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In underdoped YBa,Cu3Og,,, there is evidence of a small Fermi surface pocket subject to substantial mass
enhancement in the doping regime 0.12 < p < 0.16. This mass enhancement may vary substantially over the
Fermi surface, due to “hot spot” or other relevant physics. We therefore examine the magnetotransport of an
electronlike Fermi pocket with large effective mass anisotropy. Within the relaxation time approximation, we
show that even for a pocket with a fixed shape, the magnitude and sign of the Hall effect may change as the mass
anisotropy changes (except at very large, likely inaccessible magnetic fields). We discuss implications for recent
Hall measurements in near optimally doped cuprates in high fields. In addition we identify a novel intermediate
asymptotic regime of magnetic field, characterized by B-linear magnetoresistance. Similar phenomena should
occur in a variety of other experimental systems with anisotropic mass enhancement.

DOI: 10.1103/PhysRevB.95.245135

I. INTRODUCTION

Recent high magnetic field experiments [1] have shed
new light on the underdoped regime of several cuprate
high temperature superconductors (particularly YBa,CuzOg.
or YBCO), revealing a field-induced metallic state at low
temperature that exhibits quantum oscillations, a hallmark of
Fermi liquid behavior. A precise theoretical description of
this phase (or phases) could provide a valuable framework
by which to understand, among other phenomena, the pseu-
dogap regime that prevails at higher temperature. However,
even relatively basic questions about the phenomenology
of the field-induced metallic regime, such as the number
of phases present and the symmetries they break, remain
unsettled.

In YBCO, one unsettled question concerns the extent of
charge density wave (CDW) order within the metallic region
of the phase diagram. Recent high field measurements [2] show
a substantial variation of the Hall coefficient over doping levels
p between 0.16 and 0.205, consistent with the scenario of a
quantum critical point (QCP) near p = 0.19. Furthermore, the
Hall coefficient is positive, opposite in sign to that observed at
lower dopings.

How should we think about this sign change of the Hall
coefficient? Since the negative Hall coefficient for p < 0.16
is associated with CDW order [3], the authors of Ref. [2]
suggest that CDW order terminates at or below p = 0.16.
In this understanding, the region between 0.16 < p < 0.19
contains, at high fields, a distinct metallic phase featuring
small hole pockets. A candidate state with such hole pockets
is a spin density wave metal—however to date there is no
indication of long range spin density wave order at these
doping levels in YBCO in zero magnetic field. Whether such
order is induced by the magnetic field is not currently known,
and is a good target for future experimental work. Another class
of proposals [4-8] posit an interesting metallic state which
does not break any symmetries, but nevertheless has small
hole pockets violating the standard Luttinger theorem. Such
a state necessarily has fractionalized excitations in addition
to the Fermi pockets, and hence is known as a fractionalized
Fermi liquid [9]. Clear evidence in support of a fractionalized
Fermi liquid in the cuprates would be a tremendously exciting
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development, and is again a fascinating target for future
experimental work.

However, some caution is warranted in the interpretation of
the results on the Hall coefficient. One factor is the elevated
temperature (T ~ 50 K) of the measurements, which makes
them difficult to compare to measurements in the regime of
quantum oscillations at lower doping and 7' ~ 4 K. Another
factor is that the conventional interpretation of the Hall
coefficient, as a measure of the number and sign of charge
carriers, may fail near the putative QCP. A breakdown of Fermi
liquid and/or Boltzmann transport theory would naturally
invalidate this conventional interpretation. However, even if
Fermi liquid and Boltzmann transport theory are valid, it is
not clear that the conventional interpretation is necessarily
correct, as we demonstrate in this paper. Our result, along
with previous work [10,11], raises the possibility that the
small pocket that exists at lower doping persists all the way
to p =0.19 (presumably along with the CDW order), but
nevertheless has a sign change of its measured Hall effect. It
remains to be seen if this is what actually happens in YBCO,
or if another state, such as those discussed in the previous
paragraph, is realized.

We study a Fermi liquid metal in a situation where the
quasiparticle effective mass varies strongly around the Fermi
surface. In the context of the underdoped cuprates, precisely
such a highly anisotropic effective mass was proposed [12] by
one of us to account for seemingly conflicting measurements
of the effective mass in underdoped cuprates. Here we study
the magnetotransport properties of such a Fermi liquid metal
within the standard Boltzmann framework. To be concrete,
we will treat a Fermi surface similar to the model proposed
by Harrison and Sebastian [13], in which a diamond-shaped
electron pocket and CDW order are both present. Following
[12], we will assume that there are “heavy” portions near the
corner of the Fermi pocket, and “light” portions near the zone
diagonal. We have two principal results, which are not limited
to the specific form of the model chosen. The first is that there
is generically a change in sign of the Hall coefficient as the
ratio of the heavy to the light quasiparticle masses is increased
at fixed magnetic field. The second is that when this ratio is
large there exists a parametrically broad regime of magnetic
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fields, distinct from the familiar weak- and strong-field limits,
in which simple Drude-like formulas badly mischaracterize the
system. In this regime, the Hall number bears no systematic
relation to the number of carriers or their charge, and the
magnetoresistance is linear in the field, with a coefficient
independent of disorder strength and of the effective mass.

In Ref. [12] it was further proposed that this ratio of the
heavy and light effective masses diverges as a putative quantum
critical point around p = 0.19 is approached. Within this
proposal it follows from our results that there will generically
be a sign change of the Hall effect as the doping is increased
towards 0.19 even if the CDW order persists, without any
fundamental change in the Fermi surface topology.

Our results should be of broader interest in the theory
of metals (apart from just the cuprates). Large variations of
the quasiparticle effective mass may simply occur from band
structure effects (such as proximity to a van Hove singularity
[14,15]), but also from fluctuations which renormalize the band
structure. An example is in metals proximate to a density
wave instability. There the soft density wave fluctuations
will couple strongly to fermions at “hot spots” where the
ordering wave vector nests the Fermi surface, leading to an
enhanced effective mass near the hot spots but little effect
elsewhere. Other examples are heavy Fermi liquids in rare
earth alloys. The strong enhancement of quasiparticle effective
mass that characterizes these metals likely occurs in some
portions of the Fermi surface but not in others, thereby leading
to strong variations of the effective mass around the Fermi
surface [16]. Our results, for instance the regime of linear
magnetoresistance, are pertinent to all such metals.

The remainder of this paper is organized as follows:
we introduce the model Fermi surface in Sec. II; we then
review the weak- and strong-field regimes in Sec. III, and the
novel intermediate asymptotic regime in Sec. IV; we close
with a discussion of the implications of our results for the
interpretation of experiments in the underdoped cuprates.

II. MODEL OF AN ANISOTROPIC FERMI POCKET

Figure 1 shows a simplified model of a two-dimensional
(2D) electron pocket with a diamondlike shape similar to that
proposed by Harrison and Sebastian. It consists of circular
arcs of radius k;, and k; with Fermi velocities v, and v,
respectively [17], the subscripts /# and [ refer to “heavy” and
“light”. For a given magnetic field B, the cyclotron orbits have
angular velocities wy, ; = eBhvy, ;/ k;,; on the heavy and light
segments, and the cyclotron period is

2 T 2m 2rh ( 2k, k;
. e ) (1)
we wp Wy eB \ v, Uk

If we introduce the effective masses m, ; = eB/wy ;, then the
cyclotron effective mass is m, = eB/w. = 2my, + m;.

While this model is artificial, the conclusions we glean from
it rest on only a few essential assumptions. The first is that the
Fermi surface is an electron pocket consisting primarily of
segments with holelike curvature, an assumption common to
most proposals [13,18] to explain high-field magnetotransport
in YBCO. The second assumption is that the segments of
electronlike curvature connecting the holelike segments are
especially subject to mass enhancement as the CDW transition

PHYSICAL REVIEW B 95, 245135 (2017)

2kp,

<—>

FIG. 1. The simple model for the Fermi surface pocket used in
these notes. It consists of several circular arcs. The light segments in
green have radius k; and Fermi velocity v;, while the heavy segments
in red have radius k;, and Fermi velocity v.

is approached. This relies on the CDW terminating in a QCP
(or weakly first order transition), and was previously argued
[12] to account for seemingly conflicting measurements of the
effective mass in underdoped cuprates. We will be interested
in the behavior of the model on approach to a QCP at which
my, /m; diverges [19], and we will simplify the discussion by
keeping m; fixed to equal the electron mass m,.

We employ the relaxation time approximation to Boltzmann
transport. For simplicity we work at zero temperature, with an
isotropic relaxation time t = 0.2 ps [20,21]. To compute the
dc conductivity we use Chambers’ formula [22], which is valid
for arbitrary magnetic field:

&? dk *°
= R X —t/T
% = 535 |V(k)|v1(k)/0 dr vi[q(n)]e™*. (2)

Here the k integral is over the Fermi surface, q(r = 0) =k,
and the time evolution of q is given by the Lorentz force law
hq = —ev(q) x B=—eBv(q) x Z.

III. “FAMILIAR” REGIMES
A. Weak field: w; 7,057 K 1

In the weak field regime, a quasiparticle can only travel a
small fraction of a Fermi surface segment before decaying, so
(2) can be rewritten as a single integral over the Fermi surface.
We will be concerned with the Hall conductivity, which in
this limit is conveniently expressed using Ong’s “geometric”
formula [23]:

2¢B

TAlv (3)

ny =
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where A, is the signed area swept out by the mean free path
vectorl = vgt as the Fermi surface is traversed. For our model,
the mean free path sweeps out one circle of radius v;t (from
the light segments), and two circles of radius v,t from the
heavy segments, and these contributions have opposite sign:

& B oy 2

Oxy = n2 [r(ut) — 27 (vpT)7]
2wet?B
2

Far from the QCP, v, ~ v; and the Hall conductivity is
negative, as expected for an electronlike pocket. As the QCP
is approached, vj, is reduced, eventually yielding a positive
Hall conductivity despite the fixed electronlike topology of
the pocket.

(v; = 2v}). “

B. Strong field: o; 7,07 > 1

In the strong field regime, a quasiparticle executes numer-
ous cyclotron orbits before decaying, and an expansion of
the conductivity in powers of 1/B can be obtained by Taylor
expanding the exponential of Eq. (2). Standard manipulations
relate the the conductivity to the area of the Fermi surface as

eA )

Oij = =5 g€l + O(1/B7). ®)]
Here € is the Levi-Civita symbol and A is the signed area of
the pocket(s), defined so that an electron (hole) pocket has
positive (negative) area. The Hall conductivity goes like 1/B
at large field, while the closure of the Fermi surface prohibits a
1/B term in the longitudinal conductivity, which goes as 1/B>.
Accordingly, the Hall coefficient obtains its familiar classical
expression

Pyx 1 1
=22 x P — (6)

R b
H B Bo,, ne

where n = 2A/(2)? is the signed number density of carri-
ers. Meanwhile, the longitudinal resistivity saturates: p,, =
Gxx/szy ~ B0 (Fig. 2).

IV. “FAKE” HIGH FIELD REGIME: 0,7t € 1 € &7

In a typical metal, the only asymptotic regimes of magne-
totransport are the weak- and strong-field regimes described
above, with a crossover between them when the cyclotron
period is of order 7. In the presence of large mass anisotropy,
an additional asymptotic regime exists, in which a quasiparticle
does not complete a full cyclotron orbit before decaying, but
rapidly traverses parts of the Fermi surface of low effective
mass. In our model, transport coefficients in this regime can
be expressed as a double expansion in (w;7) " and in w;, . The
zeroth order term in this expansion involves only the geometric
properties of the light segments, so that k; is the only model
parameter that enters.

To obtain this zeroth order term, we set the exponential
damping factor in Eq. (2) to unity when q(¢) lies in a light
segment, and zero when it lies in a heavy segment. We rewrite
the integration measure dt = dq/|q| = fidq/(e|v(q)|B) and
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FIG. 2. Magnetic field dependence of the Hall coefficient (left)
and longitudinal resistivity (right) for the model with fixed m; = m,
and various m,,. In the calculations k;, = 0.2k, the pocket is fixed to
have an area of 1.9% of the Brillouin zone, and the relaxation time is
7 = 0.2 ps. Only when the mass enhancement is minimal is the Hall
coefficient negative at all fields. For large mass enhancement a sign
change in the Hall coefficient occurs at a high value of the magnetic
field, for instance at &~ 170 T for the case m. = 8.3m, shown dashed
in blue. When the mass enhancement is substantial, there is also a
regime of large B-linear magnetoresistance, as described in Sec. IV.

write the conductivity as a sum over light segments:

e K dk K dg
= wm, X e v L

light segments o
@)

where the light segment « begins at ki and ends at kf.
Evidently both the longitudinal and Hall conductivity are
proportional to 1/B at this level of approximation. For
the model in question, the Hall coefficient and longitudinal
resistivity are

_2712 T =2
T \(mr—272+4

_47123( 1

){1 + Olont,(wT) '), (8)

){1 + Oflwpt (0 T) '} (9)

The Hall coefficient remains positive, and is about 0.68
times its weak field value, while the longitudinal resistivity
exhibits an unusual B-linear magnetoresistance. The latter
phenomenon has been shown to arise near density-wave QCPs
when mass enhancement effects are neglected [24,25], due to
the sharp curvature of the Fermi surface near the hot spots
(Fig. 3). B-linear magnetoresistance arises in our context in
a regime of higher magnetic field, and from a mechanism
in which Fermi surface curvature plays no direct role [26].
Unlike the curvature effect, it is also apparent for current
flowing perpendicular to the two-dimensional plane treated
in this work.

V. DISCUSSION

A wealth of experimental evidence points to QCP near
p =0.19 in YBCO [27], one which is likely relevant for
superconductivity [28] and for the strange metal regime that
prevails at temperatures above 7,.. At high magnetic fields and
lower dopings, 0.08 < p < 0.16, a metallic state with a small
electron pocket [1] and CDW order is well established. The
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FIG. 3. The dependence of the Hall coefficient on approach
to a QCP at which my, diverges, with m; = m, held fixed. Other
parameters are as in Fig. 2. Data are shown at various values of the
magnetic field, showing that the sign change always precedes the
QCP.

high field measurements of Ref. [2] cover the doping region
between this metal and the QCP, and show strong doping
dependence of the Hall number, as well as a change of its sign
relative to that at p < 0.16.

The strong doping dependence of the Hall number is
striking, but it does not obviously constrain theories of the
QCP. A cusplike singularity in the Hall number is predicted,
within Boltzmann theory, in theories of a variety of order
parameter transitions, including d-density wave [29], spin-
density wave [30-32], and nematicity [33], among others. A
transition between a Fermi liquid and fractionalized Fermi
liquid (FL*) state would be expected to feature a discontinuous
jump in the Hall number, but this would be inevitably rounded
by finite temperature.

The sign change of the Hall number has been interpreted
by the authors of [2] to rule out CDW order at dopings
above p = 0.16. However, our calculations show that a sign
change of the Hall number precedes the loss of CDW order
under reasonable assumptions about Fermi surface anisotropy.
Therefore, it is premature to rule out CDW order in the region
0.16 < p < 0.19. High field measurements directly sensitive
to charge order would clearly be useful to better understand
the phenomenology in this doping regime.

Though our calculations rationalize the sign change without
postulating an additional phase in the region 0.16 < p < 0.19,
the rapid rise of the Hall number with doping in this region
requires a different explanation. It is natural to postulate that
this is tied to thermal crossover physics around the QCP near
pe = 0.19, but we do not attempt an analysis of that QCP here.
However it is plausible that Ry has a sharp drop as the doping
is increased through p. at very low T'. At higher T, this will
then lead to a rounded peak in Ry, which when combined with
our calculations at lower p, can lead to the observed behavior.
A schematic plot of the Hall coefficient versus doping in this
scenario is shown in Fig. 4.

The results of [2] underscore the centrality of a QCP near
p = 0.19 to the phenomenology of YBCO, but evidently offer
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FIG. 4. A schematic illustration of the effects of finite tempera-
ture on the Hall coefficient under the scenario explored in this paper. A
small electron pocket persists until a critical doping p., with the Hall
coefficient changing sign well below p. due to mass renormalization
and curvature effects. At zero temperature, there is a sharp jump of
the Hall coefficient at p., where the electron pocket transforms into
the large Fermi surface. At finite temperature, this jump is rounded,
leaving a maximum in the Hall coefficient at a doping pmax < pc.

minimal phenomenological constraints on theories of that
QCP. That said, such phenomenological constraints do exist
in the literature. Some of these have been discussed in [12],
where various general possibilities for the 7 = 0 evolution
from the overdoped to the underdoped metal were described.
The absence of an elastic peak near (77,77) in neutron scattering
renders a spin-density wave or d-density wave transition less
likely, though neutron measurements in high magnetic field
would be necessary to definitively rule out such proposals.
Also, the presence of antinodal electron pockets just below a
continuous density wave transition precludes the identification
of p =0.19 with the opening of the pseudogap, which is
conventionally understood to be an antinodal phenomenon.
At lower dopings, close to p = 0.10, the presence of both
nodal and antinodal pockets would likely result in electronic
specific heat in excess of that measured [34].

These problems are mitigated, though not solved entirely,
by the scenario of an FL to FL* transition [35]. Such a transition
can be accompanied by a discontinuous jump in the size of the
Fermi surface even when the transition is continuous, yielding
an antinodal gap, and lower specific heat than the continuous
onset of an order parameter. However, it is not known
whether the FL to FL* transition can be continuous, and novel
experiments will be necessary to establish fractionalization
in this doping regime. Evidently, the results of [2] and the
analysis pursued in this paper leave considerable uncertainty
in the phenomenological constraints on a QCP in the near
optimally doped cuprates.

Moving beyond the cuprates, our calculations point out a
previously unappreciated regime of magnetotransport, with a
novel orbital mechanism for B-linear magnetoresistance. That
phenomenon is observed in a wide variety of correlated metals
[36-39], but often inadequately understood. Our results mo-
tivate a more detailed experimental account of the anisotropy
of mass enhancement in correlated metals.
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APPENDIX A: REVIEW OF THE CONVENTIONAL
REGIMES

In this Appendix we review the conductivities in the
conventional regimes predicted by Chambers’ formula in some
detail:

2

%= opep |v(k)|

As in the main text, we will focus on the two-dimensional case.
To define the weak and strong field regimes, we introduce local
cyclotron frequency w(q) = eB/m(q), where q lies on the
Fermi surface and m(q) is the effective mass at that point. For
generality, we also introduce 7(q), which is the local relaxation
time of electrons at point q.

We will see that in the strong field regime, the Hall
coefficient is indeed related to the carrier type and carrier
density. In the weak field regime, although they are not related
in general, in the special case of isotropic Fermi surfaces, the
Hall coefficient happens to be related to the carrier type and
carrier density in the same way as in the strong field regime.

v;(K) / drvlq()le” b T, (A1)

1. Weak field regime

We start by reviewing the weak field regime, where
w(q)t(q) < 1 for all q on the Fermi surface. In this regime,
(A1) can be expanded in powers of B:

k) x B
vl =B ;X t+ O(B),

(A2)

t 4+ O(B?),

v;[q@®)] = vi(k) — Vivi(K) -
ev(k) x B

tlq(®)] = (k) — Viz(k) -

which yields

l _dt’
0 tlq(t))]

/ drulq()le”
0

x B
= 107K — 1) == Vi [ (T ()] + O(B). (A3)

So the weak-field limit of (Al) is

62
Oij = 5 ap qu

3

2m2h

vj(@ui(q)T(q)
V()|

qulj(q)ﬁ V4li(q),

(A4)

where 7 is the tangential direction of the Fermi surface at ¢
and /;(q) = vi(q)z(q).
If i = j, the second term vanishes for a closed Fermi
surface, so we get
e 75 v @(q)
Oxx = d
272k

O(B>).
v TOE

(A5)
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With time reversal symmetry, the first term vanishes if i # j,
and we recover Ong’s formula for Hall conductivity

Oy

& B A o
575 dqly(q)t - Vil(q)

3 2
= ?gdlxl/Q_Z—i
27r2h h o

(A6)

where ¢ = B - ggde 1/2 and ¢y = h/e.

In general in this regime the Hall number is not related to
the carrier type and carrier density, unless the Fermi surface
happens to be isotropic. To see this, notice for circular isotropic
Fermi surfaces, we have

e kpvpT
Oxx = ————,
” 21 h

where kr and v are the Fermi momentum and Fermi velocity,
respectively, and 7 is the scattering rate on the Fermi surface.
Assuming a quadratic band with effective mass m, we have
k% = 2mn and fikp = mvp, where n is the carrier density.
Then we get

(A7)

Oxx = ’ (A8)

which is Drude’s formula for conductivity for oy,.
As for o, in this case ¢ = —BAH;ZZ , where A is the area
of the Fermi surface, which is related to the carrier density by

Luttinger’s theorem A = 272n. Plugging these in, we find

3t2Bn
Oxy = —T (A9)
So the Hall number is
X 1 Xy 1 X 1
Ry=1r o2 % o %N (Al0)
B Bo2 + oxzy B o2, ne

Therefore, in the case of isotropic Fermi surface the Hall
number can still indicate the carrier type and carrier density
even in the weak field regime.

2. Strong field regime

Now we turn to the strong field regime, where w(q)t(q) >
1 for all q on the Fermi surface. To study the conductivities in
the strong ﬁeld regime, we first write (A1) in another form by
using that ~ — = —ev X B:

t_di’

[ v TR
(A11)

e
%= o |V(k)| vk

The second integral over momentum goes over the Fermi
surface repeatedly. Therefore, we can limit the second integral
to be the first complete cyclotron motion and represent the
following cyclotron motion as a geometric series:

e % dk &)
o= — Ly
P 2m2B ) vk)| Y

dq i 1
. 0 [qt)] | —m0m 78M
x f v @ [l—e”f

}, (A12)
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where T is the cyclotron period and T is defined such that

T/t = [, di'/tlq(t)].
In the strong field regime, the electrons travel so fast that
T ~ 1/B < T, we can expand the above in terms of 1/B:

e dk
%~ 5275 § Tvao

Xf dq v; ( )(1_/’(‘1) ar’ )z
v o Tlq®)])T

¢ % dk % da, (1 / W_ar \t
==—=0Pe¢; € - —.
22 | KL P Cimddm o TlqWn)T

(A13)

vj(k)

The integral involving the first term vanishes for closed Fermi
surfaces, because the result of the integral over q will be
independent of k, and f dk; vanishes for a closed Fermi
surface. For the second term, we integrate by parts

W qr oz
_feideIm\/ p—
o Tl T

T dt im m_

= _eimkm +/ Cimm
o tla®l T

Again, the second term does not depend on k so it does not
contribute after the integration over k. So we get

(A14)

e e
0jj = _mejleim%dklkm = —méijA. (AIS)

This result tells us that for a closed Fermi surface in the

strong field regime, the leading nonzero contribution of the

off-diagonal elements of the conductivity tensor is at the order

1/B, but leading contribution to the diagonal elements will be

at order 1/B? or higher.

In this regime, the Hall number is given by
Py 1 1

~ = ——, Al6
B Bo,, ne ( )

Ry

where Luttinger’s theorem A = 27?1 is applied in the last
step. So in the strong field regime the Hall number is always
related to the carrier type and carrier density, as long as the
Fermi surface is closed.

APPENDIX B: CORRECTIONS TO THE
CONDUCTIVITIES AT THE ORDER OF (;7)"! AND w;,7

In the main text the conductivities of the specific model we
consider have been calculated to the leading order in (cw; 7)™
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and wy 7. In this Appendix we give the leading corrections to
those results.

The leading corrections come from two sources. First,
it comes from the higher order terms in the expansion of
the exponential, and this will give a correction at the order
of (7). Second, it comes from the leakage among fast
segments and slow segments, and this will give a correction at
the order of wyT.

To this order, we get conductivities

2e[ k? n k? (7‘[ 1) 1 n kiky, n k2
o= —|=—+—S5(——-1)— — Nyt |,
B 272  n%\4 T 72 2x )

(BI)
2e[ k? (n 1) kK 4—m 1 +k1kh
oy =—|-5l=-1)—-= — + —-wnt |,
YT B | 272\2 22 2wt zz "
(B2)

which yields resistivities

Oxx 1
Pxx = oI ol 20k (C1 + Cza + C3wh1’>,
T Di+ D +D
= = — WhT |,
Pyx o2 +o2  2ek} P T
(B3)
with

Cr = 82

T 224
o 44 — m)r?(w? = 8) (B4)

? [(r — 22 +4P
oo 872 {(r — e’ + 2[n(w — 8) + 8}

P [(r —2)7 +4P ’

and
A -2’
T w o2t a
Dy — 44 — m)n?(7* - 8) (BS)
Tl 22 4P
—16722n(r — ) + (1% — B)v]
D3 == )

[(r —2)% + 4]?

where o = k;,/ k;.
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