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Abstract

The effective mechanical properties of multiphase materials not only depend on the volume fraction
and chemical composition of their constituents but also on details of their local texture. Yet, most
homogenization methods do not take this texture effect into account. Understanding how local
texture affects the overall elastic and failure properties of heterogeneous solids is the focus of this
thesis.

Emphasis is placed on porous media that are critical for many industry sectors, that either aim
at engineering the porosity and its distribution in synthesized materials to reach desired properties;
or at predicting the behavior of naturally-occurring porous materials given porosity and porosity
fluctuations.

To this end, a discrete simulation tool -coined lattice element method (LEM)- was imple-
mented. Akin to potential-of-mean-force approaches used in soft-matter physics, a solid structure
is discretized into mass points interacting with the nearest neighbors through effective interaction
potentials. Depending on the choice of the local interactions, a phase's effective behavior can be
linear or non-linear; isotropic or anisotropic. Introducing two different failure criteria, the fracture
behavior is shown to be in perfect agreement with classical theories. A detailed LEM calibration
procedure is provided.

By means of extensive simulations, the role of textural properties on the mechanical behavior
of random porous materials is investigated. Starting from an ordered configuration, it is found that
a gradual increase in disorder can considerably deteriorate both stiffness and failure resistance of
disordered porous solids. Specifically, it is shown that this disorder-induced strength and stiffness
degradation results from a transition from a state governed by a single-pore stress concentration to a
state controlled by multi-pore interactions, with the tail length of stress distribution being correlated
with disorder. We propose that classical homogenization methods based on first or second-order
averaging methods are amended to consider the found higher-order stress-distribution characteristics
for highly disordered porous materials.

Thesis Supervisor: Franz-Josef Ulm
Title: Professor of Civil and Environmental Engineering
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Chapter 1

Introduction

1.1 General Context

The effective behavior of multiphase materials does not only depend on the volume fraction

and chemical composition of their constituents but also on the detail of their local texture,

characterized by the distribution of different phases in the bulk. This raises the question of

how to relate microtexture to effective properties of heterogeneous materials? Understand-

ing how microstructure affects mechanical properties of solids is of significant importance.

It indeed has a twofold interest.

Firstly, it is of relevance for the design of new materials. For instance, in the context

of the airline industry, new jetliners such as the Airbus A350 or the Boeing 787 Dream-

liner are made out of up to 50% by weight (80% by volume) of composite materials of

remarkable mechanical properties [1]. To continue making even lighter -and thus more

environmentally-friendly- aircrafts, engineers will have to face the challenge of designing

new materials that are stronger, tougher and lighter, possibly by playing on their microstruc-

ture.

Secondly, answering this question could be used for predictive purposes: for a given

material, the knowledge of its textural information by means of e.g. micro-computed

tomography [2, 3] could allow one to determine its overall mechanical performance. In

the context of oil and gas recovery, predicting porous rocks properties can be of interest in

order to judiciously choose the landing point of a wellbore. Making such a prediction is far
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Fig. 1-1. Organic-rich shale X-ray micro-computed tomography. Image courtesy of M.
Hubler (MIT now University of Colorado) and J. Gelb (Carl Zeiss X-ray Microscopy), [3].

from being trivial: organic-rich shale rocks are indeed ones of the most complex naturally

occurring composite materials as can be intuited from the micro-computed tomography

image shown on Fig. 1-1. They form highly heterogeneous disordered systems; they are

porous rocks made of organic matter (namely kerogen) and inorganic constituents exhibiting

a wide range of mechanical properties. While the organic phase is soft (bulk modulus K - 5

GPa) and has a more or less ductile fracture behavior [4], the clay phase and the inclusion

phase (typically quartz) are stiffer (K - 20 - 50 GPa) and show a brittle behavior [5-7].

The simplest heterogeneous solids one can think of are porous solids and yet, under-

standing their mechanical behavior can be challenging. Since nearly all materials are porous

at some scale either due to their basic structure as an assembly of elementary constituents

(grains, fibers, etc., resulting in a granular morphology) or as a result of the insertion

of pores in a host matrix during manufacturing process [8]; understanding their response

under mechanical load is of critical importance. As the pores tend to reduce the overall

connectivity of the solid phase and stress-bearing capacity under load, bulk properties such

as fracture strength and heat conduction crucially depend on the porous texture [9-30].

Amazingly however, most upscaling models are essentially based on porosity as the only

structural parameter and single-pore analysis [31], ignoring thus spatial pore distributions,

pore interactions and their effects on stress transmission.

Recent increasing interest in a better understanding of multi-pore behavior is motivated
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Fig. 1-2. (a) Optical micrograph of a titanium foam with well separated spherical pores
(adapted from [32]). (b) SEM fractograph of an uranium dioxide fuel pellet with fission gas
bubbles (adapted from [33]). (c) SEM photograph of a polyethylene composite membrane
used in lithium-ion batteries (adapted from [34]).

by the scope of tailoring porous texture as a means to control macroscopic properties. For

example, reducing the stiffness of orthopaedic implants by engineering the pores in titanium

(Fig. 1-2 (a)) is important for their behavior in contact with bone [14,22-24,26,27]. Not

only in powder and sintered products such as pharmaceutical compacts [28] but also in well-

known homogeneous brittle materials such as glasses [35], the variability of mechanical

properties may be reduced by taking advantage of the porous texture without lowering

the porosity, which is sometimes required for functions such as impact resistance and

adsorption. Properly engineering the microstructure of 3D porous carbon materials could

also lead to structures much less dense than steel but stronger than it, with some eccentric

applications such as helium substitute for unpowered balloons [36]. It is also important to

mention here energy technologies requiring the use of porous materials such as irradiated

uranium dioxide in nuclear engineering (Fig. 1-2 (b)) [33], porous separators in lithium-ion

batteries (Fig. 1-2 (c)) [37], or that resort to fracking porous rocks in order to extract organic

matter [38].
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Fig. 1-3. SEM images of porous fibers with (a) a matrix/inclusion morphology and (b) a
granular morphology. Image courtesy of Ben Grena (MIT).

1.2 Research Objectives and Approach

The question of how to relate microtexture to effective mechanical (but also thermal,

electrical, transport, etc.) properties of multiphase materials, has been a long-standing

topical issue in theoretical and applied mechanics with two complementary approaches

existing.

The continuum-micromechanics approach manifests itself on the grounds of the scale

separation assumption of continuum mechanics in order to link constituent behavior via

strain- or stress-concentration relations to 'effective' macroscopic elastic, inelastic and

strength properties (for a review, see e.g. [39,40]). Based primarily upon Eshelby's inclusion

problem [41], composite materials are considered as an assembly of (interacting) inclusions

of regular ellipsoidal shape exhibiting characteristic morphologies that range from matrix-

inclusion (Fig. 1-3 (a), e.g. Mori-Tanaka homogenization scheme [42]) to poly-crystals and

granular (Fig. 1-3 (b), e.g. self-consistent scheme [43]). Also based on Eshelby's inclusion

problem, Norris [44] proposed an incremental approach (the differential scheme) to model

solids comporting different types of inclusions. While widely adapted for many materials

ranging from concrete to shale and bone, such theoretical homogenization approaches

fail to address explicitly mesoscale texture effects that originate often from the material

manufacturing process (such as inhomogeneous precipitation in cement hydration [45])

or material maturation processes (such as biologically mediated inorganic-organic tissue
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Fig. 1-4. Toughening mechanisms in heterogeneous systems under a load 0-: (a) microcrack
shielding [48], (b) crack front evolution (white lines) during crack trapping [50], (c) crack
bridging by uncracked inclusions [49] and (d) crack deflection [51,52].

growth [46] or the diagenesis of naturally-occurring porous geocomposites [47]). As for

fracture properties, different theoretical works were able to identify several mechanisms

contributing to the toughening of inhomogeneous materials, that is the increase of the

effective fracture resistance of inhomogeneous systems due to their textural features. Some

of these are summarized in Fig. 1-4, namely the toughening due to microcracks [48], the

crack bridging by uncracked stiff or tough inclusions [49], the crack front roughening [50]

or the crack deflection [51,52]. All these theoretical works are however constrained to some

specific inhomogeneities morphologies and (ordered) configurations.

The computational materials science approach departs from morphology categoriza-

tion of textures by discretizing meso-scale material texture and associated properties in

pixels (in 2D) or voxels (in 3D). Ever since Wittmann and colleagues recognized in the

early 1980s the value of the Finite Element Method (FEM) to probe concrete's elastic and

inelastic material behavior by means of realistic grain-aggregate, cement-paste samples

subjected to (mostly) periodic boundary conditions [53], such numerical homogenization
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have become a standard tool in materials science to identify critical texture features that

delineate the mechanical performance of heterogeneous multiphase materials in the elastic

and inelastic regime (see e.g. [54-59]). Still, direct FEM simulations on a complex micro-

texture such as the one depicted on Fig. 1-1 would require a very fine mesh and would be

too computationally demanding. Furthermore, the classical FEM is not well adapted for

the study of crack-propagation problems. Other methods allowing to model propagation

of cracks with complex geometries are the boundary element method [60] or the weight-

function theory of Bueckner-Rice [61]. These methods nevertheless generally apply only to

elastically-homogeneous materials. Beside FEM-based bulk discretization approaches, dis-

crete simulation approaches such as lattice-element or discrete-element methods have been

used, specifically to address failure properties of heterogeneous materials (see e.g. [62,63]).

Such discrete approaches are much akin to Potential-of-Mean-Force (PMF) approaches

emerging from the soft-matter physics community, in which colloidal particles discretized

as mass points interact via effective potentials that reproduce the mean force when calculat-

ing the negative gradient. In contrast to the classical discrete approaches, the advantage of

the PMF-approaches is that micro-texture of solids is not a geometric input, but an output

of the interacting forces at or out of thermodynamic equilibrium (see e.g. [45,64,65]).

When the objectives of this thesis were first outlined, the initial idea was to develop

and use a framework able to relate microtexture and single-phase mechanical response

to effective material properties of geocomposites such as the one on Fig. 1-1. The first

attempts using the classical PMF framework were unsuccessful precisely because any micro-

texture can not be easily imposed in such simulations. Designing interaction potentials to

obtained the desired microtextures as done in [66] was quickly recognized as unrealistic

given the complexity of these materials. The use of an alternative discrete approach,

the Lattice Element Method (LEM) -the term 'LEM' was first coined in [67]- was then

suggested. Such a method indeed allows to fully impose a microtexture, as complex

as it can be, while still using PMF-type interaction potentials for the mechanical study.

LEM -as it existed as of 2014- had first to be developed and refined in order to properly

model two- or three-dimensional fracture initiation and propagation in elastic anisotropic

heterogeneous materials. The first objective was thus to build a robust simulation tool that
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could ultimately be applied to the measure of effective mechanical properties of micro-meter

shale samples whose texture was obtained by computed tomography imaging techniques [3].

As progresses were made on the development of this numerical tool, the focus was adjusted

on the assessment of the elastic and failure properties of disordered porous solids. Indeed,

no systematic study quantitatively relating the role of the distribution of inhomogeneities

on the mechanical response of such systems was found in the literature. It was decided

to pay special attention to the role that spatial disorder plays. As discussed previously,

naturally occurring and synthesized porous materials indeed generally show a non-uniform

microtexture. Other types of disorder such as disparities in shape or size were ignored. It

was found that the presence of a certain degree of disorder could considerably degrade both

the elastic and failure properties of inhomogeneous solids. Understanding how became the

main question addressed in this study.

1.3 Thesis Outline

This dissertation is organized as follows.

The Lattice Element Method (LEM) is introduced in the Chapter 2 within the conceptual

framework of empirical force fields employed at lattice scale. Within this framework, since

classical harmonic formulations are but a Taylor expansion of non-harmonic potential

expressions, they can be used to model both the linear and the non-linear response of

discretized material systems. Specifically, closed form calibration procedures for such

interaction potentials are derived for both the isotropic and the transversely isotropic elastic

cases on cubic lattices. The method is validated on a simple problem whose exact solution

is well known: the problem of a plate with a circular hole. Most of this chapter is adapted

from [68,69].

LEM is then used for the elasticity study of two- and three-dimensional disordered

porous systems in Chapter 3. The role of local textural properties with regard to elastic

properties is analyzed. Specifically, the effect of various pore space configurations (from

ordered systems to fully disordered systems) with respect to the effective stiffness modulus

is investigated. It is found that the deviation from a mean-field effective behavior can be
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captured by a single order parameter combining the spatial disorder of the pores and their

volume fraction. Two micromechanics models accounting for the variability in the local

porosity distribution are also presented. Most of this chapter is adapted from [70].

In Chapter 4, it is shown that the potential-of-mean-force-based LEM is able to properly

tackle fracture mechanics problems in agreement with the continuum theory of Linear Elas-

tic Fracture Mechanics (LEFM). After giving some crucial elements of the LEFM theory,

the classical Griffith crack problem is used to show the ability of LEM to capture the stress

and displacement fields around a crack tip. Two different LEM crack propagation criteria

are then introduced and validated against the LEFM theory on homogeneous systems. Most

of this chapter is adapted from [68,71,72].

Finally, Chapter 5 puts in application the crack initiation and propagation laws introduced

in the previous chapter. In particular, the failure behavior of heterogeneous systems is

investigated. The first heterogeneous medium studied consists of an ordered system: a

layered material made out of two alternating phases of different stiffness and/or toughness.

Several toughening mechanisms are identified. The focus is then turned on disordered

porous solids similar to those studied in Chapter 3. The role that plays an order parameter

quantifying the inhomogeneity in the porosity distribution on the tensile strength of such

materials is highlighted. Most of this chapter is adapted from [69,72].
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Chapter 2

Effective Potentials and Elastic

Properties in the Lattice Element

Method: Isotropy and Transverse

Isotropy

Ever since its inception in the 1940s, lattice-type discretization and its algorithmic im-

plementation which can be generically called Lattice Element Method (LEM) have been

employed as a discrete representation of a solid [73]. This approach can alternatively be de-

scribed as a discrete number of mass points interacting with a fixed number of neighboring

mass points forming a regular or irregular lattice structure. Classically, interaction forces

were derived by a mechanics analogy with truss (or spring) systems as central-force lattices

in both 2-D [67,74] and 3-D [75-77]; but it was quickly recognized that such central-force

lattices restrict the domain of application of the method to isotropic materials exhibiting a

Poisson's ratio of v = 1/3 in 2-D, and v = 1/4 in 3-D, much consistent with the current

understanding of the link between texture (here lattice) and the deformation behavior of

materials [78]. In order to overcome this limitation, several authors suggested the addition

of beam-type interactions between mass points in 2-D (see e.g. [62,79,80]) and 3-D with

or without rotational degrees-of-freedom [81], with up to 178 interactions for each node
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Fig. 2-1. (a) 2D representation of the studied material and chosen lattice, (b) lattice/material
superposition and (c) lattice with attributed bond's properties (Figure adapted from [85]).

in the (random lattice) system [82,83]. While said approaches allowed removing some

of the earlier limitations of the central-force model, a search of the relevant literature was

not conclusive in finding a rational framework that defines the different elements of the

method, which is in short the focus of this chapter. Such a framework is needed though

not only for elastic (i.e. reversible) phenomena, but as well for extending the method to

poro-elasticity [84] or dissipative phenomena, related to plastic deformation, fracture and

so on, for which the method is frequently applied (see e.g. [62,74,76,77,79-81,83,85]).

To this end, the reformulation of LEM within the conceptual framework of empirical force

fields employed at lattice scale to mass points is proposed.
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Fig. 2-2. (a) Degrees of freedom of the bond element joining nodes i and j, (b) D3Q26 unit
cell and (c) simulation box.

2.1 Lattice Element Method

2.1.1 Network

At the very foundation of LEM is a discretization of matter by mass points connected by

a finite number of bonds forming a lattice network. For purpose of simplification of the

presentation the focus here is on cubic lattices that are most suitable for the investigation of

materials represented by voxels as obtained by 3-D scans in e.g. mico-computed tomography

[2] (see Fig. 2-1). A typical example of such 3-D cubic lattice systems are D3Qn lattices;

where D3 stands for the dimension and n for the number of bonds; as employed in Lattice-

Boltzmann simulations by the fluid transport community (see e.g. [86]). For example,

applied to solid systems, in D3Q18 or D3Q26 lattices, each mass point interacts with

18 (resp. 26) neighboring points, thus propagating forces and moments in 9 (resp. 13)

directions. Given a unit cell (voxel) of size ao centered on node 0, a D3Q18 lattice has

6 bonds of length 10 = ao, and 12 bonds of length 10 = AY/2ao, while a D3Q26 lattice has

additional 8 bonds of length 10 = \'3ao (Fig. 2-2). In such a cubic lattice, a solid domain

is composed of nxyz mass-points in the x, y, z direction defining unit cells. For such a

geometry, the number Nij of bonds of length ao, V2ao and V'3ao is given in Table 2.1.
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Table 2.1. Length, number and energy parameters of the different bonds.

Bonds Length Number Energy parameters
i - j l Ni1  Isotropy Transverse

isotropy

0-1/0-14 ao (nx - 1)n nz E 14t En,t
0-2/0-15 ao nx(ny - 1)nz En~ t En,t
0-3/0-16 ao nxny(nz - 1) 1' Es, En

3 0-4/0-17 V'2ao (nx - 1)(ny - 1)nz Ent Efn,t

C C 0-5/0-18 V2ao (nx - 1)(ny - 1)nz E t E4E
0-6/0-19 V/2ao nx(ny - 1)(nz - 1) 'E4 66n, 'E
0-7/0-20 V'2 ao nx(ny - 1)(nz - 1) E4 E6,
0-8/0-21 V'2ao (nx - 1)ny(nz - 1) EEt En't

0-9/0-22 V2ao (nx - 1)ny(nz - 1) E4 En S
0-10/0-23 V3ao (nx - 1)(ny - 1)(nz - 1) ,t E10

0-11/0-24 V3ao (nx - 1)(ny - 1)(nz - 1) 6n E10

0-12/0-25 Viao (nx - 1)(ny - 1)(nz - 1) 610 610
0-13/0-26 V3ao (nx - 1)(ny - 1)(nz - 1) E E

2.1.2 Interaction Potentials

The effective interaction potential between two mass points i and j needs to be defined with

respect to all possible translational and rotational degrees of freedom, 6i and Oi. Rotations

are considered to be small (116tI < 1), so that classical vector rotation rules apply. The

overriding constraints for setting up these potential expressions is that on the one hand,

mass is conserved (that is automatically enforced by attributing the same mass to all points)

and that on the other hand, the forces and moments that derive from the translational and

rotational degrees of freedom between two mass points i and j satisfy equilibrium:

) I

IM.

96i
F

MI

i

du' I M + J x F (2.1)

where 'i = 10 9, is the vector connecting node i to node j of rest-length l. and oriented

by the unit vector e in a local orthonormal basis ( e,, t) [see Appendix A for the

transformation from a global (e e, ez) system of coordinates to the local one]. The most

general deformation arguments of any effective potential Uij that define the interactions
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between two mass points i and j, while satisfying the Newton constraints (2.1) are:

Uij = Uij xj - i =(5j -i + rij x Oj; #j - # , (2.2)

with I the position vectors of mass point i in the deformed configuration.

Given this general form, one can separate the interaction energy terms between two mass

points into two distinct contributions, Uij = U. + U.: one related to two-body interactions,

U. = U (C - x;) - e- = 07 -P); the other associated to rotations (that relates to three-

body interactions at the particle scale) U/ = U (b Xi -i -t> #j - i

where (i6 - 6)b - .- lM and (-j - Zi) - et = 6 - o5 + 19. #9. It is worthwhile toxj x b jI I 1 I 1)1

note the coupling between translational and rotational degrees of freedom in the arguments

of the three-body interaction energy, which is of some importance when adopting non-

harmonic potential expressions for the two-body interactions, and harmonic approximations

for the three-body interactions, as frequently employed in e.g. molecular simulations (see

e.g. [87]). That is, the general form of the interaction potential here derived allows one to

accommodate a large range of possible effective potential expressions.

By way of example, consider first harmonic expressions motivated by truss-beam theory,

currently in use in lattice element simulations and introduced by [79] for the two-dimensional

case. An effective potential consistent with the truss-beam model has the following expres-

sion for the two-body interaction:

12
U n 5 (2.3)

i 2 1

and for the three-body-bending interaction, neglecting torsional terms, while considering a
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quadratic development of its arguments:

(5 - 6b_ 2 5 -6

I 

b. IEii1' I + i + /

6b - 6- f

+ ~ - ) (il _ #1~) +(6~ + ) (#ib:' (2.4)
+ 10 1 19

3 ~ ((69 b b)2 + ( )2)

with Ofl't > 0 the normal and transverse energy parameters governing the elastic two-body

and three-body interaction, respectively. These energy parameters must be positive in order

to guarantee the convexity of the energy function. Negative values could make the reference

configuration unstable. Note that in classical Navier-Bernoulli beam theory, C . = EAl9.ii ii

and c!. = 12EI/l,, with E the Young's modulus, A the beam section and I the second-order

area moment. However, when adopting a harmonic potential expression for an effective

potential to describe a solid's behavior, the energies crlt remain to be determined with

respect to the three-dimensional elastic behavior of the solid. This will be shown later on.

In its turn, application of (2.3) and (2.4) in the force and moment expressions (2.1) provides

for the harmonic case:

( 

n -/ 6 -(

__ _ .
6i2.c~z) + #t - + +

110. 10 0 0F|= -i en + 2j 6 6 b+.

FIb

C! E - . (2.5)

06i= 2 10__

I

6 e
2 10 3M (
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Fig. 2-3. Harmonic (gray curves) and Mie-Lennard-Jones (black curves) interaction poten-

tials (a) and associated gradient (i.e. force/moment) (b).

As a second example, a Mie (generalized Lennard-Jones) effective potential [64,88], a

classical non-harmonic potential expression for two-body interactions1 , is considered (see

Fig. 2-3):

MLJ,n ya a
Uij y - -Il(2.6)

J y -i' \\riJ \r 1JJ /
.MLJ,n pn-6_ -7a in -a

_I+ 0 -Y + ,
y - ( .)9. 7Ij

where e 'MLJn is the depth of the potential well; rij = 10 + 6 - 0f is the normal distancewhr ij ii J I

between the two mass points; o- = 1?,-yaOIY) is the distance between the two mass points

at which the potential is zero; while the ryaterm defines the short-range repulsion (in
ii

compression), and the r-a-term the long-range attraction (in tension). A Taylor expansion
ii

of the MLJ-potential around the equilibrium state (A = (P - 67) /19. -> 0) reads:

/ 2

UMLJs _ MLJn - + 2 A2+0 (A3)) , (2.7)

(MU2
ii -j 2

and shows that the harmonic energy parameter E" and the MLJ energy parameter E..'
Is wg

'The use of a similar potential in lattice approaches was already suggested in [89].
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are related by:

.MLJ,n _ E-- 1T j~ (2.8)
ya 2 ij

Otherwise said, the harmonic approximation around the equilibrium state can be used as a

means of calibration of the non-harmonic potential; here the Mie-Lennard-Jones potential.

Considering the order of the rotations small (and neglecting non-linear phenomena such

as buckling), it is generally sufficient to employ non-harmonic potentials only for the two-

body interactions, while considering harmonic expressions for the three-body/rotational

interactions. Thus, compared to the harmonic case (Eq. (2.5)), only the central-force Fj'

is modified, reading in the MLJ case:

MLJ,n 5n -(ya+l) 5n - (a+1)

FU 1 + 1+ )( . (2.9)
9. 1 - y 0 19.

While the choice of both displacement and rotational degrees of freedom give rise to

forces and moments, only the forces enter the virial expression [90, 91] to calculate the

stress tensor at mass point i; that is, neglecting the momentum terms and making use of the

action reaction law (2.1):
N!

Oi= 2 P jo F!, (2.10)

with V = a3 the volume of the unit cell and N b the number of node i's neighboring mass

points. In return, due to Eq. (2.1), the (bending) moments associated with the rotational

degrees of freedom ensure moment equilibrium. It is this moment equilibrium that ensures

the symmetry of the stress tensor. To show this, recall that the sum of all external moments

acting on node i must vanish; that is, in terms of Eq. (2.1):

N!' Nb 3

0 = rij x I .e e .(2.11)
j=1 j=1 k=1

Then, use the relation between the cross and tensorial products of two vectors,

(ex' = e a (2.12)
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with (e, e-', e" ) a right-handed orthonormal basis. The moment equilibrium can thus be

developed in the form:

NI 3

0 = e.j o / rO ).e ' ek (2.13a)
j=1 k=1

3 N

=rij & - O rjj e ek (2.13b)
k=1 j=1

3

= k e- e, (2.13c)
k=1

where definition (2.10) of the virial stress at node i, o-;, is used. This shows that satisfying

the moment equilibrium ensures the symmetry of the stress-tensor e . - T} = 0

for all k E {1, 2, 3}; that is o-i = To-i. With a view on the energy expression (2.4), this

underscores the importance of considering rotational degrees of freedom, #j, when E # 0,

to ensure the symmetry of the stress tensor.

2.2 Effective Elastic Properties

2.2.1 From Bond Properties to Macroscopic Properties

The use of the energy formulation permits a straightforward determination of the effective

elastic properties of a macroscopic assembly of bonds in function of the unit cell's properties.

To simplify the presentation, the focus here is on 3D-cubic lattices (n. = ny = nz = n) and

quasi-2D lattices (n, = nz = n, ny = 2). Starting point is the the total energy of the lattice

as a sum of the energy of all bonds defined by Eq. (2.2):

Utot =6 j 6j- i +rij x 6i ; # j -6i .(2.14)
bonds ij

For the calculation of the elastic constants, Cijkt, around the (thermodynamic) equilibrium

situation, it suffices to consider a uniform deformation field, for which the total energy is
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conveniently rewritten as:

9(13)

Utot= NoiUoi (6i - 5 + roi x O , (2.15)
1=J

where the summation is carried out over the 9(13) bonds directions of the D3Q 18(26) lattice.

Expressions for Noi are given in Table 2.1. It then suffices to express the arguments of the

energy Uoi in terms of strains and rotations:

fnrb~t _ nrbt = 1n rb,t
i 0 = i ji Ej (2.16)

{ b,t = t

where Einstein's summation rule is employed. Herein, E, are the strain components {E} =

(Exx, Eyy, Ezz, EYZ, Exz, EXY), and {} = (OX, tOy, #z) the rotational degrees of freedom in the

global (e', e', ez) system of coordinates; whereas Anbt and Pb't are transformation matrices

whose expression are given in Appendices A and B. The use of (2.16) in (2.15) provides

an expression of the total energy in function of {8} and {0}, i.e. Utot ({8}, {O}) that can be

readily employed to derive the elastic stiffness of the lattice from:

I a2Cjtot
Cijk= - ,aa ) (2.17)

V agija-Ekl

where V = (nx - 1)(ny - 1)(nz - 1)ag is the volume. Furthermore, the energy Utot({}) =

minol Utot ({}, {0}) evokes the theorem of minimum potential energy which is generally

valid for any harmonic potential expression. It also holds for non-harmonic potentials

around the equilibrium state. As it will be shown below, the framework here defined

permits an effective means to calibrate the energy parameters that define the interaction

potentials.

2.2.2 From Cubic Symmetry to Isotropy

Consider first the case of isotropic materials that are fully characterized by two elastic

constants; for instance the stiffness constants C11 = C1111 and C13 = C1133 (in Voigt
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notation). The other non-zero stiffness constants satisfy C11 = C22 = C33, C12 = C13 = C23

and C4 4 = C55 = C66 = (C11 - C 12 )/2. Since the same properties must be observed in all

directions, an effective isotropic behavior requires 4(6) energy parameters E ) for the1,4(, 10)

D3Q 18(26) lattice (see Table 2.1). It is thus convenient to rewrite the elastic stiffness tensor

(2.17) in a linear form of the energy parameters:

Ci = AOE, (2.18)

where {C} = (C 11, C 13, C55), and {E} = (C, C4E, C1C, CI, e , ). The linear operator Also

depends on the the type of lattice, and -for finite size domains- on the size n of the

simulation box. For instance, for the 3D-cubic lattice (n, = ny = nz = n), it reads:

n2 n 4 g n 8
Ao3 D (n-I) 2  n-1 9 n-i 9

AIs, 0 4 n(2.19)
a3 2(n-1) 9 2(n-1) 9 '

0 0 n 4 "2 n
2(n-1) 9 2(n--1) 2  2(n-1) 9 -

and for the quasi-2D lattices (n, = nz = n, ny = 2):

2n 3n-2 4 0 3n-2 8
n-i 2(n-1) 9 2(n-1) 9

AIso,2D = 0 1 4 0 -1 - . (2.20)

0 1 4 n n 2
9 n-i 2(n-l) 9 _

In the continuum limit (n -> oo), AIso,3D and A Iso,2D reduce to:

1 0 199

A Iso,3D = 0 1 4 - , (2.21)00 3 02 09 2 9 (.1
0 1 4 1 1 2

and:

2 0 3 82 9 2 9

A so,2D 0 1 40 -1- . (2.22)003
0 0 1 4 1 1 2

9 2 9
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From these linear expressions, one readily recognizes the classical features of the central-

force lattice model, which is obtained by letting Et = 0. In fact, in this case, the Cauchy

condition is recovered, C13 = C55, as well known from crystal chemistry: "for a primitive

cubic solid in equilibrium at zero applied stress under the action of central, pairwise forces

only, the elastic constants satisfy the Cauchy condition" [92].

Moreover, the lattice symmetries naturally induce cubic symmetries (3 independent

stiffness constants instead of 2). The application of such cubic lattices to isotropic material

systems thus requires one additional constraint on the energy constants En t to ensure the

isotropic relation:

G = C55 = 2 , v)' (2.23)
2 2(1 + v)

where G is the shear modulus, E the Young's modulus, and v the Poisson's ratio. They

satisfy:

E3 D 11 2C13
C 11 +c13  (2.24)

v 3D _= 1
C11+C13

in 3D and, in the case of 2D plane-stress conditions:

E 2D 12 C3
\1 c2i .( .5

V 2 D _ 
(2.25)

C11

etD = 0) eain 22)tgthrwt h

In the case of the central-force lattice model (= 0), relation (2.23) together with the

Cauchy condition, C13 = C55 = G, implies C11 = 3G, which defines the well-known restric-

tion of the model to a single value of the Poisson's ratio; namely v3D = C13/(CH + C1 3) =

1/4 for the 3D-cubic lattice, and v2D = C13 1CII = 1/3 for the quasi-2D lattice. That is,

rotational degrees of freedom associated with non-zero values foret are required to capture

a larger range of isotropic elastic materials. Keeping in mind that the energy parameters

must be positive (e,"'' > 0), the isotropic constraint (2.23) defines a limited range for possible

values of the Poisson's ratio that can be captured with specific lattice systems. For instance,
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for the considered D3Q18 and D3Q26 lattices, Eqs. (2.19) and (2.20) give:

-1 3D _ 1/4 (2.26)

-2/3 v v2D 1/3

While values outside of this range could be theoretically obtained by considering negative

values of the energy parameters, such negative values may entail instabilities of the energy

minimization that defines the equilibrium state.

It is thus possible to employ the approach in an inverse approach for the calibration of

the harmonic interaction potential parameters for a given set of (effective) elastic properties

by solving the linear system of equations (2.18), while respecting the isotropic constraint

relation (2.23). Specifically, within the limits thus defined by Eq. (2.26), a minimum of three

non-zero energy parameters E''n > 0 and a minimum of eighteen directions are required

to properly model an isotropic behavior for harmonic potentials. As noted before, this

calibration still holds for non-harmonic potentials when considering the harmonic case as

a Taylor expansion of the non-harmonic case around the equilibrium state, i.e. Eq. (2.8).

Diagonal bonds are of critical importance to reproduce the Poisson contraction. Table 2.2

provides a sample choice for these parameters Et in function of the two elastic parameters

E and v.

2.2.3 Transverse Isotropy

Using the same formalism, anisotropic materials can be modeled with LEM. By way of

example, consider transversely isotropic materials; i.e. materials that exhibit rotational

symmetry around an axis (say e3 = e2) normal to a plane of isotropy: C11 = C22, C13 = C2 3

and C44 = C55. Particular symmetries are chosen (see Table 2.1) so that the effective

stiffness constants are linear functions of the energy parameters:

Ci = A TIE, (2.27)
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Table 2.2. Energy parameters calibration.

3D 2D
Energy parameters -1 v : 0 0 v 1/4 -2/3 v .5 0 05 v5 1/3

n(n-1)2Ea' (n-1)2(1-3v)Ea3 (n(2+3v)-2(1+v))Ea3 (n(2-3v)-2(1-v))Ea3
n2 (1-2v) n2(1+v)(1-2v) 4n(1-v 2 ) 4n(1-v 2 )

2(n-I)vEa3 vEa3
n 0_______ 0

E4 0 n(1+v)(1-2v) 01-V2

en2  0 0 0 0

t(n-1)2Ea3 (n-1)2(1_4v)Ea 3 (n-l+v)Ea3 (n- 1)(1 -3v)Ea3
n2(1+v)(1-2v) n 2 (1+v)(1-2v) 2n(1-v 2) 2n(1-v2)

Et 2(n-1)vEa3  -vEa 3

4 n(1+v)(1-2v) 1-v2

t 0 0 0 0610

where {C} = (CI(, C12), C13, C33, C55(, C66)) in 2-D(3-D), {E} =

The linear operator A TI is defined by:
i

n2 0 n
(n-1)2  2(n-1)

0 0 n
o o 2(n-i1)

0 0 0

0 n2 0
(n-1)2

n 4
2(n-1) 9

0
n 4

2(n-1) 9

n 4
n-i 9

0 0 0 4 '
2(n-1) 9 2(1

0 0 n
2(n-1) 0 4

9 2(1

0 n 8

0n 4
0 2(n-1) 9

0 - 4 -
2(n-1) 9

0 n 8
n-i 9

2 n 2

-1)2 2(n-1) 9

-1)2 2(n- 1) 9

for the 3-D lattice; and by:

2n 0 n 1 1
n-I 2(n-1) 9

0 0 0 1 1

0 2n 0 3n-2 4
n-I 2(n-1) 9

0 0 0 1 49

o 3n-2 8
2n-2 9

0 -I -

o 3n-2 8
2(n-1) 9

n n
n-i 2(n-1)

2
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a3a0

(2.28)

ATI,2D - 1

ao
,) (2.29)
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for the 2-D lattice, respectively. In the continuum limit, ATI,3D and ATI,2D reduce to:

TI93D = 1

a0

and:

A '12D _ _
03

0

89
1 4

1 4
2 9

1 2
2 9

1 2
2 9

3
2

-1

3
2

8
9

4

8
9

(2.30)

(2.31)

Analogous to the restriction on the Poisson's ratio in the isotropic case, the energy

parameters e" > 0 in the transverse isotropic case need to satisfy, C66 = (C11 - C 12 )/2,

which entails, for the lattices studied here:

{C 12  C6 6

C13 C4 4

(2.32)

Again, it is possible to employ the approach in an inverse approach for the calibration

of the harmonic interaction potential parameters for a given set of (effective) transversely

isotropic elastic properties by solving the linear system of equations (2.27), while respecting

the constraint (2.23). Another approach [84] would consist in performing the calibration

on the indentation moduli Mi whose expressions are given in terms of the Cijs in [93] or

the anisotropic Thomsen parameters [94]. These different parameters indeed play a critical

role, notably in crack propagation problems in anisotropic solids [95,96].
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Table 2.3. Relation between real units and code units.

Energy U = Ua3
0

Force f = fa2
Length 1 = lao
Stress o- = ~

2.3 Numerical Implementation

Details about the numerical implementation of the LEM method for harmonic potentials

are herein provided.

To study the elastic response of a solid under an external load (prescribed traction on

the boundary dQfd and/or prescribed displacements on the boundary Q - ), the theorem

of minimum potential energy is employed:

6 pot(e, ) = _min Spot(s', c'), (2.33)
e'E K.A.

where K.A. is the set of kinematically admissible displacement fields that satisfy displace-

ment boundary conditions:

K.A. = continuous such that g= on 7 }. (2.34)

whereas e is the strain and 8 pot stands for the potential energy:

Spot(e', e') = U(S') - W('), (2.35)

with U(s') the free energy, and W(e') the external work by body forces b and prescribed

traction Td; that is, W(e') = fj 'dK+f n:. '-dda. In the case when only displacements
Td

are prescribed on the boundaries, only the free energy term U contributes to the potential

energy.

In the numerical implementation, for a structure of size LLY L, the volume is discretized

for a given grid size ao = L,/(n, - 1). N = n.nynz nodes i of coordinates {T} = (xi, 7,~)

are defined in the reference configuration, with (~, 5, z) e {0, 1, ..., nx,y,z - 1 } [the notation
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~stands for the quantities in code units, see Table 2.3]. A one-to-one relation between node

index i and its coordinates: i = ~+ nj + nny7 is defined. Each node has 6 degrees of

freedom: three displacements (5i and three rotations 0,, a E {x, y, z}, that are stored in a

6N-vector d} such that di~ = g, d i = S, d6i+2 = (5, d6i+3 = OX, d6i+4 = O?, d6i+5 = 0.

Node i has Nb neighbors j, with which it interacts via bond ij of energy parameters % =

(that depend on the phase attributed to nodes i and j) and of orientation {?i } = {i } - {r }.

The forces and moments at node i are obtained by summing the contribution of all bonds:

Nb _

N=b (2.36)-N -

j=1

where P and I are given by Eq. (2.5). These are also stored in a 6N-vector, f such

that fi6 = TX, fi+1 = Pj, f6i+2 = Z, f6i+3 =f f6i+4 = 1;' and f6i+5 = Mt.

In addition, the nodes where boundary conditions (forces or displacements) are im-

posed are defined by considering the sets N-d = {(i, fd) - fd (nodes where a force

is imposed) and Ngd = {(j, Pid)1 = d} (nodes where a displacement is imposed), with

j E {0, ... , 6N - l}.

The potential energy is written in LEM as:

N 0f

8pot = - I ulio() - E 4d,(.7
i=1 j=1 (i jd )ENp

where the factor 1/2 prevents from counting twice the contribution of each bond. The first

term in Eq. (2.37) is the free energy while the second one is the work done by external

forces.

The numerical implementation of the theorem of potential energy consists of finding the

vector {d that minimizes 6pot under the constraint = 6" for (j, P) E Ngd. This energy

minimization is performed numerically, using a non-linear conjugate gradient method, the

Fletcher-Reeves-Polak-Ribiere method. It can also be achieved using molecular simulation
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Fig. 2-4. Determination of the: (a) stiffnesses C33 = o-zzLzo/(Lz - Lzo) and C13 =

o-xxLzo/(Lz - Lzo), (b) Young's modulus E = o-zzLzo/(Lz - Lzo) and Poisson's ratio
V = -(Lx - Lxo)/(Lz - Lzo)LzolLxo and (c) shear modulus G = o-xzLzo/dx.

codes. Once the solution {d to the problem is found, the stress tensor at each node is

obtained using the virial definition:

NP

&= - , (2.38)
j=1

The total stress is:
N

=, (2.39)
V

with V = (nx - 1)(ny - 1)(nz - 1) the volume of the simulation box.

Since the minimization is performed on both nodal translations and nodal rotations, the

force and torque equilibrium is satisfied, guaranteeing the symmetry of the stress tensor,

5 ij = 0ji.

2.4 Validation

The numerical implementation is herein validated. Firstly, we check the accuracy of the

calibration procedure outlined in Section 2.2 on homogeneous systems. We then apply
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Fig. 2-5. (a) Finite size effect. (b) and (c) 3D and 2D dimensionless stiffness constants
(Cj1 /E) as a function of the Poisson's ratio (n = 21). Theoretical values (solid lines),

numerical values (symbols).

LEM to a classical continuum mechanics problem for which an analytical expression is

available: the problem of a plate with a circular hole under uniaxial tension.

2.4.1 Validation of the Calibration Procedure

To validate the derived calibration procedure, the analytical expressions thus derived are

compared to numerical simulations. Simulations are carried out on simulation boxes of

varying size n using a D3Q 18 3D-lattice. These simulation boxes are subject to deformations

in 6 directions in order to obtain the different stiffness constants Cij; see Fig. 2-4.

Specifically, Fig. 2-5 shows the dimensionless Young's modulus values Ea /e" obtained

analytically and numerically, as a function of size n of the D3Q18 3D-lattice. In this

simulation, the Poisson's ratio was chosen equal to 1/4, corresponding to the central-force

lattice model (ef = 0). The figure shows that the elastic modulus tends asymptotically

towards a constant value in the continuum limit, and is in perfect agreement with the
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2R

ezLe

LX

Fig. 2-6. Plate (size L = L= Lz) with hole (radius R) subjected to a uniaxial tension
c-zz(r -> oo) = -oo.

analytical functional form derived here above for the isotropic case. In contrast to the

numerical simulations, the analytical expression permits a direct evaluation of the elastic

modulus in the continuum limit from the value at a given discretization level (size n).

Moreover, Fig. 2-5 compares the stiffness constants measured with LEM (using the

energy parameters given in Table 2.2) to the analytical values. The figure displays a

perfect agreement for a wide range of Poisson's ratio; and validates the proposed potential

calibration procedure for the energy parameters c"'', within the limit defined by Eq. (2.26).

2.4.2 Plate with a Circular Hole

The problem of a square plate (size L) with a hole (radius R) under a uniaxial stress 0-0"

along the z direction is investigated. The solution to this problem was given by [97] in the

case where R < L. The solution reads:I = r (1 -- " (1 - 42 + 3) cos 20

= , (2.40)

0-,E = + 3 + 2s
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Fig. 2-7. Dimensionless stress (oz/o-,o) as function of the distance to the plate center on
the plane 0 = 0. LEM simulation (symbols), Kirsch solution (2.41) (solid line).

where (r, 9) is the polar system of coordinates with origin at the center of the pore. The

tensile stress (in the direction of the applied load) is then given by

o-zz(u, 0) 3 cos20 - 2cos49 3 cos 49
=% 2u+ + ,u (2.41)O'r* 2u2 204

where u = r/R. o-zz reaches its maximum value 3o-o for u = 1 and 9 = 0. Figure 2-7 shows

the evolution of the hoop stress a-zz in the radial direction on the plane 9 = 0 and confronts

LEM results to relation (2.41). It confirms that LEM is a suitable tool to measure quantities

such as the stress concentration around a circular hole.

In the following chapters, we will be interested in the effect of metric disorder on

stress transmission. But in order to interpret the stress PDF's correctly, it is necessary to

distinguish between stresses induced by a single pore and disorder-induced stresses. The

stress PDF's for a single pore can be calculated numerically from Eq. (2.41) or calculated

by LEM. We simulated a quasi-2D plate (L, = Lz = 400ao and Ly = ao) with a hole of

radius R = 2 0ao. All the nodes belonging to the cylinder located at the center of the plate

have zero elastic energy, i.e. e",' = 0. Figure 2-8 shows the dimensionless stress maps

c-zz0/,o obtained with LEM (shown only on the right side of the hole) and the theoretical

map by Eq. (2.41) (shown only on the left side of the hole). We see that the LEM calculation

compares accurately with the theoretical prediction.
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Fig. 2-8. Stress maps
(right).

/

/

(o-zz/o-oo) by analytical solution (2.41)

I
U00

(left) and LEM simulation

Figure 2-9 displays the PDF's of vertical stresses for four systems with a single pore of

increasing normalized radius R/L. At small pore radius, a well-defined peak is observed

around 1 (the average or applied stress). In this case, the stress statistics is governed by

regions far from the pore that prevail at low porosity. As the pore radius increases, the PDF

tends to a nearly flat distribution around mean stress with two modes located at zero stress

and at a stress slightly above the mean.

2.5 Chapter Summary

Thus far, the Lattice Element Method (LEM) emerges as a powerful means to track the me-

chanical interactions between material points in a discrete way. While classical approaches

defined those interactions from beam-type analogies, the method has clearly more to offer

when set into the context of effective potentials, of which the harmonic case is but a Taylor

expansion around the (undeformed) equilibrium state. This framework provides a means to

set the method onto a path toward modeling the actual physics interactions between phases,

within the limits defined by the geometric discretization of regular or irregular lattices that

entail certain limits on accessible effective mechanics properties; such as the restrictions
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Fig. 2-9. Probability density functions (PDF's) of normalized vertical stresses for four

systems of increasing pore radius: R 1/L = 0.02 (a), R2 /L = 0.05 (b), R3/L = 0.15 (c) and

R4/L = 0.25 (d).

on Poisson's ratios for isotropic materials (-2/3 v 1/3 in 2-D and -1 < v 1/4 in

3-D), or on the elasticity of transverse isotropic materials (achieved with both D3Q26 and

D3Q18 lattices). The proposed developments aimed at contributing to the development of

a rational framework of linking potential parameters that define the bonds (such at the two-

and three-body energy parameters, E" and E) to effective material properties of an assembly

of bonds. It was thus shown:

1. Elasticity: LEM converges to the homogeneous continuum elasticity model as the

level of discretization of matter into mass points tends toward infinity. This means,

that LEM can be used, at a given discretization level of matter, to correct for finite

size effects, without compromising the accuracy of the elasticity solution. It was also

shown that the accuracy of LEM is such that it is able to capture continuum scale

quantities such as stress concentration factors in the context of the problem of a plate

with a circular hole.

2. Non-Harmonic Interaction: While LEM has been classically employed with harmonic

potentials to capture stretch and bending modes, the re-formulation of LEM in the

framework of effective potentials clearly shows that the classical LEM is but a Taylor

expansion of said interactions around the undeformed configurations. Otherwise
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said, the framework suggests that LEM can be used -in a bottom-up fashion- to

integrate smaller-scale interactions by means of coarse graining (see e.g. [45, 64])

into mesoscale simulations on the lattice.

While the theoretical developments presented here were only concerned with homo-

geneous materials, the true value of these advances are expected to be invaluable in the

application of the method to heterogeneous materials, in which the method thus enhanced

provides a means to assess the impact of different phases and disorders on effective prop-

erties, far beyond the classical continuum assumptions. Specifically, with its strength and

limitations thus defined, the proposed LEM is well suited for the study of multiphase

materials whose microtextural information is obtained by e.g. X-Ray micro-computed

tomography [98].
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Chapter 3

Disorder-Induced Stiffness Degradation

of Highly Disordered Porous Materials

The method presented in Chapter 2 is here applied to disordered porous solids. By dis-

ordered it is meant that the spatial distribution of the pore phase is random and a priori

does not follow a deterministic pattern. The goal is to identify - via discrete simulations -

relevant order parameters that need to be taken into account in continuum micromechanics

approaches. This chapter focuses on the elastic response. The extension of the approach

to fracture and inelastic deformations will be reported in Chapter 5. Understanding how

the pore-space configuration affects the stiffness of porous solids is important not only for

the manufacture of materials with an engineered porosity [23,99] but also for the predic-

tion on the mechanical response of porous media whose microtexture can be obtained by

means of e.g. micro-computed tomography. Various geometrical descriptors can be used

to characterize random textures. Since the porosity is a mean global parameter, the next

natural higher-order parameter is a measure of the local fluctuations of porosity. As will

be seen later in this chapter, some tried to incorporate this second order parameter using a

theoretical approach [100]. The approach followed here is based on extensive simulations.
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Fig. 3-1. Two-dimensional porous media: (a) ordered system, (b) type 1 disorder (pores
confined in their unit cell), (c) type 2 disorder with A = RappiR (here A > 1).

3.1 Materials and Method

The focus of this investigation is the elasticity of porous material systems exhibiting different

levels of disorder. This requires the generation of a large range of porous material samples

with controlled disorder. This is achieved here by considering deviations from a periodic

arrangement of pores in 2-D and 3-D, taken as reference, and by quantifying the disorder-

induced stiffness degradation with respect to the reference elasticity of the ordered system.

3.1.1 Porous Sample Generation and Disorder Characterization

A periodic porosity arrangement (periodicity 1) for both 2-D and 3-D porous material

systems is considered as reference. In 2-D, this is achieved in form of N disk-shaped pores

of radius R (Fig. 3-1 (a)) placed in a square plate (matrix phase) of size L, = Lz = L = VN-,

and thickness Ly = d < L; while, in 3-D, spherical pores of radius R are placed in a cubic

matrix of size L, = LX = Lz = L = 1/F,7i. The porosity 4p of these systems is tuned by

varying the size R of the pores and/or their number N:

{ pdisk = N R()2 = 7r (R)2

sphere = N [47 (A3 6v( R) = 4 (R)3 - 6v(R)
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with v(R) a dimensionless function defined by (see Appendix C):

0, if R < 1/2
v(R) = 2 (3.2)

1(2R~ - 1)2 (LR + Iotherwise.

Disorder is introduced into this periodic arrangement by different methods:

- Type 1: Random moves within a unit cell (Fig. 3-1b). Pores (disks or spheres of radius

R) of the ordered systems are moved to random positions at a distance 0 < d < 1/2 - R

contained within their original unit cell (defined by the periodicity l ). The number

N of pores is kept fixed and the porosity increases as the pore radius R is increased.

- Type 2: Monte-Carlo moves at constant number N of pores of respectively hard-

disks in 2-D and spheres in 3-D with an apparent pore radius Rapp = AR. With

A E [1, l/(2R)], the generated systems contain only non-overlapping pores of an

overall porosity that increases with the pore radius, R. This type of Monte-Carlo

generation -at constant N- includes as a subset the type 1 generation method. But it

is more general as the pore movement is not confined to the unit cell (see Fig. 3-1 (c)),

thus permitting larger texture deviations from the quasi-ordered system, A = l/(2R),

to highly disordered systems, A = 1.

* Type 3: Grand Canonical Monte Carlo (GCMC) insertion with variable number

N of pores of fixed apparent pore radius Rapp = AR, where A E [0, 1] defines an

arbitrary degree of impenetrability [101]: GCMC with A = 1 corresponds to the

hard-disk/hard-sphere porous model; while GCMC with A = 0 corresponds to fully

penetrable disks and spheres (overlapping pores). In these GCMC-based generations,

the porosity is defined by the number N of pores, eventually corrected for the level of

overlapping.

The methods thus described generate a large range of different disordered microstruc-

tures, even at same mean porosity. To illustrate this range of disorder, different descriptors

classically employed in the characterization of microstructure are used. Three candidates
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Fig. 3-2. Ripley function and associated microstructure of four systems of increasing
disorder (40 = 0.36): (a) type 2 disorder with A = l/(2R) (quasi-ordered system), (b) type
2 disorder with A = (l/(2R) + 1) /2, (c) type 2 disorder with A = 1 and (d) type 3 disorder
with A = 0 (overlapping disks).

are here presented. For a review on the characterization of random heterogeneous materials,

the reader is directed to [102].

A first possible descriptor of the microstructure -used to characterize the spatial dis-

tribution of points (here pores)- is the second-order intensity function (also known as the

Ripley function), K(r) [103]. It is defined as the number of pores whose centers are within

a distance r of a different pore center, normalized by the number of pores per unit sur-

face [104]. It is here shown on Fig 3-2 for four different systems, exhibiting the same mean

porosity, but a different degree of disorder. The Ripley function is an increasing function of

r and it vanishes for r < 2 Rapp. While quasi-ordered systems show a characteristic stair-

shape, as disorder increases these features vanish. The Ripley function can be pertinent for

sample reconstruction [77].
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Another classical descriptor of a two-phase (solid-porosity) microstructure is the two-

point probability function of the pore phase, S2(r), which defines the probability that two

points separated by a distance r are both in a pore:

S2(r = r2 - r1) = (I (i') I (r2)) (3.3)

where the characteristic function I (i) = I if i is in the pore, and I (i) = 0 otherwise;

whereas angular brackets denote ensemble average. While the one-point probability func-

tion defines the mean-porosity, o; i.e.:

S 1(6i = (A(i) = O (3.4)

the two-point probability function, S2 (r), exhibits the following asymptotic properties [101]:

S2(0) = g

lim S2 (r) = 2 (3.5)
r-oo

dS 2  _

dr=O

with l the mean chord length (l = 2R in the case of disk-shaped or spherical pores). The

two-point probability function of the same systems as in Fig. 3-2 are shown in Fig. 3-3,

with their respective microstructure. For quasi-ordered systems (Fig. 3-3 (a), generated

with A = l/(2R)), clear peaks appear with a fixed periodicity. As disorder increases (Fig. 3-

3 (b) and (c), A -> 1), long-range peaks progressively disappear. When overlapping of

disks/spheres is allowed (Fig. 3-3 (d), A = 0), the two-point probability function is almost

flat after a quasi-linear decrease from 'p to p 2

Finally, another descriptor employed is the Probability Density Function (PDF) of the

local porosity throughout the sample. It is obtained by measuring the local porosity Ya

in a square-shaped control volume of side-length a (here, a = (ir/o)1I/2R in 2-D and

a = (47r/(3'p))1/ 3 R in 3-D for 'p ;r/6). Figure 3-4 displays the thus obtained PDF's for the

four microtextures of the same average porosity, 'p = ('pa), considered before. While quasi-

ordered systems (Fig. 3-4 (a), A = l/(2R)) exhibit a narrow distribution with a clear peak
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Fig. 3-3. Two-point probability functions and associated microstructures of the four systems
of Fig. 3-2. Note the asymptotic values: S2(r -> 0) = p = 0.36 and S2(r -* oo) = 'p2

0.13.

centered around the average porosity, the probability density function broadens as disorder

increases (Fig. 3-4 (b) and (c), A --> 1). With further disorder introduced by overlapping

disks/spheres (Fig. 3-4 (d), A = 0), the PDF exhibits a two-peak structure reminiscent of

a solid-pore space phase separation akin to demixing, with a narrow peak around Pa -+ 0

(solid), and a diffuse peak around the average porosity. Figure 3-5 displays maps of the

local porosity. While the quasi-ordered system (Fig. 3-5 (a)) shows a quasi-uniform map, as

disorder increases (Fig. 3-5 (b)-(d)), regions of high (yellow regions) or low (blue regions)

local porosity appear.

A scalar quantity could however be proved to be more convenient for the characterization

of the disorder than these statistical functions. Since the porosity 'P is a mean global

parameter, the next natural higher-order parameter is a measure of the local fluctuations

of porosity. Analogous to the mixing index used to determine the degree of mixture of
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Fig. 3-4. Probability Density Function (PDF) of the local porosity ('Pa) and associated
microstructure for the same four systems (Fig. 3-2). The vertical line corresponds to the
average porosity ('p).

particulate materials (see e.g. [105]), this spread of the local porosity 'pa is captured -in

first order- by a clustering index sa, defined as the standard deviation of the porosity; that

is, in a continuum form:

S = ((' ) - (Pa) 1/2 = ( ( (a - P) 2 (3.6)

or, in a discrete form as the corrected standard deviation of the porosity:

/ Na 2 1/2

sa Na - 1
(3.7)

where 'p is the average sample porosity; 'p' is the local porosity around a randomly chosen
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(a) 0h (b)

Fig. 3-5. Maps of the local porosity for the same four systems of increasing disorder
(Fig. 3-2).

point i, i < Na with Na large enough to fully sample the specimen studied. Thus, sa = 0

corresponds to a perfectly ordered system, exhibiting no variability in the local porosity;

whereas large values of sa correspond to segregated systems in which some degree of

clustering exists in the pore configuration. The clustering index increases with the width of

the probability density functions. By way of example, the clustering indexes of the PDF's

shown in Fig. 3-4, increase from sa = 0.05 for the quasi-ordered system (Fig. 3-4 (a)) to

sa = 0.09 and sa = 0.14 for non-overlapping disks (Fig. 3-4 (b) and (c)), and reaches the

highest value, sa = 0.22, for overlapping disks (Fig. 3-4 (d)). For purpose of completeness,

we note that the clustering index is closely related to the coarseness C = sa/(I - p)

introduced by Torquato and coworkers [102, 106]. They showed that the coarseness C was

actually directly related to the two-point probability function:

C = (j(S2(r) - 2) f(r)dr , (3.8)
wit -ac , / D in t c o l e e s

with f a geometric function (see Appendix D in the case of fully penetrable disks). As
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mentioned in [102], Eq. (3.8) is reminiscent of the compressibility equation used in the

theory of liquids [107]:

pkBTK = I + p j(g2(r) -1) dr , (3.9)

with p = N/V the particle density, kB the Boltzmann constant, T the absolute temperature,

K = i/p(3 p/8 p) the compressibility and g2 the pair correlation function, an analog to

the two-point probability function S2 for point-particle (R -+ 0) systems. Using the bulk

modulus K = -V (Dp/aV) instead of the compressibility K, (3.9) can be recast as:

pkBTK =kB (3.10)
1 + p f (g2(r) - 1) dr

Without pushing too much the analogy with liquids, one can expect that the clustering index

Sa defined by Eqs. (3.6) and (3.7) will be of some help in delineating the effect of disorder

on the degradation of the stiffness properties of the generated porous samples.

3.1.2 Effective Stiffness Measure

To probe the mechanical properties of the randomly generated configurations from Sec-

tion 3.1.1, the lattice element method is used in the framework previously introduced in

Chapter 2.

In this chapter, the focus of interest is the effective Young's modulus of the different

porous systems introduced in the Section 3.1.1 (total volume V, porosity 'p and solid volume

fraction fs = 1 - p). In the lattice representation, all the bonds belonging to the pore region

have zero energy parameters: e"' = 0, while in the solid region their energy parameters are

chosen so that a homogeneous system ('p = 0) has the desired elastic response: Young's

modulus E, and Poisson's ratio vs.

In order to measure the effective stiffness (in tension) of the different systems studied, a

displacement is prescribed on the boundaries; that is 6 = -6/2e- on mass points on surface

x = 0 of the structure, and 6+ = 6/2-, on mass points on surface x = L = (nx - 1)ao. The

lateral boundaries of the structure are force free. After relaxation, i.e. after minimization of

the potential energy, 8pot = ming i Z Uki , with respect to both the translational and
bonds k1
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rotational degrees of freedom, the effective stiffness is obtained from:

Eeff = (o-xx) L (3.11)

where (o-xx) = ex - (o-) . ex is the axial stress and 6 < L.

3.1.3 Continuum Micromechanics Solutions

The discrete solutions will be bench-marked against continuum micromechanics solutions

that explicitly address the effect of disorder on elasticity of heterogeneous materials; by

considering local porosity fluctuations of the form [100]:

r(') = O+ t 60(X*), (3.12)

with (Wr(s)) = p and (6,) = 0. The standard deviation of the local porosity is obtained

from an application of Eq. (3.6) (except that there is no observation window size a defined

here):

- = ( - 9) _ t2 (o ) . (3.13)

The two benchmark models herein considered are 1. an asymptotic expansion model,

considering small fluctuations t < 1 [100]; and 2. a differential scheme model inspired by

Norris [44] where a composite porous solid is built incrementally by a series of addition of

different phases having different elastic moduli.

To simplify the presentation, a N-phase composite with phase i (concentration (Di,
N
Z Di = 1) occupying the volume Qi with i E {1, ..., N} is considered. The local porosity
i=1
is homogeneous in the subvolumes, i.e. Sot( 5 ) = p + t 6 (') for i eQi.

Mori-Tanaka-Based Asymptotic Expansion Model

The asymptotic expansion model of Grajeu & Suquet [100] departs from the classical

reference solution of an ordered porous material morphology (o-, = 0); that is, the matrix-
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pore inclusion morphology exemplified by the Mori-Tanaka scheme' (superscript MT):

CMT = (1 -4 )Cs : ((1 - ) I + 9 (I - Sy) , (3.14)

where I is the fourth-order unit tensor and CS is the solid's stiffness tensor, and S is the

Eshelby tensor, which for 2-D cylindrical pores in an isotropic matrix [31] and plane-stress

conditions permits the following specification of the Young's modulus:

EM( + - V) O (3.15)
Es 1+ 2 (l -S

and for 3-D spherical pores in an isotropic matrix [31]:

EM - _) (3.16)
E 1 + (1+vs)(13-15v) '.

2(7-5vs)

with Es and vs the solid's Young's modulus and Poisson's ratio, respectively. The following

classical isotropic elasticity equations were herein used:

SC2DMT 2

E D() = C,.2D,MT C2D MT(0

2 MT ,T / (3.17)
E3D(p = C3DMT (p -212

11 C ,MT D,MT 3D,MT

Thus, for reference, the elastic energy iv'(4p, E) of the ordered system (o-, = 0) is a

quadratic function of the strain tensor e:

1
fi(p, e) = -e: CMT(P) : E . (3.18)

2

In return, when fluctuations in porosity are considered (o-, # 0), this elastic energy be-

comes 2:

iv(t, 1) = (W(4t, Et)) . (3.19)

'Although the Mori-Tanaka scheme was originally derived for random microstructures, it captures fairly
well the behavior of periodic (ordered) systems (see Section 3.2.1).

2From now on, the dependence in p is dropped to simplify the notations. All the functions are implicitly
evaluated at ,Vt = p.
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The asymptotic expansion of this energy in t reads [100]:

t2 ('2 D _2_ _2

w(t, 1) = 0( O, e) + t 6 ) (2) - (e) :H: ( ) +0 (t) , (3.20)
2 \ a9C aSoaE

where H is a fourth-order tensor. For a two-phase system (N = 2) with 601) = -Ap/(1D and

-( = Ap/02 so that (6.) = 0160) + (2.( = 0 and (a5) = (A o) 2 /(010 2 ), it was shown

that the H-tensor reduces to H = (62) S : (CMT)-i [100] with S the Eshelby tensor of the

ordered (matrix-inclusion) reference system, as employed in Eq. (3.14). Using this result,

while replacing in Eq. (3.20) t2 (6 ) by the porosity standard deviation y2 according to

Eq. (3.13), the elastic energy of the disordered system is recast in the form:

W(o-, e) = jI: Ceff(r) : e + 0(o- ) , (3.21)

with Ceff the effective stiffness tensor:

o- / 2CMT 8CMT -1 gM
Ceff(o-,) = CMT + - 2 : S : CMT . (3

2 CM2 ) acM

While expression (3.22) is somewhat involving, in that it does not permit simple closed-form

solutions, it is readily implemented for the 2-D and 3-D matrix-inclusion morphologies,

given by the Mori-Tanaka reference solution (3.14) and the corresponding Eshelby tensor

expressions. Garajeu & Suquet [100] presented this implementation through the consid-

eration of spherical pores in an incompressible isotropic matrix. The extension of this

solution to spherical pores in a compressible isotropic matrix is given in a closed form in

Appendix E. Similar derivation were performed for the case of cylindrical pores, but do

not permit simple closed-form solution. Provided such solution for Ceff(o-,), the effective

Young's modulus is obtained from (3.17), analogous to Eqs. (3.15) and (3.16).

Figure 3-6 displays sample output, Eeff /Es, for the asymptotic expansion model with

DI = 02 = 1/2 and Poisson's ratio v, = 1/(1 + D) in D-dimension as a function of the

porosity for different c-, values (in 2-D, Fig. 3-6 (a) and in 3-D, Fig. 3-6 (b)). While some

of the o-, values may well be beyond the range of validity of the model, t < 1, the figures

clearly highlight that a local variability of the porosity lowers the effective stiffness as well as

66



1 1

0.8 0.8

0.6 ~0.6

0.4 - 0.4 -

0.2 - 0.2

0 0'
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) (b)

Fig. 3-6. Dimensionless effective Young's modulus: Eeff(P)/ES as function of the porosity
in 2-D (a) and 3-D (b). Values obtained using the asymptotic development (3.22) (lines)
and the differential scheme Eqs. (3.24) (symbols) for cr = 0 (i.e. Mori-Tanaka scheme),
o- = 0. 1, cr = 0.2 and cr = 0.3.

the predicted percolation threshold. This effect is particularly pronounced at high porosity.

Differential Scheme Model to Capture Porosity Fluctuations

The second model herein considered is based on the differential scheme [44], in which a

N-phase model is built incrementally. Starting from a homogeneous elastic medium (bulk

and shear moduli, Ko and Go, volume fraction co(O) = 1), i = 1, N phases (of bulk and

shear moduli, Ki and Gi, volume fraction ci(t)) are successively added, while keeping the
N

total volume constant, such that co(t) + c(t) = 1 with c(t) = E ci(t). The effective moduli
i= I

(Keff, Geff) are obtained from solving the coupled differential equations:

N
Keff = (Ki - Keff) ( i + e ) Pi

N- , (3.23)
Oeff = E (Gi - Geff) (ei + e L.) Qi

i=1

where the dot denotes time derivation, while coefficients (Pi, Qi) depend on the phase

morphology as specified later on. It is readily understood, that the solution of the coupled

differential equations (3.23) depends on the path chosen for ci(t). The path used here is
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such that the cis satisfy ci(t) = Oit for t e [0, 1]. Thus Eqs. (3.23) reduce to:

N
(1 t)Ke = (Ki - Keff) iPi

N (3.24)
(1 t) Geff = (Gi - Geff) OiJQi

i=1

Last, the coefficients Pi and Qi depend on the morphology of the inclusions; namely:

e For spherical inclusions in a 3-D matrix [44]:

p3D _ Keff+K*
i Ki+K* (3.25)

Q3D _ Geff+G*
i Gi+G*

with K* and G* given by:

G* = Geff 9Kef5+8Geff '

1 6 Keff +2Gf55

" For disk-shaped inclusions in a 2-D matrix [108]:

p2D _ Keff+Geff
i Ki+Geff

Q2D _ 2(Keff+Geff)Geff (
i KeffGeff+(Keff+2Geff)Gi

Using the differential scheme model thus defined, one can build a composite with an

intrinsic variability in porosity, by considering as initial conditions the homogeneous solid

response, (Ko, Go) = (Ks, Gs), and adding each phase as a solid-pore composite of porosity

'Pi = p + t 6o', with bulk and shear moduli evaluated by the Mori-Tanaka scheme with

porosity y'i c [0, 1]; that is (Ki, Gi) = (KMT (40i), GMT (pi)) for the 2-D or 3-D configuration.

By way of example, consider (1) a 2-phase composite with 'p1 = 'p - A'p/Flq and V2 =

' + AP/D 2, which satisfies ('P) = p and (Vt - So) = 0, while exhibiting a porosity standard

deviation o- = ((Sot - ')2)/ = A'p (1/1I + 1/ 2 )1/2; and (2) a 4-phase composite with

V1 = V - 2Asp/D1, V2 = V - AV/D 2, o3 = p + AP/(D 3 and V4 = V + 2As/oD4, satisfying

(st) = V, (Vt - s) = 0, and o- = A~p (4/(Di + 1/(D2 + 1/(D3 + 4/04)1/2. For these different
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configurations, the system of equations (3.24) is integrated numerically [109] from t = 0 -

1 to determine the effective Young's modulus for the 2-D and the 3-D system from:

E 2 D _ 4Kff(t=1)Geff(t=1)
eff ~ Keff(t=1)+Geff(t=1)

E3D __ 9Kff(t=)Geff(t= 1)
eff 3Keff(t=1)+Geff(t=1)

Note that the condition 9; c [0, 1] limits the range of accessible average porosity p at a

given o-, value.

Figure 3-6 displays sample output, Eeff/Es, for the differential scheme model for a

symmetrical 2-phase composite (cP 1 = D2 = 1/2). A symmetrical 4-phase composite

( 1I = (D2 = D3 = (4 = 1/4) and an asymmetrical 2-phase solid ((1D = 0.8 and D2 = 0.2)

give the same results. Two points deserve attention: 1. at same o-, value, all models provide

the same effective stiffness vs. porosity response irrespective of the choice of symmetry and

number of considered phases; 2. the Eeff /Es response provided by the differential scheme

model is strictly identical with the response of the asymptotic expansion model. This is

most likely due to the Mori-Tanaka matrix-inclusion morphology assumed in both models.

3.2 Results

3.2.1 Elasticity of Ordered Systems

The numerical LEM results are here validated for the ordered system against reference

micromechanics solutions. This will permit us in the sequel to address the impact of

disorder on elasticity with respect to the elasticity of the ordered systems, i.e. disorder-

induced stiffness degradation.

In the simulations, ordered systems are referred to as the periodic arrangement of disk-

shaped pores of radius R or square-shaped pores of side-length s , in 2-D; and to their

periodic 3-D analogs, i.e. spherical pores of radius R, or cube-shaped pores of side-length

s. The porosity p of these systems is tuned by varying size (R, s) and numbers (N) of

the pores in the simulation box of size L, and pore periodicity 1. The critical porosity at

percolation, p, - that is the porosity above which the effective stiffness vanishes, is obtained
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Fig. 3-7. Dimensionless effective Young's modulus: Eeff(P)/Es as function of the porosity.
(a) 2-D systems with disk-shaped pores (*: v = 1/3, o: v = 0.1), square-shaped pores (o),
dilute asymptot from Eq. (3.30) (gray broken line), Mori-Tanaka homogenization scheme
from Eq. (3.15) (black broken line) and large porosity analytical solutions from Eqs. (3.35)
(disks: gray solid line, squares: black solid line). (b) 3-D systems with spherical pores
(: v = 1/4, o: v = 0.1), cubic pores (o), dilute asymptot from Eq. (3.31) (gray broken
line), Mori-Tanaka homogenization scheme from Eq. (3.16) (black broken line) and large
porosity analytical solutions from Eqs. (3.35) (spheres: gray solid line, cubes: black solid
line).

for R = 1/2 for disks, s = l for squares, R = 1/V2 for spheres and s = l for cubes:

d isk = ~0.785

square

Sc (3.29)
sOer = T(15 - 8NF) ~ 0.965

'cube - 1

Simulations were carried out by considering in the potential calibration different solid

Poisson's ratios (vs = 1/3 and vs = 0.1 in 2-D; vs = 1/4 and vs = 0.1 in 3-D). The LEM

discretization was nx = ny = 221, nz = 2, i.e. nxnynz = 97, 682 mass points in 2-D, and

nx = ny = nz = 61, i.e. nxnynz = 226,981 mass points in 3-D.

A large number of samples was generated by varying number (N) and size (R, s) of the

pores (N = 4, 16, 25, 100, 121, 400 and 484 in 2-D; N = 8, 27, 64, 125, 216 and 1000 in

3-D). However, as Fig. 3-7 shows -in form of a plot of the dimensionless effective Young's

modulus Eeff /Es vs. porosity (p- the ordered uniaxial elasticity response is insensitive to

both number of pores and Poisson's ratio.
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Fig. 3-8. Ordered system under uniaxial strain, (a) schematic stress map, the darker the
higher the stress is, (b) zoom in between two neighboring pores and (c) equivalent geometry.

For the ordered system, the LEM simulation results show a fair amount of consistency

with the continuum micromechanics solutions (Fig. 3-7). Specifically, at the low porosity

limit (p < 1), the dilute approximations obtained from the 2-D and 3-D Mori-Tanaka

solutions, Eq. (3.15) and (3.16), compare fairly well with the simulation results, showing a

linear decay of Eeff IEs consistent with a Taylor development for p < 1 [110]; that is 3:

~ 1- 3o + 0 2) (3.30)
Es 1 + 2p

E 3D
E ~ I + 1- 2 +0( ) . (3.31)
Es 1 +'p

These dilute approximations hold irrespective of the pore shape.

Beyond the dilute situation (Fig. 3-7), as mentioned by others (see e.g. [59]), we find that

the Mori-Tanaka micromechanics model predicts reasonably well the stiffness vs. porosity

behavior for a wide range of porosity; -except close to the percolation threshold for which

the Mori-Tanaka scheme predicts ,p MT = 1. The poor performance of the Mori-Tanaka

scheme at high porosities is attributed to the stress concentration in narrow bands between

the pores at high porosities (see Fig. 3-8 for the 2-D case with disk-shaped pores), that

cannot be captured with mean-field averaging.

To test this hypothesis, the approach suggested by [110] is followed. Zones of stress

3The approximation in Eq. (3.30) is valid for small values of v ; whereas the approaximation in Eq. (3.31)

is valid for v E [0, 0.5], and is exact for v = 1/5 and v = 1/3.
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concentrations are considered as a succession of infinitesimally small elastic beam elements

of length dx and section S(x) which depends on the pore geometry. The approach is

schematically sketched in Fig. 3-8. The beams follow a uniaxial stress-strain relation, o- =

Ese, which is rewritten in terms of the infinitesimal displacement du = 8dx and the force

F = o-S(x) as du = Fdx/(EsS(x)). By integration one obtains Au = F/E f dx/S(x). The

effective constitutive relation in this inter-pore region reduces to o- = F/Seff = Eeff Au/l

with Eeff the effective stiffness and Seff the effective area of influence, i.e. ld in 2-D and

12 in 3-D. The effective stiffness in this high porosity limit is thus obtained from:

Eeff - (3.32)
Es (EsSeff) Au Seff f (dx/S(x))'

with the beam sections, S(x), for the considered pore geometries, given by:

Sdisk(x) = (1- + ld = w(x)d

Ssquare(X) = (1 - !) ld (3.33)

Ssphere(X) (1 f 2 (X) + g(x)) 12

Scube(x) = (1 - )sl

where f(x) = 2 R2 _ x 2/l , and g(x) is the dimensionless function (see Appendix C):

g() 0, if x >! 1/2 f 2(x) _ 1 (.4g(x) = (3.34)

f 2(x) arctan ( f 2(X) - 1) - _ 2(x) - 1, otherwise.

After integration, the high porosity limits around the percolation threshold (P = Pc (1 - e)

with c << 1) are obtained in the form 4 :

Es uqare M(3.35)

Ecube (O
eff_

The comparison of the high-porosity limit expressions (3.35) with simulation results in

4The case of spherical pores does not permit simple closed-form solutions, but requires numerical tools.
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Fig. 3-9. Dimensionless effective Young's modulus: Eeff(P)/Es as function of the porosity.
(a) 2-D samples, ordered structure: solid line, type 1 disorder with N = 100: light gray
circles and type 2 disorder with N = 25: black squares, type 2 disorder with N = 100: light
gray squares, type 3 disorder with A = 1: black circles and type 3 disorder with A = 0: dark
gray disks, experimental data reported in [111]: white diamonds. (b) 3-D samples, ordered
structure: solid line, type 2 disorder with N = 27: black squares, type 2 disorder with
N = 64: light gray squares, type 3 disorder with A = 1: black circles and type 3 disorder
with A = 0: dark gray circles, experimental data reported in [112]: white diamonds.

Fig. 3-7 thus provides evidence that the lack of accuracy of the Mori-Tanaka scheme close

to the percolation threshold relates indeed to high stress concentrations that cannot be

captured by zero-order averaging theories.

3.2.2 Elasticity of Disordered Systems

In contrast to the ordered systems with its fixed pore space configuration that entails one-to-

one stiffness-porosity relation for a given pore shape, the effective stiffness of disordered

systems is affected as well by the statistical distribution that characterizes the pore space

configuration. Herein, the statistical ensemble generated for a given porosity is considered

and the corresponding statistics of elastic moduli is evaluated with the focus on identifying

a relevant disorder parameter able to capture the effect of disorder on the mean values of

elastic moduli.

The effective stiffness-porosity (Eef f/Es - p) plots for a large number of randomly

generated disordered systems in Fig. 3-9 confirm that disorder induces stiffness degradation

compared to the ordered system. That is, at same porosity, the ordered system (Fig. 3-
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7) is an upper bound to the distribution of Young's modulus of disordered systems. This

observation is consistent with its continuum micromechanics counterpart, for which it is well

known that the Mori-Tanaka scheme -here representative of the ordered system- provides

an upper-bound of stiffness [31, 113]. In the simulations, this upper bound is achieved

by the periodic systems and approached by quasi-ordered systems 5 with A = l/(2R). At

same porosity, the stiffness continuously decreases as A decreases, and reaches a lower

bound for A -> 0, corresponding to configurations with overlapping disks/spheres. A

second important observation is that the percolation threshold decreases with disorder to

approximately Wc ~ 0.5 in 2-D and pe ~ 0.8 in 3-D. These simulation results are consistent

with experimental results reported in [111] that studied randomly perforated square metal

sheets where holes could possibly overlap (i.e. A -+ 0), and in [112] that studied cubic

pores within a cubic epoxy matrix.

3.3 Discussions

The overall picture which thus emerges is that the (mean) porosity alone does not suffice as

sole texture parameter to define the functional relation of the effective stiffness of disordered

porous materials. We are thus in search of an additional relevant texture parameters, able

to capture the disorder-induced stiffness degradation.

3.3.1 On the Disorder Parameter

With this focus in mind, it is instructive to inspect the Probability Density Function (PDF)

of the axial stress 0-,, -normalized by the average stress (o-,,) in the solid phase- for

different microstructures (Fig. 3-10). While the quasi-ordered system (A = l/(2R)) exhibits

an almost symmetric distribution around the mean value, the stress PDF broadens with

increasing disorder (l/(2R) > A > 0), with a significant skew on the tensile side. This

skew is indicative of regions of high (tensile) stress concentrations (in the overall uniaxial

5This is actually in perfect agreement with Hashin's theory [114] in which a composite material is modeled
by an assemblage of spheres containing one spherical pore and of porosity equal to the overall porosity. In our
simulations, the upper bond corresponds to an assemblage of squares/cubes containing one circular/spherical
pore and of porosity equal to the overall porosity.
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Fig. 3-10. Probability Density Function (PDF) of the normalized stress (o-,,/(o-rx)) in the

solid phase for the same four systems as in Fig. 3-2.

tension test) around local pore clusters exhibiting higher local porosities than the average

one, consistent with the local porosity distributions (see Fig. 3-4). Further analysis of the

stress PDF will be performed in Chapter 5. This provides strong evidence that the disorder-

induced stiffness degradation, at a fixed porosity, is attributable to stress concentrations

due to pore clustering. This effect is more pronounced at high porosities compared to low

porosities, leading to the observed shift in the percolation threshold.

It is thus natural to postulate that the clustering parameter sa introduced in Eq. (3.6)

amplified by the mean porosity p could serve as an additional texture parameter to capture

the impact of disorder on the effective elasticity. To test this hypothesis, the effective

stiffness of the disordered systems is first corrected by the effective stiffness of the ordered

system at same mean porosity (shown in Fig. 3-7); to arrive at the dimensionless form:

Eeff ('P, Sa) _ f(lpsa) . (3.36)
Eordered (sO)

This dimensionless form is displayed in Fig. 3-11 and shows an almost linear decrease of

the normalized effective stiffness with the disorder parameter, 'Psa, for O 40c. More

specifically, for small values of 'psa, the variability in the effective stiffness is low. However,

as the clustering sa increases, the effective stiffness of a given system can become much

smaller than the stiffness of the ordered system of same porosity. The results thus obtained
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Fig. 3-11. Dimensionless disordered Young's modulus: fTPSa) = Eeff(0, Sa)/Eordered(O)
as function of the disorder parameter sa'P. (a) 2-D samples simulation results: type 1
disorder (N = 100): light gray circles, type 2 disorder with N = 25: black squares, type 2

disorder with N = 100: light gray squares, type 3 disorder with A = 1: black circles and

type 3 disorder with A = 0: dark gray circles, up to p = p02D. (b) 3-D samples simulation

results, type 2 disorder with N = 27: black squares, type 2 disorder with N = 64: light

gray squares, type 3 disorder with A = 1: black circles and type 3 disorder with A = 0: dark

gray circles, up to p = q D. Black lines correspond to relation (3.37).

from extensive numerical simulations support the conjecture that the clustering index (Sa)

weighted by the mean porosity (sp) is an appropriate texture parameter (SOsa) to describe the

disorder-induced stiffness degradation of porous materials. A fit of the data in Fig. 3-11

suggests the following form:

f(psa) = 1 - kE X pSa A/2, (3.37)

with fitted values k2D - 7.9, A2D ~ 0.2 in 2-D (Fig. 3-11 (a)), and kID ~ 3.6, A3 D ~ 0.14

in 3-D (Fig. 3-11 (b)) which guarantee a 99% confidence on the predicted value.

This functional relation (3.37) also permits the identification of the percolation threshold

from:

f(lpcsa) -> 0 '> (pc ~ 1/(kEsa) - (3.38)

Using the maximum value for Sa from simulations, namely sa = 0.27 for overlapping disks,

the estimated 2-D percolation threshold is 40 D = 1/7.9/0.27 = 0.47, which compares fairly

well with the one obtained from Fig. 3-9, pc 0.5. Finally, it is worth-noting that the
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Fig. 3-12. Two-phase periodic porous solid.

extent of fluctuations for all values of (Psa is almost constant (captured by A in fitting relation

(3.37)). This suggests that the small fluctuations in Fig. 3-11 around the linear decrease are

attributable to the intrinsic fluctuations of the distributions used for the generation of pore

configurations.

3.3.2 Limits of Continuum Micromechanics Modeling

We are now left with comparing the simulation results with the micromechanics solutions.

To do so, one needs to define a clustering index sa for the micromechanics models, which

rely on the same three assumptions:

1. The porous material modeled consists of two phases of porosity pj and volume

fraction (Di (i E {1, 2}),

2. The spatial distribution of each phase in the volume corresponds to a Mori-Tanaka

morphology,

3. Each phase responds as a Mori-Tanaka porous solid (Ei = EMT(Pi)).

The two-phase solid depicted in Fig. 3-12 satisfy these three assumptions. It consists of

a periodic arrangement (periodicity 21) of disks of two different radii, R1 and R2, such that

'pi = 7r (Ri/l)2. Each phase thus corresponds to a Mori-Tanaka composite for porosities not

too close to the percolation threshold 'p, and the spatial arrangement of the two phases is
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ordered as well, reminiscent of a Mori-Tanaka or Hashin morphology (see Section 3.2.2).

The average porosity of the considered systems is p = (SO1 + 502) /2, and the variance of the

local porosity as defined by Eq. (3.13) is .2 ((_01 -)2 + (502 - g)2) /2.

For these systems, we introduce the clustering index, sa, as the standard deviation of

the porosity 50a measured in a square observation window of side-length a. Akin to the

simulations, the size of the observation window is chosen such that sa = 0 for uniform

systems (R1 = R2 = Ar,/_77l), so that a = 1. Porosity fluctuations are introduced by

considering different pore radii (RI # R2, Cr # 0) resulting in a non-uniform local porosity

distribution, 5a, which varies between 401 and 502. The 2-D-clustering index (3.6) of the

micromechanics model is obtained from:

sa (501, 502) = ((a (x, y) - so)2 dydx, (3.39)
(21)2 x= y -

where Sa(x, y) is the porosity measured in an observation window centered at the point of

coordinates (x, y). Details for the calculation of sOa(x, y) are given in Appendix F.

In order to compare the simulation results to the micromechanics model, the effective

stiffness predicted by the small-fluctuation model (i.e. Eq. (3.22)) and by the 2-phase

differential scheme model (i.e. Eq. (3.28)) are normalized by the effective stiffness of the

ordered systems as predicted by the Mori-Tanaka scheme (i.e., Eq. (3.15)), in the form:

Eeff(0, sa) _ Eeff(0, Sa)
= -=T'MTr(0sa) . (3.40)

Eeff(0, Sa = 0) EMT(0)

This comparison is shown in Fig. 3-13 for different mean porosities so = (501 + 502) /2,

and different clustering index values sa (501, 02), spanning the relevant range of the disor-

der parameter, psa, covered by the simulation results. While the micromechanics models

qualitatively predict a disorder-induced stiffness degradation compared to the ordered sys-

tem, they somewhat underestimate this effect compared to simulations. In the case of

the Mori-Tanaka-based asymptotic expansion model (Eq. (3.22)), one could argue that the

model's focus is on small porosity fluctuations (t < I or «-, < 1), for which reason it

may underestimate the stiffness degradation for larger values of porosity fluctuations which

characterize the simulation samples (see Fig. 3-4). In its turn, the underestimation of the
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Fig. 3-13. Dimensionless disordered Young's modulus: TYMT (Psa) = Eeff((p, Sa)/EMT(P)

as function of the disorder parameter saL;p. Dark gray disks correspond to the micromechan-
ics solution while light disks correspond to type 1 disorder with N = 100.

differential scheme may be attributed to the ergodicity assumption that underlines the it-

erative construction process, since -as Norris noted [44]- "at each stage [of the iterative

construction process] the material is assumed to be homogeneous". This assumption of

iterative homogeneity cannot capture the impact of localized stress concentrations around

porosity clusters (see Fig. 3-10) that entail the pronounced linear decrease of the stiffness

with 'Psa. One should also keep in mind that the sa value (3.39) is exact only for systems

such as the one depicted on Fig. 3-12.

All this supports the idea that the elasticity of disordered porous systems requires an

explicit role for a texture parameter encapsulated here in the disorder parameter 'psa.

There is one exception, namely when disorder is statistically confined to a single disorder

configuration, e.g. by a fixed value of the degree of impenetrability, A = RappiR. For 2-

D-systems, it was observed [115], for A = 0, corresponding to the overlapping disk model,

that a specific application of the differential scheme (i.e. Eq. (3.23)) is able to capture

the disorder-induced stiffness degradation. The particular differential scheme model is

a two-phase system with one phase representing the solid phase (Ko = K1 = Ks and

Go = G, = Gs), the other the pore phase of zero-elasticity (K2 = 0, G 2 = 0). The
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Fig. 3-14. Integration path for the lower bound differential scheme. Path OA (0 corre-
sponding to t = 0 and A corresponding to t = 1) is used for intermediate values of the
porosity (0 < p < 4pc) and path OB (0 corresponding to t = 0 and B corresponding to
t = 1) is used for the porosity at percolation 4p = p.

concentrations are given in the form:

c1(t = (0 - Pe)t

C{= , t e [0, 1] (3.41)

CO W) = C - W1t - C2(t)

where oc is the percolation threshold observed in experiments and/or simulations 6 . Indeed,

an integration of Eq. (3.23) from t = 0 to 1 along the path shown in Fig. 3-14, for porosity

values in the range 0 so 'Pc, provides a functional relation for the effective stiffness Eeff

in function of porosity 40. Normalized by stiffness Es of the solid, the excellent agreement

of this model with simulation results in both 2-D and 3-D (Fig. 3-15) confirms that if the

percolation threshold is known, the described differential scheme is indeed able to reproduce

the stiffness vs. porosity behavior of this particular porous material system of well-defined

disorder characteristic. In the simulations, the results obtained on samples generated by

GCMC with fully penetrable pore disks (2-D) or spheres (3-D), for which A = 0, define a

6When the value pc = 1 is chosen, this modified version of the differential scheme degenerates to the
classical model giving Ed /E, = (I -- )3 and E3D /E = (1 - )2 in 2-D and 3-D, respectively.
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Fig. 3-15. Dimensionless effective Young's modulus: Eeff(Y)/Es as function of porosity
the. Solid line: lower bound differential scheme in 2-D with Spc = 0.5 (a) and in 3-D with

spc = 0.8 (b). Symbols: type 3 disorder with A = 1 (black disks) and type 3 disorder with
A = 0 (dark gray disks).

lower bound of the effective stiffness Eeff (sp, A = 0) lEordered (so).

One could speculate that the good agreement of this micromechanics model with the

simulation results comes from fixing the type of disorder in the micromechanics model

through the combination of 1. the model choice of what [105] described as 'completely

unmixed material' with fixed porosity values for the two phases (i.e. so1 = 0 and so2 = 1),

and 2. by fixing -as input- the percolation threshold in Eq. (3.41) representative of this

disorder-induced stiffness degradation of samples generated with A = 0. There is thus no

reason that the model could predict anything but the lower bound of the stress-induced

stiffness degradation as a function of the porosity, for which it is designed, unless an

additional texture or length scale parameter is introduced to enrich the poor statistical

description of the 'completely unmixed material'. To illustrate our purpose, we here seek

for a characteristic functional relation between the clustering index sa and the porosity so,

calibrated against the simulation results. That is, from Fig. D-1 (see Appendix D):

diff ~ so(1 - s) (3.42)
Sa (.2

A fairly consistent prediction of the disorder-induced stiffness degradation (3.36) in

function of the disorder parameter is obtained when using the differential scheme model
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Fig. 3-16. Dimensionless disordered Young's modulus: TMT (cSa)= Eeff(p, sa)/EMT(c)

as function of the disorder parameter sayc. Solid line: lower bound differential scheme in
2-D with 4pc = 0.5 (a) and in 3-D with 4cc = 0.8 (b) where sa = sdiff (Eq. (3.42)). Dashed

lines correspond to the envelop defined by Eq. (3.37).

(Eqs. (3.41)) and the disorder parameter expression (Eq. (3.42)) in E df, sa)/EM(O).

This holds true for both 2-D and 3-D systems (Fig. 3-16). It should, however, be noted that

this predictive quality comes at the price of two additional input information, namely the

disorder-induced percolation threshold (4pc) and the link between the clustering index and

the porosity (Eq. (3.42)).

3.4 Chapter Summary

We have shown that disorder plays a critical role on the effective elasticity of porous ma-

terials. In addition to the sample porosity, the consideration of an appropriate 'disorder

parameter' is required to capture this microstructural effect and to predict the disorder-

induced stiffness degradation of inhomogeneous porous solids. By disorder-induced stiff-

ness degradation, we mean that the effective stiffness of disordered porous samples is lower

than the stiffness of the ordered porous material of same (mean) porosity. We come to

this conclusion from an investigation of the elastic behavior of a large range of 2-D and

3-D porous samples randomly generated with Monte Carlo-type algorithms, that exhibit, at

same porosity, very different microstructures as quantified in terms of 2-point probability

functions (Fig. 3-3) and local porosity distributions (Fig. 3-4). The following points deserve
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attention:

1. The disorder-induced stiffness degradation of porous materials originates from stress

concentrations around pore clusters. This effect is more pronounced at high porosities

than at low porosities, leading to a shift in the percolation threshold compared to the

ordered system.

2. This effect of pore clustering on the effective stiffness of disordered porous materials

is well captured -in first order- by means of a weighted clustering index, the disorder

parameter, psa. The clustering index, sa, is a measure of the standard deviation of

the local porosity throughout the sample volume. Multiplied by the mean porosity,

an (almost) linear decrease of the disorder-induced stiffness degradation with (Psa

is found, for all samples in both 2-D and 3-D. This disorder parameter, which only

requires porosity distribution measurements, provides a means to characterize the

disorder-induced stiffness degradation of disordered porous materials.

3. The lack of such disorder characterization in continuum micromechanics-based mod-

els, which is equivalent to the absence of a length scale characterizing the stress

concentrations in disordered porous materials, limits the predictive capabilities of

such models to capture disorder-induced stiffness degradation quantitatively. This

was illustrated through the application of two micromechanics models that permit an

account of the variability in porosity distribution; namely the small-fluctuation model

by Ga'rajeu & Suquet [100] (which was generalized to 3-D- and 2-D-compressible

elastic solids), and the differential scheme model adapted from Markov [44] to account

for porosity variations.

4. Such continuum-based micromechanics model cannot quantitatively account for

disorder-induced stiffness degradation unless additional information is provided that

overcomes their overriding homogeneity assumption. This was illustrated through

an extension of Markov's [115] 2-phase differential scheme model to 'completely

unmixed porous materials' in both 2-D and 3-D, which defines a lower bound of the

disorder-induced stiffness degradation. The quantitative capabilities of such models
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may be improved through the consideration of texture-related quantities, namely the

percolation threshold ,p, and a link between the clustering index and the porosity.
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Chapter 4

A Potential-of-Mean-Force Approach for

Fracture Mechanics Using the Lattice

Element Method

Fracture mechanics deals with the failure resistance of solids subject to load. In its con-

tinuum version, it either follows a global or a local approach using concepts of linear or

non-linear elastic fracture mechanics. The global approach was set in stone by Griffith [116]

as the irreversible dissipation of potential energy by means of fracture surface creation; the

second by Irwin's stress concentration approach [117] that recognizes that stress singulari-

ties at the crack tip have some characteristic asymptotic patterns which permit prediction of

fracture propagation. While both approaches have been extended since the 1960s far into

the regime of non-linear behavior of solids (starting with the works of [118-122] and many

more), a persistent question remains as to the application of these methods to discrete mate-

rial systems, despite the growing number of applications ranging from molecular scale (for

an overview on the topic see [6] and references cited herein) to meso-scale of heterogeneous

materials (for a recent review, see [123]).

The simplest discrete system in solid mechanics is the Lattice Element Method already

introduced in Chapter 2. The method emerged congruently in computational solid mechan-

ics and statistical mechanics as a truss-beam-type discretization of a solid for both 2-D and

3-D problems, including strength and fracture investigations of random media using regular
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or irregular networks [124], which were applied to a large range of heterogeneous materials

ranging from particle composites and cemented aggregates to concrete, ceramics and in-

terface cracks in masonry composites [62,67,74,75,77,79,80,83, 125-129]. While these

applications to a large range of heterogeneous material systems evidence the suitability of

LEM to investigate local rupture, fracture surface generation, fracture coalescence, perco-

lation, and crack deflection, most investigations employ local link-failure criteria based on

strength criteria that rest upon the assumption that link elements break at a given stress or

force-moment strength criteria, independent of the discretization. Such local strength-based

approaches are expected to fail to capture size effects associated with fracture that result

from the intrinsic competition between bulk dissipation (related to strength) and surface

dissipation that defines fracture.

With these limitations in mind, this chapter proposes a framework that can tackle the

duality of the global and the local fracture mechanics approach in the context of discrete

simulations of solids using LEM. The starting point of this approach is the realization that

LEM can be viewed as a Potential-of-Mean-Force approach (PMF) akin to the one employed

by the soft-matter physics community: a number of mass points defined on a regular or

irregular lattice interact via effective potentials from which forces and moments derive. It

was shown in Chapters 2 and 3 that the elasticity in the PMF context is but an evaluation of

the energy content of the system around the equilibrium state defined by the lattice structure,

for which most non-harmonic potentials degenerate to harmonic potentials commensurable

to the original truss-beam type formulation used in classical LEM approaches. On the

other hand, the PMF approach puts LEM on the same footing as molecular approaches

thus permitting to employ the canon of statistical physics, such as thermodynamic ensemble

definitions, to extend LEM approach as a tool of solid mechanics to poromechanics [84]. By

considering the PMF-approach for fracture modeling of homogeneous systems, the purpose

of this chapter is to extend our earlier developments from a reversible solid behavior to

irreversible solid behavior.

It is organized as follows. Firstly, some crucial elements of Linear Elastic Fracture

Mechanics (LEFM) are recalled, providing a framework to the crack propagation laws

used in LEM. It is then shown that LEM is able to properly capture the stress around a
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Fig. 4-1. Two-dimensional crack.

Griffith crack, paving the way for the study of crack-propagation problems. In this context,

propagation criteria are introduced, compared and validated against the LEFM framework.

4.1 Elements of Linear Elastic Fracture Mechanics

Some elements of brittle fracture mechanics are recalled here. For a general overview of

the subject, the reader is referred to the first part of Leblond's review book [130]. That

section is adapted from [71].

4.1.1 Fracture Modes and Stress Intensity Factors

A crack is defined as a surface (line in 2D) of discontinuity X parameterized by the

curvilinear abscissa s. Let u(s) be the unit vector normal to X and pointing toward the

upper surface; i(s) be the unit vector tangent to , and define b = ix A (see Fig. 4-1). s'

and s- refer to the upper and lower surfaces of the crack, respectively. The displacement

jump [V](s) = e(s*) - e(s-) can be decomposed as:

[e](s) = (1](s).u(s) )(s) + [](s).7(s) 7(s) + [ ](s).b(s) b(s) . (4.1)
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In the context of isotropic materials, this decomposition allows the definition of the three

modes of fracture:

" A crack is said to be loaded in Mode I, if the displacement jump reduces to a normal

displacement discontinuity:

Ef]Is) =E j(s).'(s)) -(s).(42

This mode is often referred to as the opening mode.

" Mode II refers to loadings which lead to an in-plane tangential displacement discon-

tinuity:

kbII(s) = (I4](s).7(s) 7(s) . (4.3)

This mode is referred to as the sliding mode.

" As for Mode III, it refers to loadings which lead to an out-of-plane tangential

displacement discontinuity:

VIIII(s) = (G(s).b(s)) b(s) . (4.4)

This mode is referred to as the tearing mode.

In this study, no displacement is allowed in the out-of-plane direction b so that only Modes

I and II need to be considered.

Due to the displacement discontinuity that define a crack, stresses become singular at

the crack tip(s). The dominant singular term at a crack tip is of the order o- a r-1/ 2 where

r is the distance to the tip. It is convenient to introduce the Mode I and II stress intensity

factors K,II that quantify the degree of singularity of the normal, in plane and out of plane

shear stresses, respectively. For a crack belonging to the plane z = 0 (7 = e, n = ez and

b = -ey), the stress intensity factors are defined asymptotically either from the stresses:

KI = lim 2oir-zz(r, 0 = 0)
r--K>O (4.5)

KII = lim 2-7rroxzr, 0 = 0)
r->0
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or from the displacement jump along the crack lips Ifx,z](r) = Jx~(r, 0 = n) - xzr,0 =

-7):

Ki = lim F [ez](r)
r-- +o ,+K r (4.6)

Kii= lim TG +Ix](r)
r-4 KI

where G is the shear modulus and K a dimensionless coefficient equal to 3 - 4v in 3D and

2D plane-strain and to (3 - v)/(l + v) in plane-stress. The origin of the coordinate system

(r, 0) is at the crack tip.

These stress intensity factors depend on the geometry and the loading.

4.1.2 Some Crack-Propagation Criteria

LEFM is not able to predict the coalescence of cracks. It is however able to predict whether

or not an already existing crack propagates. To do so, two criteria are often used. The first

one is said to be local in the sense that it focuses on what happens at the crack tip. The

relevant quantities are then the stress intensity factors introduced in Section 4.1.1. Another

one is based on energy dissipation considerations. The link between the two approaches

can be made through Irwin's formula introduced here below.

Irwin's Criterion or the Local Approach

Irwin's criterion [117] applies to cracks in linear elastic brittle solids subjected to purely

Mode I (opening) loadings. Irwin postulated the existence of a critical stress intensity factor

that cannot be exceeded and below which a crack (length 1) cannot propagate. This critical

value of the Mode I stress intensity factor is calledfracture toughness and is written KIc. It

is commonly considered as a material property, independent of the problem considered.

Irwin's propagation criterion can be summarized in three laws:

" Irreversibility: ; > 0

- Threshold: KI ; KIc

- Propagation condition: (KI - Kic)d = 0,
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where F is the crack area (or length in 2D).

In other words, this criterion states that if K < KIc, the crack cannot propagate while

if K = KIc, crack propagation is possible.

The drawback of Irwin's criterion is that it ignores any other loading than pure Mode I

loading. According to this criterion, an existing crack subjected to a pure Mode II loading

would never propagate since 0 = K < KIc. Moreover, one can argue that Irwin's criterion

is based on a mathematical construct, the Mode I stress intensity factor K1 , and that no real

material can stand an infinite stress.

Griffith's Criterion or the Global Approach

While Irwin's criterion uses the notion of fracture toughness Ke, Griffith's criterion [116]

makes use of the fracture energy, ge, a material property characterizing a brittle material.

When a crack propagates, surfaces are created and energy is dissipated. This energy is

proportional to the area of the surfaces created, the proportionality factor being thefracture

energy, Gc. If any other dissipative phenomenon (such as plasticity) is ignored, this energy

should be equal to 2 ys where ys is the surface energy and the factor two accounts for upper

and lower surfaces associated with surface created during propagation.

Introduce the energy release rate g defined as:

g(F) - ,l" (4.7)

where 8pot is the potential energy of the structure (the energy stored in the structure due

to external loading). g is the amount of energy per unit of created surface required (and

dissipated) to propagate a crack. It has to be equal to Gc if propagation occurs.

Griffith's criterion can be summarized as follows:

" Irreversibility: df > 0dt -

" Threshold: G Gc

* Energy balance: (G - gc)dF = 0.
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From the Local Approach to the Global Approach

The handshake between the two criteria introduced here above can be made through Irwin's

formula [117]. This formula links the energy release rate to the stress intensity factors.

Ignoring the tearing mode, it can be written as:

G = '{K}. [H]. {K} ,(4.8)

where {K} = [K K11] is a vector containing the stress intensity factors, and [H] a 2x2

matrix that depends on the elastic properties of the material. The energy release rate G is

quadratic function of the stress intensity factors. In isotropy, [H] is diagonal and is equal

to:

11 0
[H] = - (4.9)

E' 0 1

where E' = 8G/(1 + K) is the reduced Young's modulus (E' = E/(1 - v 2) in 3D and 2D

plane-strain and E' = E in 2D plane-stress).

Putting together Irwin's and Griffith's criteria for a crack subjected to a pure Mode I

loading, one can relate the fracture energy G, to the fracture toughness KIc through the

formula:
K2

c = C . (4.10)

For mixed-mode loadings, one can extend the definition of fracture toughness by means

of a generalized toughness defined as:

Kc = E'j (4.11)

Provided that Gc is mode angle independent (the mode angle 0 is defined as tan 0 = KH /KI),

the fracture toughness should also be mode angle independent.
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4.1.3 Determination of the Energy Release Rate

By its very definition, the SIFs can be very difficult to compute: it indeed requires the

knowledge of the stress very close to the crack tip. The determination of the energy release

rate also generally requires the knowledge of the stress and strain tensors in the whole

volume of the cracked structure, including in the near-tip region.

An alternative to the determination of the energy release rate is the use the Rice-integral

(or J-integral) that avoids the calculation of the singular fields associated with the near

tip region. This integral is obtained by integrating some mechanical information over any

closed path C surrounding the crack tip and of unit outward normal n. For a crack aligned

with the direction e', it is defined as:

J = (0r : E) (n.ex) - (o.i) x ds , (4.12)

where f is the displacement field and e the strain tensor (the notation .,x stands for 8./ax).

Rice [131] indeed showed that G = J if a crack propagates collinearly to its original

orientation (no crack-kinking) and if the crack surfaces are traction-free (i.e. no crack

closure).

4.1.4 Direction of Crack Propagation

So far, the energy release rate was determined assuming that the crack-propagation was

symmetrical and collinear to the original crack. The first hypothesis is reasonable in the

case of symmetrical loadings; and - at least in isotropy - the second one should also be

reasonable in the case of pure Mode I loading.

For an isotropic material, the typical argument reads as follows [130]:

e If there is propagation, it will be done in the direction such that Kj*j = 0 where Kj*j is

the Mode II stress intensity factor at the tip of an infinitesimal crack kink.

,G < Gc no crack propagation is possible,{ = , crack propagation is possible.
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Fig. 4-2. Griffith crack (length 2a) subjected to a pressure p and a shear q and Griffith crack

in LEM (na = 5), white links are links with zero stiffness (en, = 0).

This propagation criterion (propagation such that KI*1 = 0) is known as the principle of

local symmetry [132]. Another criterion is the maximum hoop stress criterion [133] that

predicts that crack propagation should occur in the direction that maximizes the hoop stress.

Finally, the maximal energy release rate criterion [133] states that cracks should propagate

in the direction that maximizes the energy release rate.

In isotropy, these three criteria all agree in one point, namely that in pure Mode I no

branching should occur. In the case of pure Mode II loading conditions, they predict a

branching angle of 75.80 (local symmetry and maximum energy release rate) or 70.5*

(maximum hoop stress).

4.2 Griffith Crack Problem with LEM

For purpose of application, the proposed LEM approach is applied to a classical problem

of continuum elasticity, the stress field around a crack, viewed as a geometric discontinuity.

The rational of this sample application is that LEM removes by its very discrete nature

the geometric discontinuity and the associated stress singularity that define at the crack

tip the well-known near-tip singular stress solution. The investigation thus departs from

the following point of inquiry: Is LEM able to capture this asymptotic stress and crack

opening behavior without considering the geometric discontinuity? A positive answer to

this question would open the way to using LEM e.g. for the determination of Stress Intensity
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Factors (SIFs), that are used in LEFM for evaluating the risk of fracture.

For purpose of analysis, the problem of a quasi-2D (plane-stress) slit crack (or Griffith

crack) of length 2a/L < 1 is considered where L is the dimension of the solid (Fig. 4-2) of

Young's modulus E and Poisson's ratio v. The crack is subjected on its upper (+) and lower

(-) lip to a pressure p and a shear stress q; i.e. o- -n = pe q-'x with ni the unit normal to

the crack surface. For the continuum case, the near-tip linear elastic isotropic stress fields

are well known (see e.g. [134]):

r - KI cosO (1 - sin L sin ) - sin 2+cos -Tcos)

O-zz = cos (1 + sin L sin ) + Ktsin cos 3 cos 0 , (4.13)

,xz = Kcos cos - sin2 + K-cos 2 1 - sin L sin 2

as well as the displacements for a crack in the plane z = 0 and oriented in the x direction:

ex = -11- {(2K - 1) cos - cos 3} + -- 6 {(2K + 3) sin 2+ sin L}
Gz = K r [(2K + 1) sin2 - sin LI - K {(2K - 3) cos + cos L}

(4.14)

The origin of the coordinate system (r, 0) is at the crack tip; and K and K 1 are the Mode I

and Mode II SIFs already introduced in Section 4.1.

Given the 2-D geometry of the problem, simulations were performed with a quasi-2D

lattice of size Lx = Lz = L = 400ao (n = 401 nodes per side) containing a crack of

half-length a = naao, na E N with na < 400. All mass points on the crack surfaces

(x e [-a, a], z =0) have zero energy parameters (ent = 0). A pressure is imposed on the

nodes directly above and below the crack plane. As can be seen on Fig. 4-2, the actual crack

half-length is ill-defined due to the discrete nature of LEM removing a clear geometric

discontinuity. The effective crack half-length aeff is somewhere in between naao and

(na + I)ao. With the geometric discontinuity removed, it is readily understood that the

near-tip solution (4.13) will fail to represent the stress field obtained by the discrete lattice

model. Instead, the stress-fields thus obtained from the simulations needs to be compared

with Muskhelishvili's exact solution of the Griffith crack problem derived using Plemelj

formula and Cauchy integrals [135], or with England and Green's solution obtained by using
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Fig. 4-3. Stresses in the crack plane (0 = 0, in Mode I (a), and Mode 11 (c) and normal
to the crack plane (0 = r/2, in Mode I (b), and Mode 11 (d)). Exact solution (lines) and
numerical results from LEM (symbols).

simple integral equations and real variable integration [136]. The comparison of the LEM

results with Muskhelishvili's exact solution is shown in Fig. 4-3 for pure Mode I and Mode

II loadings. In the simulations, na = 5 was considered, whereas the comparison is shown

by evaluating the analytical solution for an effective crack half-length aeff = ao(na + 0.7)

which provided a perfect match between numerical and analytical hoop stress O-00 = O-zz

in the crack plane. This agreement not only holds for stresses in the crack plane (0 = 0,

Fig. 4-3 (a)), but as well for stresses perpendicularly to the crack plane (0 = 7r/2, Fig. 4-

3 (b)). This means that the LEM approach is able to accurately capture the exact solution.

A similar agreement was found for a pure Mode II loading (p = 0, q * 0, Fig. 4-3 (c) and

(d)).

As the exact solution degenerates asymptotically to the singular near-tip solution, one is

thus tempted to check whether the LEM approach provides a means to determine the stress
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Fig. 4-4. Error of the asymptotic development on the exact solution for the

stress (a) o-j0act(r, 0 = 0) - K /V r /-jexact(r, 0 = 0) and for the crack opening (b)

I[Tgxact l(r) - 4K1/E 2r/1r /eexact(r)

intensity factors, K and K 1 , from either their stress definition (4.5):

K7O~ o=zz x = aeff + ro), Z = 0(4.15)
0 ) , (4.15)

KIO ~ o-xz (x = aeff + rI, z = 0) 2f7rO

or from their displacement definition (4.6), considering the displacement jump along the

crack surface:

E r6 z -aaoK - = aeff - r6, z = ao - ez x = aeff - z =
- 0 (4.16)

K11 ~ 6 er z = ao) - ex (x =af a
S2ro a)

with rO'e/a < 1. In LEM, the first node where a meaningful stress measure can be obtained

is located at ro = (na + 2)ao - aeff, and the first node where a meaningful crack opening

measure can be obtained is at r = aeff - naao. For a good assessment of the SIFs, the

condition < 1 would thus require a very fine discretization (ao/a < 1 keeping

2a/L < 1). This is particularly true for a SIF determination using the stress measure (K,):

the error made on the exact stress o-zz(r, 0 = 0) using the asymptotic development (4.13)

is indeed - 5% at a distance to the crack tip on the order of r = a/1000 and as large as

~ 95% at a distance r = a/5 (Fig. 4-4 (a)). In contrast, the use of the crack opening for
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Table 4.1. Error on the stress intensity factors.

V na p/E ro'/aeff (K1 - K/K(1IO) r/aeff (K1 -K )/KI(%)
1/3 5 2e-4 0.30 41.4 0.12 4.8
1/4 5 2e-4 0.30 39.0 0.12 7.2
1/3 6 2e-4 0.25 38.0 0.10 4.1
1/4 6 2e-4 0.25 35.6 0.10 6.2
1/3 7 2e-4 0.22 35.0 0.09 3.5
1/4 7 2e-4 0.22 32.7 0.09 5.4
1/3 8 2e-4 0.20 32.5 0.08 3.0
1/4 8 2e-4 0.20 30.2 0.08 4.8
1/3 9 2e-4 0.18 30.4 0.07 2.6
1/4 9 2e-4 0.18 28.0 0.07 4.3
1/3 10 2e-4 0.16 28.4 0.07 2.3
1/4 10 2e-4 0.16 26.1 0.07 3.8
1/3 10 le-4 0.16 28.4 0.07 2.3
1/3 10 4e-4 0.16 28.4 0.07 2.3

the determination of the SIFs (Kr) is more accurate. The error made on the exact crack

opening [z](r) using the displacement asymptotic development (4.14) is indeed only 5%

at a distance to the crack tip of r = a/5 (Fig. 4-4 (b)). The results of the determination

of the SIFs (KO' ) of Griffith cracks using the results from LEM in Eqs. (4.15) and (4.16)

are compared with the analytical value (K1 = pV ) in Table 4.1 for cracks of different

length (na = 5, 6, 7, 8, 9, 10), different pressures (p/E = 1 x 10-4, 2 x 10-4, 4 x 10-4) and

different Poisson's ratios (v = 1/3, 1/4). As expected, it is found that K gives a much better

estimate of the SIF than Kf . That is, despite the removal of the geometric discontinuity and

associated stress singularities, the LEM approach provides good estimates of SIFs using the

displacement jump definition (Eq. (4.16)), provided a discretization with ao/a < 0.1.

4.3 PMF-Fracture Approach for LEM

4.3.1 Local Approach to LEM Fracture Mechanics

Classical approaches to fracture problems using LEM are generally based on strength criteria

that restrict the admissible values of the forces and moments (PI, l,) to a threshold value
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Prescribe load H-
Relax the structure

If there exists bonds ij such that

f (! , )> Xc a'
then

Set e' =0

with k1 = arg max F . en

(a)

Prescribe load

else

-H
I

Relax the structure

If there exists bonds ij such that

f (Pi, Mij) > Kc a 3,2
then

Set E = 0
for all these links

(b)

Fig. 4-5. Local approach in LEM: (a) progressive relaxation, (b) instantaneous relaxation.

beyond which the bond ij is considered as broken; hence:

(4.17)

In contrast, in fracture mechanics, an appropriate local fracture criterion should be based

on an energy criterion. If one considers that the energy dissipated when the bond breaks

equals the energy stored in the bond between the equilibrium state, ro = 10., and the critical

state, rc = 12. (1 + A,), an appropriate local fracture criterion is of the form:

AUij = Uij (rij) - Uij (I Uij (rc) - Ui1 (ro) =

Vij; dFij > 0

(AUij -Gcdij) dFij = 0

(4.18)

where Gf = (Uij (rc) - Uij (ro)) /dFij can be considered as the bond's fracture energy which

is dissipated in the local fracture surface creation dFij = (aao)2 situated in the plane defined

by unit normal e'.
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Central-Force PMF Fracture Approach

To illustrate this fracture criterion, we first focus on central-force lattices, in which interac-

tions are solely defined by the stretch energy Uij = U. (" - = An.1 0 . In the isotropic
t] (J I i ii) /

elastic case, such central-force cubic lattices are well known to restrict the domain of appli-

cation to solids exhibiting a Poisson's ratio v = 1 /(D + 1) (with D the space dimension, see

Chapter 2). With a focus on linear and non-linear fracture mechanics, consider, for purpose

of illustration of the PMF-approach, the Morse potential [137]:

En-
M 0 E. (~ i 2'

U,. = -,.. + 1 - exp (-pY , (4.19)

with 8 = V"/(2E0 ) (to ensure that U -+ 0 for A. -> +oo) and the associated bond force

according to Eq. (2.1):

n

= exp -pA exp -A - 1 , (4.20)

or equivalently, replacing the linear dilation (or stretch) in the bond direction A =
i

- ) /10 by the Morse potential:

F'" = J f + sign (A) I + . (4.21)

Sii E- E6

Herein, -, defines the well-depth at rest length ro = 10g; while p8 governs the elastic

response. Furthermore, a Taylor expansion of U around the equilibrium position for
Ii

An. < 1 shows that the Morse potential degenerates to a harmonic potential:
ii

UM =U (Aij) + 0 A , (4.22)

with:

UJ(A1ij) = + iA . (4.23)

99



Such a harmonic potential expression is akin to classical truss theory employed in central-

force LEM formulations in 2-D [67,74] and 3-D [75-77]. In'its turn, the energy parameter

e" which defines the linear elastic behavior around the equilibrium position is defined byii

the elasticity of the solid; for instance for an isotropic material defined by Young's modulus

E and Poisson's ratio v:

c!" = EaJ% (v) , (4.24)

where the dimensionless function 1n (v) is defined for each bond direction, and takes into

account the solid's Poisson ratio, v, and the level of discretization n of the solid (for a

detailed derivation, and extension to transverse isotropy, see Chapter 2).

For the Morse potential thus defined, use of the critical energy criterion (4.18) in the

force expression (4.21) provides a means to determine the maximum admissible force in

the form:

F ( ) " F') " (AC)

Vij; dF 1  j 0 , (4.25)

F' (In. -F'=(Ac))0dij =0

with (noting that U/ (Ac) = !G drij - 0):

F" (Ac) = ao (2ap,8 + sign(A)1KcN'a) , (4.26)

with:

Kc = Kb -2 (v). (4.27)

By analogy with Linear Elastic Fracture Mechanics (LEFM) and Irwin's formula [117],

K = E can be viewed as a local fracture toughness. In fact, an almost classical

toughness criterion is recovered for the linear case, when considering the harmonic expres-

sion of the interaction potential (4.23); that is, when noting G bdFij = UJ (Ac)+,0 != E,6n A2.

2Cdi ij ij 2 2

F'" Ac = 2cnij= Kca 3/. (4.28)

Otherwise said, classical strength-based approaches of LEM can be employed provided
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that the local strength associated with bond rupture considers the appropriate scaling with

the lattice size according to Eqs. (4.28) and (4.26) for the LEFM case and the non-linear

fracture mechanics case, respectively. The difference between linear and non-linear fracture

mechanics using the PMF-inspired LEM-fracture approach is sketched in Figs. 2-3 (a) and

(b).

Consideration of Bending Interaction Potentials

Considering a bending interaction potential U -in addition to a stretch term U- permits

extending the realm of the LEM method on cubic lattices, in the isotropic case, to lower

Poisson's ratios that the limit value defined by the central-force method, v vIim = 1 /(D+ 1);

and similar restrictions apply to transversely isotropic elastic materials (see Chapter 2). As

far as local fracture criteria are concerned, the approach developed here above remains

valid, when considering in the local fracture energy criterion (4.18) the bending term. To

illustrate our purpose, we restrict ourselves to the hypothetical case of pure three-point
0 ~ -. ),wih

bending interactions, Uij = -c,. + U ( j -6i+r xth; t# -i9, with U given -for

small rotations ||i| < I and neglecting torsional terms- by the quadratic expression (2.4),

which gives rise to shear forces and bending moments (2.5). By inverting this linear system,

and substituting the results into the bending energy expression (2.4), one obtains after some

transformations with the help of (2.1):

U- 2 ( I 2  1 
.2~

U~~ = M -,- (4.29)

Finally, use of this expression in the local fracture energy criterion (4.18) -while noting that

AUij = Ub'- provides a local-force-moment strength criterion:

{4 + 1- -11 -j / Ka , (4.30)

where toughness iK, is defined by (4.27).

Finally, if both stretch and bending terms are considered, a straightforward analogous
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development provides for the harmonic case the local force-moment fracture criterion:

sign F+ 4 2 $ - k -kN)}/2 Xca/, (4.31)

with sign (F!'n) accounting for the fact that fracture only occurs when bond elements are

in tension.

These local force criteria are readily implemented in existing LEM approaches that

employ strength-based criteria for bond removals [62,67,74,77,79,80,83, 125-129]. That

is, for a given load, after energy minimization, all bonds of forces and moments greater than

the threshold value are removed. The sole difference with existing approaches is the scaling

of this force threshold value with KaO . The algorithmic implementation is sketched in

Fig. 4-5. As mentioned in [67], two rules are possible: a progressive relaxation in which

only the most critical bond is removed (Fig. 4-5 (a)) or a instantaneous relaxation in which

all the critical bonds are removed (Fig. 4-5 (b)) .

4.3.2 Global Approach to LEM Fracture Mechanics

In contrast to the local approach, one could equally follow Griffith's global approach [116].

Under quasi-static conditions, the approach consists of considering fracture as a sequence of

relaxed equilibrium states at constant loading, with the change in potential energy attributed

to spontaneous energy changes related to dissipation by fracture surface creation. Adopting

the Griffith approach for the PMF-inspired LEM-approach, fracture is viewed as a release

of the bond energy at lattice sites, which is achieved by removing one mass point i among

the N mass points of the system. The potential energy of the system before and after mass

point removal is considered to realize a minimum; that is, before fracture propagation in a

displacement-driven fracture test:

1 N Nl0

o = UN 0 = min Ui + e , (4.32)
(60, j=1 j=1
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Fig. 4-6. Local approach in LEM.

and after fracture propagation:

-N-1~N- NN1 I'
566 -= UN-i - U- =U, (4.33)

(Sk,0k) 2= j=1

where U- and U stand for the values of the relaxed local interaction potentials before

and after mass point removal at a fixed prescribed displacement. The fracture created

by the removal of one mass point on a regular cubic lattice is dF ( ao)2, where = 1

if the mass point removed is connected to an existing fracture', and 4 = 2 otherwise.

Following Griffith's approach, the change of the potential energy due to fracture, A8 po =

58N-1 _ 56 ,N occurs spontaneously, that is, at constant loading, when the energy release
pot Pot9,

'In that situation, all the bonds crossing the new crack plane are also removed.
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rate, G, reaches a threshold, the material's fracture energy Gc; that is:

= - ~ - A c . (4.34)
89F dF

When G = G, the fracture occurs and dissipates an energy dD:

dD = gdF = 9c (<ao)2  0. (4.35)

Evoking the principle of non-economy of matter, we thus need to search for the mass point

k e {1, ... , N}, whose removal entails the greatest energy dissipation; that is:

(68N - 68N-l (k))
k = argmaxkg (k) Gc; ! (k) = 2, (4.36)

( ao)2

with (54N-l (k) the potential energy associated with the removal of the k-th mass-point.

The global fracture criterion reads as:

G 5 gc; dF 0; (G - gc) dF = 0. (4.37)

Thus, from Eq. (4.36) it is readily understood that the approach will favor mass point removal

adjacent to existing cracks ( = 1), which simplifies the algorithmic implementation of the

global fracture criterion (Fig. 4-6). In contrast to the local approach, the drawback of the

global approach is that it requires, for a given load, k-energy minimization steps, with k

the number of mass points to be removed to satisfy the global fracture criterion (4.37). This

makes the global approach computationally less efficient than the local fracture-strength

approach.

On the other hand, from a PMF-perspective, the global fracture energy approach using

LEM has much in common with Grand Canonical ensemble (pVT) Monte Carlo (GCMC)

simulation techniques (see e.g. [138]) that are available in many molecular simulation

platforms, and which may speed up the search for the maximum energy dissipation according

to Eq. (4.36). In fact, in the pVT ensemble, where 1i is a prescribed chemical potential,

V the constant volume of the structure, and T the absolute temperature, the rules of Grand
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Canonical probability density for mass point addition read:

acc (N -> N + 1) = min 1,(i A exp (-8 (A U -)) (4.38)
(N+1I

and for mass point deletion:

acc (N -4 N - 1) = min 1, VA- 3 exP(-1 (A U +)), (4.39)

where / = 1/ (kBT) is the Boltzmann factor (kB is the Boltzmann constant) which amplifies,

in function of the absolute temperature T, the difference between the change in energy

AU = Uj - U' between an initial state I and the attempted state J and the chemical

potential p (negative in insertion, positive in deletion). In the classical sense of molecular

simulations, A = h /p/(27rm) stands for the de Broglie wavelength (with h the Planck

constant, and m = pa3 the particle mass), which is required not only for dimensional

consistency, but also to anchor the problem within the framework of classical mechanics

(in contrast to quantum mechanics), for which A/ao < 1, which is equivalent to restricting

the lattice size in the LEM simulations to:

ao >> (2> 1)5 . (4.40)
27rpkBT)

While generally satisfied for the typical temperature range considered in LEM, choosing a

A = A/ao < 1 value for the GCMC simulations, is equivalent to fixing, for a given mass,

an equivalent temperature for the simulations, or vice versa fixing the particle mass for a

given temperature, that is:

h2 h2
T=-, . (4.41)

21rkBmA 2a2' 27rkBTA 2a2

This temperature-mass scaling has thus an impact on the GCMC simulations via the

Boltzmann factor p = 1 /(kBT) in the acceptance criteria (4.38) and (4.39).

Provided one respects this scaling, the acceptance criteria show that if AU > p, there is

a higher probability of accepting a mass point insertion, while for AU < -p or -AU > /p
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mass point deletion is favored. Thus, for a given value of AU associated with mass point

insertion or deletion, one can search for the value of the chemical potential, p, that produces

mass insertion or deletion. Applied to a displacement-controlled fracture propagation, for

which U = 8pot, one evaluates the potential energy, at constant prescribed displacement

(ud), before (8ot) and after mass point insertion (pot 1) or deletion (pot ). Hence, if

-A U =\No - / N d > p, it is more likely that the deletion move is accepted, whereas
p o to p o t ) U

it is unlikely that AU = -iN+1 _N > p. That is, using a GCMC-approach, it becomes

possible to identify, for a given value of the chemical potential p, the k < N mass points that

need to be removed until -AU = -A8pot = p. This 'equilibrium' condition 2 corresponds

precisely to the fracture criterion (4.34), and allows us to identify for this converged GCMC

simulation:

p = G k ({ao)2 + AU 0 , (4.42)

where C is the fracture energy released in the creation of the fracture surface k ({ao)2,

whereas AUo = UfN-k _ UN is the ground state energy of the k deleted mass points:

k Nt

AUo = EIEO > 0 . (4.43)
i=1 j=1

This comforts the idea that the global Griffith approach is but an analogous GCMC approach

suitable for fracture propagation simulations.

4.4 Fracture Propagation in Homogeneous Media

The two approaches, local vs. global, thus suggested differ fundamentally in their theoretical

basis and algorithmic implementation. Their coexistence thus requires to show the duality

of the two approaches. This is the focus of this verification section which applies both

approaches to fracture propagation in homogeneous media.

As reference problem, consider a 2-D plane-stress square plate of size L = L= Lz=

(n - 1)ao (n, = nz = n) and thickness ao (nY = 2), with an edge crack of length l = L/5

2 1t should be noted that the equilibrium condition, -AU = -A6po0 = p, in the GCMC-approach is an
ensemble average, as the simulations will exhibit fluctuations between insertion and deletion of a mass point.
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Fig. 4-7. (a) Mode I loading of a quasi-2D square plate, (b) simulation box after crack
propagation with the region where bonds were broken highlighted and (c) left axis: stress-
strain curves obtained using the global approach in LEM (dashed line) and the local approach
(solid line) (n = 51), right axis: evolution of the crack length extension Al/L using the
global approach (dashed line) and the local approach (solid line). The stress is normalized
by /gcE/_ with X - lo.

(Fig. 4-7). The system is subject to a pure Mode I displacement loading in form of a

triangular displacement at the top and bottom surfaces of the sample, with a maximum

displacement 6/2 applied at the edges above and below the notch. Such a triangular loading

ensures steady crack propagations.

4.4.1 Calibration

Considering a discretization by n mass points of unit cell-size ao on a regular 2-D cubic

lattice, the parametrization of the energy parameters for isotropic solids is shown on Ta-

ble 2.2. For purpose of comparison of the local and global approach, we consider v = 1/3,

so that bending interactions are neglected (e. = 0). Considering in addition harmonic

potentials, the local fracture criterion is given by Eq. (4.25) with the force threshold defined

by Eqs. (4.27) and (4.28):

n' n ) if: 1 = ao

n: 3=2 kb a32

\LJ/ 0_ =C =c 9,C IP (4.44)

,4 ii
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where Kj' CE is the bond's fracture toughness. It was found after a post-mortem

analysis of the simulation boxes that on average 10 bonds break for one crack advance,

resulting in G = Kg C with K ~10 and Gc the material's fracture energy. The bond's fracture

toughness KZc can thus be calibrated against the solid's fracture energy: KbC - gcE or

the solid's fracture toughness, Kic: Kb = FK1c.

4.4.2 Stress-Strain Response and Scaling

The focus of the validation is to show that the local and the global LEM-fracture approaches

are consistent with linear elastic fracture mechanics theory. This is achieved here by

inspecting the average stress-strain response (stress (o-zz) = ez ' (o-) - ez vs. 6/L) in the

direction of load application for different discretization levels (n = 1 + L/ao = 25, 51

and 101) for both the global and the local approach, as displayed in Figs. 4-8 (a) and (b),

respectively. The results indicate 1. an identical stress-strain response for-different levels

of discretization n, when (E, Gc) in the global approach, and (E, K1 c) in the local approach

are maintained constant; 2. a linear scaling of the average peak-stress o-c with VgcE in the

global approach when varying Ge and E; 3. a linear scaling of the average peak-stress with

Kic in the local approach, independently of the stiffness E. These stress-strain responses

confirm the relevant feature of LEFM: c-c ~ Kic-v7 (see e.g. [134]) predicted by the PMF-

inspired global and local fracture approach with harmonic potentials. The good comparison

of the two approaches also evidences the duality of the local and global approach (Fig. 4-7

(c)).

4.4.3 Duality of Local and Global Approach

Further evidence of the duality of the two approaches is provided here by comparing the

energy release rates predicted respectively by the global and the local approach. To this end,

the energy release rate is evaluated using the J-integral or Rice-integral Eq. (4.12), [131].

For the problem at hand, the sole contribution to the J-integral comes from the top and
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Fig. 4-8. (a) and (b) Stress-load curves obtained using the global approach and the local
approach, respectively (stress normalized by gcE/_ or K1c/v', with l). (c) and (d)
Dimensionless J-integral as function of the dimensionless crack length extension Al/L using
the global approach and the local approach, respectively. (e) and (f) Dimensionless potential
energy as function of the dimensionless crack length extension Al/L using the global
approach and the local approach, respectively. LEM simulations for different discretizations
(n), stiffnesses (E) and fracture energies Gc or toughnesses KIc, legend on (c)/(d.) holds for
(a) and (e)/(b) and (f)).

bottom boundaries oriented by n = z, for which Ou'/3xi = -F6/(2L) ez, and hence:

L
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with (o-z) evaluated from the virial stress expression, (o-zz) = z - (o) -z. Figures 4-8 (c)

and (d) show the evolution of the energy release rate (0 = J) vs. the crack length extension

(Al = 1 - lo) in a normalized plot. After the elastic loading phase (no crack propagation),

the dimensionless energy release rate (J/c in the global approach, and JE/Kc2 in the

local approach) rapidly converges to 1; independent of the discretization (n), the stiffness

(E) and the value of the fracture energy or fracture toughness, related by Irwin's formula

KIc= V . While a finer discretization (i.e. an increase in the number of mass points

per side corresponding to a decrease in ao) smooths the J vs Al/L curves, the (almost)

perfect agreement between the local and the global approach confirms the duality of the

two approaches.

One could argue that the J-integral evaluation of the energy release rate q is biased by

the use of an averaged stress quantity, and not by a direct measurement of the (spontaneous)

change in potential energy due to fracture. To address this question we calculate the actual

potential energy obtained for each load step. In order for the energy release to be constant

and equal to the fracture energy, G = g, in this displacement controlled fracture test, the

potential energy, according to its continuum definition, G = -8pot9/3F, should decrease

linearly with the crack length, and hence,

-pot ~ -gcdF = -gOAl (ao/\/6) , (4.46)

or in a dimensionless form:
4p0t~ -n_ _ Al (4.47)

gcaoL L

where the factor N-V1 corrects for the crack extension in the in-plane direction, when epot is

numerically evaluated in 3-D for an in-plane discretization, ny = 2, representative of the 2-D

fracture propagation problem. Figures 4-8 (e) and (f) display the dimensionless potential

energy expression, Eq. (4.47), in function of the dimensionless crack length extension Al/L.

After an elastic loading phase (potential energy built-up without crack propagation), the

potential energy decreases indeed linearly with the crack-extension length, independently

of discretization, stiffness, fracture energy (G, in the global approach) or toughness (Kc

in the local approach). This proves that the two approaches, global and local, are strictly
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-S2 (a)

Fig. 4-9. (a) Mode II loading of a quasi-2D square plate, (b) LEM structure after propagation
(the highlighted region corresponds to the region where links were broken) with a perfect
lattice, (c) LEM structure after propagation with an irregular lattice (r,ax = 0. lao.)

equivalent, much akin to the duality of the local and global approach in continuum LEFM;

though achieved by completely different means: namely by considering a GCMC-type

mass-point removal algorithm in the global PMF-fracture approach; and by a proper scaling

of the local fracture strength with F, ~ a3/2 in the local PMF-fracture approach. The

advantage of the discrete approach over the continuum approach is that it permits studying

fracture propagation in heterogeneous materials.

4.4.4 Mode II Crack Propagation

Another aspect that has to checked before looking at heterogeneous media is the ability of

LEM to predict crack-kinking in pure Mode II loading. LEFM predicts indeed that a crack

loaded in pure Mode II should initially propagate with an angle of 700 to 760 with respect

to its original plane, depending on the criterion chosen (maximum hoop stress, maximum

energy release rate or principle of local symmetry, see Section 4.1.4).

A Mode II loading was imposed on a quasi-2D square plate (n, = nz, ny = 2) by

imposing displacements on its lateral surface (see Fig. 4-9.) The initial result obtained with

a regular lattice were not convincing. The crack would indeed propagate downward but by

an angle of 900 (Fig. 4-9 (b)) and not 70 - 760 as predicted by theory. This is a drawback

of the regular D3Q18 lattice whose strong symmetries can drive the crack path. In order

to overcome this drawback, an mesh irregularity was introduced (Fig. 4-10). Calculations
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(a) (b)

Fig. 4-10. Mesh irregularity, (a) regular configuration; (b) irregular configuration where
each node is moved at a random distance r < rmax < ao in a random direction from its
original position.

were performed on a lattice where, in the reference configuration, each node was moved by a

distance r < rmax and in a random direction from its regular position. The rest-lengths of the

links 19. were then modified accordingly. After introducing this irregularity, a kinking angle

very close to the one predicted by theory was obtained (Fig. 4-9 (c)). Similar behaviors

were observed for different degrees of irregularity (rmax), meaning that the crack path is not

anymore driven by the lattice geometry.

4.5 Chapter Summary

It was shown that the accuracy of LEM is such that it is able to capture continuum scale

quantities such as the stress intensity factors (SIFs) in the context of the plane-stress crack

problem, without considering the geometric discontinuity that provokes stress singularity.

In fact, the displacement solution derived from LEM is perfectly apt to quantitatively assess

SIFs from a coarse discretization that does not respect the classical assumptions of scale

separability of continuum mechanics.

It was demonstrated that LEM is a powerful and versatile tool for the investigation of

the fracture behavior of homogeneous materials in the framework of LEFM theories:

1. Local Fracture-Strength Approach: With a focus on accounting for the actual physics

interaction, the PMF-inspired LEM approach is based on effective potentials which

capture the energy interaction between mass points, and from which forces and

moments derive. This energy definition of interaction lends itself readily for the

modeling of the rupture of bonds at a material scale, using classical fracture materials
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descriptors such as fracture energy and fracture toughness. It is on this basis that

local fracture-strength criteria are derived, which consider the appropriate scaling

commensurable with the energy dissipation of fracture processes, and according to

which bonds are removed until all interaction forces and moments satisfy the local

fracture-strength criterion.

2. Global Energy-Release Approach: Alternatively, the PMF-approach permits the def-

inition of a global energy approach, by analogy with Griffith's energy release rate

criterion. Considering fracture as a sequence of equilibrium states associated with

minimum potential energy states, the Griffith approach can be recast as a Grand

Canonical Monte Carlo (GCMC) approach, in which mass points are randomly re-

moved following a maximum dissipation criterion until the energy release rate reaches

the fracture energy.

3. Duality of Local and Global Approaches: The duality of the two approaches was

illustrated through the application of the PMF-inspired LEM method for fracture

propagation in a homogeneous linear elastic solid using different means of evaluating

the energy release rate. It should, however, be noted that a definite proof of the

duality between the two approaches remains to be developed. It can be speculated

that such a proof could be established by analogy with the ergodicity hypothesis of

thermodynamics, according to which the average of a process parameter over time

(i.e. fracture surface established by removing bonds, in the local approach, in quasi-

static evolutions corresponding to long time scales) and the average over the statistical

ensemble (i.e. fracture surface generated, in the global approach, by random mass

point removals in a grand canonical ensemble) are the same. A first evidence of

this duality has been herein suggested from a comparison of the energy release rates

evaluated respectively from the J-integral and from the potential energy variation.

4. Computational Efficiency: From an implementation point of view, it can be argued

that the local fracture-strength approach is computationally more efficient than the

global approach as it requires a smaller amount of energy minimization steps of

the system than the GCMC-type global approach which probes a large number of
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possible energy minima as criterion for mass point removal. While this may hold

true for homogeneous and inhomogeneous systems with well-defined microtextures,

one could conjecture that the GCMC-approach when properly implemented could

turn out more efficient for highly disordered systems exhibiting highly heterogeneous

microtextures.

With a rational simulation framework thus in place, it is expected that the proposed

PMF-inspired fracture LEM approach will be of some help enabling the investigation of

heterogeneous and multiphase materials. This is the focus of Chapter 5.
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Chapter 5

Failure Behavior of Heterogeneous

Solids

The local crack initiation and propagation criterion presented in Chapter 4 is here applied

to inhomogeneous solids. LEM is shown to be a powerful technique for the failure study

of heterogeneous media. The first systems studied are ordered and are good models for

soils [139] or sandwich-structured composites used in the airline industry [140]. They

consist of alternating layers of different stiffness and/or toughness. Similar systems were

previously studied [141] using a different simulation technique, the variational fracture

field approach. The objectives here are 1. to validate the simulation technique presented

in Chapter 4 against another approach and 2. to study the impact of the local texture on

the effective toughness or fracture energy: the ability of a material to resist to fracture.

Several toughening mechanisms are identified, reminiscent of those shown on Fig 1-4. The

focus is then turned on disordered solids. Previous numerical works studied the effect of

disorder on the failure behavior of random solids (see e.g. [124, 142]). In most of these

studies, disorder was modeled by randomly removing bonds linking mass points, resulting

in fully disordered structures in the sense introduced in Chapter 3. The focus here is on

solids of varying porosity and degree of disorder, similar to those studied in Chapter 3

in the context of elasticity. Stress transmission and its relation with failure properties in

increasingly disordered porous systems is studied. A non-Gaussian broadening of stress

probability density functions under tensile loading is observed as a function of both porosity
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and disorder, revealing a gradual transition from a state governed by single-pore stress

concentration to a state controlled by multi-pore interactions and metric disorder. This

effect is captured by the excess kurtosis of stress distributions and shown to be nicely

correlated with the second moment of local porosity fluctuations, which appears thus as a

(dis)order parameter for the system. By generating statistical ensembles of porous textures

with varying porosity and disorder, a general expression for the fracture stress as a decreasing

function of porosity and disorder is derived. By focusing on critical sites where the local

stress is above the global fracture threshold, the transition to failure in terms of a coarse-

graining length is also analyzed. These findings provide a general framework, which can

also be more generally applied to multi-phase and structural heterogeneous materials.

5.1 Crack Propagation in Layered Materials

For purpose of application, the PMF-fracture approach is employed for the investigation of

toughening mechanisms in layered material systems, relevant in many applications ranging

from stimulation techniques employed in oil- and gas-well applications (see e.g. [71,95,96]),

to fracture resistance of hard tissues in bio-medical applications (see e.g. [143]).

Compared to the complexity of real-life systems, the example here considered is an ide-

alized textbook example of a two-phase layered material of different mechanical properties,

stiffness (E(l), E(2)) and fracture energy (g1), g(2)) whose behavior is assumed to be well

described by harmonic potentials. The geometric lay-out is identical with the layered system

studied by Hossain et al. [141] using a variational fracture field approach [144]. Investigat-

ing toughening mechanisms due to elastic and toughness heterogeneity and toughening due

to crack tortuosity, the results presented in [141] provide a benchmark for our LEM-fracture

results, and a formidable example of the possibility of the PMF-inspired LEM-approach for

investigation of fracture propagation in heterogeneous materials.

5.1.1 Materials and Methods

As simulation sample, consider a 2-D plane-stress square plate of size L, = 180ao, Lz =

60aO and LY = ao, made of successive layers of width w = Iao, of different elastic
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Fig. 5-1. (a) Geometry and parameters definition. (b) Simulation box after crack propaga-
tion (regions where bonds were broken are highlighted). Dimensionless J-integral J/Gc i (c)
and potential energy 8potFi2/(aoLxG') (d) as function of the dimensionless crack length

extension (Al/L,) for El = E2 and Gc2 = Gci (black line), Gc2 = 1.21Gcl (gray line),

Gc2 = 1.44Gcl (dashed black line) or Gc2 = 1.69Gc1 (dashed gray line). (e) Dimensionless
homogenized fracture energy Jmax/Gci as function of the stiffness ratio (E(2)/E(1), black
symbols) or toughness ratio (g(2) = g(), gray symbols). Black and gray lines correspond

to Eqs. (5.5) and (5.3), respectively.

and fracture properties, and a pre-existing crack of length l0 = Lx/9 (Fig. 5-1 (a)). The

simulation sample is subjected to the same triangular displacement boundary condition

as in the homogeneous case (Fig. 4-7). The energy parameters of the bonds of each

layer are calibrated using Table 2.2 for materials exhibiting the same solid Poisson's ratio

v = 2= 1/3 (i.e. = Et( = 0), and a discretization level n defined by the number

of mass points used to discretize the system. At the interface between the materials, the

interaction energy is determined following the PMF-compliance-rule which implies (for

derivation, see [145]):
2 1 1= + . (5.1)

n(int) - n(1) n(2)

Similarly, using the local fracture approach, the calibration of the local fracture strength

for each layer is given by Eq. (4.44), for different values of fracture toughness (K(M 
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gq"(m)E(); m = 1, 2). Strong bonding is enforced in the form:

ff" =max (f,1),(2)) . (5.2)

It should, however, be noted that this fracture-strength interface condition has little impact on

the overall results in the example, as a weak bonding, f$") = min (ft1 ft(2)). The different

materials parameters were chosen in order to discard in the simulations fracture propagation

along the interface between two layers that can become energetically favorable [51].

To investigate the impact of heterogeneity on the effective fracture properties of the

composite material, the energy release due to fracture at the composite scale is probed in

two ways previously introduced for the homogeneous case; namely via 1. the J-integral

expression (4.45), and 2. the actual potential energy variation in function of the fracture

length, i.e. Eq. (4.47). Both expressions should provide a means of evaluating the 'effective'

macroscopic energy release rate. Indeed, the J-integral assumes a co-linear fracture

propagation defined by the initial fracture orientation e', and thus ignores local crack

deflection and other deviations of the fracture path from its original orientation. Hence,

the J-integral expression (4.45) is employed here as a means to evaluate the 'effective'

energy release rate of the fracture propagation in an equivalent continuum composite with a

straight crack. In contrast, the evaluation of the actual change of the potential energy from

the local interaction energies through Eq. (4.47) provides a more realistic evaluation of the

actual amount of energy that is dissipated by fracture generation. The comparison of the

two quantities is expected to shed light on the toughening mechanisms induced by material

inhomogeneity in the layered system.

5.1.2 Results

Toughening Due to Fracture Energy Heterogeneity

The impact of a heterogeneous distribution of fracture properties is investigated by con-

sidering that the two phases have the same stiffness (EM = E(2)) but different fracture

energies ( > 9(1), and thus a different fracture toughness, K(2)>c gC) KC C/~1
-C f()f
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VG(2) 1) > 1). Figure 5-1 (c) displays the effective normalized energy release rate eval-

uated from the J-integral, J/g l), in function of the normalized crack extension Al/Lx, for

different fracture energy contrast values y = G(2)( 1, 1.21, 1.44, 1.69 (obtained by

imposing in the local fracture strength criteria (4.44), at constant stiffness, toughness values

of K ()/K 5) = 1, 1.1, 1.2, 1.3). Compared to the response of the homogeneous system

obtained for y = 1, the response exhibits a sequence of discrete jumps, reminiscent of a

stick-slip-type propagation, with peak values that correspond exactly to Jmax = g(2) (or

JMrax/ 1 = y). A closer inspection of the crack path shows that the crack remains straight

(Fig. 5-1 (b)) for different values of y, meaning that the jumps in J/G(") cannot be explained

by crack deflection at interfaces. Instead, as noted in [141], the crack propagates through

the low-fracture phase (1) and is then arrested at the interface with the tough material,

until further loading induces enough elastic energy for the fracture to propagate through

the tougher layer (2). This crack trapping at the tough interface entails an effective fracture

energy, O cf, of the composite system that is equal to the one of the tougher material:

gcff = max (g1),g 2 ) . (5.3)

That is, geff can be considered as the homogenized fracture energy of the layered system,

in the sense that it is the fracture energy that would be sensed at the macroscopic scale of the

composite for collinear fracture propagation. The dimensionless potential energy evolution

with the fracture length displayed in Fig. 5-1 (d) supports this finding showing the seesaw

pattern with slopes equal to -y; that is in terms of Eq. (4.47):

epotr'rn~ Al (5.4)

()Lx Lx

Hence, despite an almost straight crack, heterogeneity in the fracture energy (at constant

stiffness) itself can be considered as a toughening mechanism.

Finally, it is noteworthy that in contrast to [141] that showed that the J-integral value

oscillates between the low and the high fracture energy, the drop in J is less significant in

our simulation results. This may be due to the difference in stability of the fracture process
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between the continuum approach employed in [141] and our discrete approach in which

finite steps of energy release stabilize the fracture process in terms of potential energy

minima in the quasi-static crack propagation process.

Toughening Due to Elastic Heterogeneity

The second toughening mechanism considered here is the toughening due to elastic hetero-

geneity (E( > EM) at same fracture energy (y = -g/Q = 1). Since Km - gcE(m),

elastic heterogeneity is readily understood to affect the local fracture strength criterion

(4.44), that is, f,2)/f() - VE(2/E() > 1. It is thus not surprising that the J-integral and

the potential energy exhibit similar features as in the case of a fracture energy contrast, even

if the fracture energy here is the same in both phases. In the range of stiffness contrast

investigated here (E (2 /E( 1) e [1, 2]), the crack propagates along a straight path and gets

momentarily arrested at the interface with the stiff phase before continuing its propagation.

This gives rise to a toughening mechanism induced by elastic heterogeneity, that scales

roughly as (Fig. 5-1 (e)):

(2 1 -ce f Jmax E E 2 ))1/2

f / - g(l = ;)1/ . (5.5)

The results are consistent with the findings presented in [141], that suggested that tough-

ening due to elastic heterogeneity originates from the redistribution of strain energy in

the heterogeneous material. Specifically, as a crack approaches the stiff region from the

compliant region, the energy that is incrementally supplied from the outside is consumed

in the elastic deformation of the stiff region, before the crack continues to propagate when

this energy reaches the threshold defined by the fracture energy.

Toughening due to Crack Deflection

The last toughening mechanism herein investigated relates to crack front roughening, crack

deflection and crack tortuosity, that have been highlighted by several quasi-continuum

approaches as a possible source of overall fracture toughening of composite materials [50-

52]. Following Hossain et al. [141], elastic heterogeneity (E(2 ) = 2E 1 ), y - g( 2 )1g(l) _ 1)
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Fig. 5-2. (a) Geometry definition. (b), (c) and (d) Simulation box after crack propagation.
(e), (f) and (g) Dimensionless J-integral J/Gi for h/w = 0, 2/5 and 3/5, respectively.

is paired with broken strips where the stripe of the stiff material (phase 2) has a gap through

which the compliant material percolates. A misalignment (h/w) is introduced such that

h/w = 0 for the aligned system, whereas h/w > 0 for gap misalignment where w stands

for the strip width (w = l0ao in the simulations); see Fig. 5-2 (a). Given the elastic

heterogeneity of the system, and the percolated compliant phase exhibiting a lower fracture

toughness, K(1) = K(2)/V, one would expect that the fracture would propagate along the

shortest path in the compliant phase. This is indeed true for the aligned system (Fig. 5-2 (b);

h/w = 0), exhibiting a straight fracture propagation associated with some small toughening,

J/GP) > 1, which can be attributed, for small gaps width to stress shielding by the stiffer,

yet broken strips. This still holds true for moderate misalignment values (Fig. 5-2 (c) ;

h/w = 2/5), for which the fracture follows indeed the shortest path through the compliant

phase, up to a maximum value beyond which the crack does not deflect to remain in the

soft phase, but penetrates into the stiff phase (Fig. 5-2 (d); h/w = 3/5). Misalignment thus

entails a significant increase in the effective fracture energy (Figs. 5-2 (f) and (g)), oscillating

between an upper bound defined by the elastic toughening mechanism (Eq. (5.5)), and a

lower bound associated with crack deflection and defined by the increase of the fracture
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Fig. 5-3. (a) Loading conditions, ordered system (periodicity 1) containing pores of radius
R. (b) Stress/strain curve for ordered systems with N = 121 disk-shaped pores at 'p -> 0,
o = 0.13 and 40 = 0.29.

length due to fracture tortuosity:

h gcf f imax (E(2) 1/2
1+- < - =--5.(5.6)

w ~ c Gc EM1

Otherwise said, misalignment leads to the completion of two energetically competing

phenomena. As long as the crack deflection entails a higher energy dissipation than the

energy release associated with propagation through the stiffer phase, misalignment will lead

to toughening due to crack deflection (Fig. 5-2 (c)). In return, when the release of energy

stored into the stiffer phase during crack arrest is greater, the crack will propagate through

the stiffer phase irrespective of the gap (Fig. 5-2 (d)).

5.2 Stress Transmission and Failure in Disordered Porous

Solids

We observed in Chapter 3 that disorder could significantly affect the stiffness properties of

porous solids. In this section, the focus is turned on failure properties of such systems.
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5.2.1 Simulation Details

Let us consider a square plate of side L. = Lz = L and thickness Ly < L. Porous

textures can be generated by inserting circular (actually cylinders of height Ly) of radius

R in the plate. We consider a reference ordered configuration defined by N pores placed

at the nodes of a square lattice such that L = VJ_1 where I is the lattice step. We also

considered a ordered configuration consisting of square-shaped pores of side-length s. The

2D porosity is given by p = 7rR2/1 2 for the disks and ,o = s2 /1 2 for the squares. Following

the methodology introduced in Section 3.1, random configurations were generated from the

reference system by applying Monte Carlo moves to the pores with the requirement that

the inter-center distance between two pores is above 2AR = 2 Rapp. Metric randomness

increases as A is decreased from l/(2R) to 1. The number N of pores is kept constant and

porosity is controlled by changing R.

The matrix is a homogeneous brittle medium. The material parameters were fixed to

Young's modulus ES = 1 MPa, Poisson's ratio vs = 1/3. Crack initiation and propa-

gation is modeled using the local criterion from Chapter 4 resulting in a tensile strength

o-j = 0-C (p -+ 0) such that he total strain at failure is o-f/Es = 0.3, implying that pore

deformations are negligible and failure is essentially governed by stress concentration due

to the porous texture.

The porous samples were subjected to stepwise displacement ( 6/2) loading of the

bottom and top nodes (Fig. 5-3 (a)) with zero boundary stress along x and y directions,

until failure occurs at a fracture stress &c depending on the porous texture. The engineering

strain imposed on the simulation boxes then reduces to: s = AL/L = 6/L. We performed

a large number of simulations with N = 25, 121 and 961 pores of increasing size. The

small numbers of pores were used to generate representative ensembles of configurations

for different values of p and sa, and repeating each simulation with ten independent pore

configurations, whereas the large samples were used for statistical analysis of stress fields.

For these simulations, the spatial resolution of the matrix was always above 5 nodes per

pore diameter. Using the notations introduced in the previous chapters, the discretization

was such that nx = ny = 111 for the small number of pores (N = 25 or 121), nx = ny = 311
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Fig. 5-4. Maps of the vertical tensile stress field in four different samples of porosity
p = 0.37 and increasing disorder: S, with disorder index sa = 0.008 (a), S2 with sa = 0.087

(b), S3 with sa = 0.120 (c) and S4 with sa = 0.150 (d). The color scale shows the range of
normalized stresses varying from 0 and smaller values to 10 and larger values.

for N = 961 and n, = 2 (quasi-2D plane-stress plate of size L = 1 Oao or 310ao).

5.2.2 Stress Analysis

Local stress analysis

Figure 5-4 displays four maps of vertical stresses O-zz normalized by the mean stress (ozz) for

the same porosity p = 0.37 but with increasing disorder sa. Only tensile stresses (positive

values) are shown since vertical stresses are mostly in tension. The color scale being the

same, we clearly observe stress chains with increasing inhomogeneity (shown up to 10 times

the mean stress) as geometrical disorder increases. The disorder or heterogeneity in the

local porosity field of these systems can be seen on Fig. 5-5.

The probability density functions (PDF's) of stresses are shown in Fig. 5-6. They are

characterized by a peak and nearly similar distribution around the peak centered on the

mean stress for all PDF's but gradual broadening with increasing disorder. The PDF in the
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Fig. 5-5. Maps of the local porosity field in the four samples Fig. 5-4. Gray disks correspond
to pore location.

weakly disordered system (SI with sa = 0.008), shows two modes and a nearly Gaussian

fall-off reflecting the close pore environment. These features were also clearly observed

in the stress PDF's of single-pore systems (Fig. 2-9). As disorder increases, these features

disappear and the stress PDF's broaden with a nearly stretched exponential tail. For stronger

disorder, however, these features disappear and the PDF's become smooth with a nearly

stretched exponential fall-off in the range of positive (tensile) strong stresses as well as in

negative (compressive) stresses. This behavior is quite generic with broadening of the PDF

with increasing porosity. In order to illustrate the effect of porosity, we show in Figs. 5-

7 (a)-(c) maps of the vertical tensile stresses o-zz normalized by the average stress (ozz) for

three systems of increasing porosity generated with A = 1 (leading to a maximum degree

of disorder). As porosity increases, pores can get very close to one another leading to a

broader range of accessible values of the disorder parameter sa. This is reflected in the

stress maps where stress chains are clearly observed as porosity increases. The associated
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Fig. 5-6. Probability density functions (PDF's) of normalized vertical stresses for the four
samples of Fig. 5-4. The inset displays the excess kurtosis K of tensile stresses as a function
of disorder index sa for 0.2 < p < 0.5. The solid line is a quadratic fit.

PDF's are represented in Fig. 5-7 (d). The PDF's become increasingly broader as porosity

increases.

The transition from local pore environments to a disorder-induced stochastic distribution

is interesting as it implies that fracture in this regime is not governed by single-pore

environments but by disorder and its correlations. The broadening of the PDF's is reflected

in the excess kurtosis:
_ = -3, (5.7)

((O-zz - (orZZ))2)2

of stresses, which is plotted in the inset to Fig. 5-6 as a function of disorder index. We

see that K increases quadratically with sa, revealing thus a well-defined connection between

porous texture and stress transmission. This relation is nearly independent of porosity. Note

that K increases from -1 (which is the value for the Wigner semicircle distribution) to 0 (the

value for a Gaussian) in Si and tending to 6 (for an exponential function) in S4 .

Coarse-Graining

The nearly exponential fall-off of the stress PDF's at high disorder and porosity recalls the

statistics of strong contact forces in a granular material [146-149]. This analogy can be even

more elaborated. A porous medium can indeed be mapped in a unique way into a granular
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Fig. 5-7. Maps of the vertical tensile stress field in three different samples of maximum
disorder A = 1 with increasing porosity: p1 = 0.2 and sa = 0.121 (a), S02 = 0.4 and
sa = 0.149 (b), p = 0.5 and sa = 0.152 (c). The color scale shows the range of normalized
stresses varying from 0 and smaller values to 10 and larger values. (d) The PDF's of
normalized vertical stresses for the same three systems.

material by Delaunay triangulation pore centers. This yields triangular-shaped elements as

shown in Fig. 5-8 (a). These elements interact with their neighbors through three contact

surfaces of unit normal nij. The normal stress acting on surface i is Tni = ij.o-i.ni where

o-i is the local stress averaged over the contact surface. Figures 5-8 (b)-(d) display these

stresses (with segments linking the barycenters of neighboring elements with a thickness

proportional to Tn) for three systems of increasing disorder. These maps are reminiscent of

force chains observed in granular media [146-149]. The stress PDF's of these three systems

are shown in Fig. 5-9, together with their excess kurtosiS K as a function of disorder index

sa. As disorder increases, the disorder index and the excess kurtosis of stress distribution

increases.
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Fig. 5-8. Triangular element after Delaunay triangulation (a). Normal stresses acting on
the elements for three systems of increasing disorder: S2 with sa = 0.087 (a), S3 with
s, = 0.120 (b) and S4 with sa = 0.150 (c) for p = 0.37. Positive (tensile) stresses are in
blue and negative (compressive) stresses in orange. Line thickness is proportional to stress
magnitude.

5.2.3 Transition to Failure

We now focus on the stress correlations and their relation with fracture. Cracks are initiated

at points where the matrix fracture threshold o-j is reached. But they cannot propagate and

trigger global failure unless new cracks can be triggered at more points close to fracture

threshold as a result of elastic energy release. Hence, the distance over which a crack

propagates depends on stress correlations. By definition, the material fails when the average

stress a-,, over the whole volume equals the effective tensile strength, o-. In the same way,

under increasing load, a crack can propagate over a distance 2p if the average stress O-zz(p)

inside a volume rp2 centered on the crack equals o-'. Based on this picture, we proceed

as follows (Fig. 5-10 (a)). At a given level of the applied load o-zz, we first determine all

points i where o-z > o-.C The number of these 'critical sites' increases with loading. We

then evaluate the radius pi of a circular probe centered on i such that the average stress

c-zz(pi) inside the probe equals oc. The set {pi} of all diameters provides thus a picture
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Fig. 5-9. PDF's of coarse-grained normal stresses for the three systems of increasing
disorder in Fig. 5-8. Inset: excess kurtosis of the PDF's as a function of disorder index.

of the stress state in terms of equivalent lengths, as also applied to the analysis of granular

avalanches [150]. The average radius (p) is a 'coarse-graining' length reflecting stress

correlations, and the largest radius pmax represents the most critical zone inside the system.

In Figs. 5-10 (b) and (c) two examples are shown with all critical sites and their sizes pi in

color code, as well as the most critical probes.

Figure 5-11 displays the evolution of pmax as a function of loading for the four systems

of Fig. 5-4. pmax increases exponentially as a function of the load, with values remaining

small compared to system size, but at o-,, ~ 0.75o- begins to diverge towards system size.

The mean length (p) behaves in a similar way but grows more slowly. Pmax increases

all the faster that the system is more disordered, consistently with the longer tails of the

corresponding stress PDF's. The whole range of stresses between c-zz ~ 0.75-1 and

o-zz = 0 -C corresponds to a metastable state where global failure may occur as a result of

fluctuations. Note also that, since pore deformations are negligibly small, the normalized

stress PDF's do not evolve with loading. Only the mean stress increases proportionally to

o-zz so that the increase of Pmax with loading is a consequence of the gradual sweeping of

the stress PDF. The divergence of pmax close to a-c means that the critical sites prevail and

thus the mean stress inside a probe centered on a critical site should include many more

uncritical sites to reach oc. In this respect, the transition to failure may be described as a

percolation process of critical sites or clusters of sites.
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Fig. 5-10. (a) Determination of the stress-correlation distance pi around critical point
(0-i > c-c) Pi. (b) and (c) Critical sites and their sizes in proportion to color levels on a
scale varying from blue to yellow. The red disks represent the probes centered on the most
critical sites at two instants of loading ((b) and (c) correspond to the first and second red
dot in Fig. 5-11, respectively).

5.2.4 Tensile Strength Analysis

Disorder Parameter-Based Analysis

Since the disorder parameter sa is well-correlated with the excess kurtosis of stresses K,

which amplifies the contribution of extreme stress values, we expect the fracture strength

o-c to be dependent on sa as well as on p. Figure 5-12 (a) shows 0 -c normalized by tensile

strength o- of the matrix as a function 40 for all our simulation data. The upper bound

represents the tensile strength o-,S of our reference ordered configurations (sa = 0). It can be

evaluated by taking advantage of order and considering the effective cross section for stress

transmission: consider the stress equilibrium of a small region between two neighboring

pores, as illustrated in Fig. 5-13 (a):

c- (2R + ac) = c-aac , (5.8)

where c- is the applied stress and c-a is the stress perpendicular to the straight line joining

pore centers with edge-to-edge distance a,). One can argue that failure occurs when the o-

equals the tensile strength o-f of the matrix. The tensile strength o- = o-f at failure is thus

given by:

= ac. (5.9)
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Fig. 5-11. The radius pmax of the most critical domain normalized by the system size L as
a function of vertical stress normalized by the system tensile strength for the four samples
of Fig. 5-4. The solid lines are exponential fits.

For ordered configurations, we have a, = 1 - 2R and 1/R = (7rl/0)12, so that

o-" 4) = 0r" 2R

= o- - 2 ()1/2 . (5.10)

The same reasoning can be applied for square-shaped pores (side-length s) with I/s = -1/2

and replacing 2R by s; leading to:

) = 1 - / 2 . (5.11)

This simple estimation of the tensile strength of ordered systems actually seems accurate

and in good agreement with the simulation results (Fig. 5-13 (b)).

As for disordered configurations, for each value of p, the fracture stress declines from

this upper value as sa increases (Fig. 5-12 (a)) 1. It can be seen that disorder always lowers

the maximum stress at failure compared to the ordered configuration of same porosity (solid

gray line). The extent of this strength weakening due to disorder is nearly the same for all

'A similar o-c vs. <o behavior was observed with a 2-D hexagonal lattice for random solids of disorder
modeled by randomly removing links. This disorder generation is somewhat similar to the type 3 disorder

introduce in Chapter 3 with R -+ 0: no pore size or shape was specified [142].
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Fig. 5-12. (a) Tensile strength of all porous systems normalized by the matrix tensile
strength o-f as a function of porosity p for all values of disorder index sa. The dashed line
is a fit by Eq. (5.10) and black markers correspond to ordered systems. (b) The same data
normalized by the tensile strength kcrC(o) of reference ordered systems as a function of
disorder index. The red symbols represent the averages and standard variations of the data
over ten intervals of sa. The dashed line is a fit by Eq. (5.12) with k = 0.9.

values of ,v. In particular, for 'p > 0.4, the strength can vanish depending on the amount

of disorder. Figure 5-12 (a) can be compared to Fig. 3-9 (a) showing the evolution of the

Young's modulus as a function of porosity for similar systems. Two very distinct behaviors

are observed, meaning that the reduction of resistance to failure is not only due to the

stiffness degradation due to disorder. The main difference resides at low porosity: while

disorder has almost no effect on the effective stiffness values measured at low porosities

(say below p ~ 0.15), it can dramatically reduce the maximum stress before failure even at

very low porosity (up to - 50% reduction at ' ~ 0.05). The same conclusions were driven

from an experimental study performed on (ductile) aluminum sheets perforated with non

overlapping circular holes (of radius R and apparent radius Rapp = (1 + E)R with e < 1,

corresponding to fully disordered structures in the simulations presented here) at o = 0.2:

"In contrast with the Young's modulus 2, the fracture properties show strong dependence on

the mutual positions of the pores" [ 15].

This behavior is obviously the effect of enhanced stress concentration observed in stress

maps and PDF's with increasing disorder. The issue here is whether sa captures this

2The reason for why they did not see a Young's modulus dependence on the mutual positions of the pores
even at <p = 0.2 is due to the procedure they used for the random configuration generation, essentially using
A = 1 + e values very close to 1. Their stiffness measurements then fell in the lower-bound of Fig. 3-9.
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Fig. 5-13. (a) Geometry of a pair of pores and the local and global stresses o- and o-,
respectively. (b) Tensile strength as a function of porosity for ordered configurations with
square- and disk-shaped pores (N = 121). Symbols correspond to simulation results, solid
lines correspond to Eqs. (5.10) and (5.11).

disorder-induced weakening. Figure 5-12 (b) displays the same data points as Fig. 5-12 (a)

but with c-' normalized by the reference strength o, as a function of sa. The average points

are also shown for ten successive intervals of sa together with their standard deviation.

Remarkably, the data points are well fit by a linear function:

-4(p, sa) ~ ko-(#)(1 - ko-csa), (5.12)

with k0 e ~ 4.8 and k ~ 0.9. By definition, we have &c = of for sa = 0, but in practice

C-C -> ko-, when Sa -> 0. This discrepancy can be attributed to the high sensitivity of

the fracture stress to slightest imperfection in the ordered structures. In other words, the

reference texture after renormalization is a slightly perturbed ordered texture. In expression

(5.12), the effect of p on fracture strength is fully included in that of ordered configurations,

and corrected by a linear decreasing function of sa. We still observe a small variability

around Eq. (5.12) that may be resolved by accounting for higher-order moments of local

porosity fluctuations.
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Mean Nearest-Neighbor-Based Analysis

Given the good agreement observed between the simulation results and the simple expres-

sions (5.10) and (5.11) for ordered systems, it is tempting to look for an equivalent of

the length a (Fig. 5-13 (a)) in disordered systems. A possible choice for that is the mean

nearest-neighbor distance d between two pores (edge to edge and not center to center),

obtained from the exclusion probability function E(r) [151, 152]. E(r) is defined as the

probability that a disk of radius r centered on an arbitrary pore center does not enclose

another pore center3. Torquato [152] gave an analytical expression of E(r) for packings of

hard-disk (of diameter D) at volume fraction #:

{e(x r + -( 1, ifX 1 (5.13)
(exp {-# [4ao(#) (x2 - 1) +8a(#)(x-1)]}, otherwise,

where ao(#) = (1 + 0.128#)/(1 - #2) and ai(#) = -0.564#/(1 - # 2 ). As noted in [18],

for the systems generated with an apparent radius Rapp = AR, the exclusion probability

functions can be obtained using # = A 2 p and D = 2AR.

Figure 5-14 shows the exclusion probability function measured on systems with different

degree of disorder. Averaging these measured functions on a large number of systems of

same A and p values used during the disorder generation would converge to Eq. (5.13). It

decreases from 1 to 0 and is equal to 1 for r < 2 Rapp. A sharp decrease from 1 to 0 can

be seen for the quasi-ordered system (Fig. 5-14 (a)): while it is certain that no pore can be

seen at distance lower than 2 Rapp to another pore, it is quasi-certain that a pore will be seen

at a distance greater than 2 Rapp to another pore. As disorder increases (Figs. 5-14 (b) and

(c)), the slope of the exclusion probability function for r > 2 Rapp is much more gradual.

The mean nearest-neighbor distance d can be obtained by integration of E(r) [152]:

d = 2R j E(x)dx . (5.14)

3The calculation of this function requires a priori the knowledge of the position of the center of each pores.
If that is not an issue for the study of computer-generated systems such as the ones presented in this study, the
study of real materials would require to first perform some image processing in order to isolate each pore and
attribute them a center and radius.
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Fig. 5-14. Exclusion probability functions and associated microstructures (p 0.36). Dis-

ordered configuration with: (a) A = l/(2R) (quasi-ordered system), (b) A = (l/(2R) + 1) /2
and (c) A = 1.

This distance decreases as the porosity increases and the A value decreases. By way of

example, the mean nearest-neighbor distances measured on the different microstructures

in Fig. 5-14 decrease from d/(2R) = 0.58 for the quasi-ordered system (Fig. 5-14 (a)) to

d/(2R) = 0.36 (Fig. 5-14 (b)) and d/(2R) = 0.19 (Fig. 5-14 (c)) for the fully disordered

systems.

Following the same reasoning as for the ordered systems, we find that the tensile strength

of disordered systems is:

o-c(x) = k'ars X (5.15)
1 + X

with x = d/(2R) and k' a reduction factor -playing a similar role as k in (5.12)- accounting

for the fracture stress high sensitivity to small imperfections. In Eq. (5.15), the effect of

the porosity (i.e. R) and the disorder (indirectly d) are both included in the same variable

x = d/(2R). Functional (5.15) is plotted on Fig. 5-15 together with the simulation results.
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Fig. 5-15. Tensile strength as a function of the mean nearest-neighbor distance obtained
from simulations (symbols) and Eq. (5.15) (line) with k' = 0.7.

They both follow the same trend, with an increase in the variability as x increases.

5.2.5 Post-Mortem Observations and Post-Peak Behavior

Post-Mortem Observations

We show on Figs. 5-16 (a) and (c) the stress-strain curves of two systems: one quasi-

ordered (sa = 0.05) and one fully disordered (sa = 0.12). As expected from relation (5.12),

the peak-stress decreases as sa increases. It can be seen that the post-peak behavior of

these two systems also differs. While the first system is completely brittle -the stress fully

vanishes right after it reaches its peak value o-'- the second system requires additional

strain to become fully broken. This behavior can be explained by Figs. 5-16 (b) and (d)

representing the regions where bonds were broken at the end of the simulation. While in

the quasi-ordered system, the crack easily finds a straight path percolating the structure,

many fracture events take independently place in the fully disordered system. This is also

reflected in the evolution of the total number of broken bonds nb (Figs. 5-16 (a) and (c)). It

the disordered system, the number of broken bonds gradually increases while in the brittle

system, it jumps from 0 to the final value right after the peak stress is reached. These

observations are in perfect agreement with the stress distribution and stress correlation
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Fig. 5-16. (a) and (c) Stress-strain curves and evolution of the number of broken bonds for
two systems of different degree of disorder (<p ~ 0.2). (b) and (d) Normalized tensile stress
field map ( o-zz/(o-zz)) right before failure. Red dots correspond to the regions where links
were broken at the end of the simulation.

analysis performed earlier in this chapter. As disorder increases, the number of over-critical

points in the system increases, resulting in a diffuse failure as opposed to a localized failure.

Depending on the level of their thermal maturity -that in fact relates to their microtexture-

similar distinctive behaviors were observed in the failure of kerogens [4], porous carbons

present in gas shale rocks.
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Some Energy Considerations

The energy release rate of the studied systems can be obtained as [5,6, 153]:

G = V Ozzdezz (5.16)

(coming directly from definition (4.7)), with AF = LLy the created fracture surface -the

specimen is fully cracked at the end of the simulation- and V = L 2 Ly the sample's volume.

In the case of brittle failure (Fig. 5-16 (a)), the integral intervening in Eq. (5.16) only

depends on the fracture stress c' and the effective Young's modulus Eeff of the disordered

porous sample:

Gbrittle = L - (5.17)
2 Eeff

For the brittle reference (ordered) systems, making use of Eqs. (3.30) and (5.10), relation

(5.17) reduces to:

1 -2 V 7r)(1 + 2 )
Gr(0)/Gs = , (5.18)

1 - p

with gs = L(o-sc)2 /(2Es) the energy release rate of a virgin material (40 -> 0)4. Among

all the simulations performed, some disordered systems also showed a brittle-like behavior.

Using Eqs. (3.37) and (5.12), the energy release rate of such brittle disordered systems

becomes:

9(p, Sa)/gr(p) - k 2 = -k --cSa)2  (5.19)
1 - kE OSa

A large majority of the disordered configurations however showed a behavior similar to the

one of the system in Fig. 5-16 (c) and (d). In this situation, the knowledge of the fracture

stress -c- and the effective Young's modulus Eeff is not enough to determine the energy

released upon failure and the full post-peak stress-strain curve has to be integrated. The fist

and second moments of the local porosity distribution are then not sufficient anymore to

provide an estimate of the energy release rate.

4 Note that we here use the term energy release rate and not fracture energy. A toughness criterion
(g 5 Gc) applied to the homogeneous systems (<V -* 0) would indeed lead to the unphysical conclusion that it
would fail at an infinitesimal stress provided that it is large enough (o-4c = (2Esc /L)1/ 2 -+ 0 when L -+ oo).
For reference, the question of strength or toughness was addressed in [154].
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5.3 Chapter Summary

LEM showed its ability to study the fracture behavior of heterogeneous systems. Consider-

ing a textbook example of crack propagation in an inhomogeneous layered material system,

the proposed PMF-inspired LEM approach permitted investigating effective fracture prop-

erties of heterogeneous materials. Specifically, by benchmarking our LEM results against

earlier results obtained by a variational fracture field approach [141], we confirmed that

two-phase layered materials undergo significant toughening mechanisms due to fracture

energy contrast, elastic heterogeneity and crack deflection.

The porous systems investigated in the second part of this chapter by means of extensive

simulations clearly revealed the role of multi-pore interactions and disorder. As porosity

and/or disorder increase, the transition to failure is increasingly controlled by stress distri-

butions and correlations that we analyzed in terms of stress PDF's and a coarse-graining

length. By quantifying the effect of metric disorder, our findings open a vast scope for the

analysis of random porous materials with a broad range of porosities. Our results provide

strong credit for the second order moment of local porosities as a (dis)order parameter that

captures both the non-Gaussian broadening of stress distributions (reflected in the excess

kurtosis of stresses) and the linear weakening of tensile strength with disorder, as described

by Eq. (5.12).

Our approach and results can not be directly applied to highly porous materials such as

brittle foams, which are described in terms of bonds and topological disorder [9, 142]. But

it is useful to extend this investigation to such extreme cases in order to assess the limits of

the present analysis. Despite demanding computational resources, another important step

beyond this work is the analysis of systems involving overlapping pores (A < 1), broad pore

size distributions and open pores in 3D [22,45].

Even if the problems studied in this chapter and the previous one were essentially two-

dimensional, all the simulations were performed on three-dimensional networks (nY > 1).

With a rational simulation framework thus in place, it is expected that the proposed PMF-

inspired fracture LEM approach will be of some help enabling the investigation of 'real'-life

highly heterogeneous and multiphase materials as obtained by e.g. X-ray micro-computed
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tomography such as geological materials [2,3].
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Chapter 6

Conclusion

6.1 Summary and Main Findings

The main objective of this thesis was to develop a simulation tool and apply it to relate the

spatial distribution (i.e. the microtexture) and the mechanical properties of single phases to

the effective elastic and fracture behavior of disordered solids.

Inspired by the potential-of-mean-force approach used in soft-matter physics, a robust

discrete simulation tool was built to this purpose, primarily based on harmonic or non-

linear interactions between mass points and their nearest neighbors, located on the sites of

a cubic lattice. It was shown that, after properly calibrating the different energy parameters

intervening in the stretch and bending interaction potential terms, this method allowed to

properly capture the two- and three-dimensional elastic behavior of not only isotropic but

also transversely isotropic solids, up to some constraints on the Poisson's ratio in isotropy

or on the shear stiffness ratio in transverse isotropy (Chapter 2).

A straightforward extension of the method (Chapter 4) made it possible to model the

failure behavior of solids, essentially by breaking the bonds between couples of interacting

mass points when the force (or energy) acting between them exceeds a certain level. A

proper choice of this failure threshold allowed to obtain crack propagation behaviors in

perfect agreement with Griffith's or Irwin's renowned theories of linear elastic fracture

mechanics. Another crack-initiation/propagation criterion based on the potential energy at

the structure scale (as opposed to the potential energy at the bond scale in the previous
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Fig. 6-1. Color map representation of the effective Young's modulus Eeff /Es in the ((p, sa)
plane ((a), obtained by combination of Eqs. (3.30) and (3.37)) and of the effective fracture

stress o~/c-sr ((b), obtained by combination of Eqs. (5.10) and (5.12)). The color scale

ranges from 0 (blue) to I (yellow).

criterion) was also introduced. It was conjectured that this approach could be recast as a

Grand Canonical Monte Carlo approach in which mass points are randomly removed.

The method was applied for the elasticity study of heterogeneous media in Chapter 3.

Special attention was paid to two-phase disordered porous solids. Porous media, whether

they are naturally occurring or manufactured, indeed generally show some inhomogeneity

in the spatial distribution of their local porosity, thus affecting their mechanical response.

One cannot derive a one to one relation between the mean porosity and the effective stiffness

of such systems without properly quantifying the degree of their disorder. It was observed

that the behavior of periodic (ordered) systems can correctly be captured by the well known

Mori-Tanaka homogenization scheme and that it provides an upper-bound to the stiffness.

It was indeed shown that disorder always lowers the stiffness of porous solids, compared

to ordered systems of same pore volume fraction. It was found that the degree of disorder

can be well captured by a single parameter that combines the porosity, 40, and a disorder

index that measures the variability in the local porosity, sa. This behavior is summarized in

Fig. 6-1 (a) displaying the effective Young's modulus -normalized by the solid's Young's

modulus- in function of o and sa <sapp(p) (Eq. (D.9)).

The focus was then turned on the failure properties of heterogeneous solids (Chapter 5).

Several toughening mechanisms taking place in bi-phasic layered materials were identified.
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By comparing our LEM results to a recent study using a variational fracture field approach,

we confirmed that not only a fracture toughness contrast between the different phases

of a two-phase composite but also a stiffness contrast contributed to the toughening of

such systems. The failure behavior of disordered porous solids was then studied. It was

shown that disorder can considerably lower the tensile strength of such systems. The same

disorder index as the one used in the elasticity study was found to play a crucial role. It

indeed directly relates to the excess kurtosis of the stress distribution in porous systems: as

disorder increases, the tail of these distributions become longer. Our study suggested that

with increasing disorder, a gradual transition from a state governed by single-pore stress

concentration to a state controlled by multi-pore interactions takes place. The observed

failure behavior is summarized in Fig. 6-1 (b) displaying the effective fracture stress -

normalized by the solid's fracture stress- in the ('p, sa) plane.

6.2 Possible Future Perspectives

Using a formalism very similar to the one presented in this thesis, LEM was proven to be

perfectly suitable for the modeling the poroelastic behavior of heterogeneous media [84].

Further developments could possibly lead to the LEM ability to model coupled flow-

deformation-failure problems. This would notably be highly relevant in the context of fluid

driven crack propagation.

Additionally, fully using the non-linearity of the potentials introduced in Chapters 2 and 4

could be used for the modeling of a ductile-like behavior of materials. That may however

imply some changes in the algorithm used for the relaxation procedure of systems far from

equilibrium. The minimization method currently used could be coupled with a Monte Carlo

algorithm to confirm that the relaxed configurations obtained after minimization are indeed

at equilibrium.

Especially in the context of fracture, interface properties are expected to play a critical

role. The knowledge of the interface properties by means of e.g. molecular dynamics

simulations [5] would then be a required input. In this context, a systematic study on simple

model materials of the role of interfaces on the effective behavior of heterogeneous solids
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could also be of interest.

It is worth mentioning that all the simulations realized for the purpose of this thesis were

performed on a single computer processor. The parallelization of the LEM code would

allow more efficient simulations and could thus permit the study of much larger systems.

If the code as it exists at the current stage can be used for the measure of the effective

stiffness of complex three-dimensional materials relatively rapidly, a parallelization of the

code would be of high interest for the failure study of such systems that is much more

computationally demanding.

An experimental validation of the results presented in this thesis on the elasticity and

failure of disordered media would also be valuable. Experiments were already performed

on two-dimensional perforated metal or aluminum sheets [15, 111] but only configurations

with the maximal degree of disorder were investigated (corresponding to configurations

generated using an apparent radius equal to the exact radius of the pores). The experimental

setups presented in [15,111] could easily be adapted for the study of a wider range of disorder,

essentially by gradually increasing the apparent radius of the perforated holes. The control

of the disorder in three-dimensional systems is much more challenging, explaining the

lack of such experimental studies in the literature. Indeed spherical holes cannot be easily

drilled in a cubic matrix. The recent developments in 3D-printing techniques, allowing a

perfect control of the spatial distribution of the porosity [155, 156] could however make

such experimental investigations easier. Particularly in the context of a failure study, special

attention to the possible biases originating from the layered nature of 3D-printed solids (due

to the deposition technique used in this manufacturing process) would however have to be

paid [155].

Finally, LEM was developed in this thesis for the specific case of regular cubic lattices

(using D3Q18 or D3Q26 unit cells) while most of the works published so far made use

of (regular or irregular) triangular lattices in 2D (see e.g. [62, 67, 79]) and triangular

orthobicupola lattices (also known as Johnson's solid #27) in 3D [77]. The motivation for

this choice was that the D3Q18/26 geometry is very convenient for the study of real materials

whose microstructural details have been obtained by 2D- or 3D-imaging techniques. A one

to one relation can thus easily be made between the mass points of a simulation box and
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the pixels in 2D (or voxels in 3D) of an image. If images can be properly segmented -that

is if based on its gray-scale intensity (or, if available, its chemistry), a pixel (voxel) can be

attributed to a specific phase whose mechanical properties are known- the effective elastic

and/or fracture behavior of real materials could easily be probed with LEM.
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Appendix A

Transformation From Global to Local

System of Coordinates

The transformation between the local system of coordinates of link Oi, (en, e , et ) and the

global system of coordinates (eX e, I) is done by the following system of equations:

Ien = ex + p2 e, + p" e

-pb - +bgpbieb =H ex +P2 ey + P3 ez

i + 2i ey + Pi ezet =ptge + P9 eP 1

(A. 1)

where the matrices Pnibt are given by:

0 0 - 2w -w

2- 0 0 -3

0 1 0 0 -2

00 V -

1 0 - -2

0 1 0 0

-w

3

-T -

0 0 0 V V @

-T h 0 0 V- -

-T- -- - -T 3

- T --

- -3

-3
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- (A.2)

--

-3
T

-

1

pb 0

0

(A.3)
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0 0 0 0 0 1 1 -- - 6

p= 0 1 1 0 1 1 0 0 I 0 -( -6 6 (A.4)

1 1 0 1 1 0 0 0 0 - -6 -6 -
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Appendix B

Nodal Displacements of a Lattice Under

Uniform Deformations

The nodal displacements of a lattice under uniform deformations are obtained through the

following matrices:

0 1 0 -0102

0 0 1 0

0 0 0 0

0 0 0 0

-F2 0 0 - ' - - -- -3 --

-C21 - 0  0 V3- -7 V
2 T 2 0  3T 3 T -T

0 f -f -T -T -T - -T -

- 0 0 0 0 V - -3 -FT

0 0 0 - -2 N -F N -3

2 -T --T 0 0 --- T

0 0 0 _- V- 0 0000 2 2

0 0 0 - - 2- -- -

0 0 0 0 0 V2- 2

0 -1 0 -- ( -- F 0 02 2

0 0 10 0 0 0

0 0 0 0 0 2 2

-\F -2 N- -- F2 -22 2 2 2 22T

0 0 -F2 --F2 V
T-T -T 2

0 0 0 0
T -

2 2 2 2 2 2
0 - - 2 -T -2

0 0 --F -2 (-4 N-
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Appendix C

Cube with a Single Spherical Pore

C.1 Porosity of a Cube with a Single Spherical Pore

The porosity of a cube of side 1 containing a sphere of radius R is: <p = 4/37r(R/1) 3 for

R 1/2. When R > l/2, that is when the spherical pore intersects the sides of the cube, the

porosity becomes: 'p = (4/37rR3 - 6vcap(R))/1 3 where the volume vcap(R) = v(R)1 3 of the

*6 spherical caps getting off the cube have been subtracted from the sphere volume 4/37R3

This volume is:

Vcap(R) = R rr2 (z)dz
_=0

fR-1/2 7R2_ Z2 d= x 2-- - )2 dz

Z= 2

7r 2R 12 (4R
= 24 1-+1 3

(C.1)

(C.2)

(C.3)

C.2 High Porosity Limit of the Ordered System with a

Spherical Pore

At high porosity, the region where stresses concentrate can be assimilated to an elastic beam

of section S(x) = 4S4 where S4 = 12/4 - Si - S2 - S3 is the area of the shaded region in

Fig. C-1. In this figure, r is the radius of the circle at the intersection of the spherical pore
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S,

1/2

Fig. C-1. High porosity limit geometry.

and the plane x: r(x) = N1R2 __x2 . For r > 1/2, the surface areas Si, S2 and S3 satisfy:

Si = S3 = bl/2 with b = -r2 _ 12/4 and S2 = ar2 /2 with a = ir/2 - 2 arctan (2b/l).

Otherwise, when r < 1/2, S1 = S3 = 0 and S2 = rr2 /4.
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Appendix D

Clustering Index for Penetrable

Two-Dimensional Disks

The clustering index sa is a measure of the variability (i.e. the fluctuations) in the local

porosity. This local porosity 'pa is measured on an observation window' of area V ~ a2

The statistical average of the local porosity is the total porosity: 'P = ('Pa). As of the

clustering index, it is defined by Eq. (3.6).

If the observation window is very small (a -- 0), the measured local porosity is either

0 if the point of measure is in the solid phase (with probability 1 - ) or 1 if the point of

measure is in the solid phase (with probability p). The clustering index is thus:

lim sa = {(1 - ) (0 - 'P)2 + P (I - P)21 (D.1)
a->+0

= {P (I - 'P)}1/2 . (D.2)

In the other limit case (a -> L, where L is the size of the system studied), the local

porosity does not exhibit any variability, resulting in a clustering index:

lim sa = 0. (D.3)
a->L

'The theoretical developments [106, 157] presented here consider a disk-shaped observation window
(radius a) while in the numerical simulations presented in this thesis, this observation window is square-
shaped (side-length a).
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Consider a random system of fully penetrable (A = 0) disks of radius R and area

Vi = 7rR2 filling a square box of area V = L 2. For such a system, the one-point and two-point

probability functions of the solid phase (Eqs. (3.4) and (3.3), using the characteristic function

of the solid phase instead of the one of the pore phase) are given by (see e.g. [106, 158]):

ssolid = exp(- )= 1 - p (D.4)

Sjolid(r) = exp {NV 2 - g (D.5)

with N/V the number of disks per unit area and V x (2 - g (r/(2R))) the union area of two

disks of radius R at a distance r. Function g is given by:

g (u) = arccos u - u )1 - u2 H(1 - u) , (D.6)

with H(x) the Heaviside function. Bayer [157] first derived the exact relation between the

clustering index and the two-point probability function in the two-dimensional case while

Lu & Torquato [106] gave a general relation in D-dimension. The clustering index 2 for the

system studied here is [157]:

sanax =exp (- Vl){ uj1(exp g(u) I) 8ug(u du} 2 . (D.7)

In the simulations, the choice of the size of the observation window was such that s, = 0

for the reference (ordered) systems: cp = 7rR2/a2 , i.e. V /Vo = p. Injecting this relation and

(D.4) in (D.7) gives a one-to-one relation between the clustering index and the porosity:

sa(ax _) = (-- ) 1 f ( )g(u) - I 8ug (uN/7 ) du (D.8)

Figure D-1 (a) and (b) compares simulation data to the theoretical predictions for the

porosity vs. number of pores behavior (Eq. (D.4)) and the clustering index vs. porosity

2 Since these configurations with penetrable disks result in the maximum disorder, they provide an upper
bond stax for the clustering index.
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Fig. D-1. (a) Porosity as a function of the number of pores. (b) and (c) 2D- and 3D-
clustering index as a function of porosity, respectively. Crosses correspond to simulation
results (R/L ~ 0.04). Black lines correspond in (a) and (b) to Eqs. (D.4) and (D.8),
respectively. Gray lines in (b) and (c) correspond to approximation (D.9).

behavior (Eq. (D.8)) and shows an excellent agreement between the two. In addition, it is

shown that Eq. (D.8) can be approximated by:

sa" ( ) = O (0 - 0) .(D.9)

This approximation seems to be also valid for 3D systems (Fig. D-1 (c)).

We can here make an analogy with the configuration entropy used in statistical mechan-

ics. This entropy relates to the number of ways a system of particles can arrange itself. For

two-state systems (0 or 1), the configuration entropy S is: S = -P In P - (1 - P) In (1 - P)

with P the probability of being in state 1. In the maximum disorder limit (P = 1/2), the

entropy reaches its maximum value while it vanishes for P = 0 or 1.
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Appendix E

Micromechanics Solution for Porous

Materials with Small Porosity

Variability Solutions

Garajeu & and Suquet's results [100] are here generalized to the case of spherical pores in

a compressible isotropic matrix for which the stiffness tensor is (see e.g. [31]):

C3 DMT(Po) = 3KMT(PO)J + 2GMT(po)K (E.1)

where J = 1/3 (i 9 i) is the projector over spherical tensors and K = I - J is the projector

over deviatoric tensors (i is the second-order identity tensor while I is the fourth-order

identity tensor). The bulk and shear moduli, KMT and GMT respectively, are:

KMT(P

GMT(P

{a'o

0

0)
SKmat(1- o)(1ao)

1-ao(l- p) (E.2)
0) - Grnat(1Cpo)Xflo)

_ 
3 Kmat

3 Kmat+ 4 Gmat

_ 6 (Kmat +2 Gmat)
5(3Kmat+4Gmat)

(E.3)

157

{
with:



In this context, the elastic energy is:

9 3
(po0, e) = AMTO)E; + 2GMT(PO)eq

with AMT((00) = KMT(QO) - 2 / 3 GMT(O) the Lame first parameter, Eeq =

equivalent strain and Em = tr (E) /3 the normal strain.

Introduce the polarization field r defined as:

62 gi
T = (P,I)

2
= Tm + Teqe

3

;2/3(E : e) the

(E.5)

(E.6)

with 8 = (e - Emi) /Eeq and:

{Tm = 1 - ( )

Teq = a eq (o, I)

= 3E aAMT ( '0)

= 3Eeq0 ' (400)

(E.7)

The P-tensor (indirectly) intervening in Eq. (3.21) is the classical P-tensor (P = S :

(CMT)-1) for spherical inclusions in an isotropic matrix (see e.g. [31]) where the reference

stiffness is the Mori-Tanaka stiffness (E.1):

P a(po)
3 KMT(90)

+ 2M(O) K
2GMT( PO)

'a(o)

1(400)

n'

3 KMT(O)
3KMT(40o)+ 4 GMT(O)

_ 6 (KMT (po)+ 2 GMT (0))
5 (3 KMT('po)+ 4 GMT(Ro))

12

(E.9)

Equation (3.21) can be simplified using the fact that: i : J : i = 3, E : K : i =

3 (1/2+ c/ 2q), i : K : i = 0, 8: J : C = 0, : J : i = 0, i J

i : K: = 0 and finally reduces to:

1 T(Sa, 1) = leff(00, Sa)E2 + Geff(0O, Sa)E q + O(s), (E.10)

with Aeff (PO, Sa) = AMT(40O) + 6A(40)S/2 and Geff(00, Sa) = GMT(4O) + 6G(Po)sa/2 the
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with:

(E.8)

: 8 = 0, 8 : K : i = 0,



effective Lame parameters. 1(6po) and 6 G(Vo) are given by:

6 A('po)

6G('pO)

= AT (Po) + K( o) + 3 GT((po) paGc'PO) 2

O
2GMT + 28(o) &GMT 2

From them can be deduced the effective Young's modulus:

Eeff(po, t) = GeffPO,
3Aeff(pO, t) + 2 Geff(0, t)

Aeff (PO, t) + Geff (90, t)
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Appendix F

Local Porosity Measure for Two-Phase

Periodic Solids

Consider the unit-cell depicted on Fig. F-I and the observation window A 1A 2A 3A4 of side-

length 1. Each vertex At belong to a quarter-unit-cell containing a pore Pi of center (x1 , yf)

and radius Ri. The local porosity measured in that unit cell is: 'Pa = (Si + S2 + S3 + S4 ) /12

where Si is the area of pore Pi intersected with the observation window. Si is a function of

Axi = xAj - x , Ayi = YA, - and Ri. Due to symmetries, S2 (Ax, Ay, R) = S, (-Ax, Ay, R),

S 3 (Ax, Ay, R) = Si (-Ax, -Ay, R) and S4 (Ax, Ay, R) = Si (Ax, -Ay, R). Eleven cases

(summarized in Fig. F-1) are to be considered for the evaluation of Si: Si (Ax, Ay, R) =

S' (Ax, Ay, R) where i is given in Table F. land the S's are defined by:
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Fig. F-1. Calculation of the local porosity in a square observation window.

S' (Ax, Ay,

S2 (Ax, Ay,

S3 (Ax, Ay,

S4 (Ax, Ay,

S5 (Ax, Ay,

S6 (Ax, Ay,

s (Ax, Ay,

S7 (Ax, Ay,

S8 (Ax, Ay,

S1 0 (Ax, Ay,

S"1 (Ax, Ay,

R)

R)

R)

R)

R)

R)

R)

R)

R)

R)

R)

= R 2

4

=R2 4
-R 2

4

= rR2
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= 7rR2
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Table FA1. Eleven cases considered for the S, calculation.

Ax f O Ax !O Ax R Ax -R Ax !-R Ay f O Ay !O Ay 5R Ay !R Ay 2-R Ax 2 +Ay 2 R2 Ax 2 +Ay 2 R2

if x x x S, =S,
else if x x x S - S2

else if x x S,=3
else if x S,= 4

else if x x x x SI = S
else if x x xx 5I = S
else if x x x x SI =SJ

else if x x x x =S
else if x x xSI=S
else if x x x x 1=S0

else S, -S11
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