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ABSTRACT

The primary object of the work described in this thesis was to

develop equations suitable for predicting the performance of a system

for automatic tracking control of aircraft, and to use these equations

to determine the requirements and analyze the performance of a system

for automatic tracking control of the A-26 Airplane. The secondary

object was to develop equations suitable for predicting the steady-

state response of aircraft to forced sinusoidal motion of controls,

and to use these equations as a basis for indicating flight-test

methods for determining aircraft dynamic stability coefficients.

Equations suitable for predicting the performance of a system

for automatic tracking control of aircraft were developed, and applied

to a system for automatic tracking control of the A-26 Airplane. These

equations were analyzed by the M.I.T. Rockefeller Differential Analyzer

to determine the servo stability coefficients required for practical

solution time of the overall system.

The basic problem given to the Differential Analyzer was as

follows: Two airplanes were assumed to be flying level, each trimmed at

300 mph TAS, one behind the other. The rear (tracking) airplane was

assumed to be an A-26 Airplane, flying at 10,000 ft. density altitude,

while the forward (target) airplane was assumed to be separated from

the tracking airplane by an initial range of 1000 yards. In addition,

the target airplane was assumed to be 150 ft. above and 150 ft. to the

right of the tracking airplane, so that the initial line of sight from

the tracking airplane would have an elevation component of +50 mils as

well as a deflection component of +50 mils. It was then assumed that

the automatic control system was suddenly turned on, thus applying a

step-function input to the radar system.

Analysis of the longitudinal loop of the overall system indicated
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the following:

Solution time to establish pure pursuit course ^' l second.

Solution time to establish aerodynamic lead pursuit course 5 2 seconds.

A stability number.6 was found to be best.

The effect on solution time of neglecting certain of the aircraft

stability coefficients was also found. For instance the effect of

neglecting zu was negligible, whereas the effect of neglecting m was

not.

Equations suitable for predicting the steady-state response of

aircraft to forced sinusoidal motion of controls, were developed.

These equations were used to compute the steady-state response of

the A-26 Airplane to forced sinusoidal motion of its controls. The

steady-state computed response agreed very well with steady-state

flight-test response for the cases investigated. The response equa-

tions were also used to indicate flight-test methods for determining

aircraft stability coefficients. The damping coefficient and the

spring constant for the short-period component of the transient lon-

gitudinal response of the A-26 Airplane were computed theoretically,

and determined from flight-test data by the circle-diagram method.

The computed and flight-test values agreed very well.
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AUTOMATIC TRACKING CONTROL OF AIRCRAFT

OBJECT

The primary object of the work described in this thesis was to

develop equations suitable for predict inf the performance of a sys-

tem for automatic tracinf control of aircraft, and to use these

equations to determine the requirements and analyze the performance

of a system for automatic trackin, control of the A-J26 Airplane.

The object was divided into two parts. Part One dealt with

the overall tracking control system, and Part Two dealt with one

component of the overall system, namely the aircraft itself.

Part One

Overall Tracking Control System

1. To determine the requirements of a system for auto-

matic tracking control of aircraft.

2. To develop equations suitable for predicting the

overall performance of a system for automatic track-

ing control of aircraft.

3. To determine the component characteristics required

for practical solution time of a system for automa-

tic tracking control of the A-26 Airplane.

Part Two

Aircraft

1. To develop equations for computing the steady-state

response of aircraft to forced sinusoidal motion of

controls. To compute the steady-state response of

1



the A-26 Airplane to forced sinusoidal

motion of its controls.

2. To develop equations for computing the transient

response of aircraft to step-functions, for fixed

controls, and for cases when the aircraft is

equipped with an automatic pilot which uses dis-

placement, derivative, and integral pitch control.

To compute the transient response of the A-26

Airplane to step-functions, for fixed controls, and

for the case when the airplane is equipped with an

automatic pilot which uses ideal displacement pitch

control.

3. To investigate flight-test methods for determining

aircraft dynamic stability coefficients.

2
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I N T R 0 D U C T I 0 N

Research on guided missles has been emphasized by our government

during and since World War II. During the War, it was imperative to

develop in as short a time as possible a missle which could track a

target automatically.

Many missles were built and tested; and the testing technique

was as follows: When the automatic tracking performance of a missle

proved to be unstable, a readjustment was made in the tracking con-

trol system of the next missle to be fired. Since each missle fired

was destroyed (except in a few cases where automatic parachute re-

covery could be used), the experimental techniques were necessarily

one of trial and error. This technique was of course extremely

costly.

Since the War, additional programs for research on automatic

tracking have been started. These programs include research on

automatic interception tracking, automatic fire-control tracking with

fixed guns, automatic fire-control tracking with movable guns, and

automatic stellar-inertial tracking. The program (Army contract

W33-038-ac-14327) with which the author is currently associated, is

primarily concerned with research on automatic interception tracking

and automatic fire-control tracking with fixed guns. But the method

of approach in this program is basically very different from that

in the missle program. It is based on the premise that if first an

airplane could be made to track a target automatically, it would

then be comparatively simple to make a missle track automatically.

The theory and techniques established while developing a system for

suitable automatic tracking control of an airplane, could be extended

and used for design of a system for automatic tracking control of

a missle. Also, the extension of the theory would be more reliable

if there were dependable correlation between theoretical and flight-
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test values of aircraft dynamic stability coefficients.

The object of the work described in this thesis was based upon

the foregoing reasoning and method of approach. The primary object

was to develop equations suitable for predicting the performance of

a system for automatic tracking control of aircraft, and to use

these equations to determine the requirements and analyze the per-

formance of a system for automatic tracking control of the A-26

Airplane. This phase of the analysis is discussed in Part One of

the Text.

The object and text were each divided into two main parts.

Part One dealt with the overall tracking control system; and, be-

cause of the need for correlation between theoretical and flight-

test values of aircraft dynamic stability coefficients, Part Two

dealt primarily with the aircraft itself. In Part One the transient

step-function response of the overall system was studied, whereas in

Part Two the steady-state response of the aircraft itself, to sinu-

soidal forcing functions, was studied.

There are two basic methods for analyzing the characteristics

of a system capable of dynamic response. One method deals with the

transient response, while the other deals with the steady-state

response. The transient method is preferable for the analysis of

a system which is under-critically damped (oscillatory), whereas the

steady-state method is preferable for the analysis of a system which

is over-critically damped (non-oscillatory). These two basic methods

are commonly used throughout the field of Engineering.

In a system for automatic tracking control of aircraft, the

aircraft itself has six degrees of freedom. Of these six, the degrees

of freedom which have by far the greatest effect on the solution time

of the overall tracking control system, are those which are primarily

connected with the short-period components of the aircraft transient

4



response. These components are always very highly damped. Thus,

it is most desirable to analyze the characteristics of the aircraft

itself (Part Two) by the steady-state method. The transient method

(also shown in Part Two)is of course very valuable for determining

the solution time of the overall tracking control system, especially

when a Differential Analyzer, or a simulator, is not available. It

is also valuable for analysis of those degrees of freedom of the

aircraft which are primarily connected with the long-period compo-

nents of the aircraft transient response. However, these degrees of

freedom have a negligible effect on the solution time of the overall

tracking control system. (For proof of this, see results of analyses

by Rockefeller Differential Analyzer in Section A of Appendix G. In

Section A it is shown that the degree of freedom primarily associated

with the long-period of the aircraft transient longitudinal motion

has a negligible effect on solution time of the overall tracking

control system).

Flight-test methods for determining aircraft dynamic stability

coefficients are discussed in Part Two. It is important that these

methods be developed because of the need for correlation between

theoretical and flight-test values of aircraft stability coefficients,

especially for those coefficients which control the short-period

components of aircraft transient response.

5



PA R T

OV ER A L L T R ACK I NG CON T RO L

SY ST EM

I



---A

Part I

SECTION I

REQUIREMENTS OF A SYSTEM FOR AUTOMATIC TRACKING

CONTROL OF AIRCRAFT

A. Prtmary Components and Degrees of Freedom

A system for automatic tracking control of aircraft should in-

clude the following primary components:

1. Tracker

2. Range Finder

3. Computer

4. Aircraft Control Servos

5. Aircraft itself

The tracker and range finder are usually combined in a radar unit

mounted at the nose of the aircraft; the computer is usually a gyro-

scopic mechanism; and the aircraft control- servos are usually electric

motors (see Figure I for mechanical arrangement of components).

The radar unit has two basic functions. They are: (a) to track

the line of sight, and (b) to determine the target range. The radar

antenna assembly (Figure II) tracks the line of sight, and it also

sends and receives the range signal. Two angular degrees of freedom

are required to track the line of sight, one in elevation and one in

deflection. Each degree of freedom is controlled by a radar servo

motor, and each motor receives its control signal from the tracking

line-line of sight comparator. The comparator is usually a dish

mounted on the inner radar gimbal. The target range is determined

automatically by a separate system in the radar unit. This system is

essentially a timing circuit which detects range by measuring the time-

required for the range signal to go to the target and return.
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The computer (Figure III) has but one basic function in a system

for fixed-gun fire-control, namely to indicate the required (correct)

prediction angle between the line of sight and the gun line. The

computer is usually composed of two units, each with its own degree

of freedom. One unit is called the deflection computer, and the

other is called the elevation computer. The deflection computer in-

dicates the deflection component of the prediction angle, and the

elevation computer indicates the elevation component. Each unit is

essentially a gyroscopic mechanism which receives angular velocity

as the primary input and produces a component of the prediction angle

as the output. A third unit is sometimes included to account for

cross-roll. This unit is also a gyroscopic mechanism. Details of

the gyroscopic computer are discussed in reference 3.

There are usually four aircraft control servos, one each for the

rudder, the elevator, the ailerons, and the throttle. The function

of each servo is to control the position of the particular aircraft

control with which it is associated. The servo shown in Figure IV

is basically an electric motor (Minneapolis-Honneywell C-lA Servo),

the characteristics of which are discussed in references 8 and 9.

Each aircraft control system has one fundamental degree of freedom

(neglecting cable stretch), however, the throttle control system is

only cut in when there is a sudden large change in the elevation

component of the forcing function, or when there is sufficient change

in indicated airspeed. Thus, for small changes in forcing function

or indicated airspeed the aircraft control system has only three

primary degrees of freedom.

The aircraft itself has six degrees of freedom, three linear and

three angular. The aircraft used as the tracking aircraft in the

analyses presented in this thesis was the Douglas A-26 Airplane

(Figure V and Figure VI).
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Thus, we see that the automatic tracking control system has

thirteen primary degrees of freedom, two in the radar, two in the

computer, three in the aircraft controls, and six in the aircraft

itself.

B. Functional Requirements

A functional diagram of the tight loop system for automatic

tracking control of aircraft is shown in Figure VII. In this system

the radar has its own "tight loop", in the sense that the input

signal to the radar servos comes directly from the tracking line-

line of sight comparator, and the radar angle signal is merely a by-

product which does not directly control the radar servos.

The inputs to the computer are discussed in Reference 3 and in-

dicated in Figure VII. Also, schematic sketches of the two primary

computer units are shown in Figure I. The output from the computer

is the computer prediction angle signal.

The computer prediction angle signal adds to the radar angle

signal to produce the forcing function signal for the aircraft

control servo units. (Each signal is made up of deflection and

elevation components, as shown in Figure VIII).

The proper displacement, derivative, and integral control sig-

nals are then produced and fed into the aircraft control servo units

which cause movement of the controls. The resulting aerodynamic

forces then control the motion of the aircraft, which in turn affects

the radar and the computer. This completes the functional loop.

C. Safety, Anticipation, and Correct-Fltght Controls

A block diagram of the entire automatic tracking control system,

including safety controls, anticipation controls, and correct-flight

controls, is shown in Figure VIII.

The safety controls are the usual ones required by a pilot.
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Examples are as follows:

(a) When the angle of attack gets too large, the angle of

attack - elevator cut-out safety control system pro-

duces a signal which reduces the elevator servo input

control signal.

(b) When the normal acceleration gets too large, the normal

acceleration - elevator cut-out safety control system

produces a signal which reduces the elevator servo in-

put control signal.

(c) When the absolute value of the indicated airspeed incre-

ment gets too large, the indicated airspeed - throttle

cut-in safety control system produces a signal which

controls the throttle servo in a manner which limits

the indicated airspeed increment.

Thus, with proper design the safety controls in an automatic tracking

control system can be made to simulate the safety controls used by a

human pilot.

An example of an anticipation control is shown by the anticipation

throttle control, shown in Figure VIII. To understand the purpose of

this control let us analyze a typical case encountered by a pilot in

tracking a target. Let us assume that the relative target motion

necessitates a sudden large change in elevator angle to keep the

tracking aircraft on the target. A large change in elevator angle

would immediately cause a large change in indicated airspeed, and this

would remind the pilot to change his throttle setting. (This is the

control sequence followed by the indicated airspeed - throttle cut-

in safety control system..) But, an experienced pilot would not wait

until the change in indicated airspeed reminded him to change his

throttle setting; he would anticipate this and immediately adjust his

throttle as he changed the elevator angle. The anticipation throttle

13
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control shown in Figure VIII does just this. When the absolute

value of FE gets too large it immediately changes the throttle set-

ting instead of waiting for the resulting change in airspeed to con-

trol the throttle. Of course, other anticipation controls will be

necessary in an automatic tracking control system, and the required

action of these controls can best be determined by analyzing the

actions of an experienced human pilot.

The correct-flight controls consist of the yaw vane and the lateral

accelerometer, also represented in Figure VIII. For automatic inter-

ception tracking it is essential that the aerodynamic yaw be kept as

small as possible. This can be done in two ways. One is to use the

yaw vane signal as the basic correction signal, and the other is to

use the lateral accelerometer signal as the basic correction signal.

Again let us analyze the actions of a pilot in order to see what the

requirements are. Let us assume that a pilot is flying in an air-

plane with an open cockpit, and he feels a wind on his left cheek

caused by left aerodynamic yaw. He can correct for this by applying

right aileron and left rudder, and thus reduce the aerodynamic yaw

without ever glancing at his lateral accelerometer (or ball-bank indi-

cator). Now let us assume he is flying in a closed cockpit without

an aerodynamic yaw indicator, and again he encounters a wind from his

left. This would cause the ball in the ball-bank indicator to move

to his left, and to correct for this, again he would apply right

aileron and left rudder. It can thus be seen that the yaw vane and

the lateral accelerometer produce corrections which are in the same

direction, i.e., they do not work against each other. But if there

were a sudden change in angle of bank alone, the lateral accelerometer

would be the first to sense the correction because it would immediate-

ly pick up the component of the acceleration of gravity, whereas the
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yaw vane would produce a correction signal only after a side slip had

been developed. On the other hand, a very sensitive yaw vane would

be the first to sense the correction if there were a sudden lateral

gust. Thus, the author feels that, although either system should

work by itself, it might be best to have both in operation from the

point of view of reducing lag. Just as a good pilot would make a

correction for lateral acceleration (or aerodynamic yaw) by moving

both the rudder and the ailerons, so a good automatic system should

send the correct-flight correction signals to both the rudder and

the ailerons.

It will be noted in Figure VIII that the yaw vane system uses

integral control, while the lateral accelerometer system does not.

As shown by the examples discussed above, these systems will not

oppose each other when the usual correct-flight corrections are re-

quired. But if for some unforseen reason an unbalanced yawing moment

were developed during flight, as could happen with partial loss of

power in a multi-engine aircraft, it would be impossible to keep the

tracking aircraft on the target, to hold zero aerodynamic yaw, and

to maintain zero lateral acceleration (ball in center), all at the

same time. In this case integral control in the yaw vane system,

and not in the lateral accelerometer system, would permit the yaw

vane to overpower the accelerometer. There are, of course, tracking

control problems which would require just the opposite combination,

i.e., integral control in the lateral accelerometer system and none

in the yaw vane system.

D. Techniques for Controllin Aircraft by Instrument Indications

There are many techniques for controlling an aircfaft by instru-

ment indications. An airline instrument pilot would probably tell

you to maintain the indicated airspeed with the elevator and to use
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the throttle to adjust the rate of climb. This is the usual pro-

cedure used in airline instrument flying. But a military pilot does

not use this technique when manually tracking a target; he uses his

elevator (with rudder and ailerons) to keep on the target, and uses

his throttle to correct for, or prevent, changes in indicated air-

speed. Thus a control system designed for automatic airline instru-

ment flying should be basically very different from one designed for

automatic tracking. The latter system (Figure VIII) is the one

analyzed in this thesis.

9. Xtnds of Control Required

It will be noted that displacement, derivative, and integral

control are used throughout the system shown in Figure VIII. The

kinds of control required can best be determined by studying the

control requirements of a human pilot. When a pilot learns to fly,

one of the first tasks given him by his instructor is to fly straight

and level at a given point on the horizon. The instructor may pick a

point off to one side, and ask him to acquire the proper heading. The

initial correction which the pilot applies is a function of -the

initial displacement angle which he sees. But he soon learns that

pure displacement control will only cause him to over-control, and

that a certain amount of anticipation is required. In a sense, deri-

vative control is analogous to anticipation on the part of the pilot,

because it tends to prevent too high a rate of target closure, and

thus reduces the tendency to over-control. In some cases a pilot

will find that he must use a steady-state control force.to stay on

the target. This can be simulated in an automatic tracking control

system by the use of integral control. Based upon this reasoning,

displacement, derivative, and integral control were chosen for the

kinds of control required throughout the system shown in Figure VIII.
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F. Importance of Studyint Human Pilot Reactions and Control Functions

The author would like to stress the importance of looking to the

reactions and control functions of the human pilot when seeking to

determine the primary requirements of an automatic tracking control

system. A simple example showing the importance of this kind of

reasoning is as follows: Let us assume that in order to track a given

target a pilot finds he must establish and maintain a steady rate of

turn, and in doing so he also finds that opposite aileron is required.

The underlying theory explaining why opposite aileron is required is,

of course, very simple. Because the outside wing goes faster than

the inside wing it experiences more lift and so produces an unbalanced

rolling moment. Thus opposite aileron is needed in the turn to counter-

act this unbalanced moment. A designer of an automatic tracking con-

trol system might then, based upon this theory, decide to use angular

velocity about the aircraft normal axis as a correction signal to pro-

duce the opposite aileron required. But a pilot does not have to know

this theory to successfully track the target, and further, he does not

wait until he has fully established the turn before he applies opposite

aileron. In effect, an experienced pilot observes the incremental

tracking errors, and although he may not realize it, he integrates

them while establishing the turn, and ends up with just the right amount

of opposite aileron force to hold him in the turn. This should imme-

diately suggest to the designer the use of integral control, using as

the basic input to the aileron servo the deflection component of the

forcing function signal. Even though integral control may increase the

solution time somewhat, the author recommends that it be used. Besides

its simplicity, one of its chief advantages is that it acts to reduce

the resultant steady-state error, positive or negative, regardless of

the origin of the components of the error.
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Thus a study of the control functions and the reactions of the

human pilot often provides the simplest way of determining the control

requirements in an automatic tracking control system. The detailed

engineering theory explaining why an error has occurred often suggests

a method of correction which is much too complicated.
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EQUA

Part I

SECTION II

'I

TIONS OF MOTION FOR THE PRIMARY COMPONENTS

OF A SYSTEM FOR

AUTOMATIC TRACKING CONTROL OF AIRCRAFT

The equations of motion for the primary components of a system

for automatic tracking control of aircraft are derived in Appendix A.

As described in the foregoing section, there are thirteen funda-

mental degrees of freedom in the automatic tracking control system

represented in Figure VIII. There are six degrees of freedom for

the aircraft (three linear and three angular), three degrees of

freedom for the aircraft controls (rudder, ailerons, and elevator),

two degrees of freedom for the computer (one for the elevation com-

puter, and one for the deflection computer), and two degrees of free-

dom for the radar unit (one in angular deflection and one in angular

elevation). There are of course many other less important degrees

of freedom in the overall system, as for example, the degrees of

freedom represented by cable stretch in each of the servo systems.

But for purpose of analysis, these minor degrees of freedom will be

neglected. There are also intermittent degrees of freedom represen-

ted by the safety control and anticipation control systems. These

degrees of freedom are only introduced into the overall system for

short periods of time, and only when the safety control limits are

exceeded. The correct-flight control system, which is made up of

the yaw vane system and the lateral accelerometer system, also con-

tains additional intermittent degrees of freedom which come into

play when the aircraft encounters sudden gusts. Also, if the ampli-

fication control factors for the deflection component of the forcing
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function, FD, are not in the proper proportions for control of rudder

and ailerons, then slip or skid will occur. In this case the correct-

flight control system would be operating all the time instead of

intermittently, in order to keep the aerodynamic yaw at a minimum.

However, in the analyses which follow it will be assumed that the

amplification control factors are adjusted properly, and it will be

assumed that the safety limits are not exceeded, so that only the

fundamental degrees of freedom need be considered. The thirteen

fundamental degrees of freedom for the overall system may be divided

into six longitudinal and seven lateral degrees of freedom.

Just as there are the classical stability coefficients for the

six degrees of freedom represented by the aircraft, so there are

analogous stability coefficients for each of the other seven degrees

of freedom in the overall system.

The longitudinal equations of motion for the aircraft are

derived in Section A-1 in Appendix A; and the usual classical assump-

tions of small changes, linear superposition, etc., are made.

The equation of motion for the elevator-servo system is derived

in Section A-2 of Appendix A. In this derivation the effect of cable

stretch is neglected, and the entire elevator-servo system is referred,

mathematically, to the elevator hinge. Hinge moment stability coeffi-

cients for the elevator-servo system are shown to exist.

The equation of motion for the elevation computer is derived in

Section A-3 of Appendix A. This equation is derived by equating

torques about the elevation computer shaft. Just as there are stabi-

lity coefficients for other parts of the overall system, so there are

analogous stability coefficients in the equation of motion for the

elevation computer. These stability coefficients are derived in

Section A-3 of Appendix A, and equivalent expressions for them, using

the accepted fire-control notation, are given by equations 46, 51, 53,

and 57 in Section A-3 of Appendix B.
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Reliable calibration data for the two fundamental degrees of

freedom in the radar system were not available to the author at the

time of writing this thesis. Thus, in the analyses presented, it

was assumed that the tracking line (same as the radar line) was al-

ways coincident with the line of sight. This was equivalent to

assuming that the radar angle, AR, was always equal to the angle of

the line of sight, ALS. Thus the equation of motion of the line of

sight, referred to the longitudinal axis of the aircraft, represents

the equation of motion for an ideal radar system. An analysis

based upon these assumptions would certainly determine the potential-

ities of the overall system.

The elevation equation of motion for ideal radar is derived in

Section A-4 of Appendix A. This equation is only valid for the

special case when the target is flying level at a constant speed

equal to the initial trim-speed of the tracking aircfaft (see Section

A in Appendix G for detailed discussion of the basic tracking problem

analyzed in this thesis).

Analogous equations of motion for the lateral case are derived

in 'Sections B-1, B-2, B-3, B-4, and B-5 of Appendix A; and a summary

of the equations of motion for the overall system is given at the end

of Appendix A.

It should be noted that each equation of motion is completely

nondimensional, and that in each case a characteristic time associated

with its own part of the overall system was used as a basis for non-

dimensionalizing. These equations, of course, can not be solved

simultaneously unless they are all nondimensionalized on a common

time basis.

A summary of the equations of motion for the primary components

of a system for automatic tracking control of the A-26 airplane is

given in Appendix E.

26



Part I

SECTION III

STABILITY COEFFICIENTS FOR A SYSTEM FOR

AUTOMATIC TRACKING CONTROL OF AIRCRAFT

Formulae for the stability coefficients for a system for auto-

matic tracking control of aircraft are derived in Appendix B. In

this Appendix formulae for the usual classical stability coefficients

for aircraft are derived, as well as formulae for the hinge moment

stability coefficients for the servo control systems, and formulae

for the prediction moment stability coefficients for units of the

computer. Analogous formulae for gimbal moment stability coefficients

can be derived for an actual radar system, but these derivations will

not be included in this thesis, since perfect radar tracking is assumed

in the analyses which follow. The gimbal moment stability coefficients

for an actual radar unit are analogous to the hinge moment stability

coefficients in the servo control systems, and analogous to the pitch-

ing, yawing, and rolling moment stability coefficients for the aircraft

itself. It can be shown that the gimbal moment stability coefficients,

for each fundamental degree of freedom in the radar unit, are functions

of the natural undamped frequency, damping ratio, and certain sensiti-

vities associated with the particular radar degree of freedom being

considered. (Reliable calibration data for the two fundamental degrees

of freedom in the radar system were not available to the author at

the time of writing this thesis, but they should be available in the

near future).

The techniques of dynamic flight-testing are rapidly being im-

proved. Thus, in the very near future there should be available a
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complete correlation between actual and theoretical stability coeffi-

cients for aircraft.

Stability coefficients for a system for automatic tracking

control of the A-26 Airplane are computed in Appendix D. These

computations are based on the formulae developed in Appendix B and

the basic constants presented at the end of the text (preceding Appen-

dix A)..

It may be of interest to note that there are also stability

coefficients associated with the forcing function input to each servo

control system; see pages B-17, B-37, and B-42 in Appendix B.

A summary of the formulae for the stability coefficients for a

system for automatic tracking control of aircraft is given at the

end of Appendix B; and a summary of the computed values of the

stability coefficients for a system for automatic tracking control

of the A-26 airplane is given at the end of Appendix D. These

computed values are not necessarily the best values to be used in the

system. Recommended values of servo control characteristics, deter-

mined from the results of analyses by the Rockefeller Differential

Analyzer, are presented in Appendix G.
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Part I

SECTION IV

NETWORK EQUATIONS FOR A SYSTEM FOR

AUTOMATIC TRACKING CONTROL OF AIRCRAFT.

APPLICATION TO A-26 AIRPLANE

The network equations for a system for automatic tracking con-

trol of aircraft consist of the equations of motion for the primary

components of the system (derived in Appendix A), and the tracking

error angle equations. The tracking error angle equations are

merely definitions of the elevation and deflection components of

the tracking error angle (see equations 4 and 5 in Appendix C).

In the process of nondimensionalizing the equations of motion

developed in Appendix A, each equation was made nondimensional by

using a characteristic time associated with the particular degree

of freedom represented by the equation. Thus, before the network

equations can be solved simultaneously they must be based upon a

unit of time which is common to the entire system. Any unit of

time could be used, but it seemed logical to choose a unit of time

equal to the time required for the tracking aircraft to fly the

initial target range at a speed equal to its initial speed. It was

argued that if the automatic tracking control network could not

reach a solution in the time required to fly the initial range of

the target, it would certainly not be worth while from the fire-

control point of view. On this basis the network solution time,

measured in nondimensional time-ratio units, would have to be much

less than unity before the system could be considered practical.

A summary of the network equations for a system for automatic

tracking control of aircraft is given at the end of Appendix C; and
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a summary of the network equations for a system for automatic

tracking control of the A-26 airplane is given at the end of Appendix

F. The servo coefficients used in the equations at the end of Appen-

dix F are not the most desirable values. Recommended values deter-

mined from analyses by the Rockefeller Differential Analyzer, are

computed in Appendix G and discussed in Section V, Part One, of the

text.
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Part I

SECTION V

SOLUTION TIME OF A SYSTEM FOR AUTOMATIC

TRACKING CONTROL OF THE A-26 AIRPLANE,

USING DIFFERENTIAL ANALYZER TO SOLVE NETWORK EQUATIONS

The network equations for a system for automatic tracking con-

trol of the A-26 Airplane are summarized on pages F-2 and F-3 in

6MSAE 4 ?MSARM 'MSAAM
Appendix F. The values of , , and given on page

3FFDD gieonpe
F-2 were used only to demonstrate the method of analysis. These

values do not represent the final values indicated by the Differential

Analyzer to be desirable. The recommended values are given in the

following pages of this section.

The basic problem solved by the Differential Analyzer is dis-

cussed in Appendix G. Appendix G is composed of two sections. The

first deals with the longitudinal loop of the automatic tracking

control system, shown in Figure VIII, and the second deals with the

lateral loop.

The analysis of the longitudinal loop of the automatic tracking

control system shown in Figure VIII indicated that

1. The solution time required to establish a pure pursuit

course, for the problem investigated, was l second.

2. The solution time required to establish an aerodynamic

lead pursuit course, for the problem investigated, was

5 2 seconds.
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3. The stability number of the elevation computer should

be .:- .6.

4. The maximum stick force required to establish a pure

pursuit course in 1 second, for the case investigated,

was ' 50 lbs.

5. The elevator servo characteristics should be as follows:

radians

& jSAE .*17 second

SAE 7.03

In addition, it is the author's opinion that the ratio of

the elevator servo stiffness to the elevator aerodynamic

stiffness, measured at the elevator hinge, should not be

less than 6 for positive positioning of the elevator.

6. The effect of aerodynamic forces on the elevator servo

system need not be considered when the elevator servo charac-

teristics recommended above are used.

7. The force balance along the longitudinal axis of the air-

craft need not be considered, i.e., the long-period of the

aircraft had negligible effect on solution time.

8. Change in longitudinal speed had a negligible effect on the

ideal radar equation, for the problem investigated, and so

it had a negligible effect on solution time.

9. The effect on solution time of downwash lag, mg, was

appreciable.
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10. The effect on solution time of the combination (0 - w)

in the ideal radar equation was very small.

The input control characteristics for the elevator-

servo should be as follows:

_MSAEM _ ft-lbs
-- 75

3FE miliradian

MSAEM ft-lbs
______ -- 36

3#E miliradian/second

12. The computer should not be uncaged until the tracking

error angle has been decreased to at least 5 mils.

Analysis of the lateral loop of the automatic tracking control sys-

tem shown in Figure VIII, indicated that

1. The fire-control solution time for gun--fire A 1.3

seconds, using the control amplification factors shown

in 4.

2. The rudder servo characteristics should be

4.17 radians
SAR second

SAR = 13.2

In addition, it is the author's opinion that the ratio

of the rudder servo stiffness to the rudder aerodynamic

stiffness, measured at the rudder hinge, should not be

less than 6 for positive positioning of the rudder.

3. A fire control solution for gun fire, for small corrections

in deflection angle, can be accomplished quickest by apply-
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4.

and

MSARM 131 ft-lbs
=131

3FD miliradian

3MSARM ft-lbs
157

D 107miliradian/second

MSARM 89 ft-lbs

6jFDdt (miliradian)(second)

It should be noted that MSAEM, MSARM, aid MSAAM are effective

input moments at the servo axes, applied by the servo motors;

they are not the net moments applied by the servo motors. The

net moment for each servo motor may be obtained by subtracting

the stiffness, damping, and inertia moments from the effective

input moment. The net moment applied by the servo motor is of

course equal to the negative value of the cable moment at the

servo axis; see equation 41, section A-2, Appendix A.
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ing rudder and opposite ailerons, rather than by co'ordinating

ailerons with rudder to change the flight path by "rolling

in" and then "rolling out". (This of course would require

velocity jump correction in the deflection computer).

The input control characteristics for the rudder servo should

be as follows:



Part I

SECTION VI

C ON C L U S IO N S

The conclusions derived from analysis of the overall tracking

control system represented in Figure VIII, are as follows:

1. The solution time of the overall system is low enough to

be practical. Solution times for the basic problem analyzed

were as follows:

Solution time

(a) Establishment of pure longitudinal
pursuit course . . . . . . . . . . . .

(b) Establishment of longitudinal aerody-
namic lead pursuit course . . . . . .

(c) Establishment of lateral fire-control
course for gun fire, cross controls,
without aerodynamic lead . . . . . . .

.. 1 second

.. 2 seconds

. . . . 1.3 seconds

Time did not permit a complete study of the lateral loop

of the automatic tracking control system. However,

based upon the work done, the author estimates the

following:

Estimated
Solution time

(d) Establishment of lateral fire-control
course for gun fire, cross-controls, with
proper aerodynamic lead . . . . . . . . . .

(e) Establishment of pure lateral pursuit
course, coordinating controls . . . . . . .

2. The stability number for the elevation computer

.6 instead of the usual value of .2 found to be

. 2.5 seconds

. 3 seconds

should be about

satisfactory
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for most human pilots. The stability number required for

the deflection computer was not investigated.

3. A fire-control solution for gun fire, for small corrections

in deflection angle, can be accomplished quickest by cross-

controlling rudder and ailerons. However, in this case

velocity jump correction becomes a very necessary input to

the deflection computer.

4. The values of natural frequency, damping ratio, and spring

constant required for the control servos indicate that a

major redesign of the Cl-A Minneapolis Servo Pilot is re-

quired before it can be used.

5. There is need for flight-testing to determine values of air-

craft dynamic stability coefficients.

6. There is need for radar tracking calibration data.

7. There is need for a non-linear simulator, large enough to

accommodate, at the same time, all of the thirteen primary

degrees of freedom in an automatic tracking control system.

It is important that this simulator be able to use dis-

placement, derivative, and integral control; and it is also

important that it be able to plot automatically, and simul-

taneously, at least four of the dependent variables as out-

put.

8. Displacement, derivative, and integral control will be re-

quired in the system for automatic tracking control of air-

craft shown in Figure VIII.
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9. Safety controls, anticipation controls, and correct-flight

controls should be considered in the design of a system for

automatic tracking control of aircraft.

10. Recommendations for further study

(a) The longitudinal and lateral analyses should

be extended to include actual radar equations of

motion, instead of ideal radar equations of motion,

as soon as radar tracking calibration data becomes

available.

(b) The lateral loop of the automatic tracking control

system should be analyzed more thoroughly, especially

for the case of interception tracking (coiordinating

rudder and ailerons).
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Part II

SECTION I

STEADY-STATE RESPONSE OF AIRCRAFT TO FORCED

SINUSOIDAL MOTION OF CONTROLS.

APPLICATION TO A-26 AIRPLANE.

A. STEADY-STATE RESPONSE OF AIRCRAFT TO FORCED SINUSOIDAL

MOTION OF CONTROLS

The equations for steady-state response of aircraft to forced

sinusoidal motion of controls are derived in Appendices H, J, and Q.

Equations for-steady-state response of aircraft to forced sinusoidal

motion of control surfaces are derived in Appendix H. Equations for

steady-state response of aircraft to forced sinusoidal variation in

output signal from the oscillator which drives the elevator servo,

with ideal displacement, integral, and derivative pitch control in

automatic pilot, are derived in Appendix J. Equations for steady-

state response of aircraft to forced sinusoidal motion of throttle

and elevator are derived in Appendix Q. Operational calculus is

used for all derivations in these appendices.

Steady-state response equations for seven different cases are

derived in Appendix H. These cases are outlined in the Table of

Contents in Appendix H.

Only the longitudinal steady-state response equations were derived

in Appendix J. However, the same type of analysis could be used to
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derive equations for the steady-state response of aircraft to forced

sinusoidal variation in the output signal from the oscillator which

drives the rudder servo, from the oscillator which drives the aileron

servo, or from the oscillator which drives the throttle servo. This

type of analysis could also be used for any reasonable combination,

such as rudder and ailerons, or throttle and elevator. The response

equations thus obtained would completely determine the effect of an

ideal automatic pilot on the steady-state response of an aircraft to

forced sinusoidal variation of input forcing functions to the automa-

tic pilot. In this connection, it should be noted that an automatic

pilot has no effect on the steady-state response of an aircraft to

forced sinusoidal motion of its control surfaces. In other words,

the response of an aircraft to the sinusoidal motion of its control

surfaces is, of course, not dependent on the factors which caused

the motion of its control surfaces.

The equations for steady-state response of aircraft to forced

sinusoidal motion of throttle and elevator (see Appendix Q) were

derived for three fundamental cases, namely, (a) zero change in

longitudinal velocity, (b) zero change in angle of attack, and

(c) zero change in pitch angle. These three cases are directly

analogous to those for lateral response of aircraft to rudder and

ailerons, derived in sections B-3-a, B-3-b, and B-3-c in Appendix H.

B. ANALYSES FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO FORCED

SINUS01DAL MOTION OF CONTROLS

Analyses for steady-state response of the A-26 Airplane to forced
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II. Conventional analysis, assuming mu, zo, and zu negli-

gible.

These figures show that neglecting the additional term in zu has a

negligible effect on change in angle of attack and change in pitch

angle. However, z does have an appreciable effect on change in

longitudinal velocity per airplane trim speed, in the low frequency

range, as shown by Figures L-1, L-4, and L-8. Thus, Figures L-1

through L-1O prove that, especially in the high frequency range, the

effect of change in longitudinal velocity may be neglected when com-

puting the response of conventional aircraft to forced sinusoidal

motion of elevator.

Figures L-l1 through L-16 show the comp4ted steady-state res-
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sinusoidal motion of its controls, are presented in Appendices L, N,

and R. Analyses for steady-state response of the A-26 Airplane to

forced sinusoidal motion of its control surfaces are presented in

Appendix L. An analysis for the steady-state response of the A-26

Airplane to forced sinusoidal variation in the output signal from the

oscillator which drives the elevator servo, with ideal displacement

pitch control in automatic pilot, is presented in Appendix N. Analyses

for steady-state response of the A-26 Airplane to forced sinusoidal

motion of throttle and elevator are presented in Appendix R.

Figures L-1 through L-10 show the computed longitudinal steady-

state response of the A-26 Airplane to forced sinusoidal motion of

its elevator, for the following two cases:

I. Conventional analysis, assuming mu and z. negligible.



ponse of the A-26 Airplane to forced sinusoidal motion of rudder, with

fixed ailerons. Note that there is a definite resonance frequency for

pYsr and a8 , as shown in Figure L-12. Also note that at high rudder

frequency the response is comparatively small, especially for $/Sr

shown in Figure L-16.

Figures L-17 through L-22 show the computed steady-state response

of the A-26 Airplane to forced sinusoidal motion of ailerons, with

fixed rudder. Note that there is a definite resonance frequency for

as shown in Figure L-18. Also note that, at high aileron fre-

quency, the response is comparatively small, especially for V/a, and

/Saa shown in Figure L-22.

Figures L-23 through L-26 show the computed steady-state response

of the A-26 Airplane to forced sinusoidal motion of rudder and ailer-

ons, adjusted for zero change in aerodynamic yaw. Note that the

required / q is high, and increases with aileron-rudder frequency,

as shown in Figure L-24.

Figures L-29 through L-34 show the computed steady-state response

of the A-26 Airplane to forced sinusoidal motion of rudder and

ailerons, adjusted for zero change in geometric yaw.

Figures L-35 through L-40 show the computed steady-state response

of the A-26 Airplane to forced sinusoidal motion of rudder and ailerons,

adjusted for zero change in angle of bank.

In a few cases the curves of computed steady-state response in

Appendix L do not agree with the steady-state response expected by the

author. This could be because of error in basic values* used to compute

* Reference 6.
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stability coefficients, because of certain effects* not included in

the analyses, because of error in derivation of equations, or because

of error in expected response. Flight test data on lateral response

uerenotavailable at the time of writing this thesis, but these data

should be available in the near future. (The Flight Research Depart-

ment of the Cornell Aeronautical Laboratory was, at the time of writing

this thesis, testing a B-25 Airplane for lateral response).

Figures N-1 through N-? show the effect of ideal displacement

pitch control in the automatic pilot on the computed steady-state

response of the A-26 Airplane to forced sinusoidal motion of the ele-

vator, using elevator motion without pitch control as a basis for com-

parison. As explained in Appendices J and N, these curves may also

be thought of as curves which show the effect of ideal displacement

pitch control in the automatic pilot on the computed steady-state

response of the A-26 Airplane to forced sinusoidal variation in out-

put signal from the oscillator which drives the elevator servo.

Figures R-1 through R-6 show the computed steady-state response

of the A-26 Airplane to forced sinusoidal motion of throttle and ele-

vator, adjusted for zero change in longitudinal velocity. Note that

at high values of elevator-throttle frequency the required value of

t e is comparatively small, as shown by Figures R-2 and R-6.

Figures R-7 through R-11 show the computed steady-state response

of the A-26 Airplane to forced sinusoidal motion of throttle and ele-

vator, adjusted for zero change in angle of attack. Note that the

required value of lt 8e increases rapidly with elevator-throttle fre-

* For instance, the effect of adverse yaw due to aileron deflection was not included in the
analyses because of lack of data.
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quency, as shown in Figure R-8. This means that at high values of

elevator-throttle frequency the amplitude of the elevator oscillation

must be kept very low in order that the required thrust (tx, nondimen-

sional, defined on page Q-1) does not exceed the available thrust.

Figures R-12 through R-17 show the computed steady-state response

of the A-26 Airplane to forced sinusoidal motion of throttle and ele-

vator, adjusted for zero change in pitch angle. Note that the required

value of ,t 8e increases very rapidly with elevator-throttle frequency,

as shown in Figure R-13. This agrees with the fact that most airplanes

require very little change in elevator angle with change in power, to

maintain zero change in pitch angle.

Because of lack of data, the analysis for steady-state response of

the A-26 Airplane to forced sinusoidal oscillation of throttle* alone,

has not been computed.

Another longitudinal analysis that might be investigated is that

for sinusoidal motion of throttle and elevator, adjusted for zero

change in flight path, i.e., for zero change in (6 - w). The corres-

ponding analysis in the lateral case would be for sinusoidal motion of

ailerons and rudder, adjusted for zero change in (0 + v), but this

would be rather difficult from the flight-test point of view.

These and other similar theoretical investigations should point

the way to new flight-test techniques for determining aircraft dynamic

stability coefficients.

* Oscillation of throttle is meant to imply oscillation of power, and may include oscilla-

tion of engine r.p.m. if required.
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Part II

SECTION II

FIXED-CONTROL TRANSIENT RESPONSE OF AIRCRAFT

TO STEP FUNCTIONS.

APPLICATION TO A-26 AIRPLANE.

A. FIXED-CONTROL TRANSIENT RESPONSE OF AIRCRAFT TO STEP-FUNCTIONS.

The equations for fixed-control transient response of air-

craft to longitudinal and lateral step-functions are derived in

Appendix I. The method used is straight-forward and simple, and

is easy to visualize physically because the complex plane is not

used in the basic equations (equations 15-a, 16-a, 17-a, 75, 76,

and 77 in Appendix I). Laplace Transforms may also be used, but

the physical interpretation of each step of the analysis, using

Laplace Transforms, is not as easy to follow.

B. FIXED-CONTROL TRANSIENT RESPONSE OF A-26 AIRPLANE TO STEP-FUNCTIONS

1. Analysis for Fixed-Control Transient Response of A-26 Airplane

to Longitudinal Step Function

An analysis of the fixed-control transient response of

the A-26 Airplane to a longitudinal step-function is

presented in Section A of Appendix M. The boundary

conditions were established by assuming that the A-26

Airplane was flying level at 10,000 feet density alti-

tude, and at a true airspeed of 300 m.p.h. It was
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further assumed that the airplane encountered a gust

which caused a sudden positive rotation in pitch of 50

miliradians, without appreciable change in flight-path

or speed. Thus, the assumed boundary conditions for

this case were u0 = 0, w 0 = .05, 06 = .05, and 00 = 0.

The results of this analysis are shown in Figures M-1

through M-6. Figures M-1, M-3 and M-5 represent the

short-period components of the resulting motion; and

Figures M-2, M-4 and M-6 represent the long-period

components. It will be noted that the short period

components are over-critically damped, and the long-

period components are under-critically damped.

2. Analysis for Fixed-Control Transient Response of A-26 Airplane

to Lateral Step-Function

An analysis of the fixed-control transient response of

the A-26 Airplane to a lateral step function is presented

in Section B of Appendix M. The boundary conditions were

established by assuming that the A-26 Airplane was flying

level at 10,000 feet density altitude, and at a true air-

speed of 300 mph. It was further assumed that the air-

plane encountered a gust which caused a sudden positive

rotation in roll of 50 miliradians, without appreciably

changing the flight path or speed. Thus, the assumed

boundary conditions for this case were qi= 0, og = 0,

vo*= 0, 001= .05, and ko = 0. The results of this analysis
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are shown in Figures M-7 through M-1O. The highly

damped subsidence components are shown in Figure M-7; the

spiral stability components are shown in Figure M-8; and

the Dutch roll components are shown in Figure M-9. The

sum of the subsidence, spiral stability, Dutch roll, and

constant components represents the total response, shown

in Figure M-1O.

47



Part II

SECTION III

TRANSIENT RESPONSE OF AIRCRAFT TO LONGITUDINAL STEP-

FUNCTION WHEN AIRCRAFT IS EQUIPPED WITH AUTOMATIC

PILOT WHICH USES DISPLACEMENT, INTEGRAL, AND DERIVATIVE

PITCH CONTROL. APPLICATION TO A-26 AIRPLANE, WITH

IDEAL DISPLACEMENT PITCH CONTROL IN AUTOMATIC PILOT

A. TRANSIENT RESPONSE OF AIRCRAFT TO LONGITUDINAL STEP-FUNCTION

WHEN AIRCRAFT IS EQUIPPED WITH AUTOMATIC PILOT WHICH USES DIS-

PLACEMENT, INTEGRAL, AND DERIVATIVE PITCH CONTROL.

Equations for the transient response of aircraft to a lon-

gitudinal step-function, with ideal displacement, integral, and

derivative pitch control in the automatic pilot, are derived in

section A of Appendix K. The term ideal is used in the sense

that functions of change in pitch angle are assumed to cause

pitching moments on the aircraft without any servo lag. This is,

in effect, what an ideal servo pilot would do. Thus there are

only three primary degrees of freedom, as represented by equations

1, 2, and 3 in Section A of Appendix K.

Equations for the transient response of aircraft to a longi-

tudinal step-function, with actual displacement, integral, and

derivative pitch control in the automatic pilot, are derived in
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section B of Appendix K. The term actual is used in the sense

that functions of change in pitch angle are assumed to cause

hinge moments in the elevator-servo system, as would be the case

in an actual automatic pilot. Thus, there are four primary degrees

of freedom -- three degrees of freedom for the aircraft itself, and

one degree for the elevator-servo system. These four degrees of

freedom are represented by equations 12, 13, 14, and 15 in Section

B of Appendix K.

B. TRANSIENT RESPONSE OF A-26 AIRPLANE TO LONGITUDINAL STEP-FUNCTION,

WITH IDEAL DISPLACEMENT PITCH CONTROL IN AUTOMATIC PILOT

Based upon the equations derived in Section A of Appendix K,

an analysis for the transient response of the A-26 Airplane to a

longitudinal step-function, with ideal displacement pitch control

in the automatic pilot, was made. This analysis is presented in

Appendix 0.

The time history of the change in longitudinal velocity, per

airplane trim speed, for k. = 0, is shown in Figure 0-1. Also

shown in Figure 0-1 is the corresponding time history with no

automatic pilot control, i.e., with fixed controls (k9 = 0).

The time history of the change in angle of attack for k. = 0

is shown in Figure 0-2. Also shown in Figure 0-2 is the corres-

ponding time history with no automatic pilot control, i.e., with

fixed controls (k8 = 0).

The time history of change in pitch angle for k. = 0 is

shown in Figure 0-3. Also shown in Figure 0-3 is the corresponding
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time history with no automatic pilot control, i.e., with fixed

controls (k. = 0).

The same type of analysis could be made with any combina-

tion of deal displacement, integral, and derivative pitch con-

trol, using the basic equations derived in Section A of Appendix

K. Also, the same type of analysis could be made with any combi-

nation of actual displacement, integral, and .derivative pitch

control, using the basic equations derived in Section B of Appen-

dix K.
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Part II

SECTION IV

METHODS FOR DETERMINING DYNAMIC STABILITY COEFFICIENTS

FOR AIRCRAFT FROM STEADY-STATE FLIGHT-TEST RESPONSE

OF AIRCRAFT TO FORCED SINUSOIDAL MOTION OF CONTROLS.

APPLICATION TO A-26 AIRPLANE.

A. METHODS FOR DETERMINING DYNAMIC STABILITY COEFFICIENTS FOR AIR-

CRAFT, FROM 'STEADY-STATE FLIGHT-TEST RESPONSE OF AIRCRAFT TO

FORCED SINUSOIDAL MOTION OF CONTROL SURFACES.

Methods for determining dynamic stability coefficients for

aircraft, from steady-state flight-test response of aircraft to

forced sinusoidal motion of control surfaces, are presented in

Appendix P. Included in Appendix P is a table of contents for

the methods investigated.

Although the method shown in Section A-1 is theoretically

feasible, it is the author's opinion that it could not be used

with present-day techniques in dynamic flight testing, because

of the large inaccuracy-spread in the flight-test data.

The method shown in Section A-2 of Appendix P, neglects the

effect of change in longitudinal velocity in the equations of

motion for change in normal force and change in pitching moment.

This method is related to the circle-diagram method discussed in

Appendix T and in reference 1. It is the author's opinion that
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the circle-diagram method is very practical because it is a simple

way of determining the damping coefficient and the spring constant

for the short period component of the transient longitudinal res-

ponse of an aircraft. It also has the advantage that the values

of damping coefficient and spring constant determined from the

faired circle are dependent on all, instead of just a few, of the

flight-test points.

It is also the author's opinion that the method discussed in

Section B-1 in Appendix P is theoretically feasible, but not prac-

tical from the flight-test point of view.

The methods discussed in Sections B-3-a, B-3-b, and B-3-c in

Appendix P are based, respectively, on the equations for aircraft

response to sinusoidal motion of rudder and ailerons, derived in

sections B-3-a, B-3-b, and B-3-c, in Appendix H. The method dis-

cussed in Section B-3-a of Appendix P is based on rudder-aileron

adjustment for zero aerodynamic yaw; the method discussed in

section B-3-b is based on rudder-aileron adjustment for zero geo-

metric yaw; and the method discussed in Section B-3-c is based on

rudder-aileron adjustment for zero angle of bank. Each of these

methods should be adaptable to the circle-diagram technique dis-

cussed in Appendix T and in reference 1. It is the author's

opinion that these three methods are very practical.

B. METHODS FOR DETERMINING LONGITUDINAL DYNAMIC STABILITY COEFFICIENTS

FOR AIRCRAFT FROM STEADY-STATE FLIGHT-TEST RESPONSE OF AIRCRAFT TO
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FORCED SINUSOIDAL MOTION OF THROTTLE AND ELEVATOR.

Methods for determining longitudinal dynamic stability coef-

ficients for aircraft from steady-state flight-test response of

aircraft to forced sinusoidal motion of throttle and elevator are

presented in Sections A, B, and C in Appendix 'S.

The method presented in Section A is based on throttle-elevator

adjustment for zero change in longitudinal speed, and is therefore

essentially the same as the method discussed in Section A-2 of

Appendix P, where the effect of change in longitudinal speed was

neglected. However, this throttle-elevator method should be more

adaptable in the low frequency range than the method discussed in

Section A-2 of Appendix P.

The method presented in Section B of Appendix S is based on

throttle-elevator adjustment for zero change in angle of attack.

Reliable angle of attack meters have recently been developed, so

this method should be easily adaptable to flight-test instrumenta-

tion.

The method presented in Section C of Appendix S is based on

throttle-elevator adjustment for zero change in pitch angle. This

method is also easily adaptable to flight-test instrumentation.

In each of the three throttle-elevator methods discussed in

Appendix S, thrust measurements need not be taken unless the sta-

bility coefficients xu, xw, and xe are required. In each case the

elevator may be used as the reference forcing function. Also, the

circle diagram technique is adaptable to each of these methods. It
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is the author's opinion that the throttle-elevator methods are

very practical.

C. DETERMINATION OF DAMPING COEFFICIENT AND SPRING CONSTANT FOR

SHORT-PERIOD COMPONENT OF LONGITUDINAL MOTION OF A-26 AIRPLANE,

FROM FLIGHT-TEST DATA, USING CIRCLE DIAGRAM METHOD. COMPARISON

OF COMPUTED RESPONSE WITH FLIGHT-TEST RESPONSE, FOR A-26 AIRPLANE

The development of theory for the circle-diagram method is

presented in Section A, part 1, in Appendix TT Mr. Ira M. Ross,

Manager of the Flight-Research Department of the Cornell Aero-

nautical Research Laboratory in Buffalo, is primarily responsible

for the development of this excellent method. This method is ana-

logous to the basic methods of circuit analysis used by electrical

engineers, and it is also analogous to the methods of analysis

used by servo-mechanism engineers.

Flight-test data** for the A-26 Airplane are presented in

Figures T-1 and T-2. Figure T-3 shows the circle diagram which

was computed from the flight-test data given in Figure T-1. The

values of damping coefficient, b, and spring constant k, computed

from the theoretical stability coefficients, are as follows:

btheor. = 25.23, non-dimensional.

ktheor. = 356.18, non-dimensional.

The corresponding flight-test values are as follows:

b flight-test = 25.5, non-dimensional.

k flight-test = 345.96, non-dimensional.

* This method is also discussed in Reference 1.
**Taken from Reference 10.
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It will be noted that the comparison between theoretical and

flight-test values for b and k is very good.

A comparison of computed response with flight-test response,

for the A-26 Airplane, is shown in Figure T-2. This comparison

is also good.
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Part II

SECTION V

C 0 N C L U S I O N S

Based upon the theoretical and flight-test analyses discussed

in Sections I, II, III, and IV, in Part II, the author concludes the

following:

1. Operation Calculus is exceptionally useful for the study

of aircraft transient and steady-state response.

2. The three most practical methods of analysis for determin-

ing lateral dynamic stability coefficients are based upon

the following flight-test techniques:

a. Oscillation of rudder and ailerons, adjusted for

zero aerodynamic yaw.

b. Oscillation of rudder and ailerons, adjusted for

zero geometric yaw.

c. Oscillation of rudder and ailerons, adjusted for

zero angle of bank.

3. The three most practical methods of analysis for deter-

mining longitudinal dynamic stability coefficients are

based upon the following flight-test techniques:

a. Oscillation of throttle and elevator, adjusted for

zero change in longitudinal velocity.

b. Oscillation of throttle and elevator adjusted for

zero change in angle of attack.



c. Oscillation of throttle and elevator, adjusted for

zero change in pitch angle.

4. The circle-diagram method discussed in Section IV of Part II

is exceptionally useful for determining the dynamic response

characteristics of aircraft.

5. The author recommends the method of analysis for transient

response of aircraft discussed in Section II of Part II, and

demonstrated in Appendices M and 0. This method is very

simple, and easy to visualize physically, because the complex

plane is not used. It is not as easy to follow the physical

interpretation of each step of the analysis if Laplace Trans-

forms are used.

6. Analysis of the steady-state response of aircraft to forced

sinusoidal motion of controls provides the most practical

method for determining short-period response characteristics,

because the short-period response is always very highly (neav-

critically) damped. On the other hand, analysis of the

transient- response of aircraft to a step function imposed by

the control surfaces, provides the most practical method for

determining long-period response characteristics, because the

long-period response is always very slowly (under-critically)

damped.

7. The effect of an automatic pilot on the transient response of

an aircraft to a longitudinal step-function, can be found by

the methods described in Section III of Part II.
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8. The steady-state response of aircraft to forced sinusoidal

variation in output signal from the oscillator which drives

the control servo, when the aircraft is equipped with an auto-

matic pilot which uses ideal displacement, derivative, and

integral pitch control, can be determined by the methods

described in Section I of Part II (also see Appendix J).

9. The effect of change in longitudinal velocity may be neglected

when computing the response of conventional aircraft to forced

sinusoidal motion of elevator, especially in the high frequency

range.
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NOTATION AND CONVENTIONS

FOR

AUTOMATIC TRACKING CONTROL

OF AIRCRAFT



NO T A T I ON S AND CON V ENT IONS

REFERENCE SYSTEM:

In the analyses which follow, one set of reference axes has

been used for all components in the tracking control net-

work. The reference axes chosen were the conventional air-

craft body axes, fixed in the aircraft, which are used in

most problems in aircraft stability and control.

The line of sight is usually used as the fire-control

reference, but in this case the author felt that it would

be more convenient to solve the fire control problem by

referring all equations of motion to aircraft body axes,

since it was desirable to have only one set of reference

axes for the entire network. The controlled line (same as

the gun line for fixed gun fighters) has been assumed to

be coincident with the longitudinal axis of the aircraft,

and, in accordance with conventional practice for problems

in stability and control, the longitudinal axis of the air-

craft has been assumed to be coincident with the initial

steady state wind direction.

TYPES OF TRACKING:

1. Pure Pursuit Course.

A pure pursuit course is a course followed by an aircraft

when its gun line is pointed directly at the target. In

this case no prediction computer is required. It may be
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thought of as a "camera course", or an aerodynamic lead

pursuit course for an aircraft capable of firing a bullet

which travels at infinite speed.

2. Aerodynamic Lead Pursuit Course.

An aerodynamic lead pursuit course is a course followed

by an aircraft when its gun line leads the line of sight

by an angle equal to the correct prediction angle of the

gun line. At any point in the course the gun could be

fired, and the future position of the target and the pro-

jectile would be the same. (A prediction computer is

required)

3. Collision (or Interception) Course.

A collision (or Interception) course is a course followed

by an aircraft when its longitudinal axis leads the line

of sight by an angle equal to the prediction angle re-

quired for collosion with the target in the shortest possible

time.

Figures IX through XV demonstrate the notation and conven-

tions which are defined in the glossary of symbols. The

concept of prediction line, shown in Figure XIV, is not the

same as the concept of Tracking Line for a disturbed sight

computer. The concept of prediction line may be understood

by visualizing the line established by a prediction indica-

tor in the cockpit.
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LONGITUDINAL AXIS OF AIRCRAFT

(X)

d t
RATE OF ROLL OF AIRCRAFT ABOUT
LONGITUDINAL AXIS OF AIRCRAFT

0 C.G.OF AIRCRAFT

ANGLE OF BANK OF AIRCRAFT ABOUT
LONGITUDINAL AXIS OF AIRCRAFT

(Z)
NORMAL AXIS OF AIRCRAFT

LATERAL AXIS OF AIRCRAFT

Y) d6
d t

RATE OF PITCH OF AIRCRAFT ABOUT
LATERAL AXIS OF AIRCRAFT'

6
ANGLE OF PITCH OF AIRCRAFT ABOUT

LATERAL AXIS OF AIRCRAFT

ANGLE OF GEOMETRIC YAW OF AIRCRAFT
ABOUT NORMAL AXIS OF AIRCRAFT

R d W
d t

RATE OF GEOMETRIC YAW OF AIRCRAFT
ABOUT NORMAL AXIS OF AIRCRAFT

NOTE: ALL CONVENTIONS SHOWN
IN POSITIVE SENSE

FIGURE IX
ANGLE AND ANGULAR VELOCITY NOTATION AND

CONVENTIONS FOR AIRCRAFT
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DEFLECTION ANGLE OF
RIGHT AILERON

AAR

DEFLECTION
ANGLE OF RUDDER

R

A L
DEFLECTION ANGLE DEFLECTION ANGLE
OF LEFT AILERON OF ELEVATOR

A AR AL AE



LONGITUDINAL AXIS OF AIRCRAFT

U
INAL VELOCITY

AIRCRAFT

UALONGITUDINAL
OF AIRG RAFT 

U

CHANGE IN LONGITUDINAL
VELOCITY OF AIRCRAFT

LATERAL AXIS OF AIRCRAFT

LATERAL VELOCITY OF AIRCRAFT

C.G. OF AIRCRAFT

w
NORMAL VELOCITY

OF AIRCRAFT

(z)
NORMAL AXIS OF AIRCRAFT

NOTE: ALL CONVENTIONS SHOWN IN POSITIVE SENSE.
AIRCRAFT SHOWN IN EQUILIBRIUM POSITION.
W AND V ARE EQUAL TO ZERO.

0 0

FIGURE X
LINEAR VELOCITY NOTATION AND CONVENTIONS

FOR AIRCRAFT
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0~

~S' ~
MOMENT ABOUT

RIGHT AILERON HINGE

MAHR

( / MRH
MOMENT A
RUDDER H

MAHL MEH
MOMENT ABOUT

LEFT AILERON HINGE

MOMENT ABOUT

ELEVATOR HINGE

MAH MAHR + AHL

LONGITUDINAL AXIS OF AIRCRAFT

Tx 
(X

COMPONENT OF THRUST
ALONG LONGITUDINAL AXIS

L
ROLLING MOMENT ON AIRCRAFT

X COMPONENT OF LIFT

NET LONGITUDINAL FORCE
ON AIRCRAFT

Or AIRR AFT ALONG
NORMAL AXIS OF

AIRCRAFT

z
NET NORMAL FORCE

ON AIRCRAFT

LATERAL AXIS OF AIRCRAFT

(y)
m

PITCHING MOMENT
ON AIRCRAFT

.C.G. OF AIRCRAFT

NET LATERAL FORCE
ON AIRCRAFT

WA Al
WEIGHT OF AIRCRAFT

N

COMPONENT OF DRAG OF
RCRAFT ALONG LONGITUDINAL

AXIS OF AIRCRAFT

YAWING MOMENT ON AIRCRAFT

(Z)
NORMAL AXIS OF AIRCRAFT

NOTE: ALL CONVENTIONS SHOWN IN POSITIVE SENSE.
AIRCRAFT IS SHOWN IN EQUILIBRIUM POSITION.

FIGURE XI
MOMENT AND FORCE NOTATION AND CONVENTIONS

FOR AIRCRAFT
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MOMENT ABOUT ELEVATOR HINGE
CAUSED BY CABLE FORCE

MEHC

NET MOMENT ABOUT
ELEVATOR HINGE

MEH

ANGLE OF

6

REFERENCE
FIXED IN
AIRCRAFT

ELEVATOR

M C
NET MOMENT ABOUT

ELEVATOR SERVO
AXIS

MSAEC
MOMENT ABOUT ELEVATOR
SERVO AXIS CAUSED BY

CABLE FORCE

ELEVATOR-SERVO SYSTEM

MOMENT ABOUT RUDDER NET MOMENT ABOUT
SERVO AXIS CAUSED BY RUDDER HINGE

CABLE FORCE MRH
MSARC

NET MOMENT ABOUT EFFECTIVE MOMENT OF MOMENT ABOUT RUDDER HINGE
RUDDER SERVO AXIS MOTOR ABOUT RUDDER CAUSED BY CABLE FORCE

MSAR SERVO AXIS ARHX
ASAEM

CABLE
RUDDER SERVO DRUM

REFERENCE
FIXED IN
AIRCRAFT

POSI TION

- - R
DEFLECTION ANGLE

RUDDER SERVO OF RUDDER

RUDDER
49SA RUDDER SERVO AXIS

ANGLE OF RUDDER SERVO RUDDER HINGE

RUDDER SERVO SYSTEM

NOTE: ALL CONVENTIONS SHOWN
IN POSITIVE SENSE FIGURE XII

SCHEMATIC SKETCHES OF ELEVATOR-SERVO
RUDDER- SERVO SYSTEMS

AND
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ELEVATOR SERVO DRUM

CABLE

ELEVATOR SERVO
DEFLECTION ANGLE

OF ELEVATOR

TRIM
PO SItTI ON

ELEVATOR HINGE

ERVO AXIS MSAEM
EFFECTIVE MOMENT OF ELEVATOR
MOTOR ABOUT ELEVATOR

SERVO AXIS

ELEVATOR SERVO

SAE



EFFECT
MOTOR

S

MOMENT ABOUT AILERON
SERVO AXIS CAUSED BY

CABLE FORCE

M54 AmS AAC

NET MOMENT ABOUT
AILERON SERVO AXIS

SAA

MOMENT ABOUT RIGHT
AILERON HINGE CAUSED

BY CABLE FORCE

NET MOMENT ABOUT
RIGHT AILERON HI.NGE

MAHR

REFERENCE FIXED
IN AIRCRAFT

AILE

6 SAA
AILERON SERVO

ANGLE

IVE MOMENT OF
ABOUT AILERON
ERVO AXIS

MSAAM

CABLE

/

c
RO
DR

N SERVO
iM

AILERON SERVO
AXIS

AILERON SERVO

NOTE! ALL CONVENTIONS SHOWN
IN POSITIVE SENSE

AHRC

TRIM
POSITION

I

I
c

AR
DEFLECTION ANGLE
OF RIGHT AILERON

RIGHT AILERON
HINGE AXIS

RIGHT AILERON

LEFT AILERON
LEFT AILERON

HINGE AXIS

4 TRIM

DEFLECTION ANGLE
OF LEFT AILERON

AAL

POSITION

CABLE

MAHRC
/AL

NET MOMENT ABOUT
LEFT AILERON HINGE

MOMENT ABOUT LEFT
AILERON HINGE

CAUSED BY CABLE
FORCE

FIGURE XIII
SCHEMATIC SKETCH OF AILERON-SERVO SYSTEM
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F = AR +PC
FORCING FUNCTION INPUT TO SERVO SYSTEM

F=A C A L+- U~ 'R

NOTE: ALL CONVENTIONS SHOWN IN POSITIVE SENSE.
(PGL)CORR C

FIGURE XIV
TRACKING NOTATION AND CONVENTIONS FOR AUTOMATIC TRACKING CONTROL OF AIRCRAFT

(TIGHT LOOP SYSTEM)

0

- - - - - - - - - - - - -

=A R+(C)AR + C CORR
=AR 1(C)A R +C+C)P CORRECT LEA'D ANGLE

R R C CL CORR TARGET FLIGHT PATH

(C) F = F CORRECC F I ORR IFPROJECTILE 
TRAJECTORY VI O

= (C) AR C CORRECTION CORRECTION OF
OF RADAR ANGLE TRACKING LINE CORRECTION

R LS R = (C)TL JUMP CORRECTION FUTURE POSITION
CORRECT PREDICTION OF TARGET AND

ANGLE FOR THE GUN LINE PROJECTILE
(PGL) CORR -- E

CORRECT FORCING FUNCTION JUMP - G

INPUT TO SERVO SYSTE M -T

CORR G4

-- TARGET

TRACKING AIRCRAFT

CORRECT PREDICTION LINE

A LS
ANGLE OF THE LINE OF SIGHT (C)C RR

CORRECT COMPUTER (L'NE PREDICTED By
PREDICTION ANGLE GOMPUTER)

(pC)CORR (PGL) CORR (C) PC oNTA R CORRECTION OF COMPUTER CoNT-r UDNAL S OF IRADAR ANGLE P PREDICTION ANGLE LLED . F ' "CRAFr
COMPUTER PREDICTION ANGLE (C)G PC CCORR CE ()
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Because of lack of radar calibration data, perfect

radar tracking has been assumed. This means that

(C)AR 0, and AR ALS. Thus, in the figures

which follow, no distinction has been made between

ALS and AR, and the symbol AR has been used for

both symbols.



T

TRACKING

NORMAL VELOCI
TRACKING AIR

ARE 
TARGET VELOCITY

ARGET RANGE

RT T

LINE OF SIGHT

TARGET

AIRCRAFT

HORIZONTAL

u ELS
LONGITUDINAL VELOCITY ELEVATION ANGLE
OF TRACKING AIRCRAFT OF LINE OF SIGHT

6
PITCH ANGLE OF

TRACKING AIRCRAFT

ELEVATION TRACKING

LONGITUDINAL VELOCITY
OF TRACKING AIRCRAFT

DEFLECTION ANGLE
OF LINE OF SIGHT

TRACKING AIRCRAFT LS

GEOMETRIC YAW ANGLE
OF TRACKING AIRCRAFT

/ REFERENCE
HEADING

LINE OF SIGHT

'ARD 
. TARGET

DEFLECTION COMPONENT
OF RADAR ANGLE

LATERAL VELOCITY OF RT T
TRACKING AIRCRAFT TARGET RANGE TARGET VELOCITY

DEFLECTION TRACKING

NOTE: ALL CONVENTIONS SHOWN
IN POSITIVE SENSE

FIGURE XV
TRACKING NOTATION AND CONVENTIONS FOR AIRCRAFT
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In general, the notation and conventions used in this thesis are

those used in the field of aircraft stability and control. Upper

case letters are used for dimensional terms, and lower case letters

are used for non-dimensional terms, except where standardized nota-

tion takes preference. A bar over a symbol indicates that the symbol

is complex.

I. ENGLISH SYMBOLS

A . .

ACSE

ACSD

AR, ar

ARE (o

ALS,

(o

aa

. .......Angle, also stands for Aircraft or aileron
if used as a subscript.

.- '...Angle about shaft of elevation computer,
measured from reference position.

' ...... Angle about shaft of deflection computer,
measured from reference position.

' .......Angle of radar, measured from longitudi-
nal axis of aircraft to tracking line

=AR, r TAXR, etc).

r ARD) . . . . . . Elevation (or deflection) component of AR-

ls . . . . . . . . Angle of Line of sight, measured from lon-
gitudinal axis of aircraft to line of
sight, When (C)AR is zero (perfect
radar), ALS = AR.

r ard) . . . . . . Elevation (or deflection) component of ar'

........ Linear acceleration of aircraft.

ar ........ Displacement control amplification factors,
for elevator-, aileron-, and rudder-servo
systems, respectively.

, A9 , AV, A, and Ao are defined by expressions in the appendices,
and are used only for mathematical con-

venience.

etc. .... Coefficients in characteristic equations.
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are

a .

ae,

1 , . , , ,

-4

Au, A0

a a



be, ba, br

Span of wing of Aircraft., (In Appendix H,
Section A-2, the symbolbis also used for
the nondimensional damping coefficient
for the short period motion of the air-
craft because this is consistent with the
established notation in dynamic flight-
testing (reference 1). However, the
symbol C is used for damping coefficient
in all other sections of this thesis.)

.Derivative control amplification factors,
for elevator-, aileron-, and rudder-servo
systems, respectively.

bi, b2, b3, etc.

BHP . .

. . . . Coefficients in characteristic equations.

. .. . . . . . Brake horsepower.

Bu> Ew, B0, Bv, B, and B0 are defined by expressions in the appendices,
and are used only for mathematical conven-
ience.

C . . . . . . . . . . . . Curvature correction angle.

CL . .. . - . . . . . Coefficient of lift for aircraft.

C . . . . . . . . . . . Coefficient of lift for horizontal tail of
aircraft.

C" . ........... Coefficient of lift for vertical tail of
L aircraft.

CL. ..--.--...... . Initial value of CL-

C1, C2, C3 , C4 ,

CD . . . .
Pmin

C5, C6, etc., are defined by expressions in the appen-
dices, and are used only for mathematical
convenience.

Coefficient of parasite drag for aircraft,
at angle of attack for zero lift.

c . ..*. . . .. .. . . Chord of wing of Aircraft.

ce, ca, cr

CD . . .

Integral control amplification factors, for
elevator-, aileron-, and rudder-servo
systems, respectively.

Coefficient of drag for aircraft.
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Cm . . . . ... .. . . . Coefficient of pitching moment for aircraft.

C1  . . . . . . . . . . . Coefficient of rolling moment for aircraft.

Cn . . . . . . . . . . Coefficient of yawing moment for aircraft.

CX ........... Coefficient of force along longitudinal
axis of aircraft.

Cy . . . . . . .Coefficient of force along lateral axis of
aircraft.

CZ .......-... . . . Coefficient of force along normal axis of
aircraft.

CD. .....--.... ... Initial value of CD-

Cu, Cw, C 9, CV, C, and Co are defined by expressions in the appen-
dices, and are used only for mathemati-
cal convenience.

CL.. ..... . . .. Controlled Line, assumed to be along lon-
gitudinal axis of aircraft for work in
this thesis.

CEAHL . ..Chord of elevator aft of hinge line.

CRAHL . . . ....... Chord of rudder aft of hinge line.

CAAHL - - o......... . Chord of aileron aft of hinge line.

CRH . . . . . . .-. . Hinge moment coefficient for rudder.

CEH . . . Hinge moment coefficient for elevator.

CAH - ...... Hinge moment coefficient for aileron.

cA . . . -.-..... ....-.Chord of ailerons.

CCSE . . . . .---...Damping coefficient about shaft of eleva-
tion computer.

CCSD . . -. -.. -.-.-.-.Damping coefficient about shaft of deflec-
tion computer.

(CEH) ................. Effective damping coefficient of elevator-
EFF servo system about elevator hinge.
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(CRH) E

(CAH

(CSAE)

(CSAR)

(CSAA)

(C) AR

D.

d.

d2

........Dimensional operator, dt2 .

........ Nondimensional operator, .
dy

......... Nondimensional operator for elevation
computer, 2 TCSED.

.... .... Nondimensional operator for deflection
computer, = TCSDD.

d
. . .. Nondimensional flight O'perator,= TAF0D, = dyf'

.. '.....Deflection angle of line of sight, measured
from reference azimuth heading to line of
sight, in top horizontal view.

..... ... Drag of Aircraft.

Du, DW, Do, Dv, Db and Dk

DX, dx . . . . . . . . .

are defined by expressions in the appendices,
and are used only for mathematical con-
venience.

Component of Drag of Aircraft along longi-
tudinal axis of aircraft.

dj, d2, d3, d4, d5 , etc., represent roots to charactertistic equations.
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D2

d2

dce

dcd

DLS

D .

F - -........... Effective damping coefficient of rudder-
servo system about rudder hinge.

........ Effective damping coefficient of aileron-
FF servo system about aileron hinges.

EF.- * . . . ..Effective damping coefficient of elevator
servo, about elevator servo axis.

EFF.. .. . . .. .. Effective damping coefficient of rudder
servo, about rudder servo axis.

EFF * - * *. .. .Effective damping coefficient of aileron
servo, about aileron servo axis.

.... . .. Correction of Radar Angle.

d
... ... .. ...Dimensional operator, dt.

d
. ........ Nondimensional operator, . Also means

"differential of".

2



e . . . . . . . . . .n

Eu, Ew, E0, Ev, E. and E.

F . . .

F..

FE, fe

FD - d

FE

D

fe

d

FD

D

fd

fm

Elevation Angle of line of sight, measured
from horizontal to line of sight, in
elevation view.

Oswald's efficiency factor, Also base of
natural logarithums.

are defined by expressions in the appendices,
and are used only for mathematical con-
venience.

... ..... stands for "function of". Also stands for
tracking error angle, which is the forcing
function input to aircraft servo controls.

...-..... Correct value of F.

. . . ...... Elevation component of F.

. ....... Deflection component of F.

= JFEdt.

= ffedy.

. .......= fFDdt.

...... = -Ifddy.

= mechanism f-number.

FUJ Fw F6, FvP Fq and F0,

GL . . . . . . . . . . .

are defined by expressions in the appendices,
and are used only for mathematical con-
venience.

Gun Line, line established by longitudinal
axis of gun barrel,

g . . . . . . . . . . . . Acceleration of gravity.

Gi, G2, Gu, Gw, Go, Gv, Gg and G are defined by expressions in the
appendices, and are used only for mathema-
tical convenience.
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H , H2 , Hu, Hw, He, Hv, H, 0

Ix .

Iy .

Iz -

and HO are defined by expressions in the
appendices, and are used only for mathema-
tical convenience.

. . . . . . . . . . .Moment of inertia of aircraft about longi-
tudinal axis of aircraft.

. Moment of inertia of aircraft about lateral
axis of aircraft.

. - . .- . . Moment of inertia of aircraft about normal
axis of aircraft.

Moment of inertia of elevator about elevator
hinge.

IRH - .

IAHR * - o

IAHL * - -

IAH * - -

(IAH) EF *

. . . . . . Effective moment of inertia of elevator-servo
system about elevator hinge.

Moment of inertia of rudder about rudder
hinge.

Effective moment of inertia of rudder-servo
system about rudder hinge.

Moment of inertia of right aileron about
right aileron hinge.

Moment of inertia of left aileron about left
aileron hinge.

IAHR + IAHL-

. . . Effective moment of inertia of aileron-servo
system referred to aileron hinges.

Effective moment of inertia of elevator
servo about elevator servo axis.

Effective moment of inertia of rudder servo
about rudder servo axis.

(ISAR)
EFF
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HGE - ... ...... Angular momentum of rotor of elevation gyro,
measured about spin axis of elevation
gyro.

HGD . . . . . . -. -.-.Angular momentum of rotor of deflection
gyro, measured about spin axis of elevation
gyro.



(KEH) EFF . ..... Effective stiffness coefficient of the
elevator-servo system about the elevator
hinge.
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(ISAA. ... . ..... Effective moment of inertia of aileron
EFF servo about aileron servo axis.

(ICSE '..... ' . . . . Effective moment of inertia of rotating
EFF system of elevation computer, about

elevation computer shaft.

(ICSD) ... * ...... Effective moment of inertia of rotating
EFF system of deflection computer, about

deflection computer shaft.

IGD . . . . . . . . . . Inclination of output axis of deflection
gyro.

IAS . . . . . . . . . . . Indicated airspeed.

IAS . Initial or reference value of IAS.

I . . . . . . . . . . . . Imaginary part of.

Iu' Iw' 'o, IV' I. and Ip are defined by expressions in the appen-
dices, and are used only for mathema-
tical convenience.

J . . . . . . . . . . . . Jump Angle.

-J . . . . . . . . . . . Jump correction Angle.

J , J2..... .. , Ju' Jw' ' Jv' J0 and JO are defined by expressions in

the appendices, and are used only for
mathematical convenience.

k . . . . . . . ... . . . Nondimensional stiffness coefficient for the

short period motion of the aircraft.

KSAE . . . .. ... Stiffness coefficient of the elevator servo
about the elevator servo axis.

KSAR . . . . . . . . . . Stiffness coefficient of the rudder servo
about the rudder servo axis.

K * .*... ' .. Stiffness coefficient of the aileron servo
about the aileron servo axis.



(KRH) ---........... .Effective stiffness coefficient of the
rudder-servo system about the rudder
hinge.

(KAH)... - --.. . .. Effective stiffness coefficient of the
EF' aileron-servo system about the aileron

hinges.

KCSE . . . o . . . . . .Stiffness coefficient of rotating system
of elevation computer, about computer
shaft of elevation computer.

KCSD o . . . . . . . . .Stiffness coefficient of rotating system
of deflection computer, about computer
shaft of deflection computer.

E E e
kq.. .... . ..... TA- ) derivative pitch control
q TA _aQ

amplification factor in automatic pilot.

MAE 8e
k ....... , displacement pitch control

amplification factor in automatic pilot.

MAE Use
k . . .  . =A, integral pitch control

-6f 0dt f edy

amplification factor in automatic pilot.

k , k2, ku, kw, k9 , kv, ko and ko are defined by expressions in the
appendices, and are used only for mathe-
matical convenience.

L . . . . . . . . . . . . Lead angle. Also stands for net rolling
moment on aircraft, about longitudinal
axis of aircraft. Also used for lift of
aircraft. Also used for function defined
by Equation 11 in Appendix P.

LCORR ... . ........ Correct lead angle.

1 ............ Rolling moment stability coefficient for
aircraft, about longitudinal axis of
aircraft.

LZ, lz o -.......... Component of lift of aircraft along normal
axis of aircraft.

L. . .... . . . . .. Initial value of L.
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LACSE *. .. .. . . ..

AL . . . . . . . . . .

LA(first symbol)(second

LAU, lu * . * a ' .... (Change in longitudinal speed - change in
rolling moment) stability coefficient
for aircraft.

LAy, lv . .a. . ... .. (Change in lateral velocity - change in
rolling moment) stability coefficient for
aircraft.

LR> ,r ... .. .. .. (Change in rate of yaw - change in rolling
moment) stability coefficient for aircraft.

Lp, 1. .. .. .. . .. . (Change in rate of roll - change in rolling
moment) stability coefficient for aircraft.

LA, 1 . . . . . . . (Change in aileron angle - change in rolling
A a moment) stability coefficient for aircraft.

Lj, L2, L3, Lu, L,, Lo, etc. are defined by expressions in the appen-
dices, and are used only for mathematical
convenience.

LSO . .  . . . . . . . . . Present line of sight.

M . . . . . . . . . . . .Net Pitching moment on aircraft, about lateral
axis of aircraft.

m . . . . . . . . . . . .Pitching moment stability coefficient for
aircraft, about lateral axis of aircraft.
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. Change in rolling moment on aircraft about
longitudinal axis of aircraft. Also used
for change in lift of aircraft.

symbol)
Lead angle between the quantity represented

by the (first symbol) and the quantity
represented by the (second symbol).

. Distance from gyro axis of elevation computer
to center of gravity of suspended accelero-
meter mass.

. Effective distance from computer shaft of
elevation computer to center of gravity of
suspended accelerometer mass,

- "MCSE
= LAGE I GE



(Change in normal velocity - change in
Pitching moment) stability coefficient
for aircraft. Can also be thought of as
(change in angle of attack - change in
pitching moment) stability coefficient
for aircraft.

(Lag of wing downwash - change in pitching
moment) stability coefficient for aircraft.

(Change in rate of pitch - change in pitch-
ing moment) stability coefficient for
aircraft, caused by aerodynamic damping.

(Change in elevator angle - change in
pitching moment) stability coefficient
for aircraft.

(Change in pitch angle - change in pitching
moment) stability coefficient for air-
craft, caused by ideal displacement pitch
control in automatic pilot.

(Change in rate of pitch - change in pitch-
ing moment) stability coefficient for
aircraft, caused by ideal derivative pitch
control in automatic pilot.

of
(Change in integralgpitch angle - change in

pitching moment) stability coefficient
for aircraft, caused by ideal integral
pitch control in automatic pilot.

(Change in rate of change of elevator angle
- change in pitching moment) stability
coefficient for aircraft.

MEH . . . * * * * '.. . Net moment about elevator hinge.
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AM.

Mo

MA '

MAW, mw

MAW, %

MQ, mq

MAE, mS

Me, mO .

MQC, mqc

MD d

.... .... Pitching moment on aircraft about lateral
axis of aircraft, caused by horizontal
tail.

...... ..Change in M.

. . ........ Initial value of M.

' ..... Mass of aircraft.

mu .... . . . .. (Change in longitudinal velocity - change
in pitching moment) stability coefficient
for aircraft.



.Elevator hinge moment stability coefficient
for elevator-servo system.

.. . . . . Initial value of MEH.

eh

MEH 
-

MEHC . . .

MEHA) meh'

MEHA , meh
E e

MEH', meh'

MEHAW meh-

MEHAU., I 1eh,

MEHQ, mehq

MEHc mehqc

MEH 0, mehe

D d
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I

.Moment about elevator hinge caused by cable
force.

.(Change in elevator angle - change in ele-
vator hinge moment) stability coefficient
for elevator-servo system.

.(Change in rate of change of elevator angle -
change in elevator hinge moment) stability
coefficient for elevator-servo system.

.(Change in pitch angle - change in elevator
hinge moment) stability coefficient for
elevator-servo system, caused by dis-
placement pitch control in automatic pilot.

..(Change in normal velocity - change in ele-
vator hinge moment) stability coefficient
for elevator-servo system.

.(Lag of wing downwash - change in elevator
hinge moment) stability coefficient for
elevator-servo system.

.(Change in longitudinal velocity - change
in elevator hinge moment) stability coef-
ficient for elevator-servo system.

..a (Change in rate of pitch - change in elevator
hinge moment) stability coefficient for
elevator-servo system, caused by aerody-

namic damping.

.(Change in rate of pitch-change in elevator
hinge moment) stability coefficient for
elevator-servo system, caused by derivative

pitch control in automatic pilot.

.(Change in integral of pitch angle - change
in elevator hinge moment) stability co-
efficient for elevator-servo system,
caused by integral pitch control in auto-
matic pilot.

.

-



MEH >E

D

MSAE

M4SAEO

MSAEC

MSAEM

MCSE .

mce

Mcew

(Change in elevation component of track-
ing error angle - change in elevator
hinge moment) stability coefficient
for elevator-servo system.

(Change in rate of change of elevation
component of tracking error angle -
change in elevator hinge moment) sta-
bility coefficient for elevator-servo
system.

(Change in integral of elevation component
of tracking error angle - change in
elevator hinge moment) stability coeffi-
cient for elevator-servo system.

mehf e

d

Net moment about servo axis of elevator
servo.

Initial value of MSAE.

Moment about servo axis of elevator servo,

caused by cable force.

. . . . . *. . Effective moment of motor about servo
axis of elevator servo, caused by change,
rate of change, integral, etc., of ele-
vation component of tracking error angle.

. . . . . . . .Mass of accelerometer in elevation computer.

* * * . . . . . .Moment about computer shaft of elevation

computer.

.. . Moment about gyro axis of elevation com-

puter, caused by suspended accelerometer
mass.

Prediction moment stability coefficient for

elevation computer.

(Change in normal velocity - change in pre-
diction moment) stability coefficient for

elevation computer. Can also be thought

of as (change in angle of attack - change
in prediction moment) stability coeffi-

cient for elevation computer.
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MEH , mehf e . . . .

MEH p > meh . . . . . .



mce.. .... .. . . . . . . (Change, in rate of change of normal vel-
ocity - change in prediction moment)
stability coefficient for elevation
computer.

mee, * & * . . .. . . . (Change in pitch angle - change in pre-
diction moment) stability coefficient
for elevation computer.

mce * * * * * * * * * ' * (Change in rate of pitch - change in pre-
diction moment) stability coefficient
for elevation computer.

MRH . . . . . . . . . . . Net moment about rudder hinge.

mrh . . . . . . . . . . . Rudder hinge moment stability coefficient
for rudder-servo system.

......... Initial value of MRH-

MRHC . . . . . . . . . . Moment about rudder hinge caused by cable
force.

MRH AR mrhS

MRHR mrh
R 'r

RAV, mrhv

MRHAU, rhu

MU u 

MFR mrh*

MRHF m rh fd

.(Change in rudder angle - change in rudder
hinge moment) stability coefficient for
rudder-servo system.

.(Change in rate of change of rudder angle
- change in rudder hinge moment) stability
coefficient for rudder-servo system.,

.(Change in lateral velocity -change in
rudder hinge moment) stability coefficient
for rudder-servo system. Can also be
thought of as (change in aerodynamic yaw -
change in rudder hinge moment) stability
coefficient for rudder-servo system.

.. (Change in longitudinal velocity - change in
rudder hinge-moment) stability coefficient
for rudder-servo system.

.. (Change in rate of yaw - change in rudder
hinge moment) stability coefficient for
rudder-servo system.

.(Change in deflection component of tracking
error angle - change in rudder hinge
moment) stability coefficient for rudder-
servo system.
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MR , mrht .. . . . . . (Change in rate of change of deflection
component of tracking error angle -
change in rudder hinge moment) stability
coefficient for rudder-servo system.

MRHF , mrh . . . . ..(Change in integral of deflection compo-
D d nent of tracking error angle - change in
D d rudder hinge moment) stability coeffi-

cient for rudder-servo system.

MSAR . . . - . . . . . . Net moment about servo axis of rudder servo.

MSAR. ................. Initial value of MsAR

MSARC . . . . . . . . Moment about servo axis of rudder servo,
caused by cable force.

MSARM . . . . . . . . . Effective moment of motor about servo axis
of rudder servo, caused by change, rate
of change, integral, etc., of deflection
component of tracking error angle.

MCSD . . . . . . . . . . Moment about computer shaft of deflection
computer.

mcd -.-......-.-..... Prediction moment stability coefficient of
deflection computer.

mcd. . ........ (Change in rate of yaw - change in predic-
tion moment) stability coefficient for
deflection computer.

mcd ... ........ (Change in rate of roll - change in predic-
P tion moment) stability coefficient for

deflection computer.

Mcdv ............'.....(Change in lateral velocity - change in
prediction moment) stability coefficient
for deflection computer. Can also be
thought of as (change in aerodynamic yaw
- change in prediction moment) stability
coefficient for deflection computer.

MAHR .*. .. .. .. .. Net moment about right aileron hinge.

MAHR - - . .. Initial value of MAHR.

MAAHL . . . . . . . . Net moment about left aileron hinge.
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= M R + MHL-

MAHO --- Initial value of MAH.

mahr . . . . . . . . . Right aileron hinge moment stability
coefficient for aileron-servo system.

mahl . . . . . . . . . . Left aileron hinge moment stability
coefficient for aileron-servo system.

= mahr + mahl-

MAHRC

MAHLC '

. ..... Moment about right aileron hinge caused
by cable force.

..-...Moment about left aileron hinge caused
by cable force.

S. . . .. . . *. = MAHRC + MAHLC-

MAHA mah. .. .. . .. (Change in aileron angle - change in
A Sa aileron hinge moment) stability coef-

ficient for aileron-servo system.

MAH' Mah. a. . *. .. . (Change in rate of change of aileron angle
AA a - change in aileron hinge moment) stabi-

lity coefficient for aileron-servo system.

MAHp, mah . ...... (Change in rate of roll - change in aileron
p hinge moment) stability coefficient for

aileron-servo-system.

MAHgF mahf - . . .

DMEd

M AHPD,
D

MA~g>

a d

'd
d

(Change in deflection component of tracking
error angle - change in aileron hinge
moment) stability coefficient for aileron-
servo system.

(Change in rate of change of deflection
component of tracking error angle - change
in aileron hinge moment) stability co-
efficient for aileron-servo system.

(Change in integral of deflection component
of tracking error angle - change in
aileron hinge moment) stability coeffi-
cient for aileron-servo system.
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0 0 0 * - a - - . Initial value of MAHL-MAHLe -

MAH - -



. . . . Initial value of MSAA

.... ..... Moment about servo axis of aileron servo,
caused by cable force.

MSAAM-.....-

Mu, M, Mo, etc.

Effective moment of motor about servo
axis of aileron servo, caused by change,
rate of change, integral, etc., of
deflection component of tracking error
angle.

are defined by expressions in the appen-
dices, and are used only for mathema-
tical convenience.

N . . . . . . . . . . . . Net yawing moment on aircraft, about normal
axis of aircraft.

No 0.  . . . . . . . . . .  Initial value of N.

AN . . . . . . . . . . . Change in N.

n . . . . . . . . . . . . Yawing moment stability coefficient about
normal axis of aircraf t. (also see necx rge)

N". .. ........ Yawing moment on aircraft about normal axis
of aircraft, caused by vertical tail.

NAU, nu ... ...... (Change in longitudinal velocity - change
in yawing moment) stability coefficient
for aircraft.

NAV, v . . . . . .n . .

NR, nr . . . . . . . . .

Np, n . . . . . . . . .

(Change in lateral velocity - change in
yawing moment) stability coefficient for
aircraft. Can also be thought of as (change
in aerodynamic yaw - change in yawing
moment) stability coefficient for aircraft.

(Change in rate of yaw - change in yawing
moment) stability coefficient for air-
craft.

(Change in rate of roll - change in yawing
moment) stability coefficient for aircraft.
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MSAA

MSAA
SA0

MSAAC - -

- - . Net moment about servo axis of aileron
servo.



. . ....... Number of g's acceleration of aircraft along
normal axis of aircraft, positive downward.

. .........Number of g's acceleration of aircraft along
normal axis of aircraft, positive upward,
(measured by normal accelerometer, just

180 degrees out of phase with nz).

. . ........ Number of g's acceleration of aircraft along
lateral axis of aircraft, positive to the
right.

.. . . ..Number of g's acceleration of aircraft along
longitudinal axis of aircraft, positive
forward.

Nu, Nw, No, etc.

Ou0, 08, etc.

P, p

Po .

AP . . .

PC . . .*

(PC CORR

(C)PC - .

PCE, Pce -

PCDY Ped *

(PGL)CORR -

. . . . are defined by expressions in the appendices,
and are used only for mathematical con-

venience.

. . . . are defined by expressions in the appendices,
and are used only for mathematical con-
venience.

.Rate of roll of aircraft about longitudinal
axis of aircraft.

.Initial value of P.

... . . . Change in P.

.. Computer prediction angle.

.. Correct value of PC.

.. Correction in PC.

.Prediction angle of elevation computer.

.Prediction angle of deflection computer.

.Correct prediction angle for the gun line.

Pi, P2-.-. . u' Pw' Pe, etc., are defined by expressions in the appen-

dices, and are used only for mathematical

convenience.
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nz

n.

n .

. (Change in rudder angle - change in yawing
moment) stability coefficient for air-
craft.

N,6R, ng s



PBAR

Q, q

Qo .

AQ

QSAE

QSAR

QSAA

Q, Q

SE.. - ... ........ Area of elevator.
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. Barametric pressure.

.......... Rate of pitch of aircraft about lateral
axis of aircraft.

..........Initial value of Q.

.......... Change in Q.

- . ......Rate of change of angle of elevator
servo about elevator servo axis.

..........Rate of change of angle of rudder servo
about rudder servo axis.

..........Rate of change of angle of aileron servo
about aileron servo axis.

2, etc. . . . . . . . are defined by expressions in the appen-
dices, and are used only for mathema-
tical convenience.

.... ...... Rate of yaw of aircraft about normal axis
of aircraft. Also used for aspect
ratio of aircraft.

...... ... Initial value of R.

......... Change in R.

........... Radar Line (same as Tracking Line when
radar is doing the tracking).

t .............. Range of target.

rt. ........ -. .. Initial value of range of target, (present
range).

2' r3 , r4 . ..  . Radii of movable parts in aileron control
system.

.........Wing area of aircraft.

.........Horizontal tail area of aircraft.

. ........ Vertical tail area of aircraft.

R, r

Re .

AR.

RL.

RT, r

RTO

I, r

S . .

S'.

S"



SR . . . . . . . . . Area of rudder.

SA.. .. .. .... ..Area of ailerons, both.

SEAHL ....... '... . Area of elevator aft of hinge line.

SRAHL .... .. . .. Area of rudder aft of hinge line.

S.AAHL . . . . . . . . Area of ailerons aft of hinge line, both
ailerons.

Sp(aP). .. .. . .. .. (Linear acceleration - prediction angle)
e sensitivity of the elevation prediction

system.

Sp(wp). ..... ... . .. (Angular velocity - prediction angle)
e sensitivity of the elevation prediction

system.

Sp(wp) . . .*. .. . . (Angular velocity - prediction angle)
sensitivity of the deflection prediction
system.

S....p. . .. . . . . (Change in normal velocity-prediction
p( e angle) sensitivity of the elevation

prediction system.

(Sg)......... .. Signal.

(Sg)A , .... '... .. Aircraft Signal

(Sg)v . . . . . . . . . Aerodynamic Yaw Angle Signal.

(Sg)ny .. .. .. . . . Lateral acceleration signal.

(Sg)AR . . . . . . .. . Radar angle signal.

(Sg)ARD ... . . . .. Signal of deflection component of radar

angle.

(Sg)AE . . . . . . . . Signal of elevation component of radar
angle.

(Sg)Rs . . . . .  .  . . Range setting signal.

(Sg)PC . . . . . . . .  .. Computer prediction angle signal.

(Sg)PCD .. .... .. Signal of deflection component of predic-
tion angle of computer.
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(Sg)(IAS - IASO)

(Sg)(RAD) . . . .

(Sg)[(C)TL] . . .

(Sg) 1 (RS) . . . .

(Sg) 1 (ASU)

Sp(Avy.p) . . ..S(VPd *

Sp(w-P)e a.

Sp(v-P)d

(SN)e ..... . .

(Change in indicated airspeed) signal.

Radar Signal.

. . . . Tracking line correction signal.

Radar servo input signal.

..Input signal to aircraft servo units.

(Change in lateral velocity - prediction
angle) sensitivity of the deflection
prediction system.

S. (Change in angle of attack - prediction
angle) sensitivity of the elevation
prediction system.

. . . . (Change in aerodynamic yaw - prediction

angle) sensitivity of the deflection
prediction system.

. . . . Stability number of the elevation computer.

(SN)d .. '......... Stability number of the deflection computer.

t . . . . . . . . . . . . time.

TS * . . . . . . . . . . Characteristic time of automatic tracking
control system.

Initial time of flight of aircraft, equal
to initial target range divided by
initial speed of aircraft.
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(Sg)PCE

(Sg)F .

(Sg)FD

(Sg)FE

(Sg)a .

(Sg)nz

TAF 0 6 6 . . . . . . .

~-1

Signal of elevation component of prediction
angle of computer.

......... Forcing function input signal for aircraft
servo units. (tracking error angle signal)

......... Signal of deflection component of forcing
function input to aircraft servo-units.
(deflection tracking error angle signal).

..... .... Signal of elevation component of forcing
function input to airctaft servo units.
(elevation tracking error angle signal)

. ......... Angle of attack signal.

..... ..... Normal acceleration signal.



TA

TCSE

TCSD

T . . .

T.

TX, tx

TL

(TQ)AS

(TQ)RS

U . . .

U0, U0

AU, u

UT

UT

ud., u2 ,

93

...... .... Characteristic time of aircraft.

... ......Characteristic time of elevation computer.
(CS stands for computer shaft.)

.... ...... Characteristic time of deflection computer.
(CS stands for computer shaft.)

.... ..... Thrust on aircraft.

. ..........Initial value of T.

..........Component of thrust on aircraft along
longitudinal axis of aircraft.

..........Tracking line.

. ..........Aircraft Servo torque, or torques.

.... ..... Radar servo torque.

. ......... Longitudinal velocity of aircraft.

. ..........Initial value of U, u.

.... ..... Change in longitudinal velocity of aircraft.

..... .... Velocity of target.

.. ....... Initial value of UT.

u3, u4  . . . . . Starting values for components of uo, used
in transient analyses.

.... ..... Lateral velocity of aircraft.

. ..........Initial value of V, v.

..... .. . Change in lateral velocity of aircraft.

v3, v4, V5  . . . Starting values for components of v0 ,
used in transient analyses.

. . ... .. . . . Normal velocity of aircraft.

. . . .. - - . -Initial value of W, w.

. . .. . .. . .Change in normal velocity of aircraft.

V . . .

VO', ve

AV, v

vi , v2 '

w . . .

AW, w



WA .

wI., W2, W3 , W4

X . . . . . . .
X0

AX0

XAU, xu . . . .

XAW, xW .

.Weight of aircraft.

.Starting values for components of wo, used
in transient analyses.

.. Net longitudinal force on aircraft.

.. Initial value of X.

.. Change in X.

.. Distance along longitudinal axis of aircraft,
positive forward.

.. (Change in longitudinal velocity - change in
longitudinal force) stability coefficient
for aircraft.

.. (Change in normal velocity - change in lon-
gitudinal force) stability coefficient for
aircraft. Can also be thought of as (change
in angle of attack - change in longitudinal
force) stability coefficient for aircraft.

X6, xe ..* .. . .... (Change in pitch angle - change in longitu-
dinal force) stability coefficient for
aircraft.

XQ, xq. .. ...... (Change in rate of pitch - change in longitu-
dinal force) stability coefficient for
aircraft.

XAV,, X . . .  . .. . . .  (Change in elevator angle - change in longi-
Ei etudinal force) stability coefficient for

aircraft.

XiE, X . ....... (Change in rate of change of elevator angle
E e -change in longitudinal force) stability

coefficient for aircraft.

XA, x.. ........ (Lag of wing downwash - change in longitu-
force) stability coefficient for aircraft.

XTX, Xtx

Y . . . .

..'..''...(Change in component of thrust along lon-
gitudinal axis - change in longitudinal
force) stability coefficient for aircraft,
xt equal to unity by definition.

......... Net lateral force on aircraft.
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I

YR' Yr

z.

zo

AZ

z.

....... ......... (Change in rate of yaw - change in lateral
force) stability coefficient for aircraft.

........ ........... Net normal force on aircraft.

................... Initial value of Z.

...... '.............. Change in Z.

................... Distance along normal axis of aircraft,
positive downward.

ZAU, zU. .. ...... (Change in longitudinal velocity - change
in normal force) stability coefficient
for aircraft.

ZAW, zw.. ........ (Change in normal velocity - change in
normal force) stability coefficient for
aircraft. Can also be thought of as
(change in angle of attack - change in
normal force) stability coefficient for
aircraft.
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Yo .  . . . . . . . . . . Initial value of Y.

AY . . . . . . . . . . . Change in Y.

y . . . . . . . . . . . . Distance along lateral axis of aircraft,

positive out along right wing.

YAt, yv . . . . . . . . . (Change in lateral velocity - change in
lateral force) stability coefficient for
aircraft. Can also be thought of as
(change in aerodynamic yaw - change in
lateral force) stability coefficient for
aircraft.

YO, yO ......... (Change in angle of bank - change in lateral
force) stability coefficient for aircraft.

Y , r., .. ....r.r. (Change in rudder angle - change in lateral
force) stability coefficient for aircraft.

Yo , y' ... ...... (Change in rate of change of rudder angle -
r change in lateral force) stability coef-

ficient for aircraft.

Yp, y, .......... (Change in rate of roll - change in lateral
force) stability coefficient for aircraft.



FPPP_

... ....... (Change in elevator angle - change in normal
force) stability coefficient for aircraft.

. ......... (Change in rate of change of elevator angle
- change in normal force) stability co-
efficient for aircraft.

II GREEK SYMBOLS

Angle of attack of aircraft.

Initial value of a.

Change in a.

Angle of attack of horizontal tail of air-
craft.

Initial value of a'. Also equal to angle
of incidence of horizontal tail of aircraft.

Change in a'.

Angle of attack of vertical tail.

Initial value of a".

Change in a".

a., a2, a3, a4 , etc.

, p 2. ...... ..

y. ..... ......

Phase angles defined in Appendices. Also
used for real parts of complex roots in

transient analyses.

Phase angles defined in Appendices. Also
used for real coefficients in imaginary
parts of complex roots in transient
analyses.

Nondimensional time ratio, based upon char-
acteristic time of aircraft.
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Z , z 0  . . . .

ZQ Zq-a*a

ZAE , zSe

ZAE z ;e

a .

a

a'

Aa'

a

a0

Aa"l

- - - -(Change in pitch angle - change in normal
force) stability coefficient for aircraft.

. . . . (Change in rate of pitch - change in normal
force) stability coefficient for aircraft.



AE. e o

,AER, .8er

AEO, Se.

AAE - -

AE,> Se.

AAR, Sar

IA~, $a

AA , Y a .

AA

MA

AA

AR
0

MAR

A, 1A 2 A-..--, A. ..., Determinants defined in
Appendices.

Angle of downwash from wing. Also used for
real coefficient in imaginary part of
complex root in transient analysis.

Initial value of e.

Change in E.

Damping ratio of elevator servo about
elevator, servo axis.

Damping ratio of rudder servo about rudder
servo axis.
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- .......... Deflection angle of elevator.

........Resultant value of AE, See

.* ---0 ---Initial value of AE, Se-

- . . .. .. .. Change in AE-

* - a a -. .. .Amplitude of AE, Se-

- * .. . .. . Deflection angle of right aileron.

- ....... Deflection angle of left aileron.

- .- ..... Total aileron deflection angle, AAR + AL,
8ar + Sale

- - - - -- Amplitude of AA' $a-

........ Initial value of AA.

- ...... .Change in AA-

. .. .. .. .. Reflection angle of rudder.

.. . . Initial value of AR.

- a . . .. Change in AR*

.

--' --.Amplitude of AR, 'r-

E .

4SAE

USAR

........... Nondimensional time ratio, based upon
initial time of flight of aircraft.

-* -,A24,



01, 02, 63. 04 4

xj., X2Y \3>, X4 -

4c . . . . . . .

plb . . . . . . .

[L first 1 econd
symbo symbol

.......Starting values for components of 00, used
in transient analyses.

........Phase angles defined in appendices.

........Aircraft longitudinal relative density,
based upon wing chord.

... .... Aircraft lateral relative density, based
upon wing span.

1 . . . Amplitude response ratio, amplitude of
quantity represented by (first symbol)
divided by amplitude of quantity repre-
sented by (second symbol).

If . . . . . . . . . . . . Defined by expression in Appendix P, used
only for mathematical convenience.

7 . .. . ........ 3.1416

p . . . . . . . . . . . . Mass density of air.
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SSAA

77..0

77..

0, 9 .

0

OSAE

OSAR

OSAA

........Damping ratio of aileron servo about
aileron servo axis.

..... .... Efficiency of propeller.

.... ..... Aerodynamic efficiency of horizontal tail
of aircraft.

.. ..... . Aerodynamic efficiency of vertical tail
of aircraft.

.... ..... Pitch angle of aircraft, about lateral
axis of aircraft.

..... ..... Initial value of 6.

.. ......... Change in 0.

...-- -.... Angle of elevator servo, about elevator
servo axis.

..' ..... Angle of rudder servo, about rudder servo
axis.

- -.. .. Angle of aileron servo, about aileron servo
axis.
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' . . .

01, 02'

Q, O .

R 2 ,

f2, 

QT' , "t,

DE> We

DA' Wa

D2AR> War

DE--TH'
GT'

S AR

'SAA

. Real part of complex root in transient
analyses.

0-3 . . . . . . Phase angles defined in appendices.

. .........Angle of roll of aircfaft about longitudinal
axis of aircraft.

03, 04, 05 . . . Phase angles defined in Appendices.

......... Angle of geometric yaw of aircraft about
normal axis of aircraft.

etc. . . . . . . Phase angles defined in appendices.

etc. . . . . . . Starting values for components of 00, used
in transient analyses.

...--... Frequency of elevator oscillation.

.... ... Frequency of rudder oscillation.

......... Frequency of aileron oscillation.

.........'Frequency of aileron-rudder oscillation.

'e-th . . . . . . Frequency of elevator-throttle oscillation.

......... Frequency of longitudinal thrust oscillation,
which results from throttle oscillation.

......... Undamped natural frequency of elevator servo
about elevator servo axis.

...... ... Undamped natural frequency of rudder servo
about rudder servo axis.

......... Undamped natural frequency of aileron servo
about aileron servo axis.
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U
BASIC CONSTANTS FOR AN AUTOMATIC

TRACKING CONTROL SYSTEM FOR

THE A-26 AIRPLANE

A-26 AIRPLANE CONSTANTS

IEH 2.62 slugs-ft 2 . . .

2(1900) .81953
(32.2)(144)

11,400
IRH = = 2.4586
(32.2)(144)

WA 30,000 lbs

S = 540 ft 2 . . . . . . .

c = 8.14 ft . . . . . . .

CD = .0244 . . . . . .
D min

Reference

6

slugs-ft 2 . . . . . . . . . . .  6

2
slugs-ft . . . . . . . . . . . 6

Assumed

6

6

. . . . . . . . . . . . . . . Assumed

R = 9.07 (aspect ratio) . . . . .

BCL
.3a = 085/degree, = 4.870 Vradian

e .8 (Oswald's efficiency)....... ......

Iy =48,531 slugs-ft2  . . . . . . . .

IX =66.903 slugs-ft 2  . . . . . . . . . . . . .

Iz = 111,555 slugs-ft 2  . . . . . . . . . . . . . . ..

Fixed control Neutral Point = 36%, high power, at 26%
c.g., based upon flight-test data for A-26 Airplane,
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Assumed

6

6

6



Reference
recommended by Cornell Aeronautical Laboratory.

Thus, CL -.10 at c.g. = 26%, or =-.0085/degree,
-CL 4 

-48701/radi an.

3CL
'3)' .0679/degree, 3.8904/radian

de
.41........ ........

da

S' 116.1 ft 2  . . . . . . . . . . . .

1 = 30.1 ft.. ... ......... .

.9, power on, high power . . . .

3Cm'am

-3AE
= -. 020/degree, = -1.146/radian

6

Assumed

6

6

6

6

-.005/degree,-= -.2865 . . . . . . . . . . . . . 6

SEAHL = 22.36 ft2 . .  .. .  . .. *. . . . .  . . . .  . . 6

cEAHL = 1.27 ft . . . . .. . .. .. . . ... ... . 6

SE = 32.66 ft2 . . . . .  . . . . . . . ..  ..  .... . .  6

CE = 1.85 ft . .o. ..o o. .. ... . ... ..... ..6

CEH

- = -.0056523 sec at 300 mph TAS . ... . .. .. . 7

ZCEH
= -.009/degree, = -.5157/radian ... .. . . . .6

AE

b 70 ft .. .. .. . . .. . . . . . -.-.--6

S" =71.35 ft 2 .. . . . . . . . . . . . . . . . . . . 6
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zCl

- .00184/degree, = -. 1054/radian

-Cy

D -. 65/radian . . . . . . . . . . . .

Reference

- 6

. . . a . . . Assumed

3CL '3CL
) " .0455/degree, = 2.607/radian .

77a = .9........ .... ........

aen = .0011/degree, high power, stick fixed.
B 0

.0630/radian, high power, stick fixed.

. . . . . ... . . 6

- . . . . . . . . .Assumed

-an
3Cn .0016/degree, = .0917/radian . . . . . . . . . . ...

3Cl
1AA 16/radian of total aileron angle . . . . . . . .. . .

'aA

Rectangular wing plan-form assumed.

SRAHL = 23 ft2 . . . . . . . . . . . . . . . . . . . . . . .

6

6

6

6

6

a 0 6

SR = 30 ft . . . . . . . . . . . . . .

CRAHL = 2.3750 ft . . ... . .. .

CR = 3.0833 ft. . . . . . . . . . . . .

' CRH
- -*.0015/degree,.= -.085944/radian

IAHR = IAHL = .40977 slugs-ft 2  . .

RH = -2.2548 x 10-3 sec. . . . . . .
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ilm

I~.

END VIEW OF
r 4 LEFT AILERON

SCHEMATIC SKETCH SHOWING LEVER RATIOS ASSOCIATED WITH
AILERON CONTROL SYSTEM FOR A-26 AIRPLANE

Reference

= -.0040/degree, = -.22918/radian. ............. 6
3AR

AHW = - .0031/degree, = -. 17762/radian. ............. 6
_aAA

CAAHL 1.2083 ft. . . . . ... . . . . . . . . ... . ... 6

SAAHL = 18.2 ft 2 . . . . . . . . . . . . . . . . . . . .  . . .  6

CA = 1.6083 ft . . . . . .e. . . .... ..... . . . . . .. 6

SA = 36.5 ft2  .. .  . . ... .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  6

3CAH
- = assumed negligible . . . . . . . . . . . . . . . . . 7

3AA

Diameter of elevator Horn = 12.6 inches; diameter of rudder horn
= 20.5 inches, measurements taken from scaled drawings for con-
trol system of A-26 Airplane.
Experimental tests showed that 82 lbs stick force produces 1490
in-lbs elevator hinge moment.
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SAE SAR ~ SAA 2' 1 .. . . . ' .....' ......

nSAE OSAR aSAA

(CSAE) EFF = 0 )EFF = (CSAA) EFF
ft-lbs

1078.4 radians/sec.

KSAE KSAR = KSAA = 2500 ft-lbs/rad . . . . . . . . . . .

(ISAE) EFF = ( ISAREFF = (ISAA) EFF
= 96.117 slugs-ft2 . . .

Diameter of drums for elevator, rudder and aileron servos
were measured and found to be 3 inches. Thus,

80SAE Diameter of elevator horn _ 12.6

AE Diameter of elevator servo drums 3

0SAR Diameter of rudder horn _ 20.5
____ __ ___ ____ ___ ___ ____ ___- = 6.8333.

6AR Diameter of rudder servo drum

W0 SAA r4  r2  2 8.5
' (-)(---) (-)(--)( ) = 2.833

'AA 2 r3 ri 2 2 1.5

III COMPUTER CONSTANTS

For 300 mph TAS, at 10,000 ft. density altitude, target range

1000 yds:

Sp(WPe = 1.1751 sec. . . . . . . . . . . . . . . . . . . 3

Sp(aP) e 1.8247 x 10-4 sec 2/ft . . . . . . . . . . . . . . . 3

(SN) e .2 . . . . .. . .. . . . . . . . - - - -- -.. Assumed

(SN)d .2 . ... . ... ... . . . .. * --.-.-.-.-. Assumed

mce =. 0 . . . .' .'.........'.....'.'... ' . .. . . . . Assumed
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(Tracking inaccuracy assumed negligible.)
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Reference

0 . . . . . . . . . . . . . . . Assumed

IGD 1 . . . . . ' . . . . . . . . . . . . . . . . 3

Sp(wp) 1.1751 sec. . . . . . . . . . . . . . . . . . 3

IV PERFECT RADAR ASSUMED
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DERIVA

SYSTEM

A. LON

For pure longitudinal motion,

P, R, V, P, R and t 0.

Thus, equations 1, 3 and 5 become:

L = 0,

N = 0 and

(1-a)

(3-a)

(5-a)Y = 0.

And equations 2, 4 and 6 become:

M = I,

X = MA(r + WQ) and

Z = MA( f - UQ).

(2-a)

(4-a)

(6-a)

A-1

A PP E ND I X A

TION OF EQUATIONS OF MOTION FOR THE PRIMARY COMPONENTS OF A

FOR AUTOMATIC TRACKING CONTROL OF AIRCRAFT

GITUDINAL EQUATIONS OF MOTION

A-i: DERIVATION OF LONGITUDINAL EQUATIONS OF MOTION FOR

AIRCRAFT

Euler's equations of motion for a moving body with

principal body-axes as reference, are:

Ll= IXP - Iy - IZ)QR,

M = Iy - (IZ - IX)RP,

N = IZi ~ (IX - IY)PQ,

X = MA(C + WQ - VR),

Y = MA(" + UR - WP) and

Z = MA(J + VP - UQ).

(1)

(2)

(3)

(4)

(5)

(6)



(7)

(8)

(9)

(10)

With reference to initial conditions:

M Mo + AM, AE AE0 + AAE,

XX + AX, 00 + AO,

Z Zo + AZ, 'I*# + Ak,

U Uo + AU, Q QO + AQ and

W Wo + AW, = + .

6 =00 + A0,

Initial conditions for steady-state horizontal flight:

M = 0,

X = 0
Zo

Ze =0,

U0 large,

AE 0,
0 1
fo 0,

Q= 0, and

Wo negligibly small,

00 = 0,

(11)

0 = 0.

Thus, for departures from steady-state horizontal flight:

M =M,9AP A

X = AX,
z X Z

(12)0 = ACJ,

= A~J,

A-2

Functional Dependence:

Let M = F(W, J, U, Q, AE),

X = F(W, 6, U) and

Z = F(W, 6, U, AE).

Other effects will be neglected.



= AQ and

S= ,

O = or,

Neglecting second order terms, equations 2-a, 4-a and 6-a become:

M = Iy

X = MAAO

Z = MA(AQf - U0 Q)

(2-a)

(4-b)

(6-b)

Assuming that all changes are small, and using the principle of

linear superposition, equations 7, 8 and 9 may be expanded as

follows:

M = M + ( )AU+( )AW + ( )AW + (-)Q +
-aAU -aW -aW 6Q

X = X + (--)AU + ( )W +( ) and
S aU -aAW

-Z z 'Z -Z z BZ
Z = Z + (- )AU + )W + (-)0+ (- )AE,S aU 6AW 36 -3E

where

M0 , Xo, and Z0 = 0, as previously stated.

We may define:

(---)AE,
3AE

(13)

(14)

(15)

(16)

X(U-=( ),
MA 3AU

ZAU ( ),
MA 3AU

ZA =(-)(
LE MA 6AE

MA aAW

ZAW (-)( ),
MA BAW

I Y
MAU = (---),

lY BAU

X = ( ,

MA 36

(-.( ),
ly 3AW

A-3

U= UO +AU

W ' AW,



(-D + XAU)AU + (X6w)AW + (X0 )O = 0,

(ZAU)AU + (-D + ZAw)AW + (DUO + Z6 )O + (ZAE)AE = 0

and (MAU)AU + (DMA, + MAW)AW + (-D2 + DM0 )O + (MAE )AE

Non-dimensionalizing:

Let: Let:

t = TA-,

(20)

(21)

= 0. (22)

d = TAD,

dt = TAdY,

UoCLO MA
TA

g p
~1SUo

xu-= TAXAU

xw = TAXAW,

I cMqAy,

zu TAZAU,

ZW TAZAW

ze TAZg ( ')

Zse = TAZAE

A 4

Mg ~ ~ M ,= ()( ,M = (-") ( ), and MA = (-7) (B
Iy MQ E Iy '6E IY y L9

Then the dimensional longitudinal equations of motion are:

A& = XAUAU + XAW + X 0 6,

AW = ZUU + ZqA'W + ZOO + UOQ + ZAEAE

and 0 = M6UAU + MAWAW + MAi$b + MQQ + MaAE.

d
If we let D =-, then DO and 0 = D2

dt

Thus, in operator form, the dimensional longitudinal equations of

motion are:

17)

18)

19)



XOI TAXO- ,0

mu cTAMAU,

w cTAMAW,

mq TAMQ,

M = TA 2AE

q TAQ = do

U

U0
TA

U0

TAUO
, c

8 = 6 and

=TA

and le TA4E.

UO2CLo

gc

MA

PSc
2

Then the dimensional longitudinal equations of motion become:

[- ) +( ))uUo + (-)wUO + ( )U8 = 0,TA TA TA TAO

( )uUo +[- + ()]wU + [( )U +( )U ]e
TA TA TA TA 0 TA

U 0
+ [(- )z ]se 0

TA e

(23)

(24)

_mw d2

and (-)uUo + [A-) + ( )]wUO + [-( )
cTA TA c CTA TA2

+ d )4( )]6
TA TA

m8
+ ( T) =0.

If we multiply equations 23 and 24 by TA/Uo, and multiply equation
25 by TA2 we obtain longitudinal equations of motion which are
completely non-dimensional:

(-d + xu)u + (xw)w + (x,)6 = 0,
(zU)u + (-d + zw)w + (d + z.7e + (zse)se 0

e

(26)
(27)

A-5

(25)



I )ae = 0. (28)

A-2: DERIVATION OF EQUATION OF MOTION FOR ELEVATOR-SERVO SYSTEM

ANGLE OF ELEVATOR SERVO

REFERENCE
FIXED IN
AIRCRAFT

ELEVATOR I

MQ

MOMENT ABOUT ELEVATOR HINGE
CAUSED BY CABLE FORCE

NET MOMENT ABOUT
ELEVATOR HINGE

SAE MEHC MEH
ELEVATOR SERVO DRUM

ELEVATOR SERVO
DEFLECTION ANGLE

OF ELEVATOR

TRIM AE
POSITION

ELEVATOR HINGE

ERVO AXMIS OSAEM
EFFECTIVE MOMENT OF ELEVATOR
MOTOR ABOUT ELEVATOR

SERVO AXIS

NET MOMENT ABOUT
ELEVATOR SERVO

AXIS

MSAEC
MOMENT ABOUT ELEVATOR
SERVO AXIS CAUSED BY

CABLE FORCE

ELEVATOR - SERVO
From Newton's Law:

MEH = I

and MSAE =ISAE EFF6SAE'

Functional Dependence:

Let MEH = F(W, 9f, U, Q, AE, AE, MEHC)

and MSAE = F(OSAE, 0SAE, MSAEM, MSAEC).

Other effects will be neglected.

A-6

and (pucmu)u + (dycmg + ucmw)w + (-d 2 + dmq) + (m8

SYSTEM

(29)

(30)

(31)

(32)



Assuming all changes small, and using the principle of linear

superposition, we have:

MEH BEH - MEH __MEH

MEH =MEH + ( )AW+( +( )A +( +
0 2AW W 26U Q

MEH
+ ( )AE + MEHC,

and MSAE = MSAE + (- )OSAE
0 66SAE

3MSAE
+ ( M SAE + MSAEM + MSAEC.

'3 SAE

Elevator servo trim conditions:

MEH = M =0.

Also, if we neglect cable stretch, we have:

6MEHC M 0 SAE
-MEHC = MSAEC( = MSAEC( )

BMSAEC b6E

because

MEHC

4SAEC

B&SAE

Further,

BILE . -aE .o . BLE
Ag = ( A )0 SAE' AE SAEE' AE (= w SAE

WSAE 'a&SAE 3SAE

aSAEM _MSAEM + MSAEM
MSAEM ,= ( - )FE + ( E . )FE +)fFEdt+...

3FSE afFEdt

A,7-

EH

BAE

(33)

(34)

(35)

(36)

(37)

and

(38)

(39)



Combining equations 29, 33 and 35 we have:

. EH - EH 6MEH ) MEH
MEHC IEH& E - - )AE ~ AE - AW)A

-E aE BA

3MEH -EH
U U - ( Q (40)

Combining equations 30, 34 and 35 we have:

6 MSAE A
MSAEM = -MSAEC + (ISAE EFFASAE AE SAE AESAE- (41)

EFF BQAE '6SAE

Putting equations 36, 38, 39 and 40 in equation 41, we have:

BOSAE 2 'MEH 38SAE 2 MSAE
[IEH + ) (ISAE)EFF]E + - L]AEE BIAE M SAE

MEH ( 0SAE 2 (BMSAE )EH AEH
+- )-)]a -aA ( )&W -( )AW
AE E aSAE Bz36

MEH aMEH WSAE BMSAEM '60SAE BMSAEM
-U -AU -( )Q = [(+ [( ) E FE

+ 6SAE MSAEMI
E 

[ Ed E t -.- -(42) -aAE IfPEdt

We may define

60SAE 2
EHEFF I EH + ( E ( (43)

_MEH _ 0 SAE 2 3MSAE
(CEH)EFF = - (44)

aE BAE BSAE

A-8



BMEH
and (KEH)EF = -(

E 6E

Note that,
aMSAE

BOSAE

60SAE 2 MSAE

'L E 30 SAE

(CSAE)EFF and

,-MSAE,-% )&AL KSAE-

Then equation 42 becomes:

[(IEH)EFFD2 + (CEH)E D + (KEH)EFF]AE
[ MEH

+ (-( )
MEH)

-( )AW

-MEH
- ( )AUJ

3AU

6EH
- (-DO =D

BOSAE
F-)

3MSAEM
(---)D

4iE

BOSAE HMSAEM

ZE 'aE

W6SAE BMSAEM 1
+ ( )( )(--)+ . ... FE-
3AE BfFEdt D

We may define

t 1 CEH EFF
MEH E EH yg] ,MEHA

MEH 
EH )

6MEH
AW

= H-
M E H A i ~ EI ('LH)EFFl

MEH
MEHAU IEH Ep

"( ENli EFF A

A-9

(45)

(42-a)

(KEH) EFF
S~ (IyEH) 

EFFJ

8MEH

BAW



(MEH)
-a QMEHQ [

1.
MEH H 1

H E 'IEHi ggF

i 3SAE MSAEM
MEH = [] 'a - and

E I'EHFF E FE

I 36SAE 6MSAEM

EHfEdt '=(IEH) EFF aAE ,fFEdt

Then equation 42-a becomes:

(D 2 - MEH D
AE

-MEHQDO= [MEHgE D

Non-dimensionalizing:

Let meh;e TAMEH-Ee AE

me" .= cTAMEH6W

- MEHA )E + [-MEH -qD - MEHA 6W]

+ MEH + MEHI (dt +.
LJ~F FEdt D

- MEHAUAU

FE.

Meh = TA MEH IMeh = cMEHA Jq
Se AE W

mehu,= cTAMEHAU., 'ehq = TAMEHQ.P

meh' = TAMEHg , mehfe = TA2 MEHF
,mehf = TA3MEHFE

d D

Se AE te r TAAE, "se = TA EY a E

d
d = TAD ---

dy

AW

Uo 0

. TA
w AW,

.UO

TAUO _ Uo 2CLO
4C-c c

MA

gc p

2Sc

A-10

BMSAEM

-3 E

60SAE

,6AE

(42-b)

aU
u, = U '



MA UOCLO
TA = g

p g
2SUO

fe
toTAY, q -=TAG = OIedy .- ,

FE
fFEdt =, etc.

Then equation 42-b becomes:

d 2  meh;e mehge
[ 2 )- T )A )-( )]8 S
TA TA TA TA2

mehu

CTA

meh d mehw
+ [-T( ) -( )TUA wc TA cTA

meh mehe
q d Te d

0 = [ ( ) (-) +
TA TA TA TA

mehfe

TA

meh~M'he
a-TA

+ &)(:+ *...fe.

TA3 d

After multiplying by TA 2, equation 42-c becomes completely non-

dimensional:

(-pcmehu)u + (-pcmehed - ucmehw)w + (-mehqd)a

+ (d2 - meh ed - mehe )Se

(42-c)

- [me'l d + meh.e fe
+ mehi + fe = 0.

e d
d

(46)

A-1l



A-3: DERIVATION OF EQUATION OF MOTION FOR ELEVATION COMPUTER

Using Newton's Law, we equate torques about the elevation

computer shaft as follows:

-(ICSE)EFFkSE - CCSE ACSE - KCSE ACSE - MAELACSE 6 + )AW
BAW

UMCSE
+UOQMAELACSE + 8)HGEG + MAELACSE g Cos 0.= 0.

3MGE

For successful operation, the damping in a computer must be very

high. Thus, the inertia torque may be neglected. Then, if we

divide equation 47 by -KCSE, and define TCSE CSE and
KCSE d

3 CE BECE
CE B )ACSE, and let PCEz( A E, we have:BACSE ACCSE ESE

let

TCSEPCE + PCE
+_CE MAELACSE

aACSE KCSE

aPCE MCSE ) i
aACSE BAW KCSE

___ 3CE )Br(MCSE )l
K - A M S ) HGECSE CSE 8MGE

KCSE ACsE )MAELACSE g

CSE 'aMCSE

where LACSE LAGE( ).

L MGE

Non-dimensionalizing:

Let

+ UOMAELACSEIQ

cos 0 = 0,

AW .
pce CE' ce - TCSEPCE, w U0 , w=

dce TCSED, D ,9 0, TCSE6

TCSE
(U )AW, q = TCSEQ,
uo

A-12

(47)

(48)



Then equation 48 becomes:

. S3CE MAELACSEUo BPCE MCSE U0
Pe + Pe + ( )w - ( )w

ce e ACSE CCSE BACSE '&W KCSE

) ( )] [( )GE + UOMAELACSEI q
CCSE 3ACSE aGE

BPUCE
- [( )( )MAELACSE cos e = 0. (49)

KCSE 8ACSE

We may define

ce1  (OCE MAELACSEUo
S.= ( )()(50)

BACSE CCSE

a CE i CSE
mce = aCE ) )[( )HGE + UoMAELACSE], (51)

q BACSE CCSE MGE

Mee a (BCE )MAELACSEg 52
mce = ACSE KCSE

6PCE -aCSE U
and me = (C ( ) U0  (53)

w BACSE AW KCSE

aMCSE
Note: For proper prediction must be negative for positive AW..

Then, equation 49 becomes:

(54)
(dcemce. + mcew)w - (demce )9 - mecOs 6 + (dce + =)Pce 0.

And, for 6 small, cos 6 i. Thus, the linearized equation for

the elevation computer is:

A-13



ELEVATION COMPONENT

TARGET RAN6E OF RADAR ANGLE

RT ARE

LINE OF SIGHT

TRACKING AIRCRAFT - -

LONGITUDINAL VELOCITY
OF TRACKING AIRCRAFT

W6
NORMAL VELOCITY OF PITON A%*LE OF
TRACKING AIRCRAFT TRACKIN AIRORAFT

(55)

TARGET VELOCITY

UT

T ARGET

ELS
ELEWTION ANSLE
OF LINE Of UNT

ELEVATION TRACKING

For small angles, the effect of P is of second order and will be

neglected.

Thus, for ideal radar:

(U +6U) AW UT
ELS-= ARE + Q = ARE[ RT ]+(R )-()(ARE + a).

R T ~T

When UT = UT' = U0 , we have:

RT ?' RTO - AUdt

A-14

(56)

(57)

I - -- HORIZONTALurun-rnnrrne

(dcemce- + mce)w - (dcemce )e + (dce + ')pce - mce = 0.

A-4: DERIVATION OF ELEVATION EQUATION OF MOTION FOR IDEAL RADAR



Thus, equation 56 becomes:

AT ALI

ARE - ARE( I
tRT - f AU dt

0 0
URT - fi AU dt

0 0

UoOQ +0 - ) =0.
t

RT - f AU dt
0 0

Non-dimensionali zing:

RT

A UO ' are 2 AREv re TAARE, q= TAF 0p

AU ___

u=O w U0' tTA0f, dt=T dyfeO

0and ;.= TAF0 6.

Then equation 58 becomes:

are- are( u

- ud-yf

+ 0 ).O
vf
udyf

We may define

d
d 

.= dy

w
-( ) + q

f
S- udyf

(59)

(60)

A-15

(58)

-Iorr,-
------ M I - .- --- I . - -0



df

Neglecting the second order term with the product uare, we have:

dLare ] + {d f+ [ }0
()
df df

Note that

RT
rt RT
o RTO

(62)

(63)

B. LATERAL EQUATIONS OF MOTION:

B-1: DERIVATION OF LATERAL EQUATIONS OF MOTION FOR AIRCRAFT

Neglecting terms of second order in equations 1, 3 and 5,

the basic lateral equations of motion become:

L = IXP, (64)

N = IZR and (65)

Y = MA(A + U0R). (66)

Functional Dependence:

Let L = F(V, R, P, AA),

N = F(V, R, P, AR) and

Y = F(V, <, AR)-

(67)

(68)

(69)

A- 16

MEN"

Then equation 59 becomes:

{da -[ - 1w + {df + [Ile}= 0. (61)
i - (--!!4



L L0 + (-)AV +

N N + (-N)Av +
BAV

(-HR
Man

and Y = Yo + ( )yAV +
BAV

A'+ (-)P +B

+ ( N)P + (BN
-aP BAR16

(70)

(71)

(72)+ (B ) .
Z!R

Initial Trim conditions:

Lo.= No = Y0 M 0.

We may define:

LAV a-), N V

LR )() NR
I X aR

6 'L
Lp = ',

IX BP

I( L) ( B ), Y AI zAV

I z '6N
I'aR

I 'aNP=p -) -),
Iz aP

y

( )( )
MA 'aA

B 'Y
S= ( ) ( P,

MA BOc

A 'ay

MA 'aAR

LA ( -
A IX a&A

and NAR = LA
I Z'AR

Other effects will be neglected.

Assuming that all changes are small, and using the principle of

linear superposition we have:



(73)

(74)

(75)

The equations of motion now become:

P = LAVAV + LRR + LpP + LAAAA.

N=VAV + NRR + NpP + NjoR,

and At = Y - U0R + YO$ + Y A

If we define D.= , then P = Dp, = #,dt

At = DAV.

Thus, equations 73, 74 and 75 become:

(-LAv)AV - (LRD)J + (D2 - LFD)# - (LAA)AA = 0,

(-NLV)AV + (D2 - NRD)qj + (-NpD)# - (N )R 0

and (D-YA,)LV + (UOD)q - (Yo)# + (-Y R)AR 0.

Non-dimensionalizing:

A~V
Let: v -,

t

y TA - ,

IV= TAbLAV,

r TALR

19 TALp,?

MA TAUo u 2CLO
Sb b gb

2

yv T AV,

TA
r (A) Yd,

r .=TAR .= q.

p TAP = do,
n= TAbNAV,

A-18

(76)

(77)

(78)

R = D, A = D2t and



nr = TA2NAR,

d TAD,

UOCLo L
TA=

hr TA.>

a AA>

l a TAA'

ap = .

M

E TA J*

l8a TA2L A

TA 
U

sr U AR

Substituting into equations 76, 77 and 78, we have:

lv -1r d
(T )Uov + [T( T

TAb TA TA

d2

TA 2

d

TA TA

~ TA2)a = 0,

-)Uv
TAb 0

d2
TA 2

nr d -np d
TA+ [( TA TTA TA TA TA

(80)
-TA sr 0

A-19

i6

and

(79)

nr TANR,

np TANp,

Sb U 0

m TAt'



[_d (1v) d U0  U
and [-) - (-)]U v + (-)U 4 + [(-y0) (-)1 + [(-ys )(L)]8 = 0=

TA TA TA A r TA r
(81)

If we multiply equations 79 and 80 by TA2, and multiply equation 81

by TA/Uo, we have:

(-i4'v)v - (Ird)o + (d2 - ld)o - (lea )a = 0, (82)

-(pbnv)v + (d2 - nrd)o + (-npd)4 - (n r)sr = 0 (83)

and (d - yv)v + d4 - (yo)o + (-y r)s, = 0. (84)

B-2: DERIVATION OF EQUATION OF MOTION FOR RUDDER-SERVO SYSTEM:

By analogy, using equation 42, we have:

3 -SAR 2 _MRH

[IRH + A ) (ISAR RHR + -C )
AR I)EF]F + -

30 SAR 2 3Ms
- ( ) ( )

3AR SGSAR

6MRH

BAR

- ( )AU
BAU

WSAR 2 BMSAR
- C ) ( ]

BAR 36SAR

B6SAR HMSARM

= [C R ) +

MRH AV
( AV

MRH

BR

' 6SAR (MSARM
[A )B)]FD
BAR SFD

W0 SAR HMSARM

)AR afW~dt

A-20

(85)



(CRH) EFF
6MRH

BLR

'oMRH
and (KRH) ~ ____

EFFR

60 SAR 2 3MSAR
- ( ) ( )

ER SaSAR

60 SAR 2 MSAR
BAR ( )
2AR BBSAR

Then equation 85 becomes:

[(IRH) EFgD2 + (CRH) EFFD + (KRH) EFF 1R -

aMRH
(AU

+(6AR)
BAR

"MRH
S)D

(BSAR

aAR

BOSAR '3MSARM

-aAR BFD

MSARM D +
IFDdt D

Note that

-aA )Ms = (CSR) EFF and

BMSAR

- (a ) = KSAR.
-aSAR

We may define:

(CRH)EFF

MRH 0 '=-- ) 1 .RRI HM'R~= (IRH FF R

(KH) EFF

A-21

We may define

)BSAR 2
RH EFF = IRH + ( )(IS )EFF"

'MSARM)
( D

(89)

(86)

(87)

(88)

-aMRH L
BAV



MFD

- d aSAR BMSARM

IRHEFF 6R BFD

W 3SAR 'aMSARM
MRH --- ) ( ), and

D LRH EFF 6Ra

P __6SAR H 'MSARM

MRHfpDdt'= (IRHEFF BAR BfFDdt

Thus, equation 89 becomes:

(D 2 - MRH D -MRH 8 - MRHne - MRHAU -
AR RHA ~ RH~vV MRHUA

= MRHpDD + MRHD + MRHfDdt

MRHR

(-L)
D

Non-dimensionalizing:

Let mrhr = TAMRH

r Hmrh = TA2MRH
rh A R

1mrh v = bTAMRHJ{'V,

mru= bTAMRHAU.

mrhr TAMRHR

TAUo Uo2CLO

b b gb

MA UOCLO
TAg

pSU 92 0

t TA'V,

r = TAR,

Jfddy -

A-22

(90)

MA

pSb
2

1 3MH i 6MR
MRHAV = _! RH I, MRHU = (IRH) )3 U

EFF EFF'

MRH - " 1 1 ( -MRH )

R (RH)EFF MR J



mrh 
d
d

AU
U,=-,

U0

IFDdt ,

r TAAR
TAZMRHFD

D

fd D>

Id TAPD>
d

d = TAD .= --

AV
V =-, 9U0

Thus, equation 90 becomes:

TA', etc.

d2
[( ) -
TA2

mrho

Ar d
TA TA

mrh
-( _)Uou

bTA

mrh,
r

TA2 r

mrhv

bA)Uv
bTA

Mrh mrh-
TA d d 

T dA T TA TA TA TA

mrhf

+ d
TA2

mrhr
fd

TA3  d

Multiplying equation 91 by TA2 we have:

(-kbmrhuhU + (-)ubmrh - (mrhr d)p + (d2 - mrh. d - mrh8 )Srr r r

A-23

(91)

rhId - TAMRHPD

mrh d= TA2MRHFD



+ mrh d + 
( -)d = 0.

d

B-3: DERIVATION OF EQUATION OF MOTION FOR AILERON-SERVO SYSTEM

(92)

. MOTOR ABOUT Al L ERON

MOMNT A34OU AILE RO SA
CABLE FORCE

ms SAAC

NET LMOMENT ABOUT

M SA A

49FERNCE FIXED

A_ .LERON SERVO
SAA DU

AILERON EV AILERON EV

AILERON SERVO

NOTE! ALL CONVENTIONS SHOWN
IN POSITIVE SENSE

OWHT ALERON "INGE AIL EONINGECAUE
MAHO BY CAMSE FORCE

MAMNmAHR m AHRC

AAR

"OFLIN ALE

RIGHT AILERON

LEFT AILERON
LEFT AILERON

VINGE AXIS DEFLECTIN ANGLE

"AL

TRIM
POSITION

CABLE
M MAHRC

AHL MOMENT ABOUT LEFT
NET NOMENT ABOUT AILERON HIGE

LEFT AILERON CINCE CAVSED BY CABLE

SCHEMATIC SKETCH OF AILERON-SERVO SYSTEM

By definition,

AA= AAR + AAL, (93)

where +AA causes right wing to go down,

and +MSAA causes right wing to go down.

Non-linear effects caused by differential ailerons will be

A-24

- [mrh' dd + mrh d



MAMR =M-R +( )AU + ( )AW +
o BAU BAW

+ ( )AAR + ( )4AR + MAHRC,

An

NAHR

(100)

MAHL MAHL + ( )AU +
0 8AU

____ 3MAHL(3AH )AW + ( MAL)Q
BAW aQ

+ (- )P + MAHL

+ AL

-MAHL
+ ( )AL + MAHLC

B'LAL

A-25

(101)

~AT
neglected, i. e., it will be assumed that -.

bAAR

From Newton's Law,

MAHR -R (94)

MAHL= IL (95)

and MSAA (ISAA) EFF SAA (96)

Functional Dependence:

Let MAR F(U, W, Q, P, AR, 4A, MAHRC)> (97)

MAHL F(U, W, , P, AA, , MAHLC1, (98)

and MSAA F(SA, SAA, MSAAM, MSAAC). (99)

Assuming all changes are small, and using the principle of linear

superposition, we have:

'3MAR )
+ P



MA MAHL = MSAA 0
0.

Also, neglecting cable stretch, we have:

-MSAAC = MAHRC( ) +
'6SAA

and AAR = AR )OSAAP LAR =
SAA

and AR =('AA )SAA.
Alu SAA

Analogously,

hAL _aAA ) SAAJV
SAA

. '3 AL)Q
AAL ( AA SAA

B0SAA

and AAL 3 )tSAA.
'SAA

Now, neglecting non-linear effects, - i, Thus, using equations
)AAR

105, 106 and 93 we have:

L4AR .= LAAL
AA.L A -- . AL

A-26

(102)

(103)

4AHLC( WSA),
3BSAA

_66 SAABAA

(104)

(105)

(106)

(107)

MMSAA MSAA
m + SAA + (SAA SAA + MSA + MsAAC.

Trim Conditions:



3 6'LA )MAHR +SAA

BAAL
(36 )MAHL

3&SAA

C)[(9 A ) MAHR +AA
SaAA

{}a

-aAAA
[(R )AH+ ( )Mk}

SAA SAA
{ })Q

'aQ

'a[ R )MAHR + (3A )MA]
BOSAA -0SAA

AAR BMAHR

3SAA 6AAR

+ ( 3( )A
0SAA BAAL

aAAL *MAHL

60SAA BAAL

aSAA MAHC

BAAR )-MAHR

60SAA aAAR

+ (AL )MAHLC
60SAA

=IAHREAR + ( B IAHL jAL
'aSAA ' 0 SAA

A-27

+

+

+

(108)

Putting equation 103 in equations 100 and 101, and then putting

equation 100 in equation 94, and equation 101 in equation 95, and

then adding [equation 94 multiplied by ( )] to [equation 95
30SAA

ZAL
multiplied by (-)I,

68AA

we have:



BMsMM BMSAM
and, MSA (AM PD ( )FD

BkD BFD

+ (SAAM
+ f ( )fFDdt +.

Now, putting equations 107 and 110 in equation 108, and then adding

the resulting equation to equation 109, we have:

I 30 3MAH
(-)( ) [( ) AU

2 '6SAA WAU

MAH )MAH
( aA + B A]

3MAH BMAH __AH

+ ( atA )1W + ( 6MH)Q + ( 6MH)P
_6AW 'Q '3P

r BMSAA

60SAA SAA

-MSAA
+ ( )

=SAAM (IAHR + IAHL )A + (ISAAggsA.

Putting equations 105, 106 and 107 in equation (112), and then

W6 SAA
multiplying the resulting equation by 4( ), and rearranging,

w AA
we have:

(112)

3MAH __AH BMAH BA
2[-( a U - ( )AW - ( )Q - ( )P]

?JAU AW 3 ap

(111)

Putting equations 103 and 104 in equation 102, and then putting

equation 102 in equation 96, we have:

(SMSAA (MSAA . AR 'AAL
30SAA)A + C AASAA + MSAM - MAHRC AA MAHLCB AA

SAA '6QSAA ASA

(ISAA)EFFbSAA- (109

Now, we define MAH = MAHR + MAHL (110

)

)



IAH-= 'AHR + IAHL',

= MAH
(KAH) =F - 2(-)

(CAH)EF = -2( ) Z

4aSAA 2 (MSAA
- 4( ) ( )

BaA -6SAA

-0SAA 2 BMSAA
-4( :-) (-),

-aA a'SAA

BOSAA 2
and (IAH)EFF = 4 ISAAEFF AA

6MSAA

W0 SAA
= KSAA and

+ IAH'

SAA 2
AA (ISAA)EFF LA

_MAH WSAA 2 *MSAA MAH- [2( ) + 4( ) ( )]A - [2(-)
'AA aAA BaSAA A &A

ZOSAA 2 BMSAA a
+ 4(- -AA BQSAA1 )IA + [IAHR .+ IAHL + 4(

BOSAA

4( A )MSAAM-

We may define

(114)

(115)

(116)

(117)

- MSAA (CSAA )EFF

For most aircraft,

6MAHRU

aMAMR BMA

A-29

Note that

-( A
6MAHR WBL

and

(113)



3MAH 3MAH
(a ) AW.= 0 and ( )Q = 0.

'AW Q (118)

Putting equations 114, 115, 116, 117 and 118 in equation 113, we

have:

2 D + KAH).BMAH[(IAH FD + (CAH)D + (K IAA - 2(-)P[(A~EFFD AEFF EFF a

BOSAA BMSAA
[4( - )( )D

3SAA

8AA

C6SAA (MSAAM L
+ 4( )( )(-) +

BAA afFDdt D
(119)

We may define

ACAH IEFF
MAH. = - [- ],

A (AH)EFgy
MAHA

(KAH)F

=AH EFF

2 I

aMAH
( )

4 ].6SAA

AHPD 1AH)EFF BAA

MA4 
HpD AH4EFF'

B&SAA 3MSAAM

-A -akD

FMSAAM

-3FD

4 W0SAA

M/Dd IAH EFF aA

3MSAAM

-fFDdt

FD
fFDdt = D , and P = D#.

Thus, equation 119 becomes:

-MAHpD# + (D 2
- MAH. D - MAH )AA

A A

[MAH D + D MAHD
+ MAH (14 + ...]FD.

FD D

A-30

(120)

, MAH
Thus, (- - ) AU =0,

C6U

'6MSAAM

-8FD



mah 
d

t - TAI'

p TAP =d4,

Non-dimensionalizing:

mah= TAMAHp,

mahia TAMAHA

a A

mahl d= TAMAHPDfr

mahfd TA DAHD'

TA3MAH FD

D

T d
d .= TAD=

dy

TAUo U0 2CLO MA

I'b b gb p Sb
2

MA UOCLO
TAY

9

=d ( )(-)F
d TAD'

= T~$.

2U

A-31

a TAA'

fd FDY



Substituting in equation 120, we have:

-[( )( d )]0 + [( )
TA TA TA 2

Mah d
TA -)
TA TA

mahf

TA2

- ( a d - a

TA TA TA2 a

mahf

Ta TA
+ 3 )(-) + *...f d.

TA3 d

After multiplying equation 121 by TA2 we have:

d) 
ad

[mahld d + mahfd + mah ( ) + fd

d

-mah a ,=

(122)

B-4: DERIVATION OF EQUATION OF MOTION FOR DEFLECTION COMPUTER

Using Newton's Law, we equate torques about the deflection

computer shaft as follows:

*MCSD
-(ICSD) EFFXCSD - CCSDACSD - KCSDACSD + ( C )AV

EFF BAV

MCSD
+ ( )[R(cos IGD) GD]HGD = 0.

aMGD
(123)

For successful operation, the damping in a computer must be very

high. Thus, the inertia torque may be neglected. Then, if we

CCSD
divide equation 123 by -KCSD, and define TCSD- , and let

KCSD

A-32

(121)



____ aCD

KCSD ACSD

3MCSD
( )(HGD)[R(cos IGD) -
'MGD

P(sin IGD)] = 0.

Non-dimensionalizing:

Let

cd TCSDPCDY
d

D =-,0
dt

Pcd PCD-
dcd-= TCSDD,

UV
U0

rI= TCSIDR,

p = = TCSDP>

Then equation 124 becomes:

Pcd + Pcd
PCD

6ACSD

OMCSD
(AV

R =

P =

U0
( ) V
KCSD

- [ CD aMCSD
- [( ))( - )HGD][(cos

CCSD BACSD WMGD

We may define

SECD
mcd = -(

v aACSD

3MCSD

Mtv

IGD) -(sin IGD)J 0.

U0

KCSD

A-33

(124)

(125)

(126)

BCD CD = (CDCD- CD )ACSD, and let tCD ASD, we have:
3ACSD 'aACSD

~CD 3MCSD :1
TCSDPCD + PCD + )(P H( )]AV

ACSD AV KCSD



be negative for

positive AV]

=6CD i CSD
mcd ( (- )GD)(cOs IGD)r 6ACSD CCSD 3MGD

=3CD __ 8CSD
and mcdp . ACSD CCSD)(6 D )(HGDXsin IGD)'

Then equation 125 becomes:

(mcd )v - (dcdmcdr )p + (dedcd )o + (dcd + ')pcd

B-5: DERIVATION OF DEFLECTION EQUATION OF MOTION FOR IDEAL RADAR

LONGITUDINAL VELOCITY
OF TRACKING AIRCRAFT

TRACKING AIRCRAFT LS

LINE OF SIGHT

ARD TARGET

DEFLECTION COMPONENT
OF RADAR ANGLE

LATERAL VELOCITY OF R
TRACKING AIRCRAFT TARGET RANGETAGTIKWV

DEFLECTION TRACKING

A-34

(127)

(128)

= 0. (129)

DEFLECTION ANGLE
OF LINE OF SIGUT

[MCSD
[for proper prediction ( ) must



RR AU
ARD - ARD t

RTO - Wdt

AV

RT- AUdt

+ R + ( U ) = 0.
t

RTO - AUdt

Non-dimensionalizing:

AU
Let u =--,

U0

RT AV

TAF = U--
0 o o

(131)

A-35

For small angles, the effect of P is of second order and

will be neglected.

Thus, for ideal radar:

(Uo + AU) AV
bLS ARD + R .= ARD RT

- ( (ARD + V)
RT

Equation 130 is analogous to equation 56.

When UT UTO= Uo, we have:

t
RT RT - AfUdt.

o 0

Thus, equation 130 becomes:

57)

130)



Then equation 131 becomes:

.u +
ard - ard )+

- f
1. - udyv

t .= T 0 Y,

dt = TA0d,

0 M V'

v

- f
S- udyf

+ 'A + ( 0 - )
Yf

= 0.

- -- udyf

d
If we define df - , then equation 132 becomes:

dyf

{df - U ]}ard + [ v

U 
U

df df

+ {d + [0.

Neglecting the second order term with the product uard,

we have:

dfard + [ ] + {df + [] 0.

df df

A-3:6

(132)

(133)

(134)

ard ARD,

rd IPAFORDP

= TAF R, TAFOVJ



C. SUMMARY OF EQUATIONS OF MOTION FOR THE PRIMARY COMPONENTS

OF A SYSTEM FOR AUTOMATIC TRACKING CONTROL OF AIRCRAFT

,Longitudinal Equations of Motion Equation

Reference No.

(-d + xu)u + (xw)w + (x,)e .= 0

AIRCRAFT

LONGITUDINAL

EQUATIONS OF MOTION

ELEVATOR-SERVO
SYSTEM EQUATION

OF MOTION

(zu)u + (-d + zw)w + (d + z,)e + (Zse .= 0

(/cmu)u + (ducm;f + 4cfw)w + (-d 2 + dmlq) + (mie )Be 0

(-picmehu)u + (-/tcmehd - ucmehw)w + (-mehqd)o

+ (d2 
- ieh- d - meh, )8e

e e

= [mehe d + mehfe

ELEVATION

COMPUTER

EQUATION OF MOTION

+ meh () + fe

d

(dceemce. + mcew)w - (dcemceq )0 + (dce + ') Pce - mce, = 0

(26)

(27)

(28)

(46)

(55)

- -- --------

CA
Q



IDEAL RADAR

ELEVATION EGJA-

TION OF MOTION

dfare - [ 1 + {dI+ {d [ I}e = 0

d d

Lateral Equations of Motion

AIRCRAFT

LATERAL

EQUATIONS OF MOTION

03)

RUDDER-SERVO

SYSTEM EQUATION

OF MOTION

(-blv)v - (Ird)o + (d2 - 1pd)o - (18 )sa= 0

-(pzbnv)v + (d2 - nrd)o + (-n d)o - (nr )Sr = 0

(d - yv)v + do - (yo)+ + (-yr )Sr = 0

(-/bmrhu)u + (-pibmrhv)v - (mrhrd)p

+ (d 2 - mrhi d - mrha )Sr
r r

[mrh' dd + mrh d
(92)+ mrhfd + f d

fd

(62)

(82)

(83)

(84)

I



AILERON-SERVO

SYSTEM EQUATION

OF MOTION

DEFLECTION
COMPUTER
EQUATION OF MOTION

IDEAL RADAR
DEFLECTION EQUA-
TION OF MOTION

.(-mad)$ + (d2 - d - maha

+ If1ah+d +
[maidd + mahd + mah C d +

(mcd )v - (dcdmcd )o + (dcdmcdp)o + (dcd + ')Pcd.= 0

d + [- v ] + {d + [ 0
j _ (_L

df

I

I

T

(122)

(129)

(134)
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A PPE ND I X B

DERIVATION OF FORMULAE FOR STABILITY COEFFICIENTS FOR A SYSTEM FOR

AUTOMATIC TRACKING CONTROL OF AIRCRAFT

A. LONGITUDINAL FORMULAE:

A-1: DERIVATION OF FORMULAE FOR LONGITUDINAL DYNAMIC

STABILITY CODEFFICIENTS FOR AIRCRAFT:

(a) (Change in Longitudinal Velocity - Change in

Longitudinal Force) Stability Coefficient for

Aircraft, xu:

From Section A-1, Appendix A,

TA 3X
xu = TAXAU=(-B TA U Ii

MA TAU0
TA = and c - (2)

o c2 o

X TX - DX - MAg sin 6.

1) For power off, Tx A' 0 and Dx . D, where

D (I ))pU2CDS-
2

Thus, X,= -(i)pU2CDS - MAg sin 0.

U = UO + AU.

Thus, - SU
AU

So, xu M )I pCDSU) = -2CD( i)

M PSU Uo

B-1



(3)

I f we assume that changes in -q and BHP are

negligible for small oscillations, then T0U0  TU,

T0U0
or T= . Thus,

U

aX 3T 3D
- - where

'aU BNU '3U'

BT T 0U 0"M

--- 2 andWiU U2

- PCDSU.

Also,

To Do ( )pCDOSU2 , for 00 = 0.

-ax i U 0
Thus, ()pCD SU2 (7) - PCDSUThus 2 2P0  U2

UMA U
and U , [-(- )pCD S- ) - PCDSU],

MA 2U o U2

U C 2
or xu=- CDO(U - 2CD (+-

0O

For-- i, and CD CD , we have:
U0

XU = -3CD , power on.
0

B-2

(4)

U
For- ' i, and CD 2 CD , we have:

U0

XU-= -2CD, power off.

2) For power on, T varies inversely with U.

X D ( )pU2CDS, and TX c- T.
2



(b) (Change in Normal Velocity - Change in

Longitudinal Force)

Stability Coefficient for Aircraft, xw:

From section A-1, Appendix A,
TA DX

w= TAX TW A AW

X 5 TX - DX - MAg sin 0, and DX.= -(P)CXSU2.
2

-a T X -3DX
Thus, -'= -T- .

I waue AW g sAW

If we assume isTX1 negligible for AW small,

then
MAW

(5)

AW But

'DX = X2 (
-)p.U2,-)DAW 2 aW

because - 0. Also,
BAW

~AW 6W
A6a for AW small, so U.

U B)a

'aX i DCX
Then (-)pSU ( ).

BAW 2 Wa
Further,

CX. -CD cos a + CL sin a, where

a a. + Aa. Thus,

WCX 0X
'Cx Wa

aCD
-( ) cos a + CD sin a

Bat

+ ( ~) sin a+ CL cos a.
_6a

B-3

--I



2CD 2 ) CL

Ba erR -6a

Thus,

MA p2 L
xw.= [ ][sUL [-( ) CL( ) + CL],

M R 2 errR a

U )2 HCL
- -) CL[ ~ e

0nerR B

For- and CL CL we have:
U0  0

2 3CL
xw .= CL [ - ( -)(- )].

o erR Ba

(c) (Change in Pitch Angle - Change in Longitudinal

Force) Stability Coefficient for Aircraft, x.:

From section A-1, Appendix A,

TA TA . BX
x ( 7-)X 

XN TX X MA .

X TX - DX MAg sin 0.

(6)

(7)

B-4

M

But cos a i i, and sin a 3 0, for AW small.

aCX aCD
Thus, .= -( ) + CL.

CL2

CD,= CD + ,so
pmi e-rR'



-aTX WDX
0, and-= 0. Thus,

-Mg cos 9. But MAg = WA ( pUCLS-

Thus,

MA - cs1
= ( A) )[- L cos O] -CL cos 0.

2MA 2 oL 0  L
2SUe2

For 0 small, cos 0 . Thus,

x -CL- (8)

(d) (Change in Longitudinal Velocity - Change in Normal

Force) Stability Coefficient for Aircraft, zu:

From Section A-1, Appendix A,

TA aZ
zu TAZAU M )-AU (9)

Z = CzSO 2 + WA cos 0, and Cz 3 -CL. Thus,2

Z -CLS U + WA cos 0, where U UO + AU.

-z Z -(CLSE)2U. Thus,
aUA U 2 Thus,

MA U
zu = ( )(-CLS )2U = -2CL -

U
For CL CL and -- i, we have

zu = - 2 CL(

B- 5



TA BZ
zw TAW . ( - (i11)

Z = CZS U2 + WA cos 0, and CZ % -CL. Thus,

Z = -C LSU2 + WA Cos 0, where U = U + AU,

Thus,

-aZ P CL BU
_- U2( ) ) because = 0. Also,

-a P2 -CL 6a
-S-U2( ) ( ) andAW .-Ua:

W6W 2 Ba 6AW

a = ao +Aa, 0 a ' =
'a\W -AW U

Thus,

aZ P CL
S SU( -) and

CAaW 2 'a

MA p3CL U _CL

z S )[-SOU( )] = - (-)( -
MAU U0 2 Ba UO 'a

For U
UO

aCL
zW = (12)

B-6

e) (Change in Normal Velocity - Change in Normal

Force) Stability Coefficient for Aircraft, zw:

From Section A-1, Appendix A,



(f) (Change in Pitch Angle - Change in Normal Force)

Stability Coefficient for Aircraft, z.:

From Section A-1, Appendix A,

TA TA I3Z
ze U )ZO ).H (13)

06 = 0 MA '3

Z WA cos 0 - Lz, where Lz ' WA. Thus,

Z WA(cos 0 -

-WA sin 0, where WA = MA

)pU2CLS-
2

z MA ) -( )U2CLS sin 0],
pSU2 MA 2

- ) CL sin 0.
UO

For 0 =0, sin 0 sin 00 = 0. Thus,

z 0 for 0 =0. (14)

(g) (Change in Longitudinal Velocity - Change in

Pitching Moment) Stability Coefficient for

Aircraft, mu

From Section A-1, Appendix A,

aM
mu = cTAMAU cTA(-) (15)

B-7



mw = cTAMAW = cTA ( ( -a ,

M C cS U 2 . Thus,

6cs-U2 m, because 0.
a 2 _6W -aAW

'aCm aCm Ba
)( ), and AW ' UAa.

6w Da oAW

(16)

B-8

-am depends on:

1. Change in thrust with change in speed of

aircraft, when thrust line does not go

through the center of gravity of the

aircraft,

2. Change in downwash from wing, with

change in speed of aircraft,

3. Change in equilibrium position of

elevator, when elevator is not

statically balanced (free controls), etc.

These derivations will not be included, since

mu will be considered negligible in the

analyses which follow.

(h) (Change in Normal Velocity - Change in Pitching

Moment) Stability Coefficient for Aircraft, mw:

From Section A-1, Appendix A,



a ao + Aa, so--- =- = Thus
BAW -(AW U

MA W
c( A)( (cS-U2)

20

U c2MA (Cm
-)()( ).

U0  Iy Ba

For-,
U

MAc2 3C

m ( ) ). (17)
Iy Ba

(i) (Lag of Wing Downwash - Change in Pitching Moment)

Stability Coefficient for Aircraft, mg:

From Section A-1, Appendix A,

c Y (18)

CL
M = M' =( )'(h~a')( e~S'.,'SU2 ,s

M M CL ' so2
-aa 2

-- m - (L) ()S'7'lU2( ). Also
Ba 2 W

a a - e + a'. Thus,

6a' 6a - AE, for a' = constant.

Now Aa due to AW = 0 at t = 0, so Aa' due to

AW is equal to -AE due to Ak . Thus,

AE =( )(Aa which occured during
[due to -aa 12
at t = 0 time-),

U

6a U2

B-9



so,

-( S, ) P ) lU2( i) or

-3CL '-P 11gr2C'
m -( ) (- )( )(19)

3a a Iy

Q) (Change in Rate of Pitch - Change in Pitching Moment)

Stability Coefficient for Aircraft, m

From Section A-1, Appendix A,

TA 3M
mq TAMQ = ( ) (20)

23CL' 'M -C'lS' U27 and Cy'=( ) Q so
2 3a 3Q

PM , 3CL '~
-JS'At1 U2(-

BQ 2 'D -aQ

a lQ so =a' 1
U BQ U

Thus,

MA 6C,
m [] [-lS''7 U2( L ) 1

IyqSU0  2 aa U'

U . CL ' S' 12MA
(-- ) ( - ) ( ')( )7'
Uo Ba S IY

U 5
For- = j, and using a factor of--to

U0 4

B- 10



allow for fuselage, wing and nacelle damping, we

have:

5 3CL ' S' 1 'MAl2

mq = - "( ) (-)( ) (21)
4 -3a 'S

(k) (Change in Elevator Angle - Change in Pitching Moment)

Stability Coefficient for Aircraft, m :

From Section A-1, Appendix A,

TA BM
Am TA-- - (22)Se E IY BIE

BCm

M MO + ()AEc9U2, where
'E 2

M moment when AE = 0,

0, for AE measured from trim position of

elevator.

Thus,

-m 3Cm MA
-- ( icSU. Also -

BAE E 2 1c Sc

MA
and TA =

-SUO

so. TA2  p Cm
m ( )cU 2( ). (23)

e Iy 20 BAE

B-li

a-



or, 2 Sc 3  -Cm

M 2( ( ). (24)

(1) (Change in Elevator Angle - Change in Normal Force)

Stability Coefficient for Aircraft, z :Be

From Section A-1, Appendix A,

TA i-Z
Zse TA - - MA (25)

0 UoU MA E

M
Z = ( m=A(c= (A)U25

1 aAE 1 2

Thus, z, MA ) Cm) ( CL)U2
e Psu 2 MA 3AE 12

U 2 BMCM
=(--) (-)(-).
U0  -- E 1

For i, we have:

Z = )(1. (26)
e 6AE 1

A-2: DERIVATION OF FORMULAE FOR ELEVA'TOR HINGE MOMENT

STABILITY COEFFICIENTS FOR ELEVATOR-SERVO SYSTEM.

(a) (Change in Longitudinal Velocity - Change in

Elevator Hinge Moment) Stability Coefficient

For Elevator-Servo System, mehu:

From Section A-2, Appendix A,

B- 12



(27)

BMEH

a depends on:

1. Change in downwash from wing, with change

in speed of aircraft,

2. Initial trim position of elevator,

3. Change in equilibrium of elevator when it

is not statically balanced (free controls),

etc.

These derivations will not be included, since

meh will be considered negligible in the

analyses which follow.

(b) (Change in Normal Velocity - Change in Elevator

Hinge Moment) Stability Coefficient for Elevator-

Servo System, meh:

From Section A-2, Appendix A,

NEH
Meh = cTAMEHW -= cTA[( 1 EH E E). 

ECEH dH)
MEH EH 6a' )(h')cEAHLS U2 and

AW ZMEH aCEH P
- Thus, B , )cEAHLSEAHLu-

(28)

B-13

=_ I. -aMEH

mehu = CTAME = TAIEHEF' u
EFF



SEAHL CCEAHLMA 6CEH
meh = ( )[EH) ] )

EFF

(29)

(c) (Lag of Wing Downwash - Change in Elevator Hinge

Moment) Stability Coefficient for Elevator-Servo

System, meb.:

From Section A-2, Appendix A,

c EH
Me cMEH EH) EFF

By analogy, using equation 19, we see that

3CE P
CEIH -6E 2SEAHLlcEAHLc

e 3 a' Ba (IEH)EF

(30)

(31)

'aCEH
Note: ,E is negative for positive a'. 7;' is

included in the definition of CEH so it is not

needed in equation 31.

(d) (Change in Rate of Pitch - Change in Elevator Hinge

Moment) Stability Coefficient for Elevator-Servo

System, mehq:

From Section A-2, Appendix A,

meh = TAMEH TA ] D (EMEFEH (I~EH) EFF *aQ (32)

B- 14
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lQ
U

Thus,

2MEH 3CEH P
k I-, lCEAHLSEAHL U.

Thus, for

meh =
q

U ehv
-- I = j, we have:

SEAHL

S
(cEAHLMA

(IEH)EF

3CEH

Bc'

(e) (Change in Elevator Angle - Change in Elevator Hinge

Moment) Stability Coefficient for Elevator-Servo

System, meh

From Section A-2, Appendix A,

meh = TA2MEH
Se AE

TA2  MEH

KIEH)EFF 'AE

+ 0 SAE 2 aMSAE
+ ( ) ( )

-AE 3aSAE

= CEH P

MEH E )AEcEAHLSEAHIU 2 ,

3MEH

B6E

'3CEH P

-(E' )cEAHLSEAHLU2.

so

e AE, e

- TAAE,

B-15

(33)

(34)

(CEH P
.EH , ) (Ac' ) CEAHLSEAHL5U, and



aMSAE Uand -( ) SAE. Thus, for- = 1,
'aSAE U0

TA2  aCEH P
Meh EIEFF E C)cEAHLSEAHLUo 2

30 SAE 2
~ )KSAEl - (35)

(f) (Change in Rate of Change of Elevator Angle - Change

in Elevator Hinge Moment) Stability Coefficient for

Elevator-Servo System, meh'

From Section A-2, Appendix A,

TA ~ EH
meh. TAMEH' ~ _11( ) E

eE' (EH)EFF BAE

+aSAE 2 3MSAE
+( ) )]-(36)

aAE SaSAE

MEH ( )AECESE-U2, S
BAE

aMEH C 1MSAE
)cESE U2. Also -(

aAE AE SGSAE

U(CAE ForSEEFF' rU-=
0

B-16



TA 6CEH p
meh- KIEHI )cESEg 2

ee EH)EFF AE

B0SAE 2
-( ) (CSAE) ]. (37)

3EAE

(g) (Change in Elevation Component of Tracking Error

Angle - Change in Elevator Hinge Moment) Stability

Coefficient for Elevator-Servo System, mehfe

From Section A-2, Appendix A,

TA2  38SAE aMSAEM
m e . D -_( 3. (38)

hfe (IEHEFF E E

(h) (Change in Rate of Change of Elevation Component of

Tracking Error Angle - Change in Elevator Hinge

Moment) Stability Coefficient for Elevator-Servo

System, meh,

From Section A-2, Appendix A,

TA kaSAE aMSAEM

e IEH)EFF BE 3E

(i) (Change in Integral of Elevation Component of Tracking

Error Angle - Change in Elevator Hinge Moment)

Stability Coefficient for Elevator-Servo System, mehf

d

B-17



From Section A-2, Appendix A,

TA3  BSAE SAEM
mehf = 7( ). (40)

e (IEHEFF SAE afEdt
d

Note: From Section A-2, Appendix A,

'30SAE 2
(IEH)EFF = TEH + (SAE AEFF (41)

From reference 7,

aCEH WCEH 3CL 6CEH
)[-() I ) ( -) ] (42)

U aDAE A a aDAE B

CEH aCEH
where Ad D ) are positive for positive

-aDAE'A an -DAEB

DAE. As defined in reference 7, DAE (Ty)AE- This is

not the same as DAE AE defined in this thesis.

A-3: DERIVATION OF FORMULAE FOR PREDICTION MOMENT STABILITY

COEFFICIENTS FOR ELEVATION COMPUTER.

(a) (Change in Rate of Change of Normal Velocity - Change

in Prediction Moment) Stability Coefficient for

Elevation Computer, mce-
w

From equation 50, Appendix A,

ICE MAELACSEUo
mce, = ACSE CCSE (43)

In accordance with the ideas and notation presented

in reference 3, we may represent the "linear

B-18



acceleration-prediction angle sensitivity of the

elevation prediction system" by Sp(ap) . Then

using the notion in this thesis,

p CE MAELACSE
Sp(ap)e ACSE KCSE

CCSE
Since TCSE KCSE, we have: (45)

KOSE'

Uo
mce T ( Sp(aP) (46)

w CSE

(b) (Change in Rate of Pitch - Change in Prediction Moment)

Stability Coefficient for Elevation Computer, mce

From equation 51, Appendix A,

3PCE B 3MCSE
mce = ( =)C )[( )HGE + UOMAELACSE. (47)

q ACSE COSE BMGE

Again in accordance with the ideas and notation

presented in reference 3, we may represent the

"iangular velocity-prediction angle sensitivity of

the elevation prediction system" by Sp(WP)e.
Then, using the notation of this thesis, we have:

S_ CE HMCSE H HGE
e BACSE 6MGE KCSE

The symbol W in equation 48 stands for angular

velocity (as defined in reference 3); It could be

B-19
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TCSEI
(SN) e +TS i

SP (WP) e m
(49)

and the "mechanism f-number" may be defined by the

equation:

UOSp(aP)e UOMAELACSE

Sp(wp)e U6MCSE
eHGE(AHG ( MGE

UOMAELAGE

HGE

Thus,

mceq TCSE I fWPe + U0Sp(aP)e]

SP=WP)fI + fm)

TCSE 39

(50)

B- 20

changed to the symbol Q to be consistent with the

notation in this thesis, but the author has preferred

to keep the established notation in reference 3 even

though it means that one symbol has two meanings.

In further accordance with reference 3, the "stability

number of the elevation system" may be defined by the

equation:



o or.,

mceq + (SN),-(1

(c) (Change in Pitch Angle Change in Prediction Moment)

Stability Coefficient for Elevation Computer, mce,
From equation 52, Appendix A,

Mce -aCE MAELACSEg 52( )( - (52)
C3AgSE KCSE

From equations 44 and 52, above, we have:

mce s p(aP) (53)

(d) (Change in Normal Velocity - Change in Prediction

Moment) Stability Coefficient for Elevation

Computer, mce:

From equation 53, Appendix A,

BPCE BMCSE o
mce -( )( )( ).(54)

w BACSE bAW KCSE

We may define the "change in normal velocity-

prediction angle sensitivity of the elevation

prediction system" by the relation:

SaCE aMCSE i
Sp(LAW-P) = -( )( )( ) (55)

e 3ACSE BAW KCSE

and we may define the "change in angle of attack -

prediction angle sensitivity of the elevation

B-21



prediction system" by the relation:

Sp (W-P) CE ) .3MCSE U 56Sp p)= -(C )( ) U . (56)
e -ACSE BAW KCSE

Then mce = OSp(AW P)e. Sp(W.P) (57)

Note that

TCSE .= [i + (SN)e] [So p( ) + UoSp(aP)l.

B. LATERAL FORMULAE:

B-1: DERIVATION OF FORMULAE FOR LATERAL DYNAMIC STABILITY

COEFFICIENTS FOR AIRCRAFT:

(a) (Change in Lateral Velocity - Change in Rolling

Moment) Stability Coefficient for Aircraft, lV:

From Section B-1, Appendix A,

V= TAbLAV.= TAb( )( ).V (58)

AV
v -- , so

Uo

= ( ) t-). Also,
BAV -3v U 0

3Cl
L ( )(AV)U 2S(-E)b, so

,aV 2

_K___c BC1
)U2s(-))b = (-C ) )U25(-'9 )b. Thus,

BAV BaV 2 3v UO 2

B-22



MA i 'C1  U
2

1 (M )b ( ) )S(E lb.
SIX -av Uo 2-P 2

-2SUo

U O
For - 1, we have:

U0

'Ci b2MA
L = ( )( ). (59)

av IX

(b) (Change in Rate of Yaw - Change in Rolling Moment)

Stability Coefficient for Aircraft, 1r

From Section B-1, Appendix A,

lr ?TALR TA 7 (60)

(U+yR) (U-yR)

C +y +yc

dy d y-

b
TOP VIEW OF AIRCRAFT

Note:

In this case for mathematical facility +y is used
along left and right wings, instead of right wing
only.
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For rectangular plan-form of wing, we have:

b/2
L f YCLc dy )[(U + yR) 2 - U2)

0

(Left Wing)

b/2

- c yLc dy (- [(U - yR) 2 -U2]
0 2

(Right Wing)

b/fCc( )(4Uy )dy-= CLC )2UR( ). Thus,

ML b23
2CL( ()U( ) because S = bc for rectangular

wing plan-form.

Thus,

MA )C )U ( )(

-2SUo
U

For CL 0L , and for- .. 1, we have:
0 U

MAb2
ir, = C Le M I)for rectangular plan-form (61)

of wing.

Analogously,

MAb 2

1 r .= CLe )1 for elliptical plan-form (62)
x

of wing.
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(c) (Change in Rate of Roll - Change in Rolling Moment)

Stability Coefficient for Aircraft, 1p

From Section B-1, Appendix A,

= TALp TA - (63)

b

y

dy

Py

FRONT VIEW OF AIRCRAFT

For rectangular plan-form of wing:

b/2 Py aCL
L -2f (-)( )(dy c)U2F y

0 U la 2'

_ __ BC . b/2
-2c U( )P( )f y dy,2 a 0

_aL (1

2 Ba

Thus,

BL p b3  aCL

P2 i2 -aa

Since S = bc for rectangular plan-form of wing,

then

B-25



S= MA )[-U-)( )( ) ( .
p 2 f2 -ci IX
2tsUo

For U
'o

we have:

3CL b 2MA
I = -(--)( ) for rectangular plan-form
P 3a. 1 2 1 X

of wing.

Analogously,

BCL b2MA
1l =- ( b(---) for elliptical plan-form

P -aa i6IX

of wing.

(d) (Change in Aileron Angle - Change in Rolling Moment)

Stability Coefficient for Aircraft, 1a

From Section B-1, Appendix A,

1 a-=TA 2 LLA TA()(
a X

BCI

L )AU 2 SC)b.
aAA 2

M -a U2 WAb.

U
For A1, we have:

(64).

(65)

(66)

So
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[

B-27

TA2
Is (-)UO 2S( P)V:1,
a IX 2 A

or,

MA2b WC
a p aAA

2SIX

Note: AA = sum of aileron deflections.

(e) (Change in Lateral Velocity - Change in Yawing

Moment) Stability Coefficient for Aircraft, nv:

From Section B-1, Appendix A,

nv TAbNAV TAb( )( A).

N ( )AV Sb F)U2 so
BAV 2

BN a ACnV
- ( )Sb(-)U2 . v - thus

(MA i an (e)U
n. ( )b( ) ni )U2

p I Uo Bv 2

Uo

For --
UO

n Cn MAb2

V v Iz

(67)

(68)

(69)

(70)



(f) (Change in Rate of Yaw - Change in Yawing Moment)

Stability Coefficient for Aircraft, nr:

From Section B-1, Appendix A,

nr = TANR TA (:) --Iz B

(U + Ry) R(U-Ry)

+y y

d-* I~ y d y

1R

b

Note:

In this case for mathematical
facility +y is used along

left and right wings, instead

of right wing only.

TOP VIEW OF AIRCRAFT

For rectangular plan-form of wing,

N = iR S"( )U2
UO 36 2

(Vertical Tail)

- b/2dy CDy (-) [(U + Ry) 2 - U2]
0

(Left Wing)

b/2
+ c dy CDy() [(U - Ry) 2 - U2]

2'

(Right Wing)

-( )a L " Up 2  - b3
SR PC) 2 7 4UcCD---)R(-).

U Ba 22 2

B-28
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Thus,

S) S" " - 2UCD b3c
-R U Ba 2 2 12

S = bc for rectangular plan-form of wing. Thus,

U
foror CD CD , and using a factor

U0

of 5/4 to account for fuselage and nacelle

damping, we have:

5 SM aCL " MA1 2
n . S- 7" ) ( )

4 'S Ba Ig

CD0 MAb2

6 IZ
(72)

for rectangular plan-form of wing.

Analogously,

5 " 3CL " MA12
nr .= -( )n"(- ( - ) ( )

4 S Ba I

CDO MAb2

- 8 )

.for elliptical plan-form of wing.

(g) (Change in Rate of Roll - Change in Yawing Moment)

Stability Coefficient for Aircraft, np:

From Section B-1, Appendix A,

np = TANp .= TA(

For rectangular plan-form of wing:

b/2 3CX Py
N = -2f (---) )c dy y )U2

o Ba U

B-29
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p 3CX b3

-2PcU(-) (-) (0 ), and S .= bc.
2 -6a 24

Thus,

3N -U-9-(CX b2S
--N -U p) )( ), where
BP 2a 12

_C_ 2 3CL
[I . - ( ) )]CL, as shown in derivation

'aa eiR -a

for equation 6.

U
So, for -. , and CL CL , we have:

2 )CL b2MA
n. = 0-L0 [ - ( ( )] (5

0 e?7R Ba 2g '

for rectangular plan-form of wing.

2 )CL b2MA
np -CL [i - ( )(-- )]( ), (76)

o evR 6a 16Iz

for elliptical plan-form of wing.

(h) (Change in Rudder Angle - Change in Yawing Moment)

Stability Coefficient for Aircraft, nsr

From Section B-1, Appendix A,

n, = TA2N = TA2 _)( a (77)
NI Z aLR

N =()bgbS( 2)U21 so
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(j

or n
r

MA b ,Cn
C )( i.
p
-pSIZ

8AR

. (Change in Lateral Velocity - Change in Lateral Force)

Stability Coefficient for Aircraft, yv:

From Section B-1, Appendix A,

y,= TAYAV TA L

Y =-)AV "SU2. Thus,
BAV 2

BY -aCy 0 AV
-- Y-ISU .Since v -,

BAV 3AV 2 UO

U
then, for- . i, we have:

UO

.aCy

yv

(j) (Change in Angle of Bank - Change in Lateral Force)

Stability Coefficient for Aircraft, y.:

From Section B-1, Appendix A,

B-31

(78)

N ' 0 n U
-)bS-)S)U2. For U i, we have:

BAR AR 2 U0

TA 2 2 aCn
r ( )bS& U 2.),

Iz 2 2 R

(79)

(80)

(81)



Due to angle of bank

alone,

Y = WA sin 4, so

__ -WA cos 0 S WA for 4 small. Thus,

TA WA Tg
yo UO HMA UO

or

y C .

(k) (Change in Rudder Angle - Change in Lateral Force)

Stability Coefficient for Aircraft, y,r
From Section B-1, Appendix A,

TA TA BY__

y U = ( MA ).
r UO 6R Uo MA BAR

N
1 .( )RbS( )U2(-), so

BAR 2 1

-( )bS(-)U2(I). Thus,
MR 2 1

MA _ n )U2=r p 2 MA BjR 1 2
2buo

B-32
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(84)

BAR

T=(A) TA (__L (By)

0 UO MA



U
For-- I i, we have:

U0

b n'(85)
ys = -( -)( ). (85)

11 6 AR

Note: The effects of nu and lu will be considered

negligible.

B-2: DERIVATION OF FORMULAE FOR RUDDER HINGE MOMENT STABILITY

COEFFICIENTS FOR RUDDER-SERVO SYSTEM:

(a) (Change in Longitudinal Velocity - Change in Rudder

Hinge Moment) Stability Coefficient for Rudder-Servo

System, mrhu

From Section B-2, Appendix A,

___ _MRH
mrhu bTAMRHJ = bTAHI AW-U. (86)

u A (IRH EFF A

BAU depends on:

1. Change in flow of air over rudder when effect of

propeller wash is important,

2. Initial trim position of rudder,

3. Change in equilibrium of rudder when it is not

statically balanced (free controls), etc.

These derivations will not be included in this thesis,
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since mrhu will be considered negligible in the analyses

which follow.

(b) (Change in Lateral Velocity - Change in Rudder Hinge

Moment) Stability Coefficient for Rudder-Servo System, mrhv:

From Section B-2, Appendix A,

i (RH()
mrh bTAMRHAV = bTA y !3 ! (87)

v '(I~RH)EFF A

R3CRHHfE) U2
MRH R )(AV)cCAHLERAHL& )U2 , and

AV _6MRH WC
V . Thus, A v H)cRAHLRAHL('0)U2 )

Then,

mrh b( )MA )L H aFRH )cRAHLSRAHL(-)U2(

v ~ P IHEFF -v2 U-2SUO

U
For - 1.,

UO

SRAHL bcRAHLMA aCRH
mr (88)

hv 8 (IRH) F a

(c) (Change in Rate of Yaw - Change in Rudder Hinge Moment)

Stability Coefficient for Rudder-Servo System, mrhr:

From Section B-2, Appendix A,
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'RH
mrh TAM. . T I (89 )

r I )EFF R

MRH . (-)RcRAHLAHL (-)U2. Thus,

'RH _ CRH __

-(R R )cRA2SRA )U2. But

aCRH _ a0R8
-( )(). Then,

-6R av U

rr pMA L CRH ) )CRAHL'RAHL( E)U2.
mrhr p (UJ, EFF a U2

USU

For- I, we have:
UO

SRAHL lcRAHLMA, -C6H
mrh - .- (90)

r 1 
(IRHEFF ay

(d) (Change in Rudder Angle - Change in Rudder Hinge

Moment) Stability Coefficient for Rudder-Servo

System, mrhsr

From Section B-2, Appendix A,

mrh TA MRH =A ( [(EF
Sr "R(RH' OL -16

BOSAR 2 (MSAR

aAR -6SAR
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MRHj.= (0CRH )6RCRA PS ( )U2, SO

aMRH aCRH _2' ( )CRAHLSRAHL 2)U.

dMSAR U

mrh TA2  3CRH

rh'RH ThEFF s [( wA haAHL' &S.AAR 2

(S ) KsA%. (92)

BAR

(e) (Change in Rate of change of Rudder Angle - Change in

Rudder Hinge Moment) Stability Coefficient for

Rudder-Servo System, mrhi r
r

From Section B-2, Appendix A,

TA * RH
mrhi T .AMPJ{- L TA___ ____MR

rhr - AR (IRH)EFF
B3R

36SAR 2 3MsAR
+ ( 1 (- ). (93)

6R 6QSAR

H H )RcRHR( )U2, so



MRH aCRH 2 BMSAR
= cRR 2)U2. Also, -( SAR

CSAR)CAREFF'

Thus, for - .b,
U0

TA BCRH

h r IRH)EFF

- (SAR) 2(CSAR) 
(94)

CsA EFF

(f) (Change in Deflection Component of Tracking Error

Angle - Change in Rudder Hinge Moment) Stability

Coefficient for Rudder-Servo System, mrhfd
From Section B-2, Appendix A,

TA2  1 0SAR HMSARM(
mrh - (9)(5)

fd (IRH)gFy _aAR 'aFD

(g) (Change in Rate of change of Deflection Component of

Tracking Error Angle - Change in Rudder Hinge Moment)

Stability Coefficient for Rudder-Servo System, mrhd:
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(96)

(h) (Change in Integral of Deflection Component of Tracking

Error Angle - Change in Rudder Hinge Moment) Stability

Coefficient for Rudder-Servo System, mrhf

d

From Section B-2, Appendix A,

TA3  OSAR 3MSARM

rhfd (IRH) EFF BLSR afFDdt
d

Note: From Section B-2, Appendix A,

I'aSAR 2
(IRH) EFF RH + % ) (ISAR)EFF

(97)

(98)

From reference 7,

'CRH L CR
=-)[-( )

S UO DAR A
6AR

_CL " 3CRH
-( ) ( ) ]

Ba 3A

_CRH 6CRH
where ( ) and ( ) are positive for

.DAR A -DW R B

positive DALR

As defined in reference 7, DLR m (- _-)AR. This is
O

B-38

(99)

From Section B-2, Appendix A,

TA 60SAR 3MSARM
mrhd IRHEFF 

aLDR



riot

B-3: DERIVATION OF FORMULAE FOR AILERON HINGE MOMENT STABILITY

COEFFICIENTS FOR AILERON-SERVO SYSTEM

(a) (Change in Rate of Roll - Change in Aileron Hinge Moment)

Stability Coefficient for Aileron-Servo System, m :

From Section B-3, Appendix A,

2 TA -mAH
mahp _ TAMAHp _ [ AH

EFF

(100)

A derivation for ( ) will not be included in this

thesis, since m will be considered negligible in

the analyses which follow.

(b) (Change in Aileron Angle - Change in Aileron Hinge

Moment) Stability Coefficient for Aileron-Servo

System, maha:

From Section B-3, Appendix A,

mah TA2MAHAA

TA2(KAH)EFF

FAHF

TA2 1 MAH ) + OSAA 2 BMSAA

(IAH'EFF 'AA BAA BSAA
(101)

B-39

the same as DR 6R defined in this thesis.



"MAH

BA

3CAH
)CA )cAAHLAAHL( )U2

BMSAA U
-(S ) KSAA. Thus, for -- , we have:0SAA U0

TA2 3CAH 2
maha AH) EFF ][2( cAA HL AHL ( )Ue2

FSAA 2 AA
- 4( A K A ) -

(c) (Change in Rate of Change of Aileron Angle - Change in

Aileron Hinge Moment) Stability Coefficient for

Aileron-Servo System mah
a

From Section B-3, Appendix A,

(102)

mah = TAMAHA
a A

(CAH EFF
-TA[ E I

TA MAH 'BSAA 2 'MSAA
S[ ] [2( ) +4-) (

AH EFF -aAA -aSAA

= (AHA U2._MAH 'AC ASA (LAU2 Thus,

B-40

(103)

MAH -= ( aACAHLSAAHL ()U2. Thus,BAA AcMSH()2~



r

I.
U

Thus, for -- Ai we have:

TA _CAH
Mah; = ][2(B. )CASA (-)U 2

ah Ia AH EFF 2A 2 )

-4 SAA) 2 (CSAAE) ]
t FSom EFF

Note: From reference 7,

(104)

aCAH 3CAHR 2 3CAHR L 3CAHR

UAA AU 0  DAAR A Ba )DAAR B

BCAHR BCAHR
where ( ) and C ) are positive for

'aDAAR A BDAA B

positive DAAR

As defined in reference 7, DAAR AR' This is

not the same as DAAR LAR defined in this thesis.

3CAH 3CAHL
Also, 2( )

'6'6A _AAL

= aCAHR
-2( . andCA~AC~

_aAAR CH' AR- CH

(d) (Change in Deflection Component of Tracking Error Angle -

Change in Aileron Hinge Moment) Stability Coefficient for

Aileron-Servo System, mafd

B-41

3MH 0AH
"AH A)cASA(+)U.

BAA aA2

-( ) (CSAA) .
QSAAEFF



From Section B-3, Appendix A,

4TA 2 _1
ahd': (AH EFF

a3SAA 'MSAAM

^A __'D

(e) (Change in Rate of Change of Deflection Component of Tracking

Error Angle - Change in Aileron Hinge Moment) Stability

Coefficient for Aileron-Servo System, mah
Fd

From Section B-3, Appendix A,

4 TA 36SAA HMSAAM

mahid" =AHEFF BA 4D

(106)

(f) (Change in Integral of Deflection Component of Tracking

Error Angle - Change in Aileron Hinge Moment) Stability

Coefficient for Aileron-Servo System, mahfd
d

From Section B-3, Appendix A,

ah fd
d

4TA 3

'AH) EFF

W0 SAA 6MSAAM

MA fDdt

Note: From Section B-3, Appendix A,

(IAH EFF ISAA)EFF SA )2 + IAH, and

IAH AHR + IAL-

B-4: DERIVATION OF FORMULAE FOR PREDICTION MOMENT STABILITY

COEFFICIENTS FOR DEFLECTION COMPUTER

(107)

(108)

(109)

B-42

(105)



(a) (Change in Rate of Yaw - Change in Prediction Moment)

Stability Coefficient for Deflection Computer, mcdr

From equation 127, Appendix A,

'8PCD i _6MCSD
mcd C= ( H_)( )HGD cOs IGD (110)

r 3ACSD CCSD 'NGD

In accordance with the ideas and notation presented in

reference 3, we may represent the "angular velocity-

prediction angle sensitivity of the deflection prediction

system" by S P(Wpd. Then, using the notation in this

thesis, we have:

S6CD 8MCSD HGD

d 3ACSD MGD KCSD

The symbol W in equation 111 stands for angular velocity

(as defined in reference 3). It could be changed to the

symbol Q to be consistent with the notation in this

thesis, but the author has preferred to keep the esta-

blished notation in reference 3, even though it means

'that one symbol has two meanings. Also in accordance

with reference 3, the "stability number of the deflection

system" may be defined by the equation:

(SN)d T C I-:: (112)
Sp(WP)dos GD

B-43



Thus,

mcdr TCSD rP d IGDV or

mc =E ] (113)
cdr I + (SN)d

(b) (Change in Rate of Roll - Change in Prediction Moment)

Stability Coefficient for Deflection Computer, mdp*

From equation 128, Appendix A,

m iCD i MCSD (114)mcd " =a D i -'E
P ACSD CCSD 6MGD

Combining equations 111, 112 and 114, we have:

mcdp = i SN] tan IGD. (115)
p i+S)d

(c) (Change in Lateral Velocity - Change in Prediction

Moment) Stability Coefficient for Deflection Computer, mcd:

From equation 126, Appendix A,

S3CD 6MCSD U0
mcd -= )( )( ) (116)

v -ACSD '8V KCSD

We may define the "change in lateral velocity - prediction

angle sensitivity of the deflection prediction system" by

the relation:

B-44



= PCD 3MCSD i
*p-(AV-P) d )CD( i= )D

p(A- d BACSD '3AV KCSD
(117)

and we may define the "change in aerodynamic yaw-prediction

angle sensitivity of the deflection prediction system" by

the relation:

SaCD
d 3ACSD

MCSD UO
'BAV KCSD

mcdv = UoSp(Av.yp)d d'
(119)

Note that

TCSD [=i + (SN)d][Sp(WP)d Cos IGD-

5TAE51LITY
C. SUMMARY OF FORMULAE FOR TRACKING CONTROLACOEFFICIENTS FOR

AIRCRAFT:

1. LONGITUDINAL FORMULAE

(a) Formulae for Longitudinal Dynamic Stability Coefficients

for Aircraft:

1. xu = - 2 CDo, power off.

- 3 CDo, power on.

2 . x w = C L I ' (2i - ( - -

0 erR -a

(3)

(4)

(6)

(8)3 . x = -L -
a0=-L

B-45

Then

(118)



4.zu =-2CL -

aCL
5. zw -B-a

6. z 0 for 0 = 0.

7. (mu assumed negligible)

MAC2 ) 0M

y ( ) )

aCL 'Be
S - ) (- F-)

3a cx

p 2

2Sly7

5 BCL ' ' 'MA12

S 4 Ba s Iy

TA2 )cCU 2 ( Ifl)

e Iy 2 0 * AE

Z8e= (- )
e -a6e 1

p 3
2 Sc3

c Iy

-aCm
(- ).
3AE

(23), (24)

(26)

MA UOCL?
where TA = K , -

p

MA

p
2Sc

TAUO

c

g
(2)

gc

B-46

(2)

V (10)

(12)

(14)

(15)

(17)8.

9.

10.

(19)

(21)

11.

12.

and



(b) Formulae for Elevator Hinge Moment Stability

Coefficients for Elevator-Servo System:

1. (mehu assumed negligible).

SEAHL CCEAHjMA ()CEH
meh , 

BCEH BE

5EAHL lcE
mh CE

TA
2

meh E EFF

pSEAHLlCEAHc

(IEH EFF .

AHLMA 20 EH

H'EFF

U0 EH

BAE )CEAHSEAH )

(29)

(31)

(33)

2 (35)

'WSAE 2
-( KSAE

BAE

TA

m e EH)EFF (

BCEH
)cSE(L )"e2

W0SAE 2

AE (SAE EFF

TA
2

e ('EH)EFF

TA

fhe ( IEH)IEFF

B&SAE BMSAEM

()E BFE

BOSAE

()E

BMSAEM
( .

FEE

B-47

2.

3.

4.

5.

6. (37)

7.

8.

(38)

(39)



TA3  1 0 SAE

(IEHIEFF 8AE

where TA

and (IEH)EFF

MA UOCLO

P
2buo

60SAE 2
IEH + (IAE ) (SAE)EFF*

(2)

(41)

(c) Formulae for Prediction Moment Stability Coefficients

for Elevation Computer:

1.

2.

3.

4.

U0
mce. Sp e .wc, . TCSE S~Pe

mce [
q i + )

mce,= gSP(aP()e

mce, = UOSp(AW-PIe,= Sp(w-P)e.

(46)

(51)

(53)

(57)

Note that TCSE -= [i + (SN)e] [Sp(WP)e+U0Sp(aP)el -

2. LATERAL FORMULAE:

(a) Formulae for Lateral Dynamic Stability Coefficients for

Aircraft:

B-48

9. mehf
e

3MSAEM

aJFEdt
(40)



'aci MAb2
I. 1v = ( M )

av Ix

MAb
2

2. ir CL :I:), for rectangular plan-form

of wing.

MAb
2

CL 0 (Ix ), for elliptical plan-form

of wing.

aCL MAb2
3. 1 -(--(

'6Ba i2IX

3C MAb2

'aa i6IX

for rectangular plan-form

of wing.

for elliptical plan-form

of wing.

MA2 b )C 1= )(--- ).
P BAA
2SIX

(67), (68)

SCn MAb2

'= )( .
v v

5 s 8CL " MAl2
nr = (N( )(--)

4 S Ba I

CD MAb2

- ( )( A
6 I

for rectangular plan-form of wing.

B-49

(59)

(61)

(62)

(64)

(65)

TA 2 zBCi4. 18 a I ))U 2 ( )b( ),y
a~ IZ0 AA

5.

6.

(70)

(72)



BCL "MA12
( ) (

32 Iz

CDO

8

MAb2

I '

for elliptical plan-form of wing.

2
n= CL [:-o eiiR

30L
C a ]

MAb 2

i%-", (75)

for rectangular plan-form of wing.

CL [ (2 3CL MAb2

0 enR Ba i6I '

for elliptical plan-form of wing.

TA2 C
n (---)bS(E)Uo 2 F 2 )Y

r IZ 2 0aAR

MA 2b

p
2SIz

WC

9. yv ( ).yy

10. Y CL

b
y =---)r 1

UOCLO

g
where TA =

,Cn

MA

p
~jsUo

B-50

7.

(73)

8. (78),

(76)

(79)

(81)

(83)

(85)

(2)

11.

5 'Sit
n 4r - 7"4 s



m RA1-I bcRAHLMAI

S (IRHEFF

5 RkL
mrh

r S

TA2
mrh r RH E

'CRH

BC
(88)

(90)
'CRAHLMA I CRH

IRH B 

CR)CRAHLSRAHL(- U 2

BOSAR 2
- ( )(KSAR92)

TA
mrh. .=[ ]r R gy

30SAR 2
-( 6R ( CSAR ) -

mrhf TA 2

d (RH) EFF

TA

d IRH gEFF

W0 SAR aMSARM
( ,- )
SA E

WSAR

S6R

MSARM

BFD

B-51

2.

3.

4.

5.
'CRH p

(--) CRSR (-E-) U 2

aAR

(94)

6.

7.

(95)

(96)

(b) Formulae for Rudder Hinge Moment Stability Coefficients for

Rudder-Servo System.

1. (mrh assumed negligible). (86)

( 92)



F
mhr

da

where (IRHEFF

TA 3

RH FF

BOSAR

aAR

tMSARM

-aJFDdt

RH + ( SAR SAR EFF.
BR

(97)

(98)

(2)
MA UOCL,

and TA-= ( ), .
p g
2UO

(c) Formulae for Aileron Hinge Moment Stability Coefficients

for Aileroi-Servo System.

1. (m

2.

assumed negligible).

TA2

mah =[ Aa I A F

-CAH
[2 c

BAA) AAHL SAAHL )U

(100)

(102)2

- ( SAA 2
- 4( )KAA-

TA

a AH EFF

30AH2
[2( )cASA( )U 2

'34- A

W0 SAA 2
- 4(- AA (CSAA)EFF

4TA2  0SAA 6MSAAM

fd = IAH ) EFF AA 3 D

B-52

8.

3.

4.

(104)

(105)



mahfd

d

4TA3

~I AHEFF'

BOSAA

~A

MSAAM
( .

60SAA HMSAA

'A AfDdt

w=SAA 2
where (IAH EFF = (SAA)EFF( BAA r

(106)

(107)

(108)

(109)

+ IAH*

and AH= AHR + IAHL.

(d) Formulae for Prediction Moment Stability Coefficients for

Deflection Computer:

mcd L=
dr + (SN)d.

Mcd L [ -] tan IGDe
p + (SN)d

mcdv UoSP(AV-P)d = P(v-P)d

(113)

(115)

(119)

Note that

TCSD.= [ + fSN)d][Sp(WP)d]cos IGD'

B-53

5.

6.

1.

2.

3.

4 TA

td L(1 AH)EFF
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APPENDIX C

DEVELOPMENT OF NETWORK EQUATIONS FOR AN AUTOMATIC TRACKING CONTROL

SYSTEM FOR AIRCRAFT.

The network equations consist of the equations of motion for

the primary components of the system, and the tracking error

angle equations.

The equations of motion for the primary components were

derived in Appendix A. Each equation was made non-dimensional

by using its own characteristic time. But before the network

equations can be solved simultaneously they must be based upon a

unit of time which is common to the entire system. Any unit of

time could be used but, for reasons presented in the fore-going

text, a system characteristic time equal to the initial time of

flight of the aircraft will, be chosen. Thus, let

TS TAF(1)
0

where TS is the system characteristic time, and TAF0 is the initial

time of flight of the aircraft. We may define the non-dimensional

flight operator by

df TAF D. (2)

Then
RTO TAF T

df ( U)D =( )d ( )dce =( )dcd. )
U0  TA TCSE TCSD

The tracking error angle equations are merely definitions of

the elevation and deflection components of the tracking error

angle:

C-1



FE = ARE + PCE (4)

FD = ARD + PCD (5)

Using the non-dimensional notation used in this thesis, we have:

are + Pce (4-a)

d ard + Ped (5-a)

where

fe FE,

TSfE TAF xFE, etc.

The network equations, based upon the initial time of flight of the

aircraft, may be found by combining equations 3, 4-a and 5-a with

the equations of motion summarized at the end of Appendix A.

A summary of the network equations for the case when mu, z.,

meh , mrh , and mah = 0, is given on pagesC-3, 0-4 and C-5.
u u p

C-2



SUMMARY OF NETWORK EQUATIONS FOR A SYSTEM FOR AUTOMATIC TRACKING CONTROL OF AIRCRAFT

Longitudinal Network Equations

AIRCRAFT

LONGITUDINAL

EQUATIONS OF MOTION

TAF

[df TA TA

TAF
TA[ )Zulu +
TA

TAF
0

TA )- f T

TAF

[ A )xw]w
TA

I

[df -( T)zwA
TA

TAFO 2
-i TA i lc mwN

TAFO
-[( )x9] 0 = 0.

TA

For mu, z6 , meh >

Mrh and-mah = 0
u p

- dfo -[( )zF ]Se = 0.
TA e

TAF TAF
+ [df2 - df( TA )mq]e -[ TA ma] = 0.

ELEVATOR-SERVO

SYSTEM

EQUATION OF MOTION

ELEVATION COMPUTER

EQUATION OF MOTION

1-f(TAF 04 e T
TAT[d(TA Cp mh ~I

TAFo 2
TA mehe

Ae

+ AFo 3
+f ( TA ) meh +

TAFO d

fdf mce' + ( TS-)mce ]w - (dfmce q)
w CS w q

AFo 2

TA) ucmeh ]w -

I Se

dAFe

TA ) hq

= TAFeh
dT( )Aehj

Ae

[df + ( 0)]Pce
TCSE

TAF
+ [df2 - d ( 0TA )meh'

TAFo 2

+ ( T eh e

TAF e

TCSE )me

Wei

AF )

= 0.+



IDEAL RADAR

ELEVATION

EQUATION OF MOTION

ELEVATION TRACKING

ERROR ANGLE EQUATION

w
df are ] + {df + [ } 0= 0.

, -~ ~df d f)

e = are + Pce-

Lateral Network Equations

L-,u.b

AIRCRAFT

LATERAL

EQUATIONS OF MOTION

TAF0
lV( TA )IV

m

TAFO 2
-Tbn A ) ]v +

Tp

TA

[ -(TA Ivv+

TAF

- [ir( T )df] + df2TA

T AN'

Ldg2 ~ Pr TA

TAF
dr # - [yg( TA

TAF

TAF

[n ( TA )df]o -
P TA

TAF 0
STA)] 8 = C#Sr TA r

TAFo2
a I S) sa 0.

'a TAa

TI

r TA = 0.

RUDDER-*SERVO

SYSTEM

EQUATIONS OF MOTION

TAF 2

~-4b mrh( TA V -
v TA

- d T
[d ( TA )mrht

TA )d Lb +

TAF 2
TA ) mrhfd

d

Cdf2 -[d -

Tpg Tpg
mr* 0 TA r8T 2

Mrh' r TA )df - Mrhs TA ) Isr

TAF0___ 3 1

+ mrhd (-) + TA d

d

C)

i I .l
-1 1- -"'F-7V TT'll" WWI", f- 'IRr ."I" T YW WR, -W'0*pfp P-17,

V%



I.-

AILERON-SERVO

SYSTEM

EQUATIONS OF MOTION

[df2 -
[dr - aa

TAF
+ mah d TA)

d

TAFe 0TAFO 2
TA )df - mga TA a = [df( TA )mahfd

TAF o 2

+ TA )m f d

+ +-.Ifd'

DEFLECTION COMPUTER

EQUATION OF MOTION

TAFO

TCSD)mCdv 
- (dfmcdrbp + (dfmcd )0 +

TAF
[d TCSD d -

IDEAL RADAR

DEFLECTION

EQUATION OF MOTION

ELEVATION TRACKING

ERROR ANGLE EQUATION

df ard + ] + {df + [ 0.

df

d : ard + Pcd'

- -i

0

CJ1

j.- kL . - 1, 1- -. 1 1 Al At 1 1. , I I I L, . I . I . L. L A A L -I.- - , , , , - -.kkk"&ljlLLL" AA,.k 11 'Ag " A ji&AAi -1 - 'A A&A I i I - I "' ' Im A " At Al
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A PPENDIX D

DETERMINATION OF STABILITY COEFFICIENTS FOR A SYSTEM FOR AUTOMATIC

TRACKING CONTROL OF THE A-26 AIRPLANE

A. LONGITUDINAL STABILITY COEFFICIENTS:

1. DETERMINATION OF THEORETICAL LONGITUDINAL DYNAMIC STABILITY

COEFFICIENTS FOR THE A-26 AIRPLANE:

An initial true airspeed of 300 mph, at 10,000 feet

density altitude, was chosen as a basis for the

analyses which follow. Using the formulae derived in

section A-1, Appendix B, and the data given at the end

of the text, the theoretical longitudinal dynamic

stability coefficients for the A-26 Airplane were

computed as follows:

(a) Preliminary Aerodynamic Computations:

WA
MA 17.83( p )

(1) TA oU
PSU 0Uom ,true
20 mph

(17.83)_(30,000)

(540) (300)(.7384)

4.4716 sec.

WA

(2) 4c 26.12
0C ft

(26. 12)(30,000)
(540 ) (.7384) (8.14)

241.43

D- 1



(3) pU 2

crU 2
0 2ph, true

391

2
(.7384)(300)

391

169.964 lbs

WA
(-)

SpU 2
2 0

(30,000)
(540)(169.964)

.32687

CLO 2
(5) CD CD + CL2

0 pmin eirR

.0244 + (.32687)2
.8))(a.07-)(3. 1416)

.029087

(b) Longitudinal Dynamic Stability Coefficients:

(1) xu - 3 CDO, power on.

- 3(.029087)

- .087261

(2) x CL [i -
0 o

= .32687 [i
2(4.8701)

(.8) ( 9.07 ) ( 3. 1416)

=. 18720

D-2

2

e-uR

3CL
-6a

(4) CLO



(3) = -CL

- . 32687

(4) zu - 2CLO

- 2(.32687)

- .65374

(5) zw=

- 4.8701

(6) z. 0 for 00 0.

(7) mu assumed negligible.

MAC2 BC
(8) mw)(

(30,000) (8.14)2(-.48701)

(32.2) (48, 531)

-.61949

(9) mr = -
'aCL
( ) y )

= - (3.8904)(.41) multiplied by

(.002378)(.7384)(116. 1) (30.
(2)(48,531)

1)2(8.14) (.9)

= - .022336

5 L)

4 'aa S

'MAl 2

Iy

5
S-()(3.8904)

4

116.1
540

(.9) (30,000),(30. 1)2

(32.2)(48,531)

D-3

(10) mq

]

' a



- 16. 3668

(11) m ( )AC 2 1Se '6EP Y

(-1.146)(241.43) multiplied by

(.7384) ( .002378) (540) (8.14) 3
(2) ( 48, 531)

- 351.95

3Cmc
(12) z, ( -)

e 3AE 1

8.14
(-1.146)(30.1

- .3099

2. DETERMINATION CF ELEVATOR HINGE MOMENT STABILITY COEFFICIENTS

FOR AN ELEVATOR-SERVO SYSTEM FOR THE A-26 AIRPLANE:

Using the formulae derived in section A-2, Appendix B,

and the data given at the end of the text, the Elevator

Hinge Moment Stability Coefficients were computed. A

basis of 300 mph true airspeed at 10,000 feet density

altitude was used.

(a) Preliminary Computations:

KSAE
(1) (ISAE)EFF W2

nSAE

2500

(5.1)2

96.117 slugs-ft 2

D-4



r
(2) (C SAE EFF*= 2tSAEanSAE(ISAE)EFF

(2)(1.1)(5.1)(96.117)

1078.4 ft-lbs
radian/sec.

(3) (IEH)EFF IEH + ( SAE 2'SAE)EFF'a"E

2.62 + (4.2)2(96.117)

1698.1 slugs-ft 2

(b) Elevator Hinge Moment Stability Coefficients:

(I) mehu assumed negligible.

(2) SEAHL
w S

22.361

540

CCEAHLMA CEH

(IEH)E1.2706a

(8. 14) ( 1. 27 )( 30, 000 )](.85

= -.067287

(3) m ( EH
eha 12, (a

p
T SEAHLlCEAHLc

L (IEH)EFF

(-.2865)(.41) multiplied'by

(.7384)(.002378)(22.36)(8.14)(1.Z7)(30.1)

(2)(1698.1)

- .00042254

(4) m = EH

eh q ,ct

lCEAHLMA SEAHL

(IEH)EFF S

(30..1) (1.27) (30,00)]
(-.2865)j (32.2)(1698.1)

D- 5

22.36

5410

ia32.2)(1698.1)



= -. 24881

TA 2

('EH EFF

aCEH p 2
E )CEAHLSEAHL PU-aAE )CAL 2 0

30SAE 2
E)KSAE

(4.4716)2

1698.1 multiplied by

(-.5157)(1.27)(22.36)( .002378)( .7384)(440)2

(2)

-(4.2)2(2500)]

-548.53

TA
(6) meh ' E E

e 'EH)EFF

3CEH p 2

aAE )ESE2U
2

( SAE 2

( E)(CsAE)EFF]

4.4716 multiplied by
1698.1

[(-.0056523)(1.85)(32.66)(.002378)(-)(.7384)(440)2
2

-(4.2)2( 1078.4)]

= -50.247

TA2

(EH7EFF

(4.4716)2

60 SAE

MAE

1698.1

-MSAEM

-aE

(4.2)(-100)

= -4.9456

D-6

(5) meh

(7)meh
e



(8) meht = TA _ 0SAE )(MSAEM

e EH) EFF 3AE BPE

4.4716

= 1698.1 (4.2)(undecided yet)

undecided yet.

TA3 _ 0SAE 3MSAEM
(9) meIf = H( )

he IEH)EFF 'AE 3jFEdt
d

(4.4716)3

1698.1 (4.2) (undecided yet)

undecided yet.

3. DETERMINATION OF PREDICTION MOMENT STABILITY COEFFICIENTS

FOR AN ELEVATION COMPUTER FOR THE A-26 AIRPLANE

For a range of 1000 yards, at 10,000 feet density altitude,

and for a .50 caliber gun, the following values for

S P(aP)e and S p(Wp)e were taken from reference 3:

4 e2
Sp(aP) = 1. 8247 x 104 , -sndepa) ft *an

Sp(Wp)e = 1.1751 sec.

A stability number of .2 has been found to be satisfactory

for manual tracking, so it was used as an initial trial

value in this analysis for automatic tracking.

Thus, TCSE = [i + (SN)e][Sp(Wp)e + UoSp(aP)el

= [i + .2][1.1751 +(440)(1.8247 x 10~41

= 1:5065 sec.

D-7
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Then, from Section A-3, Appendix B,
UJo

(a) mce )Sp(aP)
wTCsE P(Pe

440
( )(1.8247 x 10- 4 )
1. 5065

.053294

ceq i + (SN)e

S+ .2

.83333

(c) mce p ( aP 16

=( 32. 2) (1. 8247 x 10-4)

= .0058755

(d) mcew was neglected in this analysis,.

B. LATERAL STABILITY COEFFICIENTS:

1. DETERMINATION OF THEORETICAL LATERAL DYNAMIC STABILITY

COEFFICIENTS FOR THE A-26 AIRPLANE:

Using a basis of 300 mph true airspeed at 10,000 feet

density altitude, and the formulae derived in section

B-1, Appendix B, and the data given at the end of the

text, the theoretical lateral dynamic stability

coefficients for the A-26 Airplane were computed as

follows:

D-8



(4) CD =029087 (previously computed)

(b) Lateral Dynamic Stability Coefficients:

3Cl MAb 2

(1)v = (- )(
S av Ix

(30,000)(70)2
(32.2)(66,903J

= -7.19205

MAb
2

(2) lr = CLo 61X ), for rectangular plan-form of wing.

(30,000) (70)2
(. 32687

3.7174

(3)1 -

)[('3 2 . 2 ) (6) (66,903)

2

_6C) MAb o
(3, -1.)), for rectangular plan-form of24 !LIX of wing.

- (.87 1)1 (30,000 )(70 )2

(32.2) L 12) (66, 903)

-27.693

D-9

(a) Preliminary Aerodynamic Comiputations:

(1) TA 4.4716 sec (previously computed)

MA
(2) Pb - MA

2Sb

(30,000)(2)

(32.2)(540)(70)(.002378)(.7384)

28.074

(3) CL = .32687 (previously computed)



5 S" 3CL
(6) " --

4 S ~a

MAl2

Iz

CDO

6

MAb2

Iz

for rectangular plan-form of wing.

5 71.35 (30,000)(30.1)2
- (.9)( )(2.607)[

4 540 (32. 2) (111, 555)

.029087 (30,000)(70)2

6 (32.2)(111,555)

-3.1307

)2 (CL MAb 2

(7) n - L - (~ ~ ~ ~ 3
p 0 erR 3a 1 2 IZ

for rectangular plan-form of wing.

- (.32687) multiplied by

(2)(4.8701) 170)2(30,000)

(.8)(3.1416)(9.07) (32.2)(12)(111,555)

.63842

D- 10

MA 2b C
(4) 1 = ( )(-A7

Sa .P A

(30,000)2(70)(2) (.16)

(32.2)2(.7384) (.002378)(540) (66,903)

306.52

(5) _6Cn )kMAb2
(5) n (- -)A

(30,000) (70)2
(32. 2)(111 555)

2.5782



(8) MA2b Cn

r p BAR
--OIZ

(30,000) 2(70) (2) (.0917)
(32.2)2(540)(111,555)(.7384)(.002378)

105.35

3Cy
(9) yV (- )

-av

-.65

(10) yo CLO

. 32687

(11) y - b Cn

r 1 3AR

(70)(.0917)

(30.1)

-. 2133

2. DETERMINATION OF RUDDER HINGE MOMENT STABILITY COEFFICIENTS

FOR A RUDDER-SERVO SYSTEM FOR THE A-26 AIRPLANE:

Using the formulae derived in section B-2, Appendix B,

and the data given at the end of the text, the Rudder

Hinge Moment Stability Cpefficients were computed.

Here also, a basis of 300 mph true airspeed, at 10,000

feet density altitude, was used.

(a) Preliminary Computations

KSAR
(1) (ISAREFF 2

nSAR

D-11-



2500

(5.1)2

= 96.117 slugs-ft 2

(2) (CSAR)EFF 2 SgAftSAR(ISAR)EFF

(2) (1.1) (5. 1) (96.117)

1078.4 ft-lbs
radian/sec

30SAR
I + ( )2(I

aR SAR) EFF

- 11, 400
(311, 44) - + (6.8333)2(96.117)
(32.2)( 144)

4490.59 slugs-ft 2

(b) Rudder Hinge Moment Stability Coefficients

(1) mrhu assumed negligible

SRAHL
Mrhv 

S

bcRAHLMA 6CRH

t(IRH)EFF IV

23
540

(70)(28.5)(30,000)

(12) (32.2) (4490.59)

.12626

SRAHL ICRAHLMA ICRH
(3) m -( )[

rr S ( IRH)EFF

(23 ) (30.1)(28.5)(30,000)](085944)

540 (12)(32.2)(4490.59)

= .054293

-TA2

RH) EFF

3CRH
DC( )cRAHLSRAHL (U 0
TA 2

36SAR 2
KAR

D-12

(2)

(4 ) mrh r

(3) (IRH) EFF

A



(4.4716)2

(4490.59) multiplied by

2
(-. 22918) (28.5) (23) (.002378) (.7384) (440)

(12)(2)

-(6.8333)2(2500 )]

-529.238

TA

(RH) EFF

(4.4716)

(4490.59)

-8CRH 2

-AR 
2

multiplied by

(S AR 2
_-( EAR ) (CsAREFF]

(-2. 2548x10- 3 ) (37) (30) (440

'(12)(2)

- (6.8333)2(1078.4)]

-50. 177

)2( .002378) (.7384)

TA2

IRH) EFF

(4.4716)2

(4490.59)

-aSAR . 1'SARUM

'3FD

(6.8333) (300)

9.1279

TA

RH ) EFF
(7) mrhd

( S A R

AR

3MSARM

4.4716

4490.59 (6.8333)(Undecided

undecided yet

TA3  
___SAR

( RH )EFF 3AR

MSARM

ajDdt

D-13

(5) mrhir

(6) m

yet)

(8) mrh

d



(4.4716)3
(6.8333)(undecided yet)4490. 59

undecided yet

3. DETERMINATION OF AILERON HINGE MOMENT STABILITY COEFFICIENTS

FOR AN AILERON-SERVO SYSTEM FOR THE A-26 AIRPLANE:

Using the formulae derived in section B-3, Appendix B,

and the basic data given at the end of the text, Aileron

Hinge Moment Stability Coefficients were computed. Here

also, a basis of 300 mph true airspeed at 10,000 feet

density altitude was used.

(a) Preliminary Computations

KSAA
(1) ISAA EFF 2

nSAA

2500

(5.1)2

96. 117 slugs-ft 2

(2) (CSAA)EFF 2 (SAA &nSAA'I SAA) EFF

(2)(1.1)(5.1)(96. 117)

1078,4 ft-lbs
radian/sec.

(3) IAH IAHR + IAHL

1900 1900

32.2x144 32.2x144

D- 14



.81953 slugs-ft 2

'30SAA 2
(4) (IAH)EFF : 4 (1 SAA) EFF (-BA ) + IAH

4(96.117)(2.833)2 + .81953

3086.5 slugs-ft 2

(b) Aileron Hinge Moment Stability Coefficients:

(1) mahP assumed negligible

TA2

mahs TA ] multiplied by
a AH)EFF

6CAH 2
[2( )CAAHLSAAHL UO

20SAA 2

4( BA ) 2KSAA

(4.4716)2 multiplied by
(3086.5)

r(2)(-.0031)(180)(14.5)(18.2)(.7384)(.002378)(440)2
I.

(3.1416)(12)(2)

- 4(2.833)2(2500)]

-528.537

TA

maha AH) EFF -

6CAH

2( A )ASA uo 
J

negligible

4 SAA 2
aA)(CsAA)EFF]

4.4716

3086.5

-50. 156

I

4TA 2  - 60SAA

- AHEFF ] )

- 4(2.833)2 (1078.4)]

6MSAM4

6FD

D- 15

(2)

(4) m h d



4(4.4716)2
(3086.5 (2.833)(50)(3086.5

3.6706

4 TA

IAH) EFF

(6) mrhf

d

WSAA

-AA

=4(4.4716)

(3086.5) (2.833)(undecided yet)

undecided yet

3
4 TA

L "
3 0 SAA

aAA

DMSAAM

-a-Ddt

4(4.4716)3 (2.833)(undecided yet)

(3086.5)

undecided yet

4. DETERMINATION OF PREDICTION MOMENT STABILITY COEFFICIENTS FOR

A DEFLECTION COMPUTER FOR THE A-26 AIRPLANE:

For a range of 1000 yards,

and for a .50 caliber gun,

at 10,000 feet density altitude,

the following value of Sp(wp)d

was taken from reference 3:

Sp(Wp) = 1.1751 sec.

A stability number of .2 has been found to be satisfactory

for manual tracking, so it was used as an initial trial

value in this analysis for automatic tracking.

Thus,

TCSD = [i + (SN)d] SP(WP)d] COS IGD

D-16

'3MSAAM

-3pD

( 5) mah t



( + .2)(1.1751) (cos 100)

1.3887 sec.

Then, from Section B-4, Appendix B,

(a) mcdr + (SN)d

+ .2

.83333

(b) mcd [ ] tan IGDp ~.+ (SN)d'

[ ] (tan 100)
i + .2

.14694

(c) mcd, was neglected in this analysis.

C. SUMMARY OF STABILITY COEFFICIENTS FOR A SYSTEM FOR AUTOMATIC

TRACKING CONTROL OF THE A-26 AIRPLANE:

1. LONGITUDINAL STABILITY COEFFICIENTS:

(a) Theoretical Longitudinal Dynamic Stability Coefficients

for the A-26 Airplane:

For U0 = 300 mph true airspeed at 10,000 feet

density altitude,

TA = 4.4716 sec

4c 241.43

CLO = .32687

D- 17



CDO .029087

XU= - .087261

x .18720

X -.32687

zu -.65374

= -4.8701

Z6 0 (for 0 = 0)

mu assumed negligible

= -.61949

-. 022336

mq - 16.3668

m = -351.95

2 -.3099
e

(b) Elevator Hinge Moment Stability Coefficients for an

Elevator-Servo System for the A-26 Airplane:

For U0 '= 300 mph true airspeed at 10,000 feet

density altitude,

TA = 4.4716 sec

meh assumed negligible
u

meh -.067287

meh- - .00042254
w

meh -. 24881
q

meh = -548.53

D-18



meh-= -50.247
e

mehf -4.9456

meh undecided yet

meh. undecided yet
e

(c) Prediction Moment Stability Coefficients for an

Elevation Computer .for the A-26 Airplane:

For a range of 1000 yards, at 10,000 feet density

altitude, and for a .50 caliber gun,

TCSE 1.5065 sec.

mce* .053294

me = .83333

mce= .0058755

Mce was neglected in this analysis

2. LATERAL STABILITY COEFFICIENTS:

(a) Theoretical Lateral Dynamic Stability Coefficients for

the A-26 Airplane:

For U0 = 300 mph true airspeed at 10,000 feet

density altitude,

TA'= 4.4716 sec.

b= 26.074

CL O .32687

D-19



CDO = .029087

1, -7.19205

ir =3.7174

1 = -27.693

18 306.52

nV 2. 5782

nr = -3.1307

nP. -.63842

nr = 105.35

y= -.65

y =.32687

ys r =-.2133

(b) Rudder Hinge Moment Stability Coefficients for a Rudder-Servo

System for the A-26 Airplane:

For UO = 300 mph true airspeed at 10,000 feet density

altitude:

TA-= 4.4716 sec

mrh assumed negligible
U

mrh -. 12626

mrh .054293
r

mrhsr = 529.238

mrh = -50.177
r

D-2Q



mrhfd

mrhtd

mrhtd
d

= 9. 1279

undecided yet

= undecided yet

(c) Aileron Hinge Moment Stability Coefficients for an

Aileron-Servo System for the A-26 Airplane:

For Uo = 300 mph true airspeed at 10,000 feet density

altitude:

TA = 4.4716 sec

mah assumed negligible

Mah a
= -528.537

ma a = -50.156

mafd = 3.6706

mah = undecided yet

mf d = undecided yet

d

(d) Prediction Moment Stability Coefficients for a Deflection

Computer for the A-26 Airplane:

For a range of 1,000 yards, at 10,000 feet density

altitude, and for a .50 caliber gun,

TCSD 1.3887 sec.

mcdr .83333

mcd = .14694

mcdv was neglected in this analysis.

D-21
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A PP EN D I X E

EQUATIONS OF MOTION FOR THE PRIMARY COMPONENTS OF A SYSTEM FOR

AUTOMATIC TRACKING CONTROL OF THE A-26 AIRPLANE.

The equations of motion were derived in Appendix A, and the

formulae for the stability coefficients used in these equations

were derived in Appendix B. The stability coefficients for a

system for automatic tracking control of A-26 Airplane were

determined in Appendix D.

If we put the stability coefficients determined in Appendix D,

in the equations of motion derived in Appendix A, we obtain

the equations of motion for a system for automatic tracking

control of the A-26 Airplane.

A summary of the equations of motion, for the case when mu,

z0, meh , mrh , and mah 0, with displacement control only,
u u p

is presented on pages E-2 and E-3.

E-1



SUMMARY OF EQUATIONS OF MOTION FOR THE PRIMARY COMPONENTS

OF A SYSTEM FOR AUTOMATIC TRACKING CONTROL OF THE A-26 AIRPLANE

Displacement Control Only.

For mu, zO, mehu, mrhu and mah negligible.

3MSAEM ft lbs
For = -100r ,a

3FE radian'

MSARM ft-lbs

30FD radian '

'3MSAAM ft-lbs

3FD radian
For mce and mcd 0. U0  300 mph true airspeed, at 10,000w .. v0

feet density altitude. Target Range = 1000 yards. .50 caliber

gun. (SN)e = (SN)d = .2

Longitudinal Equations of Motion

A-26 AIRPLANE (d + .-087 261)u-.- .18720w + .326878. = 0.

LONGITUDINAL .65374u + (d + 4.8701)w - do + .309 9se = 0.

EQUATIONS OF MOTION (5. 3684d + 149 .56)w + (d 2 + 16.3668d)e + 351.95se =
ELEVATOR-SERVO
SYSTEM (.102014d + 16.2434)w + .24881de + (d2 + 50.247d + 548 .53 )se = -4.9456feEQUATION OF MOTION
ELEVATION COMPUTER
EQUATION OF MOTION i05 3 2 9 4dcew - .8 33 3 3dce9 + (dce + i)Pce - .0058755 = 0.

IDEAL RADAR d W + {dI + } 0
ELEVATION fare- u . [ u ]
EQUATION OF MOTION

df

a

11

t~J



Lateral Equations of Motion

A-26 AIRPLANE

LATERAL

EQUATIONS OF MOTION

RUDDER-SERVO
SYSTEM
EQUATION OF MOTION

AILERON-SERVO SYSTEM
EQUATION OF MOTION

DEFLECTION COMPUTER
EQUATION OF MOTION

IDEAL RADAR
DEFLECTION
EQUATION OF MOTION

I
201.9096v - 3.7174dp + (d2 + 27.693d)+ - 306 .5 2s',= 0.

-72.3804v + (d2 + 3.1307d)p + .63842dk - 105.3 58r = 0.

(d + .65)v + do - .32687$ + .213 38r = 0.

3.54462v - .054293dk + (d2 + 50.177d + 5 29 .2 38 )sr = 9 . 1 2 7 9 fd'

(d2 + 50.156d + 528.537)8 a 3 .6 7 0 6 fd'

- . 8 33 3 3 dcdO + .1 4 6 9 4 dcd4 + (dcd t P d 0.

dfard + v ] + {d + 0.
u du

t i
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A PP E N D I X F

NETWORK EQUATIONS FOR AN AUTOMATIC TRACKING CONTROL SYSTEM FOR THE

A-26 AIRPLANE, BASED UPON A SYSTEM CHARACTERISTIC TIME EQUAL TO

THE INITIAL TIME OF FLIGHT OF THE AIRPLANE

The network equations were developed in Appendix C, and the

formulae for the stability coefficients used in these

equations were derived in Appendix B. The stability

coefficients for a system for automatic tracking control of

the A-26 Airplane were determined in Appendix D.

If we put the stability coefficients determined in Appendix

D, in the network equations developed in Appendix C, using

the proper characteristic time ratios as indicated, we

obtain the network equations of a system for Automatic

Tracking Control of the A-26 Airplane.

A summary of the network equations, for the case when

mu, ze, mehu, mrhu and mahp = 0, and for TS = TAFO,

with displacement control only, is presented on pages

F-2 and F-3.

F-1
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SUMMARY OF NETWORK EQUATIONS FOR AN AUTOMATIC TRACKING CONTROL SYSTEM

FOR THE A-26 AIRPLANE, BASED UPON A SYSTEM CHARACTERISTIC TIME EQUAL TO

THE INITIAL TIME OF FLIGHT OF THE AIRPLANE

Displacement Control Only
For mu, ze, mehu, mrhu and ma negligible.

3MSAEM ft-lbs 3MSARM ft-lbs SAAM ft-lbs
For - 100 = 300 , and 50

aFE radian' FD radian aFD radian

For mcew and mcdv = 0. U0  300 mph true airspeed, at 10,000 feet

density altitude. Target Range = 1000 yards. .50 caliber gun.

(SN) = (SN)d .2

Longitudinal Network Equations

A-26 AIRPLANE (df + .13306)u - .28544w + .49841o = 0.

LONGITUDINAL .99682u + (df + 7.4259)w dfG + .472 54 se = 0.

EQUATIONS OF MOTION ( 8 .1 8 5 7df + 347.73)w + (df2 + 24 .956df)o + 8 18 .288e 0.

ELEVATOR-SERVO SYSTEM
EQUATION OF MOTION

ELEVATION COMPUTER
EQUATION OF MOTION

IDEAL RADAR
ELEVATION
EQUATION OF MOTION

(.15555df + 37.770)w + .37939dfO + (df 2 + 7 6. 6 17 df + 12 7 5.3) Se= -11.499fe.

.053 2 9 4 dfw - .83333df6 + (df + 4 .5 2 5 9 )pce-- .026592 = 0.

dfare- W + {df + [ ]}O = 0.
E0u u

i-(d

to



ELEVATION TRACKING
ERROR ANGLE EQUATION e are + Pce'

Lateral Network Equations

A-26 AIRPLANE

LATERAL

EQUATIONS OF MOTION

RUDDER-SERVO
SYSTEM
EQUATION OF MOTION

AILERON-SERVO
SYSTEM
EQUATION OF MOTION

DEFLECTION COMPUTER
EQUATION OF MOTION

IDEAL RADAR
DEFLECTION
EQUATION OF MOTION

ELEVATION TRACKING
ERROR ANGLE EQUATION

C,'

469.44v - 5.66 8 2 dfo + (df 2 + 42.2 2 6df)+ - 712.668a = 0-

-68.28v + (d 2 + 4 .7 737df)o + .97346dfo - 2 4 4 . 9 4 8r = 0.

(df + .99112)v + dfk - .49841o + . 3 2 5 2 4 8r = 0.

8.2412v 7 ;(82786dfo + (df2 + 7 6.510df + 1230.5)sr 2 1 . 2 2 2 fd'

(df2 + 76 .478 df + 1228 .8 )sa = 8 .5341 fd-

-.8333dfO + .14694dfO + (df + 4 .9098)pcd = 0.

V
dfard + ] + {df +

U du

d ard + Pcd'

- 7 -Tll 717,

'Aw. &.0 AkAlklifil A I I

77777777= ; Fy TWWWM"" W I -IF IT 
-- 7WIWr- FT I "IF -T 'm! I I T - qm F*W"IT, rr 7 W, I- f1m 011F Rp -, Fr

J , Ak
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A P P E N D I X G

DETERMINATION OF SOLUTION TIME OF AN AUTOMATIC TRACKING CONTROL SYSTEM

FOR THE A-26 AIRPLANE, USING DIFFERENTIAL ANALYZER TO SOLVE NETWORK

EQUATIONS.

The network equations for an automatic tracking control system for

the A-26 Airplane, based upon a system characteristic time equal to

the initial time of flight of the airplane, were summarized on pages

3MSAEM 3 Ms~ 3MSAAM
F-2 and F-3 in Appendix F. The values of ,FE 'FD and ,FD

ft-lbs
(-100, 300 and 50 radian, respectively), given on Page F-2, were

used only to demonstrate the method of analysis. These values do

not represent the final values indicated by the Differential Analyzer

to be desirable.

The basic problem given to the Differential Analyzer was as follows:

Two airplanes were assumed to be flying level, each trimmed at

300 mph TAS, one behind the other. The rear (tracking) airplane was

assumed to be an A-26 airplane, flying at 10,000 ft. density altitude,

while the forward (target) airplane was assumed to be separated from

the tracking airplane by an initial range of 1000 yards. In addition,

the target airplane was assumed to be 150 ft. above and 150 ft. to

the right of the tracking airplane, so that the initial line of sight

from the tracking airplane would have an elevation component of +50

mils as well as a deflection component of +50 mils. The automatic

tracking control system was then assumed to be suddenly turned on,

thus applying a step-function input to the radar system. It was
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further assumed that there was perfect radar tracking, i.e., it

was assumed that the radar angle (AR) was always equal to the angle

of the line of sight (ALS). For initial elevation and deflection

component angles as small as + 50 mils it was reasonable to assume

that the ensuing cross-roll terms developed during the solution

time would be of second order and so could be neglected. In other

words, except for the effect of change in speed in the ideal radar

equation of motion, it was apparent that the lateral network equa-

tions were independent of the longitudinal network equations.

Thus it was decided to solve the longitudinal equations first, and

later to solve the lateral equations by using as an independent

input the change in speed resulting from the longitudinal equations,

A. SOLUTION OF LONGITUDINAL NETWORK EQUATIONS

The Differential Analyzer circuit representing the equations of

the entire longitudinal network is shown in Figure G-1-a. It

was realized that some of the terms in this circuit would have

only a small effect on the solution time, but in order to prove

just how small the effect was, it was decided to include all of

the terms until the control coefficients had been adjusted to

give a reasonable solution time, and then to drop one term at a

time and note its effect on solution time.

The first objective was to obtain the solution time required to

establish a pure pursuit course (with computer caged). After

many trial runs it was found that a solution time of about .25

(in terms of initial time of flight of tracking airplane) could
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be obtained with the following coefficients:

_AFo 
2

a - TA meh 6,324.45 ....... (displacement control
A e coefficient)

TAFO
be -( )meht. = 505.92 ...........(derivative control

A e coefficient)

TAF

ce = - )3meh 0 ............... (integral control
A fd coefficient)

TAF

TA A-m ehe )=800 ................ (servo spring coefficient)TA me

TAF 
0

-- T )(-mehi ) 200 ................ (servo damping coefficient)
TA e

The nondimensional time history for are based upon the coeffi-

cients listed above, is shown by the solid line in Figure G-2,

and the corresponding tabulated values are shown in Table G-1.

Table G-2 gives the tabulated values for the time history

obtained by neglecting the term in meh.. This effect was so

small that it could not be shown in Figure G-2.

Table G-3 gives the tabulated values for the time history

obtained by neglecting the terms in meh and mehq. Again the

effect was so small that it could not be shown in Figure G-2.

Table G-4 gives the tabulated values for the time history

obtained by neglecting the terms in me , mehq, and Judy in

the ideal radar equation of motion. Again the effect was too

small to be shown in Figure G-2.
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Table G-5 gives the tabulated values for the time history

obtained by neglecting the terms in mew, mehq, Judy, and

meh . Here too the effect was too small to be shown in

Figure G-2.

Table G-6 gives the tabulated values for the time history

obtained by neglecting the terms in meh., mehq, fudy, mehww q

and i'. In this case the effect of neglecting the additional

term in m. was appreciable, as shown by the dashed curve in

Figure G-2.

Table G-7 gives the tabulated values for the time history

obtained by neglecting the terms in meh'. eh f udy, meh>
w q w

and in addition the combination (6 - w) in the ideal radar

equation of motion. The effect of neglecting the (0 - w)

combination is shown by the dotted line in Figure G-2. Although

this effect was small, it was decided to keep the (o - w) com-

bination in the circuit.

Table G-8 gives the tabulated values for the time history ob-

tained by neglecting the terms in meh., mehq, fudy, mehw and

Zu. Again the effect was too small to be shown in Figure G-2.

In this case the variation in u shown in Table G-8 had no

effect on solution time since it was merely a by-product of

the network. This meant that only two degrees of freedom for

the airplane needed to be considered, i.e., the long period

of the airplane did not affect the solution time in any ap-

preciable way. A simplified Differential Analyzer circuit
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representing the longitudinal network equations is shown in

Figure G-1-b.

After a few more trial runs it was found that a pure pursuit

course solution time of .15 (in terms of the initial time of

flight of the tracking airplane) could be obtained with the

following coefficients:

___o 2
ae -(T) mehf = 8,624.5 ............... (displacement control

A e coefficient)

TAF 0
be -( )meh. 607.104

A e

T o 3
ce =- ) meh

TA ed
d

___O 
2

TA ) (-meh ) 800.
Ae

(derivative control
coefficient)

(integral control
coefficient)

(servo spring coeffi-
cient)

TAF
(_T )(-meh; ) 400 ....................... (servo damping coeffi-
TA e cient)

The nondimensional time history for are, based upon the coeffi-

cients listed above, is shown by the solid line in Figure G-3,

and the corresponding tabulated values are shown in tables G-9-a

and G-9-b.

It was then decided to introduce the computer into the circuit at

the first point where are was equal to 5 mils. The effect of sta-

bility number, SNe,' is shown by the curves for fe - are + pce , which

G- 5
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are shown dotted in Figure G-3. The corresponding curves for pce

are shown in Figure G-4, and the tabulated values for these runs are

shown in tables G-10, G-11, G-12 and G-13 (for SNe = 0, .2, .4 and

.6, respectively). The correct value for pe, equal to +5.7 mils,

is shown as a dotted line in Figure G-4, (value from Ref. 3, VI, p-29 9 ).

Thus it appears that the over-all solution time required to estab-

lish an aerodynamic lead pursuit course, in this case, is about .3,

or .3 x 6.8182 2 2 seconds.

All Differential Analyzer runs shown in this thesis were checked

by substituting the tabulated values in the original equations.

In order to determine and check the order of magnitude of the max-

imum stick force required to establish a pure pursuit course in

approximately one second, the following two formulae, based upon

the equations presented in section A-2 of Appendix A, for the ele-

vator hinge moment caused by the cable, were developed:

IEH -- 8CEH 2 ;e
MEHC ( 4T 2) e + -( . )cESET U0]

AF Te

ZCEH p 2
+[-HE )cEAHLSEAHL2 U0 ] e

p 2  3CEH
0 SEAHLcEAHL '3.1

3CEH 3e p 2 H 1
~ U ( )(_ U)(eA )CEAHLSEAHLI'~[(~r a) 2 0 UoTAFO

'CEH )( U 2)( 1

a 2 0 UOTAF 0SEAHLCEAHLT
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and
IEH -- 3CEH p 2 Be

MEHC )e + - )CESE - U] T
TAF2  E AF

' CEH _g2E~p U0] 8
+[(- )CEAHL EAHL 2 e

('EH)EFF TAFO TAF0+[ 2 I [mehj TA )1 + mehf TA

TAF e .. TAe.
0

+ mehf( TA 3 .ffedr - Se + (mehe H TA )

d

+ mh (TAp, ) 28 e 
(2)TA

e A

The tabulated values given in table G-9-a were used to compute MEHC>

using equations 1 and 2. These equations would give identical

results if all the tabulated values were of the same degree of ac-

curacy. However, computations based upon equation 2 are dependent

on small differences in very large values, and so are not as reliable

as those based upon equation 1. It was found that the maximum value

for MEHC, from the data in table G-9-a, was:

MEHCma= -66.485 ft-lbs, using equation 1.

-88.551 ft-lbs, using equation 2.

This maximum value occured just after the start of the run, as would

be expected, at a value of yf .04000.

Since 82 lbs stick force causes 1490 in-lb elevator hinge moment, it
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means that the maximum stick force needed to establish a pure

pursuit course in one second is somewhere between 44 and 58 lbs,

or say about 50 lbs, which seems reasonable.

The elevator-servo input control characteristics corresponding to

the required value of a 8,624.5 and be = 607.104 are:

MSAEM -7 ft-lbs a MSAEM - ft-lbs
-75 and =E -36 miiad .

3FE miliradian miliradian

sec.
TAFO 2 TAF 0

Based upon the values of ( ) (-mhs = 800, and ( )(-meh')TA ehse TA e e

400, which were found to be desirable, as shown by the results

tabulated in Tables G-9-a and G-9-b, and plotted in Figure G-3, the

required elevator servo characteristics may be computed as follows:

30SAE
Since (IEH)EFF IEH + ( E 2( SAEE

WSAE -

M E )''SAE EFF'

and since that part of the total stiffness in the elevator-servo

system which is due to the aerodynamic forces is small compared with

the stiffness caused by the elevator servo itself, we may estimate

the required value of w SA by the following formula:

(' ISA Ile A )-ehe
TAFO

SAE T~

804.17 radians
6.18 0 41 sec.
6.8182 'sc

G-8

A



And by similar reasoning,

( ) )(-mh'
A e

SAE ~ (2) (eTAF ) AE

400

(2)(6.8182)(4.17)' 7.03

We may summarize the information presented in this section as

follows: The analysis of the longitudinal loop of the automatic

tracking control system described in this thesis has indicated that

1. The effect of aerodynamic forces on the elevator servo

system need not be considered.

2. The long period associated with the aircraft need not be

considered, i. e. change in longitudinal speed may be

neglected.

3. Change in longitudinal speed has a negligible effect on

the ideal radar equation.

4. The effect of downwash lag, m,, is appreciable.

5. The effect of the combination (0 - w) in the ideal radar

equation is very small.

6. The solution time required to establish a pure pursuit

course, for the case investigated, was ' 1 sec.

7. The solution time required to establish an aerodynamic

lead pursuit course, for the case investigated, was '? 2 sec.

8. The stability number for the elevation computer should be

.6
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9. The maximum stick force required to establish a pure

pursuit course in 1 second, for the case investigated,

was '- 50 lbs.

10. The elevator servo characteristics should be

radians

crn 5 4.17 se , and SAE - 7.03.

11. The input control characteristics for the elevator-

servo should be:

'SAEM - ft-lbs
- -75

6FE miliradian

aMSAEM - -36 - ft-lbs

(miliradian
sec.

12. The computer should not be uncaged until the tracking

error angle has been decreased to at least 5 mils.

B. SOLUTION OF LATERAL NETWORK EQUATIONS

Based upon the information summarized at the end of section

A, the lateral network equations presented on page F-3 in

Appendix F were simplified and changed as follows:

2
469.44v - 5.6682 d f + (df + 42.226 df)4 - 712.66 Sa = 0 (3)

2
-168.28v + (df + 4.7737 df)k + .97346 df4' -244.94 8r = 0 (4)

(df + .99112)v + dfO - .498414 + .32524 ar 0 (5)

2
(df + 400df + 800)sr - arfd - brtd 0 (6)

(d + 400df + S00)Sa - aafd - ba d 0 (7)
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df(ard + b) + (v + 4) = 0 (8)

-. 8333 dfq + .14694 df4 + [df + 4 . 90 98 ]Pcd = 0, for SNd = .2, (9)

fd - ard + Pd (10)

The displacement control coefficients, ar, aa, and the derivative

control coefficients, br, ba, were first to be determined with the

computer caged (SNd = 0). The Differential Analyzer circuit for the

simplified lateral network equations, with computer caged, is shown in

Figure G-5. For the first runs, the rudder-servo systemand aileron-

servo system, spring and damping coefficients were kept the same as

those for the elevator-servo system (400 for spring and 800 for damping

were found to be desirable in the longitudinal analysis). However,

after a few runs it was found that more damping would be required in

the rudder-servo system. It was also found that smooth application of

rudder and ailerons, keeping v = 0, could not be obtained with constant

values of ar, br, aa and ba, and that when ar and br were adjusted to

values high enough to give a practical fire-control solution time,

large positive variations in aa and ba had very little immediate effect

on aerodynamic yaw, Physically this meant that the flight path could

not be changed appreciably in the time required for a practical fire-

control solution time. In this connection it should be noted that a

pilot can correct for a small deflection angle much faster by using

rudder alone than by coordinating rudder and ailerons to "roll in" and

then "roll out". This of course assumee that he is merely solving the
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fire-control problem, and is not trying to change his flight path

appreciably. But if he uses rudder alone the resulting aerodynamic

yaw does not reach a steady-state value, and so the required rudder

force does not reach a steady-state value. However, if the proper

amount of opposite aileron is used the rudder force required will

reach a steady-state value. It is the author's belief that small

fire-control corrections in deflection angle can be made quickest

by cross-controlling rudder and ailerons, i.e., using rudder with

opposite ailerons, and using integral control to produce a steady-

state rudder force to counteract the resulting steady-state aero-

dynamic yaw. This technique, of course, would not be used when

establishing an interception course. Figure G-6 shows the time

history of the deflection component of the ideal radar angle which

resulted when the following amplification control factors were used:

A___ 2

ar T ) Mrh 9,300 .................. rudder displacement
A d control amplifica-

tion factor)

TAFo

br T )mrh = 1625....................(rudder derivative
A hd control amplifica-

tion factor)

TAF 03

cr T tdrh = 43,000.................. (rudder integral con-
A fd trol amplification

d factor)

TAFo 
2

aa = T m) = 0 ...... ................... (aileron displacement
d control amplification

factor)
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ba 0 .............................(aileron deriva-TA d tive control am-
plification factor)

___ 3
C= T mh 0.........................(aileron integral

A _d control amplifica-
d tion factor)

TAo2
T- (-mrh ) = 800..........................(servo spring ampli-
A r fication factor for

rudder system)

TAFO

T -- -Mrh' =750 ..............................(servo damping ampli-
A r fication factor for

rudder system)

The corresponding differential analyzer data for Figure G-6 are

given in Table G-14. Higher values of ar, br .and Cr only required a

higher value of rudder damping to keep the rudder from reversing too

soon. Thus the higher values resulted in no appreciable gain in

solution time. It will be noted that the Differential Analyzer run

shown in Figure G-6 was accomplished by using displacement, deriva-

tive, and integral control in the rudder servo, with no forcing func-

tion input to the aileron servo. As a result the aerodynamic yaw

did not reach a steady-state value as it would have if opposite

aileron (using negative values of aa, ba and ca) had been used. If

this run had been continued further it would have been found that as

the aerodynamic yaw decreased, less integral control would be re-

quired, and so the deflection component of the radar angle would end

up with a negative bias. This of course could be prevented by apply-

ing opposite aileron angle during the run. The fire-control solution
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time for the lateral run shown in Figure G-6 was y .19, or (.19)

(6.8182) = 1.3 seconds. It is the author's belief that if sufficient

opposite aileron had been used to produce a constant steady-state

aerodynamic yaw, there would have been very little effect on solution

time; and the solution time which would have been obtained by co'ordi-

nating rudder and ailerons (with v 2' 0) would have been at least 3 or

4 times as long.

Equations analogous to equations 1 and 2 could be developed to deter-

mine the rudder (or aileron) hinge moments from the Differential

Analyzer data.

The rudder-servo input control characteristics corresponding to the

required values of ar = 9, 300, br =1,625, and cr = 43,000 are:

MSARM 31 ft-lbs

3FD miliradian

SARM 157 ft-lbs

(miliradians/sec )

3MSARM ft-lbs
= 89

-fFDdt (miliradian) (sec.)

Based upon the values of ( )2(-mrh) 800, and T )(-mrh'
A r TA r

750, which were found to be desirable, as shown by the results

tabulated in Table G-14, and plotted in Figure G-6, the required

rudder servo characteristics may be computed as follows:
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TAF 2

T 1(-mrhA r
"S AR _TAF,0

__ _ radians
- 4.17

6.8182 sec.

TAF0

TA (-mrhA r
SZAR 5(2) ( TAFO)(SAR

750

(2)(6.8182)(4.17)

Time did not permit a complete analysis of the lateral equations.

However we may summarize the results of this investigation as follows:

The analysis of the lateral loop of the automatic tracking control

system described in this thesis has indicated that

1. The fire-control solution time for gun fire is A' 1.3

seconds for the control amplification factors chosen.

2. A fire-control solution for gun fire, for small corrections

in deflection angle, can be accomplished quickest by

applying rudder and opposite ailerons, rather than by

coordinating ailerons with rudder to change the flight

path by "rolling in" and then "rolling out". (This of

course would require velocity jump correction in the

deflection computer).
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3. The input control characteristics for the

rudder-servo should be:

1MSARM ft-lbs

3FD miliradian

BMSARM 1 ft-lbs
=157

-8 t'D (miliradians /sec)

MSARM 89 ft-lbs
=89

BfFDdt (miliradian) (sec)

4. The rudder servo characteristics should be:

radians
cn= 4.17 se., and&SAR sec.

SAR = 13.2

It is the author's opinion that the ratio of the rudder servo stiff-

ness to the rudder aerodynamic stiffness, measured at the rudder

hinge, should not be less than 6 for positive positioning of the

rudder. (This factor should also apply for positive positioning of

the elevator).

It should be noted that MSAEM, MSARMand MSAAM are effective input

moments at the servo axes applied by the servo motors; they are not

the net moments applied by the servo motors. The net moment for

each servo motor may be obtained by subtracting the stiffness, damp-

ing, and inertia moments from the effective input moment. The net

moment applied by the servo motor is of course just the negative of

the cable moment at the servo axis, see equation 41, Section A-2,

Appendix A.
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000000
000000

000000
0000000

40002
-158111
049997
'000000

020000 02000 00000
04000 -00001
16000 -00007
08000 -00026
10000 -00066
12000 -00134
14000 -00235
t6000 -00373
18000 -00545
20000 -00748
22000 -00976
24000 -01223
26000 -01483
28000 -01751
30000 -02025
32000 -02303
34000 -02587
36000 -02378
38000 -03179
40000 -03491
42000 06184
44000 -04154
& 000 -04504
8000 -04865

50000 -05233
52000 -05608
1 4000 -05985
6000 -06364

-a8735 58000 -06744
-012878 60000 -07123
-001712 62000 -07503
-0020a 64000 -07883
002386 *6000 -08264
000167 68000 -08647

001106 70000 -09031
049998 72000 -09419
000067 74000 -09807
-001959 16000 -10197
100106 78000 -10586
020000 800c -10975

82000 -11361
84ooo -11746
86000 -12127
88000 -12506
90000 -12881 -

M. I. T. DIFFERENTIAL ANALYZER #2

Run No. RDA No. Ed. No. 2 G-I1

Date 2/26/47 Time 12:40
___________ 35A8".3Hl#S( A

a be Sce SN8 p eq Pursuit Cours
e* 5 (No Computer

6324. 5 1505,$2 0 o

lK 10l 2 I nif -0 -4 e XO Ax/ Ix
00000 00000 00000 05000 00000 -015 00000 00000
ooo 8 00008 -00178 04993 -01325 -00153 00126 00144
00083 00078 -oc448 04922 -01283 0040 00641 00663
00288 00282 -00667 04718 -00884 00245 1426 01397
00641 00651 -00792 04349 -00355 00274 02252 02107
01116 01172 -00809 03828 00174 00247 02911 02592
01654 01794 -00728 03204 00602 00178 03258 02730
02182 02450 -00578 02547 00864 00084 03234 02492
02629 03064 -00395 01929 00933 -00012 02860 01931
02941 03577 -00217 01411 00825 -00091 02227 01162
03089 03947 -00074 01034 00586 -00141 01464 00327
03077 04163 00014 00808 00280 -00157 00710 -00432
02930 04239 00040 00719 -00024 -00141 00084 -01005
02692 04209 00009 00733 -00268 -00099 -00332 -01329
02416 04122 -00060 00805 -00415 -00045 -00503 -01393
02149 04022 -00149 00887 -00450 00011 -00459 -01234
01932 03950 -00233 00940 -00381 00057 -00242 -00925
01783 03931 -00295 00938 -00238 00084 00065 -00556
01697 03975 -00325 00871 -00018 00093 00377 -00211
01692 04078 -00318 00746 00119 00082 00625 00043
01715 04218 -00t59 00581 00259 00057 00759 00164
01748 04372 -00218 00401 00341 00025 00762 ot49
01767 04514 -00147 00232 00356 -00008 00645 00015
01750 04624 -00079 00095 00311 -00034 00435 -00194
01688 04685 -00025 00003 00222 -00050 00185 -00426
01601 04698 00010 -00040 00112 -00056 -00060 -00635
01438 04665 00022 -00039 00005 -00049 -00261 -00783
01273 04599 00014 -00006 -00080 -00034 -00388 -00847
01105 04516 -00008 00044 -00131 -00014 -00430 -00824
00949 04433 -00036 00093 -00141 00005 -00396 -00727
00817 04361 -00063 00129 -00115 00021 -00306 -00584
00717 04312 -00081 00143 -00064 00030 -0018 -00425
00647 04285 -00088 00132 -00001 00032 -00070 -00280
00602 04280 -00081 ooto 00060 00028 00021 -00172
00574 04290 -00063 00053 00105 00018 00068 -00116
00552 04305' -00039 00002 00129 00006 00066 -00112
00527 04315 -00012 -00045 00128 -00006 00022 -00149
00491 04312 00013 -00081 00106 -00013 -00051 -00210
00442 04293 00032 -00101 00073 -00019 -00136 -c0279
00380 04257 00044 -00105 00022 -00020 -00218 -00338
00308 04206 00047 -00092 -00007 -00017 -00281 -00374
00233 04146 00043 -00071 -00037 -00011 -00316 -00380
00159 04082 00033 -ooo45 -00052 -00002 -00319 -00353
00093 04019 00023 -00022 -00051 OO04 -00293 -00300
00039 03965 00013 -00006 -00037 00009 -00251 -00236
00001 03919 00008 00000 -00016 00011 -00202 -00171

(-/M = Zoo)goo
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000000 M. I. T. DIFFERENTIAL ANALYZER #2
000000 20 1.84 2
000000 Run No.- - RDA No. Ed. No.

000001 Date 2/26/47 Time 4:30 -
,00004-

-181 9o $049998 cZ4~ 1001a
000000
1000 x2'x101,i / /Z 341 6, 51x410 1050 /x 3

020000 00000 00000 00000 00000 OOOO 0500i 000O0 -015 18 0000 00000
02000 00000 -00002 00006 -00176 04984 -01325 -00157 00121 00139
04000 -00001 00081 00075 -00446 04924 -01285 00136 00632 00655
&6000 -00007 00284 00277 -00666 04722 -00888 00242 U144 01388
08000 -00026 00634 00644 -00792 04355 -00359 00271 02239 02098
10000 -00065 01098 01161 -00809 03837 00168 00245 02899 02584
12000 -001.33 01645 01782 -00729 03215 00597 00176 03249 02725
14000 -00234 02172 02435 -00580 02558 00860 00083 03227 02490
16000 -00370 02619 03049 -00397 0 941 00931 -00013 02856 01932
18000 -00542 02931 03561 -00219 01424 00823 -00092 02226 01165
20000 -00744 03081 03930 -00076 01046 00585 -00143 0147 00332
22000 -00971 03069 04147 00012 00819 00280 -00159 00712 -00426
24000 -01217 02923 04224 00038 00730 -00024 -00142 00086 -01000
26000 -01476 02686 04195 00008 00744 -00268 -00101 -00331 -01324
28000 -01743 02410 04108 -00062 00815 -00415 -00048 -00507 -01390

30000 -02016 02145 04008 -00150 00897 -00450 00009 -00459 -01232

32000 -02293 01928 03935 -00234 00949 -00383 00055 -00243 -00924

-14021
-002294
-009242
-002422
01.3759 &
003816)
005643 ~L4
04999
00U412

W005
020000-

G-25



000000 M. 1. T. DIFFERENTIAL ANALYZER #2
000000 Run No. 21 RDA No. Ed. No. 2A

000000
.000002 Date 2/26/47 Time 5:05 u 2 O a
-000002--
000001 b14 I SN (N 6
4.58111 63445 I505.92  0_
049997 /
000000 . --

000000 xi. /U r0A /0-5,g -ax/Olk e/ "S- 1,-3 S /0/
1ioooo 00000 00000 00000 00000 00000 05000 00000 -01591 00000 00010

MnXrUtxx 02000 00000 00009 00007 -00178 04993 -01325 -00155 00125 00154
04000 00000 00083 00077 -00448 04923 -01283 00140 00640 00672

0200000 06000 -00007 00288 00281 -00668 04719 -00883 00244 01425 01407
08000 -00025 00641 00650 -00792 04350 -00354 00275 02251 02113
10000 -00065 01115 01170 -00809 03829 00176 00247 02910 02602
12000 -00133 01654 01793 -00728 03206 00604 00176 0326 02740
14000 -00235 02182 02449 -00578 02548 00865 00083 03233 02502
16000 -00372 02629 03063 -00395 01930 00934 -00012 02858 01940
18000 -00544 02940 03574 -00216 01413 00825 -00092 02224 01170
20000 -00747 03089 03944 -00073 01036 00585 -00142 01462 00336
22000 -00975 03076 04159 00014 00810 00279 -00157 00708 -00423
24000 -01222 02928 04235 00039 00722 -00025 -00141 00083 -0099526000 -01481 02691 04206 00008 00736 -00279 -00099 -00332 -01318

43256
-001485
-013284
-003320
-014712
002700

-009870
049998 y k002558sx

-000762
100002 /YaA- r~,h asse eS L.L /r% c
020000

0-4v '16, tI~& iY.j i

G- 26



00000
000000
000000

000000
00002
000000
4 58tit.
0149998 S 2916A000000 2X10 e,0
000000 O 0000 00000
100000 02000 -00000
o20000 04000 -0000.

06000 -00007
08000 -00026
W0000 -00065
12000 -009.34
4000 -00235

16000 -00373
18000 -00549
20000 -00748
22000 -00976
24000 -01.223
26000 -01483
28000 -01751
30000 -02025
31001 -02164

-a3959
-002165
-010887
43615
011103
004261

003587
049999

002640
-000972
i00000
020000

M. I T. DIFFERENTIAL ANALYZER #2 TAL G
Run No -22 RDA No. 8 Ed. No. -

Date 2/26/47 Time 5:40 .. s

C el Ic SW J. ("'p cj"T

432. 5059 0 00 10

lour 10 0 2xJ0 o' ) 0 5e .Sx 104
00000 00000 00000 05000 -00000 -01581 00000 00000
00008 00008 -00177 04993 -01325 -00154 00126 00145
00083 00079 -00447 04922 -01 2 U00140 00642 00664
00288 00283 -00667 04718 -00882 00245 01427 01399
Oo641 00652 -00791 04349 -00353 00275 02253 02109
01116 01.73 -00808 03828 00177 00247 02912 02593
01655 01796 -00727 03204 00605 00177 03258 02731
02184 02452 -00577 02546 00866 00082 03233 02491
02630 03066 -00393 01919 00935 -00012 02858 01929
02941 03578 -00215 01412 00825 -00091 02224 01159
03090 03948 -00072 01034 00585 -00141 01461 -00325
03077 04163 00015 00809 00279 -00158 00707 -oo434
02929 04239 00041 00721 -00025 -oo141 00083 -01006
02691 04210 00009 00735 -00269 -00099 -00332 -01328
02415 04123 -00061 00807 -00415 -00044 -00505 -01390
02150 04024 -00149 00888 -00449 00011 -00455 -01230
02034 03983 -00193 00920 -00425 00036 -00362 -01088

e o en e b 1 o6

Ce fect or Ae rAr
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000000 M. I. T. DIFFERENTIAL ANALYZER #2 -FAUEF G-5
000000 Run No. RDA No. Ed. No 2

000001 Date 2/26/47 Time 6:10
,CqO03 ~i60001 3~
-1.58ill (ft'.V-~ U0OOlp~~

049997 '0 $ 94 O co I
000000 + iq. rw /0 .

000000 2A 0 -2 X) 16A- 4 044 IC6 2.X10 6 0 Id 10 e e x
00000 00000 00000 00000 00000 00000 05000 00000 -01581 00000 00000

020000 02000 00000 00008 00006 -00177 04993 -01326 -00154 00126 00145
04000 -00001 00083 00077 -00447 04922 -01233 oot4o 0064 00663
06000 -00007 00237 00281 -00667 04719 -00883 00245 01426 01398
08000 -00026 00640 00650 -00792 04350 -00353 00275 02252 02108
10000 -00065 01115 01171 -00308 03829 00177 00247 02910 02592
12000 -00133 01654 01794 -00727 03205 00605 00177 03257 02729
14000 -00235 02132 02449 -00576 02549 00867 00083 03230 02490
16000 -00372 02628 03062 -00393 01931 00935 -00013 02855 01926
18000 -00544 02938 03573 -00214 01415 00816 -00092 02219 01156
20000 -00747 03086 03941 -00070 01040 00585 -00143 01455 00320
22000 -00975 03071 04156 00017 00816 00273 -00158 00699 -00440
24000 -01221 02922 04230 00042 00730 -00027 -00142 00074 -01013
26000 -01481 02683 04199 00011 00746 -00272 -00100 -00340 -01334
28000 -01748 02426 04110 -00060 00819 -00419 -00045 -00513 -01395
30000 -02022 02140 04009 -00149 00902 -00453 00012 -00460 -01232
32000 -02299 01923 03937 -06234 00955 -00383 00057 -00240 -00920

-M.4044
-002299

-000206
-Q23977
013992
003829
005632 exce

001389Y4 r su ec

-00005
020000

G-28



000000 M. I. T. DIFFERENTIAL ANALYZER #2 Cn'-G
000000 R 184 2
000000 Run No. RDA No. Ed. No.

-00Ooo2 Dae 2/26/47 Time 6:15 Cre i ourse
-000.003
00000i -- I ce M Ce
05000t 6324J45 1 5. 2 o oo o
000000 Fe3.
oo006 Ix 105'j /o ur /0 5e 'Xi 1,0F.x i
t000 00000 I0000 00000 00000 00000 05000 00000 -Oi& 0000 00000
020000 02000 00oo oooo8 00007 -00177 04993 -013 4 -00153 00130 00147

04ooo -00002 00086 00079 -00446 04919 -012 4 00147 00670 00691
06000 -00008 00301 00295 -00662 04704 -00850 00262 01517 01484
08000 -00028 00678 00690 -00775 04308 -00277 00299 02430 02269
10000 -00071 01192 01254 -00771 03734 00303 00271 03165 02814
12000 -00144 01777 01932 -00661 03065 00769 00188 0354 02960
14000 -00254 02346 02640 -00476 02354 01037 00076 03469 02655
16000 -00403 02812 03289 -00261 01700 01069 -00044 0296 01948
18000 -00587 03107 03802 -00062 01181 00876 -00143 02126 00981
20000 -00803 03199 04129 00080 00846 00520 -00205 1136 -00059
22000 -01042 03092 04258 00141 00706 00089 -00218 00183 -00979
24000 -01295 02826 04215 00118 00735 -00320 -00184 -00560 -01620
26000 -01556 02468 04056 ooo22 00879 -00622 -00113 -00975 -01891
28000 -01818 02095 03850 -00119 01068 -00761 -00024 -01020 -01780
30000 -02080 01777 03670 -00270 01230 -00720 00064 -00731 -01354
32000 -02343 01566 03573 -00396 01307 -00521 00131 -00210 -00739
34000 -02610 01484 03591 -00471 01268 -00218 00166 00400 -00089
36000 -02886 01523 03729 -00480 01109 00119 00165 00954 00452
38000 -03174 01649 03960 -00425 00855 00416 00128 01326 00771
40000 -03481 01812 04241 -00320 00550 00614 00068 01443 00816
42000 -03805 01957 04519 -00187 00248 00679 -00003 01288 00593
44000 -04149 02036 04741 -00056 -00001 00607 -00067 00908 00169
46000 -04508 02019 04873 00049 -00161 00424 -00112 00392 -00353
48000 -04878 01897 04896 00110 -00213 00187 -00131 -00150 -00855
50000 -05254 01685 04818 00120 -00166 -00079 -00121 -00608 -01235
52000 -05632 01416 04663 00082 -00044 -00288 -00086 -00900 -01421
54000 -06008 01131 04471 00010 00115 -00413 -00037 -00981 -01388
56000 -06380 00874 04284 -00076 00268 -00433 00017 -00855 -01155
58000 -06748 00678 04139 -00155 00378 -00352 00063 -0056 -00786
60000 -07112 00563 04062 -00210 00421 -00194 00091 -0019 -00366
62000 -07477 00529 04059 -00230 00388 -00002 ooo98 00168 00017
64000 -07843 00562 04123 -00210 00289 00185 00084 00452 00287

-. 8799 66000 -08215 00623 04230 -00158 00146 00325 00053 00596 00400
-011707 68000 -08594 00710 04350 -00084 -00010 00392 ooo14 00580 00347

-005220 70000 -08980 00763 04451 -00005 -00149 00379 -00026 .00416 oo156
45508 72000 -09371 00767 04509 00063 -00243 00292 -00057 00149 -00121
009317 74000 -09766 00714 04508 00109 -00281 00157 -00074 -00160 -00414
002367 76000 -10163 00605 04445 00126 -00257 00005 -00075 -00444 -00659
002804 78000 -10558 00457 04334 00113 -00185 -00133 -00060 -00648 -00804
049999 80000 -10948 00292 04194 00076 -00084 -00228 -00033 -00734 -00825
003553 82000 -11332 00135 04049 00026 00023 -00264 -00002 -00695 -00721
-001956 84ooo -11711 00010 03922 -00025 00109 -00237 00028 -00550 -00522
100001
020000 e 1#

A~r'

ia66bn4Ike a4v tW - Ablf soaw-~b eA a

'M is .. Kot /* OV)So"tnle

G- 29



000000
000000
000000
000000
tQOOO4

-158111
049998
000000
00rJ000 5

100000 V2, 4,0 f a IA
UxMxx 00000 00000
020009 02000 00000

04000 -00001
06000 -00007
08000 -00026
10000 -00066
12000 -00134
14000 -00235
16000 -00373
18000 -00545
20000 -00748
22000 -00976
24000 -01223
26000 -01483
28000 -01752
30000 -02027
32000 -02307
34000 -02594
36000 -02890
38000 -03196
40000 -03516
42000 -03850
44000 -04198

47826
-004200

000902
007738
-008599

-003496
-001065
050000

-M07744

100000
020000

M. I. T. DIFFERENTIAL ANALYZER 2 TA'Lt G25 184 t
Run No. .. RDA No. Ed. No.

Date 2/26/47 Time 9:20

-e ce
6324. 5 505492 0 0 0

00000 00000 00000 05000 0000 -01581 00000 oooo
00009 00007 -00177 04993 -01325 -00154 00126 00145
00084 00078 -00447 04922 -01282 00139 0064 00663
00288 00282 -00666 04718 -00881 00245 01426 01398
006 1 00651 -00791 04349 -00352 00275 02252 02107
01116 01171 -00807 03828 00177 00247 02910 02591
01654 01793 -00727 03206 00534 00175 03256 02728
02182 02448 -00577 02551 00862 00080 03230 02489
02629 03062 -00394 01937 00927 -00014 02857 01929
02940 03574 -00217 01425 00814 -00094 02226 01162
03089 03945 -00077 01055 00570 -00144 01469 00334
03079 04162 00007 00837 00260 -00160 00724 -00416
02936 04243 00028 00756 -00046 -00142 00112 -00978
02705 04222 -00007 00777 -00290 -00098 -00287 -01287
02439 04145 -00081 00854 -00435 -00044 -00444 -01335
02186 04059 -00173 00939 -00465 00013 -00376 -01162
01984 04006 -00260 00993 -00392 00058 -00141 -00841
01853 04008 -00324 00990 -0024 00087 00179 -00463
01796 04077 -00355 00922 -00060 00094 00502 -00116
01800 04204 -00348 00795 00119 00082 00756 00137
01841 04371 -00309 00628 00259 00056 00892 00254
01892 04552 -00248 00447 00338 00023 00894 00231
01926 04721 -00178 00278 00350 -00011 00774 00091

c +-
cGtmeAr Tu6 ct e

- .g as Ouej 4 ne rIv,

soutl~~~s, ITVe...ll er
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000000
000000
000000
000000
.000004
000001

-158111
049997
000000
000000
100000 zvY SrJ 2x)O.

020000 ooo 00000
00000 00000
02000 00000
04000 -00001
06000 -00007
08000 -00026
10000 -ooc66
12000 -00134
14000 -00235
26000 -00373
18000 -00545
20000 -00748
22000 -00976
24000 -01222
Z600C -01481
28000 -01749
30000 -02022
32000 -02300
34000 -02583
36000 -02874
38000 -03174
40000 -03486
42000 -03810

4000 -04148
000 -04498

-<17832
-004498

-002008
004359

-011994
-03122
-003580

049999
45798
-001436

10000C
020000

M. I T. DIFFERENTIAL ANALYZER #2 ~TAL& i -8
Run No. 26 RDA No. Ed. No.
Date 2/26/47 Time 10:45

a| C SNe p

4324.5 505.2 0

/ /as /oe zux/ox v lego sSe rx /03 6 5K -
00000 00000 00000 05000 00000 -01581 ooooo 00000
00000 00000 00000 05000 OOOO -01581 -O000 00000
00008 00007 -00177 04993 -01326 -00155 00126 00143
00083 00078 -00447 04922 -0128 00140 00641 oo662
00288 00282 -oo666 04719 -00883 00245 01426 01397
00641 00651 -00791 04350 -00354 00275 0225 02106
01116 01171 -00807 03829 00176 00247 02910 02590
01654 01794 -00726 03206 00605 00176 03256 02727
02181 02448 -00576 02549 00866 00083 03230 02488
02627 03062 -00392 01932 00935 -00013 02854 01924
02937 03572 -00213 01416 00826 -00093 02219 01152
03084 03940 -00070 01040 00585 -00143 01454 00316
03070 04155 00017 00817 00278 -00159 00699 -00443
02920 04229 00042 00731 -ooo28 -00142 00074 -010 6
02680 04197 00011 00746 -00273 -00100 -00340 -01338
02403 04108 -00060 00820 -00419 -ooo45 -00512 -01399
02136 04007 -00148 00902 -00453 00011 -00459 -01236
01919 03936 -00233 00955 -00383 00057 -00239 -00925
01771 03917 -00295 00952 -00238 00085 00071 -00552
01696 03963 -00325 00884 -00056 00093 00385 -00207
01682 04066 -00318 00758 00122 00082 00634 00046
01705 04209 -00278 00591 00263 00057 00767 00166
01739 04364 -00215 00410 00344 00024 00768 00147
01757 04507 -00144 00240 00358 -00008 00647 00011
01739 04616 -00075 00102 00332 -00036 00436 -00201

Samer As 2Lteceg

-k AsSufA YNe2 11 1

so Gj c ecrees-o

reec6%r e vNeeJ

o e airane does rot l &er
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oocco M. 1. T. DIFFERENTIAL ANALYZER #2 TABW 6-9-a
000000 Run No. 29 RDA No. Ed. No.
000000 Date 2/27/V7 Time 5:40 ursui Course
000002 4(No Computer))

..-043121 -N -- -I-- -
000000 a I b e I p
050001 3624 25 607. 04 0 oOJ 0

026592 /o ct6 i f /

f /6'ikr 1061$ e~ /0 r~ -0 se O /044-
00000 00000 00000 00000 50000 00000 00000 -00431 00000 00000
00500 00007 00006 -00306 49994 ooo -00927 -00056 ooc46 oco6o
01000 00084 00074 -00806 49927 OOOO -01026 ooooo 00249 00280
01500 00308 00282 -01311 49719 00000 -0097 00012 00609 00648
02000 00744 00703 -01785 49298 00000 -00907 00018 01094 01123
02500 01437 01391 -02214 48612 00000 -00806 00021 01667 01665
03000 02408 02379 -02589 47625 00000 -00689 00024 02292 02236
03500 03666 03685 -02902 46318 00000 -00561 00026 02936 02801
04000 05198 05312 -03150 44692 00000 -00427 00027 03568 03330
04500 06980 07245 -03330 42757 00000 -00292 00027 04161 03800
05000 08978 09461 -03442 40530 00000 -00158 00026 04693 04188
05500 11146 11924 -03491 38074 00000 -00031 00024 05146 04482
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Run No. RDA No. Ed. No.
Date 2  Time

S - 40,14 o I o
106tr /0691 /
13202 45416 -0070
12851 45533 -00670 01099
12534 45673 -00628 00795
12241 45827 -00580 00475
11962 45985 -o00528 00148
11687 4614o -00472 -00178
11410 46283 -0015 -00493
11124 46406 -00356 -00791
10821 46505 -00299 -01064
10499 46575 -00242 -01291
10153 46610 -00188 -01524
09783 46605 -00137 -01704
09388 46559 -00091 -01847
08969 46475 -00049 -01953
08527 46357 -00012 -02024
08066 46203 00020 -02062
07587 46015 00046 -02068
07096 45797 00068 -02042,
06597 45553 00084 -01991
06094 45286 00095 -01920
05591 45003 00103 -01833
05093 447o6 00108 -01734

/0

000
00000
00000
00000
00000
00000
00000

00000
00000
00000
00000
00000
00000

00000
00000
00000
00000
00000
00000

00000

00oo6 00003 00205 -00742
00072 00002 00260 -00663
00084 00002 00297 -00605
00094 0000. 00315 -00567
001C3 00001 00316 -00548
00108 00000 00299 -00548
00111 00000 00267 -00561
001 1 00000 00222 -00588
00109 -00C01 00166 -00624
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00099 -00001 00030 -00716
00092 -00002 -OO45 -00765
00083 -00002 -00121 -00815
00074 -00002 -00198 -00862
00064 -00002 -00272 -00905
00054 -00002 -00342 -00942
00044 -00002 -00405 -00971
00034 -00002 -00462 -00992
00026 -00002 -00510 -01004
00018 -00002 -00550 -01007
00012 -00001 -00580 -01001
00006 -00001 -00602 -00986

T~k 4L-c

T~~j
eo .gJ~

'auV ~4Q)LA

ST-- s 1

G-33

2399f
24499
24999
25499
25999
26499
26999
27499
27999
28499
28999
29499
29999
30499
30999
31499
31999
32499
32999
33499
33999
34499

-e9863
-006028
-000336
000064

-000085
002064

-001736
-003636

0 z -6 :Y< IS,



005o
0290o45

-010283
003920'

-C020186
001700
004998
031916

|c5  /Okp /
192 32958 44
12000 32994 44
12500 33080 46
13000 32947 47
13500 32645 48
14000 32218 48
14500 31704 49
15000 31132 50
15500 30528 50
16000 29910 51
16500 29296 51
17000 28696 51
17500 28119 52
18000 27573 52
18500 27061 53
19000 26584 53
19500 26142 54
20000 25734 54
20500 25356 55
21000 25005 55
21500 24678 56
22000 24367 57
22500 24068 57
23000 23775 58
23500 23483 58
24000 23185 59
24500 22876 59
25000 22550 60
25500 22203 60
26000 21829 61
26500 21425 61
27000 20986 61
27500 20508 62
28000 19988 62
28500 19423 62
29000 18812 62
29500 18150 62
30000 17438 62

414992 30500 16673 62
-019051 31000 15854 62
003449 31500 14981 61
002137 32000 14053 61

O0082 32500 13072 61
-004727 33000 12038 60
-007372 33500 10952 59
018772 34000 09816 59
014040 34500 08633 58

35000 07405 57

Run No. -" RDA No. E0. No. ' 7 -

Date 2/28/47 Time 10:35 'N
_Aerodynarnh Lea)

a b C S ursuit Course
8624.125 07.1 4 0 0.0

16 /0 (o0 k6 L e
640 -01083 0500 0000 00392 -00202 02905 -00593
860 -01059 05012 00241 00258 -00149 02826 00425
149 -01036 05078 01660 -00058 -00020 02345 -00064
218 -01081 05118 02836 -00095 -00001 01946 -00450
109 -01131 05132 03816 -00093 00000 01630 -00741
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954 -01382 04650 07871 -0003 00001 00890 -01177
400 -01402 04507 08294 -00028 00001 00900 -01122
855 -01416 04347 08713 -00019 00001 00924 -01057
324 -01425 04167 09132 -00010 0000t 00956 -00987
810 -01428 03968 09555 00000 00001 00991 -00916
314 -01427 03751 09982 00011 00001 01027 -00847
835 -01420 03516 10412 00021 00001 01062 -00783
373 -01407 03262 10846 00032 00001 01093 -00725
926 -01387 02990 11281 0004 00001 01118 -00674
489 -01362 02700 11711 00054 00001 01133 -00634
058 -01331 02394 12177 00065 00001 01142 -00605
628 -01293 02070 12551 00075 00001 01139 -00587
195 -01251 01731 12949 oo87 00001 01126 -00581
751 -01202 01378 13326 00098 00001 01100 -00587
292 -01149 01009 13680 00109 00001 01064 -00604
812 -01090 00629 14002 C0120 00001 01016 -00632
305 -01026 00237 11291 00130 00001 00956 -00670
765 -00959 -00165 14541 00140 00001 00885 -00718
188 -00887 -00575 14750 00150 00001 00804 -00776
567 -00810 -00993 14911 00160 00001 00712 -00841
897 -00727 -01416 15022 00169 00001 00609 -00915
174 -00642 -01842 15081 00178 00001 00497 -00996
392 -00552 -02271 15082 00186 00001 00376 -01083
547 -00458 -02699 15023 0019 00000 00246 -01175
638 -00361 -03125 14904 00200 00000 00109 -01271
657 -00260 -03548 14721 00205 00000 -00036 -01372
597 -00157 -03964 14472 00211 00000 -00189 -014 7
462 -00051 -04373 14157 00215 00000 -00347 -01583
247 00058 -04772 13775 00219 00000 -00511 -01691
950 00167 -05160 13324 00222 00000 -00680 -01800
567 00278 -05533 12804 00224 -00001 -00852 -01909
097 00388 -05890 12216 00224 -00001 -01027 -02016
540 00499 -06230 11561 00224 -00001 -01203 -02120
894 00610 -06549 10840 0022 -00001 -01380 -02222
160 00721 -06847 10053 00221 -00001 -01557 -02319
337 00829 -07122 09204 00218 -00002 -01732 -02412
428 00937 -07372 08294 00214 -00002 -01905 -02499
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A PP EN D I X H

DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF AIRCRAFT TO

FORCED SINUSOIDAL MOTION OF CONTROL SURFACES

A. LONGITUDINAL EQUATIONS:

A-i: DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF

AIRCRAFT TO FORCED SINUSOIDAL MOTION OF ELEVATOR,

WHEN THE EFFECT OF CHANGE IN LONGITUDINAL VELOCITY IS

INCLUDED IN ALL THREE EQUATIONS OF MOTION

According to Euler's Equations of motion for a

moving body with principal body-axes as reference,

we have:

L IXP ~ (Y IZ)QR, (1)

M Iy - (IZ ~ IX)RP, (2)

N IZA - (IX - IY)PQ, (3)

X MA(J + WQ - VR), (4)

Y MA( + UR - WP), (5)

and Z MA( + VP - UQ). (6)

If the airplane is restricted to longitudinal motion,

P, R, V, P, ft and * 0.

Thus, equations 1, 3 and 5 reduce to

L = N = Y =0, (7)

and equations 2, 4 and 6 reduce to

M Iy (8)

X MA(O + WQ) (9)

and Z = MA UQ) (10)

H-i



Using the initial conditions for steady-state horizontal

flight, given by equations 11, Section A-1, Appendix A,

and neglecting second order terms, equations 8, 9 and 10

(above) become:

X MAA0 (1

Z = MA(Ak - U0Q) (1

Functional Dependence:

Let M = F(W, q, U, Q, AE), (1

X = F(W, 6, U) (1

and Z F(W, 0, U). (1

Other effects, such as XQ, ZQ, XAE' ZAE' XAE, Z.E'

MAE) XAW, etc., will be neglected.

Assuming that all changes are small, and using the

principle of linear superposition, we have:

1)

2)

3)

4)

5)

M = mo + (-)AU +

X = XO + ( M-) AU +
o AU

and

Z= Z + ( )AU +
BAU

) AW +
MW

( )aW +

aAW

AW

'8AW

)AJ + (-)Q+( )A
' 3Q 3AE E

(16)

)X
(--6 0-do (17)

(18)

Trim Conditions:

Assume M X = 0, before the forced oscillation

is started.

Forced Oscillation:

AE = AE sin OEt.= AE aeinEt. (19)

H-2



We may define:

1 X ~X :_ X

XAU j ) 3 X ), X0  (MA )

ZAU (Z Z A

MAU 3AU MA . W) M () ,MA MA' AW (-I (-W y M

M ()( ) and MAW (--)M
E IY MAE lY A6

The equations of motion now become:

AC= XAUAU + XAWAW + X6,

A'k =ZAUAU + ZAWAW + ZOO + UO Q

and Q = MAUAU + MAW$W + MAWO + MQQ + MAE AE-

By definition:

D =d o DO and 50 = D20.
dt

Thus, the equations of motion reduce to:

(-D + XAU)AU + (XAw)AW + (XO)O = 0,

(ZAU)AU + (-D + ZAW)AW + (DUO + ZO)O' 0

and (Maj)AU + (DMNA + MAW)AW + (-D2 + DMQ)O

-MAE EA&ei Et.

Non-dimensionalizing:

By definition, let:

t
Y TA.

T UOCLO MA
g p

-2SUo
H-3

Xu= TAXAU,

Xw' TAXAW,

x6=TAXO( j )

mu = cTAMAU,

(20)

(21)

(22)

(23)

(24)

(25)

-A



m = c TAMAW,

M q=TAMQ,

Se= 8 e sin wey,

%f~ = CMW,

Ms= TA2MAE0,

d = TAD,

AU

U0
AW

w
U0

TA

UO

we TAI)E,

TAUO UOCLO MA
c gc p

2 Sc

zu TAZAU,

Z A

q =T A Q,

8e = Ag ,ea Ea

e AE>

e = TAAE

After substituting in the equations of motion we have:

d Xu Xw xq
[-(--) + ( )]uUO + (-)wUO + (-)Uoe = 0,TA TA 0 TA 0 TA

(-)uU0 + 1- + dwUO + [( U + ( U 01 = 0
TTA TA TA 0 TA

an U + d d~ 2 d mq

and ( )uUo + U[ + (-)+-(9wU
cTA 0  TA c cTA 0 TA2  TA TA

- 8e e e -

A

If we multiply equations 26 and 27 by TA/UO , and multiply

equation 28 by TA2, we have:

(-d + xu)u + (xW)w + (xO)O = 0,

(zu)u + (-d + zw)w + (d + z )O.= 0 and

H-4

(26)

(27)

(28)

(29)

(30)



(cmu)u + (dycmfl + yLcmw)w + (-d 2 + drnq) = -Mese8 eicey. (31)

Let u =uaeicev, (32)

w 4w eiOey and (33)

6 =ae1eiweY, (34)

where u,, w, and 6 are complex amplitudes.

Putting equations 32, 33 and 34 in equations 29, 30 and 31,

respectively, we have:

-'we + Xu )ua + (xw ), + (X9a, + 0, (29-a)

zuII a+ (-iwe + zw)wa + t ice + ze)8 = 0 and (30-a)

(/ucriu) a + (iweLc4 + bcmw)wa + (we2 + iwemq )a -mSe 8 ea* (31-a)

By determinants,
Ai A3 A4

wa - ) =--- and u =- (35)
62 A2 A2

where

Ljo~ + xu) (0) (x6 )

(Zu) (0) (ie + z9 ) (36)

(Acmu) (-mSe Sea (e 2 + iwemq)

Expanding, we have:

i-ma8e (Cj - w2)2 + (weC2 2 eii, (37)

where C= xezu - XuzG, (38)

C2 = zG - xu and (39)

WeC2
tan-i , 2 ). (40)

H-5



- -

Also,

(Xw)

(-ioe + zw)

Sia,,Urs + pchlw)

(XO)

(iCe + ze)1(41)

(me 2 + iwemq)

Expanding, we have:

A2 - e + COe 2C5 -C4)2 + we2 (e5 - C6 )2eeiO2, (42)

where

C3 6(XUW - XwZU) + (XU + Zw)Mfq + A'cml,4(xu - zO)

C4 -= /c z(xuz9 - xezu) + 4cnx6oz - Xwze),

C5 Xu - Zw - mq - FLcIl ,

C6  (Xqzu - xuzw)mq + (xU - ze)/cmw

+ (x ze - xezul)mC - (Xw + xe)4cmu

coe(we2C5 - C6)
and 02  tan-i [ e 'p

)e4 + W e2C 3 - C4

(-iwe + xu)

(Zn)

(AmCu)

(X) (0)

(0)(-ie + zw)

(iw~e/6 + p cmw) ~Me a )

H-6

(-iwe + xu)

A2 (Zn)

Cmu)

(43)

(44)

(45)

Also,

A 3 =

(46)

(47)

(48)



Expanding, we have

- 2)2 21 ' j
A3  -mseSea V(K- we) + (weK2) e ki,

where

K= xuzw - xwzu,

K2  -xu - zw and

ta-l ceK2 2V{= tan 1 (.e

And,

A4

(0) (xw)

(0) (-iue + zw)

(-m e 8ea )ie/-cw + jpcmw)

(x6 )

(ioe + ze)

(we2 + icoelq)

Expanding, we have

A4  -e 8e (-HI )2 + (-weH2)2 eiA,

where HI = x0z - XwZB,

H2 = xw - xO and

tan- ( H2
-H4

Now, from equations 32, 33, 34, 35, 37, 42, and 54, we have:

u = pusee sin (wey + LAus e

w = wSea sin (we' + LAws ) and
e e

H-7

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)



'9= /Iesse sin (w,'y + LA9 e), (60)

where the amplitude response ratios are:

Ua (-H) 2 + (-WeH2 )2

pus-m
(_e 4 + We2C3 ~ C4 )2 + we 2(We5 C6 )2

w_ (Ci- e 2)2 + (weC2)2

wSe S e (-Ce4 + we 2 C3-- C4 )2 + Owe2(e 2C5 - C6 ) 2

and

ea J(Ki - e 2 )2 + (weK2) 2

/e -- -m / + 2 + e26e2C5 )2 (63)
e Sea e (we 4 + &)e2C3 - C4) ee25-C

and the lead angles are:

LAs -02, (64)

LAws e k 2 and (65)

LA 8  - 02- (66)
e

Differentiating equations 58, 59 and 60, and rearranging,

we have:

u = pe 8ea sin (Wey + LA S ), (67)

A = pge 8e sin (wey + LA S ) and (68)

q = qpsee sin (WeY + LAsg), (69)

where

Pil S weyu.s LA = LAUS + ,T (70)
e e e e 2

H-8



8 e ~ We/ws, LA LA8 +e , (71)

7T

AqSe eA6e and LAqSe = LA6 8e .y (72)

From equations 59, 60, 62, 63, 68, 69, 71 and 72, we see that

q 0(K - we2 )2 + (aeK2) 2
- - - - O (73)
/" a w a (C1 - we) + (weC2)2

A-2: DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF AIRCRAFT

TO FORCED SINUSOIDAL MOTION OF ELEVATOR, WHEN THE EFFECT OF

CHANGE IN LONGITUDINAL VELOCITY IS NEGLECTED IN THE EQUATIONS

OF MOTION FOR NORMAL-FORCE AND PITCHING-MOMENT

When the effect of change in longitudinal velocity is

neglected in the equations of motion for normal force

and pitching moment, equations 30 and 31 reduce to:

(-d + zw)w + (d + z9 )e = 0 and (74)

(dycmg + /Lcmw)w + (-d
2 + dmq)o = - m 8 e e (75)

Substituting equations 33 and 34 in equations 74 and 75,

we have:

(-iwe + zw)Wa + (ice + z6) ea = 0 and (76)

(iwe/cni + cmw)w + (we2 + iaemq = -m= e 8 ea .

Solving equations 76 and 77, simultaneously, for wa and

0., and putting these values in equations 33 and 34, we

have:

H-9



W =we Sea sin (coey + LAws ) and (78)

0 = pesele sin (wey + LAeS ) (79)

where, for z,, 0:

(-web)2 + (k - we2)2  (80)

__ a Se (zw)2 + (-we) , (81)

e se we (-web) 2 + - 22

LAws e = - 2 , (82)

LA 8  = -$2, (83)

b =- - mq - "cmj , (84)

k = - sCmw + zm, (85)

k - 2

2 = tan- '-web e and (86)

qi = tan- ie 1 . (87)
Zw

Now, substituting equations 78 and 79 in equation 29, we

have:

U '"se8e, sin (wey + LAuSe(

where
ua A2 + B2

e Sea (xu)2 + (-we) 2 (89)

H- 10



A = XO-pe cos # - x CA e Cos 82,

B -Xe= xOA sin [ - xwApws sin #2>e e

LA tan-i()
e A

#8 = V # / 2 - aj,

p2 ~- -,a~ 4 and
S -o

= tan-i (_)
xu

Differentiating equations 78, 79 and 88, and rearranging,

we have:

4 =  Yg8eSe sin (wey + LAS e),

q = AqS e sin (cVy + LAqse) and

a = /s e Be. sin (weY + LA S )

where

pW e - Oeu8e

P-e= wJeFu8 and

7T
LA, e = LAwse + ,-

LA = LA '7+ ,
ee 2'

7T

LA S ' LAus +2

From equations 78, 79, 80, 81, 96, 97, 99 and 100 we see that

q a zw 2 (102)

S: -Mw +cwe wa we

H-11

(90)

(91)

(92)

(93)

(94)

(95)

(96)

(97)

(98)

(99)

(100)

(101)



Combining equations 82, 86, 87 and 100, we see that

(Ae (k- 2) - gb
LA 8  tan-i 2 (100-a)

e +zw(k-we) web

and
rboe

LAs t~ c 2 (82-a)
e kwe

B. LATERAL EQUATIONS:

B-1: DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF

AIRCRAFT TO FORCED SINUSOIDAL MOTION OF RUDDER, WITH

FIXED AILERONS.

If the airplane is restricted to lateral motion,

Q AW = AW = AU AO 0.

Thus, equations 1, 2, 3, 4, 5 and 6 reduce to:

L IXP, (103)

M = I - IX)RP, (104)

N I (105)

X = -MAVR, (106)

Y = MA(4 + UR), and (107)

Z = MAVP. (108)

With reference to initial conditions for steady-state horizontal

flight, and neglecting second order terms, we have:

L IXP (103)

N IZA and (105)

Y MA(A + UOR). (107)

H-12



Functional Dependence:

Let L F(V, R, P),

N F(V, R, P, AR) and

y = F(V, 4).

(108-a)

(109)

(110)

Other effects such as YN, Yp, YR, etc., will be neglected.

Assuming that all changes are small, and using the principle

of linear superposition, we have:

L Lo ( )AV + ()R + (--)P,
S aAV 3R aP

BN 'aN aN '3N
N No + ( )AV + -+R + -)P + (AR)-6AV 6R 'aAR

and
Y = Yo + ( )AV + (- )0-

3AV 2$

(111)

(112)

(113)

Trim Conditions:

Assume Lo = No - Y = 0, before forced oscillation

is started.

Forced Oscillation:

AR = AR sin QRt
iRt (114)

We may define:

LAV =i HL

L6L
LR )

=L

IX M

NAV ( ),
Iz AV

6N
NR Z

Np ( ) and
z P

i Hy

'VMA 2 AV
Yay a,

i '3Y
=O (-) (-L)

A P

i N_
N = ( )I ).

'R Z 3 R

H-13
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The equations of motion now become:

P = LAVAV + LRR + LpP,

k. NAVAV + NRR + NpP + N AR and

At = YAVAV - U0 R + W-

By definition,

D d so P = DO, D2 , R = , = and At DAV.

Thus, equations 115, 116 and 117 reduce to:

(-LAV)AV - (LRD)qj + (D2 - LpD)# = 0,

(-NAV)AV + (D2 - NRD)qP + (-NpD)# = NARAR sin (Rt

and (D-YAV)AV + (U0D)tp + (-Y)6 = 0.

Non-dimensionali zing:
AV

Let v
U0

TA_ UQCL0 : MATA U L
gp

2SUo

Cor -TAR> I

V = TAbLAV,

1r TALR,

1 TALP>

ny = TAbNAV,

nr = TANR,

nP, TANp,

ns r= TA2NAR'

d TAD,

t

TA

MA TAUO UO2CL

pbb gb
2Sb

yv =TAYAV>

TA

r AR dO=)

P = TAP d4 =

8r ~

r AR

and Sr = 8r sin wry.

H-14

(115)

(116)

(117)

(118)

(119)

(120)
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Substituting in equations 118, 119 and 120, we have:

+ + [(d 2  p ) d )
TA TA TA2 TA TA

TA TA

)U. + d2

+b TA2
-np d nsr

+ (-)-) 0 (, 2 sin rY (122)
TA TA TA a r

d YV vd U0 ) 0
[T- T - -)]U + Uo(y-T~ + (-yo)(-) =T 0TA TA 0 A TA

If we multiply equations 121 and 122 by TA2 , and multiply equation

123 by TA/Uo, we have:

(-publv)v + (-lrd) + (d 2 - ld)4 = 0, (124)

(-Ibnv)v + (d2 - nrd)p + (-n d)O = NS rsrae (125)

and (d - yv)v + dO + (-yo)o = 0. (126)

Let v = vae

41 94bae and

(127)

(128)

(1

where va, 4 and 4. are complex amplitudes.

Putting equations 127, 128, and 129 in equations 124, 125 and 126,

respectively, we have:

(-Yblv a + (-lriwr) 2 + (-0)2 lpiwr)a = 0,

~,bnv)a + (- - nri r)la + (-npier) 0, = ns r ta

and (iwr - Yvl)a + (iwr)qka + (-yO) a= 0.

29)

(130)

(131)

(132)

H-15
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By determinants,

- A5  - A7  - A8
Va -6, Oaba and Oa =

where

(0)

A5 = (n8 8ra)

(0)

(-W _ ir)

r - nriwr)

(iwr)

( 2 
-1ic,

4r p r

(-npicq.)

(-Y)

Expanding, we have:

A5  nsr (-Wc 2 + (-2 2)2

where

C -PP

C2 lry4 and

a. tand.( r
-OrC.

Also,

A6

4 )-. r Pr i(4 1 r

wr - nriwr) (-npiwr)

(iwr - (ic r) (-y)

Expanding, we have:

S ria2
c6~ r - fwrC3 - o C4) 2(- C + orC6~ r2 e ,

H- 16

(133)

(134)

(135)

(136)

(137)

(138)

(139)

(140)



where

C3 = Yv(npr - nrlp ) + /Lb(1vnp - lpnv - lY)

C4 -1p - yv - nr,

C5 ~ Y4(lvnr - lrnv)Ab,

C6 = (lpnr - irnp) + yv(nr + l) + abnv

and a2 = tan~ (1
-C5 + 2 06 ~ (4

WrC3 - 4 C4
I.

Also,

(0)

(n r sr.

(iwr - Yv (0)

(-4) - 1p ir)

Expanding, we have:

w 2r C 2 + a )2A7 = ns r 8 r -Kj I K 2 + - C: jK 2 + r)2r(

where

Ki -lvyb

-lp, as defined previously,

K2 -yv and

&r(-CK2 + Wo )
a3 =tan-i [ ]-

+ 2(K 2 + Ce )

H- 17

(141)

(142)

(143)

(144)

(145)

(-npicor) (146)

(-yO)

ei a3 (147)

(148)

(136)

(149)

(150)

-1



And,

(-,bblv)

(-bnYv)

(iwr~77

(0)(irior )

(-WrLn iwr)rr )

(lcr) (0)

- (151)

Expanding, we have:

A8 .= s r Ba (r crHi) 2 + (-H2 )2 e (152)

where

H 2 = (Yvlr + .,blV) and

a4 = tani ( 2
wrH

(153)

(154)

(155)

Now, from equations 127, 128, 129, 133, 135, 140, 147 and 152

we have:

Vv yr Sra sin (wer + LAy r),

P a r a sin (wry + LAor ) and

0 /,8 Sr. sin (wry + LASr ),

where the amplitude response ratios are:

(-wrCi)2 + (-w2 - C2)2

Yvs r ns r+2 42r5 Sn r (orC3 ~ c®rC4 )2 + (-C5 + 64C6-w4 2

nr [-K + c2(K2 + C,)]2 + 2(-CK2 + 2)T

r (wrC3 - rvC 4 )2 + (-C5 + &C)r6 - )2

(156)

(157)

(158)

(159)

(160)

H- 18



(6 H )2 + (-H )2
- C r 2 + + 2405 2

r e r3-1k3C4)2 (-C5 + f orC6 _ r

and the lead angles are:

LAS a - a2 ,

LAsr a3 - a2 and

LA 8 a4 a2.

Differentiating equations 156, 157 and 158, and rearranging, we have:

r a sin (wry + LA 8 ),

y 8r sin (wry + LAO ) and

0 48s sin (wry + LA'8 )r a1

where

mis r - r

r and

7T

LAg sr = LAv Br + ,2

LAy8  = LAy8  + -
Lps r r 2'

- 7T
LA(s =LA08 r+2'

From equations 156, 157, 159, 160, 165, 166, 168 and 169 we see that

VI rC r

-OrCi) 2 + (-WL2 - C2)2
= r (171)

[-K~ + b2(K2 + C )]2 + &r2(-C K2 + .2) 2

H-19

(161)

(162)

(163)

(164)

(165)

(166)

(167)

(168)

(169)

(170)



B-2: DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF AIRCRAFT

TO FORCED SINUSOIDAL MOTION OF AILERONS, WITH FIXED RUDDER

The basic equations for Lateral motion are given by

equations 103, 105 and 107.

Functional dependence:

Let L F(V, R, P, AA),

N = F(V, R, P) and

(172)

(173)

(110)Y = F(V, 4).

Other effects such as NAA> p YR, etc., will be neglected.

Assuming that all changes are small, and using the

principle of linear superposition, we have:

L L + ( )AV +( )R + (-)P + ( AA>0 'AV ' R 3P A AA

N = No + )AV + ( )R +( )P and

Y Y -a'YY + )AV +Y 0 ' 3AV )AV

(174)

(175)

(113)

Trim Conditions:

Assume L = N =Yo = 0, before forced oscillation is started.

Forced Oscillation:

AA AA sin QAt = JAAa e QAt (176)

We may define

LAy =
IX AV

LR = ( ) , L

NAy = (i )3N
Z 3AV

NR ),I~ Z R

Y'w'Y
MA aAV

MA 4

Lp = (I)
I P

NpF)( ) and L (L )(L
Iz '3P A IX 3AA

H-20



The equat

P L

ions of motion now become:

WAV + LRR + LpP + LAAAA,

A = NVyAV + NRR + NpP and

A' = YAVAV - UOR + YOO-

By definition:

d 2
D d, so P = Df, P = D 2 , R = Dq, A = D q and A = DAV.

dt'

Thus, equations 177, 178 and 117 reduce to:

(-LAV)AV - (LRD)q/ + (D2 - LpD)O = LAAAAa sin RAt,

(-NAV)AV + (D2 - NRD)qi + (-NpD)o = 0 and

(D - YAV)AV + (UOD)q + (-Y) = 0.

Non-dimensionalizing:

Let AV

U 0

t

Y TA-

d = TAD,

wa - TADA>

lv = TAbLAV,

r TALR =

ip = TALp 1

n= - TAbNAV,

nr = TANR = n,

n = TANp = n ,

v MTAYAV

TA
=~ () YO)

r TAR = =

p = TAP = d
A UCLO MA

TA, g (~
2

MA TAUo UoCLO
-b p b gb'

2Sb
H-21

(177)

(178)

(117)

(179)

(180)

(120)



1s a TA2LAA and

Ba 8aa sin way -

Substituting in equations 179, 180, and 120, we have:

(T )UOv +A 2 TA TA TA2 aa

-n v + [
TAb 0 TA2

[d-)
TA

sin wa7

(181)

- ( d )I]4 + p )d) = 0 and
TA TA TA TA

+ U( A + 0.
TA TA

(182)

(123)

If we multiply equations 181 and 182 by TA 2, and multiply equation
TA

123 by - we have:

(-publv)v + (-lrd)qP + (d 2 - ld) 18a Sa elwa,

(-Iubnv)v + (d2 - nrd)/ + (-n d)4 = 0 and

(d - Yv)v + dO + (-yo)4 = 0.

aYLet V vea,

- l ay and

0 goae coay,

where va, Oa and Oa are complex amplitudes.

Putting equations 185, 186 and 187 in equations 183, 184 and

respectively, we have:

(183)

(184)

(126)

(185)

(186)

(187)

126,

H-22

3a = AA, (176-a)

)]IU 0v
TA



22
(-pb1V)a + (-lrioa~ia + (-w$ ~lpiCaa S=la'aa ,

(-,bn , + (- - riwa)a + (-npiwa).Oa 0 and

(iOa - Yv Va + (iwa)0 + (-YO) 0.

By determinants:

- 9
V, =( ), &=

' A1 0

All

A10

A12
and Oa ( ),

A10

where

(1saSa

(0)

(0)

(-1ria w

(-w2- nr.a.

(iwa)

Expanding, we have:

A9 =s la Sa.Wa waG )2 + (-G 2)2 eiki

where

Gi = yo - np,

G2 = r yonr and

-G2
X- = tan~i (-).

taG

Also,

(-iria l

(2
wa - n rla)

H-23

"a p a

(-n pica)

(-yk

(188)

(189)

(132)

(190)

a p a

(-n pia

(-y

(191)

(192)

(193)

(194)

(195)

A10

(-,pblv)

(/-LbnV)

(iwa - Yv)

(196)



Expanding, we have:

A10 2 &)a J(aC3 - 3C4 )2 + (-C5 + oa C6 ~ wa 2

where C 3 , C4 , C5 and C6 are given by equations 141, 142, 143 and

144, respectively, and

t axf -C5 + 6a2 C6 - a

waC3 ~ Wa3C4

(isaa Sac

(0)

(ioa - Yv) (0)

Expanding, we have:

S (- . 0 2. 2e iX3
Ali = 18aaa ~ Ja 2 ) + (aJ3) e3

where, TA 2g
Ji ubny - Inv( b '

J2 -n, Y

J3-= n pyv and

3 =. tan- ( waJ3
- a 2j 2

(-lrica)

(-wa - nriwa)

(a pioa)

(-n pica)

(-y)

aSa

(0)

(0)(iwa)

H-?4

(197)

(198)

(99 )

(200)

(201)

(202)

(203)

(204)

(205)

And,

A11

And,

A12 ~ (-abnv)

(iwa - Yv)



Expanding, we have:

A12 = 1S8 a.a \/Caj4)2 + (-J5 + wa2)' eiX4

where

J4 = -nr ~yv

J5 nryv + ILbnV and

X4 = tan-i ( J )
waJ4

Now, from equations 185, 186, 187, 190, 192, 197, 200 and 206

we have:

V = V Sa Sa, sin (way + LAYsa),

4 = /I a 8aa sin (way + LAs a ) and

0 = a aa sin (way + LAOsa),

where the amplitude response ratios are:

aa
A 8a Sa .

a1

Saaa

and

a ad

(waG,) 2 + (-G 2 )2

a (waC3 ~ ,a3C4) 2 + (-C5 + wa 2aC6 - Wa4)2

a] (-i a2j2)2 + (Wa3) 2

'a (waC3 ~ wa3C4)2 + (-C5 + wa2C6 - a4

aJ4) 2+ (-J5 + &a2)2

Wa aC3 - wa 3C4) 2 + (-C 5 + Wa26 ~ a4 ) 2

and the lead angles are:

H-25

(206)

(207)

(208)

(209)

(210)

(211)

(212)

(213)

(214)

(215)

I



LAsa = - k2,

LAsa = X3 - X2

LA08a 4 - X2

(216)

(217)

(218)

and

Differentiating equations 210, 211, and 212, and rearranging,

we have:

Sa aa

a aa

4 8 a aa

sin (&)a- + LA ),

sin (way + Lo a

sin (way + LAOg a),

4iL = Waajv8 ,a a

a a

Wa "M 8a and

From equations 210,

LA ' = LAy8 +--,
a a 2

(222)

LA = LA 8  + , (223)08 P0a 2'

7T
LA's = LAga + , (224)
,a , ,a 2 (2

212, 213, 215, 219, 221, 222 and 224, we

see that

Va V a a "va

0a 0a a A a

(waG)2 + (-G 2 ) 2

(waJ4) 2 + (_J 5 + "a
(225)

B-3-a: DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF

AIRCRAFT TO FORCED SINUSOIDAL MOTION OF RUDDER AND

AILERONS, ADJUSTED FOR ZERO AERODYNAMIC YAW

When the ailerons and the rudder are forced to move

H- 26

and

where

(219)

( 220)

(221)



at the same frequency,

"a Ir = War. (226)

We may assume that the forced motion of the rudder

is known:

Sr e irae'6ary, (227)

where 8r is real.

We may also assume that the forced motion of the

ailerons is unknown:

$a eiaar (228)

where Saa is complex, and is to be determined.

From equations 124, 125, 126, 183 and 184, we see that

the general equations describing the airplane response

to a combination of forced sinusoidal motion of rudder

and ailerons are:

(-Ablv)v + (-lrd)P + (d2 - ld)4 = 1 a , (229)

(-Iabnv)v + (d2 - nrd)p + (-n d)o = ns 8r (230)

and (d - yy)v + dq/ + (-yo)4 = 0. (126)

The problem is to mathematically adjust Sa so that v 0.*

To do this, we put v = 0 in equations 200, 201 and 97,

and use equations 227 and 228, as well as

'p = 4bae ar7 and (231)

k= a3aeiwar . (232)

* Either rudder motion or aileron motion can be adjusted mathematically to give

v = 0, but for purpose of illustration aileron motion will be adjusted.

H-27



Note that Oa and &O are complex unknown amplitudes. Thus we have:

(lriwar la + (- 2  - lpi6ar) + (-1 S a = ,ar rara ar an~sa

(-iar - nri'ar a + (-npiOsar r a

(i'warbka + (-yoOa = 0.

By determinants,

_ 13 A15  - A16Saa - A a = - and = ,
14 A14  14

where

(-lri&)ar)

Vc 2 -ni~air r ar

(iwar)

(-W2 -ar 1pi&ar)

(-npiar)

(-y)

(0)

(nSr ra (237)

(0)

Expanding, we have:

A13= nr raar V/lplar 2 + (-Wa ry)2e

2_

where 3 = tan -A ( a r
1p ar

Also,

A14

-ir lpiwar)

"ar r ar (-npiwar)

(ioar) ~-4 )

Expanding, we have:

A14 = l'amar /(np - yg cr + -nry4)

where 04 = tan~ [ry]
(n - yO) 'ar

H-28

and

(233)

(234)

(235)

(236)

A13

a-18

(0)

(0)

(238)

(239)

(240)

(241)

(242)



(-1iriwar)

ar - nriar)

(icoar)

(0)

(nsr 
ra)

(0)

(-1 )

(0)

(0)

Expanding, we have:

A15  sa'arnsr re ,

where 05 = tan~ -= tan-i(+W) =--

(0)

(nSr ra)

( 2 -l1iw(ar p ar)

(-np ioar)

(0)

Expanding, we have:

A16 = ns r Bra1Ya .

Now, from equations 228, 231, 232, 236, 238, 241, 244 and 247,

we have:

(248)Sa /is abra S.sin (wary + LASar ),

0 = ydr Ba sin (wary + LA,0 8 ) and

4= /U8rp 8ra sin (wary + Ltpgr

(249)

(250)

H-29

And,

A 15 (243)

And,

A16

(244)

(245)

(246)

(-isa

(0)

(0)

(247)

(-yO)



where

a r

Fr 4

FLLrIS

aa n 8
r)

1a

( 1W )2 + (- 2 - rl43p6ar a1r r&

(np - yO a,2 r + r

and
y4 )2War + (-nr) 21

ns r Y4

'arJ np -y4)) ar
+ (-nry4) 2

Also,

LA8asr =3 - 04,

IT
rA4)sr2 - 44

LAI8r -44

have:

LA8  a= 44 - 43

LA)8a = 43,

and

Differentiating equations 248,

LA'1 a = -43.

249 and 250, and rearranging, we

82 a /-; r rasin (wary + LAjaar),8a r a a

= % 8r sin (wary + LA*8 ) and

=) r 8r sin (Wary + LA*)tSr 8 a r

where

ktsasr ~ ar4sar, LA ar = LAS 8  + ,
a r a r 2'

H-30

(251)

(252)

(253)

(254)

(255)

(256)

(257)

(258)

(259)

(260)

-4

Inp-



4r WMarr,

/qS r a Pa 8 r

.IT

LA;r = LAS + , T

LA r = LAO + .y
LA~8r rand,

From equations 249, 250, 252, 253, 258, 259, 261 and 262, we see

that

a a P4r- 0

a2 a /JP8 r

P$r war

F'P r YO

And from equations 248, 249, 251, 252, 257, 258, 260 and 261, we

see that

Oa 0 I-Ls r L 8 r

a Sa . Sa a 8aer 4a r

Analogously,

'PA a Oa " Sr _ FSPr

aaa

2par + (-(ar 2r14
(264)

war (lpwar )2 + (- 2ar - lr4)2

(265)

B-3-b: DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF AIRCRAFT

TO FORCED SINUSOIDAL MOTION OF RUDDER AND AILERONS, ADJUSTED

FOR ZERO GEOMETRIC YAW

Equations 226, 227, 228, 229, 230, and 126 are valid for

this case. The problem is to mathematically adjust sa SO

that P = 0. To do this we put P = 0 in equations 229,

230 and 126, and use equations 227, 228 and 232, as well

* Either rudder motion or aileron motion can be adjusted mathematically to give
0, but for purpose of illustration aileron motion will be adjusted.

H-31

(261)

(262)

(263)



as

v = av e i .

Note that Va is a complex amplitude to be determined.

we have:

(-Lblv a + ( ~pi ar -a a = 0,

(-pAbnv Va + (-n pi&ar) a ns r a and

(iwar - Yv a + (-y0)0 = 0.

By determinants,

-A17  - A19  . 20
Sa - A1 8  ~ =-and va=-~

a 8 18  A 18

where

air p iwar)

A17  (~Mbnv)

(iCar - Yv)

Expanding, we have:

(-npiwar)

(0)

(nSr Sra

(0)

A17  n8 
8r ~ ar C 2 )2 + o (pr 3 - ar 02 e 2

where

P = - lY4b,

P2 = -Yv + 1) 

H-32

(266)

Thus

(267)

(268)

(269)

(270)

(271)

(272)

(273)

(274)

)



P3 =p, and '

Gar3 ~ ar
(- 2

2 = tan -i A -ar
P i- CO2

(-,ublv) ~U ar ~ lpiwar)

(-npioar)

(!ar - yv)

Expanding, we have:

(278)
4 -5cAr) 2 +2

P4 =nyubl

P5 =-np,

P6 = npyv and

03 = tan~ 2 .P

-P4-P5war

(-pzblv) (0)

(~/Lbnv (ns r B)r

(0)

Expanding, we have:

A 9 = 1ans r Bra

(-1sa

(0)

(0)

2 + ((ar 2'e ,

H-33

Also,

(275)

A18 =

(276)

. (277)

(-s 
a

(0)

A18 = is a

(0)

where

(279)

(280)

(281)

(282)

And,

A19 = (283)

(284)



where

04 = tan-d ( .-).
-yv

And,

(0) (-62 -piar lpi&ar)

(nsr 8r ),
(-npiwar)

(0)

Expanding, we have:

r20 = ns r Sa

Now, from equations 228, 232, 266, 270, 272, 278, 284 and 287,

we have:

Sa IS #8ar a sin (Wary + LAs asr

0 11 r 8 a sin (wary + LAo r) and

V p rra sin (wary + LAv r s

(288)

(289)

(290)

where

Sa.
8 8a r sra

Vay
r 8r

v a

4 a r

r -WarP 2 + war3 ~ Lar _
( - -

1a p4 P5war2 + (warP6)2

(-YV) 2 + (war )2

(-P4 - P5 r 2+ (WarP6)

nflr YO

(-P4~P5ar 2 + (warP6)2'

H-34

(285)

(-18a

(0) (286)

(0)

(287)

(291)

and (292)

(293)



Also,

LASasr -2 ~ 03,

LA,0 r ' 04 -3,

LA sr = - p3

LAS rsa 0 '3 0 12,

LAgsa 14 2,-

LAysa 2.and

Differentiating equations 288, 289, and 290, and rearranging,

we have:

a #asr ra sin (wary + LAa8 )r

S= 8 r sin (Wary + LA 8 r) and (298)

V= p r 8ra sin (Wary + LAo r), (299)

where

/1'3 8 =War.L 8
Sar aarb4ar

ar 0ar/v8r

7T
LAj a = LAS8  + ,a r a r 2

LA;8  = LA0r 08r

and

+2

LAgsr = LAvgr + .

From equations 289, 290, 292, 293, 298, 299, 301 and 302, we

see that

a r r

(303)

-yy) 2 + (war

And, from equations 288, 289, 291, 292, 297 298, 300 and 301,

we see that .
9a 0 kO r P4sr (yv + (Oar)

a 8 s )u8 a 2rp ~ 2 + 2 , 2

a 
a a a r Sa r Va pwar 2 ar 3~ar (304)

H- 35

K

(294)

(295)

(296)

(300)

(301)

(302)

AOS



Analogously,

v v Pisr /Vr

a -a r a r P- r 2 + 2r3~ar

(305)

B-3-C: DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF

AIRCRAFT TO FORCED SINUSOIDAL MOTION OF RUDDER AND AILERONS,

ADJUSTED FOR ZERO ANGLE OF BANK

Equations 226, 227, 228, 229, 230 and 126 are valid for

this case. The problem is to mathematically adjust Sa

so that o = 0. To do this we put 4 = 0 in equations

229, 230 and 126, and use equations 227, 228, 231 and

266. Thus, we have:

(-p"blva + (-lriwarb4a + (-1a )saa = 0,

2
(~tzbfV)Va + (ar - nricar ta = n r ra and

(i6)ar~yv)a + (iwar ba = 0.

By determinants,

A2 1  - A23  - A24
$a A 2 > = and -= .

a A22 A22 A22

where

A21 =

(-lriwar)

(2 a-ccr-n iwar)

( icar~v ) (iwar)

(0)

(ns 8  )

(0)

(306)

(307)

(308)

(309)

(310)

* Either rudder motion or aileron motion can be adjusted mathematically to give
= 0, but for purpose of illustration aileron motion will be adjusted.
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Expanding, we have:

A2 1 - nr a8lar urar)2 + (1rvv + Fblv)2 e 1

where

Sryv + A'blv
_j tan- ( ).

irAar

Also,

(-lri&ar)

A22 ~ /-bnv) ~ar - nrl'ar

(iwar - v iwar)

Expanding, we have:

Q )2a ~ + Q 2 )2A22 18lar (Q{ar) + 2 a

(-is

(0)

(0)

e V2

where

Q = r yv - nr

Q2.= nvtb + nrYv and

02 = tan 1i

2
Q22ar

- ). ~

And,

A2 3 =

(0)

r a

(iaar-Yv)

(-1 )

(0)

(0)(0)

H- 37
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(311)

(312)

. (313)

(314)

(315)

(316)

(317)

(318))(- bnv)



0.3 - tan~
'ar)

-yv

And,

A24 =

(0) (-1 riwar)

-ig-rrar)

(0) (iwar)

Expanding, we have:
34T

A24 = 18 fls rr ware' 2

Now, from equations 228, 231, 266, 309, 311, 314, 319 and 322

we have:

Sa =is a r sin (wary + LAsa r), (323)

P = 08 r b8r sin (wary + LAOS r) and

V=Ls 8r Ba sin (wary + LAs ),

where

4sa sr

(324)

(325)

(326)
Saa n r (lrwar)2 + (lryv + Fblv) 2

8ra 182 + 2 )

q' a rr

r 8r a Wr

yV)
2 + (war )2

(-Qiwar) + ( Q2 -- ~ar

H-38

(319)

(320)

(-s1a

(0)

(0)

. (321)

(322)

and (327)

Expanding, we have:

A23 = ans Sr ~1_72 + (ar )2' eia3

where

(ns r Ba )



Vr S)2 (328)

+ ( ~ 2r )2

Also,

LA ar = 0

LAqr = 0-3 - 02

LAr 2 2 and

LA8 rsa = 2 - 01 ,

L ia 0-3 - ,

37TLAv~

(329)

(330)

(331)

Differentiating equations 323, 324 and 325, and rearranging,

we have:

;a = ar a sin (cary + LA; a
asr ra r

'P = FLr8 si (Wary + LAg8r) and

SvSr 8r. sin (oary + LApsr.),

where

'U; a8r WarL8 a8 ,r

r r

ror eqarivs 3r and3

From equations 324, 326, 327,

7T
LAj 8 LAS 8 +--,a r a r 2

LAOr= LA 1 + ,-
0 8 r =L r 2 ,

LA~s LAVS + 7T
r 8r 2'

328, 333, 334, 336 and 337, we

see that

a a P r A r _War

'Pa 'P A8 r 4'Psr (-yv)2 + (6ar 2

H- 39

(332)

(333)

(334)

(335)

(336)

(337)

(338)

Va



And, from equations 323, 324, 326, 327, 332, 333, 335 and 336

we see that

Oa Oa tp r r 18a ~7v + (war)
)O8a s a 'a;s Is War r1 )2 + )

a a a a r a r r rar + ryv+Lblv

(339)

Analagously,

a a r r a
pv. - -

a 8a baor sas \(1)ar2 + (1r~ + 1b )2

(340)

H-40
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A PP EN DIX 

DERIVATION OF EQUATIONS FOR FIXED-CONTROL TRANSIENT RESPONSE OF

AIRCRAFT TO STEP-FUNCTIONS

A. DERIVATION OF EQUATIONS FOR FIXED-CONTROL TRANSIENT RESPONSE OF

AIRCRAFT TO LONGITUDINAL STEP-FUNCTION.

With reference to equations 29, 30 and 31 in Appendix H, the

longitudinal differential equations of motion for transient

response are:

(-d + xu)u + (xw)w + (x')' = 0 (1)

(zu)u + (-d + zw)w + (d + zo)o = 0 (2)

(pcrmu)u + (thmy + ucm)w + (-d 2 + dm)0 0 (3)

The stability roots may be found from the characteristic

equation, which may be represented in determinant form

as follows:

(-d + xu) (xw) (xO)

(zu) (-d + zw) (d + zo) 0 (4)

(IM1cmu) (dLem + pcm) (-d2 + dmq)

After expanding equation 4, we have:

a, d4 + a2d3 + a3d 2 + a4 d + a5 = 0 (5)

where

a = 1, (6)

a2 -(zw + mq + ACM + xu),

I-1



a3 = xu(zw + mq) + cxu - z6e)

+ zwpq - 4CN - xwzu, (8)

a4 =crmr(zexu - zulx) + Lcmw(xu - ze) - Acmue + xw)

-mq (xui - xwzu), and (9)

a5 =c fN(Xuz- xezu) + cmu(xezw - xwzo) (10)

The general rules for quartic stability are applicable, but

for a dynamically stable aircraft, the roots to equation 5

usually consist of two pairs of complex conjugates. One pair

represents a highly damped "short period" oscillation, while

the other represents a slowly damped "long period" oscillation.

Laplace Transforms may be used to determine the actual transient

motion, from the roots and boundary conditions, but the author

prefers the following procedure because of its simplicity:

Let the roots be:

= + if3i (11)

a2 = - i.,8 (12)

d3 = a2 + i62 and (13)

a4  a2 - i32 -(14)

We may assume that the transient solutions are of the form:

djy - d2r - d3Y - d4ru = uie + u2e + u3e + u4e , (15)

- d 7y - d2y - d3y - d4yw =.wie + W2e + w3e + w4e and (16)

- d Y - d2y - d3 Y 4 ed4Y .O =e e + 02e + 193e + 04e (17)

1-2

(7)



By De Moivre's theorem,

ix
e cos x i sin x. (18)

Thus, equations 15, 16 and 17 may be changed to:

u eY (Au cos P3 Y + Bu sin /#o) + ea2y(Cu cos 3& + Du sin 82 'y),

(15-a)

w e aY(AW cos # 3 y + Bw sin 83-1) + e a2y(Cw cos 82- + Dw sin #2y)

(16-a)

and

e 
= ey (Ae cos 8jY + Be sin A-v) + e 2y(C cos 82, + D9 sin #2-y'

(17-a)

where

Au = + U2

Aw =:wi + W

AO + 92

BU i(ui - U2),

B w ~ (W 2),

Be= i(61 - 02),

Cu 3 + U4

Cw = W3 + W4

Ce 3 + 64,

Du = i(u5 - U4),

D = i(w3 - w 4 ) and

Do i(3 - 64).

Note that equations 15-a, 16-a and 17-a are entirely real, because

uj and u2, wt and w2, 6 and 02, are pairs of complex conjugates.

Equations 15-a, 16-a and 17-a may also be changed to:

u = ea u, sin(31 Y + LAui) + e 2 -u 2 sin (A52Y + LAu2),

w = eajYw sin(3jv + LAW ) + ea2Yw 2 sin (,82- + LAw2 ),

(15-b)

(16-b)

I-3
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where the amplitudes are:

UA + Bu

w A + B ,

96 A+ BO and

and the lead angles are:

LAu = tan~ ( -) ,

LAw = tan~ ( >

A8
LA9 j = tan~ ( -) and

u2 =U2 = C +D ,

w2  C + D

62 02 + D ,

LAu2 = tan( -)

Dw

LAw2 = tan(-) ,

Ce
LA 2 = tan~i( -

_U6

(17-b)

(21)

(22)

Equations 15-b, 16-b and 17-b indicate that each variable, u,

w and 9, is composed of two components. One component represents

the "short-period" oscillation, while the other represents the

"long-period" oscillation.

The amplitude and phase of each component may be determined from

the boundary conditions and the values of a , 8,, a2 and p2.

To do this we proceed as follows:

Establish the boundary conditions by assuming values of uo, w,

%0 and ;0. Then, from equations 1, 2 and 3:

o = xuuo + xwwo + x 0 0, (23)

1-4

and

9 = e 9 sin (#8,Y + LAgj) + e 2 02 sin (#82Y + LA92),



' zu= + zywo + ;o + t960 and (24)

0 /cmuuo + /uciAo + gerawwo + mqGo. (25)

After differentiating equations 1, 2- and 3, we have:

o xu o + xwwo + X00 ,(26)

zuao + zw&U + Wo + zO9 and (2?)

A-cm=ao + pcmpio + pcmWWO + mqo .(

Differentiating again, we have:

- xuUo + xw 6 + X 0  ,(

Wo = zu o + zw 0 0 +9 + z90  and (30)

0 = Pc' o + 4c q o + kvnwwo + m (31)

etc., if required. In'this way, the boundary conditions are

completely established.

Now the amplitude and phase angle of each component of each

variable may be found. To indicate the method we will consider

the procedure in determining the amplitude and phase angle of

each component of the variable u:

If we differentiate equation 15-a, we have:

S a (Eu cos A3- + Fu sin Aj) + e 2 (Gu cos /82Y + Hu sin 82Y)

(32)
where,

E = Bg#j + Aaj , (33)

FU = 5uai - Au,/3 (34)

Gu = Du/32 + Cua2 and (35)

Hu Dua2 - Cu/32 - (36)

1-5



Analagous

u .=e (

where

Iu = Fu8j3

Ku = Hu 2

Lu = u2

ly,

Iu cos [31 + Ju sin Aiy) + ec 2 -(Ku cos A21Y + Lu sin A2)

(37)

+ Euci,

- Euji ,

(38)

(39)

(40)

(41)

+ Gua2 and

- Gu/2 -

And,

u = e (Mut cos /iy + Nu sin 8 ) + e2 u cos ,82 + Pu sin 82-

(42)

where

Mu= Ju1j + Iuai 4

Nu jual, I u8j )(44

Ou= Lu2 + Kua2 and (45

PU Lua2 - Ku32 , (46

etc., if required.

When y = 0, u = u 0 , U - U0 , 0 u U0, s , sin Ajy = 0,

cos P/3 y = in, Si8 #2Y = 0, cos A2y = 1, e = i and e 2 .

Thus, from equations 15-a, 32, 37 and 42, we have:

= A + C (47)

ao = Eu + Gu

iO = Iu + Ku and
0 +
u= M+ 0 u

(48)

(49)

(50)

1-6
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+ (-I,

3 2
32 + 32[32)Du

(51)

(52)

(53)

(54)

Au, Bu, Cu and Du may be found by determinants. The basic

determinant of the coefficients in equations 51, 52, 53 and

54 is:

I. Cu

000

ao a 8 a2  '82

2 2 2 2
a - A, 2aj3p a2 ~ 2 2/82

3 2 3 2 3 2 3 2
uo d1 - 3a3, -/31 + 3a.,8p a2 - 3a2/2 -132 + 3a2p82

Thus,

- Au %
' A2

Au3
B u2

u 4 =

Cu A2 an u 42

where,

1-7

(55)

Combining equations 33, 34, 35, 36, 38, 39, 40, 41, 43, 44,

45, 46, 47, 48, 49 and 50 we have:

uo = Au + Cu,

ao = aj Au + p3 Bu + a2Cu + 82Du,

S- (a -32) Au + (2a, B)Bu + (a2 - p)Cu + (2a2)2)Du

and
--- 3 2 3 2 3 2
uo (a - 3 a /3 )Au + (-p8, + 3a 3 )Bu + (a2 - a282)Cu



(io)
(u 0)

0

(s.)

(at)

Au2 2

(at -A

3
(a -3j

Au2 2

(0)

(2ai # )

3 2
(-181 + 3a/ 3 )

(O)

(2 A)

3 2
(-,8, +3ap 38)

2
A

(a.)

(a2 )

2 2
(a2 ~ A32)

3 2
(a2 - 32,82)

(i)

(a2)

22
(a2- 2)

3 2
(a2-3a2/82)

(0)

(2a22)

3 2
2+ 3a0 2 )

(0)

(2aPfi2)

3 2
62+ 3a232)

etc.

Once Au, Bu, Cu and Du have been determined, uj, u2, LAuj and LAu2

may be computed from equations 21 and 22. Thus, the constants in the

expression for u, given by equation 15-b, are completely determined.

Equations 32, 33, 34, 35 and 36 may be used if a is required, and in

the same manner, u and 'u, etc., may be established by using equations

33 to 46, inclusive.

The same type of analysis can be made to determine the amplitudes and

phase angles for the components of w and 0o

B. DERIVATION OF EQUATIONS FOR FIXED-CONTROL TRANSIENT RESPONSE OF

AIRCRAFT TO LATERAL STEP-FUNCTION.

With reference to equations 183, 184 and 126 in Appendix H, the

lateral differential equations of motion for transient response

are:

1-8
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(-4blyv)v + (-lrd)/ + (d 2 - ld)4 = 0, (58)

(-Abnv)v + (d2 - nrd)o + (-nyd)4 = 0 and (59)

(d - yv)v + do + (-yo)o = 0. (60)

The stability toots may be found from the characteristic

equation, which may be represented in determinant form

as follows:

(-Ablv) (lrd) (d2 - 1 d)

(-pabnv) (d2 - nrd) (-n d) = 0 (61)

d-yv) (d) - )

After expanding equation 61, we have:

d(bid 4 + b2 d3 + b3 d2 + b4 d + b5 ) = 0 (62)

where

bi (63)

b2 = -(nr + 1p + yv), (64)

b3 (lpnr - lrnp) + yv(nr + l) + pblbv, (65)

b4 = Yv(lrnp - lpnr) + bb(lvnp - lpn, - lvy) and (66)

b5 = iby~jlvnr - lrn ). (67)

The general rules of quartic stability apply. If b5 is

negative the aircraft will be spirally unstable, but this

is not too serious, as many of our present-day aircraft are

spirally unstable. For most aircraft, the roots of equation

62 consist of two real roots and one pair of complex conjugates.

1-9



The complex conjugates represent the "Dutch roll", and a

positive real root represents spiral instability. A com-

paratively large negative real root usually occurs, and this

represents the highly damped "roll subsidence".

Laplace Transforms may be used to determine the actual transient

motion, from the roots and boundary conditions, but the author

prefers the following procedure because of its simplicity:

Let the roots be:

d t 0 (68)

d2  (69)

d3  (70)

d4 =- + ie and (71)

d5  - ~ iE

where d 2 and d3 are real.

We may assume that the transient solutions are of the form:

d2y d3y - - 51V vi + v2e + v3e + v4 e + v5 e , (72)

d2y d3y - d4y - d5y
*~ + & 2 e + 43e + &4e + 05e, and (73)

d2-Y d3-Y - d4Y - d5y
0 = + d2e + 03e + '04e + 5e (74)

Using equation 18, we may change equations 72, 73 and 74 to:

d2y d3y + y(7vv 1  + v2e + v3e + e ( Avcosey + BvsinEy ), (75)

01= + 02e d2y+ 03e d3 + e0 Y(AO cos ey + BO sin ey), (76)

d2y d3y 07and 4' = .0 + 2e + 43e + e (A' cos EY + B4, sin ey), (77)

I-10



where

A

A

A

Note

V4 an

Equat

v V

and

Bv = i(V4 - V 5 ),

B 0 = i(04 - 45),

BO = i(04 - 05)-

(78)

that equations 75, 76, and 77 are entirely real, because

d V5, P4 and 5, 04 and 05, are pairs of complex conjugates.

ions 75, 76 and 77 may also be changed to

d 2v d3y @y
+ v 2 e + v 3 e + e V 4 sin (Ey + LAV),

d2y d3z 74+ 'P2e + 3ev + e '4 sin (ey + LAp), and

d2Y d3- +n
+) 0 2) )e + 0)3eL + e 4 sin (,Ey +LA

(79)

(80)

(81)

where the amplitudes v4 ,

2 2

V 4 -AvA +

22
'4 A +B ,

and the lead angles are:

Av
LA tan ,B

LA tan B and

AO
LAO = tan- BO-

04 and 44 are, respectively:

(82)

(83)

(84)

(85)

(86)

(87)

The amplitudes and phase angles may be determined from the

boundary conditions and the roots to equation 62. To do

I-11
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04 + 55,

=4 + 05
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= - 00 + yOOO .

Differentiating equations

00 = "blvVo + lro + lp0

pPo b tbnvy0 + nro + npo

v0 = yyv - 0o + yOOO .

Differentiating again:

= -t Ablvvo + 1ro + lp-o

Po =bnvVO + nrio + np(O.

88, 89 and 90, we have:

and

and

v 0 yvVo - o + yOOO .

Differentiating again

00 = blvv o+ lrPo +.lp 40

00 = 4bnvVo + nrfo + npo and

0' = y'VO - + ygo,

etc., if required. In this way the boundary conditions are

completely established.

1-12

(91)

(92)

(93)

(94)

(95)

(96)

(97)

(98)

(99)

this we proceed as follows:

Establish the boundary conditions by assuming values of Vo,

00, po and oo. Then, from equations 58, 59 and 60:

00I= blvvo + lr o + 1P4O,

4 = IbnvVO + ro + npOO and

(88)

(89)

(90)



In order to demonstrate the method for determining the

amplitudes and phase angles, we will consider the variable v:

If we differentiate equation 75 we have:

d  + d3 + OCy
V =v2 d2 e + v3d3e + e (Cvcosey + D.sin ey), (100)

where

Cv = Bye + Ayo

Dv = Bvo - Ave

and (101)

(102)

Analogously,

.. 2 d 2y 2 d3 y o-Y
V = v2 d 2 e + v 3 d3 e + e (EV Cos ey + FV sin Ey), (103)

where

E = Dye + Cvcr and

Fy= Dvr - CyE.

And,
3 d2 y 25d3 -/ o

v2d2 2e + v3d3 e + e '(Gv cos EY + H sin ey)

where

Gv FyE + Eva and

Hv Fvo - Eve.

And, *0 d 4 d2y + v3d ed 4 y + e Y Cos 6Y + J sin eY)V V2dpe v 3  +e (Ics VJsnr

where

IV HVE + Gvo- and

(104)

(105)

(106)

(107)

(108)

(109)

(111)

Jc = Hif - Ge,
etc., if required.
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When

cos eY

Thus, f

0
o=

V =

.0
V =

v 2d 2 + v3 d 3 + CV,

2 2
v2 d 2 + v3 d3 + Ev,

3 r 3
v2d2 + V3d 3 + Gv and

4 4
Vol= v2 d 2 + v3 d3 + Iv.

0, V = v0, ' = , = , V = V , V .i

i, sin ey 0, ed2- = and ed3- -

rom equations 75, 100, 103, 106 and 109 we have:

Vi + v2 + V3 + AV,

Combining equations 101, 102, 104, 105, 107, 108, 110, 111, 112,

113, 114, 115 and 116, we have:

v0 = Vi + V2 + V3 + AV,

o = v2d2 + v 3 d 3 + Avo- + ByE,

(117)

(118)

.. V 2 2 2 2)+B(19
= v2 d 2 + v 3 d3 + A - E) + Bv(2o-e), (119)

... 3 3 3 2 3 2
v0  v 2 d 2 + v3 d3 + AV(a - 3cre ) + BV (-e + 30r e) and (120)

4 4 2 2 2 22 2 2
= v 2d 2 + v3 d3 + Av[(o - c ) -4o c ]+ By[4o-e(e - e

(121)

v1 , V2 , V3 > Av and By may be found by the method of determinants,

in section A of this Appendix. Once they have been determined,

v4 and LAy may be computed from equations 82 and 85 respectively.

Thus the constants in the expression for v, given by equation 79,

are completely determined. Equations 100, 101 and 102 may be used

1-14
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(113)

(114)

(115)

(116)
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if i is required, and in the same manner, V, Vi and 'i'' may

be established by using equations 101 to 111 inclusive.

The same type of analysis can be made to determine the

amplitudes and phase angles for the components of 0 and 4-
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be extended as follows:

(-d + xu)u + (xw)w + (x0)0 = 0

(zU)u + (-d + z )w + (d + ze)o = 0

(,cmu)u + (dic~m + pc'yw + [-d2 + d(fq + mqc) + mo

+ m 1 e -ms 8e cewey
e a

d

where mqc = me k q

kq = )( ) H
S 3q TA a

Me mseke,

'a8 e _ aAE

k9 --- =9 ---

mn= ms ko and
d d

k ae MAE

-3fodvy TAafidt
dj

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

J- 1

A P P E N D I X J

DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF AIRCRAFT TO

FORCED SINUSOIDAL VARIATION IN OUTPUT SIGNAL FROM OSCILLATOR WHICH

DRIVES ELEVATOR SERVO, WITH IDEAL DISPLACEMENT, INTEGRAL AND

DERIVATIVE PITCH CONTROL IN AUTOMATIC PILOT.

For ideal displacement, integral and derivative pitch control in

the automatic pilot, equations 29, 30 and 31 in Appendix H may



In this case the signal from the automatic pilot adds to the

output signal from the oscillator to produce a resultant signal

which drives the elevator servo. Thus, for ideal pitch control

the resultant motion of the elevator is directly proportional to

,the resultant signal. But the resultant motion of the elevator

may be thought of as being derived from two component motions,

one component being directly proportional to the signal from the

automatic pilot, and the other being directly proportional to

the output signal from the oscillator. Analogously, the resul-

tant moment on the aircraft caused by the resultant motion of

the elevator may be thought of as being derived from two component

moments, one component being directly proportional to the signal

from the automatic pilot, and the other being directly propor-

tional to the output signal from the oscillator. But since the

signal from the automatic pilot is a function of the resultant

variation in pitch angle, then the resultant moment on the air-

craft caused by the resultant motion of the elevator may be

thought of as being derived from the resultant variation in pitch

angle and that component of the resultant elevator motion which

is proportional to the output signal from the oscillator. In

other words, the resultant moment on the aircraft caused by the

resultant elevator motion may be thought of as being equal to

the sum of the moment that would be produced by the elevator if

there were no automatic pilot feed-back signal and an equivalent

moment which is a function of the resultant change in pitch angle.

J-2



Thus the expression on the right hand side of equation 3 simulates

only that component of the resultant moment which is directly

proportional to the output signal from the oscillator, and which

would exist if there were no automatic feed-back signal. Analo-

gously, the elevator motion represented by a part of this expression

is merely that component of the elevator motion which would exist'

if there were no automatic pilot feed-back signal. After equations

1, 2 and 3 are solved the resultant elevator motion may be found

from the expression given by equation 21.

To solve equations 1, 2 and 3 we proceed by using operational

calculus:

If we let

u = auae ey (10)

w = awae and (11)

e = eae 'e7 , (12)

where a, wa and o. are complex, we have:

(-ie + Xu)Ua + (xw)wa + (xO),, =0, (13)

(zu)ua + (-iwe + Zw)Wa + (iwe + ze)e, = 0, and (14)

(Itcmu) a + (iwe/cm + cmw)wa +a[e + iae(mq me kq)

+ms k + ms k-] e = -mS 8 e - (15)
e e- ioe e a

d

Equations 13, 14 and 15 are extensions of equations 32, 33 and

34 in Appendix H. Determinants, may be used to solve for ua, wa
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J-4

and 0,, and then equations 10, 11 and 12 may be used to solve

for u, w and 0. "This expansion will be left to the student".

When there is ideal displacement and derivative pitch control

only, equation 15 reduces to:

(Fsciu)ua + (iwebacmq + 4CMw + [ce + iae(mq + ms kq)

+ MSn k9 ]9 -mS 8 (16)
e a e ea

If we solve equations 13, 14 and 16, we find that the equations

for steady-state response derived in Section A-1 of Appendix H

are applicable, except that the expressions for C3, C4, C5 and

C6, given by equations 43, 44, 45 and 46 respectively, in Section

A-1 of Appendix H, must be extended as follows:

C3 (xuzw - xwzu) + (xu + zw)(mq + ms ekq)

+ 4cm (xu - zo) -mse ko - 4ciwy (17)

C4 ms e ko(xwzu xuzw) + 1cmw(xUze - xezu)

+ s1cmu(xOzW - xwzo)l (18)

C5 -xu - - (mq + mse kq) - jLLcmn, and (19)

C6 zu ~ q + ms kq) + (xu + zw)m eke

+ (x u - ZO/LcWw + (xuzo - xezu)4Lcmw (xW + x1),Lcmu. (20~)

The resultant elevator motion may be found from:

8e= 8e sin wy + ko + kqq + kofody+... (21)
r a

d

where q = 6,and 0 is given by equation 60 in Appendix H. In

equation 21, 8e is the amplitude of the elevator motion which

would exist if there were no automatic pilot feed-back.
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DERIVATION OF EQUATIONS FOR TRANSIENT RESPONSE OF AIRCRAFT TO

LONGITUDINAL STEP-FUNCTION, WITH IDEAL AND ACTUAL DISPLACEMENT,

INTEGRAL AND DERIVATIVE PITCH CONTROL IN AUTOMATIC PILOT

A. DERIVATION OF EQUATIONS FOR TRANSIENT RESPONSE OF AIRCRAFT TO

LONGITUDINAL STEP-FUNCTION WITH IDEAL DISPLACEMENT, INTEGRAL

AND DERIVATIVE PITCH CONTROL IN AUTOMATIC PILOT

From equations 1 to 9 in Appendix J, we see that the

differential equations for transient response to

longitudinal step-function, with ideal displacement,

integral and derivative pitch control, are:

(-d + Xu)u + (xw)w + (X,90 =

(zu)u + (-d + zw)w + (d + za)a = 0, and

(ucmu)u + (ducK + ucmw)w + [-d 2 + d(mq + msekq)

1. -
+ ms k. + ms k6 -]e = 0.

e e-d
d

The stability roots may be found 'from the characteristic

equation, which may be represented in determinant form

as follows:

(-d + xu) (xw) (x,)

(zu) (-d + zw) (d + z9) =0.

(Ycmu) (d/.4CM + ILcmw) [-d 2 + d(mq + msekq)

+ mse ke + msk 6-)]
d

(1)

(2)

(3)

(4)

K-1
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After e

a d5 +

where

a= 1,

a2  -(

a3  x

a4 --

xpanding equation 4 we have:

a2d
4 + a3d3 + a4d2 + a5d + a6 = 0,

Zw + mIq + ms kq + Pacrj + ),

(Zw + m q + ms kq + Acmr') + zw(mq + maekq)

(5)

(6)

(7)

(8)mSe k - zG 0C0d - ,%mw - Xwzu,

[-zw(mq + mse kq) + ms e ke + ZOIfClI + UcflM]

+ xwzu(mq + msekq) - xwi.cmu + ms (zwkO - k)

d

-zeyu/LMW - x6(zuU,4cm + acmlu) (9)

a5 = xu[-mg e(zwke - ke ) + zoycmw] + mse zk
d d

+ xw(zum ko - ze/cmu) - xO(iu/&cmw~zvcm),

and

a6 8ee wzu xuzw).
d

(10)

(11)

The general rules for quintic stability are applicable.

Laplace Transforms may be used to determine the actual transient

motion for u, w and 0, using the boundary conditions and the

K- 2



roots obtained from equation 5. Also, the method outlined

in Appendix I may be applied. The method outlined in

Appendix I is completely general, and will not be repeated

for this case.

B. DERIVATION OF EQUATIONS FOR TRANSIENT RESPONSE OF AIRCRAFT TO

LONGITUDINAL STEP-FUNCTION WITH ACTUAL DISPLACEMENT, INTEGRAL AND

DERIVATIVE PITCH CONTROL IN AUTOMATIC PILOT

In this case there are four degrees of freedom - three

for the Aircraft, and one for the elevator-servo system.

The longitudinal differential equations of motion are:

(-d + xu)u + (xw)w + (x0)e + (xe )Se = 0, (12)

(zu)u + (-d + zw)w + (d + ze)8 + (z )s = 0,

ucmu)u + (d/pn% + ucmw)w + (-d 2 + dmq ) + (mg )8 0,

(14)

and

(pcmeh )u + (dLCieh. + ucmeh )w + d(meh + meh I

+ meh + mehe d

d

+ (-d 2 + dmeh; + mehs )Se 0, (15)
e e

where

TA _6X16

x8  = ( :) ) (16)
e U0 MA E

TA 30SAE 3MAE
Meh = [ ]( )( ) (17)

qc (IEH) EFF E

K- 3



T2 g0SAE aMSAEM
meh = A_](F )( ), and (18)

19 ( EH) gF -3AE ze

T -aOSAE -3MSAEM
eho = L ]( )S )M. (19)

- ( IEHEFF AE 3f Odt

The remaining coefficients are defined in Appendix B.

The stability roots may be found from the characteristic

equation, which may be represented in determinant form

as follows:

(td + xu) (xv) (x6 ) (x8e

(zu) (-d + zw) (d + zo) (zS

uO

(,cmu) dyc + /cm) (-d2 +dmq) (MS 0.

(20)

(/cmehu) (dycmeh, [d(mehq+mehqc) (-d2+dmehe

+ Acmehw) +meh +1%h (A)] + meh,

d

For the case when ze, mu, meh and xS are negligible,
u e

equation 20 may be expanded to give:

a d7 + a2d6 + a3d 5 + a4d 4 + a5 d3 + a6 d2 + aj7d + a6 0, (21)

where

a, = 1, (22)

a2  -(meh + mq + ZW + ILcm + xu), (23)

e

a3  mqmeh - meh8  + zw(mq + meh; ) + bcfleh' - pCf
e e e e

chhze + xU(meh + mq + zw + lucm ) - zuxw , (24)

K-4



+ zuxw(meh' + m.) - ,UMIzu6XO)
e

a 5  -mseehe - zwl[mcehse - e (mh + mehqc)] ~cmlzgemehe

+ Acmwfiehse - Zs e (mehq + mehqc) ~~ cmehw(mS e Z emq)

+ xu{-meehse + m e(meh + mehqc) + zw(mmehie ~ ehse

+ Ucmjzs e(mehq + mehqc ) - meh 1, )ucmveh e

+ ipcmeh,(mise - Zse Mq) + 4cmehw z8 el + zuXw(mehae
- cqeh;e )

+ ZuX0(AAcNehe - MW)

a6 = -m eMeh, + zwmsemeho - AcmNzgemehe - )Lciwzsemeho
d d

+.xu 8eMeho + zw[imnmehse - M8e (mehq + mehqc

+ Acmiz8emehe + Lcinwz e(mehq + mehqc - ~ehs e

K-5

(25)

(26)

a4 =m:meh e - m e(meh + mehqc ) + zw(mehe ~ qmehi e
e e q qc e e

+ /Cmmeh - Zse(mehq + ehqc + /.lcmehi e

~cmehg(m$ e - eseml) q Fcehwzse + -mqmehi +Ifehse

e e e



+ 4cmehjm& - ZsMq)} + uxOQ,"cm~meh+
e e

~ Lcmeh m ) + zuxx -mcimehs + mS (meh + meh (Z7)
w e 8e e--q qc

a7 meh (ZWms e - Acwzse) + xu(msemehe - zwmsemehe

d d

+ 4cmizsemehe + /LcwzsemehO) + zux6(4cwmehS*e
d

-Fcmehw mse) + mae meh (28)

and

meho (zuhxms + mcwxuzse - Xuzwms) (29)

d

Laplace Transforms may be used to determine the actual transient

motion for u, w, 6 and 8e, using the boundary conditions and the

roots obtained from equation 21. Also, the method outlined in

Appendix I may be applied, but it will not be repeated for this

case.
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A P P E N D I X L

ANALYSES FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO FORCED SINUSOIDAL

MOTION OF CONTROL SURFACES

A. LONGITUDINAL RESPONSE:

A-1: ANALYSIS FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO

FORCED SINUSOIDAL MOTION OF ELEVATOR, WHEN THE EFFECT

OF CHANGE IN LONGITUDINAL VELOCITY IS INCLUDED IN ALL

THREE EQUATIONS OF MOTION.

With reference to section A-1 in Appendix H, a

summary of the basic equations used in this analysis

is as follows:

Ci = xOzu - XuZO (38)

C2 =z - xu (39)

= ta weC2 (40)

C3  (xuzw - xwzu) + (Xu + Zw)mq + b'Ifmj(Xu - z9 )

74CMW(43)

C4 =cmw(xuze - xezu) + )cmu(xozw - xwz6 ) (44)

- C 5  Xu - ZW - mq - )Icmi (45)

C6  (XWZu - XuW)mq + (xu - z )pcm

+ (xuzo - xezu)"cm' - (Xw + xe)AJcmu (46)

L-1



Ki xuz - xwzu

K2  - xu - zw

t an-i coeK2

K 2

Hi = xez - xWze

H2 = xw - X

-wH2
#8 tan- ( 4)

-Hi

Be =e sin y oe

u = /use Sea sin(wey + LAus)

w = PwSe Sea sin(wey + LAWSe)

o I-'-40 Be sin(wey + LA9b)
e a

(-H1 ) + (-weH2) 2 .

e - e (-w 4 + w C 32C 4)2+w )(2o25C6

YLLeW = - ma e

(cc1- w2)2 + (weC2)

(-wee + 3 - C4)
2 + e(we-2C5 - C62

(62)

L-2

(47)

(50)

(51)

(52)

(55)

(56)

(57)

(19-a)

(58)

(59)

(60)

(61)

e Cc5 - C 6 )
02.= tax'-' ]

-c + w2Ce e3 -C4



F (K)-2)
2 + (weK2)2

yU -M8 (63)e: e 0)4+2C ,C )2+ 2( 2)-~r2( - e ZC- C4 + Ae C5 C 6

LAus e 1-2 (64)

LAws - 2 (65)

LAOS /82 (66)
e

8, - (Ki-o) 2 + (weK2) )e s
-- - -I (73)
W a w (C- w 2 + (weC2 'wSe

An initial true airspeed of 300 mph, at 10,000 feet density

altitude, was chosen for the basis of this analysis. Thus,

the theoretical longitudinal dynamic stability coefficients

used in this analysis, for the A-26 Airplane, were (see

Appendix D) as follows:

TA = 4.4716 sec.

/Ic = 241.43

xu =-.087261

w= .18720

xig -.32687

zu = -.65374

Z= -4.8701

ze negligible for 0 0.

L-3



mu assumed negligible for A-26 Airplane.

=.61949

-. 022236

m -16. 3668

Ms e -351.95

From equations 38, 39, 43, 44, 45, 46, 50, 51, 55 and 56:

C .21369 K = .54735

C2 = .087261 K2 = 4.9574

C3 = 231.71 Hi = 1.5919

C4 = 31.960 H2 = .13967

C5-= 26.693

C6 = 23.157

Using equations 40, 47, 52, 57, 64, 65 and 66, the lead

angles, LAuse, LAwse and LASe , were computed for chosen

values of QE. These computations are shown in Table L-1,

and the results are plotted in Figures L-1, L-2, and L-3.

Using equations 61, 62 and 63, the amplitude response

ratios, uuS e PVS and p e were computed for chosen

values of DE. These computations are shown in Table L-2,

and the results are plotted in Figures L-4, L-5 and L-6.
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the basic equations used in this analysis follows:

b -zw - mq - tcaNq

k = -,cmw + Zjmq

k-w2

>2= tan~ ( We

Zw

F~~q~ + kc2)2 '
Y-web) e

me ()2 + (-w))2
e

VSe -Web)-2 b+ +(k-w) 2

e w (eb) + e-o )

(84)

(85)

(86)

(87)

(80)

(81)

L-5

71'1

0 q I-1 a
Equation 73 was used to compute the ratio - -

Wa ira Pw8e

for chosen values of QE. These computations are shown in

Table L-2, and the results are plotted in Figure L-7.

Equations 19-a, 58, 59 and 60 were used to compute the

a u w 0
time history of , , and- , respectively.

ea e. ea ea

These computations are shown in Tables L-3, L-4 and L-5.

The results are plotted in Figures L-8, L-9 and L-10.

A-2: ANALYSIS FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO FORCED

SINUSOIDAL MOTION OF ELEVATOR, WHEN THE EFFECT OF CHANGE IN

LONGITUDINAL VELOCITY IS NEGLECTED IN THE EQUATIONS OF MOTION

FOR NORMAL FORCE AND PITCHING MOMENT.

With reference to Section A-2 in Appendix H, a summary of



w Pwte a sin(Wey

= Ale 8 ea Sf(e
e a

Oa qa P8e

Wa iva 1Pws

+ LAWse)

+ LAO Se)

zw 2
(-) +
(e

e =e sin we-Y

u = -uS 8e sin(w)e- + LAuse

A2 + B2

L4 8 (x1 + (- )2pus

A -XOS9 Cos 8

B -xOAOS sin A8j

B
LAus tan-f HA

e A

~Pi ~ 02 - at

/2 ~ 7T- 2 - a.'

a. tan (
xu

-- XwI8e cos 8,

7- XWk4W8e

L-6

(82)

(83)

(78)

(79)

(102)

(19-a)

(88)

(89)

(90)

(91)

(92)

(93)

(94)

(95)

LAWS -- 2

e

sin /32



As in part A-1, an initial true airspeed of 300 mph, at

10,000 feet density altitude, was chosen for the basis of

analysis. Thus, the theoretical longitudinal dynamic

stability coefficients used in this Analysis, for the A-26

Airplane, were (see Appendix D) as follows:

TA 4.4716 sec

11c =241.43

xu - .087261

Xw = .18720

xe = -. 32687

zu assumed negligible

-W = -4.8701

z6 negligible

mu assumed negligible

M -.61949

m -. 022236

m =-16.3668

MS -351.95

From equations 84 and 85, the values for b and k were

found to be:

b = 26.605 (same as C7 in Table L-7)

k =.229.27 (same as C8 in Table L-7)
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Using equations 86, 87, 82, 83, 90, 91, 92, 93, 94 and 95,

the lead angles, LAu se, LAws and LA98 , were computed for

chosen values of fE. These computations are shown in Table

L-6, and the results are plotted in Figures L-1, L-2 and

L-3.

From equations 89, 80 and 81 the amplitude response ratios,

4u8 e' Aws e and p408 , were computed for chosen values of

QE- These computations are shown in Tables L-6 and L-7, and

the results are plotted in Figures L-4, L-5 and L-6. Equation

Oa qa bM e102 was used to compute the ratio for chosen
w_ -e forchsewa a /Iw 8 e

values of SE. These computations are shown in Table L-7, and

the results are plotted in Figure L-7.

Equations 19-a, 88, 78 and 79 were used to compute the time

history of s, u w and , respectively. These
e. ea ea ea

computations are shown in Tables L-3, L-4 and L-5, and the

results are plotted in Figures L-8, L-9 and L-10.

B. LATERAL RESPONSE:

B-1: ANALYSIS FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO

FORCED SINUSOIDAL MOTION OF RUDDER, WITH FIXED AILERONS.

With reference to Section B-1 in Appendix H, a summary of

the basic equations used in this analysis follows:

Ci= -19 (136)

C2 =ry4 (137)
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-6r - C2
a j t an- '- ( )

C3 = Yv(n pr - nr p) + /.Lb(lvfp - 1pnv - lyy)

C4 -1 p - yv -nr

C5 O (lvlnr - lrnv),4b

C6 pnr ~ irnp + yv(nr + l) + pbnv

-C5 + r6 -
a2 =tan 1

"rC3 - rC4

Ki -lyPb

K2 -=-v

a 3 = tanx
or-CiK2 +

2
-Ki + wr(K2 + Ci)

H 1 r

H 2 ~ Yvlr + A'blv)v

-H 2
a4 = tan7d-( -WrHi

r = 8ra sin wry

v = /IV Sra sin( kry + LAySr

P = /tSr r. sin(wry + LApSr)

L-9

(138)

(141)

(142)

(143)

(144)

(145)

(148)

(149)

(150)

(153)

(154)

(155)

(114-a)

(156)

(157)



nsr + C1) 2 + 62 (-C K2 + x2)2
z( 2 42 i)2+r try+ (-C (-) C-

r ~ wrC3 ~_ 3C4 )2 + (-C5 + .2C6 4)2

F(rHj )+ (-H2)2

= (orC3 - woC 4 )2 + (-C5 + wrC 6-w4

LAvSr - a1 - a2

LA Or = a3 - a 2

LAOSr a4 - a2

a Ta Aar

Ia r a Aq, r ~ r 2 + ( 2-C,( 

1

r [-,+o(2+C,)]2+ 2(C K 2 )2

(171)

An initial true airspeed of 300 mph, at 10,000 feet density

altitude, was chosen for the basis of this analysis. Thus,

the theoretical lateral dynamic stability coefficients used

in this analysis, for the A-26 Airplane, were (see Appendix

D) as follows:

TA = 4.4716 sec

yb = 28.074

L- 10

(158)

(159)

(160)

(161)

(162)

(163)

(164)

4 = Fr 8r sin(ory + LAOSr)

+ r

~OrC ) + ( _ C2)
r-L 8 r r4 2 (
FLVS Flr ( WrC3l- wr3C4 ) 2 + (-C 5 + CdrC6 r)



yO = .32687

From equations 136, 137, 141,

153 and 152:

C = 27.693

C2 = 1.21510

C3 = 2257.2

C4 = 31.474

142, 143, 144, 148, 149,

K = 65.998

K2  .65

Hi 3.7174

H2 = 2D4.33

C5 = 118.67

C6 = 181.49

Using equations 138, 145, 150, 155, 162, 163 and 164, the

lead angles, LASrI LAOr, LA-0 r' were computed for chosen

values of DR. These computations are shown in Table L-9,

and the results are plotted in Figure L-11.

Using equations 159, 160 and 161, the amplitude response

ratios., uvsr' 4 8r and ptsr, were computed for chosen

values of DR.

L-11

iv = -7.19205

ir = 3.7174

1 = -27.693

nv = 2.5782

nr = -3.1307

n= -. 63842

ns r= 105.35

yv = -. 65



r

G202 ~y+nr

-G 2
= tanl-(G )

03 =y(nplr - nrlp) + Ptb(lvnp - lpnv -vyg)

C4 = -1p - yv - nr

C5= y(lvnr - lrnv)ub

06 = (Ilpnr - irn p + yv(nr + l) + 4bnv

-C5 + Wa6 - wa
X2.= tan~ 1 (

waC3 - CVaC 4

(194)

(195)

(141)

(142)

(143)

(144)

(198)

L- 12

These computations are shown in Table L-8, and the results

are plotted in Figure L-12. Equation 171 was used to
cp th raiY 8 rcompute the ratio for chosen values of OR

r r

These computations are shown in Table L-8, and the results

are plotted in Figure L-13.

Equations 114-a, 156, 157 and 158 were used to compute the
Sr v

time history of , , and , respectively.
ra r. r. r.

These computations are shown in Tables L-10 and L-11, and

the results are plotted in Figures L-14, L-15 and L-16.

B-2: ANALYSI*S FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO FORCED

SINUSOIDAL MOTION OF AILERONS, WITH FIXED RUDDER.

With reference to Section B-2 in Appendix H, a summary of

the basic equations used in this analysis follows:

G = - n (193)



K
Si= 'nvy#'-b

2 - np

J3 = npyY

x3 = tan- f( 3
-Ji -wa 2

4 - yv

J5 nryv + 4bnv

X x -J5 + a
4 ~ .a~ T )

sa, = 8a sin way

V =Iva Sa. sin(way +

P Sa aa sinf(oay +

4 = L a4 aa sin(Way +

(waGi )2

LA Sa)

LAO4 a )8

+ (-G 2 ) 2

/-I a lsaa a

a 'a

a is .a

-v
(caC3 - aC4)2+ (-C5 + waC6 a

((-i - (JP2 ) 2 + (waJ3)

(waC3 - w C4 ) 2 + (-C5 + wa2 C6 - 4)2

)a4 + (-J5 + 2)2

(waC3 - woC4 )2 + (-C 5 + w2C6a

L- 13

(202)

(203)

(204)

(207)

(208)

(209)

(176-a)

(210)

(211)

(212)

(213)

(214)

(215)



L

L

L)

(216)

(217)

(218)

v Vav 8va _ (wa 2 + (-G2)2  (225)

a, P a f&a4)2 + (-J5  a)2

An initial true airspeed of 300 mph, at 10,000 feet density

altitude, was chosen for the basis of this analysis. Thus,

the theoretical lateral stability coefficients used in this

analysis, for the A-26 Airplane, were (see Appendix D) as

follows:

TA 4.4716 sec.

sb =28.074

v =-7.19205

lr = 3.7174

1 = -27.693

nv = 2.5782

nr = -3.1307

np = -.63842

18 '= 306.52

yv =,-.65

yO = .32687

From equations 193, 194, 141, 142, 143, 144, 201, 202, 203,

207 and 208:

L- 14

Aysa ki ~/\2

A6 8aX4 -X2



G .96529 J 23.659

G2 = 1.0233 J2 .63842

C3 = 2257.2 J3 .41497

C4.= 31.474 J4 3.7807

C5-= 118.67 J5 = 74.415

C6 = 181.49

Using equations 195, 198, 204, 209, 216, 217 and 218, the

lead angles, LASa , LApa and LA,8 , were computed for

chosen values of QA- These computations are shown in Table

L-12, and the results are plotted in Figure L-17.

Using equations 213, 214 and 215, the amplitude response

ratios, yS ,uos a and is a, were computed for chosen values

of DA. These computations are shown in Table L-12, and the

results are plotted in Figure L-18. Equation 225 was used

V a a / v a f r c o e v a u s fto compute the ratio -for chosen values of
Oa Pa /,8a

DA. These computations are shown in Table L-12, and the

results are plotted in Figure L-19.

Equations 176-a, 210, 211 and 212 were used to compute the
_a v and ___1

time history of , and , respectively. These
a a. a a

computations are shown in Tables L-13 and L-14, and the

results are plotted in Figures L-20, L-21 and L-22.
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B-3-a: ANALYSI'S FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO FORCED

SINUSOIDAL MOTION OF RUDDER AND AILERONS, ADJUSTED FOR ZERO

AERODYNAMIC YAW.

With reference to section B-3-a in Appendix H, a summary

of the basic equations used in this analysis follows:
2
ar ryo

03 tani ) ( 239 )
lpwar

-nryo
4 tan&( ) (242)

l(n p - ygk) car

r ra sin wary (227)

a F'= 8r a sin(wary + LAsasr) (248)

0 F4orsra sin(warv + LA0s8) (249)

rra sin(wary + LAOSr) (250)

ns (1 )2 + 2 .r par War r $
8 S = (251)
a r a (np - yo)n2 + (-n)2

n r
8 r (252)

n, - yo) 2a2r + (-nry.4

nr
= ~2 (253)

r War~ (np - yo ar + (-nry4

LAS k 3 -~ 4  (254)8a 8r= 3 4
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r

mb 28.074

y= .32687

ir 3.7174

1 -27.693

nr -3.1307

n -. 63842

1s 306.52

nsr' 105.35

From equations 239, 242, 254, 255 and 256, the lead angles,

LA8 a r, rLA0r and LAOSr, were computed for chosen values of

DAR. These computations are shown in table L-15, and the

results are plotted in Figure L-23.

L-17

L AO - 4 ( 2

LAO r (2

Oa a Lr ("ar
(2

Oa Oa AL ~8 r O

An initial true airspeed of 300 mph, at 10,000 feet density

altitude, was chosen for the basis of this analysis. Thus,

the theoretical lateral dynamic stability coefficients used

in this analysis, for the A-26 Airplane, were (see Appendix

D) as follows:

TA-= 4.4716 sec.

55)

56)

63)



Using equations 251, 252 and 253, the amplitude response

ratios, a, asr' r and g, were computed for chosen

values of nAR. These computations are shown in Table L-15,

and the results are plotted in Figure L-24. Equation 263

0~a O~a 0rwas used to compute the ratio _ r for chosen
Oa ra 4k r

values of DAR. These computations are shown in Table L-15,

and the results are plotted in Figure L-25.

Equations 227, 248, 249 and 250 were used to compute the

Sr Ba 4 antime history of spectively.
$r .r 9 ,r re

'a r 5r. a n rsetiey

These computations are shown in Tables L-16, L-17 and

L-18, and the results are plotted in Figures L-26, L-27

and L-28.

B-3-b: ANALYSIS FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO

FORCED SINUSOIDAL MOTION OF RUDDER AND AILERONS, ADJUSTED

FOR ZERO GEOMETRIC YAW.

With reference to Section B-3-b in Appendix H, a

summary of the basic equations used in this analysis

follows:

P= -1ygb (273)

P2 = 4-(yv + 1) (274)

P3  p l~y(275)

Sar(P3 - 2
2 tan = ] (276)

~ WarP2
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0 ) ar
(A)yqv)

r = 8 r sin cary

7. ~s8 8  Sfl( 0 ) r~+ LA8Sa . Sar a sinarar' Sasr

4 = Sr, 
8 ra sinoary + LAr)

V = Jr 8 a sin(wary + LAy8r)

F'*8a~n = __

r r

na rpa J

r 4J- -

(P 2 P p)2 + 2 (P3 ~ J) 2ar

( P4  P 5 )2 + (warP6 2

(_y, 2+ (&ar )2

(_P 4 p5 a )2 + ( 2

(293)
2)2 + ( 2+

LA ar :2 ~ 3

L- 19

(279)

(280)

(281)

(282)

(285)

(227)

(288)

(289)

(290)

(291)

(292)

(294)

P4 nY04b

P5  -n p

P6  npy,

171 tan- ) 
/5

-- P5'ca

04



LAOS 4=4 -~ 3  (295)
r

LA 8 r 4~ 3 (296)

Va Va V Sr Y'O
-a - (303)

a r -y)2 + (car )2

An initial true airspeed of 300 mph, at 10,000 feet density

altitude, was chosen for the basis of this analysis. Thus,

the theoretical lateral stability coefficients used in this

analysis, for the A-26 airplane, were (see Appendix D) as

follows:

TA 4.4716 sec.

pb =28.074

lv = -7.19205

ip =-27.693

n. =2.5782

n -.63842
p

is =306.52

ns = 105.35
r

y = .32687

y,= -.65

From equations 273, 274, 275, 279, 280, and 281:

P 65.998 P4  23.659

P2 28.343 P5 = .63842

P3 =18000 P6 = .41497

L-20



Using equations 276, 282, 265, 294, 295 and 296, the lead

angles, LASa r,, LA08r and LAVer, were computed for chosen

values of QAR. These computations are shown in Table L-19,

and the results are plotted in Figure L-29.

From equations 291, 292 and 293 the amplitude ratios, pLa

P11sr and ys r , were computed for chosen values of OAR-

These computations are shown in Table L-19, and the results

are plotted in Figure L-30. Equation 303 was used to compute

the rati /-I 8 rthe ratio =- - for chosen values of QAR. These
(ka Pa 0 108r

computations are shown in Table L-19, and the results are

plotted in Figure L-31.

Equations 227, 288, 289 and 290 were used to compute the

Sr Sa v
time history of , and , respectively.

8ra r r

These computations are shown in L-20, L-21 and L-22, and the

results are plotted in Figures L-32, L-33 and L-34.

B-3-C, -- ANALYSIS FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO

FORCED SINUSOIDAL MOTION OF RUDDER AND AILERONS, ADJUSTED

FOR ZERO ANGLE OF BANK.

With reference to section B-3-c in Appendix H, a summary

of the basic equations used in this analysis follows:

lryv + 1,blv
tan~i( ) (312)

lr'ar

Qi = - nr (315)

= nvyb + nryv (316)
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03 = i War

r sin Warya

a Ias r a sin (Wary + LASa) a

= r& 8 ra sin (wary + LAOS. )
r a r

V .vSr Ba sncary+Lv r)

n8r tar 2 + (1rv + _bv)_2

a r - W ~2rcar +(lr2var ()2
a iAa Q2 -WIar

n 8 r (~ + (oar )2

r War (-Q War)2 + 2ar

n r

(- {Wr + W2 )2

LA asr ~'02

LAosr =3~"2

r 32LA -32T

War

(-yv 2 + (War )2

L-22

(317)

(320)

(227)

(323)

(324)

(325)

(326)

AV Sr

(327)

(328)

Va a /Sr 

41a Oa' Ap 8

(329)

(330)

(331)

(338)

NOON

Q2 - "ar
tan!i (- )r

z~Q i ar



An initial airspeed of 300 mph, at 10,000 feet density

altitude, was chosen for the basis of this analysis.

Thus, the theoretical lateral stability coefficients

used in this analysis, for the A-26 airplane, were (see

Appendix D) as follows:

TA 4.4716 sec.

Ab 28.074

IV =-7.19205

r= 3.7174

n =2.5782

nr = -3.1307

1 = 306.52

na = 105.35

y =-.65

From equations 315 and 316,

Q =3.7807

Q2 = 74.415

Using equations 312, 317, 320, 329, 330 and 331, the

lead angles LASa8  LAOe and LAVS , were computed for

chosen values of OA. These computations are shown in

Table L-23, and the results are plotted in Figure L-35.

From equations 326, 327 and 328 the amplitude ratios,

1 asr' pr and ,Atr, were computed for chosen values

of QA. These computations are shown in Table L-23, and

the results are plotted in Figure L-36. Equation 338 was

L-23



V a T ALVSr
used to compute the ratio-=-- for chosen values

Oa ra F4'Spr

of DA. These computations are shown in Table L-23, and the

results are plotted in Figure L-37.

Equations 227, 323, 324 and 325 were used to compute the
8r 8a v

time history of , , , and , respectively.
8ra 8r. r a 8r.

These computations are shown in Tables L-24, L-25 and L-26,

and the results are plotted in Figures L-38, L-39 and L-40.
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A. ANALYSIS FOR FIXED-CONTROL TRANSIENT RESPONSE OF A-26

AIRPLANE TO LONGITUDINAL STEP FUNCTION.

With reference to Section A in Appendix I, a summary

of the basic equations used in this analysis follows:

a.d4 + a2 d3 + a3d 2 + a4d + a5  0 (1)

= (2)

a2 =-(zw + mq + pcm + x ) (3)

a3  xu(Zw + m q) + /ucmri(Xu - z9 ) + zwmq -scm xwzu (4)

a4  4cmcU(zexu - zuxe-) + acm.(xu - zo)

Mcmu(Xe + X) - m(XUZW - XWZu) (5)

a5  ALcmwf(xze - xezu) + AUcmu(xzw - xza)

-scmwxzu (6)

u = e01 u, sin(#I3y + LAuj) + e a2 yu2 sin(#32y + LAu2) (7)

w = ea W. sin(#31y + LAw,) + ea2yw2 sin(/32y + LAw2 ) (8)

S=e a0 sin(/3#y + LA9 ) + ea 27 0 2 sin(A82y + LA9 2) (9)

2 2
u = Au + Bu (10)

2 2
u2  CU + Du (11)

u u

A+ B2  (12)

M-1



22  (13)

0 7A P+B 62 (14)

292 (15)

LAu = taniiA (16)

Bu

LAu 2 = taxrf' - (17)

Lw a-i C w (19)

B

LAw2 =tan-' w~ (19)

LA xtu +ri + 9  (22)

=o ZUo +Z +  + w + + Z0 0  (23)

0=-c~u + 4N + i4IchW0 + mqG 0 (24)

M-2



u xu 0o + xw 0O + x6 6o (25)

-o = zu 0o + zwie + 00 + z8 00 (26)

0 uo+ IIw + ALcrflwwo + mq%0

u 0 - xu + xO+ Xe 0  (28)

w0  z u 0 + z~ + 6 0 + Z6 (29)

Au, Buy Cu, Du, AW, BW, Cw, Dw, A, Be, Ce and Do were found

by determinants, as described in Section A of Appendix I.

Assumed Boundary Conditions:

u0 =0, w = .05, 0 = .05, eo 0, U= 300 mph TAS at

10,000 feet density altitude (30)

Computed Boundary Conditions:

Using the values for the stability coefficients which were

computed in Section A- .of Appendix D, the computed boundary

conditions were found from equations 22 to 29 inclusive.

Results were as follows:

u. =-.0069835 60 = 164.15

w -.24350 u = 1.0886 (31)

00 =-6.1708 W' = 188.43

=-.044974

'o =-4.9803 M-3



Characteristic Equation

Using the values for the stability coefficients which

were computed in Section A-1 of Appendix D, the

coefficients for the characteristic equation were

computed, using equations 2 to 5 inclusive. Then, from

equation 1, the characteristic equation was found to be:

d4 + 26.6926 d 3 + 231.712 d2 + 23.156 d + 31.959 = 0 (32)

Using the Graeffe method, the roots to equation 32 were

as follows:

di = aj + i/8, = -13.303 + 7.2348 i (33)

d2 = i 1- 1 = -13.303 - 7.2348 i (34)

d3 = a 2 + iV2 = -. 042404 + .37090 i (35)

d4 = a2 - 32 = -.042404 - .37090 i (36)

The roots and the boundary conditions were then used to

solve for Au, Bu> Cu, Du,Aw,3,C,,Dy, AO, Be, Co, and Do,

by determinantq, as described between equations 54 and 57

in Section A of Appendix I. These calculations are shown

in Tables M-1 and M-2.

Then uj, u2 , wi, w2, 8i and 02 were computed from equations

10 to 15, inclusive. These calculations are shown in Table

M-2.

Using equations 7, 8 and 9, the short-period and the long-

period components of the transient response for each variable

M-4



M- 5

were computed. Calculations for the short-period component

of the change in longitudinal velocity per Uo are shown in

Table M-3, and the results are plotted in Figure M-1. Cal-

culations for the long-period component of the change in

longitudinal velocity per Uo are shown in Tables M-4 and M-5,

and the results are plotted in Figure M-2. Calculations for

the short-period component of the change in normal velocity

per Uo are shown in Table M-6, and the results are plotted in

Figure M-3. Calculations for the long-period component of

the change in normal velocity per Uo are shown in Table M-7,

and the results are plotted in Figure M-4. Calculations for

the short-period component of the change in pitch angle are

shown in Table M-8, and the results are plotted in Figure M-5.

Calculations for the long-period component of the change in

pitch angle are shown in Table M-9, and the results are

plotted in Figure M-6.

The total transient responses, for change in longitudinal

velocity per U 0 , change in normal velocity per Uo, and change

in pitch angle are plotted in Figures 0-1, 0-2 and 0-3,

respectively.



B.

d(bid 4 + b 2d3 + b 3d 2 + b4 d + b5 ) = 0 (37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

b2 =-k(nr + 1 p + yv)

b3 (lpnr - lrnp) + Yv(nr + 1) + Fjbnv

b4 = Yv(lrnp - lpnr) + Fb(lVnp - lpn, - ly)

b5  AMbyo(lvnr - lrnv)

v v + vd 2  + Ved3Y + e v4 sin(ey + LAy)

0= 0 + 2e d2 + 03ed3y + e x
t

4 sin(ey + LA#)

4= 0 + 42ed 2 + 4 3 ed3y + e 0 4 sin(ey + LAO)

V-2 
2

V4  A + B v

4 = A + B

44 A + BO

LA# tan~ - B

L Ap tan ~ BA0

M-6

ANALYSIS FOR FIXED-CONTROL TRANSIENT RESPONSE OF A-26

AIRPLANE TO LATERAL STEP-FUNCTION

With reference to Section B in Appendix I, a summary

of the basic equations used in this analysis follow:



A0
LA, tan ~ B (51)

Fi - bliyV0 + lrio + 1p4o (52)

00 kbnvv + nrio + n 4 (53)

y yvvo - + y04b (54)

F blv~o + lrOo + (55)

AvblVV6 + lrbo + (58)

i/ Abnv'io + nro+np ()

V0 -yg'V - + y 40; (60 )

0 4blvvo + 1ro + 1 p4O (61)

/bnvvo + nrko + npk (62)

V.0 = ybvv o + yk +o (63)

Vi, V2 > v3 > 'P 2, 013> 'ki, 02> '03, Av, By, A4, BO, Ak and B

were found by determinants, as described in Section A of

Appendix I. v., v2, V3, Av and Bv were found by using equations

M-7



117, 118, 119, 120 and 121 in Section B of Appendix I, and the

rest were found by similar equations for 4 and 4.

Assumed Boundary Conditions:

U= 300 mph TAS at 10,000 ft. density altitude,
0

0, % = 0, v 0, 4= .05 and =0.

Computed Boundary Conditions:

Using the values for the stability coefficients which were

computed in Section B-1 of Appendix D, the computed boundary

conditions were found by equations 52 to 63, inclusive.

Results were as follows:

.016344 0 = 0

v -.010624 -33000= 1.1830

I'= -1.1761 0= 97.930 = -2. 3658

'= 2.0516

Characteristic Equation:

Using the values for the stability coefficients which were

computed in Section B-1 of Appendix D, the coefficients for

the characteristic equation were computed, using equations

38 to 42, inclusive. Then, using equation 37, the charac-

teristic equation was found to be:

d(d4 + 31.4737d3 + 181.49d2 + 2257.22d + 118.67 = 0. (64)

Using the Graeffe method, the roots to equation 64 were

as follows:

M-8



di = 0

d2 = -2

d3= -.

7.862

J52796

The roots and the boundary conditions were then used to solve

for v.., V2> V3 9 01> )2' ""3' ' '2> 03, AV, Bv, A,4 B, A,, and

B ,, by the method of determinants. This method is described

between equations 54 and 57 in Section A of Appendix I. The

determinants and the results are shown in Table M-10.

Then v4 , 04, 44, LAy, LA, and LAO were computed from equations

46 to 51 respectively. These calculations are also shown in

Table M-10.

The root d2 = -27.862, controls the "roll subsidence" which is

a highly damped component. The root d3 = -.052796 controls the

"spiral stability". If d3 were positive the airplane would be

spirally unstable, but since it is negative it indicates spiral

stability. The complex conjugate roots d4 = -1.7795 + 8.8037 i,

and d5 = -1.7795 - 8.8037, control the "Dutch roll". Since

= -1.7795, is negative, this component also damps out.

The "subsidence" components of v, p and 0 were computed in

Tables 11, 12 and 13, and the results are plotted in Figure M-7.

The "spiral stability" components of v, 0 and 4 were computed

in Tables 11, 12 and 13, and the results are plotted in

Figure M-8.

The "Dutch Roll" components of v, ' and 0 were computed in

Tables 11, 12 and 13, and the results are plotted in Figure

M-9.

M-9

a4 = -1.7795 + 8.8037 i

d5 = -1.7795 - 8.8037 i



7
The total motion for v, 0 and + was obtained by adding all

the components, using equations 43, 44 and 45. These computa-

tions are shown in Tables 11, 12 and 13, and the results are

plotted in Figure M-1O.

M- 10
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APPEND IX N

ANALYSIS FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO FORCED

SINUSOIDAL VARIATION IN OUTPUT SIGNAL FROM OSCILLATOR WHICH DRIVES

ELEVATOR SERVO, WITH IDEAL DISPLACEMENT PITCH CONTROL IN AUTOMATIC

PILOT

With reference to Appendices J and H, a suyunary of the basic

equations used in this analysis follows:

C xeZu ~ XuZe.

C2 ze - xu.

weC2
= tan(C E-

C. we

C3  (xuzw - xz) + (xu + Zw)mq + 4cp-,(Xu - ze)

-ms ko - FCrD.

C4 = mse ko(xwz u - Xuzl) + Lclnw(xuze - xezu)

+ Ucmu(XZ - xwzo).

C5 =-u - zw - mq - kcm-

C6  (Xwzu - Xuzw)mq + (xu + )mS eke + (xu - zo)pcm

+.(XUZe - xOZU)Mc,- (XW + XL)4fMl.

(02 tanl- e eC5 - C6 )

'6+ e C3 - C4

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

N-1

-1



H2 -xw - XO.

-ceH 2
Stan- (e)-Hi

B 8 e sin wey.

u = AUeSe sin(wey + LAUse

w 8ea sin(wey + LAWse).

o = ALe 8e

e -me

e e

A6ese ~ n

sin('oey + LAes - (18)
we Ose

(-Hj )$ + t -w eH2 2

+ a2 C - C)2 + a2 -(4)2C5 - C 6 )
e e 3 4 e

(19)

2 2 2
(C we ) + (weC2)

+ a 2C - C )2 + . 2 2C5 - C6)2
e e 3 4 e e

(20)

2 2
(K- we) + (weK2)2

4 2 2 2 2 2
(-we + we C3 - C4 ) + we(weC5 - C6 )

(21)

N-2

(9)K1 =,xuz - Xwzu'.

K2 = -xu Z '

= taicoeK2
tanH (Ke

Hi = xoz -xwzO

(14)

(15)

(16)

(17)

(10)

(11)

(12)

(13)



LAM 42 (22)
e

LA - (23)
e

LAOs = '2 (24)
Ie

22

- - (25)
Wa Wa (i 2 2) kwC we)'e + (weC2) 2

k (26)

An initial true airspeed of 300 mph, at 10,000 feet density

altitude, was chosen for the basis of this analysis, and a

value of k. = .5 was arbitrarily chosen. The theoretical

longitudinal dynamic stability coefficients used in this

analysis, for the A-26 Airplane, were (see Appendix D) as

follows:

TA = 4.4716 sec.

yL = 241.43

xu = -.087261

xw = .18720

= -. 32687

zu = -.65374

zw = -4.8701

z 6 negligible for 00= 0

N-3



mq

Ms

Fr

C = .21369 K= .54735

C2 = .087261 K2 = 4.9574

03 = 407.69 H 1.5919

C4 = 128.28 H2 = .13967

C5 = 26.693

C6 = 895.53

Note that in this case, only C3 , C4 and C6 depend on ko-

Using equations 4, 8, 11, 14, 22, 23 and 24, the lead angles,

LAse, LAwse and LA0 e, were computed for chosen values of

DE- These computations are shown in Table N-1, and the results

are plotted in Figures N-i N-2 and N-3. The results'of-the

analysis for lead angles fpr k9  0, (see SectionA-1of Appendix

L, are also included in Figures N-1, N-2and N-3 for comparison.

Using equations 19, 20 and 21, the amplitude response ratios,

Pse' Se and ese, were computed for chosen values of QE-

These computations are also shown in Table N-1, and the results

are plotted in Figures N-4, N-5 and N-6. The results of the

analysis for amplitude response ratios for ko = 0, (see Section

N-4

assumed negligible for A-26 Airplane.

= -.61949

-. 022236

= -16.3668

-351.95

om equations 1, 2, 4, 5, 6, 7, 9, 10, 12 and 13:



t

A-1 of

N-6 fo

6a q

w w

are shc

N-7. t

Equations 16, 17 and ia could be used to compute the time

e u w 9
history of I and -, respectively, (analogous

e ea e a ea

to the time histories shown in Figures L-8, L-9 and L-10),

but this analysis will not be included.

It should be noted that 8e used in this analysis is the

elevator angle which would exist if ko were equal to zero.

It is NOT equal to the resultant 8e which could be computed

from equation 21 in Appendix J (see discussion on page J-2).

An extension of this analysis could be made by computing the

amplitude of Ser and then putting the response computed in

this appendix on the basis of Ser instead of S. The resulting

curves should then be independent of ko-

N-5

MOMEMEMN

Appendix L), are also included in Figures N-4, N-5 and

r comparison. Equation 25 was used to compute the ratio

X e for chosen values of QE. These computations
YwSe

wn in Table N-1, and the results are plotted in Figure

lote that the ratio e is independent of ke-
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ANALYSIS FOR TRANSIENT RESPONSE OF A-26 AIRPLANE TO LONGITUDINAL

STEP FUNCTION, WITH IDEAL DISPLACEMENT PITCH CONTROL IN AUTOMATIC

PILOT

The equations for transient response of aircraft to longitudinal

step-function, with ideal displacement, integral and derivative

pitch-control in automatic pilot, were derived in section A of

Appendix K. When kq and k9 are both equal to zero, these

d

equations reduce to:

aid4 + a2d3 + a3d 2 + a4 d + a5 = 0,

aij = i,

a2  -(z + mq + 4em + x)

a3 = Xu(Zw + mq + 4cb) + zwmq

- mse k - zosLcIl, - Fcmw - xwzu,

a4  xu(-Zwrq + mSeko + zebpcmj + 4cmw)

+ xwzumq - xwLcImu + m8 e zwk - ze/mcm

- X 8 ( zucs + '"cfu), and

(1)

(2)

(3)

(4)

(5)

a5 Xu(-mSe zke + zo/jpcfw)

+ xw(zums ke - zeLpcmu) - X 6 (zu~c0 m - zwI4cmu). (6)

0-1
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0 e i>Y0 sin(,8,y + LA ) + 82 ed37 + 03ed4-

u A2 +Bu.

Au

LA tan- (--).

Aw

W + Bw

C 6

LAu6  tan B-)

B8

ao = xuuo + xwWO + x000 .

w0 = zuuo + Zwwo + ; + zOOO.

0, = pmgu0 + IIcNlo + /jcrwwo + mqGo + mSe k 0 .

(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

0-2

By comparison with the equations presented in Section A of

Appendix M, we see that a1 and a2 are not affected by ko,

while a3 , a4 and a5 are affected.

The additional equations used in this analysis were as follows:

u e, u1 sin(#3 y + LAuM) + u2e d3 + u3ed4(

w e a.Yw. sin(/ y + LA ) + w2e d3/ + w3ed4y. (8)



=u o + xwO+ X . (19)

+ zw 0r + 6? + ze;80. (20)

40 + 4c + /I + mq% + mSeko6?. (21)

u0 = xuuo + xWWO + x600 . (22)

= Zu0 + + 6+ Z8 80 . (23)

Au, Bu, u2, u3, Aw, 1w, w2, w3 , A0, B0, 62 and 03 were

found by determinants, as described in Section A of

Appendix I.

Assumed Boundary Conditions:

uo = 0, wo = .05, 60= .05, UO = 300 mph TAS,

at 10,000 feet density altitude (24)

Computed Boundary Conditions:

Using the values for the stability coefficients which

were computed in Section A-1 of Appendix D, the computed

boundary conditions were found from equations 16 to 23,

inclusive. Results were as follows:

ao = -.0069835 00 = 355.41

bo = -. 24351 uo = 2.3176

80 = -14.970 'o = 422.55 (25)

uo = -.044976

" = -13.780

0-3



U 0

u0  a / d 3  d4

2 2 2 2
u 2 a -# 2 d3  d4

... 3 2 -3 2 3 3
u0 ai - 3 a1 /3 -,8j + 3apj3 d3 d4

Then

(31)

u1 , w and

0-4

These calculations are shown in Table 0-1.

Characteristic Equation:

Using the values of the stability coefficients which were

computed in Section A-1 of Appendix D, the coefficients for

the characteristic equation (equation 1) were computed,

using equations 2 to 5, inclusive. The characteristic

equation was found to be:

d4 + 26.693 d3 + 407.69 d 2 + 895.53d + 128.28 = 0. (26)

Using the Graeffe method, the roots to equation 26 were

found to be:

di = a + i3 = -12.063 + 14.138 i (27)

d2 = 1 - 31 , = -12.063 - 14.138 i (28)

d3 = -2.4130 (29)

d4 = -.15392 (30)

The roots and the boundary conditions were then used to solve

for Au, Bu, u2 , u3, -Aw, Bw, w2, w3, Ae, BO, e2 and e3, by

determinants. For example, the basic determinant for the

determination of Au, Bu, u2 and u3 is:

A Bu u2 u3

1



0-5

. were computed from equations 10, 11 and 12, respectively, and

LAuj, LAwi and LA,9 were computed from equations 13, 14 and 15,

respectively. These calculations are also shown in Table 0-1.

Equations 7, 8 and 9 were then used to compute the time history

for u, w and 0, respectively. The calculations for the time

history of u are shown in Table 0-2, and the results are plotted

in Figure 0-1. Also included in Figure 0-1 is a plot of the

time history of u for the case when k. 0, (see section A,

Appendix M). The calculations for the time history of w are

shown in Table 0-3, and the results are plotted in Figure 0-2.

Also included in Figure 0-2 is a plot of the time history of w

for the case when ke = 0, (see Section A, Appendix M). The

calculations for the time history of 9 are shown in Table 0-4,

and the results are plotted in Figure 0-3. Also included in

Figure 0-3 is a plot of the time history of 9 for the case when

k= 0, (see Section A, Appendix M).

The same type of analysis could be made for any combination of

ideal displacement, integral and derivative pitch control, using

the basic equations developed in Section A of Appendix K.
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METHODS FOR DETERMINING DYNAMIC STABILITY COEFFICIENTS FOR AIRCRAFT

FROM STEADY-STATE FLIGHT-TEST RESPONSE OF AIRCRAFT TO FORCED

SINUSOIDAL MOTION OF CONTROL SURFACES

A-1: METHOD FOR DETERMINING LONGITUDINAL DYNAMIC STABILITY

COEFFICIENTS FOR AIRCRAFT FROM STEADY-STATE FLIGHT-TEST

RESPONSE OF AIRCRAFT TO FORCED SINUSOIDAL MOTION OF

ELEVATOR, WHEN THE EFFECT OF CHANGE IN LONGITUDINAL VELOCITY

IS CONSIDERED IN ALL THREE EQUATIONS OF MOTION:

The equations for steady-state response of aircraft to

forced sinusoidal motion of elevator, when the effect of

change in longitudinal velocity is included in all three

equations of motion, were derived in Section A-1 of

Appendix H. From equation 73 of Appendix H, we have:

qa _
8 a

wa

K 2 2 K2'2
K-we) + (weK2)

(C 22 + (weC2) 2

e

(1)

Q can be measured directly in flight, for various values

of QE, but Wa can only be obtained indirectly by measuring

the total normal acceleration:

nzg = 9 - U0Q - g cos 0.

Thus, since AW = ,

AW = nzg + U0Q + g cos 0.

For small changes in 0, cos 0 e . Thus,

(2)

(3)

P-1
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(4)

(5)

q= TA~Q weea- (6)

Dividing equation 6 by equation 4, we have:

___ ___ ____ ___(7)

(ng + i)g
+ 

[Q U 0 Ja

Q and nz can be measured directly in flight, for any value

of f2E. Thus the ratio--- can be determined easily from
Wa

the flight-test records, for values ofwe

For convenience, we may let -
W a

2 =

4 2 2
[e + we(K2 - 2K1 )

cod + w2(Cj - 2C,)

Then, from equation 1,

2
+ Ki

+
f

We may also let

A = K2 - 2K
2 1

B = K2,
1

2
L = C2 - 2Cj and

2
D = C.

P-2

(8)

(9)

(10)

(11)

(12)

. Na IA
~a =U)TA ( _!_ zg + U0Q + g).,Uo UO

or

a= [CL (nz + 1) + q] .

Also,



T

CO (13)

With any four different values of we and the corresponding

values of 6, there are four different equations like

equation 13. These could be solved simultaneously for

A, B, L and D, and then K., K2 , Ci and C2 could be found

from equations 9, 10, 11 and 12. From equations 38, 39,

50 and 51 of Appendix H we have, respectively:

C= xzu - XuZO, (14)

C2 ze - Xu,

K x uz - xwzu and

K2  ~Xu -W.

For small changes in 9 from the horizontal, zo 0,

X0 = -CLO. Thus,

z -( ).
u CL

CLO

=w C2 - K2 and

xw = [K1 + C2(C2 - K2)]-

In this manner, zu, xu, zw and xw may be computed.

(15)

(16)

(17)

and

(18)

(19)

(20)

(21)

P-3

Mod

hen equation 8 becomes:

22 2 2 4
A + B - (ewe) L - D = (2 -



From equations 63 and 72 in Appendix H, we have:

2 2- 2

= -mSwe \1 K - ce) + (weK2) (22)
V_4 + 6) 04)2 2443e Se"* (-w oge - C4)&- ?2(eC5 -C6)2

ms. can be determined from static flight-tests, by shifting

weight along the longitudinal axis of the aircraft and

measuring the resulting change in elevator angle required

for level flight. Thus, mse may be considered as a known

quantity in equation 22. Also,

TAQaP (23)

q8e AE

where Qa and AE can be measured in flight. Thus, equation
a

22 may be rearranged to give:

MSeae 2 2 2
4 

4Q + 2 W[(K -we) (weK2) eqe 
(24)

where, by definition,

N = 2C3 - C2  (25)
5,

Q C + 2C4 - 2C5 C6 , (26)
3

2
T = 2C304 - 06 and (27)

2 o (28)
W = C4-

For any four different values of We there are four

corresponding values of uqSe, as found by using flight-

test data in equation 23. Thus, there are four corresponding

P-4



C4 = Acmw(xuzo - xazu) + bcmu(XoZw - XwZe),

C5 = Xu - zw - mq - sec

(30)

(31)and

C6 = (xwzu - xuzw)mq + (x - ze)p ccmw + (XuZe - xOzul'c

- (xw + xe)/uIPiu' (32)

For zo = 0, and for x9 = -CLO, equations 29, 30, 31 and 32

may be rearranged respectively, as follows:

(xu + zW)mq + (iscxu)mv - cmw = (C3 - xuzw + xwzu), 33)

(AcCLzu)mw - (ucCL~jw)u = C4, (34)

-mq - Acm;'= (C5 + X + zw) and (35)

(xwzu - xuzw)mq + (CL ZUC)m + (jLcxu)mw + /4c(CLO - xw)mu = C6-

(36)

values for the right-hand side of equation 24, because K

and K 2 are already known from the fore-going analysis.

Then N, Q, T and W can be determined from four simultaneous

equations similar to equation 24, with each equation cor-

responding to a different value of we. Once N, Q, T and

W have been determined, C3, C4 , C5 and C6 may be found

from equations 25, 26, 27 and 28.

From equations 43, 44, 45 and 46 in Appendix H, we have,

respectively:

C3 = (Xuzw - xwzi) + (xu + zw)mq + cNI(xu - zO)m(Lcliwy (29)



P-6

Determinants may now be used to solve equations 33, 34, 35

and 36 for the only unknowns, mq, mg, mw, and mu.

Thus, it has been shown that the important longitudinal

dynamic stability coefficients for aircraft can be determined,

at least theoretically, from frequency response curves
qct

for-- and /lqe. Whether or not this method of analysis

will actually work remains to be seen, but it is the author's

belief that, with present-day techniques of dynamic flight-

testing, the inaccuracy-spread of the flight-test data would

be too large to justify such an elaborate analysis.

Similar methods can be shown, based upon phase-angle response,

or a combination of phase-angle response and amplitude-ratio

response, but they are equally as complex as the amplitude-

ratio method just discussed. But one of the advantages of

the phase-angle method is that me need not be known for

the determination of C3, C4, C5 and C6 -

A-2: METHOD FOR DETERMINING LONGITUDINAL DYNAMIC STABILITY COEFFICIENTS

FOR AIRCRAFT FROM STEADY-STATE FLIGHT-TEST RESPONSE OF AIRCRAFT

TO FORCED SINUSOIDAL MOTION OF ELEVATOR, WHEN THE EFFECT OF

CHANGE IN LONGITUDINAL VELOCITY IS NEGLECTED IN THE EQUATIONS

OF MOTION FOR CHANGE IN NORMAL FORCE AND CHANGE IN PITCHING

MOMENT

The equations for steady-state response of aircraft to

forced sinusoidal motion of elevator, when the effect of

change in longitudinal velocity is neglected in the



LA;q LAWS - LAOe = - .

Thus,

L A' 2- tan (e),

(37)

(38)

and

n -37 L
tn(2 -LA~jq)

(39)

For any we and the corresponding LAq, zw may be computed

directly from equation 39. LAg, can be obtained from the

flight records of nz and Q, since

n = CL (nz + i) + TAQ. (40)

From equation 102 of Appendix H,

qa ea zw2(
S() +. (41)

we w, Wra Wa e

Thus,

Zw -e~ ~ 2 -,(42)

where 6 = - , as defined in Section A-1 of this Appendix.
w

Equations 39 and 42 show that zw can be obtained by either

the phase-angle or the amplitude-ratio method.

P- 7

equations of motion for change in normal force and change

in pitching moment, were derived in section A-2 of

Appendix H.

From equations 82, 83, 87, 99 and 100, in section A-2 of

Appendix H, we have:

a



-ra 8 e

e (- e +
e -web)2 + (k - e)

(44)

Providing me is known, b and k may be obtained from equation

44 with any two different values of we and their corresponding

values of ps e.Values of Aus can be obtained from the flight

records of nz, Q and Az, If we use equation 40 as a basis,

we have:
we hae[CL (nz + j) + TAQ)

- a= (45)
Se 8e, AEa

P-8

The other stability coefficients, such as mq, mi, N,, mu,

zu> xu, etc., can not be obtained by this method of analysis,

although the effective damping coefficient, b, and the

equivalent spring coefficient, k, for the short period

oscillation only, can be obtained. The coefficients b and

k are defined by equations 84 and 85 in Section A-2 of

Appendix H. From equations 99, 82 and 86, in Section A-2

of Appendix H,

W2 _ k
tan LAg8  = -( w . (43)

e Web

From equation 43, the coefficients b and k may be obtained

by using any two different values of we and the corresponding

values of LAg8 . Values of LAse may be obtained from the

flight records of nz, Q and AE, using equation 40 as a basis.

The coefficients b and k can also be obtained from equations

80 and 99 in Section A-2 of Appendix H. These equations

combine to give:



nyg = + UOR - g sin #,

r TAR,

At = ,

TA
and r =-A.

Uo

Thus, AV= (ny + sin 4O)g - U0R,

or v CLO(ny + sin ) -r.

Dividing the amplitude of equation 52 by the amplitude

of equation 48, and using dimensional notation on the

right hand side, we have:

* (ny + sin q)g
.- 0
qja Ra

(47)

(48)

(49)

(50)

(51)

(52)

(53)

P-9

The coefficients b and k may also be obtained by using the

circle diagram method presented in reference 1, (ApendixT).

B-1: METHOD FOR DETERMINING LATERAL DYNAMIC STABILITY COEFFICIENTS

FOR AIRCRAFT FROM STEADY-STATE FLIGHT-TEST RESPONSE OF

AIRCRAFT TO FORCED SINUSOIDAL MOTION OF RUDDER, WITH FIXED

AILERONS:

The equations for steady-state response of aircraft to

forced sinusoidal motion of rudder, with fixed ailerons,

were derived in Section B-1 of Appendix H. From equation

171 in Section B-1 of Appendix H, we have:

(-rCj) 2+ (-o - C2 )2

[ . + o2 (K2 + C,)] 2 + a2(-C1K2 + 2 )2

Also,



1 = -C1 ,

y= -K 2 ,

Ki K

4byo /bCLO

and

(54)

(55)

(56)

(57)
C2  C2

r ~_ C
YO CLO

Combining equations 160 and 169 in Section B-1 of Appendix

H, we have:

TARa [-K + .2(K2 + C,)]2 + Wr2(-CiK2 + or)2
P-0 = r= A ns 6rC )

AR r3rC3 - cC4)2 + (-C5 + ,2 6 - "r

(60)

Now, using a method analogous to the one outlined between

equations 22 and 36, we can theoretically solve for the

rest of the lateral coefficients. But again it is the

author's belief that, with present-day techniques of dynamic

flight-testing, the inaccuracy-spread of the flight-test

data would be too large to justify such an elaborate analysis.

P-10

V

The factors on the right-hand side of equation 53 can be
Va

taken directly from flight-test records, so the ratio -

can be plotted against wr. From equation 46, and using

the general method applied in Section A-1 of this Appendix,

Ci, C2, Ki and K2 may be computed for any four different

values of wr. Then, from equations 136, 137, 148 and 149 in

Section B-1 of Appendix H, we have:



B-2: METHOD FOR DETERMINING LATERAL DYNAMIC STABILITY

COEFFICIENTS FOR AIRCFAFT FROM STEADY-STATE FLIGHT-

TEST RESPONSE OF AIRCRAFT TO FORCED SINUSOIDAL MOTION

OF AILERONS, WITH FIXED RUDDER:

The equations for steady-state response of aircraft

to forced sinusoidal motion of ailerons, with fixed

rudder, were derived in Section B-2 of Appendix H.

From equation 225 in Section B-2 of Appendix H, we

have:

v va (wG )2 + (-G2 )
2

-.- =a---(61)
-d (COaJ4 2 + (-J5 + w2a

Also, - p = TAP- (62)

From equations 52 and 62, we have:

[a 1 (ny + sin o)-R]
(63)

.0a Pa

The factors on the right-hand side of equation 63 can

be taken directly from flight-test records, so the

ratio - -can be plotted against '0a. From equation 61,
Oa

and using the general method applied in section A-1 of

this Appendix, Gj, G2 , J4 and J5 may be computed for any

four different values of wa. Then, from equations 193,

194, 207 and 208 in section B-2 of Appendix H, we have:

n yo - Gi, = CLO - G4, (64)

G 2  G2
nr - (65)

y, CLP'

P-l11



G 2  G 2  (66)
y ~ -- - J4 - - J4,(6)

YO CL
0

G2 G2
and n1(1 - (67)an n - J5 + - ( - J4)] -(6

/5b CL CL
0 0

Combining equations 215 and 224 in Section B-2 of Appendix H,

we have:

TAPa r'a4)2 + (-J5 + W2

a AA aalsa aC3 - w3C4)2 + (-C 5 + 6 4)2

(68)

Now, using a method analogous to the one outlined between

equations 22 and 36, we can theoretically solve for the rest

of the lateral coefficients. But it is again the author's

belief that, with present-day techniques of dynamic flight-

testing, the inaccuracy-spread of the flight-test data would

be too large to justify such an elaborate analysis.

B-3-a: METHOD FOR DETERMINING LATERAL DYNAMIC STABILITY COEFFICIENTS

FROM STEADY-STATE FLIGHT-TEST RESPONSE OF AIRCRAFT TO FORCED

SINUSOIDAL MOTION OF RUDDER AND AILERONS, ADJUSTED FOR ZERO

AERODYNAMIC YAW

The equations for steady-state response of aircraft to

forced sinusoidal motion of rudder and ailerons, adjusted

for zero aerodynanic yaw, were derived in Section B-3-a of

Appendix H. From equation 263 in Section B-3-a of Appendix

H, we have:

P- 12



(69)

(70)

(71)

Ra'
For a given war, the corresponding value of the ratio P , or

the ratio , can be determined from the flight records, and

then equation 71 can be used to compute yo- This result can

then be checked with the value of CLO, which is the theoretical

value for y0.

From equations 239, 242 and 256 in section B-3-a of Appendix

H, we have:

LA4,8  -nry'k
L sr = -tanhi[ (, (72)

r (n - y)war

ar - r 4
-tan-i[ -r

lp'ar
and LAO a

(73)

Both LAOSr and LAOSa may be obtained from flight records.

Thus, for any two different values of war and the corresponding

values of LAO r , equation 72 can be used to compute nr and n .

And, for any two different values of war and the corresponding

values of LAO a , equation 73 can be used to compute lr and 1 .

From equations 252 and 264 in Section B-3-a of Appendix H,

nsr /8r )+np - )ar +(74)

P-13

0a O a _ ar

0ka Pa,
Also, -- =

Oa Ra

where P. and Ra can be taken directly from flight records

Ra

Thus, y ar () (ar )Pa ka



and 1 a a p ar arr+ - a&r ry (75)

Now, Aos is equal to , which can be obtained from
r 8r

flight records for any value of war, so nr can be

computed from equation 74. Analogously, A08 can be

obtained from flight records for any value of war, so

18 can be computed from equation 75.
a

Thus, all. of the important lateral stability coefficients,

except lv, nv and yv, can be obtained by this method.

B-3-b: METHOD FOR DETERMINING LATERAL DYNAMIC STABILITY COEFFICIENTS

FROM STEADY-STATE FLIGHT-TEST RESPONSE OF AIRCRAFT TO FORCED

SINUSOIDAL MOTION OF RUDDER AND AILERONS, ADJUSTED FOR ZERO

GEOMETRIC YAW.

The equations for steady-state response of aircraft to

forced sinusoidal motion of rudder and ailerons, adjusted

for zero geometric yaw, were derived in section B-3-b

of Appendix H. From equation 303 in Section B-3-b of

Appendix H, we have:

va va ________ (6
(76)

0a (-y)2 + ( )2
v war

Also, from equation 63,

9(ny + sin )
(77)

because R 0.

I

P- 14



from equation 76, we have:

2

Yv - 2 2

a 2 a

(78)

Thus, equation 78 may be used to compute y., using any

value of war and the corresponding value of --- This

assumes that yo is known, It can be computed by the

method explained in section B-3-a of this Appendix.

From equations 273, 274, 275, 276, 279, 280, 281, 282,

296 and 302 in Section B-3-b of Appendix H, we have:

LAis = -- tan~i Warn PYV + 
2 "

r 2-nvy4gb + npoiir

and 2
7T "ar (1pyv ~ ar

LA =- tan-[ a p -
a 2 1v7''b + W2r (y + lp)

(79)

(80)

From equation 52,

v = CL0 (ny + sin <0)

because r = 0. Thus, a plot of v against

made from the flight records of ny and 4.

and LAGsa can be obtained from the flight

various values of war. Then, for any two

(81)

time may be

And so LAgsr

records, for

different values

P-15

The factors on the right-hand side of equation 77 can be

be taken directly from flight records, so a value of

v 

d.
;may be obtained for any war- Then, solving for yv
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Of war, equation 79 can be used to solve for np and nv, since

yo can be established by the method of Section B-3-a of this

Appendix, and y. can be determined from equation 78. Analo-

gously, for any two different values of war, equation 80 can

be used to solve for 1p and lv.

From equations 273, 274, 275, 279, 280, 281, 293 and 305 in

Section B-3-b of Appendix H, we have:

Ptr I 2 2'

(r y ) -nvyb npwar) + (warnpyv), (82)

and

is = ( .1 + I)]+ il
a ('o a -lv"4-b c+ ar yv + ) wa2rlpyv ~ ar

(83)

Now, F-Lvs and sus can be obtained from flight records, so
r a

ns can be computed from equation 82, and 18 a can be computed

from equation 83.

Thus, all the important lateral stability coefficients, except

1r, nr and yg,, can be obtained by this method.

B-3-c: METHOD FOR DETERMINING LATERAL DYNAMIC STABILITY COEFFICIENTS

FROM STEADY-STATE FLIGHT-TEST RESPONSE OF AIRCRAFT TO FORCED

SINUSOIDAL MOTION OF RUDDER AND AILERONS, ADJUSTED FOR ZERO

ANGLE OF BANK.

The equations for steady-state response of aircraft to

forced sinusoidal motion of rudder and ailerons, adjusted

for zero angle of bank, were derived in Section B-3-c of

Appendix H. From equation 338 in Section B-3-c of Appendix H,



we have:

S V war (84)

0Pa 0a - )2+ ,War~

Also, from equation 53,

ny U9 R)

(85)
aR

0Pa

because d> 0.

The factors on the right-hand side of equation 85 can be

taken directly from flight records, so the ratio -.- can be

plotted against war. Then, solving for y. from equation 84,

we have:

yv -W - . (86)
Va 2

Thus, equation 86 may be used to compute yv, using any value

of war and the corresponding value of! . Note that in equa-
'Pa

tion 86, yo need not be known to compute yv, which is not the

case for equation 78.

From equations 312, 315, 316, 317, 331 and 337 in Section

B-3-c of Appendix H, we have:

nv Lb + nr~ ~w2
LAg8  = -tan-i[ +, nyL (87)

r War(yv + nr)

lryv + ublv
and L A = -tan- i -' (88)

a lrwar

-4
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(89)

because # = 0. Thus, a plot of v against time may be made

from the flight records of ny and R. And so LAg.r and

LA48 a can be obtained from the flight records, for various

values of war. Then, for any two different values of War

equation 87 can be used to solve for nv and nr, since yv can

be found from equation 86. Analagously, lv and lr can be

found from equation 88 for any two different values of War-

From equations 315, 316, 328 and 340 in Section B-3-c of

Appendix H, we have:

r Sr \/4a (Yv + nr + (fnvkLb + nryv - war)2 ( D)

and

la S r~ar)2 + (lryv + ablv (91

Now, ys r and yva can be obtained from flight records, so
r a

nr can be computed from equation 90, and 1a can be computed
ra

from equation 91.

Thus, all the important lateral stability coefficients, except

1, n and y,, can be obtained by this method.

P- 18

From equation 52,

v = CLny - TAR
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DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF AIRCRAFT TO

FORCED SINUSOIDAL MOTION OF THROTTLE AND ELEVATOR

A. DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF

AIRCRAFT TO FORCED SINUSOIDAL MOTION OF THROTTLE AND

ELEVATOR, ADJUSTED FOR ZERO CHANGE IN LONGITUDINAL

VELOCITY

When both throttle and elevator are forced to oscillate

sinusoidally at the same frequency,

(e 0th W we-th = t,1 (1)

and equations 29, 30 and 31 of Section A-1 in Appendix

H become:

(-d + xu)u + (xw)w + (x 9 )o t , (2)*

(zu)u + (-d + z.)w + (d + z6)8 = 0 (3)

and

(pcmu)u + (dycm1 + 1cmw)w + (-d2 + dmq )= -mseSe. (4)

where

t (TA TX t e "e-thy 8 OAeiwe-thY,
UOMA a

u = ualelwe-thy, (5)

Sse ei-eth and w w Jeie-thy- (6)

Here, we arbitrarily consider ta as real and known and

Sa as complex and unknown. The problem is to adjust 8ea

*Note: The coefficient =t 1, so it is not needed in the term on the right hand side of
equation 2. x



mathematically so that there will be zero change in

longitudinal velocity. For convenience in derivation, we

will drop the "e-th" subscript.

For u = 0, equations 2, 3, 4, 5 and 6 give:

(xw)w Q + (Xe)O, = tXa-

(-iw + Zi)Wa + (iw + zO)Oa = 0

(pcmio + ALcMWi wa + (w2 + ion q + ms e 0

Solving equations 7, 8 and 9 for wa, Oa and se , we have:

Wa = 2/A G 'a =A3/A and Se A4/Ai

where

(xw)

(-iw + zw)

(4CITgi& + mw)

(x6 )

(ie + ze)

(W + iCanq)

(0)

(0)

MSe )

, (10)

-M e xzx - XwZ O ) 2 + (22(Xw - xo) 2

and

~t -co(-xw - xe)]

0,z --anz XAZw XwZe

Al so,

(iw + ze)

(c 2 + iccnr)co M q

(0)

(0) , (13)

e

Q-2

(7)

(8)

(9)

(11)

(12)

A2 =

t )

(0)

(0)



02 = tan-i

Further,

A3 =

-A)

( - ),-zi
37r
~ for zO = 0.
2

(xw)

(-iO + Z)

(Acylmiw + Ach)

( )2 + 2

and #3  tan-i ( ).
+zw

ei03

Also,

(xv)

(-io + zw)

(pCNri + 14cfL)

(x9 )

(ie + zO)

(W2 + qanq )

t (o 2 L L3 ) 2 + w2(_a)2 + L 2 ) 2

(-C02 + L2)a)
04 = tan-i[ , )

-2Li - L 3

Li -Mq - zw - pcrnv

L2 = mqzw - 4c.w - Z84crfl,'

L3 = zeFycmw
Q-3

-M et

and

(15)

(t 
)

(0)

(0)

(0)

(0)

, (16)

(m 
8
e

(17)

(18)

A4

(t 
)

(0)

(0)

(19)

and

(20)

where

and

(21)

(22)

(23)

(24)

+(z )2 + (_))2 ei P12 ((14)

)



we have:

9 = ,U ttX sin(we-thy + LAet )

and

e Uet xxa sin(we-thy + LAS etx)

where, for zo 0, we have:

wa

Y-wtx X a

0

I-4et -x t Xa

and

et8 e.
8etx 

tXcL

"e-th

IXezw) 2 + (2-th(~Xw - xe2

(w)2 + (-we-th

Xezw 2 th -xw - x, )2

'e-th

_Se

Also, for zo 0, we have:

LAwt 2

LAt= 03 0

and
LAS etx = 04- 0

Analogously,
wa

pas e

(wethLi )2 + (-o2th + L2) 2

(xezw)2 + 2 -th-Xw - xo) 2

(34)

"e-thLi)2 + (- I-th + 2

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

.4

Now, using the subscript "e-th",

w= pt t sin(we-thY + LAwt x ),



x e

M8e 1z) + (-e-th)2

i 2+ (J2 2
-w Weth e~Lil + L2)

8e, '"Stea e x

Also, for ze = 0:

37T
LAws -4,

LAOS e=3 - #4,

and LAtxSe = - 04.

After differentiating equations 25, 26 and 27, we see that:

Krtx we-thywt

qt e-thOt

ASetx Ce-thSetx,

se ee-th~wse

blq8qe we-thgs8e

xe xee-thlty e
etc.

(40)

(41)

(42)

and,

LAt = LAt + -a/2,

LAqt LAt + 7/2,

LA; etx = LA8 etx + 7/2,

LA1e LAwse + 7T/ 2

LAqS e LA e + 7/2

LAtxSe = LAtse +

(43)

(44)

I f we divide equation 34 by equation 35, we have:

= -wO = p'w =

zw 2 +e-th

Q-5

f
a

e

and

(35)

(36)

(37)

(38)

(39)

i/2, etc.( 4 5 )

(46)
t"108e



and

(49)
(/pcmu)u + (-d 2 + dmq)o + e8 e = 0.

If we combine equations 47, 48, 49,5 and 6, and then

solve for u, 9 and Se, using the method shown in section A,

we have:

u = /ut t sinf(we-thy + LAu t), (50)

0 = /Let t sin(we-thy + LAet ), (51)

and

Se = p8etx Xa sin(w6e-thy + LAste ), (52)

where (-z 6 _) 2 + (we-th )2

-'u 2 )2 r ' L2
(L4 - Ce-th +e2-thL 5

//t 2 th) 2 + w2 thL

and

Stx MS

(53)

(54)

/ e-.th - 2cmuze )2 + g2th(zumq - cnu)

e (L4 - We6th 2 + w-thL

B. DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF AIRCRAFT

TO FORCED SINUSOIDAL MOTION OF THROTTLE AND ELEVATOR, ADJUSTED

FOR ZERO CHANGE IN NORMAL VELOCITY (FOR SMALL OSCILLATIONS,

SAME AS ZERO CHANGE IN ANGLE OF ATTACK)

From equations 2, 3 and 4, for w = 0, we have:

(-d + xu)u + (xo)6 =t, (47)

(zU)u +-(d + zo)6 0 (48)



(56)

(57)

(58)

And,

LAut x 2 N>

LAt 7T - ,

LASt 3 ~3.N

Further,

L4 = -xuz& + xezu,

L5 =~u + zO,

and,
L5we-th

(k t an- ), 2
L4- wth'

~"e-th, 37
42 = tan -Z >~ 2z for zo = 0,

and
[e-th(zuq - 4cmu)

03 - tani-i [--.m]2
z u e-th ~ lcmuze

for z and mu = 0.

Also, for z8 and mu = 0:

mse

e Zu fae th + mq

s - ( M8 e
Se :2 2 mj ce-th +

(62)

mq
tan~ ( ),

"e-th

(63)

(64)

(65)

(59)

(60)

(61)



(66)

Thus,

/ Ie i.
p-uq =-L = - .

Further, for z9 and mu = 0

LAO8e = - = tah-- q
e We-th

and

LA =-= T =- tan~( )-qSe 2 2 C6e-th
(68)

C. DERIVATION OF EQUATIONS FOR STEADY-STATE RESPONSE OF AIRCRAFT TO

FORCED SINUSOIDAL MOTION OF THROTTLE AND ELEVATOR, ADJUSTED FOR

ZERO CHANCE IN PITCH ANGLE

From equations 2, 3 and 4, for o 0, we have:

(-d + xu)u + (xW)w = tx,

(zu)u + (-d + zw)w = 0,

and

(pLcmu)u + (dsc.m, + 4cmw)w + ms 8 e 0.

(69)

(70)

(71)

If we combine equations 69, 70, 71, 5 and 6, and then solve

for u, w and Se, using the method shown in Section A, we have:

u = bput txa sin(we-thy + LAut ) (72)

w = .t tx sinfl(e-thy + LAwt ) (73)

and

(74)
Se =,uset a sin(we-thY + LA8 ),

(67)



-zu

+ Weth)2 + (-L7we-th)2

and
2 2 2

L8+ we-thL9

eex m (-L6 + w-th 2 + (-L7we-th

Further,

LAu 2 - k ,

LA T - X
x

and

LAS t X3 ki-

Also,

L6 = Xuzw - Xwzu,

L7 = - Zw - xu,

L8 = Zuk~cm - cmu7,

and

Lg = zucm + pLcmu

And, -me-thL7
X tan-

-L6 +&e-th
Q-9

4wVx

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)

I

where (y 2 + h

b t  /(-L + 6 -th
L)2 + (-L7we-th)y



Now, for mu = 0:

)UWU
PWSe wx Ase -zu

e Ix Se (-zy)2 + we-th

and

~"e-th'%
LAws 7T ~X3 -tan- (

e M

etc.

Q- 10

(86)

(87)

(88)

(89)

'4

+ We-th
X2 = tanli' ( ) e t, )

- zw

and wethL )

X3 = tan L )
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ANALYSIS FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO FORCED SINU-

SOIDAL MOTION OF THROTTLE AND ELEVATOR.

A. ANALYSIS FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO FORCED

SINUSOIDAL MOTION OF THROTTLE AND ELEVATOR, ADJUSTED FOR ZERO

CHANGE IN LONGITUDINAL VELOCITY

The equations for steady-state response of aircraft to

forced sinusoidal motion of throttle and elevator, adjusted

for zero change in longitudinal velocity, were derived in

Section A of Appendix Q. As would be expected, the equations

for w and 0, when based upon elevator motion, are identical

with the equations for w and 6 derived in Section A-2 of

Appendix H, where the effect of change in-longitudinal velo-

city was neglected in the differential equations of motion

for normal force and pitching moment, and where the throttle

was assumed to be fixed.

With reference to Section A of Appendix Q, a summary of

the basic equations used in this analysis is as' follows:

L -rq - zw - )L&ST - (1)

L 2  mqzw - /-emw - zeOcm. (2)

L3 zoicmw. (3)

We-th(-xw ~ x6 )
tan-i ]-( 4)

xezy - xyze

~ _e-th 37T
2 tan- Weth =2 for zeo = 0. (5)

-Rze-

R- 1



(-th + L2)e-th
-w6-th' IqP4 tan- 'I

LAWS e P2 - P4e

LAO a e P3 - 04.

LAt xe8 k- 04-

w

e Sea J(e-thL,)2 +

( z)2 + (-&e-th)2

e-thL)2 + (_-2-th + L2)2 '

tx -MS (xozw) 2 + 2 -thxW ~

' x e 8e Weth (wethLi)2 + (-e-th +

w = pws8e S sin(we-thy +

6 = -Los le sin(we-thy +
e a

t = 't Xe ea sinf(Oe-thy

LAWs)

LAOe
6 )

+ LA -Se)

R-2

(6)

(7)

(8)

(9)

(10)

(e-th+

/68

(11)

e ce-th

(12)

6L22

L2)
2

(13)

(14)

(15)

(16)

= tan-' 1 ).
+zw

~e-th i -L

L2)2

-Mg 8



8e = 8e sin Oe-thy (17)

"'WSe W qiqb wth + (18)

An initial true airspeed of 300 mph, at 10,000 feet density

altitude, was chosen for the basis of this analysis. Thus,

the theoretical longitudinal dynamic stability coefficients

used in this Analysis, for the A-26 Airplane, were (see

Appendix D) as follows:

TA = 4.4716 sec.

uc = 241.43

xw = .18720

x = -.32687

Z = -4.8701

ze negligible

m .= -.61949

m = -. 022236

mq = -16.3668

Ms -351.95
e

From equations 1, 2 and 3:

L = 26.605,

L2 = 229.27,

and L3 = 0.

Using-equations 4, 5, 6, 7, 8, 9 and 10, the lead angles,

LAw 8e, LAOe, LAt XSe, were computed for chosen values of



QE-TH. These computations are shown in Table R-1, and the

results are plotted in Figure R-1.

From equations 11, 12 and 13, the amplitude response ratios,

Ls,, Aos and 4t xe, were computed for chosen values of

%E-TH. These computations are shown in table R-1, and the

results are plotted in Figure R-2. Equation 18 was used to

compute the ratio /low = ktq, for chosen values of nE-TH-

These computations are shown in Table R-1, and the results

are plotted in Figure R-3.

Equations 14, 15, 16 and 17 were used to compute the time

history of w/8ea, 8/se , tx/Se and se/s , respectively.

These computations are shown in Tables R-2, R-3 and R-4, and

the results are plotted in Figures R-4, R-5 and R-6.

B. ANALYSIS FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO FORCED

SINUSOIDAL MOTION OF THROTTLE AND ELEVATOR, ADJUSTED FOR ZERO

CHANGE IN NORMAL VELOCITY (FOR SMALL OSCILLATIONS, SAME AS

ZERO CHANGE IN ANGLE OF ATTACK)

The equations for steady-state response of aircraft to

forced sinusoidal motion of throttle and elevator, adjusted

for zero change in normal velocity, were derived in Section

B of Appendix Q. With reference to this section a summary

of the basic equations used in this analysis is as follows:

L4 -xuzo + xezu. (1)

L5 ~ ~u + zo. (2)

R-4



L5e-th
=tani - ). (3)

4 - We-th

e-th 37T

$2= tan-i ), = -- for z9 = 0. (4)
-ZO 2

e-th (zumq - cmu5
$3 t an-i 2 J (5)

u~eth ~ 4cmuze

tarCi( ) for ze and mu 0. (5-a)

e-th

LAuse = 02 - 3- (6)

LAos =7T - 3  (7)

LAtxse =-, 3  (

p 8e 2 e 2 , for ze and mu 0. (9)
zu X - e th q+Zm

-m

Lqs e 2thMB for zoe and mu = 0. (10)

e 0e2-th + mq

2 +2 2mSe (L4 - WethL)2 + WethL5

Atx Se 2UC 2tzue-th we-th + mq

for ze and mu =0. (11)

1  zqu (12)

u = u e 6e sin(we-thy + LAuse (13)

R-5



0 /"8 8e sin(we-thy + LAOS ) (14)
e a e

tx /4txSe 8ea sin(we..-thY + LAt yS) (15)

Se = e sin we-thy (16)

An initial true airspeed of 300 mph, at 10,000 feet density

altitude, was chosen for the basis of this analysis. Thus,

the theoretical longitudinal dynamic stability coefficients

used in this analysis (see Appendix D) were as follows:

TA = 4.4716 sec. mq -16.3668

pc = 241.43 mae -351.95

xu = -.087261 zo negligible

- -.32687 mu negligible

zu -. 65374

From equations 1 and 2,

L4 = .21369

and L5 ,= .087261.

Using equations 3, 4, 5-a, 6, 7 and 8, the lead angles,

LAus e, LASe , LAt , were computed for chosen values of

fE-TH- These computations are shown in Table R-5, and

results are plotted in Figure R-7.

From equations 9, 10 and 11, the amplitude response ratios,

4us e, qS and 4t se were computed for chosen values of

fE-TH. These computations are shown in Table R-5, and the

results are plotted in Figure R-8. Note that sxqu =- zu is

R-6



independent of OE-TH-

Equations 13, 14, 15 and 16 were used to compute the time

history of u/Se , 6/Se , tx/Se and 8e/Se , respectively.

These computations are shown in tables R-6, R-7 and R-8,

and the results are plotted in Figures R-9, R-10 and R-l1.

C. ANALYSIS FOR STEADY-STATE RESPONSE OF A-26 AIRPLANE TO FORCED

SINUSOIDAL MOTION OF THROTTLE AND ELEVATOR, ADJUSTED FOR ZERO

CHANGE IN PITCH ANGLE.

The equations for steady-state response of aircraft to

forced sinusoidal motion of throttle and elevator, adjusted

for zero change in pitch angle, were derived in Section C

of Appendix Q. With reference to this section a summary of

the basic equations used in this analysis is as follows:

L6  Xuzw - xwzu (1)

L7  -Zw - Xu' (2)

L8 zuJcmw - acmuzw. (3)

L9 zujuc"rj + 4cmu.

tan (eth7 ). (5)

-L 6 + 
0 e-th

+ ale-th
X2 tan~ ( t (6)

-zw

We- thLg9
3= tan~' L8 (7)

LAuse =X2 - 3  (8)

LAWSe =7T-X3 (9)

R-7
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LAtxe - 3. 10)

(-)2 + 2-th(

e e L + c e--t L

m8 zu~

#w8= 2 2 2(12)
8 +e-t

P-ta -m8  (-L 6 +cog2th)3 2 + (-L7we-th) (13)

pt~ 9 m .(3

x e e L + Oe th L(

S+ (-z)2 + Oeth (14)

u =Hus 8e sin(we-thY + LA ) (15)

kt8e aM e (3

W p-ywS 8e sif(e-thy + LA s ) (16)

t 8e sin(we-.thY + LA) (17)

ue Se sin e-thy (18)

An initial true airspeed of 300 mph, at 10,000 feet

density altitude, was chosen for the basis of this analysis.

Thus, the theoretical longitudinal dynamic stability coeffi-

cients used in this analysis (see Appendix D) were as follows:

TA = 4.4716 sec.

pc = 241.43

xuI= -.087261

R-8



Y = .18720

zu = -. 65374

Z = -4.8701

mu negligible

M= -.61949

= -. 022236

m =-351.95
e

From equations 1, 2, 3 and 4,

L6 = .54735

L7 = 4.9574

L8 = 97.773

L9 = 3.5095

Using equations 5, 6, 7, 8, 9 and 10, the lead angles, LAu8 e

LASe and LAt se, were computed for chosen values of OE-TH'

These computations are shown in Table R-9, and the results are

plotted in Figure R-12.

From equations 11, 12 and 13, the amplitude response ratios,

4us > ews and pt 8 , were computed for various values ofe' e x e

fE-TH. The computations are shown in Table R-9, and the results

are plotted in Figure R-13. From equation 14, the ratio

4u8e/IUw8 was computed for chosen values of fE-TH'. These compu-
e

tations are shown in Table R-9, and the results are plotted in

Figure R-14.

Equations 15, 16, 17 and 18 were used to compute the time history

R-9

Mod



of u/8e , w/S , tx/Se and 8e/ea , respectively. These

computations are shown in Tables R-10, R-11 and R-12, and the

results are plotted in Figures R-15, R-16 and R-17.

R-10
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METHODS FOR DETERMINING LONGITUDINAL DYNAMIC

STABILITY COEFFICIENTS FOR AIRCRAFT FROM

STEADY-STATE FLIGHT-TEST RESPONSE OF AIRCRAFT

TO FORCED SINUSOIDAL MOTION OF THROTTLE AND ELEVATOR



APPENDIX S

METHODS FOR DETERMINING LONGITUDINAL DYNAMIC STABILITY COEFFICIENTS

FOR AIRCRAFT FROM STEADY-STATE FLIGHT-TEST RESPONSE OF AIRCRAFT TO

FORCED SINUSOIDAL MOTION OF THROTTLE AND ELEVATOR

A. METHOD FOR DETERMINING LONGITUDINAL DYNAMIC STABILITY COEFFI-

CIENTS FOR AIRCRAFT FROM STEADY-STATE FLIGHT-TEST RESPONSE OF

AIRCRAFT TO FORCED SINUSOIDAL MOTION OF THROTTLE AND ELEVATOR,

ADJUSTED FOR ZERO CHANGE IN LONGITUDINAL VELOCITY.

The equations for steady-state response of aircraft to

forced sinusoidal motion of throttle and elevator, adjusted

for zero change in longitudinal velocity, were derived in

Section A of Appendix Q. From equation 46 of Appendix Q,

we have:

e-th

As would be expected, this equation is exactly the same

as equation 102 in Section A-2 of Appendix H, where the

effect of change in longitudinal velocity was neglected

in the equations of motion for normal force and pitching

moment. Also, from equations 22, 23 and 24 in Section A

of Appendix Q, we have:

L - mq - zw - Ycf (2)

L2 = mqzw - /.Lcmw - zepc4 , (3)

and L3 = zecmw(4
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L A~ = 2 - tan-i z )zw
(5)

which is identical with the equation obtained by combining

equations 82, 83, 87, 99 and 100 in Section A-2 of Appendix

H.

Thus it is seen that the method described in Section A-2

of Appendix P is generally applicable in this case. For

example, equations i and 5 above, show that zw can be

obtained by either the amplitude-ratio or the phase-angle

method. The other stability coefficients, such as mq, Ifl,

mw, M, Zu, xu, etc., can not be obtained by this method,

although the effective damping coefficient, b, and the

equivalent spring constant, k, for the short-period

oscillation only, can be obtained. For z9 = 0, b and k

may be obtained from

- t - k
LAg = tan -i( et ), (6)

e )ne-thb

using any two different values of ee-th and the corresponding

values of LAe obtained from the flight records. Equation
e

6 may be derived by combining equations 21, 22, 23, 37, and

S-2

For z. = 0, L 3 = 0, and L, and L2 become identical with "b"

and "k", respectively, defined by equations 84 and 85 in

Section A-2 of Appendix H.

Also, combining equations 18, 37, 38, 43 and 44, in Section

A of Appendix Q, we have:



43 in Section A of Appendix Q, and it is the same as equation

43 in Section A-2 of Appendix P. Also, b and k may be~obtained

by the circle diagram method described in reference 1.

B. METHOD FOR DETERMINING LONGITUDINAL DYNAMIC STABILITY COEFFICIENTS

FOR AIRCRAFT FROM STEADY-STATE FLIGHT-TEST RESPONSE OF AIRCRAFT TO

FORCED SINUSOIDAL MOTION OF THROTTLE AND ELEVATOR, ADJUSTED FOR

ZERO CHANGE IN NORMAL VELOCITY (FOR SMALL OSCILLATIONS, SAME AS

ZERO CHANGE IN ANGLE OF ATTACK)

The equations for steady-state response of aircraft to forced

sinusoidal motion of throttle and elevator, adjusted for zero

change in normal velocity, were derived in Section B of

Appendix Q. From equation 66 of Appendix Q, we have:

Zu Lqu (7)

In this case, zu is independent of We-th, and can be easily

obtained from the flight records.

From equation 65 in Appendix Q, we have:

MSe
pgs = -(,).(8)

e 2
e-th + mq

Since ms can be found from steady-state flight-tests, it

can be considered as a known quantity in equation 8. Thus

equation 8 may be used to solve for mq, using any value of

we-th and the corresponding value of Aq8e obtained from the

flight records. From equation 64 in Appendix Q, we have:

ms

- m (9)
e Zu Je-th + m

S-3
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which can be used as a check on the values for ZU and mq

found from equations 7 and 8, respectively.

Also, mq can be obtained from equations 67 or 68, of

Appendix Q. These equations are, respectively, as follows:

LA98  = 7r - tan-~ mq ) (10)
e We-th

mq
and LA 37T/2 - tan-( ). (11)

e-th

Thrust measurements need not be taken unless xu and xe are

required. Equations 57, 59, 60 and 61 of Appendix Q, combine

to give:

~xu'Oe-thLAet = - tan-( ueh 9), (12)
XXzu - 6e-th

for ze = 0. Knowing zu, equation 12 may be used to solve for

xu and x9 , using any two different values of we-th and the

corresponding values of LAet . But solving for x0 is merely

checking the effect of gravity, so the author recommends

using the theoretical value of x. = -CL (see Section A-1,
0

Appendix B), and using the value of zu obtained from equation

7, to solve for xu from equation 12. In this way, the lead-

angle response, LAet , for only one frequency is required.

But this assumes that the thrust oscillation can be measured

accurately. This is certainly possible, but rather difficult

at the present state of development in flight-testing technique.

S-4



However, this technique should improve rapidly, since it is

a basic requirement for the measurement of performance of

jet-propelled aircraft.

C. METHOD FOR DETERMINING LONGITUDINAL DYNAMIC STABILITY COEFFICIENTS

FOR AIRCRAFT FROM STEADY-STATE FLIGHT-TEST RESPONSE OF AIRCRAFT

TO FORCED SINUSOIDAL MOTION OF THROTTLE AND ELEVATOR, ADJUSTED

FOR ZERO CHANGE IN PITCH ANGLE

The equations for steady-state response of aircraft to

forced sinusoidal motion of throttle and elevator, adjusted

for zero change in pitch angle, were derived in Section B of

Appendix Q. From equation 88 of Appendix Q, we have:

-zu
+ 6th(13)

Here we can solve for zu and zw, using any two different

values of we-th and the corresponding values of Fwu obtained

from the flight records. However, zw is easily obtained by

the method discussed in section A, and zu is easily obtained

by the method discussed in Section B. Thus, equation 13 may

be used as a check.

From equation 89 of Appendix Q, we have:

~we-thm
LAwS = - tan"~ We -_thI)I (14)

e-m

for mu = 0. Thus, we can solve for mn and mw, using any two

different values of we-th and the corresponding values of LAwse

obtained from flight records.
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Thrust measurements need not be taken unless xu and xw are

required. Equations 79, 81, 82 and 85 of Appendix Q combine

to give
-We-th(Zw + xg)

LAwt = -tan-i [ 2 (15)
XuZw - xwzu - We-th

zw and zu can be obtained easily by the methods discussed in

Sections A and B, respectively, so they may be considered as

known quantities in equation 15. Thus, xu and xW may be

found, using any two different values of We-th and the cor-

responding values of LAwt obtained from flight-records.

If the characteristics of the long-period response are

required, it is necessary to measure the thrust oscillation,

because the long-period characteristics depend mostly upon

xu, xW and x,. For example, the damping of the long-period

is primarily dependent upon x, as shown by the equations

developed in Section A of Appendix I.

S-6
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A PPE ND'I X T

DETERMINATION OF DAMPING COEFFICIENT AND SPRING CONSTANT FOR SHORT

PERIOD COMPONENT OF LONGITUDINAL MOTION OF A-26 AIRPLANE, FROM FLIGHT-

TEST DATA, USING CIRCLE DIAGRAM METHOD. COMPARISON OF COMPUTED

RESPONSE WITH FLIGHT-TEST RESPONSE, FOR A-26 AIRPLANE.

A. DETERMINATION OF DAMPING COEFFICIENT AND SPRING CONSTANT FOR

SHORT PERIOD COMPONENT OF LONGITUDINAL MOTION OF A-26 AIRPLANE,

FROM FLIGHT-TEST DATA, USING CIRCLE DIAGRAM METHOD.*

1. Development of Theory:

From equations 74 and 75 in Section A-2 of Appendix H, for

ze = 0, we have:

(-d + zw)w + q = 0, and (1)

(d cm + Lcmw)w + (-d + mq)q = -m 8 e e eY. (2)

From equation 5-in Section A-1 of Appendix P,

we have:

Lo(nz + i) + q, for cos 0 i. (3)

Combining equations 1, 2 and 3 we have:

(nz + i) + (nz + i)b + (nz +i)k= ms(C )Se , (4)
e CLOe

where

b = Zw - mq - 11c 1, and (5)

k =-cmw + zwmq. (6)

Note that these expressions for b and k are the same as

those given by equations 84 and 85 in Section A-2 in Appen-

dix H.

* Reference 1.
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Since the reading of the normal accelerometer, n, is just

1800 out of phase with nz, equation 4 may be changed to:

.~Z - 60iey
(n - i) + (n - i)b + (n - i)k = -ms ( )8e &e . (7)

eOCL ea
0

Note that in Equation 7, a negative se produces a positive

(n - i, because mse and zw are both negative. This agrees

with physical concepts.

We may solve equation 7 by operational calculus as follows:

+ iWeb + k)(n - -mse C Zw ea. (8)

0e
Thus, since (n - 0.) (n - a Aee, we have:

ZW ~ Se
(n-- i) -ms ( )2e ) sin (Wey + LAns 

e CL (k-W2 )2 + ( b)20 e e
(9)

where
wb

LA e = LA(n - i)s= -tan- e (10)
e e 2-

Differentiating equation 9 we have:

m8 Zw e

(n i) = -( ) sin (wey + LAy ), (11)

CL (k e) 2 + b 2  e
wee

where LAAse = LAnse + 7/, (12)

Web
= 7r/ 2 - tanri ( ),

k

k
(-O ) - we

= tan~- -- b (13)
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Now,

cos LA (14)

Thus, from equation 11 we have:

(n - a Ms )Z w8
-( ) cos LAASe

8 CL b

(n - i) mgez
or, S =( ) cos Lag AAe (15)

Se CL b e

Equation 15 is the polar equation of a circle, with diameter

equal to ( Ma ) Also,
CL b

0

(n -) a LCe(n - i)a (16)

Se. 
Se.

Flight-test records may be taken for n, Se and LAnse at

various values of we = TAKIE. Thus equations 12, 15 and

16 may be used to plot the circle diagram directly from

the flight-test data. When LagAA e = 450, cos LagAASe

=, and so

_k

b 4 -(we)450 (17)
(e)450

Analogously,

b(w) 
(18)

S e450 (we)-450



When LagAA8 e = 0, cos Lagn8 e , and so

2
k = (we)o (19)

2. Reduction of Flight-test Data to Circle Diagram, Determination

of b and k

Flight-test data* for the A-26C Airplane are presented in
(n - -a

Figures T-1 and T-2. Figure T-1 presents values of -ea

and LAns , plotted against OE, and Figure T-2 presents
eQg

a
values of ea and LAqe, plotted against DE. Figure T-3

shows the circle diagram which was computed from the flight-

test data given in Figure T-1, using equations 12, 15 and

16. Computations for Figure T-3 are given in Table T-1.

Using equation 19, and the value of we at the diameter of

the circle in Figure T-3, k may be computed from the flight-

test data as follows:

k = (we )20 = (18.6)2 = 345.96 (20)
00

Based upon equation 6 and the theoretical values for 4c,

mw,' zw and mq, (computed in the following section), the

theoretical value of k is as follows:

k = -(225.03)(-.58025) + (-4.8701)(-15.330)

= 281.52 + 74.6586

= 356.18 (21)

Using equation 17 and the value of (we)450 taken from the

from the circle diagram in Figure T-3, and the value of k

from equation 20, b may be computed from the flight-test

* Taken from Reference 10.
T-4
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data as follows:

b ) (e)45o4e 450

345.96
9 - 9.8 = 25.5

9.8
(22)

Based upon equation 5 and the theoretical values for zw, mq,

pc and mg, (computed in the following section), the theoreti-

cal value of b is as follows:

b -(-4.8701) - (-15.330) - (225.03)(-.022344)

4.8701 + 15.330 + 5.0281

= 25.23 (23)

The experimental lag angle shown in Figure T-3 is probably

due to instrumentation lag in the normal accelerometer.

B. COMPARISON OF COMPUTED RESPONSE WITH FLIGHT-TEST RESPONSE, FOR

A-26 AIRPLANE.

From equations 81, 100,and 100-a in Section A-2 of Appendix H

we have:

qa
= - ms

8 eae

(z w)2 + (- & )2
an

(-Web)2 + (k - 2)2
(24)

(25)LAq 8 e = t an- -we (k - av ) -zyweb

zw(k - w6) - e b

Also,

we TADE, and q,= TAQa' (26)
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Equations 24, 25 and 26 were used to determine the computed
Qa

response for and LAqSe
shown in Figure T-2.

responding computations are shown in Table T-2.

Computations for Theoretical Longitudinal Stability Coefficients

for A-26C Airplane, EAS* 180 mph, Pressure Altitude = 10,000

Ft., Free Air Temperature = -70 C, WA = 28,100 lbs:

For pressure altitude = 10,000 ft, and free air

-7 0C, o- = .7420, and oi = .8614.

(a) TA

WA
17. 83(--)

f'aUomph, EAS

temperature

(17;83) (28,100)
(.8614) (180)(540)

= 5.9839 seconds

("A)
(b) /c = 26.12

(0-) Cft.

(26. 12) (28, 100)

(.7420) (8. 14) (540)

225.03

1 2
(c) 2pU f/

2
-U

- 0mph, TAS

391

2
Uomph, EAS

391

(180)2
182 = 82.864 lbs/ft 2
391

WA/S 28,100

d 1 C2 (540)(82.864)
UF ft /sec

.62798
2

CL

(e) CD CD +
D0 Pmi eirR

(.62798)2
.0244 +

(.8)(9.07)(3. 1416)

* Equivalent Airspeed, defined in NACA TN 1120, "Standard Symbols and Definitions".

T-6
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.0244 + .0173

.0417

(f ) xu =-3CDO -3(.0417)

=-.1251 vce%- 0"-

2 3CL
g9) xw =CL2)(3C

o erR dca

2(4.8701)
(.8) (9.07) (3. 1416)

.35964

(h) x0 -CL -. 62798

(i) zu ~2CLJ = -2(.62798) -1.25596

3CL
(j) z= -( ) = -4.8701

(k) z 0 for 6, = 0.

(1) mu assumed negligible.

4AC2 3Cm
(m) mw ( ) )

(28,100)(8.14)2(-.48701)

(32.2) (48,531)

-. 58025

) CL (E 2 slC77'

T-7



(3.8904)(.41) (.002378)(.7420)(116.1)(30.1)
2 (8.14)(.9)

-. 0(2(48,531)

=-. 022344

3CL
(o) mq -5/4( )

4-6a
S' 77'MAl 2

S JY

(5/4)(3.8904)(116.1
540

(.9)(28,100)(30.1)2
(32.2) (48,531)

- 15. 330

(p) ms ( )pc
e M6E C

2 Sc 3

Iy

(-1.146)(225.03)2 (.7420)(.002378)(540)(8.14)3
(2) (48,531)

=-307.25
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