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DYNAMIC ANALYSIS FOR AN INTERNALLY COUPLED FLUID/RISER 

SYSTEM 

* 
Technip, Houston, TX, USA 

** Massachusetts Institute of Technology, Cambridge, MA, USA 

ABSTRACT 

Risers are fluid conduits from subsea equipment to surface 

floating production platforms. The integrity of a riser system 

plays a very important role in deepwater developments. A top-

tensioned riser generally consists of outer casing, inner casing 

and tubing. The pipes are coupled either through fluids in the 

annuli or through intermediate guides (centralizers) or through 

both. This paper investigates the dynamic analysis for such an 

internally coupled fluid/ riser system. 

This paper first presents a theoretical formulation for a general 

riser system coupled with fluids in the annuli and centralizers 

between pipes. Hydrodynamic forces associated with the 

viscous fluid in between concentric cylinders are considered. 

An effective dynamic stiffness matrix method is then developed 

to evaluate the added mass and damping influence of the fluid 

on the natural frequencies and the dynamic response of the 

coupled riser system.  A riser example is used to illustrate the 

fluid coupling impact on the system‟s dynamic performance. 

The coupling through the fluid and centralizers can be optimally 

designed such that an inner pipe acts as a vibration absorber to 

the outer casing. 

 

INTRODUCTION 

A riser is a fluid conduit from subsea equipment to the surface 

floating production system such as a Spar or TLP. It is a key 

component in a deepwater drilling and production system. 

Top-tensioned risers (TTRs) have been often used for Spar 

applications in deepwater and ultra-deepwater field 

developments. They consist of an outer casing, inner casing and 

tubing. The pipes are coupled either through the fluid in the 

annuli or through intermediate guides (centralizers) or through 

both. This paper investigates the dynamic analysis for such an 

internally coupled fluid/ riser system. 

For two concentric cylinders, which are separated by a gap 

filled with incompressible fluid, the fluid provides not only 

added mass and damping but also coupling between the 

cylinders. When one cylinder is set into motion, the other 

cylinder tends to vibrate due to the coupling [1]. In addition, 

centralizers are often used to prevent the inner casing from 

contacting the external casing. They are distributed 

longitudinally along the riser. This paper first develops a 

theoretical formulation for a general riser system coupled 

through fluids in annuli and centralizers between pipes. 

Hydrodynamic forces due to the viscous fluid in between the 

concentric cylinders are considered. An effective dynamic 

stiffness matrix method is developed to evaluate the added mass 

and damping influence of the fluid on the natural frequencies 

and the dynamic response of the coupled riser system.  This 

paper begins by analyzing the natural frequencies and the 

corresponding mode shapes for the coupled riser system. An 

example of a riser system is used to illustrate characteristics of 

natural frequencies and mode shapes and the fluid coupling 

impacts on the dynamic response. The coupling due to the fluid 

and centralizers can be optimally designed to suppress the 

dynamic response of an external riser and to improve its 

performance in resisting fatigue damage such as that caused by 

vortex-induced vibration (VIV). 

THEORETICAL FORMULATION OF A COUPLED 

RISER SYSTEM 

Hydrodynamic Forces of Viscous Fluid  

Consider two concentric circular cylinders with an 

incompressible viscous fluid contained in the annulus as shown 
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in Figure 1, where 
1r  and 

2r are the interface radii between 

fluid and tubes. In real applications, the length of typical tubes 

and the wavelength of transverse vibration of the tubes are 

generally much larger than the radii of )2,1( iri
. Thus, the 

fluid field is assumed to be two-dimensional; that is, the axial 

motion of fluid is neglected. It is convenient to express the 

Navier-Stokes equation in the circular cylindrical coordinate 

system ),,( zr  . For small amplitude oscillations, the 

equations of motion can be linearized. Chen [2] found that fluid 

forces acting on cylinders are linear functions of the cylinder 

motions, and that the forces can be separated into two 

components. One is proportional to the real part of a coefficient 

defines as il , )Re( il , which is in phase with the cylinder 

acceleration and is related to the added mass effect. The other is 

proportional to the imaginary part of il , )Im( il , which 

opposes the movement of the cylinder and is related to a 

damping mechanism. The hydrodynamic forces can thus be 

expressed in terms of cylinder acceleration and velocity as: 

 
 


2
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2

1l l

lillili xcxmX                             (1) 

Where )(txl  is the instantaneous displacement of the l th 

cylinder (1 for outer cylinder and 2 for inner cylinder), the dot 

denotes differentiation with respect to time, and ilm  and ilc  

are the added mass and fluid damping coefficients of the 

system, respectively, which can be written in terms of Chen‟s 

coefficients as: 
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It is convenient to define an oscillation Reynolds 

number  /2

2rNR  , where   is the kinematic viscosity, and 

radius ratio
12 / rr . The fluid force coefficient il  

depends on the oscillation Reynolds number 
RN  and radius 

ratio   in a very complicated way. Approximate solutions 

can be obtained in special cases [2].  

Formulation of a Coupled Riser System 

Figure 2 illustrates a coupled riser system. The governing 

equations of motion for the external and internal risers can 

be written as: 
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where the subscripts „1‟ and '2' denote  external and internal 

risers respectively; )2,1( iwi
is the lateral displacement of a 

cylinder; E  is modulus of elasticity; )2,1( iIi
 is  the moment 

of inertia of the cross section; )2,1(),( ixTi
 is the effective 

tension of a cylinder; )2,1(),( ixmi
 is the mass per unit 

length of a cylinder including the added mass of external 

fluid; )2,1(),( itxhi
 is the hydrodynamic force defined in 

Eq. (1), and )2,1(),( itxf i
 includes an external exciting 

force ),( txf
e

i
 and a concentrated force from centralizers 

),( txf
c

i
, i.e., 

),(),(),( txftxftxf c

i

e

ii  . 

The concentrated force caused by centralizers, modeled as 

spring-dampers, can be written as: 
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Where 
mN is the number of centralizers, and nk and nc are 

stiffness and damping coefficients for the n th centralizer. It 

is noted that ),(),( 21 txftxf cc  . Assuming that all 

centralizers have the same stiffness and damping 

coefficients, we define the dimensionless stiffness 
*k  and 

damping 
*c  as follows: 

00

3* 48/ IElkk n ;  
00

* 2/ lmcc n , 

where the subscript „0‟ denotes the standard reference values 

for the pipe and l is the distance between centralizers. 

Substituting Eqs. (1), (2) and (4) into Eq. (3) yields:  
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The following non-dimensioned parameters are defined as: 
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Where the subscript '0' represents the values at a reference 

cross section, and 
0D  is a reference diameter for the  pipe. 

Eq. (5) is thus written into a non-dimensional form: 
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Assuming )2,1(,)(),(   kesRsY i

kk

 and substituting it 

into Eq. (6) results in: 
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In which     ii esfsFesfsF ),()(,),()( 2211
, and 

 is a dimensionless frequency, 
0/ . 

The dynamic stiffness formulation of a coupled fluid/riser 

system is obtained by establishing a weak form of the 

equation in (7) using the Galerkin procedure. Each equation 

in (7) is weighted with virtual displacements, 
1v  and 

2v , 

respectively: 
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Integrating over the domain of interest s and transforming to 

lower the order of the derivatives in Eq. (8) and incorporate 

the boundary conditions as forcing terms gives the 

variational equations to be discretized by finite element 

interpolations. 

It is assumed that: 
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where the )()(

1 sH m  and )()(

2 sH m  are the m-th elemental 

interpolation functions for the external and internal pipes, 

respectively. The WKB-based frequency-dependent shape 

functions are used in this research [2, 3]. 
1Û and 

2Û  are nodal 

point displacements of the total element assemblage for the 

external and internal pipes. Likewise, the expressions for 

virtual displacements, 
1v  and 

2v , are:  
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The formulation of the spectrum element method for the 

fluid/riser coupled system is thus developed by substituting 

Eqs. (9) and (10) into Eq. (8). The coupled equation can be 

written as: 
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The riser frequency response can be solved by using the 

algorithms based on Gauss elimination [5]. The skyline 

reduction method is used in the computer implementation of 

the Gauss elimination.  

It is noted that the global stiffness )(K  in Eq. (11) is a 

transcendental function of dimensionless frequency, 

0/ . For a uniform beam member, Wittrick and 

Williams (W-W) [6] presented an automatic computation of 

natural frequencies. For a tapered beam whose section 

properties vary regularly, Banerjee and Williams [7] gave a 

procedure to calculate natural frequencies. 

However, a typical marine riser has non-uniform properties 

including mass distribution, bending rigidity, and tension. 

The procedures in [6, 7] can‟t be directly used for the 

application in this paper. The W-W algorithm is extended to 

a general non-uniform riser system for solving natural 

frequencies [3]. Once a natural frequency is obtained, the 

corresponding mode shape can be found by using the Gauss 

elimination method. 

A computational program has been developed to solve for 

the natural frequencies and mode shapes, and the frequency 

response for a generally coupled riser system. 

RESULTS 

A coupled riser system is used for demonstrating the 

applications. Both the external and internal casings are simply 

supported and their specifications are as follows: 

Outer diameter of external pipe =13.375 inches; 

Wall thickness of external pipe =0.380 inches; 

Added mass coefficient for external pipe=1.0; 
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Outer diameter of internal pipe =9.75 inches; 

Wall thickness of internal pipe =0.2975 inches; 

Young's modulus E =30000 ksi;  

Length of both cylinders L =1944 ft; 

Minimum tension on external pipe 4

10 105.2 T  lbs; 

Tension varying factor of external pipe = 47.00 lbf/ft; 

Minimum tension on internal pipe 4

20 100.1 T  lbs; 

Tension varying factor of internal pipe =30.63 lbf/ft; 

Number of evenly distributed identical centralizers=19, 

The distance between centralizers l = 97.2 ft. 

Natural Frequencies and Modal Shapes 

Case 1-  only coupled by springs  

Each riser is discretized into 20 evenly distributed elements. 

The spring stiffness *k  of a centralizer is modeled with three 

values, 0.02, 0.2 and 2.0. Table 1 lists the first 10 natural 

frequencies (Hz) for each value of centralizer stiffness. This 

does not include the affect of fluid in the annulus, but does 

include the external added mass of water for the outer pipe.  It 

shows that natural frequencies generally increase with rigidity 

of centralizers. 

Table 1  Natural frequencies (Hz) of the riser system 

coupled by springs only 

Order k
*
=0.02 k

*
=0.2 k

*
=2.0 

1 0.0344 0.0344 0.0344 

2 0.0692 0.0693 0.0693 

3 0.0778 0.1049 0.1049 

4 0.0982 0.1416 0.1416 

5 0.1050 0.1795 0.1796 

6 0.1259 0.2188 0.2190 

7 0.1417 0.2217 0.2603 

8 0.1576 0.2297 0.3031 

9 0.1796 0.2429 0.3479 

10 0.1923 0.2593 0.3945 

 

Case 2-  only coupled by ideal fluid 

Natural frequencies of an ideal fluid coupled system are 

obtained by using the same algorithm. Each riser is regarded as 

one element. The first 10 natural frequencies are listed in Table 

2. As expected, they are much lower than in Case 1. This also 

includes the added mass of the external fluid.  

 

Case 3: generally coupled by springs and ideal fluid 

This case is the combination of Case 1 (
*k =0.02) and Case 2. 

Natural frequencies are found using 20 elements, as in Case 1. 

Table 2 lists the results and includes those in Cases 1 and 2 for 

comparison. This table demonstrates that the fluid lowers the 

natural frequencies.  

Table 2  Natural frequencies (Hz) of a coupled riser 

system 

Order 
Springs 

only 

Fluid 

only 
Case 3 

1 0.0344 0.0144 0.0294 

2 0.0692 0.0290 0.0368 

3 0.0778 0.0335 0.0408 

4 0.0982 0.0439 0.0525 

5 0.1050 0.0591 0.0658 

6 0.1259 0.0672 0.0681 

7 0.1417 0.0748 0.0804 

8 0.1576 0.0912 0.0960 

9 0.1796 0.1020 0.1023 

10 0.1923 0.1082 0.1125 

 

Figure 3 illustrates the first 8 mode shapes )8,1(, ii  of the 

coupled riser system for Case 3. It indicates that when the 

system is weakly coupled by centralizers, its mode shapes are 

either in-phase or out-of-phase. The difference in the first two 

modes, 
1
 and 

2
, is that the deformation of the internal riser is 

larger in mode one, 
1
, while that of the external riser is larger 

in mode 2, 
2 . 

To find the impact of a centralizer stiffness on natural 

frequencies and mode shapes of the coupled riser system, we 

further set the stiffness ratio 
*k  to be 1 and 1000. Table 3 

shows the first 16 natural frequencies and includes the results 

corresponding to 
*k =0.02 for comparison. This table 

demonstrates that the natural frequencies of the coupled system 

increase with the stiffness of centralizers. The first 4 

frequencies for 
*k =1 are very close to those for 

*k =1000 for 

Case 3. 
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Figure 4 depicts the first 8 mode shapes of the coupled system 

when 
*k =1. It indicates that when the system is moderately 

coupled by centralizers, the first few modes are in-phase while 

higher mode shapes are roughly either in-phase or out-of-phase 

but with shifted peaks. The higher the centralizer stiffness is, the 

higher the mode number one must investigate in order to 

achieve much relative motions between the pipes. 

The figure also shows that the system in the first two mode 

shapes vibrates as a single beam and no relative motion appears 

between the pipes. 

 

Table 3  Natural frequencies (Hz) of a coupled riser 

system (Case 3) 

Order k
*
=0.021 k

*
=1 k

*
=1000 

1 0.0294 0.0324 0.0324 

2 0.0368 0.0651 0.0652 

3 0.0408 0.0981 0.0988 

4 0.0525 0.1313 0.1334 

5 0.0658 0.1636 0.1692 

6 0.0681 0.1919 0.2064 

7 0.0804 0.2068 0.2450 

8 0.0960 0.2089 0.2851 

9 0.1023 0.2125 0.3264 

10 0.1125 0.2127 0.3481 

11 0.1298 0.2186 0.3691 

12 0.1381 0.2278 0.4005 

13 0.1481 0.2281 0.4160 

14 0.1672 0.2412 0.4422 

15 0.1750 0.2442 0.4648 

16 0.1875 0.2549 0.4877 

 

Response Spectrum  

The impact of the couplings on the riser frequency response is 

further investigated for the centralizer stiffness of 
*k =1. The 

fluid viscosity is taken into account. The kinematic viscosity is 

assumed to be 4100.1  m
2
/s, which is more viscous than water. 

A structural damping of 0.3% is also assumed in the 

computation. 

Figure 5 illustrates that the top 10% of the external riser is 

subject to VIV excitation, which is caused by a uniform current 

profile. The harmonic force is assumed to be uniformly 

distributed along the top 10% of the external pipe. This range is 

simulated as a power-in region. A sign function is used to 

determine the sign of the exciting force, based on the wave 

number of the external riser under average tension within the 

power-in region. With the harmonic exciting force, one can 

obtain the riser response spectrum by solving Eq. (11). 

The problematic current speed range is from 0.38 to 1.40 m/s. 

The corresponding vortex shedding frequency is expected to be 

in the range from 0.25 to 1.00 Hz. The reference frequency is 

0.56 Hz, which is the fundamental natural frequency for a 

simply supported internal pipe with the length of spacing 

between centralizers. 

The Root-Mean-Square (RMS) value of the displacement of 

each riser is used to measure the global vibration level, which is 

defined as follows: 





N

j

ijirms uu
1

2 ,       )2,1( i . 

Figure 6 shows the frequency response variation for the external 

riser‟s RMS value. The corresponding VIV frequency range is 

marked in the figure. The figure indicates that the vibration 

level of the external riser is reduced significantly in the 

frequency range of interest because of the coupling from fluid 

and centralizers.  

One can obtain a qualitative estimate of the equivalent 

structural damping due to the coupling by comparing to the 

response spectra between coupled and uncoupled cases. A trial 

and error method was used iteratively to find the same reduction 

within the range of frequency of interest by assuming a 

structural damping for an uncoupled pipe. As shown in Figure 

7, the reduction of the external riser‟s vibration in the coupled 

case is compared to that in uncoupled case with 6.0% structural 

damping. The RMS stress is reduced approximately by a factor 

of 10. Thus the VIV fatigue damage is expected to be reduced 

by 1,000 to 10,000 times for this example. 

CONCLUSIONS 

This paper investigates the dynamic analysis of a general riser 

system coupled through fluid in the annuli between external and 

internal cylinders or through intermediate guides (centralizers) 

or through both. The conclusions that can be drawn from the 

work in this paper are: 

(1) The theoretical formulation for a general fluid/ riser 

coupled system is constructed by using a spectrum element 

method and WKB-based frequency-dependent shape functions. 

The theoretical derivation is carried out for dual pipes. It can be 

further extended to include additional pipes, such as tubing in a 

TTR application. 

(2) The coupling from fluid and centralizers affects natural 

frequencies and mode shapes of the riser system. Depending on 
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the number of centralizers and their stiffness, the mode shapes 

can be either in-phase or out-of-phase, or appear as a single 

beam without relative deformation. 

(3) The impact of the coupling from fluid and centralizers 

on frequency response of the riser system can be significant. 

Fluid viscosity provides the damping to the coupled system. 

The spacing and stiffness of centralizers play an important role 

in the riser natural frequencies, modal shapes and frequency 

response. The fluid/riser coupling can be designed to suppress 

the vibration of an external casing caused by VIV. The internal 

pipe can be used as a vibration absorber to the external pipe. 
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Figure 1  Schematic of Two Concentric Pipes Containing Viscous Fluid 

 

 

 

 

 

 

 

Figure 2  Illustration of a Coupled Riser System 
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Figure 3  First 8 Mode Shapes of the Coupled Riser System  

(
*k =0.02, solid line: external riser; dash-dot line: internal riser) 
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Figure 4  First 8 Mode Shapes of the Coupled Riser System (
*k =1.0) 
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Figure 5  Model of an External Riser 
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Figure 6  The RMS Frequency Response of the External Riser 
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Figure 7  Comparison of the RMS Frequency Response of the External Riser 
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