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Abstract
In this thesis we explore some of the relatively new approaches to the problem of list-coloring graphs. This is a problem that has its roots in classical
graph theory, but has developed an entire theory of its own, that uses tools
from structural graph theory, probabilistic approaches, as well as heuristic and
algorithmic approaches. This thesis details two approaches one can take to
understand list-coloring and prove results for several classes of graphs; one of
them is to use the idea of graph kernels, and the other is to look at list-edgecoloring. In this thesis we present the state-of-the-art research on these two
problems.
We begin by setting up definitions and preliminaries, and then go into each
of these two topics in turn. Along the way we briefly mention some of the very
new research on the topics, including some new approaches developed for the
purpose of writing this thesis. We finish with a survey of some of the major
open problems that still remain in the area.
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Introduction

One of the most widely studied topics in graph theory deals with graph colorings: we
are interested in vertex colorings, which are a way of coloring all the vertices V(G)
of a graph G such that no two adjacent vertices share the same color. The study of
vertex colorings first arose out of the dual problem of face colorings of planar graphs
in the form of map coloring, a problem discovered by Francis Guthrie in the mid-19th
century, immortalized today as the Four Color Theorem. In the language of vertexcolorings, this theorem merely states that any planar graph is 4-colorable, i.e. the
vertices can be colored with four colors so that no two adjacent vertices share the same
color. This was proven in 1976 by Kenneth Appel and Wolfgang Haken [1, 2]. Even
apart from the Four Color Theorem, the history of graph coloring and finding the
chromatic number has been extraordinarily rich, yielding some of the seminal results
in classical graph theory. More recent topics in vertex colorings have included the
chromatic polynomial, the Tutte polynomial, the perfect graph conjectures, and so
on, many of which have been resolved, but many more remain active areas of research.
It is important to observe, however, that graph coloring problems have traditionally
been confined to the realm of the exact, and using heuristic-based inexact approaches
to these problems is a quite recent development.
A relatively recent direction of study in the theory of graph colorings is the concept
of list-coloring and choosability. In this setting, each vertex of a graph comes equipped
with a finite list of colors, and we wish to properly color the graph subject to the
constraint that each vertex is colored with a color from its list.

We can now ask

questions such as: what is the minimum number k such that no matter how we equip
each vertex with a list of k colors, we can still properly color the vertices?

These

and many other questions arise naturally out of this natural extension of coloring,
and it turns out that these collectively make up a theory that generalizes a number
of famous classical results from ordinary vertex colorings. A few of these generalized
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results form the main bulk of this thesis.
This paper is arranged as follows. In Section 2, we will study the preliminaries
and develop the basic tools and language to talk about problems in graph coloring.
We will start with classical coloring problems, and in the last subsection, briefly visit
the basics of list-coloring problems. In Section 3, we will discuss some generalized
results arising out of various different approaches to list-coloring, primarily through
a wonderful algorithm that uses the notion of graph kernels. Most of the section will
be devoted to this algorithm and its applications, but in the last part of the section
we will go into some of the motivation behind such an algorithm, and discuss some
structural graph theoretic properties of kernels. Then in Section 4, we will look into
the related problem of list-edge-coloring, which at first glance seems to be essentially
the same problem; it turns out, however, that we can say a little bit more about edgecolorings of bipartite graphs (and "close-to-bipartite" graphs) because of the specific
properties of line graphs. We devote the relatively shorter section to the state-of-theart results from the area. Finally, in Section 5, we briefly discuss some open problems
and further directions related to the field before wrapping up.

2

Preliminaries

For a graph G, we will denote its vertex set and edge set respectively by V(G) and
E(G). We are often interested in some containment relations for small graphs inside
larger graphs. Some of the common containment relations are subgraphs, induced
subgraphs, and minors. We say that a small graph H is a subgraph of a graph G
if we can map V(H) injectively into V(G), preserving adjacency.

We say H is an

induced subgraph of G if V(H) can be mapped injectively into V(G), preserving both
adjacency and non-adjacency. Finally, we say H is a minor of G if H can be obtained
from a subgraph of G after a sequence of edge contractions. For a subset Y C E(G),
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we denote by G/Y the graph resulting from contracting all edges in Y from

G. For a

single edge e C E(G), we often shorten G/{e} to G/e. In the following sections we set
up some of the known results in the theory, including a subsection on the standard
known results in list coloring.

2.1

Definitions and Known Bounds

Throughout this exposition, we will only consider finite graphs unless otherwise
stated.

To fix notation, we shall write degG(v) for the degree of a vertex v in the

graph G; if the context is clear, we will often suppress the subscript and only write
deg(v). We will denote by A(G) and 6(G) the maximum and minimum degree in G
respectively. Furthermore, a trivial graph will refer to either the null graph, or the
edgeless graph Ka, the complement of the complete graph. For almost all the other
definitions and notation we will use, the reader is asked to refer to [19]. Furthermore,
we will deal primarily with simple graphs, which are graphs with no loops or parallel
edges. The reason for this is that we are interested in proper vertex colorings, which
rules out loops, while parallel edges add nothing to the theory, so we may as well
assume that our graphs are simple.
Instead of ordinary graphs, we are often interested in labeled graphs, where each
vertex or edge gets a label from some set S; typically, S C N.

Note that graph

colorings are a special case of graph labelings.
Definition 2.1. A proper coloring of a graph G is a labeling of V(G) with colors
so that no two adjacent vertices have the same color. A coloring of V(G) using at
most k colors is called a proper k-coloring. The smallest number of colors needed to
properly color V(G) is called the chromatic number of G, denoted X(G). G is called
k-chromatic in this case, and is also said to be j-colorable for all

j

> k.

It is worth remarking at this point that a proper k-coloring of V(G) defines a
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partition of V(G) into precisely k independent sets. Hence G is k-partite if and only

if it is k-colorable.
One of the great historical problems in graph theory has been to find bounds on
the chromatic number. Clearly, when G has n vertices and m edges, we clearly have
X(G) < n, since we can just assign a unique color to each vertex. In fact, the complete
graph K, is n-chromatic. Furthermore, we also have the following result (folklore).
Proposition 2.2. For a graph G, X(G) 2 - X(G) < 2m.
Proof. This follows immediately from the fact that in a k-coloring of a k-chromatic
graph G, we have at least one edge between every pair of color classes; otherwise, if
there is no edge joining, say a red vertex and a blue vertex, then identify the colors
red and blue; that is to say, take all vertices colored red or blue, and reassign all of
them with the same color. Note that we still have a proper coloring of V(G), but
with only k - 1 colors, contradicting the fact that X(G) = k. Therefore, we must have
m>

(k), and

the result follows.

It is also clear that if w(G) denotes the clique number' of G, then X(G) > w(G),
since the clique needs at least w(G) colors. The following result is the first nontrivial
result on graph colorings (see for instance [19]).
Proposition 2.3. For a graph G, we have x(G)

A(G)

+ 1, where A(G) denotes

the maximum degree of G.
Proof. This is the usual greedy coloring algorithm. Order the vertices V(G) in any
order, say (vi, - - - I, .), and start coloring greedily. Color vi with any color. Suppose
we have colored the vertices {vi, - -- , vi}. Now, note that the vertex vi+1 has at most
A(G) neighbors, and so even if they have all been colored already, there is still at
least one color in the palette that is available for it. Hence, vi+1 can be colored. We
keep going until all of V(G) has been colored.
1 The clique number of G is the size of the largest clique in G.
7

A natural question to ask here is, how often do we really need the additive factor
of 1 in the result above? The following classical theorem answers this question in a
short, compact way.
Theorem 2.4 (Brooks [5]). For a graph G which is not a complete graph or an odd

cycle, X(G) < A(G).
The details of the proof are beyond the scope of this exposition, but we can sketch
Lovisz's famous argument in [14] roughly. It clearly suffices to consider 2-connected
graphs, for otherwise we can take the 2-connected components and combine these
colorings in the obvious way. Furthermore, if there is a vertex v with degree strictly
less than A(G), then we can greedily color the graph in a way that uses A colors
(inductive, by deleting v, coloring the rest of the graph, and then adding v back in).
It remains to consider the case where G is a 2-connected k-regular graph for some
k > 3. Lovaisz showed that in this case, there exists a spanning tree such that two
nonadjacent neighbors u and w of the root v are both leaves in the tree. Now we
can use a greedy algorithm that colors the graph "bottom-up", starting from u and
w (assigning them the same color) and ending at v. Whenever any vertex other than
v is colored, it has an uncovered parent, and so its colored neighbors cannot use up
all k available colors in the palette. At v, however, its two neighbors have the same
color, and hence its neighbors also cannot use up all k available colors, and we are
done.
It is easy to see that for complete graphs, X(G)

-

n = A(G) + 1, and for odd

cycles, X(G) = 3 = A(G) + 1.
What forces a graph to have high chromatic number?

Clearly, the presence of

cliques increases X(G), but the converse is not true; the Grbtzsch graph, for instance,
is a triangle-free graph with chromatic number 4, and it can be further generalized
by the following theorem.

8

Figure 1: The Gr6tzsch graph, a triangle-free graph with chromatic number 4.

Theorem 2.5 (Mycielski). For any k E N, there exists a triangle-free graph G with
x(G) > k.
Proof. The proof is a construction defined on simple graphs. If G is a graph on n
vertices {v 1 , - - - ,7},

we can construct a graph G' from it as follows. First we take n

independent vertices {u 1 , - - - ,

un}.

Connect ui to all neighbors of vi, for all i. Finally,

add a new vertex w and connect it to all u. This is called Mycielski's construction.
We claim that starting with a k-chromatic triangle-free graph G, G' is a (k

+ 1)-

chromatic triangle-free graph. Hence, starting with G = K2 , we deduce Mycielski's
Theorem.
We briefly sketch the argument. Clearly G' is triangle-free; clearly no triangle can
have the vertex w in it, since its neighbors form an independent set. If there is a
triangle containing some ui, then note that ui is adjacent to precisely the neighbors
of vi, and so there would be a triangle in G as well, contradiction.
Now, clearly a proper k-coloring of G extends to a proper (k + 1)-coloring of G'

by setting f(ui) = f(vi), and f(w) = k + 1. So X(G')

X(G) + 1. We prove equality

by showing X(G) < X(G'), and to show this, start with a proper (k+ 1)-coloring of G'
and obtain a proper k-coloring of G. If g is a proper (k + 1)-coloring of G', permute
color names to assume g(w)

=

k+ 1. Therefore, each ui receives a color in {1, - - - , k}.
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Let A C V(G) be a set of vertices where g uses the color k + 1. We will change
the colors on A to obtain a proper k-coloring of G.

For each vi E A, it suffices to

prove that we can change its color to g(uj). This is easy to see just by case checking.
Therefore we can recolor all of V(G) to include only colors in the palette

{ 1,...

, k},

and this concludes the proof.
It turns out that even high girth2 does not ensure low chromatic number, even
though high girth makes a graph look locally like a tree (and hence 2-colorable). This
is a consequence of the following theorem.
Theorem 2.6 (Erd6s). There exist graphs of arbitrarily high girth and chromatic
number.
Erd6s's proof is too complex for this exposition. The basic idea of the proof was
to consider random graphs on n vertices, where edges occur with some probability p.
If p is small, the graph will have very few short cycles, while if p is large, the graph
will have no large independent sets. The right choice of p ensures that both happen
at the same time in such a way that deleting a vertex from each short cycle leaves
the graph with a low independence number, and hence a high chromatic number. For
the details, we refer the reader to [8].
A related concept to vertex coloring is edge-coloring. This is when the edges of a
graph G have to be colored with colors satisfying the constraint that edges that share
an endpoint cannot have the same color. This is equivalent to vertex coloring of the
line graph of G. The smallest number of colors required to do this is called the edge
chromatic index of G, denoted X'(G). It is obvious that x'(G) > A(G), since a vertex
of maximum degree must have differently-colored edges going out of it. However,
it turns out that X'(G) is not too much more than that.

Vizing's Theorem is the

cornerstone result in this area. We will come back to it in the context of list-coloring
2 The

girth of a graph G is the length of the shortest cycle.
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in Section 4, but let us state the classical result here for now. We only state it for
simple graphs, but it generalizes easily to loopless graphs.

Theorem 2.7 (Vizing for simple graphs). A(G) 5 X'(G) < A(G) + 1 for any simple
graph G.
Proof. The first inequality is trivial. So we only need to show that X'(G) < A(G) +1.
To prove this inductively, it suffices to show the following claim for any simple graph
G: Let v be a vertex such that v and all its neighbors have degree at most k, while
at most one neighbour has degree precisely k. Then if G - v is k-edge-colorable, then
G is k-edge-colorable as well. We can prove this by induction on k. We can assume
that each neighbor u of v has degree k - 1, except for one of degree k, since otherwise
we can add a new vertex w and an edge uw without violating the conditions of the
claim. We can do this till all neighbors of v have degree k - 1, except for one having
degree k.
Now consider any k-edge-colouring of Gv. For i

=

1,

,k, let Xi be the set of

neighbors of v that are missed by color i. So all but one neighbor of v is in precisely
two of the Xj, and one neighbor is in precisely one Xi. Therefore,
k

IXil = 2 deg(v) - 1 < 2k.

We can assume that we have chosen the coloring such that
Then, for all i, j = 1,...

, k,

E iX,12 is minimum.

we have

|lXjI - |X| H 2.

The reason for this is if, say, X1 I >
edges of colors 1 and 2.

1X2 | + 2, consider the subgraph H made by all

Each component of H is a path or circuit.

At least one

component of H contains more vertices in X1 than in X 2 . This component is a path
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P starting in X1 and not ending in X 2 . Exchanging colours 1 and 2 on P reduces

IX1 2 +

IX 2 12,

contradiction.

Now, this implies that there exists an i with

lXii

= 1, since otherwise by each

lXiI

is 0 or 2, while their sum is odd, a contradiction. So we can assume IXk = 1, say
Xk := {u}. Let G' be the graph obtained from G by deleting edge vu and deleting all

edges of color k. So G' - v is (k - 1)-edge-colored. Moreover, in G', vertex v and all
its neighbors have degree at most k - 1, and at most one neighbor has degree k - 1.
So by the induction hypothesis, G' is (k - 1)-edge-colorable. Restoring color k, and
giving edge vu color k, gives a k-edge-coloring of G.

2.2

Classical Algorithms

The classical algorithms for graph coloring can be classified roughly into two categories: the algorithms for determining whether a graph G is k-colorable, and the
algorithms that actually color a graph G in k colors if such a coloring exists. We can
discuss each of these briefly.
Deciding whether G is 2-colorable is just bipartite testing, which can be done
in linear time. In fact, polynomial time algorithms exist for determining X(G) for
perfect' graphs G.

These use the technique of semidefinite programming, which

is beyond the scope of this exposition. In addition, polynomial time algorithms are
known to compute the chromatic numbers of many classes of graphs, including forests,
chordal graphs, wheels and its variants, and so on. However, in general the problem

is NP-hard.
We can use some of the powerful structural graph theoretic properties developed
by Robertson and Seymour in their Graph Minors project to find dynamic algorithms
for computing chromatic numbers. For planar graphs with low branchwidth 4 , we have
3 A graph G is perfect if its clique number equals its chromatic number, and all induced subgraphs
have this property as well.
4 A branch-decomposition of a graph G is a hierarchical clustering of the edges of G, represented
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polynomial time algorithms. In fact, for low pathwidth5 graphs, we even know how to
compute an optimal coloring of the graph in polynomial time, not just a computation
of the chromatic number.

Note that these algorithms are all polynomial in n, the

number of vertices, but not in the width we use.
For general graphs, we require exponential time to compute X(G).

A dynamic

O(2.445") algorithm is known for a general graph [13], and in fact, using inclusionexclusion and the fast (-transform, we can check k-colorability for any k in 0(2"n)
time [3].

In general, the generic algorithms we use for deciding X(G) for general

graphs is a recursive divide-and-conquer one, which utilizes the following fact.
Proposition 2.8. For a graph G with u, v E V(G) nonadjacent, we have

X(G) = min{X(G + uv), X(G/uv)},

where G+uv denotes the graph (V(G), E(G) u {u, v}), and G/uv is the graph G after
gluing vertices u and v to a single vertex and removing any edges between u and v.
Proof. The proof for the proposition is due to [21].

If u and v are non-adjacent,

then in a coloring of G, u and v either share the same color or have distinct colors,
which are respectively equivalent to finding a coloring of G in which u and v are
contracted (forcing the same color), and a coloring in which there is an edge (u, v)
(forcing different colors). The recurrence follows immediately.

El

These deletion-contraction algorithms yield a running time of O(1.618n"') for
by an unrooted binary tree T with E(G) as its leaves. Removing any edge from T partitions E(G)
into two subgraphs. The width of the decomposition is the maximum number of shared vertices of
any pair of subgraphs formed in this way. The branchwidth of G is the minimum width over all
branch-decompositions of G.
5 A path-decompositionof a graph G is a path graph, such that each node in the path corresponds
to some subset of V(G), subject to three conditions: the union of these subsets is all of V(G), each
edge of G has both its endpoints represented in at least one of the subsets, and furthermore, the
nodes form contiguous subpaths of the path graph. The width of the path-decomposition is 1 plus the
size of the largest subset, and the pathwidth of G is the minimum width over all path-decompositions
of G.
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graphs with n vertices and m edges, which can be improved somewhat [20].
For algorithms that actually compute optimal colorings, we run into a number
of insurmountable problems. Clearly a brute force search requires exponential time,
since we have to check the legality of each of k

possible assignments of colors to

the vertices. We can do better than this, but cannot really improve the time bound
except for bounded-pathwidth graphs (which are extremely sparse in the class of all
graphs). We still have to adopt some sort of greedy algorithm by somehow ordering
all the vertices (vi, - -.
not used in N(vi)

, Vn),

and then coloring vi with the smallest available color

n {v 1 , - - - , v-_ 1}. The optimality of this algorithm depends on the

initial ordering of the vertices. Ordering the vertices by their degrees yields a slight
improvement of Proposition 2.3; this heuristic is called the Welsh-Powell algorithm
[18].

Other similar algorithms are known, but they are all greedy, and hence we

cannot really obtain a nice polynomial bound on the running time.

2.3

List Coloring

Given a graph G and a set L(v) of colors for each vertex v (called a "list"), a list
coloring is a choice function mapping every vertex v to a color in L(v); this is almost
always assumed to be a proper coloring of G. A graph G = (V, E) is k-choosable
or k-list-colorable is it has a proper list coloring no matter how we assign a list of k
colors to each vertex. The choosability of G is the least k for which it is k-choosable.
Slightly more generally, G is said to be (a : b)-choosable if for every family of sets
{S(v) : v E V}, where IS(v)I = a for all v E V, there exist subsets C(v) 9 S(v),
where C(v)J = b for every v E V, and C(u)

n C(v) = 0 whenever u,v E V are

adjacent. The kth choice number of G, denoted by chk(G), is the smallest integer n
for which G is (n : k)-choosable.

Hence, a graph G

=

(V, E) is k-choosable if it is

(k : 1)-choosable. The choice number of G, denoted by ch(G), is equal to chi(G).
The concept of (a : b)-choosability was defined and studied by Erd6s, Rubin and
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MA__

V3

V2

V1

V4

V5

Figure 2: Example: each vi had a list consisting of red, green and blue.

Taylor in [9]. A number of generalizations were obtained by Gutner and Tarsi [11].
We will often follow this last paper closely.
We can even consider the more general setting, where there is a function

f

assign-

ing a positive integer f(v) to each vertex v of G; then G is f-choosable if it has a list
coloring no matter how one assigns a list of f(v) colors to each vertex v. Obviously,
if f(v) = k for all v, f-choosability corresponds to k-choosability.
The choosability ch(G) of a graph is a very well-behaved function. For instance,
when G has n vertices, chromatic number X(G), and maximum degree A(G), we
clearly have ch(G) ;> x(G), since a k-list colorable graph must in particular have a
list coloring when every vertex is assigned the same list of k colors. However, ch(G)
is in general unbounded in terms of the chromatic number; for instance, complete
bipartite graphs are 2-colorable, but their choosability is arbitrarily large. It is known,
however, that ch(G) 5 x(G) ln(n), and also that ch(G) 5 A(G) + 1.
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{ 2, 3}

{1, 2}

{ 1, 3}

{1, 3}

{1, 2}

{2, 3}

Figure 3: A bipartite graph which is 2-colorable but not 2-choosable.

Kernels

3
3.1

Preliminaries and Key Lemma

Throughout this section we will deal with directed graphs, which we will typically
denote by D = (V, E).

The directed edges naturally give rise to the concept of

a kernel, which turns out to be a deeply interesting object in graph theory, with its
own theory that goes far past list-coloring problems into the heart of structural graph
theory. An immediate thing to note, for instance, is that though kernels are defined
for directed graphs, they provide tools for us to answer hard list-coloring problems
in undirected graphs as well. Let us first set up the definitions and preliminaries we
will need.
Let D = (V, E) be a digraph. We denote the set of out-neighbors of v in D by
ND (v). A set of vertices K C V is called a kernel of D if K is an independent set
and ND(v) n K z 0 for every vertex v

K. We call a digraph D kernel-perfect if all

induced subgraphs of D possess kernels. It is not immediately obvious which graphs
are kernel-perfect. In fact, there is no known nice characterization of all graphs with
kernels either. However, the class of kernel-perfect graphs is quite large, as evidenced
by results such as Richardson's Theorem, some of which are proven later in this
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section.
For now, we will state the key lemma about list-coloring kernel-perfect graphs, and
then find out its ramifications about list-coloring large classes of undirected graphs,
and then finally look at which graphs do satisfy this property.

The key lemma is

important enough to be stated as a theorem.
Theorem 3.1 (Key Lemma). Let D = (V, E) be a digraph and k E N.
v

c

For each

V, let S(v) be a set of size k(d (v) + 1), where d+(v) is the outdegree of v. If

D is kernel-perfect, then there exist subsets C(v) C S(v), where
v E V, and C(u)

1C(v)I = k for all

n C(v) = 0 for every two adjacent vertices u, v E V.

Proof. Let D = (V, E) be a kernel-perfect digraph and k > 1. For each v G V, let
S(v) be a set of size k(d+ (v) + 1). The following algorithm finds subsets C(v) C S(v),
where |C(v)I

=

k for all v E V, and C(u)

n C(v)

=

0 for every two adjacent vertices

u,v E V.

1. S +- UvEVS(v), W <- V and for every v E V, C(v) +- 0.
2. Choose a color c E S n UvEwS(v) and put S +- S - {c}.
3. Let K be a kernel of the induced subgraph of D on the vertex set {v E W : c E

S(v)}.
4. C(v) +- C(v) U {c} for all v E K.
5. W +- W - {v E K: |C(v)| = k}.
6. If W = 0, stop. If not, go to step 2.
During the algorithm, W is equal to {v E V :

C(v)

< k}, and S is the set

of remaining colors. We first prove that in step 2, S n UVEwS(v)
algorithm reaches step 2, it is obvious that W
and therefore

$

4 0.

When the

0. Suppose that w E W in this step,

C(w) I < k. It follows easily from the definition of a kernel that every
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color from

S(w), which has been previously chosen in step 2, belongs either to C(w)

or to UVN (W)C(v). Since

U

|C(w)f+f

C(v) < k+k-d'(w) =S(w)I,

vEND(w)

not all the colors of S(w) have been used. This means that S

n s(w)

7 0, as needed.

It follows easily that the algorithm always terminates.
Upon termination of the algorithm, IC(v)I = k for all v E V. In step 4 the same
color is assigned to the vertices of a kernel which is an independent set, and therefore
C(u)n C(v) = 0 for every two adjacent vertices u, v E V. This proves the correctness
of the algorithm.

L

Note that an immediate large class of graphs this has implications for is the class
of all digraphs without odd directed cycles. This is a class of kernel-perfect graphs (by
Richardson's Theorem). Furthermore, there is a polynomial time algorithm for finding
a kernel in a digraph with no odd directed cycle. Now, in step 4 of the algorithm
above, the operation C(v)

+-

C(v) U {c} is performed for at least one vertex. Upon

termination I Uv C(v)l < kIVI, which means that the algorithm performs at most
k|V| iterations. Thus, the algorithm is of polynomial time complexity in |V| and k,
which implies a fast algorithm for list-coloring a significantly large class of graphs.

3.2

Some Corollaries to the Key Lemma

The Key Lemma above enables us to prove a large number of results about undirected
graphs. Let us go one by one. The first couple of lemmas are mainly tools to set us
up for bigger results later on.
Corollary 3.2. Let G be an undirected graph. If G has an orientation D which
contains no odd directed (simple) cycle and maximum outdegree d, then G is (k(d+1)
k)-choosable for every k > 1.

18

Proof. This is an immediate consequence of Theorem 3.1, since k(d+(v)+1)

< k(d+1)

for every v E V.

0

Corollary 3.3. An even cycle is (2k : k)-choosable for every k > 1.
Proof. The result follows from Corollary 3.2 by taking the cyclic orientation of the
even cycle.
Now, given these two results, we can now generalize Brooks' Theorem which appears in [9].
Corollary 3.4 (Generalized Brooks' Theorem). If a connected graph G is not Kn,
and not an odd cycle, then chk(G) < kA(G) for every k > 1, where A(G) is the
maximum degree of G.
The proof of Corollary 3.4 requires a new definition. A graph G

=

(V, E) is k-

degree-choosable if for every family of sets {S(v) : v E V}, where IS(v)l = kd(v)
for all v
C(u)

c V, there are subsets C(v) C S(v), where IC(v)l

n C(v)

=

=

k for all v E V, and

0 for every two adjacent vertices u, v E V. We now state two lemmas.

Lemma 3.5. If a graph G = (V, E) is connected, and G has a connected induced
subgraph H = (V', E') which is k-degree-choosable, then G is k-degree-choosable.
Proof. For each v E V, let S(v) be a set of size kd(v). The proof is by induction on

lVi.

In case |Vi =

IV'l there is nothing to prove. Assuming that IVI > IV'l, let v

be a vertex of G which is at maximal distance from H. This guarantees that G - v
is connected. Choose any subset C(v) C S(v) such that

IC(v)|

= k, and remove the

colors of C(v) from all the vertices adjacent to v. The choice can be completed by
applying the induction hypothesis on G - v.
The next thing we need is the definition of a Theta graph.

e (a, b, c)

0
The Theta graph

is the graph consisting of two vertices u and v connected by three internally

vertex-disjoint paths Pa, P and Pc, of lengths a, b and c respectively.
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Figure 4: The Theta graph 8(3, 2, 1).

Lemma 3.6. If c > 2, then ea,b,c is k-degree-choosable for every k > 1.

Proof. Suppose that
Z1, .... , z._1}

eab,c

has vertex set V = {ul, v,

and contains the three paths ux -- - -X-

1

I,

... , Xa_1, Y1,... , Yb-1,

-V, U- Y1 - - - - -Yb1 - V,

and u - z, - - - . - zc_1 - v. For each w c V, let S(w) be a set of size kd(w). For the
vertex u we choose a subset C(u) C S(u) - S(zi) of size k. For each vertex according

to the sequence x1 , ...

, Xa-1,

Y1,...

, yb-1, V, Zc-1,... , z 1

we choose a subset of k colors
D

that were not chosen in adjacent earlier vertices.

For the proof of Corollary 3.4, we shall also need the following lemma which we
state without proof. For a proof, we refer the reader to [9].
Lemma 3.7. If there is no vertex which disconnects G, then G is an odd cycle, or
G

=

Kn, or G contains, as a vertex induced subgraph, an even cycle with at most one

chord.
Proof of Corollary 3.4. Suppose that a connected graph G is not Kn, and not an odd
cycle. If G is not a regular graph, then every induced subgraph of G has a vertex

of degree at most A(G) - 1, and by Corollary 3.8 chk(G) < kA(G) for all k > 1. If
G is a regular graph, then there is a part of G not disconnected by a vertex, which
is neither an odd cycle nor a complete graph.

It follows from Lemma 3.7 that G

contains, as a vertex induced subgraph, an even cycle or a particular kind of
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(),b,c

graph.
0

a,b,c

We know from Corollary 3.3 and Lemma 3.6 that both an even cycle and

are k-degree-choosable for every k > 1. The result follows from Lemma 3.5.

0

The following result is another application.
Corollary 3.8. If every induced subgraph of a graph G has a vertex of degree at most
d, then G is (k(d + 1) : k)-choosable for every k > 1.
Proof. We claim that if every induced subgraph of a graph G = (V, E) has a vertex of
degree at most d, then G has an acyclic orientation in which the maximum outdegree
is d. The proof is by induction on

IVI.

If

lVi

= 1, the result is trivial. If

lVI

> 1,

let v be a vertex of G with degree at most d. By the induction hypothesis, G - v
has an acyclic orientation in which the maximum outdegree is d. We complete this
orientation of G - v by orienting every edge incident to v from v to its appropriate
neighbor and obtain the desired orientation of G, as claimed. The result follows from
Corollary 3.2.

3.3

L

Kernel-Perfectness

In the previous two subsections, we saw the Key Lemma, that applies to kernel-perfect
graphs, and several applications thereof. We have not yet, however, determined what
it is to be a kernel-perfect graph. An exact characterization is not known, but as
promised, in this section we will present some classes of graphs that are kernel-perfect.
This in its full generality would have to delve into material that is part of a much
deeper and larger theory, so we will omit those and only include one full proof, and
mention some other results to give the reader a very short flavor of what some of the
material is like in this theory.
We will now prove Richardson's Theorem, which shows that every digraph with no
odd cycle has a kernel. Note that this implies that such graphs are also kernel-perfect,
since this is a hereditary property.
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Theorem 3.9 (Richardson). Every digraph D = (V, E) having no odd cycle has a
kernel.
Proof. There are two cases.
[Case 1] D is strongly connected. In this case, given an arbitrary vertex y

c V, let

K be the set of vertices with even distance to y. First suppose K is not an independent
set. Suppose (U, v) is an edge in G[K].

There is a (u, y)-path P of even length and

a (v, y)-path P' of even length. Adding uv to the start of P' yields a (u, y)-walk W
of odd length. Because D is strongly connected, D also has a (y, u)-path
either

Q

followed by P or

Q

Q.

Thus,

followed by W yields an odd closed walk in D which

would contain an odd closed cycle, contradiction.
Next suppose that v 0 K. Then, since the distance from v to y must be odd, the
next vertex on the shortest (v, y)-path must be in K.
[Case 2] D is not strongly connected. In this case, we prove the result by induction
on

lVi.

If

fVI = 1, the kernel is the whole graph. Let IVI > 1, and suppose the

theorem is true for all digraphs on fewer vertices. Let D' be a strong component such
that there is no edge from a vertex of D' to a vertex not in D' (which exists). We
know from Case 1 that D' has a kernel. Let K' be a kernel of D'.
Let D" be the sub-digraph obtained from D by deleting D' and all the predecessors
of K'. By the induction hypothesis, D" has a kernel, say K". We claim that K =
K' U K" is a kernel of D. There can be no edges in K by the choice of D' and the
fact that we removed all predecessors of K'. Every vertex in V \ K is either in D' or
a predecessor of K' or in D" and so has an arc to a vertex of K.

El

It turns out that there are larger classes of graphs that can be shown to have
kernels (and in fact, shown to be kernel-perfect).

For instance, it is easy to prove

(and we leave it as an exercise) that any directed graph G, all whose odd cycles are
bi-directed (in the sense that if (u, v) is an arc in an odd cycle, (v, u) is also an arc of
the graph), has a kernel. Furthermore, Duchet in [6] proved that this was too strong a

22

condition. If all odd cycles of G have two bidirected arcs, then G has a kernel. We can
use similar techniques to prove the result for many other classes of graphs, including
graphs in which all odd circles have specific configurations of directed chords, not too
many crossing short chords, and so on.

The Question of List Edge-Coloring

4
4.1

Preliminaries

An edge-coloring of a graph G is an assignment of colors to the edges of G such that
adjacent edges receive different colors. G is said to be k-edge-colorable if it has an
edge-coloring using at most k colors. The chromatic index of G, denoted X'(G), is
the smallest k for which G is k-edge-colorable. Note that clearly X'(G)
G; recall that Vizing's Theorem states that X'(G)

A for any

; A + 1.

A graph G is k-list-edge-colorable if, given any set of lists {Le : e E E(G)} with

ILeI

k for all e E E(G), there is an edge-coloring of G such that, for every edge

e E E(G), the color assigned to e is from the list Le. The list chromatic index of G,
denoted x1 (G), is the smallest k for which G is k-list-edge-colorable. It is clear that

x'(G)

x'(G)

A.

Figure 5: The Petersen graph, properly edge colored.
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If G has no odd cycles at all, then Galvin's Theorem [10] says that Xj(G) = x'(G)
for all bipartite G.

In fact, the famous list-edge-coloring conjecture (suggested by

various authors, see e.g.

[17]) asserts that V'(G) = X'(G) for all graphs G.

In

addition to bipartite graphs, the list-edge-coloring conjecture is known to be true
for some planar graphs (Ellingham and Goddyn [7], Borodin and Kostochka [4]), as
well as for series-parallel graphs (Juvan, Mohar, Thomas [12]). A general bound of
X'(G) < [<'] for all graphs G has been established by Borodin and Kostochka [4].
Plantholt and Tipnis [16] have results for graphs which are "close" to being bipartite,
in the sense that the graphs are such that the deletion of a single vertex makes it
bipartite. Recently, McDonald has proven the list-edge-coloring conjecture for a class
of graphs that are a nice generalization of bipartite graphs, but are still "close" to
bipartite graphs in a different sense. The following is her result.
Theorem 4.1. If G is a simple graph without odd cycles of length 5 or longer, then

XI(G) < A + 1.
In the next section, we will reproduce the proof of

Galvin's Theorem, and briefly

mention the ideas behind the proof sketch of McDonald's result.

4.2

Galvin's Theorem and its Extension

Let us restate Galvin's Theorem here, for completeness.
Theorem 4.2 (Galvin). For every simple bipartite graph G, we have x1(G) = A(G).
Proof. Let L be an assignment of colors to the edges of G, with IL(e)f = A(G) for all
e. Suppose G has bipartition (X, Y). Let E

=

E(G), and H be the line graph of G.

The first step is to define an appropriate orientation of H. We will later check
that this orientation satisfies all the desired properties. Since there is a proper A(G)edge-coloring of G, this implies there is a proper vertex coloring c: V(H)
The following is the orientation of H that we will use.
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-

[A(G)].

e If ee' E E(H), and e

n e'

E X, then orient e

-+

e' if c(e) > c(e') and e

-e'

-

e' if c(e) < c(e') and e

-e'

otherwise.
" If ee'

E E(H), and e n e' E Y, then orient e

otherwise.

By the Key Lemma (Theorem 3.1), we need to check two things; that d+ (e)

<

A(G) in H, and also the orientation of H described above is kernel-perfect. The first
of these is relatively easy to check. Let be := A(G) - c(e) be the number of colors
in [A(G)] which are bigger than c(e), and let se := c(e) - 1 be the number of colors
smaller than c(e). Then, be + se

=

A(G) - 1, and e

-+

e' for se edges that are incident

to e in X, e -+ e' for ue edges incident to e in Y.
It remains to check that every induced subgraph D' of this orientation D of H
has a kernel. This can be done by induction on

IV(D')I. If IV(D')=I

1, it is a single

vertex, and hence has a kernel. Otherwise, for x E X, let ex be the vertex of D' such
that, subject to the constraint that x is one of its endpoints, ex is the edge that has
the minimum color. Finally, let U be the set of all such er's in D'.
Now, if U is independent, then U is a kernel, since e' E D' with x' E X
implies that either e'

-+

n e'

ex,, or e' = ex,. Otherwise, there are ex and ex, in U with

ex and ex, connected by an edge. Then, ex n

= {y} for some y E Y. Assume

WLOG that c(ex) < c(ex,), and so ex -+ em'. Suppose D" := D' - ex. By induction,
therefore, D" has a kernel U'. If ex, E U', then U' is also a kernel of D'. Otherwise,
there is some e* E U' such that ex,

-+

e*. By definition, we know ex,

so, c(ex,) < c(e*), yielding c(ex) < c(ex,) < c(e*). In addition, ex

n e* E Y, and

n ex,

=

{y}, and

ex, n e* E Y, so ex -+ e*. So U' is a kernel of D' in this case, and we are done.

0

Recently, McDonald proved an extension of this theorem by allowing triangles in
the graph (but no larger odd cycles), and still showing that the conjecture holds.
Her proof uses the notion of normal orientations.
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A digraph is said to be normal

if every clique (in the underlying graph) has a kernel (in the digraph).

Note that

since a kernel must be independent, this means that a digraph is normal iff, for every
underlying clique, there is sink of that clique in the digraph. We say that a graph is
solvable if every normal orientation has a kernel.
The idea is to show that, given a graph G with no odd cycle larger than a triangle,
any normal orientation of L(G) is kernel-perfect.

To see this, consider any normal

orientation of L(G), and let D be an induced sudigraph. Note that D is normal, and
D is the orientation of L(H) for some H C G. Since G contains no odd cycles of
length 5 or longer, neither does H, and hence L(H) is perfect by a result of Trotter.
But it is also known that a line graph is perfect iff it is solvable. This would imply
that L(H) is solvable. So since D is a normal orientation of L(H), this means that
D has a kernel, as desired.

So, to prove the result, it suffices to define a normal

orientation of L(G) that also satisfies d+(e) < A in L(G), for all e c E(G).
As in the proof of Galvin's Theorem, we can define an orientation of L(G) based
on a particular (A + 1)-edge-coloring p of G (using the colors {1, 2, .
a particular bipartition (D, U) of the vertices of G.

.. , A

+ 1}) and

The orientation will be given

by the following rule: if two edges of G are incident to a common vertex in D,
then the orientation should go "down" in L(G), from higher colored edge to lower
colored edge, and; if two edges of G are incident to a common vertex in U, then
the orientation should go "up" in L(G), from lower colored edge to higher colored
edge. This orientation described takes care of the required property for some edges
immediately; for the others, we can choose to be slightly more careful so that the
proof still goes through. We omit the details here, since they are too technical, and
instead refer the interested reader to [15].
A weaker result (for graphs with even cycles of length at most 8 and no odd cycles
except possibly triangles) was found by us using a slightly simpler technique, where
we follow Galvin's Theorem very closely. We first take a maximal bipartite subgraph
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of the ambient graph, and orient edges in precisely the same way as in Galvin's
Theorem. Then we add the remaining edges back in (by maximality these edges are
within a part of the bipartition). We then cleverly orient these edges in a specific
way depending on the orientations of the edges adjacent to the endpoints. There is a
lot of casework involved in this, but we only checked up to the case where the even
cycles are only allowed to have length at most 8. It seems not unlikely that the result
can be generalized to McDonald's result as well, with some more casework; however,
the machinery required for that is beyond the scope of the present exposition.

5

Open Questions and Concluding Remarks

Of course, the search is still on for more and more general algorithms for list coloring.
The incredibly powerful Key Lemma of Section 3 provides a fast algorithm for exact
list coloring, but it relies on the graph being kernel-perfect. This is still, as far as we
know, a quite restrictive condition, in spite of all attempts at finding more and more
general classes of kernel-perfect graphs, we have not been able to find a large enough
class of graphs that would provide some direction towards complete generalization.
So it remains to either keep coming up with larger classes of kernel-perfect graphs,
or even better, come up with a less restrictive algorithm for list coloring that does
not rely on the graph being kernel-perfect, or even having a kernel. Even for this,
unfortunately, not too much is known; virtually every known algorithm relies on some
specific condition on the graph under consideration.
Section 4 described list-edge-coloring. Of course, the biggest question here is still
unanswered, as we saw. The generalization of Vizing's Theorem states that Xj(G) <
A(G) for all loopless graphs G, which is not known at all. In fact, a slightly stronger
result is believed to be true; it is generally thought that Xj(G) = X'(G) for all loopless
G. This is called the list edge coloring conjecture. Other than proofs for planar and
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series-parallel graphs, at present, McDonald's result is the best known in the area,
since it answers the question completely for all graphs which do not contain odd cycles
of length 5 or higher. However, as noted by McDonald herself, her proof technique
does not lend itself easily to generalizing. Our approach, briefly described in Section
4, while considerably weaker than McDonald's, seems to lend itself slightly better
to generalizing; unfortunately the casework increases exponentially as we introduce
more and more odd cycles, so much so that we have not been able to work out the
casework even for 5-cycles.
It seems that graph list coloring has a beautiful theory, which, while we understand
some of it completely, still keeps on eluding us with its biggest results. We need better
understanding of the theory to understand list coloring fully. While some of these
problems go back as far as Erdos, it seems that most results found in the area rely on
nice, simple ideas or tricks, rather than a overarching theoretical framework with its
standardized tools. The realization that list coloring is related to kernels was a first
step in that direction, but we still have a lot to understand.

28

Acknowledgements
This thesis would not be a reality without the man who made it all possible: my
adviser, Professor Michel Goemans. Without his keen insights and stupendous bursts
of energy, I would still be stuck midway through a morass of materials I wouldn't have
made head or tail of. The best teachers seldom provide good company, and I am very
thankful that I found an exception in Professor Goemans.
My family has stayed with me during the joys and sorrows of writing this thesis.
My mother has patiently listened to my passionate discourses on the subtleties of
graph theory (she is a historian), and diligently reminded me on occasion to keep
myself hydrated by drinking lots of water. My father has recommended at least
sixteen graph theory textbooks as resources to learn from (he is also a historian), and
acted as the non-academic adviser for my thesis all along ("Have you checked the
formatting?," "Have you used the Oxford comma properly?" and so on). To both of
you, thank you so, so, so much.

29

References
[1] K. Appel and W. Haken, Every planar map is four colorable part I: discharging,

Illinois Journal of Mathematics, 21 (1977), pp. 429-490.

[2]

K. Appel, W. Haken, and J. Koch, Every planar map is four colorable part I:

reducibility, Illinois Journal of Mathematics, 21 (1977), pp. 491-567.
[3] A. Bj6rklund, T. Husfeldt, and M. Koivisto, Set partitioning via inclusion-

exclusion, SIAM Journal on Computing, 39 : 2 (2009), pp. 546-563.
[4] 0. V. Borodin and A. V. Kostochka, List edge and list total colorings of multigraphs, Journal of Combinatorial Theory Series B, 71 (1997), pp. 184-204.
[5] R. L. Brooks, On colouring the nodes of a network, Proceedings of the Cambridge

Philosophical Society, Math. Phys. Sci. 37 (1941), pp. 194-197.
[6] P. Duchet, Graphes noyaux parfaits, Annals of Discrete Mathematics, 9 (1980),

pp. 93-101.
[7] M. Ellingham and L. Goddyn, List edge colorings of some regularplanar multi-

graphs, Combinatorica, 16 (1996), pp. 343-352.
[8] P. Erd6s, Graph Theory and Probability, Canadian Journal of Mathematics, 11

(1959), pp. 34-38.
[9] P. Erd6s, A. L. Rubin, and H. Taylor, Choosability in graphs, in Proceedings
of the West Coast Conference on Combinatorics, Graph Theory and Computing
(Humboldt State University, Arcata, California, 1979), Congress. Numer., XXVI,

Utilitas Math., Winnipeg, Man., 1980.
[10] F. Galvin, The list chromatic index of a bipartite multigraph, Journal of Combi-

natorial Theory Series B, 63 (1995), pp. 153-158.
[11] S. Gutner, M. Tarsi, Some results on (a : b)-choosability, Discrete Mathematics,

309:8 (2009), pp. 2260-2270.
[12] M. Juvan, B. Mohar, and R. Thomas, List edge-colorings of series-parallelgraphs,
Electronic Journal of Combinatorics, 6 (1999).
[13] E. L. Lawler, A note on the complexity of the chromatic number problem, Information Processing Letters, 5 : 3 (1976), pp. 66-67.
[14] L. Lovdsz, Three short proofs in graph theory, Journal of Combinatorial Theory

Series B, 19 (1975), pp. 269-271.
[15] J. McDonald, A list analog of Vizing's Theorem for simple graphs with triangles
but no other odd cycles, preprint (2014).

30

[16] M. J. Plantholt and S. K. Tipnis, On the list chromatic index of nearly bipartite
multigraphs, Australasian Journal of Combinatorics, 19 (1999), pp. 157-170.
[17] M. Stiebitz, D. Scheide, B. Toft, and L. Favrholt, Graph edge-coloring: Vizing's
theorem and Goldberg's Conjecture, Wiley New York, 2012.
[18] D. J. A. Welsh and M. B. Powell, An upper bound for the chromatic number of
a graph and its application to timetabling problems, The Computer Journal, 10

: 1 (1967), pp. 85-86.
[19] D. B. West, Introduction to Graph Theory, Prentice Hall (2001).

[20] H. S. Wilf, Algorithms and Complexity, Prentice Hall (1986).
[21] A. A. Zykov, On some properties of linearcomplexes, Math. Sbornik (in Russian),

24 : 66 (1949), pp. 163-188.

31

