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Abstract

For the past few decades there has been an increased interest for efficient quantification
schemes of the response statistics of vibrational systems operating in stochastic settings
with the aim of providing optimal parameters for design and/or operation. Examples
include energy harvesting configurations from ambient vibrations and stochastic load
mitigation in vibrational systems. Although significant efforts have been made to
provide computationally efficient algorithms for the response statistics, most of these
efforts are restricted to systems with very specific characteristics (e.g. linear or weakly
nonlinear systems) or to excitations with very idealized form (e.g. white noise or de-
terministic periodic). However, modern engineering applications require the analysis
of strongly nonlinear systems excited by realistic loads that have radically different
characteristics from white noise or periodic signals. These systems are characterized by
essentially non-Gaussian statistics (such as bimodality of the probability distributions,
heavy tails, and non-trivial temporal correlations) caused by the nonlinear character-
istics of the dynamics, the correlated (non-white noise) structure of the excitation,
and the possibility of non-stationary forcing characteristics (intermittency) related to
extreme events.

In this thesis, we first address the problem of deriving semi-analytical approxima-
tions for the response statistics of strongly nonlinear systems subjected to stationary,
correlated (colored) excitation. The developed method combines two-times moment
equations with new non-Gaussian closures that reflect the underlying nonlinear dy-
namics of the system. We demonstrate how the proposed approach overcomes the
limitations of traditional statistical linearization schemes and can approximate the
statistical steady state solution. The new method is applied for the analysis of bistable
energy harvesters with mechanical and electromagnetic damping subjected to cor-
related excitations. It allows for the computation of semi-analytical expressions for
the non-Gaussian probability distributions of the response and the temporal corre-
lation functions, with minimal computational effort involving the solution of a low-
dimensional optimization problem. The method is also assessed in higher-dimensional
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problems involving linear elastic rods coupled to a nonlinear energy harvester.

In the second part of this thesis, we consider the problem of mechanical systems excited
by stochastic loads with non-stationary characteristics, modeling extreme events. Such
excitations are common in many environmental settings and they lead to heavy-tailed
probability distribution functions. For both design and operation purposes it is impor-
tant to efficiently quantify these high-order statistical characteristics. To this end, we
apply a recently developed approach, the probabilistic decomposition-synthesis (PDS)
method. Under suitable but sufficiently generic assumptions, the PDS method allows
for the probabilistic and dynamic decoupling of the regime associated with extreme
events from the "background” fluctuations. Using this approach we derive fully analyt-
ical formulas for the heavy tailed probabilistic distribution of linear structural modes
subjected to stochastic excitations containing extreme events. The derived formulas
can be evaluated with very small computational cost and are shown to accurately
capture the complicated heavy-tailed and asymmetrical features in the probability
distribution many standard deviations away from the mean. We finally extend the
scheme to quantify the response statistics of nonlinear multi-degree-of-freedom sys-
tems under extreme forcing events, emphasizing again accurate heavy-tail statistics.

The developed scheme is applied for the design and optimization of small mechanical
attachments that can mitigate and suppress extreme forcing events delivered to a
primary system. Specifically, we consider the suppression of extreme impacts due to
slamming in high speed craft motion via optimally designed nonlinear springs/at-
tachments. The very low computational cost for the quantification of the heavy tail
structure of the response allows for direct optimization on the nonlinear characteris-
tics of the attachment. Based on the results of this optimization we propose a new
asymietric nonlinear spring that far outperforms optimal cubic springs and tuned
mass dampers, which have been used in the past. Accuracy of the developed method
is illustrated through direct comparisons with Monte-Carlo simulations.

Thesis Supervisor: Themistoklis P. Sapsis
Title: Associate Professor of Mechanical and Ocean Engineering
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Chapter 1

Introduction

1.1 Background and Motivation

For the past few decades there has been an increased interest for efficient quantification
schemes of the response statistics of vibrational systems operating in stochastic settings
with the aim of providing optimal parameters for design and/or operation. Examples
include energy harvesting configurations from ambient vibrations and stochastic load
mitigation in vibrational systems. Although significant efforts have been made to
provide computationally efficient algorithms for the response statistics, most of these
efforts are restricted to systems with very specific characteristics (e.g. linear or weakly
nonlinear systems) or to excitations with very idealized form (e.g. white noise or de-
terministic periodic). However, modern engineering applications require the analysis
of strongly nonlinear systems excited by realistic loads that have radically different
characteristics from white noise or periodic signals. These systems are characterized by
essentially non-Gaussian statistics (such as bimodality of the probability distributions,
heavy tails, and non-trivial temporal correlations) caused by the nonlinear character-
istics of the dynamics, the correlated (non-white noise) structure of the excitation,
and the possibility of non-stationary forcing characteristics (intermittency) related
to extreme events. These are apparent in the ocean engineering environment where
for instance it has been repeatedly reported that extreme and rare ocean waves can

lead to cargo damage or cargo loss, capsizing of ships and, in catastrophic situation,
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injuries on human beings [12, 84, 152].

The inevitable uncertainty introduced through the stochastic character of the excita-
tion and/or the uncertainty of the parameters, can be adequately captured through
a probabilistic perspective, and therefore significant efforts have been made to pro-
vide statistical and probabilistic characteristics of the response. The Fokker-Planck-
Kolmogorov (FPK) equation provides complete statistical description of the response
probability density function [155, 45, 43]. However, analytical solutions for the steady
state pdf of the FPK equation is only available for very few systems. Moreover, FPK
equation cannot easily handle stochastic excitations other than the Gaussian white
noise [25]. For systems under correlated excitations, one can utilize the joint response-
excitation pdf scheme to obtain the complete description of response statistics [126, 153,
27). However, the large computational cost associated with solving high-dimensional

transport equations hinders the applicability.

In order to lower the computational cost, semi-analytical schemes have been devel-
oped. Among them, the most popular scheme is the statistical linearization method
which replaces the nonlinear equations of motion with a linear set by minimizing the
statistical difference [24, 22]. The accuracy of this approach relies on the assumption
of the Gaussian distribution for the response. Therefore, in cases where the actual
response statistics deviate from Gaussian, the application of statistical linearization
is less straightforward and often not very successful {73, 122, 137]. An alternative
scheme is to derive moment equations that describe the evolution of response sta-
tistical moments [125, 19, 14]. The challenge however with moment equations arises
again if the system contains strong nonlinearities, in which case one needs to apply
appropriate closures to truncate the infinite system of moment equations. Gaussian
closure schemes provide in many cases sufficiently accurate response statistics [66].
However, if the system is essentially nonlinear, non-Gaussian closure techniques should
be utilized [33, 34, 54] in which case it is not always straightforward on how to choose

the closure parameters [31].
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Apart of the technical challenges associated with the strong nonlinearities, the as-
sumption for stationary stochastic excitation is often not sufficient for representing
uncertainty associated with transient events, such as extreme forcing events. Important
examples include ocean waves with extreme magnitude (i.e. freak and rogue waves [112,
105]), slamming loads in high speed crafts, vehicles hitting deep potholes, and ice loads
acting on offshore structures [85]. Such intermittent rare and extreme forcing events
have been represented as identically distributed independent impulses arriving at ran-
dom times, and accordingly studies on the response statistics under Poisson white
noise gained a growing attention. Generalized FPK equation or Kolmogorov-Feller
(KF) equation is the governing equation which provides the evolution of response pdf
under Poisson white noise. However, the exact analytical solution for the statistical
steady state probability density function is only available under special conditions
[151]. Alternative methodologies such as path integral method [82, 65, 8] and the
stochastic averaging method [161, 160] have also been developed, but solving the FP

or KF equations is often very expensive even for low dimensional systems [40)].

1.2 Research Objectives

In this work, we first develop a moment equation closure minimization (MECC)
method for the parsimonious approximation of the steady state statistical structure of
strongly nonlinear systems, subjected to correlated excitations. The approach relies on
the derivation of moment equations that describe the dynamics governing the two-time
statistics. These are combined with a non-Gaussian pdf representation for the joint
response-excitation statistics. We then derive a closure scheme which we formulate in
terms of a consistency condition involving the second order statistics of the response,
the closure constraint. A similar condition, the dynamics constraint, is also derived
directly through the moment equations. These two constraints are formulated as a

low-dimensional minimization problem with respect to unknown parameters of the
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representation, the minimization of which imposes an interplay between the dynamics
and the adopted closure. This method will allow the semi-analytical representation
of the two-time, non-Gaussian structure of the solution as well as the joint statistical

structure of the response-excitation over different time instants.

We then apply the developed approach to analyze the response statistics of essentially
nonlinear vibrational systems under correlated stochastic excitations. These are im-
portant for a variety of applications such as energy harvesting and stochastic forcing
mitigation. We demonstrate the effectiveness of the method through bistable nonlinear
energy harvesters with mechanical and electromagnetic damping and we show that
the results compare favorably with direct Monte-Carlo Simulations. The method is
also demonstrated in higher dimensional systems such as a continuous elastic rods
coupled to nonlinear elements. The developed method is one of the main building
blocks for analyzing the response of systems under stationary stochastic excitation

containing rare and extreme events that we study next.

Specifically, the next topic involves the statistical quantification of systems subjected
to statistically non-stationary excitations. In particular, we characterize the complex,
heavy-tailed probability distribution functions describing the response and its local
extrema for structural systems subjected to random forcing that includes extreme
events. The approach is based on the probabilistic decomposition-synthesis method
where we decouple rare events regimes from the background fluctuations. The result of
the analysis has the form of a semi-analytical approximation formula for the pdf of the
response and the pdf of the local extrema. For special limiting cases (lightly damped
or heavily damped systems), the analysis provides fully analytical approximations.
We also demonstrate how the method can be applied to higher dimensional structural
systems through a two-degrees-of-freedom structural system undergoing rare events
due to intermittent forcing. The derived formulas can be evaluated with very small
computational cost and are shown to accurately capture the complicated heavy-tailed

and asymmetrical features in the probability distribution many standard deviations
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away from the mean, through comparisons with expensive Monte-Carlo simulations.

In the last part of this thesis we focus on the quantification and optimization of the
response statistics of general nonlinear multi-degree-of-freedom systems under extreme
forcing events, emphasizing accurate heavy-tail statistics. This is a direct extension of
the previous semi-analytical scheme applied to linear multi—degree—of-freedoin systems
under stochastic excitations containing extremes, where we decomposed rare events
from background fluctuations by the probabilistic decomposition-synthesis technique.
We appropriately adapt the developed scheme for the nonlinear case and then apply
it to the design and optimization of small attachments that can mitigate and suppress
extreme forcing events delivered to a primary system. We apply the framework for
the suppression of extreme responses on prototype ocean engineering systems: the
suspended seat and the suspended seat-deck problem in a high speed craft in rough seas.
The suppression is performed via optimal attachments through parametric optimiza-
tion by minimization of the forth-order moments of the response. We also perform
design optimization on the nonlinear characteristics of the attachment (employing a
general, assymetric piecewise linear from) and propose a new design that far outper-
forms optimal cubic energy sink and tuned mass dampers. We emphasize that the
proposed optimization scheme is practically infeasible with traditional methods due
to the large computational cost. Feasibility is achieved through the developed quan-
tification framework for extreme event statistics. For all steps of the analysis accuracy
of the estimation method is illustrated through direct comparisons with Monte-Carlo

simulations.

1.3 Thesis Organization

The thesis is organized as follows. In chapter 2, we provide a survey of probabilistic
computational methods for stochastic dynamical systems. Definitions, derivations,

and applications with appropriate references are provided for a selected number of
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topics. In chapter 3, we present the formulation of the moment equation copula closure
(MECC) method for nonlinear systems under correlated excitations [69] . Applications
of the MECC method are illustrated in chapter 4 considering a bistable nonlinear
oscillator. Generalized examples such as the continuous undamped elastic rod are
also considered, and the results are compared with direct Monte-Carlo simulations.
In chapter 5, we provide the characterization of complex, heavy-tailed probability
distribution functions describing the response and its local extrema for structural
systems subjected to random forcing that includes extreme events [68]. In chapter 6,
the developed computational framework is applied on the probabilistic design and
optimization of ocean structures subjected to stochastic excitation containing extreme
forcing events [67]. In chapter 7, we conclude the thesis with recommendations for

future work.
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Chapter 2

Survey of Probabilistic
Computational Approaches for

Stochastic Dynamical Systems

In a variety of systems uncertainty in the dynamics and system parameters plays a
very important role and therefore a deterministic consideration can be very restrictive
when it comes to the analysis of the response or optimization of the operation. Fur-
thermore, the co-existence of stationary stochastic excitations and rare and extreme
forcing events make the deterministic model even harder to describe the underlying
response statistics. The probabilistic perspective can provide such information but
the numerical treatment of the associated stochastic equations is a challenging task.
In this chapter, we first provide an overview of various uncertainty quantification

methods for stochastic dynamical systems.
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2.1 Fokker-Planck-Kolmogorov Equation

The first method is the Fokker-Planck-Kolmogorov (FPK) equation (or forward diffu-
sion equation) which can provide the complete statistical description of the response
probability density function [144]. Described by a linear parabolic partial differential
equation, the FPK equation governs the diffusion of probability in state space, which
is analogous to the heat equation. The foundation of the the theory has been built
by Rayleigh [117] and Fokker [49], and the solution of FPK equation has been widely
studied.

The externally forced linear systems under the white noise have considered in [88] for
the complete solution of FPK equation. Solutions of FPK equation for the first order
nonlinear systems under Gaussian white noise are investigated [25, 143], especially by
means of Fourier and Laplace transformation approach [7], eigenfunction expansion
method [6], and a method based on the group theory [16]. The steady state solutions
of FPK equation for nonlinear multi-degree-of-freedom systems under Gaussian white
noise are studied in [26, 83, 23]. The stationary pdf of a specific set of single-degree-
of-freedom systems under parametric and external Gaussian white noise has studied
in [44]. More extensive reviews on the solution of FPK equation can be found in [98,

144, 155] and references there in.

One advantage of the FPK equation is that the drift and diffusion coefficients can be
directly connect to the parameters of the dynamical systems [136, 140]. Although the
analysis is based on the assumption of Gaussian excitation with no correlation, the
FPK equation provides a convenient theoretical framework to treat nonlinear random
vibrations. In this section, we provide the summary of FPK equation by describing the
evolution of probability density function for one-dimensional and multi-dimensional
stochastic processes. In the later part of this section, we provide examples to derive
steady state probability density functions considering first and second order differential

equations.
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2.1.1 Derivation of FPK Equation

Let us first consider the one-dimensional stochastic process X; whose stochastic dif-

ferential equation is given by [136]
dXt = /,L(Xt, t)dt + O'(Xt, t)th, (21)

where u(X;,t) indicates the drift term, o(X;,t) indicates the diffusion term, and W;
is the standard Wiener process. Here the FPK equation that describes the transient

probability density function f(z,t) of the one dimensional random variable X is given

by

2 o) = 2 [ula, )@, 0] + oy (D, 01z, ), (22)

where D(z,t) = o%(z,t)/2.

One-dimensional FPK equation can be generalized for the multi-dimensional (i.e. N-
dimensional) stochastic process X; whose stochastic differential equation in matrix

form is given by [136, 113] °
dXt = I.L(Xt,t) dt +0'(Xt,t) th, (23)

where pu(X;,t) indicates the N-dimensional drift term, o (Xy,t) is a N by M matrix
describing the diffusion term, and W, is the M-dimensional standard Wiener process.
The FPK equation which describes the transient probability density function f(x,t)

of the N-dimensional random vector X, can be expressed by

2

x N N
8ff% 1) _z_[u,xt)f(xt %;g Dy DGt (24)
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where

D,-j(x, t) = kZ O'ik(X, t)O'jk(X, t) (25)

In order to illustrate the treatment of FPK equation in the context of random vi-
brations, we provide examples in the following subsections. These will complete the
description of how the FPK equation can be obtained and solved for the stationary
probability density function by considering first order and second order differential

equations [136, 144].

2.1.2 Application on First Order Differential Equations

We consider the following first order stochastic differential equation with respect to

z(t), subject to the Gaussian white noise.

dx(t)

=+ 9(a(t) = aW (D), (0) = (2.6)

where g(-) is an arbitrary nonlinear function of z(t) and « is a positive constant
describing the intensity of the white noise. The above equation can be converted into

the Ito stochastic equation:
dzy = —g(z¢)dt + adW;. (2.7)

Based on the one-dimensional FPK equation formulated in equation (2.2), the transient

probability density function f(z,t) can be obtained by

G _ 2 ) p(a, ) + o2 L29, (28)

where f(z,0;z9) = 6(z — zo) and 4(-) indicates Dirac Delta function. In the case
where the diffusion coefficient and the drift coefficient are independent of time (i.e.

w(z,t) = u(zr) and o(zx,t) = o(z)), there exists a stationary probability density
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function fg(x),

fst(z) = tl_l_)lglo f(z,t), (2.9)

which does not depend on time. In this case, by letting %{ = 0, the FPK equation can

be reduced to

2 o) uie) + 2D (210

Note that g(z) does not depend on time. We can rewrite the equation as

R (211)

The direct integration of the equation gives

ful@) = gep [~ [“g(=)d], (212)

where C is just a normalization constant.

C= /:: exp [—% /Oy f(z)dz] dy. (2.13)

2.1.3 Application on Second Order Differential Equations

More intuitive examples in the context of random vibrations can be found in second
order differential equations which describe dynamical systems subject to stochastic
excitations. Here we consider a nonlinear single-degree-of-freedom system excited by

the Gaussian white noise.

d?z(t)
dt?

dx(t)

+ 05

+ g(z(t)) = W(¢), (2.14)

where 3 is the damping coefficient, g(-) indicates an arbitrary nonlinear function of =

and W (t) is a zero mean Gaussian white noise whose intensity is set to be 2a. This
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equation can be converted into

LB 0] | (2.15)
222 — —53() — 9(X(8)) + W (0), (2.16)
where we assumed
X1 = X(¢), (2.17)
x,= 20 (2.18)

Based on the formulation in equation (2.4), the FPK equation that describes the

evolution of response pdf can be derived as follows.

o Fenmat) = = o [aaf (1,22,

2
+ ai.’,lig [(,8332 + g($1)) f(Il, T, t)] + G"é%'%‘f(.’lfl, o, t) (219)

By assuming that the response pdf is independent of time %{ = 0, the stationary joint

probability density function fs(z1,z2) satisfies

2
Ozaa_x%fst(l'l, T3) — 52—1 [z2fst(z1, T2)] + —a-%; (B + g(x1)) for(m1,22)] = 0. (2:20)

The above equation can be solved numerically using standard finite-element or finite-

difference methods to obtain the stationary joint probability density function.

We have formulated the FPK equation for one-dimensional and multi-dimensional
stochastic processes, and provided some demonstrations involving first and second
order differential equations subject to the Gaussian white noise in order to derive
the steady state pdf solution of the FPK equation. We would like to emphasize
that the transient solution of the FPK equation has been characterized by the time

dependency and nonstationarity, however in general, such nonstationary solutions
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cannot be obtained in explicit form. Only the exact steady state solutions for a specific
set of FPK equations associated with second-order nonlinear differential equations
are available under Gaussian white noise excitations. Especially for multi-degree-of
freedom systems, the exact solutions of FPK equations are not readily available and
therefore the use of FPK equations is often inefficient. Consequently, alternative

approximate approaches are developed in order to deal with such difficulties.
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2.2 Statistical Linearization

In nonlinear stochastic vibration problems, the statistical linearization method (also
known as stochastic linearization) [144, 122, 137] is by and large the most popular
approach. As a direct extension of the harmonic linearization technique, this method
can be applied to multi-degree-of-freedom systems subject to either stationary or
nonstationary excitations [98]. The basic concept of the statistical linearization is to
replace the original nonlinear equation of motion with an equivalent linear equation,
which can be treated analytically, by minimizing the statistical difference between

those two equations.

This idea was initially introduced by Booton [18] and Kazakov [73, 74], and further im-
proved by many other researchers in the context of nonlinear stochastic control systems
[129, 11, 150], nonlinear structural dynamics [24, 22], nonlinear offshore structures [95],
and random vibrations on multidimensional systems [141, 2, 64]. In this section we
provide an overview of the method with a general nonlinear single-degree-of-freedom
system under stationary stochastic excitation with broadband spectral density, and
then consider a cubic nonlinearity as a specific example. Additional examples and ap-
plications of statistical linearization can be found in [144, 136, 140, 122] and references

therein.

2.2.1 Derivation of the Equivalent Linear Equation

To illustrate the basic idea, we consider the following second order differential equation
which describes a single-degree-of-freedom system excited by a stationary stochastic

process y(t) [136].

(t) + g(2(t), £(t)) = y(b), (2.21)
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where g(-) is an arbitrary nonlinear function that depends on z and . With the sta-
tistical linearization, we approximate the above governing equation with an equivalent

linear equation in the form of
B(t) + Bei(t) + ke (t) = y(2), (2.22)

where 3. and k. are equivalent linear damping coefficient and stiffness, respectively.
These quantities will be chosen such that the (second order) statistical differences
between equation (2.21) and equation (2.22) are minimized. We demonstrate how
these parameters are determined systematically. We let the difference of equation (2.21)

and equation (2.22) as
€(t) = Be(t) + kex(t) — g(x(t), £(2))- (223)

Note that the difference €(t) is also a stochastic process and therefore the statistical

minimization is performed in terms of the mean squared of the error.

T
E[e*] = lim % /0 € (r)dr. (2.24)

Parameters 3, and k. will be determined such that the following equation is satisfied.

E[€] = min {E [{B.2() + kea(t) — g(a(t), 3(2))}7] } (2.25)

The minimization will be performed with respect to 8. and k., and this can be com-

puted by their gradients,

0

5 BeE[é] =0, (2.26)
& o
o%, Ele’] = 0. (2.27)
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This leads

BE [*(8)] + keE [z(1)(t)] — E [£(t)g(=, 5)] = O, (228)
keE [22(t)] + B.E [z(t)&(t)] — E [z(t)9(z, )] = 0. (2.29)

Hence we have

E[z*(t)] E [2(t)g(x, 2)] — E[z(t)2(t)] E [z(t)g(z, 2)]
E[a2(1)] E [22(t)] - {E [e(0)2 ()]}’ ’

Be = (230)

E[*(t)] E [z(t)g(z, 3)] — E[z(t)2(t)] E [2(t)g(z, 2)]

ke = E[22(t) E [22(t)] — {E [z(t)2(2)]}

(2.31)

We observe that 3. and k. are expressed by the moments, or the expectations of
stochastic responses in terms of z(t) and #(t). This indicates that in order to perform
the statistical linearization, we need to have the estimation of the response statistics
for the stochastic nonlinear system in advance. Indeed, if the probability distribution
for the response is known in advance there is no point for approximating nonlinear
equations into linear ones. This is the main difficulty associated with the statistical

linearization approach.

One can resolve this difficulty by assuming the response z(t) as a Gaussian process.
We note that if we had a linear time-invariant system and the excitation is a stationary
stochastic process with Gaussian distribution, the response process also follows the
Gaussian distribution. If we have a nonlinear system, and its response distribution
does not deviate far from the Gaussian, Gaussian process approximation can still
hold, however, if the system is essentially nonlinear (i.e. bimodal systems), the perfor-
mance of statistical linearization decreases significantly. For example, the statistical
linearization works reliably for systems with unimodal potential function, i.e. response
close to Gaussian. However, when the response is essentially non-Gaussian, e.g. as
it is the case for a double-well oscillator, the application of statistical linearization

is less straightforward and involves the ad-hoc selection of shape parameters for the

34



response statistics [31]. We demonstrate how the Gaussian process approximation can

be applied along with the statistical linearization.

2.2.2 Application on Second Order Differential Equation

Let’s consider the following nonlinear single-degree-of-freedom system with cubic

stiffness excited by a correlated stochastic force [136].
i 4 M+ kx +cz® =y, (2.32)

where ) indicates the damping coefficient, k is the linear stiffness and c is the cubic
stiffness. We assume that the excitation has a power spectral density of Sy, (w) and is

known in advance. Following the analysis in equation (2.31), we obtain

Be = A, (2.33)
kE [z%] + cE [z*]
E [z?]

k, = (2.34)

As we have discussed previously, those quantities (E [z2] and E [z%]) require the
probability distribution of the stochastic unknown response z(t). In this case, the

potential function of the system is given by

1 1
U= 5]99:2 + Zc:c“, (2.35)

which is the unimodal function in which case the response pdf does not deviate far
from Gaussian structure. Hence we can apply the Gaussian process approximation

following the Isserli’s Theorem.

Elt] =3(E[)". (2.36)



Then we have
ke =k + 3cE [2?]. (2.37)

Based on the approximation, we can obtain the response spectral density function of

the equivalent linear system.

Syy(w)
Sez(w) = Y . 2.38

1':!3( ) I_w2+ﬁe(3w)+ke|2 ( )
We note that the response spectral density is expressed in terms of given excitation
spectral density, which indicates the statistical linearization method can be applica-
ble on correlated excitations. Integration of the spectral density function yields the

variance.

o2 = /_oo Sez(w)dw, (2.39)
_ [” Syy(w)
- /_ TG kelzdw, (2.40)

/ Syy(w) dOJ
—oo | —w2+ A(w) +k+3co22

(2.41)

We note that k. in the right hand side of the above equation also depends on the
unknown variance o2 as in equation (2.37). This unknown variance can be obtained

by solving the nonlinear equation.

o0 Syy(w)
2 - L dw = 0. 2.
= /—ool—w2+)\(jw)+k+3cag|2 w=0 (2.42)

Statistical linearization method has served as one of the most popular approximation
schemes for the response statistics quantification due mainly to its simplicity and its
adaptability to multi-degree-of-freedom cases. However, as we have pointed out, the
accuracy of the solution heavily depends on the structure of the response probability
distribution and in case it deviates far from Gaussian, the reliability of the estimate is

not guaranteed. Furthermore, if the excitation contains extreme forcing events within
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the stochastic excitation, the accuracy of the solution significantly decreases in the
heavy-tail regimes even for the nonlinear systems whose core probability distribution

is close to Gaussian.

This is because the statistical linearization method relies on the minimization of the
mean square error, in other words, the second order statistics [144]. Thus the ap-
proximation of the response statistics higher than second order statistics may not
be reliable. Inaccuracy of the statistical linearization estimates has been reported in
many articles, ranging from the Duffing oscillator under Gaussian white noise [57], to
various nonlinear damping models subject to Gaussian white noise [130], to the Van

der Pol oscillator with Gaussian white noise [163].
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2.3 Moment Equations

Another computational approach developed to quantify the response statistics is the
moment equations method, which describes the evolution of the the joint response-
excitation statistical moments or the response statistical moments [125, 19, 14] depend-
ing on the nature of the stochastic excitation. Especially in the stochastic nonlinear
vibration problems, response moment equations form an infinite hierarchy, and gener-
ally exact solutions are not possible [98]. Thus the challenge with moment equations
arises if the equation of motion of the system contains nonlinear terms. This is the
well known closure problem, which consists of approximately replacing the infinite
hierarchy of equations with a finite set of lower order moments. This is the main

notorious difficulty associated with the moment equations approach.

Among various closure techniques, the Gaussian closure scheme [66] is the simplest
approach along this line in that it assumes the response to be close to Gaussian
distributed. With the assumption of Gaussian distribution, all the higher order of
cumulants can be expressed in terms of lower order of moments enabling us to close
the moment equations [157]. It should be noted that the application of the Gaussian
closure scheme to the moment equations may lead to the exactly same results with
those obtained from the statistical linearization approach with Gaussian process ap-
proximétion [144]. Gaussian closure scheme has been studied widely in the context
of nonlinear systems under random vibrations (either Gaussian [32] or non-Gaussian
[66]) and nonlinear liquid sloshing under stochastic excitations [61]. However, the
assumption of Gaussian is not adequate if the response distribution deviates far from

the Gaussian structure.

As an alternative, non-Gaussian closure schemes have also been developed in order
to take into account the nonlinear structure of the response probability distribution
(62, 53, 156]. In most cases, these nonlinear approaches may offer some improvement

compared with the stochastic linearization approach applied to nonlinear systems but
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the associated computational cost is considerably larger [109]. This is because the
complexity of the moment equations dramatically increases as the order of closure
increases [33, 34, 92]. For strongly nonlinear systems, such as bistable systems, these

improvements can be very small.

2.3.1 Derivation of Moment Equations

In this section, we demonstrate how the moment equations can be obtained. One of
the most general ways of obtaining moment equations is by applying the Ito formula

[37] to the following function
h(X) = XP(t) X5 () X§2(¢)... X} (t), (2.43)

and by taking the ensemble averages. Thus the moment equations can be directly

obtained as the following equation [144]:

ah(X)

BN =SB [0 50| + ST om0

J'

(2.44)

As an illustrative purpose, we consider the nonlinear first order differential equation

subject to the Gaussian white noise [136].
i(t) + z(t) + cxd(t) = W(t). (2.45)

where c is the nonlinear stiffness and W (t) indicates Gaussian white noise. Based on

the formulation given in equation (2.44), by letting

hy) =, (2.46)
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and since n = 1, we have

o = —(z +cy’), (2.47)

bll = 1, (248)

dh

= = kot 2.49

d*h

— = k(k — 1)y* 2. 2.50

T = K=y (2:50)
where k; = k and ky = k3 = ... = k, = 0. Plugging above equations into equa-
tion (2.44), we obtain

1
mk(t) = —kmk(t) - kcmk+2(t) + §k(k - l)mk_z, (251)

Here k takes any positive integers k = 1,2..., and we have used the notation of

mi(t) = E [Yk (t)] For example, we will have

my(t) = —m4(t) — cms(t), (2.52)

mg(t) = —2m2(t) - 2cm4(t) + 1, (253)

We note that the equation for moment mg(t) contains unknown higher order moment
mi42(t). In this way, an infinite set of moment equations will be generated, and to

this end an appropriate closure scheme should be applied.
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2.3.2 Various Closure Schemes

As previously discussed, moment equations cannot be explicitly solved in general due
to the existence of infinite number of higher order moments. Hence the approximate
solutions are derived based on numerous closure techniques, i.e. the central moment
closure,-Gaussian closure, cumulant closure, and non-Gaussian closure. In this section,

we briefly introduce some of the most popular techniques [144, 98].

Central Moment Closure

Central moment closure assumes that all central moments of orders higher than k are

set to be zero and can be discarded from the moment equations:
E [(X.(t) - X () (Xa(t) — E[Xa)])™ .. (Xa(t) — E[Xa(®)™] =0, (2:54)

where k; +ko+...+k, > k. In this way, one can discard certain higher central moments
so that the moment equations can be exactly solved. The method works well especially

for weakly non-Gaussian processes.

Gaussian Closure

This technique is based on the assumption that X;(t), X2(t), ... X»(t) obey the Gaussian
distribution. In this way, the first two moments (m;(t) and m2(t)) uniquely define
the probability distribution, and hence all higher moments, my(t) where k > 2, can

be determined. For k > 1,

E[(X1(t) — E[X1(2)]) (X2(t) — E[Xa(t)]) ... (Xox-1(t) — E[X2x1($)])] =0, (2.55)
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and

E[(X2(t) — E[Xa(t)]) .. (Xax(t) — E[Xox(t)])]
=Y E[(Xa,(t) = E[Xa;(®)]) - (Xap(t) — E[Xap (D)) (2.56)

Here the summation can be considered as the permutation of 2k elements of k pairs,
and it has %%),' terms. For the simple case of X (t), where n = 1, the above equations

reduce to

k!
FaEm @ k=246 (257)
3

=0, k=1,3,5,.. (2.58)

E[{X() - EX@O] =

where o2(t) is the variance of the stochastic process X (t). Based on this, we can obtain

the approximation for 3rd and 4th order moments:

my(t) = E [{X () - EIX@IF] + 3ma()ma(t) — 2mi(e), (2559)
ma(t) = E [{X(t) — EIX@)}] + 4mi () B [{X (2) - BIX@)])’]
+ 6m3(t)ma(t) — 5mi(t). (2.60)

Assuming zero mean my(t) = E[X(t)] = 0 and variance o(t), the above equations

further reduce to

ma(t) = 0, (2.61)
ma(t) = 3{ma(t)}*. (2.62)
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Cumulant Closure

Similar to the central moment closure, the cuamulant closure technique close the moment
equations by assuming that the cumulants of higher than k-th order are zero. In order
for that, we first require the relation connecting ordinary moments and cumulants of
the stochastic process X (t). We summarize the relation between ordinary moments
and cumulants for first three orders. Readers are refered to [140] and references therein

for the computation of cumulants.

E[X] = M(X), (2.63)
BX?] = 2o(X) + (M(X))?, (2.64)
E[X?] = Xa(X) + 3\ (X)Ae(X) + (M(X))*. (2.65)

where )i indicates the k-th order cumulant. In this way, the higher order moments
can be approximated by the lower order moments where cumulants with higher than
certain order will set to be zero. This is a very important approach for the analysis of
nonlinear vibrational systems. Its most important drawback is the lack of stability of
the moment equations which can lead to negative variance and other moments that
should be strictly positive (i.e. we may end up with moments which are not associated

to a pdf).
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2.4 Perturbation Method

An alternative approach to compute the response statistics for the nonlinear stochastic
system is the perturbation approach. In this technique, we treat the stochastic system
in a similar manner as a deterministic one as the idea comes from the classical theory
of ordinary differential equations. One should be noted that perturbation method can
be applied only if the nonlinearity is sufficiently small so that the solution can be

expanded in powers of small parameter € [136, 98].

The perturbation approach was first adopted by Crandall [35] in his work for the
estimation of response moments of nonlinear multi-degree-of-freedom systems under
stationary Gaussian excitations. Symmetric and asymmetric nonlinear systems under
stationary stochastic excitations are considered in [133], and systems with nonlinear
damping have been considered in [36, 76]. The response of the Duffing oscillator has
been studied for stationary stochastic excitations [97] and for nonstationary stochastic

excitations [139].

We note that the perturbation method is particularly beneficial in case one has poly-
nomial nonlinearities. This method can be useful for the derivation of power spectral
densities, however it might not be the case for the derivation of response probability
density function due to the non-Gaussian structure of the higher order terms. In this
section we introduce the applicability of perturbatidn approach on the single-degree-

of-freedom system under stationary stochastic excitations [144].
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2.4.1 Application on Second Order Differential Equation

We consider a nonlinear second order differential equation describing the motion of

single-degree-of-freedom system under stochastic excitation as follows.
i(t) + az(t) + Bz(t) + eg(z, ) = y(t), (2.66)

where « is the damping coefficient, 3 is the linear stiffness, g(-) is an arbitrary nonlinear
function of = and #, and we let ¢ < 1. Also the excitation y(t) is considered to be
a stationary Gaussian stochastic process. What perturbation method does is that it

expands the solution z(t) in terms of powers of ¢,
z(t) = zo(t) + ez (t) + €z2(t) + ... (2.67)

We plug above expansion into equation (2.66), and all terms of same order (with

respect to €) will be equated.

o(1) o(t) + ao(t) + Bro(t) = y(t), (2.68)
O(e) £1(t) + a1 (t) + Bz1(t) = —g(x0, To), (2.69)

O(€%) Bo(t) + aga(t) + Bz2(t) = —gy, (To, To)21(t) — g4, (To, To)Z1(t), (2.70)

where g}, indicates the derivative of g(z, &) with respect to z evaluated at z(t) =
zo(t), similarly g}, indicates the derivative of g(z, ) with respect to z evaluated at
@(t) = 2o(t). In this way the nonlinear stochastic equation in equation (2.66) has
been reduced to a set of linear equations, which we are now able to solve. The impulse

response of the left hand side of the linear equations can be obtain by

1 1
hl) = FT {(jw>2 o)+ 6} ’ 27
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where FT™! indicates the inverse Fourier transform. We can write the steady state

solution.
zo(t) = h(t) * y(t) = /O " h(r)y(t — T)dr, (2.72)
21(t) = — h(t) * (2o, #0) = — /0 b g(zo(t — 7). dolt — 7))dT, (2.73)

where * indicates the convolution operator. Once each of these linear equations has
been solved, by using equation (2.67) we can compute the response statistics. For

example, the mean of the response becomes

E[z(t)] = Elzo(t)] + eElz1(t)] + € Elza(t)] + .. (2.74)
- /0 * h(r)Ely(t — )]dr
. /O ™ h(r)Elg(xo(t — 7), do(t — 7)))dr + O(?). (2.75)

As one can notice, the computational difficulty associated with the perturbation

method is that its complexity increases dramatically as we go to higher order moments.
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2.5 Stochastic Averaging Method

Another class of techniques for the approximate solutions to the nonlinear stochastic
systems is the stochastic averaging method. Stochastic averaging method is a tech-
nique to average the stochastic response with respect to the rapidly varying processes
to obtain the averaged stochastic differential, and it serves as a powerful tool for pre-
dicting the response statistics. In general the stochastic averaging technique consists
of two steps [144]: the first step is to average out the terms independent from the
stochastic forcing, and the second step is to approximate the terms which depend
on the stochastic forcing. In this case, the stochastic forcing can be anything, from

correlated broad-band process to Gaussian white noise.

One of the advantages of stochastic averaging method is that it often reduces the
dimensionality of the problem by significantly simplifying the solution procedures
[98]. Different versions of reviews on the stochastic averaging method have been re-
ported [62, 123, 161, 160]. In particular, this approach has been further classified into
three distinct groups depending on the derivation [144]: the first group is the classical
stochastic averaging (CSA) method [143, 17, 77, the second group is the stochastic
averaging method of energy envelope (SAMEE) [143, 121, 162, 118], and the third
group is the higher order approximation of CSA method [140, 132, 21, 131]. It has been
noted that for systems with linear stiffness the first two groups become equivalent. We
note that further details regarding each method can be found in [144] and references
therein. In the following subsection, we consider the classical stochastic averaging
approach and illustrate the derivation procedure with the single-degree-of-freedom

system under stochastic excitation.
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2.5.1 Application on Second Order Differential Equation

We consider the nonlinear single-degree-of-freedom system whose equation of motion

is given by
E(t) + wiy(t) + €29(z, %) = ey(t), (2.76)

where w? is the stiffness of the system, and the parameter € indicates the relative
strength of the nonlinear term. y indicates the stationary stochastic excitation. We
then convert the above differential equation into a set of equations for « and . Since
the stochastic responses are rapidly fluctuating with respect to time, we adopt the

following transformation:

z(t) = a(t) cos [wot + &(t)], (2.77)
i(t) = —woa(t) sin [wot + P(t)] . (2.78)

Here a(t) indicates the envelope and ¢(t) is the phase of the response, which are slowly
varying with respect to time if € is small. Once we differentiate equation (2.77) with

respect to time, we obtain
&(t) = a(t) cos [wot + ¢(t)] — a(t) {wot + S(t) } sin [wot + B(2)]. (2.79)
This can be equated with equation (2.78) letting us have
a(t) cos [wot + ¢(t)] — a(t)d(t) sin [wot + ¢(¢)] = 0. (2.80)

In a similar fashion, we obtain the following expression by the second derivative of

equation (2.78) with respect to time.

#(t) = — wla(t) cos [wot + @(t)] — wod(t)a(t) cos [wot + ¢(t)],

— woa(t) sin [wot + ¢(t)]. (2.81)
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Once we plug all these results into the equation (2.76), and by rearranging, we obtain

two equations for a(t) and ¢(t).

- Z—;g(aw cos [wot + §(t)], —a(t)wosin [wot + $(2)] ) sin [wot + $(2)]

- my(t) sin [wot + ¢(t)] (2.82)
= aé;wgg(au) cos [uot + ¢(t)], —a(t)wo cos [wot + (1)) ) sin [wot + (1)

- my(t) cos [wot + B(t)] (2.83)

We note that these two equations are referred to as the standard form, and this
is equivalent with equation (2.76). From the above equations, one can obtain the

transient probability density function, f(a, ¢,t), by the FPK equation for the limiting
Markov process [136].
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Chapter 3

Moment-Equation-Copula-Closure
Method for Nonlinear Vibrational
Systems Subjected to Correlated

Noise

3.1 Introduction

In numerous systems in engineering, uncertainty in the dynamics is as important
as the known conservation laws. Such an uncertainty can be introduced by external
stochastic excitations, e.g. energy harvesters or structural systems subjected to ocean
waves, wind excitations, earthquakes, and impact loads [55, 143, 136, 140, 107, 144].
For these cases, deterministic models cannot capture or even describe the essential
features of the response and to this end, understanding of the system dynamics and
_optimization of its parametefs for the desired performance is a challenging task. On
the other hand, a probabilistic perspective can, in principle, provide such information
but then the challenge is the numerical treatment of the resulted descriptive equations,

which are normally associated with prohibitive computational cost.
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The focal point of this work is the development of a semi-analytical method for the in-
expensive probabilistic description of nonlinear vibrational systems of low to moderate
dimensionality subjected to correlated inputs. Depending on the system dimensionality
and its dynamical characteristics, numerous techniques have been developed to quan-
tify the response statistics, i.e. the probability density function (pdf) for the system
state. For systems subjected to white noise, Fokker-Planck-Kolmogorov (FPK) equa-
tion provides a complete statistical description of the response statistics [155, 45, 43].
However, exact analytical solutions of the FPK equation are available only for a small
class of systems. An alternative computational approach, the path integral solution
(PIS) method, has been developed to provide the response pdf for general nonlinear
systems at a specific time instant given the pdf of an earlier time instant. Many studies
have been focused on the application of step-by-step PIS method numerically {154, 106,
42] and analytically [80, 81, 41] reporting its effectiveness on capturing the response
statistics. On the other hand, for non-Markovian systems subjected to correlated exci-
tations the joint response-excitation pdf method provides a computational framework
for the full statistical solution [126, 153, 27]. However, such methodologies rely on the
solution of transport equations for the pdf and they are associated with very high

computational cost especially when it comes to the optimization of system parameters.

To avoid solving the transport equations for the pdf, semi-analytical approximative ap-
proaches with significantly reduced computational cost have been developed. Among
them the most popular method in the context of structural systems is the statistical
linearization method [24, 22, 73, 122, 137], which can also handle correlated excitations.
The basic concept of this approach is to replace the original nonlinear equation of
motion with a linear equation, which can be treated analytically, by minimizing the
statistical difference between those two equations. Statistical linearization performs
very well for systems with unimodal statistics, i.e. close to Gaussian. However, when
the response is essentially nonlinear, e.g. as it is the case for a double-well oscillator,
the application of statistical linearization is less straightforward and involves the ad-

hoc selection of shape parameters for the response statistics [31].
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An alternative class of methods relies on the derivation of moment equations, which
describes the evolution of the the joint response-excitation statistical moments or
(depending on the nature of the stochastic excitation) the response statistical mo-
ments [125, 19, 14]. The challenge with moment equations arises if the equation of
motion of the system contains nonlinear terms in which case we have the well known
closure problem. This requires the adoption of closure schemes, which essentially trun-
cate the infinite system of moment equations to a finite one. The simplest approach
along this line is the Gaussian closure [66] but nonlinear closure schemes have also been
developed (see e.g. [33, 34, 92, 157, 62, 53, 59, 156, 54]). In most cases, these nonlinear
approaches may offer some improvement compared with the stochastic linearization
approach applied to nonlinear systems but the associated computational cost is con-
siderably larger [109]. For strongly nonlinear systems, such as bistable systems, these
improvements can be very small. Bistable systems, whose potential functions have
bimodal shapes, have becorhe very popular in energy harvesting applications [52, 58,
39, 56, 51, 60, 96, 9], where there is a need for fast and reliable calculations that will
be able to resolve the underlying nonlinear dynamics in order to provide with optimal

parameters of operation (see e.g. [70, 79]).

The goal of this work is the development of a closure methodology that can overcome
the limitations of traditional closure schemes and can approximate the steady state
statistical structure of bistable systems excited by correlated noise. We first formulate
the moment equations for the joint pdf of the response and the excitation at two
arbitrary time instants [4]. To close the resulted system of moment equations, we
formulate a two-time representation of the joint response-excitation pdf using copula
functions. We choose the representation so that the single time statistics are con-
sistent in form with the Fokker-Planck-Kolmogorov solution in steady state, while
the joint statistical structure between two different time instants is represented with
a Gaussian copula density. Based on these two ingredients (dynamical information

expressed as moment equations and assumed form of the response statistics), we for-
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mulate a minimization problem with respect to the unknown parameters of the pdf
representation so that both the moment equations and the closure induced by the
representation are optimally satisfied. For the case of unimodal systems, the described
approach reproduces the statistical linearization method while for bi-modal systems

it still provides meaningful and accurate results with very low computational cost.
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3.2 Description of the Method

In this section, we give a detailed description of the proposed method for the inexpen-
sive computation of the response statistics for dynamical systems subjected to colored

noise excitation. The computational approach relies on two basic ingredients:

o Two-time statistical moment equations. These equations will be derived directly
from the system equation and they will express the dynamics that govern the
two-time statistics. For systems excited by white-noise, single time statistics are
sufficient to describe the response but for correlated excitation, this is not the
case and it is essential to consider higher order moments. Note that higher (than
two) order statistical moment equations may be used but in the context of this

work two-time statistics would be sufficient.

o Probability density function (pdf) representation for the joint response-excitation
statistics. This will be a family of probability density functions with embedded
statistical properties such as multi-modality, tail decay properties, correlation
structure between response and excitation, or others. The joint statistical struc-
ture will be represented using copula functions. We will use representations
inspired by the analytical solutions of the dynamical system when this is excited
by white noise. These representations will reflect features of the Hamiltonian
structure of the system and will be used to derive appropriate closure schemes

that will be combined with the moment equations.

Based on these two ingredients, we will formulate a minimization problem with re-
spect to the unknown parameters of the pdf representation so that both the moment
equations and the closure induced by the representation are optimally satisfied. We
will see that for the case of unimodal systems the described approach reproduces the
statistical linearization method while for bi-modal systems it still provides meaningful

and accurate results with very low computational cost.

For the sake of simplicity, we will present our method through a specific system

involving a nonlinear SDOF oscillator with a double well potential. This system has
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been studied extensively in the context of energy harvesting especially for the case of
white noise excitation [39, 38, 50, 48]. However, for realistic setups it is important to
be able to optimize/predict its statistical properties under general (colored) excitation.

More specifically we consider a nonlinear harvester of the form
i+ M+ ki + ksx® = ). (3.1)

where z is the relative displacement between the harvester mass and the base, y
is the base excitation representing a stationary stochastic process, A is normalized
(with respect to mass) damping coefficient, and k; and k3 are normalized stiffness

coefficients.

Figure 3-1: Nonlinear energy harvester with normalized system parameters.

56



3.3 Two-time Moment System

We consider two generic time instants, £ and s. The two-time moment equations
have been considered previously in [4] for the determination of the solution of a ‘half’
degree-of-freedom nonlinear oscillator by utilizing a Gaussian closure. We multiply the
equation of motion at time ¢ with the response displacement z(s) and apply the mean
value operator [J (ensemble average). This will give us an equation which contains
an unknown term on the right hand side. To determine this term we repeat the same
step but we multiply the equation of motion with y(s). This gives us the following

two-time moment equations:

Z(t)y(s) + A& (t)y(s) + krz(t)y(s) + ksz(t)*y(s) = §(2)y(s), (3.2)
Z(t)x(s) + A(t)z(s) + krz(t)z(s) + ksz(t)3z(s) = y(t)z(s). (3.3)

Here the excitation is assumed to be a stationary stochastic process with zero mean and
a given power spectral density; this can have an arbitrary form, e.g. monochromatic,
colored, or white noise. Since the system is characterized by an odd restoring force, we
expect that its response also has zero mean. Moreover, we assume that after an initial
transient the system will be reaching a statistical steady state given the stationary
character of the excitation. Based on properties of mean square calculus [136, 14],
we interchange the differentiation and the mean value operators. Then the moment

equations will take the form:

a—;w(t)y(s) + A;%w(t)y(s) + kiz(t)y(s) + ksz(t)3y(s) = g-;—_y(t)y(s), (3.4)
gt—gm + Aoz (0)2(s) + kiz()z(s) + ks2(t)°a(s) = Zzy(B)z(s). (3.5
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Expressing everything in terms of the covariance functions, above equations will result

in:
82 ts a ts ts ts
3t20 + )\atc + le + k3$( ) (S) atz ny) (36)
9?2 0
ET® Ct“’ + )‘Btc‘f’i + lets + ksx(t)3z ( ) = ETe C’;fc, (3.7)
where the covariance function is defined as
C::Z = (t)y(s) Coy(t — 8) = Cgy(7)- , (3.8)

Taking into account the assumption for a stationary response (after the system has
gone through an initial transient phase), the above moment equations can be rewritten

in terms of the time difference 7 =t — s:

38_7'220311(7-) + Aaa ny(T) + k1 zy(T) + k3z(t)3y(s) = 82 ny(T)’ (3.9)
3 Cral7) + A5 -Conlr) + ki Cialr) + kT2 (5) = %Cm(—n- (3.10)

Note that all the linear terms in the original equation of motion are expressed in
terms of covariance functions, while the nonlinear (cubic) terms show up in the form
of fourth order moments. To compute the latter we will need to adopt an appropriate

closure scheme.
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3.4 Two-time PDF Representations and Induced
Closures

In the absence of higher-than-two order moments, the response statistics can be ana-
lytically obtained in a straightforward manner. However, for higher order terms it is
necessary to adopt an appropriate closure scheme that closes the infinite system of
moment equations. A standard approach in this case, which performs very well for uni-
modal systems, is the application of Gaussian closure which utilizes Isserlis’ Theorem
[63] to connect the higher order moments with the second order statistical quantities.
Despite its success for unimodal systems, Gaussian closure does not provide accurate
results for bistable systems. This is because in this case (i.e. bistable oscillators) the
closure induced by the Gaussian assumption does not reflect the properties of the

system attractor in the statistical steady state.

Here we aim to solve this problem by proposing a non-Gaussian representation for the
joint response-response pdf at two different time instants and for the joint response-

excitation pdf at two different time instants. These representations will:

« incorporate specific properties or information about the response pdf (single

time statistics) in the statistical steady state,

« capture the correlation structure between the statistics of the response and/or
excitation at different time instants by employing Gaussian copula density func-

tions,

e have a consistent marginal with the excitation pdf (for the case of the joint

response-excitation pdf).
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3.4.1 Representation Properties for Single Time Statistics

0.6

0.5

0.4

T

P

0.2

0.1

-4 2 0 2 4
X

Figure 3-2: Representation of the steady state pdf for single time statistics of a system
with double-well potential. The pdf is shown for different energy levels of the system.

We begin by introducing the pdf properties for the single time statistics. The selected
representation will be based on the analytical solutions of the Fokker-Planck equation
which are available for the case of white noise excitation [138, 136}, and for vibrational
svstems that has an underlying Hamiltonian structure. Here we will leave the energy
level of the system as a free parameter - this will be determined later. In particular,

we will consider the following family of pdf solutions (figure 3-2):

1

flzig)= = exp{—%U(m)} = %exp{ — %(%klﬂiz + ikgfftl)}, (3.11)

where U is the potential energy of the oscillator, v is a free parameter connected
with the energy level of the system, and F is the normalization constant expressed as

follows:
% 1 1
7= exp{ . (—k1x2 " —k3$4) }da:. (3.12)
—00 Y 2 4
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3.4.2 Correlation Structure between Two-time Statistics

Representing the single time statistics is not sufficient since for non-Markovian sys-
tems (i.e. correlated excitation) the system dynamics can be effectively expressed
only through (at least) two-time statistics. To represent the correlation between two
different time instants we introduce Gaussian copula densities [108, 101]. A copula is
a multivariate probability distribution with uniform marginals. It has emerged as an
useful tool for modeling stochastic dependencies allowing the separation of dependence
modeling from the given marginals [114]. Based on this formulation we obtain pdf
representations for the joint response-response and response-excitation at different

time instants.

Joint response-excitation pdf. We first formulate the joint response-excitation pdf
at two different (arbitrary) time instants. In order to design the joint pdf based on
the given marginals of response and excitation, we utilize a bivariate Gaussian copula

whose density can be written as follows [101]:

¢ uv) = 20 (u) @ (v) — ¢ (<I>" (w)*+ 071 (v) )), (3.13)

1
Jioa P ( 21— @)

where u and v indicate cumulative distribution functions and the standard cumulative

distribution function is given as the following form:

b(z) = — [* exp (—?)dz. (3.14)

Denoting with x the argument that corresponds to the response at time ¢, with y the

argument for the excitation at time s = t — 7, and with g(y) the (zero-mean) marginal
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pdf for the excitation, we have the expression for the joint response-excitation pdf.

q(z,y) = f(z)g(y)C (F(z),G(y)),
1

- f(a:)g(y)ﬁ

o (m-l (F() 8 (G(y)) — & (37 (F(2))* + 2~ (G(y)f))

2(1 - )
(3.15)

where ¢ defines the correlation between the response and the excitation and has
values =1 < ¢ < 1 and F(z) and G(y) are the cumulative distribution functions
obtained through the response marginal pdf, f(x), and the excitation marginal pdf,
g(y), respectively. Note that the coefficient ¢ depends on the time difference 7 =t —s
of the response and excitation. This dependence will be recovered through the resolved

second-order moments (over time) between the response and excitation.
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Figure 3-3: The joint response excitation pdf is also shown for different values of the
correlation parameter ¢ ranging from small values (corresponding to large values of |7])
to larger ones (associated with smaller values of |7]).
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Joint response-response pdf. The joint pdf for two different time instants of the
response, denoted as p(z, 2), is a special case of what has been presented. In order to
avoid confusion, a different notation z is used to represent the response at a different

time instant s =t — 7. We have:

p(z,2) = f(2)f(2)C (F(z), F(2)),

1
= f(m)f(z)ﬁ

2c071 (F(z)) @71 (F(2)) — ¢ (27} (F(2))* + @71 (F(2))%)
X P 21— ) !

(3.16)

where c is a correlation constant (that depends on the time-difference 7). Note that the
response z at the second time instant follows the same non-Gaussian pdf corresponding
to the single time statistics of the response. In figure 3-3, we present the above joint pdf
(equation (3.15)) with the marginal f (response) having a bimodal structure and the
marginal g (excitation) having a Gaussian structure. For ¢ = 0 we have independence,
which essentially expresses the case of very distant two-time statistics, while as we

increase c the correlation between the two variables increases referring to the case of

small values of 7.
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3.4.3 Induced Non-Gaussian Closures
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Figure 3-4: The relation between z(t)3z(s) and z(t)z(s). Exact relation is illustrated in
red curve and approximated relation using non-Gaussian pdf representations is depicted
in black curve.

Using these non-Gaussian pdf representations, we will approximate the fourth order
moment terms that show up in the moment equations. We numerically observe that
in the context of the pdf representations given above, the relation between m
and m is essentially linear (see figure 3-4). To this end, we choose a closure of

the following form for both the response-response and the response-excitation terms:

z(t)°2(s) = pao 2(t)z(s), (3.17)

where p, . is the closure coefficient for the joint response-response statistics. The value

of p, » is obtained by expanding both z(t)3z(s) and z(t)z(s) with respect to c keeping
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up to the first order terms:

. Tz = //zzp(x, z)dzdz
{ :vf(a:) erf ' (2F(z) — 1) d:c}zc—i- O(c?), (3.18)
//a: zp(z, z)dzdz

{ 2 f(z) erf™ 1(2F(:c)—1)d:c}{ [ #f(z)ert? (2F(z)—1)dz}c+(9(c2),
(3.19)

where the error function is given by:

erf(z) = (3.20)

Fher

Thus, we observe that the assumed copula function in combination with the marginal
densities prescribe an explicit dependence between fourth- and second-order moments,

expressed through the coefficient:

Do = J23f(z)erf™ (2F(z) — 1) dx
0 [zf(z)erf ™ (2F(z) — 1) dx

(3.21)

We emphasize that this closure coefficient does not depend on the time-difference T
but only on the single time statistics and in particular the energy level of the system,
defined by ~. To this end, for any given marginal pdf f, we can analytically find what

would be the closure coefficient under the assumptions of the adopted copula function.

The corresponding coefficient for the joint response-excitation statistics p,, can be

similarly obtained through a first order expansion of the moments:

_ [ f(z)erf ! (2F(z) — 1) dx
Pey = Jzf(z)erf™ (2F(z) — 1)dx

(3.22)

The closure coefficient p,, has exactly the same form with the closure coefficient p, ;

and it does not depend on the statistical properties of the excitation nor on the time-
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difference 7 but only on the energy level v. We will refer to equations (equation (3.21))
and (equation (3.22)) as the closure constraints. This will be one of the two sets of
constraints that we will include in the minimization procedure for the determination

of the solution.

3.4.4 Closed Moment Equations

The next step involves the application of above closure scheme on the derived two-time
moment equations. By directly applying the induced closure schemes on equations
(equation (3.9)) and (equation (3.10)), we have the linear set of moment equations

for the second-order statistics:

02 0 0?

572 Cay(T) + A5=Cioy (1) + (Fy + pays) Cay (7) = 5-2Cu(7), (3.23)
O o (7) 4 AL Ca() + (b + prakis) Canl(r) = 2 Cy(=7) (3.24)
6’7’2 zx\T 3’7' T 1 Pr,xh3)Cxe\T) = 37'2 T T)- .

Using the Wiener-Khinchin theorem, we transform the above equations to the corre-

sponding power spectral density equations:

{(Jw)? + A(Jw) + kr + pryks}Sey (W) = (jw) Sy (W), (3.25)
{(jw)? = AMJw) + k1 + pogks}Sec(w) = (jw)?Sey(w). (3.26)

These equations allow us to obtain an expression for the power spectral density of the

response displacement in terms of the excitation spectrum:

w4

{kl + Pz,yk3 —w? + ]()\(U)}{kl + pz,mkS —w? — ](/\UJ)}

Sealw) = Syy(w).  (3.27)

Integration of the above equation will give us the variance of the response:

x? = /oo Sz (w)dw
0

=/0°°

w4

{kl + pa:,yk;; - w2 + ](/\w)}{kl + pm,a:k3 - w2 - ]()‘w)}

Syy(w)dw. (3.28)
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The last equation is the second constraint, the dynamics constraint, which expresses the
second order dynamics of the system. Our goal is to optimally satisfy it together with

the closure constraints defined by equations (equation (3.21)) and (equation (3.22)).

3.4.5 Moment Equation Copula Closure (MECC) Method

The last step is the minimization of the two set of constraints, the closure constraints
and the dynamics constraint, which have been expressed in terms of the system re-
sponse variance z2. The minimization will be done in terms of the unknown energy
level v and the closure coefficients p,, and p,,. More specifically, we define the

following cost function which incorporates our constraints:

2
e w!Syy(w)
_ )= vy
\7(77 Pz,z) Px,y) {1? A |{k1 + pm,yk3 — w? + ](/\(A))}{kl + pa:,a:k3 —-w? - J(Aw)} |dw}

| [Bf(@)ed™ (2F(2) — )dz |’
* {pm [zf(z)ef™! (2F(z) — 1) dx }

2% f(=) erf ! (2F(z) — 1) dx 2
" {pz,y fzf(z)erf™' (2F(z) — 1) dz } ' (3.29)

Note that in the context of statistical linearization only the first constraint is min-
imized while the closure coefficient is the one that follows exactly from a Gaussian
representation for the pdf. In this context there is no attempt to incorporate in an equal
manner the mismatch in the dynamics and the pdf representation. The minimization
of this cost function essentially allows mismatch for the equation (expressed through
the dynamic constraint) but also for the pdf representation (expressed through the
closure constraints). For linear systems and an adopted Gaussian pdf for the response

the above cost function vanishes identically.
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Chapter 4

Applications of
Moment-Equation-Copula-Closure

Method

4.1 Formulation

In chapter 3, we have developed computational framework which allows for the in-
expensive and accurate approximation of the second order statistics of the system
even for oscillators associated with double-well potentials. In addition, it allows for
the semi-analytical approximation of the full non-Gaussian joint response-excitation

pdf in a post-processing manner.

In this chapter, we illustrate applications of the developed approach through nonlinear
single-degree-of-freedom energy harvesters with double-well potentials subjected to
correlated noise with Pierson-Moskowitz power spectral density. We also consider
the case of bi-stable oscillators coupled with electromechanical energy harvesters
(one and a half degrees-of-freedom systems), and we demonstrate how the proposed
probabilistic framework can be used for performance optimization and parameters

selection. In the later section, we extend the applicability of MECC method to a
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general linear structure attached with a nonlinear energy harvesters. We consider
two examples, the linear single-degree-of-freedom system and the linear undamped
elastic rod, under stochastic forcing with Pierson-Moskowitz spectrum and provide the
comparison of semi-analytical results and direct Monte-Carlo simulations. We note
that, for all applications, it is assumed that the stationary stochastic excitation has a
power spectral density given by the Pierson-Moskowitz spectrum, which is typical for

excitation created by random water waves:

S(w)=gq Z}g eXP(~$;), (4.1)

where ¢ controls the intensity of the excitation.
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4.2 SDOF Bistable Oscillator Excited by Colored

Noise

For the colored noise excitation that we just described, we apply the MECC method.
We consider a set of system parameters that correspond to a double well potential.
Depending on the intensity of the excitation (which is adjusted by the factor ¢), the
response of the bistable system ‘lives’ in three possible regimes. If ¢ is very low, the
bistable system is trapped in either of the two wells while if ¢ is very high the energy
level is above the homoclinic orbit and the system performs cross-well oscillations. Be-
tween these two extreme regimes, the stochastic response exhibits combined features
and characteristics bf both energy levels and it has a highly nonlinear, multi-frequency

character [47, 46].

Despite these challenges, the presented MECC method can inexpensively provide with
a very good approximation of the system’s statistical characteristics as it is shown in
figure 4-1. In particular in figure 4-1, we present the response variance as the intensity
of the excitation varies for two sets of the system parameters. We also compare our
results with direct Monte-Carlo simulations and with a standard Gaussian closure

method [136, 140, 55].

For the Monte-Carlo simulations the time series for the excitation has been generated
as the sum of cosines over a range of frequencies. The amplitudes and the range of
frequencies are determined through the power spectrum while the phases are assumed
to be random variables which follow a uniform distribution. In the presented examples,
the excitation has power spectral density that follows the Pierson-Moskowitz spectrum.
Once each ensemble time series for the excitation has been computed, the governing
ordinary differential equation is solved using a 4th/5th order Runge-Kutta method.
For each realization the system is integrated for a sufficiently long time interval in
order to guarantee that the response statistics have converged. For each problem, we

generate 100 realizations in order to compute the second-order statistics. However,
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for the computation of the full joint pdf, a significantly larger number of samples is

needed reaching the order of 107.

25

+  Monte Carlo Simulation
1.8¢ ~Guassian Closure
——MECC Method

- Monte Carlo Simulation,
-~ Guassian Closure
——MECC Method

0.5F

(a) (b)

Figure 4-1: Mean square response displacement with respect to the amplification factor
of Pierson-Moskowitz spectrum for the bistable system with two different sets of system
parameters. (a) A =1, ky = —1, and k3 = 1. (b) A= 0.5, k; = —0.5, and k3 = 1.

We observe that for very large values of ¢ the computed approximation closely follows
the Monte-Carlo simulation. On the other hand, the Gaussian closure method sys-
tematically underestimates the variance of the response. For lower intensities of the
excitation, the exact (Monte-Carlo) variance presents a non-monotonic behavior with
respect to g due to the co-existence of the cross- and intra-well oscillations. While
the Gaussian closure has very poor performance on capturing this trend, the MECC
method can still provide a satisfactory approximation of the dynamics. Note that the
non-smooth transition observed in the MECC curve is due to the fact that for very
low values of ¢ the minimization of the cost function (equation (3.29)) does not reach
a zero value while this is the case for larger values of ¢. In other words, in the strongly
nonlinear regime neither the dynamics constraint nor the closure constraint is satisfied
exactly, yet this optimal solution provides with a good approximation of the system

dvnamics.

After we have obtained the unknown parameters v, p, ,» and p, , by minimizing the cost

function for each given ¢, we can then compute the covariance functions and the joint
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pdf in a post-process manner. More specifically, since a known + corresponds to a spe-
cific p,y (equation (equation (3.22))) we can immediately determine Cy,(7) by taking
the inverse Fourier transform of S,, found through equation (equation (3.25)). The
next step is the numerical integration of the closed moment equation (equation (3.24))

utilizing the determined value p, , with initial conditions given by
Cox0) = [2f (zi7)dz, and Cua(0) =0, (42)

where the second condition follows from the symmetry properties of C,,. Note that
we integrate equation (equation (3.24)) instead of using the inverse Fourier transform
as we did for Cz,(7) so that we can impose the variance found in the last equation by
integrating the resulted density for the determined . Using the correlation functions
Czz(7) and C,y(T) we can also determine, for each case, the correlation coefficient ¢
of the copula function for each time-difference 7. The detailed steps are given at the

end of this subsection.
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Figure 4-2: Correlation functions C, and Cy, of the bistable system with system
parameters A = 1, k; = —1, and k3 = 1 subjected to Pierson-Moskowitz spectrum. (a)
Amplification factor of ¢ = 2. (b) Amplification factor of g = 10.

The results as well as a comparison with the Gaussian closure method and a direct
Monte-Carlo simulation are presented in figure 4-2. We can observe that through the
proposed approach we are able to satisfactorily approximate the correlation function
even close to the non-linear regime ¢ = 2, where the Gaussian closure method presents

important discrepancies.

Finally, using the computed parameters v and closure coefficients, p,, and p,,, we
can also construct the three-dimensional non-Gaussian joint pdf for the response-

response-excitation at different time instants. This will be derived based on the three-
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dimensional Gaussian copula density of the following form:

T

. . o~ (F(z)) &1 (F(x))
C(F(), F(2),GW) = =exp | =5 | 7 (F(2) (BTT-1)- | oL(F(2)
71 (G(y) 1 (G(y))

(4.3)

The three-dimensional non-Gaussian joint pdf for the response-response-excitation at

different time instants can be expressed as follows:

fa:(t),:z:(t+7'),y(t+7') (:I"’ Z, y) = f(x)f(z)g(y)C (F(m)v F(Z), G(y))

= &)/ ()o(0) 7o
[erea ] ®1(F(2))
xexp| =5 | @1 (F(2) | (R -1)- | 272 (F(2)
2 (GW) 2 (G)

(4.4)

where R represents the 3 X 3 correlation matrix with all diagonal elements equal to 1:

1 ¢z cyy
R=| ¢, 1 Cay | - (4.5)

Coy Czy 1

The time dependent parameters ¢, Csy, Cz Of the copula function can be found

through the resolved moments, by expanding the latter as:

CIE(T) = // szx(t),:c(t+1—),y(t+7-) (ZII, 2, y)dxdydz = 2]:2cxz + O (Ciz) ’ (46)
C'my(’r) = // xyfz(t),z(t”),y(HT) (:L‘, z, y)d:z:dydz = 2]—'gcxy + O (Ciy) , (4.7)
Cey(0) = // 2Y fot) a(t4+) w(t+7) (T, 2, y)dzdydz = 2F Geyy + O (czy) . (4.8)
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where,’
F = /a:f(x) erf ' (2F(z) — 1)dz and G = /xg(z) erf ! (2G(z) — 1) dz.

If necessary higher order terms may be retained in the Taylor expansion although for
the present problem a linear approximation was sufficient. The computed approxima-
tion is presented in figure 4-3 through two dimensional marginals as well as through
isosurfaces of the full three-dimensional joint pdf. We compare with direct Monte-
Carlo simulations and as we are able to observe, the computed pdf compares favorably
with the expensive Monte-Carlo simulation. The joint statistics using the Monte-Carlo
approach were computed using 107 number of samples while the computational cost

of the MECC method involved the minimization of a three dimensional function.
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(b) T = 10

Figure 4-3: Joint pdf fo(p)o(t4+r)y(t+7) (T, 2 y) computed using direct Monte-Carlo sim-
ulation and the MECC method. The system parameters are given by A = 1, by = —1,

and k3 = 1 and the excitation is Gaussian following a Pierson-Moskowitz spectrum with

g = 10. The pdf is presented through two dimensional marginals as well as through
isosurfaces. (a) 7 = 3. (b) 7 = 10.
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4.3 SDOF Bistable Oscillator Coupled to an Elec-

tromechanical Harvester

In practical configurations, energy harvesting occurs through a linear electromechanical
transducer coupled to the nonlinear oscillator [56, 72, 99]. In this section, we assess
how our method performs for a bistable nonlinear SDOF oscillator coupled to a linear

electromechanical transducer. The equations of motion in this case take the form:

&4+ AT + kix + k3z® + ow = 4, (4.9)
b + B = 61, (4.10)

where z is the response displacement, ¥y is a stationary stochastic excitation, v is the
voltage across the load, A is the normalized damping coefficient, k; and k3 are the
normalized stiffness coefficients, a and ¢ are the normalized coupling coefficients, and
3 is the normalized time coefficient for the electrical system. All the coefficients except
k, are positive. Based on the linearity of the second equation, we express the voltage

in an integral form:
t
v(t) =6 / (e Pt=9d¢ = §i(t) x e Ptu(t), (4.11)
0

where * indicates convolution and u(t) represents the Heaviside step function. We

then formulate the second-order moment equations following a similar approach with
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the previous section.

& 00 + A 200 + kT U + ki EPYE) + v D) = o),

(4.12)

2 2

%m(t)x(s) + )\gzx(t)x(s) + k1z(t)z(s) + ksx(t)3z(s) + av(t)z(s) = gﬁy(t)x(s),
(4.13)

%v(t)v(s) + Bu(t)u(s) = dgt-x(t)v(s).
(4.14)

In this case, we estimate two additional covariance functions, v(t)y(s) and v(t)z(s)

before applying MECC method:

W) = 6 [ FOuEe P 0dg, (415)
=46 /0 t -(%ny(g — 5)e P94, (4.16)
= J%Czy(t — 5) x e Plu(t), (4.17)
= 5(—%0,31,(7).* e Plu(t), (4.18)

where 7 = t — s is the time difference of two generic time instants ¢ and s. Considering

the power spectrum, the Fourier transform of the above gives:

_ Jow w
Fo@)y(s)} = Suy(w) = ﬁ+jws””y( )- (4.19)
Similarly, we also obtain for v(t)z(s):
Jow

By applying the previously described closure scheme on equations (equation (4.12))

and (equation (4.13)), we have a linear set of moment equations for the second-order
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statistics:

0? 0 0 92

o2 Coy(T) + /\a Coy(T) + (k1 + Pw,yk3)Czy(7) + aéb‘;cwy(T) * e_ﬂtu(t) = 8_7_§ny(7')»
(4.21)

02 0 0 Bt 0?

33 Cre(T) + )‘8 Cre(T) + (kv + przpks)Cra(T) + ada Cro(7) * e u(t) = —é;_—z—ny(—T),

(4.22)

va(T) + ﬁva(T) = 52.;27_0111(_7-)'
(4.23)

9
or

Using the Wiener-Khinchin theorem, we transform the above equations to the corre-

sponding power spectral density equations:

jodw

{G0)? + AG) + Fa o pehs + 5 }Say() = (1) Siy(@) (4.24)
{(Gw)? = A(w) + k1 + pagks — g adw —}Spa(w) = (j0)*Say (@), (4.25)
{_(]w) + ﬁ}svv(w) = - 6(jw)svw(w)- (4-26)

These equations allow us to obtain an expression for the power spectral density of the

response displacement and response voltage in terms of the excitation spectrum:

(@) o
Sa::v w) = . oW
{1+ payhs — w? + jOw) + 1252}
1
X : S, , (4.27
Tt ok — 2 — 300w) — 3oy |Pw ) (421)
o 62w
va(w) = ; adw
i{,B2 +w2}{k1 + p:c,yk3 - w2 +.7()‘w) + %li_w
1
X . S, . (4.28
{kl + pm,:zk3 - w2 - J()‘w) - ‘5%%} yy(w) ( )

80



Integration of the above equation will give us the variance of the response displacement

and voltage:

—_— oo w4
z? = / ,
o |{k1+ pryks —w?+j(Ow) + ﬁ%}
: 1
X . ———1Syy(w)dw, (4.29)
{kl + px,:::k3 —w? — J()\w) - ‘é‘:%;} v (
o [ ot ‘
0 {82+ wHkr + peyks — w? + j(Ow) + 122}

1

X , ———|Syy(w)dw. (4.30)
{k1 + proks — w? — j(Aw) — BL:‘;—“—)} w

Equation (equation (4.29)) expresses the second order dynamics of the SDOF bistable
oscillator coupled with an electromechanical harvester, and is the dynamics constraint
for this system. We will minimize it together with the closure constraints defined by

equations (equation (3.21)) and (equation (3.22)):

[ f(z)ert™ (2F(z) —1)da }2

T, Paz: Pay) = {Pw [fzf(z)erf! (2F(z) — 1) dx

[ f(@)ert™ (2F(z) — Ddz |
* {pm,y [zf(z)erf™! (2F(z) — 1) dx }

-3 o w!Syy (W)
+492°— / . jadw
o |{kr+ poyks —w? +7(w) + £352}
2
X ! dw
{k1 + pz ks — w? — j(dw) — ;%‘;% '

(4.31)

In figure 4-4, we illustrate the variance of the response displacement and the voltage
as the intensity of the excitation varies for two sets of the system parameters. For
both sets of system parameters, we observe that for large intensity of the excitation,
the MECC method computes the response variances (displacement and voltage) very

accurately, while the Gaussian closure method systematically underestimates them.

81



For lower intensities of the excitation, the response displacement variance computed
by the Monte-Carlo simulation presents a non-monotonic behavior with respect to g.
While the Gaussian closure has very poor performance on capturing this trend, the

MECC method can still provide a satisfactory approximation of the dynamics.
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Figure 4-4: Mean square response displacement and mean square response voltage with
respect to the amplification factor of Pierson-Moskowitz spectrum for bistable system
with two different sets of system parameters. Electromechanical harvester parameters
area=0.01,3=1,andd=1. (a) A\=1,k; =—1,and k3 = 1. (b) A =0.5, ky = —0.5,
and k3 = 1.0.

82



Following similar steps with the previous section, we obtain the covariance functions of
the response displacement and voltage and the joint pdf in a post-process manner. The
results as well as a comparison with the Gaussian closure method and the Monte-Carlo
simulation are illustrated in figure 4-5. We can observe that through the proposed
approach we are able to satisfactorily approximate the correlation function even close
to the non-linear regime g = 2, where the Gaussian closure method presents important
discrepancies. In figure 4-6, we illustrate two dimensional marginal pdfs as well as
isosurfaces of the full three-dimensional joint pdf. We compare with direct Monte-Carlo
simulations and as we are able to observe, the computed pdf closely approximates the

expensive Monte-Carlo simulation in statistical regimes which are far from Gaussian.
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Figure 4-5: Correlation functions C,, and C,, of the bistable system with A = 1,
ky = —1, and k3 = 1 subjected to Pierson-Moskowitz spectrum. Electromechanical
" harvester parameters are o = 0.01, 3 = 1, and § = 1. (a) Amplification factor of g = 2.
(b) Amplification factor of ¢ = 10.
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Figure 4-6: Joint pdf fy(¢)a(t4+r)y(t+7) (T, 2,y) computed using direct Monte-Carlo sim-
ulation and the MECC method. The system parameters are given by A =1, k; = —1,
and k3 = 1 under Pierson-Moskowitz spectrum g = 10. Electromechanical harvester pa-
rameters are o = 0.01, 5 =1, and § = 1. The pdf is presented through two dimensional
marginals as well as through isosurfaces. (a) 7= 3. (b) 7 = 10.

Finally in figure 4-7, we demonstrate how the proposed MECC method can be used
to study robustness over variations of the excitation parameters. In particular, we
present the mean square response displacement and response voltage estimated for

various amplification factors ¢ and frequency-varied excitation spectra:

Sp(w) = S(w — wo), (4.32)

where wy is the perturbation frequency. The comparison with direct Monte-Carlo
simulation indicates the effectiveness of the presented method to capture accurately

the response characteristics over a wide range of input parameters.
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Figure 4-7: Performance comparison (mean square response displacement (a) and
voltage (b)) between Monte-Carlo simulations (100 realizations) and MECC method.
Results are shown in terms of the amplification factor ¢ and the perturbation frequency
wp of the excitation spectrum (Pierson-Moskowitz) for the bistable system with A =1,
k1 = —1, and k3 = 1. The electromechanical harvester parameters are o = 0.01, 8 =1,
and § = 1.
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4.4 General Linear Structure Attached with SDOF
Bistable Oscillator

In this section we consider the bistable energy harvester attached to a general linear
structure, and we apply the previously developed Moment Equation Copula Closure
(MECC) method to obtain the response statistics. We first formulate the problem
for a generalized dynamical configuration, and in the later subsections we provide
two examples: one is single-degree-of-freedom system attached with a bistable energy
harvester, and the other is continuous linear elastic rod attached with a bistable
energy harvester. In this way we point out the applicability of the MECC method
to an arbitrary linear structure for the purpose of energy harvesting with bistable

oscillator.

4.4.1 General Linear Structure

Figure 4-8: General linear structure attached with nonlinear (i.e. bistable) energy
harvester.

We first formulate the problem with a general linear structure subject to an external
forcing attached with an energy harvester. The way we set up the problem as well
as definitions and notations are initially introduced in [128]. Here we adopt the same
procedures by slightly modifying and adjusting to our problem. Interested readers

should first refer to the original paper [128].
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The dynamics of a linear structure can be formulated in terms of a linear operator.

8?u(z, )

5 = Llu(z,t)] + F(z, t;w), z € D,w € . (4.33)

Here u(z, t) indicates the response of the linear structure, x is an index taking values in
a discrete or continuous set D, and F describes all the stochastic and/or deterministic
forcing acting on the linear structure. We consider a probability space €2 which contains
the set of events @ € ). The boundary conditions and initial conditions can be

expressed by

Mlu(z,t)] = h(z,1), (4.34)

U(.’E,to) = fo(l‘;w), Ut(.’l}‘,to) = g[)(.’l,';a}-), T e ’D,ZJ € Q, (435)

where Mu(z,t)] is the operator for the boundary condition, f, and go describe the
initial conditions of displacement and velocity, respectively. In our problem the linear
structure is coupled with a nonlinear (bistable) energy harvester connected to the
linear structure at point z, (figure 4-8). We consider the case of bimodal nonlinearity
which can be characterized by negative linear stiffness k;, < 0 and positive cubic

stiffness k3, > O:

ma(j + Aa(q - ut(xmt)) + kla(q - u(xm t)) + k3a(q - u(xa’ t))3 = O’ (4'36)

q(to; W) = go(W), §(to; @) = go(w), e, (4.37)

where m, and )\, are mass and damping coefficient of the attachment, respectively.
We note that the coupling with the linear structure has been introduced through the
relative displacement ¢ — u(x,,t) across the nonlinear attachment. Considering the

external force F.(z,t;W), we can split the force acting on the linear structure F(z, t; @)
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as follows.

F(@,6:@) = [Nald = (@ ) + bralq = u(@a, ) + kaale = u(wa, )" - )

+ Fo(z, t;@). (4.38)

Now we can characterize the response of the linear structure in terms of a Green’s

function [10]. Detailed derivation and proofs can be found in [128, 10].

t
u(z,t) = /tO/DG(x,ﬂy, 8)F(y, s;w)dyds

+ [ 6ty t)oo(s®) — Gela, y t) oy @)y, (4:39)

By plugging equation (4.38) into the above, we obtain

u(z,t) = /t: /D G(z,tly, s)Fe(y, s;w)dyds
+ [ [6la,ty, t)oo(vs ) — Gula tly. o) oly: @) dy
+ /tt G2, U0, ) Nald = (T2 9)) + Fia(g = U(zay 5)) + Ksalq — (e, )] ds.

(4.40)

Based on these, we can simply replace the equation of motion for the nonlinear

attachment in equation (4.37) as follows:

mad + )\a(q - C) + kla(q - C) + k3a(q - C)g = 07 (441)

q(to; W) = qo(@), 4(to; W) = go(@), wWeEQ, (4.42)

where we have defined

¢(t) = u(za,1) (4.43)
= H(t;w) + /t: G (%, t|7a, ) Ma(d — €(5)) + kualg — ¢(5)) + ksalg — C(5))°]ds.
(4.44)

88



The term H(¢; @) consists of i) an external stochastic forcing on the linear structure

and ii) a stochastic initial conditions.

‘ t
H(tw) = [ [ Glawthy, o) Fuly, 5:0)dyds

+ /D [G(a, tly, t0)90(y; @) — Ge(a, t]y, to) fo(y; @) | dy. (4.45)

We assume that

which are equivalent with
1 1
q= §(v+w), (= E(v—w). (4.47)

By plugging above relations into equation (4.41) and equation (4.44), we obtain

2\, . 2k1aw+ 2k3aw3

0+ o e =, (4.48)
v(t) = w(t) + 2H(t; W)

+2 /tt G0, |70, 8)Pati(5) + Fraw(s) + ksa(w(s))¥]ds,  (4.49)
w(to; @) = go(@), w(to; @) = ¢o(@), (4.50)

where we assumed fo(z,, @) = 0 and go(z,;@) = 0 without loss of generality. Sub-
stituting v(¢) from the second equation into the first equation, we can combine the

equations as

i 20y 4 By, Ko
mg n me .
.. d? ¢
- D) - d_ﬁ[ [ Gl thta,5)Dhat(s) + Frat(s) + kga(w(s))3]ds]. (4.51)
(4]

We note that above stochastic nonlinear integro-differential equation is the exact

reformulation of the original problem we consider and no approximation has been
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applied. The entire step we described here can be applied to any general linear structure
under external forcing attached with bistable energy harvesters. More generalized
formulation with multiple number of nonlinear attachments to a linear structure has
been discussed in [128]. In the following subsections, we demonstrate how this approach
can be repeated to the two specific linear structures (single-degree-of-freedom linear
structure and continuous linear elastic rod) attached with the bistable energy harvester.
We then describe how the developed MECC method can be utilized to estimate the
response statistics. Semi-analytical results will be compared with direct Monte-Carlo

simulations as well as the traditional Gaussian closure scheme.

4.4.2 Bistable Energy Harvester with Linear SDOF Struc-

ture
z1 ZZ
— k —
k 1a
m
— 3a
A £

Figure 4-9: TDOF linear structure attached with nonlinear (bistable) energy harvester.

We first consider the example of linear single-degree-of-freedom system attached with
essentially nonlinear bistable energy harvester (ﬁgure 4-9) whose equations of motion

are:

mé + A+ kC+ Xa(€ — ) + k1a(C = 1) + k3 (¢ — 1)° = 4, (4.52)
maﬁ + Aa('f] - C) + kla(TI - C) + k3a.(77 - C)S = O’ (453)

where m, A, and k are the mass, damping coefficient and stiffness of the linear struc-
ture while mg, Aa, k1o and ks, are the mass, damping coefficient, linear stiffness and
cubic stiffness of the attachment. Here we note that in order to impose the bimodal

nonlinearity we consider ki, to be negative, k1, < 0. Also ¢ and 7 indicate the rela-
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tive displacement of the linear structure and the attachment, respectively. y indicates
the excitation displacement whose spectral density is in the Pierson-Moskowitz form
(equation (4.1)). The coupling between the linear structure and the attachment has
been introduced by the relative displacement of ¢ and 7. Thus by letting z = n — (,

we can re-write above governing equations as

mé 4 X + kC + mai + mal = 4, (4.54)

Mo + Ao + k1T + k3gx® = —maf. (4.55)

By letting the Fourier transform of {(t) is Z(jw), we take the Fourier transform of

the first equation of above:
(m(jw)2 +A(jw) +k+ ma(jw)2)Z(jw) + ma(je)?X (jw) = (jw)?Y (jw), (4.56)

then this follows:

. _ "'ma(jw)2 ‘
S m(jw)? + Mjw) + k + ma(jw)2X (jw)
(jw)? .
m(jw)? + A\(jw) + k + ma(jw)QY(Jw), (4.57)
. 2 . . _ma(jw)4 .
(.7(-0) Z(]w) - m(Jw)2+/\(]w) +k+ma(jw)2X(Jw)
(jw)*

G FAGw) T kT maGa)Ey U (458)

Above second equation can be rewritten in time domain by taking inverse Fourier

transformation:

C(t) = a(t) * =(t) + B(t) * y(2), - (459)
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where

N —mg(jw)?
A(jw) = G+ NGw) T kT maGo)E (4.60)
_ 1 —'ma(jw)4
alt)=F (m(jw)2 + A(jw) + k + ma(jw)2>’ (4.61)
and
o ()t
Bljw) = m(jw)? + A(jw) + k + ma(jw)?’ (4.62)
_ 1 (jw)4
i) =F (m(jw)2 + A(jw) +k + ma(jw)z)' (4.63)

We can plug this relation into the second equation of equation (4.55) which gives:
Mo + Ao + k1o + kzo2® + maa % 7 = —muB x y. (4.64)

Again above stochastic nonlinear integro-differential equation (in terms of convolu-
tions) is the exact reformulation of the original governing equations. Moreover the
equation is in the similar form of what we have performed the MECC method in
(section 4.2). We simply follow the same procedures to obtain the response spectral
density function. First we compute the differential equations in terms of covariance
functions by multiplying with z and y at different time instant s and by taking

ensemble average.

? 0 ) .
57_—20%(7') + )‘a—czy(T) + (k1o + Pzyksa + maA(Jw))ny(T) = - maB(Jw)ny(T)’

or
(4.65)

2

0 0
E_’Z'Cm:('r) + )\agcmx('r) + (kla + pa:,:ckl}a + maA(Jw))sz(T) - _maB(jw)ny(_T)-
(4.66)
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" Using the Wiener-Khinchin theorem, we transform the above equations to the corre-

sponding power spectral density equations:

{ma(§w)? + Ao (jw) + k1a + k3apzy + Mo A(W)}Sey(w) = —maB(jw)Syy(w),
(4.67)

{ma(jw)2 — Aa(jw) + k1o + k3opze + maA(_w)}Swm(w) = “maB(jw)Sxy(w)-
(4.68)

These equations can be combined into

maB(w)B(~w)
(ma (Jw)? + Xa(jw) + k1o + K3apry + ma.A(w)>
1
(a()® = Aa(j0) + o + Faapre + o A(—)

See(w) =

X

Syy(w)
)

(4.69)
Integration of the above equation will give us the variance.
—_ /°° | m2B(w)B(—w)Syy(w)
0 (ma(jw)z + )‘a(jw) + kla + k3apz,y + ma-A(w))
1
x |dw.  (4.70)

(ma(jw)2 - /\a(jw) + kla + k3apa:,:t + maA(—w))

As before, the last equation is the dynamics constraint, which expresses the second
order dynamics of the system. We aim to optimally satisfy it together with the closure
constraints defined by equations (equation (3.21)) and (equation (3.22)) by construct-

ing and minimizing the following objective function in terms of the unknown energy
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level v and the closure coefficients p, , and pz -

maB(w)B(~w)Syy(w)
ma(jw)z + )\a(jw) + k1o + k3apuy + ma-A(w))

j(’)’) px,x,pa:,y) = {x_j _'/O |<
2
! {dw}

(malo)? = Nal) + Ko + ksapre + moA () )

D SR () et (2F(z) — 1)dz |
YT fzf(z) et (2F(z) — 1) dz

X

_ [23f(z)erf™ ! (2F(z) — 1) dz 2
i {pa:,y [zf(z)erf ! (2F(x) — 1) dz } : (4.71)

We emphasize that in the context of statistical linearization only the first constraint is
minimized while the closure coefficient is the one that follows exactly from a Gaussian
representation for the pdf. In this case there is no attempt to incorporate in an equal
manner the mismatch in the dynamics and the pdf representation. The minimization
of this cost function essentially allows mismatch for the equation but also for the
pdf representation. Once we have obtained the closure coeflicients and the expression
of response spectral density (for relative displacement z), one can easily obtain the
response spectral density for the main linear structure (for the relative displacement
¢). From the equation (4.59), we have the following relations:
Aw) B(w)

See(w) = W‘ch(w) + Wsyc(w)- (4.72)

However two spectral densities Sy and Sy are unknowns for now, and we first compute

Sze(w) from

A B
Sialw) = 72 53 Seal) + 5 3 S (@) (4.73)

Taking into account the second equation of equation (4.66), we obtain

Syuli) = — el A Uw)iﬁ@; bapee £ 1AL 5 (o), (4.74)
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Hence we obtain

Aw)  ma(jw)? + Xa(jw) + kia + kzapoz + MaA(w)
Scalw) = {(J'W)2 B mq(jw)? Seal(w). (475)
For brevity, we choose the following notation
_’ A(w) Mg (jw)z + Aa(jw) + kla + k3ap:c:z: + ma-A(w)
Tl(w) - (](U)z ma(jw)2 , (476)
and we simply rewrite into
Suc(@) = Ti(~w) Sua(w). (4.77)
Now we similarly obtain Sy¢(w):
_ Alw) B(w)
S(y(w) - (jw)gsxy(w) + (jw)gsyy(w)' (478)
Taking into account the first equation of equation (4.66), we obtain
Seolw) = { - TeAL)B() +o }Syy«u).
(jw)z(ma(jw)z + )\a(jw) + kla + k3apa:y + maA(w)> Ot
(4.79)
We also choose the notation of
()2 (ma()? + Aali) + o + by + maA(w)) ()
then we get
Syc(UJ) = Tg(—w)Shh(w). (481)
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Finally plugging equation (4.77) and equation (4.81) into equation (4.72), we obtain

the spectral density function for (.

A 1 () Saa(w) + %g’-)%

Seelw) = 72 53T

To(—w)Syy(w). (4.82)

In figures 4-10 and 4-11, we illustrate the variance of the response displacements ¢
and z as the intensity of the excitation varies for four different sets of the system
parameters. Those system parameters are summarized in table 4.1, table 4.2, table 4.3,
table 4.4, respectively. For all cases, we observe that the MECC method computes the
response variances very accurately, while the Gaussian closure method systematically
underestimates them. For lower intensities of the excitation, the response displacement
variance computed by the Monte-Carlo simulation presents a non-monotonic behavior
with respect to ¢. In this regime, the Gaussian closure has very poor performance on
capturing this trend, however the MECC method provides a satisfactory approximation
of the dynamics. Finally we point out that the same procedures can be applied to any

linear multi-degree-of-freedom structures attached with bistable energy harvesters.
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Table 4.1: System parameters for SDOF 1.

m 1 Mg 1
A 0.1 A 1
1 k1 =)
— — k3q 1
Table 4.2: System parameters for SDOF 2.
m 1 My 1
A 0.1 A 0.5
k 1 K1a =05
- — K3q 1
x &
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Figure 4-10: Mean square response displacements z2 and (2 with respect to the
amplification factor of Pierson-Moskowitz spectrum for SDOF 1 and 2 attached with
the bistable system. System parameters can be found in 4.1 and 4.2.
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Table 4.3: System parameters for SDOF 3.

m 1 Mg 0.1
A 0.1 A 0.05
k i k1o —0.05
— - k3, 0.1
Table 4.4: System parameters for SDOF 4.
m 1 Mg 0.1
% 0.1 Ao 0.1
k 1 K1a —0.1
— — ks, 0.1
4 - .
. gome_Carlé:: Simulation
35| __MECC Method ,/.
3t / ’
™ 251 / / .
L “ s
[ e
v 15
1 i
0.5
o 02 0.4 06 08 % 02 0.4 06 08 1
q q
25 T T 16 y :
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Figure 4-11: Mean square response displacements z2 and (2 with respect to the
amplification factor of Pierson-Moskowitz spectrum for SDOF 3 and 4 attached with
the bistable system. System parameters can be found in 4.3 and 4.4.
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4.4.3 Non-Gaussian Closure on Continuous System

yv)] 7 L

—

h(t)

Figure 4-12: linear elastic rod attached with nonlinear (bistable) energy harvester.
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The second example is a linear undamped elastic rod connected to a bistable nonlinear
energy harvester by means of a weak linear stiffness. This problem setting has initially
introduced in [149] considering the rod is subject to the impulse and step excitation.
Interested readers should first refer to the original work [149]. The way of setting up
the problem with elastic rod connected to an attachment has been adopted in this
section, however we modify it to our problem by applying correlation excitation as

well as attaching bimodal nonlinear oscillator.

We first specify the governing equations and boundary conditions for this problem

(figure 4-12).

g;y(v, t) + wiy(v,t) — 66—;y(v,t) = h(t)d(v+e), —L<v<0, (4.83)
E(t) + Aa(t) + e(m(t) - y(yo t)) + kyz(t) + ksz(t) = 0, (4.84)
%y((),t) +e(z(t) — y(0,8)) =0, (4.85)
y(~L,t) =0, y(v,0)= gt—y('v, 0) = z(0) = £(0) = 0. (4.86)

where L is the finite length of the linearly elastic rod on a continuous elastic foundation
whose normalized stiffness is w2. We assume that all the geometric and material
properties of the rod are uniform. Also the bistable oscillator is situated at the point
of vp(v = 0), and the rod is subject to the excitation h at the point of v = —e > —L.

We consider the excitation has the power spectral density in the form of Pierson-
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Moskowitz shape. The damping coefficient, linear and cubic stiffness of the attachment
are denoted as A, k;, and ks, respectively, and we note that k; < 0 in order to impose
the bimodal nonlinearity. 0 < € < 1 indicates the weak coupling stiffness between the
elastic rod and the attachment. From the abbve, we consider the governing equation

for the attachment (equation (4.84)), and we can rewrite as
E(t) + A2 (t) + ex(t) + kiz(t) + kaz®(t) = ey(uo, t), (4.87)

Here the response of the main system (linear elastic rod) at point O (y(up,t)) can be
expressed in terms of the Green’s functions goo and goa assuming the main linear
structure (i.e. rod) is initially at rest and an excitation A(t) is applied at point A,
valv=—e),att =0:

y(wort) = [ h(wam)goalt = hir = [ e(uluo, )~ 2(r)) goolt ~ T)dr, (4.88)

-0 —00

= h(ua, t) * goa(t) + €x(t) * goo(t) — ey(vo,t) * goo(t). (4.89)

Here the green function gpo indicates the displacement at point O (in the direction
of z) due to the unit impulse excitation at point O. Similarly goa indicates the
displacement at point O due to the unit impulse excitation at point A. We note that
y(vo, t) in the left hand side equation (4.89) also appears in its right hand side giving

us the recursive form. By plugging equation (4.89) into equation (4.87), we obtain

E(t)+ AE(t) + ex(t) + kiz(t) + kax3(t)

= eh(va, t) * goa(t) + €z (t) * goo(t) — €y(vo, ) * goo(t). (4.90)

Considering the weak coupling between the rod and the attachment € < 1, we ignore

the higher order terms (O(€?)) with respect to e:
E(t)+ A2(t) + ex(t) + krz(t) + kax3(t) = eh(uy, t) * goa(t) + O(€?). (4.91)

Now the Green’s function describing the response of the rod at position v and time ¢
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due to the unit impulse at T at ¢ can be obtained by [149]

G0 —T,t—1) = J(,<w0\/(t 9 — (v ﬁ)2>u(t —T—v+7) (4.92)

where u(-) is a step function and Jo(-) is the Bessel function of zeroth order and first

kind. Then the previous two Green'’s functions can be rewritten as:
goo(t) = JO(wot)u(t), goa(t) =T (wm/@)u(t —e), (4.93)
Withe these, we finally have
i+ AL+ €z + kix + k3z® = €h * goa. (4.94)

We point out that equation (4.94) is the exact reformulation of the original governing
equations by means of green functions. Above nonlinear integro-differential equation

can be utilized to obtain the response statistics of the attachment.

Interestingly the above equation is in the exactly same form of what we have worked
on in the previous sections except we have additional small coupling stiffness € term
and the excitation is in a modified form. We can follow the same procedures for the
above governing equation as in previous sections to derive the response power spectral
density, however the analytical form of Fourier transform of go 4 is not readily available.

Instead we assume that the excitation is

and numerically estimate the power spectral density of z. Since we have analytical
expression for go, in time domain, we can compute the convolution with the original
excitation displacement h, and by taking Fourier transformation of its covariance
function C,,(7), we can derive S,.(w). Once we numerically estimate the modified

spectral density S,,(w), we can follow the exactly same procedures in (section 4.2).
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Examples of numerically estimated power spectral density S.,(w) has been illustrated
in figure 4-13. For the completeness, we summarize the final equations. The power

spectral density function for the relative displacement z is

('.u'4

{kl +e+ p:c,sz — t? +j()\(.d)}

Seplid) =

1
X
{kl I €+ px,rkii — i — J(’\w)}

Szz(w). (496)

The integration gives the variance of the response.

w4

—=_ [
- -/O |{k1+6+pm:zk3—w2+j(,\w)}
1
X
{k1+ €+ proks —w? — j(Aw)}

|duw (4.97)

1-4 T T T T

——Spectrum 1
12 —— Spectrum 2

—~ 0.8 4
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0.4

T
1

0.2
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w

Figure 4-13: Spectrum 1 is S,,(w) with e = 10,w3 = 1. Spectrum 2 is S,;(w) with
e =50,ws = 0.5.
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The closure coefficient p, , connects the fourth order of moment z(t)3z(s) and the

second order of moment z(t)z(s) as follows:
z(t)°2(s) = Pz T(t)2(s), (4.98)

and as in equation (4.99), the coefficient can be obtained by

_ [ 23 f(z)erf™! (2F(x) — 1) dx
fzf(x)erf™ (2F(z) — 1)dz

e (4.99)

Please note that above relation does not depend on the excitation statistics, rather
it only depends on the response statistics of displacement z, which indicates p; , is
essentially the same as p,, in equation (3.22). In other words the closure coefficient

Pz,y Stays the same regardless of the change in excitation.

Finally, we construct the minimization bbjective function as follows:

w4

_— ._2- *
T (0, P22 pz2) {w /o I{k1+e+pm,zk3—w2+j()\w)}

1 ; ?
* {kl +e+ px,mkS —w? — ]()\(U)} l w
+ {pm B [23f(x)erf™! (2F(z) — 1) dx }2

[zf(r)erf™! (2F(z) — 1) dz

(4.100)

_ ]2 (=) erff 1 (2F(z) — 1) dz ’
+ {pz,z fzf(z)erf ' (2F(z) — 1) dz } '

The minimization will be performed with respect to the unknown energy level v and the
closure coefficients p, , and p, .. In figure 4-14 and figure 4-15, we have also summarized
the variance of the response displacement = with respect to various intensities of the
excitation for four different cases. Associated parameters are summarized in table 4.5,
table 4.6, table 4.7, and table 4.8, respectively. We observe that the MECC method
computes the response variances very accurately, while the Gaussian closure method

systematically underestimates them. For lower intensities of the excitation, the exact
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(Monte-Carlo) variance presents a non-monotonic behavior with respect to g due to the
co-existence of the cross- and intra-well oscillations. While the Gaussian closure has

very poor performance on capturing this trend, the MECC method can still provide

a satisfactory approximation of the dynamics.
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Table 4.5: System parameters for linear elastic rod 1.

w2 1 Mg 1
e 10 Ao 1
€ 0.1 k1a -1
- - k3q 1

Table 4.6: System parameters for linear elastic rod 2.

wi 0.5 Ma 1
e 50 Aa 1
€ 0.05 kia -1
— — K3q 1
1.6 T 2 - v
- Monte Carlo Simulation - Monte Carlo Simulation
1.4 ||~ Guassian Closure 1.8 |- Guassian Closure
® ——MECC Method ——MECC Method
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Figure 4-14: Mean square response displacement 22 with respect to the amplification
factor of Pierson-Moskowitz spectrum for (a) Rod 1, and (b) Rod 2. Parameters are
summarized in table 4.5 and table 4.6. '
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Table 4.7: System parameters for linear elastic rod 3.

w? 1 Ma 1
e 10 P 0.5
€ 0.1 kla —0.5
— — k3a 1
Table 4.8: System parameters for linear elastic rod 4.
2 0.5 1
Wy b Mg
e 50 Aa 0.5
€ 0.05 kla —0.5
- —_ k3a 1
1.6 T 1.2
- Monte Carlo Simulation + Monte Carlo Simulation
1 4 ||~ Guassian Closure ——Guassian Closure
“* [ |——MECC Method 1 L L=—=—MECC Method

1.2}
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q
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Figure 4-15: Mean square response displacement 22 with respect to the amplification
factor of Pierson-Moskowitz spectrum for (a) Rod 3, and (b) Rod 4. Parameters are
summarized in table 4.7 and table 4.8.
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4.5 Summary

In chapter 3 and chapter 4, we have considered the problem of determining the non-
Gaussian steady state statistical structure of bistable nonlinear vibrational systems
subjected to colored noise excitation. We first derived moment equations that de-
scribe the dynamics governing the two-time statistics. We then combined those with
a non-Gaussian pdf representation for the joint response-response and joint response-
excitation statistics. This representation has i) single time statistical structure con-
sistent with the analytical solutions of the Fokker-Planck equation, and ii) two-time
statistical structure that follows from the adoption of a Gaussian copula function. The
pdf representation takes the form of closure constraints while the moment equations
have the form of a dynamics constraint. We formulated the two sets of constraints as
a low-dimensional minimization problem with respect to the unknown ﬁarameters of
the representation. The minimization of both the dynamics constraint and the closure

constraints imposes an interplay between these two factors.

We then applied the presented method to two nonlinear oscillators in the context
of vibration energy harvesting. One is a single degree of freedom (SDOF') bistable
oscillator with linear damping while the other is a same SDOF bistable oscillator
coupled with an electromechanical energy harvester. For both applications, it was
assumed that the stationary stochastic excitation has a power spectral density given
by the Pierson-Moskowitz spectrum. We have shown that the presented method can
provide a very good approximation of second order statistics of the system, when
compared with direct Monte-Carlo simulations, even in essentially nonlinear regimes,
where Gaussian closure techniques fail completely to capture the dynamics. In addi-
tion, we can compute the full (non-Gaussian) probabilistic structure of the solution
in a post-process manner. We emphasize that the computational cost associated with
the new method is considerably smaller compared with methods that evolve the pdf
of the solution since MECC method relies on the minimization of a function with a

few unknown variables.
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Finally the developed MECC method has been applied to a general linear structure
attached with bistable nonlinear oscillator with the aim of energy harvesting. We first
introduced the general framework of how the problem can be formulated in terms
of bimodal nonlinearity, and then we demonstrated MECC method for two specific
examples: linear single-degree-of-freedom system attached ‘with bistable oscillator
and undamped linear elastic rod connected to the bistable oscillator. We provided
comparisons of the MECC results with direct Monte-Carlo simulations which presented

a good agreement for the estimation of variance of the response statistics.
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Chapter 5

Reliability of Linear Structural
Systems Subjected to Extreme

Forcing Events

5.1 Introduction

A large class of physical systems in engineering and science can be modeled by stochas-
tic differential equations. For many of these systems, the dominant source of unéertainty
is due to the forcing which can be described by a stochastic process. Applications
include ocean engineering systems excited by water waves (such as ship motions in
large waves [104, 13, 30, 29] or high speed crafts subjected to rough seas [120, 119])
and rare events in structural systems (such as beam buckling [1, 90], vibrations due to
earthquakes [87, 20] and wind loads [89, 142]). For all of these cases, it is common that
hidden in the otherwise predictable magnitude of the fluctuations are extreme events,
i.e. abnormally large magnitude forces which lead to rare responses in the dynamics
of the system (figure 5-1). Clearly these events must be adequately taken into account
for the effective quantification of the reliability properties of the system. In this work,
we develop an efficient method to fully describe the probabilistic response of linear

structural systems under general time-correlated random excitations containing rare
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and extreme events.

F. impulse event
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Figure 5-1: (Top) Background stochastic excitation including impulsive loads in (red)
upward arrows. (Bottom) System response displacement.

Svstems under forcing having these characteristics pose significant challenges for tra-
ditional uncertainty quantification schemes. While there is a large class of methods
that can accurately resolve the statistics associated with random excitations (e.g. the
Fokker-Planck equation [110, 136] for systems excited by white-noise and the joint
response-excitation method [126, 153, 69, 5] for arbitrary stochastic excitation) these
have important limitations for high dimensional systems. In addition, even for low-
dimensional systems determining the part of the probability density function (pdf)
associated with extreme events poses important numerical challenges. On the other
hand, Gaussian closure schemes and moment equation or cumulant closure methods
[15, 157] either cannot “see” the rare events completely or they are very expensive and
require the solution of an inverse moment problem in order to determine the pdf of in-
terest [3]. Similarly, approaches relying on polynomial-chaos expansions [159, 158] have

been shown to have important limitations for systems with intermittent responses [94].
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Another popular approach for the study of rare event statistics in systems under inter-
mittent forcing is to represent extreme events in the forcing as identically distributed
independent impulses arriving at random times. The generalized Fokker-Planck equa-
tion or Kolmogorov-Feller (KF) equation is the governing equation that solves for
the evolution of the response pdf under Poisson noise [136]. However, exact analyti-
cal solutions are available only for a limited number of special cases [151]. Although
alternative methods such as the path integral method [82, 65, 8] and the stochastic
averaging method [161, 160] may be applied, solving the FP or KF equations is often

very expensive [100, 40] even for very low dimensional systems.

Here we consider the problem of quantification of the response pdf and the pdf asso-
ciated with local extrema of linear systems subjected to stochastic forcing containing
extreme events based on the recently formulated probabilistic-decomposition synthesis
(PDS) method [102, 103]. The approach relies on the decomposition of the statistics
into a ‘non-extreme core’, typically Gaussian, and a heavy-tailed component. This
decomposition is in full correspondence with a partition of the phase space into a
‘stable’ region where we do not have rare events and a region where non-linear insta-
bilities or external forcing lead to rare transitions with high probability. We quantify
the statistics in the stable region using a Gaussian approximation approach, while
the non-Gaussian distribution associated with the intermittently unstable regions of
phase space is performed taking into account the non-trivial character of the dynamics

(either because of instabilities or external forcing). The probabilistic information in

the two domains is analytically synthesized through a total probability argument.

We begin with the simplest case of a linear, single-degree-of-freedom (SDOF') system
and then formulate the method for multi-degree-of-freedom systems. The main result
of our work is the derivation of analytic/semi-analytic approzimation formulas for
the response pdf and the pdf of the local extrema of intermittently forced systems that

can accurately characterize the statistics many standard deviations away from the
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mean. Although the systems considered in this work are linear, the method is directly
applicable for nonlinear structural systems as well. This approach circumvents the
challenges that rare events pose for traditional uncertainty quantification schemes,
in particular the computational burden associated with rare events in systems. We
emphasize the statistical accuracy and the computational efficiency of the presented
approach, which we rigorously demonstrate through extensive comparisons with direct

Monte-Carlo simulations. In brief, the principal contributions of this chapter are:

+ Analytical (under certain conditions) and semi-analytical (under no restrictions)
pdf expressions for the response displacement, velocity and acceleration for

single-degree-of-freedom systems under intermittent forcing.

« Semi-analytical pdf expressions for the value and the local extrema of the dis-
placement, velocity and acceleration for multi-degree-of-freedom systems under

intermittent forcing.

This chapter is structured as follows. In section 5.2, we provide a general formulation
of the probabilistic decomposition-synthesis method for the case of structural systems
under intermittent forcing. Next, in section 5.3, we apply the developed method
analytically, which is possible for two limiting cases: underdamped systems with
¢ < 1 or overdamped with { > 1, where ¢ is the damping ratio . The system
we consider is excited by a forcing term consisting of a background time-correlated
stochastic process superimposed with a random impulse train (describing the rare and
extreme component). We give a detailed derivation of the response pdf of the system
(displacement, velocity and acceleration) and compare the results with expensive
Monte-Carlo simulations. In section 5.4, we slightly modify the developed formulation
to derive a semi-analytical scheme considering the same linear system but without any
restriction on the damping ratio ¢, demonstrating global applicability of the approach.
In section 5.5, we demonstrate applicability of our method for multiple-degree-of-
freedom systems and in section 5.6 we present results for the local extrema of the

response. Finally, we offer concluding remarks of this chapter in section 5.7.
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5.2 The Probabilistic Decomposition-Synthesis Method

for Intermittently Forced Systems

Here we provide a brief presentation of the recently developed probabilistic decomposition-
synthesis method adapted for the case of intermittently forced linear systems [102].

We consider the following vibrational system,
Mx(t) + Dx(t) + Kx(t) = F(¢), x(t) € R", (5.1)

where M is a mass matrix, D is the damping matrix, and K is the stiffness matrix.
We assume F(t) is a stochastic forcing with intermittent characteristics that can be

expressed as

F(t) = Fo(t) + F(2). (5.2)

The forcing consists of background component F, of characteristic magnitude o, and
a rare and extreme component F, with magnitude o, > 0,. The components F,, and
F, may both be (weakly) stationary stochastic processes, while the sum of the two

processes will in general be non-stationary.

This can be seen if we directly consider the sum of two (weakly) stationary processes
z; and T, with time correlation functions Corr,, (1) and Corr,,(7), respectively. Then

for the sum z = z; + o we have
Corr,(t,7) = Corrg, (1) + E[z1(¢)z2(t + 7)] + E[z1(t + 7)z2(t)] + Corry, (7).

Therefore the process z is stationary if and only if the cross-covariance terms E[z; (¢)z2(t+
7)] and E[z, (¢t + 7)z2(t)] are functions of 7 or only if they are zero (i.e. x; and z; are

not correlated).
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To apply the PDS method we decompose the response into two terms
x(t) = xp(t) + x,(t), (5.3)

where X, accounts for the background state (non-extreme) and x, is the response
of extreme responses (due to the intermittent forcing) - see figure figure 5-2. More
precisely x, is the system response under two conditions: (1) the forcing is given by
F = F, and (2) the norm of the response is greater than a threshold value ||x|| > 7,
where 7 is the rare event threshold level that is connected with the typical variance of
the background response fluctuations. These rare transitions correspond with F,, but
also include a phase that relazes the system back to the background state x,. The back-
ground component X, corresponds to system response without rare events x, = x — X,

and in this regime the system is primarily governed by the background forcing term F'.

We require that rare events are statistically independent from each other. In the
generic formulation of the PDS we also need to assume that rare events have negli-
gible effects on the background state x; but here this assumption is not necessary
due to the linear character of the examples considered. However, in order to apply
the method for general nonlinear structural systems we need to have this condition

satisfied.

Next, we focus on the statistical characteristics of an individual mode u(t) € R of the
original system in equation (5.1). The first step of the PDS method is to quantify
the conditional statistics of the rare event regime. When the system enters the rare
event response at t = ty we will have an arbitrary background state u;, at ¢y and the

problem will be formulated as:
i (t) + M (t) + ku,(t) = Fo.(t),  with u,(tg) =up and F = F, for t > t5. (5.4)

Under the assumption of independent rare events we can use equation (5.4) as a basis

to derive analytical or numerical estimates for the statistical response during the rare

114



event regime.

Rare component

F’ |

Excitation X ———— P(XJ )

Background component

Response H ‘ I “ l

Figure 5-2: Schematic representation of the PDS method for an intermittently forced
system.

The background component, on the other hand, can be studied through the equation,

M%,(t) + Dxy(t) + Kxplt)= Fylt)- (5.5)

Because of the non-intermittent character of the response in this regime, it is sufficient
to obtain the low-order statistics of this system. For the case where Fy(t) follows a
Gaussian distribution the problem is straightforward. For non-Gaussian Fy(t) other
methods such as moment equations may be utilized. Consequently, this step provides
us with the statistical steady state probability distribution for the mode of interest

under the condition that the dynamics ‘live’ in the stochastic background.

Finally once the analysis of the two regimes is completed, we can synthesize the results
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through a total probability argument

f@)=flg|lul>v,u€u, F=F)P. + f(qg| F=F)1-P;), (56)
~~ -~ S—

rare events background

where ¢ may be any function of interest involving the response. In the last equation,
P, denotes the rare event probability. This is defined as the probability of the response

exceeding a threshold 7 because of a rare event in the excitation:

1
P, = P(|ul| >+, F =F,) = T/ 1(|Jul| > v, F = ) dt, (5.7)
teT
where 1(-) is the indicator function. The rare event probability measures the total
duration of the rare events taking into account their frequency and duration. The
utility of the presented decomposition is its flexibility in capturing rare responses,

since we can account for the rare event dynamics directly and connect their statistical

properties directly to the original system response.

5.2.1 Problem Formulation for Linear SDOF Systems

In order to demonstrate the method, we begin with a very simple example and we

consider a single-degree-of-freedom linear system (see figure 5-3)
Z+ A\t + kx = F(t), (5.8)

where k is the stiffness, A is the damping, ( = \/ 2v/k is the damping ratio, and F(t)

is a stochastic forcing term with intermittent characteristics, which can be written as
F(t) = Fy(t) + F.(%). (5.9)

Here Fj is the background forcing component that has a characteristic magnitude
oy and F, is a rare and large amplitude forcing component that has a characteristic
magnitude o,, which is much larger than the magnitude of the background forcing,

o, > oy. Despite the simplicity of the system, this may have a significantly complicated
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statistical structure with heavy-tailed features. The basic principles of the PDS method
can be directly demonstrated in this practical case and also generalized to more

complex MDOF linear systems.

F=F +F, z,
K
m
I
—
A

Figure 5-3: Prototype SDOF system.

For the concreteness, we consider a prototype system motivated from ocean engineering

applications, modeling base excitation of a structural mode:

) NG |
P+M+kr=h({t)+ > adlt—7), 0<t<T. (5.10)
i=1

Here h(t) denotes the zero-mean background base motion term (having opposite sign
from z) with a Pierson-Moskowitz spectrum:

Sn(w) = q%exp(— L ) (5.11)

wl

where ¢ controls the magnitude of the forcing.

The second forcing term in equation (5.10) describes rare and extreme events. In par-
ticular, we assume this component is a random impulse train (( - ) is a unit impulse),
where N (t) is a Poisson counting process that represents the number of impulses that
arrive in the time interval 0 < t < T, « is the impulse magnitude (characterizing the
rare event magnitude o, ), which we assume is normally distributed with mean p, and
variance o2, and the constant arrival rate is given by v, (or by the mean arrival time

T, = 1/v, so that impulse arrival times are exponentially distributed 7 ~ e=).
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We take the impulse magnitude as being m-times larger than the standard deviation

of the excitation velocity h(t):
fo = moj, with m > 1, (5.12)

where o}, is the standard dev.iation of h(t) which can be directly obtained from the

background excitation term.
o
o = / W2 Shn (w)dw (5.13)
0

This prototype system is widely applicable to other systems with similar features
including structures under wind excitations, systems under seismic excitations, and

vibrations of road vehicles [136, 140, 120].
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5.3 Response PDF of SDOF Systems for Limiting

Cases of Damping

We first apply the probabilistic decomposition-synthesis method for the special cases
¢ < 1 and ¢ > 1 to derive analytical approximations for the response pdfs for
the displacement and velocity, and acceleration. We perform the analysis first for
the response displacement and by way of a minor modification obtain the response
velocity and acceleration, as well. Other than these two cases, completely analytical
formulas do not exist (as they require transformations with no explicit solutions),
and alternatively we propose a semi-analytical approach described in section 5.4, that

removes the restriction on ¢ and is applicable for any ¢ value.

5.3.1 Background Response PDF

We first consider the statistical response of the system to the background forcing
component,

Gy + Ay + ko = h(t). (5.14)

Due to the Gaussian character of the statistics, the response is fully characterized by
the spectrum. The spectral density of the displacement, velocity and acceleration of

this system are given by,

4
w
bexb(w) = (k — w2)2 T w? Shh(w), (515)
Siyiy (W) = wzszba:b(w)a (5.16)
Sibfi‘b(w) = W4bexb(w)- (5.17)
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Thus we can obtain the variance of response displacement, velocity and acceleration:

03b=/0 Sy, (W) dw, (5.18)
o= [ Sinan(w)d, (5.19)
o2 = /0 Sy, (w) duw. (5.20)

Moreover the envelopes are Rayleigh distributed [86]:

up ~ R(0a,); (5.21)
ap ~ R(0z,), (5.22)
iy ~ R(0z,), (5.23)

where the Rayleigh distribution of R(o) takes the following form of pdf:

L z?
f(z;0) = =Pl -5 5] 7 > 0. (5.24)

5.3.2 Impulse Response of SDOF Systems

In order to derive the pdf of the rare component of equation (5.10), we consider
the impulse response of a linear sdof system. Recalling basic results, the governing

equation of the system can written as follows.
Zr(t) + A (t) + k2. (t) = 0, (5.25)

under an impulse a at an arbitrary time %o, say to = 0, and given a zero background
state ((z,, Z,) = (0,0) at ¢t = 07) are given by the following equations under the two

limiting cases of interest (heavily damped and lightly damped systems).
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Severely underdamped case { < 1 With the approximation of { <« 1 (orwg = wy),

we can simplify responses as

z,(t) = 2 eCunt sin wgt, (5.26)
W
&, (t) = ae™¢“r cos wgt; (5.27)
ir(t) = — awge™“r! sinwgt, (5.28)
and the envelopes as
6!

(1) = —eSwnt, 5.29

w(t) = T (529)

ur(t) = ae™Swnt, (5.30)

i (t) = — awge St (5.31)

Severely overdamped case ¢ > 1 Similarly, with the approximation of { > 1 (or

wo = (wy ), we can simplify responses as

zr(t) = éﬁ;‘—e—@wn—wo)t, (5.32)
[}

i (t) = qe™Cwntwolt (5.33)

Br(t) = — (Cwp + wo)ae™ Cuntwelt, (5.34)

Where above we adopted the standard definitions: w, = vk, ¢ = \/(2vk), w, =
wev/CZ —1, and wg = wny/1— (2. The results above do not account for non-zero
background initial conditions, i.e. (z,%) = (s, %) at ¢ = 0~. Non-zero background
initial conditions will modify the prefactor involving o and also adds additional terms
to the results above. We will only take into consideration the leading order impact of
the background state which contributes additionally to the impulse magnitude « in
the leading order terms above and drop the other terms due to the non-zero initial

conditions that do not involve « as they are negligible.

121



5.3.3 Extreme Event Response

In the severely underdamped case, the rare event responses can be considered by

appropriately taking into account the background state

Ty +

zp(t) ~ e ¢“n! sin wgt, (5.35)
Wd

T (t) ~ (L5 + a)e™ 5 cos wat, (5.36)

Fp(t) ~ wa(dy + )™t sinwyt, (5.37)

The envelopes of the response during the rare event are,

up(t) ~ Ix"#‘-e_c“’”t, (5.38)
Un () ~ |d + afe™", (5.39)
ity (t) ~ walZs + ale¢ent, (5.40)

In equation (5.38) the two contributions &, and « in the term &, + o are both Gaussian

distributed, and thus their sum is also Gaussian distributed:
n=gy+a~ N, o3, +02). (5.41)

Therefore, the distribution of the quantity |n| is given by the following folded normal

distribution:

_ 1 (n — pa)® (n + pa)®
fini(n) = Jlnlm{exp(—Tﬁ”) + exp(—Tﬁ”—) }, 0<n<oo (5.42)

where o}, = /03, + 02. Note in the following subsections we proceed with the approx-
imation of pdf for the system that is underdamped { < 1, the general steps are exactly

the same for the overdamped case, which we will summarize in the last subsection.
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5.3.4 Rare Event Transition Probability

Next we compute the rare event transition probability defined in equation (5.7) by
considering the time duration 7., a rare response takes to return back to the background
state (see figure 5-4). In other words, 7, represents the duration starting from the initial
impulse event time to the point where the response has decayed back to 10% (p. = 0.1)
of its absolute maximum. We note that extremely underdamped systems exhibit
oscillatory behaviors, and for these cases we define the rare event duration as the time
starting from the event to the point where the response envelope has decayed back to

10% of its response absolute mazimum:

up(r2) = pe max{[z |} = e x(ﬁ—) (5.43)

where the absolute maximum of z, for heavily underdamped system takes place at

35;- We solve the above using equations (5.26) and (5.29) to obtain

T 1
= — — ——1 .. 5.44
Te = oon T Tan 08P (5.44)

Since the magnitude of the background excitation 7 only enters as a multiplicative
constant in the analytical form of the rare response, the end time 7. is independent of
its conditional background magnitude. On the other hand, the response displacement,
velocity, and acceleration are associated with different characteristic end times even
under the same rare events. Accordingly, the rare event time duration 7. needs to
be defined separately, and these quantities are be differentiated by 7e dgis, 7e,vel, and
Te,acc- For simplicity in notation, we drop the additional subscript differentiating these
different rare event end times, with it being implied that they are different depending
on the quantity of interest. With the obtained value for 7. we compute the desired

probability of a rare event using the frequency v, (equal to 1/T,) :

P, = vaTe = Te/ T (5.45)
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We emphasize again that the probability of a rare event [P, takes different values for

the response displacement, velocity, and acceleration and will be denoted by P g,

P vel, and P, 5cc, respectively.

1-2 T T T T

Impulse Response

-0.8 l : - -
0 10 20 30 40 50
time

Figure 5-4: Rare event time duration 7, and the time 7, where the maximum magnitude
of the response takes place.

5.3.5 Probability Density Function for Rare Events

We proceed with the derivation of the pdf in the rare event regime. Consider again

the response displacement during a rare event,

wy(t) ~ M e—twnt (5.46)

Wq

here t is a random variable uniformly distributed between the initial time when the

rare response has its maximum amplitude 7, (to be defined later) and the end time 7,

(equation (5.44)) when the response has relaxed back to the background dynamics:
t ~ Uniform(rg, 7.) (5.47)
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Note that the initial time instant 7, is necessary based on the fact that the responses
or response envelopes maximum value do not occur at the exact instant 75 = 0 that
an impulse occurs; 7, accounts for the actual maximum of the response in reference

to the initial impulse time instant (see figure 5-4).

We condition the rare event distribution as follows,

fur @) = [ Furi (1) Fiy(m) d, (5.48)

where we have already derived the pdf for fj, in equation (6.13), what remains is the

derivation of the pdf for f, -

By conditioning on || = n, we find the derived distribution for the conditional pdf

for u, is given by

1 n n
— e _Cwn're,dis — e —CWnTs
Furipm (T | 1) 7o (Todie — 75) {S (r wde ) s (r Wde )} (5.49)

where s(z) denotes the step function which is equal to 1 when z > 0 and 0 otherwise.

Detailed derivation is provided in appendix A.

Using the results equations (5.49) and (6.13) in equation (5.48) we obtain the final

result for the rare event distribution for response displacement as

fur (1) = / Furlin (T | 1) fim () de

(5.
~ Tk ) vl

n ) -
X S (7- _ _e—cwnfe,dns) — 8 (,r _ ___e CwnTs) dn,
Wy Wy

(5.51)

50)

The last quantity to be determined is 7,, which represents the maximum magnitude

of the response displacement. The maximum magnitude of the rare component of the

125



response displacement and acceleration (see eqilation (5.26)) occur at 7, = 2~

1 n.
wgd T 2wy’

similarly, for the velocity response the maximum occurs at 75 = 0.

5.3.6 Analytical PDF for the Underdamped Case ¢ < 1

Displacement Finally, combining the results of sections 5.3.1, 5.3.4, and 5.3.5 using

the total probability law,

fu(r) = fub(r)(l - Pr,dis) + fur(r)]Pr,dis, (552)

we obtain the desired envelope distribution for the displacement of the response

: 2
fu(T) = ’Z‘%‘ exp (— . )(1 - VaTe,dis)

2
- 20%

VaTe dis o0 (n - ,U'a)2 (n + ,ua)2
+ : / {exp(——————) +exp(—————
T¢Wn OV 2T (Te,dis — Ts) JO 207 20[2,”

]
X {S (,r — _”_’Il_e‘cwn're,dis> — 8 (rr —_ l’l_e—cw"T‘s) }dn, (5-53)
Wq Wq

- T T 1
where 7, = g and T gis = Tos  Tun log pe.

Velocity Similarly, we also obtain the envelope distribution of the velocity of the
system. The background dynamics distribution for velocity was obtained in equa-
tion (5.21). Noting that (5.38) @, = wau,, the rare event pdf will be modified by a

constant factor

fﬂ(r) = fﬁb(r)(l - ]Pr,vel) + w;l—lfur (T/wd)]Pr,vel- (5-54)
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The final formula for the velocity envelope pdf is thus

Falr) = " \a )
[ = ——€X - — VaTe,v
o2 P\ " 202, vel

VaTe,vel * (n — Ma)2 ('fb + /'1‘0)2
+ ; / exp|l———F=—— | +exp|\ ———F—5—
TCWn 0| V 2T Te,vel /0 { p( 20} ) p( 207,

il

X {s (7‘ — ne"c“’"“v"e‘) —s(r— n)}dn, (5.55)

where 7, = 0 and Te o) = “Eul:—n log pe.

Acceleration Lastly we also obtain the envelope distribution of the acceleration.
Noting that (5.38) i, = w3u,, the rare event pdf for acceleration will also be modified

by a constant factor

falr) = fa,(r)(1 = Prace) + Wi fur (r/wi)Prace. (5.56)

The final formula for the acceleration envelope pdf is then

2
fu(r) = O_Lg €xXp (_ r )(1 - VaTe,acc)

Zp 20@2’b
VaTe acc &0 (n - I’l’a)z (n + I“l’a)2
+ : / {exp(—————— +exp| ——————
Tcwn0'|n| V2m (Te,acc - Ts) 0 20|271[ 2O'|277|

X {s (r - nwde“g"""“"’“) —s (r - nwde‘CW"Ts) }dn, (5.57)

where 7, = 0 and Teace = 55 — alj—log Pe-
n

5.3.6.1 Comparisons with Monte-Carlo Simulations

Next we compare the accuracy of the derived analytical results given in equations (5.53),
(5.55), and (5.57) through comparisons to Monte-Carlo simulations. For the Monte-
Carlo simulations the excitation time series is generated by superimposing the back-

ground and rare event components. The background excitation, described by a sta-
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tionary stochastic process with a Pierson-Moskowitz spectrum (equation (6.7)), is
simulated through a superposition of cosines over a range of frequencies with cor-
responding amplitudes and uniformly distributed random phases. The intermittent
component is the random impulse train, and each impact is introduced as a velocity

jump with a given magnitude at the point of the impulse impact.

For each of the comparisons performed in this work we generate 10 realizations of the
excitation time series, each with a train of 100 impulses. Once each ensemble time
series for the excitation is computed, the governing ordinary differential equations
are solved using a 4th/5th order Runge-Kutta method (we carefully account for the
modifications in the momentum that an impulse imparts by integrating up to each
impulse time and modifying the initial conditions that the impulse imparts before
integrating the system to the next impulse time). For each realization the system is
integrated for a sufficiently long time so that we have converged response statistics

for the displacement, velocity, and acceleration.

We utilize a shifted Pierson-Moskowitz spectrum Sks(w—1) in order to avoid resonance.
The other parameters and resulted statistical quantities of the system are given in
table 5.1. As it can be seen in figure 5-5 the analytical approximations compare
favorably with the Monte-Carlo simulations many standard deviations away from zero.
The results are robust to different parameters as far as we satisfy the assumption of

independent (non-overlapping) random events.
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Table 5.1: Parameters and relevant statistical quantities for SDOF system 1.

A 0.01 k 1
&y 5000 ¢ 0.005

W 1 Wy 1

Ho =T X oy 0.1 q 1.582 x 10~

Co = 0, 0.0143 on 0.0063
s 0.0179 O, 0.0082
Tl 0.0229 P, 4is 0.0647
- 0.0614 - 0.0647
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Figure 5-5: [Severely underdamped case] Comparison between direct Monte-Carlo
simulation and the analytical pdf for the SDOF system 1. The pdf for the envelope of
each stochastic process is presented. The dashed line indicates one standard deviation.
Parameters and statistical quantities are summarized in table 5.1.
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5.3.7 Analytical PDF for the Overdamped Case { > 1

In the previous section, we illustrated the derivation of the analytical response pdfs
under the assumption { < 1. Here, we briefly summarize the results for the response
pdfs for the case where { > 1. One can follow the same steps starting from equa-
tion (5.32) to obtain these results. We note that for the overdamped case, the system
does not exhibit oscillatory motion as opposed to the underdamped case, and hence
we directly work on response pdfs instead of envelope pdfs, since there is no envelope

in this case for the rare responses.

Displacement The total probability law becomes

f-’t(r) = fxb(r)(l - ]Pr,dis) + fmr (T)]Pr,dim (558)

and we obtain the following pdf for the displacement of the system

fz(r) = o ;l/%exp< 952 )(1 VaTe,dis)

+ VaTe dis / exp n - Na)z
r(Cwn — wo)or,, 27 (Te,ais — 7s) J0 202

X {S (,’. _ 2208_(041"._‘00)75,&3) — 8 (']" — _;l_oe—(cwn—WO)Ts) }dn, (559)

W

_ 1
where 7, = 0 and 7, g4is = 22—0 — Comoe log pe.-

Velocity Similarly we derive the total probability law for the response velocity

f ( ) fxb(r)( 'rvel) + fzr('r)lprvel (560)
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The final result for the velocity pdf is

1 r?
w\T) = ex - 1- a'le,ve
fa:( ) U:icb\/Q_ﬂ' p( 2 gb)( VaTe, l)
VaTe,vel *© (n - Ma)z)
+ : / exp| =2 _Ha)
T(CWn + Wo)0nV 27 Te vel J0 p( 20,2’
X {s (r - ne“(c‘*’"+w°)“’ve‘) —s(r— n)}dn, (5.61)
where 7, = 0 and T v = —m log p..

Acceleration The total probability law for the response acceleration is

f5(r) = fa,(r) (1 = Praace) + f, (7)Prace, (5.62)

and this gives the following result for the acceleration pdf

1 r?
f:i (T) = T—E €xp (__) (1 - VaTe,acc)

" VaTe,acc /oo exp (__ (n - l;a)z)
T(Cwn + Wo)0pV 2T Te acc /0 207

x {8 (,,. _ n(cwn + wo)e—(Cwn+wo)Te,acc) —3 (T —-n ((;wn + wo))}dn, (563)

where 75 = 0 and T, pcc = —=—— log p.. Note that in this case we do not have the
? (wn+two g p

simple scaling, as in the underdamped case, for the conditionally rare pdf.

5.3.7.1 Comparisons with Monte-Carlo Simulations

We confirm the accuracy of the analytical results given in equations (5.59), (5.61),
and (5.63) for the strongly overdamped case through comparison with direct Monte-
Carlo simulations. The parameters and resulted statistical quantities of the system are
given in table 5.2. The analytical estimates show favorable agreement with numerical

simulations for this case (figure 5-6), just as in the previous underdamped case.
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Table 5.2: Parameters and relevant statistical quantities for SDOF system 2.

A 6 k 1
T, 1000 ¢ 3
Wn 1 Wy 2.828
to =T X 0y, 0.1 q 1.582 x 1074
0o = 0} 0.0143 on 0.0063
Oz, 0.0056 O, 0.0022
Oy 0.0154 || AT 0.0140
Pr,vel 0.0004 P'r‘,acc 0.0004
30 10° —
25} 102}
L
20} E'_, 10"k
—_ T
5;15 £ 100
“ 3
10t %—10"
o
51 1 102
% 0.05 0.1 0.15 0.2 10;3.03 0.02
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N
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Figure 5-6: [Severely overdamped case] Comparison between direct Monte-Carlo
simulation and the analytical pdf for SDOF system 2. The pdf for the value of each
stochastic process is shown. The dashed line indicates one standard deviation. Parame-
ters and statistical quantities are summarized in table 5.2.
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5.4 Semi-analytical Quantification of Response PDFs
in the General Case for Linear SDOF Systems

In the previous section we developed an analytical method to quantify response pdfs
of single-degree-of-freedom linear systems under stochastic excitations containing rare
events. However, explicit analytical expressions were only available for limited SDOF
configurations, i.e. those with ( < 1 or ¢ > 1. Alternatively, here we propose a semi-
analytical approach to quantify the response pdfs. We note that the semi-analytical
method works for any SDOF system configuration including the severely underdamped
or overdamped cases considered previously. The approach here adapts the numerical

scheme described in [102] for systems undergoing internal instabilities.

We clarify that the scheme is semi-analytical in that

(i) it takes a numerical histogram of rare responses based on the exact solution of

impulse response of the system, and

(ii) weights the conditional rare event distribution f, |, using the respective distri-

bution for 7, and

(iii) numerically estimates the absolute maximum of the response and computes the

rare event duration 7.

We note that the essence of the algorithm remains the same as in section 5.3. Although
the semi-analytical scheme includes numerical simulations, it still associates with
significantly lower computational cost compared with numerical simulations, i.e. Monte-
Carlo simulation. The reason for this is simple: we simulate and histogram the rare
responses directly based on their analytical form. Furthermore, the beauty of the semi-
analytical scheme is that it is easily extended to multi-degree-of-freedom systems. We

illustrate the extension to MDOF systems in the next section.
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5.4.1 Numerical Histogram of Rare Events

Consider the same SDOF system introduced in section 5.3. Recall that we have

quantified the response pdfs by the PDS method using the total probability law

fo(r) = fo, (M) (L = Pp) + fo (T) Py (5.64)

In the previous section, the derivation consisted of estimating all three unknown quan-
tities: the background distribution f,,, the rare event distribution f,., and the rare
event probability [P, analytically. However, in the semi-analytical scheme we will obtain
the the rare event distribution f, and rare event probability P, by directly simulating
the analytical form of the rare response and by taking a histogram of the numerically
simulated analytical form of the rare response. The background distribution f;, can

still be obtained analytically as in section 5.3.1.

Recall that the rare event distribution is given by

forr) = [ Feomlr | mfo(m) i, (5.65)

where f,(n) is known analytically (section 5.3.2). It is the conditional pdf fs (7 | n)

that we estimate by a histogram:

Farn(r | n) = Hist{z,p(t | n)}, t = [0, Teas], (5.66)

where we use the exact form of the conditional response:

Trip(t | n) = %

n (e—(Cwn—wo)t _ e—(Cwn‘*“*’o)t)_ (5.67)

The histogram is taken from ¢ = 0 till the end of the rare event at ¢ = 7,. This
gives the semi-analytical approach almost no additional computational costs over the
previous analytical results in the previous section since we have the exact analytical

form of rare responses and performing a histogram of this is a cheap operation. The
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conditional distribution of rare event response for velocity and acceleration can be

derived in similar fashion:

Foon(r | n) = Hist{an(t | n)}, = [0, Tevel (5.68)
Farn(r | ) = Hist{Z(t | n)}, ¢ = [0, enec] (5.69)

We note that, as opposed to the fully analytical scheme from before, here we do
not need to approximate the initial instant 7, (which was done in order to avoid
overestimation of the magnitude of rare responses when using the envelope based
approach for the underdamped system) because the semi-analytical approach is based

on the exact impulse response.

5.4.2 Numerical Estimation of the Rare Event Transition

Probability

In order to compute the histogram of a rare impulse event, the duration of a rare
response needs to be obtained numerically. Recall that we have defined the duration

of a rare responses by

zr(Te) = p. max {|xr|}, (5.70)

where p, = 0.1. In the numerical computation of 7., the absolute maximum of the
response needs to be estimated numerically in order to compute 7.. Once the rare

event duration has been specified, we can obtain the probability of a rare event by
P, = vaTe = 7e/Th. (5.71)

Again, this value is independent of the conditional background magnitude. The above
procedure is applied for the rare event response displacement 7 qis, Velocity Te vel, and

acceleration 7 acc-
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5.4.3 Semi-analytical Probability Density Functions

With the description above, we can easily compute the desired response pdfs and the
ﬁnal semi-analytical results. The only quantities that need numerical estimation are
Te and Hist{q,.m(t | n)} (which is computed by simulating the analytical form of the
rare response directly for ¢ € [0, 7.] and by then taking a histogram), where g can be

either z, &, or %.

Displacement

2

1- VaTe,dis T © ..
fe(r) = W exp (—?2—52:> + Va”'e,dis/O HlSt{.’L'Tm(t | n)}fn(n) dn. (5.72)

Velocity

1- VaTe,vel 7‘2 o« . .
fa(r) = WGXP (——2_;3_,,) + VaTe’vel/o Hlst{x,[,,(t | n)}f,,(n) dn. (5.73)

Acceleration

faz(r) = 1—_33:6@@( ——r—z— + Uy T, /w Hist{:'i: (t] n)}f (n)dn. (5.74)
& - Uibﬁ; P 20_:%b ale,acc o r|n n . .
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5.4.3.1 Comparisons with Monte-Carlo Simulations

We now compare the derived semi-analytical scheme for the response pdfs of a general
single-degree-of-freedom system with Monte-Carlo simulations. Details regarding the
Monte-Carlos simulations are the same as before. For illustration, two SDOF config-
urations are considered with damping ratio values of { = 0.75 and ¢ = 1. We note
that these two regimes are where the analytical results derived in section 5.3 are not

applicable and cannot be used.

The parameters and resulted statistical quantities of the sdof system 3 and 4 are
given in table 5.3 and table 5.4, respectively. For both cases, analytical estimates
show favorable agreement with numerical Monte-Carlo simulations for these case
(figure 5-7 and figure 5-8). We emphasize that the computational cost of semi-analytical
scheme for SDOF systems is comparable with that of analytical method, and both are

significantly lower than the costs of Monte-Carlo simulations.
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Table 5.3: Parameters and relevant statistical quantities for SDOF system 3.

A 1.5 k 1
i 5 400 ¢ 0.75
Wn 1 Wy 0.661
s = T Ry, 0.1 q 1.582 x 10~*
0o = O}, 0.0143 Oh 0.0063
o, 0.0137 Oa, 0.0060
Oy 0.0198 Py tia 0.0097
P, er 0.0090 P, ace 0.0041
25 - - . 102
20} 1 10"}
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— 15} = 10°
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Figure 5-7: [Intermediate damped system] Comparison between direct Monte-
Carlo simulations and the semi-analytical pdf for SDOF system 3. Dashed lines indicate

one standard deviation. Parameters and statistical quantities are summarized in ta-
ble 5.3.
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Table 5.4: Parameters and relevant statistical quantities for SDOF system 4.

A 2 k 1
T 400 ¢ |
Wy 1 Wy 0
o =T X 0j 0.1 q 1.582 x 10~4
Oa = 0}, 0.0143 o, 0.0063
O, 0.0120 O, 0.0052
(o 0.0187 IPT,dis 0.0122
Pr.vei 0.0075 - 0.0032
25 v - . 102 ——T
20t 1 10"}
L
g
_15F = 10°
< o]
~ £
'*510- Em"
2
5 O102
% 0.05 04 0.15 0.2 100 56 004 002 0 002 004 006
n X
102 T T T 102 T T r T -
| 1 1 1 ——Numerical
| L
10"t i i
n }
Iém"- ﬂc‘
> ke
g &
o
102 = 1
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Figure 5-8: [Critical damped system] Comparison between direct Monte-Carlo
simulations and the semi-analytical pdf for SDOF system 4. Dashed lines indicate one
standard deviation. Parameters and statistical quantities are summarized in table 5.4.
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We emphasize again that he described semi-analytical approach is appli‘cable to single-
degree-of-freedom systems with any damping ratio (. An an illustrative purpose,
we revisit the SDOF system 1 which is heavily damped case and describe the semi-
analytically obtained pdf as well as Monte-Carlo simulation result in figure 5-9. Note
that although we have exactly same system parameters for SDOF 1, the relevant statis-
tical quantities change since we utilize semi-analytical approach instead of analytical
one here. We also point out that the response pdfs described in figure 5-9 are response

displacement, velocity and acceleration, not response envelopes as in figure 5-5.
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Table 5.5: Relevant statistical quantities for SDOF system 1 using semi-analytical
method.

Ty 0.0179 O, 0.0082
o, 0.0229 P dis 0.0915
P e 0.0918 Py ace 0.0915
18 10 T
16}
14 - N 10"}
12} &
- € 10°
e 10 [e7]
o £
S 8f 8
$10°
6l / g
y o
& i 102
2t
-3
% 0.2 10%2 0.2
10? 10? : - :
| I |——Numerical
L
I 1
10 10"} i i 3
u ,
[V
o
2 100 1 < 10°
> S
£ b
8. 3,
310 S0t
g g
102} 102
-3 L " L -3 L L .
1052 0.1 0 0.1 0.2 1o 0.2 -0.1 0 01 0.2

Figure 5-9: [Severely underdamped case; Semi-analytical Method] Compari-
son between direct Monte-Carlo simulation and the semi-analytical pdf for the SDOF
system 1. The pdf for the envelope of each stochastic process is presented. The dashed
line indicates one standard deviation. Statistical quantities are summarized in table 5.5.
System parameters are the same as table 5.1.
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5.5 Semi-analytical Quantification of Response PDFs
for Intermittently Forced MDOF Prototype Sys-

tem

In the previous section we formulated the semi-analytical approach for obtaining
response pdfs for SDOF linear systems under stochastic excitations containing rare
events. The key advantage of the semi-analytical scheme is that the algorithm can be
easily extended to MDOF linear systems with minor modifications (the basic princi-
ples behind the algorithm remain the same, but the details change). In this section we
introduce how the extension can be made for a prototype TDOF linear system; in par-
ticular we consider the multi-degree-of-freedom extension of the considered prototype

system in section 5.2 (see figure 5-10). In particular, the system is given by

MZ + AL + kx + Ao (2 — 0) + ko(z — v) = F(2), (5.75)
maD + A (V — &) + ko(v — ) =0, (5.76)

where the stochastic forcing F(t) = Fy(t) + F,(t) is applied to the first mass (mass m).
As before, F,(t) = h(t) is the background component and F,(t) = f\;(lt) a;0(t — 7;) is
the rare event component. The backbone of the scheme, the PDS method with the
total probability law composition, remains the same. We first qudntify of background
response statistics and then the rare event statistics and lastly show comparisons with

numerical results.

Z Z,
— | Sm—
—\/\/\l(;\/\—
m - ma
=
A
— 8
F=F +F

Figure 5-10: The considered TDOF system.
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5.5.1 Background Response PDF Quantification

Consider the statistical response of the system to the background forcing component,

mIy + ATy + kx + )\a(i'b — ’i)b) + kav(.’)?b - ’Ub) = Fb(t), (577)

myUp + Aa(?}b — Ci‘b) + ka(vb — .’L‘b) = 0.

The spectral density of responses are given by

Sy () = 2 S (@), (578)
o HAC) - 225
Sibi‘b (w) = wzsl‘bftb(w)7 (579)
Sibib (w) = w4SIb¢b(w) (580)
S’Ubvb(w) = NC(w T Cl—w S b( ) (5'81)
{5 -5 }{%(_%4 B-w}|
Sf’bilb (w) = w2S'UbUb(w)7 (5'82)
Sﬁbﬁb (w) = w4S’Ub’Ub(w)7 ‘ (583)
where

Aw) =(ha + N (Gw) + (ko + k) — me?, (5.84)

B(w) =Aa(jw) + ke, (5.85)

C(w) =X (jw) + kg — maw?. (5.86)

Thus we can obtain the following conditionally background variances for the system:

ozbz/o Sy, (W) dw, aﬁbz/o Sy, (W) dw, agb:/O Siyi, (W) dw,  (5.87)
af,szo Sy (W) dw, J?,b:/o Soyin (W) dw, a§b=/0 Sayi (W) dw.  (5.88)
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5.5.2 Exact Solution under an Impulse Response

Next we derive the exact form of the system’s response under an impulse:

M, + A&, + kz + Ao(&r — 0p) + k(2 — v,) =0, (5.89)

ma.'i}r + )\a(i}r - :tr) + ka('vr - :Er) =0. (590)

where the system is subjected to an impulsive magnitude of n = n at ¢t = 0. Note that
the rare event (impulse load) can be treated as the initial velocity of the first mass

where the load is applied. We can rewrite the equations above in matrix form

+ + = . (5.91)
0 mel| |Ur —Xa  Aa | |Vr —ko ko | |vr 0

Assuming solution of the form z, = A,e* and v, = Aze®, we obtain
g

0

ms2+ A+ Xg)s+k+k, — o8 — kag
. (5.92)

Ay
Az

g5 — kg MaS + XS + ke 0

For a nontrivial response, the determinant of the coefficient matrix must vanish. Hence,

ms2+ A+ X)s+k+k, g8 — kg
det

oS — kg MaS? + XS + ke

=(ms®+ A+ A)s+k+ ko) (mas® + Xas + ko) — (Mas + k.)? =0, (5.93)

where the fourth order polynomial have four roots, i.e s, sg, s3, and s4 (in the non-

degenerate case). Thus the impulse response of equation (5.91) is given by




where ¢, cg, c3, ¢4 are constants that are determined from the initial conditions, and

Ay; and Ay can be estimated by

Ay msi+ A+ X)si+k+k,

= i=1,... 5.95
A AeSi + ke ’ ’ ( )
Assuming A;; to be 1, we obtain 2 by 4 matrix A as
A ! 5.96
| m24+ (A Aa)s1+k+ka ms2+(A+Aa)sa+k+ka ( ) )
AaSa+ka
and ¢y, ¢, €3, ¢4 can be obtained by solving
1 1 C1
S1 S4 Co (5 97)
ms2+(A+Xa)s1+k+ka ms2+(A+a)sa+k+ka c '
Xas1+ka Xasa+ka 3
s1(ms2+(A+Xa)s1+k+ka) 34(ms2+(A+)a)sa+k+ka) c
L AaSi1+ka AaSat+ka Jd L 4-

We note that one can apply the same procedures to any MDOF linear systems.

5.5.3 Semi-analytical Probability Density Function

Once the exact form of impulse response has been obtained, one can revisit sec-
tions 5.4.1 and 5.4.2 to numerically quantify the rare event distribution as well as the

rare event duration. Here we simply state the final results.

Displacements The distribution for the displacements of the system are:

(r) = 1T e () v [ Hist{ang(t | 1)} fo() d
fo(r) = co/2m exp 202, VaTedis [ SV Trint | 1) g JniTe) AT,
1 — VaTg gis

Oy, V2T

(5.98)

fo(r) = exp (——2—%?) + VaTg 4is /Ooo Hist{v,l,,(t | n)}fn(n) dn,

m v . .
where 774, and 77 4;, are estimated numerically.
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Velocities Similarly we derive the distribution of response velocities:

1- VaTaiv 1 T2 .. .
fi(r) = —-&%—\/-—;_ﬂf— exp (—5'—2:) + ’/a"':,velfo HlSt{iL‘Tm(t | n)}f,,(n) dn,

vt 2 e ) (5.99)
fo(r) = —mﬂ— exp —ZT«';TI, + Va767VGIA Hlst{vrm(t | n)}f,,(n) n,
where 77 and 7., are estimated numerically.
Accelerations The distribution of response accelerations are:
fe(r) = 1—:-—If@exp ——712_ + VT /oo Hist{:b (t| n)}f (n)dn
)= 2o, ) T e fy BRI

r

1—- VaTv c 2 . .
fs(r) = _U;ﬁﬁ exp (—50—%) + VaTZacc/O Hlst{v,m(t | n)}f,,(n) dn,

. v . .
where 77,.. and 7., are estimated numerically.

5.5.3.1 Comparisons with Monte-Carlo Simulations

Here compare the derived formulas in equations (5.98) to (5.100) for the response
pdfs for the two-degree-of-freedom system in equation (6.2) with Monte-Carlo sim-
ulations. Details regarding the Monte-Carlos simulations are the same as described
in section 5.3.6.1. Results are shown for three different sets of system parameters, and
response pdfs for the displacements, velocities and accelerations for both masses are
compared. Three tdof systems are chosen such that i) symmetric masses with two
dependent modes, ii) symmetric masses with two independent mode, and iii) asym-

metric masses.

The parameters and resulted statistical quantities of the TDOF 1, 2 and 3 are given
in table 5.6, table 5.7 and table 5.8 , respectively. The results of this comparison
demonstrate the accuracy of the proposed semi-analytical method, and agree closely
with the numerical simulations in both the presented cases (see figures 5-11 to 5-13).
Further simulations using different system parameters were also performed and we

obtained similar agreement demonstrating the robustness of the proposed method.
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Table 5.6: Parameters and relevant statistical quantities for the TDOF system 1.

m 1 Mg 1
A 0.01 k 1
Aa 1 ke, 0.1
T 1000 oy 0.0199
Ko 0.1 q 1.582 x 1074
Oo 0.0143 OF, 0.0351
T dis 0.0177 Py 4is 0.0190
™ vel 0.0098 el 0.0209
P7 sec 0.0066 Py aee 0.0082
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Table 5.7: Parameters and relevant statistical quantities for the TDOF system 2.

m 1 Mg 1
A 0.1 k 1
Ag 0.1 ka 1
T, 5000 oy 0.0323
Lo 0.1 q 1.582 x 10~
Oa 0.0143 OF, 0.0351
T dis 0.0198 v dis 0.0218
2 el 0.0100 Y el 0.0205
P2 e 0.0049 PY e 0.0126
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are presented. Dashed line indicates one standard deviation. Parameters and statistical

quantities are summarized in table 5.7.
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Table 5.8: Parameters and relevant statistical quantities for the TDOF system 3.

m 1 My 0.05

A 0.05 k 1

Aa 0.1 k, 0.1

T, 5000 oy 0.0225

o 0.1 q 1.582 x 10~*

Oa 0.0143 OF, 0.0351

2 s 0.0145 e 0.0153

o 0.0135 Y 0.0150
Pz, 0.0138 P, 0.0102
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-analytical approximation. The pdf for the value of the time series

are presented. Dashed line indicates one standard deviation. Parameters and statistical

quantities are summarized in table 5.8.

lation and the semi
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5.6 Semi-analytical Quantification of Peak PDFs
for Intermittently Forced MDOF Prototype Sys-

tem

In previous sections, we have formulated the semi-analytical approach for quantifying
response pdfs for MDOF linear systems under stochastic excitations containing rare
events. One important extension of semi-analytical scheme is the quantification of
local extrema distribution. The local extrema distributions of stochastic responses
play the critical role in fatigue and reliability analysis problems. In this section, we
briefly introduce how the semi-analytical scheme for response pdf quantification can be
easily extended to estimate local extrema distributions. We then demonstrate the semi-
analytical quantification of local extrema distributions for single-degree-of-freedom
system as well as two-degree-of-freedom system, and the results will be compared with
Monte-Carlo simulations. We first quantify of background local extrema statistics and

then the rare event statistics and lastly show comparisons with numerical results.

5.6.1 Background Peak PDF Quantification

For the gaussian process with arbitrary spectral bandwidth €, the probability density

function of positive maxima can be described as follows [110, 71]:

fm+(€) = \/%6"42/262 +V1—exe 20 ( Y 16_ ¢ c) , —o0<(<oo, (5.101)

2

where ( = J%B’ z is the magnitude of the maxima, spectral bandwidth e = /1 — _Lme47
and ®(-) is the standard normal cumulative distribution function.
®(z) = = / e gy (5.102)
21 J-o0 ' '
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Spectral moments for the background response displacement z, are given as

mo = /0 Sy (w)du, (5.103)
my = /0 WS,y (w)duw, (5.104)
my = /Ooow"Smbxb(w)dw, (5.105)

where S, z,(w) is the one-sided spectral density function of the background response
displacement. In the above we can observe that for an infinitely narrow-banded signal
(e = 0), the pdf becomes Rayleigh distribution. On the other hand for an infinitely
broad-banded signal (¢ = 1), the distribution converges. to the Gaussian pdf. For
a signal with in-between spectral bandwidth (0 < e < 1), the pdf has a complex
structure with the form in equation (5.101). Those cases are illustrated in figure 5-14.
Considering the asymmetric structure of the response under intermittent forcing, we
focus on the positive and negative maxima of the background response, and the pdf

can be written as follows:

fo,(z) = 2\/_{fm+ ( ) + for <_E)) } —o<z<oo.  (5.106)
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Figure 5-14: The probability density function of positive maxima with three different
spectral bandwidth (e =0, e = 1, e = 0.5).

5.6.2 Numerical Histogram of Peaks within Rare Events

Previously we have quantified response pdfs by the PDS method using the total
probability law, and the same approach applies for the quantification of local extrema

(positive/negative maxima) distributions.

fe(r) = i, (r) (1 = Pr) + f3, (r) P (5.107)

where f;,(7) is the background local extrema distribution, f; (7) is the rare event
local extrema distribution, P, is the background probability, and P, is the rare event
probability. The rare event local extrema distribution can be decomposed into the
conditional rare event local extrema distribution under the given impulse magnitude

n= n.

fer(r) = [ feaa(r | m)folm) dm. (5.108)
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where fp(n) is known analytically (section 5.3.2). Now we quantify the conditional

local extrema pdf fz ,(r | n) by a histogram:
Farln(r | ) = Hist{ M (zrp(t | n))}, ¢ = [0, Te,ai), (5.109)

where M(-) is an operator which finds all the positive/negative maxima. The posi-
tive/negative maxima are defined as where its derivative becomes zero. For a given im-

pulse magnitude 7 = n, it finds all the positive/negative maxima between t € [0, 7e gis)-

5.6.3 Semi-analytical Probability Density Function

With the description above, we can obtain the desired positive/negative maxima pdfs
and the final semi-analytical results. Note that all the quantities (i.e. probability of
rare event P, and rare event time duration 7, ) stay the same as in the response pdf
cases. The only modifications are i) background peak pdf fs,(r), and ii) numerical
histogram of positive/negative maxima of the impulse response. In below, we show
the full semi-analytical expression of local extrema pdfs for single-degree-of-freedom

case.

Displacement

£a(r) = (1 = vaTegie) f2, (1) + VaTes | " Hist{M (z,(t | n)) }fo(n) dn.  (5.110)
Velocity

£ur) = (1= vaenm) £, (r) 4 vt [ Hist{M (gt | m)) Ho(m) . (5.111)

Acceleration

£2(r) = (1= VaTuee) f3,(r) + VaTeace | Hist{M (ino(t | n)) }fo(n) dm. (5.112)

In the case of multi-degree-of-freedom systems, we can follow the same steps to obtain

the full semi-analytical expressions. In below we summarize the expressions for TDOF
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system.

Displacements

Far) = (1= vaT24) f2, (1) + VaTE s /0 " Hist{ M (zoa(t | 0)) } fo(n)d, (5.113)

Folr) = (1= vaT2gis) Fou(7) + Vel g /0 - Hist{ M (vnpp(t | n)) }fo(n) dn.  (5.114)
Velocities

F30r) = (1= varliat) f,(r) + VaTlva /O " Hist{M (a(t | n)) }fy(n) dm,  (5.115)
F3(r) = (1= vamlva) F3,(r) + vaTlval /0 - Hist{M (0ry(t | n)) } fo(n)dn. (5.116)

Accelerations

F3(r) = (1= vaTface) f2, (1) + VaTEeo /O " Hist{M (i,1,(t | n)) }fo(n) dn, (5.117)

F5) = (1= Vo) o, () + VaTlnee /0 Hist{M (,1,(¢ | ) }fo(n) dn. (5.118)
5.6.3.1 Comparisons with Monte-Carlo Simulations

. We compare the derived schemes for the local extrema distribution quantification for
the single-degree-of-freedom system and the two-degree-of-freedom system with Monte-
Carlo simulations. Details regarding the Monte-Carlos simulations are the same as
described in section 5.3.6.1 except 100 realizations with 100 impulses are utilized. For
illustration, results are shown for SDOF 3, SDOF 4 and TDOF 1, and local extrema
pdfs for the displacements, velocities and accelerations are compared. Note that the
relevant statistical quantities do not change, and one can refer table 5.3, table 5.4 and
table 5.6, respectively. The results of the comparison demonstrate the accuracy of the
proposed semi-analytical method, and agree closely with the numerical simulations
in all the presented cases. Throughout the comparison the semi-analytical scheme
demonstrates accurate estimation of heavy tail trends, and the non-Gaussian/non-

Rayleigh structure of background peak distribution has been also captured properly.
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5.7 Summary

We have formulated a robust approximation method to quantify the probabilistic re-
sponse of structural systems subjected to stochastic excitation containing intermittent
components. The foundation of our approach is the recently developed probabilistic
decomposition-synthesis method for the quantification of rare events due to internal
instabilities to the problem where extreme responses are triggered by external forcing.
The intermittent forcing is represented as a background component, modeled through
a colored processes with energy distributed across a range of frequencies, and addition-
ally a rare/extreme component that can be represented by impulses that are Poisson
distributed with large inter-arrival time. Owing to the nature of the forcing, even
the probabilistic response of a linear system can be highly complex with asymmetry
and complicated tail behavior that is far from Gaussian, which is the expected form

of the response pdf if the forcing did not contain an intermittently extreme component.

Table 5.9: Summary of the of developed analytical/semi-analytical response pdfs.

DOF | Damping ratio ¢ | Analytical scheme | Semi-analytical scheme
(K1 section 5.3 (5.3.6)
(<1
SDOF (=1 — section 5.4
¢>1
¢>1 section 5.3 (5.3.7)
MDOF — — section 5.5

The main result of this work is the derivation of analytical/semi-analytical expressions
for the pdf of the response and its local extrema for structural systems (including the
response displacement, velocity, and acceleration pdf). These expressions decompose
the pdf into a probabilistic core, capturing the statistics under background excitation,
as well as a heavy tail component associated with the extreme transitions resulting

by the rare impacts. We have performed a thorough analysis for linear SDOF sys-
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tems under various system parameters and also derived analytical formulas for two
special cases of parameters (lightly damped or heavily damped systems). The general
semi-analytical decomposition is applicable for any arbitrary set of system parame-
ters and we have demonstrated its validity through comprehensive comparisons with
Monte-Carlo simulations. The general framework is also directly applicable to MDOF
systems, as well as systems with nonlinearities and we have assessed its performance
through a 2DOF linear system of two coupled oscillators excited through the first mass.
Modifications of the method to compute statistics of local extrema have also been
presented. The derived methodologies are summarized in table 5.9. We emphasize
that the developed approach allows for computation of the response pdf of structural
systems many orders of magnitude faster than a direct Monte-Carlo simulation, which

is currently the only reliable tool for such computations.
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Chapter 6

Extreme events and their optimal
mitigation in nonlinear structural

systems excited by stochastic loads

6.1 Introduction

For a plethora of structural systems it is essential to specify their reliability under uncer-
tain environmental loading conditions and most importantly provide design guidelines
using knowledge of their response characteristics. This involves accurate estimation
of the structural systems probabilistic response. Environmental loads are typically
random by nature and are likely to include intermittently occurring components of
an extreme magnitude, representing abnormal environmental events or conditions.
Although extreme loadings occur with lower probability than typical conditions, their
impact is significant and cannot be neglected since these events determine the sys-
tems behavior away from the average operating conditions, which are precisely the
conditions that are important to quantify for safe assessment and design. Important
examples include mechanical and ocean engineering systems. High speed crafts in
rough seas [120, 119], wave impacts on fixed or floating offshore platforms and ship

capsize events [104, 13, 105, 91, 84], vibrations of buildings or bridge structures due
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to earthquakes or strong wind excitations [87, 20, 89, 142] are just a few examples
where extreme responses occur infrequently but are critical in determining the overall

systems reliability.

Numerous research endeavors have been dedicated on the effective suppression and
rapid dissipation of the energy associated with extreme impacts on structures. Many
of these schemes rely on linear configurations, known as tuned mass damper (TMD)
and result in a halving of the resonance frequency. Although the mitigation perfor-
mance is highly effective when most of the energy is concentrated at the characteristic
frequency of the system, their effectiveness drastically drops if there is a mistuning in
frequency. Moreover, it is not clear how these configurations perform in the presence
of rare impulsive loads. Many of these limitations can be overcome by utilizing small
attachments coupled with the primary system through nonlinear springs, also known
as nonlinear energy sinks (NES). If carefully chosen these nonlinear attachments can
lead to robust, irreversible energy transfer from the primary structure to the attach-
ment and dissipation there [146, 147]. The key mechanism behind the efficient energy
dissipation in this case is the targeted energy transfer phenomenon which is an es-
sentially nonlinear mechanism and relies primarily on the energy level of the system,
rather then the resonant frequency {148, 75]. Such configurations have been proven
to be successful on the mitigation of deterministic impulsive loads on large structures
[134, 135, 93] and their performance has been measured through effective nonlinear

measures such as effective damping and stiffness [127, 115].

Despite their success, nonlinear configurations have been primarily developed for deter-
ministic impulsive loads. To quantify and optimize their performance in the realistic
settings mentioned previously it is essential to understand their effects on the statistics
of the response and in particular in the heavy tails of the probability distribution
function (PDF). However, quantifying the PDF of nonlinear structures under ran-
dom forcing containing impulsive.type extreme events, poses many challenges for

traditional methods. Well established approaches for determining the statistics of
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nonlinear dynamical systems include the Fokker-Planck equation [140, 136], the joint
response-excitation method [126, 153, 69, 5], Gaussian closure schemes, moment equa-
tion or cumulant closure methods [15, 157], the Polynomial-Chaos approach [159], and
stochastic averaging methods [161]. For systems associated with heavy tails, however,
these methods either cannot capture the statistics of rare and extreme type events due
to inherent limitations [94] or are far too computationally expensive in practice, even
for low-dimensional systems [100, 40]. Alternatively, one can study the statistics of the
extreme events alone (by ignoring the background ‘non-extreme’ forcing fluctuations)
through a Poisson process representation and then analyze the response using the
generalized Fokker-Planck or Kolmogorov-Feller equations [136], which governs the
evolution of the corresponding PDF, or by applying the path integral formalism [82,
65], or even through special stochastic averaging techniques [160]. While attractive,
these ideas lead, in general, to analytical results for a very limited number of special
cases. Besides, it is still an important aspect to account for the background random
fluctuations in the forcing term in order to fully characterize the systems overall
probabilistic properties (e.g. this is important in order to fully determine all the
moments of the response). Moreover, even though the background forcing compo-
nent does not directly correspond to extreme events, the background term may have

important consequences for the initiation of intermittent type extreme responses [102].

In this work we consider the problem of nonlinear structural systems under general
time-correlated stochastic forcing that includes extreme, impulsive type random events.
We address two important challenges related to this problem. The first is the develop-
ment of a fast and accurate estimation method for the response statistics, expressed
through the PDF, with emphasis on the accurate estimation of the tail form (events
far away from the mean). The second is the design and parameter optimization of
small attachments that can mitigate or suppress the effects of the extreme forcing
events on the system response while they also improve the system behavior during
the regular regime. The two problems are connected since extreme event suppression

is directly reliant upon a fast and accurate estimation method for the response pdf
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under different designs or parameters. Indeed, without a fast and reliable method
to evaluate response statistics, in particular tail statistics, optimization cannot be
performed because of the inherent computational cost associated with typical quan-
tification methods such as Monte-Carlo. This aspect highlights the practical utility
of the proposed fast PDF estimation scheme. We will illustrate the pdf estimation
method and shock mitigation design analysis throughout the manuscript with a prac-
tical motivating prototype system related to high speed vehicle motion in rough seas,

however we emphasize the proposed method broad applicability.

The probabilistic quantification scheme formulated here is based on the most general
probabilistic decomposition-synthesis framework [102, 103], that has recently been ap-
plied in linear systems subjected to stochastic forcing containing extreme events [68]
and can be used to efficiently estimate the PDF for the response displacement, ve-
locity, and acceleration. We begin by formulating the response pdf quantification
method (developed for linear multi-degree-of-freedom (MDOF) systems in [68]) for
the case of nonlinear MDOF systems. This is achieved by combining the probabilistic
decomposition-synthesis framework [102, 103] with the statistical linearization method
[122]. The scheme circumvents the rare-event problem and enables rapid design and
optimization in the presence of extreme events. We emphasize the statistical accuracy
of the derived scheme, which we have validated through extensive comparisons with
direct Monte-Carlo simulations. Next, we consider two prototype ocean engineering
systems and perform a quantitative comparison of the performance of TMD and NES,
evaluating their effectiveness at shock suppression under stochastic excitation con-
taining extreme events. Finally, we perform optimization on a very generic, possibly
asymmetric family of piecewise linear springs. Previous endeavors in the context of
single-sided vibro-impact NES have shown that asymmetries in the NES can improve
the shock mitigation properties (see [135]). In agreement with these results, our opti-
mization scheme leads to the derivation of a new asymmetric NES which significantly
improves the shock mitigation properties of the system in the realistic setting of

stochastic excitation.

168



The chapter is structured as follows. In section 6.2 we describe the prototype mod-
els for high speed craft motion that we utilize throughout the work as practically
relevant exampie. Next, in section 6.3 we provide a brief review of the probabilistic
decomposition-synthesis (PDS) framework for the response pdf quantification of a
linear single-degree-of-freedom system subject to a random forcing term containing ex-
treme impulse type events. Section 6.4 describes the proposed general semi-analytical
PDF estimation method for nonlinear MDOF structures and also includes a section
on quantifying the conditionally rare response via the effective stiffness and damping
framework. In section 6.5 we present the mitigation of extreme events analysis on the
prototype high speed craft designs for both TMD and cubic NES attachments. Next,
in section 6.6 we propose a new piecewise linear and asymmetric NES design that
we optimize for extreme event mitigation. Finally in section 6.7 we offer concluding

remarks.
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6.2 Prototype models for high speed vehicle mo-

tion in rough seas

Here we describe the prototype models that we apply the quantification method
for extreme event analysis and optimization. Specifically, we model the motion of a
high-speed craft in random seas through two prototype systems: one being a two-
degree-of-freedom system consisting of a suspended seat attached to the hull and
the second being a three-degree-of-freedom system where the seat is attached to a
suspended deck, which is attached on the hull; both prototypes contain a small linear

or nonlinear energy sink (NES) vibration absorber.

6.2.1 2DOF Suspended seat system

In figure 6-1 we illustrate the first model consisting of a linear primary structure under
base excitation that is attached to a small oscillator connected through a nonlinear
spring (with cubic nonlinearity). This is a prototype system modeling the suspended
seat of a high speed craft [111, 28]. The vibration absorber is attached to the seat
with the aim to minimize ocean wave impacts on the operator of the vehicle and
naturally we require that the attachment mass is much lower than the seat mass (i.e.
m, < 0.1mg). The equation of motion for this two-degree-of-freedom system is given

by:

Mo + At + by + Ma(E = ) + Kalz — ) + calz —v)° = —m,(t),  (6.1)

Mab + Aa(V — £) + ka(v — T) + ca(v — )% = —m,E(2), (6.2)

where z, v are the relative displacements of the seat response and attachment response,

respectively, with reference to the base motion £(t) (that is, z =% — £ and v = 0 — §).
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8 seat @ attachment

Figure 6-1: [Suspended seat] Mechanical model for the suspended seat problem with
a small attachment (vibration absorber).

6.2.2 3DOF Suspended deck-seat system

The second prototype system is a suspended deck design for a high speed craft [115,
116, 78] and is illustrated in figure 6-2. In this case, the vibration absorber is attached
to the suspended deck. The attachment mass is comparable to the seat mass and
both are considerably smaller than the deck (i.e. m, >~ my < 0.1m;). The governing

equations for this three-degree-of-freedom system are given by:

mapd + Ay + kny + A (Y — 2) + Es(y — )
+ /\a(y - ’U) < ka(y - 'U) =+ Ca(y - ?.))3 = _mhé(t) (63)
mad + Xs(& — ) + ks(z — y) = —ms(t) (6.4)

Ma® + Aa(0 — ) + ka(v — y) + calv — y)* = —ma&(2), (6.5)

where, again, z,y,v are the relative displacements of the seat response, the deck

response and the attachment response, respectively, with reference to the base motion
£(2).
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Figure 6-2: [Suspended deck-seat] Mechanical model for the suspended deck-seat
problem with a small attachment (vibration absorber).

In both prototypes the aim of the vibration mitigating attachment is to minimize
extreme impacts on the seat attachment as this represents an operator on the vehicle.
We first examine the case of tuned-mass damper vibration absorber k, # 0, ¢, = 0 and
the essentially nonlinear energy sink absorber k, = 0, ¢, # 0, that has been studied
extensively in the context of shock mitigation [147]. In the last section we will examine

the performance of an asymmetric, piecewise linear, spring.

6.2.3 The structure of the intermittently extreme stochastic

forcing

Motivated by the ocean engineering systems in section 6.2, we consider base motion

of the form,
} N(t)

£(t) = h(t) + Z o b(t—7), 0<t<T, (6.6)

In the expression above, h(t) denotes a zero-mean smooth motion characterized by a

Pierson-Moskowitz spectrum,

Shn(w) = q-b}g exp(—:ulq), (B.7)

where g controls the magnitude of the motion. The second term in equation (6.6)

describes rare and extreme impulses in terms of a random impulse train (4(-) is
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a unit impulse), occurring due to slamming events. For this component, N(t) is a
Poisson counting process that represents the number of impulses that arrive in the
time interval 0 < ¢t < T, « is the impulse magnitude, which we assume is normally
distributed with mean p, and variance o2, and the constant arrival rate is given by v;.
We take the impulse magnitude as being [-times larger than the standard deviation

of the excitation velocity h(t): e = 8 04, with 8 > 1.
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6.3 Review of the probabilistic decomposition-synthesis

(PDS) method

We first provide a brief review of the semi-analytical response quantification method
for a linear single-degree-of-freedom system [68] subjected to stochastic excitation
containing rare events. The purpose of this section is to provide a self-contained
review of the core ideas, since the scheme for nonlinear structural systems that is
described in the following section depends upon these concepts. Interested readers
should first read chapter 5 where we discuss the semi-analytical response quantification

method with full details.

Consider the following linear system

F+ \i + kz = £(t), (6.8)

k is the stiffness, X is the damping, and { = )/ 2v'k is the damping ratio. Despite the
simplicity of this system, the structure of the statistical response may be significantly

complex and posses heavy-tails.

The framework to estimate the response PDF of equation (6.8) is the probabilistic
decomposition-synthesis (PDS) method [102]. The basic idea is to decouple the rare
events regime from the background fluctuations and then quantify the statistics of
the two components separately. The results are then synthesized to obtain the full

response PDF by using the total probability law:

fo(r) = fo, (1) (1 = Pp) + for, (r) Py, (6.9)

where f,,(r) is the conditional PDF due to the smooth motion of the base, fz,(r) is
the conditional PDF due to the extreme impacts and P, is the overall probability that

the system operates in the extreme events regime.
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6.3.1 Background response PDF

We first obtain the statistical response of the system under the condition that only

the background (smooth) forcing component is acting. We have,
Ep + Adp + kxy = h(t). (6.10)

In this case the analysis is particularly simple since the system is linear and time-
invariant and the response PDF, f,,, is a zero-mean Gaussian. The spectral density

of the response displacement and the variance are given by:

w“Shh(w)
(k —w?)® + (Ow)?’

Sy (W) = 02, = [ Sopap(@) do (6.11)

The computations for the response velocity and acceleration can be similarly obtained.

6.3.2 Numerical histogram for rare events

The next step is to compute the rare event distribution f,, and the rare event proba-

bility P,. Specifically, the rare event distribution can be written as,

forr) = [ Foonlr | m)fo(n) dn, (6.12)

where f,(n) is the distribution of the impulse magnitude, and f;,}, is the conditional

PDF of the response for an impact of magnitude 7.

It is important to note that once an impulse of magnitude « hits the system, the
momentum of the system right after the impact would be z}, + , since the momentum
of the system right before the impact is &;. As these two variables are both Gaussian

distributed and independent, their sum is also Gaussian distributed and is given by,

n=dy+a~N(u, oz, +02). (6.13)
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We estimate the conditional PDF f, ,(r | n) by the numerically computed histogram:
fern(r | m) = Hist{z,(t | n)}, t€[0,7], (6.14)

where 7, is the typical duration of the rare event (see next subsection) and the

conditional response x|, is given by,

n —(Wn—Ww - n o
Triy(t | 1) = o~ <e (Gun=wolt _ g=(Gntw )t). (6.15)

(]

The conditionally extreme event distribution for velocity and acceleration are derived

in a similar fashion.

6.3.3 Numerical estimation of the rare event probability

In order to compute the histogram of a rare impulse event, the duration of a rare
response needs to be obtained numerically. We define the typical duration of a rare

response by

T, (Te) = p. max {Ia:,.l}, (6.16)

where p. = 0.1, or in other words, the histogram is taken over the time it takes for
the system response to decay to 10% of its maximum value. The absolute value of the

maximum of the response needs to be estimated numerically.

Once this rare event duration has been specified, we can also obtain the probability

of a rare event by

P, = vaTe = Te/Th. (6.17)

Note that the extreme event duration for the displacement 7%, velocity 7%, and accel-

eration 7% are in generally different.
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6.3.4 Semi-analytical response probability distributions

With the description above, we obtain the response PDF using the total probability
law. The resulting response PDF takes the form,

1 — y,71? 2

I = v o (“ 207 ) +var? [ Hist{z(t | m)}fy(n)dn, - (618)

where the argument 2 is either z, z, or £. The validity of this approximation has been

thoroughly verified in [68].
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6.4 PDPF quantification method for nonlinear MDOF

systems

Here we formulate the probabilistic-decomposition method for multi-degree-of-freedom,
nonlinear mechanical systems. There are some important differences with respect to
the case of linear systems studied in [68]. Firstly, for the background component the
system nonlinearities can be important and to this end we must utilize an appro-
priate statistical quantification method. Here we employ the statistical linearization
approach [124]. Secondly, to characterize the statistics in the rare event regime it is
even more crucial to take into account the nonlinear properties of the system, since

these control the shock mitigation capabilities of the attachment.

To achieve this we use two alternative approaches. The first one is based on the
direct simulation of the system for a range of initial conditions corresponding to all
possible impact magnitudes. The second is based on the notion of effective stiffness
and damping [127], which are measures that characterize the system response under
various excitation magnitudes taking into account the presence of the nonlinear attach-
ment. We provide comparisons with direct Monte-Carlo simulations to demonstrate
the accuracy of both approaches. We first present the analysis for the background

component

6.4.1 Quantification of the response pdf for the background
component

For the background regime, we must account for nonlinearities and their interaction

with the background part of the excitation. We use the statistical linearization method,

since we are only interested in resolving the low-order statistics of the background

response of the system (the rare events component defines the tails of the PDF).

Consider the response of the suspended seat problem, equation (6.2), under the exci-
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tation term h(t):

MeE + Ao + ksT + Ao(T — D) + k(T — v) + co(x — v)* = —m,h(t), (6.19)

Ma® + Xa(0 — &) + ko(v — ) + ca(v — 2)2 = —mgh(t). (6.20)

We first multiply the above two equations by z(s), v(s), h(s) at different time in-
stant s # t, and take ensemble averages to write the resulting equations in terms of

covariance functions.

/

msC, 4+ AsChp + ksCoz + Ao (Crpy — Crp) + ko (Cog — Coz)

+ ca(z(t) — v(t)) z(s) = —m,Cy,, (6.21)
mSC::c,v + )‘SC;:v + kscﬁl‘v + )‘a (C:,w - C;m) + ka (va - va)

+ ca(x(t) — () v(s) = —mCh,, (6.22)
MmsCy + AsChp + ksCoh + Aa (Cop, — Cop) + ko (Con — Cun)

+ ca(x(t) = v(t))* h(s) = —msChy, (6.23)
MaCry + Aa (Chg — Cop) + ka (Cop — Cia)

+ ca(v(t) — a:(t))3 z(s) = —myCp,, (6.24)
maC‘:)Iv + Aa (Cilw - C;:v) + ka (va - va)

+ ca(v(t) — z(t))> v(s) = —maCh,, (6.25)
Mg zl;,h + Aa (C’lllh - alch) + ko (Con — Can)

+ ca(v(t) — z(t))* h(s) = —maCyly. (6.26)

Here ’ indicates the partial differentiation with respect to the time difference 7 =t —s.

We then apply Isserlis’ theorem based on the Gaussian process approximation for
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response to express the fourth-order moments in terms of second-order moments [63].

((t) — v(1))* 2(s) = (302 — 604y + 302) Cuz — (302 — 604y +307) Coa,  (6.27)
(z(t) — v(t)?v(s) = (303 — 604, + 303) Crv — (303 — 604y + 30,2,) Cw, (6.28)
(z(t) — v(&)? h(s) = (302 = 604y + 302) Con — (302 — 602y + 307) Con. (6.29)

This leads to a set of linear equations in terms of the covariance functions. Thus, the
Wiener-Khinchin theorem can be applied to write the equations in terms of the power

spectrum, giving

(ms +m, C(w)) (m +m, C(_w)) wh
(A@) - C<w> ) (Al-w ’f;(&) )
S (w; 02, Tz, 02 (ms +Mag 3( (ms + Mma% o )

(e
v (.A A(w)C(w) ) ,A(—w)C(-—w) B(—OJ))
(

ms + Mg B(_w)) wt

Gl — B(-w)

2
)

Syz(W; 0%y Ogus 03) = Shr(w), (6.30)

Shh(w)7 ' (631)

’ x?

)
(w)

(ms +ma ?%)
)~ ) (4

(ms + ma%g)z) w?

Szo(W; 02, 0y, 02)
(Alw

Shh(w), . (6.32)
)

th (UJ, 0-27 O v 0-12)) = £w22 Shh(CU), (633)
( (w) = c<w))

Sun( oy et mad)et ) (6.34)

vh (W; U y Ozu; Oy (W hh W), .
(%58 - 5

where,

A(w; o2 Oy v, 03) = — mew? + (As + Aa) (Jw)
+ kg + kg + co(30% — 604, + 302), (6.35)
B(w; 02, 04y, 02) =Aa(jw) + ko + €a(302 — 604y + 302), (6.36)

C(w; ai, O v, af) = — mw? + A(Jw) + ko + ca(3a§ — 60z, + 303). (6.37)

At this point 02, 02, and o, are still unknown, but can be determined by integrating
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both sides of equations (6.30) to (6.32) and forming the following system of equations:

Ug = /0 Sxx(w; Ug, Ozv) Ug)du% (638)

Ogo = /0 S (W; 02, Oa, 02)dw, (6.39)

o = / 7 S (w; 02, 5o, 02)duo. (6.40)
0

By solving the above we find 62, 02, and o,,. This procedure determines the Gaussian
PDF approximation for the background regime response. Further details regarding
the special case of a linear attachment and the analysis for the suspended deck-seat

problem can be found in appendix B.

6.4.2 Quantification of the response pdf for the extreme event

component

We are going to utilize two alternative methods for the quantification of the statistics
in the extreme event regime. The first approach is to obtain the conditional statistics
based on direct simulations of the system response. The second method is utilizing
effective measures [127] that also characterize the system nonlinear response in the

presence of attachments.

6.4.2.1 Rare response PDF using direct simulations of the system under

impulsive excitation

To compute the conditionally extreme distribution p,. and the probability of rare
events PT we follow the steps described in algorithm 1, which provides a high-level
description for a single mode. The procedure is repeated for each degree of freedom
of interest (in this case it is more efficient to simply store all the impulse realizations
and then run the procedure for each degree of freedom of interest). We emphasize
that the numerical simulation of impulse response for nonlinear systems is efficient,

since the integrations are necessarily short due the impulsive nature of the forcing and
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the condition on the rare event end time in equation (6.16). Moreover, throughout
these simulations we do not take into account the background excitation since this is

negligible compared with the effect of the initial conditions induced by the impact.

~Algorithm 1 Calculation of P, and f, (r) = [ fa,in(r | ) fr(n) dn.

1: discretize f,(n)

2: for all n values over the discretization f, do

3: solve ODE system for z™(t) under impulse n, neglecting A

4: 1" {te | pc max; |z"(t)| = 2" (te)} > we set p. = 0.1
55 pl, < Hist{z"(t) |t € [0,7."]}

6: end for

Pz, + [ PpnPr

Te < [ 7" Dy

9: P, v Te

®

10: output: P, p,,

Comparison with Monte-Carlo Simulations

The full response PDF is composed using the total probability law,

1 — vaT gis 72 2 .
fo(r) = W exp —é—c;g: + VaTe,dis/O Hlst{zr[,,(t | n)}f,,(n) dn, (6.41)
where 2z is either the displacement, velocity or acceleration of the seat/attachment

response. We utilize a shifted Pierson-Moskowitz spectrum Spp(w — 1) for the back-

ground forcing term in order to avoid system resonance.

For the Monte-Carlo simulations the excitation time series is generated by superimpos-
ing the background and rare event components. The background excitation, described
by a stationary stochastic process with a Pierson-Moskowitz spectrum (equation (6.7)),
is simulated through a superposition of cosines over a range of frequencies with cor-

responding amplitudes and uniformly distributed random phases. The intermittent
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component is the random impulse train, and each impact is introduced as a velocity
jump at the point of the impulse. For each of the comparisons performed in this
work we generated 10 realizations of the excitation time series, each with a train
of 100 impulses. Once each ensemble for the excitation is computed, the governing
ordinary differential equations are solved using a 4th/5th order Runge-Kutta method
(we carefully account for the modifications in the momentum that an impulse imparts
by integrating up to each impulse time and modifying the initial conditions that the
impulse imparts before integrating the system to the next impulse time). We verified
that this number of ensembles and their durations leads to converged response statis-

tics for the displacement, velocity, and acceleration.

In figure 6-3 we show comparisons for the suspended seat problem with parameters
and relevant statistical quantities given in table 6.1. In figure 6-5 we also show com-
parisons for the suspended deck-seat problem with parameters and relevant statistical
quantities in table 6.2. For both cases the adopted quantification scheme is able to
compute the distributions for the quantities of interest extremely fast (less than a
minute on a laptop), while the corresponding Monte-Carlo simulations take order of

hours to complete.

Note that our method is able to capture the complex heavy tail structure many
standard deviations away from the mean (dashed vertical line denotes 1 standard
deviation). We emphasize that similar accuracy is observed for a variety of system
parameters that satisfy the assumptions on the forcing. The close agreement vali-
dates that the proposed scheme is applicable and can be accurately used for system

optimization and design.
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Table 6.1: Parameters and relevant statistical quantities for the suspended seat system.

Mg 1 My 0.05
As 0.01 Aa 0.021
s 1 ka 0
— — Ca 3.461
Ty 5000 On 0.0227
o =T X 0}, 0.1 q 1.582 x 104

0o = 0j, 0.0141 Op 0.0063

Pz 0.0214 P 0.0107

P 0.0210 P? 0.0100

Pz 0.0212 P? 0.0096
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Figure 6-3: Suspended seat with a NES attached; Comparison between PDS method
and Monte-Carlo simulations, with parameters given in table 6.1. Left column: seat
response. Right column: NES response.
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Table 6.2: Parameters and relevant statistical quantities for the suspended deck-seat

system.
mp 1 my 0.05 Mg 0.05
Ah 0.01 As 0.1 Aa 0.035
kn 1 ks 1 . 0
— — — — Ca 5.860
Tw 5000 o =T X 0j, 0.1 q 1.582x10~*
on 0.0232 0o = 0}, 0.0141 on 0.0063
Py 0.0245 Pz 0.0247 P? 0.0162
PY 0.0234 PE 0.0202 P? 0.0161
P? 0.0238 Pé 0.0081 P? 0.0146
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Figure 6-4: Suspended deck-seat with an NES attached; Comparison between the PDS
method and Monte-Carlo simulations, with parameters given in table 6.2. Left column:
seat response. Right column: deck response.
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Figure 6-5: Suspended deck-seat with an NES attached (Continued); Comparison be-
tween the PDS method and Monte-Carlo simulations, with parameters given in table 6.2.
NES response.

6.4.3 Rare response PDF using effective measures

Here we describe an alternative technique to quantify the rare event PDF component
using the effective stiffness and damping framework described in [127]. These effective
measures express any degree-of-freedom of the coupled nonlinear system, for a given
initial energy level, as an equivalent linear single-degree-of-freedom system. Specifi-
cally, these effective measures correspond to the values of damping and stiffness for a
linear system that has (for the same initial conditions) a response that is as close as

possible to that of the original system, in the mean square sense.

We focus on the suspended seat problem to illustrate this strategy. It should be pointed

out that the accuracy and applicability of this approach has some limitations:
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e The accurate estimation of the PDF requires the knowledge of the effective

measures over a sufficiently large range of initial impulses.

o The motion of the system should have an oscillatory character so that it can be

captured by effective measures.

o The statistics of the attachment motion cannot be obtained directly from the

effective measures.

To derive the PDF in the rare event regime we reduce the system to an effective linear
system for the degree-of-freedome of interest. Consider the suspended seat system

under an impulse,

msi + )\sm + kst' + Aa(j: - i)) + ka(x - ’U) + CG(CE - v)s =0

(6.42)
Ma 4+ A — &) + k(v — ) + co(v —7)> =0
with initial conditions, at an arbitrary time say o = 0,
=0, 2=n, v=0, v=0. (6.43)

To determine the effective linear system for this system, we follow the strategy in [127]

and compute the effective stiffness and damping:

Lo 32 2—(% 3.2)t
kea(t m) 2—<‘<r>—> Net(tim) = —%};x— (6.44)

where (-) denotes spline interpolation of the local maxima of the time series. We can

then compute the weighted-average effective stiffness and damping;:

2 [ (3msi?) ds

_oJo &5 {(5msd?), ds
Jo(a?),ds

R

Eeﬁ'('n> =

(6.45)

With the weighted-average effective measures we rewrite the original two-degree-of-
freedom system during rare events into an equivalent linear single-degree-of-freedom

system with coefficients that depend on the initial impact (or the initial energy level
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of the system):
E 4+ Neg(n) & + keg(n) z = 0 (6.46)

Using the effective system in equation (6.46) we can obtain the conditionally rare
PDF using the analysis for the linear syStem in section 6.3.1. The damping ratio and

natural frequency now become functions of the initial impact, n:

wn(n) = /Fa(n), c<n)=2—A—?§—(ﬁ)—), wo(n) = wn(m)CME— 1. (6.47)

keﬂ'(n

Subsequently, the PDF is obtained by taking a histogram of
n - n)—wo(n —(C(M)wn(n)+wo(n
Tyt | ) = W(e (¢ () —wo(m))t _ o= (C(n)uwn (n)-+wol ))t). (6.48)

In figure 6-6 (top) we present the suppression of the probability for large motions of
the primary structure due to the presence of the NES (parameters given in table 6.1).
This suppression is fully expressed in terms of the effective damping measure shown in
the lower plot. Note that the suppression of the tail begins when the effective damping

attains values larger than one.
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Figure 6-6: (Top) Suspended seat problem without and with a NES attached; (Bottom)
Normalized weighted-averaged effective damping Aeg(n)/As as a function of impulse
magnitudes 7.

We emphasize that in the context of effective measures the motion of the system
is assumed oscillatory. Motions with radically different characteristics will not be
captured accurately from the last representation and the resulted histograms will not
lead to an accurate representation of the tail. This problem is, in general, circumvented
if we employ the first approach for the computation of the conditional PDF during
extreme impacts. On the other hand, the advantage of the second approach is that we
can interpret the form of the tail in the various regimes with respect to the properties
of the effective measures (figure 6-6). This link between dynamics (effective measures)

and statistics (heavy tail form) is important for the design process of the NES.

Comparison with Monte-Carlo simulations

Here we compare the PDS method combined with the effective measures with direct
Monte-Carlo simulations. In figure 6-7 we show the response PDF for the primary
structure for parameters given in table 6.1. Details regarding the Monte-Carlo com-
putations are provided in section 6.4.2.1. We observe that the PDS method utilizing

effective measures performs satisfactorily over a wide range similarly with the first
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general scheme, based on individual trajectories computation.

0.12

——Numerical
——PDS with Effective Measures

0.2

Figure 6-7: Suspended seat problem with an NES attached; Comparison between PDS
estimate using effective measures and Monte-Carlo simulations. System parameters are
given in table 6.1.

6.4.4 Quantification of the absolute response pdf

The developed PDF quantification schemes provide statistical description for relative
quantities (with respect to the base), that isz = 2—&,y = §—§ and v = 9—&. However,
for the prototype systems that we consider we are more interested for the suppression
of absolute quantities, instead of relative ones. As we illustrate below, the absolute
response PDF can be derived from the relative response PDF in a straightforward

manner .
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Background component

For the background regime, we the absolute motion is expressed as:
Iy = xp + h. (6.49)

As the relative motion and base motion h(t) are both Gaussian distributed (but not

independent), their sum is also Gaussian distributed and it is given by,
N (2, 02) = N(0, 02 + 02 + 20,1). (6.50)

In the previous section we have derived both o2 and o7, and what remains is the
covariance term o, whose spectral density function is given in equation (6.32). This

is given by:
oo
Ozh = /0 Smh(w;afr,azv, orf,)dw. (6.51)

Extreme event component

For the extreme event component the motion of the motion is assumed very small

(compared with the magnitude of the impact), in which case we have:
2, = 2. (6.52)

The estimation of the conditional PDF for z, has already been described in sec-

tion 6.4.2.

Comparison with Monte-Carlo Simulations

The full absolute response PDF is expressed using eq. (6.41), where 2 is either relative
or absolute displacement, velocity or acceleration of the seat/attachment response. We
compare the PDS method with direct Monte-Carlo simulations for the case of absolute

motions. In figure 6-8 we show the absolute response PDF for the primary structure
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for parameters given in table 6.1. Details regarding the Monte-Carlo computations

are provided in section 6.4.2.1.
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Figure 6-8: Suspended seat problem with an NES attached; Comparison between PDS
method and Monte-Carlo simulations. System parameters are given in table 6.1.
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6.5 System optimization for extreme event mitiga-

tion \

We now consider the problem of optimization in the presence of stochastic excita-
tion containing extreme events. The developed method provides a rapid and accurate
semi-analytic estimation scheme for the statistical response of the nonlinear structural
system. In particular, we can efficiently obtain the response statistics of the primary
structure (the seat) for any given shock mitigating attachment and accurately capture
the heavy-tailed structure of the distribution. This allows us to explore rare event
mitigation performance characteristics of different attachment parameters and per-
form optimization. Such analysis is not practically feasible via a direct Monte-Carlo
approach since a single parameter set takes on the order of hours to compute the

resulting response PDF with converged tail statistics.

We consider the prototype systems described in section 6.2 with the aim to suppress
the large energy delivered to the passenger (i.e. the seat). In all cases we optimize the
attachment parameters, while the parameters of the primary structure are assumed

to be fixed.

6.5.1 Optimization objective

We adopt the forth-order moment as our measure to reflect the severity of extreme

events on the seat:

7= / 54 £,(r) dr, (6.53)

where the argument 2 can be either absolute displacement of the seat or absolute
velocity depending on the optimization objective. The goal here is to minimize this
measure and analyze the performance characteristics of the attachment when its pa-

rameters are varied.
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We illustrate the results of the optimization using the following normalized measure:

N)'
oW

(6.54)

2
]
SR
g

where 2, is either £ or 7, and z, is the corresponding quantity without any attachment.
Values of this measure which are less than 1 (7 < 1) denote effective extreme event

suppression.

6.5.2 Optimization of NES and TMD parameters

Results are shown for the suspended seat problem with an attachment mass m, = 0.05.
For a NES attachment (k, = 0) we optimize over ¢, and )., while for a TMD (c, = 0)
we vary k, and )\, (figure 6-9). The resulted response PDF that minimize the dis-
placement moments are illustrated in figure 6-10. The same analysis is performed for
the suspended deck-seat problem with the same attachment mass m, = 0.05 for both

systems (figure 6-11). The resulted response PDF are illustrated in figure 6-12.

In both cases of systems we observe that the TMD and the optimal cubic NES can
improve significantly the behavior of the primary structure in terms of reducing the
displacement during impacts, with a reduction of 66-68% of the fourth-order moment.
We also observe that the NES design is more robust to variations in the attachment
parameters over the TMD design, which requires more stringent attachment parameter
values for best performance with respect to . This is in line with the fact that the
NES attachment performs better over a broader excitation spectrum than the TMD
configuration, which requires carefully tuning. Note that for the case of the deck-seat
problem (figure 6-11) we can achieve much larger mitigation of the absolute velocity
at the order of 32-34% compared with the simpler system of the seat attached to the
hull directly (figure 6-9), where the suppression is much smaller, 2-4%.

We performed the grid search for demonstration purposes to illustrate the performance

characteristics as the stiffness and damping are varied; clearly, if we are only interested
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in the optimal attachment the use of an appropriate global optimizer (such a particle
swarm optimizer) would be more appropriate. All the results shown where computed
using the proposed PDF estimation method. As a further check and validation, we
benchmarked the semi-analytical PDF estimates and compare them with Monte-Carlo

results for the extremity measure v over a coarse grid of the attachment parameters.

197



Table 6.3: Suspended seat system parameters.

ms 1 Mg 0.05
As 0.01 ks 1
T 2000 — —
Ba= T % o 0.1 q 1.582 x 104
Oa = 0}, 0.0141 op, 0.0063
Displacement Velocity

/7 ——

(a) TMD

(b) NES

0.05 0.1 0.15 0.2
A

Figure 6-9: [Suspended seat] The result of the parametric grid search optimization
of the suspended seat attached with (a) TMD (¢, = 0) and (b) NES (k, = 0). Optimiza-
tion has been performed with respect to the stiffness (linear/nonlinear) and damping
coefficients of the attachment, and the optimal solutions are marked by a red cross (<)
along with the numeric value of the optimal measure . Optimization of the response
displacement (left subplots) and velocity (right subplots) are presented. Parameters
without attachment are shown in table 6.3.
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Figure 6-10: [Suspended seat| Comparison of the response PDF for optimization of
the displacement fourth-order moment. Red curve: without any attachment; Green curve:
TMD (A, = 0.018, k, = 0.036); Blue curve: optimal NES (A, = 0.018, ¢, = 3.121).
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Table 6.4: Suspended deck-seat system parameters.

mp 1 Mg 0.05
Mg 0.05 Ah 0.01
kn 1 As 0.1
k; 1 T 5000
B = TR 02 0.1 q 1.582 x 10~
O = 0} 0.0141 o, 0.0063
Displacement Velocity

(a) TMD

(b) NES

Figure 6-11: [Suspended deck-seat] The result of parametric grid search optimiza-
tion of the suspended deck-seat attached with (a) TMD (c, = 0) and (b) NES (k, = 0).
Optimization has been performed with respect to the stiffness (linear/nonlinear) and
damping coefficients of the attachment and the optimal solutions are marked by a red
cross () along with the numeric value of the optimal measure . Optimization of the re-
sponse displacement (left figures) and velocity (right figures) are presented. Parameters
without attachment are shown in table 6.4.
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Figure 6-12: [Suspended deck-seat] Comparison of the response PDF for opti-
mization of the displacement fourth-order moment. Red curve: without any attach-
ment; Green curve: TMD (), = 0.069, k, = 0.069); Blue curve: optimal NES
(Aa = 0.021, ¢, = 3.484).
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6.6 Design and optimization of a piecewise linear

NES

To further improve the shock mitigation properties of the attachment, we utilize a
more generic form of—NES consisting of a possibly asymmetric, piecewise linear spring.
Similarly with the cubic NES and TMD attachments, we perform parameter optimiza-
tion on the NES spring restoring characteristics and obtain a new optimal design that

outperforms the TMD and cubic NES for the considered problems.

Here, we focus on suppressing large displacements of the seat, although velocity or
acceleration would also be appropriate depending on the desired objectives. The gen-
eral form of the considered spring consists of a linear regime with slope equal to that
of the optimal TMD within a range of 4 standard deviations of the expected seat
motion (e.g. when the TMD is employed). For motions (displacements) outside this
range the spring has also a linear structure but with different slopes, a_; for nega-
tive displacements (beyond 4 standard deviations) and a; for positive displacements
(beyond 4 standard deviations). Therefore, the optimal linear stiffness operates for
small to moderate displacement values and outside this regime, when the response is
very large, we allow the stiffness characteristics to vary. The objective is to determine
the optimal values for the curve in the extreme motion regime with respect to opti-

mization criterion.

Therefore, the analytical form of the piecewise linear spring is given by:

4

o + B, x > 4o,

f(x) = { k,z, —40, <z < 4o¢, (6.55)

a1z + /6—17 z < _4UC,
\

where, o, is the standard deviation of the relative displacement ¢ = = — v between the

primary structure (the seat) and the attachment for the case of a TMD attachment.
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The parameters, a; > 0 and a_; > 0 define the slopes in the positive and negative
extreme response regimes, which we seek to optimize. Moreover, the values for 8; and

B_, are obtained by enforcing continuity:

Bl = 4(ko bt CM])O’Q (656)
,3_1 = - 4(k)0 - a_l)Uc. (657)

The value of the stiffness in the center regime, k,, is chosen using the optimal TMD

attachment.

6.6.1 Application to the suspended seat and deck-seat prob-

lem and comparisons

We illustrate the optimization using the fourth-order moment of the seat response,

employing the following measure:
v =33/38 (6.58)

where 2, is the system response with the optimal TMD attachment (from the previous
parametric grid search optimization) and 2, is the response of the system with the
piecewise linear NES attachment. Parameters corresponding to values less than 1

(¥ < 1) denote additional extreme event suppression, compared with the utilization

of optimal TMD.

The result of the optimization for minimum fourth-order moment for the displacement,
on the suspended seat problem, is shown in figure 6-13 while the corresponding PDF
for the displacement, velocity and acceleration are shown in figure 6-14. We note
the strongly asymmetric character of the derived piecewise linear spring. This is
directly related with the asymmetric character of the impulsive excitation, which is in
general positive. The performance of the optimized piecewise linear spring is radically

improved compared with the optimal cubic NES and TMD as it is shown in the PDF
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comparisons. Specifically, for rare events (probability of 1%) we observe a reduction
of the motion amplitude by 50%, while for the velocity the reduction is smaller. A
representative time series illustrating the performance of the optimal design for the
suspended seat problem is shown in figure 6-15. The PDF for the acceleration for
this set of parameters is not changing significantly. Our results are in agreement with
previous studies involving single-sided vibro-impact NES that have been shown to

improve shock mitigation properties in deterministic setups [135].
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Figure 6-13: [Suspended seat] Left: fourth-order measure +' for the seat absolute
displacement as a function of the design variables a_; and ;. Right: corresponding
optimal restoring curve (o = 0.035, a_; = 0.634).
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Figure 6-14: [Suspended seat] Comparison of the response PDF when the system
is tuned for optimal displacement of the seat. Black curve: no attachment. Green curve:
optimal TMD design (A, = 0.018, k, = 0.036). Red curve: proposed optimal piecewise

linear NES design.
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Figure 6-15: Representative time series segment for the absolute displacement and
velocity for the suspended seat problem. Black curve: without attachment. Red curve:
with optimal piece-wise linear NES. This is the result of design optimization performed
in figure 6-13, with response PDF shown in figure 6-14.

The result of the optimization for the suspended deck-seat problem is shown in figure 6-
16 and the corresponding PDF are shown in figure 6-17. Similarly with the previous
problem, the optimization in this case as well leads to a strongly asymmetric piecewise
linear spring. The reduction on the amplitude of the displacement during extreme
events is radical (with an additional reduction of 32%) while the corresponding effects
for the velocity and acceleration are negligible. This small improvement for the velocity

is attributed to the fact that we have focused on minimizing the fourth-order moments

for the displacement.
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Figure 6-16: [Suspended deck-seat| Left: fourth-order measure +' for the seat abso-
lute displacement as a function of the design variables «_; and «;. Right: corresponding
optimal restoring curve (a; =0, a—1 = 4.605).
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Figure 6-17: [Suspended deck-seat| Comparison of the response PDF when the
system is tuned for optimal displacement of the seat. Black curve: no attachment. Green
curve: optimal TMD design (A, = 0.069, k, = 0.069). Red curve: proposed optimal
piecewise linear NES design.
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6.7 Summary

We have formulated a parsimonious and accurate quantification method for the
heavy-tailed response statistics of nonlinear multi-degree-of-freedom systems under
extreme forcing events. The computational core of our approach is the probabilistic
decomposition-synthesis method which is formulated for nonlinear MDOF' systems
under stochastic excitations containing extreme events. Specifically, the excitation is
modeled as a superposition of a Poisson distributed impulse train (with extreme mag-
nitude and large inter-arrival times) and a background (smooth) component, modeled
" by a correlated stochastic excitation with broadband spectral density. This algorithm
takes the form of a semi-analytical formula for the response PDF, allowing us to
evaluate response statistics (having complex tail structure) on the order of seconds

for the nonlinear dynamical structures considered.

Based on this computational statistical framework, we proceed with the design and op-
timization of small attachments that can optimally mitigate and suppress the extreme
forcing events delivered to the primary system. We performed the suppression of ex-
treme responses on prototype ocean engineering dynamical structures, the suspended
seat and the suspended deck-seat of high speed crafts, via optimal TMD and cubic
NES attachments through parametric optimization. As an optimization criterion we
selected the forth-order moments of the response displacement, which is a measure
of the severity of large deviations from the mean. Quantitative comparisons of TMD
and cubic NES were presented, evaluating the effectiveness and robustness in terms
of extreme event suppression. We then proposed a new piecewise linear NES with
asymmetries, for extreme event mitigation. The optimization of the new design led to
a strongly asymmetric spring that far outperforms the optimal cubic NES and TMD

for the considered problem.

We emphasize the statistical accuracy of the PDF estimation schemes, which we

demonstrated through comparisons with direct Monte-Carlo simulations. The pre-
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sented schemes are generic, easy to implement, and can profitably be applied to a
variety of different problems in structural engineering where similar characteristics are
present, i.e. structures excited by extreme forcing events represented by impulsive-like
terms that emerge from an otherwise random excitation background of moderate

magnitude.
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Chapter 7

Conclusions

In this chapter we summarize the results and contributions obtained throughout the
thesis. In chapter 3, we considered the problem of non-Gaussian steady state statistics
of nonlinear systems under correlated excitation. We first derived two-times moment
equations, and these were then combined with a non-Gaussian pdf representation for
the joint response-excitation statistics. This representation fulfill two properties: the
single time statistical structure is consistent with the analytical solution of the corre-
sponding Fokker-Planck equation, and the two-time statistical structure has Gaussian
characteristics. Based on the pdf representation, we obtained a closure constraint and
a dynamics constraint, which describes the nonlinear dynamics of the system. We then
formulated these constraints as a minimization problem and performed the minimiza-

tion to obtain a solution that satisfies both constraints as accurately as possible.

We then applied the developed method to nonlinear oscillators in the context of vibra-
tion energy harvesting in chapter 4. We first considered the case of a single-degree-of-
freedom bistable oscillator with linear damping and the same single-degree-of-freedom
bistable oscillator coupled with an electromechanical energy harvester, assuming the
stationary stochastic excitation follows a Pierson-Moskowitz spectrum. Through com-
parisons with direct Monte-Carlo simulations, we have showed the method can provide
a very good approximation of second order statistics of the system, even in essentially

nonlinear regimes where the traditional Gaussian closure method or statistical lineariza-
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tion fails to capture the dynamics. Additionally, we obtained the full non-Gaussian
probabilistic structure.of the response. Finally, the developed scheme was demon-
strated to more generic structures, such as linear undamped elastic rods coupled with
bistable nonlinear elements. The developed method provides with an efficient way
to quantify the strongly non-Gaussian statistics for mechanical systems subjected to

correlated excitation. These results have been published in [69)].

In chapter 5, we formulated a robust approximation method to quantify the probabilis-
tic response of structural systems subjected to stochastic excitation containing extreme
forcing components. We achieved this by representing the stochastic excitation as the
superposition of a background component, which is modeled by a stationary stochastic
process, and a rare/extreme component, that can be modeled by Poisson distributed
extreme impulses with large inter-arrival time. We then derived the analytical (under
special conditions) and the generalized semi-analytical expressions for the pdf of re-
sponse and its local extrema for structural systems. These expressions decompose the
pdf into a probabilistic core, capturing the statistics under background excitation, as
well as a heavy- tailed component associated with the“ extreme transitions due to the
rare impacts. We have demonstrated the validity of the analytical and generalized
semi-analytical schemes through comprehensive comparisons with Monte-Carlo simu-

lations for numerous structural systems.

In chapter 6, we generalized the method for the case of nonlinear multi-degree-of-
freedom systems under extreme forcing events. The developed approach allowed us
to evaluate response statistics (of complex non-trivial tail structures) on the order
of seconds for the nonlinear dynamical structures. With the developed scheme, we
conducted design and optimization of small linear and nonlinear attachments that can
optimally mitigate and suppress the extreme forcing events delivered to a primary sys-
tem. We performed the suppression of extreme responses on two prototype dynamical
structures found in ocean engineering: the suspended seat and the suspended seat-deck

of a high speed craft. We employed optimal TMD and cubic NES attachments by per-
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forming parametric optimization through the minimization of the forth-order moments
of the response. We then developed a new design of NES that far outperforms the
optimal cubic NES for the considered problem. We emphasized the statistical accuracy

of the pdf estimation through comparisons with direct Monte-Carlo simulations.

7.1 Future Directions

The developed computational framework is the first, to the best of our knowledge,
that provides with a feasible way to perform optimization with respect to the statis-
tical properties of the response. This is an important step ahead from the standard
paradigm followed in mechanics, where optimization is performed with respect to de-
terministic features of the dynamics, since stochastic simulations (especially focused
on extreme events) are very expensive. Our schemes can be applied on a wide range
of engineering problems where nonlinearity in the dynamics or non-stationarity in
the excitation are important. For many systems in this category the designs have
been restricted by the analysis/optimization tools available. To this end, future work
includes the design, study and optimization of strongly nonlinear configurations with
the aim of optimal and robust energy harvesting and impact mitigation. Areas that
can benefit from the developed computational framework include Mechanical, Ocean,
Civil, and Aerospace Engineering. We believe that the developed schemes are well
suited to a large number of problems involving vibrations in these settings and can
prove to be an important engineering method for design and reliability assessment.
Appropriate experimental schemes should also be developed for the assessment of the

predicted statistical features and this is also an interesting area for future work.
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Appendix A

Probability Distribution of an
Arbitrarily Exponentially Decaying

Function

In this appendix, we provide the detailed derivation of pdf of an arbitrary exponentially
decaying function considered in section 5.3.5. Please consider an arbitrary time series

in the following form.
z(t) = Ae™®, where t ~ Uniform (71, 72), (A1)

where A and o > 0 are constants, and we let 71 < 75 so that the time ¢ is uniformly
distributed between 7; and 7. In this case, the cumulative distribution function (cdf)

of z(t) can be derived as

Fu(z) = P(4e™™ < 1), (A.2)
1

- IP’(t > = log(A/x)), (A.3)

—1- P(t < g—tlog(A/x)), (A.4)

—1- /_ =S4 bt (A.5)
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Please note that fr(t) is the uniform pdf for time ¢ which can be expressed by step

functions s( - ).

) = ——{st—m) = st - )}, m<m (A.6)

T2 —T1

Then the pdf of the response z(t) can then be derived by differentiation.

fz(z) =d—(i-Fm(m), (A.7)
=£fT<é log(Ax)), (A.8)

1 —aTy — Ae— oM
:m{s(ac —Ae ) —s(z— A )} (A.9)

We utilize the above formula for deriving analytical response pdfs in section 5.3.5. We
further note that the step function with respect to z can be derived from the following

relations.

1 <1< Ty, (AlO)
—am < —at < —amn, (A.11)
AT < < AeT. (A.12)
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Appendix B

Statistical Linearization of the

Background Regime

In this appendix, we provide the detailed derivation of statistical linearization of the
background regime in the context of high speed craft problem, the suspended seat
design and the suspended deck design, in chapter 6.

Suspended seat system with a linear attachment

For the special case of a linear attachment, ¢, = 0, the operators for the suspended

seat problem, A, B, and C in equations (6.35) to (6.37) reduce to

Aw) = —maw?® + (As + o) (Jw) + ks + ka, (B.1)
B(w) = Xa(jw) + ka, (B.2)
C(w) = —maw? + A (Jw) + ki (B.3)

In this case, we can directly integrate equations (6.30) to (6.32) to obtain the second

order response statistics.
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Suspended deck-seat system

For the suspended deck-seat design the background response is governed by the fol-

lowing system

mpy + Ay + kpy + A(§ — ) + ks (y — )

+ XA (§ = 0) + ka(y —v) + caly —v)° = —myh(t), (B.4)

msf-t + /\s(j" - y) + ks(x - y) = _msh(t)a (B5)

Ma¥ + Xa(V = 9) + ka(v = y) + ca(v — y)* = —mah(?). (B.6)

As before we first multiply the above two equations by y(s), z(s), v(s), h(s) at different
time instant s # t, and take ensemble averages to write the resulting equations in

terms of covariance functions.

muCly + MCly + knCyn + A (Cyy = Cip) + ks (Cyn = Can) + Ao (Cyy — Ciy)

+ ko (Cyn — Cun) + ca(y(t) — v(t))’ n(s) = —mnChy,  (B.7)
MmaClly + As (Chy = Cpy) + ks (Coy — Cy) = —misCry, (B.8)

maClp, + Aa (Chy = Ci) + ko (Con — Cin) + ca(v(t) — y(2))* n(s) = =maChy, (B.9)

where 1 can be either y, z, v, or h, and ’ indicates the partial differentiation with
respect to the time difference 7 = t — s. We then apply Isserlis’ theorem based on the
Gaussian process approximation for response to express the fourth-order moments in

terms of second-order moments [63].

(y(®) — v(£))* n(s) = (302 — 60y, + 302) Cyy — (302 — 60y, +302) Cop. (B10)

This leads to a set of linear equations in terms of covariance functions and thus the

Wiener-Khinchin theorem can be applied to write the equations in terms of the power
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spectrum. The spectral equations in this case are given by

Bw) | . D)
S, (w; 02 (mn +ma Clw) T s e(w))
vy

2y
 Oys Oywr 0y) = (.A(w) _ Dw)? _ B(w )2)
E(w) C(w)
B(—w)

(mh + Moy + ng(T))) w? S (w)
(A-w) - 55 -%25)
(o + mage) — magiiie — mate)
(%552 - D) - Bthe)

(B.11)

Sz (w,aj,oyv,ag) =

(B.12)

A(-w) —w)? B 4
(mh+msv( —o) msc(_f,)p()_w) mac<( 53) Sha(w)

(A5 - D(-w) - Sees)

D(—w)C(—w)

X

. (B.13)

A D(w)
S (o2 o _ (mn + mag(s +ma e — maé:(w)B(w))
v (Ww; oy, Oy, 0) = AWC(w) _ Dw)Cw) _ B(w)
( B(w) B@)Z(w) “’)

A! ~w) D(—
(mh+ma3< 2+ me g — m°e<~w>6(—w))‘” Sha(w)

A(—w)C(—w) _ D(—w)C(—w) _ a(_

(#5E5 st — B(—w))

w)

D(w)
(mn + mafe +ma )

DW? _ Blw)?
( (W) = F@y — cf«:))
A(-w) D(~w) Dw)? ) 4
(mn + ma =S +meZE) — Mg w))“’ Sha(w)

ACw)C(-w) _ D(=w)*C(-w) _ p(_
( B(-w) B(-w)€(-w) B( ))

(B.14)

. (B.15)

Syv(w; 03, Ty, 012,) =

(B.16)

X , (B.17)

(mh + malg%)l + ms—gi(;)l) w? Shh(w)

Dgwy Bg 22 ’
(Aw) - Z8F - &)

Aw _B(w)?
(ma + a5 — mezing — Magisy) W San(w

wh(wy ya Oyv, 012;) = 2
Aw)é(w) _ D(w) B(w)2E(w)
( D(w) D(w)C(w)

Syh(w7 0'3, va’ 0'5) =

(B.18)

, (B.19)

Aw ’Dw
Son(w; 02, 0y, 07) = (thrman(l)*msaw) mas(w)zs(w))‘*’ Shn(w
v 1 Oys Oyvs Oy) = Aw)C(w)  D(w)C(w)

(Hpce) _ e — B(w))

, (B.20)
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where

A(‘U; 0-.13’ Oyv; 012;) = _mhw2 + ()‘h + As + )\a)(jw)

+ ki + ks + ko + ca(302 — 60y, + 307), (B.21)

B(w; 0?2 Oys Oyu, O 02) = Mo (Jw) + ko + ca(30“§ — 60y, + 302), (B.22)
C(w; 02 Oy Oyus O 02) = —maw? + Ao (jw) + ko + ca(3a§ — 60y, + 302), (B.23)
D(w) = As(jw) + ks, (B.24)

E(w) = —mw? + A (Jw) + ks. (B.25)

2

Now gy,

o2, and oy, are still unknown, but can be determined by integrating both
sides of equations (B.11), (B.13), (B.15), and (B.17) and forming the following system

of equations,

02 = Sez(w; 02, Oy, 02)dw, (B.26)
0

= ooSyv (w; y,ayv, 02)dw, (B.27)
0

o —-/ Sw(w; o y,ayv,ag)dw, (B.28)
0

from which we obtain 67, oy, 75

Suspended deck-saet system with a linear attachment

If the attachment is linear ¢, = 0, A, B, and C in equations (B.21), (B.22), and (B.25)

reduce to

A(w) = —maw?® + (An + As + Aa) (W) + kn + ks + Ka, (B.29)
B(w) = Aa(jw) + ka, (B.30)
C(w) = —maw® + Aa(jw) + Ka, (B.31)

which can be directly integrated to obtain the second order response statistics.
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