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Abstract Acoustic-gravity waves (hereafter AGWS) in ocean haveivedemuch interest
recently, mainly with respect to early detection of tsureas they travel at near the speed
of sound in water which makes them ideal candidates for eftigction of tsunamis. While
the generation mechanisms of AGWs have been studied fropettspective of vertical os-
cillations of seafloor and triad wave-wave interactionhe turrent study we are interested
in their generation by wave-structure interaction withgibke implication to the energy sec-
tor. Here, we develop two wavemaker theories to analyseréifit wave modes generated by
impermeable (the classic Havelock’s theory) and porouso(mowavemaker theory) plates
in weakly compressible fluids. Slight modification has beedento the porous theory so
that, unlike the previous theory, the new solution depemdhe geometry of the plate. The
expressions for three different types of plates (pistom, fteelta-function) are introduced.

Analytical solutions are also derived for the potential &tage of the gravity, acoustic-
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2 Miao Tian, Usama Kadri

gravity, evanescent waves, as well as the surface eleyatbocity distribution, and pres-
sure for AGWSs. Both theories reduce to previous resultsrfooiinpressible flow when the
compressibility is neglected. We also show numerical examfor AGWs generated in a
wave flume as well as in deep ocean. Our current study sethebeetical background to-
wards remote sensing by AGWSs, for optimised deep ocean wewer harnessing, among

others.

Keywords wavemaker Havelock’s- porous- acoustic-gravity waves

1 Introduction

Wavemaker theory has received increasing attention ngtlmdause its feasibility on gen-
erating waves in laboratory experiments, but also due tapdication in design of wave-
energy harvesting devices [1]. The classic problem of serf@aves generated by a wave-
maker in infinitely deep ocean was investigated by Havelaskin Ref. [2], and later ex-
tended to the case of finite water depth [3]. The wavemakertrgased as a vertical imper-
meable plate which oscillates horizontally and periodycalith a small displacement, and
the fluid was assumed incompressible. In all these fornoratthe wave motion was gov-
erned by linear wave theory. Extensions to a directionalen@aker problem with slowly-
varying depth can be found in [4].

The impermeability of the plate is unrealistic for a plateaimwave flume, not to men-
tion a landslide in deep ocean. Madsen [5] examined the mfki®f leakage around the
wavemaker on the wave amplitude and concluded that the paibect can largely reduce
the wave amplitude. Therefore it would be more appropriateake porosity effects into
account for many applications.

Here, we study the effect of water compressibility and theegation of acoustic-gravity
waves (AGWSs) by water-structure interactions. AGWs hageiked much interest recently,
as they travel at the speed of sound in water which makes tasmang others, ideal pre-
cursors of tsunami by employing bottom-pressure recoedjigr]. AGWSs can interact with
continental shelves [8], ice-sheets [9], and might be resibte for deep-ocean water trans-
portation and circulation [10]. In contrast to the decaywegtical structure of gravity-wave
modes, the wave amplitudes of AGWs exhibit sinusoidal Warian the vertical direction.

Therefore wave-energy harnessing devices that are plackzep water (where the decaying
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Wavemaker theories for acoustic-gravity waves over a fofefeth 3

gravity wave modes vanish) can potentially make use of AGM#f&reby the induced mea-
surable pressure signature may reach a maximum at the se®f@te harnessing energy
of AGWs might become possible in the future, e.g. based oiad itnteraction mechanism

similar to that proposed by Refs. [11] or [12], a more immeslgpplication is the detection
of sea-state in wave harnessing farms. Here, we show that#\@diate by the harnessing
devices, or namely wavemakers, carrying information oir gwurce at the speed of sound
in water. To this end, while the generation mechanisms of AG\&ve been studied from
the perspective of vertical oscillations of seafloor [134],and triad wave-wave interaction
[15,16,11,12], here we are particularly interested inrteneration by horizontally-moving

wavemakers.

In this paper, we develop Havelock’s and porous wavemalaaribs for weakly com-
pressible fluids. The paper is organised as follows: thelprolis formulated with the gov-
erning equations and boundary conditions in section 2. Bmeigl solution is provided in
Section 3, followed by the Havelock’s and porous-wavemaidutions in Section 4. Sec-
tion 5 presents examples for three types of wavemakersgla@wave flume as well as in

deep ocean. The work is summarised in Section 6.

2 Governing equations

We takex andz the horizontal and vertical coordinates respectively, emnkider a wave-
maker with its plate initially located at= 0. The wavemaker oscillates horizontally along

thex-axis with a displacemerst given by
SO(szvt) :d(Z) exp(—ia)t), d <<h7 (1)

wherew is the radian frequency (z) is the maximum amplitude of oscillation, assumed to
be much smaller than the undisturbed fluid ddptandt is the time. The horizontal velocity

and acceleration of the wavemaker are
Up = —iwdexp(—iwt), ay=—w’dexp(—iwt). 2)

The equation that governs the irrotational motions of attiowggavity waves throughout the

entire water column is

Py = (Po+Pz), —h<z<n, ®3)
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4 Miao Tian, Usama Kadri

where@® is the velocity potential, andis the speed of sound in water. The linearized kine-

matic and dynamic conditions at the free surface are
&, =n, z=n, (4)
®+9n=0, z=n, ®)
wheren is the free surface elevation. Expanding (4) and (2-a0 and eliminating) yield
the approximated surface boundary condition as shown in[Ré&f
@y +gP, =0, z=0. (6)
Finally the kinematic bottom boundary condition for a flattbm is given by
®,=0, z=—h, ©)

which indicates that the vertical velocity of the fluid mustZero at the bottom.

Equations (3), (6), and (7) formulate the linear problem afev wave propagation over a
finite depth in a weakly compressible fluid. Appropriate glaannel boundary conditions,
depending on the wavemaker type, are included to define tidegm completely.

For the classic Havelock’s wave-maker theory [2, 18, 3] ibendary condition is
@y =u, x=0. (8)
Here,ug is the horizontal velocity of the stroke motion.
For a porous-wavemaker problem, the boundary conditioneatvevemaker is given by

Ref. [19]. The hydrodynamic pressupgx,zt) is associated with the velocity potenti@l

via the linearised Bernoulli equation as
P=—pP% ©)
in which p is the water density.
The pressure on the positive and negative sides of the wéesraee related as
p(0.zt)=p" (zt)=—p (z1). (10)
The normal velocity towards the porous plate is equal to éhecity of the stroke motion
Up, Which is linearly proportional to the pressure differeretween the two sides of the
wavemaker [20], so that
U (zt) = %bp(o, z,t). (11)
Here, u is the dynamic viscosity, anlis the coefficient which represents the width of the

plate and has the dimension of length.
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Wavemaker theories for acoustic-gravity waves over a fofefeth 5

3 General Solution

Because of the periodic motion of the wavemaker,n, andp are assumed to be periodic

functions int with a time factor exg—iwt), i.e.
?=9p(xzexp(—iwt), n=a(xexp(—iwt), p=p(xzexp(-iwt).  (12)
Using (12), equation (3) reduces to the Helmholtz equation

Pt Pz +IG0=0, ke =w/c, (13)
wherek. is a compressibility coefficient. Similarly, substitinguadion (12) into equations
(6) and (7) yields the boundary conditions in termspof

~w’Q+gp =0, z=0; (14)

®=0, z=—h (15)

Following similar steps as in Refs. [7] and [14] the solutmfrequations (13)-(15) is ob-

tained,

@ = Agexp(ikox) cosh(Ag (z+h))

N

+ Y Aqexp(iknx) cos(An (z+h))
r=1

+ 3 Bnexp(—knX) cos(An (z+h)), (16)
n=N+1

whereAg andA,, are real and positive solutions of the following dispersielationships

w? = ghotanh(Aoh); (17)

w? = —gAntan(Anh), n=1,23, ..., (18)

whereA, is then-th eigenvalue and is the mode number. With specifiedlandh, equation
(17) has one real solution foYp; while equation (18) involves infinitely-many different

eigenvalues.

The parameterky, k,, K, are all real and positive, given by
ko= /K& +A§, 19)

kn=1/k&—2A2 n=12..N; k >A, (20)
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6 Miao Tian, Usama Kadri

Kn = )\nz—k(z:7 N=N+1 .. Kk <Ani1, (21)
where
wh 1
N=| o +3) (e2)

represents the number of existing AGW modes, and the braiskite floor function (nearest
integer from below), as in Ref. [8]. The three terms on thatrigand-side of equation (16)

represent the gravity, acoustic-gravity, and evanescedes) respectively.

4 Wavemaker problem

4.1 Solution for Havelock’s wavemaker

Since cosliAg (z+h)) and cogAn(z+h)) in equation (16) are the eigenfunctions of the
boundary value problem in they are orthogonal over the interval fram=0 toz= —h
based on the Sturm-Liouville theory. Therefore, we suligiequations (12) and (16) into
equation (8), multiply by costio(z+h)) and co$A, (z+ h)) and integrate over the water

column fromz = —hto z= 0 so thatAg, A,, B, can be calculated as

—2w 0
Ag = dcosh(Ag (z+h))dz, (23)
hy/kZ+Ag (1+CQ3) /—h
Ao = 2w /  dcosiAn(z-+h)) dz (24)
hy/kZ =A% (1-CQR) /- ’
By — 2iw /  dcos(An (24 h)) dz (25)
Az R(1-CQ) )1 |
where
Qo = sinhAgh, Qn=sinAsh, C= % (26)

In the incompressible case { «), equations (23) and (25) reduce to the solutions for
gravity and evanescence modes in [21] (equations (6.21)(&2&)). The extra terni,
comes from the newly-generated AGW mode due to the compikigsof the fluid.
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Wavemaker theories for acoustic-gravity waves over a fofefeth 7

4.2 Solution for porous wavemaker

Following similar steps using (11) together with (9), (1&)d (16) and the orthogonality of
cosh(Ag (z+h)) and cogAn (z+h)), we can derive expressions A§, An, B, for a porous
wavemaker. Chwang [19] described a similar problem for mmpessible flow and derived
the solutions. Chwang’s solution, however, indicates ti@produced waves have the same
amplitudes regardless to the geometry of the plate. In dadeonsider different plate types,
we modify Chwang’s method and derive an alternative satuioa similar form as the
Havelock’s [21]

0

Ao = Go dcosh(Ag(z+h))dz, (27)
h,/k§+)\2 (1+CQ}) /h
0

A=G hml o /hdcos)\n (z+h))dz, (28)
0

By — hml & /dcos)\n (z+h)dz (29)

where the porous factors are

/k2 2 %5

GOZ I - I el ’
—j 2 _ k2
Hy— ZPVA K NNtz

2wpb

We focus on the porous fact@;, that is associated with AGW modes. As pointed out
in [19], the reciprocal of5, in equation (30) can be understood as a Reynolds number for
the flow passing through the porous wavemaker, wBilealso measures the porosity. For
exampleGp = 0 (or equivalentlyu = 0) corresponding to a wavemaker that is completely
permeable. Obviously, the expressions reduce to the Ha¥slsolution when the porous
factors,Go, G, Hp, are unity. Moreover, a&, increases with the mode numbethe porous
factor Gy, decreases for higher AGW modes, meaning that the porousardessipates more
energy from shorter waves (lower modes). Specifying vafoeshe porous factor of the
gravity modeGq (0.1, 0.2, 0.5, etc.), Chwang [19] presented the surface elevation of yravi
waves produced by the wavemaker. In this study, the poratsrféor the first AGW mode
G, will be set to 05 for illustration purposes, whil&, (n=2,3,...) can be determined

accordingly.
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8 Miao Tian, Usama Kadri

The amplitudes of the surface elevation, horizontal véypaind pressure at AGW mode

n can also be given employing equations (5), (9), (12), (16)

an — i%)An exp (i‘ /kz — Agx) cos(Anh); (31)

Up =i k@—Aﬁ%exp(idk@—x\ﬁx) cos(An(z+h)); (32)

Pn = iwPALexp (i /K2 — )\nzx> cos(An(z+h)); (33)

whereA, is defined in equation (28).

4.3 Different types of plates

We focus on the AGWs term in equations (24) and (28) and dérvexplicit form based on
different types of plates. Piston and flap motions [21] aramm@nly used for wave flumes in
laboratory experiments, while a wavemakewefunction type is considered for deep ocean
[18]. Therefore the functiod (z) that describes the piston motion in equation (1) has been
assumed to be
D, piston plate;
d(2 =4 D(1+z/h), flap plate; (34)
Dd(z+hp), d-function plate.

Here,D is the horizontal amplitude of the stroke motion. Tdéunction type wavemaker is
located az = —hp.

Substituting equation (34) into the Havelock’s solutiod)(zhe expression for the am-

plitude A, of the velocity potential can be readily obtained in the form

Mnsin(Aph), piston plate;
An= % [Anhsin(Anh) +cos(Anh) — 1], flap plate; (35)
n
Mncos(An (h—ho)), o-function plate.
in which
—2wD

T AR (L C) =

A comparison of the normalised velocity potential ampléud equation (35) is given

in Figure 1. For illustration, thé-function in (34) is assumed to be located at the depth

z= —hp = —h/2. Apparently, a flap wavemaker produces the largest firsten®GW for
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Azh(ﬂ)
Fig. 1 normalised AGW velocity potential amplitudé4; | (a) and|Az| (b) by a factor ofViy (n=1 and 2,
respectively) for three types of plate as a functiodgf, which is chosen to vary betweéh45, 0.55nm. The

J-function type wavemaker is assumed to be locaterat-h/2 for illustration purposes. Solid: piston-type

plate; dotted: flap-type plate; dash@dfunction type plate.

the same plate-motion amplitu@e For a flap plate, equation (35) also indicates that the nor-
malised AGW amplitudes are inversely proportionalth, therefore higher AGW modes

must have smaller normalised amplitudes.

5 Examples
5.1 Acoustic-gravity waves in a wave flume

The number of existing AGW modes associated with specifiguegacy and depth are cal-
culated by (22). This relation shows that more AGW modes @gédnerated at a higher
frequencyw or impractically deep water. Therefore, generating AGWthalaboratory is

not an easy task. In order to obey AGW theory (with the abseht®ttom elasticity, e.g.

see Ref. [22] for the detailed analysis) and create AGWserlahoratory experiments we
need to operate at relatively very high frequencies. Fomgka, there are three AGW modes
corresponding to a 5 kHz wavemaker in & @n wave flume. Although working with a 5
kHz source introduces some real difficulties, we can stillehBeasible experiments with
piezoelectric membranes to validate the proposed theorgriegoing research effort). Al-

ternatively, one needs to carry out an experiment in the deepn, which is by no means

easier to perform. Due to this conflicting choice of an appate experimental environ-
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Fig. 2 Acoustic-gravity waves generated by a wavemaker in a waneflior f = 5 kHz based on the Have-
lock’s wavemaker theoryl; = 5.5 m,h=0.5m,b=1 m,c= 1500 m/s. The motion of the plate is limited
by the constraint that, the horizontal movemen2.1 m, the horizontal velocit< 3.8 m/s, horizontal accel-
eration< 19.6 m/& (parameters come from the unidirectional wavemaker in GliHsdale Wave Research
Laboratory, Oregon State University). (a), (c) Verticadtdbution of the velocity amplitude at= 0.04 m,
0.39 m, and 079 m away from the wavemaker. (b), (d) Horizontal distribotof the pressure amplitude at

the bottom of the flume. (a), (b) piston wavemaker; (c), (d) lmvemaker.

ment, we dedicate this section and the following to the desjeavave flume and deep ocean

systems, respectively.

Examples of AGWSs generated in a wave flume by piston- and flppplates are shown
in Figures 2 and 3 based on Havelock’s and porous wavemad@ridis, respectively. Notice
that the stroke motion is not only limited by its maximum &eadistance, but also the
maximum velocity and acceleration. Here, we assume thatvthemaker has the same
constraints as the unidirectional wavemaker of the O.Hs#tihe Wave Research Laboratory
in Oregon State University (for example the laboratory expent presented in Ref. [23]); a
simple calculation using equations (2) shows that the steskplitude of a wavemaker with

f =5 kHz is in the order of 16® m, which requires a very careful experiment.
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Fig. 3 Acoustic-gravity waves generated by a wavemaker in a wanesflior f = 5 kHz based on the porous
wavemaker theoryt. = 5.5 m,h=0.5m,b=1 m,c= 1500 m/s. The motion of the plate is limited by the
constraint that, the horizontal movemen®2.1 m, the horizontal velocity 3.8 m/s, horizontal acceleration
19.6 m/& (parameters come from the unidirectional wavemaker in @GliRsdale Wave Research Laboratory,
Oregon State University). (a), (c) Vertical distributiohtbe velocity amplitude ax = 0.04 m, 039 m, and
0.79 m away from the wavemaker. (b), (d) Horizontal distribotof the pressure amplitude at the bottom of

the flume. (a), (b) piston wavemaker; (c), (d) flap wavemaker.

It is difficult to measure AGW surface elevations directlyedo their small amplitudes
(not shown in the figure), whereas the horizontal velocitynponent which is in the order
of 10~3 m/s (Figure 2 (a) and (c)), is detectable using a particlegeneelocimetry (PI1V)
system. It is also worth mentioning that, unlike gravity waythe AGW velocity ampli-
tude oscillates vertically and leaves a distinct pressigreasure throughout the entire water

column, and mainly at the bottom.

The time series of the pressure at the bottom (Figure 2 (b)@ndbehaves in a similar
way to the surface elevation, although measurable by a wiressure sensor. Therefore, in
spite of the small amplitude of their surface elevation, A&&Vve expected to be detectable

on bottom-pressure records or PIV velocity measuremenltahaatory study. On the other
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12 Miao Tian, Usama Kadri

hand the flap wavemaker is able to produce larger waves ceahpathe piston wavemaker
as shown in Figure 2 (c) and (d). Figure 3 presents AGW-indyressure and velocities
produced by porous wavemakers. Due to the porosity effleetyé¢locity and pressure am-

plitudes are generally smaller than those of the Haveldtiesry.

5.2 Acoustic-gravity waves in deep ocean

We treat the problem of a wavemaker plate in deep ocean asaqmirce in deep water
(similar to the ocean acoustics problem in Ref. [24]) , ands@er it as a-function. An
example of a-function wavemaker located at= —12.5 m in deep ocean with = 1 Hz
andh = 4000 m is presented in Figure 4 for both Havelock’s and poveaxgemaker theo-
ries. The AGWs produced by an impermeable wavemaker Q) have larger amplitudes
(Figure 4 (a) and (b)), whereas the wave amplitude decress#se wavemaker becomes
porous G # 0). The surface elevation increases to 3 (not shown) compared to those in
the laboratory example, although still hard to be distisgad from that of surface gravity
waves. The velocity amplitudes are almost zero at the seirfilbey reach a maximum at
aboutz =500 m, and oscillate across the water column inzl&ection. Although AGWs
have frequencies similar to that of the gravity mode, thesitrdbutions are periodic through-
out the water column (i.e. do not decay with depth). Theeftiiey can be distinguished
from the decaying gravity waves. The order of magnitude efviglocity reaches 1@ m/s,
which is measurable by standard instruments such as the AB&Ristic Doppler Current
Profiler), PCADP (Pulse-coherent Acoustic Doppler Profilkis thus suggested to employ
pressure sensors at the seabed, or deep below the freeesuvfaare surface-wave signa-
tures are negligible. The AGW signal, however, is in the oafelO kPa, which is easy to
measure (e.g., the MODE experiment that measures the peefiisciuation on the deep-
sea floor by Ref. [25]). This simple example shows that AGWg b&responsible for the

low-frequency oceanic noise on the seabed [26].

6 Conclusion

Without overlooking the slight compressibility of wateg & usually assumed, we present
Havelock’s and porous wavemaker theories to analyse diffenodes of water waves fol-

lowing Refs. [21] and [19], with a focus on AGW modes. Thesmties may have important
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Havelock Wavemaker
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Porous Wavemaker
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@
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a
-40
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Fig. 4 Acoustic-gravity waves generated by&unction wavemaker in the ocean placed at —12.5 m for

f =1 Hz. The ocean iB = 4000 m deep and the speed of sound4s1500 m/s. (a), (c) Vertical distribution
of the velocity amplitude at = 15 m, 9525 m, and 14985 m away from the wavemaker. (b), (d)zdotal
distribution of the pressure amplitude at the bottom of thm#. (a), (b) Havelock’s wavemaker theory; (c),

(d) porous wavemaker theory.

implications in the study of surface waves in flume experinj&8] or tsunamis caused by
landslides during earthquakes in deep ocean [8,7,14]. derethe generation of AGWs
can be attributed to wave-structure interaction [18], ¢fame another implication is where
the efficiency of wave-energy harnessing devices is of éstemwith the wavemaker being
subjected to some form of wave energy converter, e.g., a 8s[87]. Another and prob-

ably a more immediate implication is the remote detectiothefwavy sea-state which can
help tuning the surface wave energy converters for maximfficiency. These are left for

future studies, and we hope this work will motivate scigatend engineers to look into

these important implications.
Both Havelock’s and porous wavemaker solutions reducedviqus theories [19,21]
for incompressible flow when the compressibility coeffiti&pin equation (13) tends to

zero. The solutions for three types of plates as well as thgadmlistribution of the AGW
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14 Miao Tian, Usama Kadri

components are presented. For the same horizontal platlacksnents, a flap wavemaker
is capable of making lager waves than piston &rfdnction-type wavemakers. The spatial
distribution of the amplitude of the surface elevation,iamtal velocity, and bottom pres-
sure due to both theories shows that the porous wavemakeralgresults in smaller waves
than those produced by Havelock’s theory due to the poréesitpr G, in equation (30). The
calculations reveal that the surface elevation of AGWs endtirrent lab experimental set-
tings is in the order of 26® m, and can reach 16 m in deep ocean. Consequently, surface
elevation of AGWs is hard to measure; while velocity ampléwsuggests that AGWs can
be detected by a particle image velocimetry (PI1V) systenhénlaboratory experiment. Fi-
nally, the pressure distributions show that AGW signalss@geificantly large at the bottom
of a wave flume and deep ocean, to be captured by a standasligegnsor. This study
motivates further laboratory studies and field measuresnentdeep ocean as it predicts
the characteristics of the generated waves, and providgghiis on how to carry out di-
rect measurements. It also sheds some light on the develdmhesunami early-detection
systems from the perspective of describing AGWs near theeapie during earthquakes.
Finally, the porous wavemaker theory can potentially dbate to the study of deep-ocean

energy-harvest devices where the porous plates can bedrasian energy absorber.
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