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INTERPOLATION FOR BRILL-NOETHER SPACE CURVES

ISABEL VOGT

ABSTRACT. In this note we compute the number of general points through which a general Brill-
Noether space curve passes.

1. INTRODUCTION

The goal of this note is to answer the following fundamental incidence question for space curves:

Main Question 1. Fix a general collection of n points in P? over C. When does there exist a curve
C - P? of degree d and genus ¢ and general moduli passing through those points?

In order for there to be a nondegenerate curve C' < P3 of degree d and genus g and general
moduli, the Brill-Noether number p(d,g,3) = 4d — 3g — 12 must be nonnegative. In that case,
there is a unique irreducible component of the Kontsevich space Mg(]P’s,d) which dominates M,
and whose general member is a nondegenerate immersion of a smooth curve. We will call this
component M, (P3,d)°, and curves in this component Brill-Noether curves.

Let M, ,(P3,d)° be the component of M, ,(P? d) dominating M,(PP?,d)°. Then there is a map

M, (P%,d)° = (P%)",

taking the image of the n marked points. We are asking in the main question whether this map is
dominant. An obvious prerequisite is that

dim M, ,(P?,d)° = 4d + n > dim (]P’?’)n = 3n.

Hence we would expect to be able to pass a degree d Brill-Noether curve through up to 2d general
points in P2. The main result of this paper is that this expectation is true with exactly two
exceptions:

Theorem 1.1. There exists a Brill-Noether curve C of degree d and genus g in P? passing through
a mazximum of

9 general points, if (d,g) =(5,2), or (6,4)
2d general points,  otherwise.

The fact that curves of (d,g) = (5,2) (resp. (6,4)) cannot pass through 10 (resp. 12) general
points is clear: the curve is forced to lie on a quadric surface in P?, which itself can only be passed
through 9 general points. However a (2,3)- (resp. (3,3)-) curve on P! x P! can be passed through
9 general points on the quadric since it moves in an 11 (resp. 15) dimensional family. These two
exceptional cases were already noticed by Atanasov [3] and Stevens [16] respectively.

Theorem [IT] builds upon the work of Perrin [13] who investigated the problem via liaison, and
Atanasov [3], who answered the question in the nonspecial range (d > g + 3). The generalization to
Brill-Noether curves in P" (with appropriate choice of n) was answered in the nonspecial range in
[2]. Interpolation problems for higher dimensional varieties were studied in [10], [I1], and [4].

As in previous work, the current approach is via deformation theory. First we make the following
definition:
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Definition 1.2. We say that a vector bundle E on a smooth curve satisfies the property of inter-
polation if it is nonspecial (e.g., h'(E) = 0) and for every n > 0, a general effective divisor D of
degree n satisfies either

W(E(-D))=0  or  h'(E(-D))=0.
Using this terminology we show the following:

Proposition 1.3. Let C be a general Brill-Noether curve of degree d and genus g in P3. Then
the normal bundle N¢ ps satisfies the property of interpolation if and only if (d,g) is not (5,2) or
(6,4).

Let us show that this implies Theorem [[LIl Denote (C,p1,...,pn) € My ,(P?,d)° by the abbrevi-
ation (C, D) where D is the Cartier divisor p; + ... + p,. If A (Nc(=D)) = 0, then the map

M, (P%,d)° = (B?)"

is smooth at the point (C, D c C'). The Euler characteristic of N¢ is 4d. Thus if D is a divisor of
degree n, x(Nc(=D)) =4d-2n. So if N¢ satisfies interpolation, then for a general effective divisor
D of degree n, the following are equivalent:

(1) K (Nc(-D)) =0

(2) x(Ne(=D)) 20
(3) n<2d

Thus if n < 2d, the map ev is smooth at the point (C, D), and hence dominant.
The key input in the present work is the following theorem of Larson:

Theorem 1.4 ([12, Theorem 1.4]). Let C be a general Brill-Noether curve of degree d and genus
g in P3. Then h'(Nc(=2)) = 0 unless

(d,9) €{(4,1),(5,2),(6,2),(6,4),(7,5),(8,6)}.
The relation to the present work is provided by the following lemma:

Lemma 1.5. If h'(Ng(-T))) = 0 for some effective divisor T of degree 2d, then N¢ satisfies the
property of interpolation.

Proof. Under the assumption degI’ = 2d, we have x(Nc(-T')) = 0. So h*(Ng(-T')) = 0 implies
that h®(Ng(-T')) = 0 as well. If we let D = E + p for some effective divisor E and point p, then
h*(Nc(-E)) < hY(Ng(-D)) and h°(No(-D)) < h°(Nc(-E)). So by adding and subtracting
points from I" we can find effective divisors D,, of every positive degree such that h'(Nc(-D,,)) =0
if n < 2d, and h°(N¢(-Dy,)) = 0 if n > 2d.

Furthermore, if there exists some effective divisor F such that h' (Ng(~F)) = 0 (resp. h°(No(~F)) =
0), the semicontinuity theorem implies that h'(Ng(=D)) = 0 (resp. h®(Ng(=D)) = 0) for all D
in a nonempty open neighborhood of F', which is necessarily dense in Sym™ C as Sym" C' is irre-
ducible. O

As O¢(2) is an effective divisor of degree 2d, all counter-examples to Proposition [[.3] are neces-
sarily contained in the counterexamples to Theorem [I.4], so it suffices to verify Proposition [I[.3] in
these six cases. The result of [3] in the nonspecial range proves interpolation for (d,g) = (4,1) and
(6,2).

Thus to prove Proposition [I.3] it suffices to consider two cases: curves of degree 7 and genus 5,
and curves of degree 8 and genus 6. As the property of interpolation is open [3, Thm 5.8|, and the
restricted Hilbert scheme parameterizing (limits of) smooth curves of (d,g) = (7,5), respectively
(8,6), is irreducible [9, Thm 2.7] , it suffices to exhibit one such curve whose normal bundle satisfies
interpolation. Using this, we resolve these two cases in the remaining two sections of the paper.
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Although both cases are resolved by realizing C' c P? as the projection of a canonical curve, the
techniques are quite different. For curves of degree 7 and genus 5, we give an explicit description
of the sheaf maps arising in a short exact sequence containing N sp3. This reduces the problem to
understanding the generators of the homogenous ideal of a collection of points in P2. For curves
of degree 8 and genus 6, we find our curve lying on a singular cubic surface. The “normal bundle”
of C' in the singular cubic is then more positive than if C' lay on a smooth cubic, which then gives
the result.

Remark 1.6. Semistability of normal bundles has previously been studied in [14] 15] and [7] for
rational curves and elliptic normal curves respectively. The property of interpolation is quite
analogous to that of semistability. In fact, if F satisfies interpolation and the rank of F divides
the Euler characteristic, then E is semistable; indeed, if E satisfies interpolation and F c F is a
subbundle, then

\(F) [ X(E)}
tk(F) ~ | tk(E) |

Since the Euler characteristic of the normal bundle of a curve in P? is even, we obtain semistability
of the normal bundles of general Brill-Noether curves of (d,g) ¢ {(5,2),(6,4)} as a corollary of
Proposition [[3l In the remaining two cases, the normal bundle in the quadric is destabilizing.

The converse is not true, even when restricted to bundles which are nonspecial. To construct an
example, let = and y be general points on a curve C of genus 2. Then |K¢(x + y)| defines a map
7:C - P? with image a quartic with a single node. The vector bundle 7*(Tp2) has a subbundle
of tangent directions pointing towards the node, which is isomorphic to Ko (2x + 2y). Let E be
7 (Tp2)(-2x — 2y). Then E is rank 2 and degree 4. Further, by the above we have

0-Kc—E— K& (-2 -y) 0.

As deg(K¢) = deg(K&*(-z - y)) = 2, E is semistable. But for any p € C, h®(K¢c(-p)) = 1, so
hY(E(-p)) > 0. Thus E does not satisfy interpolation as y(E(-p)) = 0. With slightly more work,
one can show that F is nonspecial.

Acknowledgements. I thank Joe Harris and Bjorn Poonen for numerous helpful discussions and
guidance. I would also like to thank Eric Larson for pointing out that his work in [12] left this
problem within reach, and together with Aaron Landesman, Lawrence Ein, Izzet Coskun and
members of the MIT and Harvard mathematics departments for helpful conversations. This research
was supported in part by the National Science Foundation Graduate Research Fellowship Program
under Grant No. 1122374.

2. CURVES OF DEGREE 7 AND GENUS 5

For the remainder of this section, let C' < P2 be a curve of degree 7 and genus 5 in P3. Let I' c C
be a general collection of 14 points on C. We have deg(N¢) = 36 and deg(N¢(-T")) = 8. In order
to prove that N¢ satisfies interpolation, it suffices by Lemma to show

H'(C,N¢g(-T)) =0.

Remark 2.1. As used in the proof of Lemmal[L5] when degT" = 2d, x(N¢(-TI")) = 0. So h'(Ng(-T)) =
0 if and only if h%( No(-T')) = 0.

Lemma 2.2. Let L be a line bundle of degree 7 on C with h°(L) = 4. Then L = K —p for some
point p on C.

Proof. By Riemann-Roch, h'(L) = 1 and hence by Serre duality h°(K — L) = 1. Thus there exists
a unique point p such that K — L = p. O
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As such, every curve C of degree 5 and genus 7 in P? is the projection of a canonical curve
C - P* from a point p € C. Call this projection map m: C' - C. Furthermore, C' ~ C' is not trigonal,
as projection from p defines an embedding into P3.

Let S c P* be the cone over C with vertex p. By normal bundle N &/s of C' in this (singular)
surface S, we mean the unique subbundle (i.e. subsheaf with locally free quotient) of Nz &pa that
agrees with the normal bundle of C'\ p in S \ p. Sections of this bundle have a geometric interpre-
tation as the normal directions that point towards p; for this reason, in [2] Ne /s is referred to as

N, Cop®

Lemma 2.3. The sequence
(1) 0— Né/s = Neps 71'*NC/IPS (p) =0,
18 exact.

Proof. The projection map m:P% -> P3 is resolved by blowing up P* at the point p and as such there
is a regular map 7: Bl, P* » P3. Hence there is a surjective map of sheaves Na /Bl P4 Ng/ps. But
NC‘/Blp pa = Né/]P4(—p). Twisting by p we obtain the right map of (Il). The kernel is the normal
directions in the cone S. O

By [2, Prop. 6.3], we have that Neyg = Oa(1)(2p). To see this, we need to recall the definition
of the Euler field. Let V be a vector space and V = V; @ V5 a decomposition with dim V; = 1. Define
a C* action on V by

A (z+y) =Nz +y, AeC*xeVi,yeVs.

This action descends to PV, where the decomposition V = V; @ V5 corresponds to the choice of a
point p and a complementary hyperplane H. The Euler field associated to (p, H) is the differential
of this action at A=1¢ C”.

The Euler field vanishes only along p and H. And further if p is a general point of C, p does
not lie on any other tangent line. The restriction of the Euler field to C provides a section of the
normal bundle Nz /80 which vanishes along C'n H and to some order at p. Explicit calculation gives
that this order is 2.

Furthermore, as C' is not trigonal, it is the complete intersection of the net of quadrics on which
it lies; hence we have that Ng pa = Ox(2)%3.

The key geometric input to this entire argument is the following lemma, which gives a description
of the injection in (d) in terms of the identifications Nejg =0 &(1)(2p) and N, pa = Ox(2)%3.

Lemma 2.4. The map
Os(1)(2p) = Op(2)%*
in sequence (0l) is the unique map (up to isomorphism) given by multiplication by three linearly

independent sections of H°(Ks(-2p)).

Proof. Such a map is specified by three sections of Hom(O(1)(2p),0(2)) = H°(O(1)(-2p)) =
H°(K(-2p)). In our case, the map o comes from restricting the Euler field associated to (p, H)
to (a choice of) three independent quadrics Q1,Q2, Q3 defining C. As a section of Ny, ~ Og,(2),
the Euler field vanishes along H and 7T,Q;, as any point ¢ with g,p c T,Q; is contained in 7,Q);.
The result follows as the three tangent planes T,Q1,7,Q2,T,Q3 are linearly independent sections
of H(Ox(1)(-2p)). O

Consider the twist of exact sequence (D) by the line bundle Ox(-p - T'):
(2) 0 Ka(p-T) = Kg(-p-T)% > 7" Nyps (-T') — 0.
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Lemma 2.5. The natural map
Hl(é7 Ké(p - F)) e Hl(é7 K§2(_p - F)€B3)
induced by « is an isomorphism.
Proof. By Serre duality, it suffices to show that the map
HY(KE(p+T1)*) > H(Op(-p+T))
induced by « is an isomorphism. As 14 > 5 = dim Pic(C), the line bundle L := Ké (p+T") is a general
line bundle of degree -8 + 15 = 7. By Lemma [2.4] this map is simply the tensor product map

HO(L) ® HO(K o(~20)) » HO(L® K (-2p)).
The proof therefore follows from the following proposition. O

Proposition 2.6. Let L be a general line bundle of degree 7 and p a general point on a general
curve C of genus 5. Then the tensor product map

H(L) ® H°(K(-2p)) -~ H’(L ® K(-2p)),
s an isomorphism.

As L is general, we have h?(L) = 3 and the complete linear series |L| maps C' birationally onto
a plane septic with generically 10 nodes. The linear series |K(-2p)| is therefore cut by quartics
passing through the 10 nodes, and tangent to the septic at p. Let % denote the zero-dimensional
subscheme in P? of deg 12 consisting of the 10 nodes and the tangent vector at p. Let Iy be its
ideal sheaf. Then it suffices to show

(3) H(0p:(1)) ® H(Zx(4)) - H'(Zx(5))
is an isomorphism.

We proceed by first showing that the subscheme X is general among all such degree 12 subschemes
with multiplicity 1 at 10 points and multiplicity 2 at the last point. Then we will restrict to a
canonical curve containing the points and apply the basepoint free pencil trick.

Let V75 be the Severi variety parameterizing degree 7 plane curves of geometric genus 5 and
U7 5 ¢ V75 the open dense locus of nodal curves with exactly 10 nodes. There is a map Urs —
Sym!®(P?) extracting the 10 nodes. Let H c Hilb?(P?) be locus parameterizing degree 2 subschemes
supported at a single point. Let S be the incidence correspondence

S ={(C,N,t) c Uz 5 x Sym'""(P?) x H | N = Cyjng,t c C}.
Lemma 2.7. The map
7S - Sym'Y(P?) x H
extracting the nodes and the tangent vector is dominant.
Proof. To show that the map is dominant, we will show that at a general point (C, N,t) of S, the
map 7 is smooth. Let p be the support of ¢. The obstruction to smoothness of 7 at (C, N,t) lies
in H'(Ny(-f"'(N)-2p)), where N; is the normal sheaf of the normalization map f:C” - P? and
f7Y(N) is the collection of 20 points on C" lying above the nodes of C. As f is unramified, N ris
a line bundle and we have an exact sequence
0-Tov - f*Tp2 - Ny = 0.
As such, Ny ~ Kov ® f*(Op2(3)) is a line bundle of degree 29 on the genus 5 curve C”. Thus
N¢(-f"1(N)) has degree 9 and so by Riemann-Roch
RNy (-f (V) =5, BHNp(=fTH(N))) =0.
For simplicity write F' = N;(-f"'(N)). Now we claim that if p is a general point of C¥, then the
evaluation map HY(F) — H(F|y,) is surjective. Indeed, a pencil s : t] in |F| defines a map to
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P!, which in characteristic 0 is generically unramified. So the unique linear combination of s and
t which vanishes at a generic point p does not vanish to order 2. Using the long exact sequence
associated to

O—>F(—2p)—>F—>F|2p—>0,
and the fact already observed that h'(F) = 0, we obtain h'(F(-2p)) = h'(N¢(-f~H(N) - 2p)) = 0.
Thus the map 7 is smooth at a general point (C, N,t), and hence dominant. O

Lemma 2.8. Let X be a smooth degree 4 curve in P2, and let D ¢ X be a general effective divisor
of degree 12 supported at 11 general points. Then the map

H°(Kx)® H*(4Kx - D) - H*(5Kx - D),
18 an isomorphism.

Proof. The line bundle Ox (D) is a general line bundle of degree 12 on X. As such, H'(4Kx-D) =2
and for any point p € X, H(4Kx — D —p) = 1 (e.g. it is basepoint-free). By the basepoint-free
pencil trick [II, II1.3], the kernel of the above tensor-product map is H*(3Ky — D) = 0. O

Proof of Proposition [2.8. We will show that (3] is an isomorphism. By Lemma 2.7, the subscheme
%) can be choose to be a general point in Sym!°(IP?) x H. Since the isomorphism in (@) is an open
condition on subschemes ¥, we can specialize these points to lie on a smooth quartic X. As both
sides of (3] are dimension 9, and the kernel of restriction H°(Zx(5)) - H°(5Kx — D), which is
generated by the equation of X, is clearly in the image of the tensor product map, it suffices to
show the isomorphism when restricted to X. The result now follows from Lemma 2.8l O

In the long exact sequence associated to (2]), the map
H'Y(C,Ks(p-T)) -~ H' (C, K& (-p-T)®?)

is an isomorphism, and hence H'(C , " Neyps (=) = 0. This completes the proof of interpolation
for curves of degree 7 and genus 5.

3. CURVES OF DEGREE 8 AND GENUS 6

In this section, C' < P? will denote a curve of degree 8 and genus 6. Let ' be a general set of 16
points on C. In this case deg No = 42 and deg No(-I") = 10. We want to show that for a general
Brill-Noether curve C, we have h'(Ng(-T')) = 0. Equivalently by Remark I we need to show
that h®(Ng(-T)) = 0.

As in Lemma 22, Oc(1) = K¢ - p — ¢ for two points p,q € C. Thus the curve C' < P? is the
projection of the canonical curve C' ¢ P® from the secant line lpq=D,qC P°. A general canonical
curve C' in P5 is a quadric section of the unique del Pezzo surface T of degree 5 on which it lies.

As such Ng g = Oa(2) =2Kc is a line bundle of degree 20.

The surface T is the blowup of P? at 4 points p1,pa,p3,pa in linear general position, embedded
by the anticanonical series. Let p = p1,p2 NP3, p1 in P2. By slight abuse of notation we will also
write p for the preimage in T'. Let ¢ be a generic point on py, ps.

Let T = Bl,,T 2, 7. Denote by E, (resp. E,) the exceptional divisor 371(p) (resp. 371(q)).
Note that 7' is also the blowup of P? in the 6 (non-generic) points {p1,p2,p3,p4,p,q}. Let L;; be
the proper transform in T of the line Di,p; joining p; and p; in P2

Lemma 3.1. The anticanonical linear system | - K;| = |3*(Or(1))(=E, - E,)| is basepoint-free.

Furthermore, for any zero dimensional, degree two subscheme D c T with D ¢ Lo and D ¢ Log
and D ¢ Lis, let Zp denote the ideal sheaf of D. Then we have

W(T,-K;®Ip)=h"(T,-K;)-2.
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Proof. This well-known result is claimed without proof on page 643 in [8]. It also follows from
Théoreme 1 in [6, IV.3]. O

We can arrange for a canonical curve C' ¢ T to pass through the points p and ¢, as it is a
quadric section of 7. Let ¢, , c P® be the line in P® joining p and ¢ (not to be confused with
the proper transform of the line joining p and ¢ in P?!) With such a choice, the line ¢, q meets
T only at p and ¢; indeed, the line ¢, , is the intersection of all hyperplanes containing p and gq.
Since 5 (Or(1))(-E, — E,) is basepoint-free, all hyperplanes containing p and ¢ cannot meet 7" in
another point.

Let m:T -> P3 be projection from {4 This is resolved by blowing up p and ¢; we will write

T = Bl,,T 5 T. Then write #:T — P? for the resolved projection map. Let C be the proper
transform of C' in 7' = Bl, , T. The class of C on T is thus §*(Or(2))(-E, - E,) = 2K 4(Ey + Ey).
Because we will need it latter, we will show now:

Lemma 3.2. The class [C] = —2K4+(E, + Eg) on T is basepoint-free.

Proof. As —K is basepoint free, —K+ E, could only have basepoints along Ej,. Similarly the only
basepoints of —~K + E,; could occur along E,. Hence the sum is basepoint free. O

Note that we have

[C] -Lqg = [C] - L34 = [C] - Lz =1.
With this special choice of p and ¢, Lemma [3.1] guarantees that the map 7 still gives an embedding
of C into P3, since C meets each line of Lo U L3 U L34 only once.

As indicated in the introduction, the idea here is to exhibit a sub line bundle L of Ng/ps of such
a degree that it forces h’(Nc(-T")) = 0. Indeed, by Riemann-Roch, a general line bundle of degree
5 on a genus 6 curve has no global sections. If L < N¢ has degree 21, the quotient @) has degree 21
as well. After twisting down by 16 general points, L(-I") and Q(-I") will both be general bundles
of degree 5, and hence force h°(No(-T")) = 0.

One way of producing subbundles of N¢/ps is to exhibit your curve on certain surfaces S: then
Ngys = Ngyps. A general curve of degree 8 and genus 6 lies on no planes or quadrics, but it does
lie on a unique cubic surface. Unfortunately, the degree of the normal bundle in a smooth cubic is
18. Our idea here is to use a singular cubic surface, which will be the image of 7" under the map #:
a cubic surface with three ordinary double points. The key lemma, which allows us to relate this
to the normal bundle in the desingularization, is the following:

Lemma 3.3. Let C' c X be an embedding of a smooth curve in a surface and m: X — Y a generically
unramified map of smooth varieties, whose composition with C - X gives an embedding C - Y.
Let E c X be the subscheme where dm:T'x — w*1Ty drops rank. Then

Neyx(EnC) = 7" Neyy,
18 an injection of vector bundles.

Proof. The map dm:Tx|c/Tc - Ty|c/Tc is an injection of vector bundles away from En C. At
points p of E n C, the differential drops rank, but as 7 restricts to an immersion along C', the
differential must vanish along a subspace of T'x , complementary to T ,. Hence it vanishes on the
fiber Tx /Ty of Noyx at p exactly to the order of p in EnC'. All together, Ng/x = 7" N¢yy (-F)
as desired. d

We will apply this lemma both to the map 3:Bl,,T — T and 7:Bl, T — P3. The scheme
on which d drops rank is the effective divisor Ram(3) = E, + E; € H'(K; - #*Kr) on which
det(dB) vanishes [5 1.41]. Hence NC/T(p+ q) = B*Ngyr is an inclusion of line bundles and thus

an isomorphism. As such, NC/T ~ B*Neyr(=p - q) is a line bundle of degree 20 — 2 = 18.
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By Lemma 3.1} the map #:7" — P? is an embedding away from the lines L1s U L3y U L13, and
hence the scheme E c T' where d# drops rank is supported on Lio U L3g U L13. We claim that it is
scheme-theoretically equal to this locus. Indeed, the map 7 is just the complete linear system of
cubics in P? through the six points pi, p2, p3, pa, p,q. The curve Lio is contracted by 7 because it is
only a codimension 1 condition for such a cubic to contain Lis: it simply must contain one point
on the line. If a higher multiple of the line L5 is contracted by 7, then the codimension of the
space cubics containing the double line L5 is less than or equal to 2. But there are no such cubics
containing 2L19 and passing through p1, ps2, p3, p4,p,q. Similarly for Lg4 and Lq3. Thus we conclude
that E = Lo U L3q U L13 away from codimension 2. We can ignore codimension 2 phenonmena, as
the class of [C'] = -2K; + Ej, + E is basepoint-free by Lemma

Putting this all together,

NC/T(E n C) > ﬁ'*Nc/]piS,

is an inclusion of vector bundles. Thus N¢/ps has a subbundle of rank 1 and degree 21, as desired.

Using the above observation, for such a curve C, h'(Ng(-T')) = 0, which completes the proof of
interpolation.
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