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ABSTRACT

A new method for measuring values of the multiplication factor for
an infinite medium, ke, has been developed; the method involves addi-
tion of neutron absorbers to subcritical assemblies. Measurements of
the values of ke for three lattices of uranium metal rods in heavy water
have been made; solid copper rods were used as absorbers. Two of
the lattices consisted of 0.25-inch-diameter rods of 1.143% enriched
uranium on triangular spacings of 2.50 inches and 1.75 inches; a third
lattice consisted of 0.75-inch-diameter rods of 0.947% enriched uranium
on a triangular spacing of 2.50 inches. The values of ke were found to
be 1.429 £ 0.007, 1.416 £ 0.011, and 1.187 + 0.027, respectively; they
were in agreement, within experimental uncertainties, with values
obtained with the four-factor formula.

The method used is closely related to the Hanford (PCTR) technique
for measuring ke, which requires a critical reactor. Since it is nearly
a measurement of (ke-1), and because the measured values are inde-
pendent of a number of sources of error in the four-factor formula, the
uncertainties in the measured values should be smaller than those
obtained with the four-factor formula. The work shows that a 3% uncer-
tainty in (keo-1) may be obtained with the method, comparable with the
uncertainty in PCTR measurements.

Measured values of the neutron regeneration factor, n, which are
independent of the values of v95 and the fission cross section of the fuel,
and nearly independent of the absorption cross section of the fuel, have
also been determined; for the lattices of 0.25-inch rods, they are
1.525 £ 0.014 and 1.555 + 0.008, respectively; they agree well with
values computed with the THERMOS code.

The results of exploratory experiments indicate that it may be
possible to do the measurements in two-region subcritical assemblies.

Thesis Supervisors: Irving Kaplan
Title: Professor of Nuclear Engineering

Theos J. Thompson
Title: Professor of Nuclear Engineering
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CHAPTER 1
INTRODUCTION

The neutron multiplication factor for an infinite medium, k_, is a
parameter central to reactor physics and reactor analysis. Consider-
able effort has been expended in the past in the development of techniques
for its experimental measurement and its theoretical calculation. The
purpose is to determine reliable values of k_ for use in the construction
of reactors for research, power, and other applications,

Although theoretical calculations, generally requiring the use of
digital computers, are in wide use in the design of reactors, experi-
mental measurements of the values of important parameters in
assemblies similar, or nearly identical, to the proposed design are
usually still required before construction can proceed with confidence.
Because of the expense of nuclear fuels and of the experiments, it is
important to obtain accurate experimental values with assemblies uti-
lizing the minimum amount of fuel. Thus, in addition to measurements
in single-region critical assemblies, a variety of alternatives have been,
and are being, investigated. These include substitution measurements
in critical and subcritical assemblies, single-region subcritical experi-
ments, and measurements in miniature assemblies, and on single rods
(CR 1).

The purpose of the present study is to explore another, as yet
untried, approach to the problem. It is closely related to one of the
critical substitution measurement methods, the technique for the
measurement of k  used at Hénford in the Physical Constants Testing
Reactor (DO 2).

In the remaining sections of this chapter, k, will be defined and
formulated in terms of the familiar four factors, and the Hanford tech-
nique will be described. The objectives of the present study will then

be described in detail.



1.1 THE NEUTRON MULTIPLICATION FACTOR IN AN INFINITE

MEDIUM (k)

Although a number of different definitions of k are in use, k is
here taken to be equal to the ratio of the total number of neutrons pro-
duced to the total number destroyed, per unit time, in an assembly so
large that neutron leakage may be ignored. In terms of the neutron life
cycle in an infinitely large, predominantly thermal reactor, k can be

defined as

kK, = nepf . (1.1

Here, ne is the total number of (fast) neutrons produced for one thermal
neutron absorbed in the fuel; n is the number of neutrons produced by
fission for one thermal neutron absorbed, and € is the total number of
(fast) neutrons produced for each neutron resulting from thermal
fission; p is the probability that a fast neutron escapes absorption
while slowing down to thermal energies, and f is the probability that

a neutron, once thermal, is captured in the fuel. It is important that
the various factors be defined consistently and that each process be
counted once and only once in the neutron cycle.

The multiplication factor k_ is most commonly determined by a
combination of measurements and calculations which result in a value
for each of the four factors on the right-hand side of Eq. (1.1), although
other formulations exist (WE 2). The uncertainty in such a determination
is in the neighborhood of 1% or 2%, sometimes more, generally
attributable to uncertainties in the values of neutron cross sections and
in the average number of neutrons produced per fission. The Hanford
method, developed at the Hanford Laboratories and based on the use
of the Physical Constants Testing Reactor (PCTR) (DO 2), results in

considerably smaller uncertainties in the values of k.

1.2 THE HANFORD TECHNIQUE

Consider an infinite, homogeneous, neutron-multiplying medium,
with k  greater than unity. Consider also the addition, to a sample of
this medium, of a quantity of a homogeneous absorber (which absorbs
only thermal neutrons and causes no spectral perturbation) sufficient

to reduce k to unity. Then Eq. (1.1) may be written:



1 = nept°, (1.2)

Under the conditions that have been defined, the thermal utilization
has been changed from f to £°, in such a way that the valueof k  is
reduced to unity; the other factors are unchanged. If we assume, for
simplicity, that the assembly is homogeneous, the thermal utilization

for the two cases may be written:

a
2
ia . fzel : {1.3)
Efuel * Zrr.moderator
a
b
f0 ot fuel , (1.4)
Ea + z;a 5 2Ja
fuel moderator absorber

- T g ; :
where Ei indicates the macroscopic neutron absorption cross section

for material i. Then, we may write:

Z:a.
& =i = absorber i (1.5)
% £© z:a + Z,’a
fuel moderator
a
b
ke, - absorber , (1.6)
Ea o za
fuel moderator

The Physical Constants Testiné Reactor is a cube of graphite,
7 feet on a side, with a cavity, 2 by 2 by 7 feet, located at its center.
It is made critical by enriched uranium distributed outside the
boundary of the central cavity. Several cells of the lattice to be tested
are placed in the cavity, together with a quantity of a distributed
neutron absorber sufficient to make the reactivity of the resulting
assembly the same as that of the reactor with the cavity. Such a
sample is held to have a value of k_ equal to unity. An attempt is
made to ensure that the energy spectrum of the neutrons incident on
the test sample, as defined by some suitable spectral index, is the
same as the spectrum that would exist in an infinitely large sample of
the medium.

The Hanford technique thus consists basically of a determination

of the amount of added absorber necessary for Eq. (1.2) to be satisfied.



With the amount of absorber to be used in calculating Zabsorber thus
determined, Eq. (1.6) may be solved for k., with the aid of the known
cross sections. Equation (1.6) has been written for (k-1) rather than
k. to emphasize the major attraction of the method: the over-all
uncertainty in the right-hand side due to cross-section uncertainties
is proportional to the uncertainty in (k_-1), rather than in k.. This
result is especially important in most practical cases, where k., is
near unity. In addition, this method avoids the need for a calculated
or measured value of n, one source of uncertainty in four-factor
determinations of k. Finally, no particular '""model" or form of
reactor theory is necessary for the interpretation of the experiment.

Thus, the method offers several important advantages.

1.3 OBJECTIVES OF THE PRESENT WORK

The first objective of the present work is to synthesize from
known techniques a new method for the measurement of k., which
retains the major advantages just ascribed to the Hanford technique,
but which employs not a critical but a subcritical facility; the
absorber is to be added uniformly, though not necessarily homo-
geneously, to the entire lattice. The amount of added absorber
which reduces the measured material buckling of the assembly to zero
is to be taken as the amount which exactly reduces k to unity.

The second objective is to explore the use of the method in heavy
water moderated assemblies of slightly enriched uranium metal rods,
by using it to measure k_ in three different subcritical lattices, with
markedly different moderator-to-fuel ratios. The results of this work
will be compared with results of activation measurements of ratios
related to the factors in the four-factor formula (Eq. (1.1)), and to
results of PCTR-type measurements on similar lattices.

It is possible that values of k  can be determined by adding
absorber only to a portion of the subcritical assembly. One of the
objectives of this work is to conduct a limited experiment with the
purpose of exploring the feasibility of this technique.

The final objective of this work is to use the data, where possible,
to determine quantities related to neutron leakage, such as the Fermi

age and the diffusion length.



1.4 NOMENCLATURE

A number of the terms here used in a specific way have alternative
meanings elsewhere in the literature. They are defined as they occur,
but the more important ones are here recorded for convenience.
'""Lattice' is here used to mean one of the three arrangements of
uranium fuel rods in heavy water to which varying amounts of neutron

absorber were added. "Assembly,"

on the other hand, refers to a par-
ticular assembly of fuel, heavy water, and neutron absorber. These
are also referred to as "'mixed" or "modified" lattices. Two or more
assemblies, each having a different amount of added neutron absorber,
have been investigated in the course of the work on each lattice.

In the discussion so far, the term often used for extraneous
absorbers introduced into neutron-multiplying assemblies — ""poison' —

" while less dramatic, is

has been avoided. The term ''absorber,
certainly more descriptive. Although all materials are to some extent
neutron absorbers, no confusion should arise if the term "absorbers"
is here considered to mean those materials temporarily introduced
into a lattice, to increase its thermal neutron absorption cross
section for the purpose of specific experiments.

The thermal energy region includes energies less than or equal to
0.415 ev. The epithermal energy region is divided into the resonance
region, which includes energies greater than 0.415 ev but less than
1.0 Mev; the high energy region includes energies equal to or greater

than 1.0 Mev.

2
i
relate to the high, resonance, and the thermal energy regions, re-

The slowing-down areas L, and Lf_, and the diffusion area Lg,

spectively. They are related to the nonleakage probabilities ﬂf, 2.,
and L’s by equations analogous to Eq. (2.9).

The multiplication factor k_,, as well as the factors generally
defined in Sec. 1.1, are given precise definitions in Sec. 2.2 and related

to measurable quantities in Sec. 2.3.

238

The capture-to-fission ratio dog relates to fission of U in the

235

high energy region; g relates to fission of U in the epithermal

energy region. The ratio a is used only in Sec. 2.1.4 and denotes the

235

capture-to-fission ratio in U , averaged over all energies.

A "unit cell" of a lattice (or an assembly) consists of a single fuel



rod, as well as the moderator (and added absorber) associated

with it. All unit cells are identical; thus, the neutron distribution
throughout an infinite lattice (or assembly) is known if the distribution
in one unit cell is known. Knowledge of the neutron distribution over
some segment of the unit cell is often sufficient for the specification
of the distribution throughout the unit cell, from consideration_s of
symmetry. The smallest such segment is here referred to as the

""smallest repeating cell segment."

1.5 CONTENTS OF THE REPORT

In Chap. II, the detailed theoretical treatment of the measure-
ment of k_ is presented; the experimental equipment and procedures
are discussed in Chap. III. Chapter IV deals with the analysis of data,
and Chap. V consists of the results of the work. Chapter VI summa-

rizes and concludes the main body of this report.



CHAPTER 11

THEORY OF THE MEASUREMENT

The theoretical basis of the method will be discussed in this
chapter. The material buckling, the neutron multiplication factor in
an infinite medium (k_), and the relation of the two will be discussed
first; the factors comprising k  will then be defined.

Next, the many modifications necessary to adapt the simplified
version of the Hanford technique presented in Chap. I to cases of
interest here will be discussed.

- The determination of lattice parameters other than k_ is dis-

cussed in the final sections of this chapter.

2.1 THE MATERIAL BUCKLING, THE INFINITE MEDIUM MULTI-
PLICATION FACTOR, AND THE SUBCRITICAL EXPERIMENT

2.1.1 Buckling
The spatial distribution of the neutron flux, gt)(.f‘), in a bare, homo-
geneous, critical reactor is given by the fundamental mode solution of

the Helmholtz equation,

v2e(?) + B2(D = 0 , (2.1)

under the assumption that the flux goes to zero at the extrapolated
boundaries of the system, assumed independent of neutron energy
(WE 1). Here, the constant B4 may be identified with the geometric
buckling (Bz); it is a function only of the extrapolated dimensions of
the critical reactor. Derivations of the expressions for the geometric
buckling in reactors of various shapes are readily available (GL 1).
For a right circular cylinder of extrapolated height HO and extrapo-

lated radius Ro’ the buckling is:

B; 3§ (2.4048)2 X (ﬁw_)z | AT
O (0]

R

The material buckling (Bfn) is a characteristic of a given neutron-

multiplying medium; in the absence of pronounced anisotropies, such



as those caused by voids, it is a function only of the materials involved
and not of the size of the assembly (CR 1). It is defined to be equal to
the geometric buckling of a critical reactor composed of the given
material. It may thus be measured by constructing such a reactor,
determining its extrapolated boundaries, and using the appropriate
expression for the geometric buckling (cf. Eq. (2.2)). Clearly, the
larger the material buckling, the smaller the critical reactor. Intui-
tively, it may be seen that k_, and Brzn are related, a large value of k

implying a large value of the material buckling, and vice versa.

2.1.2 Relation of the Buckling to the Infinite Medium Multiplication
Factor

There are a number of ways to relate koo te Br2n mathematically,
varying from simple to relatively complex, depending on the assump-
tions made in representing the processes by which neutrons are pro-
duced and destroyed in the reactor. Several of these will be discussed
in Sec. 2.6.2, Common to all such relationships, however, is the
association of the value of unity for k_, with a zero material buckling,
This follows from definitions already stated, upon noting that a reactor
with a multiplication constant equal to unity is just critical by defi-
nition, since a steady-state chain reaction can then be maintained with-
out external neutron sources. If the value of k for a given medium is
equal to unity, a reactor composed of the medium, infinite in extent,
would be just critical. The value of the geometric buckling of such a
reactor would be zero, and it follows from the equivalence of geometric
and material buckling for a critical reactor that the material buckling

would also be zero.

2.1.3 Measurement of the Material Buckling

Although construction of a critical assembly is a straightforward
way of measuring Bfn, there is another way, particularly applicable
in systems of relatively low buckling. It is based on the fact that the
fundamental mode solution to Eq. (2.1), with B2 now associated with
the material buckling, governs the spatial distribution of the neutron
flux, far from sources and boundaries, in a subcritical assembly
(WE 1). This holds, provided that an equilibrium neutron energy

spectrum (characteristic of the critical reactor) exists throughout a



considerable volume of the assembly.
The fundamental mode spatial distribution obtained from Eq.(2.1)
for positive and negative values of Brzn’ for a cylindrically symmetric

assembly of extrapolated height HO and extrapolated radius Ro’ is:
¢(r) = dJOJO(aI‘) sinh YG-IO-Z) g (2.3)

Here, Jo(x) is the zeroth order Bessel function of the first kind of x,
sinh x is the hyperbolic sine of x,

a = 2.4048/R _

3

r and z are the radial and axial position coordinates,
respectively, with the origin at the center of the source

plane of the assembly,
¢O is an arbitrary constant of proportionality.
This solution holds, subject only to the requirement,

2

a 2B2

m

(2.4)

2

a condition usually satisfied; the material buckling is then related to

the flux distribution by the relation:
B R I ) R (2.5)

The details of the development just summarized are available in basic
reactor physics texts (GL 1). The various assumptions involved are
also discussed in theses by Palmedo (PA 1) and Harrington (HA 1).
To measure the material buckling, it is necessary to determine
the relative spatial distribution of the neutron flux within the region
where the equilibrium spectrum exists, in the radial and axial
directions. The values of a and y which yield the "best fit'"' of the
theoretically predicted distribution to the observed distribution then
are used to determine the material buckling by means of Eq. (2.5).
The material buckling (and other reactor physics parameters
which characterize the critical reactor) may thus be measured in a
subcritical assembly of sufficient size. The extent of the region
throughout which the equilibrium spectrum holds may be determined
experimentally by measuring neutron flux distributions with appro-

priate detectors.
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The cadmium ratio R for a neutron detector at a given point is

defined as the ratio of the%%served activities, at the point in question,
of detector foils without and with cadmium shields. It is a spectral
index, large cadmium ratios typifying well-thermalized spectra.
Constancy of the cadmium ratio over a given region of an assembly is
taken as an indication that the neutron energy spectrum is invariant
with position over the region.

The foregoing development, strictly speaking, applies only to
large, bare, homogeneous reactors. Experiments have shown, how-
ever, that it also applies to bare, heterogeneous uranium-heavy water
assemblies, among others (CO 1, PA 1). Thus, a practical and
commonly-used approach to the determination of the lattice physics
parameters characterizing critical reactors of this type involves the
use of a subcritical assembly. With this experience in mind, exten-

sive use of the foregoing ideas will be made here.

2.1.4 Use of the Four-Factor Formula for k
As noted in the introduction, the four-factor formula is not the
only one which can be used in the experimental determination of k.
Weitzberg (WE 2) has formulated k_, directly in terms of nuclear data
and experimentally measurable activation ratios:
P b (o —T)8
k= 25 28 28 ) (2.6)
s + (1) 00 (o)
C #{1va) + (f - 1)(1+a) e

* : : - . .
Here, C 1is the measured conversion ratio, a is the average capture-

235 & is the ratio of thermal absorptions in U250

to-fission ratio of U
to thermal absorptions in the fuel, and the other quantities have their
usual definitions (see Sec. 2.3).

Although independent of the four-factor or '"neutron life cycle"
approach to the formulation of k_, this definition is equivalent to it,

as Weitzberg has pointed out, prbvided that:

1) the basic definition of the multiplication factor is the same in

each case, and

2) both account for the same neutron production and absorption

processes.
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D'Ardenne (DA 1) has evaluated k for three lattices similar to those
studied in the present work; he used both Eqgs. (1.1) and (2.6). The
results obtained agreed within the uncertainties of the measurements.

There is, then, no fundamental objection to the use of the four-
factor formula. For the present work, it is particularly appropriate
to use this formulation because the thermal utilization is the only factor
which undergoes large changes when the neutron absorbers used are
introduced into the lattices. Corrections are made for changes in
other parameters, but, as will be seen, they are small.

For precise work, it is vital that the factors in Eq. (1.1) be defined
consistently and take into account all processes of importance in the
neutron life cycle. In this connection, it should be noted that various
processes in the epithermal energy range have been neglected in the
simplified discussion of Chap. I. These include fission and absorption
in U235, as well as absorption in non-fuel materials. The definitions
ofe, p, n, and f, and modification of the four-factor formula to take
into account the epithermal fissions in U2°°, will be discussed in the

next section.

2.2 DEFINITIONS EMPLOYED

The multiplication factor k has been defined in Chap. I as the
ratio of the number of neutrons produced, per unit time in an infinitely
large assembly, to the number of neutrons absorbed. Neutron leakage
is not considered at this point because the assumption of infinite size
automatically eliminates leakage as a neutron-removing process. The
effect of leakage on measurements made in finite assemblies is con-
sidered in Sec. 2.3.

The lattices studied consisted of slightly enriched uranium metal
rods, clad in aluminum and immersed in heavy water moderator. To
these lattices have been added pure copper rods, clad with nickel.

The neutron-producing processes to be considered are thus fission of
U235 at thermal and epithermal energies, and fission of U238 at high
energy. The absorption processes include absorption at all energies
in uranium, copper, cladding material, and moderator. Absorption in
the narrow air gap between the fuel and the cladding, in the small light

_water contaminant inevitably present in the moderator, and in the
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nickel cladding on the copper rods, will be neglected, although all were
taken into account in the detailed calculations. No loss of generality is
involved.

The neutron life cycle in a typical lattice of this sort is shown sche-
matically in Fig. 2.1. From one U235 fission neutron, a total of €
235 et U238 238

fission neutrons from U slow down past the U fission
threshold, here taken as 1 Mev. A fraction p of these neutrons
escapes capture in the resonance energy region, here taken as the
region between 0.415 ev and 1 Mev. Of the ep neutrons reaching the
thermal energy region, a fraction f is absorbed at thermal energies
in the fuel (U235 and .U238). The number of U235

resulting from one thermal neutron absorbed in fuel is n. Thus, for

fission neutrons

one U235 fission neutron starting out (in the upper left-hand corner of

Fig. 2.1), a total of enpf US>

U235 are created. To these must be added the fission neutrons created

35

fission neutrons from thermal fission of

The parameter §,. is defined as the

235 29 235
ratio of epithermal fissions in U to thermal fissions in U . The

by epithermal fission of u?

total number of Uz35 fission neutrons produced, per U235 fission
neutron absorbed, is by definition just equal to k. We may therefore
write:

Koo = (146845) €npf . (2.7)

The fast fission factor accounts for fast neutron absorption in

238, as well as production of neutrons by fast fission in U238. The

U
resonance escape probability, as here defined, takes into account all
epithermal absorptions in uranium and copper, whether in resonances
or in the 1/v component of the cross section, as well as epithermal
capture in cladding or moderator.

It should be realized that the foregoing set of definitions, while
complete and self-consistent, is not the only set that could be used.
The most convenient definition of the factors depends, in general, on
the type of assembly under investigation and the measurements to be
made in it. The relation of the factors just defined to ratios which can

be measured experimentally is the subject of the next section.
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2.3 RELATION OF FACTORS TO MEASURABLE QUANTITIES

Much has been written on the subject of relating the several factors
to experimentally observable quantities. The formulations to be used
here have been selected on the basis of experience in heavy water lattice

physics at M.I. T. and elsewhere.

2.3.1 Fast Fission Factor (e€)

The experimentally measurable quantity associated with the fast

238

fission effect is & defined as the ratio of fissions in U to fissions

28’
in U235, averaged over the fuel. It is related to € by the following

equation (KO 1):

2.9
v28—(1+a28) (1+Lme)
28 Vos
& . . (2.8)
i & 2.9 28

LB
28fm25

L.+ §

v

is the number of neutrons emitted per U238 fission, Vos is

v
28
the same parameter for U235 fission, agg is the capture-to-fission

Here,

ratio in U%?® above 1 Mev, B2 is the material buckling, and LY is a
parameter relating to fast neutron leakage. The nonleakage probability

while slowing down to 1 Mev is taken to be:
S A
L, = (1+Lme) . (2.9)

The values of the parameters used in the evaluation of Eq. (2.8) are
given in Table 2.1.

The effect of neutron leakage from the finite assembly on the
value of € is accounted for by the terms involving the buckling. In the
present work, they are very small, since the material buckling in
each lattice is less than 0.0015 cm_z. The magnitude of the uncertainty
in Vog alone renders the application of the correction factor in the
numerator of Eq. (2.8) useless, and the factor is not included here.

The measurement of bog has been treated in detail in Refs. WO 1

and BL 1.
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TABLE 2.1

Constants Used

Constant Value Source of Data
Vos 2.43 + 0.02YB0 1
Vag 2.82 + 0.05/ SA 1
asg QLE0T 0,080 KO 1
A9 063 + 0.10 S5/ 3
9 9 Estimate based
Lf 1 o on information
in Ref. PA 2.
9 2 Estimate based
Lr 113 cm on information
in Ref. DA 1.
2.3.2 Neutron Regeneration Factor (n)
The number of neutrons liberated per U235 fission, Vos is here

taken to be constant as a function of incident neutron energy (see

Table 2.1). The observed energy dependence of this quantity is (AN 1):

Vog = 2.43 + 0.145E , (2.10)

the units of E being Mev. Thus, only for fissions induced by neutrons
with energies greater than about 0.1 Mev does the variation of Vos with
energy become important. Since the lattices studied are well-
moderated, and even the small amount of resonance fission occurs

near or below 100 ev, constance of v,. with energy is an excellent

25
assumption.

The factor n has been defined in Sec. 2.2. If ff(25) is taken to be
the average macroscopic thermal fission cross section for U235, and
fa(25) and Ea(28) the average macroscopic thermal absorption cross

235 238

sections for U and U™ ", respectively, then the neutron regener-

ation factor is defined as follows:

Vos Ef(25)

A == . (2.113%
za(zs) + za(28)
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Provided that the cross sections are averaged over the thermal neutron
energy spectrum which would be present in an infinitely large reactor,
the value of n defined above is appropriate for use in the four-factor
formula for k. This spectrum is taken to be the same as the equi-
librium spectrum in the finite reactor (see Sec. 4.3.1). No corrections
for leakage need be applied, since all cross sections pertain to the same

energy group.

2.3.3 Thermal Utilization (f)

The thermal neutron absorption rate a; in material i is:
, g5 (i
a, = fl fo va(r, v) Z,(v) dv dr | (2.12)

where n(?, v) is the density of neutrons with speeds between v and
v+dv in the element of volume dr at T, and Zi(v) is the macroscopic
neutron absorption cross section for neutrons of speed v. The ab-
sorption cross section is assumed to have no spatial dependence with-
in the material. The thermal neutron energy range is taken to include
neutrons with speeds up to ¥ the speed corresponding to the cadmium
cutoff energy.

Equation (2.12) may be replaced by the expression:

<

a.=n.v.2.V., (2.13)
1 : A [ DR

where the bars denote averages in space and velocity, defined as

follows:
VC o e
f vn(r, v) Zi(v) dv dr
F o , (2.14)
i ¥ Jo B
f f vn(r, v) dv dr
il
R ot
f f n(r, v) dv dr
B, - (2.15)
. fdr
i
and
s - R
f f vn(r, v) dv dr
oo 0 (2.16)

i X, (_‘)ddd.
hl(s:, v) dv dar
[
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The parameter Vi is the volume of the material i in a unit cell of the
infinite reactor under consideration. More will be said about the cell
concept in Sec. 4.3.1; for the present, a unit cell may be regarded as
being composed of a single fuel rod and the moderator and added

absorber associated with it. Table 2.2 indicates the index i for each

TABLE 2.2

Index i Assigned to Materials in Cell

i Material

0 Fuel

1 Moderator

2 Cladding

& Added absorber

material used in the experiments to be discussed. The thermal
neutron absorption in material i relative to the thermal neutron

absorption in the fuel is denoted by Ai:
a. Vi ;

A sl 2 (2.17)
a

The thermal utilization in the definition of Sec. 2.2 may then be

expressed in terms of the a, or Ai as follows:

a
o NS 1
a0+z3.1+a.2+a3 1+A. +A_+ A

f= >
1 2 3

(2.18)

The various factors appearing in the above equation may be evalu-
ated by a combination of calculations and experiments. In the present
work, the ratios of cross section in the Ai terms are calculated with
the aid of a multigroup transport theory computer code (see Sec. 4.3.1),
and the flux disadvantage factors are measured in activation experi-
ments at the center of the subcritical assembly. Correction for the
spatial variation of the neutron flux due to leakage from the assembly

is readily made, in a manner described in detail in Sec. 4.3.2.
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2.3.4 The Resonance Escape Probability (p)
The derivation of the expression for p in terms of experimentally
measurable ratios is based on the corresponding derivation in Ref. KO 1.

That treatment is modified in the present work to take into account epi-
235

2

thermal absorption in copper, U cladding, and moderator, and
includes all absorptions, rather than just those occuring in resonances.
The epithermal neutron absorption rate in material i, relative to

the thermal neutron absorption, is denoted by p;- The same ratio for
U238 : 235

is denoted by Pog- The epithermal neutron fission rate in U p
relative to the thermal neutron fission rate, is defined as 625.

These will now be related to the resonance escape probability
through consideration of the relevant portion of the neutron life cycle
in a finite reactor.

It is shown in Ref. KO 1 that if € is defined as in Sec. 2.3.1, then
the number of fast captures in U238 per virgin U235 fission neutron
is N

f
(e-1)a
N, = ——7 20— . (2.19)
28 28
If ﬂf is the nonleakage probability in the high energy region, e.ﬁf neutrons

reach the resonance energy region. Of these, eﬂfp avoid resonance
capture, and eﬂf(l-p) are captured. The nonleakage probabilities in the
resonance and thermal energy regions are !ZI_ and JZS, respectively; they

are defined by equations analogous to Eq. (2.9). Then, €l.2 2 pt

: 4

neutrons are absorbed in uranium at thermal energies.

38

If G is defined as the ratio of absorptions in U2 to total absorp-

tions in fuel, at thermal energies, and ayg is the capture-to-fission

235

ratio for U in the epithermal energy region, then the absorptions in

the resonance region may be related to the thermal absorptions. We
note that:

238

G = ratio of epithermal U absorptions to thermal

Pag
absorption in fuel, (2.20)

piAi = ratio of epithermal absorption in material i to

thermal absorption in fuel, (2.21)
6o:(1+a,:) n(1-G)
45 v25 = ratio of epithermal U235 absorption
25

~to thermal absorption in fuel. {2.22}
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Then, equating the total number of epithermal absorptions (relative to
the thermal absorption in the fuel) to the expression for this quantity
based on the neutron life cycle considerations above yields the following

equation:

(6—1)0.28
3 - el (1-p)+ AR
LR E At 625(1+a25) mn1-G) & f Vog 7} agg S
28 = el Vos eﬂf,ﬂr,ﬂspf
When this equation is solved for p, the result is:
a
Th v e el o
B : 28 & \ (2.24)
6,c(1+ay.) n(1-G)
25 A
1+ﬂrﬂsf[p28(}+ Z piAi+ +
i=1 25

This is the desired expression for the resonance escape probability in
an infinite assembly, based on parameters measured in a finite

28 3o S5 3nd g,
the disadvantage factor implicit in the Ai terms. Where measured

assembly. The measured quantities are R and
values of the first three quantities were unavailable, they have been
calculated from measurements in similar assemblies, in a manner
explained in Sec. 4.4. The constants used in the evaluation of

Eq. (2.24) are presented in Table 2.1. The calculation of n, G, and Li
is discussed in Sec. 4.3.

2.3.5 The Ratio of Epithermal to Thermal Fissions of U235 (625)

Values of o5 measured in finite assemblies will be higher than
those that would be observed in equivalent infinite assemblies, owing
to neutron leakage in the resonance and thermal energy regions. The
following derivation of the appropriate correction factor is based on a
similar derivation in Ref. EN 1.

The treatment is similar to that of the preceding section. For the
purposes of this discussion only, the resonance escape probability p
will be replaced by 2t\é's.r5o f::tc’con;sa,8 Pos and Pog: defined as the proba-
bility of escaping U and U

For one virgin U235 fission neutron, eﬂf neutrons slow down into the

235

resonance absorption, respectively.

resonance region. The number captured in U resonances 1is

siil-pag) p25‘”’28)
2

5 slow down to thermal energies

, while eﬂfﬁrﬂsf(
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and are absorbed in the fuel. Let ”r/"25 be the number of resonance

235

fissions per resonance absorption in U , and n/v25 the corresponding

quantity for thermal fission. Then the finite medium value of 525 is:
0 Ve, W T 8 (2.25)
2 N PagtPag T 4.4,

The infinite medium value of 625 is given by the same expression with
the nonleakage probabilities set equal to unity; accordingly, it may be

derived from the measured value as

625 = ﬂrﬂsé25(finite) . (2.26)

2.4 EXPERIMENTAL DETERMINATION OF k_: ONE-REGION
ASSEMBLY

The broad outline of the method devised for the measurement of
k., has been given in Secs. 1.2 and 1.3, under a set of restrictive
assumptions. These restrictions will now be removed, and the corre-
sponding expression for k will be derived for cases of practical
interest.

Consider a subcritical, heterogeneous assembly of fuel and
moderator, of sufficient size that an equilibrium spectrum exists
everywhere except in regions near sources and boundaries, and let
k , be greater than unity. Consider also the introduction into the
moderator of a uniformly distributed neutron absorber. Such an
absorber will absorb thermal and epithermal neutrons. If the assembly
is heterogeneous and the absorber is solid, some of the moderator will
be expelled from the assembly. The neutron-multiplying character-
istics of the medium, as summarized by Eq. (2.7), will be altered, to
an extent depending on the amount and type of absorber added. If the
absorber is selected properly, the value of k  may be reduced to unity.
As noted previously, this implies a null material buckling. For an
assembly with null material buckling, Eq. (2.7) may be replaced by the

equation,
$ s €°p°n°f°(1+a‘§5) ! (2,27)

Superscript zeroes (°) refer to parameters characterizing such an
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assembly. Division of Eq. (2.7) by Eq. (2.27) and use of Eq. (2.18) gives

the result:
1+6,, 2 ”
- (i) (_E.) (i) 1+A%+£ ) (A. -A.) . (2.28)
(o) 0 (o) o] 3 ! i 7
& € P n 1+625 i=1

This equation is analogous to Eq. (1.5) but contains the necessary cor-
rection factors.

If the added absorber displaces little or no moderator, if it is
predominantly a thermal neutron absorber, and if it is carefully placed
within the assembly, the first four factors in parentheses on the right-
hand side of Eq. (2.28) will all be near unity. Furthermore, the differ-
ence between A? and Ai for the cladding and moderator can be made
small. In the approximation that the former correction terms are
indeed equal to unity, and the latter may be neglected, the similarity
to Eq. (1.8) is more apparent:

a.O

3
a, 3 a4 + &

k, -1= ng = (2.29)

The factors entering the exact formulation of Eq. (2.28) account
for spectral perturbations, epithermal absorptions in the added
absorber, and effects of the heterogeneity of the lattice. In the present
work, the values of the individual correction factors for spectral per-
turbations and epithermal absorptions differed from unity by no more

than 3%; their product deviated from unity by less than 1.5%. The
value of the correction factor f E (A?—Ai) was from 0.15% to 0.4% of
i=1

the bracketed term in which it appears in Eq. (2.28).

Although the correction factors are small, their nature is such
that they are dependent on the moderator-to-fuel ratio of the lattice.
To test the efficacy of the method, lattices spanning a wide range of
moderator-to-fuel ratios of practical interest have been investigated.

Furthermore, it is to be noted that it is ratios of factors, not the
factors themselves, which appear in Eq. (2.28). Thus, any systematic
errors will tend to cancel; one obvious example of this is afforded by
the factor (n/no). The final value of k_ is independent of the value

used for v as well as that used for the-macroscopic cross sections

AT
of the fuel.
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Zero material buckling values are not attained experimentally.
Varying amounts of absorber are added to the lattices, resulting in
both positive and negative bucklings. In each assembly, the buckling,

ggr and 8,4

are measured. The ratio 625 is measured in the unmodified lattice,

and R3 in one or more of the assemblies. The correction factors of

the fine structure of the thermal neutron distribution, R

Eq. (2.28) and the ratio AS are derived from these measurements, in
a manner to be described in Sec. 4.3 and 4.4. These correction factors
are plotted individually, with the measured material buckling as
abcissa, and least squares fits employing low-order polynomials are
made. (See Sec. 4.5.) The best estimate of the value of each parame-
ter for an assembly with null material buckling is taken to be the
y-intercept of the least squares line at zero buckling. These values
are uséd in Eq. (2.28) to obtain an experimental value of k. The
results are given in Sec. 5.4.

The values of k_ for each assembly may be derived from a
formula analogous to Eq. (2.28). Quantities with superscript (') relate
to an assembly containing added absorbers; those with superscript (°©)

relate to an assembly with null material buckling. The equation for

145! 2
o= (%) (B e | e (3-as) e L (a4 oo

€ P/ 1+6§5

2.5 POSSIBLE APPLICATION OF THE METHOD TO A TWO-REGION
ASSEMBLY

Many reactor physics parameters, including the material buck-
ling, can be measured under appropriate experimental conditions in
two-region subcritical assemblies (PE 2, RO 2, GO 1). Such assem-
blies consist of a central (or test) region, containing the mixture of
fuel and moderator to be investigated, and an outer (or reference)
region, containing a mixture of fuel and moderator whose properties
are known. The measurements have the greatest chance of success
when the differences between the test and reference regions are small.

It is of interest to consider the possibility of determining k__ in
a two-region experiment. Combination of the high precision inherent

in the Hanford technique (and attributed to the one-region subcritical
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experiment described in the preceding section) with the minimal fuel
requirements characterizing subcritical substitution measurements
would be useful in experimental reactor physics.

The present study is aimed primarily at establishing the validity
of the one-region subcritical technique for the measurement of k_; a
simultaneous effort is under way to explore the limitations of sub-
critical substitution measurements of the buckling and other parame-
ters in DZO lattices (GO 1). The test of the possibility of combining
the two methods must await completion of both projects, but one two-
region assembly has been investigated as part of the present work. No
attempt is made to determine a value of k  on the basis of the measure-
ments on this assembly, but exploratory measurements have been
undertaken, in an attempt to investigate the feasibility of combining
the two methods.

As indicated above, the two-region measurements are best-suited
to situations where test and reference regions are not markedly differ-
ent. Although other configurations are possible in two-region measure-
ments of k_ (see Chap. VI), imbedding a test lattice modified by the
addition of absorbers in a non-modified reference lattice presents the
maximum possible economy in test fuel and absorber material. But
the differences between the test and reference regions (in terms of
material buckling, diffusion length, etc.) would, in this case, be very
large, since the success of the determination of k_ depends on
obtaining at least one modified lattice with a value of the material
buckling at or near zero.

It was therefore deemed of interest to investigate a two-region
assembly with a large difference between the test and reference
regions. The flux distribution in the radial direction, and in the axial
direction at three different radii, were investigated with bare and
cadmium-covered foils. These measurements yield information about
the regions of the assembly where an equilibrium spectrum may be
expected and allow a comparison with the cadmium ratio values deter-
mined in the single-region measurements on the test and reference
lattices. The assumption that the axial buckling 'yz is independent of
radial position in a two-region assembly is important in most two-
region determinations of test lattice bucklings. The above-mentioned

measurements allow a test of the validity of this assumption in an
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assembly where test and reference regions differ widely. The results

of the measurements are discussed in Sec. 5.7.

2.6 DETERMINATION OF LATTICE PARAMETERS OTHER THAN k

e e]

2.6.1 Parameters Appearing in the Four-Factor Formula

While the method to be developed has been presented as a measure-
ment of k_, it may, with equal validity, be treated as a measurement
of 0, p, £, or (1+625). Since these parameters appear in Eq. (2.28) in
ratios, the experimental value of k_, derived is independent of their
absolute value, as discussed in Sec. 2.4. By solving Eq. (2.7) for the
desired factor in terms of k_, and the other factors, and using the experi-
mental values for them, an experimental value of the desired factor may
be obtained. Such a procedure will be useful in cases where the per-
centage uncertainty in one of the factors is markedly greater than that

in any of the others. The matter is further discussed in Sec. 5.5.

2.6.2 Parameters Relating to Neutron Leakage (L2, T)

The discussion to this point has centered on the neutron economy
in an assembly so large that neutron leakage may be ignored. The
parameter characterizing such an assembly is, of course, the neutron
multiplication factor for an infinite medium, k_. As indicated in
Sec. 2.1.2, it may be related in a variety of ways to the material buck-
ling. The equation stating this relationship is the so-called "criticality
equation,' the complexity of which is governed by the nature of the
assumptions made concerning the slowing-down process. Detailed
models have been evolved, but comparatively simple criticality
equations, derived from elementary reactor theory, have been found
adequate for correlating the available experimental data. References
CR 3 and HE 7, which are critical evaluations of investigations of the
physics of Dy,0-moderated assemblies, have demonstrated the efficacy
of such equations for parametric studies and correlation and intercom-

parison of data. Thus, the following equations have been used widely:

Y 5.2 ( 2)
. (1+L Bm) 14+7B. ), (2.30)

. (1+L2B2 ) (eTBIzn) (2.31)
o0 m . 2

—
|
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In these equations, L2 is the thermal neutron diffusion area, and T is
the Fermi age of neutrons. Equation (2.30) is derived from two-group
theory; Eq. (2.31) is derived from age-diffusion theory.

The expression for the fast nonleakage probability derived from
age theory, i , has been compared with a more precise expression
calculated with the Greuling-Goertzel approximation, which does not
involve the assumption of continuous slowing down basic to age theory
(LE1). The comparison was made for reactors moderated with
deuterium. Although no single value of 7 was found for which the age
theory expression gave results in agreement with those of the Greuling-
Goertzel treatment for all values of Bz, for practical reactors

(B2 < 0.01 cm'z) the range of values was found to be small (101.6 cm2

to 107.2 cm2 for the age from 2 Mev to 1.4 ev). The largest buckling
encountered in this work is 0.0014 cm"zg for bucklings of this magni-
tude or less, the age theory value of the nonleakage probability should
not differ greatly from the value derived under the Greuling-Goertzel
approximation.

Other workers have made experimental measurements of Lz and
T by adding neutron absorbers to lattices, observing the change in the
buckling and relating this to changes in k_ (see Appendix A). Under
certain conditions, it is possible that both L2 and T can be simultane-
ously measured in experiments similar to those done here. The
method proposed involves calculating the change in both L2 and T
caused by the addition of the absorber, and leaving as unknowns the
values of these two parameters for the unmodified lattice. The method
is discussed in Appendix G. It is pointed out there that an assembly
with zero material buckling contributes no information about I.J2 and T;
assemblies with low material buckling contribute very little information.

in the

manner described in Secs. 2.1 to 2.4. For this work, assemblies with

The main purpose of this study is the determination of k,
zero material buckling are ideal; an effort was made to obtain buck-
ling values near zero wherever possible. Thus, the available experi-
mental data is not well-suited for the determination of L2 and T.
"Experimental" values of L2 may, however, be obtained from
Eqgs. (2.30) or (2.31), if calculated values of the Fermi age are used in

conjunction with the measured values of k , and the material buckling.
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H. E. Bliss has calculated values of the age for the lattices studied
(BL 2), using formulas given by A. D. Galanin (GA 1). Values of 1.9

calculated for the unmodified lattices in this way are given in Sec. 5.6.
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CHAPTER LIl

EXPERIMENTAL APPARATUS

In this chapter, the apparatus used in these experiments is
described. Where detailed descriptions of equipment used are readily
available (e. g., the lattice facility), only a brief description will be
given, together with the pertinent references. In addition, some
details have been relegated to the appendices. The chapter closes

with a listing of the experiments.

3.1 SUBCRITICAL FACILITY AND M.I.T. REACTOR

The experiments took the form of foil irradiations in the M.I. T.
Heavy Water Lattice Facility (HE 1). Its neutron source is the M.I.T.
Research Reactor, a heavy water cooled and moderated, enriched
uranium fueled, tank-type reactor, which was operated at a power
level of 2 MW throughout the course of the experiments. Neutrons
passing out of the reactor through the graphite thermal column enter
the lattice tank from the bottom after making a 90° turn in the cavity
which is situated as shown in Figs. 3.1 and 3.2. The neutron source is
highly thermalized, having a gold-cadmium ratio of 3000-4000; the
source strength is approximately 10101'1/cm2 sec at the bottom of the
tank, when the reactor is operating at 2 MW. Because the subcritical
facility is not on a direct "'line-of-sight" with the reactor core, gamma
rays from the core do not produce sufficient numbers of photoneutrons
in the heavy water in the lattice to affect the measurements appreci-
ably (PA 1).

The lattice facility consists of a cylindrical aluminum tank, three
feet in diameter, covered on its sides with cadmium 0.020 inch thick.
The subcritical lattices are made up by hanging the fuel rods on sets
of parallel girders, which are notched to accept the rod top adapters.
The rod bottom adapters notch into a grid plate, thus insuring accurate
rod spacing. Lattices are assembled on the floor of the reactor
building, then lifted into place with the overhead crane. The system is

sealed and dried before heavy water is admitted. A cover gas of dry
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‘nitrogen blankets all exposed DZO surfaces, to prevent contamination
from atmospheric moisture. The lattice can be reached, after sealing,
only through the glove box mounted on the upper lid of the tank. By
means of a set of eccentrically-mounted circular lids, this glove box

may (with some effort) be positioned over any point in the lattice.

3.2 LATTICES STUDIED

All the lattices studied were made up of slightly enriched uranium
metal rods, clad in aluminum, and arranged on a triangular spacing in
heavy water moderator. The lattices were approximately 35 inches in
diameter; the active fuel zone was 48 inches high. An arbitrary desig-
nator (based on the spacing) has been assigned to each lattice, for con-
venience of reference. The designators, and pertinent details, are
listed in Table 3.1.

The lattices studied are the 250, 175, and 253 lattices. The 125
lattice is included in Table 3.1, even though it was not investigated by
means of added absorbers. The results of independent investigations
(HE 4, HE 5) on this lattice will be presented in Chap. V, for compari-
son with the results from the 250 and 175 lattices.

3.3 THERMAL NEUTRON ABSORBERS

Varying amounts of thermal neutron absorber had to be added to
each of the lattices studied. The neutron absorber could have taken a
number of different forms. The reasons for choosing the absorber used
are given here.

The basic choice is between a homogeneous absorber dispersed
uniformly in the moderator, and lumped absorbers placed at regular
intervals through the assembly. The advantages and disadvantages of
each are considered at greater length in Appendix B. The decision
was in favor of lumped absorbers, for the reasons discussed there.

It was clear from the outset that the absorbers placed in the
lattices ought to be continuous axially, to simplify interpretation of the
results of the axial buckling measurements. Consideration was given
to sheets, strips, rods, tubes, and bundles of rods or tubes. The
following conclusions were reached: sheets would be very difficult to
insert and remove from the lattices; they might buckle or ripple, and

thus introduce positioning uncertainties; and they would severely limit



TABLE 3.1

Description of Lattices Studied

Lattice  Lattice Fuel Slug Air Gap Clad Fuel Rod  Uranium D90 Moderator Number
Designator Spacing Diameter (inches) Thickness Outer  Enrichment Purity to Fuel of
(inches) (inches) (inches) Diameter (weight%) (mole%) Volume Rods
(inches) Ratio

250 2.50 0.250 0.006 0.028 0.318 1.143 99.56 108.60 169

175 1.75 0.250 0.006 0.028 0.318 1.143 89.53 52.40 361

125 1.25 0.250 0.006 0.028 0.318 1.143 99.60 25.93 691

253 2.50 0.750 0.004 0.028 0.814 0.947 99.51 11.07 169

1€
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the already poor visibility in the lattice assembly. Strips would be
easier to insert and remove, but retain the other disadvantages of
sheets. Tubes offer considerably more rigidity than rods of the same
cross-sectional area, but would be larger and more difficult to remove
and insert. Bundles of rods or tubes had the disadvantage that the cal-
culation of the disadvantage factors becomes unduly complicated.
Finally, solid cylindrical rods were chosen for the lumped absorbers
because of their simple shape, satisfactory rigidity, and because they
do not substantially interfere with visibility in the assembly.
Desirable attributes for the absorber material include:
a well-known thermal neutron cross section, of such a
magnitude that the lumped absorbers used have convenient

sizes;

a thermal neutron cross section which varies with incident

neutron velocity (v) as 1/v;

availability at moderate or low cost in the form and purity

desired;

moderate or low specific activation in neutron fluxes;
short half life if possible;

small resonance neutron absorption integral; and
inertness to corrosion in the moderator.

Aluminum would be ideal except for its thermal neutron cross
section, which is too small. Stainless steel and copper would both be
acceptable. Copper was chosen because its macroscopic thermal
neutron cross section is 50% larger than that of steel.

Copper, as it occurs naturally, has a thermal neutron cross section
which varies as 1/v; its value for 2200 m/sec neutrons is 3.79+£0.04 barns
(DO 1); this cross section permits convenient rod sizes in the lattices
studied. The rods used were thick enough to be readily manipulable,
but, as will be seen, did not expel more than 1.71% of the moderator
from any of the lattices studied.

The longest half life involved, when copper undergoes neutron
irradiation, is 12.5 hours; the radioactive decay is mostly by electron
or positron emission, with relatively little (3.5%) accompanying gamma

emission, except for the annihilation gammas produced as a consequence
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of the positron decay. An indication of the modest radiation levels
involved is obtained from Table 3.2. The radiation level above back-
ground was measured with a portable radiation survey meter (Geiger

tube) as a function of the distance of the tube face from the center of

TABLE 3.2

Radiation Level as a Function of Distance from Irradiated Rod

Distance Radiation Level
(inches) (mr/hr)
18.0 1.0
9.0 3.0
4.5 8.0
2.5 16.5

a single, 0.188-inch-diameter, copper rod, 1.3 hours after the shut-
down of the last run of a three-week series of experiments. Three
irradiations totaling 31.5 hours were made in the 44 hours prior to the
radiation level measurement; the last run lasted 5.7 hours. The rod
came from the center of the assembly.

The resonance absorption integral at infinite dilution, defined as,

g o (B) &, (3.1)
0.415ev
is 3.12 barns for copper (BE 1); over half of this may be assigned to

the 1/v component of the cross section.

3.4 ABSORBER RODS USED

Two sets of rods were purchased, with nominal diameters of
0.188 inch and 0.144 inch, at a price of $1.50 to $2.00 per pound.
These two types of rods are here designated "A'" and "B," respect-
ively. While cladding is apparently not strictly necessary when
dealing with copper and D20 of the purities involved (CR 2), all
exposed surfaces were coated with 0.0005 inch of KANIGEN to remove
any slight possibility of the copper causing corrosion of the aluminum
tank and fuel cladding. KANIGEN, or "electroless nickel," consists of
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nickel containing 1% to 15% phosphorus and is deposited chemically,
without the use of externally applied voltages. The resulting coating
is more nearly uniform in thickness than, for example, electroplated
nickel or chromium. It is non-crystalline, non-porous, hard, and has
corrosion properties equal or superior to those of pure electroplated
nickel, as shown in a variety of cases tested by the Armour Research
Foundation of the Illinois Institute of Technology (AR 1). The cost is
comparable to that of equivalent thicknesses of less satisfactory
electroplated coatings.

The 0.0005-inch cladding thickness of the KANIGEN was chosen
with reference to experience with the control rod magnets in the MITR.
The cladding, while it discolored during the course of the experiments,
appeared to function satisfactorily, in that the conductivity of the lattice
DZO did not deviate appreciably from its normal value of 0.4 mhos/cm.
Chemical analyses of the coating on the rods placed the weight percent-
age of phosphorous at 11.5% for the A rods and 9.2% for the B rods.

Qualitative spectrographic analysis of two samples of the copper
used indicated that the only impurity present in an amount sufficient to
alter the macroscopic thermal neutron absorption cross section by
more than 0.002% was silver; the 0.01% (by weight) of this element
increases the cross section by only 0.04%. Table 3.3 shows the major
impurities present. The resonance absorption integral for the rod
material should be very slightly (~0.5%) larger than that for pure copper,
owing to the silver impurity. The resonance escape probability would be

decreased by 0.2% at most.

3.5 POSITIONING AND SUPPORT OF ABSORBER RODS
The pattern in which the absorbing rods were placed in the lattice

was chosen for two reasons. First, it was thought that the rods should
be placed at regular intervals throughout the lattice, the interval being
equal to, or an integral fraction of, the lattice spacing. If this is done,
the ""unit cell" associated with each fuel rod is identical throughout the
lattice (see Sec. 4.3.2). This simplifies the interpretation of the radial
buckling measurement; the material buckling of the lattices with added
absorbers is then measured in the same way as the buckling of the

normal lattices. Second, it was considered desirable to place each
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TABLE 3.3

_ . *
Impurities Present in Copper Used in Experiments

(Based on qualitative spectrographic analysis of two samples)

Impurity Weight Percentage (Max.)
12]3] 0.01
Ag 0.01
Ni 0.01-0.001
Na 0.001
Si 0.001
Mg 0.001-0.0001
Ca 0.0001
Fe 0.0001

R So-called OFHC (oxygen-free, high conductivity) copper.

Heok
Subsequent quantitative analysis placed the actual amount
of silver present at 0.0020%+0.0003%.

absorber rod in a region of the cell where the neutron flux gradient is
small. In this way, slight errors in absorber rod positioning should
introduce only small perturbations in the results. The errors intro-
duced in this fashion are thought to be negligible; they will be discussed
further below.

These two requirements, together with mechanical limitations,
served largely to define the positions of the absorbing rods in the
lattices studied. In addition, the measurement of the thermal utili-
zation is somewhat simplified if each absorber rod of a given size is
located at the same position in the unit cell; this was found to be possi-
ble. The arrangement of the fuel rods and absorbing rods in the
lattices studied is shown in Figs. 3.3 to 3.11. (See also Sec. 3.10.)

The leading requirement to be met by the mechanism for the
support of the absorber rods was, of course, that of adequate mechani-
cal strength. Furthermore, the supports had to be compatible with the
equipment already in use in the subcritical assembly; no modifications
were made to accommodate the new lattice elements. Simplicity in

design was also held to be desirable. Finally, the mechanism had to
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guarantee, insofar as possible, that the absorber rods were parallel
to the fuel rods in the vertical direction.

In the 250 and 175 assemblies, the fuel support girders were
spaced widely enough so that there was room between them for the
absorber supports. The latter took the form of 1.25-inch by 1.25-inch
aluminum channel with a wall thickness of 0.125 inch in the 250
assemblies, and of 1.25-inch by 0.625-inch aluminum bar stoék in the
175 assemblies. The dimensions of the fuel support girders are such
that, in each case, the absorber rod support elements described above
fit tightly (press fit) between them. The support elements were wedged
into place, carefully positioned, and checked at intervals during the
work on each lattice, as well as after all work was complete. In no
case was any lateral shift in the direction of motion parallel to the fuel
girders detected.

In the 253 assemblies, space limitations precluded placing
absorber rod supports between the rows of fuel. Instead, strips of
0.75-inch by 0.125-inch aluminum bar stock were laid on the top of the
fuel support girders, parallel to the rows of fuel; they were held in
place, in the direction transverse to the girders, by the fuel top
adapters, against which they fit snugly. Absorber rods were also
positioned within the rows of fuel rods in two of the assemblies
studied in this lattice. A set of 1.25-inch by 1.375-inch by 0.125-inch
rectangular aluminum coupons was fabricated; these fit snugly between
the fuel top adapters within the rows. They were fabricated with
special tabs, which fit into notches cut in the aluminum strips described
above. This arrangement prevented the strips from sliding out of
position along the direction of motion parallel to the fuel girders (see
Fig. 3.12).

Each copper rod was fitted out with a top adapter (Fig. 3.13). The
lower end of the adapter is spherical, as shown. The supports for the
copper rods were made by machining 0.125-inch-deep depressions
with a 0.5-inch ball end mill at the appropriate points on the channels,
bars, strips, or coupons, and then boring through the support member
with a 0.25-inch drill. The copper rods, when fitted with the top
adapters, hung through the support members and were positioned at

the center of the oversize hole by the spherical end of the adapter,
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resting in the spherical depression. As described above, this proved
to be a satisfactory means of supporting and positioning the absorber
rods and guaranteeing their proper alignment. Rods were readily
removable from, or replaceable in, the lattice throughout the series
of experiments on any given assembly.

It was decided at the outset that a new grid plate would not be
fabricated, and that the one normally in use would not be drilled to
accept the copper rods. The rods hung free, from the top supports,
with only those rods in the area where measurements were made (the
central rows) held in place by a bottom aligner affixed to the grid
plate. The rods used were carefully inspected for straightness before
insertion in the lattice. After all rods had been inserted, and before
the lattice was placed in the tank, careful inspections were made from
all angles, by sighting down the rows of rods. Bent rods, or those
which were out of line for any reason, were readily identifiable; they
were replaced with.straight rods.

Figure 3.14 shows the device used in the 250 assemblies to align
the absorber rods in the central rows; it was constructed of 1.25-inch
O.D., square aluminum tubing with a wall thickness of 0.125 inch, and
securely affixed to the grid plate as shown. The location of the aligners
is shown in Figs. 3.3 to 3.6. Because of the size of the device, experi-
ments were made to determine its effect on the neutron flux distribu-
tion in the lattice. In the first and last of the assemblies investigated,
axial distribution measurements with bare gold foils were made at
points equidistant from the center of the lattice, one far from the
aligner and one in the central row of fuel rods, as shown in Figs. 3.3
and 3.6. The results are given in Fig. 3.15. The ratio of foil activi-
ties in each of the two traverses does not differ from unity by a statis-
tically significant amount (twice the S.D. of a single observation) for
points above 35 cm. The axial buckling determinations are not based
on any points below 35 cm (see Sec. 4.2), so the absorber rod aligner
should have no effect on these results.

All radial and axial buckling measurements done with gold foils,
with the exception of the axial measurements mentioned immediately
above, and all microscopic traverses, were made in the region where

the rods were positioned at the bottom by the aligners.
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Aligners with a similar function were also used in the 175 and 253
assemblies (see Figs. 3.7 to 3.11), but were much smaller, consisting
of 0.5-inch by 0.5-inch aluminum channel with a wall thickness of
0.0938 inch. No experiments to check for their effects were considered

necessary in view of the foregoing results.

3.6 PURPOSE AND METHOD OF THE EXPERIMENTS
As stated at the beginning of this chapter, the experiments under
discussion consisted of foil irradiations, chiefly of two kinds, called

"macroscopic traverses' and ""microscopic traverses,"

respectively.
The purpose of the former is to establish the relative neutron flux dis-
tribution throughout the assembly, away from sources and boundaries;
in practice, this involved mapping the activation distribution in the
direction parallel to the axis of the cylindrical assembly, as well as
perpendicular to it, with both bare and cadmium-covered gold foils.
From such measurements, the material buckling may be derived, in
the manner explained in Secs. 2.1 and 4.2. The second type of foil
irradiation, the microscopic traverse, had as its purpose the determi-
nation of the relative thermal neutron activation distribution in the fuel,
cladding, moderator, and copper absorber rods. Again, bare and
cadmium-covered gold foils were irradiated; the way in which the
thermal utilization may be derived from such experiments will be dis-
cussed in Sec. 4.3. The remainder of this section will be devoted to
describing the foils, foil holders, and cadmium covers used in the
experiments. Details concerning the irradiation and counting of the
foils will be found in Appendix C. |

A considerable effort has been in progress at the M.I. T. Heavy
Water Lattice Project on the techniques for determining the material
buckling and thermal utilization of subcritical lattices of uranium
metal rods in heavy water. Reports on the material buckling have
been presented by P. F. Palmedo (PA 1) and J. Harrington (HA 1); the
thermal utilization experiments have been investigated by P. S. Brown
(BR 1) and R. Simms (SI 1). While certain modifications of those tech-
niques were made in the present work, particularly in the microscopic
experiments, the experimental work described here is based, to a

large extent, on the results of the preceding studies. Thus, the reader
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is referred to the above-mentioned reports, or the Annual Reports of
the project, for more detailed discussions. The foil irradiation
experiments in the lattices with added absorbers were made, insofar
as was possible, exactly as in lattices without added absorbers. The
results in the two types of lattices should therefore be directly compa-

rable.

3.7 NEUTRON-DETECTING FOILS

The foil material used was almost exclusively metallic gold. Gold
has a large thermal neutron cross section which has been measured
accurately (96 b. activation cross section for 2200 m/sec neutrons),
and is very nearly a "'1/v absorber' in the thermal neutron energy
range (HU 1, WE 3). It is also readily activated by resonance energy
neutrons; thus, activation of gold foils with and without cadmium
covers makes it possible to determine the subcadmium and epicadmium
activation distributions in a clear and relatively simple way. The sig-
nificance of this is discussed in Sec. 2.1.3. Gold of the requisite purity
is readily obtainable in sheets, is comparatively easy to form into satis-
factory foils, and does not react to any appreciable extent with the heavy
water moderator. Its 2.7-day half life and single isotope make it a con-
venient detector in practice; in the present work, for instance, many
sets of foils could be counted twice because of the long half life.

Another possible foil material, the use of which would have facili-
tated some aspects of the analysis, is copper. A number of the proper-
ties of copper which make it an ideal added absorber turn out, however,
to constitute disadvantages for a foil material. Its macroscopic acti-
vation cross section for thermal neutrons is only 4% that of gold, so
that larger foils and longer irradiations are needed to obtain the statis-
tical accuracy possible with gold foils. Furthermore, the small reso-
nance absorption integral of copper means that it is a less efficient
epithermal neutron detector than gold. Finally, the 12-hour half life
of copper, while it does not preclude its use as a detector, would
certainly reduce greatly the flexibility in the scheduling of experiments
possible with gold. (In view of the fact that the addition of absorbers
rendered the main exponential facility useless to most of the other
members of the Project, the experiments had to be completed as quickly

as possible.)
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The foils used were, for the most part, made up from fresh (pre-
viously unirradiated) sheets of gold, although some foils were reused
after a minimum of two months' cooling time. A punch and die press
in standard use on the Project was used in manufacturing the foils;
care was taken to see that all foils used in a given traverse were

1) made with the same punch and die,

2) punched from the same sheet of gold, and

3) as nearly matched in weight as possible.
The foils punched from a given sheet of gold, with a given punch and
die, were made up into ''libraries' of 200 to 400 foils, arranged in
order of weight. The foils were weighed on a microgram balance; the
standard deviation for a single measurement with this device has been
determined to be 6 micrograms for an 0.038-gram foil. This consti-
tutes an uncertainty of 0.015% and is negligible in comparison with the
uncertainties due to counting statistics, which were never less than
0.11%. The lightest and heaviest foils in each experiment did not differ
in weight by more than 2% of the mean.

The foils used in the macroscopic traverses were circular,

0.125 inch in diameter and 0.010 inch thick. Those used in the micro-
scopic traverses in the 250 and 175 assemblies were circular,

0.0625 inch in diameter and 0.010 inch thick; 0.0625-inch-diameter,
0.005-inch-thick foils were used for the microscopic measurements
in the 253 assembly. The purity of the gold was in all cases 99.95%

or better.

3.8 FOIL HOLDERS — MACROSCOPIC DISTRIBUTION MEASUREMENT

All foil holders used were constructed of aluminum, the minimum
amount consistent with the objectives of the experiment being used. The
purer alloys of aluminum (1100, 6063, and 6061) were used throughout.
Following general practice on the Project, ""bare' foils were placed in
aluminum pillboxes with an O.D. of 0.25 inch and a height of 0.060 inch;
""cadmium-covered' foils were placed in similar pillboxes of cadmium.
The thickness of the top, bottom, and wall of one of these pillboxes was
0.020 inch.
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3.8.1 Radial Foil Holders

The radial foil holders were constructed of extruded, rectangular
bar stock, 0.25 inch by 0.375 inch or 0.25 inch by 0.5 inch, and were
positioned in the moderator by suspending them at the ends with alumi-
num bead chain, from carefully positioned support points. Circular
depressions, 0.010 inch deep and capable of accommodating a gold foil
in an aluminum or cadmium pillbox, were milled at intervals corre-
sponding to the spacing of the lattice in which the holder was to be used;
the accuracy of the location of these positioning depressions is about
0.0005 inch. Foils were secured to the holders with mylar tape; previ-
ous work indicates that the perturbation caused by the tape is negligible
(SI 1). The foil holders were positioned in the lattices at heights from
70.6 cm to 71.4 cm above the bottom of the core. Positioning of the
radial foil holders is further discussed in Sec. 4.2.1. As indicated in
Figs. 3.3 to 3.11, they were parallel to the fuel support girders, in the

first or second channel away from the lattice center.

3.8.2 Axial Foil Holders

Axial traverses were made in three different ways. In all
assemblies studied (except the two-region assembly), at least one set
of foils was imbedded in a fuel rod and irradiated. (In the 250 and 175
assemblies, all axial traverses were made in this way.) In the 253
assemblies, axial traverses were made by positioning foils in the
moderator between fuel rods on aluminum foil holders. Finally, to
explore a third alternative for the axial buckling measurement, in the
last two assemblies to be investigated, fresh copper rods were irradi-
ated at positions close to the center of the lattice, removed shortly
after shutdown and sawed into pieces from which foils were cut; the
positions from which foils were to be taken were accurately measured
and marked before the irradiation. The positions of the various axial
traverses are given in Figs. 3.3 to 3.11. Foils were generally placed
at 2-inch intervals, from 12 inches to 40 inches above the bottom of
the core.

As noted above, most of the axial distribution measurements were
made with foils imbedded in the fuel. Several "experimental rods,"

consisting of hollow aluminum tubes with positioning tabs corresponding
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to the top adapter of a normal fuel rod, were available for use with each
lattice. Two-inch-long uranium slugs were also available; a total of 24
of these slugs, 15 or more with aluminum- or cadmium-boxed foils
imbedded in one end, were placed in an experimental rod in a typical
experiment of this kind. A fuel rod near the center of the lattice was
withdwaum to make room for the experimental rod. After irradiation,
the experimental rod was removed and disassembled, and the foils
recovered for counting. The principal drawback in the use of this method
is the high radiation level encountered by personnel while loading and
unloading the experimental rods. Fuel slugs 0.75 inch in diameter,
irradiated near the bottom of the lattice, had contact radiation levels in
excess of 1 R (beta plus gamma). Extreme care was taken during
experimental preparation and breakdown to minimize radiation exposure
to all individuals concerned. There is also another drawback to the
method: the experimental rods occasionally leak. Of the 32 axial
traverses made in the manner described, three were rendered question-
able by waterlogging — leaky gaskets allowed heavy water to seep into
the rod during the course of the experiment. In all cases where experi-
mental rods were waterlogged, the foils were cleaned with extra care
before ¢counting. More will be said about the results of these experi-
ments in Sec. 4.2.2.

The aluminum foil holders used in the 253 lattice were fabricated
in much the same manner as the radial foil holders previously described.
The cross section of the extruded aluminum was, however, T-shaped
and not rectangular (see Fig. 3.16). The back of the T measured
0.4375 inch, the leg 0.75 inch, and the wall thickness was 0.125 inch.
Foils were secured in place with mylar tape. The holders were
positioned at the top by means of a fuel rod top adapter which was
fastened to the body of the holder. The pointed tip of the holder fitted
into a hole in the fuel rod grid plate, which positioned the bottom of the
holder.

Two traverses were made with the third technique, which involved
the cutting of cross-sectional foils from an irradiated copper rod. The
results are further discussed in Sec. 4.2.2. Considerably more effort
was necessary to do the experiment with copper foils than it was to do

the gold foil experiment. The drawbacks previously associated with
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copper as foil material (comparatively small cross section and half
life), together with the difficulties involved in machining radioactive
materials in short times, account for most of the additional effort
needed.

A fourth method of measuring the axial buckling, involving the
construction of a wire or rod scanner, was considered but not em-
ployed. It was felt that the measurement could be made more readily
with foils, as described above, and that it would be very difficult to
obtain both satisfactory collimation and a count rate high enough to
allow good statistics.

The locations of the various axial traverses are shown in
Figs. 3.3 to 3.11.

3.9 FOIL HOLDERS — MICROSCOPIC DISTRIBUTION MEASUREMENT
The purpose of the microscopic or intracellular traverses was, as
previously noted, to determine the thermal neutron activation distribu-
tion in the fuel, moderator, and added absorber. In all the assemblies
investigated, the central rod or rods were removable, together with
the immediately adjacent copper rods. The 'central cluster' could
then be fitted out with the necessary foil holders, lowered into the
lattice through the glove box by a winch, and replaced in position for
the irradiation. The bottom adapter on the central fuel rod notched into
the grid plate: a lower plate securely fixed to the central rod, below
the bottom of the active fuel zone, prevented the other rods in the
assembly from rotating or getting out of position. The upper plate of
the central cluster was fabricated from plexiglass, so that the foil
holders were visible when in position in the lattice. This upper plate
positioned all the rods properly with respect to each other and fit
snugly between the fuel support girders in such a way as to ensure
proper positioning of the entire central cluster. Similar devices have

been in use on the Project since its inception (BR 1, SI 1).

3.9.1 Activation Distribution in Moderator

To map the activation distribution in the moderator, foils were
placed on flat aluminum holders. In the 250 and 175 assemblies, these
holders were 0.012 inch thick, in keeping with previous practice on the

Project. To accommodate the bare foils, holes 0.065 inch in diameter
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were drilled in the holder at the positions desired. The foils fit easily
into these holes and were held in place with one or two layers of mylar
tape on the top and the bottom. The body of the foil holder for the
cadmium-covered foils was constructed similarly, but the holes were
drilled out to 0.125 inch in diameter; cadmium pillboxes of the type
shown in Fig. 3.17 were then inserted into the holes and cemented into
place with epoxy resin. The foil holders were secured to the central
fuel and absorber rods with mylar tape, at positions from 20 inches to
26 inches above the bottom of the core.

Although the results obtained with the foil holders described are
considered reliable, in practice, an inordinate amount of effort was
necessary to carry through a successful experiment with this equip-
ment. Difficulty was experienced in positioning the holders and in
securing them in position; mylar tape can be most inconvenient to
work with, in this connection. Previous experiments have shown that
as many as eight layers of mylar tape, in the immediate vicinity of the
foils, do not perturb the measurement (SI 1). Anchoring the foil holder
in place with a minimum amount of tape is, however, difficult at best.
Finally, the epoxy resin cement proved not to be wholly reliable.
Accordingly, in cooperation with Project personnel, a new kind of foil
holder substantially different from those previously used was designed
and built for use in the 253 assemblies.

The new holders consisted of flat aluminum plates, 0.060 inch
thick. They were roughly triangular in shape and, as shown in
Fig. 3.18, could be positioned by the three central fuel rods. Three
fuel rods were equipped with circular rings which fit around the rods
snugly and provided positive positioning for the foil holders. Bare
foils lay in shallow (0.006-inch-deep) circular depressions 0.065 inch
in diameter and were secured to the holder by a layer or two of mylar
tape. The foil holder for the cadmium-covered foils was again con-
structed by drilling out holes 0.125 inch in diameter at each of the foil
positions, but a modified cadmium box having no lower flanges was
used. These boxes fit tightly (press fit) into the 0.125-inch holes. The
foil holders, as constructed, were used successfully in three micro-
scopic traverses and were an improvement over their predecessors.

To determine whether the foil holder caused a local depression in
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the neutron flux for which a correction would have to be made, foils
were irradiated on the surface of a copper rod at two positions. The
first foil was taped into position at the point marked "a'" in Fig. 3.18;
the second was two inches directly below it, taped to the absorber rod
at the height of the foil holder, so that it was between the foil holder
edge and the rod surface. The experiment was done twice; the activity
of the "a'" foil was found to be 1.0% + 0.5% higher than that of the lower
foil, when both activities were corrected to the same reference height.
No correction factor was applied to the activities of the foils on the
holder; the effect of a 1% increase in their activity would be to
decrease the thermal utilization by 0.005%, which is negligible in

comparison to other uncertainties in this parameter.

3.9.2 Activation Distribution in Rods

In addition to the foils irradiated in the moderator, foils were also
placed within the central fuel rod, within the copper rods, and on the
surface of the fuel rods and copper rods. The surface foils were simply
fixed in position with mylar tape. The foils in the fuel rod were
positioned on a 0.125-inch~thick ""button' of fuel material whose diame-
ter was the same as that of a normal fuel slug. Such buttons are avail-
able for routine use on the Project; the foils could be positioned satis-
factorily in milled depressions, and a single piece of mylar tape held
them in place (see Fig. 3.19). An experimental rod, identical to that
described in connection with the axial traverses, was used as a central
fuel rod when microscopic traverses were made. This rod was loaded
with slugs of fuel totaling 48 inches in length; two buttons were loaded
with foils and placed between the slugs so that their positions in the
experimental rod were approximately 20 inches and 24 inches, respect-
ively, from the bottom of the core. The lower button was sandwiched
between unmilled, 0.125-inch-thick buttons; 0.020-inch-thick cadmium
foils were placed above and below the three buttons. A one-inch-long,
0.020-inch-thick, cadmium sleeve was placed on the rod so that its
center was at the same height as the lower set of foils. Thus, the lower
set of foils was surrounded by cadmium, and the upper set was bare.

The problem of determining the relative activation within the
copper rods was solved by fabricating a special set of rods (see

Fig. 3.20). They were constructed by cutting a copper rod into two
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pieces and turning a shoulder on the two pieces, at their meeting point.
A sleeve having the same outer diameter as the rod, and with a thick-
ness fixed by the diameter of the shoulder and the requirement of an easy
fit ("'slip" fit), completed the device. This sleeve was clad with
KANIGEN just as was the body of the rod. Both the special "A" rod,
and the "B'" rod designed to accept a bare foil, were constructed in
this manner. In use, the three parts of each rod were joined with
mylar tape; the smallest amount of tape commensurate with the requi-
site mechanical strength was used. The tape also served to keep D20
out of the rods; foils were dry when removed from the rods. The rods
were fixed to the bottom plate of the central cluster in such a manner
as to support them from the bottom.

Owing to the very thin wall (less than 0.010 inch) that would have
been necessary for a similar rod capable of accepting a cadmium-
covered foil in a ""B" rod, the simpler design of Fig. 3.20d was used.
The drawbacks to this arrangement were:

1) low mechanical strength,

2) the possibility of neutron streaming at the point where

the two parts of the rods join.

In practice, the two parts of the rod fit tightly over the cadmium box,
a press fit being necessary to join them. This, together with several
wraps of mylar tape and support by the bottom plate of the central
cluster, generally kept the two parts of the rod together snugly. This
rod required more careful handling than the others, but in general per-
formed satisfactorily.

The cadmium boxes used for the foils imbedded in copper rods,
and for those on the rod surfaces, were like those shown in Fig. 3.17,
without the flange; 0.020 inch of cadmium surrounded the foil on all

sides.

3.10 SUMMARY OF THE EXPERIMENTS

Nine assemblies have been studied in the present series of experi-
ments: four based on the 250 lattice, two based on the 175 lattice, and
three based on the 253 lattice. One of the latter was a two-region
assembly. The assembly configurations, together with the location of

the experimental apparatus in the various experiments, have already



65

been presented (Figs. 3.3 to 3.11). Tables 3.4 and 3.5 give pertinent
data about the nature of each of these assemblies, the time spent in
studying them, and the experiments made in each. The designator for
each assembly is somewhat arbitrarily made up of the three digits
which form the designator of the host lattice, together with letters
indicating the number of each kind of copper rod in a unit cell. Rods
of 0.188-inch diameter are designated ""A''; those of 0.144-inch diame-
ter are designated ""B.!' These designators are purely for convenience
of reference to the various assemblies.

In addition to the types of experiment already described, three
additional measurements were made in several of the assemblies, as
indicated in Table 3.5. The first two of these involved irradiation of
natural and depleted uranium foils in the central rod of the assembly,
and had as their purpose the determination of the ratios R28 and 628
(see Sec. 2.3). The work was done by C. Robertson, H. Guéron, and
S. Hellman; the details are available in theses by Robertson and
Hellman (RO 1, HE 8) and in the Lattice Project Annual Report for
1965 (HE 5). L

Some of the measurements usually done were not made in the
175A1 and 253A2 assemblies, for lack of time. The variation of 628
with material buckling is so slight that it was unnecessary to measure
it in every assembly (see Sec. 5.3). The variation of R28 is not small,
but it may be calculated in a manner described in Sec. 4.4. No radial
distribution measurement with cadmium-covered foils was made in the
253A2 assembly; the region of spectral equilibrium was taken to be
the same as that in the 2563A2B1 assembly, which is very similar to
the 253A2.

Finally, measurements were made of the cadmium ratio for a
copper rod in the lattice (RS). The experiment was done in conjunction
with the previously described measurement of the axial distribution
with foils sawn from an irradiated copper rod. The rods were located
at positions shown in Figs. 3.9 and 3.10. One end of a rectangular strip
of cadmium, 1 inch wide and 0.002 inch thick, was secured to the copper
rod and then wrapped around the rod 10 times, resulting in a sleeve
thickness of 0.020 inch. The sleeve was generally placed at a point on

the rod 18 inches above the bottom of the assembly. After irradiation,



TABLE 3.4

Description of Assemblies Studied

Number of

Number of

‘Percentage of
Moderator

Number of

Run

Designator AFRods Per B Rods Per Expelled by Wf?eks Spent Noietbers
uel Rod Fuel Rod Added Abssrhers in Study
250A2 2 0 1.04 2 1-8
250A1 1 0 0.52 1 9-13
25082 0 2 0.62 1 14-18
250B1 0 1 0.31 1 19-23
175A1B1 1 1 1. 1.5 24-29
175A1 1 0 1.08 1 30-34
253A2B1(2R)" (2) (1) (1.47) 1 35-40
253A2B1 2 1 AT 1.5 41-46
253A2 2 0 1.14 0.5 47-49

e
(2R) signifies two-region assembly.
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TABLE 3.5

Number and Type of Experiments Done in Each Assembly

Radial Axial Microscopic 128 Y Rs
Designator Distribution Distribution Distribution  Measure- Measure- Measure-
Measurement Measurement Measurement ment ment ment

Bare Cd-covered Bare Cd-covered

Foils Foils Foils Foils
250A2 3 1 4 2 2 4 3 0
250A 1 2 1 9 2 2 - 2 3 0

'3

250B2 2 1 2 2 2 4 3 0
25081 2 1 4 2 2 4 3 0
175A1B1 2 1 3 3 2 4 5 0
175A1 2 i = 2 2 8 0 0
253A2B1(2R) ) 1 3 3 0 0 0 0
253A2B1 1 2 3 2 2 2 2 8
253A2 1 0 2 i 2 0 0 3

8 (2R) signifies two-region assembly.

L9
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the sleeve was removed, and 0.015-inch- and 0.030-inch-thick foils
were cut from the rod at 18 inches and at several other points higher
up on the rod. The bare foil activities were used to determine the
axial flux distributiori as previously noted; the activity of the foils cut
at 18 inches, together with the average activity of the bare foils cor-
rected to 18 inches, were used to determine the desired cadmium ratio.
During all but two of the 49 runs, a gold foil, 0.0625 inch in
diameter and 0.0025 inch thick, was exposed in the cavity beneath the
lattice assembly as a monitor. After all runs in a given assembly had
been completed, the monitor foils for these runs were counted. In this
way, the relative flux time for each irradiation was determined. Know-
ledge of the relative flux time is needed for the determination of cad-
mium ratios, when the bare and cadmium-covered foils are irradiated

in separate runs, as was done with the radial traverses (see Sec. 4.1).
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CHAPTER 1V

ANALYSIS OF DATA

The theoretical basis of the experimental work and the experiments
made have been discussed in the previous chapters. In this chapter, the
analytical methods developed and used to derive the values of parame-

ters from the experimental data are treated.

4.1 RELATIVE ACTIVATION DISTRIBUTION AND CADMIUM RATIOS

As noted in Chap. III, the purpose of many of the experiments was
the determination of the relative activation distribution for bare and
cadmium-covered gold foils, in the immediate neighborhood of the
central fuel rod, or along one of the two major coordinate axes. The
techniques used to count the foils and correct the observed activity of
each foil to the appropriate relative activity are not new and will only
be summarized here; the reader is referred to Appendix C for the
details.

Foils were counted with Nal crystal scintillation counters equipped
with single-channel analyzers adjusted for integral counting above a
particular energy. Automatic sample changers facilitated the taking of
data. Observed activities were corrected for radioactive decay during
the time from the end of the irradiation to the beginning of each count,
and for decay during counting. Each foil activity was also divided by
the weight of the foil, so that minor variations in foil size were ac-
counted for. Counter dead times were carefully measured by the two-
source method (PR 1). Background counts were taken before and after
each set of foils was counted. The background count rate used in the
analysis of the data was taken as the average of the two count rates,
except when copper foils were being counted. In this case, the back-
ground, over the period when foils were being counted, varied by
nearly a factor of two, owing to decay of the foil activities. The vari-
ation in the background count rate between the counts made before and

after was assumed to be linear.
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In almost every case, each set of foils was counted three or more
times and the results for each foil averaged to give the final activity;
each activity was weighted with the inverse square of its standard devi-
ation in forming this average. The standard deviation assigned each
activity was derived as indicated in Appendix C.

The measurement of the cadmium ratio as a function of axial
position was generally made by irradiating simultaneously a set of
bare foils and a set of cadmium-~covered foils at equivalent positions.
Thus, it was presumed that azimuthal variations in the neutron flux
density at points well within the assembly were negligible; experiments
in previous lattices have shown the validity of this assumption (PA 1
and HA 1). Foil holders were placed at positions 13.3 cm to 22.3 cm
from the center rod of the assembly, in the center girder (see Figs.

3.3 to 3.11). After irradiation, the cadmium-covered foils were counted
first because of their lower activity. Following this, the bare foils were
counted; one or two of the cadmium-covered foils were counted with the
bare foils, to detect any changes in the counter sensitivity. All activi-
ties were corrected back to the time the irradiation ended; if the
activities of the foils counted both times differed by an amount greater
than that accounted for by statistical fluctuations, a correction for the
drift in counter sensitivity was made. After the other corrections
mentioned earlier in this section were made, the cadmium ratio was
obtained simply as the ratio of the corrected activities of the bare and
cadmium-covered foils.

The measurement of the cadmium ratio as a function of position
within the central cell of the assembly was made in a similar manner.
But, rather than exposing the foil holders at two equivalent radial
positions, the holders were loaded into the same cell, axially separated
by a distance of 4 to 6 inches. Since both holders were always within a
region (17 to 26 inches above the bottom of the assembly) where the
axial flux variation is well described by a single exponential function,
correction of the observed relative activations to an intermediate refer-
ence height (20 inches) was straightforward. Values of the cadmium
ratio or, what is of greater interest, the relative thermal activation,
as a function of position, were then readily derived as before.

Measurement of the cadmium ratio as a function of radial position
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involved an additional complication because the bare and cadmium-
covered foils were not irradiated simultaneously but in consecutive
experiments. Since the source strength as well as the irradiation
time generally differed for the two experiments, the relative acti-
vation of the ""monitor foils" described at the close of the preceding
chapter was used to correct the observed relative activities. All
corrected foil activities were divided by the monitor foil activation

before cadmium ratios were computed.

4.2 DETERMINATION OF THE MATERIAL BUCKLING

As indicated in Sec. 2.1.3, the material buckling is obtained by
fitting functions of the form JO(aR) and sinh v(HO—z) to radial and axial
activation distributions, respectively, measured within the region of
spectral equilibrium; a and v are determined by an iterative least-
squares fitting process, and the material buckling obtained from
Eq. (2.5),

B, =a =9 . (4.1)

The unit used here for buckling is the "microbuck' (pB):

2

0.01 m™~2 = 0.000001 cm™2 =1 uB . (4.2)

The analysis of the large amount of data was facilitated by the use of
two digital computer codes written by P. F. Palmedo (PA 1) and modi-
fied by J. Harrington (HA 1, HA 2).

4.2.1 The RADFIT Code

The input to the radial buckling code (RADFIT) consists of the
positions of the foils on the holder, the distance of the foil holder from
the center of the assembly, the foil activities (and standard deviations,
if desired), an initial estimate of the buckling to start the iterative
process, and a few iteration parameters. An iterative least-squares
fit is made to the parameters A and a in the expression AJO(aR). The

quantity minimized is

oy 2
Z w.ds (4.3)
i=1
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where di is the residual for foil i (the difference between the foil ac-
tivity and the value of the fitted function at Ri)’ Wi is the weight associ-
ated with point i, and m is the number of foils. The appropriate value
for Wi is the inverse square of the standard deviation of the activity of
foil i; if the standard deviation is not supplied, Wi is taken to be equal
to the inverse square of the activity. The latter option is appropriate
when all foils have been counted for the same number of counts. The
iterative process ceases when the change in both A and a is less than

a preset amount, here taken as 10-5.

In thirteen of the twenty-five radial distributions, foils at equal
distances from the center of the assembly, but on opposite sides of the
assembly, showed unequal activities; the differences were greater
than those to be expected from counting statistics. An example is given
in Fig. 4.1. This result is indicative of one of two deviations from
ideal experimental conditions. Either the foil holder as a whole has
shifted to one side or the other (parallel to itself), or the holder was
tilted (one end lower than the other). Because of the design of the foil
holder, the former possibility is highly unlikely. The holders hung
free, from carefully located support points, and were observed in
position before and after most runs. The second possibility almost
certainly accounts for the observed behavior of the radial distributions.
An effort was made to insure that foil holders were level; in fact, the
holders were never more than 0.25 inch out of level. The aluminum
bead chain used to support the holders has advantages over other
means, many of which have been investigated earlier (PA 1, HA 1).

Its major advantage is that exact positioning of a collar with set screw
on the chain is difficult because of the knobbiness of the chain; it can,
with some effort, be done to within approximately 0.04 inch. The dis-
advantage is smaller in clean lattices than in the modified lattices
because the axial relaxation length in the clean lattices is larger,
making the effect of foil holder tilt less serious.

A small amount of foil holder tilt does not invalidate the distri-
bution for use in obtaining the radial buckling. The axial activation
distribution is exponential in character at the point in question (71 cm).
Over the very small distances involved (less than 1 cm), the difference

in foil activities (¢1-¢2) is (to an excellent approximation) proportional
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to the separation between the foils (zl—zz):

—T(ZZ_ZI)
(¢1-¢2) ~ [sinh ‘y(HO—zl) = sinh'y(Ho-zz):J o s ~ 'y(zz—zl) .
(4.4)

Consider a foil holder at a small angle B to the horizontal. A foil
on the low end of the holder, at a distance x from the center, will be
a distance Bx below the height of a foil at the exact center of the foil
holder. A foil equidistant from the center on the high end of the holder
will be a distance px above the center foil. The activity of the foil on
the high end of the holder is decreased from the activity that would be
observed if the angle B were zero; the activity of the foil on the low
end is increased above this activity by the same fraction, to a high
degree of approximation. The desired activity is thus the average of
the two observed activities.

In practice, it is not necessary to average observed activities at
points equidistant from the center and on either side of the center
before making least-squares fits to the distributions. Test runs indi-
cated that the same value of uz was obtained (to within one microbuck),
whether the observed distribution (such as that of Fig. 4.1) or the dis-
tribution with averaged activities was used. This result can be traced
to the fact that it is the sum of the squares of the fractional (not abso-
lute) residuals that is minimized in the least-squares fitting process.
(This is rigorously true only where foils were counted for a preset
number of counts, but it holds approximately in all instances under
consideration here.) Thus, the fitting process does not distinguish
between two points at (¢, R) and two points, one at (¢+6, R) and the other
at (¢-6, R).

In all but one of the assemblies, radial traverses were made with
bare and cadmium-covered foils (see Table 3.5). The positions of the
foil holders are shown in Figs. 3.3 to 3.11; the height of the center of
the holder varied from 70.6 cm to 71.4 cm. The height of the holder is
known to within about 0.0625 inch, or 0.16 cm. Cadmium ratios were
derived as described in Sec. 4.1 and plotted against radial position;
Fig. 4.2 shows the results for the 175A1B1 assembly. The values of

the cadmium ratio for points less than about 28 cm from the center of
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the assembly show a random behavior about the mean values. Accord-
ingly, an equilibrium spectrum was assumed present in this region.
Table 4.1 summarizes the results for the assemblies studied. The

number of foils within the equilibrium region varied from 7 to 13.

TABLE 4.1

Region of Equilibrium Cadmium Ratio (Radial)

Radial Region Value of |
of Equilibrium Cadmium Ratio
Assembly Cadmium Ratio IN MODERATOR
(cm)
250B1 0 - 30.0 12.41 £ 0.13
250A1 0 - 25.0 12,57 + 0.12
250B2 0 - 28.0 11,39+ 0,14
250A2 0 - 27.5 11.06 £ 0.15
175A1 0 - 27.5 6.37 £ 0.05
175A1B1 0 - 27.5 8.03 £ 0.907
253A2 (0 ~ 22.5)
253A2B1 0 - 22.5 2.99 £ 0.03

wOwW

Assumed on basis of measurements in 253A2B1 assembly.
Gold foils were 0.125 inch in diameter and 0.010 inch thick.

o
3K 3

The mean value of the cadmium ratio within the equilibrium region,
based on all the available data, and the standard deviation of the mean
are given also. Where only one traverse with either bare or cadmium-
covered foils is available, the standard deviation includes the effect of
the 0.16-cm uncertainty in foil holder position. Further comments on
the cadmium ratios will be made in Sec. 4.2.2.

Figures 4.3 to 4.5 are samples of the results of the radial
traverses. They consist of the experimental activities, normalized to
unity at the innermost point and plotted as a function of radial position.
Activities of foils equidistant from the center have been averaged. The
JO Bessel function fitted to the points within the equilibrium region is
given for comparison. The residuals are also plotted as a function of
radial position. In all but four of the twenty-three radial traverses

done in one-region assemblies, the residuals outside the region of
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equilibrium cadmium ratio were positive when cadmium-covered foils
were used and negative when bare foils were used (see Figs. 4.3 and
4.4). Four traverses made with bare foils did display positive residuals
outside the equilibrium region; Fig. 4.5 gives an example.

Of the 25 radial traverses made, one had to be discarded because
of malfunctions of the counting equipment; in addition, one point had to
be dropped from each of three runs because of difficulties with experi-
mental apparatus.

The radial buckling for each run was obtained from a least-squares
fit to all points within the equilibrium region; the residuals appeared in
each case to be randomly distributed about the value of zero within this
region. The radial buckling for each assembly was taken as the mean
of the.values for all runs made in that assembly. The uncertainty is
the standard deviation of the mean; the Student correction for small
sample size was applied. The results are reported in Sec. 5.1.

The extrapolated radius, RO, has been defined in Sec. 2.1.3 by
the equation,

R - 2.4048 (4.5)

(¢] a
The extrapolation distance (the difference between the value of RO and
the physical radius of the lattice) is needed for the axial buckling ana-
lysis described in the next section. If the cross-sectional area of a

lattice of N fuel rods is taken to be N times the area, A assigned

cell’
to each rod in an infinite lattice, then the physical radius of the lattice,

g 1/2
Ratr 18 (NA gy /m)7" %

value of Acell is (0.75)

For a lattice on a triangular spacing S, the
1/282 (see Sec. 4.3.1). Thus, the physical radius

of the lattice is given by the equation,

31/2 e 1/2 1/2
B =2 | 5. gsa500 N1/%, (4.6)
lat 2m

The values of the extrapolation distance are given in Table 4.2, in

centimeters and in units of the transport mean free path, ?\tr' The

value of ?\tr for each assembly was taken as 3D, where D is the dif-

fusion coefficient calculated with Eq. 4.12; the values of D are listed
in Table 5.2. The extrapolation distance varies from 2.1 to 2.6, in
units of )\tr; for the 250, 175, and 253 lattices (unmodified by the
addition of absorbers), the extrapolation distance varies from 1.7 to

2.2, ih units of A, .
tr
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TABLE 4.2

Radial Extrapolation Distance, Ro - Rlat

Extrapolation Distance

Assembly (cm) (units of ?\.tr)
250B1 5.65 2.2
250A1 6.73 2.6
250B2 5.87 LA
250A2 6.23 2.4
175A1 5.51 2.1
175A1B1 6.60 2.5
253A2 6.67 2.4
253A2B1 6.23 2.2

4.2.2 The AXFIT Code

The technique for calculating the axial buckling is similar to that
just described for the radial buckling. The axial buckling code (AXFIT)
functions much as does the RADFIT code; the parameters varied in the
fitting process are A and v, in the expression Asinh'y(Ho—z). The
height, Ho’ at which the extrapolated flux goes to zero, is an input
parameter, and provision is made in the code for trying several values.

Axial traverses were made with bare and cadmium-covered foils
in all assemblies. The foil holders were placed at radial positions
from 13.3 to 22.3 cm from the center of the assembly in all cases
except those used in the experiments on the effect of the absorber rod
aligner, described in Sec. 3.5. The positions of all the axial traverses
are shown in Figs. 3.3 to 3.11. Cadmium ratios were obtained as
described in Sec. 4.1 and plotted against axial position; Fig. 4.6 shows
the results for the 250B2 assembly. The region from 35 cm to 95 cm
is taken as the equilibrium region. Table 4.3 gives the results for all
the assemblies studied. The equilibrium value of the cadmium ratio is
also given. Where two independent sets of measurements of the cad-
mium ratio as a function of axial position are available, the value

reported is the mean of all values in the equilibrium region. The
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TABLE 4.3

Region of Equilibrium Cadmium Ratio (Axial)

; Sk
Axial Region Value of Cadmium Ratio

Assembly of Equilibrium IN IN
Cadmium Ratio MODERATOR FUEL
(cm)

250B1 35 - 100 - 11.77 + 0.06
250A1 45 - 100 o L1776 E 006
250B2 35 - 95 - 11.24 + 0.02
250A2 35 ->100 - 11,0504 0. 04
175A1 <30 - >100 - 6.16 + 0.02
175A1B1 <30 - >100 - 5.78 & 0.03
253A2 32.5 - 100 310! £0.02 =
253A2B1"" 32.5 - 100 3.21 + 0.02 -

*Gold foils were 0.125 inch in diameter and 0.010 inch thick.
e
’ See text.

standard deviation is the standard deviation of the mean. Where only
one set of measurements of the cadmium ratio was available, the
standard deviation reported is based on the two independent sources of
error, foil positioning and the scatter about the mean value. The
uncertainty in foil positioning is about 0.0313 inch, or 0.079 cm.

The value of the cadmium ratio in the 253A2B1 assembly is sus-
pected to be in error; it is higher than the value reported for the
253A2 assembly and higher than the value reported in Table 4.1, with
which it should be in agreement. Although the result is believed to be
in error, a careful check of all the available data fails to reveal a
reason for discarding it, and it is therefore included here. However,
the value of the cadmium ratio measured in the three radial traverses
in the 253A2B1 assembly (see Tables 3.5 and 4.1), not the value
reported in Table 4.3, is taken as the appropriate one for comparison
with the cadmium ratios measured in radial traverses in the two-
region assembly (see Sec. 5.7). There are two other minor anomalies
in Tables 4.1 and 4.3, but the calculated uncertainties more than account
for them. The absolute value of the cadmium ratio is important only in
the analysis of the two-region experiment; thus, no further discussion

is necessary.
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As with the radial buckling measurement, all points from regions
where the cadmium ratio was not stable, or the asymptotic distribution
was not observed, were rejected. The method used to determine the
region where the asymptotic distribution existed will be considered
next.

Initially, only those points more than 50 cm from the bottom of
the assembly were used. Least-squares fits were made, first to all
points in the resulting distribution, then to successively fewer, drop-
ping the point nearest the top of the assembly after each fit and
repeating the analysis. The process was continued until the axial dis-
tribution of the residuals was random.

To the resulting distribution were then added the points within
50 cm of the bottom of the assembly. Least-squares fits to the data
were again made with successively fewer points; after each fit, the
point nearest the bottom of the assembly was dropped. The process
was continued until the axial distribution of the residuals was random.

The "asymptotic region' was defined as the largest portion of the
assembly over which the axial distribution of the residuals was
random for all traverses (see Table 4.4). Since the asymptotic region
fell within the region of equilibrium cadmium ratio for all the assem-
blies, Table 4.4 defines the region for each assembly from which points
were taken in the axial buckling analysis. The least-squares fits from

which the buckling values were derived included from 6 to 9 points.

TABLE 4.4

Axial Region Where Asymptotic Distribution Prevails
in Each Assembly

Assembly Asymptotic Region
(cm)
250B1 35.0 - 73.0
250A1 45.0 - 73.0
250B2 36.0 - 78.0
250A2 50.0 - 78.0
175A1 41.0 - 77.7
175A1B1 30.6 - 73.0
253A2 40.6 - 71.0
253A2B1 35.5 - 71.0
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Because all points in the distributions were two or more relaxation
lengths from the extrapolated end point Ho’ it was not possible to deter-
mine the best value of HO from the fitting process alone. However, the
dependence of the buckling 72 on the value chosen for Ho is very weak;

a 1-cm change in the value of Ho results in a 1-3 pB change in the value
of 72. The axial extrapolation distance was assumed to be the same as
the radial, and the value of HO was obtained by adding the radial extrapo-
lation distance (from Table 4.2) to the physical length of the fuel rods
(121.92 cm). The resulting values of H0 are given in Table 4.5. The
values determined by least-squares fits to data from the clean lattices
range from 127 cm to 131 cm, in good agreement with the values

reported here.

TABLE 4.5
Value of Extrapolated Height, Ho’ for Each Assembly

Assembly Extrapolated Height

(cm)
250B1 127.5%7
250A1 128.65
250B2 127.19
250A2 128.15
175A1 127.43
175A1B1 128.52
253A2 128.59
253A2B1 128.15

Figures 4.7 and 4.8 are samples of the results of the axial
traverses, They consist of the experimentally observed foil activities
plotted with semilogarithmic coordinates as a function of axial position.
Fitted values of the function A sinh 'y(HO-z) are plotted in the asymp')'-’
totic region, for comparison. All theoretical and experimental points
have been normalized by dividing by A sinh‘yHo.

The results of the two axial traverses made in the 253 assemblies
with foils sawn from a copper rod (see Sec. 3.8) were consistent with

the results of the axial traverses made with gold foils. Because of
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unfavorable experimental conditions only, the results of these explora-
tory measurements are not believed to be as reliable as those obtained
with gold foils. Only four points remained in each distribution after
the activities of foils above 71 cm in height, or within 10 cm of the
cadmium sleeve used in the R3 measurement (see Sec. 3.10), had been
dropped. The four points in each case spanned an axial distance of only
15.24 cm, and the uncertainties due to counting statistics are signifi-
cantly greater than those in the traverses made with gold foils (0.33%
as opposed to 0.20% or less). Although the data do not show statisti-
cally significant differences, for the sake of consistency with data from
other assemblies, the value of the axial buckling for each assembly
was derived solely from measurements with gold foils. Of the 44 axial
traverses made with gold foils, five had to be discarded because of
mechanical difficulties. A bent experimental fuel tube was used twice,
and foil holders were improperly positioned twice. In one of the three
experiments in which fuel rods were waterlogged (see Sec. 3.8.2), it
was impossible to clean the foils satisfactorily; this run was discarded.

Of the approximately 700 experimentally observed foil activities,
four were dropped because of difficulties with experimental equipment;
five foils were accidentally lost in the course of the experiments.

The value of the axial buckling for each assembly was calculated
by averaging the values for all traverses free of mechanical difficulties
in that assembly; results are given in Sec. 5.1.

If a computed standard deviation for each fitted value of the buck-
ling were available, the final value taken for the assembly could be the
weighted average of the individual values, to which a standard deviation
based on the computed uncertainties could be assigned. No such com-
puted standard deviation is presently available, but an approximate
upper limit can be calculated in the case of the axial fitting process.
The technique used involves the calculation of the change in the buck-
ling (/.'wiz) necessary to reduce the residual at point i to zero, for all
points of the distribution. The value of the coefficient A in the
expression A sinhy(Ho-zi) is assumed to be constant. The rm s value
of the buckling increments gives an indication of the standard deviation
that should be assigned to the fitted value of 72; due to statistical

scatter in the data points about the asymptotic distribution, provided
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TABLE 4.6

Comparison of RMS Value of Buckling Increment
with S. D. of the Mean

Range of the S.D. of Range of the rm s value
the mean of the axial of the buckling increment,
Assemblies buckling, from Table 5.1 calculated as described in text
(uB) (.B)
250 4 - 22 3 = 15
175 15 <« 35 5 - 39
253 12 - 14 T -16

the points in the distribution are far from the extrapolated end point of
the assembly, as is the case here. In Table 4.6, the standard deviation
of the mean for the axial buckling measurements in each of the three
sets of assemblies is compared to the r m s value of the buckling incre-
ments. The fact that the two are comparable in magnitude is taken as
an indication that the scatter in the axial buckling data about the mean
is not caused by a series of experimental errors but is caused by
counting statistics. It does not, however, exclude the possibility of a
systematic error.

The values of the buckling for the clean lattices were obtained by
other workers on the Heavy Water Lattice Project (HE 4, HE 5). Close
coordination and cooperation ensured that the same equipment and tech-
niques were used in taking and analyzing the data in the unmodified
lattices and in the assemblies with added absorbers. There should,
therefore, be no systematic discrepancy between the two sets of buck-
ling values, The generally smaller standard deviations assigned to the
results for the unmodified lattices reflect the increased precision that
could be obtained from the larger number of traverses made in these
lattices. Furthermore, the assemblies containing added absorber rods
showed a more complicated fine structure, with a greatly reduced area
between rods where the flux was relatively flat. Hence, slight foil
positioning errors tended to produce larger deviations from ideal
behavior in the assemblies with added absorbers than in the unmodified
lattices. This factor is particularly important in considering the

results of the radial buckling determinations.
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4.3 THE CALCULATION OF THE SPATIALLY-DEPENDENT THERMAL
NEUTRON SPECTRUM AND THE THERMAL UTILIZATION

Although the present work is mainly experimental in nature, there
are some parameters which are more readily calculated than measured
or which can be measured only with great difficulty. In this connection,
it is useful to be able to calculate the neutron energy spectrum as a
function of position within the assembly, to provide a means of com-
puting spectrum-dependent parameters, such as hardened cross

sections for use in the calculation of the thermal utilization.

4.3.1 Thermal Energy Range — Unmodified Lattices

The various alternatives for calculating the thermal neutron
spectrum as a function of position, in lattices similar to those studied
here, have been considered in detail by P. Brown (BR 1) and R. Simms
(SI 1). Excellent agreement with experiment has been observed when
the thermalization transport theory code THERMOS (HO 1, HO 2) was
used in its modified one-dimensional form (HO 3). An independent
investigation of the usefulness of THERMOS is offered by the work of
Salah and Parkinson (SA 2). A thermal neutron beam extracted from
various points in a subcritical, natural uranium fueled, heavy water
moderated lattice was analyzed with a crystal spectrometer; excellent
agreement with the results of THERMOS was reported. In view of
these findings, this code was used extensively in the present work.

The calculation relates to a "'unit cell" of a heterogeneous medium,
infinite in extent. The unit cell is composed of a single fuel rod and
the moderator associated with it. All unit cells are identical; thus,
the neutron distribution throughout an infinite medium is known if the
distribution in the unit cell is known. From considerations of symme-
try, it is possible to specify the neutron distribution throughout the
unit cell (and hence throughout the infinite medium) if the distribution
is known over an appropriately chosen segment of the unit cell. The

smallest such segment is here referred to as the '"'smallest repeating

cell segment.” ,
For a lattice of fuel rods on a triangular spacing S, the unit cell

is a hexagon; the length of the sides is 3_1/2 S and the area is
(0.75)1/2 Sz. The smallest repeating cell segment is a right triangle,

the area of which is 1/12 that of the unit cell (see Fig. 4.9). The
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Wigner-Seitz approximation consists of replacing the hexagonal bound-
ary of the unit cell by a circle enclosing the same area; the problem
of calculating the neutron distribution becomes a one-dimensional one.
This approximation reduces greatly the effort necessary to calculate
the neutron distribution and has been found to be appropriate in lattices
of the type studied here (BR 1, SI1). For lattices on a triangular
spacing S, the radius of the Wigner-Seitz cell is (3)1/4(2:'1')"1/2 5, or
0.52504 S.

The THERMOS code, as used here, obtains the space-dependent
thermal neutron spectrum in one-dimensional cylinders by solving the
integral transport equation numerically. Thirty energy groups (up to
0.78 ev) and twenty space points are used. The scattering kernel used
for the moderator is the Nelkin kernel, adapted for heavy water by
Honeck (HO 4). Diagonal elements have been corrected for anisotropic
scattering, in keeping with Simms' conclusions on this point (SI 1).
Free gas kernels are used for the other nuclides present. A spatially
uniform 1/E slowing-down source above 0.78 ev is assumed.

The cell boundary is assumed perfectly reflecting. It has been
found necessary to include an extra cylindrical region outside the cell
proper, composed of a very thin, very dense, fictitious medium of
high scattering cross section (BR 1, SI 1, HO 3). The presence of this
region has the effect of making the spatial distribution of neutrons
reflected back into the cell from the boundaries less dependent on the
neutrons' angle of incidence and greatly improves the agreement with
experiment for tightly-packed lattices. This outer scattering region
was used in all calculations.

The input data to the code consist of the dimensions of the regions
in the cylindrical cell, the concentrations of the several isotopes in
each region, and their cross sections. The input data used are tabu-
lated in Appendix D.

The calculation of spectrally averaged quantities is made by the
edit portion of the code after the spectrum at each space point has

been calculated. The following definitions are used:
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f f vZ(v) N(r, v) dv(27rdr)

T, = . (4.7)
N f f vN(r, v) dv(27rdr)
i 0

f fv* vN(r, v) dv(27rdr)
i 0

¢'i = 2 ) (4.8)
i
f f N(r v) dv(27rdr)
N‘i 7 ; (4.9)
i
= f (27rdr) , (4.10)
i

_ﬁ fv* vN(r, v) dv(27rdr)
v, = L ! (4.11)
f fv* N(r, v) dv(27rdr)
;1

f f v VN(r v) dv(27rdr)
ﬁ £ mod "0 (4‘12)
Kol f fv* vN(r, v) dv(27rdr)
mod 0

In the equations, r is the position coordinate in the cylindrical cell,
v is the neutron velocity, N(r,v) is the space-dependent neutron
spectrum, Z(v) is the energy-dependent reaction cross section, htr(v)
is the energy-dependent transport mean-free path, and v* is the upper
velocity limit on the integrations. The cross sections used are tabu-
lated in Refs. HO 2 and HU 1. The values of )\tr(v) in each of the thirty
energy groups are derived and listed in Ref. PE 1. The integrations
are, of course, replaced by appropriate summations in the numerical
calculations.

The relative reaction rate in region i is Elvalvl If the aver-
ages are understood to be over the fuel rod volume, and the energy
region below the cadmium cutoff, the calculated values of n and G,

two parameters defined in Sec. 2.3, are:

——flssmn(UZS

Nis= ¥ s
25 abs abs(U28)

( ) (4.13)
U +3Z
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and
abs
i abs - al:))s 28, ° (£.14)
W B
The thermal utilization f may be calculated as:
f e ﬁ v V
f = ; (4.15)
2
Z i AAS
i

with the subscript notation of Table 2.2. As discussed in Ref. PE 1, a
good estimate of the diffusion coefficient D averaged over the entire
cell is afforded by Eq. (4.12) because of the similarity of A, for

the fuel and the moderator. Since the diffusion coefficient

enters the calculation of k only through the correction factor ES, and
because the results are not strongly dependent on the value of the dif-
fusion coefficient, the estimate afforded by Eq. (4.12) will here be used.

T35 (ce11) is defined by

If the lattice average absorption cross section =
Eq. (4.7) with the spatial integration done over the entire cell, a value

of the diffusion area L2 is obtained from the relationship:

2 = abs
i, Dmod/ (st} . (4.16)

4.3.2 Thermal Energy Range — Modified Lattices

In lattices modified by the addition of an absorber distributed
homogeneously throughout the moderator, the method of the foregoing
section could be applied for the calculation of the neutron energy
spectrum as a function of position. However, if the lattice is modified
by the addition of lumped absorbers, the treatment must be extended.
Provided that the lumped absorbers are distributed uniformly and
their spacing is equal to the lattice spacing S or an integral fraction
thereof, the hexagonal unit cell remains as described above. Each
such cell is identical and is composed of the central fuel rod, the
surrounding moderator, and one or more lumped absorbers. The size
of the smallest repeating cell segment is generally larger in a modified

lattice, although this need not be true.
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As in the preceding discussion, knowledge of the neutron distri-
bution over the smallest repeating cell segment is sufficient to specify
the distribution throughout an infinite medium. However, neither the
smallest repeating cell segment nor the unit cell is convenient for the
calculation of the thermal neutron distribution in space and energy. It
is more convenient to regard each element as being centered in a
cylindrical cell and carry out independent THERMOS calculations for

each cell.

Determination of Cell Sizes. The sizes of the various cells are no

longer known a priori, as Suich has pointed out (SU 1). They can,
however, be determined a posteriori: on the basis of calculations,

as in the case of Suich's work; or on the basis of measurements, as

is done here. Using heterogeneous source-sink theory, Suich shows
that the cross-sectional area to be assigned to the cell about each
lattice element is directly proportional to the number of absorptions

in the element. In his work, a weakly-absorbing moderator, a uniform
slowing-down source across the cell, and invariance of the cell bound-
aries with neutron energy are assumed; all these assumptions may be
made for the lattices considered here.

These considerations seem to indicate an iterative approach.
Consider an assembly composed of an equal number of fuel rods and
copper rods, uniformly distributed. (Examples of such assemblies in
this work are the 250B1, 250A1, and 175A1 assemblies, shown in
Figs. 3.3, 3.4, and 3.7.) Cell sizes for cylindrical "fuel" and "copper"
cells may be chosen on the basis of Suich's algorithm and reasonable
guesses of the relative absorption in each (see Appendix F), subject
to the requirement that the sum of the fuel cell area and the copper
cell area is equal to the area of a unit cell. Separate THERMOS cal-
culations may then be made for each of the two cells. From these
calculations, a good approximation to the spectrally-averaged absorp-
tion cross sections of the fuel and copper rods is obtained.

In order to scale the relative neutron densities in the decoupled
cells, the results of the microscopic traverses described in Sec. 3.9
are used. The experimental results, and the corrections applied to
account for the effect of neutron leakage, are discussed later in this

section. The corrected distribution is normalized to the distributions
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calculated with the THERMOS code, at the center of each cell, as
described in Appendix E.

New estimates of the relative absorption in the fuel and the cdpper,
and the thermal utilization, are made next; THERMOS-calculated
cross sections and relative neutron densities based on experiment are
used wherever possible. (In the fuel rod cladding, and the annular
region which surrounds the foils imbedded in the copper rods, the
THERMOS-calculated neutron density distribution is used.) New cell
sizes are calculated, and the THERMOS calculations repeated. Only
two iterations were necessary; convergence was achieved rapidly.
For instance, the value of the thermal utilization taken as an initial
guess for the 250A2 assembly was 0.570; the value obtained from the
first set of calculations was 0.534, and the value obtained from the
second set was 0.533. Since the change in the value of the thermal
utilization resulting from the second set of calculations was less than
the uncertainty associated with it in every case, a third set of calcu-
lations was unnecessary.

Confidence in the iterative method just described is increased by
the fact that values of v at the outer edges of the two cells in the final
calculation always agreed within 0.8% or less; the same is true for .
The values of T, §;, N, V,, v, D__,. n, G, f, and 1.” for the
modified lattices were obtained from Eqgs. (4.7) to (4.16). The results
of the second set of THERMOS calculations provided the values of Ei
and Vi values of Ni were derived from observed foil activities where-
ever possible. The analysis was made with the aid of a digital com-
puter; the method is discussed in greater detail in Appendix E.

The generalization to two or more copper rods per unit cell is

straightforward; the rods need not be of the same size.

The Microscopic Traverses. Since the THERMOS calculation to which

the results of :the microscopic traverses are compared is made for a
cylindrical cell in an infinite assembly, the observed foil activities had
to be corrected for the effect of neutron leakage from the finite assembly.
The correction was made by dividing all activities by the function JO(aR),
where R is the radial position of the foil and a is the square root of the
radial buckling (SI 1). Because all foils were near the center of the

assembly, the correction factor deviated from unity by at most 3%.



97

Foil activities also had to be corrected for differences in axial position.

All activities were multiplied by the function e'y(z-—zo)

, where v is the
square root of the axial buckling, z the distance of the foil from the
bottom of the assembly, and z, 2 reference height taken, for conveni-
ence, as 20 inches.

The assumption is made here that the microscopic and macro-
scopic distributions are completely separable in the region where the
microscopic traverses were done, and that the corrections just de-
scribed are sufficient to account for the effects of neutron leakage. In
Ref. CR 1, an inseparability effect peculiar to assemblies with sepa-
rated fuel and absorbers is mentioned; it causes the ratio of the neutron
flux in the fuel to that in the absorbers to vary as the macroscopic dis-
tribution Jo(aR). The source of the effect is not described, but a formula
correcting the value of the thermal utilization to the infinite medium
value is given. The ratio of the value of f for an infinite medium to the
value measured in an experiment in the neighborhood of a fuel rod at a
distance Ru from the center of the assembly is given as
[ 1-A3f(1—J;1(aRu))]_1, where A3 is the ratio of thermal absorptions in
the absorber rods to thermal absorptions in the fuel. Since all micro-
scopic traverses were done in the neighborhood of the central fuel rod
of the assembly, the value of Ru is zero, and no correction factor is
necessary.

Two microscopic traverses were made in each assembly, result-
ing in two independent measurements of the relative absorption in all
the materials present. The two values of the thermal utilization agree,
on the average, within 0.45%. The maximum discrepancy is 1.13%.
Difficulties caused by counter malfunctions, and errors in assembling
the central cluster, place the results of both runs in the 175A1B1
assembly in question; the values of the thermal utilization agree with-
in 0.90%. The effect on the value of k_ derived for the 175 lattice is
slight and is discussed further in Sec. 5.4.

Two examples of microscopic distributions, corrected for neutron
leakage, are given in Figs. 4.10 and 4.11. The activation distribution

calculated by THERMOS is given for comparison.
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4.4 CALCULATION OF RATIO OF EPITHERMAL AND THERMAL

REACTION RATES (pi, 625)

Although the neutron energy spectrum in the epithermal energy
range does not need to be treated in great detail, it is necessary to
make some assumptions concerning it because some of the ratios of
epithermal to thermal reaction rates (pi, 625) appearing in the formula
for the resonance escape probability (Eq. 2.24) have been calculated
rather than measured. Measurements of 625 were made in unmodified
lattices only; pgy for the copper rods was measured only in the 253A2B1
and 253A2 assemblies; and the values of Py and Py which relate to the
moderator and cladding, were calculated.

The method makes extensive use of the results of the THERMOS
calculations for the fuel and copper cells described in the preceding
subsection, but it is not a part of the THERMOS code and should not
be confused with it.

It is assumed that the epithermal neutron flux varies as 1/E. This
energy dependence is derived in the theoretical treatments of media
with low absorption cross sections, but experiments show that it is
also valid in many practical cases (AN 2), and it is commonly used.
Cross sections are assumed to vary with neutron velocity as 1/v in the
thermal energy region. The cladding and moderator are also treated

as 1/v absorbers in the epithermal region, while U235

and copper are
treated as resonance absorbers. Resonance integrals are derived
from measurements in closely related assemblies.

Consider first the calculation of Py and Po- We have:

V — - o0 — —
f f T o(r,v) Z.(v) dv dr + f f ¢(r,v) Z.(v) dv dr
g ¥ " : (A 1

., - . . (4.17)

i v ) -
f f e o(r, v) Zi(v) dv dr
1,210

The spatial constancy of the absorption cross section Z‘i(v) within the
region i is assumed. The upper limit of the neutron speed in the
thermal region is N and that of the highest-energy group in the
THERMOS calculation is Vo From the definition of the neutron flux,
we have:

#(r, v) = va(r, v) . (4.18)
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The continuous function n(r, v) is approximated in practice (over the
range 0 € v < VT) by the matrix N(K,I) calculated by the THERMOS
code; K is a spatial index relating to the several subregions in

region i, and I is the energy group index (1 < I < 30); N is a density
in both space and velocity. If it is assumed that the epithermal neutron
flux varies as 1/E, then the epithermal neutron density varies as 1/v2,
The requirement that the neutron density be continuous at Vo specifies
the constant of proportionality:

o, N(K, 30)][v v
n(r,v)=[ ][230][ 31], v V. (4.19)

v

N

Here, V30 and Vg are the lower and upper velocity limits of the SOth

group of the THERMOS calculation. On the assumption that the velocity
dependence of the absorption cross sections for the cladding and moder-

ator are adequately represented by a 1/v variation, we may write:

ZV

= 0SS v<oo, ' (4.20)

Z, (v)

2

Here, Ei is the absorption cross section of the ith material for neutrons
of energy v . Under these assumptions, Eq. (4.17) may be written in
the form:
o [valz'1 1] 04 iivov;;)l\](i, 30)\/'i : s
[NiviZiVi]l

Here, Eqgs. (4.7), (4.9 ), (4.10), and (4.11) have been applied; the sub-
and superscripts on the bracketed expressions refer to the lower and
upper limits of the summation over the discrete spectrum produced by
THERMOS; N(i, 30) is the volume-averaged value of N(K, 30), over
material i. For the 0.020-inch~thick cadmium covers used in the ex-
periments, summation over the first 27 THERMOS groups is appropri-
ate. The upper limit of the thermal energy range is then 0.415 ev.
For a 1/v absorber, ;ifi is equal to v_XZ., as reference to Egs.

(4.7), (4.11), and (4.20) will show. This permits the following simple

expression for Py

w5 e
[B. ] . v, 01, 36)
I 5 N (4.22)
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Values of all parameters appearing in Eq. (4.22) may be obtained from
the output of the THERMOS code, either directly from the printed output
or from the matrix N(K, I) which is printed and punched on data cards.
The velocity is a dimensionless variable based on 2200 m/sec; for the

usual THERMOS velocity mesh,

=]

o)
Vag = 5.285, (4.23)
Vaq = 5,855

The derivation of the expression for 625 and [ is similar to that
just used: Eq. (4.17) is again the defining expression, with the inte-
grations over the volume of the rod in question. Equations (4.18) and
(4.19) also apply. But it is necessary to assume that N(K, 30) is
constant 1}1 all parts of the rod; this requirement is met in the cases of

interest here, to within 1.1%. If an effective resonance integral is

defined as:
ke 0 d
Jar [Tz F
i v
ERI(i) = {} ; (4.24)

il

for the rod, then Eq. (4.17) may be rewritten in the manner of Eq.
(4.21) as follows:

w
o
|

+ N(i, 30) v

ilog 30V3 1Vi ERI(1)

(4.25)

This expression may be further simplified, in the same manner as
Eq. (4.22):

—= 130 — . ERI(i)
[Ni]28 + v30v31N(1, 30)[ 5 :I
p. = N (4.26)

1 — .27
N1

Equation (4.26) relates Py the ratio of epithermal to thermal events,
to an appropriate resonance integral, in terms of parameters obtain-
able as before from the THERMOS output.

It has been assumed throughout that only small perturbations in
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the neutron distribution in the epithermal energy range are caused by
the addition of copper rods to the lattices. In particular, the value of
the effective resonance integral is taken as constant. At least one
measurement of P, e.g. from measured cadmium ratios, is necessary
to establish the value of ERI(i) in an assembly for which a THERMOS
calculation is available. Once this is done, values of p; may be calcu-
lated in any similar assemblies for which THERMOS calculations have
been performed.

It is important that parameters measured in finite assemblies be
corrected by means of an equation analogous to Eq. (2.26) to their
infinite medium values, since the foregoing treatment does not other-
wise account for the effect of leakage.

The assumptions made in the course of these two derivations would
appear to limit their usefulness severely. To test the method, values
of (ERI/Z) were calculated from the measured values of Pogs results
are given in Table 4.7. Although, in this case, the assumptions appear
least applicable, no value deviated more than 8.2% from the mean.
When the mean value of ERI/Z for each rod type was used to calculate
values of Pog for each assembly, no value deviated more than 8.7%
from the measured value; the r m s value of the deviations was 3.9%
(see Table 4.7). The method was, therefore, considered to be suf-
ficiently accurate for use in the present application, as the following
considerations show.

The resonance escape probability is calculated from Eq. (2.24):

1 4 Bl 928 4
€ oM -1-a £
s 28 28 ¢ _ (4.27)
) 3 6ox(1+a,)In(1-G)
g5+ Theg
142 00 pyaG 2 pA; + Vs
i=1

The value of the second term in the numerator is always less than
0.0027 here, so that the value of p is almost completely determined
by the second term in the denominator. In the 250 and 175 assemblies,
the term p28G accounts for 62% to 83% of the value of the second term
in the denominator; measured values of Pog with uncertainties less
than 2% are available for all the assemblies, and the values of the Py

and 695 terms are calculated. If an upper limit on the uncertainty in
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TABLE 4.7

Measured and Calculated Value of Pog

Mesgures | Tn| Culewsted o DoMAMROL
Assembly Value (See 28 from Measured
of pyg Note 1) (See Note 2) Value (%)
250 0.234 2.473 0.239 i
250B1 0.247 2.495 0.249 AL,
250A1 0.262 2.687 0.246 - 6.0
250B2 0.272 2.637 0.260 - 4.3
250A2 0.291 2.314 0.307 7t Lo
175 0.475 2.518 0.489 a2
175A1 0.527 2.653 0.515 - 2.2
175A1B1 0.592 2.604 0.589 - 0.4
253 1.358 2.181 1.374 il (P
253A2 1.407
253A2B1 1.442 2,285 1.425 - 1.2

Note 1: Value of [—E-B—I} based on measured value of Pog-

=
ERI ’
Note 2: Average value of SN used for each lattice:
Lattice
250 2.521
175 2.592

253 2.208
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these terms, due to the method of calculation, is taken as 5%, the un-
certainty in the expression in brackets in the second term in the
denominator is 2.2% at most; the resulting uncertainty in the value of
p is limited to less than 0.22%. In the 253 lattice and the two 253
assemblies, the term pogG accounts for 81% to 85% of the resonance
absorptions. The two measured values of Pog have uncertainties of
1.9% and 2.1%. Assuming the PogG term to be known, in all three
cases, within 4.0%, the measured values of the p3A3 term to within
2.0%, and the calculated values of the p; and 625 terms within 5%, the
uncertainty in the expression in brackets in the second term in the
denominator is 3.5% at most. The resulting uncertainty in the value
of p is 1.0% or less.

The value of the expression (1+625) is also obtained from the
values of 625 calculated for each of the assemblies. An uncertainty
of 5% in the calculated values results in an uncertainty in the value of
{1+625) which varies from 0.11% to 0.44%.

The method just described has advantages over other methods in
which a maxwellian spectrum is joined to a '""1/E tail!' First, the
assumption of a maxwellian is unnecessary, since the THERMOS-
calculated spectrum is used. Second, there is no problem of deciding
how and where to join the two spectra; the THERMOS calculation

carries the spectrum into the 1/E region.

4.5 LEAST SQUARES FITTING

As stated in Chap. II, the values of the parameters appearing in
Eq. (2.28) are obtained by a least squares fitting process. Each
parameter is plotted against the material buckling, and a first or
second degree polynomial is fitted to the data. The leading (constant)
term of the polynomial is taken as the best estimate of the value of the
parameter for an assembly with zero material buckling. Points were
not weighted in the fitting process. 1+§

The variations in the correction terms (f,—) s (%) ; (-F%) 4 (mg-g') s
(A’l -Al) , and (A’Z-Az) over the entire range of bucklings are so
small (see Tables 5.3 and 5.8) that the polynomial order is not of great
consequence in determining the value of these quantities at zero buck-
ling. The degree of fit was calculated each time a least squares fit
was made, and the fit corresponding to a minimum value of this quantity

was used. The degree of fit is defined as:



M
Z (Xi“Pi)z
e (4.28)
M-N-1
where X, is a data point, M is the number of such data points, N the
order of the polynomial approximation to the data, and Pi the value of
the polynomial at point i (WO 2).

The quantity Ag determines the value of k__ almost completely,
and thus it is important that an appropriate function be fitted to the
measured and calculated values of AS in the several assemblies.
Assume that the material buckling Blzn is related to k by Eq. (2.31)
and that thermal neutron absorptions in cladding and moderator may
be neglected, so that the expression for the thermal utilization, f,
(Eq. (2.18) ) becomes (1+A3)_1 . If the spectral perturbation is small,
the diffusion area of the modified lattices is approximated by the
quantity fL2, where L2 is the diffusion area of the unmodified lattice.
The Fermi age, 7, may be presumed constant (see Appendix G).

Substitution of these expressions for the thermal utilization and the

diffusion area into Eq. (2.31), and use of Eq. (2.7) for k_, leads to
the result,
A, = nep(1+8,.)[1 - B2+ 2(+BHZ- . . .]- (1+L%B?), (4.29)
A, = [nep(1+5,.)-1] - [L2+nep(1+s. )] B2 +
g " MRS gy gk
1 2 A
+ [inep(1+625)'r ]B4 o A i % .(4.30)

Because the magnitude of the quantity —rB?' is always less than 0.2 here,
the series in brackets in Eq. (4.29) converges quickly. It is evident
from this equation that, in this approximation at least, a polynomial of
low degree in B2 should correlate the data well. Polynomials of degree
one, two, and three were tried in the fitting process on the data from
the 250 assemblies; the degree of fit was minimal for a second degree
polynomial. Accordingly, second degree polynomials were used to
obtain the value of Ag.
It may therefore be reasonably assumed that the fitting process

itself does not introduce significant errors into the fitted value of Ag.
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To ascertain the effect on the value of Ag of the uncertainty in the
buckling value of a particular assembly, the least squares analysis
by which Ag was determined was repeated twice, once with the buck-
ling for the assembly in question equal to the observed value plus one
standard deviation, and once with the buckling equal to the observed
value minus one standard deviation. The average change in the value
of Ag is the uncertainty in the fitted value caused by the uncertainty in
the buckling value of the assembly in question. To obtain the standard
deviation of the value of Ag, the uncertainty caused by the uncertain-
ties in the buckling values and A3 values for each of the assemblies
was evaluated; since these are independent, the total uncertainty was

calculated as the square root of the sum of their squares.
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CHAPTER V
RESULTS AND CONCLUSIONS

The results of the investigation are given in this chapter. Sections
5.1 to 5.5 concern the determination of k_ for the three lattices studied
(250, 175, 253). For the sake of comparison, values of measured and
calculated parameters (HE 4, HE 5) for the 125 lattice are also given,
although this lattice<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>