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ARTICLE INFO ABSTRACT

Article history: Axion stars are hypothetical objects formed of axions, obtained as localized and coherently oscillating
Received 1 November 2017 solutions to their classical equation of motion. Depending on the value of the field amplitude at the core
Accepted 5 December 2017 |00| = |60 (r = 0)|, the equilibrium of the system arises from the balance of the kinetic pressure and either

Available online 6 December 2017

: . self-gravity or axion self-interactions. Starting from a general relativistic framework, we obtain the set of
Editor: A. Ringwald

equations describing the configuration of the axion star, which we solve as a function of |6p|. For small
|60 < 1, we reproduce results previously obtained in the literature, and we provide arguments for the
stability of such configurations in terms of first principles. We compare qualitative analytical results with
a numerical calculation. For large amplitudes |6y| = 1, the axion field probes the full non-harmonic QCD
chiral potential and the axion star enters the dense branch. Our numerical solutions show that in this
latter regime the axions are relativistic, and that one should not use a single frequency approximation,
as previously applied in the literature. We employ a multi-harmonic expansion to solve the relativistic
equation for the axion field in the star, and demonstrate that higher modes cannot be neglected in the
dense regime. We interpret the solutions in the dense regime as pseudo-breathers, and show that the
life-time of such configurations is much smaller than any cosmological time scale.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction In this article, we study the stability of axion stars as a function
) o o o . of the amplitude of the axion field at the core of the star |6p| =
The QCD axion [1-9] arising within the Peccei-Quinn solution |6(r = 0)]. Our results apply to the full range of axion masses for

of the strong CP-problem [10,11] is one of the best motivated dark  \ypjch QCD axions can comprise all of the dark matter. We identify
matter candidates. Other bosonic dark matter candidates include three distinct branches of axion stars, distinguished by the field

axion-like particles [12] emerging in many extensions of the Stan-
dard Model, especially in string theory compactifications [13-16]. star. We should keep in mind, that the axion is a periodic field
If bosons comprise the dark matter of our Universe, they could with amplitude effectively restricted to the domain 0 < |G| < 7.
form dense (with respect to the average dark matter density) For small field values |6o| < 10~6 (10—5 eV/m) with m the ax-
clumps called boson stars [17,18], or axion stars in the specific case ion mass, the axion field ong/ probes the harmonic part of the
of.axion dark matte.r. (Her.e.“sFar" is used to denote an ol?ject. sus- potential, and it can be treated as a free field. In this regime,
tained by hydrostatic equlllbrlum..whether or not it emits light.) self-gravity is balanced by the kinetic pressure arising from the
Such objects.have. been long studied [17-26], and recently there uncertainty principle. We call this the dilute axion star branch.
has been revived interest [27-36]. We reproduce the previous findings in the literature for the mass-
radius relationship, R o« M~!, where R and M are the radius and
Trrespondmg authors. mass of tt}e star, respec.tively. In thi.s regime, the configuration is
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(S. Baum), jredondo@unizar.es (J. Redondo), ktfreese@umich.edu (K. Freese), back to the ethbrlum radius if they eXpand because then the
wilczek@mit.edu (F. Wilczek). (attractive) self-gravity is stronger than the (repulsive) kinetic pres-

amplitude at the core, which in turn determines the density of the
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sure; conversely, if they are perturbed to smaller radii, they expand
because kinetic pressure becomes stronger than self-gravity.

For configurations with M ~ 10~ "'Mg, (107> eV/m)z, self-inter-
actions cannot be neglected anymore, although the amplitude is
still comparatively small, |6g| ~1076(10~> eV/m). For QCD ax-
ions, the lowest order self-interaction is an attractive quartic term.
For amplitudes |6p| > 1076(107> eV/m), the attractive quartic self-
interaction is stronger than gravity, which is negligible in this
regime. In this critical branch, we find solutions when the quar-
tic self-interaction balance the kinetic pressure with mass-radius
relation R o« M. Note, that this relation implies that axion stars
become lighter with growing density, such that they always have

masses M < 107 1"Mg (107> eV/m)2 in this branch. However, the
solutions are unstable against perturbations: for a given mass M,
stars expand when perturbed to radii larger than the equilibrium
value since the quartic self-interactions are weaker than the re-
pulsive pressure. Eventually the configuration relaxes to the dilute,
interaction-free regime described in the previous paragraph. Con-
versely, if configurations are perturbed to radii smaller than the
equilibrium value, the quartic interaction is too strong to be bal-
anced by the pressure and the star collapses to even higher densi-
ties.

It has recently been pointed out, that new stable configura-
tions, called dense axion stars, are obtained when the amplitude
of the axion field in the core reaches |6y| = O(1) [27]. For such
amplitudes, the axion field scans the full non-perturbative axion
potential, and self-interactions must be taken into account to all
orders. Using the assumption that the axion field in the star is co-
herently oscillating at a single frequency, as commonly used in the
literature, we obtain the mass-radius relation M « R3, in agree-
ment with Ref. [27]. However, we find that the single-harmonic
approximation, which holds in the branches described above, is
not accurate for the dense branch. Using a multi-harmonic expan-
sion, we find that higher harmonics are generated with amplitudes
comparable to the fundamental mode’s amplitude. Heuristically,
the presence of higher harmonics corresponds to the generation of
(relativistic) axions by coalescence processes na — a. We find that
configurations on the dense branch decay via emission of relativis-
tic axions, with lifetimes of order T ~ 10%/m, which are much
shorter than any cosmological timescale.

When |6p| 2 O(1), axions stars are short lived solutions of
the relativistic equation, elsewhere known as oscillons [37-44].
In the literature, similar objects have also been called pseudo-
breathers [45], axitons [26], or oscillatons when driven by grav-
ity [23,46,47]. Since gravity is negligible in the dense branch, the
axion field is described by the Klein-Gordon equation with the
QCD chiral potential (the x-Gordon equation). There is a large but
scattered literature on finding solutions to related equations. For
example, in one dimension, assuming a cosine potential leads to
the Sine-Gordon equation, which admits localized breather solu-
tions that are not harmonic [48], i.e. which feature an infinite col-
lection of higher harmonics. In three dimensions oscillons closely
resemble the breather solutions of the one dimensional Sine-
Gordon equation, but they differ in that they radiate energy and
thus decay in a finite lifetime, though slowly relative to the “natu-
ral” timescale set by the inverse mass of the particles.

Justifying and expanding upon this concise summary, the re-
mainder of this paper is as follows. In Sec. 2 we set out the basic
equations. In Sec. 3 we find numerically stable solutions and pro-
vide quantitative results for the dilute and the critical axion star
branches. In Sec. 4 we discuss the dense branch, and analyze the
equilibrium and metastability of dense configurations in a relativis-
tic framework. In Sec. 5 we use the mass-radius diagram to sketch
a qualitative storyline for axion stars, and in Sec. 6 we summarize
and conclude.

2. Axion stars
2.1. Axion Lagrangian

The axion results from promoting the flavor-neutral CP violat-
ing angle of the standard model, 6, to a dynamical field [2,1] in
the Peccei-Quinn mechanism [10,11]. The canonical normalization
of the dynamical angle 6(x) requires a new energy scale f, the ax-
ion decay constant, to define the axion field a(x) = 6(x) f. In the
following we will refer to both 6 and a as the axion field. The
dynamics of the axion field under the influence of gravity are de-
scribed by the action

S:/d‘lx\/—_gﬁz
:/d%ﬁ(% (3*a) (3ua) — V(a/f)), (1

where the metric gt is determined by the Einstein equation for
the energy momentum tensor of the axion field T*" (a). We adopt
the axion potential [49,50],

A4
Vo =" (1 /1 —4czsin2(9/2)), )

where A%~ (75.5 MeV)* is the topological susceptibility [50-52]
and ¢, ~ z/(1+42z)? ~ 0.22 with the ratio of the up and down quark
masses z =m, /my ~ 0.48. Note, that the minimum of the potential
is at V(0) =0 and the maximum at V () = A* (1 —J1-= 4cz) /Cz.
The axion mass m and the quartic coupling constant A are defined
through

o ldv :A_“:<57M VM) -
f2do? |,y f? f '
1 d4v m?
SFaet s T @

Assuming spherical symmetry and expanding the metric to linear
order about flat space yields the line element

ds? = gudxtdx’ = (1+2¢)dt* — (1 —2¢)dr* —r?dQ?,  (5)

where ¢ is the gravitational potential, which satisfies the Poisson
equation with energy density p = T%(a), and dS2 is the differential
solid angle. In the following, we rescale time and radius as t — mt
and r — mr, respectively, so that the Lagrangian in Eq. (1) reads
é2 |9/|2 "

L=A=—-——-V(@®)|, 6
5 -5 -0 ©
where a dot indicates a derivative with respect to the rescaled
time, a prime indicates a derivative with respect to the rescaled
radius, and V (0) = V(8)/A*. Coupling the Poisson equation with
the equation of motion obtained from the Lagrangian density £
gives

. 200, . dv (0)

9:(1+4¢’)<T+9>+4¢9_(1+2¢)T’ (7)
29/ .

o'+ 2 = anpp (8)

- 62 10’12 -

£ = Pxin + Pgrad + Ppot = 5 + BB + V), 9)

where g = Gf% = (f/mp)?> with the Planck mass mp = 1.221 x
10'2 GeV. The energy density p = p/A* is dimensionless, and
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reaches p ~ 1 when |#| ~ 7 and the axion potential saturates. In
Eq. (9), we denote the contributions to the energy density from the
kinetic, gradient, and potential components separately. Note, that
the gradient energy is due to the momentum of the axion arising
from the uncertainty principle. So far, the only approximation used
is that gravity is weak, ¢ < 1.

We anticipate one of the results of this paper, namely that
the system can be studied in two different regimes depending on
whether the axion field is |#| « 1 (the “dilute” and the “critical”
axion star regimes) or |#| 2 1 (the “dense” axion star regime). In
the dilute and critical regimes, the axions comprising the star are
non-relativistic and the tools described in Sec. 2.2 below apply.
When |6| ~ 1, a full relativistic description is needed, as we sketch
in Sec. 3.3.

2.2. Non-relativistic (single harmonic) limit

When the non-relativistic limit applies, the axion mass is the
largest energy scale in the problem, so that axion stars oscillate
at a frequency very close to the axion mass m. Despite non-linear
interactions arising from a cosine or a chiral potential precluding
axion stars solutions from having one single frequency, for small
field configurations |6| <« 1, the one-frequency approximation

0 = O(r) cos (wt), (10)

suffices. Here, w is the total energy of a constituent axion, in units
of the axion mass. We write w = 1 + €, where € accounts for
the contribution from the binding, kinetic and self-interaction en-
ergies, while the one accounts for the rest mass energy. In the
non-relativistic approximation, we have || < 1 and w ~ 1.

We further assume that gravity is a weak effect, so that we
can drop all terms containing ¢ in Eq. 7, except for the term 2¢6
which is of the same order as § + 6 = (1 — ®?) 6 ~ —2€6. We split
the potential into a mass term and the self interaction as

- 1m? 5 Ver(®) 6% -
V(Q)ZFTG +T=7+Vself(9). (11)
Inserting the representation in Eq. (10) into Eqs. (7)-(9) and aver-
aging over the period 27 /w, we obtain

20/ w? —1
8//+T:2<W1(®)+¢+ > )@, (12)
20 5
¢”+%¢:4nﬂp, (13)
£ = Pxin + Pgrad + Opot- (14)

In the last expressions, we have introduced the energy density
terms

= 202, =2 5= we (15)
Pkin = 2 »  Pgrad = 2 Ppot = 2 s

and we have defined the effective self-interaction potential and its
first derivative through

2
1 -
W(®):E/V5elf(9) d(wt), (16)
0
dw (©
W1(©) =2 ®(2 ). (17)

For |€| « 1, Eq. (12) is a Schrodinger equation for the radial eigen-
function ® with eigen-energy €, while the energy density reduces

Table 1
The coefficients in the truncated series expansion of the chiral potential in Eq. (18),
after the corrections described below Eq. (20) and for z = 0.48.

vo = 1.30264
v = —1.4403
vy =0.1692
v3 = —0.0404
v4 =0.0105
vs =0.001636

to 5 = ©2/2 since the contributions from the gradient term and
self-interactions are negligible.

We stress that our procedure, which involves the average over
2w /w of the equation of motion leads to the same results as
what was obtained in Ref. [53], where the authors neglect the
rapidly oscillating terms proportional to powers of exp(iwt). As
long as gravity is negligible and the single-harmonic approxima-
tion in Eq. (10) holds, Eqs. (12)-(14) are valid even for relativistic
axions. We anticipate, that for (most of) the dense branch, grav-
ity is indeed negligible but the single harmonic approximation no
longer holds.

2.3. Axion potential

We expand the expression in Eq. (2) as

V(©) =) vhcos(ho), (18)
h=0
2
vo=%/ V(6)do, (19)
0
2
Vhso = %/ V (6) cos hode. (20)
0

In our numerical calculation, we truncate the sum in Eq. (18) to
the first five terms h < 5. This attains a precision below 1% with re-
spect to the chiral potential in Eq. (2); this precision is better than
the accuracy of the chiral perturbation theory itself. We slightly
modify the coefficients v, so that the truncated potential shows:
1) the same minimum V (0) = 0, II) the same mass Voo =1, and 11I)
the same quartic coupling Voooo = Ag as the full chiral potential in
Eq. (2), where the (negative) quantity 14 = —(1 — 3c) is related
to the axion quartic self-interaction constant as A = A4 (m/ f )2. The
numerical values of the corresponding corrected coefficients are
given in Table 1 for z=0.48.
The effective non-relativistic potential in Eq. (16) is

@2
W(®) = (Z vnJo (h@)) - (21)
h

where Jo(x) is the Bessel function of the first kind of order zero for
the argument x. Notice that the cosine potential is recovered in the
limit ¢, — 0, equivalent to setting vo =1, v{ = —1, and all other
vy equal to zero in Eq. (18). The set of Eqs. (12)-(14) has been ex-
tensively applied to self-gravitating systems made of bosons. For
the case of axions, the free case W1(®) =0 has been studied in
Refs. [23,54,55] following the seminal work in Refs. [17,18]. The
potential expanded to the quartic interactions has been studied
in Refs. [56,57,53,58]. Ref. [27] considers the set of Eqs. (12)-(14)
with the cosine potential, using the expression for the energy den-
sity (in our notation) p = ®2/2, instead of our Eq. (15) obtained
from the full energy-momentum tensor. This implicitly neglects
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contributions from self-interaction and kinetic energy to the en-
ergy density, which sources the gravitational potential. As we show
below, those contributions to the energy density affect the results
for the “dense” branch.

3. Numerical results in the single harmonic approximation
3.1. Axion star branches

We numerically solve for the radial profile ®(r) appearing in
the set of Eqs (12)-(14), as a function of the frequency w. We im-
pose the boundary conditions

o= (1+*)|Op|*/4+ W (),

O — 00)=0, (22)
®/‘r=0 :O’
¢(r— 00) =0,

where pg is the rescaled energy density at r =0 and the core am-
plitude ®g is the amplitude of the axion field at r = 0. We obtain
a radial profile ®(r) via a shooting method, that is by varying the
value of the core amplitude ®¢ until we find a profile that de-
cays as exp(—kr)/r at a sufficiently large r. The solution we seek
shows no nodes, and corresponds to the lowest energy state for
a given value of €. See Ref. [59] for excited states of an axion
star with a quartic potential. We find solutions for all values of
w within the range (0,1), although the numerics are particularly
tricky as we approach w = 0. For each value of w, we obtain a
unique value of the core amplitude and a unique profile. Given the
radial profile, we obtain the total mass M = | d?rp and the ra-
dius R of the axion star, the latter defined as the radius containing
90% of the energy [18]. In Fig. 1, we show the mass-radius rela-
tion for three values of f ={10'1,10'3,10'%} GeV.! Each point on
the line is characterized by a fixed value of w and the core am-
plitude ®g. For increasing value of ®¢, we identify three different
regimes: the dilute branch (|®¢| < 81/2), the unstable critical con-
figurations (812 < ®¢ < 1), and the dense branch (®g > 1). For
the critical line (red dashed line) and (most of) the dense branch
(dashed black line), gravity is negligible. Then we find universal so-
lutions when expressed in terms of the natural units of star mass,
f2/m, and radius, 1/m. However, gravity is relevant in the dilute
branch, where solutions depend on the value of f through B.

3.2. Non-relativistic solutions

In this section, we present heuristic arguments explaining the
numerical results obtained in the previous Sec. 3.1 for the dilute
and critical branches where ®¢ < 1; see also [56,57] for a simi-
lar approach. These branches can be understood in terms of the
different contributions to the axion star energy U: the gravita-
tional binding energy, the gradient energy, and the (quartic) self-
interaction contribution,

GM? 2 A
Uo<——+/d3r f—(e’)2+—"’A494
R 2 41
(23)
B GM2+(X [0/
TR kTIR2

Here, oy and o4 are dimensionless parameters which we insert to
match the analytical results derived from Eq. (23) with the numer-
ical solution. Estimating the mass of the axion star as

A
R3+0t44—4:A4|®0|4R3.

T Note, that for f =10'> GeV some fine-tuning of the misalignment angle is re-
quired to avoid overclosure of the Universe [60,61].

Axion star radius vs mass
10144

1011
1012A
10]1.
10]0,
109‘
10&
]07.

f=10"'GeV

Rescaled radius R [1/m)]

6.
10 f=105GeV
10>

10%
10*
102

10

1 o
10> 10> 10% 10> 10 10" 10% 10 10
Rescaled mass M [f2 /m]

Fig. 1. Line of equilibrium solutions of the non-relativistic axion-star equations along
the dilute branch for f =10!" GeV (blue), f =103 GeV (green), f = 10'> GeV (or-
ange), connecting to the unstable branch along the critical line (red dashed). Central
density increases with the arrows. Also shown is the meta-stable dense solution
(dashed black). Note that these results are obtained in the single-harmonic approx-
imation and thus the black dashed curve describing the dense regime should not
be trusted. (For interpretation of the references to color in this figure, the reader is
referred to the web version of this article.)

M= /d3rp ~ A% O)*R3, (24)

we can express the central amplitude as |©g|®> ~ M/(A%R?), and
the total energy U can be rewritten as

U GMZ_HX M +a4/\¢ M2
X — =
R KIn4R2 T T4l A4R3
2 pm? M agry M?
=— | ——= o —=— — = |- 25
- F + k2R2+ RS (25)

In the last equality, we have used the scaling property of the
Schrédinger-Poisson equation, writing the mass and the radius of
the star in terms of dimensionless quantities, M = M(m/ f2) and

R =mR. The natural scale for the mass and the radius of the axion
star are then

2 1075 eV’
P 310 m, (7> , (26)
m m

1 107> eV

—=3x10""Rg (;) , (27)
m m

where Mg and Ry are respectively the mass and the radius of the
Sun. The equilibrium configurations of the axion star can be quali-
tatively obtained by minimizing the energy density in Eq. (25) with
respect to R, while fixing the axion star mass or, equivalently, the
total number of axions N = M/m. This gives a quadratic equation
whose solutions correspond to the radius of the star for either the
dilute branch (R..) or the critical branch (R_), namely

- A M2
Ro=-2 (14 1—% . (28)
28M 202
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The stability of the solution is determined by the sign of
82U/8R2|R:Ri. Solutions in the dilute branch (oo < B) are sta-
ble, while those in the critical branch (8 < po < 1) are unstable.
Matching onto our numerical results from section 3.1, we obtain

=99, as=1.7, (29)

independent of the value of 8.

The dilute branch of the axion star corresponds to the equilib-
rium between the gradient energy and gravity. Depending on the
value of the decay constant, equilibrium configurations of this type
populate the line with negative slope in Fig. 1 with f = 10! GeV
(blue), f =10'3 GeV (green), or f =10'> GeV (orange), with the
mass-radius relation
~ Olk

Theoo sM’
For configurations lying above this equilibrium line, the gravita-
tional pull overcomes gradient pressure, so these configurations
contract. On the contrary, configurations lying below the mass-
radius line in Eq. (30) are restored to the equilibrium condition by
the gradient pressure term. Hence, a restoring force acts to vanish
any deviation from the stable equilibrium.

The critical branch, the dashed red line in Fig. 1, corresponds to
the balance of the gradient and the quartic self-interaction energy
contributions, with mass-radius relation

(30)

= 04|hg|M
i _4|¢|‘

— = 31
G—0 8ay 1)

Deviations from this configuration are pushed either further to-
wards the dilute branch or to further contraction and are hence
unstable. A solution for the radius of the axion star exists as long
as the quantity below the square root in Eq. (28) is positive, that
is when the mass of the star is smaller than the critical value

(32)

i 2007 _1.3><109<1O“Gev)
T Vaaliglp R v

which corresponds to the radius R, = and to the core amplitude

. A
R — L (33)
2B8M, 3p

V32Ba; 8.8 x1078 f
aslrgl Iyl 1011 Gev )"

CHES (34)
The values of M, and R, define the turning point in the top right
corner of Fig. 1, corresponding to the transition from the dilute
to the critical branch. In the critical branch, a denser solution cor-
responds to moving along the red dashed line in Fig. 1 towards
the bottom left of the figure, with the star contracting and be-
coming lighter. Since in this branch the core amplitude increases
as @9 = ©jM,/M, non-perturbative dynamics becomes relevant
when ©g ~ 1, or at a typical mass

M(©®p=1)~O}M, = d \*2 110 (35)
0T TEOE T Naulrgl ) T P
- o 2.4
R@y=1)~ k__ . (36)
og|gl )

These values of M (©¢ =1) and R (®p = 1) mark the second turn-
ing point in the bottom-left region of Fig. 1. For larger values of
the core amplitude, the axion field explores the whole chiral po-
tential and a different treatment is needed.

1.0 [ TTTTT] T T T TTTTT] T T TTTTIT T TTTTIT ]
| LTI TTTTT] ukln
08 [ mmmame Ugrad
| Upot
| w
0.6+ g
s et s e s e e e R
~
L ’\’
04+ "~--._ — B
L N :: bl
[ 4
J
I H
02f i ]
L I
1
]
r I
7
. ’
—'
OO »—(-#-b-H#L-—-)—-#—-l—l-H-{A'—"{- L 11 HH‘ | Hl‘ E
10—1. 1 10 102.

©o

Fig. 2. The frequency of the axion star w (black solid line) as a function of the
core amplitude ®¢ for our numerical solutions of the non-relativistic stability equa-
tions, (12)-(14). We also show the contributions to the total energy from the kinetic
(blue dotted line), gradient (orange dashed line), and potential energy (red dot-
dashed line). In the dense branch, i.e. ® >> 1, the solution is not consistent with
the non-relativistic approximation. (For interpretation of the references to color in
this figure, the reader is referred to the web version of this article.)

3.3. Non-perturbative solution

The axion star solutions found for ®p = 1 correspond to a
clump of axions whose total mass and radius are larger than the
critical values in Egs. (35) and (36). For such configurations, higher
order terms in the attractive self-interacting potential cannot be
neglected and a new regime is obtained, often referred to as the
“dense” axion star regime in the recent literature [27,32]. We show
the numerical results for the mass-radius relation obtained in the
dense branch configuration with the solid black line in Fig. 1. Fit-
ting the curve far from the turning point leads to the relation
R =0.6M1'/3. This regime corresponds to classically stable config-
uration with an almost constant density o ~ A in the inner core.
For the mass-radius relation, we have obtained the same power-
law exponent (1/3) as in Ref. [27], because such dependence fol-
lows from the fact that the solution in the dense branch saturates
the QCD potential and leads to a constant density of the star.

However, the structure of our solution differs greatly from what
was obtained in Ref. [27]. We disagree on their interpretation of
the equilibrium of the axion star in the dense branch for three
main reasons. I) We have included the self-interactions and the
gradient energy terms through Eq. (15). These terms cannot be ne-
glected, as we show in Fig. 2. II) In Ref. [27] the set of equations is
solved in the Thomas-Fermi approximation, that is neglecting the
Laplacian of ® appearing on the left-hand side of Eq. (12). III) Most
importantly, the single-harmonic approximation in Eq. 10 does not
hold in the non-perturbative regime.

In Fig. 2, we show the different contributions to the mass of the
axion star, M = fd3r,0, from the various components in Eq. (9),
namely uy = fd3rpa/M, where o € [kin, grad, pot], as a function
of the core amplitude. In the ®g <1 (©¢ = 1) regime shown, the
star is in the critical (dense) branch. In the critical branch, the ki-
netic and potential energies both contribute a factor equal to 1/2.
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Fig. 3. The rescaled axion star radius R times the axion frequency w, as a function
of the core amplitude ®j.

This result can be interpreted by the fact that the wave function of
the coherent axion field undergoes harmonic oscillations, with the
energy density equipartitioned between the kinetic and potential
terms. However, as we approach the dense regime, the contribu-
tion from the gradient term increases, to the extent that for ® > 1
all three components contribute with a similar magnitude. Thus
for dense axion stars the energy density must include all energy
contributions. Also, the Thomas-Fermi approximation is not justi-
fied since the Laplacian term is crucial for solving Eq. (12) in the
whole domain shown in Fig. 2 and 3.

In more detail, the structure of a dense axion star looks as fol-
lows. The stellar core is composed of relativistic axions since in
that region w?® ~ V2@, although self-interactions are not entirely
negligible. As we move out of the core, there is an intermediate re-
gion where the self-interactions balance the gradient term. Finally,
in the outmost part self-interactions are again negligible.

To further illustrate that the axion field is relativistic in the
dense regime, in Fig. 2 we show the axion energy per particle w
(black solid line), which drops to zero for ® > 1, due to the fact
that self-interactions increase with ®g. Then, the non-relativistic
condition @ > 7 /R, which expresses that the typical momentum
of the axion is much smaller than its energy, no longer holds. Fig. 3
also shows this conclusion, since the quantity wR decreases from
being much larger than one to a constant value ~ 3 for which the
non-relativistic interpretation does no longer hold. The inequality
mR > 1, or R>> 1, which holds even in the dense branch, is not
sufficient to justify a non-relativistic approach.

In addition, our solution shows that gravity is negligible ev-
erywhere inside the star. The gravitational energy density at a
distance r from the center of the star is p¢ = GpoM(r)/r, where
M(r) is the mass enclosed within the radius r, so we can write

M .
pe PV _ 4 ep2, (37)
PR

where in the last step we have used the parametrization I?:
0.6M1/3, Hence, gravity can be neglected for R < ./1/B. For R =
O(1), gravity can be safely neglected as long as f < mp or 8 <K 1,

which is the range of parameters considered in this work. How-
ever, for dense axion star solutions of larger mass, gravity could
eventually become important again for R ~ (4.68)'/2. We do not
consider this latter possibility here.

As we have previously discussed, the solutions obtained in the
dense branch are not self-consistent because the single frequency
approximation in Eq. (10) is not justified on the basis of the find-
ings in Fig. 3. When the amplitude of the axion field becomes
® = O(1), the axion fields probes the full chiral potential and all
orders of self-interaction become relevant. Then, higher harmonic
modes of the axion field whose frequency is a multiple of the fun-
damental mode w = m are generated with amplitude comparable
to that of the fundamental mode. In the next section we therefore
start over from Eq. (7) and perform a multi-harmonic expansion.

4. Oscillons
4.1. Generalities on the relativistic equation

Based on the findings of the previous Section, axions in the
dense regime ®g = O(1) can be studied using a relativistic ap-
proach and ignoring gravity. For simplicity, we derive results for
the illustrative case of a cosine potential

V(©) =A% (1 —cosh), (38)

obtained from the chiral potential Eq. (2) for c; — 0. In that case,
the relativistic equation of motion is the Sine-Gordon equation

2
6—0"— ;9’+sin9:0. (39)

We wish to identify the oscillon solutions of Eq. (39), namely the
solutions that are spatially-localized and time-periodic. Such so-
lutions circumvent Derrick’s theorem [62], which states that the
scalar field Lagrangian in Eq. (1) expressed in flat space-time
does not admit time-independent, finite energy solutions because
shrinking a non-zero field configuration effectively reduces the to-
tal energy of the system [63-67]. Although the ansatz we used
previously, Eq. (10), is not a proper solution for the non-time av-
eraged potential, we expect it to be a reasonable approximation at
the transition from the non-relativistic to the relativistic domain
when ©g ~ 1.

There is a long history of searching for oscillons of the Sine-
Gordon equation, with the most positive outcome being solutions
that last @ (100-1000) oscillations in units of 1/m [68,42,69,70,44].
The general consensus is that absolutely stable solutions do not
exist, although we know of no definite proof. In any case, is much
that we can learn about unstable oscillons from the literature.

For axions in particular, Kolb and Tkachev [26] discovered the
so called “axitons” when studying the cosmological evolution of
the axion field in the dark matter context. They followed the evo-
lution of the Sine-Gordon equation in an expanding Universe in
which the axion mass strongly depends on the cosmic time, and
identified an instability condition that leads to small clumps of the
axion field with large values 6 ~ m to disappear in bursts of rela-
tivistic axions. This instability, which originates from the attractive
quartic self-interaction term, is well known in the condensed mat-
ter community and has been recently revisited in Ref. [30]. In
that paper, the authors follow the collapse of a dilute axion star
with a mass slightly above the critical value M,. The axion star
solution shows a self-similar collapse that ends when the central
amplitude saturates the axion potential. Then, the axion field os-
cillates for a few times, radiating relativistic axions and relaxing to
a small amplitude which is nevertheless larger than the starting
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value. Such instabilities are triggered for a few times until the cen-
tral amplitude relaxes to the stability region described above. The
simulations include gravity, so that the final state can still be a di-
lute axion star, but the dynamics of the collapse and the radiation
of relativistic axions happens at very small radii where gravity is
negligible compared with the self-interactions and gradients.

The simulations in Ref. [30] are of considerable phenomeno-
logical interest, since in principle the collapse of dilute stars is
the most natural mechanism to produce dense axion stars. How-
ever, one can address the question of dense axion star stability
separately from their possible cosmological origin. For such a task
we need other means. A promising approach emerged in Ref. [71],
where the authors convert the Sine-Gordon equation into a series
of equations with different harmonics.

4.2. Beyond the 1st harmonic approximation

A general time-periodic solution can be written in terms of an
infinite numerable set of harmonics. Thus we can write our oscil-
lon ansatz as 0 as [72]

0= Oup1(r)cos[(2n + Dwt], (40)

n
which, once plugged into the Sine-Gordon Eq. (39), yields a set of
coupled equations for the different harmonics,
O] + 20} + v’
©;+70;+(GBw)’0s =11,

= Ip,

O+ 204 + (50205 =1, (41
Here, we have introduced the notation
1 2
Im= = / d¢ cos (2m+ 1)¢) x
0 (42)

x sin (Z Ogny1(r)cos[(2n + 1 )¢]) .

The set of Eq. (41) is a generalization of Eq. (10) when higher har-
monics other than the fundamental mode w are considered; when
truncating the sum at n = 0 we obtain the single harmonic approx-
imation Eq. (12) with ®; = 6.

As an example, we consider the case where we also include the
first term beyond the single-harmonic approximation besides the
fundamental mode w. This gives

2

oy + F®/1 =1 — 0?06, (43)
2

o4 + ;®’3 =13 — 90?03, (44)
Ipns1 2 2(=1)" J2n+1(©1) + ©3 D2 y1(O1), (45)

where we have approximated the computation of the coefficients
I1 and I3 by expanding around ®3 = 0, with

@2 @2
DO~ —=t, and D3O ~1- L. (46)
In fact, the solutions found in Sec. 3.3 correspond to the zeroth-
order approximation of the full non-linear solution, while solving
the set of Eqgs. (43)-(44) gives the next-to-leading order contribu-
tion.

Amplitude

_1"“1“‘1“‘1“‘1“‘1“‘1“‘1‘
0 2 4 6 8 10 12 14

mr

Fig. 4. The first harmonic ®; (blue) and the second harmonic ©3 (red), satisfying
the set of Eqgs. (43)-(44), as a function of the radius in units of the axion mass.
We fix the axion frequency w = 2m /T, with T = 7. (For interpretation of the refer-
ences to color in this figure legend, the reader is referred to the web version of this
article.)

At r — o0, solutions must approach zero, with ®1,®3 « 1. In

this regime, the higher harmonic ®3; must satisfy
2 CH

@’3’+;®’3+(9w2—1)®3=—2—;. (47)
which, in the range 1/3 < w < 1, is an oscillatory solution in space
with wavelength +/9w? — 1. Thus, if @ > 1/3, the axion star con-
figuration radiates energy away through the third harmonic, with
a contribution that increases with the total energy of the axion
w. Equation (47) can in principle be used to compute the lifetime
of the axion star in the dilute branch, where the third harmon-
ics is a very small perturbation of the exact solution. For values of
w < 1/3, there is no radiation solution at r — oo and higher har-
monics have to be taken into account through Eq. (41). In Fig. 4,
we solve the set in Egs. (43)-(44) for a given frequency w =27 /T,
with T =7, using a shooting method to obtain the initial condi-
tions for ®1 and ©3 at r =0 that satisfy ®1(+00) = @3(+00) =0.
We stress that the amplitudes of the 1st and 3rd harmonic are of
the same order of magnitude everywhere in the star, demonstrat-
ing that the single harmonic approximation sufficient for the case
of dilute axions stars does not suffice for the description of the
dense regime.

5. Discussion

We have shown that when ®¢ = O(1), axions are relativistic
and axion stars enter the dense branch regime where the config-
uration behaves as a meta-stable oscillon of the yx-Gordon equa-
tion, with a characteristic lifetime. For a free field, bosons stream
away from the oscillon core of a star of radius R, with a lifetime
Tjin = 0.8364/2R? [73] and with a radiation spectrum peaking at
wyin with width T, = (2735,) 1. Including a more realistic non-
linear self-interaction potential modifies the spectrum by lowering
the peak frequency at a lower value wy < i, With a new width
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I'n1 < Tjin. Following Ref. [73], an oscillon forms if the two spectra
do not significantly overlap, that is when

Wiin — Wyl > ———— ~ [jjp. (48)

The computation of the oscillon lifetime for a quartic self-inter-
action has been addressed in Refs. [74,73], where the relatively
long lifetime (on the scale of the intrinsic timescale m~1!) of os-
cillons is explained by the relatively small overlap between the
oscillation frequencies. Following this method, we estimate of the
lifetime of an oscillon for a cosine potential as

Tiife = ___1 7o 1078s, (49)
o (Eosc — Eco) m

where we have used the parameters o =5 x 107>, Egsc = 402.1,
and E., =372.8, following Refs. [74,73] with the axion Lagrangian
in Eq. (1) and a Gaussian ansatz for the radial wave function. In
short, the energy of an oscillon is described by its radius and am-
plitude, and damped oscillations in the oscillon develop along the
line of constant minimum energy [42,43]. We performed an in-
dependent check of these results by using the solutions of the
time-independent Eq. (12) in the dense branch as initial condi-
tions which we time-evolve with the Sine-Gordon Eq. (39), as
prescribed in Ref. [71]. Although this initial wave function is not a
proper solution to the Sine-Gordon equation, our numerical solu-
tions yield breather solutions. For a period T = 7.0 as considered
above, we find that the solution decays after Ty ~ 1200/m. This
result is of the same order of magnitude as what we obtained us-
ing Eq. (49)

10° _, (107eV
Tiife = O Y ~107's| ——— ). (50)

m

The fact that pseudo-breathers exist has been shown in Ref. [45],
where the existence of a finite life-time solution to the Sine-
Gordon equation has been related to the singular behavior of the
solution at zero, when an oscillating function has been imposed
as the boundary condition of the solution at infinity. Pseudo-
breathers are ultimately decaying states, as discussed in length
in Ref. [26], where it is found numerically that such solutions
are unstable and fragment into smaller clumps. The dynamics and
the initial conditions considered in Ref. [26] are however different
from ours, since the authors consider a cosmological evolution of
the axion field with “white noise” initial conditions, and included
the Hubble rate in the equation of motion.

Recently, Helfer et al. [31] have studied the stability of axion
stars including gravity and non-linear effects, finding that stable
dense profiles may be possible when f > 0.1 Mpj, the exact value
depending on the axion star mass. In any case, the energy scale
f involved is well above the scales we consider here. For values
of f below this critical value, the axion star either collapses to
a black hole or dissolves by the emission of relativistic particles,
consistently with the puffing out obtained in Ref. [30] and in this
work.

6. Conclusions

In this paper, we have discussed the properties of axion stars
for all allowed values of the core amplitude of the axion field
®p. In particular, we have discussed how classically stable solu-
tions can arise from the interplay between self-gravity, axion self-
interactions, the pressure due to the Heisenberg uncertainty prin-
ciple, and the kinetic energy. Using assumptions commonly made
in the literature, we have obtained a set of equations describing

coherent axion field oscillations inside the axion star in the single-
harmonic approximation. For small core amplitudes ®g < 1, we
confirmed known results for axion stars in the dilute and critical
branches, and provided a heuristic interpretation of those results
from first principles.

For ® > 1, the “dense” regime, we recover similar results to
those in Ref. [27] when using the single-harmonic approximation,
in particular, the mass radius relation R o« M'/3. However, we ar-
gue that the single-harmonic approximation does not hold for the
dense regime and thus a different approach is needed, taking into
account higher harmonics. In the end, we arrive a very different
physical interpretation of the dense regime. We find gravity to be
negligible for ® = O(1). Dense axion stars should be solutions to
the Sine-Gordon (or x-Gordon) equation describing the axion field
inside the star. We computed the lifetime of dense configurations
using both the semi-analytical procedure described in [42,43,74,
73] and by using our single-harmonic solutions as initial condi-
tions, which we time-evolved numerically using the Sine-Gordon
equation as prescribed in [71,72]. Both methods yield comparable
lifetimes of order 7o ~ 103 /m, much shorter than any cosmologi-
cal time scale.

We conclude that if dense axion stars can be formed, they
would immediately (on cosmological scales) radiate relativistic
axions and decay. Since axion stars in the critical branch are
unstable against perturbations and either expand to stable di-
lute configurations or contract to the dense branch and subse-
quently decay, stable axion stars with mass M > M*(f2/m) ~

107" Mg (1073 eV/m)2 appear implausible.
Additional note

During the final preparation of the manuscript after completion
of this work we received [75,76], partially overlapping with this
work.

Acknowledgements

We would like to thank Eric Braaten, Katherine Clough, Mal-
colm Fairbairn, Oleg Gnedin, Thomas Helfer, Zelimir Marojevi¢,
David ]. E. Marsh, and Scott Tremaine for the useful discussions
and comments that led to the present work.

SB and LV would like to thank the University of Michigan and
the Massachusetts Institute of Technology, where part of this work
was conducted, for hospitality.

SB, KF, and LV acknowledge support by the Vetenskapsrddet
(Swedish Research Council) through contract No. 638-2013-8993
and the Oskar Klein Centre for Cosmoparticle Physics. KF acknowl-
edges support from DoE grant DE-SC007859 and the MCTP at the
University of Michigan. JR is supported by the Ramon y Cajal Fel-
lowship 2012-10597, the grant FPA2015-65745-P (MINECO/FEDER),
the EU through the ITN “Elusives” H2020-MSCA-ITN-2015/674896
and the Deutsche Forschungsgemeinschaft under grant SFB-1258
as a Mercator Fellow. FW’s work is supported by the U.S. Depart-
ment of Energy under grant DE-SC0012567, the European Research
Council under grant 742104, and the Vetenskapsrddet (Swedish Re-
search Council) under Contract No. 335-2014-7424.

References

[1] S. Weinberg, Phys. Rev. Lett. 40 (1978) 223-226, https://doi.org/10.1103/
PhysRevLett.40.223.

[2] E. Wilczek, Phys. Rev. Lett. 40 (1978) 279-282, https://doi.org/10.1103/
PhysRevLett.40.279.

[3] M. Shifman, A. Vainshtein, V. Zakharov, Nucl. Phys. B 166 (1980) 493-506,
https://doi.org/10.1016/0550-3213(80)90209-6, www.sciencedirect.com/
science/article/pii/0550321380902096.


https://doi.org/10.1103/PhysRevLett.40.223
https://doi.org/10.1103/PhysRevLett.40.279
https://doi.org/10.1016/0550-3213(80)90209-6
http://www.sciencedirect.com/science/article/pii/0550321380902096
http://www.sciencedirect.com/science/article/pii/0550321380902096
https://doi.org/10.1103/PhysRevLett.40.223
https://doi.org/10.1103/PhysRevLett.40.279

72 L. Visinelli et al. / Physics Letters B 777 (2018) 64-72

[4] JE. Kim, Phys. Rev. Lett. 43 (1979) 103-107, https://doi.org/10.1103/
PhysRevLett.43.103, http://link.aps.org/doi/10.1103/PhysRevLett.43.103.

[5] AR. Zhitnitsky, Sov. J. Nucl. Phys. 31 (1980) 260.

[6] M. Dine, W. Fischler, M. Srednicki, Phys. Lett. B 104 (1981) 199, https://doi.org/
10.1016/0370-2693(81)90590-6.

[7] J. Preskill, M.B. Wise, F. Wilczek, Phys. Lett. B 120 (1983) 127-132, https://doi.
0rg/10.1016/0370-2693(83)90637-8.

[8] LE. Abbott, P. Sikivie, Phys. Lett. B 120 (1983) 133-136, https://doi.org/10.1016/
0370-2693(83)90638-X.

[9] M. Dine, W. Fischler, Phys. Lett. B 120 (1983) 137-141, https://doi.org/10.1016/
0370-2693(83)90639-1.

[10] R.D. Peccei, H.R. Quinn, Phys. Rev. Lett. 38 (1977) 1440-1443, https://doi.org/
10.1103/PhysRevLett.38.1440.

[11] R.D. Peccei, H.R. Quinn, Phys. Rev. D 16 (1977) 1791-1797, https://doi.org/10.
1103/PhysRevD.16.1791.

[12] P. Arias, D. Cadamuro, M. Goodsell, J. Jaeckel, ]J. Redondo, A. Ringwald, J. Cos-
mol. Astropart. Phys. 1206 (2012) 013, https://doi.org/10.1088/1475-7516/
2012/06/013, arXiv:1201.5902.

[13] P. Svrcek, E. Witten, ]. High Energy Phys. 06 (2006) 051, https://doi.org/10.1088/
1126-6708/2006/06/051, arXiv:hep-th/0605206.

[14] A. Arvanitaki, S. Dimopoulos, S. Dubovsky, N. Kaloper, J. March-Russell, Phys.
Rev. D 81 (2010) 123530, arXiv:0905.4720.

[15] A. Ringwald, J. Phys. Conf. Ser. 485 (2014) 012013, https://doi.org/10.1088/1742
-6596/485/1/012013, arXiv:1209.2299.

[16] J. Halverson, C. Long, P. Nath, arXiv:1703.07779, 2017.

[17] DJ. Kaup, Phys. Rev. 172 (1968) 1331-1342, https://doi.org/10.1103/PhysRev.
172.1331.

[18] R. Ruffini, S. Bonazzola, Phys. Rev. 187 (1969) 1767-1783, https://doi.org/10.
1103/PhysRev.187.1767.

[19] A. Das, J. Math. Phys. 4 (1963) 45-51, https://doi.org/10.1063/1.1703887.

[20] D.A. Feinblum, W.A. McKinley, Phys. Rev. 168 (1968) 1445, https://doi.org/10.
1103/PhysRev.168.1445.

[21] AED.F. Teixeira, I. Wolk, M.M. Som, Phys. Rev. D 12 (1975) 319-322, https://
doi.org/10.1103/PhysRevD.12.319.

[22] M. Colpi, S.L. Shapiro, I. Wasserman, Phys. Rev. Lett. 57 (1986) 2485-2488,
https://doi.org/10.1103/PhysRevLett.57.2485.

[23] E. Seidel, W.M. Suen, Phys. Rev. Lett. 66 (1991) 1659-1662, https://doi.org/
10.1103/PhysRevLett.66.1659.

[24] LI Tkachev, Phys. Lett. B 261 (1991) 289-293, https://doi.org/10.1016/0370-
2693(91)90330-S.

[25] EW. Kolb, LI Tkachev, Phys. Rev. Lett. 71 (1993) 3051-3054, https://doi.org/10.
1103/PhysRevLett.71.3051, arXiv:hep-ph/9303313.

[26] E.W. Kolb, LI. Tkachev, Phys. Rev. D 49 (1994) 5040-5051, https://doi.org/10.
1103/PhysRevD.49.5040, arXiv:astro-ph/9311037.

[27] E. Braaten, A. Mohapatra, H. Zhang, Phys. Rev. Lett. 117 (2016) 121801, arXiv:
1512.00108.

[28] J. Eby, P. Suranyi, L.C.R. Wijewardhana, Mod. Phys. Lett. A 31 (2016) 1650090,
https://doi.org/10.1142/S0217732316500905, arXiv:1512.01709.

[29] J. Eby, M. Leembruggen, P. Suranyi, L.C.R. Wijewardhana, ]J. High Energy Phys.
12 (2016) 066, https://doi.org/10.1007/JHEP12(2016)066, arXiv:1608.06911.

[30] D.G. Levkov, A.G. Panin, LI Tkachev, Phys. Rev. Lett. 118 (2017) 011301, https://
doi.org/10.1103/PhysRevLett.118.011301, arXiv:1609.03611.

[31] T. Helfer, D.J.E. Marsh, K. Clough, M. Fairbairn, E.A. Lim, R. Becerril, arXiv:
1609.04724, 2016.

[32] E. Braaten, A. Mohapatra, H. Zhang, Phys. Rev. D 96 (2017) 031901, https://doi.
org/10.1103/PhysRevD.96.031901, arXiv:1609.05182.

[33] E. Braaten, A. Mohapatra, H. Zhang, Phys. Rev. D 94 (2016) 076004, https://doi.
0rg/10.1103/PhysRevD.94.076004, arXiv:1604.00669.

[34] Y. Bai, V. Barger, ]. Berger, ]. High Energy Phys. 12 (2016) 127, https://doi.org/
10.1007/JHEP12(2016)127, arXiv:1612.00438.

[35] J. Eby, M. Leembruggen, J. Leeney, P. Suranyi, L.C.R. Wijewardhana, arXiv:
1701.01476, 2017.

[36] V. Desjacques, A. Kehagias, A. Riotto, arXiv:1709.07946, 2017.

[37] R.E. Dashen, B. Hasslacher, A. Neveu, Phys. Rev. D 11 (1975) 3424-3450, https://
doi.org/10.1103/PhysRevD.11.3424.

[38] AE. Kudryavtsev, JETP Lett. 22 (1975) 82.

[39] V. Makhankov, Phys. Rep. 35 (1978) 1-128, https://doi.org/10.1016/0370
-1573(78)90074-1, http://www.sciencedirect.com/science/article/pii/
0370157378900741.

[40] ]. Geicke, Phys. Scr. 29 (1984) 431, http://stacks.iop.org/1402-4896/29/i=5/a=003.

[41] V.E. Zakharov, E.A. Kuznetsov, Zh. Eksp. Teor. Fiz. 91 (1986) 1310-1324.

[42] M. Gleiser, Phys. Rev. D 49 (1994) 2978-2981, https://doi.org/10.1103/
PhysRevD.49.2978.

[43] EJ. Copeland, M. Gleiser, H.R. Muller, Phys. Rev. D 52 (1995) 1920-1933,
https://doi.org/10.1103/PhysRevD.52.1920, arXiv:hep-ph/9503217.

[44] P. Salmi, M. Hindmarsh, Phys. Rev. D 85 (2012) 085033, https://doi.org/10.1103/
PhysRevD.85.085033, arXiv:1201.1934.

[45] J.N. Hormuzdiar, S.D.H. Hsu, arXiv:hep-th/9906058, 1999.

[46] T. Matos, L.A. Urefia-Lopez, Class. Quantum Gravity 17 (2000) L75, http://
stacks.iop.org/0264-9381/17/i=13/a=101.

[47] L.AA. Urena-Lopez, Class. Quantum Gravity 19 (2002) 2617-2632, https://doi.
0rg/10.1088/0264-9381/19/10/307, arXiv:gr-qc/0104093.

[48] M. Ablowitz, D.J. Kaup, A.C. Newell, H. Segur, Phys. Rev. Lett. 30 (1973)
1262-1264, https://doi.org/10.1103/PhysRevLett.30.1262.

[49] P. Di Vecchia, G. Veneziano, Nucl. Phys. B 171 (1980) 253-272, https://doi.org/
10.1016/0550-3213(80)90370-3.

[50] G. Grilli di Cortona, E. Hardy, J. Pardo Vega, G. Villadoro, ]. High Energy Phys.
01 (2016) 034, https://doi.org/10.1007/JHEP01(2016)034, arXiv:1511.02867.

[51] P. Petreczky, H.-P. Schadler, S. Sharma, Phys. Lett. B 762 (2016) 498-505,
https://doi.org/10.1016/j.physletb.2016.09.063, arXiv:1606.03145.

[52] S. Borsanyi, et al, Nature 539 (2016) 69-71, https://doi.org/10.1038/
nature20115, arXiv:1606.07494.

[53] A.H. Guth, M.P. Hertzberg, C. Prescod-Weinstein, Phys. Rev. D 92 (2015) 103513,
https://doi.org/10.1103/PhysRevD.92.103513, arXiv:1412.5930.

[54] L.M. Widrow, N. Kaiser, Astrophys. J. 416 (1993) L71-L74.

[55] DJ.E. Marsh, A-R. Pop, Mon. Not. R. Astron. Soc. 451 (2015) 2479-2492,
https://doi.org/10.1093/mnras/stv1050, arXiv:1502.03456.

[56] P-H. Chavanis, Phys. Rev. D 84 (2011) 043531, https://doi.org/10.1103/
PhysRevD.84.043531, arXiv:1103.2050.

[57] P.H. Chavanis, L. Delfini, Phys. Rev. D 84 (2011) 043532, https://doi.org/10.1103/
PhysRevD.84.043532, arXiv:1103.2054.

[58] E. Cotner, Phys. Rev. D 94 (2016) 063503, https://doi.org/10.1103/PhysRevD.94.
063503, arXiv:1608.00547.

[59] S. Davidson, T. Schwetz, Phys. Rev. D 93 (2016) 123509, https://doi.org/10.1103/
PhysRevD.93.123509, arXiv:1603.04249.

[60] M.P. Hertzberg, M. Tegmark, F. Wilczek, Phys. Rev. D 78 (2008) 083507, https://
doi.org/10.1103/PhysRevD.78.083507, arXiv:0807.1726.

[61] L. Visinelli, P. Gondolo, Phys. Rev. D 80 (2009) 035024, https://doi.org/10.1103/
PhysRevD.80.035024, arXiv:0903.4377.

[62] G.H. Derrick, J. Math. Phys. 5 (1964) 1252-1254, https://doi.org/10.1063/1.
1704233,

[63] G. Rosen, ]J. Math. Phys. 9 (1968) 999-1002, https://doi.org/10.1063/1.1664694.

[64] T.D. Lee, Phys. Rep. 23 (1976) 254-258, https://doi.org/10.1016/0370-1573(76)
90045-4.

[65] R. Friedberg, T.D. Lee, A. Sirlin, Nucl. Phys. B 115 (1976) 1-31, https://doi.org/
10.1016/0550-3213(76)90274-1.

[66] R. Friedberg, T.D. Lee, A. Sirlin, Nucl. Phys. B 115 (1976) 32-47, https://doi.org/
10.1016/0550-3213(76)90275-3.

[67] Nucl. Phys. B 269 (1986) 744, https://doi.org/10.1016/0550-3213(86)90520-1.

[68] LL. Bogolyubskii, V.G. Makhan’kov, Zh. Eksp. Teor. Fiz. Pisma Red. 24 (1976) 15.

[69] M. Gleiser, A. Sornborger, Phys. Rev. E 62 (2000) 1368-1374, https://doi.org/
10.1103/PhysRevE.62.1368, arXiv:patt-sol/9909002.

[70] G. Fodor, P. Forgacs, P. Grandclement, 1. Racz, Phys. Rev. D 74 (2006) 124003,
https://doi.org/10.1103/PhysRevD.74.124003, arXiv:hep-th/0609023.

[71] B. Piette, W]. Zakrzewski, Nonlinearity 11 (1998) 1103, http://stacks.iop.org/
0951-7715/11/i=4/a=020.

[72] G.L. Alfimov, W.AB. Evans, L. Vazquez, Nonlinearity 13 (2000) 1657, http://
stacks.iop.org/0951-7715/13/i=5/a=313.

[73] M. Gleiser, D. Sicilia, Phys. Rev. D 80 (2009) 125037, https://doi.org/10.1103/
PhysRevD.80.125037, arXiv:0910.5922.

[74] M. Gleiser, D. Sicilia, Phys. Rev. Lett. 101 (2008) 011602, https://doi.org/10.
1103/PhysRevLett.101.011602, arXiv:0804.0791.

[75] E.D. Schiappacasse, M.P. Hertzberg, arXiv:1710.04729, 2017.

[76] P.-H. Chavanis, arXiv:1710.06268, 2017.


https://doi.org/10.1103/PhysRevLett.43.103
http://link.aps.org/doi/10.1103/PhysRevLett.43.103
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib5A6869746E6974736B793A313938307471s1
https://doi.org/10.1016/0370-2693(81)90590-6
https://doi.org/10.1016/0370-2693(83)90637-8
https://doi.org/10.1016/0370-2693(83)90638-X
https://doi.org/10.1016/0370-2693(83)90639-1
https://doi.org/10.1103/PhysRevLett.38.1440
https://doi.org/10.1103/PhysRevD.16.1791
https://doi.org/10.1088/1475-7516/2012/06/013
https://doi.org/10.1088/1126-6708/2006/06/051
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib417276616E6974616B693A323030396667s1
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib417276616E6974616B693A323030396667s1
https://doi.org/10.1088/1742-6596/485/1/012013
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib48616C766572736F6E3A32303137646571s1
https://doi.org/10.1103/PhysRev.172.1331
https://doi.org/10.1103/PhysRev.187.1767
https://doi.org/10.1063/1.1703887
https://doi.org/10.1103/PhysRev.168.1445
https://doi.org/10.1103/PhysRevD.12.319
https://doi.org/10.1103/PhysRevLett.57.2485
https://doi.org/10.1103/PhysRevLett.66.1659
https://doi.org/10.1016/0370-2693(91)90330-S
https://doi.org/10.1103/PhysRevLett.71.3051
https://doi.org/10.1103/PhysRevD.49.5040
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib4272616174656E3A32303135656575s1
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib4272616174656E3A32303135656575s1
https://doi.org/10.1142/S0217732316500905
https://doi.org/10.1007/JHEP12(2016)066
https://doi.org/10.1103/PhysRevLett.118.011301
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib48656C6665723A323031366C6A6Cs1
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib48656C6665723A323031366C6A6Cs1
https://doi.org/10.1103/PhysRevD.96.031901
https://doi.org/10.1103/PhysRevD.94.076004
https://doi.org/10.1007/JHEP12(2016)127
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib4562793A32303137786177s1
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib4562793A32303137786177s1
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib4465736A6163717565733A32303137666D66s1
https://doi.org/10.1103/PhysRevD.11.3424
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib4B756472796176747365763A31393735s1
https://doi.org/10.1016/0370-1573(78)90074-1
http://www.sciencedirect.com/science/article/pii/0370157378900741
http://www.sciencedirect.com/science/article/pii/0370157378900741
http://stacks.iop.org/1402-4896/29/i=5/a=003
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib5A616B6861726F763A31393836s1
https://doi.org/10.1103/PhysRevD.49.2978
https://doi.org/10.1103/PhysRevD.52.1920
https://doi.org/10.1103/PhysRevD.85.085033
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib486F726D757A646961723A31393939757As1
http://stacks.iop.org/0264-9381/17/i=13/a=101
http://stacks.iop.org/0264-9381/17/i=13/a=101
https://doi.org/10.1088/0264-9381/19/10/307
https://doi.org/10.1103/PhysRevLett.30.1262
https://doi.org/10.1016/0550-3213(80)90370-3
https://doi.org/10.1007/JHEP01(2016)034
https://doi.org/10.1016/j.physletb.2016.09.063
https://doi.org/10.1038/nature20115
https://doi.org/10.1103/PhysRevD.92.103513
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib576964726F773A313939337171s1
https://doi.org/10.1093/mnras/stv1050
https://doi.org/10.1103/PhysRevD.84.043531
https://doi.org/10.1103/PhysRevD.84.043532
https://doi.org/10.1103/PhysRevD.94.063503
https://doi.org/10.1103/PhysRevD.93.123509
https://doi.org/10.1103/PhysRevD.78.083507
https://doi.org/10.1103/PhysRevD.80.035024
https://doi.org/10.1063/1.1704233
https://doi.org/10.1063/1.1664694
https://doi.org/10.1016/0370-1573(76)90045-4
https://doi.org/10.1016/0550-3213(76)90274-1
https://doi.org/10.1016/0550-3213(76)90275-3
https://doi.org/10.1016/0550-3213(86)90520-1
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib313937365A68506D522E2E32342E2E2E313542s1
https://doi.org/10.1103/PhysRevE.62.1368
https://doi.org/10.1103/PhysRevD.74.124003
http://stacks.iop.org/0951-7715/11/i=4/a=020
http://stacks.iop.org/0951-7715/11/i=4/a=020
http://stacks.iop.org/0951-7715/13/i=5/a=313
http://stacks.iop.org/0951-7715/13/i=5/a=313
https://doi.org/10.1103/PhysRevD.80.125037
https://doi.org/10.1103/PhysRevLett.101.011602
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib536368696170706163617373653A3230313768616Ds1
http://refhub.elsevier.com/S0370-2693(17)30987-5/bib43686176616E69733A323031376C6F6Fs1
https://doi.org/10.1103/PhysRevLett.43.103
https://doi.org/10.1016/0370-2693(81)90590-6
https://doi.org/10.1016/0370-2693(83)90637-8
https://doi.org/10.1016/0370-2693(83)90638-X
https://doi.org/10.1016/0370-2693(83)90639-1
https://doi.org/10.1103/PhysRevLett.38.1440
https://doi.org/10.1103/PhysRevD.16.1791
https://doi.org/10.1088/1475-7516/2012/06/013
https://doi.org/10.1088/1126-6708/2006/06/051
https://doi.org/10.1088/1742-6596/485/1/012013
https://doi.org/10.1103/PhysRev.172.1331
https://doi.org/10.1103/PhysRev.187.1767
https://doi.org/10.1103/PhysRev.168.1445
https://doi.org/10.1103/PhysRevD.12.319
https://doi.org/10.1103/PhysRevLett.66.1659
https://doi.org/10.1016/0370-2693(91)90330-S
https://doi.org/10.1103/PhysRevLett.71.3051
https://doi.org/10.1103/PhysRevD.49.5040
https://doi.org/10.1103/PhysRevLett.118.011301
https://doi.org/10.1103/PhysRevD.96.031901
https://doi.org/10.1103/PhysRevD.94.076004
https://doi.org/10.1007/JHEP12(2016)127
https://doi.org/10.1103/PhysRevD.11.3424
https://doi.org/10.1016/0370-1573(78)90074-1
https://doi.org/10.1103/PhysRevD.49.2978
https://doi.org/10.1103/PhysRevD.85.085033
https://doi.org/10.1088/0264-9381/19/10/307
https://doi.org/10.1016/0550-3213(80)90370-3
https://doi.org/10.1038/nature20115
https://doi.org/10.1103/PhysRevD.84.043531
https://doi.org/10.1103/PhysRevD.84.043532
https://doi.org/10.1103/PhysRevD.94.063503
https://doi.org/10.1103/PhysRevD.93.123509
https://doi.org/10.1103/PhysRevD.78.083507
https://doi.org/10.1103/PhysRevD.80.035024
https://doi.org/10.1063/1.1704233
https://doi.org/10.1016/0370-1573(76)90045-4
https://doi.org/10.1016/0550-3213(76)90274-1
https://doi.org/10.1016/0550-3213(76)90275-3
https://doi.org/10.1103/PhysRevE.62.1368
https://doi.org/10.1103/PhysRevD.80.125037
https://doi.org/10.1103/PhysRevLett.101.011602

	Dilute and dense axion stars
	1 Introduction
	2 Axion stars
	2.1 Axion Lagrangian
	2.2 Non-relativistic (single harmonic) limit
	2.3 Axion potential

	3 Numerical results in the single harmonic approximation
	3.1 Axion star branches
	3.2 Non-relativistic solutions
	3.3 Non-perturbative solution

	4 Oscillons
	4.1 Generalities on the relativistic equation
	4.2 Beyond the 1st harmonic approximation

	5 Discussion
	6 Conclusions
	Additional note
	Acknowledgements
	References


