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We present results for the ground-state mass shifts of octet baryons due to the presence of a
medium of pions or kaons from a lattice QCD calculation performed at a single value of the quark
mass, corresponding to a pion mass of mπ ∼ 390 MeV, and a spatial volume V ∼ (4fm)3. We use a
canonical approach in which correlators are formed using a single baryon propagator and a fixed
number of meson propagators, up to n = 9. From the ground-state energies we calculate two-
and three-body interaction parameters. We also extract combinations of low-energy constants by
comparing our results to tree level chiral perturbation theory at non-zero isospin/kaon chemical
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1. Introduction

While understanding the properties of systems of multiple hadrons from first principles is an
important goal for the field of nuclear physics, our only reliable tool for performing QCD calcula-
tions in the low-energy regime, lattice QCD, suffers from severe issues with noise at finite baryon
density [1, 2, 3]. Multiple meson systems, on the other hand, do not pose the same problems, and
have proven to be useful test beds for probing the limits of many-body calculations on the lattice
[4, 5, 6, 7, 8, 9]. Furthermore, studying many-meson systems allows us to explore the phenomena
of Bose Einstein condensation, and may prove essential for understanding the equation of state of
neutron stars, as pion condensation [10, 11, 12, 13] and kaon condensation [14] have both been
proposed to occur in their cores.

To date, many-hadron lattice QCD calculations have been largely limited to pure mesonic
systems, however, most phenomenologically relevant systems also contain baryons. In this work,
we calculate the ground-state energies of four systems consisting of a single baryon and up to n = 9
mesons: Ξ0 (π+)

n, Σ+ (π+)
n, p(K+)

n, and n(K+)
n. We include only a single baryon to render the

signal-to-noise ratio manageable, and the systems are chosen to avoid possible annihilation between
valence quarks. From the ground-state energies, we compute meson-baryon scattering lengths
and meson-meson-baryon three-body interactions, and extract several combinations of low-energy
constants (LECs) using results from tree-level heavy baryon chiral perturbation theory (HBχPT).

2. Correlation functions

To tackle the Nu!Nd!Ns! contractions, where Ni is the number of quarks of flavor i in a given
interpolating operator, we use a method based on the formalism presented in [4, 5, 9]. In this
formalism, the mesons are packaged into 12×12 matrices,

Πa,α,b,β = ∑
c,γ

∑
x
[Sq1(x, t;0,0)γ5]b,β ,c,γ

[
S†

q2
(x, t;0,0)γ5

]
a,α,c,γ

→Πi, j , (2.1)

where Sq(x, t;0,0) is the propagator for quark flavor q from point (0,0) to (x, t), (a,b,c) indices
represent color, Greek indices represent spin, (i, j) indices run over the 12 color/spin combinations,
and the sum over spatial coordinates projects the meson onto zero momentum.

For baryons having a single quark to be contracted with the medium, we form the following
12×12 baryon matrices,

B(Ξ,n)
a,α,d,ρ = ∑

b,β ,c,γ,λ
Ba,α,b,β ,c,γ,λ εd,b,c(Cγ5)β ,ρ(1± γ4)γ,λ → B(Ξ,n)

i, j ,

Ba,α,b,β ,c,γ,λ = ∑
σ ,h,i, j

[Sq1Cγ5]a,α,h,σ [Sq2 ]b,β ,i,σ [Sq3 ]c,γ, j,λ εh,i, j , (2.2)

where q1,2,3 are the quark flavors, C is the charge conjugation matrix, all propagators are from (0,0)
to (x, t), and x is summed over as in the mesonic case (spatial indices have been suppressed). In
this form, the two quarks which are not contracted with the medium are partially contracted into
a 3̄ color irrep with a single open spin index, effectively behaving as the antiquark in the meson
blocks. Correlation functions are formed from these objects using the following relation,

det(1+λΠ+κB(Ξ),n) =
1

12!

12

∑
j=1

j

∑
k=0

(
12
j

)(
j
k

)
λ

k
κ

j−kCk, j−k(t) = eTr [log(1+λΠ+κK)] . (2.3)
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Expanding the right-hand side of this equation, and collecting terms with n powers of λ and one
power of κ gives us the correlation function, Cn,1(t) for the single baryon, n meson system.

For systems in which the baryon may interchange two quarks with the medium, we form the
following 144×144 matrix:

B(Σ,p)
d,α,b,ρ, f ,λ ,c,γ = ∑

a,β ,σ
Ba,α,b,β ,c,γ,λ εa,d, f (Cγ5)β ,ρ(1± γ4)σ ,λ → B(Σ,p)

I,J , (2.4)

with indices I,J which run over the spin/color of both quarks. We may now use Eq. (2.3), replacing
B(Ξ),n→B(Σ,p), and Π→Π⊗1+1⊗Π, representing outer products of the Π matrices with the 12×
12 identity matrix. These methods greatly reduce computational time by converting an intractable
number of index contractions into relatively few traces of matrix products, which may be computed
once and reused to form all systems with up to 12 of any given quark propagator.

3. Energy splittings

To extract the ground state energies, correlation functions were computed on gauge field con-
figurations produced by the Hadron Spectrum Collaboration (for details, see Ref. [15]) using a
n f = 2+1-flavor anisotropic dynamical tadpole-improved clover fermion action and a Symanzik-
improved gauge action with mπ ∼ 386 MeV and mK ∼ 543 MeV. The spatial lattice spacing for
these ensembles is bs = 0.1227(8), and the anisotropy parameter ξ = bt/bs ∼ 3.5. We use en-
sembles with a large volume, (323) to ensure that we are near the scattering threshold, and a large
temporal extent (T = 256) to eliminate thermal effects. The quark propagators were computed
by the NPLQCD collaboration (see Ref. [16]), and were generated using the same fermion action
as was used for gauge field generation. Details of the analysis of the correlation functions and
numerical values for the energy splittings may be found in Ref. [17].

4. Scattering parameters

Scattering parameters may be extracted using a generalization of Lüsher’s formula [18], which
relates the energy levels of two particles in a box to their scattering phase shifts. Equivalent for-
mulations for multiple bosons have been computed in Ref. [19, 20] for identical bosons and in
Ref. [21] for two species of bosons to O(L−7) and O(L−6), respectively, in a perturbative expan-
sion for large volumes. Because our systems contain a single fermion, spin statistics do not come
into play and we may use the two species formulation, with the particles in the medium and the
baryon acting as distinguishable species. The form we use for the energy splittings is,

∆EMB(n,L) =
2π āMBn
µMBL3

[
1−
(

āMB

πL

)
I +

(
āMB

πL

)2(
I 2 +J

[
−1+2

āMM

āMB
(n−1)

(
1+

µMB

mM

)
+

(
āMB

πL

)3
(
−I 3 +

2

∑
i=0

(
f I J
i I J + f K

i K
)( āMM

āMB

)i
)]

+
n(n−1)η̄3,MMB(L)

2L6 +O(L−7) ,

(4.1)
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Figure 1: Effective scattering lengths, ā = (pcotδ )−1, as a function of the maximum system size included
in the fit, with error bars representing combined statistical and systematic uncertainties. Clockwise from
upper left: π+Σ+, π+Ξ0, K+n, and K+p. The gray band shows the mean of all fits and their uncertainties,
plus an additional uncertainty given by the standard deviation of all fits, added in quadrature.

where the effective scattering lengths, āMB and āMM are the inverse of the scattering phase shifts,
(pcotδ (p))−1, corresponding to meson-baryon and meson-meson interactions, respectively, and
the definitions of the mass-dependent coefficients fi are given in [17]. The volume-dependent, but
renormalization group invariant, three-body interaction, η̄3,MMB(L), is shown explicitly in [20], as
are the values for the geometric constants I , J , and K .

Results for the two-body meson-baryon interactions are shown in Fig. 1 as a function of the
number of mesons included in the fit. We find no significant variation with the system size. How-
ever, we do find significant scattering momentum dependence when compared with previous results
at a smaller volume from the NPLQCD collaboration [22]. This likely indicates that contributions
from short-distance physics, such as the effective range, t-channel cuts, or inelasticities, are rele-
vant at these momenta; understanding these contributions will be the subject of future work. We
have also extracted the meson-meson two-body effective scattering lengths and three-meson inter-
actions using the single-species relation (Ref. [19, 20]). We find results consistent with those from
several other groups (see Ref. [17]). Finally, in Fig. 2, we plot the meson-meson-baryon three-body
interactions extracted from our ground state energies using Eq. (4.1). These are novel results; we
find nonzero contributions for most systems within our uncertainties.

5. Tree-level chiral perturbation theory

Masses of several low-lying baryons in the presence of a pion condensate have been computed
using tree-level HBχPT [23]. The condensate mixes the baryons, and the masses of the ground-
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Figure 2: Three-body interaction parameters, η̄BMM , as a function of the maximum system size included
in the fit, with error bars representing combined statistical and systematic uncertainties. Clockwise from
upper left: π+π+Σ+, π+π+Ξ0, K+K+n, and K+K+p. The gray band shows the mean of all fits and their
uncertainties, plus an additional uncertainty given by the standard deviation of all fits, added in quadrature.

state baryons having the quantum numbers of the vacuum Σ+ and Ξ0 were found to be,

MΣ+(µI) = M(0)
Σ

+4cΣ
1 m2

π cosα +(cΣ
2 + cΣ

3 + cΣ
6 + cΣ

7)µ
2
I sin2

α

− µI

√
cos2 α +(cΣ

6 + cΣ
7)

2µ2
I sin4

α ,

MΞ0(µI) = M(0)
Ξ
− µI

2
cosα +4cΞ

1 m2
π cosα +

(
cΞ

2 −
g2

ΞΞ

8M(0)
Ξ

+ cΞ
3

)
µ

2
I sin2

α (5.1)

where M(0)
X is the mass of the baryon in the chiral and zero chemical potential limits, all LECs, cX

i ,
are as defined in [23], and cosα = {1, m2

π/µ2
I }, where µI =

1
2(µu− µd), in the vacuum and pion

condensed phases, respectively.
We can derive similar relations for the ground-state baryons with the quantum numbers of the

nucleons in a kaon condensate using SU(3) HBχPT. We find,

Mn(µK) = M(0)
n −

µK

2
cosα +(2b0 +bD−bF)m2

K cosα

+
1
4
(b1−b2 +b3 +b4−b5 +b6 +2b7 +2b8)µ

2
K sin2

α ,

Mp(µK) = M(0)
p +2(b0 +bD)m2

K cosα +
1
2
(b1 +b3 +b4 +b6 +b7 +b8)µ

2
K sin2

α

−
√(

2bF(m2
K−m2

π)+µK cosα
)2

+
1
4
(b1−b3 +b4−b6)µ4

K sin4
α , (5.2)

where the bi are LECs of the SU(3) HBχPT Lagrangian, and µK = 1
2(µu−µs).

To connect our results using a canonical formulation to the grand canonical relations with an
external source for the baryon, we use a finite energy difference to determine the chemical potential,

5
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Figure 3: Energy splittings in units of the baryon mass as a function of the number of mesons, with error bars
representing combined statistical and fitting systematic uncertainties. Clockwise from upper left: (π+)Nπ Σ+,
(π+)Nπ Ξ0, (K+)NK n, and (K+)NK p. One- and two-parameter fits to Eq. (5.3), are shown as red and gray
shaded bands, respectively.

µI,K(n) = Eπ,K(n+ 1)−Eπ,K(n), where Eπ,K(n) is the energy of the system of n pions or kaons,
respectively. We must also subtract off the direct coupling of the baryon to the chemical potential
in vacuum, MB(µI,K ,cosα = 1). Finally, we find that the chemical potentials of our systems are
very near the condensation point, µI,K ≈mπ,K , and thus we use an expansion of the mass splittings
about the condensation point to improve our fits,

∆MB/mπ,K =
(

2QI,K +4a(B)
)(mπ,K

µI,K
−1
)
+
(
−QI,K +2b(B)

)(mπ,K

µI,K
−1
)2

+ · · · , (5.3)

where QI,K is the isospin/kaon charge of the baryon, and the combinations of LECs corresponding
to the parameters a(B) and b(B) are given in Ref. [17]. Plots of our results for the mass splittings
versus the system size with fits to Eq. (5.3) are shown in Fig. 3. Fit results for the parameters a(B)

and b(B) are given in [17]. We are unable to extract significant values for the parameters b(B) given
our statistics and chemical potentials.

6. Summary

We have presented results of a lattice calculation of the ground-state energies of several baryons
in the presence of a medium of pions or kaons. From the ground-state energies we have extracted
two-and three-body interaction parameters, as well as certain combinations of LECs. We find sig-
nificant momentum dependence for the meson-baryon scattering phase shifts at momenta much
smaller than the pion mass when comparing to previous results from NPLQCD [22]. We also find
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novel non-zero meson-meson-baryon three-body interactions. Future work will explore the mo-
mentum dependence of the meson-baryon phase shifts, as well as possible modifications of the
dispersion relations of the baryons in medium.
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