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batch processes, and packets are forwarded through the network according
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Steady-state analysis of the class of systems under consideration is
provided. In particular, we present a recursive method for the derivation
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Introduction

The survey paper by Kobayashi and Konheim [1] discusses many models of
discrete-time queueing systems. Such systems have been receiving increased
attention in recent years, [2-4] due to their usefulness in modelling and
analyzing various types of communication systems. Packet-switched com-
munication networks with point-to-point links between the nodes and fixed
length data packets motivated most of these models. The models in [2-4]
are of tandem nature since in point-to-point networks the transport of a
packet from its source to its destination involves the transmission of the
packet over a succession of links. The fixed packet length assumption
induces the discrete-time nature of the models.

In this paper we consider a class of discrete-time priority queueing
systems with partial interference. C(Consideration of these systems have been
primarily motivated by the class of packet-switched communication networks
called the multi-access/broadcast networks, or packet-radio networks. In
these communication networks all nodes share a common channel through which
they transmit their packets and from which they extract packets destined to
them, hence the multi-access nature of these networks. In addition, when
a node transmits a packet through the shared channel, all nodes that are
within its transmission range hear this transmission, hence the broadcast
nature of the systems.

We assume that the channel time axis is slotted into intervals of size
equal to the transmission time of a packet. All packets are assumed to be
of fixed and equal size. The nodes are synchronized so that they may start
transmission of a packet only at the beginning of a slot, hence the discrete-

time nature of the system. All nodes are assumed to have infinite buffers.
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One of the most crucial issues in multi-access networks is the protocel
required to transmit packets on a shared channel in a distributed environment.
For a survey of multi-access protocols the reader is referred to [5]. The
design and analysis of multi-access protocols is not trivial. This is due
to the folllowing two facts that hold for packet-radio networks: (i) If
two or more nodes transmit during the same slot to. the same node, then the
overlap in transmiséion destroys all packets involved in the transmission;
(ii) A transmiting node is unable to receive packets transmitted by other
nodes of the system. These two facts together with the broadcast nature
of>the network give rise to statistical dependence between the queues
of the nodes of the network. In most cases this dependence is rather com-
plicafed and there is little hope to obtain analytical resulté for gen-
eral multi-access protocols and for general configuration of networks. The
purpose of this paper is to analyze quite general network with a specific
mode of operation.

One mode of operation that can be accomplished in multi-access networks
is-a conflict-free ﬁode:' This can be achieved if every node knows perfectly’
which are the nodes that have packets ready for transmission. This is pos-
sible in systems where a central scheduler schedules the transmission accord-
ing to information it receives from the nodes, or in systems where the nodes
exchange this‘information between themselves [6]. Generally, any order of '
transmission can be used, in particular, priority can be easily implemented.
Yet, if there aré some nodes that cannot exchange information with the
scheduler or with othef nodes, on which nodes have packets ready for trans-
mission, then their transmissions cannof be accommodated in a conflict-free

mode of operation and they must use some random access scheme [5].



The class of discrete-time queueing systems that we consider in this
paper consists of systems having N-1 nodes that access the channel in a
conflict-free mode according to fixed priorities that are preéssigned to
them. No two nodes have the same priority and a given node is allowed to
use the channel in a given slot only if it has a packet ready for transmis-
sion and all nodes with higher priority have.empty queues. In addition,
there is an extfa node in the system'that cannot be accommodated in the
conflict-free mode~of_operation and therefore is allowed to use the channel
in any slot on a random basis. If the node uses the channel along with
any other node then their packets are destroyed and must be retransmitted,
hence the interfering feature of the systems under consideration.

To enchace the network structure of the problem we attach to each
node a given probability distribution that indicates the probabilities
that a packet transmitted by the node is forwarded to one of the other
nodes or td the outside of the system.

Outside sources feed the nodes of the system with new packets. An
important feature of this paper is that these sources are allowed to
depend on each other. Thus we are able to characterize a rather general |
class of arrival processes.

Several discrete-time queueing systems that have been previously
investigated [7-9] are related to the class of sysféms considered in this
paper. In [7] a "1oop.system” in which nodes transmif packets only to the’
outside of the system, the arrival processes are independent and there is
no interference, has been considered. In [8] only'twd—node systems have
been analyzed and in [9] no interference was allowed.

The paper is organized as follows: In Section 2 we describe the model
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along with thé assumptions and several definitions and notations that we usev
throughout the paper. In Section 3 we present the steady state analysis of
the class of systems under consideration. In particular we develop a method
for deriving the joint generating function of the queue lengths of the nodes
and we give the ergodicity condition for the system. Moments of the queue
1éngths at the nodes can be derived from the generating function and average
time delays can be obtained by using Little's law [10]. Finally, in'Section'

4 we give an example and several numerical results.



2. Model Description

We consider a discrete-time queueing system in which the time axis is
divided into intervals of equal size referred to as slots. The slots cor-
respond to the transmission time of a packet and all packets are assumed to
be of the same fixed size. The system consists of N nodes and packets arrive
randomly to the nodes from N sources that in general, may be correlated.

Let Ai(t), i=1,2,...,N, t=0,1,2,... be the number of packets entering
node i from its corresponding source during the time interval (t,t+l1). The
input process {Ai(t)}?=1 t=0,1,2,... is assumed to be a sequence of

independent and identically distributed random vectors with integer-valued
elements. Let the corresponding probability distribution and generatingA ’

function of the input processes be:

. . N »
a(11,12,...,1N) = Prob{}:i Aj(t) = ij} 1j = 0,1,2,... 1<j<N
(1a)
and
. N Ai(t)
Fz) = E{0 z° } . (1b)
i=1

where we use the notation z = (ZI’ZZ"”’ZN)'

All nodes share a common channel for transmission'of their packets,
and transmissions are started only at the beginning of a slot. No more
than one packet may be transmitted in any given time slot.‘ Using some con-
flict-free protocol the channel is made available to nodes i = 1,2,...,N-1
according to a fixed priority. Namely, node i (1 < i < N-1) transmits the
packet at the head of its queue whenever the queues at nodes 1,2,...,i-1 are
empty and the one at-hodefi is nonempty. Node N is a special node that

cannot participate in the conflict-free protocol and therefore apply a
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random access protocol. Namely, at the beginning of each slot for which the
queue at node N is nonempty, a coin with probébility of success p is tossed.
In case of a success node N transmits the packet at the head of its queue;
otherwise it remains silent. Whenever node N transmits while another node
is also transmitting, then both transmissions are unsuccessful and the two
nodes must retransmit the packets at the head of their queues according to
the protocols described above.

In any case, when a node i (1 < i <N) tranémits a packet'sﬁccessfully,
then the packgt joins node j (1 < j <N, j # i) with probability ei(j) or
leaves the systeﬁ.with probability Gi(O). We assume here ei(i) = 0., All
packets received by a node from an outside source or from other nodes, are
buffered in a common outgoing queue and transmitted on a first-come first-
served basis. It-is assumed that packets indeed arrive at every node of the
system, so that there is no node that is empty with probability 1 (in other
words, empty nodes are ignored). Finally we assume that the buffers at theA
nodes have infinite length. A schematic figure of a node i in the system is

depicted in Fig. 1.



3. Steady-State Analysis

To describe the evolution of the queue contents at the nodes, we need
several definitions. Let Li(t) 1<i<N, t=0,1,2,... be the number of
packets at node i at time t and let Ui(Li(t)) (1 <i<N,t-= 0,1,2;.;.) be
a binary-valued random variable that takes value 1 if Li(t) > 0 and 0 other-
wise. Let V be a binary—jalued random variable that takes values 1 and 0
with probabilities p and p = 1-p respectively;ﬂiAlso let Dg(t), 1<i 5 N,
0<j<N,t=0,1,2,... be a binary-valued randgm variable that takes Vaiue
1 if a packet “is  successfully transmitted from node i to node j at time t,
where j=0 corresponds to the case that the packe#{iéaves the system.

Using these definitions it is easy to see fhat the system under con-
sideration evolves for t = 0,1,2,... as follows:

For 1 <1 <N,

L (1) = L (6) + AL (E) + mgl DL(E) - V; (DU, (L, (£) ;iil'”m“m(tm
(22)
where
1 - VU (L (8) 1<i<N-1
v.(t) = (2b)
\' i=N

Notice that Vi(t) is a binary valued random vafiaﬁle and for 1 < i < N-1 it
can be interpreted as the interference factor at time t, i.e. it indicates
whether or not node N interfers with the transmissian of node i. Clearly,
{Li(t)}.N1 is a vector Markov chain. Assume that this Markov chain is

i=

ergodic (we shall derive the condition for this later), let us consider

the steady-state joint generating function of the queue lengths distribution,



G(z) = 1limE _H zs (3)

For notational convenience, let us define the following boundary generating

functions:
G,(z) = G(2) C (4a)
Gi(E) = G(z)| 1<ic<N (4b)
Zl=22 = ,,, = zi =0
G.(z) = G.(2)] 0 < i< N-1 (4¢)
T T 2 =0 - T
N

Notice that by our definition GN(g) = GN_I(E) is a constant representing the
Steady-state probability that the system will be empty. Let us also define

the following polynoms:

N
Q (2 = 6,00 + mzl 6. (mz 1<ic<N | (5

Theorem 1

With the above notations the following holds:

6(z) = F(2{Gy(2) + [6_ (2 - G +pzy Q)] +

N-1

’ 121 [6;.,(® - & @1z]" (@) +
N-1 | A X L
+ 121 [6, ;& -6,(2) -6 _;(@ +6((@]P + pz,7Q(2)] (6)

The formal proof of Theorem 1 appears in the Appendix. Let us give
here an intuitive explanation for (6). The right-hand side of (6) is a

multiplication of the generating function of the joint arrival process,
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that by our assumptions is independent of the state of the system, and an
expression that indicates, for the various states that the .

system may be at, which node is transmitting and how packets are moved

within the network. -Specifically, GN(E) corresponds to the case that the
queues at all nodes are empty. GN_l(g)—GN(g)<corresponds to the situation
that all nodes except node N are empty, therefore with probability p a

packet leaves node'N and joins another node or leaves the system accordiﬁg

to the probabilities GN(j)' 0 <j<N. ai_l(gj—ai(g) for 1 < i < N-1
corresponds to the situation that node N is empty as well as nodes 1,2,...,i~1
and node i has a packet for transmission. Then, a packet leaves nbde i and
joins another node or leaves the system according to the probabilities

0;(j) 0 <j <N. Finally, the term Gi_l(z)—G‘i(a)‘—ai__l(g) * Ei@. for

1 <1 < N-1 corresponds to the case that nodes 1, 2,..., i-1 are empty and
nodes i and N have both packets for transmission. In-this case with
probability p the two nodes interfer and no packef is moved, while if node

N remains silent (this happens with probability p = 1-p) then a packet leaves
node i and joins another node or leaves the system-és before. Rearranging

(6) we obtain:

N _ N-1,. .
Z H; (2)6; (2) + 2 H; (2)6G, (2)
6 = F(» ! (72)
where
Plzl, QL (@ - 2 Q(@)] C1<i N2
H.(z2) = 1 - 2n + pZI'\_IlQN'(E_) -p 21;}1 QN_l(g) i = N-1 (7b)

pll - z3'Q ()] Ci=w
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and /
el @] i=0
ﬁi(g) = p[Z;ilQi,,l(g) - zilQi(_Z_)v] i ‘5 i < N-2 (7¢)
pll - 2h.Q (2] B S

In (7) we encounter a common phenomena in interfering queues, namely that
the generating function G(z) is expressed in terms of several boundary
functions. In order to uniquely determine G(z) in our system we still
have to determine 2N-1 boundary functions,1 Gi(Z) 1 <i<Nand

Ei(z) 0 <1 <N-2. In what follows, we develop the .method for obtaining
these boundary functions. The basic idea is to. first express 81(5)
i=0,1,...,N-2 (in this order) in terms of Gj (z) i +1<j <N-1. Then
Gi(g) i=1,2,...,N-1 is expressed in terms of aj(gj 0 < j <N-1and
Gj(E) i+ 1< f_N; Finally the constant GN(E) is'determined from the
normalization condition and using backward substitutions all tﬁe boundary
functions are determined. Along the above process we mainly use the fact
that the generating function G(z) is an analytic function in the poly disc
lz;1 <1 1<i <N

In order to proceed we shall need the following‘Lemma:

Lemma 1: Let F(z) be the generating function of the joint arrival process

(1b), Ql(g) the function defined in (5) and 0 < p < 1. Then for given

1Notice that in a general system where each node can interfer with any other

node we might have up to ZN-l boundary functions to determine. An example
for such a system is a network that all nodes use random access policy.
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fzil <1 2<1i<N, the following equation in zys

has a unique solution z

L= 21(22’23""’ZN) in th§ unit circle |zll < 1.

1}

Proof: Here we let |z 1 and [zi[ <1, 2 <i < N. We distinguish between

1
two cases: The first is the case that packets do arrive to some node
2, 2 <% <N, from its corresponding source. The second is the case that
no packets arrive to nodes 2 < & < n from their corresponding sources. Our
assumption that packets indeed arrive to all nodes implies that in the latter
case, packets do arrive at node 1, and it routes some of them to at least
one of the nodes %, 2 <4 .<N.

Case 1. There exists some node & (2 < & < N) for which the probability
that a packet will arrive to it from its correspdnding source is strictly
positive, i.e., there exists a(il,iz,...,iN) >-0vfdr some il and some

12 >0 (2 <% <N). Therefore,

|[F(z)[pz, + (1-p)Q, (2)1] < [F(@)]| =
1 1

IA
1 ~~38

i1 0 i2 N 0
[oe] [o0] (o] .

) c) alipsig,.eniy) = 1=z . (9)
11=O 12=O 1N=0

Hence, applying Rouches' theorem [11] the claim is proved in this case.
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Case 2, Packets arrive at node 1 and it routes some of them to at
least one of the nodes & (2 <% < N), i.e. there exist 91(2) > 0 for some

2 < g < N. Therefore,

F(z2)[pz; + (1-p)Q;(®)] < p+ (1-p)Q;(2) =

N
= P+ O 0 ¢ o] < pr () =1= 4] (10)
1=

Hence, applying Rouches' theorem the proof is completed.

Let ql(zz,z ,ZN) (for simplicity gl) denote the unique solution .

FORRE

of (8). Let gﬁl) denoté the vector z with its first component z

1 replaced
by Ol. Using a similar proof as for Lemma 1.we can show that for lzi[ < 1,
3 <1 <N, the following equation in z,,
1 - 1 : |
Fe )z, + a1 = 2, . (11)
has a unique solution in the unit circle |z2|‘ < 1. Let 02(23,24,...,ZN)

denote this solution and gﬁz) denote the vector z with its first component

z; replaced by 01(02(23,24,...,ZN), ;3,...,ZN) and its second component Zy

Continuing this procedure we can have the

replaced by 52(23,24,...,ZN).

following Lemma that recursively determines the unique functions Oi(zi+1’

Z

TP .,ZN) 2 < i < N-1 as follows:

Lemma 2: With the notations above and for 2 < i < N-1, the following equation

in z.,

P 2+ a2 (12)

has a unique solution in the unit circle |zi[ <1 for |zj| < 1, i*1 < j <N

-
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(

and z i-1) denotes the vector z with the variables zj‘replaced by cg for

1 <j<i-l Thls unique solution is denoted by Gi(zi+1’zi+2""’ZN)'

If welet p=0 and Zy

=0 in Lemma 1 and 2 and we use the recursions defined
by (8) and (12) for this case, then the unique functions Gi(zi

_12%54000 s
ZN—l) 1 <1 < N-2 are obtained, i.e. 01 is the unique solution in the uﬁit

circle ]21[A< 1 of the equation F(z)Q,(z) = z; where z = (z,,z,,.

..,zN_l,O)

and |zi| <1 2<i<N-1and 0, 2<i<N-2is the unique solution’ in the

2 G-1) 4

unit circle [z,| < 1 of the equation F(gﬁl_l))Q(gﬁi—l)) = z, where z
the vector z with 2] = 005 2y T OgsevesZi | T 053 and |zj[ <1 i+l < j <N-2.
We are now armed enough to attack the problem of determination of the 2N-1

boundary functions.

Determination of the boundary functions Gi(g)O < i < N-2

Letting ZNy 0 in (6) we obtain:
G (z) = FCEJ{GN_l(Z) * pQ(2)Gy_;(2) *
N-1 . N 1 .
* izl [Gi—l(—%-)—Gi(—Z-)]Zi Ql(_%_)} (13a)
where z = (zl,zz,...,zN_l,O)
dGN 1le -
and G! .(z2) = ———— (13b)
N-1 = d Zy 2 =0

Notice that Gﬁ_l(g) is a constant.

Rearranging (13a) and noticing that by definition GN_l(g) = G&(z) we obtain:
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~ N_z _l ~ _1 A A
Gy(z) = F(2) =
1-F@eq @ (142)
where,
E@ = [1- 2380, @16 ,(® * @6}, (@ | (14b)

Notice that in (14)'the boundary function Go(g) is expressed in terms of the -

boundary functions Gi(EJ 1 < i < N-1 and the constant G&_l(gj. Now using -

the analytic property of GO(E) we immediately obtain the following result:

Theorem 2: Let o and gcl) be as defined before. Then,

2

N N- ~ 1 ) ~
EGT) 1 0a G -2 e®e @
1=

6@ = e (1)

A

This is true since GO(EJ is an analytic function in the polydisk

[zil <11<1i<N-1. Then in this polydisk whenever the denominator of
Go(E) vanishes, the numerator must also vanish. Since the demoninator of

N A

GO(E) vanishes at O» We have from (14) that:

N N-2 n N n
Egg(l)) + izz [Z;ilQi+l(=F1)) - ZiQiﬂécl))]Gi(E)' =
- [OIlQI (E(l)) _ Z‘éle(z(l))]Gl (_Z_) . (]_6)

' ' A -1 1 .
which together with the fact that F(3(150i Ql(Z( )) = 1 and imply (15).
Now, exploiting the similarity between (14) and (15) and repeating the

above procedure for i = 2,3,...,N-2 we obtain the following result:
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Theorem 3: Let gl and z( i) 2 < 1 < N-2 be as defined before. Then
for 2 <i <N-2,
2 N s AN
) ez« T 150, M) - gl eMg e
N ~(i) j=i+l
Gi(‘z‘) = F(z ") ~(1) "(1)
- F(z )z1+1Q1+1( )
(17)
The proof of (17) is similar to that of (15).
Now, using (17) for i = N-2 we have,
o . o - ;IIIQN e 2))JGN L@ + e @
6y,@ = F) — ~N-2) ~N-2)
- F(z )z, Q (z )
N-17i+1 (18)

and since GN_Z(E) is an analytic function for {ZNéll < 1 we obtain from (19)

that
~- ~(N-1)
pey_;(2) = aN_l(g) N IQN 1&; 13 -
Qq(z )

(19)

Now, substituting (19) in (18) we get GN_Z(EJ expressed in terms of the

constant G Using (17) for i = N-3, N-4,...2, and then (15) and (14)

N_l (__%_) d
we obtain all the'functions Gi(EJ 0 <i<N-2 éxpressed in terms of the
constant Gy_;(z) = Gy(2) . Specifically, as we shall need it later let

us define the function k(z) as follows:

K@ = Gy(2)/6() | (20)

Determination of the boundary functions Gi(E) 1 <1i<N-2

To obtain the boundary. functions Gi(g) 1 <i <'N-2 we use a similar

procedure as for Gi(E) 0 <i < N-2. Let us first rewrite (7a) as follows:
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N
H(z) + ] H;(2)G. (2)
6(z) = F(2) 1=

) (21a)
1 - F(2) [p*+pZ,7Q (2)]

where Hi(z) 1 <i < Nare defined in (7b) "and H(z) is a known function up

to the constant GN(E) defined by:

N-1

H(z) = H, (2)G, (2) (21b)

g~ t

i=0

Hi(EJ are defined in (7b).

Now, using Lemma 1 and 2 we immediately obtain the following result:
Theorem 4: Let S gﬂl) 1 <i < N-1 be as defined in Lemma 1 and 2.

Then for 1 < i < N-2 we have:

N

. H(E(l)) + ’—Z.-‘-l Hj (_Z_(l))GJ(_Z_) (22a)
G (z) = FizM) (ifkl — -1 €Y :
1 - F(z" ) [p+pzy Qs (27701
and _ ‘
O I M AL I e
Oy-1@ = - ' (N-1) (22
, Hy (27 77

We will demonstrate how (22a) is proved for i=1. Then by induction
one can easily obtain (22a) and (22b). Since G(z) is an analytic function
for lzi[ <1 1 <1i <N and since the demoninator of G(z) vanishes at oy
we have from (21a) that:

X .
nezMy _22 Hi(i(l))Gi(_g_) + Hi(g(l))Gl(g) =0 (23)
1:
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Using the definition of Hl(gﬁl)) from (7b), i.e. Hl(é(l)) =
ETzéle(g(l)) - O;lQl(Eﬁl))] and the fact that F(g(l))[p+5bilQl(gﬁl))] = 1
we getimmediately (223)‘for i=1.

Now in (22b) GN—ICEJ is expressed in terms-of the constant GN(E)' Us-
ing (22a) for i = N-2, N-3,..., 1 we finally have all the boundary functions
GiCEJ 1 < i < N-1 expressed in terms of the cdnstant GN(Z)°

Now that we have already determined 81(5) 0 <i < N-2 and Gi(gj
1 <i < N-2 in terms of the constant GN(E) we still have to determine this

constant.

Determination of the constant GNQE)

To determine the constant GN(EJ lef-us first prove the following:

Theorem 5: For 1 < & < N let,

oF(z)
TR = _EE;T———— (24a)
Zl=22= .=ZN=1
and ‘
N.
Ay =Tyt jgl A4 ej(z) (24b)

Then the following holds:

>
1

BIG; (L) - 6] +p[6; (M) - 6M] 1<i<N-1 (25

Az = plG ;W - 6y(D)] (25b)

where,
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Gi(lj Gi(E) 0 «<i<N-1 (26a)

I A |

Zi+1=zi+2 N

éiglg ai(gjt 0 < i< N-2 (26b)
Z. .
1+

1=zi+2=...=z =1

A

and GN(l) = GN_l(l) is just the constant we are looking for.

Proof: For 1 < i < N, let us derive both sides eq. (6) with respect to zs

and substitute zl=zz=...=zN=1. Then for 1 < i < N-1 we obtain

0 = 1, + [6,(1) - Gy(L)]p oy(i) +

c 106 W - G W@ - 6@ - 6w

N-1

© 116 W - 6w - 6,1 (1) + 6P 6;(D)
J:
i

- PI6;_ (D) - 61 - G;_; (D) + 6 ()] | (272)

and

0 = 1z - plGy () - 6(D)]

N-1 . n
+ izl [6; ;) - 6;(W)Je; M)
N-1 ~ ~
+ izl (6 ;) - 6,1 - 6, (1) + G (D]pe,; M) (27b)

when in (27) we used the fact that G(1) = Go(l) =.1; Rearranging (27) we

get for 1 < i < N-1:
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N-1 ~ ~

+ jzl {pl6;_; () - 6;(W] +pl6;_; (1) - 6,13 (D)
i#i

- {pl6; (D) - 6,W] + pl6,_, () - G, (D]} (282)

and
0 = Ty - p[GN_l(l) - GN(E) +

N—l _ ~ N .

# L L6, W - 6T+ el () - 6 WTTe; M) (28b)

In (28) we have N linear equations with N unknowns E{Gi_l(l) - G, (1] +
p[Gi—l(l) - Gi(l)] for 1 < i < N-1 and p[GN_lgl) - GN(l)]. Clearly (25)

solves these equations. ' qg

From (25) we obtain:

N-1 N ~ .
L A = pl1-Gy_ ;T + plG (V-G ;W] =
= PI1-%/p-Gy()1 + PG, (D) - Gy(D] (29)
Therefore,
N _ N-1
Gy(D) - p6y(L) = p[l-)/p] - _Zl A (30)
1:

Recalling that GO(E) = k(E)GN(E) we finally have that:
o N-1
pll-A/pP] - J X
i=1

Gy = = ‘ (31)
1 - pk(D)
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where k(1) = k(z) . (31) implies that the condition for

steady-state is:

N-1 B
'21 Xy < P(1-2y/P) | (32)
i= ,

Rewriting (32) as:

N-1
Ay <PQ - ] Ay/p) (33)
i=1
we can explain the steady-state condition intuitively as follows: Clearly,

node N is the bottleneék_of the system. If it is heavily loaded, then the

fraction of time that the channel is used by the N-1 nodes is
N-1
z Ai/g} so the fraction of time that the channel is available for node N’
i=1
N-1

for successful transmissions is 1 - ) Ai/ﬁl As node N transmits with
. it ‘

probability p when nonemﬁty the rate of its successful transmissions is

N-1

p(1- 2 Ai/ﬁj which for stability must be greater than the arrival rate to
i=1

the node.

Having obtained the joint generating functién G(E) we can derive, at
least in principle, any moment of the queue lengths at the nodes. Specifical-
ly, if we denote by fi'thé average queue length at node i in steady-state,
then

36(z) |
L. = — ‘ (34)

Assuming that packets arrive at the nodes only at the end of a slot, then
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using Little's law [10] we may also obtain the average time delays at node i

denoted by Ti as follows:
Ti = Li/)\i (35)

where Ai is the total arrival rate at node i as defined in (24b). The total
average time delay in the system is obtained by applying Little's law to the

whole system and it is given by:

N N
T = ) L/} T ‘ (36)

where T, is the arriva% rate at node i from its corresponding source as
defined in (24a). The total average delay T is clearly a function of the
transmission probability p. Obviously, as p decreases, the‘total average
delay increases since nede N transmits rather rarely! Also when p increases
the total average delay also increases since there are many conflicts in

the transmission. Consequently, there is some intermediate value of p

(that depends on the airival rates to the nodes) that minimizes the total

average delay in the system. This will be demonstrated in the example given

in Section 4.
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4. Example

In this section we will use a simple example in order to show some

details of the general solution method developed in the previous section.

The example conists of the network of Fig. 2, where packets arrive to
nodes 1, 2, 3 and node 2 forwards its packets to node 1. Consequently
Ql(E) = QB(E) = 1; QZ(E) =2 (here z = (21’22’23))' We shall also assume
that:

F(z) = T2y * TZy2Zg 1 - Ty - T

i.e., during each slot a packet arrives to node 1 with probability Tys with
probability r a packet arrives to both nodes 2 and 3 and with probability
1—r1—r no packet arrives to the system. Then using (8), (12) for Zgz = 0,

p = 0, we obtain:

Q
1
~
ok
]
Lo}
(9

Using (19), (18) and (14) we have:

p 63(0,0,0) = = G6(0,0,0)
1
G(0,z,,0) = G(0,0,0)
R ' T
G(z,,2,,0) = G(0,0,0)[1 * i z,]

Using (31) we have that:

p(1-r/p)-(r +21)
l—p(l—r)/(l—rl-r)

G(0,0,0)
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and the condition for steady-state is:

p(l-r/p) - (r1 +2r) > 0

From (8) and (11) we obtain:

61(22’23) = (l'f(22923) - rlg - /K)/Zrlp
where,
f(zl’ZS) = p(rzzz3 + 1 - Ty - r)
A = (1 - f(z,,2,) -1 —)2 - 4r_ pf(z.,2.)
= 22%3 1P P52

and 02(23) is the solution of

6 (2.) = 02(0,(2), )

in the unit circle |G2[ < 1.

From (15) and (17) we obtain:

-1 TP 5 (o
P(ZS -1) + Tj;;j;’(l“l( 2(23),23))
G(0,0,z,) = G(0,0,0) R -
1 -ZP + PZS = Iﬁl (62(23)923)
and
fo -1 P
G(0,2,,2,) = J(O,O,O)[P(1—23 )+ ij;;j;‘ (1-0,(z,,24))

-1 — -1 — 1
+ G(O,O,zs)(1—2p+pz3 -pz, Gl(zz,zz)}/{p(c1 (22’23)_2201(22’23)]}

Finally we have that:



_24-

rlp

G(Zl’zz’zs) = F(zl,zz,zz){G(0,0,0)[p(l—zgl) + Tt;;:}’ (1'21)] +

-1 =1
+ G(O,O,zs)(1-2p+pz3 -Pz, Zl) +

— -1 “1.+,..° — -1
+ G(Oszzszs)p(zz Zl-zl )}/ll'F(lezzazs)(P+le )]

The explicit expressions for the average delays in the system are too
complicated to be given here. To give some insight into the behavior of
1’ T2’
for p = 0.4. 1In Fig. 4,

this network we plotted these quantities in Fig. 3-5. 1In Fig. 3 T

T3 and T are plotted as a function of r = T

these quantities are plotted as a function of p for r r = 0.05. As

[{}

1

we can see, for small values of p, the queue is built up only at node 3
(since it is rarely transmitting) while for large values of p, queues are
built up at all the nodes and this is due to the interference.

As we see, there is an optimal transmission probability p* that
minimizes the total delay in the system. In Fig. 5 Tmin——the minimal

total delay in the system is plotted as a function of r = r It is

1
interesting to mention that p* =~ 0.34 and it is almost insensitive to the

value of v = 1 Also Tmin is not very sensitive to small variations in p*.

1°
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Appendix
N Li(t)
Consider the evolution equation (2) and let Gt(z) =E {1 z;
i=1
Then,
N L. (t+1)
Gt+1(5) = E{'H z3 -
i=1 o :
E 3 i-1
N L.(t)+ D (t)-V.()U. (L. (t)) I [1-U (L_(t))]
= F@E{T z~ w1 " S | men } (A1)
i=1

where in (Al) we used (1) and the fact that the vector of arrival processes

{Ai(t)}N is independent of the state of the system.
i=1

Now for 0 < j < N let the event that Li(t) =0 for 1 <i<jand

Lj+1(t) > 0 be denoted by Qj(t). Then from (Al) we obtain:

G (@ = F(E){Prob(QN(t)) +
Ly (8
+ PrOb(QN_I(t): v = @)EEZN /QN_I(t), vV = 0] +
o Iy

+ Prob(Qy_;(t), v = Dz Bz /9 (8], v = 1].Qu(z) +

N-2 1 N-1 L (%)
+ jzd Prob(Q, (t),Ly(t) = 0)z; E[mgj z /Qj(t),LN(t) = 0] Q;(2) +

N-2 ' 4 N L(t) .
+ jZO Prob (2, (t),Ly(t) > 0, v = 0)z; E[mI=Ij z /Qj(t),LN(t) >0, v=0]Q;(2)

‘N-2 _ N oL (1)
* JZO Prob (@, (t), Ly (t) > 0, v = 1)E[mr=rj 2, /2506, Ly(8) > 0, v = 1]}

(A2).

where in (A2) zj = 1 and we used the definition of Q;(z) 1<3j<N. Now

since v is an independent random variable we obtain from (A2):
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G2 = F(2){Prob(.(t)) +

Ly(®) 1
+ Prob(Qy_, (£))E[zy /0y, (t)][p+pzy Qy(2)] +

N-2 N-1 L (%) -1
* jzo Prob (2 _(t),LN(t)=0)E[m1:1j zy /90, Ly(£)=0]z; Q(2) +

N-2 NoL(t) ‘ . |

(A3)

Now it -is easy to see from (3)-(4) that for t-+« we have:

G,,,(2) ~ 6(2)

Prob(QN(tD - GN(E)

L.(t)

Prob(@_; (0DE[zy /% ()] > Gy ;(2)-6(@)

N-1 L (t) n R

Prob(Qj(t),LN(t) = O)E[mzj z, /Qj(t),LN(t) = 0] » Gj(z)-Gj+1(z)
N oL ()

Prob (@; (t),Ly(t) > ODFmej 2y /05(0),Ly(e) > 0] >

Therefore (6) follows and Theorem 1 is proved.
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Figure 1: An example of a node i in the system
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