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Abstract
This thesis presents the results of two studies detailing the dissipation of energy in magnetic
reconnection and decaying turbulence in weakly collisional plasmas. One of the open questions
regarding magnetic reconnection is how magnetic energy is dissipated into particle heating, kinetic
energy, and supra-thermal particle acceleration; an understanding of energy partition in reconnection
may be used to explain numerous physical phenomena such as the turbulent heating of the solar wind
and the formation of high-energy astrophysical jets. We find the plasmoid dominated regime results
in the formation of magnetised collisionless shocks which cause strong particle heating and the
formation of spatially localised high temperature regions for electrons. The detection of these shocks,
and the analysis of their role in thermalizing energy, is one of the most original contributions to this
thesis; indeed, we are not familiar with any other study where this has previously been reported. We
also find non-spatially localised heating for the ions with evidence to suggest that this heating occurs
due to the onset of the ion-acoustic instability. The study finds that the particles which are accelerated
to the highest energies are accelerated within plasmoids and form power law spectra with spectral
slopes of E-1.6. This study proposes a novel mechanism to explain the particle acceleration: a magnetic
mirror effect driven by the bulk velocity of the magnetic fields at the trailing edge of the plasmoid.
This thesis also reports on the Kinetic Reduced Electron Heating Model (KREHM) using the
Viriato code as part of a larger study comparing the limitations of validity of various reduced-kinetic
models of plasmas against a fully-kinetic model. Two different ion betas are considered: 0.1 and 0.5.
We find that there is excellent agreement between KREHM and the fully-kinetic model over a range
far greater than the asymptotic 𝛽" ~ me/mi limit would suggest. The KREHM model is also used to
demonstrate the importance of electron Landau damping in kinetic turbulence, approaching the fullykinetic spectral shape when it is included but deviating significantly and approaching the hybrid-kinetic
spectra during isothermal runs when it is explicitly excluded. The limits and applicability of KREHM
and the other reduced-kinetic approaches examined may provide insight into the pertinent kinetic
effects in turbulent collisionless plasmas.
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New Frontiers in Magnetic Reconnection
Chapter 1
Magnetic Reconnection
1.1 – Introduction
The explosive topological change of a magnetic field due to non-ideal plasma conductivity is
called magnetic reconnection. [1; 2] This thesis presents a study of a number of the open questions
regarding magnetic reconnection. Reconnection is thought to be an important factor in a number of
unexplained physical processes in both nuclear fusion reactors and astrophysical systems. Of these
situations one of the most prevalent is that of astrophysical flares. [3] Flares and the accompanying
Coronal Mass Ejections (CMEs) are explosive releases of energy in the form of radiation across the
entire spectrum and high energy particles from the solar corona or outer atmosphere of the host.
These events can have drastic effects on space weather and can be debilitating to satellites. Solar
flares have been observed as far back as 1859 by R. C. Carrington [4] and R. Hodgson [5] and are
immensely energetic, releasing up to 1025J of energy. Flares are observed in numerous stages. The
first stage is the precursor stage, characterised by the emission of soft X-rays over an extended period
of time, relative to the length of the flare. The second impulsive stage is the explosive phase where
particles can be accelerated up to giga-electronvolt (GeV) energies with the release of hard X-rays,
radio waves and gamma rays. The final decay stage is an additional stage with the build-up and slow
release of soft X-rays. Flares occur in the solar corona where the plasma is in the weakly collisional
regime, where the dynamical frequencies of interest are far greater than the collision frequency
between particles. Solar flares are also strongly correlated with the active regions of the solar corona;
regions of high magnetic field which are concentrated around the solar equator. We therefore see an
increase in flares during the periods of the sun’s eleven-year cycle when active regions are at their
largest. However, flares are not limited to the solar corona, being found in other stars, accretion disks
and possibly magnetars and blazars.
Magnetic reconnection can be used to explain a number of the aforementioned physical
processes. The formation and energetics of solar flares can be explained through magnetic
reconnection. The formation of the flare corresponds to the two anti-parallel sides of a field line loop
meeting and reconnecting to form a current sheet. [6; 7] The complete reconnection of this loop forms
a new smaller field line loop with the outer segment being expelled. Some of the behaviour describing
the transition between the phases of flare formation and how they might produce the vast amounts
of energy are explored in this thesis.
Sawtooth instabilities in tokamaks are instabilities that limit the current density within the
tokamak core. Tokamaks are susceptible to a number of instabilities which degrade plasma
performance leading to a loss of particles and energy (transport). Sawtooth instabilities are one of the
most common instabilities seen in tokamaks, [8] and although they are prevalent and affect a large
plasma volume, they are not normally ruinous with regard to tokamak performance. They are so
named as the temperature and density profiles are a sawtooth shape; with a slow build-up followed
by a rapid crash which periodically repeats itself. During the crash phase, the (hotter) inner region and
the outer region mix as hot particles are transported across flux surfaces, flattening the temperature
profile. The sawtooth instability was first observed in 1974 [9] and has been seen subsequently on
almost every tokamak. Understanding the sawtooth oscillations is critical for the successful
construction and operation of tokamaks.
As with flares, much of the behaviour of sawtooth oscillations can be explained using
reconnection. The dynamics of the sawtooth can be understood from the Kadomstev model. [10]
Fusion plasmas are unstable to various Magnetohydrodynamic (MHD) instabilities. One of which is the
so-called ‘kink’ mode; this instability corresponds to an outward translation of the q=1 flux surface.
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[11] This occurs when the safety factor on axis of the tokamak, 𝑞 =

%&'
(&)

where r is the radius, R is the

major radius and Bt and Bp are the toroidal and poloidal magnetic field strengths respectively, drops
below unity. With such an instability, at the q=1 surface, reconnection can occur causing a loss of
confinement as the field line topology changes. The hot core is therefore no longer restricted to the
inner regions and can easily flow to the outer regions where it mixes with the cooler plasma.
Numerical simulations have confirmed that Kadomstev’s model is a solution to the resistive MHD
equations [12] but some experimental results have cast doubt on aspects of its validity.
Relativistic jets are common in astrophysical plasmas and can be produced by blazars, gammaray bursts (GRBs), and magnetars. [13] These jets are composed of highly energetic particles; the
mechanism whereby they are accelerated is unknown. These jets play an important feedback role in
the systems that are producing them. The energy of the system flows between magnetic fields and
electric fields, gravitational, kinetic, and thermal energy, as well as into particle heating and
accelerations; how this energy is converted and how it is partitioned are open questions. The physics
creating and accelerating these jets is not yet fully understood and the question of how the large-scale
motion couples to the kinetic scale processes is of particular interest.
Reconnection has been widely used to explain the high energy non-thermal particles found
in the relativistic jets of active galactic nuclei (AGNs), [14; 15] GRBs [16] and giant flares of magnetars.
[17] In these processes, there is a large release of magnetic energy with much of it appearing as
electron non-thermal energy. [18] The exact mechanism of formation is as yet, unclear. However, it is
suspected that astrophysical jets may be susceptible to MHD kink instabilities. At the nonlinear stages
of these instabilities, field line reversals can be introduced, leading to the formation of current sheets
and the dissipation of magnetic energy via reconnection. [19] This is the so called ‘s-Problem’ as the
magnetisation parameter s, the ratio of Poynting flux to kinetic energy drops from 104 close to the
neutron star to 10-3 at the termination shock. Due to the high magnetisations these systems are highly
relativistic and we find that a significant fraction of this energy is converted into non-thermal flow
energy of particles with a power law spectrum. Significant progress has been made in the
understanding of relativistic reconnection through both semi-analytical studies [20; 21] and through
large-scale particle-in-cell (PIC) [22] simulations. [23; 24; 25] An interesting feature across these
studies is the evolution of such a power law spectrum, though the index of such a power law varies
greatly with different studies finding indexes of -1, [26] -1.5, [14] <-2. [27]
Alongside reconnection a process discovered by Enrico Fermi – hence named First Order
Fermi Acceleration – [28] has been used to explain such a high-energy tail. The process involves the
acceleration of particles as they pass through a shock. If there is a mechanism whereby the particle is
reflected back again through the shock, then a process can occur where the particle is continuously
reflected back and forth whilst gaining energy until it is so energetic that it can escape. Such a process
would yield the high-energy tail that is observed. The reflection back through the shock could be
caused by a number of forces: electric fields set-up as a result of the shock; the magnetic mirror effect
if the region behind the shock is highly magnetised; or a number of other possibilities. Recent largescale PIC simulations [29] have furthered the work carried out using Monte Carlo simulations [30] and
semi-analytical models [31] which cannot simulate ab initio the complex dynamics of the formation of
the current sheet. Specifically, in highly relativistic flows the importance of kinetic turbulence is not
well understood. The reconnecting current sheet configuration, for example, is susceptible to
numerous cross field instabilities: the lower hybrid drift instability; [32] the Kevin Helmholtz instability;
[33] and the kinetic tearing instability. [34] The findings of A. Spitkovsky [29] suggest that a ‘Fermilike’ acceleration process can result in the formation of high-energy particles as part of the shock
evolution. Although it is generally agreed by the academic community that Fermi-based shock
acceleration is not the mechanism creating high-energy astrophysical jets it does give a blueprint for
various other types of process which are Fermi-like and which will be explored in this thesis.
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Magnetic reconnection is the abrupt change in magnetic field line topology due to non-ideal
plasma conductivity with the release of magnetic energy, which is dissipated into kinetic energy,
particle heating and supra-thermal particle acceleration. [35; 36] Reconnection is truly ubiquitous, on
a par with turbulence, in astrophysical, space, and laboratory plasmas. The situations where it powers
much of the interesting behaviour are abundant, complex and far from fully understood. The basic
model of reconnection proposed by Sweet [37] and Parker [38] describes steady state reconnection
(see Fig.1) in the resistive MHD model of a plasma. This theory yielded the results that the
+,
reconnection rate scales as S-1/2 where 𝑆 = - is the Lundquist number of the system, L is the length
scale of the system, 𝑣0 =

&1
2341 56

.

is the Alfvén speed and 𝜂 is the magnetic diffusivity.

2d

2L
Figure 1. Structure of a reconnection region. Vertical arrows show the direction of inflows into the ‘XPoint’. Horizontal arrows show outflows. Thin red and blue coloured arrows show the anti-parallel
(red) and reconnected field (blue) field line topologies.

Recent work [39; 40; 41] has shown that the current sheet is highly unstable, and that the rate
is significantly altered by the formation of magnetic islands known as plasmoids. [41; 42; 43; 44]
Plasmoid formation has been shown to be recursive in dividing the current sheet into multiple smaller
current sheets, separated by magnetic islands (plasmoids), until a critical length has been passed and
plasmoid formation is no longer possible. [45] This process allows the possibility of fast reconnection
in the resistive MHD domain. The plasmoid chain formation is believed to occur via the tearing
instability which occurs at high Lundquist numbers [39] with an unsteady yet increased reconnection
rate. Due to the requirement of large Lundquist numbers for plasmoid chain formation there is limited
evidence in experiments for the theories proposed. A number of experiments are, however, currently
being designed to access this regime. Previous studies have observed plasmoid formation at well
below the limit predicted by resistive MHD. [46] The study, which forms the systematic basis for the
simulations in this thesis, observed formation of a number of plasmoids at a Lundquist number of 120.
[47]
Many astrophysical and fusion plasmas of interest are weakly collisional. Therefore, the
thickness of the current sheet predicted by the Sweet-Parker model are below the ion inertial length
(c/wpi, where c is the speed of light and wpi is the ion plasma frequency). Even if this is not the case
then the onset of the plasmoid instability can create small-scale structures below this limit; where
MHD is not valid and kinetic effects must be taken into consideration. Consequently, much effort has
been focused on kinetic models of reconnection. [48] These models are often unforced and start from
a configuration which is highly unstable to the tearing instability. This is achieved by having a current
sheet thickness parameter which is below the ion inertial length. The tearing instability growth rate is
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proportional to 𝑎 9:/< [19] (where a is the current sheet thickness at constant magnetisation and over
density), and as such thin current sheets are extremely unstable and will have rapidly growing modes.
Therefore, the question of whether or not a forming current sheet would ever reach such scales is not
a trivial one. Current sheets are found in various astrophysical and fusion scenarios; as they form and
the current sheet thins, they will become increasingly unstable to such modes. [41; 49] Therefore, it
is possible that the current sheet will reconnect and lose any topology, which previously identified it
as a current sheet, before it reaches the ion inertial length. This may suggest that it is not possible to
separate the slow quiescent build-up stage of reconnection from the explosive phase; and many
previous studies which assume that these stages can be decoupled by not including the initial
dynamics may not be justified in that approach. The question of at what thickness a current sheet will
settle, and furthermore if a simple model to predict the evolution of such a sheet can be found, are
some of the questions we hope to answer in this thesis.

1.2 – State of the art
This thesis proposes a study of magnetic reconnection using the Osiris [50; 51] PIC code. There
are three key aspects of magnetic reconnection which remain largely misunderstood and will be
critical in understanding the process. The first question is that of the onset problem. During
reconnection events, there is a transition from a slow quiescent stage to the explosive reconnection
phase. Understanding when this transition occurs and what physical factors affect it is essential. The
second question is that of the rate of reconnection. The basic model proposed by Sweet and Parker
[37; 38] describes reconnection rates that are far slower than those observed in nature. In these
systems Lundquist numbers, defined as the ratio of the Alfvén wave crossing timescale to that of
resistive diffusion, are extremely high (1012-1014 in the solar corona). Recent work has greatly
improved upon this model by amending the incorrect steady state assumption and studying the
formation and consequent expulsion of plasmoids from the current sheet. [41] The final pertinent
question is that of the partition of energy in magnetic reconnection events. Magnetic reconnection is
a violent change in magnetic field topology, transferring energy via plasma heating, increasing plasma
fluid kinetic energy and supra-thermal particle acceleration. The mechanism whereby energy is
transferred, and how it is distributed are the focus of the energy partition problem.
This study aims to simulate and investigate phenomena observed in recent Z-Pinch
experiments, [47] which form part of the Mega Ampere Generator for Plasma Implosion Experiments
(MAGPIE) [52], and explain their results. A schematic of the apparatus is shown in Fig. 2. The
experiments were set up as follows. Two linear Z-Pinches were driven with a current of 1.4MA such
that the carbon wiring began to ablate plasma outwards. At the midpoint between these two ZPinches, there are two counter-streaming magnetised plasma flows with anti-parallel magnetic fields;
which thus formed a current sheet. The results of this experiment were interesting in a number of
respects. Primarily in the electron-ion temperature differences observed which showed an ion
temperature which was six times higher than the electron temperature. Furthermore, the timescales
on which these temperature differences manifested themselves were extremely short.
The plasma is weakly collisional; therefore, we would not expect rapid temperature
equilibration. However, it is not immediately obvious why such a process would preferentially heat
the ions. The timescales for this heating are far too short to be explained by classical Spitzer resistivity
[53] or Braginskii viscosity. [54] Hare et al. [47] find a viscous heating timescale of 800ns to be heated
from 50eV to 600eV which is far longer than the experimental timescale. The electrons would likely
be heated by Ohmic heating; therefore, we can solve, using the classical Spitzer resistivity and the
current densities found in the experiment, for a time scale of 350ns for electron heating. No definitive
explanation has been found for these anomalous results. Suggested explanations include anomalous
resistivity (localised increase in resistivity in the current sheet) or viscosity as well as kinetic
instabilities.
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Figure 2. 3D schematic of the magnetic reconnection experiment, using two exploding wire arrays
driven in parallel. The right-hand array is cut away to show the current path. The radially diverging
flows from each array collide at the mid-plane where the advected magnetic fields are anti-parallel,
producing a well-defined, quasi-2D reconnection layer of width 2δ and length 2L. b) Top view, showing
the field of view. c) Side view. Figure taken from Hare et al. [47]

Although the results of this thesis are directly relevant to the three main questions regarding
magnetic reconnection, this study will aim to focus specifically on aspects of the rate problem and the
energy partition problem. The primary goal of this study is to understand the mechanism and physical
parameters that affect the formation and dynamics of the current sheet and hence explain a number
of the interesting results from this experiment: primarily the electron-ion temperature difference and
the mechanism causing it. The timescales for this energy dissipation to the ions are too short to be
explained by viscous effects or resistive heating and, as such, the mechanism causing this dissipation
requires further study.
This thesis will also seek to investigate whether the nonlinear dynamics of the post-onset
system are affected by its initial conditions. If initial conditions that cause a longer onset can be shown
to lead to a variation in the parameters of the reconnection, such as the reconnection rate and energy
partitions, then we cannot decouple the onset from the energy release stage. Even if this is not the
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case it may be that the reconnection rate will be significant prior to the transition, and in
circumstances which are inherently not steady-state, this will also be an important conclusion.
As can be seen from the results of Hare et al. [47] the reconnection layer is uniform in the out
of plane direction and therefore the system in these simulations will be treated as quasi-2D. Further
preliminary work will also involve finding a simple analytical solution to the MHD equations governing
the time evolution of the a parameter, with a view to validating this solution using simulation data. If
the solution can be shown to be accurate, at least initially in the region where the MHD equations are
valid, this could be taken as a simple model for the evolution of a current sheet. Once a suitable setup has been found, the simulations will scan in physical parameters such as Alfvénic Mach number
and the length scale in the direction perpendicular to the current sheet (a) to discover how the starting
scales affect the final state of the system. This will be in respect to a number of physical parameters
including but not limited to the ion-electron heating, the thickness of the current sheet, the magnetic
field topology, the size of plasmoids formed, the outflows, and the reconnection rate.
1.3 – Thesis Scope
This thesis will focus on the scanning of the critical parameter a, the background magnetic
field equilibrium distance, and in the inflow Mach number; as well as investigating the proposed
theories that the onset causes a decrease in a to the transition point where the amplitude of the
instability is greater than a itself, and the current sheet is more susceptible to the tearing instability.
[55] The results relating to the various particle accelerations and heating mechanisms, reconnection
rates and current sheet formation parameters will all be discussed.
The thesis will progress as follows. First, the simulation set-up will be described, explaining
how the physical system to be represented manifests itself mathematically in the code. Next, a
macroscopic description of the qualitative behaviour of the current sheet evolution will be given which
is representative of the general behaviour seen across these simulations. An analytical model which
describes the current sheet formation will then be presented and its effectiveness with respect to the
simulation data analysed. The thesis will then present the results with respect to the particle
acceleration mechanisms present, and then the particle heating mechanisms. Finally, the thesis will
analyse the effects of initial conditions on the reconnection rate and current sheet structure. The
results presented will then be used to offer explanations for the anomalous results seen in the Z-Pinch
experiments described in Sec. 1.2.
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Chapter 2
Numerical Implementation
2.1 – Simulation Set-up
2.1.1 – Initial Conditions
The simulations will use the fully relativistic, 3D PIC code Osiris [50; 51] to study forced anti-parallel
reconnection with no guide field. Experimental evidence has suggested that the system is uniform in
the out of plane direction, even in the presence of plasmoids, and as so we shall treat the system as
quasi-2D. Although the system is not evaluated in 3D, all three components of the fields are tracked.
The starting state of the system is a Harris-like sheet [56]:
H

𝐵? (𝑥) = 𝐵C tanh ( ) ,

(1)

I
H

𝑛 𝑥 = 𝑛C sech< ( ).

(2)

I

Here we use a ratio of nbackground to n0 of 1/5 where nbackground represents a non-drifting background
density of both electrons and ions in addition to the Harris density. The initial a parameter is varied
between runs with the variation chosen to scan across sub and supra-ion inertial length scales; the
parameters are summarised in Table 1. The parameter space was set to match the important
parameters of the experiment as closely as possible. The temperature ratio is chosen to be Ti/Te = 10/3
to reflect the temperature of the experimental inflows and the value of the magnetisation parameter
was s =

&1O

2p41 5 P Q O

= 2.25. The value of the plasma b, where b =

RpS
&1 O

was moderately adjusted from

the experimental parameter of 0.7 to 0.4 in order to ensure sub-relativistic initial electron thermal
velocities which are dominated by the fluid flow. The initial condition is therefore not an equilibrium
and would naturally be compressed by the magnetic pressure in the absence of any perturbation.
Current sheets are inherently unsteady and their formation is often not from a steady state, thus it
seemed reasonable to start form a ‘Harris-like’ topology which more closely matched the
experimental conditions. The ratio of mi/me = 100, a non-realistic mass ratio is used to reduce the
computational requirements of the study. The domain extended from -16di < x, y < 16 di where di =
Q
. The domain was made of a 3200x3200 grid such that the width and length of one cell
w)6

corresponded to 0.1 de where de =

Q
w)P

= 0.1di thus we are resolving electron skin depth scales. The

simulation domain was represented by the background, and Harris sheet electrons and ions with a
total of 100 particles per species per cell giving a total of 4 billion particles.
In order to allow the simulation domain to form a reconnection layer ab initio, the system is
given a perturbation in the form of an inflow velocity. This was applied across the entire domain with
a corresponding 𝑬 = −𝒗×𝑩 electric field:
H

(3)

𝑢H (𝑥) = −𝑢C tanh ( ),
I

H

𝐸[ (𝑥) = −𝑢H 𝐵? = 𝑢C 𝐵C tanh< ( ) .
I

(4)

Rather than applying a given a parameter initially, which will remain constant throughout the
simulation, this form of perturbation allows the system to evolve self consistently
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In order to introduce a system size in the parallel direction a variation was applied to the inflow
velocity of the form:
𝑢H 𝑥, 𝑦 = 𝑢H (𝑥)(1 −

?O
<+O

),

(5)

where L is the system size in the y direction. A consistent electric field was also applied. This y variation
encourages the development of outflows. However, initial simulations found that the variation was
insufficiently strong to overcome the inertia of the particles near the boundary and, as such, there
was a density build-up at the y boundaries of the current sheet. Therefore, a small initial parallel
velocity was applied of the form:
p?
<+

𝑢? (𝑥, 𝑦) = 𝑢_? sin ( ),

(6)

where u0y = u0, in order to encourage outflows to develop. The magnitude of this condition was varied
and the results compared across all runs; it was found that the system outflows were independent of
this initial component after 100 wpe-1.
2.1.2 – Boundary Conditions
In order to reflect the boundary conditions of the experimental set-up a constant inflow
velocity and magnetic field were set at the x boundaries to reflect the wire array from the experiment.
Osiris uses a Yee grid and Boris pusher as its solver for the domain. As is standard with a Yee grid, two
guard cells are employed with the magnetic field being evolved from the first guard cell and the
electric field being evolved from the first cell of the domain. The particles are, however, ejected at the
first grid cell. Therefore, to avoid particle reflection at the boundary an additional guard cell was added
such that the boundary conditions could be implemented outside the system domain. The boundary
conditions were set to ensure a constant density condition at the x boundaries. This was achieved by
setting an inflow density equal to the domain density at the boundary, injected at a rate equal to the
𝑬×𝑩 flow. The y variation was applied to the electric field rather than the magnetic field to ensure
that Ñ. 𝑩 = 0. Particle boundary conditions were set to be absorbing at all four boundaries for all
species. The y boundary conditions were set to reflect an infinite plasma volume outside the domain
such that there are no reflections of particles or waves. This required open boundary conditions for
particles and for waves. In Osiris, these are implemented as perfectly matched layers. [57] Perfectly
matched layers are a solution to ensure no reflections from an analytically exact propagating wave.
There are necessarily errors due to the discretisation on a grid, exacerbated as the current sheet
topology also leads to very high spatial gradients. Therefore, early simulations found that
electromagnetic wave reflections due to numerical noise were apparent and were causing a large
build of flux at the boundaries due to the superposition of incoming and outgoing waves. Therefore,
two measures were taken to reduce these effects. Firstly, the resolution of the simulations was
improved in order to more accurately discretise the domain and recover the analytical solution.
Secondly, the thickness of the region where the wave absorption takes place was increased to allow
for a reduction in spatial gradients.
2.1.3 – Normalisations and Definitions
The simulations were run for t » 10tA1, where t0 =

+
b-

is the Alfvén time, in order to capture

both the transient and statistical steady state behaviour of the system. As the simulations are
performed using the Osiris we shall use the same normalisation parameters:
1

The simulations varied in length as the simulations take varying amounts of time to reach steady state; once
the system had reached a steady state it was run for 10ta
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𝑡, 𝜔fg , 𝜔, 𝑐, 𝒙, 𝒑, g, 𝒗, 𝑒, 𝑚g , 𝑬, 𝑩, 𝑛, 𝑛C are respectively time, the electron plasma frequency, the
frequency of interest, the speed of light, the position vector, the momentum vector, the gamma
factor, the velocity vector, the fundamental charge, the electron mass, the electric field vector, the
magnetic field vector, the density, and the background density given in Eq. 2. Dashes represent the
normalised quantity and henceforth all quantities in the thesis will be normalised unless otherwise
stated; therefore, the dashed superscript will be dropped. It should be noted that velocities given
throughout this thesis will be proper velocities as given in Eq. 10. Furthermore, 𝜔f , the plasma
frequency is given by the electron plasma frequency throughout, 𝜔f = 𝜔fg =

234P g O
5P

.

Table 1: Simulation Parameters, Ma is the Mach number where Ma = vinflow/vsound.
Run Name
a [de]
Ma
V01a20
20
0.1
V02a20
V04a20
V06a20
V08a20
V12a20
V06a5
V06a10
V06a30
V06a40
V06a50

20
20
20
20
20
5
10
30
40
50

0.2
0.4
0.6
0.8
1.2
0.6
0.6
0.6
0.6
0.6

Throughout this paper, the terms particle acceleration and particle temperature will be used. The
particle temperature shall refer to the square root of second moment of the distribution function:
𝑇r =

𝒖𝟐 𝑓r . 𝑑𝒗,

(14)

with the thermal velocity equivalence, as:
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𝑢vw =

<xl
5l

,

(15)

and the particle acceleration will refer to an increase in the first moment of the distribution function;
an increase in the mean flow:
𝑢yz =

𝒖𝑓r . 𝑑𝒗.

(16)
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Chapter 3
Results
3.1 – Current Sheet Formation
Numerous studies have documented the evolution of current sheets [18; 19; 58] and much of the
macroscopic behaviour described in these studies is seen here. This study differs in a number of
respects. This study, in order to have a fully consistent current sheet thickness parameter, a, is not set
at sub-ion inertial lengths to encourage the tearing instability and is not restricted to massively supra
ion inertial length scales. If the current sheet thickness parameter is set to a large value, such that the
tearing instability growth rate is low and reconnection is limited in this region, then a condition must
be imposed upon the sheet in order to allow for sufficient thinning of the sheet at certain points to
allow the onset of reconnection. This can be achieved by lowering plasma pressure in the sheet at the
prescribed points such that the outer pressure causes the sheet to thin or by imposing non-uniform
flows such that the ram pressure of the flows causes the thinning. Doing so and starting with an
extremely thick current sheet only allows the tearing instability to manifest itself where it is imposed
and it cannot happen spontaneously throughout the sheet. The formation of plasmoids and high
reconnection rates therefore only occur in the areas of the sheet where it has been artificially
imposed. In this study, we do not start with these restrictions and have a current sheet with a high
tearing mode growth rate across the full length of the sheet in order that plasmoids can form at any
point which is decided by the system. Furthermore, this study evolves using a background b = 0.4
which is far lower than many other non-relativistic simulations. These differences will be highly
pertinent when explaining the results of the simulations.
We take as a case study the v08a20 run to describe some of the macroscopic behaviour of the
runs. In Fig. 3 we present snapshots of the out of plane current Jz in the (x, y) plane as the primary
plasmoid behaviour evolves. The snapshots show the domain in the range –Ly < y < Ly and -60 de < x <
60 de. The behaviour away from the layer is of minimal interest so only a small region focused on the
current sheet at x=0 is included. The initial state of the system is an unperturbed, modified Harris
sheet. The inflow Mach number of the applied flows is 0.8 so by 300wp-1 perturbations in the sheet
can be seen as small localisations in current where the tearing mode instability has begun to disrupt
the topology. By 700wp-1 the current sheet has formed a chain of plasmoids with smaller current sheets
having formed between them. These plots reflect well the density plots of both the electrons and ions
showing that the plasmoids contain high densities which are trapped by the reconnected field lines
which enclose them. The region at the centre of these plasmoids is termed the ‘O-Point’, and the
region between subsequent plasmoids called the ‘X-Point’ due to the shape of the magnetic field lines
in these regions.
The plasmoids are at this stage elongated ellipses in shape and are also separate entities. Due
to the high currents in each of the plasmoids they begin to attract and to coalesce to form larger
plasmoids; additionally, the magnetic tension of the elongated shape outweighs the particle pressure
of the density inside the plasmoid. The dominant magnetic tension force causes the plasmoids to
accelerate inwards in the parallel (y) direction and form circular shapes. By t=1100wp-1 the plasmoids
have begun to merge and only four plasmoids remain; the smaller of which have already formed
almost circular shapes. The merging of two plasmoids is qualitatively similar to the formation current
sheet itself: the two plasmoids coming together have anti-parallel magnetic fields and form a
secondary reconnection event between them. Although not seen in these simulations these sheets
can also become tearing mode unstable and form additional plasmoids propagating in the x direction
[58] with even tertiary reconnection events possible. These events are often referred to, and will be
subsequently in this thesis, as ‘anti-reconnection’ events. [59; 60] The large inflow velocities quickly
produce outflows and we therefore see these islands begin to move outwards in the y direction. By
t=1500wp-1 all but the innermost plasmoid, which will go on to form the ‘monster’ plasmoid, have
almost left the simulation domain as they are accelerated outward. This acceleration outward causes
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a thinning of the minor current sheets at the X-Points between the plasmoids making them more
susceptible to the tearing instability. Therefore, at t=1850wp-1 we see the creation of additional
‘secondary’ plasmoids at y=-115de and y=110de. These secondary plasmoids form rapidly and are very
thin and therefore, have extremely high gradients in the magnetic field, causing large currents also.
Due to these large currents and their small size they are rapidly attracted to the large plasmoid at the
centre of the sheet. The t=2250wp-1 plot shows the smaller plasmoid from y=-115de has already been
engulfed by the monster plasmoid with the larger to soon follow suit. These additions from smaller
plasmoids as well as the inflows cause the plasmoid at the centre of the sheet to increase in size; as
the plasmoid is near the centre of the sheet and is nearly circular then the forces are almost equal in

Figure 3. Spatial field structure of the out-of-plane current Jz for a small region focused on the
reconnection layer. The whole domain extends over a larger area but the important physics occurs
within the current sheet. The plots show the evolution of the current sheet with time for the
formation period of the simulations. Within this time frame the reconnection layer is not in a
statistical steady state and still bears memory of the initial conditions. The subsequent formation of
secondary plasmoids is qualitatively similar nonetheless. Lower plots show the steady evolution; the
-1
t=4000wp shows a highly-distorted layer after the exit of the monster plasmoid hence the rapid and
-1
chaotic formation of the t=5000 wp plasmoid. The layer quickly normalises itself once again and the
similar behaviour can be seen to repeat itself in the later snapshots. The large plot shows an expanded
-1
view of the t=1500wp snapshot showing the entire simulation box. Plots taken from run v08a20.
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the y direction and it remains for a long time in the central region where it can significantly increase
in size. By the time it begins to flow outwards at t=2700wp-1 it is affecting the fields across almost the
length of the simulation domain and has a width which is greater than the initial conditions of the
sheet. This monster plasmoid then begins to move outward leaving the domain shortly after the
snapshot at t=3600wp-1. The expulsion of the monster leaves the sheet extremely unstable and the
movement outward of the large mass also encourages greater inflows. The sheet then repeats this
process of forming plasmoids, which merge and are subsequently expelled. As can be seen from Fig.4,
of the time trace of the reconnection rate, the sheet reaches a statistical steady state over timescales
greater than t=4000wp-1.
This behaviour is consistent with that seen by several reconnection studies and is
representative of what was seen across the various simulations performed. Here we see that the

Figure 4. Reconnection rate time trace for run v08a20. Reconnection rate is defined as the average
out of plane electric field Ez over the current sheet (see Sec. 3.5). The peaks and troughs correspond to
the formation and expulsion of plasmoids with high reconnection rate occurring during plasmoid
-1
formation. The system reaches a statistical steady state after t=4000wp .

region is not constrained to form a primary X-Point and we therefore see the production of secondary
plasmoids at various locations throughout the current sheet. The formation of the first generation of
plasmoids is qualitatively similar to that of the secondary islands, however, in this thesis, all
statistically steady state calculations do not include the primary plasmoids; the primary plasmoids still
bear memory of the initial conditions of the sheet. [58] Therefore, the time-averaged reconnection
rate calculations are calculated after the expulsion of the primary plasmoids. As many of the systems
being modelled are inherently non-steady state, the particle acceleration mechanisms will be analysed
for the primary plasmoids. The differences between the runs and how they manifested themselves
will be discussed later in this thesis.
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3.2 – Analytical Predictions
The question of at what scale the current sheet will settle is pertinent. If a simple model can
predict the final thickness, and therefore the final state of the current sheet, we can infer a large
amount of the sheet’s behaviour: the growth rates of the tearing instability; the expected
reconnection rate; the structure of the outflows – a large proportion of the important features of the
sheet. Furthermore, if an analytical theory predicted that the final state of the system is a strong
function of the initial conditions then this would be strong evidence to suggest that the build-up phase
cannot be decoupled from the reconnection phase. In order to develop such a theory, we start from
the (un-normalised) MHD equations:
{𝑩
{v

r

= Ñ×(𝒗×𝑩) ,

(17)

{𝒗

(18)

{v

+ 𝒗. Ñ𝒗 = 𝑱×𝑩 − Ñ𝑃.

The current sheet formation will occur on slow timescales on the order of a/u0 and outside the sheet
the length scale is the size of the simulation box, L. Therefore, we expect these solutions to be valid
until the system size is on the order of di where additional terms such as the Hall term must be
included. To simulate this system, we apply the Harris sheet conditions as well as an initial profile for
the velocity, given by Eq. 3. We first introduce a difference in thickness parameter for the inflow
velocity and the magnetic field profile such that they can vary individually. We then treat a and b as
functions of time a(t), b(t) and assume that pressure gradients are small. This is not a rigorous
assumption but in our system the value of b is such that:
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This allows a fully analytical solution to be found so we use the approximation here. We can then
simplify the field profiles by assuming that the profile within the bounded region [-a, a] is linear in x
and constant elsewhere giving:
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Substituting these profiles into the MHD equations and solving for
of coupled differential equations:
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These can be solved by searching for quadratic solutions. By substitution and matching of coefficients
we find the following time evolutions of a and b:
𝑎 𝑡 =

I1O ˆ1O 9<‡1 ˆ1 I1O vŒ ‡1O I1O 9,‹O ˆ1O v O
ˆ1O I1
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where 𝑎C and 𝑏C are the initial lengths for the a and b parameters. Or in Osiris normalisations:
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These equations provide an excellent analytical starting point with which to compare our
simulations. The profiles show a quadratic decrease in velocity and magnetic field width with time
which we expect to be valid up until scales on the order of di, where kinetic effects begin to become

Figure 5. Evolution of the current sheet thickness parameter over time comparing the simulation results
against MHD theory for the simulation parameters B0 = 1.5, u0= 0.1, a0=b0 =50 and the pressure gradient
not set to zero. The simulation results show good agreement with theory for the parameter range a ³
28 de. Red dashed line shows di.
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comparable to ideal effects. In order to calculate the a and b parameters of the simulation results a
H
simple linear least squares fit to a tanh( ) curve was applied to the simulation magnetic field profiles
I
domain at the line y = 0. We observe small amounts of flux build-up as the sheet forms and so the fit
was only applied to region of 20de centred on x =0.
Comparing to our simulation results the theory shows fair agreement for scales up until ~2di
(see Fig. 5), which is slightly higher than our model’s predicted range of validity. The analytical solution
is always an overestimation of the reduction in the a parameter. However, this is to be expected as
the model neglects pressure effects. An even closer agreement can be obtained by using a uniform
background density in the simulation. 𝑃 = 𝑛C (𝑇g + 𝑇" ) therefore, for spatially uniform density and
temperature we have Ñ𝑃 = 0. As the results in Fig. 6 show there is now excellent agreement between
the theoretical and numerical models up until a»16de. The timescales of these runs are very short with
the time for minimum thickness to be occurring after only 200𝜔f9• . Simulations with a wider starting
a parameter also show good agreement. See Fig. 7 for a comparison of the a =120 parameter. The
agreement is still excellent over a large parameter space but there are slightly greater deviations as
the simulations progress. This could be for a number of reasons such as: the build-up of magnetic flux
which propagates back out into the domain; the increase of density over large regions introduces finite
Ñ𝑃 terms; and similarly, although minimal, a small amount of localised thermal heating does occur
contributing to a Ñ𝑃 force.

Figure 6. Evolution of the current sheet thickness parameter over time comparing the simulation
results against MHD theory for the simulation parameters B0 = 1.5, u0= 0.1, a0 =b0=50, Ñ𝑃 = 0. This
simulation is identical to the simulation shown in Fig. 5 except with the pressure gradient set to zero.
The simulation results show good agreement with theory for the parameter range a ³ 16 de. Red
dashed line shows di.

The variation of the parameter b shows qualitative agreement, but due to a number of effects
it is not well represented by Eq. 28. As the inflow Mach numbers of these simulations are relatively
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high the sheet cannot process all the flux that is entering it and a small amount of flux pile up occurs.
Although this does not largely affect the magnetic field structure, as the flux then propagates
H
backward, large variations in velocity occur. While the low frequency result is the tanh( ) shape
ˆ
profile predicted, there is a high frequency noise component added to the profile meaning that it is

Figure 7. Evolution of the current sheet thickness parameter over time comparing the simulation
results against theory for the simulation parameters B0 = 1.5, u0= 0.1, a0 =b0=120, Ñ𝑃 = 0. The
simulation results show good agreement with theory for a³ 25 de.

not well described by the theory. The electric field is overlaid with a corresponding profile such that
the magnetic field is well described by the predicted profiles.
The question still remains as to up until what point this model should be consistent with
simulations. A simple explanation of current sheet thickness can be derived by considering the
pressure balance at the centre of the sheet:
𝑃=
where P is the particle thermal pressure,

&1O
Rp

&1O
Rp

•
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is the magnetic pressure and the 𝑛C 𝑚" 𝑣 < is the ram
<

pressure of the incoming flows. Initially, and by design, this system is not at equilibrium. A number of
simulations initiate the collapse of the current sheet by altering one of these terms. We have a
combination of these effects present and suggest that the sheet will relax to a scale at which these
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terms balance. The pressure term is equal to 𝑃 = 𝑛C (𝑇g + 𝑇" ) and therefore an increase in density or
temperature will cause a pressure increase in the sheet. We will assume that the magnetic field profile,
velocity profile, and density profile all move together such that the curves are similar and at a given
boundary point, which is where the inner and outer sheet solutions are usually matched, [37] and the
velocity divergence is zero. This is a valid assumption in the case that the timescale on which the sheet
builds up is small compared to the timescale on which the incoming flow density reaches the sheet:
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≪ 1 then this is a valid assumption and we can conclude:
Š4
Šv

= 0.

(31)

Figure 8. Comparison of the initial current sheet thickness versus the final current sheet thickness
(ainitial vs afinal) for simulations with Ma = 0.6. Line shows the necessary compression ratio in order for
pressure to balance in the current sheet.
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If we assume that the profile of the density remains the same but the peak is simply increasing then
for continuity, assuming all density outside the sheet thickness can be neglected:
¥
H
n sech<
9¥ •
I—

. 𝑑𝑥 =

¥
H
n sech<
9¥ C
I1

. 𝑑𝑥 ,

(32)

2𝑎• 𝑛• = 2𝑎C 𝑛C ,

(33)

41

(34)

4—

=

I—
I1

.

We therefore expect the ratio of density increase to match the decrease in the scaling parameter.
Calculating the expected increase in density for the system parameter of the v06a50 run we expect
an increase in density of 3.2. The ratio ainitial/afinal = 3 shown in Fig. 8 illustrates good agreement
between the model and the numerical simulation. Similarly, across other results we see that the ratio
of final to starting thickness is independent of the starting thickness. The final thickness of the current
sheet is taken at the time when the a parameter asymptotes, defined here as less than 5% change
over a time period of 100𝜔f9• . The results consistently overestimate the decrease in scale; this is to
be expected as the simulation results also show a small amount of heating as well as over localisation
of density build-up at the centre of the sheet.
These results therefore tentatively suggest that the final state of the system may well be a
function of the initial conditions of the system and that one cannot decouple the reconnection phase
from the build-up phase. The relative importance of the thickness of the sheet has yet to be evaluated
but there is a clear indication that the final state may bear memory of the initial state. Whether or not
this is transient behaviour, and whether the system will settle to a steady state configuration that is
independent of the initial conditions, is also yet to be evaluated. Nevertheless, the model has been
shown to be accurate in predicting the shape of the magnetic field profiles as they evolve and in
predicting the final thickness of the current sheet at the onset of the plasmoid instability. These
equations can therefore be used as a simple prediction for the formation of a current sheet.

3.3 – Particle Acceleration
One of the goals of this thesis is to analyse the acceleration and heating mechanisms present
in the current sheet. This section will look at three different particle acceleration mechanisms that
have been identified previously. [18; 61] Contrary to these studies this thesis finds that it is the
acceleration of particles trapped within plasmoids that causes the highest energy particles and is the
most efficient acceleration mechanism. Previous studies [18; 62] were deliberately constrained in
order for the monster plasmoid to be confined to the centre of the region via periodic boundaries,
which restrict plasmoid outflow. As will be explained the greatest accelerations occur during the
period of the plasmoids’ peak velocity, when it is nearing the boundary, which may explain the
differences in conclusions.
For each acceleration mechanism, a representative particle’s history is demonstrated. Many
of these particles are accelerated by more than one of the mechanisms discussed; however, the
representative particles chosen receive the majority of their energy from the given acceleration
mechanism and were chosen from the subsets to be within ±5% of the 90th energy percentile for their
given acceleration mechanism.
Due to the pertinent behaviour being mostly confined to the direction parallel to the sheet,
the figures of particle tracks present space-time diagrams in the (y, t) plane. These are plotted against
the current contours of Jz (grey lines) which show the locations of the plasmoids’ core as it advances
along the sheet. These plots show the contours equal to the core of the plasmoid, which does not
change dramatically over time (except in the case of mergers) and so is representative of the centre
of the plasmoid. However, as can be seen from Fig. 3, the plasmoid radius is increasing and the particle
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tracks, particularly those of high energy, which stray outside the confines of the plasmoid within the
plot are still within the fields produced by it. The energy of the particle corresponds to the colour of
the track. Despite each particle track occurring within the first 4000wp-1 the acceleration mechanisms,
and their relative importance with respect to total particle acceleration, are similar to the later times
of the simulation. Only the early particle tracks are shown due to their clarity.
3.3.1 – X-Point Acceleration
X-Point acceleration is identified as the acceleration of particles as they enter the
reconnection region between plasmoids. Here we see strong inflows and the peak in the reconnection
rate at the minima of the magnetic vector potential, Az.
Previous studies have identified X-Point acceleration as the possible mechanism for the
production of the high-energy tails that are present in astrophysical non-thermal spectra. The findings
of this thesis, follow that of previous studies [18; 27] in that the X-Point acceleration does provide an

-1

Figure 9. (Left) Plot of electron spatial fluid velocity structure at t=1150wp . The accelerated particles
emanating from the X-Points are clear with the peak velocities occurring immediately before the
plasmoid. (Right) Lineouts of magnetic tension (Upper) and fluid velocity (Lower) along x=0. Plots
taken from run v06a30.

amount of particle acceleration but is the sub-dominant mechanism on sufficiently longer time scales.
This is particularly true in the case where collisionless shocks are present as analysed later in this
thesis. The mechanism for this acceleration is simple to understand (see Fig. 9). The particles flow into
the X-Point region where they encounter large magnetic tension forces. The particles are therefore
accelerated toward the O-Points. Furthermore, the particles in these regions, where reconnection is
locally increased, are subject to large electric fields in the out of plane direction. We therefore see
large increases in the z directed momentum of the particles as they move through this region.
Fig. 10 shows the trajectory of particle 135-269264. This particle is one of many particles that
gains the majority of its energy from X-Point acceleration but has been chosen as clearly displaying
the macroscopic behaviour discussed, while also being representative of particles of the highest
energies from X-Point acceleration. This particle drifts along the reconnection layer at almost constant
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Figure 10. Space-time and particle parameters for particle 135-269264. The plots show from left to
right: space-time diagram in the (y, t) plane; x position; energy; particle momenta; electric field
components (units of mecwp/e); magnetic field components (units of mecwp/e). Grey lines in the spacetime diagram show contours of Jz and show the location of the centre of plasmoids. The final three
plots show x components (red), y components (brown), z components (green). The line colour of the
space-time plot corresponds to the particle energy and is given by the colour-bar. Particle taken from
run v08a20.

x unable to enter the region due to the strong fields surrounding the plasmoids. However, at t=1150wp1
the particle is accelerated into the region by a large plasmoid exiting the domain and creating inflows
in the region it previously occupied. We see shortly after this at t=1500wp-1 when the particle reaches
x=0 that the particle experiences large magnetic tension forces and the reconnecting field. The
strength of the reconnection field is greater at the X-Point than the magnetic tension and thus the
initial acceleration is in the z direction reaching a pz value of -18mec. As the particle accelerates toward
the plasmoid it reaches the region of higher magnetic tension and the y acceleration increases, causing
the particle to be accelerated into the monster plasmoid. Throughout the acceleration process the
particle remains within the reconnection layer at x»0. The particle experiences a small deceleration
as it enters the plasmoid (see Sec. 3.4.1) and then experiences further small increases and decreases
in energy as it travels with the plasmoid though the time averaged energy remains roughly constant.
Analysis of the energy spectra from these regions would suggest that the X-Point acceleration
is not the mechanism responsible for the high-energy tails seen in astrophysical observations. We do
not see the development of power law spectra due to X-Point acceleration in these simulations. The
X-Point acceleration is significant at shorter timescales and limited geometry. X-Point acceleration is
the first acceleration mechanism present as it occurs as soon as the plasmoid instability growth rate
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is significant. The effect is less important at later times if the geometry is such that the plasmoids can
develop bulk motion, as will be discussed in Sec. 3.3.2.

3.3.2 – Acceleration due to Plasmoids
The most significant contribution to particle energy, and the mechanism responsible for the
highest energy particles is found within the plasmoids. The mechanism requires the particles to have
already been accelerated into the plasmoid; therefore, the particles with the highest energy have
experienced both the X-Point acceleration and acceleration within the plasmoids. However, the
largest contribution to these particles energies was from within the plasmoids. To achieve the highest
energies, purely X-Point acceleration is not sufficient. Previous studies have found that magnetic
mirror effects are negligible; [18; 63] however, this may well be a by-product of the restrictions placed
on the system. These systems often impose periodic boundary conditions or additional geometric
constraints such that the plasmoids motion is toward the centre of the sheet. [18; 62; 63] In these
systems, the period of maximum particle acceleration, the time when the plasmoid is moving the
fastest and is in the process of exiting the sheet, is not present. The distribution of particles clearly

Figure 11. Space-time and particle parameters for particle 475-438929. The plots show from left to
right: space-time diagram in the (y, t) plane; x position; energy; particle momenta; electric field
components (units of mecwp/e); magnetic field components (units of mecwp/e). Grey lines in the spacetime diagram show contours of Jz and show the location of the centre of plasmoids. The final three
plots show x components (red), y components (brown), z components (green). The line colour of the
space-time plot corresponds to the particle energy and is given by the colour-bar. Particle taken from
run v08a20.
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shows an increase in particle energy over time within the plasmoid (Fig. 13). So, the question of what
is causing the acceleration arises.
The findings of this study suggest that these accelerations occur due to a number of effects.
The magnetic mirror effect from both plasmoid contractions, but more importantly from plasmoid
bulk motion plays an important role, as does the z directed electric field at the extremities of the
plasmoid. The plasmoid contraction does play a role in the acceleration; as the plasmoids move there
are minor elongations and contractions for smaller plasmoids but as they develop and increase in the
magnetic flux they carry then the shape remains effectively constant, [58] whilst increasing in size.
The plasmoid bulk motion is significant and it grows in magnitude as the plasmoids move outward.
Indeed, we can clearly see an increase in the particle distribution as the plasmoid moves closer to the
boundary in Fig. 13. The effect is even more pronounced as the plasmoid moves toward the edge
where the plasmoid velocity is greater.
The tracks of particles 475-438929 (Fig. 11) and 312-630953 (Fig. 12) are two of various tracks
which show particle acceleration due to plasmoid reflection. Particle 475-438929 is accelerated at the
X-Point to high energies at t=1400wp-1 and enters the plasmoid at t=1700wp-1 where it becomes part
of the high-energy ring surrounding the core of the plasmoid. The particle experiences small
accelerations and decelerations with the particle energy gradually increasing. At the edges of the
plasmoid the particle’s direction of motion is reversed and it gains more energy than it entered the
region with; this effect occurs at the trailing edge of the plasmoid. In these regions, the advancing
magnetic field of the plasmoid acts in a similar manner to the plasmoid contractions noted by Drake
et al. [64] and accelerates the particle. Indeed, we see the greatest accelerations of this kind at the
later stages of the plasmoids’ life where the velocity of the plasmoid is greatest. These are

Figure 12. (Left) Space-time diagram for particle 312-630953. (Right) Plots of y position (Upper) and
energy (Lower) vs time. Grey lines in the space-time diagram show contours of Jz and show the
location of the centre of plasmoids. Line colour corresponds to the energy of the particle at time t.
Particle taken from run v08a20.
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accompanied by large increases in y momentum as the particle experiences the high magnetic fields
at the trailing edge. A correspondence can be seen between the increases in energy and the high x
and y directed magnetic fields.
Particle 312-630953 (see Fig. 12) enters the plasmoid at a higher energy than particle 475438929 and as such can circumvent the plasmoid and reflect off both the upper and lower surface of
the plasmoid. The higher energy state of particle 312-630953 allows the particle to stray further from
the centre of the plasmoid in its motion as it requires greater deceleration before its direction can be
reversed. Plotted in Fig. 12 is the variation in energy with the particles y position. Particle 312-630953
follows a similar trajectory to particle 475-438929 in that it enters the reconnection region after the
expulsion of a plasmoid and is accelerated to high energies at the X-Point. The particle then follows
an almost circular orbit around the plasmoid, its bulk motion moving in the negative y direction with
the island. The particle continues to be accelerated but again, these accelerations occur at the trailing
edge of the plasmoid. We can clearly see in Fig. 12 that the increases in energy occur as the particle
approaches the maxima in the y direction.
This process is repeated throughout the life of the plasmoid and we expect to see the
strongest acceleration and the presence of power law spectra in the monster plasmoids. As the
spectra (Fig. 13) show we have a power law extending over a decade. Furthermore, the proportional
increase in particle energies is far greater for the later times when the plasmoid bulk velocity is at its

Figure 13. Distribution of particle energies for electrons taken within the monster plasmoid at varying
-1
-1
times, each distribution follows the same one million particles at times t=2500wp (blue), t=3000wp
-1
(green) and t=3500wp (red). Also shown is the initial particle distribution (light blue) and the -1.6
spectral gradient (dashed). Particles taken from run v08a20.
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greatest. The acceleration mechanism gives rise to a power law with slope E-1.6 which extends from E
= 1 mec2 to E =20 mec2. This is consistent with previous findings with power law spectral slopes in the
range of -1 to -2 for reconnection based particle acceleration with spectral gradients of <-2 being
found only in shock-based acceleration. It is also consistent with the findings of Holman et al., [65]
which found that the hardest energetic electron energy spectra in flares have spectral slopes which
are of the slope E-1.5. This is a shallow slope showing that the acceleration mechanism is very efficient
in increasing particle distributions to higher energies.
3.3.3 – Plasmoid Mergers
The findings of previous papers [18; 63] which reached the conclusion that the magnetic
mirror effect played little or no part in the acceleration have distinct differences from this study. The
set-up was specifically designed in order that the major X-Points were at the system boundaries such
that all plasmoids moved inward and therefore, in the time frame of the simulations, the main
conditions for plasmoid acceleration were not as apparent as they are in these simulations. For high
energy particles, the anti-reconnection field was identified as the main acceleration mechanism; this
study finds that the anti-reconnection field does not play as an important role as found in previous
studies. [60; 66]

Figure 14. Space-time and particle parameters for particle 362-901926. The plots show from left to
right: space-time diagram in the (y, t) plane; x position; energy; particle momenta; electric field
components (units of mecwp/e); magnetic field components (units of mecwp/e). Grey lines in the spacetime diagram show contours of Jz and show the location of the centre of plasmoids. The final three
plots show x components (red), y components (brown), z components (green). The line colour of the
space-time plot corresponds to the particle energy and is given by the colour-bar. Particle taken from
run v08a20.
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Particle 362-901926 in Fig. 14 is accelerated by the merging of two plasmoids at t=1050wp-1.
The particle is at the trailing edge of one of the plasmoids at (x, y) » (0, -40). As the merging begins
the anti-reconnection electric field begins to accelerate the particle in the z direction. We see here an
increase to a peak of 1.5mec in the z directed momentum. The reshaping of the magnetic fields also
plays a role in this acceleration. The contractions in the parallel direction cause a strong y directed
acceleration and the expansion of the fields at the X-Point between the merging plasmoids as the
fields reconnect also allows the particle to accelerate in the perpendicular direction. The contracting
fields accelerate the particle to y=0 and can be seen to accompany the large x directed oscillations at
t=1100wp-1. The perpendicular acceleration is greater, however, once the plasmoid has almost fully
formed and begins to contract again to form a circular shape as can be seen at t=1250wp-1. The particle
remains within the plasmoid for the duration of its lifetime – it is accelerated by the plasmoid but the
main acceleration occurs during the merging process.
Fig. 15 shows the evolution of the particle energy spectra within the merger. This is the largest
merger between the primary plasmoids and we observe an increase in the particle spectra, although
these particles are still at significantly lower energies than those being accelerated by the plasmoid
acceleration. The merger causes an acceleration of a number of particles to high energies as can be

Figure 15. Distribution of electron energies for particles taken within the plasmoid merger at varying
-1
-1
times, each distribution follows the same one million particles at times t=1200wp (blue), t=1300wp
-1
(green) and t=1400wp (red) Also shown is the initial particle distribution (light blue) and the -2.5
spectral slope (dashed). Particles taken from run v08a20.
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seen by the small increase in the spectra but the mergers are not as efficient as the plasmoid
acceleration mechanism. The beginnings of a power law may be present, seen most clearly between
E=1.3mec2 and E=4mec2at t=1400wp-1 but only over a limited range. This is a sharp spectral slope of 2.5 and so cannot explain the slopes seen in astrophysical contexts such as by Holman et al. [65]
3.3.4 – Summary
This section presented three acceleration mechanisms. The most significant of these was
found to be the acceleration of particles within the plasmoids. The advancing magnetic field that the
particles see due to bulk plasmoid motion accelerated the particles efficiently to high energies. This
mechanism works in tandem with the X-Point acceleration which is also efficient in accelerating
particles, though not to the highest energies. The highest energy particles are first accelerated by the
X-Point acceleration and then taken to the highest energies by the plasmoid acceleration. The
acceleration due to the anti-reconnection field at plasmoid mergers was not found to be significant.
These accelerations become more significant at higher inflow Mach numbers. The higher inflow Mach
number creates a thinner sheet (see Sec. 3.2) and has greater outflows. As the plasmoid acceleration
is greatest when the plasmoid bulk velocity is greatest we therefore see the highest particle
accelerations with high Mach number flows.

3.4 – Particle Heating
One of the most interesting results from the Z-Pinch experiments [47] was the significant
difference in electron and ion temperatures; ion temperatures reached 600eV and electrons only
100eV. Why this result was found is difficult to understand as it is not immediately obvious that any
one mechanism should preferentially heat the ions. The question remains: what mechanism is causing
this disparity?
The simulation results would suggest that strong heating occurs in three different processes:
a perpendicular shock between the X-Points and O-Points; a set of oblique shocks within the
plasmoids; plasmoid formations and mergers. Each of these processes may lead to the formation of
collisionless shocks where strong particle kinetic energy is converted to thermal energy. Furthermore,
the conditions for the onset of the ion-acoustic instability are present in the case of mergers and
numerous other locations throughout the current sheet. These locations correspond to areas of
increased ion temperature suggesting that the ion-acoustic instability is present and is heating the
ions. The detection of these shocks, and the analysis of their role in thermalizing energy is one of the
most original contributions to this thesis; indeed, we are not familiar with any other study where this
has previously been reported.
3.4.1 – Perpendicular Shock
Collisionless shocks are well studied in literature and often used as explanations for the
generation of high energy particles; [29; 67] often citing a Fermi-like acceleration mechanism. As has
been shown there are numerous mechanisms causing particle acceleration in the current sheet; this
energy can be effectively thermalized by collisionless shocks causing strong particle heating. Indeed,
we can see from Fig. 17 a highly-localised increase in electron thermal velocity at the edges of the
plasmoids, where we will show in Fig. 18 that shocks are present. Furthermore, it will be shown that
this mechanism leads to higher peak electron temperatures rather than ion temperatures; contrary
to what the experimental evidence suggested. However, these simulations are collisionless, in
contrast to the experiment which was highly collisional. It is unclear whether or not these shocks
would form in a collisional regime at this time.
The formation of these shocks can be understood from viewing the particle accelerations at
the X-Points. This is an acceleration mechanism previously identified to explain the non-thermal
power law spectra discussed in Sec. 3.3.1; in this study, we find that X-Point acceleration does not
form the greatest contribution to particle accelerations as much of this energy is in fact thermalized
and we see no indication of power law spectra. Fig. 16 shows a region around the X-Point; the current
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sheet is the location of large particle accelerations caused by large magnetic tension forces in the
sheet there. As the plasmoid moves outward and the fields become elongated and the tension
increases we see even greater accelerations.

Figure 16. – Spatial field structure of the electron fluid velocity for selected times over a region
focused on the reconnection layer. Plot taken from run v06a50.

We therefore have a large population of particles moving with high velocity toward the dense
mass contained inside the plasmoid. The velocities, as can be seen in Fig. 16 and Fig. 18, are strongly
super-Alfvénic. As these particles meet the increasing magnetic fields and density at the plasmoid the
electrons form a collionless shock. This mechanism can be understood by considering the plasma
electron magnetisation parameter (see Sec. 2.1.1), which is equal to 2.25. As these electrons
encounter the increased magnetic field they begin to gyro-orbit the magnetic field line with an orbit
equal to their Larmor radius. If the magnetic field is strong enough, such that the Larmor radius is
small compared to the plasmoid length, then the electrons will be trapped and will cause a local
increase in density. Additionally, the gyro-orbit is sign dependent and we therefore expect the trapped
ions to orbit in the opposite direction to the electrons. This will lead to counter streaming charges
thus resulting in a current, which will in turn reinforce the local magnetic field. The ion effect is likely
to be negligible as the ions Larmor radius is significantly larger so we expect far less trapping – a
prediction that is well validated by the results as we see a far lesser degree of localisation in ion
temperature to the post-shock region. Nevertheless, it is clear that under strong enough
magnetisations the formation of electron supported collisionless shocks could occur. This would also
suggest why many studies of this kind which have previously identified this type of behaviour have
not seen the presence of shocks. Most PIC studies of this kind have been conducted in a parameter
space where electron beta2 is far greater than is seen here. [64; 68] Other studies where the parameter
space would support shocks often have evidence to suggest that shocks were present, [19; 27]
2
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however, these studies were looking for particle acceleration mechanisms rather than thermalization
so these signatures were likely not explored. Moreover, the formation of these shocks did not occur
in several similar runs conducted by us when the number of particles per species per cell was reduced
to 4 from the default value of 100, or the magnetization reduced by a factor of 5.

-1

Figure 17. Spatial structure of the current sheet at time t=1650wp , given by the y-directed electron
thermal velocity. Dashed line gives the location of the lineouts from which the shock parameters are
given in Fig. 18. Plot taken from run v06a50.

In Fig. 18 we clearly see a local increase in magnetic field as we approach the plasmoid;
forming a shock with a length scale on the order of di. As predicted we see a localised increase in
magnetic field at the plasmoid accompanied by a decrease in fluid velocity. This fluid velocity is
thermalized as we see a sharp increase in thermal velocity as we pass through the shock. We notice a
greater increase in the thermal velocity in the parallel direction which is to be expected in a
perpendicular shock.
The particle energy spectra and velocity phase spaces also yield interesting results. Various
papers discuss the isotropisation properties of the plasmoid, [18; 27] often attributing this to the
trapping of particles within the plasmoid, thus multiple reflections tend to isotropise the distribution.
We do see a small increase in isotropisation throughout the lifetime of the plasmoid but the large
majority of the flows are almost fully isotropised as they pass through the shock.
Although the majority of the flow is isotropised we do also see significant acceleration of some
particles. The post-shock region is the meeting point of multiple high energy flows and as such it is not
possible to ascertain to which mechanism these particle accelerations are due. The large populations
of perpendicularly energised particles will be discussed in the next section. The energy spectra also
show a clear decrease in the particle fluid velocities. The pre-shock spectrum does show small
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suggestions of a power law spectra but this is only weakly suggested and is unlikely to account for the
power law spectra seen in astrophysical observations. This is even more pertinent when we consider
the large decrease in particle energy post-shock; which disproportionately affects the lower energy
particles. This can be understood by considering once again the Larmor radii of such particles which
will be much smaller than that of faster particles and will lead to a greater level of trapping.

Figure 18. Shock parameters taken across dashed line given in Fig. 17 for electrons. From top to
bottom plots show: density; x directed magnetic field; y directed fluid velocity; x directed thermal
velocity; y directed thermal velocity; x and y directed momentum phase space taken immediately
before the shock in the region -70de < y < -60 de (Left) and post shock -55de < y < -45 de (Right); kinetic
energy spectrum from the pre-shock (Left) and post-shock (Right) regions.
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Fig. 17 shows the increase in spatially averaged particle thermal energy at the shock region as
the plasmoid moves out of the current sheet. This leads to a number of factors causing greater particle
thermal energy. The X-Point region is elongated, at times to almost the half length of the current sheet
when no new plasmoids are formed. The magnetic field lines reconnect across the vast majority of
this region so we have highly tensioned magnetic field lines which are moving outward with the
plasmoid. All of these factors lead to an increase in particle velocity approaching the shock. The
plasmoids also trap flux as they move outwards increasing the local magnetic field in addition to
retaining more density and therefore the shock strength increases as the plasmoid moves outward.
The increasing particle energy combined with the increased shock strength leads to massive amounts
of electron thermalization and the peaking we see in Fig. 17.
Fig. 24 in Sec. 3.4.2 shows that a similar process does occur for the ions. They are less well
trapped due to their higher mass and as such are not as strongly heated. The ions are weakly trapped
around the shock and are weakly trapped in the plasmoid. Whilst the electrons have low mass and
the strong fields are enough to contain all but the most energetic of electrons, the ions are only weakly
trapped and so the thermalized particles often process through the plasmoid and into the current
sheet once again. Plotting spatially averaged thermal velocities of the ions we see a far smaller degree
of localisation inside the plasmoids.
The plots in Fig. 19 show the evolution of particle 475-438929 discussed in Sec. 3.3.2. The
particle enters the X-Point in the perpendicular direction at low energy and is accelerated by the
magnetic tension, corresponding to the sharp increase in the particle energy plot. As the particle
passes through the shock there is a corresponding decrease in the particle energy which is converted

Figure 19. (Left) Space-time diagram for particle 475-438929 (see Fig. 8). (Right) Particle parameters y
position (Upper), x positions (Middle) and energy (Lower) against time. Grey lines in the space-time
diagram show contours of Jz and show the location of the centre of plasmoids. Colour of all other lines
corresponds to particle energy. Particle taken from run v08a20.
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into particle thermal energy. From there we see that the electron remains in the vicinity of the
plasmoid until it leaves the domain; in fact, being accelerated numerous times. As the particle enters
and exits the plasmoid it is decelerated and thermalized at times t=2400wp-1, t=3100wp-1 and t=3400wp1
. The particle experiences a reduction of fluid velocity at these points corresponding to an increase in
particle thermal velocity. These thermalization times all correspond to times when the particle is
passing through the edge of a plasmoid but is also at the centre of the current sheet, where the shock
is present.
3.4.2 Oblique Shocks
The region between the X-Point and the O-Point at the edge of the plasmoid is a complex area
where multiple instances of heating and acceleration mechanisms are taking place. The full
perpendicular shock described in Sec. 3.4.1 provides an initial heating which constitutes the bulk of
the thermal energy conversion. The highest thermal energy particles are produced both by the
perpendicular shock at the times when the plasmoid is moving fastest and the acceleration from the
X-Point is greatest, but also from a Fermi-like process where particles trapped within the plasmoid.
Fig. 20 shows the structure in the post-shock region. As well as the perpendicular shock, there are
clearly two further oblique shocks present.

Figure 20. (Left) Spatial plot of electron temperature for a region focused on the current sheet.
Dashed line gives location of lineouts for Fig. 21. (Right) Thermal velocity spatial plots for the subregion of temperature plot with x directed velocity (Upper) and y directed velocity (Lower). Note that
colour scales of left and right plots are independent. Plots taken from run v06a20.
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These shocks are similar in nature to the perpendicular shock and arise from the high
velocities which circumvent the plasmoid following the curvature of the magnetic field. The
perpendicular velocity component can clearly be seen in Fig. 21. As these flows pass into the plasmoid
they are heated by the initial shock and so form a ring structure around the plasmoid containing higher
thermal energy particles than the rest of the plasmoid as can be seen in Fig. 23. In this region, we have
counter-streaming plasma flows which would suggest why previous studies [69] found that it is in this
region the collisional dissipation via Landau damping was greatest. Once these flows have

Figure 21. Electron shock parameters taken across dashed line given in Fig. 20. From top to bottom
plots show: density; z directed magnetic field; x directed fluid velocity; y directed fluid velocity; x
directed thermal velocity; y directed thermal velocity.
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circumvented the plasmoid they meet the high temperature and density stagnant flows of the postperpendicular shock region. These flows have been accelerated to super-Alfvénic velocities by one of
the previously explained acceleration mechanisms and therefore form additional shocks. The x
directed magnetic field in this region is not orientated to support the shock and so in this region the
shock is supported, by the same mechanism as the perpendicular shock, but by the z component of
the magnetic field. Fig. 21 shows the lineouts of the shock parameters through the region given in Fig.
20.
Though weaker than the perpendicular shock the oblique shocks grow in importance with
time as the particles travel through the plasmoid multiple times. This can be understood by analysing
the particle trajectories of representative particles inside the plasmoid. Whilst the perpendicular
shock is at the edge of the plasmoid, the oblique shocks are inside and as such, less energetic
electrons, with the required trajectories, are able to pass through the shocks multiple times. The
particle tracks of the Fermi-like acceleration are explained in Sec. 3.3.2 and lead to increasingly
energetic electrons. Fig. 22 shows a similar particle track of a particle that repeatedly gains fluid energy
but passes through the shocks multiple times.
As can be seen there are sharp decreases in particle kinetic energy each time the particle

Figure 22. (Left) Space-time diagram for particle 362-901926 (see Fig. 14). (Right) Particle parameters
y position (Upper), x positions (Middle) and energy (Lower) against time. Grey lines in the space-time
diagram show contours of Jz and show the location of the centre of plasmoids. Colour of all other lines
corresponds to particle energy. Particle taken from run v08a20.

passes through the shock region, which leads to particle heating. This process leads to the greatest
increases in monster plasmoids; this is because monster plasmoids move out of the layer more slowly
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and so there is more time for the particles to complete reflections and efficiently thermalize energy.
This is in contrast to the highest energy particles from the perpendicular shock which are present
within the fastest moving plasmoids. This mechanism is dependent on the particle accelerations being
efficient so the ions are only weakly effected as they are often not trapped within the plasmoids.
Interestingly, the structure of the monster plasmoid seems to increase recursively, adding
additional layers of high temperature particles to the structure. A mature monster plasmoid is shown
in Fig. 23. The multiple high temperature rings are clearly visible. These structures form as the
plasmoid radius increases and the plasma pressure in the ring increase also. This causes the particles
to form a new trajectory along a field line which is at a greater radius from the plasmoid centre. The
oblique shocks therefore move outward with the edge of the plasmoid as the point of increased
density moves. The inner ring structures therefore form complete loops, devoid of shocks, with selfcontained rings of high thermal energy particles. This process repeats, adding additional layers while
the plasmoid remains in the sheet.

Figure 23. Spatially averaged ion temperatures showing monster plasmoid layered structure. Plot taken
from run v08a20.
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3.4.3 – Plasmoid Mergers
Fig. 24 shows the merging of a plasmoid in the upper plot and the formation of a plasmoid in
the lower plot with the corresponding spatial effects on temperature. Similar PIC simulations have
concluded that the large majority of particle acceleration occurs during the merging of plasmoids. [18]
In this study, we do see moderate increases in particle kinetic energy and the mechanism for such an
increase is discussed in Sec. 3.3.3. Plasmoid mergers and plasmoid formation, with respect to particle
heating form extremely similar process which both lead to large increases in particle temperature –
particularly in the case of weakened, thin current sheet during the fast growth stage of the plasmoid
instability.

Figure 24. Spatially averaged ion temperatures showing a plasmoid merger (Upper) and formation of a
secondary plasmoid (Lower). Plots taken from run v06a20.
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The plasmoid instability leads to an explosive reconnection of field lines in the x direction
where the sheet is thinner, and weaker due to previous reconnection. The field lines therefore
reconnect to form elongated elliptic shapes. The particle pressure in these sheets is very low as the
majority of the density, and highly heated particles, have previously been carried out the sheet into
monster plasmoids. This leaves strong magnetic fields with thin current sheets and weak pressures.
The fast reconnection across two points therefore leads to the formation of a new plasmoid. The lower
plot of Fig. 24 shows formation of a small plasmoid in the thinner current sheet and the high
temperatures it creates. This process occurs on a timescale of less than 50wp-1. This secondary
plasmoid is then engulfed by the monster plasmoid and the heat dissipated throughout the plasmoid.
The upper plot of Fig. 24 shows the ion temperatures during the merging of the plasmoid. The ions
are disproportionately heated during the mergers. However, the electrons are disproportionately
heating during the formation suggesting that despite the qualitatively similar nature of the events,
different mechanisms may be causing the heating in each situation. The particles trapped within the
plasmoid are subject to massive accelerations inward toward an opposing counter-streaming mass of
particles. The exact mechanism that causes heating is as yet unexplained with no evidence of the twostream or Weibel instabilities being present, nor of collisionless shocks forming. However, the

Figure 25. Plots showing the potential onset of the ion-acoustic instability. The top left plot shows the
-1
plasmoid structure of the sheet through the out-of-plane current at time t=2300wp , during a merger.
Top right shows the spatial structure of the ion-acoustic parameter. Regions where the parameter is
greater than one are unstable to the ion-acoustic instability. Lower left plot shows the spatial
structure of the y-directed ion thermal velocity. Lower right shows the spatial structure of the xdirected ion thermal velocity. Data taken from run v08a20.
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formation of these plasmoids occurs on such short timescales that these signatures may be present
but simply not measurable. There is also evidence to suggest that the ion-acoustic instability may be
present. [70] The lower plots of Fig. 25 show the structure of the ion thermal velocities at time
t=2300wp-1. As can be seen from the upper left plot of the out-of-plane current, strong heating is
occurring at the site of the merger. The upper right plot shows the spatial structure of parameter
required to drive the ion-acoustic wave unstable. This is equal to the difference in electron and ion
fluid velocities, normalised to the ion acoustic speed. Where this parameter is greater than one, the
ion-acoustic wave is unstable. As can be seen there is a strong correlation between the areas where
the ion-acoustic instability is present and where the heating is occurring. One of the areas is in the
sheet itself, between the X-Points and the plasmoids. In these regions, the electrons are strongly
accelerated by the X-Point acceleration mechanism to high velocities and the instability is triggered.
We do see greater increases in the ion temperature throughout the current sheet, relative to the
electron temperature suggesting that the ions in the sheet are being heated by the instability.
Furthermore, the ring structure of the plasmoid, where large numbers of the electrons flow through
at high velocity, also shows an increased ion temperature. We also see a large area of instability
focused on the mid-point of the merger at y=30c/wp. The corresponding area in the lower left plot
shows strong increases in the y-directed thermal velocity. The region which shows the increased
temperature actually lies either side of the mid-plane, where the instability is being triggered. This is
to be expected as during the anti-reconnection event a secondary current sheet is formed
perpendicular to the first at the y=30c/wp position and so the ions heated in the merger event would
be expected to form outflows towards the positions we see a local increase in temperature. These
plots show that in both current sheets and merger events, where we see a greater ion than electron
temperature increase, we have the conditions necessary for the onset of the ion-acoustic instability.

Figure 26. Reconnection rate plotted against the initial current sheet thickness parameter.
Reconnection rate is defined as the average out of plane electric field Ez over the current sheet. Plot
shows both the average (blue) and peak (green) reconnection rates.
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3.5 – Reconnection Rate
One of the questions this thesis aimed to answer was of how the time averaged reconnection
rate varies as a function of the initial conditions. This is pertinent to whether reconnection studies can
rigorously set the initial conditions of a system to be tearing mode unstable and decouple the slow
build-up stage from the explosive reconnection phase.
The plots in Figs. 26-28 show the time averaged reconnection rate and the peak reconnection
rate as a function of inflow Mach number and of the sheet’s initial thickness. The reconnection rate
was measured as the temporally and spatially averaged value of Ez within the sheet, taken as the
region –Ly < y < Ly and -10de < x < 10de, and for Dt = 10tA after the system has reached a steady state
Qœ
and normalised as 𝑟𝑒𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑜𝑛 𝑟𝑎𝑡𝑒 =
where c is the speed of light, vA is the Alfvén speed and
,- &1

B0 is the background magnetic field strength. The peak reconnection rate corresponds to the
reconnection rate during the explosive stage, which occurs after the initial build-up and was present
in a range between 0.3 tA < t < 1.1 tA for different runs.
Fig. 26 shows the reconnection rates as a function of the initial sheet thickness parameter
ainitial. Interestingly both the average and peak reconnection rates are fairly constant across the
parameter. There is a gradual decrease as the parameter increases. This effect may well be minimised
by the forced nature of this reconnection; although the sheet is less unstable to the tearing instability
and so will be less violent, it will also take longer. As there is a constant build-up of flux occurring, the
flux available will therefore be greater when the plasmoid instability growth rate becomes significant.

Figure 27. Reconnection rate plotted against the inflow Mach number. Reconnection rate is defined as
the average out-of-plane electric field Ez over the current sheet. Plot shows both the average (blue)
and peak (green) reconnection rates. All runs have an initial thickness, a, of 20 de.
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Fig. 27 shows the scan of reconnection rate with inflow Mach number. The results show
extremely interesting and somewhat counterintuitive behaviour. The results show greatly increased
peak and average reconnection rates for low Mach number runs. The mid-range Mach numbers show
a sharp decrease and we observe a subsequent increase for high Mach numbers. These results can be
understood as follows: despite the low inflow velocities of the low Mach number runs the inflow
velocities to the sheet are actually greater due to the stable nature of the sheet. With current sheets
that are stable the inflows cannot be processed as outflows and the inflows begin to stagnate and
cause a density build-up as well as a peaking in magnetic flux. For the low Mach number runs, this
process occurs over a long period of time as the sheet is only mildly unstable due to its increased
thickness. This thicker sheet can be understood from Eq. 29: the lower Mach number requires a lower
increase in density in order to balance the thermal pressure in the sheet, thus the sheet will relax to a
greater thickness. Due to this increased time taken for the onset of the instability, when the sheet
finally splits into a plasmoid chain there are much greater levels of flux available and greater pressures
away from the sheet due to the increased density. The plasmoid formation is therefore more explosive
and causes huge inflow velocities and large reconnection rates. These form fewer larger plasmoids
than higher Mach number runs where the sheet is more unstable to the tearing instability and so can
split at multiple points. These fewer plasmoids are larger and are slower-moving than the plasmoids
seen in other runs. The above process then repeats itself with the sheet taking longer to become
plasmoid unstable once again. We therefore have a sheet which continually builds up to greater
pressures and magnetic fluxes away from the sheet due to the driven nature of the problem. As we
increase the inflow velocity this effect is reduced to a minimum average reconnection rate at MA = 0.8.

Figure 28. Reconnection rate plotted against the inlet Mach number. Reconnection rate is defined as
the average out-of-plane electric field Ez over the current sheet normalised to the peak magnetic field
strength in the domain. Plot shows both the average (blue) and peak (green) reconnection rates. All
runs have an initial sheet thickness of 20de.

48

After which the increased velocity allows the current sheet to become tearing unstable to such an
extent that this effect is counteracted and the increased flux being carried by the flows is sufficient to
cause an increase in reconnection rate.
This plot can be normalised if the factor of B0 that we consider is not the upstream value of B0
=1.5, but the peak magnetic field reached due to the increased flux in the sheet. If we normalise the
reconnection rate to this value, we can see from the average rate in Fig. 28 that the value is almost
constant between the runs with the peak giving a gradual increase. We can infer from this plot that
the temporally averaged reconnection rate is effectively independent of the Mach number once
normalised. The flux increase due to the higher inflow Mach number but once we normalise the
reconnection rate to the maximum magnetic field then the effect is that the rates are all equal.
Nevertheless, the peak rate, as well as much of the structure such as the number of plasmoids and
the highest energies particles are accelerated to, is dependent on the inflow Mach number.
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Chapter 4
Discussion and Conclusions
4.1 – Discussion
There are numerous physical processes occurring during magnetic reconnection dissipating and
converting magnetic energy into particle heating and supra-thermal particle acceleration.
Understanding possible mechanisms whereby high energy power-law spectra can be produced is
important in understanding astrophysical phenomena such as GRBs, blazars and magnetars. Few
studies have analysed the particle heating mechanisms present in such systems which could also
explain the hard X-ray signatures present in these situations, in addition to the high-energy particles.
By analysing three commonly cited acceleration mechanisms we have gained a thorough
understanding of the physical processes governing them under these conditions. This study finds that
merger acceleration is not dominant, with a combination of X-Point acceleration and plasmoid
acceleration yielding the highest energy particles. However, it is the plasmoid acceleration which
provides the greatest proportion of this energy and the X-Point mechanism is necessary only in order
to begin the plasmoid acceleration process. We find, as has been found in previous studies, that
particles can be effectively accelerated at X-Points by the reconnecting electric fields and the magnetic
tension forces also. This was found to be dominant mainly in smaller simulations but is present and
sub-dominant in most studies. Here, however, the X-Point acceleration is sub-dominant – it is the
initial acceleration mechanism and thus may be dominant in systems in which the plasmoid evolution
was not allowed to develop sufficiently. Accelerations between merging plasmoids have also been
demonstrated and were found to be the dominant mechanism in previous studies. [18; 60; 66] This
study finds that particles can be accelerated by mergers between plasmoids but that these are not
amongst the highest energy particles in the simulation and that their numbers are smaller than those
found to be accelerated by plasmoids. For particles within plasmoids several acceleration mechanisms
have been proposed. [61; 62; 71] The findings of this thesis are consistent with these studies; that is
to say that particle acceleration occurs largely at the trailing edge of the plasmoid when the plasmoid
bulk motion is greatest. Furthermore, the conclusion that the plasmoid acceleration is more significant
is to be expected from the results of Li, [71] where it was found that lower electron beta corresponded
to increased particle energy during the plasmoid acceleration. However, this thesis presents a novel
explanation for this acceleration. The results suggest that the acceleration may be due to a magnetic
mirror effect with the high advancing magnetic fields at the trailing edge acting in a similar manner to
the mechanism proposed by Drake et al.; [64] accelerating particles at the trailing edge of the plasmoid
repeatedly and more forcefully as the plasmoid moves outwards and its bulk fluid velocity increases.
The thermal heating of particles occurs by a number of mechanisms. It appears that only a
small amount of direct heating from reconnection occurs with the large majority of magnetic energy
being transferred to particle kinetic energy before being thermalized by collisionless shocks. This is
seen more clearly for electrons than for ions; the ions see stronger heating in the sheet and in mergers,
particularly in the case of the anti-reconnection events. The exact nature of this heating is unclear but
a possible explanation could be the onset of the ion-acoustic instability. The primary cause of electron
heating is the shock at the edge of the plasmoid, the highly-energised particles, mediated by the strong
Bx, accelerated from the X-Point region pass through the shock and have large amounts of their energy
converted to particle thermal energy. This is similar qualitatively to the shocks in the Masuda flare [6]
(see Fig. 29) and we see strong evidence to support this behaviour with the electrons being strongly
heated in this region. There are a number of reasons that this behaviour has not been seen in previous
studies – primarily due to the lower electron beta in these simulations and the stronger magnetization
present. Additionally, a number of other strongly magnetised simulations are ultra-relativistic or
include too few particles per cell. Although there are many heating mechanisms in the current sheet
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the strongest heating occurs through the perpendicular shocks and is what leads to the majority of
the particle heating, particularly in the case of the highly energetic electrons.

Figure 29. The magnetic field geometry for reconnection derived from the observations of flares
presented by Masuda et al. [6]. The important features are: elongated anti-parallel magnetic field
above an arcade of closed loops; a current sheet formation between them and reconnection of antiparallel magnetic fields. An outflow jet from the reconnection point impinges on the underlying closed
8
loop and forms a shock, resulting in a high temperature (Te ~ 2x10 K) region just above the closed
loop. Figure taken from Masuda et al. [6].

We can understand the results of Hare et al. [47] by looking at the positions of the
temperature measurements which were taken. The plot was taken across a general region of current
sheet not associated with the plasmoid. Fig. 30 and Fig. 31 show the comparison of the electron and
ion spatial temperature profiles. The quantitative and qualitative agreement between the numerical
simulations and the experimental results is excellent; we see a six-times increase in the ion vs electron
temperatures as was found in the experiment. The right-hand plot in Fig. 30 shows the same plot
taken across the plasmoid edge where we see the localised increase in temperature for the electrons.
We clearly see that the electron temperature far exceeds the ion temperature in this region. These
results would suggest that the electron-ion temperature difference seen in the experiment was
therefore a product of the measurement location. The hot electrons, which are extremely well
confined within the plasmoid, do not contribute to the electron temperature in the sheet and
therefore we see only small increases in the sheet electron temperature. The sheet contains hot ions
which have been heated either in the sheet, mergers or in the shocks. Whichever mechanism has
heated them, the larger mass of the ions means that they are not confined to the plasmoids like the
electrons and consequently can move back into the sheet. This thermalization takes place over
extremely short time scales and so is a plausible explanation of the results of the experiment. The
results were also found to be consistent with runs with varying mass ratios. Ion-electron mass ratios
of 25 and 400 were explored with the same conclusions being reached. The ion heating across shocks
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Figure 30. Spatial field structure of the ion (Left) and electron (Right) temperatures taken at t=1300wp .
Dashed lines shown location of the plots given in Fig. 31.

saw a small decrease in simulations with the higher mass ratios which is to be expected due to the
larger Larmor radius.
The results of these simulations suggest that the onset and post-onset phases of magnetic
reconnection cannot be separated. The initial conditions do not have a strong bearing on the final
state of the system with respect to the reconnection rate but do have a large effect on the sheet
structure, size of the plasmoids, and the peak reconnection rate observed. However, this result is only
applicable to driven reconnection, the highly variable behaviour seen in Fig. 27 would not be present
otherwise. The variation of sheet thickness appears to have little effect on the steady state behaviour
of the system; the main effects being on the transient build-up of the sheet. As the vast majority of
processes where this analysis is applicable are intrinsically non-steady state then this is an interesting
result nonetheless.
The energy partition in reconnection appears to follow a hierarchy of indirect processes. The
magnetic energy is dissipated via reconnection causing particle acceleration and plasmoid formation.
Further magnetic energy and the accelerated particles cause an increase in plasmoid kinetic energy,
which in turn can be transferred back to particle acceleration. Simultaneously, the formation of the
collisionless shocks causes a reduction of particle kinetic energy and increases in particle temperature.
Therefore, there is a continuum of complex processes which are constantly transferring energy from
magnetic to particle kinetic and to particle heating.
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Figure 30. x directed lineouts of temperatures for electrons (blue) and ions (green) for the two
positions indicated in Fig. 28.

4.2 – Future Work
The work presented in this thesis naturally leads to a number of areas for future work. The
results presented are highly dependent on the magnetization of the system which allows the
formation of collisionless shocks for particle heating. It would therefore be constructive to study how
the formation, structure and effects of the shock manifest themselves with varying magnetizations.
Initial simulations with significantly lower magnetization found that the shocks were no longer present
and the electron heating effect was therefore significantly reduced. A similar conclusion was found
for fewer particles per cell and moreover, a simulation with a reduced ion-electron mass ratio found
the spatial localization of the heating was greatly increased for the ions. All these results suggest that
a wider variety of parameters for magnetization should be explored to determine their effects on
shock formation and particle heating. Additionally, the results of Sironi et al. [58] find a critical length,
where the results no longer scale with the system size and do not over emphasize the effects of XPoint acceleration, of 450 de. The length of the system modelled is 320 de, motivated by the Z-Pinch
experiments, [47] thus further simulations are required to investigate whether the results are truly
representative of a large-scale astrophysical system.
The results pertaining to the particle heating have shown that the formation of collisionless
shocks occurs in multiple locations. The overall energy partitions between particle kinetic and thermal
energies is yet to be explored and would need a more complete analysis of a larger number of
particles. Additionally, it would be instructive to understand the energy partitions between the various
shocks and how each contributes to the overall particle temperatures.
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It would be prudent to repeat these simulations in 3D to ensure that similar conclusions still
apply. Results by Cerruti et al. [23] have suggested that the steady state behaviour of the system is
similar to that of 2D simulations. However, the presence of the resistive drift kink instability has
affected the transient behaviour in previous simulations and therefore further work is required to
confirm it is a fair assumption to treat the sheet as quasi-2D.
These simulations are collisionless and therefore should be devoid of any irreversible heating;
however, heating is present due to PIC noise. These results should be taken as a strong indication of
where particle heating should occur. In order to fully investigate the effects of irreversible heating a
collision operator must be applied.
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Kinetic Modelling of Plasma Turbulence
Chapter 5
Kinetic Turbulence
5.1 – Introduction
The solar wind is a stream of charged particles stemming from the solar corona. [72] The solar
wind is known to be hotter than calculations predict – the mechanism that accelerates it to supersonic
and super-Alfvénic speeds remains unknown. This is paradoxical and the explanation for why this
occurs is one of the most well-researched open questions in astrophysics.
Turbulence is characterised by chaotic variations in flow velocity and pressure; these
fluctuations carry to all wavelengths through vortex stretching that cause increased energy dissipation
via heating and mixing. The classical description of turbulence was given by Kolmogorov: [73] it
describes the transfer of energy to smaller scales where it is then dissipated. This occurs by the gradual
breakup of turbulent eddies. The large-scale eddies are unstable and break up with kinetic energy
being shared between the residual smaller eddies. This process is repeated gradually transferring
energy to smaller and smaller scales. The spectral region where we see no dissipation exhibits a power
law and is called the inertial region; so-called as in this region inertial forces dominate over viscous
ones. Kolmogorov’s famous result is that the energy spectrum scales as 𝐸 𝑘 ~ 𝜖 </Ÿ 𝑘 9:/Ÿ where 𝜖 is
the rate of energy dissipation and k is the wavenumber. This has been supported by numerous
experimental observations. [74] At large-scales, turbulence still bears influence of the macroscopic
geometric features and as such is not isotropic. Kolmogorov theorized that the energy cascade caused
a loss of this memory and at sufficiently high Reynolds number, such that the length scale is greatly
reduced, the turbulence is statistically similar between flows. Kolmogorov derived relations for the
‘Kolmogorov scale’: the smallest scale in any turbulent flow which is only a function of kinematic
viscosity and the turbulent dissipation per unit mass. At the Kolmogorov scale viscosity is dominant
and the energy that is passed down the turbulent cascade is dissipated as heat. The scaling is given by
𝜂=

¡

¢

•/2

, where 𝜈 is the kinematic viscosity.

Turbulence in weakly collisional plasmas (such as the solar wind) provides additional difficulty
in that the flow is now magnetised and is therefore inherently anisotropic – flow parallel and
perpendicular to field lines will necessarily be different. The flows at large scales are well described by
MHD but turbulence, and the building of finer scale structure, requires the application of kinetic
theory as the scales are too small to be captured by MHD.
Alongside magnetic reconnection, turbulence is one of the most ubiquitous yet unsolved
problems in plasma physics; important in astrophysical cases, such as the solar corona and interstellar
medium, as well as fusion devices. This study proposes an investigation into the energy partition in
decaying Orszag-Tang (OT) turbulence [75] using the Viriato code. [76] This code uses the Kinetic
Reduced Electron Heating Model (KREHM), [77] a reduction of gyro-kinetics in the 𝛽" ~me/mi limit. Due
to the low collisional frequencies compared to the dynamic frequencies of interest a kinetic, or at least
a reduced kinetic, description of the plasma is necessary; validating the use of the Viriato code and
the KREHM model. Energy is partitioned into dissipation pathways, in velocity and in real space, by
collisions and by diffusion respectively3. This will cause the usual cascading of energy from large-scale
structures to small-scale structures in both real and velocity space. The work described above and the
results reported in this chapter have been published as a preprint by Daniel Grošelj, this author and
3

In this study, these are numerically implemented via hyper-collision and hyper-diffusion operators
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others in [78]. This study compares a number of kinetic and reduced-kinetic models in order to
determine the range of validity of each of these models. These results will establish the circumstances
where each model is appropriate, where computational decreases in complexity can be made and also
assist in identifying which physical processes are governing turbulence in each regime.

5.2 – State of the art
5.2.1 – Plasma Turbulence
Plasma turbulence poses challenges to both fusion devices and to the understanding of
astrophysical plasmas. Reconnection is likely to be pivotal in explaining the energy dissipation and
heating in turbulence, and equally important in explaining problems such as the turbulent heating of
the solar wind – the studies in this thesis thus ought to complement each other. In fusion devices and
numerous astrophysical plasmas, the dynamical frequencies of interest are far greater than the
collision frequencies rendering these plasmas effectively collisionless over a range of scales.
Motivated by these important physical processes current research focusing on the understanding of
collisionless plasmas at kinetic scales, which includes observations, analytical predictions and
extensive numerical simulations, have been carried out. Many of these numerical studies employ socalled reduced-kinetic models, simplifying the plasma description by excluding physics which is
thought to not be pertinent for the system being modelled. However, the limits of these models and
their range of validities are by no means certain and are not generally agreed upon by the academic
community. Due to the complexity and demanding computational requirements of fully kinetic
models it is extremely important to understand when and where these simplifications can be applied.
Moreover, understanding the situations and limits of where these models can be applied will give
valuable insight into the physical processes dominating the turbulence in these systems. The study by
Grošelj et al. [78] focuses on the widely-used OT set-up in a region of parameter space closely
matching the solar wind; the results of which will shed light on the questions highlighted above. The
OT set-up is a standard nonlinear test for investigating MHD turbulence. An initial analysis of the
relative importance of the different energy dissipation mechanisms available [76; 79] suggests a
strong preference for velocity space dissipation and the importance of Landau damping in these
simulations. A detailed analysis is, however, required to verify these claims.
5.2.2 – Model Description
The study will consider four models: a fully kinetic description (FK); a hybrid kinetic model
(HK); a gyro-kinetic model (GK); and the kinetic reduced electron heating model (KREHM). The fullykinetic model of collisionless plasmas are evolved using the Vlasov equation:
{yl
{v

+ 𝒗. ∇𝑓r + 𝑞r 𝑬 +

𝒗×𝑩
𝒄

.

{yl
{𝒑

= 0,

(35)

where 𝑓r 𝒓, 𝒑 is the full 6D distribution function of species s, qs its charge, v its velocity and p its
momentum. These simulations use a PIC code and as such the forces on each particle are considered
rather than the distribution function. The particles are then accelerated using Newton’s second law.
These equations are coupled to the complete set of Maxwell’s equations to form a closed, fully kinetic
description of the plasma:
{𝑬
{v
{𝑩
{v

= 𝑐∇×𝑩 − 4𝜋𝑱,

(36)

= −𝑐∇×𝑬,

(37)

∇. 𝑬 = 4𝜋𝜌,

(38)

∇. 𝑩 = 0,

(39)
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where 𝑱 = 𝒔 𝑞r 𝒗𝑓r 𝑑 Ÿ 𝒑 is the current and 𝜌 = 𝒔 𝑞r 𝑓r 𝑑 Ÿ 𝒑 is the charge density. A simple
reduction of this model can be made if the electrons can be assumed to act as a fluid in the nonrelativistic limit and assumptions can be made to give a closure in the set of equations. The set of
equations to be solved therefore simplifies to the ion Vlasov equation, the (non-relativistic) Maxwell’s
equations and the generalised Ohm’s Law given by:
•

•

Q

4g

1 − 𝑑g< Ñ< 𝑬 = − 𝒖𝒆 ×𝑩 −

5

•

Ñ𝑃g + h𝑱 − 5P
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𝒖𝒊 ×𝑩 −

•
4g

Ñ. 𝑚" 𝑛 𝒖" 𝒖" − 𝒖g 𝒖g + 𝚷𝐢 , (40)

where 𝑑g , 𝑚g , 𝑚" , h, 𝑛, 𝒖𝒆 , 𝒖𝒊 , 𝑃g 𝑎𝑛𝑑 𝚷𝐢 are the electron skin depth, electron and ion masses,
resistivity, density, electron and ion fluid velocities, electron pressure, and ion pressure tensor
respectively.
The gyro-kinetic model of a plasma [80] is valid in the case of a strong guide field such that
the equation length scales of the problem are far larger than the gyro-radius of the species but that
the perpendicular perturbations are of the same order as the gyro-radius such that:
¯6

≪ 1,

(41)

𝑘° 𝜌" ~ 1.

(42)

+

The motion can then be averaged over a gyro-period to reduce the model with the following orderings:
±yl
²1,l
h
´nl

~
~

±&

~

&1
¯l
+1

³l ±f
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(43)

~ 𝜖,

(44)

~ 𝜖,

where 𝛿𝑓r , 𝐹C,r , 𝐵C , 𝛿f,𝑇C,r , ΩQr , 𝜌r , 𝐿C , 𝜖 are the perturbed distribution function, background
distribution function, perturbed electrostatic potential, background temperature, species cyclotron
frequency, species Larmor radius, macroscopic length scale and small expansion parameter
respectively. The system can then be solved by evolving the ring distribution and the gyro-kinetic
Ampere’s and Poisson’s equations.
5
The KREHM model is an asymptotic reduction of gyro-kinetics in the 𝛽" ~ P limit which makes
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it far more amenable to numerical analysis, as there are huge computational difficulties in performing
5D simulations. If no dependence on v^ is introduced by the collision operator then the KREHM model
effectively reduces to 4D (x, y, z, v||). Furthermore, in KREHM the first two moments of the perturbed
distribution function are explicitly factored out and ge is evolved, defined as:
𝑔g = 𝛿𝑓g −

±4P
41

+

<,∥ ±‡∥,P
O
,'»,P

•
²1,P

,

(45)

where 𝛿𝑛g is the perturbed electron density, 𝛿𝑢∥,g is the perturbed electron fluid velocity and 𝑣vw,g is
the electron thermal velocity. 𝑔g can then be expanded in Hermite polynomials, transforming the
electron drift-kinetic equation into M fluid-like equations for the coefficients of the Hermite
polynomials. This provides two energy dissipation channels: the first is real space dissipation via hyperdiffusion (k-space); the second via hyper-collisions through Hermite space. These mechanisms will
cause a cascade of energy from small to large k and m.
In Viriato the reduced electron distribution function (ge) is expanded using Hermite
polynomials. A fully rigorous asymptotic closure is applied to this expansion [76] with the number of
expansion parameters (M) defined as an input variable. In running these simulations, we can therefore
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directly vary the order of the expansion in velocity space. This thesis will present the results
contributing to this study from Viriato and KREHM; evaluating its limitations and range of validity.

5.3 – Simulation Set-up
The simulation set-up prescribed by Grošelj et al. [78] was an initial condition of the OT Vortex given
by:
𝒖^ = 𝛿𝑢 −sin (

𝑩^ = 𝛿𝐵 −sin (
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+
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+
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23H
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(47)

+

+

It is assumed that the electron-ion mass ratio is sufficiently small that we can make the reduction 𝒖 ≈
𝒖𝒊 . A self-consistent current is also imposed corresponding to:
𝑱^ = 0,
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Q <3±&
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where J^ = 0 requires ue^ = ui^ = u^ and the out of plane current is initialised using only the electron
velocity. In the case of a strong guide field (as is the case in KREHM) the leading order term in the
generalised Ohm’s law is:
•

±‡&1

Q

Q

𝑬^ = − 𝒖𝒆 ×𝑩𝟎 = −

sin (

<3H
+

<3?

)ê𝒙 + sin

ê? .

+

(49)

This electric field is initialised using a small electron density perturbation:
𝛿𝑛g = Ñ.
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There is a small inconsistency in these formulations in that the incompressible MHD limit requires a
Ñ. 𝒖 = 0 by definition, which requires a spatial dependence on pressure; these models are initialised
with uniform temperatures so this is not entirely consistent. However, pressure variations satisfy this
constraint scale as

Šf
f

~𝑀r< where 𝑀r ~𝛿𝑢/𝑣0 b" is the sonic Mach number. Numerous OT studies

use no such spatial pressure variation; therefore, this study, which has only modest fluctuations levels
of Ms<1, will continue in that manner.
The normalizations used across this study to compare between different codes are as follows:
𝒙d =
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where t0 is the eddy turnover or nonlinear time which is defined as:
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These are the general requirements of the study. This thesis will focus on the work done applying
these simulations using the KREHM code Viriato. The KREHM model is a low beta asymptotic reduction
of gyro-kinetics and so we should see excellent agreement on scales above the ion scales in low beta
runs, assuming 𝛽" ~me/mi. In order to translate the requirements into Viriato inputs, the calculation of
the soluble properties was required. In Viriato the input equilibria are prescribed by the parameters
j, the electrostatic potential, and A||, the parallel magnetic vector potential, which are defined as:
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These parameters are then evolved using the KREHM equations as:
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with standard terminology, for the profiles of this study we specify:
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Table 2 outlines the simulation parameters for each run in the main simulation space units.
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Table 2: Simulation Parameters
Run

b𝒊

𝜹𝑩/𝑩𝟎

𝜹𝒖/𝒗𝑨

𝒎𝒊 /𝒎𝒆

𝑻𝒊 /𝑻𝒆

𝑳/𝒅𝒊

𝒕𝟎 /𝒕𝑨

A
B

0.1
0.5

0.1
0.15

0.1
0.15

100
100

1
1

8𝜋
8𝜋

5
3.33

These parameters are input into Viriato as outlined in table 3.
Table 3: Parameters specific to Viriato. Nx is the undealiased number of grid points, 𝑁H = 2𝑁H /3 is an
estimate of the fully dealiased spectral grid size. The exact number of dealiased grid points is
calculated using the high-order Fourier filter proposed by Hou and Li. [81] Dx is based on the
undealiased grid size. The ion gyro-radius is defined as rÔ =
Run
A
B

Nx
1536
768

𝑵𝒙
1024
512

M
30
30

ÕÖ×,Ø
´ÙØ

, where vÝÞ,Ô =

ri/de
3.16
7.07

L/ri
79.5
35.5

<x6
56

.
Dx/de
0.16
0.33

The parameters varied between the runs are the ion beta and initial turbulence fluctuation strength:
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In these simulations 𝜖 is an asymptotically small expansion parameter and as such in both KREHM and
gyro-kinetics the 𝜖 is not present. Extended details of the simulation parameters can be found in the
paper by Grošelj et al. [78]

5.4 – Results
5.4.1 – Spatial Field Structure
Fig. 32 shows the out-of-plane electric field Jz at one eddy turnover time in the simulation. The
plots are shown for both 𝛽" = 0.1 and 𝛽" = 0.5 and for varying fluctuation strengths. All models, except
KREHM and GK which are naturally so, have been rescaled by 1/e. KREHM is an asymptotic reduction
of GK in the 𝛽" ~ me/mi limit [77] which for these simulations gives a 𝛽" ~ 0.01. It is therefore not
surprising that there is a disagreement between KREHM and the FK simulations with the 𝛽" = 0.5 run.
The differences are clearly apparent which is to be expected running in a parameter range well outside
the region of validity. Interestingly, however, the results show excellent agreement with the 𝛽" = 0.1
results; a 𝛽" still an order of magnitude above the expected region of validity.
5.4.2 – Energy Time Traces
KREHM is one of a broad class of df system which conserve a quantity4 known as the free
energy rather than the total energy of the system. This energy invariant can be defined as:
𝑊 = 𝑊yz‡"Š + 𝐻g ,

(66)

where:

4

This is only true in the absence of collisions
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Figure 32. Contour plots of Jz with 𝛽" = 0.1 (Left) and 𝛽" = 0.5 (Right). A doubly-logarithmic colour scale (one
for positive and one for negative values, with a narrow linear scale around 0 to connect the two) is used
here to reveal the fluctuations of weaker intensity. The colour range has been adjusted according to the
maximum value for any data set. Figure from Grošelj et al. [78]

By taking the general form of the gyro-kinetic perturbed distribution function we can specialise the
equations to calculate all the necessary terms. As is common in df models we shall split the energy
into magnetic, kinetic ion, kinetic electron, internal electron, and internal ion. These terms can be
defined as follows:

Š ¡ 𝒓 ∇î 0∥
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b
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𝐼𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝐼𝑜𝑛 = 𝛿𝐸ô," = 0,
𝐼𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝐸𝑙𝑒𝑐𝑡𝑟𝑜𝑛 = 𝛿𝐸ô,g =

•

íê

1 − ΓC

O
< g 41,P jì
<x1,P

O

+

Š¡𝒓
b

𝑑𝟑𝒗

x1,P ËPO
<²1,P

+

v
𝐷
C g

𝑡 d . 𝑑𝑡′. (73)

61

In KREHM these quantities are not irreversibly fed back into the distribution function (F0e) and as a
result the dissipation rate 𝐷g 𝑡 d needs to be explicitly added back into the energy contributions. This
term will contain both the contributions of the hyper-collisional and hyper-diffusive operators
summed across all species and all wavenumbers. The sum of these five quantities is equal to the free
energy and is an invariant of the system.
In Fig. 33 these values are plotted as they evolve throughout the simulation, normalised to E0
= 𝛿𝐸5 𝑡 = 0 + 𝛿𝐸ò," 𝑡 = 0 . The KREHM results shows the expected increase in deviation from FK
with the higher bi run. The results can be further understood as KREHM explicitly orders out the ion
internal energy contributions and we therefore expect to see an excess of ion and electron kinetic
energies to account for this energy deficit; a variation which is exacerbated as the simulations diverge
further from the 𝛽" ~ me/mi limit. Nevertheless, both these simulations are outside of the range of

Figure 33. Global energy time traces for 𝛽" = 0.1 (Left) and 𝛽" = 0.5 (Right). Shown from top to bottom are
the relative changes in the magnetic, kinetic ion, kinetic electron, internal ion and internal electron
energy densities. All quantities are normalised to the initial turbulent energy E0, which we define as the
sum of magnetic and ion kinetic energy density. Figure from Grošelj et al. [78]
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validity of KREHM and still show relatively good agreement with the FK model suggesting that KREHM
may be valid well beyond its asymptotic limit of validity.
5.4.3 – Free Energy Fluctuations
An additional diagnostic that we performed was the analysis of the spatial distribution of nonthermal electron free energy of the system, defined as:
𝛿𝜖r =

x1,l ±y÷O
<²1,l

𝑑 Ÿ 𝒗.

(74)

This quantity measures the spatial field structure of the deviations from non-Maxwellian velocity
space distributions. This is an important measure as it characterises where the local deviations from
thermodynamic equilibrium occur, hence the locations of the sites where plasma heating is occurring.
In the KREHM formulation the first two moments of the distribution function are explicitly factored
out in the derivation; as are the perpendicular velocity perturbations which are not included in the
Hermite expansion of ge. In KREHM the non-thermal free energy can be calculated from:
𝛿𝜖r = 𝑛C 𝑇C,g

O

ËŽ
ø
5ù< <

,

(75)

where gm is the expansion coefficient of the Hermite expansion term of order m. This calculation uses
a varied electron distribution function 𝑔e, which differs from the usual definition of ge in KREHM as it
factors out an additional moment:
𝑔g = 𝛿𝑓g −
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41
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The additional moment is subtracted out from 𝛿𝑓g in order to neglect the contributions from
temperature fluctuations. We can therefore simply calculate the expansion coefficients and compute
the sum in Eq. 75 with g0 = g1 = g2 =0.
The plots in Fig. 34 show the spatial structures for the 𝛽" = 0.1 simulation at a time of 1.5
nonlinear times with contours of the magnetic vector potential Az overlaid. The KREHM results match

Figure 34. Non-thermal electron and ion free energy fluctuations. In the left and middle plots, we
compare the FK and KREHM electron free energy, stemming from small-scale structures in v||. The plot
on the right shows the (total) non-thermal ion free energy obtained from the HK simulation. Overplotted are the contours of the vector potential Az. The colour map is normalised to the maximum
value of the free energy, separately for each plot. Figure from Grošelj et al. [78]
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well with the FK model; demonstrating a focusing of non-thermal free energy fluctuations around
reconnection sites. The magnetic X-Points (minima in the vector potential) correlate strongly with the
non-thermal fluctuations in agreement with previous studies. [82] This suggests that reconnection
plays an important role in the energy dissipation of kinetic scale turbulence in collisionless plasmas.
5.4.4 – Spectral Properties
The scale dependent properties of the turbulent cascade can be investigated from the
turbulent spectra, the calculation for which is outlined in Grošelj et al. [78] Fig. 35 compares the
turbulent spectra for the magnetic, perpendicular electric and electron density fields. Numerical
discretisation effects limit the physically well-resolved scales of the KREHM results to regions of 𝑘° ≤
•
•
. Once again KREHM shows excellent agreement with the FK model up until 𝑘° ~ . In the KREHM
¯P

¯P

ordering 𝑘° 𝜌g ~ 𝛽" which for these simulations is far greater than would be expected for a KREHM
simulation and so we expect an increase in the range of validity for these scales.

Figure 35. One-dimensional k^ energy spectra for 𝛽" = 0.1 (Left) and 𝛽" = 0.5 (Right). Shown from top to
bottom are the dB spectra, the E^ spectra, and the electron density spectra. The grey-shaded regions
indicate the range where PIC noise dominates over the turbulent fluctuations for the short-time
averaged fully-kinetic PIC data. The grey lines show the FK spectra for the raw data. Figure from
Grošelj et al. [78]
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As discussed by Grošelj et al. [78] the HK simulations show shallower slopes than the FK model
which can be regarded as the influence of electron scale physics on ion scale turbulent spectra.
Previous works have demonstrated the importance of electron Landau damping at ion scales in the
solar wind; therefore, the role of electron Landau damping was investigated further using isothermal
simulations of KREHM. Electron Landau damping leads to an increase in entropy; significant in these
simulations as they are collisionless so irreversible heating can therefore be achieved. This can lead to
the production of small-scale structures in velocity space. [69; 83] By operating in the isothermal limit,
we can explicitly prevent Landau damping. In these simulations, we therefore set ge = 0.

Figure 36. Comparison of the FK, HK, and KREHM magnetic field spectra with the isothermal electron limit of
KREHM for 𝛽" = 0.1 (Upper) and 𝛽" = 0.5 (Lower). Figure taken from Grošelj et al. [78]

The results of the simulation are shown in Fig. 36. There is a less of an agreement for the 𝛽" =
0.5 run, as is expected due to the ordering of KREHM, but in both runs the results are the same. Poor
agreement is shown between the FK simulation and the isothermal KREHM simulation. The KREHM
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spectra demonstrates the same shallower spectral slopes in excellent agreement with the HK
simulation over the range where numerical discretisation effects of HK are not significant (𝑘° ≤
•
). When the isothermal assumption is no longer imposed and the model now allows electron Landau
ŠP

damping, the spectrum matches far more closely to the FK spectrum.
The production of small-scale structures in velocity space can be explored by computing the
Hermite energy spectrum of the velocity space mode number m. Here m is similar to the real space

Figure 37. Hermite spectrum of the electron free energy, obtained from the KREHM simulation
-1/2
corresponding to the bi = 0.1 set of runs. The m slope is shown for reference. Figure taken from
Grošelj et al. [78]

wavenumber k with higher m corresponding to smaller-scale structures in parallel velocity space. The
spectrum is shown in Fig. 37 for the complete range of Hermite polynomials used (M=30). The
spectrum, although not including sufficient moments to fully characterise the spectral slope, could be
tentatively suggested to be forming a m-1/2 slope as predicted for linear phase mixing. [77]
5.4.5 – Conclusions
5
The KREHM model, despite having a formal range of validity of 𝛽" ≤ P = 0.01 for this study
56

delivers surprisingly accurate results at an order of magnitude above this range. The spatial field
profile, spectra and energy time-traces show excellent agreement with the FK simulations over a wide
range of scales. Furthermore, using KREHM we explored the importance of Landau damping through
a set of isothermal simulations where Landau damping was explicitly prevented. This highlighted the
importance of Landau damping in these simulations, explaining the difference in spectral slopes of HK,
which does not include Landau damping, and the GK and FK simulations which do. The spatial profiles
of the non-thermal free energy fluctuations show a close correlation with the reconnection sites
suggesting that kinetic-scale reconnection may play an important role plasma heating.
There are a number of areas of future work which should be considered. An obvious extension
to this study is to repeat the simulations in 3D to ensure that the level of fidelity of KREHM to fully-
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kinetic persists. This study used a decaying turbulence model where no energy was input to the system
after the initial state. Exploring what differences are present in a forced turbulence simulation would
be equally prudent. An understanding of the limitations of each of these models will allow significant
computational savings to be made and will develop an understanding of the key physical processes
dominating the behaviour in various turbulent regimes.
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