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ABSTRACT: Factorization theorems underly our ability to make predictions for many pro-
cesses involving the strong interaction. Although typically formulated at leading power,
the study of factorization at subleading power is of interest both for improving the pre-
cision of calculations, as well as for understanding the all orders structure of QCD. We
use the SCET helicity operator formalism to construct a complete power suppressed basis
of hard scattering operators for ete™ — dijets, e"p — e~ jet, and constrained Drell-Yan,
including the first two subleading orders in the amplitude level power expansion. We an-
alyze the field content of the jet and soft function contributions to the power suppressed
cross section for eTe™ — dijet event shapes, and give results for the lowest order matching
to the contributing operators. These results will be useful for studies of power corrections
both in fixed order and resummed perturbation theory.

KEYwWORDS: Jets, QCD Phenomenology

ARX1v EPRINT: 1703.03411

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP11(2017)142


mailto:feige@physics.harvard.edu
mailto:dkolodru@mit.edu
mailto:ianmoult@lbl.gov
mailto:iains@mit.edu
https://arxiv.org/abs/1703.03411
https://doi.org/10.1007/JHEP11(2017)142

Contents

1
2

Introduction

Review of SCET

Helicity operators

3.1
3.2
3.3
3.4
3.5
3.6

3.7
3.8

Hard scattering operators with two collinear directions

4.1
4.2
4.3

4.4

4.5

Collinear gauge invariant helicity building blocks
‘P operators

Color bases

Ultrasoft gauge invariant helicity building blocks
Constructing operator bases

Extensions
3.6.1 SCETp
3.6.2 SCET,

3.6.3 SCET with massive collinear quarks

3.6.4 Evanescent operators

Parity and charge conjugation properties
Constraints from angular momentum conservation

Leading power operators

Subleading power operators

Sub-subleading power operators

4.3.1 Collinear field insertions

4.3.2 Pf insertions

4.3.3 Ultrasoft insertions

Cross section contributions

4.4.1 Vanishing at O(\)

4.4.2 Relevant hard scattering operators at O(\?)
Comparison with earlier literature

Matching at subleading power

5.1
0.2
5.3
5.4
5.5
5.6
5.7

0.8

General formalism

Setup and leading power matching

Subleading matching with a single collinear gluon
Subleading matching with two collinear gluons
Subleading matching with four collinear quarks
Subleading matching with a single ultrasoft gluon
Projection onto helicities

5.7.1 Leading power

5.7.2  Subleading power

5.7.3 Subsubleading power

Discussion

10
13
15
17
22
26
26
28
28
29
29
32

34
37
38
41
42
50
52
o7
o7
o8
62

64
64
66
67
71
76
78
81
83
83
85
88



6 Conclusions 89

A Spinor helicity identities and conventions 91
B Subleading measurement function 93
C Generalized basis with P, P17z # 0 95

1 Introduction

One of the primary goals of the study of Quantum Chromodynamics (QCD) is an under-
standing of the all orders behavior of observables, traditionally formalized through either
an operator product expansion (OPE) [1] or factorization theorems [2-4]. For observ-
ables that can be handled with an OPE, a lot is known about the form of power correc-
tions. Examples include deep inelastic scattering where the OPE has been carried out to
twist-4 [5-8], inclusive B-decays where the OPE is known to O(1/m}) [9], and Quarkonia
production and decay, see [10] for a review. The description of observables with more
complicated dynamics typically relies on factorization theorems and much less is known
about the structure of power corrections in these cases. Power corrections have been consid-
ered for Drell-Yan [11-15] at O(AQQCD /@?), for inclusive B decays in the endpoint region at
O((1—2)Y, (Aqep/mp)H?) [16-24], for exclusive B decays at O(Aqep/my) [25-33), for event
shapes 7 in ete™, ep, and pp collisions at (’)(A]éCD/(QT)k) [13, 34-48], and at O((1 — 2)?)
for threshold resummation [49-60].

A convenient formalism for studying factorization in QCD is the Soft Collinear Effective
Theory (SCET) [61-64], an effective field theory describing the soft and collinear limits of
QCD. SCET allows for a systematic power expansion at the level of the Lagrangian,
and simplifies many aspects of factorization proofs [65]. SCET has been used to study
power corrections at the level of the amplitude [66] and to derive factorization theorems
for B decays using subleading power operators (eg. [19, 21, 22, 24-26, 31, 67-69]), where
many interesting processes only start at subleading power. More recently, progress has
been made towards understanding the subleading factorization and resummation of the
event shape thrust in ee™ [70, 71]. Such subleading factorization theorems are technically
cumbersome, and significant work is still required to gain a simplified and more complete
understanding.

In this paper we consider the formalism required to study subleading factorization
theorems in SCET, focusing in particular on subleading hard scattering operators. Using
the results of ref. [72], we further develop and explore a set of SCET helicity operator
building blocks which is valid for constructing operator bases at any order in the power
expansion. These operators extend the leading power basis of ref. [73], where it was shown
that the use of helicity operators greatly simplifies the construction of operator bases, as
well as matching calculations, for processes with many final state jets (see also [74] for an
application of helicity operators to Higgs processes, where they were used to simplify the
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Figure 1. Examples of the contributions to thrust, 7, in the dijet limit, at leading power in (a)
and (b), and subleading power in (¢) and (d). There is an extra collinear gluon in (a) from splitting,
and in (b) there is an extra gluon from soft emission. In (c) the extra energetic gluon is collinear
with the quark, but occurs without a nearly onshell parent propagator. Likewise in (d) the extra
soft emission amplitude is subleading.

matching to fixed order helicity amplitudes). As we will see, helicity operators can also be
used to simplify the construction of subleading power bases of hard scattering operators,
where multiple fields can appear in the same collinear sector. After reviewing the helicity
operator building blocks, we will focus on the case of hard scattering operators involving
two back-to-back collinear sectors, which is relevant for proving subleading factorization
theorems for a number of phenomenologically important process, namely eTe™ — dijets,
e"p — e~ jet, and threshold Drell-Yan or Drell-Yan with an inclusive jet veto (which
we refer to as constrained Drell-Yan for short). Examples of the contributions from such
operators, and a comparison to analogous leading power contributions are shown in figure 1.

As an example to illustrate the expected form of subleading factorization theorems for
collider observables, consider the ete™ event shape thrust ' = 1 — 7 [75] at center-of-mass
energy Q. In the @ > Aqcp and 7 < 1 limit [41, 76-78] where the events are dominated
by back-to-back jets, one can derive a leading power factorization formula for this process,

given by
Qo HOQu) [as s SO (@r = o) +0 Aaco (L1)
dT ) T ) T Q b b QT * *
This factorization formula involves hard contributions from the scale ) in a leading power

1/2

hard function H®, collinear contributions from the scale Q7/2 in the leading power thrust

jet function obtained by combining two standard jet functions, JO = [J© @ JO], and

ultrasoft contributions from the scales @7 and Aqgcp in the leading power thrust soft

function S@. Here o( is the eTe™ — ¢q Born cross section and p is the factorization

scale. For simplicity, we take Q7 ~ Aqcp so that we do not have to elaborate further
on the factorization of the soft function into perturbative and non-perturbative parts.
The factorized product H(©) x JT(O) ® Sgo) in eq. (1.1) includes contributions at all orders
in s and powers of In7, which have the power law scaling of O(7~1), including 6(7)
terms. As indicated, there are perturbative and nonperturbative power corrections to this

formula starting at O(7%). The soft function Sﬁo) contains all nonperturbative corrections

Ak
of O(ﬁ), so the first missing power corrections are O(A%iD), which is also O(7°) in
our simplified counting.



In general the cross section can be expanded in powers of 7,

do do®@ do™ de®  do®
dr ~ dr + dr + dr + dr +0(7), (1.2)

where da(”)/ dr ~ 77117/2 denotes the suppression relative to the leading term in powers
of /7. Although for most observables the odd terms vanish, this convention gives a simple
correspondence with the amplitude level power expansion. The explicit expression for
do© /dr is given by the first term, H©) x JT(O) ® S&O), shown in eq. (1.1). In SCET the
hard scattering operators and Lagrangians governing the soft and collinear dynamics can
be factorized from each other at any order in the power expansion.! Therefore factorization
theorems can also be derived for the power suppressed contributions de® /dr, for i > 0,
corresponding to the power corrections in eq. (1.1). A prototypical example of this is the
factorization theorem for the decay rate of b — s at large E,, which has the same form as
eq. (1.1) at leading power, and where a factorization theorem for the O(7°) terms has been
derived [19]. It involves subleading hard, jet, and soft functions, since power corrections can
not change the relevant degrees of freedom. Based on this we expect that the higher order
power corrections to the thrust cross section will obey schematic factorization theorems of
the form

do™) (nmj) (ng;) 7(n5) (ns;)

- QUOZHJ. ® [Jj T, ] © 5", (1.3)
J

where j sums over the multiple contributions that appear at each order, ng; + ny; +

nf]j + ngj = n, and ® denotes a set of convolutions. In this formula, the cross section

)

at each power has been factorized into hard functions H ](nHj ), jet functions J](n” , and

(ns;)

soft functions Sj 577 which may be leading or subleading power depending on the value
of the nx; indices. The hard function contains the dependence on the underlying hard
partonic process, but can be chosen to be independent of the particular event shape that
is being measured. The jet functions (which describe the collinear radiation along the jet
directions) as well as the soft function (which describes the soft radiation in the event)
depend on the particular measurement function.

Deriving a subleading power factorization theorem using SCET, like that in eq. (1.3),
consists of several steps. First, one must demonstrate the existence of a finite basis of
hard scattering operators in SCET at the appropriate order in the power expansion, and
determine an explicit basis of such operators. Matching calculations from QCD to SCET
are required to determine the Wilson coefficients of these operators and the structure
of their collinear Wilson lines. The soft and collinear dynamics are entirely described
by the Lagrangian of the effective theory, and the subleading power SCET Lagrangian
is also required at the same order in the power expansion. At leading power, the BPS

IThis assumes that leading power Lagrangian interactions that can couple soft and collinear modes
through Glauber exchange operators [79] that involve 1/P3 potential can be ignored at the active parton
level. It is known that this is the case for the full eTe™ —2-jet event shapes at leading power and for
inclusive Drell-Yan at leading power [3], and that this is not the case for spectator effects and O(a?)
perturbative corrections in certain Drell-Yan event shapes [80, 81].



field redefinition [65] can be used to factorize the Lagrangian into non-interacting pieces
describing each collinear sector, as well as the soft sector. The only exception to this is the
leading power Glauber Lagrangian [79] which couples together soft and collinear fields, and
which will violate factorization if it can not be shown to give canceling contributions or that
it is irrelevant. Power suppressed Lagrangians have been analyzed in the literature [82-87],
and the SCET Lagrangian is currently known to O(A\?) [87] (excluding power suppressed
Glauber exchange operators). Beyond leading power and after the BPS field redefinition,
the subleading Lagrangians (including power suppressed Glauber operators) will involve
factorized products of soft and collinear fields. Here factorization at the Lagrangian level
again only requires showing that the leading power Glauber Lagrangian is not required.
Next, one must consider factorization of the observable, and demonstrate that one can
define suitable measurements that are separately made in the soft and collinear matrix
elements. Finally, starting with the full QCD expression for the appropriate observable,
one must go through a number of expansions and algebraic manipulations to factorize the
cross section into a product of squared matrix elements, each involving only collinear or
soft fields. This step leads to field theoretic definitions of the subleading jet, soft and
hard functions appearing in the factorization theorem of eq. (1.3). The degree to which
these steps require lengthy and tedious calculations is determined by the complexity of the
operator basis.

Traditionally, an operator basis is constructed by enumerating all possible operators
consistent with symmetry constraints. These operators are formed from the SCET fields,
along with Lorentz, Dirac and color structures. Beyond leading power, the determination
of a minimal operator basis becomes complicated, even for processes with a limited number
of collinear sectors, such as pp — pu+u~ (constrained Drell-Yan) or ete™ — dijets. The al-
gebraic manipulations in SCET required to achieve factorization are similarly complicated,
making subleading factorization laborious. In this paper, we show that by working with
operators of definite helicity, the operator basis is easy to construct, and does not involve
complicated Lorentz or Dirac structures, simplifying the algebraic manipulations required
for factorization. Many symmetry properties are also made manifest in the helicity basis.
We demonstrate how these provide simplifications both at the level of the hard scattering
operator basis as well as in factorized matrix elements.

An outline of this paper is as follows. In section 2 we provide a brief review of SCET
with an emphasis on the field content, power counting, and construction of SCET opera-
tors. In section 3 we describe our basis of helicity operators and discuss their symmetry
properties. We focus in particular on the treatment of operators involving ultrasoft fields,
and use the BPS field redefinition to define collinear and ultrasoft gauge invariant operator
building blocks. Additionally, selection rules on the hard scattering operators due to an-
gular momentum conservation are described [72]. Extensions of the formalism to SCET
as well as SCET with massive collinear quarks are also discussed, as are complications
associated with evanescent operators. We then demonstrate the utility of our helicity basis
in section 4 by constructing an O(\?) basis of hard scattering operators with two back-
to-back collinear sectors, as relevant for ete™ — dijets, e"p — e~ +jet, and constrained
Drell-Yan. Using the symmetry properties of the operators, we enumerate those which can



contribute to the factorized cross section at O(\?), and in section 5, we perform the tree
level matching to these operators. We conclude in section 6.

2 Review of SCET

SCET is an effective field theory of QCD describing the interactions of collinear and soft
particles in the presence of a hard interaction [61-65]. Since SCET describes collinear par-
ticles (which are characterized by a large momentum along a particular light-like direction),
as well as soft particles, it is natural to use light-cone coordinates. For each jet direction
we define two light-like reference vectors nf and ﬁf such that n? = ﬁ% =0 and n;-n; = 2.
One typical choice for these quantities is

nt = (1,1;), nt' = (1,-1;), (2.1)

#

i » any four-momentum p can

where 7i; is a unit three-vector. Given a choice for nf and 7
then be written as

p“:ﬁi-pé—lewpé—i-pﬁiL . (2.2)

A particle with momentum p close to the 7; direction, such that the components of p
scale as (n;-p, i -p,pn, 1) ~ Ni-p (A2, 1,)), where A < 1 is a small formal power counting
parameter, are referred to as n; collinear. The formal scaling of A is determined by the
form of measurements or kinematic restrictions on the QCD radiation. To ensure that n;
and n; refer to distinct collinear directions, we must have

ni-nj > M\ for X (2.3)

Since distinct reference vectors, n; and n/, with n; - n} ~ O(A?) both describe the same
collinear physics, one can label a collinear sector by any member of a set of equivalent
vectors, {n;}. This freedom is manifest as a symmetry of the effective theory known as
reparametrization invariance (RPI) [83, 84]. Specifically, the three classes of RPI transfor-
mations are

RPI-I RPI-II RPI-III
Nip — Ny + A/f Nip — Ny, Ny — €Ny,
Ty — iy, Tip = Rip + €, Tip — € "Ny (2.4)

Here, we have At ~ X, e ~ X°, and o ~ \°. The parameters A+ and ' are infinitesimal
(Note that this is distinct from its formal scaling with respect to A\. One can have infinites-
imal quantities that have A? scalings.), and satisfy n; - At = ;- AL =n; et =n; - et = 0.
RPI will be exploited to simplify the structure of the subleading power operator basis
in section 4.

The effective theory is constructed by expanding momenta into label and residual

components
n.
2

I
7

pﬂ = ]5“ + kH = ﬁzﬁ _|_25n“_ + EH . (25)



Here, n; - p ~ @ and pp, 1 ~ AQ are the large label momentum components, where @) is
the scale of the hard interaction, while k& ~ A\?Q is a small residual momentum describing
fluctuations about the label momentum. A multipole expansion is then performed to obtain
fields with momenta of definite scaling, namely collinear quark and gluon fields for each
collinear direction, as well as soft quark and gluon fields. Independent gauge symmetries
are enforced for each set of fields.

Due to the multipole expansion, the SCET fields for n;-collinear quarks and gluons,
&n, p(x) and Ay, 5(x), are written in position space with respect to the residual momentum
and in momentum space with respect to the large momentum components. They are labeled
by their collinear direction n; and their large momentum p. The label momentum operator
P, gives the large label component of the momentum, P%; &, 5 = p* &, 5, while derivatives
give the residual momentum dependence, iO* ~ k ~ A\?Q. The label momentum operator
is defined such that when acting on a product of fields, P,, gives the sum of the label
momenta of all n;-collinear fields. We will often use the shorthand notation fni = 1P,
for the large label momentum component.

Soft degrees of freedom are described in the effective theory by separate quark and
gluon fields. We will assume that we are working in the SCET| theory where these soft
degrees of freedom are referred to as ultrasoft so as to distinguish them from the soft
modes of SCETy; [67]. Extensions of our formalism to treat SCETy problems will be
discussed in section 3.6.1. In SCET}, the ultrasoft modes do not carry label momenta, but
have residual momentum dependence with i9* ~ A2Q, and are able to exchange residual
momenta between different collinear sectors. They are therefore described by fields gys(x)
and Ays(z) without label momenta, and without a collinear sector label.

SCET is formulated as an expansion in powers of A, constructed so that manifest power
counting is maintained at all stages of a calculation. As a consequence of the multipole
expansion, all fields and derivatives acquire a definite power counting [63], shown in table 1.
The SCET Lagrangian is also expanded as a power series in A

L3CET = Lhard + Layn = Y £l + LY+ > L, (2.6)
i>0 >0

where (i) denotes objects at O(\?) in the power counting. The Lagrangians ﬁl(f;rd contain

the hard scattering operators O, whose structure is determined by the matching process,
as described in section 5. The leading power Glauber Lagrangian [79], E(C?), describes lead-
ing power interactions between soft and collinear modes in the form of potentials. It breaks
factorization unless it can be shown to cancel out or absorbed into other interactions such
as Wilson line directions. The £ describe the dynamics of ultrasoft and collinear modes
in the effective theory, including subleading power corrections to the Glauber Lagrangian.
The subleading Lagrangians (excluding subleading power corrections to the Glauber La-
grangian) are explicitly known to O(A\?), and the relevant ones for our analysis can be
found, along with their Feynman rules in [88]. This distinction between leading power
and subleading power Glauber Lagrangians has been made, since the subleading power
Lagrangians can only be inserted a finite number of times at any given power, and are
therefore on the same footing as other subleading power Lagrangians.



Operator BZZ_ | xns | P qus | Diis
Power Counting A A A A3 N2

Table 1. Power counting for building block operators in SCET].

Glauber modes are a relevant mode in SCET, and therefore should be included in a
complete treatment. However, the subleading structure of Glauber operators in SCET is
currently not known, and therefore a complete treatment is not possible. We will therefore
not discuss further the issue of Glaubers. For the particular case of thrust that we consider,
this can be regarded as the assumption that Glaubers cancel at subleading power. However,
we emphasize that it is an important open problem to understand Glaubers at subleading
power. The assumption that they cancel could then be checked through explicit calculation,
and if it is indeed the case that Glauber gluons do contribute, their contributions should
be added to the discussion.

Factorization theorems used in jet physics are typically derived at leading power in A.
In this case, interactions involving hard processes in QCD are matched to a basis of lead-
ing power SCET hard scattering operators O¥) the dynamics in the effective theory are
described by the leading power Lagrangian, £(9), and the measurement function, which
defines the action of the observable, is expanded to leading power. Higher power terms in
the A expansion, known as power corrections, arise from three sources: subleading power
hard scattering operators O, subleading Lagrangian insertions, and subleading terms in
the expansion of the measurement functions which act on soft and collinear radiation. The
first two sources are independent of the details of the particular measurement, only requir-
ing that it is an SCET] dijet observable, while the third depends on its precise definition.
Although we will not discuss subleading measurement functions in this paper, an example,
for the case of thrust, is given in appendix B.

Gauge invariant collinear operators in the effective theory are constructed out of prod-
ucts of gauge invariant building blocks. These building blocks are formed from gauge
invariant combinations of fields and Wilson lines [62, 63]. The collinearly gauge-invariant
quark and gluon fields are defined as

X (@) = [0 = P Wi (2) 6, (0)] (2.7)
Bl @) = 2 [8w -+ Pu) W, (@) 1Dl Wi (w)].

Here we have chosen a convention such that for xy, .,, we have w > 0 for an incoming quark
and w < 0 for an outgoing antiquark. For B, ,, 1, w > 0 (w < 0) corresponds to outgoing
(incoming) gluons. The covariant derivative which appears in eq. (2.7) is defined as,

and W,,, are Wilson lines of n;-collinear gluons in label momentum space defined as

Wi, (2) = [ Y exp <—P9n ﬁ-Am.(x)>] : (2.9)

perms



In general the structure of Wilson lines must be derived by a matching calculation from
QCD. These Wilson lines sum up arbitrary emissions of n;-collinear gluons off of particles
from other sectors, which due to the power expansion always appear in the n; direction.
The gluon emissions summed in the Wilson lines are O(\°) in the power counting. In
egs. (2.7) and (2.9) the label momentum operators act only on the fields inside the square
brackets. The Wilson line W, (z) is localized with respect to the residual position z,
and we can therefore treat xn,.(z) and Bf, . () as local quark and gluon fields from the
perspective of ultrasoft derivatives 9* that act on .

The complete set of collinear and ultrasoft building blocks for constructing hard scat-
tering operators or subleading Lagrangians at any order in the power counting is given
in table 1. All other field and derivative combinations can be reduced to this set by the
use of equations of motion and operator relations [89]. Since these building blocks carry
vector or spinor Lorentz indices they must be contracted to form scalar operators, which
also involves the use of objects like {n', i, y#, g"” €77}, A key advantage of the helicity
operator approach discussed below is that this is no longer the case; all the building blocks
will be scalars.

As shown in table 1, both the collinear quark and collinear gluon building block fields
scale as O()\). For the majority of jet processes there is a single collinear field operator
for each collinear sector at leading power. (Although for fully exclusive processes that
directly produce hadrons there will be multiple building blocks from the same sector in
the leading power operators since they form color singlets in each sector.) Also, since
P1 ~ A, this operator will not typically be present at leading power (exceptions could
occur, for example, in processes picking out P-wave quantum numbers). At subleading
power, operators for all processes can involve multiple collinear fields in the same collinear
sector, as well as P| operator insertions. The power counting for an operator is obtained
by simply adding up the powers for the building blocks it contains. To ensure consistency
under renormalization group evolution the operator basis in SCET must be complete,
namely all operators consistent with the symmetries of the problem must be included.

Dependence on the ultrasoft degrees of freedom enters the operators through the ul-
trasoft quark field g,s, and the ultrasoft covariant derivative D, , defined as

Dy = i0" + g Ay, (2.10)
from which we can construct other operators including the ultrasoft gluon field strength. All
operators in the theory must be invariant under ultrasoft gauge transformations. Collinear
fields transform under ultrasoft gauge transformations as background fields of the appro-
priate representation. The power counting for these operators is shown in table 1. Since
they are suppressed relative to collinear fields, ultrasoft fields typically do not enter fac-
torization theorems in jet physics at leading power, other than in the form of Wilson lines
which power count at A°. An example where ultrasoft fields enter at leading power is
B — X,v in the photon endpoint region, which is described at leading power by a single
collinear sector, and an ultrasoft quark field for the b quark [61].



3 Helicity operators

The use of on-shell helicity amplitudes has been fruitful for the study of scattering ampli-
tudes in gauge theories and gravity (see e.g. [90-93] for pedagogical reviews). By focusing
on amplitudes for external states with definite helicity and color configurations many sim-
plifications arise. The helicity approach to SCET operators of ref. [73] takes advantage of
the fact that collinear SCET fields are themselves gauge invariant, and are each associated
with a fixed external label direction with respect to which helicities can naturally be de-
fined. Instead of considering operators formed from Lorentz and Dirac structures (each of
which contributes to multiple states with different helicity combinations) helicity operators
can be associated with external states of definite helicity. This approach greatly simplifies
the construction of a minimal operator bases for processes with many active partons, and
facilitates the matching to fixed order calculations which are often performed using spinor
helicity techniques.

We now briefly summarize our spinor helicity conventions. Further identities, as well
as our phase conventions, can be found in appendix A. To simplify our discussion we take
all momenta and polarization vectors as outgoing, and label all fields and operators by
their outgoing helicity and momenta. We use the standard spinor helicity notation

14795 I—5
p) = lpt+) = —5— ulp), [p] = Ip=) = —5—ulp), (3.1)
14 o 1=
(pl = (p—| = sgn(p") ulp) ——, [Pl = (p+] = sgn(p") a(p) ——,
with p lightlike. The polarization vector of an outgoing gluon with momentum p can be
e (o ) (o—l# )
P+ k+ p—|y*|k—

V2(kp)

where k # p is an arbitrary lightlike reference vector.

V2[kp

The polarization vectors and spinors satisfy the standard identities.

p'ei(p7k):k'€i(p7k):0’ Gi(p,k‘)'tfi(p,ki):o, ei(pak)'eq:(pvk) =-1,
(o, k)k) =¢_(p,k)Ik] =0, [kl¢_(p, k) = (kl¢ (p, k) = 0. (3.3)

Additional identities can be found in appendix A.

In this section we discuss the extension of the helicity operator approach of [73] to
subleading powers. We review the full set of subleading power building block operators
introduced in [72], and provide more details about them. In section 3.1 we describe op-
erators involving only collinear fields, and in section 3.2 we describe operators involving
insertions of the P, operator. We also give all the Feynman rules for these operators. The
organization of color bases is discussed in section 3.3. The inclusion of ultrasoft fields in the
hard scattering operators is more involved, since the usual SCET building blocks are gauge
covariant rather than gauge invariant. In section 3.4 we discuss the BPS field redefinition,
and how it can be used to define ultrasoft gauge invariant helicity operators to be used as
basis elements. In section 3.5, we give the complete list of scalar building blocks needed



to construct an operator basis at arbitrary power in A\. Next, in section 3.6 we examine
the extension of this formalism to SCET, SCET with massive quarks and evanescent
operators. We briefly discuss how to carry out matching calculations at subleading power
in section 5, and the C and P properties of the operators in section 3.7. In section 3.8 we
discuss interesting constraints from angular momentum conservation which first appear at
subleading power when there are multiple fields in the same collinear sector.

3.1 Collinear gauge invariant helicity building blocks

We define a collinear gluon field of definite helicity as

= &Fu(nunz) Bn Lwi (3.4)

where a is an adjoint color index. This is sufficient for the treatment of collinear gluons
even at subleading power. With this definition, for an outgoing gluon with polarization =+,
momentum p, p° > 0 (or an incoming gluon with polarization F, momentum —p, py < 0),

and color a, the nonzero tree-level Feynman rules are?

(9% (p)|B1:10) = 8°°3(p; — p). (3.5)
(01BL1|9%(—p)) = 6“6 (i — p),

where we have followed ref. [73] in using £ = 7 as our reference vector. Despite the fact
that BY, = B, (z), our external gluon state has zero residual momentum, so we do not get
an additional phase. We also define quark fields with definite helicity, given by

L+ & _-a LT
X’(LX:I: = 2 X%i,—wi ’ X?/:I: = X’Zéi,wi 2 ‘

(3.6)

Here we note that helicity label applies to the collinear gauge invariant composite x; field,
which includes the collinear Wilson line in its definition in eq. (2.7). Note that under the
helicity rotation in the l-plane the Wilson line acts like a scalar. For external quarks of
definite helicity, with n;-collinear momentum p, the spinor appearing in SCET Feynman
rules is,

1+ %z%zu

0By = B g = s, (37)

2The precise definition of this delta function and measure are

= Ofn;y.p0(wWi — i p),

/dp—Z/dwl,

{ni}
where
1 ni-p=0M\?),
6{"1}4) = .
0 otherwise .

The Kronecker delta is nonzero if the collinear momentum p is in the {n;} equivalence class, i.e. p should
be considered as collinear with the ith jet. The sum in the second line runs over the different equivalence
classes.
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where |pt),, is a convenient short-hand notation for the projected spinor, and is propor-
tional to |n;+) (see (A.20). Using this, we get the nonzero tree-level Feynman rules for
incoming (p® < 0) and outgoing (p° > 0) quarks with definite helicity & and color « (or &),

(Oxle|ak(—=p)) = 67%5(p; — p) |(—pi) )y, (3.8)
(a2 \x@i\0>—6aﬁ (Bi — D) m, (it

<0bzz-i|a¢— )) = 8% 8(5; — p) m, ((—pi) %

(@ (p) ‘Xz:l:‘o>_56 3(pi — p) [pit),,

We wish to take advantage of the fact that fermions come in pairs, to simplify the treat-
ment of Dirac structures when constructing an operator basis. Ref. [73] therefore defined
the currents

5 2 et(ni,ny)
JB — = ERNAR A EAR L 3.9
i+ + w; Wj <nj T |nzj:> Xit TuXj+ ( )

_ 9 _ 2 _
Jaﬂ_ —a B (JT) —a . B

ij0 m[ninj]XiJer_ ) ij0 m<ninj>Xi7Xj+.

These currents have been defined such that they are invariant under an RPI-III trans-

formation, which can be easily seen from the fact that w; scales as n; under an RPI-III
transformation and the |n;) scale as \/n;.% In sections 4 and 5, we will focus on the case of
two back-to-back jet directions, so it is worth writing down the currents in that case. The
tree-level Feynman rules for the currents with general sectors are given by

(03 (p1)3%2 (p2)|T5210) = € ®U124) 60151652025 (5 — p1)d (B2 — pa), (3.10)
(6 (D)7 (p2)| T3 210) = ' 12-) 501515823255y — p1)3(2 — o)
<+1<p1>q?;2<p2>|J5152|0>: i@(h20) gor g6 5y — p1)o(a — pa) |
(@ (p1)8° (p2) (1) 5210) = ¥ Ua0) 52151552025 5y — )5y — pa)
where the phases appearing here are given by
« ny + T +
¢PU122) = () F 7yt (ng [ T E PN (R2 F [pod) (3.11)

8\/0)1 w2 ’

i®(120) — ( _ I ][nopo]
€ (1) (nanz) Won
i ®(J120) — [ﬁlnl][HQﬁQ]M'

8 VW1 W2

Note that the spinor products (f1n1), (nenz), etc., depend on the choice of quantization
axis for the spinors, and hence are not all trivial even though ny - 7y = ng - 1y = 2.

3By this we mean that under an RPI-III transformation as defined in eq. (2.4)7 the spinors are rescaled
by the square root of the scaling factor for the reference vector, namely |n;) — e"‘/2|n¢>.
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If we consider two back-to-back collinear directions given by n and 7, our currents
have definite helicity, given by

5 2 ei(n,n) __
h=£1:  JY, =75, 5y, 3.12
nnt + Wy, Wh <ﬁ F ]n:l:) Xnd TuXn+ ( )

_ 9 i _ 2 i
hZO: Ja_ﬁ - - @@ oy« @ , JT Oz[_’} — - @ .
0 on W [ni] Xnt-Xr— (Dm0 Vwn wi (nn) Xn—Xn+

The current Jfgo transforms as a scalar under rotations about the n axis, i.e. has helicity

zero.* Similarly, the currents Jggi have helicity h = £1.

Our notation above for the BY, and x{, fields and the currents Jgi, Jf}%, and (J T)?jﬁo
follows ref. [73], and these objects suffice for the construction of leading power operators.
The ® phases in eq. (3.11) were set to zero in ref. [73], since with only one particle in each
collinear sector we are free to choose the p; to have zero label |-momenta, and with this
choice all the phases vanish. However, at subleading power, multiple collinear fields can be
present in the same collinear sector and the phases can not a priori be set to zero. Note that
the phases for each current are given by a product of phases, one from each collinear sector.

We now look at how to treat the sectors at subleading power that contain multiple
collinear fields, as was discussed in [72]. Collinear gluons appear in gauge invariant building
blocks of definite helicity, and therefore operators with multiple collinear gluons in the same
sector can simply be obtained by multiplying copies of the gluon building blocks, such as
Bf+B§’ . However, for quarks we must introduce new helicity currents. For i = j the
products of quark building blocks in eq. (3.9) all vanish ()Z?‘ifyuxf =0, x& Xf_ =0, and
X X%B . = 0) and hence are not suitable for handling quarks in the same collinear sector.
This follows from the SCET projection relations

thilhi
4

Xni = Xni» hiXn; =0, (3.13)

which enforce that a quark anti-quark pair of the same chirality, in the same sector, must
have zero helicity, while a quark anti-quark pair of opposite chirality must have helicity
+1. Indeed, the scalar current Xy, Xxn; = 0, vanishes, as do the plus and minus helicity
components of the vector current Xnﬂfxm = 0.

We therefore define the helicity operators involving two collinear quarks in the same
sector as [72]

1 - 5 1 -
R o R J— - ga g P 3.14
2 LU)—( (.UX X7,+ 75‘1 X1+ 9 i0 2 LU)—( (,UX X7,— 75‘7, Xzf 9 ( )

A 2 et (naﬁ) —a
h==+1: Jiaﬁ =T/ + 7; - 5 Xit Yulhi X;B:F'
V “x@x ((ni F |nit))

Note that these currents are only labeled by a single collinear sector 7. Once again, we can

h=0: JZ%B =

easily see the RPI-III invariance, as the scaling power of n; is the same as the scaling power

“In ref. [73] the ij‘-g current was denoted as J{}5. We choose to use the 0 subscript to emphasize the
helicity in the back-to-back case and conform with our notation for subleading currents below.
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of n; in each of these currents. The JZ%B and JZ%B transform as a scalar under rotations
about the n; axis, i.e. have helicity zero. Similarly, the operators Jff have helicity h = +1.
These currents use only the reference vector associated with the particular jet in question
for their construction. The Feynman rules for these currents with external quark states are

P2 —Dp2), (3.15)

[p17](Rip2) i0(J;5) _ 1 (p17a)[Mipo]

. 1
o) = = = it 3.16
‘ 2 Vwiwy c 2 Vwws ( )
Gi0(is) _ L (P E i) (7 £ [p2F)
2 VW1 W2 .

Together, the currents in eq. (3.9), as well as eq. (3.14) are sufficient to describe collinear
sectors with multiple quark fields. The complete set of quark currents will also include
those with ultrasoft quark building blocks, which we will consider below in section 3.4.

3.2 P, operators

Along with multiple collinear fields in the same sector, subleading power operators can
involve explicit insertions of the 77{” | operator, where i denotes a particular collinear sector.
Pf ' is included as part of the operator to ensure that the Wilson coefficient includes only
the dependence on the hard kinematics and has a uniform power counting. Since the PZH 0
operator acts on the perpendicular subspace defined by the vectors n;, n;, which is spanned
by the polarization vectors €(n;, i;), it naturally decomposes as

P;j_(nl, 7_74) = —6_(1%',7_1,2') “Pil, Pll(nz,m) = —€+(TLZ’,’FL1') -Pil . (3.17)

It is important to emphasize that the subscript + refers to the helicity about the n; axis,
and not the lightcone components of the momenta. This decomposition is performed for
the P;| operator in each sector. Note that it suffices to allow the operator P;| to act

® Therefore, when acting on a field, we will drop the

only on fields with collinear label 3.
collinear sector label on P, , as it is determined by the label of the field. For example, we

will simply write

Pii -Bii =P -B;1. (3.18)

5The i-sector operator Pi does not in general have a well defined power counting when acting on the
field B;\ ' for j # i. Instead, when we carry out the multipole expansion we decompose any derivative
acting on B} using vectors for the j-sector, as i0},, = (nf/2)n; - Pj + PJ +i0k. Therefore only the O(\)
L-operator P}, acts on B},
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To see how this decomposition applies to operators written in more familiar notation,
we consider the example operator P, - B;; . Using the completeness relation

_ _ * NNy + NGy Ny _
Z 62(7%‘,7%') <e{>(m,m)) = —gu + —— = —gj,,(n,-,ni), (3.19)
—t ng - N
the decomposition into our basis is given by®
P -Bi =P B — P Bit. (3.20)

When acting within an operator containing multiple fields, square brackets are used to
denote which fields are acted upon by the Pf operator. For example

By [PTB;-] Biy (3.21)

indicates that the PI or P operator acts only on the middle field.

In general, we can decompose the action of the Pf operators into a superposition of
terms where Pf will act only on a single field within a quark current. To define a general
notation for these currents, we will follow [72] and use curly braces and write Pf to the left
of the current if it acts on only the first field in the current and write (731[)T to the right of
the current if it acts on only the second field. As an example, we can look at the helicity
currents with two quarks in the same sector with a single Pf insertion acting either on the
first or second field, we write

(3.22)

{(Prigl} = 2\/? [ LX2+]ﬁ Xig s
{7 P = F R ANACOUR

Following the notation defined above, the use of the use of curly brackets {Pj‘_ ---} and
{-- (Pj:)T} indicate that the P, operators act on only one of quark fields in the current,
in the manner shown. Also note for eq. (3.22) that the choice of A = + or — for P} is
independent of the + choice for the quark building block fields. The same notation will be
used for Pf insertions into other currents. If we wish to instead indicate a P operator
that acts on both building blocks in a current then we use the standard square bracket
notation, for example, [PiJ?f ]

The Feynman rules for collinear operators involving insertions of the P, operator follow
straightforwardly from the corresponding Feynman rules without the P, insertion, as given
in egs. (3.4), (3.10), and (3.15). For example, using the h = +1 current of eq. (3.10) as an

5The sign convention in eq. (3.17) is made so that dot products, as in eq. (3.20)7 agree with using a
(+, —, —, —) metric for the contraction.
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example, we have

(G (p1)T2 () [{ P I H0) = —€ (ny,7ig) -pr L €/ ® 1200515502025 (5, — 1) By —pa)
(0 (PG (p2) {PT IR Y0) = —€F (nig) - €120 69051652026 (5 —p1)d(Fa—pa)
(g5 (p1)32 (p2)|{ T332 (PTYTH0) = —€ (i, i1g) o /P 120) 5051 552025 (5, — p1)b (B —pa)
(g5 (p1)32 (p2)|{ T3 (PT) 1 H0) = —€* (i, i05) -y Le@“m)aalﬁlaﬁw 3(pr—p1)d (P2 —p2),
(3.23)

where the phase ®(J124) was defined in eq. (3.11).

3.3 Color bases

To this point we have focused on the helicity structure of the operators, with color indices
left free. Consider an operator formed from a product of the currents of collinear helicity
fields, O* %, An important feature of each of the collinear helicity fields is that they are
collinear gauge invariant. Furthermore, all the operators, including P, , behave as local
operators with respect to ultrasoft gauge transformations, transforming like background
fields. This implies that for the collinear operators, the constraints of gauge invariance are
equivalent to that of a global color. It is therefore straightforward to write down a color
basis for these operators. Following and generalizing the notation of ref. [73], we write

St _ Aaiop Fal--0n
O_,...;..(.,:..“_..;,.)[.‘;.._] = O.;.l..:..(..;..._,.;..)[..;.._] r* . (3.24)

Here T %% is a row vector of color structures that spans the color conserving subspace.
The a; are adjoint indices and the «; are fundamental indices. The color structures do not
necessarily have to be independent, but must be complete. Color structures which do not
appear in the matching at a particular order will be generated by renormalization group
evolution. Subtleties associated with the use of non-orthogonal color bases were discussed
in detail in ref. [73], but they will not play a role here because we do not explicitly carry
out the full factorization. Note that a decomposition as in eq. (3.24) is not possible in a
gauge invariant manner in the full theory due to the covariant derivative, D¥* = 9" +igA*,
which does not transform uniformly under color. In other words, the full theory gauge
invariance relates different possible color structures.

The goal of the subscripts on the O in eq. (3.24) is to enumerate the helicities of
the gluon, quark, and derivative building blocks in the operator. We have introduced it
in a manner that is general enough to account for the presence of the ultrasoft building
blocks that will be discussed in later sections. Outside of all parentheses the ultrasoft gluon
helicities are listed first, followed by a colon and the enumeration of the collinear gluon
helicities (note that in the absence of any ultrasoft gluons we omit the colon entirely). The
helicities of the various types of quark currents are listed inside the round parentheses and
are separated by colons. (In addition we use a semicolon to distinguish quark currents
involving different flavors, though this notation is not made explicit in eq. (3.24).) Finally
in the square brackets we first list the P, helicities, followed by a colon and then entries
+ or 0 to indicate the presence of ultrasoft derivatives 0y4(;)+ and Jy4(;)0 to be discussed
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below. Explicit examples that fully exploit this notation will be given in section 3.5. When
working at leading power, it is usually true that all possible combinations of helicity labels
need to be included in the basis. As will be reviewed in section 3.8, angular momentum
conservation of the hard scattering process places many constraints on subleading power
operators [72], so that various helicity combinations can be eliminated. Operators with
P s acting on collinear gauge invariant objects can also often be eliminated by RPI and
momentum conservation considerations.

We can demonstrate how the helicity and color decomposition works with two leading
power examples, which only involve operators formed from collinear fields. We consider
pp — 2 jets, and for simplicity, we restrict to the q7¢'q’ channel with distinct quark flavors
to demonstrate the use of the collinear quark fields, and the gggg channel to demonstrate
the use of the collinear gluon fields. For the quark channel we take g to be n; collinear, ¢
to be ny collinear, ¢’ to be ng collinear, and ¢’ to be ny collinear. For the gluon channel we
take the collinear gluon fields to lie in four distinct collinear sectors, labelled n; through ng4.

Using the notation of the traditional SCET building blocks in table 1, such operators
are given by

O = & T1xE X7, Taxs, » (3.25)

for the four quark case, and

Oabcd

BnlLBnQLngc,LBmILF,uVU&a (326)

for the four gluon case. Here I',,,s is a shorthand for all allowed Lorentz structures,
while I'; and I'y are shorthand for all possible Lorentz and Dirac structures, including
contractions. Actually enumerating a minimal basis of these structures is a nontrivial task.
On the other hand, using the helicity basis described in this section, we find [73] that there

are four independent helicity operators for the quark process,

aByé apys
O(fl) J12+ Tite O(fj_) = 12+ G (3.27)
apyo afyo
O = I Iy, O =a g3
with a color basis given by
aBys _
Tab (505 5.5+ 0as 575) (3.28)

Similarly, we can immediately write down a basis of helicity operators for the gluon process

1

1
o, = 1 1,83, B85, Bi, | o = 30 T By BS B, (3:29)
1
Oabed @ BS.BS_BL | ol = 5B?,Bg,zsg,lefg,
1
obed = IB%,B’;,B{;BZ, :
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with a color basis

1 . (3.30)

(See ref. [73] for a more detailed discussion. For a pedagogical review of color bases for
QCD amplitudes see refs. [90, 92].) Note that there is no complication of dealing with
Dirac structures, or using equations of motion to determine the minimal operator basis.
The operators only encode relevant information on the helicities and color configuration
of the particles. By using the helicity building blocks, which behave like scalar fields,
we reduce the process of constructing an operator basis to simply enumerating unique
combinations of the scalar objects. The hard kinematics is then described by the Wilson
coefficients of these operators.

The simplicity of the color bases for the collinear operators does not, however, naively
extend to operators involving ultrasoft fields. Indeed, the ultrasoft derivatives are local
at the ultrasoft scale, requiring the use of the ultrasoft covariant derivative D,s, and
reintroducing the problem of the color decomposition that is present in the full theory,
namely that the constraints of gauge invariance must be implemented. In the next section
we show how this issue can be overcome by using objects that account for the action of
the BPS field redefinition. By working in terms of the resulting more non-local operators,
we can reduce the constraints of gauge invariance to global color, enabling us to extend
the simple color decomposition discussed in this section for the collinear building blocks to
ultrasoft building blocks.

3.4 Ultrasoft gauge invariant helicity building blocks
The BPS field redefinition is defined by [65]

B VOB, xa = Y, (3.31)

and is performed in each collinear sector. Here Y}, ), are fundamental and adjoint ultrasoft
Wilson lines, respectively, and we note that

Y, T = 1bYbe . (3.32)

For a general representation, r, the ultrasoft Wilson line is defined by

0
V") (z) = Pexp |ig / dsn - Ayg(z +sn)T( |, (3.33)

n

—0o0

where P denotes path ordering. The BPS field redefinition has the effect of decoupling
the ultrasoft degrees of freedom from the leading power collinear Lagrangian [65]. When
this is done consistently for S-matrix elements it accounts for the full physical path of
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ultrasoft Wilson lines [94, 95], so v, may also occur with a path from (0, 00). Indeed for
ete™ — dijets all the ultrasoft Wilson lines occur with paths from (0, 00) (see eg. [96]).

After the BPS field redefinition, the fields B, , and x, are ultrasoft gauge singlets,
but still carry a global color index. We can use the BPS field redefinition to define ultrasoft
quark and gluon fields that are ultrasoft gauge invariant. These operators are non-local
at the ultrasoft scale, and involve the ultrasoft Wilson lines. For their construction, it is
essential that the non-locality is dictated by the form of the BPS decoupling. In particular,
the matching is first done onto the SCET Lagrangian pre-BPS field redefinition, which is
local at the hard scale, and then the BPS decoupling is performed.

We begin by defining an ultrasoft gauge invariant quark building block field

wus(z) = YJiQUs ) (3.34)

where the direction of the Wilson line n; is a label for a collinear sector. Since the ultrasoft
quarks are not naturally associated with an external label direction, n; can be chosen arbi-
trarily. However, there is often a convenient or obvious choice. The definition in eq. (3.34)
straightforwardly generalizes to matter in an arbitrary representation. We also perform the
following decomposition of the gauge covariant derivative in an arbitrary representation, r,

Y {DDE) Y = ol + [V NDE YD) = idl, + 10 9By, (3.35)

S us(i) ?

where we have defined the ultrasoft gauge invariant gluon building block field by

ap
9B =

1 . sbrpysba
s(i) [ml oL NiyiGo ym} , (3.36)

where G2* is the standard field strength. In the above equations the derivatives act only
within the square brackets. Again, the choice of collinear sector label n; here is arbitrary.
This is the ultrasoft analogue of the gauge invariant collinear gluon field, which can be
written

A I_ B
9B = {ﬁniyzGi “J‘WEA} : (3.37)

Here W,,E,A is an adjoint collinear Wilson. From the expression for the gauge invariant
ultrasoft gluon field of eq. (3.36) we see the price we have paid for working with ultrasoft
gauge invariant operators. Unlike the ultrasoft fields, the building block field Bf;zi) is non-
local at the scale A2, and depends on the choice of a collinear direction n;. Note that in
the case that the derivative operator acts in the opposite direction, we have

yOUDDRY D =it + YO DIy D) =ik, — T B, (3.38)

The subleading Lagrangians can also be written after BPS field redefinition in terms
of the gauge invariant ultrasoft gluon field, as was done in ref. [66],

£PPS = KO 4 kG gBet .+ £8P (3.39)

N us() Entus
) o b 2)BPS
LOPPS = K2 4 K 9B + K 9B 9By + TS

ng us(i)
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Here IA(,%) and IA(,(af) contain only collinear fields and i0ls derivatives. Their particular
form is not relevant for the current discussion, we merely want to emphasize that the
decomposition into gauge invariant building blocks is also convenient at the level of the
Lagrangian, allowing it to be written in a factorized form. The terms ﬁéi)i IZS and Eg)fuis
involve ultrasoft quark fields. Note that the superscript i for K'® indicates the Lagrangian
that these terms contribute to and not their individual power counting.

With the ultrasoft gauge invariant operators defined, we can now introduce ultrasoft
fields and currents of definite helicity, following closely the collinear operators, but with
some important differences. Throughout this section we implicitly work post BPS field
redefinition. In section 3.5 we will show how an operator basis can be constructed prior
and post BPS field redefinition, and how to easily treat the corresponding color bases.

We begin by defining ultrasoft gluon helicity fields which are ultrasoft gauge invariant

Zs(i):l: = _g:FH (niv ﬁl) 335(1)7 BZ:S(’L')O - ﬁuBZf:(z) . (340)
From eq. (3.36), we can see that the ultrasoft gluon field satisfies the relation

ni - B =0. (3.41)

us()

For the collinear gauge invariant gluon field there are only two building block fields, which
correspond to the two physical helicities of the gluon. On the other hand, for the ultrasoft
gauge invariant gluon field we use three building block fields to describe the two physical
degrees of freedom. This occurs because the ultrasoft gluons are homogeneous and not
fundamentally associated with any direction. Therefore, without making a further gauge
choice their polarization vectors do not lie in the perpendicular space of any fixed external
reference vector. Note that if we use the ultrasoft gauge freedom to choose Bgs( 0 = 0, then

J
we will still have st(i) 4 7# 0 and BZS(Z.)O % 0 for i # j. We could remove st(i)o using the

ultrasoft gluon equation of motion, in a manner analogous to how [Wﬂ;mDan] is removed
for the collinear building blocks. However this would come at the expense of needing to
allow inverse ultrasoft derivatives, 1/(in - dys), to appear when building operators. In the
collinear case these 1/P factors are O(A") and can be absorbed into the Wilson coefficients,
but this is not possible for the ultrasoft case. Therefore we choose to forbid inverse ultrasoft
derivatives and allow BZs(i)O to appear.

When writing down the Feynman rules for external ultrasoft gluons, we have the
freedom to choose the reference vector for their polarizations. Choosing a general reference

vector k, the tree level Feynman rules for the ultrsoft gluon field are
a = p“ ab ip-x
(s PB4 (2)0) = ) [0, 0) = Lol )] 6> (32
a - n-p ab ip-x
(2 (D)l ()]0) = [n k) = Lo, k)} obeivs,

a — * pM * ab ip-x
OB @l (-9)) = el [ ) = 22 e

* n- * ab ip-x
OB ot} = [0 k) = 2 (1) i,
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We also decompose the ultrasoft partial derivative operator 04s into lightcone
components,

aus(i)i = &7 (ni7 ﬁl) 8537 aus(i)O - ﬁm@ﬁs, 0y (1)0 — niﬂaﬁs : (343)

If the 0,45 operator acts on an n;-collinear field, then it can be eliminated using the
equations of motion [89], and therefore such a combination does not need to be included
in our basis. In contrast with the collinear case, we cannot eliminate the n; - 9,5 using the
equations of motion without introducing inverse ultrasoft derivative (e.g. 1/(7; - Ous)), SO
we instead keep these operators explicitly in our basis. When inserting ultrasoft derivatives
into operators we will use the same curly bracket notation defined for the P, operators
in eq. (3.22). In other words, {i0,4(;)»J} indicates that the ultrasoft derivative acts from
the left on the first field in J and {J(i0y;) 3T} indicates that it acts from the right on
the second field in J. Note that the appearance of 9,(;0 and 9,,(;)5 is also constrained by
RPI-IT invariance.

Gauge invariant ultrasoft quark fields also appear explicitly in the operator basis at
subleading powers. Due to fermion number conservation they are conveniently organized
into scalar currents. From table 1, we see that ultrasoft quark fields power count like \3.
However, for factorization theorems involving a single collinear sector, as appear in factor-
ization theorems describing a variety of both inclusive, and exclusive B decays, operators
involving ultrasoft quarks appear at leading power. The currents involving ultrasoft quarks
that are necessary to define subleading power operators at any desired order are

aB b (ni, i) 5

J e 2 ALy o 3.44
i(us)£ + <T_LZ ¥ |n2:|:> Xi+ 7H¢us(z)i ) ( )
M —
af _ 8:|: (n’ia n’L) Ta ' ﬁ
i(us)+ + <nz ¥ |ﬁl:t> wus(z):l: VuXit s
a  _ —a B ag  _ ga B
Ji(us)O = Xi+t us(i)—" (‘]T)z(us)o - wus(i)_XH_ )
af  _ a8 & _ a8
Jz‘(m)o - wus(i)JrXi— ’ (JT)Z'(@)O - Xi—¢us(i)+ ’
I
af o €$(ni7 n]) “a B
Twspie = F 5 ety Vus2 Vs

af _ @ B as _ Ta B
Tus)2igo = Vus(i)+Vus(j)- - (I twsy2ijo = Vs~ Pus+ -

For the mixed collinear-ultrasoft currents we choose the collinear sector label ¢ in order to
specify the ultrasoft quark building block field. For the ultrasoft-ultrasoft currents, there
is freedom to choose two sectors to use to construct the collinear gauge invariant ultrasoft
fields, and we leave the choices arbitrary, ¢ and j, which appear as subscripts after the
(us)? on the currents. Although the ultrasoft quark carries a label, this label is only
associated with the ultrasoft Wilson line structure used to define the building block field.
In particular, it is important to realize that the ultrasoft quark field does not satisfy the
projection relations of eq. (3.13), that is satisfied by the collinear quarks. Note that all the
JoP

ultrasoft quark currents are already RPI-III invariant except for (u8)2i40 for generic ¢ and j.
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The Feynman rules for the collinear-ultrasoft currents to external states are

)

(€ )2 o) T ()10) = Yok P00 ) 505 552525 gy — e
(g ()32, (p2) | T2 (2)|0) = VO 00000 g o] 615 2528y — py )P

(s 1) () |55 (0)10) = |52 oy 55572025 o)

(g1 (p1)(73‘;2 (p2)\J§(1u£52)_($)|0> z<I>(J2<us)+)<n2p1>5a161562a25(p2 —pa)e ip1- x

ﬁ@%ﬁﬁﬁw

<q3¥-1(P1)§3§+(P2)\J6162 (z)]0) PP 10010) [ o] §01P1 62826 (5, — py ) P2

(g2 ()7 () |(T1)52 o (2)]0) @(TD2a0) (ngpy ) 52191692928 (5 — o) P17 |

(a2 (P1)a2 (p2)] Ty (2)10) e Pw0) [y | 5151 572025 (7 — p )P

(@ ()52 (2) (T (@)]0) = /5 VD0 (1) 545572525 3y —pr )P
(3.45)

The phases appearing in the Feynman rules of eq. (3.45) are defined as

—~

nip1
2w1
nap2

ei(b(‘]l(usﬂ») — [nlpl] eié(‘]l(us)f) —

~

(3.46)

7

—

' (J2s)4) — {n2p2) i (J2@ms)+) —

)

\/20.)2 ’ \/2(,02
1 ®(Jue0) — (M) [p1] G ®(T)auo) — —M272](2p2)
22w 2v/2wo ’
i ®(N)aamo) — —(nang)[napo] (T 1m0) — [n174](P1p1)
2v/2ws ’ 2/2w1

The phases involve only the momentum of the collinear field. Additional Pj_[ insertions into
the mixed ultrasoft-collinear currents are defined following the notation of eq. (3.22), where
we note that in SCET only the collinear fields carry label 1 momentum. The Feynman
rules for the currents involving two ultrasoft quark fields are

& 818 _ [n2p1]{n1p2) B sB2a
(Gusy (PTus— (P2)| T (g)315,10) = Zni e GUIEGTR (3.47)

a —Q n n o &
<qu51_(p1)qu§+(p2)|J B182 310 |0> Mé 151552 2

V2n1 - ngy

(G ()2 (o)1 25 15010) = [prpa) 6717157202

<q3§_ (pl)qz_? ( )’(JT)6;522120‘0> <p1p2> 601151 (5’82&2 .

Due to the dependence on two ultrasoft momenta, there is no natural way to separate
phases from these Feynman rules as was done for previous currents.
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3.5 Constructing operator bases

In this section we describe how the building blocks of the previous sections can be combined
to define bases of hard scattering operators. The hard scattering component of the SCET
Lagrangian, eq. (2.6), has an explicit expansion in powers of A,

Ehard - Z ’Chard (348)

j=20

Here j denotes suppression by O(A) with respect to the leading power hard scattering
operators. The effective Lagrangian for hard scattering operators at each power is given by,

- XX I fo

{n.} A =1

O(] )] ({nl}, Wiy .- uwa)

X cj{g;,:_.(,_:__m_,:“)[”:_,7] ({nidswr, - we,) - (3.49)
The appropriate collinear sectors {n;} are determined by the hard process being consid-
ered, and the sum over A, -- runs over the full basis of operators that appear at this order,
which are specified by either explicit labels A and/or helicity labels -+ on the operators
and coefficients. The operators also satisfy momentum conservation for various momenta,
including the O(\°) w;’s. Here the ég) are O(A\°) Wilson coefficients, and are also vectors

St

in the color subspace in which the O()) hard scattering operators O 4 are decomposed.

Explicitly, in terms of color indices, we have

al-an _ k QA1+ Qn — AL Qi
C+1..;..(..;..m..;..)[..:.._} = Z C+..;..(..;‘._“..;..)[..;.._]Tk1 =T C+..;..(..;...,,..;,.)[..;.._} . (3.50)

Note that the color bases used to decompose the hard scattering operators at each order in
A are in general distinct, since at higher powers more building blocks appear which carry
additional color indices. The Wilson coefficients depend only on the jet directions, {n;},
and the large label components of the operators w;. The number of w;’s depends on the
specific operator we are considering since at subleading power multiple collinear fields can
appear in the same collinear sector and we must consider the inclusion of ultrasoft building
blocks with no w; labels. For a given operator A - -, we label the number of w;’s as £4.. in
eq. (3.49) and do the integral over each w;. The operators 6L~:--(-~:~~...~~:~-)[-~:~~—] are given by
products of the quark and gluon helicity operators of table 2

At subleading power, this is complicated by the fact that the ultrasoft Wilson lines
which appear in the ultrasoft gauge invariant building blocks only appear after the BPS field
redefinition. There are two possible approaches to dealing with this issue, both of which
give the same answer. We take the attitude that one can use whichever is most convenient.
A priori, we might like to first know how the ultrasoft fields are color contracted in the
operator in order to choose the appropriate collinear vector n; for defining each ultrasoft
building block. In one approach we first determine the full color basis involving contractions
for the ultrasoft fields’ color indices, and then choose the building blocks. Alternatively, we
can simply pick fixed n; vectors for the ultrasoft building blocks, so that we have common
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a aB aB + af af aB a a
Bi, Jiji Jijo | P i o Iy Bus(i)i Bus(i)O Aus(i)t  Dus(i)o

150
A A2 A2 A A2 A2 A2 A2 A2 A2 A2
af aB apB apB
Ji(us)i Jl(ﬁ)i Ji(us)(] Jz(ﬁ)(} J(uS)Qij:l: J(us)2ij0
A A A A A6 AO

Table 2. Power counting for the complete set of helicity building block operators in SCETT,
where the definitions for these objects are given in egs. (3.4), (3.6), (3.9), (3.14), (3.17), (3.40),
(3.43), (3.44). The building blocks also include the conjugate currents J' in cases where they are
distinct from the ones shown.

ultrasoft objects for all operators. In this case there will be products of ultrasoft Wilson
lines in the operators to compensate for a choice that does not correspond with the color
contraction.

In either approach a basis of operators can be constructed in the form

ST _ OHMan ai--an
O.;...;..(..;..m..;..)[..;,._] = O.;...;..(..;..m..;.,)[..;. }TBPS . (3.51)
Here O%’ OE" o) 18 formed from products of the collinear and ultrasoft gauge invari-

ant hehc1ty bulldmg blocks constructed in the previous sections, for which the complete list
is given in table 2. The meaning of Ti5ps " will be discussed below. When utilizing 732. i
Ous(i)+> and dye(;)o to construct operators, these derivatives can either act on a single build-
ing block object like B, or Bgs(i) 4, or on a bilinear object like one of the currents J. For
cases where they act on a bilinear object we use the curly bracket notation introduced in
eq. (3.22) to indicated which of the two objects in the bilinear the derivative acts on. Note
that Pi can only act on n;-collinear building blocks, whereas 0,,(;)+ and 9,(;)0 can act
on any building block field. The convention for the subscripts used on O %" was defined
below eq. (3.24). A couple of more complicated examples of the use of this notation are

ajazazas&ByéeT a a a 6
O T 57:_) =Bl B2 BB IS J45,, (3.52)
aiasazafyd a Ca— aﬁ
Op = (7 E Bui(l)_[zaus(l)Bz 1832 Jig { P11y }

Besides illustrating the correspondence between the operator subscripts and the helicity
building blocks, these examples also highlight some of the limits of the notation. In par-
ticular, specifying the collinear gluon building block helicities does not determine whether
the corresponding building blocks are in the same or different collinear sectors, specifying
the helicities for mixed collinear-ultrasoft currents does not fix the sector of the collinear
field in this building block, and the notation for the derivatives does not fix which object
they act on. To distinguish these type of differences we adopt additional explicit labels on
the operators, which here are A and B.

The T“1 " in eq. (3.51) generalizes the color structure decomposition of section 3.3,
because it is deﬁned to include ultrasoft Wilson lines that arise from the BPS field redef-
inition. It is important to emphasize that products of ultrasoft Wilson lines, like Y,L Yoo,
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should not be viewed as independent building blocks. The structure of ultrasoft Wilson
lines is entirely determined by the form of the BPS field decoupling. Several examples will
be given below to further clarify this point. The form in eq. (3.51) is convenient for fac-
torization, since for operators involving only collinear field insertions it is already written
in a factorized form.

It is also useful to have an equivalent form of the operator basis where we leave the
ultrasoft Wilson lines in the operator itself, which would maintain the exact color decom-
positions of section 3.3. In order to do this, we can define an operator O such that after
BPS field redefinitions we have

—.

0 =0uan To1n (3.53)

Froese (i) [ =] ( )]
As we will demonstrate below, converting between O and Oisa simple exercise in reorganiz-
ing where we place the ultrasoft Wilson lines, and either form is equally valid as a basis. The
decomposition in eq. (3.51) provides a compact way to track both the ultrasoft Wilson lines
and color structure in one object, and hence will be used for many of our later examples.

We can compare the complete basis of helicity operator building blocks given in table 2
with the traditional form of the building block basis given in table 1. While there are more
building blocks with the helicity operators, there is a great benefit from the fact that each
of them is a scalar. So, while constructing operators with table 1 is a complex exercise
in deducing all possible Lorentz structures, with the helicity operator approach we simply
have to write down all possible products of the helicity building blocks at a given power.

In order to demonstrate how eq. (3.51) works in practice, we now give some simple
examples. We begin by discussing cases involving only collinear fields. Here the BPS field
redefinition is not necessary to define color decomposed helicity operators, but is essential
in the proof of factorization. Note that insertions of the P, operator have no effect, since
they do not carry color and commute with the ultrasoft Wilson lines [P, Y,,] = 0, so we
will only consider examples without P insertions.

We begin with a simple leading power example with gluon and quark current building
blocks,

Ol =Bl Ty, 00 = Bl Jsy . (3.54)
In this case there is a unique color structure before BPS field redefinition, namely
T = (T),5 - (3.55)
After BPS field redefinition, we find the Wilson line structure,
Thps = (YJQTbyZ?Yns)aB - (3.56)

The key point is that this structure is entirely determined by the form of the operator in
eq. (3.54), as well as the structure of the BPS field redefinition. The ultrasoft Wilson lines
arise only from the BPS field redefinition of the collinear fields in the building blocks, and
not from hard matching. We can also reorganize the ultrasoft Wilson lines to group them

into the operator, with the form in eq. (3.53), which gives
Ol = Vi Biy) (V) Jo3e Yo, O] = (Vi Bio)* (Vi S Yo )P (3.57)
with the color structure as given in eq. (3.55).
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Another illustrative example is the four quark operator discussed in section 3.3

O(&fﬁ) = Jgios JZ’(:334+ O?fj—é) = Joby qu(;% , (3.58)
Oy = Jaa- T OF00) = g T
with color basis
T = (8,50, 805 0o5) - (3.59)
After BPS field redefinition, the color basis becomes
Tobd = <[Y,j1 YM} . [Y,jsym} 5 [Y,L Ym} y [Y,jg YM} 76) . (3.60)

This demonstrates how the decomposition in eq. (3.51) provides a convenient way of orga-
nizing the ultrasoft Wilson lines for the collinear operators. Once again, we could choose
to simply organize the ultrasoft Wilson lines in the operators 0B , which would then be
multiplied by the color structure given in eq. (3.59).

Next we consider an example involving an ultrasoft building block. We again consider
four quarks, but now using currents built from two ni-collinear building blocks X’f 4 and
X%y, one ng-collinear building block )’(3 1, and one ultrasoft building block wgs(i) - We

choose to pair up these fields into the currents Jlo_‘f with A = £,0,0, and J;(is))\, with
N == 0o0r (J T)Z?m)o. This notation implies that we have made the choice of the 2-sector
for the ultrasoft building block field, 1/)35(2) - The basis of operators is then

apis  _ af 176 aF75 _ 7aB ( 7ty
Ohomn = J1a Jawsyv s Oriao) = Jia (JT)g(m)ov (3.61)

where there are 16 distinct operators once we take into account the allowed helicity choices
for A, \. Again we have the color basis T7%#7 in eq. (3.59). Due to the different structure
of fields the color basis after BPS field redefinition for this example is

~ aBrs
TBO[F?S’Y = ([YTIlYnQ]aS |:YTI2YTL11|'YB 9 5()43 5/\/6) . (362)

In the second color structure we have no Y,,, Wilson lines because the nj-collinear fields
are color contracted, and the correct YJz Wilson line is already contained in the 1/128(2) n

building block inside J;(is) - In the first color structure we have [YJ2 Y,,] determined by
the collinear building blocks, and then need [err1 Yy, | in order to swap the ultrasoft reference
vector to the 1-sector when this factor multiplies J;(is) v Writing out the OFBFST BYS form
of the operators for this case, the two color structures give

AabBa  _ gap B ~aovy . qae 77
Ol =13 (Ym Yol Joqusn Yo i1, )™ Oonry = T gy (3.63)
~—nn — B ~— = _ —
O%?f:%) - Jlax\ﬁ (YmYnTz(JT)?(ﬁ)OYnzYJJ ° O%O&:%) =Jix (JT)me)O'
From this example we see that the advantage of using Tgfg % is that we do not need to be

concerned with the color contractions when specifying O?‘Aﬁz z,).
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Note that an equivalent way of specifying the basis in eq. (3.61) would be to have
started with the other possible grouping of the fermion building blocks, using J172’B s le ,
J120 or (JT)1207 together with Jy(ue) 4, J1(us)—» Ji(us)os OF (JT)I(E)O‘ This again gives 16
choices for the operator helicities, but now we are using the ultrasoft building block with
the reference direction as the 1-sector. The final result is the same with relations between
elements of the two bases.

As another example involving ultrasoft building blocks, we consider a dijet operator
that in a traditional approach has an ultrasoft derivative insertion, )Zgl +(ﬂ2 . Dus) ng—'
After BPS field redefinition, we can rewrite this operator as

)_Cm—&-(f@ : Dus)an— — Xni+ (Y,LYM) in2 * QusXny— + Xng+ (Y Yy ) QB 5(2)0 TXny— -

(3.64)
Here we have chosen the 2 sector to define the ultrasoft building block gluon field,
833(2)0 =Ny - st(z)' In terms of our basis of ultrasoft gauge invariant helicity operators,

we can write the two operators as

] —92 ] o
0= 2 ain T (10us(20) } s Thbg = (y,j Y, ) . (3.65
\/cm[mnz]xpr ()0X2 = {/120(i9us(2)0 o) } BPS 1ina ) g (3.65)

and
O = 2 Bl oS B rede — (viv,,r)™ . (366
a \/M[nlng]XHg us(2)0X2— 200 5(2)0 BPS = |\ Yn, Yno . (3.66)

The decomposition can always be done in the form of eq. (3.51). Using ultrasoft Wilson
lines arising from the BPS field redifinition, gauge covariant derivatives can be converted
into the ultrasoft partial derivative and the ultrasoft building block gluon field. Products
of the building blocks will then be linked in color space by ultrasoft Wilson lines. In
particular, the remaining ultrasoft derivatives do not act on the linking Wilson lines, they
only act on the ultrasoft Wilson lines and other fields that appear in the definitions of the
ultrasoft gauge invariant building blocks. In general we see that given a form of an operator
O with color structures T, it is straightforward to determine Tgps, and thus also 0.

3.6 Extensions

Throughout this paper we have discussed our operator basis in the language of the SCETy
theory with massless quarks and in d = 4 dimensions. SCET is also used in its SCETyg
(with soft rather than ultrasoft fields) and SCET, [97-100] incarnations, with massive
collinear particles, and with dimensional regularization in d = 4 — 2¢ dimensions, so we
discuss the necessary extensions for each of these here.

3.6.1 SCETyg

For a certain class of observables, including pr dependent measurements and exclusive
decays, the theory SCET}; provides the appropriate effective field theory description [67].
In SCETy; the soft and collinear modes live on the same invariant mass hyperbola, and
therefore modes mediating interactions between the soft and collinear modes are off-shell

— 96 —



and can be integrated out of the theory, generating both collinear and soft Wilson lines. A
convenient way of matching to the SCETy theory is to first match QCD onto an SCETy
theory with a larger offshellness for the collinear fields [67]. The BPS field redefinition can
then be used to decouple the ultrasoft and collinear modes, giving rise to Wilson lines in
the operators, as discussed in section 3.4. One can then match this decoupled theory to
SCETy; by lowering the virtuality of the external collinear modes to the soft scale, and
relabeling ultrasoft modes as soft. This matching calculation will be trivial (1-to-1) in
cases where there are not time-ordered products of two or more subleading operators or
Lagrangians in the SCET theory [87]. Furthermore, in the matching procedure terms of
a given order in A in the SCETy theory will only contribute to terms at that same order
or higher in the SCET; theory. The resulting Wilson coefficients in the SCETy; theory
now also involve n - ks momenta of soft building blocks, from integrating out hard-collinear
momenta with offshellness of order @i - ppn - ks ~ Q?\.

Since the helicity operator building blocks listed in table 2 are defined after BPS field
redefinition, they also directly apply to the description of the hard scattering operators in
the SCETy; theory. We simply need to replace ultrasoft fields and Wilson lines by those
involving soft fields, qus — gs, Yn, — Sh,, etc. This matching should be done at the level of
the O operators in the SCET] theory, so that we do not have Wilson lines grouped with the
color structures in the resulting SCET operators. There is a 1-to-1 correspondence be-
tween the appropriate building blocks in the two theories. We have the same building blocks
for collinear fields, and operators are now built from the soft building blocks for gluons

Bs(i)j: = &7 (ni’ ﬁl) BZE;)? B(Sl(l) np,Ba(l) , (367)

where B

()

Vs = m ¢s appears in currents that are directly analogs of those containing the ultrasoft

is defined as in eq. (3.36) but with soft fields. The soft quark building block

quark building block, namely”

2 5’:;(ni,m) =

Ji = T 1t e (3.68)

0 T T i ¥ i)
/J, —
a8 _ . 2 ex(Min) -4 8
Ji(g)i = :F\/fji (n; F |it) s(@)+ TuXit

aB 2 —a B af &
Ji(s)O - \/ o Xi—l— s(i)— JT z (s)0 — \/ 1/) XH— )
\/ wa X (D550 = Vo xz_wﬁ

af 8:':(77,“71]) a B
J(s) 22 = F T ) 0 Vs
a s _ Ja B
oo = Yoo+ (D a0 = Vst Ysgiy+ -

The full set of SCETyy building blocks is listed in table 3. Here the soft derivatives Jy;)+
and ;)0 act only on soft building block fields. From these building blocks we see that the

“The notation here is chosen to make the SCET; to SCET 1 matching simpler, which in some cases comes
at the expense of using a different normalization for the soft and collinear currents in the SCET 1 theory.
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A A2 A2 A A2 A2 A2 A A A A A
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Table 3. Power counting for the full set of helicity building block operators in SCETy;. Again we
must add the conjugate currents J! in cases where they are distinct from the ones shown.

helicity formalism can also be used to greatly simplify the construction of operator bases
for SCETY; processes.

3.6.2 SCET,

In cases where multiple measurements are made on the same jet additional degrees of
freedom must be added to SCET. A general class of effective theories to describe such
situations is the class of SCET . theories [97-100]. In addition to collinear and soft modes,
these effective field theories typically contain (multiple) collinear-soft modes, which exhibit
both a collinear, and a soft scaling. Such effective field theories have been used, for example,
for the calculation [101] of the Dy [102] jet substructure observable.

While subleading power corrections to SCET  theories have not been studied, we wish
to emphasize that our helicity operator approach extends also straightforwardly to such
theories. In SCET theories, subleading power hard scattering operators will involve not
only collinear and (ultra)soft fields, but also collinear soft fields. Although we will not do
it in this paper, it is then a simple exercise to write a basis of helicity operator building
blocks, including also such collinear soft fields. Indeed, the helicity operator formalism has
already been used to simplify matching calculations in SCET . at leading power in [100].

3.6.3 SCET with massive collinear quarks

The effective field theory description of the dynamics of the ultrasoft and collinear modes, as
discussed thus far, is appropriate for massless quarks. For certain cases of phenomenological
relevance, including boosted top production, the quark mass is an IR scale with the same
parametric scaling as the | momenta of collinear particles. In this case, the quark mass
must be included in L4y, [103, 104] for collinear quarks, soft or ultrasoft quarks, or both.
For example, the leading power collinear quark Lagrangian for massive quarks is given by

0 7 |- . 1 .
£7 = & [in- D+ (1B = m) W W] (B +m) P (369)
n
where iDy,s = in - Oys + gn - Ays + gn - Ay.
Since the mass appears as an IR scale in the effective theory, the hard scattering op-
erators for the case of massive SCET are the same as for massless SCET and the helicity
operator basis presented in this paper also applies. However, as compared to the lead-

ing power Lagrangian for massless collinear quarks, the mass terms in eq. (3.69) imply
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that quark chirality is not conserved by the soft and collinear dynamics of the effective
field theory. This means that symmetry arguments relying on the conservation of helicity
no longer apply. (We will use such symmetry arguments to reduce the number of hard
scattering operators that can contribute to the eTe™ — dijets or constrained Drell-Yan
cross-section at O(\2?) for massless SCET.) Nevertheless, the helicity operator basis still
provides a convenient way of organizing hard scattering SCET operators involving boosted
massive quarks.

3.6.4 Evanescent operators

One subtlety of the helicity operator basis is that it relies on massless quarks and gluons
having two helicities, a feature which is specific to 4 dimensions. In dimensional regu-
larization, divergences are regularized by analytically continuing the particle momenta to
d = 4 — 2¢ dimensions. In a general scheme, the helicities of quarks and gluons live in d?,
and d? dimensional spaces respectively, although in most commonly used schemes, only
d? is analytically continued. Different schemes within dimensional regularization differ in
their treatment of dJ for internal (unobserved) and external (observed) particles. Evanes-
cent operators [105-107] are defined as those whose tree level matrix elements vanish as
e — 0. However in loop calculations these matrix elements can multiply 1/e poles and
lead to contributions that must be included in matching and higher order anomalous di-
mension calculations. For explicit discussions within the context of SCET calculations, see
refs. [69, 108-110]. Such evanescent operators can not be specified using only our helicity
building block fields.

In ref. [73] a discussion of scheme dependence was given for leading power helicity
operators, and it was shown that evanescent operators do not appear when using SCET
helicity operators for leading power matching calculations in exclusive jet processes. How-
ever, evanescent operators could appear at loop level when working to subleading power.
The required extension of our helicity operator basis depends in detail on the regulariza-
tion scheme, but in general requires the inclusion of additional fields, for example an €
scalar gluon B? to encode the (—2e¢) transverse degrees of freedom, and quark currents
Je which involve Dirac structures that would vanish if € = 0. Since we do not consider
the explicit one-loop matching and evolution of the helicity operators in this paper, we
postpone a detailed discussion of evanescent operators to future work. However, we ex-
pect that at each loop order, the possible evanescent operators can be easily identified and
treated. We note that a calculation of the leading power inclusive jet and soft functions in
different regularization schemes, including the treatment of € scalar gluons was presented
in ref. [111].

3.7 Parity and charge conjugation properties

It may initially seem that having distinct operators for each external helicity configuration
greatly increases the number of operators. However, as is known from the study of helicity
amplitudes, this is not the case. Parity and charge conjugation relations allow one to
relate operators with distinct helicity configurations. An understanding of these relations
is therefore essential for minimizing the number of matching calculations. The use of parity
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and charge conjugation relations is not limited to theories which exhibit C or P symmetry.
Amplitudes and Wilson coefficients can be decomposed into pieces each of which have
definite properties under C or P.

The C/P properties for the helicity building blocks involving collinear fields are as
follows. Under parity, we have

P B (i wi; ) P = =Bl (n] 3w 2¥), (3:70)
P I3 (niy g wiywis ) P = Jo2 (0 nf 3w, wys )
PJZ%ﬁ(ni;wl,wQ;x)P = Jl%ﬁ(nf;wl,wz;w )
PJ%B(ni;w1,w2;$)P = Jﬁf(nf;wl,m;x )
PJff(ni;wl,wQ;x)P = J?f(nf;wl,wz;ﬁ ),

where we have made the dependence on n;, w;, and = explicit, and the parity-transformed

P

vectors are x,, = z/. Under charge conjugation we have,

CBiy(niswi) Tyg C = =Bty (niswi) Ty (3.71)
CJ]:t(n“n]’w'“w]) Jﬁ(:);:(n]7nlawj7wz)7

CJZ{)B(W;M, 2)C
CJ%B(ni;wl, )C
)C

nl;w27w1) )

n; ;w27w1)a

el
%(
e

CJf(nZ,wl,wg ni;wa,wy) .

Under parity, the Pf operators transform as
PPEP = —PT. (3.72)
Since charge conjugation exchanges the order of fields within a quark current, we have
O (PHNC = ~(PDIG Y (3.73)

along with similar relations for the other operators that involve Pf insertions.

Although for our main example in section 4 we will not use the operators of eq. (3.44),
which involve ultrasoft quarks, for completeness we give their C/P properties. Under parity,
the mixed ultrasoft collinear operators transform as

P (nasw)P = 50 (nfwi), (3.74)
PJ  (nizwn)P = TG0 (nF5w) |
P oz wi)P = (TN F5wi)
T o(nizw)P = (JN2 (] wi)
P(JT)?(?LS)O(W;%)P = J;SS)O(TLZ swi)
P () syo (nis wi) P = T (0 i)
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while under charge conjugation, we have

U ) el a7
sy (i3 i) C = —ngsﬁ(”i? wi),
Cituspo s )C = =i o (i)
Jf{%o(ni; w;)C = Jﬁzs)o(”l’ wi)
COI ol 9)C = =)o s ),
C(IN) o0 (niswi)C = —(JT)ﬁis)o(”iWi) :

The C/P properties of the currents involving two ultrasoft quarks are identical to those
of standard quark bilinears, so we do not give them here. Finally, the C/P properties of
the SCET]; operators of eq. (3.68), which involve soft quarks, are easily obtained from the
SCET] results above.

As a simple example to demonstrate the use of C/P relations, we consider ete™ — qq
through an off-shell photon at leading power in SCET, which we will consider in more
depth in section 4. We will label the quark and antiquark by 1,2 and the electron and
positron by 3,4. It is well known that at leading power there is a single current using
traditional SCET operators,

JHaB — X?v“x'g. (3.76)

The free Lorentz index is contracted with the leptonic tensor to form a scalar. On the
other hand, the helicity basis consists of four scalar operators,

0)as a 0)as a

O =0 Jer, O =I5, Jom (3.77)
0)ap a 0)ag &

OE—);H - Jl?ﬂ— et OE—);—) - ']126— Je— s

which already include the leptons through the lepton helicity current J... The leptonic
helicity currents are defined in an identical manner to the leading power QCD current of
eq. (3.9), but without the corresponding Wilson lines or color indices

2 et(nz,ng)
Jot = Jour = + e ) 3.78
et = J3ax = F 4/ w501 (T [nad) €3+ Ypulat (3.78)

For the ete™ — ¢q process, there is a unique color structure for either eq. (3.76) or
eq. (3.77),

T = (8,5) - (3.79)

Invariance under parity implies that the Wilson coefficients for the helicity operators
are related by

Clio) (n1, 2 wi, waswg, wa) = C—_y(n], mb w1, wa; w3, wy) , (3.80)

. . —_ P P, .
C(+;—)(n17n27w15wQaw3aw4) - O(—;-i—)(nl ,nQ,W1,(JJ2,CU3,(JJ4) .
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When doing the matching, we sum over the n’s as in eq. (3.49), so we are free to rewrite
nf — n;. Since we consider the process to all orders in the strong interaction, but only
leading order in the electromagnetic interaction, the leptons couple through the current
(1 £ |y*|2£) = (2 F |[y*|1F). This implies the further relation

Cl g (n1,m2; w1, w23 w3, wa) = C(4,_y (N1, N2s w1, W2 Wa, W3) - (3.81)

These relations can be easily checked by considering the tree level matching. At tree level,
the Wilson coefficients are given by

2[13)(24) 2[14)(23)
Cly) = *62‘12?’ Claimy) = 762(]2?’ (3.82)
o _€2q22[23]<14> O = _ezq22[24]<13>
(=5+) 534 (= 534

These satisfy the above relations, by noting from appendix A that parity simply inter-
changes [] <+ (). Together the three relations in egs. (3.80) and (3.81) provide the nec-
essary information to indicate that the matching onto the helicity operator basis came
from a vector current. Therefore, only one coefficient of the helicity operators needs to be
computed in a matching calculation at any order in as. Note that the basis constructed in
eq. (3.77) also works for mediation through a Z-boson, where axial coupling also needs to
be considered.

Further examples of the use of C and P to simplify helicity operator bases can be found
in ref. [73], and below in section 4.

3.8 Constraints from angular momentum conservation

The use of operators with definite helicities makes manifest symmetries related to rota-
tional invariance. As discussed in detail in [72], constraints from conservation of angular
momentum can greatly reduce the basis of hard scattering operators appearing at sublead-
ing powers, when multiple collinear fields can appear in each collinear sector. Conservation
of angular momentum implies the general constraint [72]

o< Y g9, (3.83)

j with ﬁj ;ﬁfll

N

where Jr(gi)n is the minimum angular momentum carried by the n;-collinear sector. This
can be related to the helicities of the building blocks in a given sector by Jlg;)n = |h§f§t ,

where the helicities in the n;-collinear sector of some operator add up to h%oit. From this,
we immediately get the constraint,

Bt < > R, (3.84)
7 with ﬁj;ﬁﬁi

where it is important to count back-to-back collinear directions only once in this sum,
considering the helicity about their common axis.

These selection rules are particularly simple for the case of eTe™ — dijets (or con-
strained Drell-Yan) which we study here. In this case, there are two axes along which
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(a) (b)

Figure 2. A illustration of the helicity selection rule for ete™ — dijets. In a) the collinear particles
along the n axis carry |h = 2|, and have a vanishing projection onto the J.. current. In b), the
collinear particles carry |h = 0| and therefore have a non-vanishing projection onto the J.1 current.

particles move, namely the axis of the colliding e™e™ pairs, and the n axis of the jets. In
the helicity operator approach, the helicities of all operators are defined with respect to
these axes. For the case of ete™ — dijets proceeding through an off-shell photon or Z bo-
son, the coupling to vector bosons guarantees that the electron pair has a combined helicity
along the collision axis of |h+.-| = 1, as shown in figure 2. To have a non-zero amplitude,
the helicity state of the outgoing jets defined along the n axis must have an overlap with
this helicity 1 state. In particular, we must have h!®* = —1,0,1. At subleading power,
when there are multiple collinear fields in the n and 7 sectors, the helicity of a particular
sector can be larger than 1. This means that the helicities of the fields must be arranged
in particular combinations, and considerably simplifies the basis.

As an example, consider a subleading power operator involving an additional collinear
gluon field in the n collinear sector. Without imposing constraints from angular momentum
conservation, a basis of allowed helicity operators is

(DaaB _ paa ap (DaaB _ pa aB
OJ'_(—H:‘:) oot Jnﬁ+ Jex O+(—;:t) - i+ Jnﬁ— et (3.85)
L) = Ba iy Jew, OLE = BL T Jos

However, the first and fourth operators have |h!°'| = 2 and thus are not allowed, and can
be eliminated from the basis. This configuration is shown schematically in figure 2 (a).
Only the operators where the helicity of the n collinear quark and gluon fields are opposite
are allowed in the basis. The actual basis of allowed operators is therefore simpler, and is
just given by
laap o Daap o

OVl =B Joi Jex,  ON L =Bo I3 Jex, (3.86)
A schematic illustration of these configurations is shown in figure 2 (b). Using these re-
strictions, we have therefore eliminated half of the potential operators. Similar constraints

will play an important role in simplifying the complete basis of subleading power operators
given in section 4.
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4 Hard scattering operators with two collinear directions

To demonstrate the simplicity of the helicity-operator approach, we construct the O(\) and
O()\?) basis of power suppressed hard scattering operators with two collinear directions.
A summary of the complete set of operators is given in table 4. For concreteness, we take
the color singlet particles involved in the hard scattering to be an ete™ pair, with the
interaction proceeding through an off-shell v or Z. The basis is valid to all orders in ag,
and leading order in the electroweak couplings. Since the helicity operators from which
our basis of hard scattering operators are composed are manifestly crossing symmetric, our
operators can be used as a basis of hard scattering operators in factorization proofs for
ete™ — dijet event shapes, constrained Drell-Yan, or DIS producing a single jet.

The extension to O()\?) is necessary, since when we square power suppressed jet am-
plitudes to calculate a cross section, the O(\) power corrections to the cross section vanish
in known examples [19, 68, 70, 143]. We will explicitly show the vanishing of the contri-
butions to the O(\) cross section from hard scattering contributions in section 4.4.1. We
then present the hard scattering operators that contribute to the factorized cross section
at O(A\?) in section 4.4.2. A set of O(\) and O()\?) operators for eTe™ — dijets has been
presented in ref. [70], although no claim of completeness was made, and a different formu-
lation of SCET was used. In section 4.5 we will briefly compare our all orders basis with
the operators of ref. [70].

One simplification that we make when constructing our basis is that we work in the
center of mass frame, and only consider operators that are non-vanishing in this frame.
This is natural for Drell-Yan (CM frame), ee~ — dijet event shapes (the CM frame of
the jets), and is also a convenient frame for theoretical studies of DIS (the Breit frame).
Because of the conservation of label momentum in SCET, this choice of frame allows us
to take the strongly interacting collinear sectors to be back-to-back. We therefore describe
them by the back-to-back light-like vectors ny = n = (1,72) and ny = n = (1, —n). Due
ap

to this choice we will label the helicity currents with n and 7, as in J, ;. , instead of with

n
collinear sector numbers, Jf;i. In eq. (3.49) the hard Lagrangian in SCET is written as a
sum over label momenta of the hard operators. For the special case of two back-to-back

collinear sectors this reduces to

. EA (.
Llla=>23" [H /dwi Oﬂ()[—] (nmsewr, . wiy)
n A Li=1
X 6glv-:~-(--:-~...-~:-~)[-~:-~—] (nﬁ;wl, . ,ng) . (4.1)

When constructing a complete basis, we therefore do not need to include operators which
are identical up to the swap of n <> n. For a given operator, we can therefore choose the
n and n labels arbitrarily, and this can be done independently for each operator. When
squaring matrix elements, all possible interferences are properly incorporated by accounting
for the sum over directions in eq. (4.1).

Furthermore, we choose to align the n and n axes with the jets or protons, such that
the overall label 1. momentum of each collinear sector is zero. As a consequence, operators
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Order |Category | Operators (equation number) # helicity | # of USJ_(V);&O
configs |color
O\ |ezqq ogﬁff) =J Jer (4.6) 4 1|y
O() |eeqqy flgf,gfl(xz;i) =B}, Jgs—/\l Jex (4.13), (4.14) 8 1 |V
Ofa?f(if:i) =Bl Joy, Jex (4.15) 8 1|V
€999 ng)lai;/\g(i) =S By, Boy, Biyg Jexr  (4.20) 8 2 |V
O(2)|eeqaQQ | 0L 000 iy = Ten Ty Jex (4.25) 8 P
Oégggzil:i) = J(E:]%)n/\l J?éa)ﬁxl Jex (4.26) 4 2
Ot(zie)?&f—h;i) = J(dq;nml '7{7&@_& Jex (4.28) 4 2
022;&?&&) = ng)aml J?S)nn,\Q Jer (4.32) 8 2
Oég;;ng,\%i) = J(Z[);ml J?q(;)ﬁmz Jex (4.32) 8 2 |V
et | O = T Tl ez (4:30) s 2
Oézzi?fzé—n;i) - ']z[;nﬁxl Z;;nﬁ—)\l Jex  (4.31) 2 2
ngfiiz;i) = (ifn/\, Zf)nmg Jex (4.35) 8 2 |V
Oéﬁé?fiiz;i) = J((Z[)iml ngﬁn,\z Jexr  (4.35) 8 2 |V
€€qqgyg O?Bﬁiﬁm;t) =SB, B, JS§A3 Jex (4.40) 8 3 |V
Og;:f)i[z)\g;i) = SB;, B, Jgf:,\3 Jetr (4.41) 8 3 |V
ng);?iﬂ(x;j;i) =By By, Jor e (4.44) 12 3
gél);\lfftzﬁ()\g:i) =B, By, JoN, Jex (4.46) 8 3
O(Bzf));ffﬁ)\g:i) =B, B, JoS Jex (4.48) 4 3
€€9999 Oi?fffixgqt) = SBg, BYy,Boy Bay, Jer (4.54) 6 9
Oz(;z)QaAb.ciAsM(i) =SBy Bh, By Bay, Jex  (4.56) 4 9
PL ng);f&:i)[,\p] =By, {J,-?i (PP} Jer (4.62) 8 1
gl)z,o;ﬁl(kz;i)[kp] = {PEPBZ,M] Jgg,\g Jex  (4.60), (4.61) 24 1|V
ng)s{;bf/\gxg(i)[xp] =SB, Bhy, {,PEPB%)\B] Jex (4.65) 8 2
Ultrasoft Og(fs?g)xlz(,\g;i) = Bl Tods, Jex (470), (4.72) 8 1
ngs?g)o;(m;i) = B4 Jggxl Jex (4.70), (4.72) 8 1|V
0§2<Lfg>m@2;i> = {Ous(iyn Jgg/\?} Jex (4.75) 8 1
Ofailfg»o,o:uui) = {Dus(i0.0 Ty} Jex (4.75) 8 1 |v
OEZ?@(Z?;)/\MQ)@(:&) = Bl in B, By Jex (4.77), (4.79) 24 2
Oé?zss(i))x.:hxs(i) = [Ous(iyn Brra] BrngJex (4.82), (4.84) 24 2

Table 4. Basis of hard scattering operators to O(\?) with an electron current J.o and two back-

to-back collinear sectors. Here the \; denote helicities, S represents a symmetry factor, and B

indicates B

can contribute to eTe™ — dijet event shapes and other two-direction processes up to O(A?) in the

a
nii

power expansion and at any order in g, as discussed in detail in section 4.4.2.
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or B, . The allowed values for the A; helicities are given in the indicated equation,
and the total count is given in the indicated column. The last column indicates which operators




involving P, acting on the complete set of fields in a collinear sector vanish. Insertions
of P, can still be non-vanishing when two or more collinear field building blocks appear
in the same sector, and hence will first appear in our analysis at O(A\?). The presence
of ultrasoft degrees of freedom carrying residual momentum implies that, unlike the label
perp momentum, the residual perp momentum of a collinear sector does not necessarily
vanish, and can be exchanged with the ultrasoft sector.

All outgoing quark fields are taken to be massless. Chiral symmetry is violated in QCD
by heavy quark masses, such as the top quark mass, and by non-perturbative effects. When
matching QCD to SCET with only massless external fields we assume we are working below
the scale where a top-quark can be produced, so top quarks appear only in closed loops and
chirality is conserved at each order in a, by the matching procedure (though not by the
low energy non-perturbative dynamics, such as the chiral condensate). This remains true
when considering QCD corrections to the Z exchange for any of the processes governed by
the back-to-back collinear operators. All operators appearing in our basis must therefore
preserve chirality.

Throughout this section we will use Pz to denote the ratio of the Z and photon

propagators,
]

S—M%+irzM27

Py(s) = (4.2)

and we will use fuiL  for the coupling of particle i to the Z boson, whose explicit expressions
are given by

2T% — 2Q" sin? Oy
Sin(20w) ’

QQi Sin2 HW

Sin(2ew) ’ (43)

vl =

vy =

where T. § is the third component of weak isospin. Since we use helicities to label the
operators and Wilson coefficients, it is convenient to define the weak couplings in terms of
helicities for both the quark and lepton currents,

Lol 1ol a _ 4 q _ 4
vy = vpg, v =g, vl = v, vl =] . (4.4)

For color, we use the normalization tr[T¢T% = 1/26%, i.e. Tr = 1/2, and write the
antisymmetric and symmetric structure constants of SU(3), as f¢, d* respectively. In
the case of the collinear operators, we present the color structure both before and after
BPS field redefinition.

When labeling particles, the highest two subscripts will be used to refer to the electron
and positron respectively, which will always appear in the current

2 it VpCjt
s 1 r=J
EZF iy NG ) 77— .

Jei = Jeiji =+ (45)
Since this current appears in every operator, for notational convenience we will drop the
explicit 75 label on the current, denoting it simply by Jet.

Due to the relatively large number of operators present up to O(A\2) we provide a
summary of the complete set of operators in table 4, along with the number of helicity
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configurations for each operator. There are a total of 256 helicity configurations in our
operator basis, 116 of which can contribute at O(\?), of which 100 have tree level contri-
butions. This number does not include the different color configurations, which are also
indicated in the table. The leading power basis can be found in section 4.1, the O())
subleading basis in section 4.2 and the O()\?) subleading basis in section 4.3.

4.1 Leading power operators

To begin this analysis, we review the leading power back-to-back operators and Wilson
coefficients, which are combined according to eq. (3.49) to give Eg;)r 4- By power counting,
the leading power operators consist of either two collinear quark building blocks or two
collinear gluon building blocks, one in the n-collinear and one in the n-collinear sector. For
the eegg channel we have a process with one offshell spin-1 (7/Z) particle and two onshell
spin-1 particles (gg). The Wilson coefficients then all vanish by Yang’s theorem [112; 113],
so we omit these operators. Therefore only the eeqq channel contributes at leading power.
While one should sum over the flavor of the outgoing quarks, this is trivial to implement,
and therefore we do not make the flavor in the quark current explicit. The leading power

helicity operators are given by

ary ~

_ ! [

9q: @)

v v

O = pl Jer,  ODY =Tl Je . (4.6)

Here, and throughout this section, the bracketed superscript indicates the suppression in
powers of A of the operator relative to the leading power operators. Since these are the
leading power operators, it is zero in this case.

The color basis is one dimensional, and is given before and after BPS field
redefinition by

— (5 - Faf
T = (3,5)s  Thps = [YaYals- (4.7)
Since the weak interactions break C' and P symmetry, it is convenient to expand the Wilson
coefficients into components with well defined C'/P properties. We use the decomposition

—

CY((f\]()Z;Al)(”v 75 w1,Wa3 w3, we) = € { [Qqu+U§lv?\qPZ(S34)] Cé((),)\q;/\l) (n,7; w1, wa; w3, wa)

nf 4
i NG = _
+Z QEQJ—F?Z(UJL‘FU@PZ(S:M) CI(]((]z\q;Al)(n,n;OJ1,WQ;W3,OJ4)
j=1

ot

Al =(0) _
— P, . . n
sin(26y) Z(334)Ca(/\q;)\l)(n,n,w17w27w37w4)}7 (4.8)

where \; and A\; are the quark and lepton current helicities. Our notation follows that
of [73]. Here we have extracted only electroweak couplings from the Wilson coefficients, so
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that each of 6q,v,a is a power series in a;. In eq. (4.8) we have split the amplitude into a
contribution, C_"q, arising from the matching contributions where the vector boson couples
directly to the final-state quark line, and contributions év, C, where the vector boson
couples to a quark loop through a vector or axial coupling, respectively. This decomposition
is valid since we work only to leading order in the electroweak couplings. We have also
made the assumption that all quarks, except for the top, are massless. This implies that
only the b, t isodoublet contributes to C,. This assumption can trivially be lifted, but many
helicity amplitudes are calculated assuming this approximation.

Charge and parity conjugation can be used to derive relations between the Wilson
coeflicients. Parity relates the Wilson coefficients by

(0)aB

- . _ ~(0)as - .
Cq (A12;A34) (TL, n;wi,wsz;ws, CU4) - Cq (=A12;—A34) (TL, n;wi,wsz;ws, (.U4) ’ (49)
(0)ap =, . _ ~(0)ap =, .
C, (/\12;)\34)(71,n,wl,wg,wg,w4) = C’y(i/\mk)\u)(n,n,wl,wg,w3,w4) ,
(0)ap =, . _ (0)ap =, .
a(A12:A34) (n7 n;wi,wsz;ws, w4) = VY (—A12;—A34) (na n;wi,wsz;ws, W4) .

Here A2 = £ denotes the helicity label of the helicity building block with momentum labels
wy and ws describing the two collinear quark fields, and similarly for As4. This notation
will be used throughout this section, with the additional allowance for \; = 0 or 0 when
appropriate. For later applications, we also introduce the notation

if \=0then —A=0. (4.10)

Note that n and n are not swapped here since after applying parity we always make an
additional swap n <> 7 so that we get back the same form of operators. Since we always
work to leading order in the weak and electromagnetic couplings, the leptons couple only
through the vector and axial-vector currents which satisfy

(3£ [yH[4E) = (4F]"(3F), (3E|yFvsldE) = —(4F |y 75|37F) - (4.11)

These relations will be used throughout our analysis. Here they imply

0)aj _ 0)af n

C‘E ())\O;f;)\szk)(n? n; Wi, W2; w3,W4) = ng ())\C:f;*)\%)(n’ W1, W2; W4,W3) ’ (412)
0)afB - 0)arp n

C! ()Aof;m)(n, 7 wi, wa; w3, wa) = CL ())\Oif;*)\%)(n’ 751, w3 Wa, W3)
0)af _ 0)aj3 T
gy (1 w1, waswg, wa) = —CAO - (n, s wn, was wa, ws)

The relations in egs. (4.11) and (4.12) imply that only the three Wilson coefficients with
the helicity label (4+;+) need to be calculated to get all twelve coefficients.

4.2 Subleading power operators

From the power counting of the operators in table 1, we see that the O()\) suppressed
operators have three O(\) collinear building block fields, or two collinear building block
fields and a single P, insertion. Our choice for n and n eliminates operators that have a
P, acting on a complete collinear sector. Therefore, we only need to consider operators
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consisting of three collinear field building blocks at O(\). There are two possibilities for the
field content of the operators: two collinear quarks and a collinear gluon, or three collinear
gluons. We shall discuss each in turn.

The helicity operators involving two collinear quarks and a single collinear gluon consist
of a single leptonic current, a quark current, and a collinear gluon building block field. For
each helicity configuration, we must consider the cases where both collinear quarks are in
the same sector, or in different sectors. The quarks are necessarily in a same chirality pair,
which simplifies the operator basis. The basis of helicity operators was already constructed
in section 3.8 and is given by

~ ~

A\ ’r"\
(gq)n(q)ﬁ : '\—j')-—— eyl )
\—/ —
Vaa Y aa _
;fsz(ﬁ_;i) =B Jsg_ et Oifsz(ii) =B, _ JS§+ et (4.13)
and
/:\\ Al
@Dn(9Dn: | @1
< /
aa 2 Daa _
oifzélf‘(ﬁai) =B Tl Jex Ofﬁzgf(i;i) =B, T Jor, (4.14)

for the case that the quarks are in different collinear sectors, and

-
(Dn(@@n: | TGt
Vo

\ s

(DaaB _ paa af DaaB _ pa ap

Oﬁ—l—(O::I:) =By Jho Jex s Om-(():j:) =B, J5 Jex (4.15)
(DaaB _ pa af WaaB __ pa ap

Oﬁf(O:i) - Bn— n0 Jei ’ Oﬁ_((];i) - Bn— J,—L() Je:t )

in the case that they are in the same sector. Note that the operators in egs. (4.13) and (4.14)
are distinct, and therefore both need to be included in the basis, while in the case that both
quarks are in the same sector, it is sufficient to chose both quark fields to be in the same
sector, since the direction is summed over. In eqs. (4.13) and (4.14) we have eliminated
two of the possible helicity combinations, as was discussed in detail in section 3.8. The
color basis is one dimensional, and is given by

TP =Tl (4.16)

After BPS field redefinition the structure of the ultrasoft Wilson lines is different depending
on whether the quarks are in different or the same collinear sectors. We find

Ts = (Toviva) . Tepd=(vinre) o TS =0T, (47)

for the operators in eqs. (4.13) and (4.14) and eq. (4.15), respectively. We have used
eq. (3.32) to simplify the equations in eq. (4.17) and we will continue to do so throughout
this section when it simplifies the relevant Wilson line structures.
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The Wilson coefficients of the operators in both eqgs. (4.13) and (4.14) and eq. (4.15)
can be expanded as

—

C(n, Ay wr;wa, w3 wa, ws) = €2 { [QZQQ-FUf\ZUiq P7(s45)] C:(,l) (7, ;w15 w2, ws;Wa, Ws)

ny
>

j=1

‘
o S ~
Q'QY +§l(’U]L+Uﬁ)PZ(S45)] D) (n, 715015 w2, w3; Wi, Ws )

ot

A (1 _
—l—mpz(sﬁ)cé )(N,n;wl;WQ,wg;W4,W5)}, (4.18)
where the components of the Wilson coefficient have the same meaning as in eq. (4.8). C/P
relations combined with the ability to flip the helicity of the electron current, as described
in eq. (4.11), give the following relations between Wilson coefficients

(1) =, _ A .
C’U)\l(/\%:/\%)(n, n;{wi}) = C, _/\1(_)\23:_>\45)(n, n;{wil), (4.19)
~(1)

CvAl(/\QS:/\%)(n,ﬁ;wl;wz,wg;w4,w5) = —6_"5121(7&3:7)\45)(%ﬁ;wl;wg,wg;w5,W4) ,

C_;El/\)l(/\%:)%)(n,ﬁ;wl;wg,wg;w4,w5) = 65131@23;_&5)(”7 Ny w1 We, W3; Ws, W4) -
Here the \; denote generic helicity labels for the corresponding helicity building blocks,
subject to the constraints of angular momentum conservation, as in egs. (4.13) and (4.14)
and eq. (4.15). C_"(gl) and GV satisfy the same relations, but with an additional negative
sign for each of the equations in the case of C_"L(ll) . We are using the notation where A = +1,0
or 0. Additionally, if A = 0, then we take —\ = 0. Combined, these relations imply that
for each of the C_J':gl), C_",Sl), and C_"((ll), only a single Wilson coeflicient needs to be calculated
for the operators in eq. (4.13) (for example, C_”+(_;+)) and one for those in eq. (4.15) (for
example, C'| .1)). In particular, restricting to a mediating photon, and ignoring processes
which proceed through a fermion loop, only a single Wilson coefficient is needed in each of
the two cases.

Operators involving three collinear gluon fields do not appear in the matching until
one-loop, and are therefore not of immediate phenomenological interest. However, we
include them here both for completeness and to demonstrate the simplicity of the helicity
operator approach. The basis of three gluon operators is

(9)n(99)7 :

(abe  _ Lopa b e (Mabe  _ Lopa b e
OB+++(i) - 5 B’fH- Bﬁ-l— n+ Jet y OB———(i) - 5 BN— Bﬁ— Bﬁ— Jet ’
(1)abe _ ppa b c (1)abe _ ppa b c

where we have taken the two gluon fields to be in the 7 collinear sector. Here the factors
of 1/2 are included for convenience as symmetry factors. Note that when writing this basis
we have used the angular momentum constraints discussed in section 3.8 to eliminate the
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other two helicity combinations. These missing combinations have h = £2 about the n
axes, and therefore vanish. The basis of color structures here is two dimensional,

Tabc B Z'fabc Tabc - ’ifa be yg ayg byfcl c - ibedy% dyg a (4 21)
|\ gabe | BPS ™ | ga'v'¢ ya’ay@’byg’c o\ gbed yg’dya/(z : :
n Yn Yn n Yn
Once again we have simplified the Wilson line structures after the BPS field redefinition.

For eéggg, the intermediate boson must couple to a fermion loop, so the Wilson coef-
ficient can be expanded as

¢
31 () . _ 2 Y (1) (7 .
C'(n,n;w1,wa,w3swy,ws) =€ Sin(29w)PZ(845)Ca (n, w1, w2, ws;wWa, Ws) (4.22)
ny ¢
+> QZQ]-F?I(UJL-FU?%)PZ(S@) ngl)(n7n;w1,w2,w3;w4,w5)},
=1

where, as in eq. (4.18), C_"f,l), C_"C(Ll) correspond to the contributions from the intermediate
boson coupling through either the vector or axial couplings respectively, and we have
suppressed the helicity labels on all coefficients. In writing eq. (4.23), we have assumed
that all quarks, other than b, are massless, and therefore their contribution to C_"él) cancels
isodoublet by isodoublet, so that we have not written a sum over flavors for the axial
contribution. C/P relations combined with the ability to flip the helicity of the electron

current, as described in eq. (4.11), give the following relations between Wilson coefficients
~(1) . _ A~ =,
CU )\1)\2>\3()\45)(n7 n;{wi}) = Cv ZA1L =)o _/\3(_/\45)(71, n; {wi}) (4.23)

~(1) - . _ (10} s - .
CU)\I)\Z)\B()\45)(n7n7w15w2aw3aw4aw5) - 01 Cv/\l/\Q)\g(_)\45)(n,n,W1,W2,W3,W5,W4),

~(1)

= ) _ oM = :
UAI)\Q)\S()\%)(’I?;,TL,Wl,WQ,Ld3,W4,CU5) - CU)\I/\Q)\S(i)\%)(TL,7’%(«]1,&)2,0)3,0)5,&04) )

where the \; = + denote generic helicity labels of the corresponding helicity building
blocks, subject to the constraint of angular momentum conservation, as in eq. (4.20), and
we have expressed the color structures in the bases of eq. (4.21). C_"(gl) and (1&1) satisfy the
same relations but with an additional overall negative sign in both equations for 5&1).
The charge conjugation relations of eq. (4.23) imply that to all orders in «ay only the
Wilson coefficients for the color structure d*¢ are non-zero for the vector current, whereas
for the axial current, only the Wilson coefficients corresponding to the color structure i f®¢
are non-zero. These statements remain true under renormalization group evolution. The
helicity relations of eq. (4.23) then imply that only a single Wilson coefficient for a chosen

helicity needs to be calculated for each of the color structures.

4.3 Sub-subleading power operators

The construction of the O(A?) power suppressed operator basis is slightly more involved, so
we divide the discussion into several subsections. The full list of operators can be found in
table 4. We separately discuss operators involving only collinear building block fields, oper-
ators involving P, insertions, and operators involving insertions of ultrasoft building blocks.
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4.3.1 Collinear field insertions

Operators involving four collinear fields, corresponding to the partonic processes eegggg,
e€qqqq, eeqiQQ, e€ggqq, appear at sub-subleading power. We will consider each in turn.

Four quark operators. We begin by considering the case of operators involving four
collinear quark fields. When constructing the operator basis, we must consider the case
that there are two collinear quarks in each collinear sector, or three collinear quarks in one
sector, and one in the other. We must also treat separately the case of identical quark
flavors eeqgqq and distinct massless quark flavors eeqgQ@Q. For the case of distinct quark
flavors eeqgQQ we will have a ¢ «+ @ symmetry for the operators. Furthermore the two
quarks of flavor ¢, and the two quarks of flavor (), are necessarily of the same chirality.
In the case that both quarks of the same flavor appear in the same current, the current
will be labeled by the flavor. Otherwise, the current will be labeled with (¢Q) or (Qq)
appropriately. For all these cases, the color basis is
T = (6,505, 805 0o5) - (4.24)

We will give results for the corresponding TBO‘F?S'Y % basis as we consider each case below.

For the case of operators with distinct quark flavors eeqg@Q(Q and two collinear quarks
in each of the n and n sectors there are three possibilities. There is either a quark anti-
quark pair of the same flavor in each sector (e.g. (¢7)n(QQ)r), a quark and an antiquark
of distinct flavors in the same sector (e.g. (¢Q)n(Qq)n), or two quarks with distinct flavors
in the same sector(e.g. (¢Q)»(gQ)n). In the case that there is a quark anti-quark pair of
the same flavor in each sector, the basis of helicity operators is

— I A
(@@)n(QQ)n: | [T ::.r:\*.‘:;
(2)asys _ ap o (2)asys  _ ap 6
Ouro0:) = Jigmo J@mo Tt Ooguo:t) = Jiagmo Ji@ymo e - (4.25)
(2)apys  _ aB o (2)apys a8 0
Oqu(();O::I:) - J(q)n() J(Q)ﬁO Jex Oqu(f);f)::I:) - J(q)n() J(Q)ﬁ() Jex

where we have chosen the ¢ quark to be in the n sector. Since all the operators have
total helicity 0 along the 7n direction, there are only chirality constraints here and no
constraints from angular momentum conservation. In the case that there is a quark anti-
quark of distinct flavors in the same sector, chirality and angular momentum conservation
constrains the basis to be

— /"“1- ’/’_/“\
(@Q)n(QQ)r : L,’L”::.:‘*-'\i,"
(2)apys _ gaB g9 (2aBys  _ aB 30
OqQQ(O;O:i) - J(‘IQ)'”O J(Q‘j)ﬁo Jeﬂ:? OqQQ((];ﬁ::t) - J(qQ)n(_] J(Qq)ﬁ(] Je:l: : (426)

For the operators in eqgs. (4.25) and (4.26) the color basis after BPS field redefinition is

THRy = <[YT:[YN} 3 [ijYn] et Oaf 575> : (4.27)
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When there are two quarks of distinct flavors in the same sector the basis of helicity
operators is constrained by chirality and reduced further to just two operators by angular
momentum conservation, giving

o

(@@n@@n: | @

TN
(2)aBys _ 7aB 39 (2)aBys _ qap o
Oa@stri-t) = Jgmit J@ua— et Oges(—iti2) = Jigmn— JQuat Jex - (4:28)
For the operators in eq. (4.28) the color basis after BPS field redefinition is
Toed’ = ([YJ ARG AN G ARG A ) . (4.29)
ad 7B af o

In the cases in eqgs. (4.25) and (4.26) where there is a quark and antiquark field in
the same collinear sector, we have chosen to work in a basis using JZ%B and J%’B which
contain only fields in a single collinear sector. One could also construct an alternate form
for the basis, for example using the currents Jgg)\. However, from the point of view of
factorization, our basis is more convenient. The fields in the n and 7 collinear sectors are
only connected by color indices, which will simplify later steps of factorization proofs. In
the following, we will make this choice for our basis whenever possible.

For identical quark flavors the operators have the same structure as in egs. (4.25),
(4.26), (4.28), except the operators Ofo)l and 0(522 are no longer distinct. A basis of
operators is then given by

/2 _ _’r_/“\
(@@Dn(a@n: i ‘/;:, ::&\‘L;
(2apys  _ qaB 176 (2apys  _ qaB 476
Oaqn00:) = Tiamo Tgmo T > Ogoony = Jgmo Jigao Tex - (4:30)
(2)asys _ ap 74 (2)asys _ ap o
Ogar00:0) = Jgmo Jomo ez Oouoz) = Yo Jigyno et
and
—_— rI:\AL___ __Jr']L-\\
(99)n(q@)n : g ——‘.1-»_'\4'
(2apys  _ qap 36 (2)apys  _ qap 36
Oty = Jamnt Jgma- Tt Ouga(—rit) = Jigmn— gy Jex - (431)
We also have the same color bases as in egs. (4.27) and (4.29) for 0(5(2])1 and Ogg respectively.

We must also consider the operators with three collinear quarks in one sector, and one
quark in the other. To minimize the number of operators to display, we exploit the g <> Q
and n <> i symmetry to restrict ourselves to the case where the single quark (or antiquark)
has flavor @ and is in the n collinear sector. The basis for the distinct flavor case with
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three quarks in the same collinear sector is then
-~ /'\\

@n(Qa)n: T

\;"V ‘s
(2)agys _ .ap 55 (2apys  _ ap 50
Oga(0-+:%) = Yo J@mnt Jet» Og0(0:4+:2) = Tigno J@uar Jex» (4:32)

oWasis - _ gab e g oWasys _ qaB s

0Q1(0:—+) = Jqyn0 J(@Qnn— 00a(0—2) = J(n0 J(@ma— Jet 5

(2)agys _ .ap 56 (2)apys  _ a6
Ogas(0-+:+) = (gm0 J(Qyan+ Jet - Og5(0:+:5) = (gm0 T (@an+ Jex s
0(2)07/3’75 _ Jééﬁ J’W Jes 0(2)54/3’75 — Jdﬁ B JWS Jog .

qQ5(0:—;£) (@)n0 “(Q)nn— aQ5(0:—;=£) (q)n0 “(Q)nn—
Note that unlike the case with two quarks in each collinear sector in eq. (4.25), here
angular momentum conservation does not impose constraints beyond those from chirality,
and the flavor diagonal nature of QCD and tree level electroweak interactions. For the

0(524 operators the color basis after BPS field redefinition is
Topd’ = (%5 Viva] . bas [Yial ) 7 (4.33)
B ¥o
while for the 05125 operators the corresponding basis is
=aBys _ T B B t
TBPg - ([Yﬁ Yn:| o5 5'yﬁ ) 5aﬁ |:Y777, Yn} ’yé) . (434)

In the case of identical quark flavors, the same basis of eight terms as in eq. (4.32) define
0% and 0'2) and the BPS color basis is as in eq. (4.33) for O((](Q]zl, and as in eq. (4.34) for

qq4 q95°
Og%. For convenience we add additional symmetry factors to the following operators,

AN 7y
(@)n(799)5 : (;E:EE.“‘*{:,}
(2)agys 1 ap 56 (2)asys 1 ap 36
Oastorit) = 570 Y+ Tt Ogquimiy = 37 (gm0 s Jet» (4:35)
1

0(2)‘35’75 ap J’W Jos .

@apys 1 .ag 40 1
0 Jgymo 7 05(0:—+) = 57 (q)a0 I (@yan+ Je

0a5(0+:2) = 37 (@0 (@ant et

Having enumerated a complete basis for all types of four quark operators at O(\2),
we now consider relations that follow from C' and P. To make these relations explicit we

expand the Wilson coefficients for eeqgQQ as

~(2 _
CéQ)i(n,n;wl,wz;wz,m;wsﬂwa)
~(2 _
= { [Q'Q7+ vf\lv?\qPZ(S56):|C¢§7(I)Qi(na n; W1, Wa; W3, Wa; Ws, We)

~(2 _
+[QQV + Uf\lv?Q PZ(856)}C'é2,21Q,~(n, 1 W1, W2} W3, Wa; W, We )

¢
Uy =(2) _
+ Sin@éw)PZ(S56)Ca,qu(n7n;w17w2;w3,W4;w5,w6)}
ny ¢

+> éﬁ?ggi(n’ nywi, w2 w3, wa;ws,we) . (4.36)

Jj=1

. v . .
Q'Q7 + (v, + v) Pz(s50)
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Since we have accounted for symmetry factors explicitly in the operators, for the case of
identical quark flavors, eeqqqq, we have the relation

52) 0 =, ) .
qui (n7 n;wi,w2;ws, w4; ws, WG)

(2 _ (2 _
= CéQ)i(mn;wl,w2;w37w4;w5,w6) - C(gg)i(n,n;wl,w4;w3,wz;w5,we) : (4.37)

We now discuss relations between different helicity operators due to symmetry con-
straints. C/P relations combined with the ability to flip the helicity of the electron current,
as described in eq. (4.11), give the following relations between Wilson coefficients

~(2)

=, . . — 0@ 7 . .
1)7qu()\12:>\34;)\56)(”7n7w17w27w37w4aw57w6) - CUVqu(_klzz_)\34;_)\56)(n7nvw17w27w37w41w57w6)7

c® (n, M; w1, wa; W3, Wy W w):—é(Q) (n, M wa, W1 ; Wy, W3; We, Ws)
v, Qi (A12: 345 56) V02 0 Py W2y W3, WA, W5, W6 v, qQj(—A12:—Aza;—Asg) \ 2 10 W2y W, WA, W3, W6, W5,
~(2) =. . . — 0@ =. . .

Cv,qu()\m:)\M;)\sﬁ)(n,n7w17w27w3>w4aw57w6) - vaqu()\u:)\M;,)\sG)(nvn7w17w27w37w47w6>w5)~

(4.38)

Here the \; denote generic helicity labels of the corresponding helicity building blocks,
subject to the constraints from angular momentum conservation discussed in this section.
For the scalar currents, we are again using the convention that for A = 0, —\ = 0. The

same relations hold for ég 21Qi and éf;m and there is an additional overall minus sign in
all these relations for 515236,21"

Two quark-two gluon operators. We now consider the operators involving two
collinear quark and two collinear gluon building blocks, corresponding to the partonic
process eeqqgg. The quark and antiquark have the same chirality, but are not necessarily
in the same collinear sector, as is also the case for the collinear gluons. The color basis for
these channels is three dimensional, and we take our color basis to be

Tabed = ((T“Tb)ag, (T°T")y5, tx[T°T"] %B) : (4.39)

We begin with operators that have the quarks in opposite collinear sectors, and two
gluons in the same collinear sector. A basis for these operators is

! \
(999)n(@)n : |-
\./
@abas L0 b saB @abas Lo b saB
OBl++(—;i) - 5 n+ Bn+ Jnﬁfjei ’ OBl——(+;i) o iBn— Bn— Jnﬁ+‘]6i ’
2)abapf a b & 2)abapf a b &
Ot o =By B Ji8 s, Ol o= Bay Bh_Ji8 Jew,  (440)
I 7\
(990)n(q)n : (—}+— vl
A 2
@abas  _ Log o qaB @abap  _ Log o aB
OBQ++(—;¢) T gnd Bn+ me+=]ei > 082—7(+;i) - §Bn— Bn— Jan —Jex
(2)abaps _ na b ap (2)abaps _ pa b afB
Oy = B By Tt Jes Ot o = Ba B3 s (4.41)
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Here we have used constraints from angular momentum conservation to eliminate operators
which do not have h = 0,+1 along the n axis, and we have taken the two gluon fields to
be in the n collinear sector. For the operators in eq. (4.40) the color basis after BPS field
redefinition is

Tt = (P Ya)os, (TT¥Ya)og, wlTT V[ Vilo5) . (442
while for the operators in eq. (4.41) it is
Tt = (YD) 5, (VT T) 5, 0T T [V]Vi) . (443)

Next we consider the operators with two gluon building blocks in distinct collinear
sectors. When the quarks and gluons are both in distinct collinear sectors the basis of
operators is

NP
(9D)n(9@)n: | Doy |
\

= -

Oty = B Bl T Jew, O™ L =B Bh_ T3 Jes,

B3++(+;+ B3——(—;%) n— “nn —

(2)abap _ pa b aB (2)abap _ pa b af

(2)abap _ pa b af (2)abap _ na b af
OBngf(f;i) - Bn—i— Bﬁ— Jnﬁ—JEi ) OB3f+(+;i) - Bn— Bﬁ+ Jnﬁ—i—‘]e:t ’

and the color basis after BPS field redefinition is
Tt = (Y YaT")os, (VITUVPTVEYa) o 0T VTV [V, Yala ). (4.45)

Here operators with Jg‘n \, are obtained from those in eq. (4.44) by n <+ n. When the two
quarks are in the same collinear sector the basis is given by

-~

N

(GaDn(g)n :  |sssss @z

L ~y
(2)abaB  _ jpa b 7ap (2)abaB  _ jpa b 7af
OB4++(0¢) =B, By J)oJe+, OB4++((‘):¢) =By Bay J g dex s (4.46)
(2)abaB  _ ppa b 7AB (2)abaB  _ jppa b 7aB
OB4——(O::t) =B, By JpgJex 03477(6&) =By B J, 5 ex -
The color basis after BPS field redefinition is given by
= abaf c arpc c crpa a
Tt = (V0V) (T°T ), A V0) M (TT) 05, Te(ViVa)" 005) - (447)

In writing eq. (4.46) we have again used constraints of angular momentum conservation to
restrict the allowed operators in the basis.

Finally we consider the basis of operators with both quarks in the same collinear sector,
and both gluons in the other collinear sector. Imposing angular momentum conservation
reduces the basis to two distinct operators

i< A
(@@)n(99)n: 1 sl
(2)aba8  _ pa b gaB (2)aba8  _ pa b gab
O sy = By Bh J00 Jee O o =Ba By ™0 g, (448)
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The color basis after BPS field redefinition is
nggﬁ' — ((YgYﬁT“T‘?YgYn)QB, (VYT TY]Y,) o5, tr[T0TY] 5a5) . (4.49)

We have chosen to write the operators with both quarks in the n sector.
For the eeéqggg operators in eqgs. (4.40), (4.44), (4.46), (4.48) we expand the Wilson
coefficients as

=(2) = . .
CB@- (7% n;wi,w; w3, wq; Ws, wﬁ)

~(2 _
=e? { [Q'Q7 + Uf\lv?\qu(%ﬁ)] Cq(7%i(n7 T3 W1, W2 W3, Wy Ws, We)

ny
2

i=1

ot

C U ; 42 _
Q'Q’ + 71(0% + v%) Pz (s56) Ci,éi(n, T3 W1, Wo; W3, Wi Ws, We)

ot

A (2) = ) .
+ mpz(%o’)ca,gi(na n,W1,W2,w3,w4,w57w6)} : (4.50)
C/P relations combined with the ability to flip the helicity of the electron current, as de-
scribed in eq. (4.11), give the following relations between Wilson coefficients (for a detailed
discussion of the action of C'/P on the color and helicity structure, see [73])
(2 _
Cf),fmﬂz(mﬂ%)(n, 1 W1, Wa; W3, W43 W5, We)

_ A®) = ) )
= CU’BF)\P)\2(7)\34:7A56)(n, N5 w1, W W3, Wy W, W) 5 (4.51)

5(2) =. . .
CU,BiA1>\2(>\34Z>\56)(n’ n;wi,wsz; w3, wyq; Ws, WG)

010
=(2 _
=100 C'q()’gngAz(_AM:_/\SG)(n,n;wl,wg;w4,w;g;w5,w6),
001

~(2) =, . .
CU,Bi)\l)\Q()\34;)\56) <n7 n? wlv LUQ, w37 w47 (A)5, CL)G)

_ A2 . . .
CU,BiA1>\2(>\34Z—/\56) (n7 n;wi,w2;ws, wsq; We, W5) )

where the index ¢ runs from 1 to 4. Here the \; denote generic helicity labels of the
corresponding helicity building blocks, subject to the constraints from angular momentum
conservation discussed in this section. The same two relations hold for C_"éQ) , and hold with
the addition of an overall minus sign for 5&2).

Four gluon operators. Finally, we consider O(\?) hard scattering operators involving
four collinear gluons. The four gluon channel gives a highly suppressed contribution for
ete” — dijets and Drell-Yan, but we nevertheless present it here for completeness. It
also provides a nice demonstration of the helicity basis approach, as the construction of a
minimal basis of four gluon operators is quite difficult otherwise. The helicity operators
that include four gluons were presented in the example of in eq. (3.29) for the case of
four well separated collinear sectors. To adapt these operators to the case of two collinear
sectors, we need to restrict the sector labels to n and 7 and impose the angular momentum
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constraints of section 3.8. The color basis for the four gluon operators will include more
structures than were used in eq. (3.30), as we now have to allow axial couplings and CP
violation. Our choice for this basis is

T

- 1
Tabed — 3 tr{acdb] — trlbdca (4.52)

For the specific case of SU(V,) with N. = 3 it is possible to further reduce the color basis
by using relations of the form

tr{abed + dcba] 4 tr{acdb + bdca] + tr[adbe + cbdal
= tr[abltr|cd] + tr[ac]tr[db] + tr[ad]tr[bc] . (4.53)

We prefer not to use this relation since it makes the structure more complicated, and does
not hold for N. > 3, and hence one can not look at the large N, scaling of results if one
uses such relations.

To construct a complete basis of four gluon operators with two collinear sectors, we
need to consider two cases. First, when we have two gluons in each sector a basis of
operators is

(99)n(99)n :

(2)abed _ 1 a 1Rb prc jrd (2)abed P
O4g1++++(ﬂ:) = *Bn+8n+3ﬁ+3ﬁ+Jei7 O4g1+_+_(i) = B, B, _B; By_Jet, (4.54)
(2)abed a b c d
0491777—(i) = 4Bn—Bn—Bn—Bn—Je:l: )

where we have used angular momentum constraints to eliminate operators that contain
only one 4 or one — helicity. The basis of color structures after BPS field redefinition is

given by
(tr[T“ Tb TC Td ] + tr[Td’Tc Tb Ta’])yg’ayg’byfcl’cyg’d T
(tI‘[Ta Te Td’Tb’] + tr[Tb’Td’Tc Ta’])yg’ayg’by%’cyg’d
(tr[T“ Td’Tb’Tc’] + tr[T Tb’Td’Ta/])yg’ayg’byfcl’cyg’d
. (tr[Ta Tb’Tc Td’] tr[Td’Tc Tb a/])yg’ayg’by%’cyg’d
T = 5 | (el "TETTY] — [TV T T T ) Y eyt yeydd [ (4.55)
(t[T9' T TV T¢) — to[T¢ TV T4 T |)ya'ayb'byc'cydd
1 5ab5cd
2
3 (V0 V) (Y Ya)™
3V V) (Vi V)™
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The other relevant case has three gluons in one sector, and we can take advantage of
the n <> n symmetry to choose the three gluons to be in the n collinear sector. The basis
of operators is then given by

(9)n(999)n :

O(Q)abcd

a b c d

2n—n+n—n—8

(2)abed _ Llpa pbope pd
O4g?+++—(i) - §Bn+8ﬁ+8ﬁ+8ﬁ—‘]6:ta

where we have once again used conservation of angular momentum to restrict to these
particular helicity choices. In this case, we have

(tr[T‘l Tb Te Td ] + tr[Td’Tc’Tb’Ta’])ya ayb byc cyd N\T
(tr[Ta T¢ Td/Tb'] + tr[Tb’Td’Tc’Ta’])ya ayb’byc cyd’
(tl“[Ta Td/Tb/TC'] 4 tr[TC'Tb’Td’Ta’])ya ayb'byc cyd’
1 (tr[Ta Tb Te Td'] _ tr[Td’Tc’Tb’Ta’]) a ayb byc cyd d
Tt = 5 | (T T T T ) — TV T T T iy (4.57)
(tr[T® Td’Tb'TC’] _ tr[TC’Tb’Td’Ta’])ya ayb’byc cyd’
5 (V7 Ya)00ct
5 (V7 Ya) e
5 (V7 Va) 6%

Once again for simplicity we have not used identities to simplify some of these Wilson line
structures. Also we note that

Just as in the case of three gluons, the eegggg channel must proceed through a fermion
loop, so we can decompose the Wilson coefficient as

14
(%

~(2 —. . 2 Al

C( )(n,n,W1,WQ,OJ3,W4,LU5,WG) =€ {Sln

in(20w)
+ Z [Q‘ZQJ

J=1

Py(s56)C? (n, 73 w1, w2, w3, wa; W, we)

Z
(vL + UR)PZ,S56)} 01(12) (n,M; w1, wa, W3, Wa; Ws, w6)} , (4.58)

where we have suppressed all of the helicity labels and (1&2) and 6152) correspond to the axial
or vector coupling contributions respectively. With this Wilson coefficient expansion and
the color basis from eq. (4.52), C/P relations combined with the ability to flip the helicity of
the electron current, as described in eq. (4.11), give the following relations between Wilson
coefficients

~(2) . ~(2) .
Cv)\1>\2>\3>\4(/\56)(n,n,{wi}) c,” )\1_)\2_>\3_/\4(_>\56)(n,n,{wi}), (4.59)

~(2) . . _ ~(2) - )
CU/\I)\Q)\SM(/\%)(?”L,n,wl,wg,wg,(,u4,w5,w6) = VZ;gC’v/\l/\Q)\g/\zl(i)%)(n,n,wl,wg,wg,(,u4,w6,w5),

=(2 —

C’L()/\)l)\z)\g)\4()\56)(n n; CU1,WQ,W3,W4,W5,W6) Cl())\)1>\2A3A4( )\56)(n7n;w17w27w37w4;w67w5)7
where 1749 is diagonal in the space defined by eq. (4.52) with +1 for the first three entries,
-1 for the middle three entries and +1 for the final three entries. The A; are generic helicity
labels, but are restricted by the constraints from angular momentum conservation discussed

~(2)

earlier. Cp, "’ satisfies the same relations with an additional negative sign.
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4.3.2 ’le_: insertions

For our choice of kinematics, hard scattering operators with explicit Pf insertions first
arise at O(A?). Since operators involving a Pf insertion that acts on an entire collinear
sector vanish, the only non-vanishing O(\?) operators involve single insertions of Pf into
subleading power operators with two collinear fields in the same sector. The contributing
partonic processes are identical to those considered at subleading power, so we can decom-
pose the Wilson coefficients following eqgs. (4.18) and (4.22), and use the color bases of
egs. (4.16), (4.17) and (4.21).

For the insertions of Pf into operators involving two quarks and a gluon, a basis of
operators for the case that the quarks are in distinct collinear sectors is

~ ~

(9aPL)n(@n s @iy
(2)aap _ —Ra af (2)ap - . a5
Opintrmi) = [PBue] Juns Jex s Opin (o = [PLB-] Jon Jex,  (4.60)
el e = [PIB] T ()06 _(p-pa | jaB
O7>1n—(+;i)[+] - [PIBn—] T+ Jet O7’1n—(+;:|:)[_} — [PLan] T8 Jer
st = [PTBL] I @ad8  _ [popa ] a8
O'Pln'f‘(_;i)[""] - [PIBnJ,-] Jnﬁf Jeia Ofpln—‘r(—;:l:)[_} — [PJ_Bn+:| Jnﬁi Jei,
and
(@)n(gqPL)n : @;&;@3.“)7'\_\)
2)a af —Ra apB 2)aap . -
Opintteio) = [PLBa] Ty Jesn OpREL 4y = [PIBR] Tof - Jex,  (461)
el e = [PIBa] T ()06 _[p-pa | jaB
OPlﬁ—(+;:t)[+] - [PIBﬁf] T+ Jet s 07317‘1—(+;:|:)[_} _ [,PLBﬁf] I g
Bl ] = ap a8 _ o o8
OP1ﬁ+(—;i)[+] - [PIB%+] T+ Jet 07’17’1+(—;i)[_} — [PJ_B%+] T g

which we refer to as P1 operators. In the case that they are in the same collinear sector
the basis is,

AN 7y
O

(g)n(qq PJ_)ﬁ : IIPJ-,L’_.—:‘.WJI
\=

(2)aaB _ Ra aB (2)aap _ nra — 768

Opar:4)14) = Bt {PI 50} Jex Opo—(0:4)-] = Bn— {PLI50} Jex (4.62)
(2)aap _ pa af (2)aap _ pa — ap

O7>2+(6:i)[+] o Bn+ {Pj_‘]ﬁ(’)} Jet 07327(6&)[7] =B, {PJ_ Jﬁ,()} Jext

and we refer to these as P2 operators. If we integrate the Pf by parts in eq. (4.60) then
o

{Jgoﬁ (PE)T} and {Jg(—)ﬁ (PE)T, thus explaining why these structures do not appear as sep-

it gives the operators involving [Pf ], and doing this in eq. (4.62) gives the terms

arate terms in the basis. In eq. (4.60) there is only one field in the 7 direction, so any

operators that contain {Jg,-?i (P})1} vanish. Similarly, in eq. (4.62), any operators that
contain [P} B] are zero for our choice of kinematics. In both eq. (4.60) and eq. (4.62) we
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have used angular momentum conservation of the hard scattering process to reduce the
helicity combinations allowed in the basis.

C/P relations combined with the ability to flip the helicity of the electron current, as
described in eq. (4.11), give the following relations between Wilson coefficients for the P1

operators
5(2) = 0,0 — _2) P P
C1),7’1>\1()\23:A45)[)\P](n7n’ {wi}) = —CwPl_,\l(_m;_m)[_kp](n 0 {wi ), (4.63)
~(2) L : __ A = .
Cv,Pl)\l(/\23:)\45)[)\7,](n7n,w17w2vw3aw4vw5) __C,U’plf)\l(f)\zng)\éw)[,)\,,,](nvnvw17w37w27w57w4) )
~(2) =y . _ ~®) = .
OD,Pl)\l()\23;)\45)[)\P}(n7n7w17w27w3’w47w5) - ny’)?l)\l()\23;_)\45)[A7,](n7n7w17w27w37w57w4) )

which hold for both the n and 7 versions of the operators, and similarly for the P2 operators

~(2) = 00 — A2 P -P.y
CU»PQM(/\231>\45)[)\7>](”’n’ {wi}) = _Cv,7’27>\1(*>\23:7)\45)[*)\P](n i {wi}),  (4.64)
~(2) = . _ A . .
Ov,pg)\l(,\%:)\%)[)\?}(nan7w17w27w3aw47w5) = CUV'pg)\l(_A%:_)\%)[,\p](nvn7w17w37w21w57w4) ,
7(2) (n, M w1 ; wa, ws; W w)—Cw) (n, M w1 ; wa, Ws; Wy, Wy)
v, P2A1(A23: A45)[Ap] V0D 1,wW2,WwWs3,wWq,Ws5) — v, P2A1 (Aazi—Aas) [Ap] V2 0 1,wW2,WwWs3,Ws5,W4) .

A basis of operators involving three collinear gluon fields and a ’Pi[ insertion is given by

(9)n(ggPL)n :

(2)abe _ pa b — e (2)abe _ pa b c
Opiy st (o = Bar Bar [PIBR4] Jex Opi" (s = Bn-Ba [PTB5_] Jex
(2)abe _ ra b c (2)abe _ ma b — e
Opgs—(iy) = But Bay [PIBG-]Jex,  Opp "y =Bo By [PIBh] Jex.
(4.65)

We have used angular momentum conservation to eliminate certain helicity combinations.
(2)abe

OPB+—+(i)[+}

not eliminated, but instead are equivalent to those in the last row by integrating the Pf

. s e (2)abe
Note that the analogous operators with the helicities and Oy~ ()] Are
by parts onto the other n-collinear field.

C/P relations combined with the ability to flip the helicity of the electron current, as
described in eq. (4.11), give the following relations between Wilson coefficients
~(2) =.
v, PBA1 A2 A3 (Aas)[Ap] (n, 7 {wi}) (4.66)

_ _ A2 P _P.
- _Cv,’PB*)\lf)\Qf/\g(f/\zm)[f/\p}(n T ’{wi})’

Q

~(2)

v, PBA1 A2 s (a5 ) [Ap] (nv n; w1, wWa, W3; Wi, WS)

—10) 5@ _
= ( 0 1> CvaAl)\Q)\3(_)\45)[>\p}(n7n;wlaw%wi’);w57w4)7

~(2) =, .

Cv,PB)\lAg)\g(,\45)[)\7,](nvnawlvw27W37W4aW5)
_ A® = :
= Cva)q)\Q)\?,(f)%)[)\P}(n? n; Wi, Wa, W33 Ws, Wa) -

As was the case for the operators involving three collinear gluon fields discussed in
section 4.2, the charge conjugation relations of eq. (4.66) imply that to all orders in

~ 51 —



as only the Wilson coefficients for the color structure d**¢ are non-zero for the vector
current, whereas for the axial current, only the Wilson coefficients corresponding to the
color structure if® are non-zero. These statements remain true under renormalization

group evolution.

4.3.3 Ultrasoft insertions
At O()\?) operators first appear which involve a single Bilgiys With A = +,0 (for example

Bl /\Jfg)\,) or an insertion of a ultrasoft derivative (for example, {8us(i)0J§§)\,}). There
are no contributions involving the ultrasoft quark current building blocks, like Jf(‘f A Even
though these mixed ultrasoft-collinear currents have the correct power counting, they do
not involve the collinear fields that are needed to conserve the large momentum flow in the
hard scattering processes being considered.

Before listing the basis of operators, it is worth emphasizing the distinction between
the treatment of label and residual L momentum. In SCETj ultrasoft fields do not carry
label momenta. Because only the collinear sectors carry label momentum, we are able to
choose the collinear sectors back-to-back, with zero total | momentum in each collinear
sector. However, for the residual components of the momentum, it is inconsistent to si-
multaneously choose . = (1, —7), and to set the 1 component of the residual momentum
in both sectors to zero. This is because the ultrasoft fields also carry O(\?) residual mo-
mentum, which can cause the jet direction to recoil by this small amount. Furthermore,
because ultrasoft fields carry residual momentum, we cannot, for example, say that the
two collinear sectors carry equal and opposite residual momenta, and therefore we cannot
in general relate ultrasoft derivatives acting on one sector to ultrasoft derivatives acting
on another sector to reduce the basis. Ultrasoft derivatives acting on both sectors must
therefore be included in the basis.

When constructing a basis of operators involving ultrasoft gluons, different choices can
be made due to the fact that the ultrasoft gluons are not naturally associated with a given
lightcone direction. This corresponds to a choice of which light like vector is used to define
the Bs(,) field of eq. (3.35). To guide our choice, we will always choose to work in a basis
where ultrasoft derivatives acting on ultrasoft Wilson lines are absorbed into B, fields, and
do not appear explicitly in the operator. As an example, consider the pre-BPS operators

O}lL = XﬁBuan ) Ol; = Xﬁgus){n ) (467)

where we have not made the contraction of the p index explicit. Here the arrow refers to
the direction in which the derivative operator acts, as opposed to a vector. Performing the
BPS field redefinition, we obtain

OlprS = XﬁijBusYan s OgBPS = XﬁyfjgusYan (4-68)

To absorb all ultrasoft derivatives acting on Wilson lines into B, fields, we can rearrange
the Wilson lines in the operators as

O/prS - XﬁYgYn(YJBusYn)Xn 9 OngS = Xﬁ(yggusyﬁ)YgYan (469)
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Using the definition of the ultrasoft gluon field, eq. (3.35), we see that this can be written
entirely in terms of 9,5 operators acting on collinear fields, as well as the gauge invariant
ultrasoft gluon fields B,5,) and By g). In this way of organizing the basis, ultrasoft gluon
fields defined using both n and n are required. It should be clear from this example that
it is also possible to work entirely with only By, or B,gmn). However, in this case we see
that we would have ultrasoft derivatives in the operators acting on ultrasoft Wilson lines
not associated with B, or Bys). To avoid this, and to make our basis more symmetric,
we choose to work with both By g,) or Bygm)-

For the operators involving one ultrasoft gluon and two collinear quarks, we have
the basis

gus(Q)n(@)ﬁ : (_\1‘,___8 ___).J:_\“i
\_,f \Jf
(2)aap _ ra aB (2)aap i ap
B(us(n))—:(+;£) — Bus(n)— JnﬁJr Jet OB(us(n))—i—:(—;i) = Pus(n)+ Jnﬁf Jet s (470)
(2)aaB _ pa ap (2)aap _ pa ap
Blus(m))0:(+:+) = Busmo Inn+ Jex s Opus(n))on—x) = Bus(n)o Jnn — Je
with the unique color structure
T = (1viva) (@.11)

and
(2)aap _ pa af (2)aap _ ra af
OBus(m)t:(+£) = Busay+ Tnni+ Je s Opus(ny) () = Bus@)— Inn— Jex,  (4.72)
(2)aap _ ra ap (2)aap _ ap
B(us(n))0:(4+54) — Bus(ﬁ)O Inn+ Jet OB(us(ﬁ))O:(—;:l:) = ZS(’?L)O Jna— Jex

with the unique color structure

Tl = (Y,jyﬁTa) . (4.73)
The helicity selection rules act different for the two projections of the B, fields due to the
different definition of helicity in the two cases.

The Wilson coefficients of the operators that include By,,)o can be related to the
Wilson coefficients of the leading power operators using RPI symmetry (see [66]). In
particular, we have

90
(2) _ (A5£)
CBlus)0:(n,) = B (4.74)
where C((gi, 4 is the Wilson coefficient for the leading power dijet operator of section 4.1.

As we will show in section 5, the leading power Wilson coefficients for the case of back
to back jets are independent of w; and wo, at tree level, so that this Wilson coefficient
vanishes at tree level. We will also show explicitly that they do not arise in the tree level
matching calculation in section 5.6. However, we will also show that the Wilson coeflicient
is non-vanishing at O(as).
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The operators involving B* do not seem to be related to the leading power Wilson

us(n)=+
coefficient. In [66] it was shown that in the general case of N jets, certain subleading
operators involving Bgs(n) , are generated by the RPI expansion of the leading power op-

erator. However, these particular operators vanish for the case of back to back jets that
(2)aap
B(us)0:(+;%)

) can contribute to the dijet cross section at O()\?), and therefore, the new

we consider here. Interestingly, as we will show below, only the operators O

and 0222
Wilson coefﬁments (which are not related by RPI) do not contribute at this order.

We also have operators involving two collinear quark fields and a single ultrasoft deriva-
tive. In writing the basis, we can use the fact that quark equations of motion can be used
to rewrite in - Ox, and in - Oxs in terms of purely collinear operators. Therefore, these
combinations of derivatives do not need to be included in our basis. A basis of derivative

operators is then given by

- A
Ous@n(@n: @]
(2)as — ap (2)ap — ap
Oa(usm))—:(ﬁi) = {Ous(n)~ Jnn+} Jex Oy Aus(n))+:(—%) = {Ous(ny+ Jni —} Jet
(2)ap _ ap (2)aB _ ap
O@(us(n))():(—',—;j:) - {aus (n)0 JnﬁJr} Jes ’ Oa(us(n))[):(—':t - {aus(n)o Jnﬁf} Jet )
2) & & 2) & &
é]L)(Usﬁ(ﬁ))-l-:(-i—;i) - {JTW?JF (z@us (n) ) } Jet OéT)(uf(n {Jnff (zaus (n) ) } et s
(2)aB _ [ 708 (2)a ap
Ot tustmor(ra) = (T + (usiayo) '} Jea OBT(us(ﬁ))O:(f, 1) = T~ (10usmy0) } ez -

(4.75)

The helicity decomposition for these ultrasoft operators is more cumbersome due to the fact
that not only the + helicities appear, and for this particular case, it is perhaps simpler to
use the more traditional operator basis, in contrast to the case with multiple collinear fields.

The color structure of these operators is exactly the same as for the leading power
operator given in eq. (4.7). The Wilson coefficients of the operators that include a 9,,4(n)o
Ous()0 OF Ous(n)o = Ous(n)o are related via RPI to the Wilson coefficients of the leading power
operator by

(0) (0
e _ o e (4.76)
O(us)0:(A\1, %) — dwy A(us)0:(A1,%) Owy '

This is true also of the operators where the derivatives act on the Wilson lines, as these arise
only through the BPS field redefinition of the same operator. As we will show in section 5,
the leading power Wilson coefficients for the case of back to back jets are independent
of wy and wy at tree level, so that these Wilson coeflicients in fact vanish at the lowest
order in the matching. We will also show this explicitly in the matching calculation in
section 5.6. It is also interesting to mention the physical interpretation of the vanishing
of these contributions. As was discussed in [66] these derivative terms can be interpreted
as the orbital angular momentum contribution to the tree level Low-Burnett-Kroll (LBK)
theorem [114, 115], which vanishes for back to back jets.
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In the case of ultrasoft derivative insertions, the operators that include a 0y4(,)+ are
related by RPI to O(\) operators that involve the insertion of P+ into the leading power
operators of eq. (4.6). Indeed, RPI implies that the label momentum and derivative oper-
ator must always appear in the combination P 4 i9*. Therefore the Wilson coefficients
of these operators are equal, and should not be treated as independent. However, we have
chosen to work in the center of mass frame, where insertions of P into the leading power
operator vanish, and so such operators do not appear explicitly in our basis. The Wilson
coeflicients of the 0,(,)+ are therefore not related to operators that appear in our basis,
and so we will treat them as independent.

We also have operators involving two collinear gluons and a single ultrasoft gluon field.
Since their Wilson coefficients start at one-loop order these are of limited phenomenological
relevance, but are included as a further example of our approach. The basis of such
operators is given by

Gus(9)n(9)n ¢

(2)abe _ Ra bz (2)abe _ Ra b 1z
O(us(n))+:++(:|:) - Bus(n)+ Bn+ n+ Jext, O(us(n))+;——(j:) = Bus(n)+ B,_Bf_ Je+, (4.77)
(2)abe _ Ra b pac (2)abe _ Rra b jac
O(us(n))—:++(:|:) o Bus(n)— B"H' n+ Jet O(us)—:——(:l:) - Bus(n)— Bn— Bﬁ— Jest
(2)abe _ 1ma b c (2)abe _ 1ma b c
O(us(n))+:7+(i) - BUS(nH By Briy Jex O(us(n))f:+7(i) = Bus(n)— By Bhi_ Jex
with the two dimensional basis of color structures,®
. de\ T
mabc Zfabd (yg;yﬁ)
TBPS - (dabd (ygﬂyﬁ)dc ) (478)
and
(2)abe _ Rra b C (2)abe _ 1ra b c
O(uS(ﬁ))—:++(i) - BuS(ﬁ)— By By Jex O(us(ﬁ))—:——(:i:) = Pus(n)— By, B Jex, (4.79)
(2)abe _ 1ra b c (2)abe _ Rra b c
(us(R))+:++(£) — Bus(ﬁ)+ B, By Jex O(us(ﬁ))+;ﬁ(i) = Bus(ﬁ)+ B,_B;_ Jet,
(2)abe _ ra b pre (2)abe _ ra b e
Otusiy——+(t) = Busy- Bu- B Jext s Ot~z = Bus(ayt But B Jese

with the basis of color structures
T
Fabe ife? (ygy”)db (4.80)
BPS — daCd (ygyn)db . .

Here we have only included the Tg%cs version of the color structure here because the BZs(n) A\
are generated by BPS field redefiniton. When constructing this basis we have used the

8In order to see how the Wilson line structure in eq. (4.78) arises, we look at the object D2 BEBI pre-
BPS field redefinitions. This object must be contracted with a tensor to make it a singlet under ultrasoft
gauge transformations. Each of these resulting forms can be mapped onto the color structures of eq. (4.78)
after performing the BPS field redefinition.
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angular momentum constraints discussed in section 3.8 to eliminate the other two helicity
combinations in each case.
In eq. (4.77) we have not included the operators

(2)abe e b ope (2)abe e b ope
O usm)o-4+&) = Busyo But Bt Jex s Qs — (&) = Busnyo Bn- Br- Jex

(2)abe __ Rra b c (2)abe __ nra b c
O(US(ﬁ))0:++(i) N BUS(ﬁ)O By Briy Jex O(us(ﬁ))O:——(i) = Pus(n)0 B, B Jetr. (4.81)

The coefficients of these operators are related by RPI to the derivative of the leading power
operators for eegg, and therefore also vanish by Yang’s theorem. The Wilson coeflicients
of the operators in eq. (4.77) are not constrained by RPI considerations.

We can also consider operators with an insertion of d,4(,,) with two collinear gluons in
different collinear sectors. As for the case of ultrasoft derivative insertions into the quark
operators, the gluon equations of motion allow us to eliminate the operators in - 95, and
in - OBy, . However, these operators already vanish by Yang’s theorem, as they are related
by RPI to the leading power operators for eégg. A basis of helicity operators is then given by

Ous(9)n(9)n : '\w:

(2)ab _ pa b (2)ab _ pa b
OdBus(m)+-++(+) = Br+ [8us(n)+3ﬁ+} Jex s Oppus(n))+——(&) = Bn- [8us(n)+3ﬁ—} ez

(2)ab _ ppa b (2)ab _ ppa b
OaB(us(n))—:-f—-i-(:l:) - Bn+ [aus(n)_8ﬁ+i| Jei I OaB(us(n))—:——(ﬂ:) — Bn_ [aus(n)—Bﬁ_] Jei )

(2)ab _ ppa b (2)ab _ 1pa b
OfBustuy () = B |Gustoy+ Bt Jet+ Obtustur) () = Br |Puso— Bh- | e
(4.82)
with the basis of color structures
Tahs = (VIVa)™, (4.83)

and

(2)ab _ a b (2)ab _ a b
OaB(us(ﬁ))—:-I—-i-(ﬂ:) - [f%s(m Bn+] Biy Jex O@B(us(ﬁ))—:——(:l:) - [3%(%)* an] By Jex

(2)ab _ a b (2)ab _ a b
O@B(us(ﬁ))+:++(:ﬁ:) - [aus(ﬁ)+ Bn+] By Jex OaB(us(ﬁ))+:——(:|:) - [8us(ﬁ)+ Bn—] By Jex,

(2)ab . a b (2)ab . a b
OB(us(a))——+(x) = [Qus(w— Bi-] Bs Jex s Oppius(ay) it —(t) = [Ous(y+ Bi] Br Jext
(4.84)

with the basis of color structures
= b
Tebhs = (VIV,)™. (4.85)

We have not included any operator with Oyg(n)o OF Oye(n)o acting on two collinear gluons,
as these will all have Wilson coeflicients that are related to the coefficient of the two gluon
operator, which vanishes due to Yang’s theorem.
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4.4 Cross section contributions

While the basis of hard scattering operators presented in this section is quite large, and we
have focused on providing a complete basis to allow for an understanding of all possible
contributions, many of these operators will not contribute to a calculation of a particular
cross section. In this section we will consider the case of event shapes in eTe™ — dijets,
and discuss how symmetry arguments can be used to show which operators can contribute
to the cross section up to O(A?). In section 4.4.1, we begin by proving that the hard
scattering operators do not generate a contribution to the cross section at O()\), and then
in section 4.4.2, we discuss which operators contribute to the cross section at O()\?), and
the particular form of their contribution, by listing the operator content of the resulting
jet and soft functions. A summary of which operators contribute is given in table 4.

4.4.1 Vanishing at O(X)

For ete™ — dijets event shapes described by SCET], the leading O(\) power corrections
vanish [19, 68, 70]. This is expected because fixed order calculations indicate the leading
correction should scale as e, while an O(\) power correction would scale as /e for our
power counting. In this section, we use our formalism to show explicitly that this is the
case for contributions from the hard scattering operators. We consider only measurement
functions that carry zero angular momentum. Similar arguments can also be used to show
that Lagrangian contributions vanish. The O(\) observable expansion terms also vanish,

as discussed in appendix B.
While we will not discuss the factorization of the cross section in detail, the contribution
of the hard scattering operators to the cross section at O(A) can be written

(1) . ~ -
%’_ S N> 0] cM oM (0) 1X) (X] C@0O(0) [0) 5(r — 7 (X)) + hec.. (4.86)
X,

Here N is a normalization factor. We use the shorthand notation 5514) = (27)*5%(q — px)
for the momentum conserving delta function. The summation over all final states, X,
includes phase space integrations. Here L denotes the eTe™ leptonic initial state. The
measurement of the observable is enforced by §(e — e(X)), where e(X), returns the value
of the observable e as measured on the final state X.

From the expression for the O(\) power correction to the cross section in eq. (4.86), we
see that the only contributions from hard scattering operators arise from matrix elements
of an O(\) operator with an O(A°) operator. When determining whether or not the
insertion of a given operator vanishes, we can make arguments based on fermion number
conservation or angular momentum conservation either before or after factorization. Before
factorization, the matrix elements in the cross section given in eq. (4.13) that contribute
at O(\) with the insertion of an O(\) operator can be written as

0109 () M@0 (0)|0) . (4.87)

Here the sum over the complete set of states |X) has been performed using the measure-
ment operator M), where M| X) = §(e — e(O(X))|X). As we are taking a vacuum
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matrix element, we must have that O (2)O™M(0) conserves fermion number and angular
momentum. If this matrix element does not vanish, we can move to the factorized state,
where we split the operators into components in the n, 7 and ultrasoft sectors. This will
give us factorized matrix elements that become our jet and soft functions,

(0[09) () MP 0N (0)[0) (0]OL (2) MPOX (0)[0) (0]0Q) () MDOD (0)[0) . (4.88)

n

In this form, it is clear that each sector must exhibit both fermion number and angular
momentum conservation, so we can make these arguments at the level of the factorized
matrix elements, providing an even stronger constraint. In other words, if we examine
the field content in each sector, we must have the same number of quarks and anti-quarks
and must conserve angular momentum. As shown in table 4, there are only two operator
structures appearing at O()), and a single operator at O(A\?), so we can consider each of
the possible contributions in turn.

OS;LO%) vanish. We first consider the O()) hard scattering operators involving three
collinear gluons, given in eq. (4.20). After factorization of this matrix element one obtains a
vacuum matrix element involving a single quark field in each collinear sector, coming from
the leading power operator. The leading order Lagrangian separately conserves fermion
number in each collinear sector, and therefore this contribution vanishes.

Og}l)E,Oég) vanish. Next we consider the contribution from the O(\) hard scattering
operators involving two collinear quarks, and one collinear gluon. As for the three gluon
operator, fermion number conservation immediately eliminates any possible contribution
from the operators of eq. (4.15), where the collinear quarks are both in the same sector.
To eliminate the O(\) contribution from the operators of eq. (4.13), we can use symmetry
arguments, similar to those in section 3.8. For the operator of eq. (4.13), the matrix
elements entering the factorized expression for the cross section are of the form

(O1( Ty, @) MO T (O)BF, 11, (0)]0) (4.89)

nnis

The \; = £ denote arbitrary helicities, and the (n,7n) subscript on the gluon denotes that
it can be associated with either collinear sector. Since RPI has been used to choose the
axes of the collinear sectors as back-to-back, all helicities are defined with respect to a
common 7 axis. The SCET Lagrangian preserves rotational invariance about the n axis,
which implies that this matrix element vanishes since with an odd number of + helicities it
can not transform as a scalar. An identical argument follows for the operator of eq. (4.14).

4.4.2 Relevant hard scattering operators at O(\?)

Having shown that there are no contributions to the dijet cross section at O()), we now
discuss contributions at O(A?). To see which can contribute, we focus on contributions
arising from our basis of hard scattering operators, although we will also briefly mention
contributions from subleading Lagrangian insertions. Due to the power counting A ~ /e,
the O(A\?) power corrections correspond to O(e) power corrections, and will not in general
vanish. While there are large number of O(\?) hard scattering operators given in table 4,
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we can use similar arguments to those of section 4.4.1 to severely restrict the number of
operators that contribute to the dijet cross section at O(A?). The resulting set of operators
are indicated in table 4, and table 5 shows which products of hard scattering operators
contribute to the factorized cross section and the schematic form of the corresponding hard,
jet and soft functions.

Despite the fact that we are working at subleading power, in many cases the jet and
soft functions which appear in the factorization are identical to those at leading power,
with only several new power suppressed functions appearing, as can be seen in table 5. For
the case of the soft functions this simplification arises due to color coherence, allowing a
simplification to the Wilson lines in the soft functions that appear. For quark-quark and
gluon-gluon color channels the leading power soft functions are

S = iu(owj Y, MOYIv; 0y, SO = (Wl_wtrmw}f Vo MOYTY[0),  (4.90)
and depend on the kinematic variables probed by the measurement operator MO For
the jet functions, this simplification occurs since the power correction is often restricted to
a single collinear sector. The other collinear sector is then described by the leading power
jet functions for quarks and gluons

5oP (?)ssﬂfp - d’“z'_ e3tta” <0’ v (75) §x0) ‘o> , (4.91)
5abgﬁL_VJg(0) = —w d’i‘ e3tta” <O‘ B (Jf%) gBZ_bM(O) ’0> .

The form of the leading power measurement function ) appearing in these jet functions will
depend on the precise factorization theorem being treated. Here we assume an SCET type
measurement that does not fix the P of the measured particle. Often the jet functions are
inclusive in which case § = (27)26%(wy + P?), giving functions of a single invariant mass
momentum variable, Jéo) (wlt — &%) and Jggo) (wlt —@&2).

Contributions to the cross section at O(A\?) whose power suppression arises solely from
hard scattering operators, take the form either of a product of two O(\) operators or as a
product of an O(\?) operator and an O(A") operator:

) - - .
fli 5 N Y3 010 (0) 1X) (X[ OO0 0) 6(r — 7O (X)) + hc.
T X,i
3 1) A1 1) A1
+N Y5 01 cP o 0) 1 x) (x| V0 (0) 10y 6 (1 — 7O (X)) + hee.. (4.92)
X,i,j

We first consider the contributions from products of O(A) hard scattering operators, where
we have several categories that could possibly contribute.

Oé;)gOggq contribute. After factorization, the contribution to the O(\?) cross section
from the product of two O(\) three gluon operators of eq. (4.20) gives rise to jet functions
involving either two or four collinear gluon fields. The schematic factorization is given
by H, é?)JéO)Jg(?,)Sggo), shown in table 5, where the jet functions Jg]) involving four B fields

have two different color contractions. Rotational invariance arguments, similar to those
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presented in section 4.4.1, but applied after factorization into separate matrix elements for
the n and 7 sectors, imply that jet functions involving three collinear gluon building block
fields vanish.

01(1}127051}1)9 contribute. Next consider the contribution to the O()\2?) cross section from
the square of the operators involving two collinear quarks, and a collinear gluon, a ba-
sis of which were given in egs. (4.13) and (4.14) and eq. (4.15). These give rise to the
factorized contributions H, q(g) JéO)Jég)Séo), and H ég) Jéo) JéggSéo) in table 5. Here the fac-
(2)

torization theorems involve subleading jet functions qu with four collinear quarks (one
color contraction), or Jégg)] with two collinear quarks and two collinear gluons (one color
contraction). The exact color structure is not displayed, but is simple to obtain from the
color structure of the hard scattering operators after BPS field redefinition. Rotational
invariance arguments can be used to restrict the particular helicity configurations which
give non-vanishing contributions. In both these cases the ultrasoft functions are leading
power, and are actually given by the same product of Wilson lines that appear in leading

power factorization theorems, as indicated in table 5 with the notation Séo) and Séo).

Oé;)gO((I:;)g vanish. The contribution from the product of an operator containing three
collinear gluons and an operator containing a collinear gluon and two collinear quarks must
vanish. If the two quarks are in different sectors, then each jet function will contain only
one fermion and will vanish by fermion number conservation. With 2 quarks in the same
sector, we have the product of Og/\)f(if ) and Ogﬁ:iﬁ (L)’ and we can see that one sector
will contain three objects of helicity =1 and thus the jet function in that sector will vanish
by the angular momentum arguments considered earlier. So, there is no nonvanishing
contribution from an O(\) three gluon operator and an O(\) two quark, one gluon operator.
We now look at the contribution of O(A\?) hard scattering operators to the cross section.
Since these operators are at the desired order, they must be combined with our leading
operator which has a collinear quark building block in each of the n and 7 directions. Once
again, there are several cases to consider.
Ol(lizlqO((lg) contribute. First, we consider the inclusion of the four quark operators.
Conservation of fermion number within each collinear sector ensures the contributions to
the cross section involving the four quark operators with two quarks within each collinear
sector vanish. Therefore, only the four quark operators of eq. (4.32), involving three quarks
in one collinear sector, and a single quark in the other collinear sector can give a nonzero
result for the cross section at this order. They contribute to the factorized contribution
H q(g) JéO)J ég,) S{go) shown in table 5, which involves a jet function J g,) with 4 x5 (or 4 xn)

fields (with two independent color contractions). Again, the corresponding soft function is

simply the leading power Séo) in all cases.

Og)g gO[(]g) vanish. The operators of egs. (4.54) and (4.56) involving four collinear gluons
do not contribute to the cross section at O()\?), since when multiplied with the leading
power operator, the factorized matrix element would violate fermion number in the n and

n sectors.
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Operators Factorization Jet n Jet n Soft
o\ 0@o©® | g0 f 0O 15 sy T xadxm YV, MOYy;
o) ogoy | HY I IS SP | BadBa | BaBad BBy | YIVaMOYIY,

oo | HY IO 1D S | BubB. | xaxabxaxs | YIVMOVIY;
O(l) O(l)

nnl™~nnl

Hég)Jéo) Tsah S| Xubxn | XaBadBaxa | YV, MOYY;,

0(0)0221),82 Hq(g) JéO)Jg;/ 5(50) Xn 0 Xn | XaBaBs SXﬁ YJYﬁM\(O)Y;Yn

000Z, | HV IO 108" | %bvn [XalPBaldxa|  ViYaMOY]Y,

o<o>o§§3475 Hég)Jq(U)J(Q)S(gO) 263 | Xmxnn d xm Yiv, MOY; Y,

qq

0(o>og(>u 0 Hq<3> 70 70 Sé? $dxn | Xadxa | Busiyo Vi YaMOY, Y,
O(O)Og()us)O H;g)Jéo) th())s;?))o Yn 0 Xn i 0 Xn Bus(m)0 YivaMOvly,

Table 5. Subleading jet and soft functions arising from products of hard scattering operators in the
factorization of dijet event shapes and their field content. Helicity and color structures have been
suppressed. We have not included products of operators whose jet and soft functions are identical
to those given in the table by charge conjugation or n < n.

(2)
Oggg’P

involving three collinear gluons and a single P insertion, which therefore do not contribute
to the O(\?) cross-section.

01(1?1) vanish. An identical argument also applies to the operators of eq. (4.65)

Os(]j)qqogg) contribute. Another source of non-trivial contributions to the cross section
at O(A\?) comes from the hard scattering operators involving two collinear quarks, and two
collinear gluons. To have a non-vanishing contribution, fermion number conservation within
each collinear sector guarantees that the hard scattering operators must have a single quark
building block field in each sector. This restricts us to the operators of egs. (4.40) and (4.44).
Using similar arguments to those presented above, based on chirality and helicity, it can
be shown that the operators of eq. (4.44) do not contribute. This is indicated in table 4.
The operators of eq. (4.40) give rise to subleading jet functions involving two y fields, and
two B fields (ng,), as shown by the factorized contribution H ;Z)JéO)J (2),550) in table 5.

99
By simplifying the color, it can be shown to have the leading power soft function.

01(12]7,052) contribute. Similar arguments also apply to the subleading operators involv-
ing two collinear quarks, a collinear gluon, and a P, insertion. In particular, the operators
of eq. (4.62) do not contribute due to fermion number conservation, while the operators
of egs. (4.60) and (4.61) do contribute. These give rise to the factorized contribution
H (gg) Jq(O)J é;})séo) in table 5, as well as an identical function with n <+ . There is a unique
color contraction for the jet function J é;},. Rotational invariance arguments can be used
to restrict the particular helicity configurations which give non-vanishing contributions.
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01(123)0512) contribute. As shown in table 5, the only operators involving an explicit
ultrasoft field insertion which contribute to the dijet cross section at O(A\?) are those
involving the 0 helicity component of the ultrasoft gluon, B, ,)0, or the ultrasoft partial
operators Oys(n)o = Ous(a)s and Oyg(n)o = Ous(myo- These operators give rise to the only
subleading power soft functions arising from hard scattering operators, as seen in table 5.
It is also interesting to note that for both these contributions, the hard function is fully
determined by the RPI relations, as was argued in section 4.3.3. The operators of eq. (4.70)
involving the h = + components of the ultrasoft gluon field, along with the collinear quark
current, vanish when multiplied with the leading power operator, due to angular momentum
conservation. The contributions of the operators of eq. (4.77) involving an ultrasoft gluon
and two collinear gluons vanish when multiplied with the leading power operator due to
fermion number conservation.

A complete analysis of all contributions in table 5, in particular of their detailed helicity
and color structures, as well as their fixed order cross section contributions is beyond the
scope of this paper, and is left for presentation in future work.

4.5 Comparison with earlier literature

In this section we perform a brief comparison of our operator basis with the operators
considered in ref. [70]. These operators were used to study power corrections suppressed
by O()\2) for the thrust event shape in ee~™ — dijets. The goals of the present paper and
ref. [70] are different. While we have focused on constructing a complete basis of operators
valid at any order in g, ref. [70] instead derives only the set of operators that arise from
tree level matching, and then uses them to explicitly calculate and confirm the O(a,7°)
terms in do/dr.

Despite the difference in goals, we believe it is still interesting to perform a comparison
between the forms of the operators in each case. Some care must be taken, since a different
formulation of SCET (first presented in ref. [116]) is used in ref. [70], as compared to this
paper. In the formulation of SCET used in ref. [70], the dynamics of each collinear sector,
as well as the ultrasoft sector, is described by a copy of the QCD Lagrangian, which does
not have a power expansion. This implies that the operator basis of ref. [70] must also
include terms which incorporate what would be termed subleading Lagrangian corrections
in the standard formulation of SCET. Additionally, while the standard formulation of
SCET used in this paper implements separate momentum conservation of residual and
label momentum using the multipole expansion with labels, in the formulation of ref. [70],
momentum is not conserved, and additional operators must be included to compensate for
this. These terms must be distinguished to perform the comparison. At leading power
there are no subleading Lagrangian insertions, and therefore the organization of the two
SCET frameworks is equivalent.

At O(X) in the power expansion, the basis of ref. [70] does not consider operators
involving three collinear gluons, as given in eq. (4.20). These operators have vanishing
Wilson coefficient at tree level, with the first non-zero correction appearing through dia-
grams involving a quark loop, but can contribute to event shape cross sections at O(\?)
and higher orders in the a; expansion, as shown in table 4. Operators with two collinear
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quarks in different sectors, and a collinear gluon are also given in ref. [70] in their oper-
ators Oél‘l"), Oélb") and Oélaﬁ), Oélbﬁ). Operators with two collinear quarks in the same
sector, and a collinear gluon in the other sector, corresponding to eq. (4.15) are given in
ref. [70] by Oéle"), Oélf"). It can be shown using the conservation of the QCD current
that to all orders in s in the matching, these operators appear only in the combinations
Oél"") - Oélb"), Oélaﬁ) - Oélbﬁ), and Oéle") - Oélf”), as discussed in section 3.8. This was
first shown in [71], and used to simplify the basis of ref. [70]. In this case, upon setting
the total P, in each sector to be zero, we find agreement with the operators in egs. (4.13)
and (4.15). In ref. [70], they also include O(\) corrections to the ultrasoft sector in (AT).
In the SCET framework used in this paper, these do not appear in our operator basis due
to power counting. Instead, corrections to the ultrasoft dynamics are incorporated through

subleading Lagrangian insertions.

At O(A\?) in the power expansion, the basis of ref. [70] neglects operators involving
four collinear quark fields, as included in our basis in eqgs. (4.25)—(4.35). These operators

appear in the tree level matching, and satisfy all necessary symmetry relations to contribute
2

to event shape cross sections at O(A?) and a2. It would be interesting to compute their
explicit contribution to the cross-section, or to present an argument showing that they do
not contribute. The operators involving four collinear gluons of egs. (4.54) and (4.56) are
also not considered in ref. [70]. These operators are of limited phenomenological relevance,
as they first appear at loop level in the matching, and furthermore, do not contribute to
event shape cross sections at O(A?), as explained. In ref. [70] they also neglect operators
involving two quarks in the same sector combined with two gluons or one gluon and one
P, insertion, as in egs. (4.46) and (4.62). Again, we have shown for the particular case of
dijet event shapes, that such operators do not contribute at O(A?). Operators involving
two quarks in opposite collinear sectors with two collinear gluons are included in ref. [70]
in operators Og%”) and Oé%ﬁ). In this case, our basis is quite different, as we have used
the gluon equations of motion in the effective theory to eliminate the n - B, field, as is
commonly done in the SCET literature [89]. The operators OéQa"), OgQA"), 0526"), 052%),
052,4,—1)7 and 05267—1) from ref. [70] will contribute to this case after simplification with the
equations of motion. This elimination is important for the construction of our helicity
basis, as it allows us to work only in terms of the physical polarizations of the B, field,
namely Bf, and thus simplifies our basis. For the case of two gluons and two quarks,
ref. [70] does not include operators where the two quarks are in the same sector or the two
gluons are in separate sectors, which can first contribute at a?. As was the case at O()),
ref. [70] also includes operators which in our language arise from subleading Lagrangian
insertions. Counting only operators that arise from two quarks in separate sectors and two
gluons in the same sector, we see that we have 4 operators while ref. [70] has 8, which
implies that the simplifications from working in the center of mass frame and using the

equations of motion are useful for reducing the number of operators.

Finally, ref. [70] also has operators in (A11) involving the expansion of momentum
conserving delta functions, denoted O which are required in their formulation of SCET.
In the standard formulation of SCET, both label, and residual momenta are conserved,
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so that these operators are not required in our basis. This distinction also modifies the
measurement functions in the two approaches, and the subleading operators O®) are re-
quired to maintain consistency between the approaches. Indeed, a particularly convenient
feature of our construction is that table 2 gives the full list of building blocks required to
construct a complete basis of hard scattering operators for an arbitrary number of collinear
directions and to arbitrary power in the expansion parameter A\. The completeness of our
operator basis ensures that it is closed under renormalization group evolution.

5 Matching at subleading power

Having identified the relevant operators which contribute to the cross section in table 4, in
this section we carry out the matching to determine the lowest order Wilson coefficients
for these operators. At O(\?) operators with up to four collinear fields are present in
the basis. The amplitudes are known for ete~ — 3 partons (and related crossings) at
2 loops [117, 118], and eTe™ — 4 partons (and related crossings) at 1 loop [119, 120].
As the focus of the present paper is on the structure of the operators, we will content
ourselves with performing the tree level matching, leaving the higher loop matching for
future work. This implies in particular that we do not match to operators involving only
gluon fields, which necessarily first appear at loop level. Although we have emphasized
the utility of the helicity basis for counting operators, in this section we will perform the
calculation using free Lorentz indices, and then projecting onto definite helicities to obtain
the Wilson coefficients for the helicity operators. This allows us to carry out the matching
for a starting current with a general Dirac structure I'. We will give the results for the
operators both in terms of standard Lorentz and Dirac structures, and then projected onto
our helicity operator basis.

We begin in section 5.1 with a general discussion of matching at subleading power. We
then consider explicit matching calculations. From table 4, we see that we must therefore
match only to operators involving one additional collinear gluon, which are considered
in section 5.3, two additional collinear gluons, which are considered in section 5.4, or an
additional ¢q pair, which are considered in section 5.5. Although the operators involving
insertions of ultrasoft operators which contribute to the O(A?) cross section have their
Wilson coefficients determined by RPI, we also perform the matching calculation with a
single ultrasoft gluon in section 5.6 to explicitly verify this.

5.1 General formalism

In this section we briefly describe matching to the subleading helicity operators in SCET].
As in the leading power case, QCD is matched to an effective SCET hard scattering La-
grangian, which governs the interactions at the hard scale. As has been discussed, this
hard scattering Lagrangian has an explicit expansion in powers of A,

Lhard = Z L}(IQrd s (51)

Jj=0
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where j denotes suppression by O(M) with respect to the leading power hard scattering
operators. The effective Lagrangian for hard scattering operators at each power is given by,

=35 I fas| o)

{nl} A, Li=1

. ({ni};wl, o ,ng)

X C_"g]l_ () ] ({nl}, Wi, ... ,ng) . (5.2)

The Wilson coefficients, ég), are determined by performing a matching calculation from
QCD to SCET. When matching at subleading powers, one must take into account sub-
leading Lagrangian insertions with lower power hard scattering operators, arising from the
fact that the Lagrangian describing the ultrasoft and collinear dynamics is also a power
expansion in A,

Lagn = LO +£W 4 ... (5.3)

To any given power we will only need to consider a finite number of insertions of £ for
1 > 1, as these are constrained by the power counting. However, we must consider arbitrary
£ insertions, constrained only by the order in ay to which we are working.

Consider the tree level matching at order AP. We assume that the Wilson coefficients
at all lower powers, ng) with ¢ < p, have already been determined. The matching can be
performed with an arbitrary external state (X|, as long as it is chosen to have non-zero
matrix elements for the specific color and helicity structure of the operator. (If the basis is
over complete with regards to color, then the organization of the matching results will also
depend on the convention adopted, but we do not encounter this issue in this paper.) In
general these specifications will not pick out a particular operator from among those with
the same color and helicity structures, so there would still be a sum on A. The remaining
distinguishing feature used is the dependence on momenta (for example, looking at the
p | -momenta that appear to determine where a Pf is acting in the operator). This then
enables us to write down a matching equation for a fixed A and fixed helicities, and color
channel. For notational simplicity we assume all these specifications to be made with the

state (X 4|. Such an external state can arise at tree level only from O(p )t

, or from subleading
Lagrangian insertions into lower power operators. One then has the following matching

equation

A 00 = 0 (0|0 0) s + 3 (XAlTEPIO LS D s . (5.4)

n=1

where [Hﬁ(k)](”) represents all combinations of subleading SCET Lagrangian insertions
L£*>1) whose powers sum to n. The £ subscript on the matrix elements indicates that
they are evaluated with any number of insertions of the leading power SCET Lagrangian.
Here (.Atree)()‘p) is the corresponding amplitude in full QCD expanded to pick out the order
AP component. The momentum of external particles in this amplitude are assigned a power

St

counting corresponding to the building blocks in O}”'". This means that if two external

particles are in the same collinear sector then we take their collinear limit when expanding
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the matrix element, and that we take the ultrasoft limit for momenta of ultrasoft particles.
The matrix element, (X 4] 65?”0)%&%, is evaluated using the Feynman rules for the helicity
operators. For the case with N distinct collinear particles at leading power, the sum on
the right side of eq. (5.4) does not contribute, as there is nothing to expand when each
of the particles are separated to distinct sectors. However, at subleading power either
collinear particles in the same sector or ultrasoft particles will give contributions in this
expansion. Most modern fixed order computations are performed using spinor helicity and
color decomposition techniques, which give compact results. Using our basis of helicity
operators, the helicity amplitudes can be directly used, since we match to external states
with definite helicities. For the particularly simple cases in this paper, we find it is easier
to simply project the different helicities from a tensor, however, the helicity formalism still
provides a powerful way of organizing the operators.

Beyond tree level, the matching is still conceptually straightforward, but technically
more demanding due to the need to evaluate loop diagrams in both the full and effective
theories. Eq. (5.4) still holds, but now we must consider each of the Wilson coefficients and
matrix elements as an expansion in oy, and go beyond the leading term. At leading power
it is often possible to arrange the choice of IR and UV regulators such that the SCET loop
diagrams are scaleless in the matching calculation. At subleading power we in general need
more than one particle in a given sector in order to have nonzero overlap with the operator,
and this can introduce non-trivial momentum scales in the SCET loop integrals such that
loop calculations in SCET can not be avoided in this manner.

5.2 Setup and leading power matching

In the following sections we carry out the matching starting from a full QCD quark current
with an arbitrary spin structure I,

JU =gy (5.5)

For vector and axial-vector I" this current is (partially)-conserved in QCD, while for the
scalar, pseudo-scalar and tensor cases J! has an anomalous dimension in QCD. We will
denote the full theory vertex with an ® symbol, and hard scattering operators in the
effective theory will be denoted with a purple circle.

The leading power Wilson coefficient is of course well known, however, we reproduce
it here for completeness. The unique leading power operator, written in the form of a
current is

OO = ¥, T'xa, (5.6)

It’s Wilson coefficient for any spin structure I' is given to O(«y) by
C - — 40 - — 0 2
cO =1+ aWCr (_ log? | 278 1 3log | =2 T8 g4 T} (57)
47 2 12 6
Throughout this section, we will restrict ourselves to the tree level matching, however, we
have given the Wilson coefficient of eq. (5.7) to one loop, since it will be used to demonstrate

the RPI relations of section 4.3.3 for the operators involving ultrasoft insertions, which are
first non-trivial at this order.
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5.3 Subleading matching with a single collinear gluon

We begin by considering the matching to operators involving two collinear quark fields and
a collinear gluon field, along with a possible P, insertion. A basis of such operators was
given in eqgs. (4.13) and (4.15), as well as eq. (4.60).

The matching coefficients for these operators can be derived by considering matrix
elements with a ¢gg final state. At O(«s), the QCD diagrams for the production of a
single gluon from a quark current with spin structure I' are

p2 b3, a pl

iy +75) 1

= a(p1)(igT*¢* )(p1+p3) v(p2) s
P3,a
P2 b Pyt Py
= u(py)T (pzipg)?’ (igT*¢*)v(p2) - (5.8)

The required matching coefficients is obtained by expanding these amplitudes in the re-
quired kinematic limits, namely as the gluon becomes collinear with either the quark or
antiquark, or when the quark and antiquark become collinear. We will consider each of
these cases in turn.

We note that while we will restrict our attention to tree level matching in this section,
it would be particularly interesting to extend the matching to one-loop. Indeed, the one-
loop matching to the operators involving a single additional collinear gluon field is the
only ingredient related to the hard scattering operators, beyond the matching coefficients
presented in this paper, that would be required to perform a full analytic O(a?) fixed order
calculation of the subleading cross section for an eTe™ — dijets observable. We leave this
to future work.

(@)n(@g)n. We first consider the case where the gluon and antiquark are n collinear,
and the quark is n collinear. In this case we have hard scattering operators at both O(\),
which are independent of P, and operators at O()\?), which depend on P, . To extract the
matching coeflicients for both sets of operators in a single calculation, we expand the QCD
amplitudes with a non-zero P, between the gluon and antiquark. We take the momenta
of the particles as

pl—%n“ phy = 2‘“+m+ 57 *p’j+%n",

where the light cone components are assigned a collinear scaling. The w; and p, are taken

Par o (5.9)

to be purely label momenta. Following the notation of section 3.1, throughout this section,
we will use the notation

un (i) = Ppu(p;), and vn (i) = Ppo(i), (5.10)

for the projected SCET spinors, where the momentum p; is n collinear, and similarly for

the case that it is n collinear. Here P, is a projector, defined as

P, = Wi (5.11)
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The projected spinors obey
) — Lﬁ w (i w(n:) = pz 1/L
wp) = (14 74 i, wo = (14 P D). a2

for the n collinear and 7 collinear cases respectively, with direct analogs for the v(p;)
spinors.

Expanding the first diagram in A, we find

P P g ()T Twn(2) (5.13)
n w3
- c‘}lwgﬂn(l)T“ (W3¢1772i —n-€ ﬁgpLF—&— nelw I‘pLZL) v5(2)
a wlwgﬂn(l)T (n ¢ p3rl’ — ¢J_p1_r+ ¢J—723Ppl7l o nw; ZipJ_FpJ_ZL) a(2)
+O(),

where terms in the first line scale like O(A?), terms in the second line scale like O(A!), and
so on. Similarly, we find

P, @

p2\%{/n _ g (1 )Tal—\< ﬁ?ﬂ) A (2)

n n (p2r + P3r) w2

g _ o[ €1
——u,(1)T°T
2(&)2 +w3) n( ) ( w2

* )vﬁ(z) . (5.14)

The first line is O(\?) and second line is O(A!). Interestingly, this result is exact with no
corrections beyond O(\).

The O(A\Y) terms are reproduced by T-products of the leading SCET Lagrangian. Since
we have performed the matching with no residual momenta for the large or 1 components,
all subleading Lagrangian contributions from the 7T-products in the second term on the
right hand side of eq. (5.4) vanish. This includes those with insertions of the ultrasoft
derivative operators of egs. (4.75) and (4.82) and the leading order SCET Lagrangian.
Since we have shown by combining the RPI relation of eq. (4.76) with the matching to
the leading power operator in eq. (5.7) that these operators first appear at one-loop, such
terms will not contribute to the tree level matching considered here. With this setup the
QCD result at O(A!) and O(\?) must therefore be exactly reproduced by our basis of hard
scattering operators.

Starting at O(A), summing the results of egs. (5.13) and (5.14) and rearranging, we find

3, a P3,a
( Wlw\z&/ )

=~ Lanre (S R + g)uan“r? (£ + S Y.

(5.15)

w3
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This can be recognized as the one gluon matrix element of the operator

oWr— 9

_ 1% g _ i
Wy + ws Xn,wlrglgj_ﬁ,w3>(ﬁ,—w2 - aXn,w1 $J_’FL,W3 §FXﬁ,—w2 . (516)

In the particular case that I' = v*, this simplifies to

0(1)7u <w1n“ — ((,UQ + wg)ﬁ“

w1 (we + ws) > X B Lon X, (5.17)

which we note for later use. In the center-of-momentum frame conservation of momentum
implies that w; = we + w3 = @, further simplifying the structure of the operator. However,
throughout this section, we will not perform such a simplification, and will write the result
for the Wilson coefficient for generic values of the label momenta.

At O()\?), only the diagram in eq. (5.13) contributes. The result can be simplified
using the on-shell condition for the collinear gluon,

P3rw3 +pi =0, (5.18)

after which one finds

(3508 )

- (g wfi)? Epon@+ a1 (¢ + ), run(a).

(5.19)

O(\2)

UJ10J2 wiws

This can be recognized as the one gluon matrix element of the two SCET hard scattering
operators

2 g _ i
O%;ff = _mxn:“’l [ﬁLﬁmﬂ)L] FXﬁﬁwz s

2 g ﬁ Vi T
0577’)5 = _an ;w1 |:$in w3 QPJ‘ Xn,—ws - (520)
Of particular interest is the fact that the Wilson coefficients exhibit singularities as the
momentum fraction of the gluon or quark vanishes, which will be associated with logarithms
in the subleading power cross section.

(99)n(@)n- In the case that the gluon is collinear with the quark, we can immediately
obtain the operators by charge conjugation, and a relabeling. To be clear on the particle
labeling, we consider

w1

w2 b2 w3
pi=nts ph =t e b=k -

P3r _
5 1+ 7’”71“. (5.21)

Analogously to the case that the gluon is in the same collinear sector as the antiquark, we
find the O(\) operator

O(l)ﬂ — g v 9

1 _ It
Bn — w1 + w3 Xn,W1$J_n,w3 §FXﬁ,—w2 + @Xn,w1F§$Ln,w3Xﬁ7—wz . (5‘22)
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Again, in the case that we take I' = 4#, this simplifies to

oWn _ g ((w1 + ws)nt — wont

Bn wa (w1 + w3) > X”»w1$Ln,w3Xﬁ,_w2 . (5.23)

The two O(A\?) operators are

2 g _ 7
O,(P’BLlf = _w1w2 Xn,w1 [IPJ_ngiﬁj_n,ws] X7, —ws
2 g _
Oty = = o nan T [P LB L X, (5.24)

(9@)n(g)n- We now consider the case where both the quark and anti-quark are in the
same (71) collinear sector and the gluon is in the 72 collinear sector. As discussed in section 4,
in this case, the operators of this form only contribute to the cross section in the form of
a matrix element with themselves. We therefore only need the matching to O(\), if we
are interested in O(A\?) contributions to the cross section. We can therefore set the L
momentum to zero when performing the matching. We take the kinematics as

w1 _ w2 _ w3
= —=nt b= —nt = —nt. (5.25)

=
|

&
|
|

s

S _£—7 a /* s _

— w1un(1)T ¢ 5 Toa(2), (5.26)
o)

9 ypapt e

- +w2u”(1)T F2¢Lvn(2).
o)

We therefore see that for this configuration, both QCD diagrams contribute. These con-
tributions can be recognized as the one gluon matrix element of the two SCET operators

1 g _
Oix)gl = _JIXﬁ’W1 $J_n,w3 §FX’FL,—UJ2 5
1 g _
O;X)gé = u}QXﬁ7w1ng$J_n7w3Xﬁ7_w2 . (527)

Both Wilson coefficients exhibit a singularity as the energy fraction as one or the other
quark goes to zero. It is interesting to note that this structure is dictated by the RPI-III
symmetry of the theory. In particular, due to the presence of the 1 projector which neces-
sarily appears between the two 7 collinear quark fields, the Wilson coefficient must behave
like 1/w;, where i = 2, or 3. This hints at the possible universality of this structure in
subleading power collinear limits.
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5.4 Subleading matching with two collinear gluons

We now consider the matching to operators involving two collinear gluons. As discussed
in section 4, there are two relevant classes of such operators that contribute to the cross
section at O(A?): those involving two collinear gluons in the same collinear sector, and
those involving two gluons in opposite sectors, both of which have the quark anti-quark
pair in opposite sectors. We consider each case in turn.

(@)7(qgg)n- A basis of O(A\?) operators with two collinear gluons in the same sector was
given in eq. (4.40). Since these operators get their power suppression from the explicit
collinear gluon fields, we can simplify the matching by taking the particle momenta as

w1 w2 _
= h=5
w3 w
s = 3”” +p + ;T U S 54”” L+ p;;r nt (5.28)

where the particle labeling is the same as before, but with p, labeling the additional
gluon. This choice of momenta also removes any contributions from subleading Lagrangian
insertions. We do however, get contributions from the subleading hard scattering operators,
(’)gi’ig, which must be disentangled from the operator coefficients we want to determine.

For these operators we find

P4, b p3, a
P3, 08 py i bE D1
P~ Pl N e
N O AN n (5.29)
% ~ &
E 2
O'(sz)vl OSPTZ] (9()3)
2
—g v ba 'ﬁ’ Vi
T T vn(2) +[(3,a) & (4,b
W1W2(W1+CL)4) ( ) ¢4J_2 ¢3J_ n( ) [( ) ) ( y )],
N p3,a
1, bEE D1 pa, b &y
Pa~ 4 P2, //
~
A no4 o gA_ n
~ ~ -
2 2
) o2/ lop
2
g

= ————a, ()T p TP, 5 va(2) + [(3,a) < (4,b)].

W1 Wow3 Py TL( ) ¢4L¢J_ ¢l¢3l TL( )+[( ) ) ( ’ )]
Interestingly, we see that with our choice of momentum, this gives rise to one term which
localizes, with an O(A°) denominator, and a term which does not, with a 1/ps.. The
corresponding non-abelian graphs vanish with our choice of momentum,

P3,a

(5.30)
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Note that we do not have to consider the operators involving ultrasoft derivatives from
egs. (4.75) and (4.82) in the matching, since we have chosen to only use a residual momen-
tum component for the small momentum component, and we have shown by RPI that this
component of the derivative first appears at O(as).

We now consider the expansion of the full theory diagrams. We begin by expanding
each of the QCD diagrams for the production of two gluons off of the ¢g pair to this
order. For the independent emission diagrams where both gluons with n-collinear scaling
are emitted from the quark with 7-collinear scaling, we have

D3, a

(5.31)

F_i(pQ + p:z + ¢4)

(p2 + p3 + pa)?

_i(pQ +}¢3)

. b\ /*
(igT )¢4 (p2+p3)2

= u(p1) (igT*)¢5v(p2) + [(3,a) <+ (4,b)].

Expanding, we can pick out the O(A\?) contribution of these diagrams, which is given by

P3,a P4, b
P2 ])4ab b1

(5.32)

0(A2)
2

- *mﬂn(lﬁbwfﬁﬁéwﬁ(?) +[(3,a) < (4,b)],

which is local, having only O(A\") momenta in the denominator. Similarly, for the indepen-
dent emission diagrams where a single gluon is emitted from the n collinear quark, we have

ps,a
Do P3,a P4, b P
n (5.33)
_ : i, +9,) i, + ) .
= a(py) (igT?) ¢ — L1417 2_T37 (igT) ¢v(pa) + [(3,a) < (4,0)] .
e e U LS B CROR )
The O(A\?) contribution of these diagrams is given by
pasb p:lepl
(5.34)

02)

= ! an(l)TbT“ny?F?/Lﬁ;Lvﬁ(Q)—l—[(3,a)<—>(4,b)]

Wi 5
2 1

mﬂn(1)TbT“¢LmFm¢§wﬁ(2) +1(3,a) ¢ (4,0)].

Here we recognize both a local term, as well as a T-product like term, which is reproduced
by the SCET diagrams in eq. (5.29). This is expected from the topology of the diagram.
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There are also non-abelian diagrams. In the case that the gluon is emitted from the n
collinear quark, we find

Pa, b

a
P1 +p, +
_ —ig2fabcﬂ(p1)FTc (%2 7)32 ?4)
(p2 + p3 + p1)*(p3 + pa

)Q'va(pg)

19" (pa — p3)” — 9" (2pa + p3)!* + g™ (pa + 2p3)”] € €5, . (5.35)

The O()\?) contribution of this diagram vanishes

=0. (5.36)

0(\2)

Finally, there are three diagrams in which both gluons are emitted from the n
collinear quark

0.  (5.37)

O(A\2)

Each of these diagrams individually gives a vanishing contribution at O()\2?), as might
naively be expected due to the presence of on-shell propagators.

Subtracting the SCET matrix elements from the full theory results, we find that the
result is given by the tree level matrix element of the two operators

2
@u_ Y _ i
OBBIf - an,w1$nJ_,ws §F§$nL,w4Xﬁ,—w2 )
@) —g°
Os82 = s 1 o) s Bt o P o X —an (5.38)

The behavior of these Wilson coefficients is interesting, in that they exhibit a singular-
ities as a pair of collinear particles in the n direction simultaneously have their energy
approach zero.

(9)7(@gg)n- To obtain the matching to the operators involving two collinear gluons and
an antiquark in the same collinear sector, we can simply apply charge conjugation to the
operators in eq. (5.38) and then relabel to obtain

2
@u _ 9 _ o
OBBT’ - mXﬁM1 lgnl.,wg §F§$nL,w4Xn,—w2 5
OWh - 0 B BT 5.39
BB2 = X7i,w1 Pl wsPnl wil Xn,~ws - (5.39)

wi (w3 + wa)
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(@9)7(qg)n- A basis of O(A?) operators with two collinear gluons in the opposite sectors
was given in eq. (4.44). Although we have argued that these operators do not contribute to
the cross section at O(A\?), we perform the matching out of interest, and to understand the
relation to the operators with both collinear gluons in the same sector. These operators
get their power suppression from the explicit collinear gluon fields, and to simplify the
matching we decompose the particle momenta as

w1 Pir _ w2 _ D2
P = 5 WP+ f;n“, ph = 5 WP+ 727«”“’
w3 _ p3 Wy P4r _
ph = > nt —pay + %n”, Py = ?n“ —piL+ ?Tn“, (5.40)

where the particle labeling is the same as before, but with p4 labeling the additional gluon.
Furthermore, we choose the gluon polarizations to be perp in the matching. This choice of
momenta also removes any contributions from subleading Lagrangian insertions. However,
there are also SCET contributions coming from the O(A\?) operators Og%’fﬂ, and (95;27)1‘{72.
The four contributions from these operators are given by

)

wiwsz(wi + wa)(p1r + Par)

N %@@% o )T £y Ton(2)
~

Oy
Pa, b
P e 2~ ba * gk it
pz\ﬁ\* w9 un(DTT P, | f341¢51 3158, va(2)
SN wiwz (w1 + wa)(p1r + Par) ’
0P,
» P3, p4,b }/)1 % %
2~ 2~ b * %
n\i& g _ O W)TT, 51540151 Py, Ve (2)
4 (w2 + w3)wiwa (p2r + p3r)
0'532‘311
, P3;s Pa, b ‘,!/)1
2~ 2 — b * *
’ (w2 + UJ3)WQOJ4 (p2r + p3r)
o
Pn2

Note that we do not have to consider the operators involving ultrasoft derivatives from
egs. (4.75) and (4.82) in the matching, since we have chosen to only have a residual mo-
mentum for the small momentum component, and we have shown by the RPI relation of
eq. (4.76) combined with the matching to the leading power operator in eq. (5.7) that this
component of the derivative first appears at O(as).

Since the matrix elements in full QCD are identical to the case when the gluons are
in different collinear sectors, as was just considered, here we just give the results of the
diagrams evaluated to O(A\?). Unlike the previous case where both gluons were in the
same collinear sector, in this case all possible diagrams contribute at O(\?). Using also
the direction of the gluon to indicate whether it is taken to have n-collinear or n-collinear

74—



momentum, we find

p3,a

_ G un()TTTF 45, va(2)
((.UQ + W3)w4

O(\2)
7 Un (1) TPTTP, | #1511, 0n(2)
(w2 + w3)waws(p2r + p3r)
P u ()T T STR 500, va(2)
(w2 + w3)wiwa(p2r + P3r)
P un ()T f1va(2)

n n B Wawy ’
oK)

9

_92 Un (1)TT ¢ ¢ Ton(2)
(w1 + wq)ws

0(\2)
92 a”(l)TbTazéu_ﬁLff;L%F%Zﬁzlvﬁ(z)
wiwz (w1 + wa) (p1r + Par)
_ Pun()TT ) 11 £519, Don(2)
wiws (w1 + wa)(p1r + par)
_ Pu(T T £ Toa(2)
wiWws

I

0()2)

G un ()T ST va(2)
(w2 + w3) (w1 + wa)

)

O(A?)

. _ =P ()T ¢y 5T5¢5 va(2)
n n w12 ’
O(\2)

Po p3,a P4, b P1

P3,a D4, b
_ig? [ - € un(1)TTn(2)

I

wW3w4q
O(A?)

_ _ngf“bcegL € Un(1)TTvp(2) (5.42)
wW3w4q ' '

0()2)

The sum of all these contributions must be reproduced by hard scatting operators in
SCET, after the non-local terms, which are easily recognizable, have been subtracted. The
simplest approach is just to associate to each of the above diagrams an operator with a
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different Lorentz and color structures. This makes the structure the most transparent, and
simplifies the projection to helicity operators. It also allows us to easily treat a completely
general Dirac structure, I', inserted at the vertex. We can therefore write the operators
generated by the tree level matching as

2 2
Qp _ -9 _ ) @n_ —9° _
(9681 - WXVL,M Fﬁin,wzlﬁJ_mwg X, —ws 0832 = R Xn,wi FﬁLﬁ,ngZgLn,m;Xn,—wg )
2
@Qu___ 79 - i @n_ —9° 7
0353 B mxmm $Ln,w4$Lﬁ7w3FXn,*w2 ) 0354 = w13 Xn,w1 BLﬁ,w3$Ln,w4rxn,7w2 s
—_ g2 % 1/L
(’)(2):“ _ g _ Brthy s
BB5  (wy+ws3) (w1 +ws) Xn’wlgL”"% 279 $ln,w3Xn, wa
2
@p_ —9° _ )
OBB‘Z - WiWs Xn,w1 $J_ﬁ,w3 §F§$J_n,w4 X, —ws 5
2
2 —2g° _
Oél);; - W3wy Xn,wi (Biﬁvwii 'BLn,w4 _BLn,w4 'BLﬁ,w3)FXﬁ’,w2 . (543)

A number of these operators exhibit singularities in the Wilson coefficients as a single
one of the gluons or quarks becomes soft. This behavior is distinct from that of the
Wilson coefficients of the operators involving two gluons in a single collinear sector, given

in eq. (5.38), which only have a singularity when a pair of particles becomes soft. Of
@)r A2 H@)pe - H2)p

s e Osre Opir which have a separate

particular interest, are the operators O
divergence in each collinear sector.
In section 5.7.3 these operators will be projected to a helicity basis, which simplifies

their structure.

5.5 Subleading matching with four collinear quarks

Finally, we consider the matching to the operators involving four collinear quark fields.
As discussed in section 4, the only relevant such operators for the cross section at O(\?)
involve a single collinear quark operator in one sector, and three collinear quark operators
in the other sector. A basis of such operators was given in eq. (4.32). Since the operators
get their power suppression from the explicit collinear quark fields, we can simplify the
matching by taking the particle momenta as

w1 w2 _
Py = ?nu7 Phy = ?n“
w3 _ D3 Wy _ P4
ph = ?n“ +p| + %n“ . P = ?n“ -l + %n“. (5.44)

The momentum labeling corresponds to that shown in the figure in eq. (5.46). This choice
of momentum also removes contributions from subleading Lagrangian insertions, as well as

from the O(\?) single gluon operators

P\S
Pa
~ P1
RS W =0 5.45
%
052
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The QCD diagrams at O(\?) must therefore be exactly reproduced by the hard scattering
operators. As before, the matching coefficients can be calculated by expanding the QCD
diagrams. In the case where a gluon splits into a quark anti-quark pair, with one in each
sector, we find

D4 P2 P1
D3 _ . -1 _ _i(pl +p2 +¢4) .
A =q igT %y, )v u(ps)T igT*~" v )
> . (p1)(igT ) (p2)(p1+p2)2 (p3) r £ 72+ p1)? (igT*" )v(p2)
_ . - , Py + Py T P3)
a igT ) v(p2) ————u igT*") ———=—"2T0 :
(pl)( gLy ) (p2> (pl +p2)2 (p3)( gL )(pl +p2+p3)2 (pQ)
(5.46)
The O(A\?) contribution of these diagrams is given by
D4 P2 b
D3 92 7/L T 4
= ——— Uy ()T *vvn(2)us (3) L =AY T3 (4) ,
oo e (DT e (BT 5 T ()
O(\2)
2
g ] a — v CL%
=——— U, (DT s (2)us (3)y' T =Tvz(4) . (5.47
wlw2(w2+w3)U() W or(2)an(3)y" T STva(4) . (5.47)
O(A2)

We could also have contributions from a gluon emitted from the n collinear quark, which
splits into two quarks, both in the 7 collinear sector. The full theory diagram is given by

I I PPty (=)
=1 1gT") v v(ps)u 1gT* )i I'v )
(p3) (igT*) v v(pa)u(p1) (igT")y T 7s T i) (pz)(p3+p4)2
(5.48)
Expanding this, we find that its O(A?) term vanishes
= 0. (5.49)

O(A?)

Finally, there is a contribution from a gluon emitted from the 7 collinear quark, which
splits into two quarks. The full theory diagram is given by

P3

Pa
1 + + _i
) (=) T ol T ) L T e
(5.50)
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Expanding this to O(\?), we find that its contribution at this order also vanishes

p3
Pa

P2 =0. (5.51)
ﬁ n

O(\2)
We therefore find that the QCD result is reproduced by two SCET operators

2

@r _ g _ Y
Oi1a = s (wn + ) [Xn,wlTaﬂyVXﬁ,*w2:| [Xﬁ,wsFQW TaXﬁ,wJ :
? 4

@r g _ _
O4X1b — _m {Xn,wlTa’YVXﬁ,—wz} |:Xn,w3’YVTa2FXn,—w4:| . (552)

Similarly, for the case where there is an antiquark in the n collinear sector instead of a
quark, the SCET operators are given by

2
2)T g - = % v
Oz(b‘()la = wiws (ws + wa) [Xﬁ,sza’VVXn,*wl} [Xn,ngQ'y TGXTL,M} ’
2
@r _ g _ i} "
O4)‘<1b = _w1w2(UJ2 +W3) |:X771,L<J2TanyX7’L7—w1:| |:X7_L,w3")/VTa2FXﬁ,—w4:| . (553)

Both operators exhibit singularities as certain quarks go soft.

5.6 Subleading matching with a single ultrasoft gluon

In this section we consider the matching with a the emission of a single ultrasoft gluon,
which allows us to probe the operators involving ultrasoft insertions. These operators are
determined by RPI, so the determination of their Wilson coefficients does not require a
new calculation, nevertheless it is instructive to see how this matching works.” For the
corresponding tree level matching computation, the necessary SCET diagram calculations
were carried out explicitly in ref. [66] for an arbitrary current. For completeness we give
the full theory and SCET results needed for the matching calculation in the case studied
here. This illustrates how contributions from the SCET Lagrangian insertions are treated
in the matching, as discussed in general in section 5.1, which can not be avoided in this
case. We carry out this matching prior to making the BPS field redefinition.

To perform the matching calculation, we route the residual momenta such that it is
only carried by the external ultrasoft particle, any intermediate collinear fields, and then
out through the hard current. We take

n-Ps n-Ps

2

pPr=—=n", P2 = —=n", DPs = ﬁ.“ +pSL + n/»" (554)

9Note that we have also shown that they do not contribute to the dijet cross section at O(as\?).
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where the momentum pg is ultrasoft and hence purely residual. Expanding the QCD
diagrams, we find

Ps;a
D2 P —geru, (1)T° [(wl +a - ps)nt + A p (Vi ps—pﬂnﬂ)g]mg(z)
n n Wwi1n - Ps ’
po 9 P gqu ()T | (wakn - po)at + g A+ B o= 1) 03 (2)
n n o W2 N - Ps
(5.55)

Next we drop the standard eikonal O(A\?) terms, and using the equations of motion n - pyn -
Ps = —pg | to write the result in a form which is clearly gauge invariant graph by graph for
the O(\?) terms. This gives

Do Ps; @ pl

_ —gezan(l)T“ {pgj_n-ps—pi_n“ n [’le_aﬂsj_] n (Win'ps—zﬁsﬁ“)ﬁ }

ﬁ n W1n-Ps n-ps 2 2
0(A\2)
XT3 (2),
Ds, @ ~ ~
P2 - _ ge;ﬂn(l)r pglﬁ'ps—p?jl“ B ['Yﬁfn?sﬂ n %(th_n-ps—psj_n“)
n n W2 NP nPs 2 2
0(A\2)
x T3 (2). (5.56)

These results are written in the same form given in ref. [66], which is also the form predicted
by the LBK relation [114, 115].

Unlike our earlier analysis of the purely collinear graphs, with a ultrasoft particle
present there are residual momenta in collinear propagators. Therefore, in the matching
with eq. (5.4) there are non-vanishing contributions from insertions of the subleading power
SCET Lagrangians. Insertions of £() vanish as they involve label | momentum, which we
chose to be zero. The Feynman rules for the corrections from £2) to an n-collinear quark
propagator, and to the emission of a ultrasoft gluon are given by

1, a
(p,pr) 2 E i i
B o @ Pir E Do :Z@,TCL('W”L +p2fﬂl)%. (5.57)
£ " 2nep 12 n-p n-p )2

Computing the SCET diagrams that contribute to the matrix element, we find that the
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propagator insertions of £(2) and corrections to the gluon emission from £3 give

Py Dy O
P2 Do 2 n-e*n-ps  nN-€*n-ps
~ “n ~ “n =gqgl — Un(1)TTv:(2),
n*\(g'// * n‘\\ég " g( W1 Nn-pPs + OJQﬁ'ps >un( ) Un( )
L
Py Psr
P2 Propa 4 p. T Ty £
N P e g ]
nﬁ(2) * n \\'E(g) Win-ps WaN-Ps
Sum:gﬁn(l)T&F pglﬁ'ps_pgjﬁu—hiﬁsj‘] v;(2)
W2 NP n-ps 2 "
i (1T Mo 02 [ H ]
gun() Py WPs—Pgs 1 ’}/L’ﬁsl *
- + Tvy(2).
W1 NP nPs 2
(5.58)

Note that the sum is gauge invariant for each leg. Subtracting off these SCET matrix
elements leaves only the third term in each line of the full theory results in eq. (5.56).
These terms are reproduced by the SCET operators

F
le us 2)r c % _iELus
(—:2) %Xﬁ,*wz ) OgﬁQ = Xn,w1 QHFXTL,WQ . (559)

2)I _
Ogﬁl = X’I’L,wlr w1

Each of these operators gives two contributions, one where the D | produces a ultrasoft
gluon at the vertex, and one where the D, acts as a derivative, and the ultrasoft gluon is
produced by an insertion of £():

(02) = gun(l)FTagL<ﬁ P €*>v

w2 W - ps

(2),
<(’)§Zfzr> =—yg un(l)Ta<’éL AL 6*) ﬁrvf@) : (5.60)

wi win-ps)2 "

Srx

The Wilson coefficients of these operators are both fixed by RPI to all orders in perturbation
theory, and our tree level matching result agrees with this relation.

We see that only the D, or correspondingly in terms of helicity operators, the di
and B4, are required to reproduce the tree level QCD result. Operators of the form
X,w1 11 - DysI'Xnws O Xiiw, @1 - Dysl'Xnw, are turned into purely collinear operators by
the leading power SCET quark equations of motion, and therefore are not included in the
basis, as was discussed for the helicity operators in section 4.3.3. Prior to the BPS field
redefinition, the operators involving the other components of D!, which could appear at
the one gluon level are

O = ) % (=i D)X g s O = C2) R Tin - DugXn—n s (5.61)

but these two operators do not show up in the tree level matching since their coefficients CS)
and C’gl) are O(a). As noted in section 4.3.3, the Wilson coefficients of these two operators
are related to derivatives of the leading power operator. Since the Wilson coefficient of the
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leading power operator is 1 at tree level, the derivative RPI relation implies that the Wilson
coeflicient of these operators vanish, which is reproduced by our explicit tree level matching.
Using the RPI relations of section 4.3.3, we can determine the Wilson coefficients of these
operators at one-loop. Taking derivatives of the leading power Wilson coefficient of eq. (5.7)
gives

(0) 1 _ _
oo _9¢7 _ aCr 1 [—2ID(W) + 3] +O(a?), (5.62)

sn dwq A wy

C

s T

@ _0C® a1 [—mn(_wm —)+ 3] 1 O(a?).

dwo AT we 2 5

In the calculation of the cross section, conservation of momentum will enforce wi; = wa, so
that the Wilson coefficients of these two operators are identical. This will hold to all orders
in perturbation theory. Combined with the arguments of section 4.4.2, showing that the L
ultrasoft operators don’t contribute to the ete™ — dijets cross section at O(A?), this shows
that ultrasoft operators will first contribute at O(a?). The O(a;) ultrasoft contributions
therefore arise only from the subleading SCET Lagrangian.

5.7 Projection onto helicities

Given the general result for the Wilson coefficients in SCET, in this section we project
the operators onto helicities to show how they appear in the helicity operator basis. For
simplicity, we will do this projection for the specific case of a vector current, namely I' = ~#,
as relevant for eTe~ — dijets proceeding through an off shell photon. We then compare
with the operators of the helicity basis given in section 4.

In setting up the decomposition of the Wilson coefficients, as given, for example, for
the leading power operator in eq. (4.8), the couplings of the photon to both the electrons
and the quarks has been ext{z)icted. To extract the Wilson coefficient and helicity operators

(2

from one of the currents, (’)j " we can simply expand the contraction

e tte <_g§‘ ”> o (5.63)

using the completeness relation for polarization vectors

> entni i) (i) = ~gu +

A==+

NipNiy + Ny My

= —gf;,,(ni,m) . (5.64)

Here we have taken s = 2, so that a large light cone momentum Q is deposited in each
hemisphere.

The helicity operator basis of section 4 involves helicity operators defined with respect
to the axes of the jets, namely n and 7, as well as with respect to the axes of the incoming
electrons, namely n. and 7.. In performing the projection in eq. (5.63), the non-trivial
angular dependence of the Wilson coefficient arises from inner products of the polarization
vectors with respect to the axis of the electrons and those defined with respect to the
axis of the jets. While we will not in general expand these inner products of polarization
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vectors, as they allow for an intuitive interpretation of each term, we note that they can
straightforwardly be written in terms of spinor products as

e i) = nnel(nen) ) e (m ) [Pel(nen)
6+(n,n) +( € e) <ﬁn> <ﬁene> ) +< ) ) —( e e) <ﬁn [ﬁene] s
e i) = _ [nnel(fen) ) e (m .y — [Tl (nen)
6—(”,”) +( ey e) [ ]<nene> ) —( 3 ) —( e e) [ﬁn [ﬁene] s (5.65)

Since these factors will appear whenever two spin 1 currents are projected onto each other,
we will define a shorthand notation

3 I

) - €—(ne, Mie) = dy—
) €—(Ne,e) =d—— . (5.66)

) - €4(ne, Tie) = dyy e+(

) - €4 (ne,fie) =d—y e(

3 I

e+ (n, n,
e_(n, n,

<
30

Similarly, inner products of the n and n vectors with the electron polarization vectors can
be expanded as

" e ) V2(Rene) +(1e Te) V2(Rene)
n - €—(ne, ) = _W N e (Ne, Ne) = _M- (5.67)

ﬂ[ﬁene] ’

We will occasionally perform this expansion if it simplifies the result.

\/Q[ﬁene]

The spinor products in general give a phase

(if) = \/|si;]€ [i7] = 1/|si|e @t (5.68)

see appendix A for details. To slightly simplify the expressions, we will choose to define our
spinors with respect to the jet axis n, which we take to be in the z direction, n* = (1,0,0,1).
In this case we simplify the spinor products between n and n

[nn] = -2, (nn) =2. (5.69)

We also note that depending on the collinear sector of the operator, the helicities are
defined either with respect to the n or n axes. The relation

e (n,n) = e (n,n), (5.70)

allows for the trivial exchange of the corresponding decompositions.

Finally, we comment on the organization of this section. Instead of providing tables
of the Wilson coefficients, we find that it is more transparent to show the decomposition
of each of the currents generated in the tree level matching onto the helicity operators.
The way we have performed the matching, we have typically associated a single Feynman
diagram in the matching with an SCET current. Therefore, each of these currents typically
projects onto a single helicity operator. The Wilson coefficients for a particular helicity
operator can then trivially be read off from the corresponding projection.
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5.7.1 Leading power

We begin by considering the projection onto the leading power helicity basis of section 4.1.
Since this is the first operator we are considering, we go through the projection onto the
helicity basis in slightly more detail. Using the completeness relation for the polarization
vectors of eq. (5.64), as well as the projection relations for the SCET spinors, we find

ey e (_ig’”) o —

)
A
E

) e e nm) (€ nem)o ) (¢ (n, O
+

( )
> (ne, Tie) - €4 (n, 1) (€ (ne, Tie) Ve ue) (e’i (n,ﬁ)0g0)>
( )

Q\' Qu&gu

<Q2> +(ne,me) - e-(n,n) (e‘i(ne,ﬁe)@e’y“ue) (6i(n,ﬁ)(’)l()0)> . (5.71)

Here we see explicitly the four different helicity combinations which arise from the single
operator, and that the Wilson coefficient arises as the inner product of the helicity vectors
defined with the different axes, as expected form the point of view of spin projection.
Written in terms of the helicity currents, we have

_ 19 v _ &
Uefy“ue < Q‘“ > O(O) = 6045 ( 5 ) <d+ [nene]J Jqqﬁ+ d++ <nene>Jée+Jqu+

td_ [RenelJeeJ2E —d_y (Aene)Jeer JOO. ) (5.72)

We therefore see that each of the helicity combinations in the leading power operator basis
of eq. (4.6) is reproduced, as required from the C and P relations. The Wilson coefficients
can then immediately be read off of eq. (5.72). Note that the spinor products appearing in
this expression can be simplified given a particular choice of reference axes, but we have
chosen to leave them in this general form.

5.7.2 Subleading power
We now consider the projection onto the O()\) subleading power helicity operator basis of

section 4.2.

(@)n(g9)n and (Gg)a(g)n. We begin by considering the case where the quark and an-
tiquark are in different collinear sectors. The operators found in egs. (5.17) and (5.23) can
be expanded in terms of the helicity currents. We have

Xn,wl $J_nXﬁ,—w2 =V w1w2Jnﬁ—Bn+ + V WIWQJnﬁ-l—Bn— )
Xn,wl ELﬁ,w;;Xﬁ,*u.JQ =/ W1W2Jnﬁ78ﬁf + +/ W1W2Jnﬁ+8ﬁ+ 5 (573)
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where the helicity of the gluon fields is opposite in the two cases due to the fact that it is
defined with respect to different axes. From this, we immediately obtain the helicity ex-
pansions of the two operator. In the case that the gluon is in the n collinear sector, we have

'f)e’y'“ue <—Zgul/> Oggu _ gTa— <—Z\/W1WQ> (574)

Q? AN
_ (w1 +w3)n - € (e, Ne) — walt - € (Ne, Tie) .38 pa 188 pa
|:[n8n€] < w2(wl + W3) (JBE—Jnﬁ—Bn+ + Jee— ']nﬁ-l-an)

_ (w1 + w3)n - €7 (ne, ne) —wzﬁ-6+(ne,ﬁe)> ( aB ap }
(A, Jeos 28 BO 4 ooy O Bf;,) ,
( >( Dol R

and in the case that the gluon is in the n collinear sector, we find

_ =9 \ ALy —ly/wiws

Uefyu‘ue < Q2 ) OBﬁ = gTsB (%2) (575)
Rl e e s ) [ (N R S

w1 (w2 + ws)

o 7 et .. 7
~ win - €7 (ne, Me) — (wo2 + w3)n - €1 (Ne, Ne) aB aB
oTle Jeer T8 B0 4 0 d% 5o |
F{Rene) ( w1 (w2 + w3) ( + et +)

Note that while the Wilson coefficients of the individual helicity operators are more com-
plicated, and explicitly involve spinor products which incorporate the angular dependence
of the scattering process, the helicity structure is very simple. Indeed, comparing the op-
erators generated, with those in the basis of eq. (4.13), we explicitly see that the helicity
selection rules are respected by the tree level matching. This will continue to hold to all
orders in perturbation theory.

(@q)7(g)n- We now consider the operator with a single collinear gluon, where both the
quarks are in the same sector. In performing the matching, we found the two operators of
eq. (5.27). Projecting these onto helicities, we find
_ — 1w Ly —g [ —iy/wiws
Ue'yuue <Q2> OXXFLI = ngwil <\/§Q> (576)
|:d+7 [ﬁene]Jée,BfHJgoﬁ — d++ <ﬁene)Jée+B“+Jg§

n

tdo [fene] Jee-BE_ T8 —d_y (ene)Jee BE_JCD ] ;

and
_ —iGuw (1) o 9 [ —iy/wiwe
VeyH e ( 5 ) Oyyno = Tag—wz (\/i ) (5.77)

(e [endlJee-Ba Ty = s (ene) Joes Bie Ty
+d_ [ﬁene]JéE_BZ*Jr’?{? _d—+ <ﬁene><]ée+8,c;, FO;éOﬁ .

Note that all the operators expected in the basis of eq. (4.15) are generated, although half
come from the first Lorentz structure generated in the tree level matching, while half come
from the second Lorentz structure. Again, the expected helicity selection rules, namely
that the two quarks have net helicity zero is respected.
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5.7.3 Subsubleading power

We now consider the projection of the operators found in the tree level matching onto the
O(A?) helicity operator basis of section 4.3.

(@gPL)n(q)n. We first consider the operators involving an insertion of the P, operator,
which contribute to the cross section at O(A\?). The basis of helicity operators was given
in eq. (4.60), and they involve a single collinear gluon field, and a single insertion of the
P, operator. The two currents found in the tree level matching were given in eq. (5.20).
We find
_ —iGuw \ 2w o 9 —iy/wiws

# 05 =-=T% 5.78
Ve ue( Q2 > Pnl aﬁwlw?) < \/EQ ( )

(e enelJee T 1Ba_PL] = diy {Aene)Jees Ty 1Ba_PL]

+d-— [PenelJee—Jpp-[Biy PL] —d i (Rene)Jeer Jrp— B P

and
_ — 1 v _ a9 _i\/wlw2
ve'y“ue< QZ’"‘ )OPM = Leb < V30 ) (5.79)

(i el Jae T3, 1BaPL) = diy (enc) Jecy T, 1B PY

nn+
+d— [ﬁene]Jée*JSf?— [B%_,_Pl] —d_y <ﬁene>Jée+Jgg— [B%_,’_Pl]} :

We see that these project down into two different classes of helicity operators. Of the oper-
ators in the helicity basis of eq. (4.60) the first four are absent, while the last eight obtain
non-zero matching coefficients at tree level. As expected all expected helicity selection

rules are respected.

(@)n(gg9q)n. We now consider the projection onto the helicity operators for the case of
two collinear gluons in the same collinear sector. A basis of helicity operators for this case
was given in eq. (4.40). The operators arising in the tree level matching were given in
eq. (5.38). Projecting onto helicities, we find

. 2 .
_ —iGuw \ A2v 1 ( arby brra ) 97/ wiw2 —1

# Opp = = ((T°T T 5.80

Ve ue( Q2 > BB1 2 ( )aﬁ+( )aﬁ w2(w1 —|—W3) \ﬁQ ( )
Bg_BZ_ —dyy <ﬁene>Jée+Jg§+BgL—Bg—

nn—+

[d+, [Fiene] Joe OO

td__ [fenclJeeJoE B BY —d_y (fiene)Jeer JOO B BY,

n—">~n+
where we have included the appropriate symmetry factor. And
_ —iGuw \ AR 1( arby b ) —g°/wiws < —i >
Ve Ue o0 = ((TT") 5+ (T°T"),, 5.81
e (k) O = 5 (1T + (117%)5) S0V (— (5.51)
[dJrf [ﬁene]Jée,Ja{B Ba Bb — d++ <ﬁene)Jée+Jg,§fol_BfL+

nn—~n—"~-n+

+ d__ [ﬁene]JEe— Jg7‘€+

BiBY —d s (iene) Jeer iy Bay B |

Again we see that of the helicity combinations present in the basis of eq. (4.40), four are
not present, while the other eight are generated in the tree level matching.
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(@q9)7(qg)n. Similar projections apply to the case when the two gluons are in different
collinear sectors. A basis of helicity operators for this case was given in eq. (4.44). The
operators arising in the tree level matching were given in eq. (5.43). Because of the way we
have organized the operators, namely each corresponding to a particular Feynman diagram,
the helicity structure of the Feynman diagram is reflected in particular helicity correlations
in the projected helicity operator. However, summing over all the Feynman diagrams, we
will generate all the different helicity combinations in our helicity basis. We will write the
color structure of the operators in terms of the color basis of eq. (4.39). The organization
of the operators in eq. (5.43) corresponds quite closely to this color decomposition, and
therefore the projection of each operator will typically contribute to only one of the elements

of the color basis.
2)v

Py and O(Q)V of

We begin by projecting onto helicity operators the operators O PN

eq. (5.43). We find

. 2 .
— u —Guv @y _ -9 Tbay —1y/W1W2 9
Ve Ue< QQ )OBBI (w2 +W3)w4( )aﬂ \/§Q (58 )
JoB
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Bn-}—B’ﬁ-i— - d++ <n8n6><]ée+ nﬁ+Bn+Bﬁ+
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which is identical up to a relabeling of n <> n, and flipping the helicities correspondingly
for the gluon fields. Note that because the two gluon helicity fields are in the n and n
directions, the helicities of the B fields are defined with respect to different axes.

We can similarly project the operators ng%g and OS%Z onto the helicity operator basis.
We find

. 2 .

I _Zg,uu> 0(2211 _ -9 TbTay (-Z\/w1w2> 5.84

Ve u€< QQ BB3 (wl +W4)W3( )aﬁ \@Q ( )
[d+, [Fiene] Joe JO2 BY BE — di (Rene)Jees JO5, B _BC
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+d__ [ene) JoeJ2E BELBE, —d_y (Riene)Jee JOE B Bg+],

nn—">~n+
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. 2 .
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Ve Ue< Q2 BB4 W1W3( )aﬁ \@Q ( . )
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In this case both the B fields are again in the same helicity, but their correlation with the
helicity of the quark current is opposite to that of egs. (5.82) and (5.83).

(2w (2)

The operators (’)835 and OBB

fields have opposite helicity. We have

g give a different helicity contribution, where the gluon

_ —iGuw @v g° bray [~/ Wiw2
Ue7ﬂue< 2 ) 0355 = (s + w3) (@1 + w3) (T°T )aﬁ’ <\/§Q ) (5.86)
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Finally, the operator (’)gg gives
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Therefore we see that all the different helicity combinations present in the basis of eq. (4.44)
are generated in the tree level matching.

(@QQ)7(q)n- The four quark operators generated in the matching were given in
eq. (5.52). Projecting onto the basis of helicity operators, and using the color basis of
eq. (4.24), we find
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I —t9uv O(Q)V _ g v w1w2w3w41 5 28~ — i s —t
’ “( Q2 ) SCR P 1] QL AL R T (5-89)
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We see that all the helicity combinations of eq. (4.32) are generated in the tree level
matching, as are both possible color structures. Furthermore, all the expected helicity
selection rules are respected. The projection of the operator eq. (5.52) with an antiquark
instead of a quark in the n collinear sector proceeds identically, so we will not discuss
it explicitly.

5.8 Discussion

Having performed the tree level matching both onto operators formed of standard Dirac
and Lorentz structures, as well as projecting these onto operators in the helicity basis
of section 4, here we briefly comment on the two approaches, and their advantages and
disadvantages. The major advantage of the helicity operator approach is in enumerating a
complete basis, and in making symmetry arguments about which operators will contribute
to the factorization. This is greatly simplified by the use of helicity operators. Enumerating
the basis is straightforward, and non-trivial relationships between different operators, for
example using spin Fierz relations are absent. On the other hand, enumerating a complete
and minimal basis of operators in the standard approach (which we did not do in this
paper) is significantly more complicated. Furthermore, many of the symmetry arguments
that were used to show that particular matrix elements of operators do not contribute to
the cross section are obscured. Therefore for performing the formal factorization to all
orders in perturbation theory, where a complete basis is essential, the helicity operator
approach offers a clear advantage. This will become even more essential if one were to
consider the case of three jets, for example. As noted in the case of dijets, a large number
of the operators don’t contribute. This can be seen easily in the helicity operator approach
where many symmetries are manifest.

However, as has been seen in the matching, since each of the helicity building blocks is
a scalar object, in the helicity approach all angular correlations are contained in the Wilson
coefficients. This means that the Wilson coefficients are slightly more complicated objects.
For example, in the case of the eTe™ — dijets that we have considered here, the Wilson
coefficients contain the inner products of polarization vectors, which carry all angular de-
pendence. Furthermore, for relatively simple final states, such as those considered here, it
is arguably more efficient to compute first a general current, and then project to helicity
amplitudes. This may no longer be true if more jet directions are involved, since for higher
multiplicity states, particularly involving gluons, it is well known that the calculation of in-
dividual helicity amplitudes can be significantly simpler. Regardless of the exact techniques
used to perform the matching, the helicity approach offers significant formal advantages
for understanding the all orders structure of the operators, and for generating complete
operator basis. The exact procedure which is then used to match to these operators can
then be whatever is most convenient.

In a forthcoming paper we have performed a similar analysis, using the helicity opera-
tors introduced in this paper to study a complete subleading operator basis for gg — H, as
well as performing the tree level matching to those operators which contribute to the cross
section at O(A\?) [121]. In that case we also found the helicity operator approach to be
convenient. In particular, the spin zero nature of the Higgs leads to even more stringent he-
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licity selection rules than for the gI'q current considered here. The structure of the Wilson
coeflicients in the case of gg — H is also simpler due to the fact that there are no angular
correlations between the initial and final state, and therefore the Wilson coefficients for the
helicity operators remain simple. We therefore believe that the use of helicity operators is
a particularly powerful approach for simplifying subleading power operator bases in SCET,
much more generally than the gl'q current considered here.

6 Conclusions

In this paper we have presented a basis of SCET helicity operator building blocks valid
to all orders in the power expansion. This involved the use of helicity operator building
blocks with multiple collinear fields in the same collinear sector, as well as ultrasoft gauge
invariant helicity fields describing ultrasoft degrees of freedom, as summarized in table 2.
These operators allow for efficient organization of both helicity and color information. At
subleading power interesting selection rules arise from the conservation of angular momen-
tum [72], which constrain the allowed hard scattering operators in a basis. The use of
helicity operators, color organization, and ultrasoft gauge invariant building blocks greatly
simplifies the construction of subleading power operator bases in SCET.

To demonstrate the efficiency of the helicity-operator approach, we explicitly con-
structed a complete basis of hard scattering operators from a spin-1 current with two
back-to-back collinear sectors up to O(A\?). Due to the manifest crossing symmetry of
our operator basis, this basis is applicable to studying power corrections for a number
of phenomenologically relevant processes, including ete™ — dijets, e p — e~ jet, and
constrained Drell-Yan. As an example, we discussed in some detail the structure of the
factorization in SCET for eTe™ — dijet event shapes at subleading power, and detailed
the different sources of power corrections. Symmetry relations, which are manifest in the
helicity operator basis, were used to show the vanishing of hard scattering contributions to
the dijet cross section at O(A). Using our basis of hard scattering operators we enumerated
and studied the field content of the subleading jet and soft functions which arise from the
subleading hard scattering operators at O(A?) in the expansion of the cross section. We
then performed a tree level matching calculation, showing the operators which arise at tree
level, both in a more standard notation in terms of Dirac and Lorentz structures, as well
as projected into the helicity basis. We contrasted the different forms of the operators and
their utility for different purposes. The explicit results for the matching of the subleading
power operators will be useful for further studies of power corrections both in fixed order
and resummed perturbation theory.

Since relatively little is known about the structure of factorization theorems at sub-
leading power a number of directions exist for future study. It would be interesting to study
in more detail RPI relations between operators for the subleading dijet operators to under-
stand if relations beyond those given in this paper could be derived. The renormalization
group evolution of the subleading power helicity operators in SCET is of considerable inter-
est. The anomalous dimensions of leading power operators are well understood, and exhibit
many universal features due to their connections with the soft limits of gauge theories, and
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it would interesting to determine to what extent such features persist to subleading power,
and what new properties emerge. A study of the RG structure of O(\) operators was consid-
ered in ref. [71]. The RG evolution of higher twist operators has also been well studied [122—
133], and should exhibit similar structures. Finally, an understanding of the numerical im-
pact of the subleading corrections for ete™ — dijets event shapes would be of considerable
interest, for example, for improving extractions of a, performed in [78, 134-136].

Another potentially interesting application of subleading factorization theorems is to
improving subtraction schemes for higher order perturbative calculations. Subtraction
schemes based on factorization theorems include the recently introduced N-jettiness sub-
traction scheme [137-139], based on the N-jettiness event shape [140], as well as the SCET
based subtraction scheme for NNLO semileptonic top quark decays of ref. [141]. Sublead-
ing factorization theorems would allow for the subtraction of the next-to-singular terms,
potentially improving the numerical accuracy and speed of the techniques. This was empha-
sized in [139], and was first studied numerically in [142]. The feasibility of extending these
schemes to subleading power will rely on a convenient organization of the subleading factor-
ization theorem, which should be aided by the simplicity of the helicity operator approach.
A detailed study of power corrections for N-jettiness subtractions using the operators in
this paper was presented in [143], where the terms of O(a?2 log® 7) were computed explicitly.
See also [144] for a calculation of the power corrections using alternative methods.

More broadly, we also envision that the helicity operator approach could be useful
for constructing subleading operators in other processes, including B physics and higher
twist DIS where power corrections have been more thoroughly studied. Although power
corrections have yet to begin to play an important phenomenological role in jet physics, we
have demonstrated that a particular part of the factorization at subleading power, namely
the construction of a basis of hard scattering operators, can be greatly simplified by the use
of helicity operators, which we hope will prove useful in the future study of factorization
theorems at subleading power.
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A Spinor helicity identities and conventions

The four-component spinor u(p) of a massless Dirac particle with momentum p, satisfies
the massless Dirac equation,

pulp) =0,  p*=0, (A.1)

as does the charge conjugate (antiparticle) spinor v(p). We can therefore choose a repre-
sentation such that v+(p) = u+(p). We denote the spinors and conjugate spinors for the
two helicity states by

L+
2

1F 7
5

u(p),  (p£| =sgn(p’) u(p) (A.2)

lp£) =

Here the sgn(p) is included in the definition to simplify relations under crossing symmetry.
The spinors |p+) have an overall phase that is left free by the Dirac equation. Using
the Dirac representation,

10 , 0 o 01
0 = g = . = . A
Y (0 _1> , (—az 0) .Y (1 0) (A.3)

If we take nf' = (1,0,0,1), we get the standard solutions [90]
== [ VLT = | (A4)
=z | T E | e | '
p+ei¢l7 \/IJT

where ) )
. p tip
p==p" £p?, exp(Figy) = - (A.5)
pb'p

Using these conventions, we have

(i) = +/|si;]€i | [i7] = 1/|si|e @t (A.6)

1+ gt 2+ 121+

COquij =, singi)ij = .
Vil kS Vsl Kk

In terms of the standard spinor wavefunctions, these are simply

(i) = u—(k)us(k;),  [ig] = uq-(ki)u—(k;). (A.8)

For negative p° and p* we use the usual branch of the square root, such that for p® > 0

where

[(=p)£) =ilp£) . (A.9)
We also define, (pt|, the conjugate spinors, as

(p£| = sgn(p’) [p£) - (A.10)
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We include the additional minus sign for negative p° as we want to use the same branch
of the square root for both types of spinors. We see for p? > 0

(=p)*=| = =[(=p)%) = = (=) (p£] = i (p£[ . (A.11)

This makes all spinor identities correct for momenta of both signs, allowing easier utiliza-
tion of crossing symmetry. These signs will appear in expressions with explicit complex
conjugation, including the most important example,

(p = la+)* = sgn(p°°) (g + [p—) - (A.12)
The spinor products are denoted by

(pg) = (p—lg+), [pgl = (p+ lg—) - (A.13)

Several useful identities satisfied by the spinor products are

(pg) = —(ap),  [pa] = —lapl, Iy [p) = (p|7"Ip] = 2p", (A.14)
o) k| = 1220, p = 1o] (ol + 1) ol
(pa)lap) = 5 tr{(1 —5)pg} =204, pa)| = lipall = /2],
pl7*ld] = lalv* Ip) [Pl la) [kl (1) = 2[pk](lg) ,

(pq)(kl) = (pk){ql) + (pl)(kq) .

Momentum conservation Y ; p; = 0 also implies the relation

> ljil(ik) = 0. (A.15)

i=1

Under parity the spinors transform as
p"E) = £ pF) . (PT¢") = = OrtP[pg], [pPq7] = —e 1 OrtP)(pg) . (A.16)

The polarization vector satisfies the completeness relation

* Pudv + Puvq
Z e (p,q) (eﬁ(p, q)) = —gu + (A.17)
A=+ p-q

In SCET the projected collinear quark fields

lpE), = ﬂfi lp£) | (A.18)
satisfy the relation
h <7T !pi>) =0, (A.19)
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and are therefore proportional to |[n4). Working in the basis in eq. (A.4), we find

1) = 9 oo (Y eos (%) o in (2 Y sn (%) 1w, a0)
%@M:x@opwp%%%<%vcw<g>+ﬁm< )&n( H

Here 0,,, ¢p,, and 0,, ¢p, are the polar and azimuthal angle of the n and p vectors, respec-
tively. Choosing n!' = p! /pl7 we have

T sy = [ i) (A21)

2
B Subleading measurement function

In this section we detail the factorization of the subleading measurement function, to
illustrate its structure, and how the expansion can be systematically performed. We restrict
ourselves to what we will refer to as “pseudo-additive observables” which we define as those
observables with measurement functions that can be factorized into contributions from
collinear and ultrasoft modes at each order in the power expansion in the form

e (X) = el (X, Gy Gy) + e (Xg, G, Gy) + el (X, Gy Gr) (B.1)

Here G,,, G5, G refer to global properties of the corresponding sectors that can be defined
independent of the order in perturbation theory to which one is working.!® The sum over
mtermedlate states in each sector can be performed by mtroducmg measurement functions
MY ./T/l\rf), and M%), The measurement functions act as My \X ) = d(e — el (X)) X)),
and similarly for the other sectors [39, 43, 46, 145, 146]. The contributions to the cross
section at each order in the power expansion can then be expressed as a sum of vacuum
matrix elements, involving a measurement function insertion, and each containing only
collinear n, collinear 7, or ultrasoft fields.
We consider explicitly the factorization for the thrust observable [75]

|t P
ZZ | _'p ’ , (B2)
Zi |7i

assuming massless particles. It is convenient to work with

T = max;

r=1-T, (B.3)

which vanishes in the dijet limit, and can be described by an SCET] factorization theo-
rem with A ~ /7 [76-78, 135, 147]. We will explicitly construct the subleading power
corrections to the thrust measurement function, performing the expansion to O(A\?)

re O W)y @) (B.4)

using the same SCET formalism used to enumerate our operator basis.

10 An example of a factorization theorem for which non-trivial factors of Gy, Gn, Gs appear is the so called
“soft haze” factorization theorem of ref. [101].
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We consider an eTe™ event at center of mass energy ), and we work in the center
of mass frame. We label our lightlike vectors in the effective theory as n* = (1,7), and
i = (1, —i7). The axis defined by the unit vector #, which satisfies £ -7 = 1, is referred to as
the thrust axis. Thrust is maximized when the thrust axis is aligned with the hemisphere
whose particles have the largest three-momentum along t. We therefore partition our event
into hemispheres based on this criteria, which we call Ji, and J». For particles ¢ € Ji, we
have pj - t > 0, while for particles i € Jo, we have p; - < 0. We also define the thrust
light-cone vectors, t* = (1,7 ) and t* = (1, —t ). As shorthand, we will use the notation

Py =>"p,  PL=) pf (B.5)
i€Jy 1€J2
We have chosen to define 77 so that we are in a frame where the total label | component
of each collinear sector vanishes. This choice still allows an infinite family of possible frame
choices as it does not restrict the residual momenta. In particular, the residual momentum
of the collinear sectors need not vanish when one experiences recoil at O(A?). To make
this frame restriction manifest, we split the momenta in each hemisphere as

P , P
Pho= et 0 ), P =R

Here P, and P, denote the large component of the label momenta, p!, and pf denote the

A+ (p + kMY (B.6)

residual momenta of the collinear sectors and
K=" KOG - E) KO =N K7t k), (B.7)
soft,i soft,i

which we will use to express our results.
We will not present a derivation, but simply state the results for the measurement
functions. The familiar result for the leading measurement function is

o m (iKY e (k)
Q Q '

At the next order in the power expansion we have no O(\) terms,

7 =0, (B.8)

£

as expected. After some algebra, at O(A?) we find the rather simple final result
2 2
7 Q2 (7o +E2) (B.9)
N2 072 o ~(2)) 2
E [(an) + 267 - pry + (k1Y) } -
Thus the subleading thrust measurement function depends on only the squared total O(\?)

perpendicular momentum in a hemisphere. This can also be written in a form that is
symmetric in # and n,

@ = — s (o + 7)) - G (e + R (B.10)

= g ) + 2B -+ E)?) = ) + 25 -+ (D))
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In either form the 73 power correction to the thrust observable is always negative. Note
that there is a cross term in the measurement function at O(\?). However, from the point
of view of the ultrasoft (collinear) sector, this term depends only on a global property of
the collinear (ultrasoft) sector, and therefore satisfies the general form of eq. (B.1).

A derivation of the subleading power measurement function for thrust was first pre-
sented in [70] using the SCET framework of [116]. Due to the fact that residual momentum
is not conserved in their framework, their 7(!) measurement function does not vanish, and
a more complicated form of the 7(!) measurement function is obtained. Nevertheless, the
strategy for computing the subleading measurement functions in the two setups is common,
and hence was not repeated here.

C Generalized basis with P, P1z # 0

Throughout the main text, we have restricted ourselves to back to back axes and made
the assumption that the total label perp momentum in each collinear sector vanishes.
When working at subleading power it is convenient to keep the axes back to back, and
in certain cases, it is therefore necessary to generalize the basis to the case that there is
a non-zero total perp momentum in either collinear sector. In this appendix, we provide
the additional operators that appear in this situation, as well as their tree level matching.
Since there are only a few additional operators, we distinguish them simply by their field
content. Furthermore, for conciseness, we give only the operators that can interfere with
the leading power operator. In particular, we do not give the operators involving two
collinear quark fields in the same sector, along with an insertion of the P, operator in the
general frame. We also perform the tree level matching onto these operators.

We first consider the operators involving P, insertions with just a single collinear
quark field in each collinear sector. These appear at O(A) with a single P, insertion, and
at O(\?) with two P, insertions. At O()\), we have the operators

\ A\
i \ i

~

Pidndn: > @t
(Hap _ [p— a8 (Lap _ [ p+ a8
Ol oy ={Pradi} dess ORI = {PTI} Jex (C.1)
where the P, operator acts on the outgoing quark, and
i i
an(PLan) : l\‘j‘"“.“"ﬂ‘}
(Hap _ a8 ot (Has _ | 788 p+t

where the P; operator acts on the outgoing antiquark. Note that we do not allow the P
operator to act on the electron current, as this can always be removed using integration
by parts.
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There are also O(\?) operators involving two insertions of the 7P| operators. A basis
of such operators is given by

i i
(PLPiOnin: @l
(2)ap _ —p— 7a8 (2)ap _ +p+ 7aB
OP"Pn(Jr;i)[ff} - {pJ_ PJ_ JnFLJr} Jet , OPPn(ﬁi)HH - {PJ_ PJ_ Jnﬁf} Jext

(2)aB _ I pt+p- a8 (2)ap _ I p+tp- a8
when both P, operators act on the quark sector,

\ I

~

i
G(PLPLG) s @t
(2)aB _ aB p—tp—t (2)ap _ aB pt+iptt
Oppﬁw;i)[”] = {Jnﬁ+73J_ Py }Jeiv Oppﬁ(f;i)prﬂ - {Jnﬁjﬂ Pr }Jei’

(2)aB _ | g8 p—tp+t (2)aB _ g8 p—tp+t

when both P, operators act on the antiquark sector, and

' I
19n)(PLqn) : i —— )|
(PLa)(Pidn): @t
(2)aB _ — ;a8 p—t (2)aB B a8 o+t
O'P'P(+;i)[77] - {PJ_ Jnﬁ+7)l_ } Je:l: 5 O'P'P(f;i)H»«}] = {'Pj_-Jm—lf'PJ_ } Je:l: ,
(2)ap _ B (2)as B _ a8 ot
OPP(+,:|:)[—+] - {,PL Jnﬁ-‘rPL } J€:|: 9 OPP(—,:I:)[——‘,—] - {PL Jnﬁ—PL } Je:l: s

(2)ap _ af ot (2)a8 _ af ot
Opp (4] = {PIJnﬁ+PJ_ }Jei, Opp(—t)t-] = {Pfjnﬁjﬂ }Jei- (C.5)

when one operator acts on either collinear sector. In all these cases, the basis of color
structures is identical to that of the leading power operator in eq. (4.7).

Finally, we must consider the O(\?) operators involving an insertion of the P, operator
along with a B insertion. In the case that the P, in each sector is non-vanishing, we must
consider the possibility that the P, operator acts on any field, thus making the basis more
cumbersome than in the center of mass frame. In the general case, the basis is given by

-~

P —rL:\
(99PLn@a: (- @y

- -

(2)aap _ [p—Ro ap (2)aap _ a o3
Opsy vy = PIBa] Jont Jexn Opp " iy = [PIBa_] Jup—Jex,  (C.6)

(2)aaB _ a aB (2)aap _ —ra af
O (4] = [PLB-] Juny Jex s Opg (o = [PLBa-] Juny Jex
(2)aas _ a af (2)aap _ —1a apf
Opsy (i = [PIBat] Joa—Jex s Opp "y = [PIBry] Jo - Jex
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when the P, operator acts on the B field,

f N

(9aPL)n(@n: 77

\ /

‘y—

’Pl‘

(2)aa — jap (2)aap _ pa + 7af
Opr By = Ba{PTa Y Jee, ORP L =B {PTIE} Jes, ()

(2)aap _pge [p+oB (2aap _ o ap
Opy—(+)1+] = Bo- { LJWH} et Opy—(rm) = Bn {Pijmw} Jet s

(2)aap _ pra + yaB (2)aap _ Ra ap
O oy = Bie APT TR} Jee Oy = B {PLII ] e
when it acts on the quark field, and
(99P1L)n (D)7 : (\ :T"‘ .%Qegij}
(2)aap _ pa (2)aap _ pa aﬁ
(2)aap _ pa ag pt+ (2)aap _ ra ag pt—
Ops—(+spim = B {Jnnﬂ’ fees  Op =B {Jnnﬂ’ } Jet

(2)aap _ na + 7ap (2)aap
Op gt (=) = Bns {PLJm_P }Je » Opsr—ay- = Bt {PLJ PI }Jei’

when it acts on the antiquark field.
We now perform the tree level matching to these operators. The first two groups of
operators can be matched to using a qq external state. We take the momenta as

o nM nM nt

n
pﬁL:M? +p1L +p1r7, P§:w27 + P21 +p2r77 (C.9)

where p; denotes the momentum of the quark and p, the momentum of the anti-quark.
Expanding the tree level result for generic kinematics, we find

MuFunJr F%M ettt (C.10)

uplun + Un o 2 5 s

From these we can immediately read off the Wilson coefficients and structure of the oper-
ators appearing in the matching,

1 i1 1 1
053171 = Xn w1¢T FXn —wo Og% = _JZXn,wlFiﬁﬁJ_Xﬁ,—wg y (Cll)
and
@ _ L i
O'P”P - wWiWs Xn,wllpLQ 27PJ_Xn —wsy - (012)

Note that the Wilson coefficients of the operators with a single P, insertion are equal by
RPI to the operators of eq. (5.59) involving an ultrasoft perp derivative. Note also that
the operators involving two insertions of the P operator in the same collinear sector do
not appear in the tree level matching.
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We now consider the matching to the operators involving one additional collinear gluon
field, and an additional P insertion, in the case that we do not restrict to the center of
mass frame. Recall that the relevant QCD matrix elements are given by

o 8 m w1+ P5)
. (o 1 3 v

0, P3,a P1 - _( )FM( T *) ( ) (C 13)
= a(p; (s + 13)° igT*¢* )v(p2) . .

We will explicitly consider the case where the gluon is in the 7 sector. We can then simplify
the matching by performing it in two steps. First, we can set the total 1. momentum of the n
collinear sector to zero, and extract the operator involving the P, acting on the n collinear
sector. Having extracted that Wilson coefficient, we can then set the perp in the n-collinear
sector to zero, and then extract the other two Wilson coefficients. This suffices since the
operators are linear in P;. Note that for general kinematics, there are also T-product
contributions arising from the O(\?) operator of eq. (C.12), and an insertion of the leading
power SCET Lagrangian, or an emission from the Wilson line in the vertex. However, for
the particular choice of kinematics, both these T-product contributions vanish.
We begin by extracting the Wilson coefficient for the case that the P, acts on the n
collinear sector. We take the momenta as
(C.14)

w w
plt= pt 4 ph + Plr + —=—nt, pgziﬁ“—p’i—i-

w
2 Piperp 2 ) pg = ?n# +py

Expanding the QCD amplitudes, and keeping only terms involving P, acting on the n

collinear sector, we find

D2 Py P1 ; i ’
\\%é/ = e Fa EPLTSTS <¢L—n-ej;)vn<p2>,
O(A2)

(C.15)

and

p3,a
D2 Y P1

= J un(pr)p, T <¢ —-n- e%) va(p2) - (C.16)

wlw;g
O(A\2)

At tree level, we therefore find the operators

@ ___ 9 t R
Ole - W1<WQ + ws )an1¢L2 2$J_nden —w9g 9
2 g
053))(2 = Wiw3 an17PL$J_nw3FXn —wa - (017)
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Now, to extract the Wilson coeflicients of the other operators, where the P, acts in
the n sector, we choose the kinematics as

w w w
ph="Dpp ph= gy Prge e e P (0u8)
2 2 2 2 2
Expanding the QCD diagrams, we find
p3;a
P
: = )y, T () + — () 0, ()
- W1w3 n\DP1 3ip3J_ n\D2 W1 n{P1 2 21¢2J‘ n\P2) ,
O(\2)
(C.19)
and
D p3;a »
=0. (C.20)
O(A2)
We therefore find the operators
2 9 - T
059’%[1‘ = _mxn’wl |:$J_ﬁ7w3,PJ_:| FXT%_WQ ’
2 g9 _ h Ih
Og;%g = —w1w2 Xn,wl ﬁj_ﬁ,wgirg [PLXTL,—WQ} . (021)

Note, that restricting to zero total 1| momentum in the 7 collinear sector, i.e. setting
P31l = —pa1, we recover the result of eq. (5.20).

In the case that the gluon operator is in the n collinear sector, we have the correspond-
ing operators

0(2) :_$—nw ﬁrﬁ{ _— ]
Px1 wz(uJ1+w3)X ’ 1lgj‘n’w?’Z 2 P Ximwn |
2 g _
O’(P))(Q = _w2w3 XnywlrgJ_'l’L,wg |:¢J_Xﬁ,—a&i| J (022)
and
2 g I- t 179
0’537)1‘11‘ - 7001002 |:Xn:wl7PJ_:| §F§$Ln,w3Xﬁﬁw2 )
2 g _
O%zf; = _(A}ng Xﬂ»wlr[/PJ_ﬁj_n,w:a]Xﬁ,—wz . (C.23)

The additional operators given in this appendix demonstrate the simplifications that can
be achieved by working in the center of mass frame. There are however cases of interest,
for example, beam thrust, which involves hadronic radiation in both the final and initial
state, where such a convenient frame cannot be chosen, and this extended operator basis
must be used.
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