cj =0
mod P for all j,so D4 det M which gives (4).

Stark ([17]) noticed the following partial converse to the

FEisenstein criterion.

THEOREM 2,3.4. Let k, B, f(x), 8, K be as in the state-

—— et it

ment of Theorem 2. 3.1 but now suppose that ‘;3+an, B | 3 _qreees

2
D | a, and P |ao and that f(x) is irreducible, Then the power of

D in disc(f) is greater than the power of P in D(K/k).
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Proof., We consider two cases.

Case 1. B does not ramify totally in K. Then all ramifica-

tion indices of primes above P are < n-1, From

8 = «-—(a ) +eeeta )
n o

we see that T | (ane)n, whence | (a.ne)m for some m < n.

n . . -
Case 2, P =f in K. Since the norm NK/k((a.nG)) =
n-1, . .. .. 2 2
(a0 an ) is divisible by B , we have P I ane . As above,

B | (ane)m for some m<n .

Now, as in the proof of Theorem 2, 3. 1,we may assume by

localizing that {a.,..., ocn} is an integral basis for (S)K/CSk and for

1
some matrix M EMn(Gk) (2.3.2) holds. The mth column of M has
entries all divisible by P since P ] (ane)In, so we have T |det M,

Equation (2. 3. 3) completes the proof,

It is classical that the powers of P in disc(f) and D(K/k)

differ by an even number. If this difference is 2 we can say more,

THEOREM 2, 3.5. In addition to the assumptions in Theorem

2.3.4, assume that the powers of P in disc(f) and D(K/k) differ by

2 and n =4, Then P factorsas T = PII-IPZ in K. Moreover, if

e e-1
B "ao then Pl Il e and ?s | s.
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Proof. From the proof of Theorem 2, 3.4 we know that

+1 -1
B I (a.ne)rn for some m <n. Butthen P l (ane)m sesesD [ (ane)rL
and arguing as before we see that ‘]3n-m I det M, whence the powers
of P in disc(f) and D(K/k) differ by at least 2(n-m). This shows

n-1 n-2 . .
that | (a.ne) but ‘I5+(ane) , which means some prime above TP
has ramification index at least n-1. P = P is ruled out since then
2 ) . m

P I ane implies P | (a.ne) where m is the least integer > n/2

and m <n-1. Thus P= .

1 €2
Finally, if Pl | & and PZ | & then e

1
1 PZ where Pl and PZ have norm P.

1’ ez are positive,

-2
=e, and e > 2 contradicts P+ (a.ne)n . This completes

e. +te
1

1 2
the proof.

2,4 Some Polynomial Discriminants

We state here, with a slight misprint corrected, the following

important result due to Stark ([16]):

THEOREM 2,4.1. Suppose M is an odd integer and v, v

17 72

range over M-IQ mod Q. Then

2 2

R N

M eE+v)-pE+v,) = &M
V17V

M3y mi-1)/12

Also, if E has complex multiplication by a first degree prime 7 of

odd norm p and v,, v, run through 71 q mod Q, then

1’72

ﬂ (p(Z +\)1) - D (Z +\)2)) = :b‘rrpp' (ﬂ-z)p"l A(E)(ZP‘?’)(P-I)/IZ ]

VIiEY,
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In the sequel, these formulas will enable us to calculate cer-
tain key polynomial and field discriminants. See Stark ([16]) for the
pretty analytic proof of this theorem, which is based upon Kronecker's

limit formula.



CHAPTER THREE

FIELDS OF DIVISION POINTS

Continuing with the notation of chapter 2, we take E to be an
elliptic curve over @ with complex multiplication. We suppose E
is given by the minimal Weierstrass equation yz = 4x3 - 8y%X - 8,
parametrized by x =p(z), vy =p’(z). Our goal in this chapter is to
define certain fields of division points and prove some basic facts
about them. In section 1 we introduce kn’ the field of Wn-division
points, and calculate the (T)-part of its discriminant. In section 2
we define for positive rank curves an extension Kn of kn and show
it is '"big as possible.' The last section deals with a character rela-
tion which will be ‘crucial for the calculation of the conductor of

K_/k_ in the next chapter.
n n

3.1 The Field of ™ *-Division Points

We assume E has complex multiplication by the order ' in
@k . Let TET be a first or second degree prime of norm q=p
2
or p and assume T does not divide 6A(E). If T is second degree,

we always take T = p.

DEFINITION 3. 1.1. The set of " -division points of E is

E _={@Ev),0(vW)|vEn "amoeda)} .
.n.n

20
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It is easily checked that there are qn n ™. division points,
For Vv € Tr-nQ we will call p(Vv) an x—TTn—division value and denote
a T -division point by (xn. yn). We have ™ ®© (xn, yn) = (o, ®)
and call (xn, yn) primitive if ﬂ‘n-l O] (xn, yn) % (® , ®) (recall
(®, ») is the origin for the group law). The coordinates of finite
division points are algebraic; the finite x- m . division values are
just the roots of the [(qn-l)/Z]th degree polynomial q;ﬂn(x) intro-

duced in section 2. 2.

DEFINITION 3.1,2. The field of T -division points of E,

n
denoted kn, is k with all coordinates of finite ™ -division points

adjoined.

The field kn is a normal extension of k whose structure is
well known, We say something about the size of kn in the next
lemma - it essentially tells us that kn is not as big as we might

initially suspect,

LEMMA 3,1.3. Let (x_,y_) be a primitive 7" -division

point. Then kn = k(xn,y‘n).

Proof. First note that x gives us all x-T " -division values,
n
Indeed, if cx.l. v O 0 are representatives for '/ 7 ~ {0} mod
(@ -1)/2 n
+ 1, then the numbers o, ® x are the (q -1)/2 distinct finite x-

n
T -division values, and are in k(xn) by the facts stated in section
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? 7 + , Tl'n-d' . .
2,2, Next, let (xn ,yn) % 10 (xn yn) be another ivision

point., By the addition theorem,

’ 2
y. .-V
x'® x =-x' -x +l(1‘,1 n) .
n n n n 4 \x' -=x
n n
. 2 3 . 12 .
Using v, = 4xn - g% - g3 and similarly for y, » we solve this

. 4 . 14 4
, ® . Byt
linearly for v, in terms of Vo X, X and x ©x y the
first observation above x’ and x’ ® x are in k(x ), so
n n n n

y': € k(x_, yn). This proves the lemma.

Since ytz1 € k(xn), we get [kn: k(xn)] < 2 and [kn: kl<q -1.

In fact, the latter degree is even smaller,

n-1
THEORE 1.4, i - i
HEOREM 3.1 kn is a degree q (g-1) extension of

k in which (T) ramifies totally. The relative field discriminant

~(n+1)g" 1.

n
D(k_/k) has (m)-part (m)™

The first statement of this theorem is well known; Coates-
Wiles (L 61]) dedu;:e it from Lwubin-Tate theory. We present an
alternate proof using Eisenstein polynomials, Using Theorem 2.4, 1
we are also able to calculate the crucial discriminant. Given an

extension M/k we let D (M/k) denote the (T)-part of D(M/k).

(1)
Fi iod w € Q~ TQ and = n
ix a period w_ and let (xn, yn) (p (wo/rr ),

p'(uvO /T 1’1)), a primitive Tl’n-division point, The theorem will follow

from



23

LEMMA 3,1,5. We have for all n

(1) [k(x ) k] = ¢® Hg-1)/2 .

n-1
@ (m =33 @2 ramisies totally in kix ) .
-1
(3) an I x .
o mE@a” - (ar)g™ -1
(4) D kb)) = (M) .

2 os s . .
(5) [kn: k(xn)] =2, i’3n = ’bn ramifies in this extension,

-3
and P "y .

Proof. We proceed by induction, The case n=1 is done in

Stark ([16]) but we outline his argument to inspire our proof. X,

@124y a2,

where bi € k. We know by Proposition 2, 2. 4 that

is a root of the polynomial Lpﬂ,(x) =Tx

Pe-1)/2

T'rlbl,'n'lb , T but T4 b

2o B 32

(q-1)/2

q;,rr(x) is reverse Eisenstein with respect to (1); xl-1 is the root

of an Eisenstein polynomial. By the Eisenstein criterion (Theorem

2,3.1), (1), (2), and (3) hold for n=1, Now %;1 I X, implies that
-3 2 3
B = - -
1 vy e - ex, gy

so v, cannot be in k(xl). Thus kllk(xl) is quadratic and

2 -6 2 -
931 = ‘331 in k, so that '}31 I vy and ‘313[[ Yyi° giving (5), Since

1
o) z}’ [k(xl): k] =(q-1)/2 and (T) ramifies totally, we have

INCERCE (M) @32 ien gives (4) for n=1,
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We now take n> 1, Then xn is a solution of

P (=)

V(%)

™

2
so the polynomial Cpﬂ_(x) - xn_len_(x) Y qth degree monic poly-

nomial over k(xn 1), has root xn. It will be more convenient to

- 2
work with f(x) = xnl_l Cpn_(x) - QJﬂ_ (x) . Using (3) of the induction

hypothesis, %n-l “x_:l, and recalling the information Proposition
2,2, 4 tells us about CPTT(x) and q;ﬂ_(x), we see that f(x) is reverse

Eisenstein with respect to 8 This means [k(xn) : k(xn )] =q,

n-1° -1

-1
g =89 B i}
01 o in k(x ), and B I x_ so (1), (2), and (3) hold. Argu

ing as in the case n=1, we see that (5) holds as well, Finally, by

(4) of Theorem 2, 3.1 we know that the B -part of the discrimi-

n-1

nant of the polynomial for x;l over k(x ) is equaltothe B

n-1 n-1"

part of D(k(xn)/k(xn-l))’ which we denote D%n 1(k(xn)/k(xn_l)).
The polynomial discriminant is

+ ﬂ 1 _ 1 ) wl
\)1,\)251‘1' Q (mod Q) o[+ v o[- 4 v
. #V n 1 n 2

1 2

w w
o O
\)1 \)2 ™ ™

i
F
Tl p( 1(')1+V1> p( z’”’z)

=+

v

T
1 v

2
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By Theorem 2.4, 1,the numerator of this expression is

w

0
n-1
"

g-1
iT.rqp,( ) A(E)(Zq-3)(q—1)/12

As ‘Dr:-31 | v = p'(wo/ﬂ'n_l), we have (1’1‘)q P -3(q-1) in the

n-1 n-1

numerator. Also, each p(uuo/TTn + vi) is divisible exactly by 23;11

so the product over q(g-1) terms in the denominator has

%'Zq(q"l) .

n We thus have

_ q g, -3(q-1) , 29(q-1)
D%n_l(k(xn)/k(xn-l))'(”) ‘bn_l %n

3
n-1 n-1

(m)d

It will be convenient not to simplify further by replacing () by

-2
gd (@-1)/2

-1 Using

= . q
DAele )1 = [Ny ) e (Dt ) /it T Dlit, /1)

>

we have

Dy (kx )/10) =[N,

1 n-1 n-2 q
) Sln-1)q "-ng "-1]
(miz (97172 [(rr)z

(x )k

1 n  n-1
= (”)qn-l(q—l)/z (n)(q-l)/z z[(n-l)q -ng

()

-q ]

1 -
7(nqn- (n+l)q" ' 1)

= (m)
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This gives (4) and completes the proof of the lemma.

Proof of Theorem 3.1.4. All that is left to do is to compute

the discriminant, Statement (5) of Lemma 3.1.5 shows that

Dy n(kn/k(xn)) = %n so

- 2
2 (ng - (n+1)g" " - 1)

- (mnqn - (nt1) qn- : .

This completes the proof.

Remark. If T is maximal and k # N(i) or M(N-3) it is
known that k(xn) is the ray class field of k mod (TT)n . This
knowledge could be used to give an alternate calculation of

D (W)(kn/k).
The Galois group G(k_/[k) is just (T /(M™M= (6 /(m™

]

a group of order qn_l(q-l). The action is given by

X g = o ©=x o a =a © .
n n’ 'n n

3.2 The Construction of Kn

We now suppose that E with CM by I' = Z + ¢c8§Z (where
{1,53 is an integral basis for ('sk/Z) has rank r >0, Take T
to be as in section 3.1 with the added restraint ™ 4 D(k/@) - in

fact this already follows from T4 6A(E). Let Pl’ oo Pr € E(D)
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be a basis for E{(QR) modulo torsion.

LEMMA 3,2.1, There does not exist a point P € E(k) such
that T ® P = P1 .

Proof. Here, we use a bar to denote complex conjugation

and

m

to indicate equality mod torsion. We first claim that

Pl""’Pr

are linearly independent over [', for suppose
0‘1 © P1 ~!--~-!-cr,r O] Pr = (»,®)
where a. € T. Then, since Pi € E(D),

%, O P +e-c+q_ @ P =
1 1 r

Adding these equations and using the independence of the Pi over

Z vyields Re a, = 0 for all i and Im a, = 0 follows immediately.

Next, we claim that if P € E(k), there exist Tyreees@ €T

such that

c(6 -8)O® P

]
%
H'Q

©
o

This is because P ® P and (c6 @ P)®(cd ® P) = (c6 @ P) 9

(cg 0] 5) are in E(Q) so there exist ni,mi € Z such that

r
P& P = z n, P.
. 1 1

i=1

and
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i
N
B
.

(c6§ ©@ P) ® (c5 ©® P)

Multiplying P® P by c5 and subtracting (c6® P) © (c5 @ P)

proves our claim,

Now suppose there is a P € E(k) with P1 = 17T @ P. Then

T O (c(d -8) ® P)

c(8 -38) @ Pl

M
1
®
g
Q
0]
g
1
g
]
R
0]
Hd

so c{(d -g) = TTcr.l, but our restrictions on ™ mean T /l’ c(b - g)

(recall ¢ is 1, 2, or 3), thus proving the lemma.

Remark. This also shows E has rank at least 2r over k.
We now fix a rational point Qo = (XO,YO) = (@ (w), p'(w)) which
is part of an integral basis for E(@Q) mod torsion. Let Xn =

pw/mY), Y =p(w/mh), and Q =(X ,Y ) sothat T @ Q =Q .
n n n n n (e}

Also, let K =k (X ,Y ); we have K K .
n n n n n-1 n

LEMMA 3,2.2. The field Kn is kn(Xn) and is a normal

extension of k.,

Proof, Let g(x) =@ n(x)/np (x)z. We have
T i

e x = p(Miz) = g(x)
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where x = pD(z), and differentiating this with respect to z gives

mhp (M z) =g (%) 0'(z) = g’ (x)y .

Putting =z =w/m", we solve for Y and get Y = nty /g (X )

n n o n
which shows that Yn € kn(Xn). The proof of the lemma is complete
after we note that the conjugates of Qn are merely translations of
Qn by m"-division points and the coordinates of these translations

are in Kn by the addition theorem.

We record for future reference the formula for multiplica-~

tion by n™ .

LEMMA 3,2.3. T 0O (x,7) = (gx), g’ (x)y/m5) where

gx) = ®_ 6 /4 Wn(x)2 :

The Galois group G = G(Kn/k) is a subgroup of

1 = n
H = {(0 *> EGLZ(F/(TT) ) .

If (xn,yn) is a fixed primitive ﬂ‘n-division point and o € Gn, then
(xn, yn)g= B O (xn, yn) and Xz = Xn® @ © xn) for some
a € T/(mM)™, 8 €(T /(MM ; the embedding of G_ in H_ is
o»-—>(1 on)
0 B/ °
It is an interesting general question to determine when

Galois groups of fields of division points, such as the ones we are

considering, are 'big as possible.' Using cohomological methods,
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one can usually say that they are big as possible except finitely often
(see for example Bashmakov ([ 37,[41), Ribet ([12]), Serre ([14])).

In our case we in fact can show, using elementary methods

THEOREM 3, 2.4. Assuming QO is part of a basis of E(R)

mod torsion, we have Gn = Hn .

We need a couple of preliminary lemmas. Note that elements

of T /(T‘T)n naturally project to elements of T /().

LEMMA 3,2,5. Suppose we have a map {: (I"/('r'r)n)x = T/ (m

satisfying f(BIBZ) = f( BZ) + Bzf(Bl). Then if T is first degree or

n=1, thereisa v € T /(1) suchthat £(B8) = v(B-1). If 7 is

second degree, we still have f(8) = 0 whenever B =1 mod T.

Proof, If 1 is first degree or n=1, the multiplicative

group (T /(T‘l‘)n)>< is cyclic and we pick a generator A. We have

2
f(A ) = £(N) + AE(N)
and more generally, by induction,

FA™) = £(A) (L + A 4.+

_ £(N) m
—ﬁ(%. -1).

The first statement of the lemma follows by setting vy = f(A)/(A-1).

Suppose now T = p is second degree, n> 1, and we have a
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B E(T /()™ with B =1 mod p. It is readily checked that for
n,x p-1
some A € (T /(p)) notcongruentto 1 modp, B equals A
For example, in the case n=2, if B =1 +ap (¢ € T/(p)), then we
-1 2
can find n € T /(p) satisfying (2+n p)p =1+ ap modp and

A=2 +Mp works, As above, we get

£8) = t(AP7Y = L8070 - TP o 1) = LER) /- DI (B-1)

and we have the second statement of the lemma.

LEMMA 3,2.6, U= {a € T/(m)" I(é 01‘) €G } isan

idealin T/(m)".

Proof, Clearly, U is a subgroup of I"/(TT)n. To see that
U is an ideal, note that since G(kn/k) is all of (T /(MM , we have

for any B € (F/(Tr)n)x some a,,Q, € F/(Tr)n with

1

1 o 1 o
L) n) e
0o 8 o 871 n

Multiplying these on the right by all (é <

1

1 a,+0 1 o, +a
S S Sy K
0 B o B "

for all « €U, Now

(1 al)(l oc2> ) 1 a2+a18
o 8/\o gt 0 1

) € Gn shows that we

in fact have
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(1 onz)(l a1> =(1 a1+a25)
0 B'l 0 B 0 1

-1
a o+ in U, i = -
so a,+ lB and ] G,ZB are in In particular, a, 0,18

and

-1

+a for some o € U, Now fix a. and let o be any element of

1

-1
U; then -C(.lB +a is a legitimate choice for a, above, Taking

-1
a, = -alB + a we have

+ = O
a onzB

: +(-a18'1+a)6 a8 €U

1

and this holds for all o €U and B € (l"/(TT)n)x . Since any element

of 1"/('!'1’)n is the sum of two units, U is an ideal.

Proof of Theorem 3.2,4., U is an ideal in the (local) ring

I‘/(TT)n so 11=(ﬂ‘m) for some m 2 0. We want to show m=0 so

suppose to the contrary that m =2 1. Taking 8 € (T /(Tf)n)x and

(l al) (1 G‘.?.) € G we have, as in the proof of Lemma 3, 2. 6,
o 8/’ \o g-1 o

€
d.1+cc28 = U so

= - ™
al aZB mod T,

Sending B~ o thus defines a map £ from (T /(m)"" » T/(m;

(1 onl) (1 al) =(1 a1’+8’a1)
0 B o ¢ 0 8B’

shows that f satisfies the hypothesis of Lemma 3.2.5.
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In the case n=1, Lemma 3,2.5 gives

(1 Y(B-l))
G =
1 0o 8

If v=0, then X1 € k and Lemma 3, 2, 3 shows Y1 € k as well, but

B & (T /(m)”

this contradicts Lemma 3.2.1. If v # 0, y(B-1) ranges over g-1

residue classes mod T and X1 has g-1 conjugates over k. If a is

)

a representative for the qth residue class, then Xl' = X1 ® (a0 X,

? - @ . . s 4 = -
and Y1 Y1 (a0 ® yl) lie in k¥ and ™ © (Xl’Yl) (XO,YO), con

tradicting Lemma 3. 2.1 again. Thus G1 = H1 .

If un> 1, then Lemma 3. 2, 5 shows that any (é g) €G_

with 8= 1 mod ™ has @ = 0 mod T, But Gl is a quotient of Gn,

1 o
GI=G/ = Id mod ™
n 0 8

and the maximality of G1 contradicts what we have deduced above.

namely

This completes the proof of the theorem.

3.3 Character Relations

We start this section by drawing a picture. Let Mn = k(Xn)
and recall the definitions of kn and Kn from sections 3.1 and 3., 2.

It will be helpful to keep this picture in mind as we proceed,
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a (q-1) n-1 q

(3.3.1) M )
%M : e

We know the degrees are as indicated by our work in sec-
1 %
tions 3.1 and 3, 2; we also know G = G(K /k) = {( > €
n n 0
GL (T /(M™Y. Clearly,

G(K_/k )

"
—_——
o —
ot *
\__-/

G(K_/M_)

i
T
o —
* o
~—

and a little thought shows

1 «a
G(Kn/Mn-l) - (

Note that G(K_/k_) is the abelian group I'/(T)" which is Z/p"Z

for T first degree and Z/p Z X Z/p" Z for T second degree.
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We are interested in finding the conductor of Kn/kn. The following

proposition will aid us greatly in our endeavors.

PROPOSITION 3, 3,2, Let X be any first degree character

n-

1
. . P
of G(K /k ) satisfying X # 1. Then

*

3 %k
1(K /M) =1(K /M ) + X
n n n n

-1

where l(Kn/ - ) denotes the trivial character on the associated

Galois group and * denotes inducing to Gn

sk
Proof. We first compute the values of 1 (Kn/Mn) and

S

1 o
e ro 2L .
1 (Kn/Mn—l)' Let (0 ,B) Gn . By the definition of induced

characters, we have

1 o
*
l(K/M)( >=
n n OB

1 1 u
1 | )EG
a (q-1) 0 v i

We compute

S S

so we need to find the number of solutions (u,v) € F/(ﬁ)n X

1 wu 1 al\/l u
S Y G R
0 « 0 B/\0 w non

n,x

(T/(m7)" to
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(3. 3.3) (1-8B)u+ av = 0 mod mt

If B=1, then (3. 3. 3) has no solutions unless o= 0 and then

of course all {u,v) are solutions. We have

Sl
1 on) |G(x_/M )| d

if a=

s
1 (K /M) (
nonl gy
0 otherwise

If B# 1, for some m we have Trm“(l -B) where 0 <m < n-1.
The congruence (3. 3.3) has no solutions unless am lcn and in this

case (3. 3. 3) becomes

(I_B)u + 2V = 0 mod mo T .
m m
T
Given each of the qn-l(q-l) vls, we solve this for u mod TTn-m ,

giving qm solutions for u (mod 'rrn). We have for B #1, n H(l-B),

. (1 a) qu if
1 (K /M) =
n n

0 B lO otherwise ,

%k -
For 1 (Kn/Mn-l) we need to solve (3.3.3) but now mod ™" 1;

14‘(Kn/Mn_1) is q"n(q-l)-1 times the number of solutions. Exactly
the same argument with n replaced by n-1 shows that for B =1

mod T'Tn-l ,



. 1« qn-l if TTn_ll
1 (K /M _1)
n n 0 B

0 otherwise

1

and for 8 #— 1 mod e s Trm“ (1-B)(0£m < n-2),

« (1 a g™ if TTmlc,
1 (K /M ) )
n n-1

0 otherwise

0 B

e

Looking at these values, we observe that lq\(Kn/Mn) and
sk sk
1 (Kn/Mn-l) differ only when B =1, Letting =1 (K/Mn) -

*
1 (K/M ), we have
n-1

gt ! if B=1, a=0
1 «
-1 -
‘“( ) @’ i 8=1, n |
0o B
0 otherwise .

Note that § assumes the value -qn-1 exactly q-1 times so

2

(b, 4) = —5—— [(q“—qn'l)

2(n-
3 t(q-1)q (m 1)}
q (q-1)

= 1 ,

and { is irreducible. By Frobenius reciprocity,

CTE S <¢ , x>
Gn G(Kn/kn) G(Kn/kn)

1 a
_ 1 n n-1 n-1
——q;; (@-9 7)-gq z X( )
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To evaluate the sum, re-write it as

1 n-1

™ B n-1/1 B
") SR
s€(r/my~{o} \o 1 Be(r/(m)~{o} 0 1

This equality is clear if T is second degree and is seen easily for

n-1

P is a non-

T first degree by replacing B by ﬁn-lﬁ . But ¥
trivial first degree character of T /(T) (= Z/pZ for ™ f{first
degree, (Z/pZ)2 for T second degree) so the sum is -1. This
gives (), X*> =1 whence ¢ = X* since both characters have the

same degree and  is irreducible, Recalling what ¢ is, the

proposition follows.

Using ¢ and characters from the quotient groups Gm R
m < n, it is quite easy to find the character table of Gn . We will
not need this so we leave it as an exercise for the reader (if he
cares),

Next we see th Proposition 3. 3. 2 leads to a conductor-

discriminant relation which allows us to find the conductor of Kn/kn.



CHAPTER FOUR

THE CONDUCTOR OF Kn/kn

We are now ready for our main result, the evaluation of the
conductor of Kn/kn. Throughout, we assume that 1T 4" 6 A(E)D(k/D)
and that Qo = (XO,YO) is part of a basis for E(Q) mod torsion (in
particular we are assuming r(E) > 0) so that the results of chapter 3
hold, We will see in the next chapter how the Coates-Wiles theorem

follows from the results of this chapter.

4,1 A Conductor-Discriminant Relation

We recall that class field theory associates to any first degree
character y of an abelian Galois group a conductor F(X) which is
an ideal in the base field,

PROPOSITION 4.1.1. Let X be any first degree character

n-1
of G(Kn/kn) such that Xp # 1. Then

D(Mn/k) = D(Mn_ 1/k) D(kn/k) Nkn/k(s( X))

As we shall see shortly, this result follows easily from
Proposition 3, 3,2 and results in Artin ([2]). In this paper, Artin
defines ''conductors' of characters on arbitrary (i.e. not necessarily
abelian) Galois groups. We use 3JF to denote these conductors as
well; this is justified since they agree with the conductors from class

field theory in the abelian case., The following theorem summarizes

39
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s

the results in ([2]) we need. As before, * denotes inducing from a

subgroup to the whole group.

THEOREM 4, 1,2, Let K/k be normal and suppose KDM Dk,

If Xl , XZ are characters of G(K/k) and ¢ is a character of
G(K/M) then

(1) E(Xl +X2) = E(Xl) B‘(XZ) .
* 2 (1)
2) 3 = DM/ N (B ) .

(3) 3(1) = (1).

Proof of Proposition 4,1,1, Take conductors of both sides of

* _ sk M >’.=’
(K /M) = 17 (K /M__ )+ X

which we know by Proposition 3. 3, 2,and apply the properties (1), (2),

(3) above.

Remark, We can give an alternate proof of Proposition 4.1.1
using the theory of L-functions, for the character relation above
implies

Cop 8) = Gy (8) Lis, %)
n n-1

Proposition 4. 1.1 follows, up to absolute values, by comparing fudge
factors in the functional equations of these series. A little more

work gets rid of the absolute values.
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4,2 Evaluation of the Conductor

Recall that (Xo, Yo) is a rational point of infinite order and

n
™ @ (Xn’ Yn) = (XO,YO).

LEMMA 4,2,1, Suppose 1 does not divide the numerators

or denominators of Xo or Yo . Then the numerators and denomina-

tors of Xn ) Yn are also relatively prime to ().

Proof. By Lemma 3.2.3,

Y
, n
(Xn 1’ Yn-l) =m O (Xn:Yn) = (g(Xn), g (Xn) T)

where g(x) = cpn_(x)/\pﬂ(x)z . Using our knowledge of cpﬂ(x) and

g TT(x) (Proposition 2,2, 4),we see immediately from Xn 1= g(Xn)

that if Xn is relatively prime to (1), then so is Xn . By simply

-1

differentiating g(x) we also see that g'(Xn) is integral at primes
’ ; - (of

above (1) and w|g (Xn). Using Yn-l (g (Xn)/1-r)Yn we observe

that if Yn is relatively prime to (1) then the numerator of Yn

-1

is relatively prime to (1r). Since

2 3
Y, 7 Ky g X, -8

implies that any prime above (1) dividing the denominator of Yn

must also divide the denominator of Xn , wWe are done,

Recall that ’bn is the unique prime above (1) in kn . We

will need the following two results, the second of which implies that
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the conductor of K /k_ is a power of P_ .
n' n n

PROPOSITION 4,2.2. For some n, the extension Kn/kn is

ramified.

PROPOSITION 4, 2.3. The extension Kn/kn is unramified

outside of ‘}3n .

These results may be found in Coates-Wiles ([6]) but we give
another proof of Proposition 4,2,2 in the next section using our meth-
ods, Proposition 4,2, 3 follows from the fact that E has ''good
reduction everywhere'' over kl — see [6]. We remark that Theorem
2, 4.1 simplifies the argument in ([6]) to eliminate primes above T.

We assume from now on that m does not divide the numera-

tors or denominators of XO or Y0 . As before, we let D T_r)(M/k)

(
denote the (1r)-part of D(M/k)., Our main theorem is a generaliza-

tion of Theorem 1 in Stark ([16]). For convenience we set M0 , Ko ,

n -
_ nq -2q -sse=-2q-2
D(ﬂ)(Mn/k) =(m)

where for n=0 we make the convention nqn-an-l- cee-2g-2=0,
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Proof, We proceed by induction. The case n=0 is a trivial-

ity, so take n >0, The extension Mn/M is obtained by dividing

n-1

- : 3 2 =
X .1 by ™, i.e. adding a solution of cpn(X)/LPn,(x) =X - We

are adding a root of the monic qth degree polynomial
2

£ &) =0 & -X b &)

which we know is irreducible by Theorem 3.2.4. The discriminant
of fn(x) has (17)-part (TT)cl by Theorem 2.4.1 and Lemma 4,2, 1
(take z = W/T'I’n in Theorem 2.4, 1); here (1)-part means the part of

disc (fn) above (1), Moreover, fn(x) has coefficients which are

e e
: : _ o 1 %2 g .
integral at (1) soif (m) = P Py e Pg in M__,,the P, -part

- ] . .
Dpi (Mn/Mn 1) of D(Mn/Mn-l) divides #,° ° . Since polynomial and
field discriminants differ by squares (at least locally), the quotient

is an even power of Pi . Using

DM /k) = N (DIM_/M_ _)D(M_ /k)%
n n n n-1

M /k -1 -
n-1

and the induction hypothesis we see that

n n-
q (n-1)q
D(m(Mn/ml (m® | (m)

Simplify to get

n-1

n
nq -2q -~ o0 0 = Zq
D (M, /%) | (m)

where for n=1 we interpret the exponent as being q, We know that
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the quotient of the above power of (m) by D (Mn/k) is an even

()

power of ().

On the other hand, by Proposition 4.1.1 we have

(Mn/k) =D TT)(Mn_l/k)D (kn/k)N (F (X))

D
() ( (17) k /k
n
n-~1
for X any first degree character of G(Kn/kn) with XP # 1

(Proposition 4,2, 3 tells us F(X) is a power of “Bn ). By Theorem

3.1, 4 and the induction hypothesis, we have

n-1 n n n-1
D (Mn-l/k)D (kn/k) = (n)(n-l)q -2q T-ees -z(ﬂ)nq ~(m+l)g

() (1)

n n- n
ng -2 -2 -—cee =2
=(ﬂ)q q q

Now a miracle has happened, namely the bound we have for the power
of (11) in D(Mn/k) and the exponent immediately above differ exactly

by 2. This shows that either JF(X) = ’ISnZ or F{(¥)=(l) and

n n-1
_ nq -2q -eee=2g-2
D( n')(Mn/k) = (1)

being the £.c.m. of the conductors of the characters of G(Kn/kn), we

. The conductor of K /k
n n

have our result,

Combining Theorem 4, 2.4 and Proposition 4,2.2 gives

THEOREM 4,2.5. For some n, Kn/kn has conductor ‘ISI;Z .

For the purposes of proving the Coates-Wiles theorem, the

above result is the important one, It turns out that Theorem 4, 2.5
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holds for exactly one n ; in the next section we find an explicit
description of this n.

We say that a prime P in Mn above (1) is relative first

degree if NM /k(P) = (1). The proof of Theorem 4.2, 4 immediately
n

yields

COROLLARY 4.2,6. Suppose Kl/kl"" , K /k are

n-1" n-1 —

unramified and P is a prime above (1) in Mn 1" If the powers of

P in D(Mn/Mn l) and disc(fn) differ, then this difference is 2 and

P is relative first degree. Moreover, this happens for exactly one

prime above () if Kn/kn is unramified and otherwise does not

occur,

Here, fn is as introduced in the proof of Theorem 4, 2, 4,
In the next section we will say more about the factorization of (1)
in M .
n

We close this section with

PROPOSITION 4.2,7., Suppose T =p is second degree,

K/k,...,K /k are unramified, and K /k has conductor
1 1 n-1" n-1 n n

‘bnz . Then for any field L with kn cLc Kn and [Kn:L] = p, the

conductor of L/kn is ?31;2 as well,

Proof, Let H cG(Kn/kn) be the subgroup corresponding to

I.. The characters of G(L/kn) = G(Kn/kn)/H correspond to the
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characters of G(Kn/kn) trivial on H. Since G(Kn/kn) == Z/anx
n-1

Z/an and |H| = p, for some such character X we have Xp ,i- 1.

The proof of Theorem 4, 2.4 shows that X has conductor ’lﬁ]:' and

hence so does L/kh . -

4.3 Ramification at Some Location

In this section we will prove Proposition 4.2.2. Our method
of proof enables us to describe the explicit factorization of (7) in
Mn and calculate the conductor of Kn/kn for all n., Almost-
Eisenstein criteria (section 2. 3) form the heart of our arguments.
In this section we suppose T has been chosen (as guaranteed by
Theorem 2.2.5) sothat 7 ® x = Xq mod ( 7).

Recall that we have monic irreducible qth degree polynomials

) =0 ()-X 4 () €M [x]

n-1

generating Mn/Mn E i.e, with root Xn . It will be convenient to

introduce the translations of fn(x)
gn(x) = fn(x + Xo) ;

gn(x) has Xn-Xo as a root, Here, as before, we will assume 17

is relatively prime to the numerators and denominators of Xo and

Y_. The coefficients of qu'l,. ..»x in f (x) are divisible by m
but the constant coefficient is not, The coefficients of xq-l, ceesX
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in gn(x) are also divisible by 1. Letting a, be the constant coeffi-

cient of gl(x) we have

)
1

2
cpTr(Xo) B Xo¢n(xo)

il

X9 .X =0 mod (m)
o] o]

because cpn_(x) = x? and Lllﬂ'(x)z = 1 mod (1) by our choice of .
Since gl(x) is irreducible, a, :/: 0 and we may find e so that

m© | a We use Pn ; to denote a prime above (1) in Mn ; recall

1 -
that we say Pn ; 18 relative first degree if NMn/k(Pn,i) = (1),

THEOREM 4, 3,1, The extensions Kl/kl’ oo Ke 1/ke ]

are unramified. For n ze, Kn/kn is ramified and has conductor

2qR-€
B d . Also, (1) is a product of relative first degree primes in

n

M . For n < e-1
n =01

n-1 n-2
n,l n,2 n,n n,n+l

and for n e

n-1 n-2 n-e+l n-e+l
@) (m =pd (@Npd fa-D)  d (q-1) 9
n’l n’z nae“l n,e

In the case n=0 we interpret (1)as (m) =9

amet AL -1 we

n

. _ a4
interpret (2) as (m) = Pn, 1

Proof. The key to the proof is an investigation of the constant

coefficient a of gn(x); we know gn(x) is monic and the other
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coefficients are all divisible by 7., We have

-9 _(X)-X (x )
an - cpn‘ o'~ “n-1 Lpﬂ' o
sa - (X X4 (X)L (4.3.2)
%" Yhai1 % qJTT o’ ° *
Suppose e =1, Then gl(x) is Eisenstein with respect to ()

and by the Eisenstein criterion (1) ramifies totally to Ml’ say

- o9 .
(m) =p Pl’ ) I (X, -X), and disc

= k
1,1° (gl) D (Ml/ ) where

(1) ()

as usual the subscript indicates ''( 17)-part of."
Now suppose e >1, By the almost-Eisenstein criterion
(Theorem 2, 3, 4), disc( n)(gl) # D( 1T)(Ml/k) so by Corollary 4.2.6,

Kl/kl is unramified and

. _ 2
d1sc(ﬂ)(gl) = (1) D(n)(Ml/k) .

By Theorem 2.3.5, () = P;I,-ll P oin M with P (X -X)
and Ple’-zl I (X, -X_). FEquation (4.3.2) shows that Pl, 1 I a, and
since PF;,Z | a;, we also get Pel:; I a, - The polynomial gz(x) is
Eisenstein with respect to Pl, ; S° Pl,l = qu, ! in M2 . I e=2
then gz(x) is Eisenstein with respect to Pl, , as well; if e >2
then gz(x) is almost-Eisenstein with respect to Pl, 2 In the latter

case, the almost-Eisenstein criterion, Corollary 4,2.6, and Theorem
2. 3.5 now applied to (gz(x), Pl 2) instead of (gl(x), (1)) show that

-1
K o _ o4 : :
KZ/ , is unramified and Pl, 5 PZ, 2 PZ, 5 In M2 with
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e-2
Pz’z I (X,-X) and P, 3 I (X, -X_). We also know PZ,I I (X, -X ).

Using (4. 3.2) as before we see that P

e-2
2,3

| a P I as and

2,11 %3 V2 2

P I ay s g3(x) is Eisenstein with respect to and P and

2,1 2,2

also with respect to PZ 3 if e = 3, otherwise it is almost-Eisenstein
?

with respect to PZ, 3

Repeated applications of the above argument give the first

statement of Theorem 4. 3.1 and the factorization (1)for n<e, In

M we have
e-1
e-2 e-3
(1) =p2 (q-1) sa~ “(q-1) 9-1
e~-1,1 e-1,2 e-l,e-1 e-1,e
where now ge(x) is Eisenstein with respect to all Pe 1" We have
-9 . . . .
Pe-l,i = Pe,i and (4. 3. 2) shows ge+l(x) is Eisenstein with respect

to all P - repeating this argument gives (2) for n 2e .

To finish the proof of Theorem 4, 3. 1, note that the bound

(Tr)q for D (Mn/Mn 1) we had in the proof of Theorem 4.2.4

(m

now becomes exact for n 2 e because gn(x) is Eisenstein with

respect to all primes above (1), For n 2e we thus have

D, (M /k)=N
n

() M) D

M /k)?
n-1

M

()

n
=(m¥bp ™ ./x9
n-1

()

Using
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e-1 e-2
(e-1)q " -29 -...-2
D M k) =
(from Theorem 4, 2, 4) we get
nqn an-l 2qn-e+1
D - - - 5 ® 8 - .
(rr)(Mn/k) (m)

The conductor-discriminant relation

D(Mn/k) = D(Mn_l/k)D(kn/k)Nkn/k(?r(X))
5" €
and Theorem 3,1.4 then yield JF(X) =T 4 for any character X
n-l - 2 n-e
with %P #1,s0 Kn/kn has conductor ‘an as claimed. This

completes the proof of the theorem.

Theorem 4, 3,1 certainly encompasses Proposition 4.2,2 so
we have accomplished the goal of this section. Although we used

an-e
Proposition 4,2.3 to conclude F(X) = P

above, a closer in-
spection shows that we in fact have a proof of Proposition 4,2,.2
independent of Proposition 4, 2, 3.

It is reasonable to expect that e =1 most of the time so that

ramification occurs at the first level of the tower. However, this is

reminiscent of the famous

OPEN QUESTION. Are there infinitely many primes p such

that p || 2P0 - 1)
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Wieferich showed that p | (2P - 1) implies the truth of the
first case of Fermat's Last Theorem for exponent p ; it is not known
whether the first case of Fermat's Last Theorem holds infintely often,.
Thus, we expect it to be very difficult to decide if Kl/kl is ramified
infinitely often, but as far as the Coates-Wiles result is concerned,

ramification at some level is all we need.



CHAPTER FIVE

THE COATES-WILES THEOREM

We will now use the results of chapter 4 to prove the Coates-
Wiles theorem, Crucial to the argument is the structure of certain
units living in kn . As before, T is a first or second degree prime
in k not dividing 6 A(E)D(k/@) or the numerators or denominators

of X or Y .,
o o

5.1 Elliptic Units

Robert ([13]) constructed certain 'elliptic units' in fields
of T™.division points, These units are constructed by evaluating
certain elliptic functions at division points of the lattice Q. The

important fact we need is

THEOREM 5.1.1. OQutside of finitely many T's there is a

unit u € k such that
unit w o Such that

u =1+ L _ (1)— mod?P
n E 2 n
2xn

P
where LE(I) € k is integral at T, does not depend on T, and is

zero if and only if LE(l) =0,

This result follows from results in Stark ([16]); u is just
n

the elliptic function h(z) in ([16)) evaluated at some primitive

52
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T -division point of the lattice Q . Lemma 3 in ([16]) gives the
structure of u above, LE(l) is essentially, i.e. up to some
transcendental factor, LE(l) with a finite number of Euler factors
missing.

- -2
In section 3.1 we saw that ’Bn3 I y, and P_ I x_ 50

il

2
2 .
T’n | (yn/ xn) and u 1 mod fbn We have

i

2
COROLLARY 5.1. 2, v 1 mod f[3n if and only if

2 I~
Proof., Clearly, u = 1 mod ‘Bn if and only if ISnl LE(I)

a4 S
and since LE(l) € k, this happens if and only if | LE(l).

5,2 Units and Class Fields

We suppose r(E)> 0 and let n be the unique location in the
2
tower (3.3.1) such that Kn/kn has conductor ‘bn - we know n

exists by Theorem 4.2,5 and is unique by Theorem 4, 3, 1,

PROPOSITION 5. 2.1. Anuy unit in kn which is =1 mod ‘l,3n

2
is =1 mod P .
- n

Proof. Let G(U), K(U) denote the ray class group,

respectively field, of kn mod U, We have

hik ) ¢ (1)

GLI = 11: =
lG(wy| = [K(w kn] TR ,
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where h(kn) is the class number of kn , ¢ is the Euler ¢ function,
and €(U) is the number of incongruent units of kn mod . The group
G(B_) is a quotient of G(qenz) and
2 2
Gl 9@ e(P)

2
[K(p.2): K(B)] = ] .
n eyl oW g

q

- 2
e(‘bn)/e(‘ﬁn)

We now consider two cases,
Case 1, 1 is first degree., Then

|Ges 5| .

@ e/ em)

=1 or p,
and since Kn/kn has conductor ‘]3;, the above quotient must be p,
2
This gives g(‘Bn) = e(‘]}n),which easily implies our proposition,
Case 2. m=p is second degree, Then

2
G ) o2

o)l ewh/em)

= 1, p, or p2

. 2 2
and the conductor of Kn/kn being ‘Dn rules out |C‘:(‘1§I1 )|/ [G(‘Dn)l =1,

2
We need to rule out [G(‘Bn)l/]G(‘JSn)I = p. Note that since Kn 1/kn 1

is unramified, K’= ann-l is an unramified extension of kn . Also,

Kn/K’ is a (p,p) extension and we have the following picture:
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K(3)

&
N4

K/

We know [K(qsnz): K(‘.bn)] is p or p2 . Let G = G(K(‘b:‘)/x'),

H

2
H, = G(K(P)/K ), and H,

_ 7
K(P)NEK =K', so HH,

G(K(‘ﬁj)/K(fﬁn)). By Proposition 4.2.7 s

G. ¥ H NH,= {1} as well, then
. 2 2 2
Hzﬁ G/H1 which has order p , so [K(?n): K(‘Dn)] =p . I

H NH, # {1} our picture looks like

K(3.5)

r
& )

N

2 2
where K(‘bn)/N and N/K(?}n) are non-trivial,so [K(T’n):K(I”n)] =
2 ‘ 2
p again. The equality ¢ (?Bn) = € (?3n) then finishes the proof of

Case 2,

5.3 Conclusion
Proposition 5.2.1 and Corollary 5.1, 2 combine to show that
S~
if r(E)> 0 then | L(1) for all ™ outside a finite bad list, There

are infinitely many m (even for non-maximal orders), so
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1) = L_{(1) = 0 and we have proved the Coates-Wiles theorem.

o

We may very well wonder whether our methods extend to
curves without complex multiplication. The fields in question be-
come much bigger for non-CM curves. In fact Serre ([14]) shows
that for non-CM curves the field of p-division points is an extension
of @ with Galois group GLZ(Z/pZ) except for finitely many p .
Also, the ramification index of p is p-1, p(p-1), or pz-l.

The last instance is that of ''good reduction of height 2'" ;
from our point of view it is the case when the Frobenius auto-
morphism associated to p has trace zero and Proposition 2, 2.4
holds for multiplication by p . According to the Sato-Tate conjec-
ture, we should be in this case infinitely often. Stark ([16]) indicates
how in this situation we can get a ''conductor ?32 "' result at the first
level of the tower, if ramification occurs at this level, We expect
that it should be possible to extend this result up the tower as we
have done here for CM curves. Our investigations on this question
are rather preliminary and we hope to report on them in the future.
Another question that invites investigation is whether there are units
for non-CM curves that have a structure which yields information

about LE(I).
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