Total Mass of a Patch of a Matter-Dominated

Friedmann-Robertson-Walker Universe
by
Sarah Geller
B.S., Massachusetts Institute of Technology (2013)

Submitted to the Department of Physics
in partial fulfillment of the requirements for the degree of

Masters of Science in Physics
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
June 2017

(© Massachusetts Institute of Technology 2017. All rights reserved.

cndoa/
Signature redacted

Author...
Department of Physics

May 31, 2017

Signature redacted

Certified by.......
Alan H. Guth

V F Weisskopf Professor of Physics and MacVicar Faculty Fellow
Thesis Supervisor

Accepted by .......

.....................

Nergis Mavalvala

[MASSACHUSETTS INSTITUTE Associate Department Head Of PhySiCS
OF TECHNOLOGY

JUN 27 2017
LIBRARIES

ARCHIVES







Total Mass of a Patch of a Matter-Dominated
Friedmann-Robertson-Walker Universe
by
Sarah Geller

Submitted to the Department of Physics
on May 31, 2017, in partial fulfillment of the
requirements for the degree of
Masters of Science in Physics

Abstract

In this thesis, I have addressed the question of how to calculate the total relativistic
mass for a patch of a spherically-symmetric matter-dominated spacetime of nega-
tive curvature. This calculation provides the open-universe analogue to a similar
calculation first proposed by Zel’dovich in 1962. I consider a finite, spherically-
symmetric (SO(3)) spatial region of a Friedmann-Robertson-Walker (FRW) universe
surrounded with a vacuum described by the Schwarzschild metric. Provided that the
patch of FRW spacetime is glued along its boundary to a Schwarzschild spacetime in
a sufficiently smooth manner, the result is a spatial region of FRW which transitions
smoothly to an asymptotically flat exterior region such that spherical symmetry is
preserved throughout. I demonstrate that this mass diverges as the size of the patch
is taken to include the entire universe, and discuss the intuition provided by a classical
approximation to the total mass using the formalism of Newtonian Cosmology.
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1 Background and Motivation

1.1 Notations and Conventions

Notation Definition

M n-dimensional manifold
z (n-1)-dimensional hypersurface in M™
M+ The manifold M “exterior” to X, described by the Schwarzschild metric
M- The manifold M “interior” to X, described by the FRW metric
ut M|y, The Schwarzschild side of the hypersurface
- M~ |5, The FRW side of the hypersurface

{6/1} = (t’ X 0, ¢)

{a} = (1,09

y* = (1,6,9)
e;

ull'

(nﬂ) n#

Hyperspherical coordinates on M~
Spherical coordinates on M+
Coordinates on X

The holonomic basis of M*, et = 22

= Bye

ut = e# Tangent vectors to X,

expressed in the holonomic basis of M+

A normal (co)vector field to a hypersurface &



Notation Definition

gffy The metric in spherical /hyperspherical coordinates on M=
v The metric induced on a hypersurface X
from the embedding space M*, via the pullback map

[AlL b The jump in a rank (k,l) distribution-valued tensor A across a hypersurface X.
(Al = Algy — Alg-
a(t) The scale factor as a function of coordinate time ¢
o o = n¥n,, the square of the unit normal vector on a hypersurface X,

+1, if ¥ is timelike

g ==

—1, if ¥ is spacelike
K ‘fu The four-dimensional extrinsic curvature tensor
of a hypersurface ¥ in the manifold M*
K j, The three-dimensional extrinsic curvature tensor of a hypersurface %,

defined by taking the projection of K3, to ©*



1.2 Motivation

General Relativists have long debated the possibility of defining a meaningful expres-
sion for the total relativistic energy of an arbitrary curved spacetime (1). Existing
formalisms for calculating total relativistic energy, such as the Arnowitt-Deser-Misner
(ADM) energy, are applicable only to spacetime geometries which are asymptotically
flat. In 1962, the famous Russian astrophysicist Yakov Borisovich Zel’dovich devised
a method for computing the total relativistic mass of a closed universe described
by the Friedmann-Robertson-Walker (FRW) metric (2)(3). Zel’dovich considered a
finite spherically symmetric (O(3)) spatial region of an FRW universe surrounded
with a vacuum described by the Schwarzschild metric. Provided that the patch of
FRW spacetime is glued along its boundary to a Schwarzschild spacetime in a suf-
ficiently smooth manner, the result is a spatial region of FRW which transitions
smoothly to an asymptotically flat exterior region such that spherical symmetry is
preserved throughout. Some four years after Zel'dovich’s initial calculation, Israel
first published his well-known Junction Conditions, a set of conditions that describe
the discontinuity, or junction, between two spacetimes separated by a boundary re-
gion (4). In this paper we adopt these formalisms laid out by Zel’dovich and Israel
to calculate an expression for the total relativistic mass of a spatial patch of an open
Friedmann-Robertson-Walker universe dominated by matter. We will show that this
mass diverges as the size of the patch is taken to include the entire universe. Sec I
will introduce some concepts and definitions of central importance to our calculation.
We will fully characterize the geometry of an FRW patch in Sec. II and perform the
embedding of its boundary in Sec III. In Sec IV we will apply the Israel Junction
Conditions to derive an expression for the total relativistic mass of an FRW patch.
We end with a discussion, in Sec V, of the physical interpretation of the total rela-
tivistic mass and compare our result at small circumferential radius to the classical

prediction of Newtonian cosmology.
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1.3 Background Theory

The Einstein Field Equations in General Relativity are a set of equations of mo-
tion which relate the Stress-Energy tensor, which specifies the distribution of energy
and momentum in a spacetime, with the Einstein tensor, which describes spacetime
curvature. Beginning with a spacetime metric g,, and Stress-Energy tensor 7,
it is necessary to solve the Field Equations to fully characterize the evolution of a
spacetime. Although we will assume a familiarity with the basic tenets of General
Relativity, a short summary of the Field Equations is provided for convenience. In
this paper we will work in natural units, in which Newton's gravitational constant
G has been set to unity. The content of this section follows, at various times, the
discussions in (5), (6), and (7).

Given a metric g,,, the spacetime interval ds? is given by
ds® = g, dztdz” (1.1)

The Christoffel connection is the unique connection derived from the metric tensor.

It is defined by

N 1
Puu - iga/\(augAu—#augz\u—a)\guV) (1'2)

All the information about the intrinsic curvature of a spacetime is encoded in the

Riemann tensor, which is given, in terms of the metric and Christoffel connection, by
R = —O\I'%, + 8,T% — I$TY, + TosTS,, (1.3)

Taking the trace of the Riemann tensor, we obtain the Ricci tensor R,,. A further

contraction produces the Ricci scalar R.

R, = R (1.4)
R = R¥, (1.5)
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The Einstein tensor is constructed from the metric, along with Eqs (1.4) and (1.5)
1
G[LV = Rl“/ — §Rgl‘“/ (1.6)

The stress-energy tensor 7),, specifies the energy and momentum density and distri-
bution in the spacetime that is the source of the gravitational field. It may also be
thought of, in the context of Noether’s theorem, as the conserved current associated
with Lorentz translation symmetry. The Einstein Field Equations relate T}, to Eq
(16),

Gu =81G T, (1.7)

1.3.1 The Friedmann-Robertson-Walker Universe

Note: In this section, derivatives with respect to coordinate time t will be denoted by
dots. Later we will use dots to denote derivatives with respect to proper time on the
hypersurface, T; we will indicate when this notation is to be adopted.

In the next section we will construct a spherically-symmetric patch of a Friedmann-
Robertson-Walker (FRW) universe, thus it will be important to have a thorough un-
derstanding of the FRW geometry. The FRW metric describes an isotropic, homoge-
nous, universe whose expansion is governed by a scale factor a(t). In (hyper)spherical

coordinates, the line element is given by
ds® = —dt® + o2(t) (dx* + (E(x)dQ?) (1.8)

Where
dQ* = (6)d#? + sin’ fd¢* (1.9)

is the metric on the two-sphere, S?, and

sin(x), if kK =+1 (closed)
G = x, if kK = 0 (flat) (1.10)

sinh(x) if k= —1(open)

12



We will work throughout with the open FRW metric, in which k = —1. The FRW
solution has the following non-vanishing components of the Christoffel connection in

the holonomic basis, up to symmetries. *

I, = sin®(0)T'hy = sin®(6) sinh?(x)T,, = sin®(6) sinh®(x)ax(t)(t)

_ o _po _ &)
Ti‘x—Ffo—Fm—an
%, = sin®(6)Iy, = — sin?(6) sinh(x) cosh(x) (1.11)
I =T?, = coth(x)

I, = — cos(6) sin(6)

F$¢ = cot(6)

Non-vanishing components of the Riemann tensor, again up to symmetries 2, are

given by
R4 = sin?(0) Ry = sin®(6) sinh?(x) R’ s, = sin?(8) sinh® (x)cx(t) ()
ot
Ry = Rlpy = ROy = —aLtg

R¢X¢'X = Rexgx = Sinhz(X)Rxgxg = SinhQ(X)R¢9¢g = d(t)z -1

sin?(6) sinh?(x) R? y94 = sin®(8) sinh?(x) RX gy = &(t)? — 1

(1.12)
From the Riemann tensor, we may compute the Ricci tensor.
—3a(t
o = =260
a(t) (1.13)

R, = sinh™%(x)Rgg = sin™2(6) sinh > (x) Rps = —2 + 26(2)* + a(t)é(2)

!The Christoffel connection is symmetric under interchange of the two lower indices, I“;),, =T,

2When the Riemann tensor has all lower indices, R, xo, it is antisymmetric in its first and
last pair of indices under interchange of indices, Ruuae = —Ruure = Ruvon. It is also symmetric
under exchange of the first pair of indices with the last, R 50 = Raouw. The Riemann tensor has
additional symmetries but those described here are sufficient for our purposes.
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Finally, the Ricci curvature scalar is

6la(t)a(t) + a(t)? — 1]

H— e
Rf, =R 20

(1.14)

1.3.2 The Friedmann Equations

The Friedmann equations are a pair of independent equations relating the energy-
momentum of an FRW universe to the scale factor, a(t). The form of the Friedmann
equations will depend on our choice of Stress-Energy tensor; we consider the T, for

a perfect fluid with mass density p and pressure P.

p 0 0 O
0
T, = (1.15)
0 g”P
0
The equation of state relates mass density with pressure via
P=wp (1.16)

where the covariant conservation of the Stress-Energy tensor, V,T* = 0, will de-
termine the dependence of the mass density on the scale factor. Henceforth we will

refer to the following two equations as the first and second Friedmann Equations,

respectively.
a(t)\? _ 8mp(a) 1
(@7) -y o (1.17)
S = e+ 3P) (118)

A little context may be helpful here. Astrophysical observations have suggested our
universe has gone through three periods of domination by different forms of energy-
momentum. For the first 5 x 10* years, our universe was dominated primarily by

radiation. In the following 9 x 10° years, our universe was dominated by matter, and
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for the most recent 5 x 10° years it has been dominated by dark energy. We have
considered a matter-dominated FRW universe, corresponding to the second energy-
momentum phase of our own universe, in which the pressure P can be neglected. A
perfect fluid with zero pressure is called dust, and the corresponding stress energy

tensor takes a particularly simple form

(1.19)

o O O 0D
o O O O
o O o ©
o O O O

We will derive the Friedmann equations by manipulating the Einstein equations,
using (1.19), (1.13), and (1.14), for a universe dominated by dust. Beginning with

the Einstein tensor,

Gy = 3 (=14 a(t)?) (1.20)

a(t)?
Gy = sinh™2(x)Gge = sin™2(0) sinh ™2 Gy = 1 — &(t)? — 2a(t)(2) (1.21)

the field equations produce two independent equations,

5%(—1 + a(t)?) = 8np (1.22)

1 — &(t)? — 2a(t)é(t) = 0 (1.23)

Manipulating Eq (1.22) yields the first Friedmann equation, (1.17). Substituting for
a(t) from Eq (1.22) and rearranging, we arrive at the second Friedmann equation,

(1.18).

1.3.3 The Schwarzschild Solution

The Schwarzschild metric provides the unique spherically-symmetric vacuum solution

to the Einstein Field equations. In spherical coordinates, with the coordinate chart

15



z# = {t',r,0',¢'}, the metric is written

1

ds® = —f(r')dt? + )

dr’? + r’?dQ"” (1.24)

where, as in the FRW metric, d€)? is the metric on a two-sphere S2. The non-vanishing

components of the Christoffel connection are

oot M e (2MArOM
r'r 't (2M—’f‘l)7‘/ Ut v
’ , 1 ,

Ffllﬁ, = I‘flg' = ;_7 Fg)/qs/ = COt(el)

The non-vanishing components of the Riemann Curvature tensor are given by

' / / 2M
Rt,’,.//r/=2R9 ll/::2R¢,r/r/l=——'——
t r'r' ¢ (—-2M+’I"I)7'/2
, / 1 . -M
R'gve = R grg = R g9y = —
2 r (1.26)
" ' 1 9’ -M Sin2(9’)
R Pt — R drig — §R ' = —rl-—
’ ’ ’ 2M(—2M + r
R" pyrpr = 2R? vt = 2R’ oy = ( 7z )

The Schwarzschild solution describes spacetime outside of the Schwarzschild radius,
R,, and it can also describe the spacetime inside the Schwarzschild radius, but one
must keep in mind that for 7' < R,, r’ is the timelike variable and ¢’ is spacelike. The
Schwarzschild coordinates do not give a clear description of how these two regions
join, since the metric in these coordinates is singular at r = R,. The constant M is
identified as the mass of the gravitating body.The uniqueness of the Schwarzschild
metric as the only spherically symmetric vacuum solution to the field equations is
the subject of Birkhoff’s theorem. It is a consequence of Birkhoff’s theorem that

the Schwarzschild solution is also static for r > R,. ® A crucial consequence of the

3A proof of Birkhoff’s theorem consists of showing that a three-manifold that is spherically
symmetric, in the sense that is has three Killing vectors which are the generators of the Lie Algebra
$0(3), may be foliated by two-spheres. By extending the coordinates on these spherical submanifolds
by the coordinates on the two dimensional orthogonal subspace generated by geodesics that intersect

16



properties of Eq (1.24) is that the Schwarzschild metric is asymptotically flat, making

it an appropriate choice of spacetime with which to surround our open FRW patch.

1.4 Hypersurfaces

In this subsection, we present a collection of definitions and concepts which will be
important for our calculations in the following sections. We attempt to present the
necessary background theory with an appropriate degree of formality whilst indicating

the relevance of each definition to our eventual computation.

1.4.1 Definitions

Definition 1.1. Let ¥™ and M™ be differentiable manifolds, where dim(X) = m <
dim(M) = n. The differentiable mapping ¢ : ¥ — M is called an immersion if the
differential map between tangent spaces, dy, : TpX — T, M is injective for all points
p € . When the immersed manifold has codimension one, n — m=1, "' is called

a hypersurface.

Definition 1.2. A parameterization of a surface ¥~ C M™ at a point p is a differ-

entiable homeomorphism
UCR" P NNZCR® (1.27)

where U C R™! is an open subset and N N X C R" is the intersection of a
neighborhood N C R™ about the point p and the hypersurface ¥. Then &* is called the
parameterization or coordinate chart of the hypersurface ¥ at p and the hypersurface
1s regular.

A consequence of these definitions is that a function between parameterizations (or a
change of coordinate chart) is itself a diffeomorphism. Therefore, a hypersurface may

be thought of as the union of open subsets of R*~! which overlap in a smooth way.

each sphere normally at every point, one can construct a full set of coordinates for the spacetime
and thus show the resultant metric, with an appropriate choice of coordinates, may be written in
the form of (1.24).

17



In the special case that the immersion mapping, @ : X — M is also a homeomorphism
onto its image p(X) C M then we call the mapping ¢ an embedding and L' a

submanifold.*

Returning to our open FRW patch, we will see that the boundary of the patch as
we will define it constitutes a regular submanifold of codimension one. Although the
boundary is a true n — 1-dimensional submanifold, we will consistently refer to it as

a hypersurface, as is conventional.

Definition 1.3. Let M™ be a differentiable manifold. The interior of M , M°, is the
set of all points p € M such that there ezists a homeomorphism ¢ : N, — U, C R"
mapping a neighborhood of p to an open subset U of R™. Define the boundary of M™

as the relative complement of the interior, 9M = (M°)°.

Definition 1.4. Given an n-dimensional manifold M™ and an atlas, or differentiable
structure (¢,,U,), consisting of differentiable homeomorphisms ¢, that map open
subsets U, of M to R", we define a transition map v,g to be the composition map

that takes points from one open set in the manifold to another via R™

Vag = $p 0 65" (1.28)

When all the transition maps v,p preserve orientation then the manifold as a whole

1is said to be orientable.

One way to construct a manifold with boundary, which we will use in the next
section, is to define an orientable hypersurface ® of a manifold and discard the portion
of the manifold that lies to one side, so that the hypersurface forms the boundary and
the remaining portion the interior.We will define an open FRW patch as a manifold

with boundary, where we will treat the boundary as a hypersurface to be embedded

4A submanifold need not be of codimension one, it may have codimension anywhere from zero
to n. A hypersurface whose immersion map is homeomorphic onto its image is a submanifold of
codimension one. Informally, an immersed hypersurface which is not a submanifold may be self
intersecting or, even if the immersion is injective, the immersed hypersurface may not be compact.

SHere the distinction between hypersurface and submanifold is important. Although we use the
term hypersurface here, this procedure requires a submanifold structure.

18



in a manifold equipped with the Schwarzschild metric. Thus we will use the terms
boundary and hypersurface interchangeably.

Although it will be helpful to have a formal understanding of a hypersurface, in
practice we will construct a hypersurface by specifying a restriction on the set of
coordinates. Given coordinates £&# on a manifold M, a hypersurface may be defined

by the function
(&) = fo (1.29)

for a constant fj.

It follows that if a manifold with boundary is orientable and connected, as our open
FRW patch will be, then there exist only two possible orientations on the manifold.
Orientation on a manifold with boundary induces an orientation on the boundary in
the natural way. If (¢4,U,) is an oriented atlas on M, then the restriction of open
sets in the atlas to the boundary, U,ls,, = (Ua)s defines an oriented atlas for the
subspace @M = X. Under this construction, the tangent space of the manifold at any
point ¢ € OM, T,M]|,,,, is isomorphic to T,X @ R, where R represents the choice of
a normal vector field. Thus, fully specifying the properties of an orientable boundary

requires the direction of the normal vector field be fixed.

1.4.2 Pullback Map and the Induced Metric

Definition 1.5. Let M and N be two smooth ® manifolds, and consider the smooth

mappings ¢ : M — N and f : N = R. The pullback of f by ¢ is defined to be
f=(fop): M >R (1.30)

Definition 1.6. Let ¢ : M — N be a smooth map between two smooth manifolds.

The pushforward of ¢ at a point p € M is defined to be the differential map

dp : T,M — Ty N (1.31)

6a smooth n-dimensional manifold is one whose atlas consists of infinitely differentiable mappings
of open sets into R™.
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There is a natural way to pull back one-forms, or elements of the cotangent space
of N, w, € T;(N), and a natural way to push forward vectors, or elements of the
tangent space of M, v, € T,M, but the converse is not true.” The pullback of a
metric tensor, however, is well defined, as a pullback can be constructed for tensors

of rank (0, 1), since they only have covariant indices.

Definition 1.7. Let M and N be two smooth manifolds, and consider a metric tensor
gatapointpe N, g:T,N xT,N = R, and a smooth embedding map ¢ : M — N.
The pullback of g to M, v, is called the induced metric on M

0g=r:T,MxT,M - R (1.32)

Given coordinate charts {€#} on N and {y*} on £, the induced metric is given by

o+ 9¢”

o= 0 1.33

1.4.3 Extrinsic Curvature on ¥~

Definition 1.8. The Projection Tensor P,, for a hypersurface ¥ with normal vector
field n* is given by
Pu = g — onuny, (1.34)

where o = n,n*.

Eq (1.34) implies that, for objects already tangent to £, P, behaves simply as

the metric tensor.

Definition 1.9. The Lie derivative along a vector field v® of a vector v is given by
the Lie bracket,
L) = [v,u]? = v*(8,uP) — uP(0pv®) - (1.35)

7A more careful but, for our purposes, needlessly complex definition of the pullback map states
that the codomain of the pullback map is actually the pullback bundle. This subtlety is notable
when the image of the pullback map is a proper subset of its codomain.
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The Lie derivative acts on one-forms as
Ly(wg) = v*(Fawg) + (0sv%)wy (1.36)

One can show that the Lie derivative along the normal vector field n* of the metric

g takes a particularly simply form,
ﬁng;w = 2'V(;.Lnu) (137)

Definition 1.10. The extrinsic curvature on a four-dimensional manifold is defined

as

1
K;u/ = EEan,u (138)

Thus, substituting the definition (1.34) for P,, into our definition for extrinsic cur-

vature, (1.38),
1

Ky = §£nP;w
1
= —Q-En(g,“, —on,ny,) (1.39)
= ViaNg) = o)
Evidently, the component of the extrinsic curvature which lies tangent to % is given
by V(.n.), thus a projection of the extrinsic curvature to ¥ admits the decomposition
o+ 0€Y o+ ggv

Kp=—"——"K, =—-——
b Oya oyb ™ M By Oyt

V., (1.40)

1.4.4 Gaussian Normal Coordinates

In this subsection we will develop the useful notion of Gaussian normal coordinates,
which significantly reduces the amount of work required to calculate tﬁe induced
metric and extrinsic curvature of a given hypersurface. Begin with a manifold M~
equipped with the FRW metric, as in Eq (1.8), where kK = —1, expressed in coordinates
{t,x, 0, qﬁ}; We define a boundary in terms of a hypersurface ¥ C M~ in the manner
described in Eq (1.29) by taking

X = Xo (1.41)



where X, is a constant. Then ¥ retains the spherical symmetry of the the spacetime in
which it is embedded and the coordinates §, ¢ on M~ map identically to the angular
coordinates on 3. Now consider a point on the hypersurface, p € ¥, and take a
neighborhood B C M~ about p. For any point ¢ € B, ¢ lies on precisely one geodesic
z5(2) (up to scaling) which intersects ¥ orthogonally. This construction is unique
up to a choice of orientation of ¥. We choose the positive orientation to be that in
which the normal vector field n* points outwards from the FRW spacetime (in the
direction of increasing x). The Gaussian Normal coordinates at ¢ € B are given by
{1" = {7,2,0,¢}, where 7 is the value of coordinate time ¢ at the intersection of z#(z)
with %, and z is the proper distance along the geodesic from ¢ to X in the positive
direction. If we label the intersection of z{(2) with ¥ as z4(0) = ¢’ = (7,0, 6, ¢), then

the natural choice for the orientation of the normal vector is to take

ng = fracdz;dz(0) (1.42)
1.4.5 The Israel Junction Conditions

In the special case that a hypersurface ¥ divides a spacetime into two distinct regions
M+ and M~ with different metrics, one may ask the conditions which the metrics
must satisfy so that the two spacetimes are smoothly joined at the boundary and the

Einstein Field equations are satisfied at the boundary.

A familiar analogue from which we may gain some intuition for the junction condi-
tions is provided by the boundary conditions for an electric field at a sheet of charge.

Consider a charge distribution with density
p(a*) = o(a)8(2) (1.43)

where the coordinates z# = {z,z'} are Gaussian Normal coordinates and z is the co-
ordinate normal to the surface . o(z’) is the surface charge density, which describes

a delta-function contribution to the charge distribution at . From the Maxwell
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Equations,

n
V,E:p(ﬂr)
€0

the discontinuity in the electric field across the surface may be calculated

T4e S+e m
/ v.p= [ 2E)
L—¢

S—¢€ €0
S4e

- / Zo(a)4(2)
S—e €0
Ef-E; = ia(ﬂ‘)
€0

(1.44)

(1.45)

(1.46)

(1.47)

Eq (1.47) says that discontinuity in the normal component of the electric field is ac-

counted for by the charge density on the surface in order for Maxwell’s Equations to

be satisfied across the surface.

We will see a similar dynamic in the following derivation of the Israel Junction con-

ditions. Discontinuity in the covariant derivative of the normal vector field will come

with a physical meaning: the existence of a layer of energy-momentum along the

hypersurface. &

Definition 1.11. The Heaviside Distribution ©(z) is the distribution such that

+1, ifz2>0
©(z) = Q0 if 2 <0
indeterminate if 2z =0

The Heaviside distribution has the following properties:

e It is idempotent

O(2)* = ()
e It is antisymmetric under multiplication

O(2)0(—2) = 0

(1.48)

8The derivation put forth in this subsection will closely follow the approach of Poisson (6).
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e Its derivative is the Dirac Delta distribution

o

—d—z- = 5(2)

Definition 1.12. The jump in a tensor A across a hypersurface ¥ is the difference

[Ap] = A:ﬂ - A;g (1.49)
where
AT, = A(MT
s =AM (1.50)
A = A(M")[E

Let ¥ be a hypersurface that partitions two spacetimes on which are given the
coordinate charts {z%} and {z£} and metrics g/, and g, respectively. Define the
metric g,, by

g = ©(2)g;t, + O(—-2)g,, (1.51)

We will derive the Riemann tensor from this distributional metric and determine the
conditions under which it is a valid solution to the field equations by explaining the

meaning of any singular terms. Taking partial derivatives of 1.51,

Orgur = ©(2)0rg, + O(—2)0g, + 0(2)(g,, — )7 (1.52)

Where in the last line we have made use of the fact that, in Gaussian Normal coor-

dinates, the (normalized) normal vector field is given by
ny = n"n,ﬁkz = 6,\z (153)

In computing the Christoffel connection from (1.52), we will clearly generate terms
proportional to ©(z)4(z), which are not well defined tensor distributions. Thus a
condition on the metric to be well defined is that this singular term vanish. In
Gaussian Normal coordinates, this is equivalent to the requirement that the jump in

the metric itself vanish (Eq (1.54)). A slightly weaker requirement, that the jump in
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the induced metric be vanishing, is applicable in any coordinate system (Eq (1.56)).

(94 = 9) = (9] = 0 (1.54)

Note that, while this expression for the jump in g,, is coordinate dependent, it is

possible to amend this condition to an equivalent one

O+ 9z
o 57 57) (5

by noting that the jump in the holonomic basis vectors across ¥ must also vanish.
Note that the left hand side of Eq (1.55) is precisely the jump in the induced metric.

This gives the first junction condition,

[a] = (Y — Va) =0 (1.56)
The Christoffel connections on either side of the hypersurface are

1
I3 = 597 (9rg, + 0,95 — 9,33 (1.57)

And the distribution-valued Christoffel connection is then
I, = ©(2)If + O(~2)IL (1.58)
We may derive the distribution-valued Riemann Tensor,
R ppo = O(2) R0 + O(=2) R ¥pg + 6(2) (M lma — [TJny)  (159)

Since the metric and its tangential derivative are continuous across the hypersurface,
any discontinuity in the derivative of the metric is along the normal direction, z.

Define a tensor h,, proportional to the normal vector,

NGy — OrGpy = hypwmi (1.60)
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We may solve for h,, using
Ry = (1°1,)[0xgu|n” = [Orgu|n” (1.61)
Together with the definition for I'),, we may write

] = 50" (1803 + [8290] ~ [By)

; ) ) (1.62)
= 5 (h"pnu + h vy — h,,,\n )

Now consider the §-function term in the Riemann tensor, Eq 1.59. Define a tensor Z

such that
RY,\, = ©(2)R)5, + O(=2)R5, + 6(2)R* 1 (1.63)
t@uu)\a = ([Fﬁv]n)\ - [F’:A]na) (164)
So
R ro = % (k¥ nyny — R\ nun, — hpantng + hyantn,) (1.65)

Since Z represents the §-function part in the Riemann tensor, it is natural to define
the tensor %,,.,

Ry = B 00 (1.66)

for the d-function part of the Ricci tensor,
1 o o
Ry = 5 (haun®ny + haun®ny, — hnyn, — hy,) (1.67)

and the Ricci scalar,

R = R*, = (hpn'n” —h) (1.68)

where h = hf. With equations (1.66) and (1.68), the é-function part of the Einstein

tensor is

1
Y = Ry — Eﬂgﬂu (1.69)
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Now that we have the full form of the Einstein tensor, we may use it to solve the

Einstein Field equations, and find the stress-energy tensor of the form
T = @(z)T;, +O(=2)T,, + 6(2)Su (1.70)

where the §-function part of the stress-energy tensor, as expected, comes from Eq
(1.69),
1
87TS;U/ = gy.u = ‘%Mu - 5‘%9;“/ (171)

S, represents the surface stress-energy tensor, which describes the existence of a
surface layer of energy-momentum on the hypersurface.

With this interpretation, it is clear that if a curvature singularity exists, the associated
5-function term in the Riemann-Curvature is due to this shell of energy-momentum.
By examining the explicit form of S,,, we may show that there is a meaningful ten-
sorial object whose continuity, or lack thereof, fully characterizes the second Junction

condition. From Eqs (1.66) and (1.68),
167S,, = —hyekey + vijhwefe;'yab (1.72)

Note however that the covariant derivative of the normal is

1
Vi, = 3 (A — hagmon® — hyn,n) (1.73)
Recalling from Eq (1.40) the projection of extrinsic curvature tensor, we may note

that

1
[Kab] = egeg[vunu] = §hw6ﬁez (174)

Which, together with Eq (1.72) enables us to relate the surface stress-energy tensor
S, to the discontinuity of the extrinsic curvature across the hypersurface, [Ka). Thus

we have arrived at the second junction condition,
-1
Sap = S ([Kab] = Ve[ K]) (1.75)
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2 A Patch of an Open Friedmann-Robertson-Walker

Universe

Note: Beginning in this section, we will adopt the convention that derivatives with
respect to proper time T = t|s, will be denoted by dots, and derivatives with respect to

the conformal time n by primes.

We will now construct a patch of an open Friedmann-Robertson-Walker universe,
M~, by specifying a boundary £* = M~| just as in Sec 1.4.4. Beginning with
the FRW metric as in Eq (1.8) in the coordinate basis, a closed form solution to the
Einstein field equations is given by the set of parametric equations for the scale factor

o and the coordinate time ¢ in terms of a new timelike variable 7.

a(n) = %(—1 + coshn) (2.1)
t(n) = (= + sinhn) (2:2)
(2.3)

Notice the relationship between Eqs (2.1) and (2.2),

——=a(n) (2.4)

which identifies the parameter 7 as the conformal time. In terms of the conformal

time, the metric of FRW may be written

ds® = o®(n)(—dn? + dx* + sinh? xdQ?) (2.5)
(2.4) implies that
da . dafl o' (n)
= — | = =Y 2.6
at = © dn (%}-) a(n) (26)
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Rewriting the first Friedmann Equation, (1.17) in terms of «(n) and o/(n),

870 = 2t ((fof)) ) - 1)

(84
_ 3 o2 sinh?(n) B 2.7)
a2(n)( 14042(77) 1) (
3

Where in the last line of 2.7 I have used the fact that cosh®(n) — sinh®(n) = 1 to
write cosh?(n) — 1 as a product of differences (1 — cosh(n)) (1 + cosh(n)). Letting

p(a) depend on a(n), we arrive at

3

pla) = adr(—1+ coshn)? (28)
pla) = 322 (29)

2.1 Gaussian Normal Coordinates

Note: Throughout this subsection only, the notation z*(z) will denote the normal
geodesic to the boundary parameterized by z. In later sections, d similar notation, T,
will be used for the coordinate chart on a Schwarzschild spacetime. As was discussed in
section 1.4.4, Gaussian Normal coordinates are a convenient way to express the metric
near to the hypersurface ¥ and make the necessary computation of both the induced
metric and extrinsic curvatures on X much simpler. As z is the unique coordinate
along which a particle might move off the hypersurface, a restriction of the metric to
¥, (at x = xo) implies that the spacetime interval has no variation along z, and the

coordinates of ¥ are clearly just y“/ = {r,0, ¢}, where yx is restricted to xo,

ds? = —d7? + sinh?(),)dQ? (2.10)
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And the pullback of the metric g, onto ¥ in Gaussian Normal coordinates, i.e. the

induced metric on %, is given by

—1 0 0
V=10 sinh’xo 0 (2.11)
0 0 sin? fsinh? xo

The extrinsic curvature on ¥ also has a nice and simple form in Gaussian Normal
coordinates (8). Because the unique normal vector field to the hypersurface, expressed

in Gaussian Normal coordinates, is just n* = (0,1,0,0), Eq (1.38) reduces to

1
Kaﬂ = —Féﬂ = §6zga3 (2.12)

Where g,p is given by Eq (2.11) and the indices «, 8 take values in {(y¥} = (1,6, ¢).
Our project now is to find the precise form of the metric gf,f)', for the entire four-
dimensional FRW spacetime, from which we may deduce both the induced metric
and extrinsic curvatures on ¥ with the help of the definitions above. We will once
again use the coordinate charts {¢*} = (¢,x,0,¢) and {¢™} = (7,2,0,¢) for the

original FRW coordinates and Gaussian normal coordinates on M ™, respectively.

In order to find the metric on M~ in Gaussian normal coordinates, gf,fv , we must
solve the geodesic equation to determine the normal geodesics to the boundary. The
form of the geodesic equation best suited to our calculation is

d ( d&p) _ 109, 06" 067 (2.13)

dz\%dz ) = 20z 0z 0z

where z is an affine parameter. Now, expanding the coordinate time ¢ around the

point 2 = 0 (i.e. on the boundary, where t|,_, = t(0) = 7 and x|,_, = x(0) = x0),

t(z) =t(0) + 2 %

8 2.14
37 | o) (2.14)

z2=

As we are interested in regions close to the boundary, we consider only the terms in

Eq (2.14) up to second order in z, and note that we must have % = 0 in order

|z=0

30



that the geodesic z#(z) be normal to ¥~ within a neighborhood of . Additionally,
to lowest order in z, t & 7, thus we may reasonably take the argument of the scale

factor to be 7 for small values of z.

Let us examine Eq (2.13) by components. We note that both x and ¢ are functions
of 7 and z by writing explicitly x(7, 2) and ¢(7, z). Neither 6 nor ¢ depend on 7 and
2.

When p = 0, (2.13) becomes

d? dx\?
—EZ—Z = a(7)&(T) (%) (2.15)
d ax |
4 [aﬂmd 0 (2.16)
From Eq (2.16), we have that
02(7)% = fo(x0,70) (2.17)

for an undetermined constant fy(xo,70) depending only on xo and 7y, where 7q is
the value of 7 at the point where the geodesic intersects 3~. We will surpress the
arguments of fy from now on. Substituting for % in Eq (2.15), we obtain
d’t  &(r)
= A0 g (2.18)

T d2? T ad(r)

Using the formula for a change of coordinates from the original coordinates on FRW,
{€*} = (t, x, 0, ¢), to the Gaussian normal coordinates {¢#'} = (1,2,6, ¢), the metric
in Gaussian normal coordinates is given by

on _ 08" 0¢

guly/ - aﬁ”l 5679“” (219)
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Since the 8 and ¢ coordinates on M~ map identically to 6, ¢ on ¥,

960" = 9os (2.20)

958 = 9oo (2.21)

it only remains to find g~ and g&V

. Furthermore, we will require that the coefficient
of d2? in the line element in Gaussian normal coordinates be normalized, consistent

with the definition of Gaussian normal coordinates, so that

geN =1 (2.22)
From Eq (2.19),
ox 2 ot\?
GN _ 2 XY _ (2
i =) (%) - (3) (2.23)
ax\? ot\?
GN _ 2 ox\ _ [ ot
gzz =« (T) (32,) <az> (224)
Within a neighborhood of the boundary, x(7, z) may be expanded about z = 0 such
that p 5 p
9xX| -9 ax 2
97|~ 7z (X(O) + 2 2| . + O(z ))

3 (2.25)
= :9; (Xo + ZCI)

where we have defined ¢; = %lzzo. Equation (2.25) implies that, since % is approx-

imately constant close to the boundary,

0]

We can exploit the requirement that g&V = 1 to solve for ¢; by noting that

gd; [gsz]lzzozi [az(T) (2_9:)2 B (%)2

dz
a
dz

z:O] (2.27)

z=0

[o*(7)e]]
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Thus

!
“ Tl

Substituting ¢; = g—’; in Eq (2.17), we find that the constant function fj is

fo = a(mn)

(2.28)

(2.29)

We now have the information we need to determine the right hand side of Eq (2.18)

near to the boundary,
et _a)
dz?2 o)

Thus t(z,7) is completely determined to second non-vanishing order in z,

w0ee-5 (22

(2.30)

(2.31)

We may now calculate the (77) component of the induced metric, v,, on X. Using

Egs (2.31), (2.28), and (1.33),
GN —

as expected.

2.2 Extrinsic Curvature

(2.32)

Recall that our objective is to calculate the extrinsic curvature tensor, (2.12), and

consider the K., component

(2.33)

(2.34)



Making use of the results from the previous section, it is evident that both terms of

Eq (2.34) vanish independently, so that we may conclude

K, =0 (2.35)

The angular components of the extrinsic curvature, Kpy and Ky, are relatively simple

to obtain from Eqs (2.20), (2.21) and Eq (2.12)

1 GN

Koy = 19949 = o) sinh(x) cosh(x) K% = coth(x) (2.36)
2 0z «a
10955 ., é 0

K¢¢ = 5 D2 = Sin (G)Kgg K ¢ = K [/} (237)

3 Gluing an FRW Patch to Schwarzschild Spacetime

3.1 Embedding Equations

In order to glue the patch of FRW to Schwarzschild spacetime along the boundary
defined by xg = X, it is necessary to find a set of equations which specify the way the
boundary may be embedded into Schwarzschild spacetime as a hypersurface. Recall
from our discussion in Section 1.4 that the embedding is specified by giving a set of
parametric equations for coordinates in the Schwarzschild spacetime as a function of
coordinates on . In our notation, the coordinates on ¥ are {y*} = (7,8, ¢) and the

coordinates on Mt are {z#} = (¢',r', ¢, ¢).

2°(y%) = t'(y°)
2t (y?) = r'(y°) 51)
z?(y*) = 0'(y*)
2*(y*) = &' (y*)

Our calculation is made easier by taking into account what we already know about the
hypersurface. Since ¥ must have a spherical symmetry consistent with that of both

the FRW and Schwarzschild spacetimes, we know that ¢'(y*) = 6 and ¢/(y*) = ¢.
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Additionally, there can be no angular dependence in t or 7/, so we may write both as

functions purely of the proper time on the hypersurface, 7.

t'(y*) =T(r)
r'(y*) = R(r)
0'(y*) =
¢'(y") =

(3.2)
(3.3)
(3.4)
(3.5)

To solve for explicit forms of (3.2) and (3.3), we now make use of the first of the

Israel Junction conditions, Eq (1.56), which requires that the induced metric on 3+

be equivalent to that on >~. As we know, the induced metric on ¥~ was computed

in Section 2. Since Eq (1.56) is manifestly coordinate invariant, we use the most

convenient form of +_,. In Gaussian normal coordinates,

Yab =

~1 0
0 o?(7)sinh®xq
0 0

and the spacetime interval on ¥~

is

0
0

a?(1) sin? @ sinh? xq

do? = 7;,dy“dyb

do? = —dr* + o®(7) sinh?(x,)dQ?
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On X*, we may calculate the induced metric by plugging in the embedding equations

and changing the time coordinate to proper time on the hypersurface, 7,

1
ds} = —f(r')dt? + ——dr” + rdQ? 3.9
= i (59)
dt'\? 1 dr'\*
2 _ _ at’ 2 ar’ 2. p2 2
do> = —f(R(r)) (dT) R o) (dT) dr? + R2(1)d
: 1 .

- (—F(T)T2(7‘) + mRQ(T)) dr? + R%(1)d? (3.10)
where F(r) = f(R(r)) = 1~ 25 Henceforth, we will usually surpress the argument 7

of the functions R, T', and F unless it is instructive to include it. Comparing Egs (3.8)

and (3.10), we get two independent equations from the condition that do? = do?,

(FTQ(T) - %RZ(T)) _1 (3.11)

R*(1) = o*(7) sinh?(xo) (3.12)
Eq (3.12) immediately gives an explicit analytic function for R(7),
R(1) = a(r) sinh(xo) (3.13)
With a little more work, Eq (3.11) gives the following expression for %%,

12(r) = 25 (R*(r) + F)

T(r) = o/ Bo(r) + F

Although Eq (3.14) could be integrated to determine T'(7), we do not have an analytic

(3.14)

expression for this integral, and we won’t need one. The current form is sufficient to

compute the extrinsic curvature on X, our next project.

36



3.2 The Normal Vector Field

Recalling the definition of the holonomic basis vectors

oz

1
= (3.15)

wo_
el =

we define a vector u* which gives the velocity of a particle travelling along a geodesic

on X,
ozt

ar

ut = <a—t,a—r,0,0>

u“@u = T@t/ + R@T/

B oh —
ut =l =

(3.16)

which has components

The normal vector field to X is the vector n* = ¢4“n,, where the normal covector

field satisfies

ozH
—8?71“ =0 (318)
for all a. Therefore, for a = T,
Iz . )
%;i;nﬂ =Ty + Rng =0
. 3.19
L (3.19)
Ny = ———Nyp
T

The a = 0 and a = ¢ equations give ng = ngy = 0. Expanding in components using

the one-form basis {dz*},
/ ’ "R / ’
nydet = nydt' + npdr’ = anfdt + npdr (3.20)

Since n,, is unique up to normalization, and both n,» and n, are functions only of 7,

there exists a normalization function A(7) such that n, = +A(7)T, and

nudzt = A(r) (—Rdt’ + Tdr’) (3.21)
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Evaluated at 7' = R(7) and t' = T(7), ¢** = 3t and ¢"" = F, so
R .
7ﬁhzmﬂ<ﬁ@+f7m> (3.22)

We may enforce normalization to solve for A(7), where we choose n#n, = +1 because

the hypersurface is timelike (so the normal vector field must be spacelike).

F

2 —
A1) = s (3.23)

We need now consider that the normal vector field to ©* must be defined consistently
with that on £7, as they are the same vector field. In Section 2.1, the normal vector
field was constructed by taking n(7,0, ) at a point p € ¥ to be the tangent vector
to the unique geodesic through p which intersects ¥ orthogonally, a:g(z, 7), at 2 = 0.
In this construction we specified that the normal vector field points in the direction
of increasing x, which implies it must be pointing in the direction of increasing r’, the
radial Schwarzschild coordinate, thus we require that the normalization factor A(7)

have the correct sign such that
n#0,(r'") = A(T)FTd,r' >0 (3.24)
Eq (3.14) implies that FT' > 0 for all values of 7 > 0, therefore A(7) > 0. Referring

back to Eq (3.23) and substituting for 72(7) from Eq (3.14),

_ F
T?F? — R? (3.25)
=1

A%(T)
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So we must have A = +1. The normalized normal vector and covector fields are now

fully determined.

n,da* = —Rdt' + Tdr' (3.26)

n*d, = %at, + FT8, (3.27)

3.3 Extrinsic Curvature on X7

Let K}, be the four-dimensional tensor describing the extrinsic curvature of the hyper-
surface ¥+ embedded in the Schwarzschild spacetime M*. As previously described,

projecting K:{ produces the three-tensor K, tangent to T,

v

o v
+ Ozt Oz |

ab — 6ya W uv (328)
Oz# Oz
= %a—yb' wlty (329)

where, as before, {z*} = (¢,7,¢', f') are coordinates on M+ and {y*} = (7,6, ¢)
are coordinates on 1. Now, X1 was defined such that the angular coordinates on
M map identically to those on T+, ¢’ = 0, and ¢’ = ¢, so K5 and K, are easily
calculated with Eq (3.29).

Kog = Vgng = (%no — Fg‘on”
= —Frl Ny
% . (3.30)
= —(2M — R(7))T(1)

= R(r)F(r)T(7)

Where F(7) = f(R(1)) =1 — ;‘;f‘;’). Using the induced inverse metric v on 7 to

raise an index,



Similarly,

K¢¢ = V¢n¢ = 3¢TL¢ - I‘f&,nu

= —Tgnw — Tgyne

’ (3.32)

= —Tggnr

= sin() R(r) F(r)T()
And 1

K¢¢ = ’y¢¢K¢¢ =\ oz Kd’d’
+ . (R (7’) sin (9)) (333)
F(r)T(7)
R(7)

Lastly we must determine the remaining component of extrinsic curvature on L+,
K}, Eq (3.29) requires we take a four-dimensional covariant derivative of the nor-
mal vector field n,, but, although n, is a four-vector field it clearly depends only
upon three variables, and is defined only on £*. Both T'(7) and R(7) vary with
proper time 7 along X%, thus a straightforward application of Eq (3.29) would re-
quire that we somehow extend the normal vector field off of the hypersurface.® We
will instead deploy a much simpler method, bypassing the need to calculate the full
four-dimensional tensor K, as we are really only interested in its restriction to 7.

Recall the definition of a velocity vector u* tangent to X+,
ut = el (3.34)
Eq (3.29), expressed in terms of these velocity vectors u#, is

K =uv*’Vun, (3.35)

9Extending the normal vector field to the entire spacetime may be achieved by choosing a foliation
of the spacetime into hypersurfaces, where each hypersurface has a normal vector field. Then any
point in spacetime lies on one such hypersurface and there is a unique normal to the hypersurface
at that point. Alternatively, we might simplify the calculation of extrinsic curvature by changing
from coordinates on the Schwarzschild spacetime from spherical to Gaussian normal coordinates by
solving the geodesic equation, as we did in Section 2. Both of these methods are computationally
more complex than the one we will employ here.
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Any component of the normal vector field is orthogonal to the vector u*, so

Since the left hand side of (3.36) is vanishing, so is its covariant derivative. Using the

chain rule, we may write
V.(nuut) =n,Vyut +utV,n, =0 (3.37)

thus,
-n,V,ut = uV,n, (3.38)

We now define the acceleration vector, a*, to be
a’ = u'V,u’ (3.39)
so that the component of interest, K., can be written

K:T = ug(uﬂvUnH)

(3.40)
= —n, (v V,u")
Therefore,
K! =-n,a" (3.41)
Expressing a? in terms of its components,
g aua g
=S+ ro,ufu’ (3.42)

Eq (3.42) can be expanded, using the Christoffel symbols for the Schwarzschild metric
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as given in Eq (1.25)

OMTR

o =T - (3.43)
o = MR FMT?
a =R- R + 7 (3.44)

Where, for neatness sake, we have suppressed the arguments of the functions T'(7), R(7),

and F(7). Finally,

K} = —nyat —npa”
- (3 _umLE A}fj LR (T - 224,?) o
The algebra is made easier by defining a function 3(7),
B(r) = FT (3.46)
By making use of the result of the first junction condition,
FT? — % =1 (3.47)

we can see that S(7) can also be written as
B(r)=VR*+F (3.48)

The relevant derivatives with respect to proper time are then

. B . _@_ B BE

T=% T=% " (3.49)
- — . 2BB—F

R= 52' F R="0— (3.50)
. 2MR

F="% (3.51)

These expressions can be used to eliminate R, T, R", and T from Eq 3.45, leaving an
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expression that can only depend on f3, B, and R. After simplification, one finds

K = __ﬁ'g__ﬁ = —% (3.52)

Raising the first index using the induced metric of Eq (3.6), one has finally

K+, = (3.53)

e B R e

4 The Junction Conditions

Now that we have explicit forms for the extrinsic curvature for both sides of the
hypersurface, we are at last in a position to apply the second junction condition
and finish gluing together the FRW and Schwarzschild spacetimes. As K% and
K?%4 are equal to each other for both ¥* and X7, the second junction condition

produces only two independent equations. As a consequence of the condition that

[K%)] = [K?4] = 0, one finds

K+ =K%, (4.1)
FT _ coth xo
" a (42)

Also, from the condition [K*7.] = 0,

K‘ . =K, (4.3)
% =0 (4.4)

Recall the form of R(7) as derived from the first junction condition, Eq (3.13), restated
here for convenience

R(71) = a() sinh(xo) (4.5)
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Combining Eqgs (3.46) and (3.48), one finds
FT =VR*+F (4.6)

Substituting the right hand side of (4.6) for FT" in Eq (4.2) and after some manipu-
lation, we obtain

F = —a%(7) sinh®(xo) + cosh?(xo) (4.7)

As a(T) obeys the first order Friedmann Equation, one can replace &(7) with the
appropriate expression from Eq (1.17) in Eq (4.7), and, recalling the expression for
F, obtain the long sought expression for total relativistic mass of the embedded FRW
patch,

Mper = —3—033(77) (4.8)

Upon inserting the expression for mass density p(«) as a function of the scale factor,

given in Eq (5.3),
30(0 1

a) = ———u 4.9
p(a) 8 043(77) ( )

the total relativistic mass is manifestly time independent
M = 22 sinh®(xo) (4.10)

2

In the large xo limit, which corresponds to taking the patch size to the size of the
whole FRW spacetime, the total mass diverges. Furthermore, using Eq (4.2) and the
definition of B(7) = FT, along with Eq (3.13) for R(7), one finds that 8 = cosh(xo)

is constant, thus ﬁ = 0, and the junction conditions have been fully satisfied.
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5 Conclusion: Understanding the Total Relativistic

Mass with Newtonian Cosmology

5.1 Newtonian Cosmology

Note: For consistency, we will continue to work throughout this section in natural
units in which ¢ = G = 1 ° The dynamics of our universe are determined, at large
distance scales, by gravitation forces; the predominant theory for understanding these
dynamics is Einstein’s theory of General Relativity. However, much of the dynamics
can be well approximated by classical Newtonian gravity; this formalism is called
Newtonian Cosmology. The familiar Newtonian equation of motion for two bodies
subject to a gravitational attraction may be written in the form of a gravitational
Poisson’s equation,

V2 =drp, G=-Vo¢ (5.1)

where ¢ is the gravitational acceleration, p is the mass density. Given the simplest
case of a uniform mass distribution of density p, Eq (5.1) may be integrated over a

finite region for the acceleration g. At a point 7= (z,y, 2),

B} 7~
g(p) = /p (LTF:]B) &> (5.2)

Problems arise, however, when the integral in Eq (5.2) is taken over an infinite region
of uniform mass distribution; in such a limit, the integral is ill-defined and the result
depends upon the order of summation, that is, it is conditionally convergent. Thus
one cannot measure absolute acceleration of a given particle, but must settle for the
notion of relative acceleration of particles with respect to one another. The formalism
of Newtonian cosmology addresses this problem by considering the dynamics of a
mass distribution over a finite region and then taking the limit as the region becomes
infinite careful and well-defined way.

In our discussion we will consider a spherical region of initial radius Ry !* Consider

10The discussion in this subsection will closely follow that in (9).
117t is not necessary that the region under consideration be spherical, in fact, the results we will
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a sphere of initial radius R;, the radius as an initial time ¢;, with a uniform mass
distribution of non-relativistic particles p;. At a time ¢, the mass density is

M(r;) rip; 1

p(t) = T, Er(n, b IO (5.3)

where M(r;) is the mass enclosed within a spherical region of radius r;, 7; < R; is the
initial radial position of a given particle, and «(t) = ﬂi—fﬁ is the scale factor. There
are two equations analogous to the relativistic Friedmann Equations which completely

determine the behavior of this spherical model universe.

. AT
a(t) = =5 p(t)alt) (5.4)
a(t)\*  8n K
(58) =70~ (5:9)
We will work with Kk = —1, in agreement with our relativistic model developed in

the previous sections. Equations (5.4) and (5.5) are the central results of Newtonian
Cosmology. The mechanical energy of a test particle in this Newtonian formalism,
Ey is given by a sum of kinetic and potential energies, X and U, which may be
written in terms of the total mass M, initial radius of the sphere R;, the initial and
time dependent mass densities p; and p(t) and the scale factor and its derivative, a(t)

and a(t).

3 1
K =-MR?(=a&? .
SM R (50700) (56)
3 aT p;
= -MR? 5.7
v=3ur (-5 45) >0
Thus the Newtonian mechanical energy is
ar  p;
= _Smm (lare) - 5.8
Ey=K+U 5 R<2 ( 3a(t)) (5.8)

We are now in a position to use Eq (5.8) to compare the results of Newtonian cos-

develop here are applicable to any region whose quadrupole moment, in the limit as the size of the
region is taken to infinity, is the same as that of a sphere.
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mology against Eq (4.8).

5.2 Comparison to the Total Relativistic Mass

In order to compare the result in (4.8) to the total energy (5.8), we must first find the
value of R; which gives the spherical model universe of Subsec. 5.1 the same volume
as the FRW patch defined in Sec 2. Consider the FRW patch at a fixed arbitrary
time 7, and note that this spatial slice has a metric hqp, where €% = (x, 6, ¢) and the

line element do?® = d€%d€Phyy is
do? = —a(1)*(dx? + sinh?(x)d#? + sinh?(x) sin®(0)d@?) (5.9)

Using the integral over the volume element, one finds the total volume of the FRW

patch is given by
14 =/ |hagldV v
™ 2w X0 ) ( )3
= d9/ dq5/ dx|sin 8| sinh” xa(r
/0 0 0 | | (5.10)
= m(—2X0 + sinh(2x0))a(7)3
4 4
= 32 (T)xo + 52 (M)xo + Oxo)

Thus it makes sense to choose the radius R; to be the circumferential radius for

X = Xo,
R; = o sinh?(xo) (5.11)

where o; = a(7)|,, and ¢; is the same initial time as in Subsec 5.1. One can see by

taking an expansion of (5.11) in powers of X, that the relativistic rest mass,

Mrest,rel = PV (512)
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is equivalent to the classical rest mass,

47

3 R}p(t:) (5.13)

Mrest,N =

up to third order in xo. Using this value of R;, the total Newtonian energy is the sum

of the rest energy and the total mechanical energy of (5.8).

3
Etot = _MSinh2(X0) + Mrest

130 ir (5.14)
= —1—6Msinh2(><0) + —?—)—R?p(ti)
Expanding in powers of xp, one finds
3 5 7
QoXp | Xy , D%Xo 8
Epor = | 5.1
tot 5 + 4 + 34 + O(xo) (5.15)

Expanding the total relativistic energy (4.8) in powers of xo, one finds excellent

agreement in with the results of newtonian cosmology to fifth order in xp,

4
Mrel = §7I'R3(X0)p(7')

_ oxp , aoxp , 13a0xg
) 1 240

(5.16)

+ O(x5)
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