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I.

INTRODUCTION

It is often desired that an automatic device
perform the fundamental mathematical operations of
addition, subtraction, multiplication, and division
with accuracy and speed mich greater than that
pessible by a human operator. The purpose of this
paper is to deseribe an all-electronic device which
is capable of performing several types of computations,
including multiplication, division, and generation of
power-law functions. The time required by the device
to give the solution is much shorter than is possible
with mechanical calculators, thus permlitting mmlti-
plication of two varjiables which change rapidly‘with
time.

Because the required operations of this com-
puter represent nonlinear relationships between input
and output, the problem is not amenable to the niceties

of elther the practices or the theory of linear circuits.
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For instance, the accuracy of the device cannot be
improved by the use of negative feedback. The usual
circuit elements - resistance, capacitance, and
inductance - are capable of only the linear operations
of addition, subtraction, and alsc differentiation -
and integration wlith respect to time. Consequently,

a different circuit element with a nonlinear voltage-
current relationship 1s essential to such an electronic
calculator. In the problem of this thesis, the non-
linear element 1s a diode operated at retarding plate
potentlials, which device ylelds a logarithmic relation-
ship between current through the diode and potential
difference across the diode.

The problem of automatic computation is not a
new one, and many mechanical, electrical, and com-
bination electro-mechanical systems have been built
for the purpose. Some expansive machines costing
many thousands cf dollars have appeared, but they
belong in a category ocutside of the concern of this
paper. Attention will be given to only the low-
power, instrument-type'of calculator. .

In general, there are two classes of computing

devices. The first, and probably the most frequent,”



is the digital-type computer, which counts integral
numbers of elementary operations, such as shaft
rotations, angular or linear displacements,voltage
pulses, ete., An example of this class is the
odomeﬁer in an automobile. The second type of
computer takes smooth or continuous information
and gives a continuous answer, such as the total
angular rotation.of a shaft or the magnitude of a
voltage. A slide rule or a speedometer belong to
this class. The device herein described belongs
to the second, or continuous class, and goes one
step further in that the answer appears in the
same dimensional guantity as thelinputs (all are
d-c voltages). 1In many applications the two classes
of computers overlap and may be interchanged, but
in some applications (i.e., where the variables are
continuously changing with time) the roughness of
the digital computer output cannot be tolerated,
Probably the most common method of multi-
plication (on'a small instrument basis) is the
potentiometer system in which the current through
the reslstance and the angular displacement of the

potentlometer shaft are made proportional to the two

)
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multiplicands. The product appears as the voltage
across the potentiometer. This is adequate only
when slow-response can be tolerated, and it suffers
the disadvantage that oniy multiplication can be
had with one instrument.

An all-electrical analogue of this method
involves controlling the plate impedance, trans-
conductance, or amplification factor of a vacuum
tube as the nonlinear element. However, these tube
characteristics are notoriously unreliable and usually
only approximate the desired control function.

Another method of multiplication is accomplished
by mixing two voltages of different carrier frequencies
and filtering out the product term. This requires
modulators and'detector with accurately linear char-
acteristics and sharp cutoff filters, to eliminate
all undesired mixing components.

Various other metnods of multiplication have
been suggested and a few have been tried. Some of
the more recent attempts have made use of time
modulation of pulses and sawtooth voltages, but most

of these computers are capable of only one particular
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operation (say, multiplication), and always com-
promises have to be made among accuracy, range of
operation, response time, and versatlility. Any
method based on & logarithmic device for its non-
linear element 1s inherently more versatile in the
number of different operations of which it is
capable. Furthermore, if the instrument is a con-
tinuous type of computer and has sufficiently fast
response, it can be used as a nonlinear member in
a more COmplicated computing system.

There have appeared a few logarithmic-type
calculators. The first is an a-c ampiifier whose
steady-state tramnsfer characteristic is made log-
arithmic by using amplifier tubes with variable
grid spacing.(l) This instrument was made for the
purpose of recording the logarithm of a function,
rather than for use as a multipllier. Another instru-
ment 1s a ratio meter employed in a Geiger-Nuller
counter. This device relies on the logarithmic |
characteristic of a dicde with a retarding field at
the cathode.(?)>(3)  Similar devices involving

the logarithmic tubes have appeared in special-
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purpose 1nstrumentsg4)’(5) None of these develop-
ments were directed towards a versatile calculating
device as the end result; the computer was 1In each
case a part of another instrument toward which the
major concern was direcgted.

The fact that a diode displays a logarithmic
behavior at very low current levels is explained by
.the physics of electron emission from a hot
cathode.(é)’(v) At a temperature of absolute zero,
no electrons possess sufficient enefgy to escape the
potential barrier at the surfaée of the metal, known
as the work function. Upon heating the cathode, some
of the higher-energy electrons do galn escape energiles,
and the resulting current density 1s given by the

"Dushman® or "Richardson" equation:

2 B

JzAT eXp(— E".E LI R NI B B BT R I A (l)

amperes per square centimeter, where

a constant depending upon electron

o charge, electron mass, and Planck's
constant,
T = degrees Kelvin,
Ey = work function of the metal,
and Ey = a constant depending upon Boltzman's

constant and upon temperature.
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If a retarding field is applied by controlling
the plate voltage of the diode, less electrons actually
reach the plate, and the net effect is simply to add
to the work function of the cathode. Hence, the

voltage-current relationship for a plane-parallel

diode 1is
1 =Ith exp(+ eﬁ) LR B0 BN BN AR N BE B B BN BN B 2 (2)
in which Ith = the thermal emission current for
zero plate voltage,
1&- = a constant depending upon absolute
temperature and Boltzman's constant,
eq = voltage from cathode to plate of

the diode,

In the case of a ¢ylindrical anode with a coaxial
filament (the emitter), the exponential characteristic
is only approximate, but the error is small for falrly
large retarding plate potentials.

Rewriting Eq. (2) in the logarithmic form is

more convenient for the problem of this paper:

eq = const. +OLlog i .cccvevo.. (3)

From this it may be seen that a current source connected

across the dlode will generate a voltage proportional
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to the logarithm of the current. The voltages from
two such diodes may then be added to perform multi-
pliecation. Graph I in the Appendix shows the
measured characteristic of a 6AL5 diode at negative
plate voltages. A very important feature of this
curve is that the slope (volts per decade of
current) varies imperceptibly from tube to tube.

As indicated by Eq. (2) this slope is a function of
only the absolute temperature of the emitter and of
Boltzman's constant. This is probably the most
reliéble characteristic of any commercial vacuum
tube regardless of type.

The curve of Graph I indicates that multi-~
plication shouid be possible over a range of more
than three decades, which is in fact just what the
complete multiplier was capable of, Graphs V and
VI give the measured characteristic of the multiplier,
adjusted to one volt as the unit. It is seen that
the accuracy of multiplication is within 1.5 percent
over a range of about 2,000 to 1.0, and over a range
of only 100 to 1.0 the error is less than can bhe

measured with an ordinary meter. (The meter used
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for these measurements was an RCA Voltohmyst which
had been carefully callbrated and was accurate to
less than one percent,)

Because the core of this computer is a
logarithmic device, the computer may be used to
generate power-leaw characteristics by amplifying
or attenuating the logarithmic voltages before the
cologarithm is generated., Graph VII gives the re-
sults of the computer adjusted to generate a square-
low, half-power-law, and minus half—power—law output,

Figure I 1s a photograph of the complete
multiplier, The tubes are all mounted upside down
in the chassis in order to facilitate work on the
'circuits. All lahels in the picture correspond to
the equations and circults mentioned in the follow-

ing sections.
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I1.
THEORY OF THE MULTIPLIER

Before a mathematical analysls of the log-
arithmic diode multiplier is given, a brief
qualitative description of why the device works
will be helpful. A functional block diagram of the
computer is glven in Flg. II. The output voltage
ez 1s the product of the two input voltages ej and
€.

First conslder the Jogarithm generator re-
presented by the d-c¢ amplifier of gain -gj, and the
associated circuit components rj and mj. Since the
gain of the amplifier is negative, the whole‘system
is a negative feedback circuit with the logarithmic
diode as the feedback element. With sufficiently
high gain in the amplifier, the voltage at its in-
put (the junction of the diode plate and the re-
sistor rl) will depart very little from ground

potential. If the amplifier hag infinite input
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impedance, the same current will flow through both
the diode and the resistor rj. Consequently, the
voltage ej is a measure of the diode current. Like-
wise, the voltage eg) 1s the negative of the diode
retarding potential, since the diode plate is main-
tained at zero potential. The result is that. the
relationship between eg) and ey is just the current-
voltage function of the logarithmic diode.
Since the diode current covers a range of

1000 to 1.0, as indicated in Graph I, so will the
input voltage vary by 1000 to 1.0. Just for the
sake of convenience, it was decided that the input
voltage range should be from 0.10 volts to 100 volts.
This choice fixes the value of r; at 2,5 megohms.
From Graph I 1t can be seen that as the input
voltage varies from +0.10 to +100 volts, the log-
arithmic voltage egq will travel from about +0.§2
to_fo.gz‘volts. ) L

';}n order to generate the coibgarithmic
function, the relative positions of the diode and
the resistor are reversed, as shown in Fig. II.

The input voltage egr is the potential difference
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across the diode, and the voltage ez tells the
diocde current. —

In both the logarithmic and the ;éxégarithmic
amplifiers,the error is zero for infinite gain, and
can be calculated for a finite value of gain. The
circuit analysis which follows is separated into
two parts: first the gains of all three amplifiers
are assumed infinite, and then the errors incurred
by finite gains are examined.

For reasons which will be apparent later, 1t

is convenient to change the form of Eg. (3) for the

diode characteristic. Making the substitution

-~ = i R )

Eq. (3) becomes

H

eq = +A + oblogn ....... .. (5)
in which A = (const) + elog i, ,

i, = the unit current for the
multiplier (chosen ar-
bitrarily)

and n = & dimensionless number

which equals unity when the
diode current equals 1i,;.

The dimension of A is voltage, and it equals the

voltage eg for n equal to unity. This can be read
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direétly from the diode characteristic for any value
of 1,,. The sign of A 1s negative and the sign of &
is positive.

From the block diagram of the multiplier, the
following circuit equations‘are now written, making

the assumption of infinite gain for each amplifier:
eﬂ = -edl = “"'A.l bt dl lOg nl e s g asns (6)
622 = —ed2 = —Az -0(2 log 1'12 sevanase (7)
813 = —eds = '—As - .‘3 log 1'13 tresnan (8)
eAS - mleil + Iﬂze‘ez + ”'i st v e EES . (9)

Solution of these equations for the output

number nz in terms of the input numbers nj and np

yields
oly oo
m aE
ng = (n1) - (n2)"? XK eeee.. (10)
where mA + myA, - - B
K = explo{_l_l___afgg _____ &____%}_

If straight multiplication is desired, the exponents
of n] and no and the constant K must all be made

equal to unity. These conditions are fulfilled if
o ol
mlu"é=m2-w§=l R N RN NI (ll)

‘YE:-AE"‘DI]_A]_ +m2A2 PR S R (12)
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Regarding the conditions, two polnts are pertinent.
The values of the o€ 's (the slopes of the logarithmic
diode characteristics) are all almost exactly equal;
consequently mi and m? may be made close to unity.
Also, the sign of » will be negative because all

the A's are negative and approXximately equal. When

these conditions are met, Eq. (10) becomes simply

n5=nlxn2 LI B B R R A A I I O (13)

which are numﬁers proportional to the magnitudes of
the output and input vcltages.

The number scale corresponding to the voltages
e1, €2, and ez, depends upon the choice of the unit
current, or in turn upon the unit voltage obtﬁined

from Eg. {4) by letting n egual unity:

euzriu & & @« a s 4 s dw s d et seE b A (14)

For example, 1f it is desired that the number

"one" be the geometric center of the number range,

ey = Y100 x 0.0 = 3.16 volts,
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and the numbers consequently range from

o1 _
iz < 0.0316

}
O

Npin

Npax = %?%E = 3l.6 .
¥hen the choice of the number scale has been made,

it is simply a matter of adjusting the voltage ng

to the value given by Eg. (12). It is recalled that
the values of the A's are determined by the choice

of i,; according to Eq. (5) - that is, A is the dicde
voltage for 1 equal to i,;. Actually in operating

the computer, one simply adjusts ej; and ep to the
unit voltage, and then adjusts the control for afy
until ez also equals the unit voltage. NO measure-
ment of i, or even of AL 1s necessary.

The limits on the range of number scales
which are possible are set by the extremes of the
output voltage range. If on one end the unit voltage
were 0.1 volt, the corresponding number range would
be from 1.0 to 1000. On the other end of the voltage
range, a unit voltage of 100 volts would set the
number range from 0.001 to 1.0. It is possible to
set np to go outside of this number range, but the
full excursion of the output voltage could not then

be achleved.
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The next step 1s to determine the inaccuracy
of the multiplier with amplifiersof finite gain.
First to be considered is the logarithm generator,

for whiech the circuit equations now becone

]

-£
eg = -A —ollog (Egug) +€5  eeveeas (15)

. e
: eozﬂgg vt e s s e e ae A EEREEREEE] (16)

in which €_1s the voltage at the input to the am-
plifier, or the error signal. Substituting Bq. (16)

into Fq. (15) gives
: e

“ 2
e, = {-A -ollog (E;E}}X(ﬁé) oan. -

The factor i§§ is nearly unity and introduces zero
error since control of both A and o are obtainable
with of and m,. Inside the logarithm brackets,
however, the appearénce of g& does cause an error

in the value of the dlode current as indicated by
the voltage e. This error is greatest when e equals
+0.10 volts, at which point ep equals +0.82 volts.
With an amplifier gain of 1,000, the error in dlode
current, as indicated by voltage e, becomes only

1..¥, For an inpﬁt voltage e equal to 1.0 volt:,

G0
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the error reduces to 0.07%. It is this figure of
gain which was chosen for the deslign of the log-
arithmic amplifier.

The situation for the cologarithm gencerator
is more difficult because the amplifier output
voltage reaches much higher values. Eq. (15) still

appiies to the network, but now

e
£0 =m5 LI O BN AN BRI NL BE BN BN BT B DR A BN R B I I AN ] (18)

g
and substituting this into ®q. (15) yields
1
eg(1-3) ez
epz = ~Az -Cxé log (~—§—— -) + ralRL (19)

It is obvious thaﬁ the term in the logarithm brackets
can be completely compensated for.by an adjustment
of the voltage af, since this error only multiplies
the answer by a constant. However, the voltage eas
now differs from the true voltage acrdss the diocde
by the amount of the last term in Eq. {19). Stated
differently, '

egz = ~eqz + §§ ceseressrsvenaas {20)
This error is greatest when the output‘voltage is

at 1ts maximum value of 100 volts. Here egz equals

0.27 volts, and with an amplifier gain of 100,000



-20-

the error in eyz becomes 0.00l volts, or 0.57%.
The amplifier that was built for the cologarithm
generator had an open-cycle gairn of about 110,000,

The figures used In the above error cal-
eulzations are for the particular diode whose ch-
aracteristic is given in Graph I. Other samples
of 6AL5 tubes vary from this characteristic only
in voltage level, or the value of the constant A,
and not in the slope of the characteristic of ,
However, the error computations based on the single
tube are justified as to order of magnitude, and
the errors thus calculated would not wvary by more
than a factor of 1.3 with different diodes.

There are two other possible sources of error.
The first arises from a finite input resistance (or
any input grid current) of the d-c¢ amplifier, which
would cause a difference between the diode current
and that in the resistor. A second error would

occur 1f the voltage egz did not come from a zero-

“F

e o f %

impedance source; the current drawn by the-eoko-
garithmic diode would cause a voltage drop through

any source resistance, and the voltage epz would
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not egual the sum of the logarithmicvoltages egj,
egs, and A. These two questions are matters of

experimental tecihnigue, and will be discussed in

the next section.



III.

DESIGN AND DEVELOPMENT OF THE MULTIPLIER

1) -~ Tests on Logarithmic Diodes

As was shown in the last section, the re-
quirements on the d-c¢ amplifiers are determined by
the current-voltage characteristic of the logarithmic
diodes. For this reason, many tests were carried out
on different diodes to determine the most satisfactory
and most reliable tubes and operating conditions. It
is to be emphasized that this use of the diode is at
current levels far below that of the intended purpose
of the tube. The tube manufacturers guarantee nothing
as to the performance at these levels, which meant that
tests of drift, filament voltage effect, and variation
from tube to pube had to be made.

The diodes which were examined were all new
tubes, and a conslderable time drift was observed in
the plate voltage for a fixed current. In other words,

the value of the constant A decreased continuously over
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a period of several days. After three days of con-
tinuous running, the tubes settled down to a steady
level, This aging time seemed to be independent of
heater voltage or tube current during aging. After
the aging process was completed, some care still had
to be taken toc prevent any highrcurrent operation of
the diode, even for Just a few minutes, or else the
constant A would jump to a higher value and aging
would lmve to be repeated (for about 12 hours). At
all times the fidelity of the logarithmic response
remained unchanged (the value of of was constant).
There seemed little choice as tc heater
voltage for the logarithmic diode., A lower voltage
(4.5 volts) would decrease the voltage level for the
whole characteristice, but variation with small heater-
voltage changes, time required for aging, and the
fidelity of the characteristic appeared egually satis-
factory. The same was observed for a higher heater
voltage (7.5 volts). In order to avolid cathod-to-
heater hum in the logarithm generétors, (where the diodes
are operated with 2 high impedance between cathode
and ground) a storage battery was used as the heater

supply. ©Since the storage battery was necessary for
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the diode, it was available for the d-c amplifiers
and was consequently used for reasons of convenience.
This, of course, also simplified the hum problenm
for the amplifiers.

Three different tube types were tested as
logarithmic diodes -- 6AL5, 6J6, and 6AK5. The
6AL5 and 6J6 were nearly equivalent in all respeats,
but the 6AK5 displayed a poor logarithmic character
for currents greater than about three microamperes.
Probably the actual range of the logarithmic char-
acteristic for the 6AK5 is as great as for the other
tubes, but it would have to be displaced to a much
lower current level. The lower current operation
would be less convenient for the d-c amplifier. The
choice of the 6AL5 instead of the 6J6 was made for
the sole reason that the 6AL5 has separate cathodes

and therefore can be used as two separate diodes.

2) - Logarithm Generator

Fig. III is the eircult diagram of one of the
two logarithm generators, including the addition
circuit and the logarithmic voltage source 44 . Since

the two logarithm generators are identical, only one
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diagram is necessary. Graphs II and III in the
Appendix show the measured d-c¢ transfer character-
istic of the logarithm generators.

The purpose of using push-pull, or differential
amplifiers in each stage was to ninimize the effect
of power supply varlations on the outpuf voltage.
Total open-cycle galn of the amplifier was measured
as 1250,

The toggle swltch and potentiometer arrange-
ment at the input to the first stage is merely a
convenient way to obtain an input signal variable
from 0,10 to 100 volts.

The potentiometer adjustment on the inactive
grid of the first stage is for the purpose of setting
the output voltage to zero for zero input voltage.

A second adjustment on the first stage is
necessary in order to reduce the current in the in-
put grid to zero., , Such a flow of current would re-
present a difference between the diocde current and
that in the reéistor ri. When the voltage between
the grid and the cathode is low, grid current flows
from grid to cathode as in any dicde. As the cathode

bias increases, this cathode emission current de-
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creases rapidly. Upon further Increase in the
cathode blas, the grid current goes through zero
and begins to flow in the opposite direction.

This reversed grid current is due to grid emission
and to gas current. In order to adjust the first-
stage cathode bias to the proper value for zero
grid current, & portion of the cathode resistor

is made adjustable, as 1s shown on the diagram.
The procedure of adjustment (to be described pre-
sently) is sensitive to a flow of less than 104
microamperes, which is much smaller than the mini-
mum value of logarithmic diode current.

The output cathode-follower must be operated
at a sufficlently high currgnt to supply the 200~th
load of the addition circuit. For this reason, the
two sections of a 6SN7 are tied in parallel; the 470
ohms between the grids is to suppress parasitic
oscillations. By virtue of the negative feedback
over the whole amplifier,the output impedance of
the cathode follower is extremely low.

In the feedback link, two dicdes are connected
in series in order to double the output voltage of

each logarithm generator. This is necessary because
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in adding the voltages eg1 and egp by the resistor
circuit, each voltage is divided by two. In other
words, the values of mj and my in Eq. (10) have
a simultaneous maximum of one-half. ,The only way
to restore the exponents of nj and np to unity is
to double the ratios of ﬁzf and 1;;. The series
diodes effectively double the values of o, and ofy .*
It was originally planned that the addition
eircuit ;ould be an amplifier with adjustable gain
in order to control the exponents in the product,
but the requirements on stability agalnst drift
are too severe for such a d-c¢ ampliflier operating
with the small signal voltages involved. With the
two series diodes some control of the exponents 1is
possible; if a variable power-law generator is
regquired, the two series diodes allow control of
one exponent over a range of +2.0. More diodes

could be added in series 1in order to obtain a

higher power-law transfer characteristic.

3
There would be nothing to gain by putting two
digdes in parallel in the cologarithmic circult.
This would only double the current for the same
voltage, and consequently double the output voltage

esa
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An unusual sort of difficulty was encountered
in stabilizing the amplifier against oscillation.
Since the feedback dicde changes its "impedance”
very rapidly over the range of operation (from
about 2.5 kilohms to about 80 megehms), the stability
conditlions change tremendously with input voltage.
Oscillation would occur at one end of the range,
and when corrected there, it would appear at the
other end of the range. The simplest sort of
stabilizing scheme proved most adequate, and con-
sists of a 22 micromicro-farad condenser connected
from the plate of the first tube to gr':)und. With
this arrangement the amplifier was perfectly stable
at all levels, Confidence in the curative rather
than merely palliative benefits of this technique
was increased when the same device rendered the
second logarithmic generator completely stable.

The procedure for setting the input current
and the output voltage to zero was developed as
follows, The first step is to disconnect the diode
plate and set the input voltage el to zero. Adjust-

ment of the zero-set potentiometer (see Fig. III)



is then made to reduce the output voltage to zero.
Without the negative feedback, the output will
probably drift up and down a few tenths of a volt,
but this is small when referred tc the amplifier
input. Next the voltage at the input grid is
measured with a high-impedance voltmeter. This‘
voltage may be positive or negative by about 0.05
volts, depending upon the direction of grid current
in the 2.5 megohm resistor. Reducing this grid
voltage to zero by adjustment of the 25K potentio-
meter in the cathode will move the output voltage
away from zero. A second adjustment of the zero-
set control is then made to return the output to
ground potential. These adjustments having been
made, the change in output voltage caused by shorting
the input grid to ground, indicates just what the in-
put grid voltage is, and hence the value of the grid
current flowing through the 2.5 megohm resistor rj.
By successively adjusting the zero-set control and
the cathode resistor, the grid current can be reduced
to practically zero. When adjusting the cathode

potentiometer, the direction of the correction should
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be such as to change the output voltage in the same
direction as it moves when the grid is grounded. It
is possibie to zero both the ocutput voltage and the
input grid current so that the output changes only
0.10 volts when the Input grid is grounded. This

corresponds to a grid current of

.. 0.10 1

I o e - e e e e

E 1250  2.5x10-0

s 4 x 107 microamperes,

which is 0.1% of the minimum diode current. Actually
the whole process of zero-setting reguires much less
time than is necessary to read this explanation of it.
A satlisfactory adjustment may be had in about one
minute.

Addition of the voltage a¢ to the sum of the
two logarithmic voltages is made as shown in the
djagram. It is a simple ser;es addition with a source

impedance of about 20 ohms.

3) - Cologarithm Generator

The circuit diagram of the cologarithm gen-

erator is shown in Flgure IV, and the measured trans-
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fer characteristic is given in Graph IV in the
Appendix.

The d-c amplifier consists of three
differential stages followed by a cathode-follower
output stage. The input stage is identical with
the input stage of the logarithmic amplifier, in-
cluding the same zero-voltage and zero-current
adjustments. Positive feedback in the third stage
increases the overall gain from 20,000 to 110,000.
Since the high-gain amplifier is stabilized by
negative feedback external to the amplifier, the
use of positive feedback internal to the amplifier
is justified. The effect of any drift in this
stage on the zero setting at the input is divided
by the gain of the two preceding stages. Also a
change of gain is not critical provided it does not
drop by anything like a factor of two. 1t is guite
important for both this amplifier and the logarithmic
amplifier to use electronically regulated supplies
for both positive and negatlve voltages.

In the calculations of error considered in

the analysis section, the problems of the logarithm
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generator and the cologarithm generator were con-
sidered separately. It was assumed that no error
would be involved in adding the two logarithmic
voltages eg] and eps to A% and applying the sum

to the Input of the cologarithm generator. If

the addition e¢ircult has appreciable impedance,

then the cologarithmic diode current will cause

a voltage drop in this source impedance. Consequently,
it is necessary to calculate the ‘error in the output

ez due to an inaccuracy in the voltage egz. Eq. (8)

is repeated here for convenience:
e£5=—A5 -’ds log nz SO N TS (8)

Solving the equatlion for nz in terms of epz yields

©23
n5=cexp —YS' LR B Y (20)

c

a constant,
from which the percentage error in ngz for small errors

€gz is obtained:

dnz ¢
ﬁ'z_-'—agdeﬁ .............(21)

This equatlion states that the percentage error in

ng 1is linearly related to the voltage error in eya.

-
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The constant can be determined from the cologarithm
generator characteristic given in Graph Iff. 4An
error of 0.0l volts 1In epz corresponds to an error
of 10% in n3.

Now it 1s appsrent how severe the drift and
hum requirements would be on a d-c¢ amplifier to
perform the functions of mj and mp. Actually a
single-stage amplifier was tried for this purpose,
but the resulting output of the cologarithm gen-
erator drifted far too much and too rapidly.

The greatest error in ey caused by the
voltage drop in the source impedance of the addition
circult occurs when ez and consequently iz are maxi-
mum. At this point, iz equals 40 microamperes, which
produces a voltage drop through the source resistance

(about 60 ohms) of
4O x 100 x 60 = 2.4 x 103 volts.

According to the analysis glven above, this error
in the voltage egz corresponds to an error of R 4%

in ez. O0f course this error decreases rapidly as



the voltage ez decreases. When ez equals ten
volts, this error is 0.24%.

The adjus tment procedure for the colo-
garithm generator is somewhat different %?ﬁ?
that for the logarithm generator, although the
‘end result is still a zero-ocutput-voltage and
zero-input-current condition. The first step is
to disconnect the positive feedback, ground the
input grid, and adjust the output voltage to zero
by means of the zero-set potentiometer., Before
executing the next step, the voltage epz should
be turned up to about-+l.2 volts, or more, by
adjustment of either A3 or the logarithmic gen-
erator inputs. This will effectively turn the
cologarithmic diode off. The grounding short on
the input grid is next removed, and the output
voltage ez will assume a value about #0.2 volts.
This output voltage is then adjusted to exactly
zero by turning the potentiometer in the cathode
of the input cirault, not by resetting the zero-
set control., Next the voltage at the input grid
is measured and set to zero by adjusting the zero-

set control, and not by adjustment of the cathode
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resistor. Note that this is opposite to the technique
for zero—setting the logarithmic ampiifier. Two or
three successlve adjustments of the zero-set control
and the cathode resistor will bring both ez and the
input grid to zero volts., It ls important to have

a high-impedance, vacuum-tube voltmeter |

with at least a 3-~inch 3-volt scale to perform

these adjustments.

Finally the poteﬁtiometer in the cathode of
the output stage has to be adjusted to give the sane
voltage as that of the third stage grid, and the
positive feedback resistor is then connected. This
may upset the zero setting slightly, but one adjust-
ment of the zero-set control and the input-stage
cathode resistor control should return the amplifier
to the proper qulescent condition deseribed above,
The reason why the positive feedback cannot be
connected from the start is that with no external
negative feedback (i.e., when the input grid is
grounded) the amplifier tends to act like a d-c¢

multivibrator, or "flip-flop" circuit.



-8

4) = Multiplier Operation

The results of straight multiplication are
given in Graphs V and VI in the Appendix., The con-
trol of Mg was set to make the unlt voltage one volt.

The process by which this is done is to set

e} = ey, = 1 volt,

and adjust af until ez also equals one volt. The
actual value of 4 is not important. Some adjustment
of mj and mp was found necessary in order to make the
exponents exactly unity. The addition circuit used
is rather awkward because adjustment of each potentio-
meter affects both m; and m, and successive adjust-
ments of all three controls (the two 100-ohm and ome
5,000-ohm potentiometers) are necessary. Once ad-
justed; however, these controls need not be touched
as long as straight multiplication is desired.

| ¥hat might\be a very important feature of
this multiplier is the possibility of generating
pover-law functions, as well as simply multiplying.
This was achieved with an accuracy at least as
great as the meter used, and probably even greater,

The process involves only one logarithm generator
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(with its 100-ohm potentiometer connected between
output and ground) and one cologarithm generator.
With only two diodes in series in the feedback
link of the logarithm generator, the highest power
obtainable 1s square-law. The inclusion of more
diodes would permit higher powers, but the ampli-
fier gain would have to be increased in order to
maintain the same accuracy. Graph VII in the
Appendix gives the measured characteristic of the

mul.tipller used as a power-law generator for the

functions:
ez = (ez)?
ez = (ez)l/2
eg = ~-to-
€2

In order to obtain the negative exponent,
the connections to the feedback diodes (in the
logarithm generator)} were reversed, and the input
voltage was made negative. The purpose of the nega-
tive input signal was to maintain a negative feed-
back system. Actually it is not necessary to use

a negative input signal; the amplifier galn may be
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reversed in sign by switching the leads between the
plates of the first stage and the grids of the
second stage. If a very flexible computer were
desired, both the diocde reversing and amplifier
phase reversal could be accomplished by a single
switch. |

The generation of negative ekponents in-
dicates the practicelity of using the multiplier
to perform division; this, however, has not yet
been tried.

It was stated earlier in this report that
one of the objectives of this computer problem was
to perform computations much faster than is possible
with a mechanical calculator., Consequently, a study
of the transient response of the device was made by
Injecting a square wave into one of the inputs and
photographing the response as viewed on a cathode-
ray-oscilloscope. These photographs are given in
Figure V,

The square wave used was at a fundamental

frequency of 150 cycles-per-second, and was of



Top: - Input Signal

Top-Left: - e,32.9 V.

6125-‘3 Ve

Fig. V
Oscillograph pictures

of the output voltage

ez, for

1.25 v €0
1.75 v, t20,

€os

and e; 28 indicated.

€1=10 v.
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amplitude +0.25 volts. This ﬁignal was superposed
on a d-¢ voltage of 1.5 velts, so the input signal
é2 moved from 1.25 to 1.75 volts. Of course the
oscilloscope amplifier removed the component of
d-¢ voltage in the output wave. Without changing
the square-wave input, the other input signal at e)
was set at 2.0, 5.0, 10, and 15 volts, and pictures
of the ocutput were taken.' By no means are these
results presented as a complete transient sfudy of
the multiplier; it would be necessary to take a great
many plctures for all different input conditions to
cover the field of possibilities. OSuch is the price
of a highly nonlinear device.

~ Attention is called to some very interesting
facts derived from the transient response pletures.
It is immediately apparent that the system is non-
linear from several observations: In the first place
the response at the end of the pulse differs from
that at the beginning, even though the front-edge
transients have completely died out. Secondly, the
response is very much dependent upon the amplitude

of the imputs. With input e; turned up higher than



-43-

15 volts, the duration of the overshoots at the
tail end of the pulse becomesvery long -- too long
to permit usable reproduction of a 150-cycle square
wave.

The only attempt at explaining or Inter-
preting the response 1is made in terms of the change
in the "impedance® of the diodes at different levels.
The higher-voltage signals drive more current through
the diodes, and consequently, there are moments when
the diodes have lower Tinstantaneous resistance®,
In the logarithmic amplifiers, the greater negative
feedback at these instants would tend to increase
these overshoots. Consequently, it is at least
reasonable that fhe transient response follows the

pattern indicated in the pictures.
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RECOMMENDATIONS AND CONCLUSIONS

There are a number of questions concerning
the computer which still must be answered béfore
the degree of practicality of the method can be
completely decided. Before the data were taken
for the curves given in the Appendix, all ampli-
filers were carefully zeroed, and during the tests
care was taken to assure no change in the heater
voltage. The use of conventional regulated power
supplies for the positive 300-volt source and also
for the negative 150-volt supply was certalnly
necessary, but probably adequate. Without having
made conclusive tests on the dependence of the
devlce upon heaker-voltage variation, 1t is the
opinion of the author that this supply shouid also
be regulated.

It was found that over a period of one day,

the d-c amplifier had to be reset for zero output
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voltage and zero input grid current, but the amount
of the readjustment was not great., Possibliy with
properly aged tubes (those used in the circuits were
new), such reedjustments would be less frequent.

If it is desired to have a very flexlible
computér, capable of many different types of operations,
it would be worthwhile to spend some time designing
a stable, drift-free amplifier to perform the functions
of m; and my. Possibly the same result could be ob-
tained by using as many as four diodes in series in
the logarithm generators, with a less awkward re-
sistance network for controlling m) and mp. In such
a computer it would be useful to have a switch to
reverse the diodes and reverse the phase of the log-
arithmic amplifier in order to include negative ex-
pcnents.

Further work should be spent on the study
and improvement of the transient response of the
computer.

One very useful modification of this computer
would be an arrangement by which inputs of both signs

could be handled. Flgure VI shows the way in which
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this might be accomplished. If a constant voltage
K were added to the two waveforms to be multiplied
(sy and s,) such that the total voltage at each

Input was always positive, the output of the multi-

plier would be
o] X ey = (K+s7) (Kt+sy) = sysy + K(e1+e2)—K2 .+ (22)

The first term in the right-hand member is the desired
preduct, and by the method shown in the diagram, the
remaining terms could be subtracted out. Because the
input signals now represent only a portion of the
total input voltage, the range of numbers is greatly
reduced. The best that can be done in this respect

is to fix nf such that the unit veltage equals the
minimim value within the voltage range, or 0.10 volts.
Here the number range of the multiplier itself is
from 1 to 1,000. Since the greatest input signals
will be equal to 2K, the maximum multiplier output
will be AKZ. Setting

2

i

4K 1000

15.8,

gives K
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wnich is consequently the maximum value of each s]
and sz. This assumes that sy and sp; will reach
negative values of no greater magnitude than their
positive maxima.

Assuming that one has a rather versatile
computer of this sort, there are soms very inter-
esting possibilities for the device. Figure VII
indicates a method by which power-law generators
might be used to sblve a polynomial for its roots.

The network eguations for this circuit are:

o]
i

F(eo)f S A B E AP ASET RS SEEE R (23)

Ae® + BeP + Ce® + tuuy ven. (24)

o

in whieh A,B,C,F are constants (obtained by
adjusting af )

and a,b,c,f are the exponents of the power-
: law generators,

By letting D = -F 3 and 4 = 1/f,

the soluticn of the system yields

he® + BeP + ce® + De¥ + ... = 0 ..(25)

Consequently, the voltage e will assume the value



d ¢ —0
° I T A Ke

<

C

| FIG. YII
USE OF MULTIPLIERS FOR THE SOLUTION

i
-~
OF A POLYNOMIAL FOR ITS REAL ROOTS. 0
SCALK:. X ACTUAL
NOTE: ALL OTHER DECI. DIM. * 008
ALL OTHER FRAC, BIM. L !/84
ALL OTHER RADI
ALL OTHER ANGLES INSTRUMENT LABORATORY
__ — MASSACHUSETTS INSTITUTE OF TECHNOLOGY
CAMBRIDGE. MASS.
NUMBER REQUIRED DRAWN DATE FOR
CHANGE BY APPD | FINISH CHECKED TTTTHATR APPAGYED BATK




-50-

of one of the roots, and ﬁill be stable only at

these voltages. OSome means of forcing e from one
stable root to another would be necessary in order

to obtain all the roots. One caution to be recognized
here is that this analysis is based solely on a sort
of "amplitude!" analysis, and the possibility of the
whole system oscillating due to "phase shifts“* is
probably quite high, In view of the observed transient
response of the multiplier. There is little doubt
however, that the circuits could be locaded with
capacity in order to slow down the response and
stabllize the system.

Ancther possibility for the power-law generator
is in matching power-series representations of
empirical functions. In other words, a test instru-
ment could be devised to generate, or indicate, the
terms of a power series, similar to the role of a
harmonic analyzer or wave analyzer in determining

the components of a Fourier series,

¥
The terms "amplitude®" and "phase" are not
correctly used here, since the system is non-
linear., Words such as "magnitude™ and "lag"
wlth reference to step voltages mlght be better.
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Probably the most valuable use of this com-
-puter would be as the nonlinear element in an all-
electronic differential analyzer, or any electrical-
analogue device. An accurately controllable non-
linear element, such as is possible with this sort
of device, could play an extremely useful role in a
larger calculating system including differentiators
and integrators. Of course, the speed of the transients
in the larger computer would have to be slow compared
with the maximum response time of any of its elementary
computers, inecluding the multiplier (or power-low

generators) .
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V.

APPFENDIX

The following graphs are plois of the
data taken on the computer described in this
report, All of these data, including all lab-
oratary notes taken during the development of
‘the computer, are recorded in the M.I.T. Instru-
mentation Laboratory notebook which is under the

name of the author,
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