THE DESIGN OF TWO-DIMENSIONAL DIGITAL FILTERS BY

GENERALIZED McCLELLAN TRANSFORMATIONS

by

THOMAS FRANCIS QUATIERI, JR.

B.S., Tufts University
(1973)

SUBMITTED IN PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF
MASTER OF SCIENCE

at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY

June, 1975

Signature redacted

signature of Author: ™ e st s s
Department of Electrical Engineering

Signature redacted ka0

Certified by: LU I fc/(fia CEn L SR L IR T A I I I L I I I N I I I O I I I I I B )
Thesis Supervisor

Slgnature redacted

Accepted By: (coverenns cunwss TS fosve e e s F e Res s s setesasse e
- Chairman, Departmental Commlttee on Graduate Students

Archives

JUL 9 1975
SISRARIES ~




THE DESIGN OF TWO-DIMENSIONAL DIGITAL FILTERS BY

GENERALIZED McCLELLAN TRANSFORMATIONS

by

Thomas Francis Quatieri, Jr.

Submitted to the Department of Electrical Engineering on
May 23, 1975, in partial fulfillment of the requirements
for the degree of Master of Science.

ABSTRACT

The design of two-dimensional linear phase FIR digital filters,
optimal in the Chebyshev sense, is a very time consuming process. An
alternative design technique proposed by McClellan is the transformation
of a one-dimensional linear-phase FIR equiripple filter into a two-
dimensional linear-phase FIR filter which is nearly optimal in the
Chebyshev sense. The technique is very fast since computing time is
devoted almost entirely to the one-dimensional design which is known to
be efficient. Also, there exists an efficient implementation which in
general requires fewer multiplies per output point than conventional
techniques,

The original McClellan transformation is generalized to approxi-
mate arbitrary two-dimensional contours and compress transition width.
Constraints are derived for guaranteeing a well-defined transformation
and an algorithm is presented for satisfying arbitrary two-dimensional
specifications in terms of one-dimensional filter parameters.

Finally, comparisons are made with the transformation technique,
the optimal design, and various windowing procedures.

Thesis Supervisor: Russell M. Mersereau

Title: Research Associate
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CHAPTER 1

INTRODUCTION

11 The Subject and Scope of the Thesis

In this thesis we shall be concerned with the design of two-
dimensional finite duration impulse response (FIR) digital filters. A
novel design technique due to McClellan [1], [2] is extended and general-
ized. This method transforms a one-dimensional FIR filter into a two-
dimensional FIR filter by a change of variables, The transformation
preserves the amplitude characteristic of the one-dimensional filter.

The remainder of this chapter presents the design problem and
historical background which leads to the introduction of the McClellan
transformation.

Chapter 2 is first concerned with the history and mathematics of
the original McClellan transformation and its generalization to higher
order transformations. The contour approximation problem for an
arbitrary frequency response is then formulated. Finally, an efficient
implementation scheme is presented. We shall see that with this
scheme the filters can be implemented with fewer multiplies than with
conventional implementations.

Chapter 3 discusses the constraints needed for a well-defined
transformation and for transition width compression. Also, an
algorithm is presented for meeting two-dimensional specifications.

The versatility of the technique is demonstrated in Chapter 4 by
the design of arbitrary frequency responses.

Finally, Chapters 5 and 6 make comparisons with previous design

methods and present some recent ideas with suggestions for further
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research.

1.2 The Design Problem

Digital filters are categorized as either finite impulse response
(FIR) or infinite impulse response (IIR) filters. FIR filters, unlike IIR
filters, are always stable, can have exactly linear phase, and with an
appropriate finite delay can be made realizable. Also, as shown by
Parks and McClellan [3], the efficient 2nd Remes Exchange Algorithm is
suitable for the design of equiripple one-dimensional FIR filters. This
method, however, cannot be used in the design of optimal two-dimensional
FIR filters. Thus, alternate techniques are being sought for both
optimal and suboptimal designs.

The one-dimensional design goal is to minimize the error over
the interval [o,T] between the ideal frequency response I(w) and the
actual frequency response H(w), under some error criterion. A two-
dimensional FIR filter is characterized by the two-dimensional frequency
response given by

N

bk
H(u.>1, “’2) = é‘o

1

Z

=1

5~

! Oh(n. m) exp(-jw, n) exp(-juw,m) (1.1)

where h(n, m) is of duration N x N. The design goal is analogous to the
one-dimensional case. For example, the ideal frequency response
might be specified over the two-dimensional region [-m, 7] x [-7, 7], in
which a passband value of one and a stopband value of zero must be
closely met with an allowable transition width. Figure 1.1 shows a
desired set of specifications over the region [-m, 7] x [-T, 7] for a

circularly symmetric lowpass filter,



PASSEBAND 0 STOPBAND
L
\ »

—— TRANSITION
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Fig. 1.1 The two-dimensional design specifications for a

circularly symmetric lowpass filter,
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1.3 Previous Development

A number of techniques have been applied for meeting arbitrary
two-dimensional specifications. FIR filters, optimal in the least
squares sense, can be designed by multiplying the unrealizable ideal
frequency response by an N x N rectangular window. The rectangular
window is defined by

1 0sn=N-1, 0sm=s<N-1
w(n, m) = { (1.2}
=0 otherwise
Rectangular windowing, however, produces a frequency response which
has large ripples or overshoots at the discontinuities of piecewise
constant ideal responses. This is analogous to the Gibbs phenomenon in
one dimension. See Chapter 5 for an example.

Huang [4] has shown that good two-dimensional windows can be
obtained from good one-dimensional windows via the relation
w(n, m) = W¢n2 + m2), where w(t) is an appropriate one-dimensional
continuous window sampled at the appropriate values. Another possible

window is w(n, m) = Wl(n)w2(m)' where Wl(n) and w,(m) are good one-

2
dimensional windows. However, since windowing is a convolution
process in the frequency domain, discontinuities in the ideal response
are smeared. Hence, for example, very narrow band filters with
specific cutoff frequencies are hard to obtain without using very long
windows. Another difficulty arises in taking the inverse transform of
an ideal filter characteristic to determine the ideal impulse response.
In spite of these handicaps, windowing has proven useful due to its speed

and flexibility in approximating arbitrary ideal frequency responses.

Another method of design is frequency sampling [5], where points



in the transition region of an ideal DFT are left free to optimize the
filter under some minimization criterion. The two-dimensional DFT is

defined as
N=1 N-1
H(s, %) = ) ) hin,m) exp(-j2rkn) exp(-j2r im) (1.3)
, L , p(-iw Pl-iy -
n=0m=0
This design lacks flexibility in specifying cutoff frequencies; also, the
approximation error tends to be highest around the transition edges.
A large concentration of error near the edges can be undesirable
in some applications. This leads to the equiripple approximation design
of linear phase FIR filters. By definition, a linear phase one-

dimensional FIR filter is of the form
H(w) = G(w) exp (j(A + Bw))

where G(w) is real. Parks and McClellan [3] have shown that one of
four possible solutions is a positive symmetric, odd length impulse
response, where A =0, B=-(n-1)/2, and h(n) = h(N-1-n). Since
exp(j(A + Bw))contributes only to phase, h(n) is assumed centered at the
origin with zero phase and length N = 2n + 1. Therefore, h(n) is

expressed as

H(w = )  h(m)exp(jum) (1. 4)

which can be written

a(m) cos wm (1.5)
0

s

H(w) =
m

where, a(0) h(0)

a(m) 2him), m = 1, 2, «+«s n.



Parks and McClellan [3] have shown that this representation of an
FIR filter in terms of cosine basis functions is suitable for finding the
Chebyshev approximation using the 2nd Remes Exchange Algorithm.
For example, Fig. 1.2 shows an equiripple lowpass filter with passband
and stopband deviations 6p and <SS and cutoff frequencies wp and w_ .

A two-dimensional zero phase positive symmetric FIR filter of
duration (2n +1) x (2n + 1) is expressed as

H(w

) = h(£, k) exp( -jwlﬂa) exp(-jw, k) (1.86)

1

which can be written

n n
H(wl,wz) = 2_‘ L a(4,k) cos Lw

e | cos kuw, (1.%)
where
a(0,0) = h(0,0)
a(0,k) = 2h(0,k), k=1, 2++* n
a(£,0) = 2h(£,0), £ =1, 2 ++- n
alt,k) = 4h(l, k), £ =1, 2o i, k= 1, 2sae n,

The above technique cannot be used in designing optimal two-
dimensional filters since the cosine basis functions do not satisfy the
Haar condition [6]. Thus, the 2nd Remes Exchange Algorithm does not
apply. Hu and Rabiner [5] have interpreted the optimal design problem
in terms of linear programming. The design of a 9 x 9 filter on an
IBM 370 was extremely time consuming. Therefore alternate optimal
design techniques are being sought [7], [8]. These techniques, faster

than linear programming, are nonetheless slow and limit the size of the

15



Fig. 1.2 An equiripple lowpass filter.
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tilter.

Hence, the McClellan transformation, a direct transformation of
a one-dimensional design into a two-dimensional design, has become
significant. Although sometimes suboptimum, the transformation
preserves the equiripple nature of one-dimensional optimal filters, In
addition, it is very fast and flexible in designing and implementing a

large class of arbitrary frequency responses.
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CHAPTER 2

McCLELLAN TRANSFORMATIONS

. | History

An alternative to the direct Chebyshev design was proposed by
McClellan [1], [2]. This new approach, although generally suboptimal,
is computationally and implementationally more efficient. The technique
transforms a one-dimensional filter into a two-dimensional filter by a
change of variables. The main advantage is its speed, since computing
time is devoted almost entirely to the one-dimensional design which is
known to be efficient. Hence, filters of very high order are readily
obtained., Also the implementation involves on the order of 2n+1 multi-
plies per output point, where (2n+1) x (2n+ 1) is the impulse response
duration, This section presents a brief view of McClellan's original
transformation.

The frequency response of a one-dimensional linear phase filter
can be expressed as

Hiwl = a(m) cos wm . (2.1)

0

? 1o

With w = cos—1 x, cos (wm) = cos (m cos_1 £] = Tm(x), where Tm(x) is
the mth order Chebyshev polynomial. With the above change of variables,

the frequency response can be expressed in x as

n

T

L a(m) Tm(x)

1]

H(x)

(2.2)

%P’JD
=
g
:»q

=)



Therefore,

H(w) b(m) cos™ (w) (2.3)

EE[\"]D

McClellan proposed the following change of variables:

cos w = t(0,0)+t(1, 0) cos w1+t(0, 1) cos w2+t(1, l)coss‘.:.:1 cos w2

(2. 4)

With the above substitution a two-dimensional zero-phase FIR filter

results:
11
_1n
H(w,, L b(m)[ L & t(2, ) cos (4w)) cos (kw,) |
£=0k=0
(2.5)
n n
= Z‘ 2_' 8(p, cos(pwl)COS(qwz)
p=0q=0
where
(0,0) = h(0,0) (2. 6a)
$(0,q) = 2h(0,q), q=1, 2++* n (2. 6b)
B(p,0) = 2h(p,0), p=1, 2+ n (2. 6c)
S(p,q) = dhtpyal, d@=1, 2 n, p=1;, 2+*»» n (2.6d)

An algorithm to perform this transformation is given in Appendix 1. The
change of variables preserves the amplitude characteristic of the one-
dimensional filter and thus results in an equiripple two-dimensional filter
when the original filter is equiripple. The transformation can be viewed
as a mapping where wis mapped to a contour implicitly described by the

transformation equation (2.4). This is best understood by studying two

19



examples due to McClellan.

The first example was designed for filtering unwanted velocity
components from geophysical seismic traces. With a transformation
determined by the coefficients t(0,0) = t(1,1) = 0 and t(1,0) = -t(0, 1) = 0. 5,
the contours of Fig. 2.1 were obtained. The value associated with each
contour is the one-dimensional frequency inverse image; that is, the
frequency from which each contour is mapped. McClellan [2] began with
an optimum Chebyshev one-dimensional lowpass filter. The passband
and stopband are mapped to the two-dimensional space as shown in
Fig. 2.2,

There are physical situations, as in picture processing, where
there is no preferred spatial frequency axis. Thus there is a need for
circularly symmetric filters, McClellan [2] used the transformation
given by the coefficients -t(0, 0) = t(1, 0) = t(0, 1)= t(1, 1) = 0.5 to design
such a filter. See Fig. 2.3 for the approximately circular contours.

An example is the 41 x 41 filter of Fig. 2.4. This filter was trans-
formed from a length 41 one-dimensional equiripple filter, Note the
equiripple nature of the frequency response.

The next section will present a more formal analysis of

McClellan's original transformation and its generalization.

2.2 Generalization to Higher Order Transformations

We shall now generalize the original McClellan transformation to
higher orders, to increase the class of possible designs.

By definition, the Mth order transformation can be expressed as

cos W = Y t(£,k) cos (kw,) cos (kw.) . (2.7)
L i 2
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Fig. 2.1 The contours of the fan filter transformation,

H(W) W)

STOP

PASS

Fig., 2.2 The lowpass to fan filter mapping.
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Fig. 2.4 A 41 x 41 two-dimensional filter designed from the original McClellan transformation,
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For M = 1 this general expression simplifies to that in equation (2. 4).
Substituting for cos w in the one-dimensional FIR filter of equation (2. 3)

results in

=

M m
b(m)[ ) t(4, k) cos (Lw,) cos (sz)] . (2.8)
0 L=0k=0

=0

H(wl,wz) =

iqal

As with the first order case, this expression simplifies to that of a zero-
phase two-dimensional FIR filter. Appendix 1 presents a generalization
of a recursive algorithm developed by McClellan [2] for the first order

~ case of section 2.1. The resulting filter is expressed as

nM nM

Hw,w,) = ) 2 B(p, q) cos (pw;) cos (qu;,) (2.9)
p=0qg=0

where the order of the filter is (2nM + 1) x (2nM + 1) and where the
relation between the b(p, q) and the impulse response coefficients h(p, q)
is described by equations (2, 6a, b, ¢, d). Note that the two-dimensional
order depends on both the one-dimensional impulse response length and
the order of the transformation.

We can view the Mth order transformation as a three-step
mapping, demonstrated in Fig. 2.5, L#&tws= cos-1 X, W, = cc)s-1 u, and
w, = cos_1 v. Then, mapping T1 of Fig. 2.4 maps the interval [0, 7] to
[-1, 1], where segment A maps to segment D, and segment B maps to

segment C. Substituting for w, w,, and w, leads to the expression

1° 2
M M

e
I

t(£, k) Rz(u) Sk(v)
4=0k=0

M (2, 10)

L L k
zzZOkZOq(f,,k)u v

24
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where Rﬂ(u) and S, (v) are the Chebyshev polynomials for the variables

k
u and v. Thus a particular value of x maps to an Mth order polynomial
which is implicitly described by the transformation equation in the u, v
space, This is indicated in Fig. 2.5 by T2 which maps segment C to
region E and segment D to region F in the u, v space. Regions E and F
depend on the choice of transformation coefficients t(l&; k). Finally,
since H(wl’ wz) is positive symmetric in both w; and Wy it is necessary
to consider only the mapping between the u, v space and the first quadrant
of the W, w, space bordered by m. With u = cos w; and v = cos Wy, 'I‘3
maps region E into region H and maps region F into region G. We
assume the mapping is well-defined, a concept to be discussed in
Chapter 3. Essentially, a well-defined mapping is one which guarantees
that only points from the interval [0,T] are mapped to the two-dimensional
region of interest. Note that the general Mth order mapping preserves
the amplitude characteristic of the one-dimensional filter.

The idea of viewing the mapping as a three-step process, the

second of which maps x to a polynomial in the u, v space, will be of great

interest in later chapters,

2.3 The Approximation Problem in Contour Design

We have seen that the transformation maps a particular w into a
curve implicitly described by the transformation equation. The goal of
this section is to formulate the general approximation problem in terms
of mapping an w to some desired continuous curve wy = g(wl) in the W, Wy
space. The approximation problem is then made linear, avoiding the
great difficulty in confronting the nonlinear version. That is, w, can be

written in terms of w; by manipulating the transformation equation.

However, as we see from equation (2. 7), this involves writing w, in terms
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of nonlinear functions such as cosines and arcosines. Hence a very

complicated nonlinear problem develops.

Zero error is desired between the ideal curve w, = g(wl) and the
contour from which w is mapped. Since this contour will not necessarily
follow the ideal curve exactly, an error can be found in traversing g(wl)

expressed as

cos W -

\/’Jg
12

e(wl) t(£, k) cos (Ewl) cos (kg(wl))
4=0k=0
{2.11)

M2

Y Ao, @)
cosm~‘(’l/:40 ()qoﬂ w

where (‘Dﬁ(wl) = coS (-ﬂwl) cos (kg(wl)). The objective is to find a best

approximation to cos w over a given interval in w, by choosing the

1
appropriate 9(:&), the free coefficients associated with the basis functions
@z(wl). The basis functions and the ideal function, cos w, will change
when constraints are placed on the coefficients, as demonstrated later by
examples,

A slight modification of the problem can be made by allowing
X = cos witself to be a free variable. The minimization procedure will
find not only the optimum coefficients %(E), but also the best frequency
mapping to approximate g(wl).

Nevertheless, the problem can always be viewed as a linear
approximation problem where an ideal function Hd(wl) is to be approxi-
mated by a set of linearly independent basis functions. Two possible

error criteria are the Chebyshev (minimax) or least squares. The

Chebyshev is desirable when approximating discontinuous ideal curves,



The approximation problem in this case can be formulated as

L

minimize max |e(w1)l = max |Hd(w1) —LZOf\(L)qoz(wl)l. {2, 12)

A very fast and efficient algorithm developed by Hersey and

Mersereau [ 9 ] is used in the minimax approximation procedure. The
set of basis functions, derived from constraint considerations, in general
does not satisfy the Haar condition and so the 2nd Remes Exchange
Algorithm does not apply. Hersey and Mersereau have modified an
ascent algorithm by Cheney [10]to perform a multiple rather than a
single exchange of error deviation, thus quickening the algorithm. This
works in the absence of the Haar condition and so is applicable to the
given set of basis functions.

The least squares approximation, being faster than the above
algorithm (only one iteration is required), is desirable for smooth ideal
curves. The approximation problem can be formulated as

minimize Z e2

- L 2
(@) =) [Hyw) - ) t0) g ) | (2.13)
Q Q =0

where the summation is over discrete values of w, in the interval (Q) of
interest. The least squares solution procedure is well known.

Some examples with the first order transformation follow. They
demonstrate the above techniques and the effect of constraints on the
approximation problem. The ideal function is g(wl) = (Ri - w? )% over the
interval [0, Rp] where R.p is the desired passband edge radius (see

Fig. 1.1) for a circularly symmetric lowpass filter.

Suppose no constraints are applied to the coefficients. Then the
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minimax approximation problem can be expressed as

1
). t(4,K) cos (4w,) cos (kuy) |

minimize max Ie(wl)l = max|cos w -
0k=0

L

N

(2.14)

where w = wp, the passband edge of the transformed one-dimensional
lowpass filter. Since cos w = cos wp is a constant, the obvious trivial

solution with zero error is

t(0, 0)

1

cos w (2. 15a)
p

1, 0]

1o, 1) = Kis1) = 8, (2.15Db)

Hence, the passband edge in one dimension is mapped to the entire two-
dimensional region (-m,mM x (-7, M), as well as the ideal curve g(wl).
Some set of constraints, therefore, must be applied. A reasonable set

of constraints for a circularly symmetric lowpass filter is the following

0 = (0,0) | (2. 16a)
T - (wl,Tr) (2.16b)
H(wl,wz) = H(wz,wl). (2.16¢)

These constraints guarantee that the origin in one dimension maps to the
origin in two dimensions and that T maps to the outer horizontal boundary
w, = . Constraint 2, 16c implies octagonal symmetry and so T also
maps to the outer vertical boundary w, = m. Also, constraining

octagonal symmetry results in t(£, k) = t(k, £), reducing the number of

degrees of freedom in the approximation. This constraint saves
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computational time.

The first constraint (2, 16a) generates the constraint equation

1 = #(0,0)+ 1(1,0) + (0, 1)£+(1,1) ., (2. 1%7)

(2. 16b) implies that

-1 = %(0,0) - t(1,0) cos w, -1(0, 1) - #(1, 1) cos w, (2.18)
or
-1 = t(0,0) - t(0,1) (2.19a)
0 = t(1,0)+t(1,1). (2.19b)
Finally, (2.16c) yields the equation
¢1,0) = (0,1). (2.20)

This results in four equations with four unknowns. Solving,

<t{0,0) = WL, 0¥y = H0,1) = 1, 1) = 0.5

Hence, this set of constraints gives McClellan's original transformation.

Another reasonable set of constraints is

g = (0.0) (2.21a)
T (mm (2.21b)
H(wl,wz) = H(wz,wl). (2.21c)

These constraints imply the equations



1 = (0,0)+ t(1,0) + ¢(0, 1) + t(1, 1) (2.22a)
-1 = t(0,0) - t(1,0) - t(0, 1) + t(1, 1) (2.22b)
Wi By = HO 1) (2.22¢)

We see that one free variable remains,.
The approximation problem is formulated in the following way,

Solving in terms of t(0, 0),

t(1, 0) o, 1] = 0.5 (2.23a)

t(1, 1) -t(0, 0) . (2.23b)

Therefore,

cos w= t(0,0)+0.5(cos w, + cos qu) - t(0, 0) cos w, cos W

1 2
(2.24)

1

= 0.5 (cos w, + cos wz) + t(0, 0) (1 - cos w, cos w2) .

d 1

With cos w = x also a free variable, we can express the approxi-

mation error as

e(wl) = Hd(wl) + t(0, 0) (pl(wl) + xq (wl) (2.25)
where

Hd(wl) = 0,5 (cos w, + cos wz) (2.26a)
qol(wl) = 1 - cos W, COS W, (2.26b)
gaz(wl) = i (2.26¢c)

and where

_ 2 2%

"’2 = (Rp - wl) (2.26d)
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The minimax error criterion with Rp = 0.8 7™ resulted in t(0, 0) =
0.3529, w= cos_1 x = 0,685 T and nearly perfect circularity. The
contours are shown in Fig. 2. 6.

The least squares error criterion with Rp = 0,8 7 resulted in

£(0, 0) = -0. 3531, w= cos 1

x = 0,683 m, and again almost perfect
circularity as shown in Fig. 2.7. We see that the contours of Fig. 2.6
and Fig. 2.7 are nearly identical.

These examples have involved equality constraints. If inequality
constraints are imposed, then linear programming with the minimax error
criterion can be used in the approximation problem. Linear program-
ming, a single exchange algorithm, is much slower than that of Hersey
and Mersereau, but has the advantage of handling inequality constraints.
This technique will be demonstrated in Chapter 4 for the design of fan
filters,

Lastly, we note that the minimax error e(wl) does not necessarily
lead to an equiripple contour about the ideal g(wl). The error e(wl) is
not the actual error deviation of the contour from the specified curve, but
rather the error between Hd(wl) and the set of basis functions. The
actual contour deviation can be measured in the following way. Letting
w, the frequency associated with each contour, vary so that the error is

zero, we write

2
M

cosw- ) ) o w) = 0. (2.27)
£L=10

Therefore,
2

M
w = arcos [z 9('6)‘*0.6 (wl)J ’ (2.28)
£=0



@10

.735 .%%

CRE T T G0

Fig, 2.6 The contours of the first order transformation with cos w free

using the minimax criterion for the ideal radius 0.8 7.

L3 88

33

o) | - GO

Fig, 2.7 The contours of the first order transformation with cos w free

using the least squares criterion for the ideal radius 0.8 7.
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From equation (2.11),
w = arcos [cos s e(wl)] (2.29)

where w is the frequency which is mapped to the ideal curve., Travers-
ing the curve g(wl) will yield the actual w (given by 2.28, 2.29), which

is mapped to the ideal curve as a function of w The frequency

1°

deviation can be written
Aw = w(wl) - . (2. 30)

The effects of this deviation are clearly seen by an example. Suppose
the passband edge W, = wp of a one-dimensional lowpass filter is mapped
to an ideal curve using the minimax approximation procedure. Aw
(2.30) is a measure of the variation in frequency (about wp) which maps
to the ideal curve g(wl). Figure 2,8 shows that a frequency response
error of one is possible for a large Aw.

Returning to the general case, we let z(w,) = cos w, - e(wl).

1

Figure 2.9 shows graphically the function w = arcos (z(w,)). We see

1
that the variation in w is more sensitive to error deviations in e(wl) for

mappings where w, is close to zero or T.

2.4 Implementation

Conventional techniques in implementing two-dimensional FIR
filters involve either direct convolution or the FFT, Briefly presented
in this section is a novel implementation, taking advantage of the unique
properties of the McClellan transformation. The technique was recently
developed by MecklenbrHuker and Mersereau.

The z transform of a zero phase FIR filter is defined as



H(L)

sl
LUp v W
——AQU

Fig. 2,8 The frequency variation about the wp mapping,
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Fig. 2.9 The circularity deviation measured by the change in w.



n
H(z) = ) h(m)z
m = -n
(2,31)
I -1.m
- 5w (242
m=0
where z = exp(jw). Since
= v ¥ 4k
Z + Z e \ A
[ : }, Y- ) alkk) 2 2, A Flzg, z,) (2.32)
L=0k=0
where z, = exp (jwl) and Zg = €Xp (jwz), substituting in equation (2. 31),
it
H{z.;%.) = L b(m) [F(z,, z )]m (2.33)
1* 2 0 1272 i
m:

Equation (2. 33) describes the digital structure of Fig., 2. 9.

For the first order mapping

~Z
F(

(2.34)

Therefore f(nl, n2), the impulse response of F|z can be repres-

™
ented by the nonrecursive 3 x 3 filter of Fig. 2.11. Due to the symmetry
of f(nl, nz), implementation of each stage of Fig. 2,10 requires in
general only four multiplies for each output point. Since there are n
stages, each output point requires 5n + 1 total multiplies (n + 1 multiplies

to implement b(m)). This can be reduced with the introduction of

equality constraints, For example, the transformation of section 2, 3

36
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F(z,2)

Fig. 2.10 The digital filter implementation of

the first order transformation,
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No| v | »O

A
193
2

Fig, 2.11 The 3 x 3 nonrecursive filter for the first

order transformation implementation,

Y(1,k)
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with x = cos w a free variable, requires only 1 multiply per output point
for each stage. The reduction occurs because t(1,0) = t(0, 1) = 0.5 and
t(1,1) = -t(0, 0), and so multiplies can be avoided with the proper
hardware implementation (logical shifts, complements, etc.). This
implies 2n + 1 total multiplies per output point.

In general, for any order transformation the number of multiplies
for each output point is on the order of kn, where k is a constant depend-

ent on the number of degrees of freedom and the constraints in the trans-

formation. This is a significant reduction from conventional techniques™

for a certain range of input and impulse response duration. Research

is presently going on to quantify these results,

“Direct convolution requires about (2n + 1)2 multiplies per output point.
The FFT requires greater than kn multiplies up to approximately n = 21
for the first order transformation.

38



39

CHAPTER 3
THE CONSTRAINT PROBLEM WITH APPLICATIONS TO

CIRCULARLY SYMMETRIC CONTOURS

3 3 Constraints for a Well-Defined Mapping

A number of constraints are derived for guaranteeing a well-
defined mapping, a condition which prevents the mapping of points from
off the unit circle in the z-plane, into the two-dimensional region
[-m, 7] x [-m,7]. Also, we present conditions for controlling the general
shape of contours; that is, we derive constraints to insure contours of
increasing or decreasing monotonicity of a given shape.

The definition of a well-defined mapping can be developed by
expressing the one-dimensional frequency response as a function of

X = COsS W:

n
H(x) = ) a(m) T, (x) (3.1)

Figure 3.1 shows a typical lowpass filter as a sum of Chebyshev poly-
nomials., We see that outside the region |x| < 1 the polynomial H(x)
becomes quite large in magnitude, a characteristic of Chebyshev poly-
nomials. An alternate viewpoint is that the region |x| > 1 corresponds
to points in the z plane off the unit circle. This implies that the
frequency response of points off the unit circle maps onto the two-
dimensional unit surface. The problem becomes more serious as the
order of the one-dimensional filter increases, because higher order
Chebyshev polynomials are involved. Therefore, there appears to be
no control over the magnitude of H(x) for |x| > 1. We see from the

three-step mapping of section 2.2 that points outside the interval |x| =< 1



Pig, 3.1

A lowpass filter expressed as a sum of Chebyshev polynomials.
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Therefore, the constraint

can map to the u, v region (-1, 1) x (-1, 1).

t(4,k) Ry(u) S, (v) | s 1 (3.2)

~ig

M
bl
L

x| =
£=0k=0

oy

over (-1,1) x (-1, 1) must be made on the transformation coefficients
t(4, k) to avoid an ill-defined mapping. This implies the equivalent

constraint
M
), t4,k) cos (iwl) cos (sz) <1 {3.3)

o

|cos w| = ‘
L=0k=0

over (0,m x (0, m).
One possible way to implement this constraint is to force lx| s1

on a densely spaced grid over (-1,1) x (-1,1). This requires a very
large number of inequality constraints on t(£, k) and so also the tedious

and time consuming use of linear programming.
Consider the first

A more elegant approach is the following.

order transformation,

t(0,0) + t(1,0)cos w, + t(0, 1) cos w,

cos W =
+ t(1, 1) cos w; cos w,

which can be written
(3. 4)

x = t(0,0)+ t(1,0)u + t(0, 1)v + t(1, 1)uv

Differentiating,
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Ox

55 - HL0) + t(1,L)v (3. 5a)

X - (0,1 + w1, 1. (4. Eb)
Along the w,, w, axes,

2% o, 8 20,0 (3, 853

= = t0,1) + H1,1). (3. 6b)

Imposing the constraint 0 * (0, 0) and octagonal symmetry on H(wl,wz),
we see from Fig. 3.2 that the mapping remains well defined for
t(1,0) + t(1,1) < 1 along the lines v =1 and u = 1. If the additional
constraint m * (7,7 is applied with the above equality constraints and
inequality constraint, t(1,0) + t(1,1) = 1, then a well-defined mapping is
guaranteed over the entire boundary of the region (-1, 1) x (-1, 1).
Because of the linear nature of the mapping, a well-defined mapping on
the boundary implies a well-defined mapping within the boundary.
Another problem of interest is contour monotonicity. For any
order transformation, we can show that

d 2 3
o R @(_1—11 ¥ (3.7)

dwl du 1—V2)u=cosu.>1
v=cosw2
d(.o.2 dv

Thus aq and =

particular it can be shown that for the first order transformation

have the same sign over the region (0,7 x (0,m. In
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/ *—ill-defined

Fig. 3.2 The first order transformation along the u
axis under the constraint 0 = (0, 0),

\l
l]
& e 7
=1 —— #J U

D

Fig. 3.3 A sparse grid over which increasing monotonicity and a well-
defined mapping is guaranteed with the use of linear programming,
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|

dv  1(0,0) t(1,1) - £(1,0) t(0,1) ~ #(1, 1)x

dv _ (3. 8)
du (1(0, 1) + t(1, 1)u)>

and thus v is either a monotonically increasing or decreasing function of
u for a given x [1]. Furthermore, we can show increasing monotonicity

for

« <« [H0,0)4(1,1) - t(1,0) £(0,1)]

T6PEY) (8.5}

and decreasing monotonicity otherwise. For example, McClellan's
original mapping coefficients are such that [t(0, 0) t(1,1) -
t(1, 0) t(0, 1)]/t(1,1) = -1. Since x in the region |x| =1 is always
greater than -1, all contours are thus guaranteed to be monotonically
decreasing.

A set of constraints for a well-defined mapping can also be

derived for the second order transformation, which is expressed as

2 2 .

X = L ; q(4, k) u vk. (3.10)
;2,:0k=0

Differentiating,

2 2
i .

E - ) ) askvEud® ). (3.11)
L=1 k=0

X s b o i I . P
Hence gT is linear in u and quadratic in v. Imposing the constraints,

g = (0, 0) (3.12a)

Compatible with circularly symmetric lowpass filters.
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T = (wl,ﬂ) (3.12b)

H(‘”r“’z) = H(wz,wl) (3.12¢)

a well-defined mapping is guaranteed when

ox 5

O_EL- 0 (3. 133.)
sz

el S~ )

e 0 (3. 13b)

at the points (-1, -1), (1,1), (-1,1), and (1, -1) (see Appendix 2). These
inequality constraints are naturally satisfied in designing certain
circularly symmetric contours as shown in a later section. Thus linear
programming can be avoided. Also we can show that the above
constraints imply decreasingly monotonic contours and that g% = 0 along
any horizontal line in the region (-1, 1) x (-1, 1), Thus the constraints
are compatible with the design of lowpass filters.

Similarly a set of constraints can be obtained for a well-defined
mapping with increasingly monotonic contours, a necessity in designing
fan filters, for example. Because of the lack of symmetry and few
equality constraints (0 = (m, 0), m* (0,7)), these constraints are rather
complicated. Hence, a convenient sparse grid was used where |x| =1
and where increasing monotonicity was guaranteed. See Fig. 3. 3.
Chapter 4 discusses this in greater depth with the use of linear
programming.

As a final note, a recent development by Mersereau and

Mecklenbrduker has led to a very efficient technique for avoiding an ill-

defined mapping. Suppose coefficients t(£, k) are found such that
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| cos wl > 1 (see equation (2, 7)). The error deviation is then scaled

by the maximum value of cos w (cm) over the region (0,m) x (0, m):

=

~1=

b e(wl) . cos W, £4, k)
s )= 2 T c
m m L=0k=0 m

cos (f»wl) cos (kg(w1 )

=)

(3.14)

where w, maps to the original approximating contour. It can be seen
that the new error e'(wl) and the corresponding contours remain optimal
(either in the minimax or least squares sense). However, the frequency

CosS w
O

from which this contour is mapped has changed (cos w = ——~(—:—-—).
m

Scaling the coefficients t(4, k) by T has made the mapping well-defined.
However, there is no guarantee on monotonicity as with the previous

methods. This technique is presently under experimental investigation.

3.2 The Design of Circularly Symmetric Lowpass Filters

with Transition Width Compression

The problem is to find the best possible transformation to satisfy
a set of two-dimensional lowpass filter specifications. The one-
dimensional passband cutoff frequency must map closely to a curve
described by w, = (RIZ) = u.% )']5 where Rp is the two-dimensional passband
edge radius.

It is well known that the transition width of a one-dimensional
lowpass filter affects the amount of ripple (error) which must be tolerated
in the passband and stopband of such a filter. Thus, the one-dimensional
transition width should be made as large as possible while satisfying the
two-dimensional specifications. A mapping which produces a dense
packing of contours in the two-dimensional transition width is desirable,

because then a wide one-dimensional transition width can be mapped into
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a narrow two-dimensional transition width.

We can show that

dw By st )5‘
= - = . (3.15)
1 w2 15=0 V = CcOoS cqz
= COS wl

where g% represents the slope (compression) of contours along a hori-
1

2 s : _ ow

zontal line in w, . In particular for w, = 0. ==

compression along the w; and w, axes (assuming octagonal symmetry).

is a measure of contour

One possibility is to find linear constraints such that g—glis large in the
transition region. The remaining degrees of freedom can be used to
approximate circularity along the passband edge with the hope that
circularity will be maintained in the transition width while preserving the
density of contours. I\/I:’:ucilrnizing2—31 at a particular w, generates non-
linear constraints and is thus undesirable, while maximizing %}j— at

u = cos w, generates 12inear constraints. Although g% is distorted by the
nonlinear term (1—__;2> , compression has nonetheless been achieved as
shown in the following sections.

The theory of transition width compression is now presented for
the first, second, and third order transformations. Finally, in section
3.3 a technique for finding a good filter which matches a given set of
specifications is developed and comparisons are made between the
different order transformations.

We saw in section 2. 3 the constraints which led to McClellan's
original coefficients -t(0, 0) = t(1,0) = t(0, 1) = t(1,1) = 0.5. Since
t(1, 0)+t(1,1)=1 and (t(0, 0) t(1, 1) - t(1, 0) t(0, 1)/t(1, 1) = -1, the mapping

is well defined and all contours are monotonically decreasing. However,



48

there are no degrees of freedom remaining and so no approximation
problem. Fortunately it can be shown (Fig. 2, 3) that these contours are
nearly circular, at least for small to moderate radii. It is also true
that these constraints preserve the one-dimensional filter along the
W, w, axes. This is because the above constraints imply the constraint
w = (w, 0), (0,w). Hence the transition width is determined by that of
the one-dimensional filter,

Suppose w = 0.5 7 is closely mapped to the circle with radius

0.5m, Then,

dw . (1 ~ 0\% (3.16)

ow % (10 O

dw du \1 -0/ du

in the region of the 0,5 T radius along the w;, w, axes, To obtain
compression in this region, t(1, 0) + t(1, 1) must be made large as shown
in Fig. 3.4. However, this condition leads to an ill-defined mapping.

In fact the maximum slope t(1, 0) + t(1, 1) is one for any set of constraints.

Likewise, it can be argued that the actual contour compression g—g = 1.
1
dw

Figure 3.5 shows 5w, 252 function of g% for u=0andu =1t 0.8, where
1

a well-defined mapping is guaranteed. Since in the original McClellan

, 29 _O%X _ 4. Hence, the McClellan
Owl du

mapping u = v = x along the axes
mapping yields the densest packing along the axes.

Under constraints 2.21a, b, ¢ with x = cos w a free variable,
almost perfect circularity was achieved for circles of large radius,
whereas McClellan's original mapping yields box-like contours for large
radii., Figure 2,6 shows a circular approximation on the 0,8 m radius
for the mapping x = cos (0.685m). We see that a disadvantage is that the

transition width will be wider due to the decrease of the slope t(1,0) +

t(1,1). Furthermore, this technique tends to give ill-defined mappings
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Fig. 3.4 Compression for the first order transformation.
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Fig, 3.5 The contour compression for the first order
transformation as a function of bx/bu.
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for circles of radius less than 0.2 m, since x is such that t(1,0) + t(1, 1)
> 1_* Nevertheless, the original McClellan mapping yields almost
perfect circles in this region, making the first order transformation
useful for any radius (see section 3. 4).

Since the first order transformation gives nearly perfect
circularity on any radius, higher order transformations will probably
prove useful only for transition width compression or for non-circular
contour approximation. The second order transformation can be
expressed as

qlu, v) u'evk , (3. 17)

P | )

—

L=0k =0

a quadratic in u and v. Along the u axis,

a(2, k) u? . (3.18)

[>T

2
& )
L=0 k=0
Imposing constraints 3. 12a, b, ¢ yields three free variables. These
constraints fix the quadratic at the endpoints along the u axis. Therefore,
two of the three degrees of freedom of the quadratic are consumed as
demonstrated in Fig. 3. 6.
If the constraint w = (w, 0) is imposed, the one-dimensional w
axis maps to the Wy wz axes exactly. This implies that x = u = v along
the u, v axes., Thus the one-dimensional filter is preserved along the

wl’ w2 axes and no compression is obtained., This will be referred to as

the basic second order transformation. The approximation problem can

" This can be avoided with the new technique of Mersereau and
Mecklenbrduker (see section 2,1).
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Fig, 3.6 The second order transformation along the u axis,

1

Fig. 3,7 The quadratic for maximum compression with
the second order transformation,



be formulated similarly to that of the compression constraint problem to
follow.

The possible ill-defined mapping of Fig. 3.6 can be prevented by

constraining %—ﬁ- a=*1 2 0. Under this constraint and constraints
(3.12a, b, ¢), an additional constraint was derived to maximize % as a

function of u (see Appendix 3). Letting A' equal the coefficient of the
squared term in the quadratic expression for x along the u axis, then we

see maximum compression occurs when

A= { S (3.19)

This is shown graphically in Fig., 3.7. The slope at u=%11is two and

decreases monotonically to one at u = 0, Thus compression is possible
2\&

for small and large radii. However, the weighting factor (l-;}l?) will

1 -

reduce the slope. Atu =11, v =1 using L'Hospital's rule,

dw  _ (bi\% = B (3.20)

Therefore there is compression of /2 for very large and very small

circles. Figure 3.8 shows an example of transition width compression

with Rp = 0.8m. The approximation problem is presented in Appendix 3.
Recall that the second order transformation doubles the order of

the two-dimensional filter achieved by the first order transformation,

for a fixed length one-dimensional filter. Therefore the second order

transformation must compress the transition width by at least a factor of

two for circles of small radius for a fixed order two-dimensional filter.
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Fig, 3.8 The compressed contours of the second order trans-
formation with an ideal radius of 0. 8 .
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Fig. 3.9 The 5 x 5 nonrecursive filter for the second
order transformation implementation,
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For large circles the necessary compression is somewhat less due to the
widening of the transition width with the first order transformation.

In conventional implementation schemes (direct convolution or the
FFT) the number of multiplies per output point grows with the order of
the filter. This is not necessarily true with the implementation of
section 2.4, The number of multiblies is on the order of kn where k
depends on the number of degrees of freedom in the transformation and
(2n+ 1) is the order of the one-dimensional filter. We can show for the
above second order transformation that the 5 x 5 nonrecursive filter of
Fig. 3.9 must be implemented at each stage of Fig. 2.10. Each
coefficient is a linear function of the transformation coefficients. The
constraints (see Appendix 3) imply about two multiplies per output point

at each stage, generating a total of 3n+ 1 multiplies per output point.

The first order transformation of section 2. 4 required 2n+ 1 multiplies per

output point while yielding nearly perfect circularity for circles of large
radius, but with a widening of the transition width. We will see in
section 3. 4 that the compression in this region for the second order trans-
formation is nearly twice that of the first order transformation with a
comparable number of multiplies (2n+ 1 versus 3n+1). Hence, the
second order transformation would be preferred when multiplies are of
primary cost and not filter order.

One consideration remaining is that of guaranteeing a well-defined
mapping. The constraint (3. 13b) is not necessarily satisfied.
Nevertheless, as shown in Fig. 3.7, constraint (3.13a) is satisfied due to
the nature of the quadratic along the u, v axes. It was found empirically
that these constraints are sufficient for guaranteeing a well-defined

mapping.
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Compression can also be achieved with the third order trans-

formation which can be expressed as

3 3
X = L L gil,k)u"v (3.21)
L=0k=0
a cubic in u and v. Along the v axis
2 2
X = L 2_' g(4, k) uz. (3.22)

L=0k=0

Imposing the constraints (3. 12a, b, ¢c) with the slope constraint

= 0 (3.23)

led to a maximum slope at the origin of value 3/2 (see Appendix 4).

Figure 3. 10a shows the c%bic nature of x as a function of u along the v
2.2
axis. The term (1 uz) is negligible in the region of contour
) = %
compression, since u ~ x ~ 0 (see Fig., 3.10b). Figure 3.10c demon-

strates this compression near a radius of 0.5 7. Although compression
is not three or greater, the same implementation consideration can be
made as with compression for the second order transformation. The
number of multiplies per output point is about 5n+ 1. Thus, if filter
order is not of primary cost, this technique may be preferable for circles
of radius about 0.5 7.

An attempt was made to achieve compression for large and small
radii (using a technique similar to that of Appendix 4), With constraints

(3.12a, b, ¢) and the additional constraint



x

Fig. 3.10a The cubic along the u axis for the third order
transformation with maximum compression
on the 0. 5 7 radius,

V(- w@)(1-x2)

&

Fig. 3.10b The weighting function for the cubic of Fig, 3.10a.
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Fig. 3.10c The compressed contours of the third order

transformation with an ideal radius of 0. 5.
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0x e
= =0 (3.24)

the maximum possible slope at the endpoints is three. Using

L'Hospital's rule-g—g_ =/3 at zero and M. Figures 3.11a,b show x as a
1

function of u along the u axis and the resulting contours. As seen in
Fig. 3.11b, the mapping is ill-defined and lacks monotonicity. Hence,
linear programming may be necessary to guarantee a well-defined
mapping.

For the second and third order transformations, T was mapped to
the outer boundaries. Replacing this constraint with the constraint
m -+ (m, 7 may lead to better circularity for large radii. Compression
constraints for this mapping and other mappings have yet to be investi-

gated for the higher order cases.

3.3 An Algorithm for Meeting Two-Dimensional Specifications

An algorithm will be presented for rneetihg two-dimensional
specifications in terms of one-dimensional passband and stopband cutoff
frequencies. The algorithm is designed for circularly symmetric low-
pass filters, but can be generalized.

A specification problem for circularly symmetric lowpass filters
is the following. Find the transformation and one-dimensional filter
such that the filter satisfies a given passband cutoff tolerance Rp and
stopband cutoff RS with the smallest passband and stopband deviation.
The two-dimensional filter should be of size (2n+1) x (2n+1).

The specifications are met when the one-dimensional passband
and stopband frequencies wp and w_ map to contours tangent to the

specified cutoff radii (see Fig. 3.12).
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]

Fig. 3.1la The cubic along the u axis for the third order
transformation with maximum compression

on the 0 and 7 radii.

\pauljop-i

B

(7,0)

Fig. 3.11b The contours for the third order transformation
with compression on the 0 and 7 radii, and an

ideal radius of 0.8 .



| n$-

~—

H(w)
We -
R V0 e
T IU \Tl" w
w-L.
T
Fig. 3.12 Specification matching.
2 e
— —

I

Fig. 3.13

The test for a tangent

—_—

/

#

passband edge contour.
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The algorithm to perform the specification matching can be
described in the following way. In general, the approximation routine
yields a contour oscillating about the ideal contour. Thus the passband
specification is not met. A test for a tangent contour is made, If the
test fails within a certain error criterion, the ideal radius is incremented
and the approximation repeated for a new contour.

Since the value of w increases radially (cos w decreases), a very

simple test for a tangent contour is whether the following holds:

M M
cosw = ) ) 14,k cos (&) cos (kg ) < cos w (3.25)
L=0K=0 P

That is, traversing the ideal curve g(wl) yields a different inverse
frequency image w (different from wp) for each w, . If the contour
mapped from wp is tangent to the ideal curve g(wl), then w is less than
or equal to wp (cos w 2 cos wp) everywhere along g(wl). See Fig. 3.13
for a graphical interpretation. If cos wis less than cos wp along

g(wl), the radius for the ideal approximation is incremented by the

tangent error
€ = max [w-wp]. (3.26)

If the radius is incremented so that the new passband contour goes
beyond the given ideal passband circle, then the radius will be
decremented by € on the next iteration. Eventually the passband
contour mapped from wp will converge to a curve almost tangent (within
some allowable error) to the given passband radius.

The one-dimensional cutoff frequency W, which maps to a contour

that meets the stopband radius specification, can be found quite simply.
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The maximum value of cos w along gs(wl) = JRi - w2 corresponds to

3t
w = W, which is tangent to the ideal stopband edge. See Fig. 3.14 for

a graphical interpretation. w, can be expressed as

M M

el

w, = arcos Eminzéo k%‘ Ot(fv, k) cos (i’awl) coSs (kgs(wl)) } . (3.27)

The maximum deviation from circularity along the ideal passband

edge can be approximated by the expression
€ ~ 2(R!' -R)) (3.28)
p p

where R.p is the original ideal passband radius and RI'D is the new
(incremented) ideal radius over which the approximation is made,
Although the approximating contour is not exactly equiripple about the
ideal, € is a good indication of the maximum circularity deviation.

The flow graph for the algorithm is shown in Fig. 3.15. For
example, the second order compression mapping in Fig., 3.16 has an
ideal passband radius 0.8 m and stopband radius 0.9 7. The one-
dimensional cutoff frequencies necessary for tangent contours are
fp = 0.727 and fS = 0, 82,

Alternatively, we could approximate the stopband ideal cutoff
first and then find the tangent passband contour. In certain cases this
may yield better circularity over the transition band since inner contours
tend more toward circularity than the outer contours. Another possi-
bility is that the design could be performed on the two contours simul-

taneously.
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Fig. 3.15 A skeleton flow graph for the specification matching algorithm,
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Fig. 3.16 An example of specification matching. The

dotted lines are the ideal passband and stop-
band edges.
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3.4 Comparisons in Transition Width Compression

Figures 3.17a, b show the relative advantages of the methods
discussed in section 3.2 for transition width compression. All curves
refer to the two-dimensional specifications which require a passband
radius scanning from 0.1 7 to 0.9 7 and a transition width of 0,05 7,

The first graph gives the allowable one-dimensional transition
width, The second graph shows the one and hence two-dimensional
passband and stopband deviations given by the appropriate one-

dimensional formula due to Rabiner et al,:

14(N-1)Aw, + 15 ~ -20 log (5p-5s) (3.29)
where
N = filter order
6p = passband deviation
GS =  stopband deviation
Aw, = transition width.

We assume N = 21 and 6p = 63 = 6.
The third graph plots the circularity deviation described in
section 3.3. Since McClellan's original first order mapping does not

involve an approximation, there is no ripple about the ideal curve, The

deviation, maximum on the 45° line, can be approximated by

t(4, k) cos (J&wl)cos(k(Rz - w2)%)] (3. 30)
0 L

0~

1
€~ ~fz
e

where wl = cos (m/4).

Figures 3.17a,b demonstrate a number of important points. The

original McClellan mapping (solid line in Fig. 3.17b) makes specification
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Fig. 3.17a Parameters for the meeting of specifications with the second order trans-

formation. The two-dimensional transition width is fixed at 0.05 7.
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Fig, 3.17b Parameters for the meeting of specifications with the first order transformation.
The two-dimensional transition width is fixed at 0,05 7.
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matching impossible for radii greater than about 0.7 7. This is due to
the box-like nature of the contours in this region. Thus passband and
stopband deviations as well as the circularity deviation grow arbitrarily
large for large radii.

The first order mapping with x = cos w free (dotted line in
Fig. 3.17b),yields ill-defined regions for radii less than about 0.27;
that is, x is such that t(1, 0) + t(1, 1), the slope of the mapping along the
u, v axes, is greater than one. Nevertheless, there is approximately
zero circularity deviation for any radius.

Figure 3.17a compares the second order transformation with
compression constraints (dotted line) and without compression constraints
(solid line). We see the compression mapping yields an improvement in
passband and stopband deviation over all other three techniques.
However, the circularity is degraded for contours of very large radii.
Of course, this advantage is recognized when the number of multiplies
and not the filter order is of primary cost.

In considering a fixed order filter, we see the required transition
width for the second order compression mapping is not twice that of
either first order mapping. The original first order mapping is best up
to about a radius of 0. 45 m, after which the alternative first order
mapping yields a higher allowable transition width and lower deviations.
Figure 3.18 gives a plot of the best value of t(0, 0) and its respective first

order transformation for a fixed two-dimensional filter order of 21 x 21,
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Fig, 3.18 The best choice of t(0, 0) for a fixed order 21 x 21 two-

dimensional filter with a transition width of 0.05 7.
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CHAPTER 4

THE APPROXIMATION OF ARBITRARY CONTOURS

4,1 The Lowpass to Highpass Transformation

In Chapter 2 we discussed the general approximation problem
where the function wy = g(wl) described the ideal curve in the two-
dimensional region (0,m) x (0,m). In this chapter we shall apply this idea
together with new constraints to obtain a variety of novel two-dimensional
filters.,

As a starting point consider the design of a highpass filter, The
ideal highpass filter can be defined to have a value of one outside a radius
Rp and zero inside RS with some allowable transition width, One design
procedure is to transform a one-dimensional highpass filter into a two-
dimensional highpass filter. Another method which demonstrates the
flexibility of the algorithm is the transformation of a one-dimensional
lowpass filter into a two-dimensional highpass filter.

Applying the constraints

Ops (wl,'n') (4.1a)
T~ {0,.0) (4. 1b)
H(wl,w2) = H(wz,wl), (4.1c)

the constraint equations for the first order transformation become

t(1,0) = (1, 1) = 0 (4.2a)
(0,0} - 1(1,0) = 1 (4. 2b)
t(0, 0) + t(1, 0) + t(0, 1) + t(1, 1) = -1 (4.2c)
£01,0) = wo 1), (4.2d)

The four constraints leave no free variables. Hence solving we obtain



-t(0,0) = t(1,0) = t(0,1) =1t(1,1) = -0,5. (4. 3)
Along the u axis
x = (t(0,0) + t(0, 1)) + (t(1, 0) + t(1, D)u= -u. (4. 4)

Thus the slope of x has changed sign from that of the original lowpass to
lowpass transformation (x = +u). Figure 4.1 shows the frequency

contour plot for the lowpass to highpass transformation.

4,2 The Elliptical Contour

The ideal passband cutoff contour for an elliptically shaped filter

can be expressed as
) = b1 - (@ /a)?)?

where a and b are the values of the major and minor axes, respectively.

One possible constraint set is

0o -+ (0,0) (4. 5a)

T =+ (mm). (4. 5b)

For the ideal ellipse with major axis in the horizontal direction, these

constraints compress the contours around the w, axis., Although almost

1
zero approximation error is obtained, ill-defined regions exist near the
boundary w, = .

Linear programming can be avoided by applying the alternate

constraint set

w * (0, w) (4. 6a)

(i (wl,‘fr). (4. 6b)
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Fig. 4.1

The contours of the lowpass to highpass

first order transformation.
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For a = b the first constraint controls the spacing of the contours. The
second constraint tends to spread out the contours in the vertical
direction. This serves as a pseudo-guarantee for a well-defined
mapping. For the first order transformation the constraint equations

are:

t(1,0) + t(1,1) = 1 (4.7a)
t(0,0) + t(0,1) = 0 (4. 7b)
t(0,0) - t(1,0) = -1 | (4.7¢)
t(0,1) - t(1,1) = 0 (4.7d)

Constraints (4, 6a, b) determine the mapping along the w, axis and the
upper boundary w, = m. Hence, these four equations are not independent
in the sense that any three imply the fourth. Solving in terms of the

free variable t(0, 0) yields the three equations

£(1,0) = =tiD, 0) (4, 8a)
t(0,1) = 1+ t(0,0) (4. 8b)
i, 1) = =tf0.0) (4, 8c)

Since the mapping of the vertical axis w, = 0 is fixed, making x = cos w

1
a free variable is of no value. The approximation routine will force
x = b, the length of the minor axis. Thus, the approximation problem

is formulated to minimize E(wl) where

elw)) = Hylw) - (0, o)qol(wl) (4.9)
and
Hd(wl) = cos b - cos w, (4.10a)



gol(wl) = 1 -cosw + cosw, - cos w, cosw, (4.10b)
w, = b(l- (wl/a)z)% " (4,10c)

See Appendix 3 for the technique involved in setting up the approximation
problem. Figure 4.2 gives the frequency contours for the approxi-
mation of an ideal ellipse with major axis 0.5 7 and minor axis 0.25 T,
The approximation error from the ideal is effectively zero for

t(0, 0) ~ -0.146.

A length 63 one-dimensional filter was transformed using the
above mapping. Figures 4.3a, b, ¢ show the two-dimensional
elliptical frequency response, impulse response, and transition band
where the innermost contour represents a value of 0,9 and the outermost
contour represents a value of 0.1,

The design of the elliptical contour under the above constraints,
using the second order transformation, yields four free variables,
Although the approximation cannot be improved since it was essentially
perfect for the first order mapping, it is perhaps possible to compress

the transition width using the additional free variables.

4,3 The Square Contour

With octagonal symmetry the ideal curve for the square can be

expressed as
w, = glw) = k (4.11)
where k is the length of a side of the square and w; goes from zero to k.

The original first order mapping, having no free variables, is

not suitable for this approximation problem. Alternatively, the first
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Fig. 4.2 The contours of the lowpass to elliptical filter
first order transformation.

(-TC, T0) (71, T0)
(-T.0) | | (7LO)

Fig. 4.3a The transition band gradient of the 63 x 63 elliptical
filter corresponding to the contours of Fig. 4.2,
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Fig. 4.3b The frequency response of the 63 x 63 elliptical filter.

(32,32

P R

Fig. 4.3c The impulse response of the 63 x 63 elliptical filter.
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order mapping under the constraints

0 -+ (0,0) (4,12a)
T 2 (mm (4,12b)
H(wl,wz) = H(wz,wl) (4.12¢)

with cos w fixed yields huge errors. For example, fork =0,67, a
maximum error of e(wl) = 0.25 was incurred., Allowing cos w to be
free led to degeneracies in both the least squares and minimax approxi-
mation problem.

The second order transformation under the constraints

g = (b 0] (4. 13a)
v (wl,n) (4,13b)
H(wl,wz} 2 H(wz,wl) (4.13c)
generates the constraint equations (A = t(0,0), B = t(1,0) --- I = t(2, 2))
C = B (4, 14a)
D = 0.5 (4, 14b)
E = F = -1 -A+B (4. 14c)
G = H = 0.5-B (4.14d)
I = 1,5=A =28, (4. 14e)

Hence there are three free variables in the approximation, The ideal
and basis functions are derived éimilarly to those of Appendix 3,
Finally, with x = cos (0.6 7 (that is, the ideal square has sides of length
0.6 7, the contours of Fig. 4.4 were obtained. The ideal curve is
drawn in dotted lines. A maximum error of e(wl) ~ 0,093 was

incurred. This is due to the incompatibility of the differentiable
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Fig. 4.4 The contours of the lowpass to square filter
second order transformation.

X
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Fig. 4.5 The desired quadratic along the u axis for the
annulus filter centered on the 0,5 7 radius.
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cosine-like basis functions and the non-differentiable ideal contour.

4,4 The Lowpass to Annulus Transformation

The second order transformation can be expressed as

(%, k) uvE,

e

1]
[
N A [

£=0k=0

Along the line v = 1, x can be written as the quadratic,

e

a2, k) u®. (4.15)

e

I
n >~ Jt\ﬁl
>
~

=0

If the coefficients q(£, k) are constrained such that the quadratic in
Fig. 4.5 results, then the two-dimensional filter takes on the appearance
of a ring or annulus centered on the 0.5 7 radius. The polynomial in

Fig. 4.5 can be determined by the constraints

0 = (0.5m0) (4,16a)
w (wl,'n), (0, 0) (4.16b)

H(wl,wz) = H(w,, w,) . s (4.16¢)

1

These constraints have the overall effect of mapping a lowpass filter to
two regions, one region from the 0.5 T radius to the outer boundaries,
and the other from the 0.5 7 radius to the origin.

The second and third constraints can be implemented directly.

The resulting constraint equations are (A = t(0,0), B = t(1,0),--- I = t(2,2))

= B (4.17a)

D = 0 (4.17b)



80

= F = =1-A+B (4.17¢c)
fx = . Homel <8 (4.17d)
I = 1+A~-2B, (4.17e)

where A and B are free variables. Constraint (4. 16a) is made indirectly
in approximating a circle of radius 0.5 7 for the mapping x = cos (0).
Under the above constraint equations the approximation problem can be

formulated to minimize

e(wl) = Hd(wl) - Acpl(wl) - B«pz(wl) (4.18)
where (,ol(wl) and <p2(w2) are linear functions ,of cos w, CoSs W, CoS (2w1 X
and cos (2w2), and where wy = [(0.5 17)2 - w? ]ﬁ(see Appendix 3 for the

derivation technique).

The resulting frequency contours are shown in Fig, 4.6a. A
61 x 61 ring-shaped filter was designed by transforming a length 31 one-
dimensional filter with cutoff frequencies w_ = 0.16 m and W 0.3 m,
The transition band contours and the surface plot are shown in Figs.
4,6b and 4.6c. The square-like nature of the outer contours suggesté
a better approximation might have been obtained if the contour design
were performed on the outer stopband cutoff. This is because the
contours inside the ideal radius tend toward circularity more than the
contours outside this radius. This can be accomplished by finding the
value of x in Fig. 4.5 which maps to the outer stopband radius
(u = cos RS). The approximation problem is then reformulated to be
compatible with this mapping.

We see in Fig. 4. 6a that the number of contours in the region
(0,m x (0,m has been doubled over that of the lowpass to lowpass trans-

formation. Thus the transition width is reduced by approximately one
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half, An optimum one-dimensional bandpass filter must be approximately
twice as long as a lowpass with the same deviation and transition width,
Since the second order lowpass to bandpass transformation compresses
the transition width by about a factor of two, this approach seems prefer-
able to transforming a one-dimensional bandpass filter, The advantage

is not as great, however, for a bandpass centered at a larger radius.

Here a quadratic sufficient to maintain a well-defined mapping is shown

in Fig. 4.7. This can be accomplished with the constraints

m =+ (0,0), (mm (4.19a)

H(wl, w2) = H(w2,w1) (4. 19b)

%u’i =00 . (4. 19¢c)
u = 1.10

It is evident from Fig. 4.7 that the contours will be spread out
due to the increase in width of the quadratic function. Under the above
constraints with u, = cos (0.7 m) (an ideal radius of 0.7 ), the frequency

contours of Fig. 4.8 resulted. Here the bandpass to bandpass trans-

formation might be preferred.

4,5 Fan Filters

The Fan filter of Chapter 2 (Fig. 2.1) can be derived for the first

order transformation under the constraints

0 - (m0) (4. 20a)
m = e (4. 20b)
o.56m =~ wz = wl s (4.20c)

The constraints yield the equations
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Fig. 4.6a The contours of the lowpass to annulus second order
transformation (centered on the 0.5 7 radius).

(7%, 7C)
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Fig. 4.6b The transition band gradients of a 61 x 61 annulus filter.
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The frequency response of the 61 x 61 annulus filter of Fig. 4. 6b.

Fig. 4.6¢c
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Fig. 4.7 The desired quadratic along the u axis

for the general annulus filter,

(7,0)

Fig. 4.8 The contours of the lowpass to annulus filter second order

transformation (centered on the 0.7 7 radius).
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1(0,0) - t(1,0) + t(0,1) - t(1,1) =1 (4.21a)
t(0, 0) + t(1,0) - t(0, 1) - t(1,1) = -1 (4.21b)

+t(1,1)coszw =0 (4.21c)

t(0, 0) + t(1, 0) cos w A

+ t(0, 1) cos w

1 1

Equation 4. 21c implies that t(0, 0) = t(1, 1) = 0 and that t(1, 0) + t(0, 1) = 0.

Hence two equations with two unknowns develop:

t(0, 1) - t(1, 0)

n
—

(4,22a)

t(1, 0) + (0, 1)

1]
o

(4.22Db)

Thus, t(1,0) = =t(0,1) = -0,5.
An alternative method is the formulation of an approximation

problem where the ideal curve is described by Wy = g(wl) = kw k is

1.
the slope of the ideal passband edge; hence, variable angle filters can be
approximated. In addition, the free variables of the second order
transformation allow transition width compression at the same time the

approximation is made.

With the second order transformation under the constraints

g 0 (4.23a)

T (wl,'n') (4,23b)

the ideal curve wz = 0,5 w

constraint 4, 23b would spread the contours to produce a well-defined

| was approximated with the hope that the

mapping. This approximation formulation is similar to that of previous
sections. The resulting contours are shown in Fig. 4.9. Although the
approximation is very good, ill-defined regions are generated.

To avoid this problem, the increasing monotonicity constraint

ov
2 0 (4.24)
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\ill-defined
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(-75,0) (750)

Fig. 4.9 The fan filter contours designed without
constraints for a well-defined mapping.

-7,0)

Fig., 4,10 The fan filter contours designed by linear programming
with constraints for a well-defined mapping.



was imposed over the sparse grid of Fig. 3.3. We can argue that

these constraints imply a pseudo-guarantee for a well-defined mapping
when the additional constraints (4,23a, b) are made. The utility of
linear programming was demonstrated for this example (see Appendix 5).

The constraint
0.57 * (0,0.37), (mu) (4. 25)

was also imposed to restrain the transition width. The transition width
was found to be very large without this constraint, Figure 4. 10 shows
the resulting contours for an ideal passband edge w, = 0.7 w, . Hence,
although the approximation has been slightly degraded, the ill-defined

regions of Fig. 4.9 have been eliminated, More study might be made

in the application of inequality constraints to the approximation problem.

4,6 The Bandpass Filter

A two-dimensional bandpass filter is generated by modulating a
two-dimensional narrowband lowpass filter. The modulation can be

expressed as
g(n,m) = 4h(n, m) cos (wxn)cos (wyrn) : (4.26)

This implies the frequency spectrum

G(wl, ""2) = H(c.u1 W, Wy + wy) + H(w1 W, Wy - ;uy)

(4.27)

+ H(col - W, W, +wy) + H(w1 —w, W, -wy) :

A narrowband lowpass 63 x 63 filter was designed by performing
the original first order transformation on a length 63 one-dimensional

filter with cutoff frequencies wp ~ 0,17 and W, o~ 0.2 %, The surface
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plot is shown in Fig, 4,11,

4,7 Miscellaneous Contours

To further show the versatility of the technique, a number of other
examples were designed.

With the ideal curve w2 = 0,67 - wl, the diamond contours of
Fig. 4.12 were designed. The first order transformation coefficients
are t(0,0) = -t(1,1) = 0,3548 and t(1.0) = t(0,1) = 0,5, Constraints (2.21)
were used,

Interchanging the signs of the coefficients t(0, 0) and t(1, 1) of the
original McClellan mapping generates the convex contours of Fig, 4, 13a,

An example is the 63 x 63 order filter of Fig. 4. 13b,

Two additional contour designs are shown in Figs. 4. 14 and 4, 15.



(70,70)

Fig. 4.11

(75770)

The frequency response of the modulated lowpass filter.
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Fig. 4.12 The contours of a diamond-like filter,

(LT e I
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Fig. 4.13a The convex contours generated from a modification
of the original McClellan transformation.
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Fig.4.13b The frequency response of a 63 x 63 filter corres-
ponding to the contours of Fig. 4. 13a,
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Fig. 4.14 Arbitrary contours.
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Fig. 4.15 Arbitrary contours.



CHAPTER 5

OTHER TECHNIQUES AND TRANSFORMATIONS

70 | Comparisons with the Optimal Design

McClellan has suggested that the original first order transforma-
tion yields optimal minimax two-dimensional designs when transformed
from optimal minimax one-dimensional designs. The argument is that

along the w; axis

n n
Hiw,w,) = ). z b(4, k) cos (w, 4) (5.1)

£=0k=0
and thus since the number of degrees of freedom here equals that of the
one-dimensional design, and because the frequency response along the
w axis is indeed the one-dimensional filter, the error deviation along
this axis is the smallest possible. Hence, the minimax error over the
region (0,7 x (0,m is the smallest possible when McClellan's cutoff
contours match those of the optimum. The theoretical validity of this
assertion is still in question. This section nevertheless presents some
empirical comparisons with optimal designs.

The above argument suggests that higher order mappings are not

necessarily optimum in the minimax sense. Along the @y axis

nM nM

o

Hw,w) = ) ) b(t,k) cos (@ 4). " 5]
L=0k=0

If H(w) is mapped to the w; axis, then the number of ripples along w, is

not sufficient to guarantee an optimal design along this axis. We see

this is because equation (5.2) has, in general, nM degrees of freedom,

whereas the original one-dimensional design has n degrees of freedom.

93



A comparison was made with optimal two-dimensional circularly
symmetric lowpass filters of order 5 x5, 7x7, 9x 9, and 11 x 11
designed by Harris with a novel technique under the minimax error
criterion. The two-dimensional specifications are Rp = 0,47 and
RS = 0.6 m, The comparisons are made with the original McClellan
transformation and the first order transformation with cos w a free
variable,

The results are summarized in the tables shown in Figs. 5.1a, b,
¢, d. The second row in each table (Mc. 1) gives the one-dimensional
passband and stopband frequencies necessary for tangent cutoff contours
(see section 3. 4) for the original McClellan transformation. We see
that in all four cases the one-dimensional and hence two-dimensional
passband and stopband deviation (6p = GS = §) is greater than that of the
optimal two-dimensional deviation. The maximum difference in
deviation is approximately 0. 02 or about 35% greater for the large order
filters.

If, instead of meeting the two-dimensional specifications exactly,
we use the two-dimensional radii 0.4 7 and 0.6 T as the one-dimensional
passband and stopband cutoff frequencies, the parameters of row three
(Mc.2) are generated. The deviation is actually less than the optimal
in all four cases. As we see in Fig. 2.3, the contours 0.4 7 and 0.6 7
are near circular, If this circularity deviation is tolerated, better than
the optimal deviation can be achieved. However, a fairer comparison is
to design the optimal two-dimensional filter over the contours of the
McClellan transformation and then compare the resulting deviation with
the deviation of the transformed filter. This technique would serve to

test McClellan's hypothesis as well as make a more valid comparison.
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wp ws o)
optimal - = 0.2670
Mec. 1 0.4000 0.5760 0.2852
Mec. 2 0. 4000 0.6000 0.2639
Al 0. 4000 0.5758 0.2854

Fig. 5.1a Deviation comparison for 5 x 5 two-dimensional filters.

wp Wy o)
optimal - . 0.1269
Mec. 1 0. 4000 0.5760 0.1278
Mec. 2 0. 4000 0. 6000 0.1129
o | 0. 4000 0. 5758 0.1279

Fig. 5.1b Deviation comparison for 7 x 7 two-dimensional filters.
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@, Wy b
optimal B - 0.1141
Mc.1 0, 4000 0.5760 0.1334
Mec, 2 0, 4000 0. 6000 0.1129
A1l 0. 4000 0,.5758 0.1336
Fig. 5.1c

Deviation comparison for 9 x 9 two-dimensional filters,

wp ws 5
optimal - - 0.0569
Me. 1 0. 4000 0. 5760 0. 0704
Mec. 2 0. 4000 0. 6000 0.0508
A1 0. 4000 0.5758 0.0705

Fig. 5.1d Deviation comparison for 11 x 11 two-dimensional filters.

96



97

We can also test optimality in a more formal way with the Characterization
Theorem (10),

Row four (A. 1) presents the one-dimensional parameters for
the first order transformation with cos w a free variable., We see that
in all four cases the deviation is slightly larger (approximately 0. 0001 or
0.07%) than the original McClellan transformation with specifications
satisfied (Mc. 1). This is due to the widening of the transition band,
which is done to improve the contour shape.

Finally, a comparison of implementation requirements shows a
very significant irnprbvernent. For example, an 11 x 11 optimal filter
requires approximately 21 multiplies per output point, while the original
McClellan transformation generates a filter of the same order requiring
only 11 multiplies per output point. This is a considerable reduction in

multiplies for a negligible increase in deviation.

5.2 Windowing

In this section we present comparisons between two-dimensional
filters designed from transforming one-dimensional windowed filters and
filters designed by windowing directly in two dimensions.

Figure 5.2 shows a surface plot of a 63 x 63 two-dimensional
filter generated from the original McClellan mapping. The one-dimensional
prototype was designed by applying a rectangular window to the impulse
response of an ideal lowpass filter with cutoff frequency 0.45 7. The one-
dimensional impulse response is expressed as

sin (0. 45 mn)
mn . In| = 31

hin)» = (5. )
{ 0 5 |n| = 3L,

Note the Gibbs phenomenon behavior near the transition edges in Fig. 5. 2.
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The frequency response of a 63 x 63 filter generated from the transformation of

a filter designed with a rectangular window.

Fig. 5.2
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The mean squared error for this filter from the ideal is defined as

¢ = ) Y |ne,® - he,x)?
b kT -

n n
5 2
= ) Z |h(2,k) - hd(ﬂ,k)l (5. 4)
L= -n k=-n
¢ J R [P
[4T>n f|>n
We find that the mean squared error is approximately 3.2 x 10_3. The

mean squared error for the filter designed from windowing the two-
dimensional impulse response directly is simply the second term in the
sum of equation (5.4). This yields about 2.0 x 1073,

We can show therefore that the error performance of the trans-
formed 63 x 63 filter is comparable to a 39 x 39 filter designed by
windowing directly in two dimensions. The number of multiplies to
implement the 39 x 39 by direct convolution is approximately 211, whereas
the number of multiplies required for the transformed 63 x 63 is approxi-
mately 63. If the FFT is used the 39 x 39 is, however, more efficient.

The comparison here is not entirely fair since contour deviations
introduce large errors in the transition bands. This error probably
outweighs the passband and stopband deviation error due to the véry high
order of the filter., Perhaps a fairer comparison can be made with an
ideal filter of order 21 x 21 and passband cutoff of radius 0.3 m. Both the
transformed and the directly windowed filters were designed. 'The mean

squared error for the direct window design is 4. 407 x 10_3. The mean
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squared error for the transformed window design is 5.117 x 10_3. We

can show that the error performance of this filter is equivalent to a

direct window design of order 9 x 9, The number of required multiplies
per output point for the 9 x 9 is about 15, whereas the transformation
implementation requires 21 multiplies per output point. These two
results suggest that it is more efficient to perform the windowing operation
in two dimensions rather than in one dimension.

Similarly, the continuous Kaiser window

I [e( ~(t/T)%)]
(@) . ltl=T
w(t) = (5.5)
0 |t|>T

was sampled and applied to the impulse response of an ideal lowpass
filter of cutoff frequency 0.3 m. @ was chosen to provide a transition
width of about 0.1 m. The frequency response of order 41 x 41 designed
from the original transformation of this filter is shown in Fig. 5.3. The
mean squared error is 2,729 x 10-3. Figure 5. 4 shows the frequency
response due to windowing the impulse response of the ideal lowpass
filter in two dimensions with cutoff radius 0.3 7. The window used was
the Cartesian product of the above one-dimensional Kaiser window. The
mean squared error is 2,355 x 1077,

Hence the mean squared errors are comparable. However, we
can see that the ripple of the filter in Fig. 5.4 is greater than that of
Fig. 5.3. This perhaps is explained by noting that the peaks of the

transformed filter are determined by the one-dimensional convolution in

the windowing process. These peaks are given by the area under the
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The frequency response of a 41 x 41 filter generated from the transformation

of a filter designed with a Kaiser window.

Fig. 5.3
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Fig. 5.4 The frequency response of a 41 x 41 filter designed with a two-dimensional Kaiser window.
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product of the ideal frequency response and the transform of the window,
The direct convolution in two dimensions, however, involves a volume
integration. Thus, since the frequency response of the two-dimensional
window is the Cartesian product of the frequency response of the one-
dimensional window, larger peaks are possible. This suggests, but
does not prove, that windowing in one dimension is preferred when peak

ripple is of primary concern.

5.3 Alternative Transformations to Design Arbitrary

Phase Two-Dimensional FIR Filters

In this section we present alternative transformations and their
properties. Also, we show that with these transformations any zero
phase FIR filter with a real impulse response can be designed. That is,
we do not restrict the zero-phase FIR filter to have quadrant to quadrant
positive symmetry, as done previously. Finally, we show that any
arbitrary phase FIR filter with a real impulse response can be designed
with a set of four different transformations.

Suppose we perform the following transformation

M M
e w - -
cosw= ) ) t4,k) sin (4w) sin (kw,) . (5. 6)
L 1 2
L= 0 k=0
Then making the substitution in the expression for the one-dimensional

zero-phase filter (equation [2.3]), we obtain

nM nM
H(wl’wZ) = z z b(p, q) sin (pwl) sin (qu). (5.7)
p=0qg=0

" These concepts were recently shown to be in error since sin nw cannot
in general be written as a sum of terms of the form sin"w (see equations
5, T, 9,10, and 5,12).
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H(wl, wz) represents a zero-phase negative symmetric two-dimensional
FIR filter. This is a filter where h(n, m) = h(n, -m) = h(-n, m) = h(-n, -m).
It can be shown that any odd length zero-phase FIR two-dimensional
filter with a real impulse response can be written as a sum of a positive
symmetric and negative symmetric FIR filter. In the frequency domain

this implies that H(wl,wz) can be expressed as

B

= ¥ 3 ‘aipyaleon (b cos lou)

H(wl,wz) = L L aip, q o p 1 o q 2
p=0qg=0

(5.8)

P Q

3 Z Z b(p, q) sin (pwl)sin (qwz).
p=0qg=0

Hence we can specify any ideal zero-phase filter with arbitrary magnitude,
separate this ideal filter into its postive symmetric and negative
symmetric components, and then perform two individual transformations,
the cosine-to-cosine transformation for the positive symmetric ideal and
the cosine-to-sine transformation for the negative symmetric ideal.

Also, we can show that any FIR filter with real impulse response
(analogous to Hermitian symmetry for one-dimensional filters and odd

duration) can be written as a sum of four terms

I SR
H(wl,wz) = z Z a(p, q) cos (pwl) cos (qwg)
p=0q=0
£ 8
+ L i‘ b(p, q) sin (pwl) sin (qwz)
p=0q9=0



Q
L c(p, q) sin (pwl) cos (qw,)

Q
Z‘ d(p, q) cos (pwl) sin (qwz).

(5. 9)
This is quite suitable for the transformation problem. A one-dimensional

negative symmetric FIR filter of length 2n+ 1 can be expressed as

H(w) ,,  (-j2h(m)) sin (mw)

a(m) sin (mw) {5.10)

1
s

n
= 3 &(m) sin™ (W) .

Suppose we perform the transformations

M M
sin W = Z Z t(£, k) sin (Lwl) cos (sz) (5.11a)
£4=0k=0
and
M M
o LV
sinw =) 2_. t(L, k) cos(lﬁwl) sin (sz) . (5.11b)
L=0k=0

Substituting into equation (5.10) we obtain:

nM nM
H(w,, w,) = j‘>_'0 Zoc(p,q) sin (pw,) cos (qu,) (5. 12a)
p=0qg-=
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and

=

n nM
H(wl'“’z) S | 2
p

d(p, q) cos (pw,) sin (qw,).  (5.12b)

8 St

0q=0

This is precisely what we need to represent the arbitrary phase FIR
filter of equation (5. 9).

Hence, given any arbitrary phase FIR filter, we can perform
different transformations (cosine-to-cosine, cosine-to-sine, and sine-to-
cosine, sine) to obtain all four components of equation (5. 9).

These results offer many possibilities of generalizing the class of

filters previously designed.
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CHAPTER 6

CONCLUSIONS

6.1 Summary

We have seen that the generalized McClellan transformation offers
a very efficient technique for both designing and implementing two-
dimensional filters of a large class of frequency responses and sizes.
This technique can yield filters very close to optimal, as we saw in
Chapter 5. Chebyshev optimization in two dimensions is slow and has
been limited to the design of filters of highest order 15 x 15 because of
the large amount of computer time required. Hence, not only is the
transformation technique more efficient than the direct approximation,
but, perhaps, offers the only practical method of designing nearly
optimal two-dimensional FIR filters of large order,

We have seen that the contour approximation problem is solvable
using either the least squares or minimax criterion. The minimax
solution can be found with the efficient algorithm due to Hersey and
Mersereau. Linear programming can be utilized when inequality
constraints are needed in guaranteeing a well-defined mapping.

In Chapter 4 we saw that arbitrary contour shapes can be readily
designed with the appropriate constraints and ideal curve g(wl). In many
cases these constraints offer a pseudo-guarantee for a well-defined
mapping. Hence, the time consumption of linear programming can be
avoided if the scaling technique of section 3.1 fails to give the desired
contours.

Chapter 3 presented methods for controlling the shape and

increasing the density of the contours with the use of the second and third
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order transformations. Also, an algorithm was developed to find the
one-dimensional passband and stopband frequencies to satisfy two-
dimensional specifications.

We have seen that the second big advantage over the optimal
design is the speed of implementation. A transformed filter requires on
the order of n multiplies per output point where 2n + 1 is the order of the
one-dimensional filter, Since our current technology dictates that speed
is a function of multiplies, this implementation offers another strong
justification for the transformation technique.

In Chapter 5 we further generalized the transformation for the
design of arbitrary phase FIR filters. New transformations involving
sine terms were presented for accomplishing this.

In essence, an entire design and implementation package has been

developed with many potentialities remaining.

6.2 Suggestions for Further Research

One obvious extension of this thesis is the design of additional
arbitrary contours with higher order transformations. Since multiplies
are not of great concern due to the efficient implementation, high order
transformations yielding high order filters do not pose a real implement-
ation problem. These transformations may improve compression and
present greater flexibility as in mapping a lowpass filter to a multiband-
pass filter,

The scaling technique of section 3.1 needs further study. The
effects of scaling to provide a well-defined mapping have not been experi-
mentally shown.

A recent idea is the design of two contours simultaneously.

Mersereau has designed circular and elliptical contours simultaneously,



using the least squares criterion. Designing a circular passband and
stopband simultaneously should result in a more circular transition
width than designing one of the two cutoff edges separately.

The ideas presented in section 5.3 may open up a whole new area
of interest. Although these results were recently shown to be in error,
the question still remains whether there exist transformations that allow

the efficient design and implementation of arbitrary phase FIR filters.
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APPENDIX 1

The following is a generalization of McClellan's recursive
algorithm [2] to obtain the two-dimensional impulse response coefficients
from the parameters of the transformation.

Define Tk(x), Rk(u), and Sk(V) as the Chebyshev polynomials of
degree k in the three different variables. With x = cos w, the frequency

response can be written in x as
Hx) = ) alk) T (x).
The Chebyshev polynomials satisfy the identity
Tk(x) = 2ka_1(x) - Tk-Z(X) .

With this substitution for Tk(x), H(x) can be written as

Hix) = Tn(x)a(n) + Tn_l(x)a(n-l) + Tn_z(x)a(n—2)
1‘1_—3
+ L a(k) Tk(x)
k=0

= [2a(n)x + a(n-l)]Tn_l(x) + [a(n-2) - a(n)]T _(x)

n-2

n-3
+ Z a(k) Tk(X) .
k=0

We recall that the Mth order transformation is expressed as
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=

S

t(4, k) Ry(w) S, (v) .

»
1
1 [\/i

L=0k=0

R, (u) and Sk(v) are Chebyshev polynomials up to degree M. We there-

fore define the functions

PM(X) = 2a(n)x + a(n-1)

Q, (x) a(n-2) - a(n).

Substituting the transformation relation for x in these equations, we
obtain the new functions, PM(u, v) and Qo(u, v) in terms of u and v.
PM(u, v) can also be considered a function of Chebyshev polynomials
Ro(u), Rl(u) ERRRE RM(u) and SO(V), Sl(v) ERERE SM(V), or

- R

PM(u,v) — (RO,R s oM

M So’ 2

R Vi 1 M) = Py B 5

where R and S represent Chebyshev polynomials up to order M (the sub-
script of P). Likewise, Qo(u, v) can be written as a function of Chebyshev

polynomials RO and S0

Q (uv) = Q(R_,S,) = Q(R,S)
where R and S represent Chebyshev polynomials of order zero (the sub-
script of Q).

Hence we can write H(x) as a function of R, S, and x. However, x

is a function of Chebyshev polynomials up to degree M. Thus we write
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n-3
(x)+ Q (B, S)T__,(x) + ) a(k)T,(x)
k=0

=
~
£
1l
)
g/-\
&
(%)
H
[y

(x) + [a(n=3) - P (R, S) |

2xP (R, 5) + Q (R, S) | T, _,

n—4
i) + L a(k)T(x

Now, let

R,S) = 2xP,(R,S) + Q_(R,S)
QM(I_{_,_S_) = a(n-3) - PM(E,E) .

We can see in the following way that PZM(B’ S) is a function of Chebyshev

polynomials, R and S, up to degree 2M. Substituting for x,

M M
P, BS = 2alm) ) ) 8K R, (w) S (v) + aln-1)
L=0k =0
M M
= L L b(p, q) Rp(U) Sq(V)
p=0q=0
where
2a(n)t(0,0) + a(n-1), p=q9q=0
b(p, q) = {
otherwise

2a(n) t(p, q) ,

Therefore,
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:
t(4, k) R, (w) S, (v) |

|
0o
4
2
1=

P, (R,S) =
i L0 k=0

[_
P

Ob(p, @) R_(u) S (v) ] + Q(R,S)

I ~1=

=

2M 2M
= ) ) di,j) R, (u) Sj(v) ’
i=03j=0

It is obvious that QM(B_, S) can be expressed as
M M

QB8 = )
i=03j=0

eli, ) B, (u) S (v) .

]

For example, for M = 1

1
(8,8 = Py®,S) = 2[ ) Ztu k) R,(w) S, (v) |
4=0k=0

0 O

1 3
[ L eaR@sm]+ Q®S)
p=0qg=0

= 2[1(0,0) + ©(1,0) Ry (u) S_(v) + 10, 1) R_(u) S, (v)

1 1

+ t(1, l)R (u) S (v):lL L. b(p,q)R (u) S (v)]
p= Oq 0

+
n~lo
mbrlo

E q(p, q) Rp(u) Sq(v) 5

p=0qg-=



. _ 1 .
Since Tl(u) Tn(u) =z [Tn—l(u) + Tm_l(u)] for n # 0, we can write

1 1
Py (R, S) =Z: L 21(0, 0) b(p, q) R (u) S (v)
p=0qg=0
N
£ )L 2L o B[R ) Ry () ]S
p=0q=0
1 1
+ L L 2H0,1) bip, @) R (W &[S, (M +S ()]
p=0qg=0
1 1
AP 2t(1,1)b(P,Q)%[Rp+1(u)+Rp_1(u)]
p=0qg=0
LR
B[S, 0+ s, ()] + L L e By S,
p=0q=0
=
= ) ) d(i,j) R.(u) S.(v)
i:LO ;5 i

where, in general

d(i, j) 21(0, 0) b(i, j) + t(1,0) [b(i + 1,j) + b(i - 1,7)]

+ t(0,1) [b(i,j+ 1) + b(i,j- 1)]

+ #t(1,1) G+ 1,j+1) + bi-1,j+1) + bli+1,j-1)

+ bli-1,j-1)] + q(i,j).

Note the special case where n = 0 in the formula Tl(u)Tn(u) =
%[Tn_l(u) + Tm_l(u)]. This special case must be accounted for in the

above formulation. Also, QM(E, S) can be written as
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O
g‘—-.
~
L&

|

Q, (&, 5)

a(n-3) - P,(R, S)

1

; c(i, j) R (u) Sj(v) -

T e [

i
L
i=0 j

This procedure can be generalized for higher order transformations.

At the next step of recursion

PR 8 = 2xP, (R, S) + Q(R,S)
3M 3M
= ‘& .L d(i, j) R.(u) Sj(v)
i=0 j=0
and
QB S) = aln-4) - Py (R, 5)
2M 2M
- _L _Z o(i, ) R;(w) S,(v) .
i=03j=0

At the kth step of recursion

H(R, S)

RS = Planm'BeB Ty 1)+ QB SIT, o)

n-g-z
)
ke a(k) Tk(x) .
k=0

The degree of Tk(x) is decreasing by one, while that of E(u) and S(v) in
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H, P, and Q is increasing by M in each iteration.

Finally, after n iterations

nM nM

H(R,S) = P_.(R,S) + '2‘0 'Lo d(, j) Ry(w) 8,(v) .
1=0 j=

Therefore, with u = cos wl and v = cos w.z, we can write H(ﬂ, S) as

oM oM
H(wl,wz) = .LO liod(i,j)cos(iwl)cos (jwz)
i=0 j=

where the order of the two-dimensional filter is (2nM + 1) x (2nM + 1).
We note that due to the special cases (T;(u) T_(u) 7 %[Tn+1(u) +
Tn_l(u)] for n = 0), this method becomes very tedious for high order
transformations. A simpler, more elegant approach is to apply a unit
sample to the recently developed filter implementation of section 2, 4.

This generates the unit sample (impulse) response, the desired result.
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APPENDIX 2

This appendix presents constraints for guaranteeing a well-defined
second order transformation.

The second order transformation can be expressed as

2 2 ﬁ
X & 3 q(4,k) u Vk.
£=0k=0
Differentiating,
24 2
x > Y al k) at Tl oK
L=1k=0

Thus, %u)i is linear in u and quadratic in v. The constraints

0 -+ (0,0)
T - (wl,vr)

H(wl, wz) = H(wz, wl)

imply that x = 0 maps to [1,1] in the u, v space and x = T maps to the
lines v = -1 andu = -1. Making g% 2 0 in all four corners of the region
(-1,1) x (-1, 1) constrains the line v - 1 to be well defined. From
octagonal symmetry the line u = 1 is likewise well defined. Therefore,
the entire boundary is well defined.

Since, along any horizontal line, ?% is linear in u, and since the
boundaries are well defined, then constraining g% = 0 along the lines
v = T 1 guarantees a well-defined mapping. This can be seen in Fig., A.1.
However, if this constraint is not satisfied, a well-defined mapping may

()4

still exist, as shown in Fig. A.2. Since = is a quadratic in v, the



118

X

ilFdefined
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Fig., A.1 The possible quadratic functions along the u axis,

i

Fig. A.2 A well-defined, but nonmonotonic

quadratic along the u axis,
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2
X
du dv

Hence, the constraints

constraint = 0 in all four corners is sufficient.

at (1,1), (-1, -1), (-1,1) and (1, -1) are sufficient but not necessary for a

well-defined second order mapping.



120

APPENDIX 3

Here we present the derivation of the second order transformation
approximation problem for transition width compression, for circularly
symmetric lowpass filters.

The second order transformation can be written

2 2
X = z z q(ﬂ,k)u'evk.
=0 k=0
Along the u axis
2 2
£
X = q(4,k) u”.
L=0k=0

We let t(4, k) = t(k, £) and make the substitution A = #(0,0), B = t(1, 0),

C=1t(0,1)° " I=1t(2,2). Then we can show that
x = (A+B-G-2I) + (B+D+ Gl + 2B+ 26+ 2Du” .
Letting
A = 2E + 2G + 21
B' = B+D+G
C' = A+B-G-2I
then
5l = A'u2+B'u+C'.

Imposing the additional constraints

0 < {0,0)
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ox =z 0
ou W
we can show that
B = I
A = =C!
and hence
e = A'uz 4 1] - A' .

These constraints guarantee a well-defined mapping along the u, v axes.

Continuing,
Ox - 9A 20
du e

implying that

A' = 3, u

il
I
iy

.

The objective is to maximize the slope at a particular u = u

): max (2A'uo+ 1).

Thus, by inspection

A1-‘{2’ o
-%, uy <0

to maximize the slope at u,-



The approximation problem is formulated in the following way.

The constraint equations can be expressed as

At = t 3. 2E+2G+2I1=11

0

-

(0,0): A+2B+D+2E+2G+1I=1
m -'(wl,ﬂr); A-B+E-=-1
B-D+G=20

Bl =12

These equations can also be expressed in matrix form (with A the only

free variable) as:

5 9 3 1% 3 B 0 t 3
1 0 1 G B D =1 -1
1. =1 o 100k SEiE = A 3 0
R SR G 0 0
B e g oo I -1 1

M < P Q

We can write this in the more compact form

1 i

C = AM P +M'Q.
Solving for u > 0
B = 0,625
D=0.5
E=-A-0,375
G = -0.125
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I = A4 0,75,
Let

Oll = CoS wl

az = Ccos w,

Bl = cos (2w1)

;32 = cos (2w2)
L ol 2%
Wy = (Rp wl) 5

The ideal and basis function for A can be found for u = 0 by writing

COS W as
cosw = A+ 0.625 (al + a2)+ 0.5 alaz
+ (-A-0.375)(B;+By)-0.125 (B, oy +  B,))
+ (A+0.25) B,B,.
Therefore
E(wl) = Hd(wl) - Acpl(wl)
where

Hy(w,) = cos w - (0.625 (&, + a,))
+ 0.5 a, - 0.375 (B, +5,)
- 0.125 (Blaz‘i-allgz)
+ 0.25 31)32

¢ lw) = 1-8 -B;+BB,.

123
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The approximation problem can be similarly formulated for u < 0.
It is important to note that since the quadratic along the u, v axes
is completely determined, the value of w (the inverse frequency image of

the desired contour) must be such that

CosS W= X = A‘u2+u + At
0 o)

1

where Rp = cos us the ideal two-dimensional passband radius. For

example, if we desire a circular contour of radius 0.8 7, then cos w of

the ideal function Hd(wl) must be such that
cos w = A'(0.8 17)2 + (0.8 m + A

where A' = -%,
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APPENDIX 4

In this appendix we derive the third order transformation approxi-
mation problem for transition width compression for a circularly
symmetric lowpass filter with passband cutoff near 0.5 7,

The third order transformation can be expressed as

3 3

o |

x s z ZJ q(4, k) u'ev
£=0 k=0

k

As in Appendix 3 along the u axis we can write
X = A‘u3 F B‘u2 + C'u + D!

where A', B', C', and D' are linear functions of the transformation
coefficients t(£, k).

For compression near the 0.5 7 radius constraints on A', B', C!',
0x

and D' must be found such that e e is large. Constraining
% 5 =¥ 1 > 0 and g% (a quadratic) to be concave downward guarantees a

well-defined mapping on the u, v axes. We impose the additional equality
constraints

0 -+ (0,0)

o (w,T)

H(w,, wy) = Hlw,, w,) .
The total set of constraint equations on the cubic can then be written

3A' 4+ 2B + C' = 0
ox =
Lo 3A1 - 2B' + C! 2 0

downward concavity: A' =0



equality constraints: A'+ C' =1

B' = -D

where—g—ﬁ— - e to be maximized. Under these constraints,

conditions for the existence of a solution can be derived:

31 -C")-2B'+C' = 0

or

B' = lg— - Z
Likewise,

B = z - ,;’_

Hence, for a solution to exist

: . Ty P : 0x
Thus maximum compression at the origin is achieved when —

pu |u =0

where it can be shown that

0x _
Duju=t1 - 2

A':—%'

B =0

3

(B g.

Finally, with the same technique as in Appendix 3, the approxi-

mation problem can be formulated. All the above constraints taken

2
RE
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together yield three free variables A = t(0,0), B = t(1,0), and D = t(1, 1).

Therefore the error can be expressed as
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e(w) = Hylw) - A"°1("’1) - Boy(w) - Dgglw,) .

Again (as in Appendix 3) cos w, which is part of the ideal function,

H wl), must be such that

d(

Cosity) =2 X = A'u3 + B'u2 + Clu_ + D!
0 0 o}

if a particular frequency mapping is desired. For L 0 (ideal radius

of 0.5 7) the curves and contours of Figs.3,10a, b, ¢ were obtained.



APPENDIX 5

The following presents the procedure for the design of Fan filters
under inequality constraints. Linear programming is utilized.
Using implicit differentiation, we can show that (A = t(0, 0),
B=1%1,0) " I=1(2,2))
dv._ (H - B)+ 4I - E)u - Dv - 4Guv - 2HV2 - BIuV2

du (C-G)+Du+ 4F-I)v+ 2(3112 + 4uv + 81u2V

The increasing monotonicity constraint -g—z = 0 (over the sparse grid of
Fig. 3.3) is imposed by constraining both the numerator and denominator
to be greater than zero. This yields eighteen inequality constraints.
Remarkably, the constraints OOui = 0 and %— < 0 (implying, but not
guaranteeing, a well-defined mapping) yield the same set of constraints
over this grid.

Hence the linear programming problem can be formulated in the

following way. Minimize Ge under the constraints

= e

T = (0,7

- 2 0, over a sparse grid

M M
cos W - z z t(L, k) cos (ﬁwl) cos (kg(wl)) < 6e

where w, and g(wl) = bw, are sampled over a fine grid. b represents the

it 1
slope of the passband edge of the Fan filter. (See Fig. 4.10 for an

example. )
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