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STABILITY OF STATIONARY EQUIVARIANT WAVE MAPS
FROM THE HYPERBOLIC PLANE

ANDREW LAWRIE, SUNG-JIN OH, AND SOHRAB SHAHSHAHANI

ABSTRACT. In this paper we initiate the study of equivariant wave maps from
2d hyperbolic space, HZ2, into rotationally symmetric surfaces. This problem
exhibits markedly different phenomena than its Euclidean counterpart due to
the exponential volume growth of concentric geodesic spheres on the domain.

In particular, when the target is S2, we find a family of equivariant harmonic
maps H? — S2?, indexed by a parameter that measures how far the image of
each harmonic map wraps around the sphere. These maps have energies taking
all values between zero and the energy of the unique co-rotational Euclidean
harmonic map, Qeuc, from R? to S2, given by stereographic projection. We
prove that the harmonic maps are asymptotically stable for values of the pa-
rameter smaller than a threshold that is large enough to allow for maps that
wrap more than halfway around the sphere. Indeed, we prove Strichartz esti-
mates for the operator obtained by linearizing around such a harmonic map.
However, for harmonic maps with energies approaching the Euclidean energy
of Qeuc, asymptotic stability via a perturbative argument based on Strichartz
estimates is precluded by the existence of gap eigenvalues in the spectrum of
the linearized operator.

When the target is H2, we find a continuous family of asymptotically stable
equivariant harmonic maps H? — H? with arbitrarily small and arbitrarily
large energies. This stands in sharp contrast to the corresponding problem on
Euclidean space, where all finite energy solutions scatter to zero as time tends
to infinity.

1. INTRODUCTION

In recent years there has been increased interest in the study of dispersive equa-
tions on curved spaces. Here we begin the investigation of a simple model problem,
namely, equivariant wave maps from 2d hyperbolic space, H?, into rotationally
symmetric surfaces M. In local coordinates the equation is given by

!
g(¢)g2(¢) -0, (1.1)
sinh” r
where (v, 0) are geodesic polar coordinates on the target surface M, and g deter-
mines the metric, ds? = dy? + g%(1)d6>.

An intriguing feature of this problem is that there is an abundance of finite
energy stationary solutions. This fact stems from two well-known geometric facts:
conformal invariance of 2d harmonic maps (which are time independent solutions to
the problem) and conformal equivalence between H? and the unit disk D?. Another

Z/}tt - 1/}7"1” —cothr wr +
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notable feature of this problem is the lack of scaling symmetry. This feature,
which is in stark contrast to the Euclidean case and akin to the exterior wave map
problem considered by Kenig, Schlag and the first author [14], [16], rules out an a
priori obstruction to asymptotic stability of stationary solutions. However, while
the curved background eliminates any natural scaling invariance for the problem,
the model still exhibits features of an energy critical equation. Indeed, solutions
with highly localized initial data do not see the global geometry of the domain and
thus can be well approximated by solutions to the corresponding scale invariant
energy critical Euclidean equation R™2 — M. We believe that such properties
make (IJ) an interesting model for investigating stability of stationary solutions,
and more ambitiously, asymptotic resolution for large general finite energy solutions
into solitons (soliton resolution) in the case of negatively curved targets such as H?,
and characterization of blow-up solutions in the case of positively curved targets
such as S2.

In this paper we establish asymptotic stability of various time independent solu-
tions (i.e., harmonic maps) to the equivariant wave map equation (I.I)) on R x H2.
More specifically, we consider two targets, namely the two sphere S? and the hy-
perbolic plane H2. In each case we classify all finite energy equivariant harmonic
maps, which exist in abundance in contrast to the Euclidean case. We then study
the stability of each harmonic map by analyzing spectral properties of the linearized
operator.

We begin with our results when the target is H?, as these are easier to describe.
In this case, we show that the spectrum of the linearized operator about each har-
monic map consists purely of the absolutely continuous part with no eigenvalue or
resonance at the edge. This spectral information allows us to prove Strichartz esti-
mates for the linearized operator, from which asymptotic stability of the harmonic
map follows by a Picard iteration argument.

The picture changes drastically in the case of the S? target. Let @, be the
family of finite energy equivariant harmonic maps from H? to S?. These maps can
be parametrized by A € [0,00) in such a way that as A — 0+ the image of Qx
contracts to the north pole, and as A\ — oo the image of Q5 covers the whole of S?
except for the south pole. For @, with small A, we prove that the spectrum of the
linearized operator is absolutely continuous as in the case of H2. This allows us to
prove Strichartz estimates in this case and therefore asymptotic stability holds by
a perturbative argument. This scenario applies, in particular, to the harmonic map
covering the northern hemisphere of S2. On the other hand, for Q with large X,
we show that there exists a unique simple gap eigenvalue p3 in (0, %) (% is the edge
of the a.c. spectrum). Moreover, we demonstrate that ui migrates toward zero
as A — oo. While this phenomenon precludes the possibility of scattering to Q)
by a linear mechanism, it nevertheless suggests an interesting picture concerning
nonlinear stability of @ and the rate of scattering; we refer the reader to Remark 3

1.1. Additional context for the problem. Although the authors are not aware
of any previous investigations into the model at hand, there has been substantial
activity of late regarding dispersive equations on R x H?, and it is partially in this
context in which this problem can be viewed. Perhaps the most relevant recent
works are the proofs of Strichartz estimates for the free wave equation on R x H¢
together with global small data theory for semi-linear equations with power-type
nonlinearities in [I8] [19, 3], see also the many references therein. There has also
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been substantial activity in this direction for the Schrédinger equation on R x H¢
and we refer the reader to [4, [5 6] [13], T2, 2] as well as the references therein for more
details. For treatments of the semi-linear elliptic problem, see [9, [I7]. As we are
investigating the asymptotic stability of certain stationary solutions to (I1]), we are
forced to confront the linearized operator, which amounts to a radial free evolution
operator on hyperbolic space plus a potential term. The dispersive estimates for
the free evolution from [3] thus make up an essential ingredient in the proof.

1.2. Setup. To explain the main results in more detail, we now give a more precise
account of our setup. Consider polar coordinates on the hyperboloid model of H?:

[0,00) x S* 3 (r,w) + (sinh rsinw, sinhr cosw, coshr) € R**.

Denote this map by ¥ : [0,00) x ST — (R?T!, m), where m is the Minkowski metric
on R2+1. The hyperbolic metric h in these coordinates is given by the pull-back of
the Minkowski metric on R?t! by the map ¥, i.e., h = U*m. We have

1 0
(hyi) = (0 sinh? r) )

The volume element is \/|h(r,w)| = sinh7, and hence for f : H?> — R we have

27 oo
f(z)dVol, = / / F(U(r,w))sinhrdrdw.
H2 o Jo
For radial functions, f : H? — R we abuse notation and write f(z) = f(r) and

f(z) dVoly, = 2x /00 f(r)sinhr dr.
H?2 0

We will focus attention on two rotationally symmetric target manifolds, namely,
M =S? and M = H?. We begin with the positively curved case, S2.

1.3. Equivariant wave maps: R x H? — S2. In this section we consider wave
maps U : R x H? — S2. As both the domain and the target are rotationally sym-
metric we can consider a restricted class of maps, U, satisfying the equivariance
Uop = poU, for all rotations p € SO(2). In fact we consider the special sub-
class of such maps known as 1-equivariant, or co-rotational, which corresponds to
equivariant maps which in local coordinates take the form

U(t,r,w) = (¥(t,r),w) — (sinysinw, sin i) cosw, cos ),
where 1 is the azimuth angle measured from the north pole of the sphere and
the metric on S? is given by ds® = di)? + sin® 1) dw? (for a more general class of
equivariant maps one can consider an ansatz of the form U(t,r,w) = (¢(¢,7),w +

x(t,7))). In this formulation, 1-equivariant wave maps are formal critical points of
the Lagrangian

coy =3 [ [ (sten+den+

The Euler-Lagrange equations reduce to an equation for the azimuth angle ¢ and
we are led to the Cauchy problem:

sin? 4 (t, )

— ) sinh r dr dt.
sinh” r

sin(24))
= Ypr — th s = 07
o = O Ry (1.2)

—

¥(0) = (o, 1)
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We will often use the notation () to denote the pair ¥(t,r) := ((t,7), 1 (t,7)).
The conserved energy is given by

- L[ 5 5 sin®¢) .
EW)(t) = 5/ (wt +Y; + — ) sinh r dr = constant. (1.3)
0 sinh® r

Note that for initial data ¥(0) = (o, 1) to have finite energy we need 10(0) = km
for some k € Z. For the solution to depend continuously on the initial data this
integer k must be preserved by the evolution. Here we consider the case k = 0,
corresponding to maps that send = 0 (the vertex of the hyperboloid) to the north
pole of S2, as the other cases are similar.

The behavior of finite energy data at r = oo is more flexible. One can check
that 1o (r) has a well defined limit as » — oo, but that this limit can be any finite
number, i.e., £(1o,11) < oo implies there exists a € R so that lim, o ¥o(r) = a.
This stands in sharp contrast to the corresponding problem for wave maps R'*2 —
S? where the endpoint can only be an integer multiple of 7 giving such maps a
fixed topological degree. Here, the fact that any finite endpoint is allowed can be
attributed to the rapid decay of sinh ™ 7 as 7 — oo in the last term in the integrand
of (I3), and is ultimately responsible for the existence of the family of harmonic
maps mentioned in the abstract.

In this paper we will consider initial data with endpoints 1(c0) = « for « €
[0,7), which means that we will only consider those 1y which do not reach the
south pole. This leads us to define the energy classes

Ex = {(%o, 1) | E(Wo,91) < 00, Po(0) = 0, tho(00) = 2arctan(A)}. (1.4)

for A € [0,00). The reason for this restriction to « € [0,7) is given by the presence
of a 1—parameter family, @, of finite energy harmonic maps with such endpoints,
i.e., solutions to

sin2Q)
rr+cothr Q, = ————,
@ @ 2sinh?r (1.5)

Q(0) =0, rli{EO Q(r) = 2arctan(A).

For every A € [0, 00) there is a unique finite energy solution @y to (5], given by

Qx(r) = 2arctan(A tanh(r/2)). (1.6)
Moreover, (@x,0) has energy
2
£(Qx,0) =1 - cos(@r () = 255

which is minimal in £, — in other words for each angle o € [0,7), there exists a
map connecting 0 to o which uses the minimum possible amount of energy and this
map is, in fact, the harmonic map @, with A = tan(a/2). For endpoints a@ > 7
there are no finite energy harmonic maps. We provide a more detailed description
of the @ with proofs of the preceding statements in Section 211

The existence of the @ stands in stark contrast to the corresponding Euclidean
problem, equivariant wave maps R'*2? — S2, which reduce to the following equation
for the azimuth angle :

sin2y

5 0. (1.7)

wtt - Q/JT"I‘ - l"/}r +
r
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In fact, the unique (up to scaling) Euclidean equivariant harmonic map is given
by Qeuc(r) = 2arctan(r) which connects the north pole to the south pole of the
sphere. Qeyuc is the unique, nontrivial, finite energy solution to

1 sin 2Q)
rr —r = > 0)=0. 1.8
Qrr +-Q 5z Q) (1.8)
We remark that Q. minimizes the Euclidean energy
1 [ sin?
bunctbor) = 3 [ [0+ 4+ T2 rar (1.9
0

amongst all degree one maps, i.e., those which satisfy 1y(0) = 0, 1g(0c0) = 7 and by
direct computation one sees that Eeuc(Qeuc, 0) = 2. We note that for the hyperbolic
harmonic maps @ we have

g(Q)\u O) — geuc(Qeuca 0) as A — oo,
E(Qx,0) =0 as A — 0.

1.3.1. Asymptotic stability of Q. It is well known that Qeyc is unstable with respect
to the Euclidean equivariant wave map flow and in fact, leads to finite time blow-up,
see [10, [15].
A natural question to ask is whether (Qx,0) is asymptotically stable for fixed
A € [0,00) under the wave map evolution, (L2), in £x. It is this question that we
address here. The natural space in which to consider solutions to (IL2]) is the energy
space
> [T 2 2 wg(r) ] .
o), = [ |(@b00) + 03 (r) + S5k sihrdr (110

sinh” r

Indeed, we endow £, with the “norm”

10, ¥1)lley := (%0, 1) = (@x; 034, (1.11)

The first result is an affirmative answer to the above question for a range of A €
[0, o) for some Ag > 4/15/8.

Theorem 1.1. There exists \g > 15/8 so that for every 0 < A < Ao, the
harmonic map Qx is asymptotically stable in the space Ex. In particular, there
exists a dg > 0 such that for every (o, Y1) € Ex with

H(%ﬂﬁl) - (Q)UO)H’HO < do

there exists a unique global solution (t) € &y to (L2). Moreover, 1(t) scatters to
(@Qx,0) as t — to0.

Remark 1. The phrase 9(t) scatters to (Qx,0) as t — +o0o means that there exist
solutions @7 (t) to the linearized equation

1
Ptt — Prr _COthTSDr+ #QDZO, (112)
sinh” r
so that

[9(t) = (Qx,0) — FE(t)[lpge — 0 as t — £oo. (1.13)
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Remark 2. We note that the number 1/15/8 appears for a technical reason that
will be further explained in Section Bl In short, it is the largest value for A for
which we have a simple proof that the linearized operator about @ has no discrete
spectrum. The number 2 arctan 1/15/8 is slightly less than 37 /5 which means that
our stability result holds for maps which wrap more that halfway around the sphere.

The proof of Theorem [[LT] reduces to Strichartz estimates for the linearized op-
erator after first passing to a radial wave equation on R x H*. The reason we can
pass to waves on H* comes from the fact that the nonlinearity in (L2) contains a
repulsive potential term:

sin2y 1 sin 2¢) — 24
2sinh®r  sinh®r 2sinh?r

This indicates that the linear part of (I.2]) has more dispersion than a free wave on

RxH?. In fact, after linearizing about (@, 0) we prove that for A as in Theorem [T}

the linear part has the same dispersion as a free wave on R x H*. This can be seen

by making the following change of variables. For a solution J(t) € &y define u(t)

by

sinhru(t,r) == ¥(t,r) — Qa(r). (1.14)
We obtain the following equation for (),

Ut — Upp — S cOth T up — 2u + Vi (r)u = Ng2 (7, w)

. 1.15
i(0) = (uo,u1) (115)
where the attractive potential V) and the nonlinearity Mgz are given by
2Q\ — 1
Va(r) = % <0 (1.16)
sinh” r
in 2 2sinhr u — sin(2 sinh
Nz (r,u) = 22 ?A sin®(2 sinh 7 u) + cos 2Q Y _smg( sithrw) - 1q
sinh” r 2sinh” r
The underlying linear equation under consideration is then given by
’l}tt—AH4U—2U+V)\U:O (118)

for radially symmetric functions v. In Section [] we prove Strichartz estimates in
Proposition 2 for (LI8) with A € [0, o) using the spectral transformation, or the
distorted Fourier transform, for the self-adjoint Schrédinger operators

Hy:= -0, — 3cothro, — 2,

Hy, := —0; —3cothr 0, —2+ V), (1.19)

following roughly the argument in [16], which was based on techniques from [22], see
also [24,25]. The spectrum o(Hy, ) plays a central role in determining the dispersive
properties of the wave equation (LI8). It is well known that the spectrum of the
Laplacian on H* is given by o(Ag+) = [9/4, 00) where here 9/4 = (%)2 for d = 4,
and thus we have o(Hy) = [1/4,00) for the shifted operator Hy = —Aps — 2.
The key to our analysis is the existence of A\g € (0,00) (in fact we can prove
that Ao > 4/15/8) so that for all 0 < A < )Xg, the perturbed operator Hy, has
purely absolutely continuous spectrum equal to [1/4,00). In particular, Hy, has
no negative spectrum, no eigenvalues in the gap [0,1/4), and the threshold 1/4 is
neither an eigenvalue nor a resonance.
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However, as A\ becomes large, which means that the harmonic map Q) wraps
further around the sphere, we observe a change in the spectrum of Hy, which results
in a breakdown in the dispersive behavior of solutions to the linear equation (LIT).
In particular, as A — oo we establish the existence of a simple gap eigenvalue
w3 € (0,1/4). Moreover we show that as A — oo the eigenvalue y3 migrates to 0.
In particular, we prove the following result.

Theorem 1.2. There exists Ag > 0 so that for all X\ > Ay, the Schrédinger operator
Hvy, has a unique, simple eigenvalue, ji3, in the spectral gap (0,1/4). That is, there
exists a solution @y € L*(H?) to

Hy, x = p3ox- (1.20)
where y3 € (0,1/4). Moreover, we have
3 —0 as \— oo. (1.21)
Finally, if we define
Asup = sup{A | Hy; has no e-vals and no threshold resonance V< A}

~ 1.22
Aing = inf{X | Hy, has a gap e-val u§ €(0,1/4) VA > A} (1.22)

Then both Hy,,, and Hy,, have threshold resonances.

Remark 3. One immediate consequence of the presence of the gap eigenvalues for
large A is that we can no longer prove a stability result as in Theorem [LI} by a
perturbative argument based on the dispersive properties of the underlying linear
equation, i.e., Strichartz estimates. On the other hand, a Struwe-type bubbling
argument [29] suggests that any solution ¥ (¢) to (IZ) that blows up in finite time
must bubble off a Euclidean harmonic map Qe and thus must have enough energy
to wrap completely around the sphere. This gives some evidence towards a conjec-
ture that in fact every @) is stable — as small perturbations of @, will not have
enough energy to bubble off a Qcyc — but for large A, the stability manifests via a
completely nonlinear mechanism, possibly as in the work of Soffer, Weinstein [27].

Remark 4. At this point we do not know the precise location of A\g = Agyp in
Theorem [I.I, or of Ag = Ajns in Theorem or whether these two values are
equal. Indeed, the existence of gap eigenvalues for large A is demonstrated by a
contradiction argument and thus does not reveal a precise geometric reason for
the breakdown in linear stability described in Remark Bl On the other hand, this
asymptotic-in-A failure of linear stability is natural in view of the bubbling men-
tioned in Remark [3] and the explicit blow-up constructions for the corresponding
Euclidean problem from [I5] 23] 21]. Indeed the Euclidean blow-up constructions
rely on energy concentration schemes which see only the local geometry of space,
which suggests similar behavior is possible for the hyperbolic problem at hand, as
long as the solution has enough energy to bubble off a Qeyc-

Remark 5. The existence of gap eigenvalues is a rather surprising feature of this
model, as this contrasts greatly with the corresponding Euclidean wave maps prob-
lem. Key to the proof of Theorem is the fact that after a renormalization,
the Schrédinger operator Hy, formally approaches (as A — oo) the operator Hy,

obtained by linearizing (L1) about Qeyc. Assuming, for contradiction, the nonex-
istence of a gap eigenvalue, this formal approximation can be made precise on a
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region that increases in size as A increases. This fact allows us to treat the hyper-
bolic spectral picture as a perturbation of its Euclidean counterpart. We can then
pair the existence of a threshold resonance for the Euclidean problem together with
the existence of the spectral gap in the hyperbolic problem to force a contradiction.
We refer the reader to Sections for details.

1.4. Equivariant wave maps: R x H? — H2. We next consider wave maps
U : R x H? — H2, again restricting attention to co-rotational maps, meaning maps
U, which in coordinates take the form

U(t,r,w) = (¢(t,r),w) < (sinhsinw, sinh 1) cosw, cosh1p) € R*F,

where the metric on the target H? is given by ds? = dy? + sinh? ¢ dw?. In this
formulation, 1-equivariant wave maps are formal critical points of the Largrangian

LU) = %/R/Ooo <—¢f(t,r) + 2t r) + sinh? y(t, )

sinh?r
The Euler-Lagrange equations reduce to an equation for ¢ and we are led to the
Cauchy problem:

> sinh r dr dt.

sinh(24))

— Yy — cothr ), + ———— =0,
v Ot (1.23)
¥(0) = (Yo, ¥1).
The conserved energy is given by
. 1 [eS) . h2
EW)t) = 5 / (w? 24 21/’) sinhdr = constant. (1.24)
2 Jo sinh® r

Note that for initial data 1(0) = (140,1/1) to have finite energy we need 1,(0) = 0,
which means that a finite energy map must fix the vertex of the hyperboloid. The
behavior of ¢ at » = oo is again more flexible than the corresponding Euclidean
equation for wave maps R'*2 — H2 due to the rapid decay of sinh ™' r as r — cc.
We note that for any finite energy data (g, t1) the limit lim, o 1o(r) = a exists
but can take any value « € [0,00). We thus again define the energy classes

éx = {(¢o,Un) | (@) < 00, Po(0) =0, 1p(o0) = 2arctanh (A)} (1.25)
with A € [0,1). We will demonstrate the presence of a family of nontrivial harmonic
maps taking all energies ranging from 0 to infinity. This is a surprising and dis-
tinctive feature of this model in light of the fact that no such maps exist in the
corresponding Euclidean problem. In this context a harmonic map is a solution P
to the equation

sinh 2P
2sinh?r’ (1.26)
P(0) =0, lim P(r)= 2arctanh(X).

T—00

P, + cothr P, =

For every A € [0, 1) there is a unique finite energy solution Py to (L.26]) given by
Py (r) := 2arctanh (A tanh(r/2)) (1.27)

In Section we show that Py has energy

)\2
& (P =2——
(P, 0) =29—=735
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which minimizes the energy in &\. Note that &(Py,0) — oo as A — 1~ and
&(Px,0) > 0as A — 0.

We recall the well known fact that for the Euclidean case of wave maps from
R'*2 — H? there are no finite energy nontrivial harmonic maps due to the negative
curvature of the target H?Z.

1.4.1. Asymptotic stability of Py. We now turn to the question of the asymptotic
stability of Py in &) for fixed A € [0,1). We prove the following result.

Theorem 1.3. For every A € [0,1) the harmonic map Py is asymptotically stable
in &x. In particular, for each A € [0,1) there exists a &g > 0 so that for every
(wo,wl) € &\ with

||(¢07¢1) - (kao)H’Ho < 60

there exists a unique, global solution (t) € & to (L2J). Moreover, |(t) scatters
to (Py,0) as t — too.

The proof of Theorem [[.3] follows the same outline as in the previous subsec-
tion. In particular we establish Strichartz estimates for the operator obtained by
linearizing about Py and then passing to an equation on R x H*. For a solution

-

P(t) € & to (L23) we define (t) by
sinhru(t,r) :=¥(t,7) — Px(r). (1.28)
Then (t) solves
Ut — Upp — S cOthT U, — 2u + Uy (r)u = Ny (1, u)

_, 1.29
@(0) = (ug,u1) ( )
where the repulsive potential Uy and the nonlinearity NVy2 are given by
h2P, —1
Un(r) = 22222 > (1.30)
sinh” r
inh 2P, 2 sinh r u — sinh(2 sinh
Nuz (r,u) := —smigA sinh?(2sinh 7 u) 4 cosh 2Py ST sm3( sinhru)
sinh” r 2sinh” r
(1.31)
The underlying linear equation under consideration is then given by
Utt—AH4’U—2U+U)\U:0 (132)

for radially symmetric functions v. In Section M we prove Strichartz estimates in
Proposition[L2 for (L32)) using the spectral transformation, or the distorted Fourier
transform, for the self-adjoint Schrodinger operators

Hy := —0,p — 3cothrd, — 2,

Hy, = =0y —3cothr 0, — 2 + Uy, (1.33)

again following roughly the argument in [16] 22] 24] [25]. The key point here is that
the repulsive potential Uy rules out the possibility of discrete spectrum for o(Hy, ),
and thus Hy, has essential spectrum [1/4, 00), with no negative spectrum, no gap
eigenvalues, and no eigenvalue or resonance at the threshold 1/4.
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1.5. Brief outline of the paper. In Section[Zwe establish the various facts about
the harmonic maps @@ and P, defined above. We also give more details concerning
the passage to equations on R x H* outlined above. In particular, we show that the
small data Cauchy problems, the 2d linearized problem in Hy and the 4d problem
in H' x L*(H*) are equivalent.

In Section [§ we study the spectrum of the linearized operator Hy,, which cor-
responds to S? valued maps. We begin by showing that o(Hy, ) has no discrete
spectrum for A < 4/15/8. Beginning from Section B.2] we then present the proof
of Theorem

In Section ] we prove Strichartz estimates — Proposition .2 for the linearized
equations ([LI8)) and (I32). In the former case, we need to restrict to values of A
as in Theorem[[I]l In the latter case, the Strichartz estimates hold for all A € [0,1)
since the potential Uy is repulsive.

Finally, in Section[Blwe prove Theorem[I.Iland Theorem[I.3]by the usual contrac-
tion mapping argument based on the Strichartz estimates proved in Proposition .2l

2. PRELIMINARIES

In this section we establish the existence and uniqueness of the harmonic maps
Q@ and P, described in the introduction. We give simple geometric descriptions of
these maps and prove several properties that we will need in the ensuing arguments.
We also prove some additional preliminary facts including an equivalence between
the 2d and 4d Cauchy problems described in the introduction.

We begin with the case of harmonic maps into S2.

2.1. Harmonic maps into S?. Here we prove various facts about the harmonic
maps Q). For convenience we collect these facts into a proposition.

Proposition 2.1. For every 0 < a < w there exists a unique, finite energy sta-
tionary solution to (L2), i.e., a harmonic map, (Qx,0) € Ex which solves (L),
where

Qx(r) = 2arctan(A tanh(r/2))

A €[0,00), @ =a(A) =2arctan(A) = lim Qx(r). (2.1)
T—00
Moreover, (Qx,0) € Ex has energy
/\2
=2 2.2
£(Qx,0) 2 (2:2)

which is minimal in Ey. Finally, the Qx with \ € [0,00) are the only finite energy
stationary solutions to (L2).

Proof. We are seeking to classify all stationary finite energy solutions to (L2l).
Recall from the introduction that any finite energy harmonic map ) must have
Q(0) =0 and Q(o0) = v € [0,00). Thus we would like to find all solutions @ to

sin 2Q)
rr+cothrQ, = ———,
@ @ 2sinh? r (2.3)

Q(0) =0, Tl;rgo Q(r) =a € |0,00).

One can check directly that Q», as defined in ([21)), satisfies 23]) with o =
2arctan(A). One can also directly compute the energy to verify ([2.2]).



WAVE MAPS FROM THE HYPERBOLIC PLANE 11

To prove the remaining statements in Proposition 2] we begin by giving a simple
geometric interpretation of Q5. Recall that stereographic projection of H? onto the
Poincaré disc, D, viewed as a subset of R?, is given by the map

(sinhr cosw,sinhr sinw, coshr) — (tanh(r/2) cosw, tanh(r/2) sinw).
Next, we rescale the disc by A € [0, 00) via
(tanh(r/2) cosw, tanh(r/2) sinw) — (Atanh(r/2) cosw, A tanh(r/2) sinw).
Finally, recall that the inverse of stereographic projection, R?> — S? — {south pole}
is given by
(pcosw, psinw) — (sin(2 arctan p) cosw, sin(2 arctan p) sinw, cos(2 arctan p)).
Then as solutions to (L2)) or (L5 are expressed in terms of the azimuth angle on
S2, we see that Q) is simply the composition of the above three maps.

This geometric interpretation motivates the following change of variables in (2.3)).
Setting

s := log(tanh(r/2)), ¢(s) := Q(r), (2.4)
we see that (23) reduces to the following equation for :

1

1
¥ 2sm i)

p(=00) =0, (0) = a.
which is an autonomous ode and none other than the equation for the pendulum.
Multiplying the first line in ([Z3]) by ¢’ and integrating from s; to s, yields the
energy identity

(2.5)

3(s2) — ¢i(s1) = sin’(ip(s2)) — sin*(p(s1)) (2.6)

A standard analysis of the phase portrait in (¢, ¢') coordinates together with (2.0])
mandates the condition that any nontrivial solution satisfies 0 < ¢(0) < 7. In
particular, we note that a solution with ¢(—oc0) = 0 corresponds to the unstable
manifold at (0,0), (which connects to the stable manifold at (m,0) as s — 400).
Using (Z6]) one sees that if there existed a nontrivial trajectory emanating from
(0,0) at s = —oo and such that ¢(sg) = 7 for some so € R, then we would have
©vs(s0) = 0. But then (¢, ¢5)(so) = (m,0) and therefore ¢ must be a trivial solution,
which contradicts our assumption.

One can also see this by noting that the unique positive solution (up to trans-
lation in s) is given by ¢(s) = 2arctan(e®). In particular, we have shown that for
each a € [0, 7) there is a unique solution to (Z3)). For @ > 7 there are no solutions.

It remains to show that (Qx,0) minimizes the energy in £x. This follows as
a direct consequence of the following “Bogomol'nyi factorization”: Let ¢(t) =
(¥(t), ¢ (t)) € Ex. Then we have

[e’e} [e%s) . 2 %)
£(0) = %/ 02 sinhrdr—l—%/ <wr— Smd’) sinhrdr+/ sin i, dr
0 0

sinh 7 0

: 2

1 [~ 1 [~

5/ i sinhr dr + B / (1/% - Smhw ) sinhr dr + cost(t,0) — cos(t, 00)
0 0

sinh r

0 0o . 2
1 1
= 5/ Y7 sinhrdr + 3 / (wr _ Sy ) sinhrdr 4+ 1 — cos(2 arctan(\))
0 0

sinh r
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For the solution 9(t) = (Qx,0) the first two integrals-which we note are always
non-negative—vanish identically, which proves that (@, 0) uniquely minimizes the
energy in &£. Finally, a simple calculation yields

)\2
14+ A2
and this completes the proof. ([

E(Qx,0) =1 — cos(2arctan(N)) = 2

2.2. Harmonic maps into H2. Here we prove the analogous result for Py while
providing a simple geometric interpretation.

Proposition 2.2. For every § € [0,00) there exists a unique, finite energy sta-
tionary solution to (L23)), i.e., a harmonic map, (Py,0) € &\ which solves (L20),
where

Py (r) = 2arctanh (Atanh(r/2))

A €[0,1), 8= pB(N\) =2arctanh (\) = lim Py(r). (2.7)
T—00
Moreover, (Px,0) € &\ has energy
/\2
E(P =2—— 2.8
( As O) 1_ a2’ ( )

which is minimal in &x. Finally, the Py with A € [0,1) are the only finite energy
stationary solutions to (L23)).

Proof. We would like to classify solutions to
sinh 2P

2sinh? 7’ (2.9)
P(0) =0, le P(r)=p.

P, 4+ cothr P, =

for 8 € [0,00). One can check directly that Py as defined in (27)) solves (2.9) with
B = 2arctanh (\), and the energy of (Py,0) satisfies (28]

For a geometric interpretation of the Py we recall again the stereographic of
H? onto the Poincaré disc, D, which is a conformal isomorphism and is given, in
coordinates by

(sinhr cosw,sinhr sinw, coshr) — (tanh(r/2) cosw, tanh(r/2) sinw).

Next, we perform the map z — Az, z € D, which is finite energy harmonic map
from D — D for A € [0,1). In coordinates this is given by

(tanh(r/2) cosw, tanh(r/2) sinw) — (Atanh(r/2) cosw, A tanh(r/2) sinw).
Finally, recall that the inverse of stereographic projection, D — H? given by
(pcosw, psinw) — (sinh(2arctanh p) cosw, sinh(2arctanh p) sinw, cosh(2arctanh p)).

It is clear that P, is a composition of these three maps.
As is the case for maps to the sphere, we can also view (Z9) as an autonomous
equation, with the change of variables

s = log(tanh(r/2)), &(s) = P(r).
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Then (Z3) reduces to
1.
¢’ = 3 sinh 2¢

B(=00) =0, $(0) =

from which the existence and uniqueness of the P, is also apparent.
Finally, to show that P, minimizes the energy in &\ we again preform the “Bo-
gomol’nyi factorization”: Let ¢(t) = (1(t), ¥ (t)) € &\. Then we have

> 1 [ 1 [ sinh )\ 2 oo
() = 5/ 2 sinhrdr+§/ <1/;T— > sinhrdr+/ sinh ¢, dr
0 0 0

sinh r

1 o] 1 ) inh 2
=5 / Y7 sinhrdr + 3 / (¢r S ¢) sinh 7 dr 4+ cosh(2arctanh (X)) — 1
0 0

sinhr

For the solution z/_;(t) = (P»,0) the first two integrals—which are always non-
negative—vanish identically, which proves that (Py, 0) uniquely minimizes the energy
in &. Finally, a simple calculation yields

)\2

&(Py,0) = cosh(2arctan(A)) — 1 = QW

and this completes the proof. ([

2.3. Reduction to equations on R x H*. Next, we provide more details related
to the 4d reductions to the Cauchy problems (LIH) and (L29) outlined in the
introduction.

First, we prove an estimate that gives an L> bound on solutions to (IZ) and
to ([:23) in terms of their energy. As the proof is the same in both cases we shorten
the exposition by considering solutions to (1), namely

wtt - wrr - COthTz/]r + Q(Lg;(w) = 07
sinh” r (2.10)
R B Al PSP S (DR '
E@) = 5 /0 (¢t +pr + —sinh2r> sinh r dr.

where in the cases under consideration we have g(v) = sinvy, E = £ for maps into
S?, and g(¢) = sinh ), E = & for maps into H?.

Lemma 2.3. Let J(t) be a finite energy solution to (ZI0) defined on the interval
t € I with(t,0) =0 for everyt € I. Then there exists a function C with C(p) — 0
as p — 0 so that

-,

Stlell? ||’g/1(t)||L°° < C(E(w)) (2-11)

Proof. Following, e.g., [26, Chapter 8] we define the function

P
() = / 19(0) dp,
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and we note that G(0) = 0, G is increasing, and G(¢)) — oo as ¢ — oco. For any

fixed t € I we have
P(tr)
Go(t. )| = [Gw(t. 1) ~ G0Nl = | [ lato)l do

v(t,0) (2.12)
= [ ol e.0)] dr < E()
0
Then (210)) follows from [2I2)) and the fact that G is increasing. O

Next, we establish an equivalence of the Cauchy problems (2] with (LI5) as
well as (L23) with (T29]) by proving an isomorphism between the spaces H and
H' x L2(H*), where H, is defined as in (LI0) and where for radially symmetric
u,v: H* — R we set

II(w, v)||§{1XL2(H4) = / (u2(r) +v*(r)) sinh® r dr.
0
We use the notation H' for the above as opposed to H' due to the embed-
ding H'(H?) — L?(H?) for d > 2. We prove the following simple lemma.

Lemma 2.4. Let (¢, ¢) € Ho(H?) with 1(0) = 0, 1(co) = 0. Then if we define
(u,v) by

(¥(r), d(r)) = (sinhru(r),sinh rov(r))
we have

1, D13y < 11w )1 Fn s 2y < O, )13, (2.13)

Remark 6. We note that Lemma [2.4] implies that in order to prove Theorem [
and Theorem [[.3] it suffices to consider the corresponding results for the Cauchy
problems ([LIH), respectively ([29), with initial data @(0) = (ug,u1) € H' x
L2(H*).

Proof. Since ||¢||2L2(H2) = ||U||2L2(H4) it suffices to just consider u and ¢ = sinhru.
Integration by parts yields the following identity:

oo 2 o) oo
/ <¢f + ¢—2> sinhrdr = / u? sinh® r dr — 2/ u? sinh® r dr, (2.14)
0 sinh” r 0 0

which implies that

[e'e] 2 [e'e]
/ (1/)3 + — d 5 ) sinhrdr < / u? sinh® r dr,
0 sinh“ r 0

giving the left-hand inequality in (ZI3). On the other hand,

/ )? sinhrdrg/ ¥? coshr dr = —2/ Y, sinhrdr
0 0 0

1 1
00 3 00 3
<2 (/ 1/)3 sinhr dr) </ Y2 sinhr dr) ,
0 0
which means that

/ u? sinh® r dr :/ ¥? sinhrdr < 4/ 1/)3 sinh r dr.
0 0 0

Combining the above with (2I4) yields the right-hand-side of 2I3). O




WAVE MAPS FROM THE HYPERBOLIC PLANE 15

3. THE LINEARIZED OPERATOR Hy,: ANALYSIS OF THE SPECTRUM

This section gives a detailed analysis of the spectrum of the Schrédinger operator
Hy, defined in (LI9), which is self-adjoint on the domain D := H?(H*), restricted
to radial functions. In Section B.I] we establish a positive result, Proposition B.2]
for a range of A\, namely 0 < A\ < /15/8. We prove that for A in this range the
spectrum of Hy, coincides with that of the unperturbed operator Hy := —Aga — 2.
Next, we show that this breaks down for large A. In particular, in the rest of this
section, we prove that for A large there is a unique simple eigenvalue y3 in the
spectral gap (0, %) and p3 — 0 as A — oo. This is the content of Theorem [[2]

First we pass to the half-line by conjugating by sinh? r. Indeed, the map
L2 HY) 5 p sinh? ro=:¢¢c L*0,00) (3.1)

is an isomorphism of L?(H*), restricted to radial functions, onto L?([0,c0)). If we
define Lo, Ly, by

1 3
Lo = =B+ ~ + —5,
0 4 4sinh2r (3 2)
1 3 ’
Ly, = =0 + = + ——— + Wi(r),
e 4 4sinh®r A(r)
we have
H T:sinh_%rﬁgb r),
(How)(r) (Lop)(r) (3.3)

., -3

(Hy, ¢)(r) = sinh™2 r(Ly, ¢)(r).

Hence it suffices to work with £y and with Ly, on the half-line. We recall that V)
is an attractive potential and is given by

cos2@Qy — 1

V() = sinh? r

<0. (3.4)

Some elementary computations using the definition of @) give us the explicit rep-
resentation

—8)2
[(1+A2)coshr + (1 — A2)2°

Below, we collect a few useful facts about V.

V>\ (T‘) = (3.5)

Lemma 3.1. The following statements hold for V.
(1) We have
16A%(1 + A?) sinh

[(1+N)2coshr + (1 —A2)3°

(2) The potential Vy is attractive. More precisely, Vy is always non-decreasing
on [0,00) and

V=

VA(0) = —2)2, lim Vi(r) = 0.
(8) For A=0,Vy=0. For A\=1,

(4) For 0 < A <1, we have
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Proof. Statements (1)—(3) are trivial. To see why (4) holds, note that for 0 < A <1,
82

—_— 5 S

(14 A2)2 cosh” r

where we used 4\% < (1 + \%)2. O

_V)\ S —Vl.

3.1. Spectrum of Hy, for small A\. We note that the spectrum for the self-adjoint
operator Ly is purely absolutely continuous and is given by o(Ly) = [1/4, 00), and
in particular there is no negative spectrum, no eigenvalue in the gap [0,1/4), and
the threshold 1/4 is neither an eigenvalue nor a resonance. The following result
shows that in the case 0 < A < 4/15/8, the same can be said of the spectrum
0'(ACVA )

Proposition 3.2. Let 0 < A < /15/8. Then the spectrum for the self-adjoint
operator Ly, 1is purely absolutely continuous and given by

o(Ly,) = [1/4, 00). (3.6)

In particular, there is no negative spectrum, there are no eigenvalues in the gap
[0,1/4), and the threshold % is neither an eigenvalue nor a resonance.

Before we prove Proposition we observe a few preliminary facts concerning
solutions to

Ly, ¢ =u?p, for p?> €R, pueC. (3.7)

Lemma 3.3. Let p € C, p? € R and suppose that ¢u 15 a solution to BI) such
that ¢, € L*([0,¢)) for some ¢ > 0. Then, there exists a € R so that

bu(r) = ar? +o(r?) as r— 0. (3.8)

Proof. This follows from the fact that the operator £y — 1/4 is well approximated
near r = 0 by the singular operator

LO = —am« + %
Ly is in the limit point case at » = 0 and a fundamental system for Ly f = 0 is given
by {r2,r~2}. It follows that a solution ¢, as in Lemma[3.7] can be written in terms
of these two solutions via the variation of parameters formula which converges for
small r. The L%([0,c)) requirement then guarantees that the coefficient in front of

7~ must be 0 and the leading order behavior is given by 73. O

Lemma 3.4. Suppose ¢o is a solution to B.1) with p> = %. Then there exist

constants a,b € R so that
do(r) =a+br+O0(re ) as r— oo. (3.9)

Proof. This follows from the fact that we can find constants C,C' > 0 so that for
r large we have Vj(r) < Che 2" and —=—5— < Ce~?". Thus the operator

4sinh? r
Loo = _arr
is a good approximation of Ly, — 1/4 near r = co. A fundamental system for

Lo f = 0is given by {1,7}. The variation of parameters formula then yields the
conclusions of Lemma 3.4 O
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Definition 1. Given the conclusions of Lemma [B7 and Lemma [B4] we can give a
precise definition of what we mean by threshold resonance. We say that that ¢g is
a threshold resonance for Ly, if ¢g is not in L?(0, c0) and it is a bounded solution
to

1

Ly, o = 1050-

In particular we can find non-zero a,b € R so that
¢o(r) = ar® + o(r%) as r — 0,

B (3.10)
do(r) =b+O(re ") as r — oo.

We can now prove Proposition
Proof of Proposition[32. Let p € C with u? < 1. Suppose that ¢, is a solution to
Ly, ¢ = 1Py (3.11)

If u? < 1/4 is an eigenvalue, we can assume that it is the smallest eigenvalue, and
by a variational principle, we can further assume that corresponding eigenfunction
du € L? is unique, (i.e., p? is simple) and strictly positive. If u? = % and is
not an eigenvalue, we assume that ¢, is a threshold resonance. In either case, we
know by Lemma that ¢,(r) = O(r2) asr — 0. If ¢, is an eigenvalue, then
¢u(r) = 0 as r — oo. If ¢,(r) is a threshold resonance, we know by Definition [I]
that ¢, (r) = b >0 as r — oo.
Now, define the operator

3

K:= -0+ ———. 3.12
4sinh?r ( )

Observe that the function
f(r) = tanh? r, (3.13)

solves
15

Kf=_—"_ ¢ 3.14
! 4 cosh®r ! ( )

Then, for any R > 0 we can integrate by parts, using B.I1]) and (3I4) to obtain

tanh% R

1 R 3 3 3
(qu - Z) /0 tanh? 7 ¢, (r) dr = —¢,,(R) tanh? R + §¢“(R)m

i /OR <L + VA(T)> tanh? rou(r)dr (3.15)

4 cosh?r

1
Since p* < 1 and 3¢, (R)222E > 0 for all R > 0, we can deduce that

R
15 3 X
/o (m + VA(T>> tanh? r ¢, (r) dr < ¢),(R) tanh® R (3.16)

for all R > 0. For 0 < A < 4/15/8, we can plug in the definition (B5) to see that
for such a A fixed, we have
15

m + VA(’I‘) >0, Vre [O, OO) (317)
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This means that the left-hand-side of (3.I€)) is strictly positive and increasing in R
and hence we can find § > 0 so that

0< 6 < ¢, (R)tanh? R (3.18)

for all R > 0. However, we know that ¢/, (R) tanh? R — 0 as R — oo, which means
that (BI8) gives a contradiction for R large enough. This completes the proof of
Proposition O

3.2. Spectrum of Hy, for large A\: Beginning of the proof of Theorem
The rest of this section is devoted to the proof of Theorem which asserts,
in particular, existence of a unique simple gap eigenvalue 3 € (0,1/4) of Ly, for
large A and migration of ui to 0 as A tends to co. We remind the reader that Ly,
is L2-equivalent to Hy, .

In this subsection, we begin our proof of Theorem by establishing some
elementary facts concerning the spectrum of Ly, for all A € [0,00). In particular,
we prove that if an eigenvalue exists, then it must occur in the spectral gap (0,1/4).
We also show that Ly, has a threshold resonance when A = Ag,p or A = Ajnf, where
Asup and Ajns were defined in Theorem Next, we briefly explain the idea of
renormalization, which is key to the rest of our proof of Theorem At the end
of this subsection, we give an outline of the structure of the proof of Theorem

To begin, we state and prove some general facts about the spectrum of Ly, .

Proposition 3.5. The following statements concerning Ly, hold.
(i) For every \ > 0, the spectrum of Ly, does not contain any non-positive reals,
i.e.,
o(Ly,) N (—00,0] = 0.

(ii) There does not ezist any eigenvalue in [%,00).

As a consequence of this proposition, any eigenvalue of the operator Ly, must
occur in the spectral gap (0,1/4).
In our proof of the first statement of Proposition 3.5 we make use of the positive
solution Cé)‘) to the equation
L6 =0, (3.19)
which is obtained by differentiating @ with respect to A and conjugating by
sinh'/? 7. Tt can be computed explicitly to be

é)\) (r) = tanh(r/2)

= - sinh/? 7. (3.20)
1+ A2 tanh”(r/2)

The explicit solution Cé)‘) (more precisely, its conjugate Cé{})) will make another
entrance in our proof of migration of the gap eigenvalue in Section

Proof of Proposition[33. The existence of the solution ¢ rules out the possibility
of an eigenvlaue at © = 0. Therefore, to prove the first statement, it suffices to
rule out eigenvalues in (—o0,0). Suppose that such an eigenvalue exists. Then, as
in the proof of Proposition 3.2} there exists p € C with u? < 0 and an L? solution

¢, to (BII) which is strictly positive. Proceeding as in (B.I5) with Cé)‘) in place of
tanh®/2 r, for any R > 0 we obtain

R
2 / () (M) (r) dr = — @, (RIS (R) + du(R) V) (B).
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Arguing as in Proposition [3:2] we see that the left-hand side is strictly negative
and decreasing in R. On the other hand, the right-hand side is non-negative for
sufficiently large R, which is a contradiction.

The second statement follows from the fact that if 2 > 1 /4 then there does not
exist any non-zero solution to Ly, ¢ = u?¢ in L%([1,00)). To prove this fact, observe
that Ly, — p? is well-approximated by —d,, — (u? — 1/4), near 7 = oo. Moreover,

note that a fundamental system for —8,,.f — (u2 — 1/4)f = 0 is {eTV#*—1/47}
when p? > 1/4 and {1,7} when p? = 1/4, all of which do not decay as r — co. O

Next we show, roughly speaking, that the transition from a A-regime with no
eigenvalue and threshold resonance to a A-regime with a gap eigenvalue must be
accompanied by a threshold resonance.

Proposition 3.6. As in Theorem[1.2, define
Asup = SUp{A | Ly; has no e-vals and no threshold resonance YA <A}
Aint = inf{\ | Ly; has a gap e-val u% €(0,1/4) YA > A}

Then both EVASW and EVAM have threshold resonances.

In view of the result that we will prove SectionB.3] (existence of a gap eigenvalue),
we have Agup < Ajns < 00.

Proof. To prove this proposition, we study the solution ¢} to Ly, ¢y = (1/4)¢}
such that ¢ (r) = %2 + o(r®/?). By Sturm’s oscillation theory and Proposition
(which rules out negative spectrum), existence of an eigenvalue in (0,1/4) is
equivalent to existence of a zero (i.e., a sign change) of (b(}. As a consequence, we
have the following alternative characterization of Agyp and Ajns in terms of (bé:

Asup = Sup{A | gbé‘ does not change sign and is not a threshold resonanceV A < A}
Aing = inf{\ | gbé‘ changes sign ¥ A > A}

Observe that A) “changing sign” and B) “not changing sign and not being a
threshold resonance” are open conditions in A for ¢y. Indeed, that A) is an open
condition is an easy consequence of pointwise continuity of (;5(}(7“) in A,r. That B)
is an open condition follows from the fact that the coefficient b = b(\) from Lemma
B4 is continuous in A. By the above characterization of Agup and Ajpg, the only
remaining possibility is that ¢8‘ is a threshold resonance for A = Agyp or A = Ajng,
which proves the proposition. O

We now explain the idea of renormalization, which will play an important role
in our arguments in the rest of this section. For each A > 0, we define the rescaled
Schrédinger operator £ by

> ! g iI/A(p/A)- (3.21)

APPSR NS S
* e s (o) AN X

We will refer to p = Ar as the renormalized coordinate. The operator EN,\ is related
to Ly, as follows: Given a function ¢(r) on (0, 00), define ¢(p) := ¢(p/A). Then

B30 = 33 (L0)/N) = 35 (E00),
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A simple but important observation is that in the limit A — oo, EA formally
tends to the operator

31
Eeuc(p = Ppp + ZFSD + V:euc(p)(pu

9 (3.22)
Veue(p) := — A5 (/202
The equation Le,cp = 0 possesses an explicit solution
B
volp) = 1 2 (3.23)

The Schrodinger operator Ley arises in linearizing the co-rotational wave maps
equation R?*! — S? around the ground state harmonic map Qeue. The explicit
solution (g is obtained from the scaling invariance of the problem, and is a resonance
at zero of Leye. See [15] for more details.

The idea of renormalization is to exploit the formal resemblance of L a and Leye
by (essentially) working with a fundamental system for Leuc = 0 consisting of
the explicit solution ¢g and its conjugate. More precisely, given a solution ¢ to
Ly,1p = Ti*1, we define its renormalization g(p) by making a change of variable
p = Ar and dividing by o (p), i.e.,

9(p) == . (3.24)
Then g(p) obeys the equation
(9'93) = weWaug
where

3 1 31 1
Wazlp) =755 12 T Te e

1
"1 B + =V A - ‘/cuc .
4 X2sinh%(p/\) 4 p? 2 Va(e/A) (p)

We call Wy the renormalized potential. By the same computation that shows

EN,\ — Leuc, it follows that W z(p) — 0 for each p > 0 as A — oo. This simple fact
already suggests that we have a good control on g(p) for 0 < p < 1. This will be
one of the main ideas of our proof of uniqueness of the gap eigenvalue.

Remarkably, the renormalization technique can be also made effective in a p-
interval of the form 0 < p < A, which can be made arbitrarily long, provided that
an appropriate a priori estimate for g holds. This observation is crucial in our
proofs of existence and migration of the gap eigenvalue below, where we obtain an
appropriate a priori estimate from a contradiction hypothesis.

We conclude this subsection with an outline of the structure of the proof of
Theorem In Section B3] we establish existence of an eigenvalue of Ly, in
(0,1/4) for sufficiently large A\. Then in Section B4 we show that if an eigenvalue
exists in (0,1/4), then it must be simple and unique if X is sufficiently large. We
also rule out threshold resonance for large . Finally, in Section [3.5], we show that
the gap eigenvalue 3 tends to 0 as A — co. Combined with Propositions and
[3.6] Theorem then follows.
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3.3. Existence of gap eigenvalues for large A. The goal of this subsection is to
prove existence of an eigenvalue of Ly, in the spectral gap (0,1/4) for sufficiently
large A. The main result of this subsection is the following proposition:

Proposition 3.7. There exists Ag > 0 with the following property: Let A > Ag

and let ¢ be the solution to
1
Lvy¢o = 1 ¢0 (3.25)
that satisfies ¢o(r) = r3/% 4+ 0(r3/2) as r — 0. Then ¢o(r) changes sign on [0, 00)

at least once.

Existence of an eigenvalue p? < % is then a direct consequence of Sturm'’s oscil-
lation theory. By Proposition B3 it follows furthermore that p? € (0,1/4).

Henceforth, we will work with the rescaled solution 1 (p) := A\3/2¢q(p/)\) with
A > 1, in anticipation of the application of the renormalization technique. Then

¥} solves the equation

~ 1

A A

Ly = 4/\21/)0. (3.26)

Moreover, 13 (p) = p3/? + o(p*/?) as p — 0.
Proposition [3.7] will be a consequence of the following two lemmas.

Lemma 3.8. For every A\ > 1, there exists a unique solution ¥, to ([3.26) so that
WA (D) =14+ 0() as p— oo

3.27
(¥5) () = O(e™2/*) as p — oo :21)

Moreover, for sufficiently large X, ¥ (p) satisfies
¥2(p) >0 Vp e [ 00) (3.28)

Lemma 3.9. For sufficiently large \, the following statement holds: Let 1 be the
solution to [B.26]) that satisfies

6o (p) = p** +0(p*?) as p—0. (3.29)

Then, either ¥} changes sign on [0, \], or

W) () _ (W)Y
ey o (V)

where 12 is the function given by Lemmal[Z8.

(3.30)

Before proving Lemma 3.8 and Lemma 3.9, we assume their conclusions and
establish Proposition [3.7]

Proof of Propositon[3.7. Let 1o := 1) be as in Lemma B9 and let 1 := 12 be
as in Lemma

Assume, for the sake of contradiction that ¢y does not change signs on [0, c0).
Without loss of generality, we assume that 1o(p) > 0 for all r € [0, 00).

Since there is no first order term in £ A, the Wronskian of 1y and 1, is constant.
Hence we are free to evaluate it at any point p € [0,00). Since we are assuming
that 1o does not change its sign, (3.30) gives

W(tho, Yool (A) = ¢0(N)1he (A) = ¥ (N)¢Pec(A) > 0. (3.31)
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Due to the rapid decay as p — oo of

3 1

4 )2 sinh? (p/N)
we can view any solution of ([3.20]) as a perturbation of a solution to the free equation

- ppw =0 (3.32)

P SATEY

at p = oo. Since a fundamental system for (8:32) is given by {1, p}, we can use a
variation of parameters argument to find a,b € R such that

Yo(p) =a+bp+o(l) as p— oo,

3.33
Po(p) = b as p— . (8:33)

Combining the above with (8:27]) we can deduce that
Jim W, Yoo (p) = —b. (3.34)

By (B31]) we can conclude that b < 0. But this means that o(p) < 0 for large p,
which contradicts our assumption that ¥ (p) > 0 for all p € [0, c0). O

Lemma follows from a standard Volterra iteration argument combined with
an easy observation concerning the sign of (3/4sinh® ) + Vi (r).

Proof of Lemma[3.8. Note that if ¢oo is a solution of Ly, poo = (1/4)¢poo, then
P2 () == doo(-/A) is a solution of Zm/)é‘o = (1/42\%)92 . Hence it suffices to prove
the lemma for ¢, where the positivity statement is now ¢ (r) > 0 for r > 1.

Existence and uniqueness of ¢, can be proved by a standard iteration argument
applied to the Volterra equation

boo(r) = 1+ / (5 — PN ()b (5)ds, (3.35)
where
3
N(T) = m + VA(T).

From the definition B3] of Vi (r), it is not difficult to see that if X is sufficiently
large, then N(r) > 0 for » > 1 (for a proof of a stronger statement, see Lemma
BI3). Now it follows from a simple continuity argument that ¢ () > 1 for r > 1,
which proves the desired positivity statement. ([

We have thus reduced matters to proving Lemma[3.9] In the proof we will make
use of the following estimates for the renormalized potential W) 1 /5.

Lemma 3.10. Let W(p,A) :== W, 1(p), i.e.,

3 1 1 3
= 4~ Vi(p/AN) — = — Veue(p).
D) N \p/N) (p)

4p?
Then there exists Ay such that the following hold.

(i) ’)\QW(p, )\)’ is uniformly bounded for X > Ay and p < \. Moreover we can
find p1 < Ay such that if X > Ay then N2°W (p, \) < —b in the region p > p1,
where b > 0 is a constant independent of p and .

(i) W(p,\) <0 for p> X > A;.

W(p, )
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Proof of Lemma[3.I0 1t is convenient to introduce the notation 8 = % Then the
region p < A corresponds to p8 < 1. With this in mind we first note that

33 _3 (0 —sinh2<pﬁ>> 2, B
AINZsinb’(p/)) 42 4 ( Az )P =10 (3.36)
in the region pB < 1. Next we write A=2Vy(p/\) = V(p, 3) where

v -8

V(p,B) :=
(cosh(ﬁ# + cosh(pB) + 1>2

and note that limg_,o V(p, B) = Veue(p), where Vo was defined in (3:22). This,
of course, is just a restatement of the fact that in the limit A — oo the hyperbolic
potential approaches its Euclidean counterpart. It follows that

Va(p/A)
\2

. B
Veue(p) — = Veue(p) = V(p, B) = —/O sV (p, T)dr. (3.37)

Now

16 (( (pB) Sinh(ﬂﬁ();;)(gCOSh(Pﬁ)*l)) pB +p sinh(pﬂ))

(=22) 7 - conton +1)

sV (p, B) = (3.38)

But in the region p5 <1

(pB) sinh(pB) — 2(cosh(pB) — 1)
(0B)?

(=)

\ + |sinh(pB)| < pB.

and therefore

B

05V (p B S (L4 0*) 2+ P8 S

Inserting this into (B37) we get

~ W/ B

X | ST
The conclusions of the first part of the lemma now follow from an inspection of

(B36) and (339).

The second part of the lemma concerns the region p > 1. We first write

3 3 3 <<pﬁ>2—sinh2<pﬁ>>

C
— - = < ——, 3.40
4X2sinh?(p/N)  4p? 4p? sinh?(pp) - p? (3.40)

for some positive constant ¢ and for p > 1. Next note that z sinh(z) > 2(cosh(z) —
1) for all real x, and therefore by ([B.38)) if p8 > 1 and X is sufficiently large,

(%) p® + psinh(pB) <1
. — 3 ” g
(S - i 7

The second part of the lemma now follows from combining this estimate with ([B.40)

and B31). O

Veue(p) (3.39)

195V (0, B)] <
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Proof of LemmalZ:9. For simplicity, we will write 1y = ¥, %o := %2 and
Wi(p,A) := Wy 1/2(p). We divide the proof into two steps.

Step 1: The first step in the proof consists of establishing the following claim,
which compares ¥, with the renormalized Euclidean resonance, g at p = A.

Claim 3.11. For sufficiently large X\, we have
A _ P

Proof. The proof follows from another comparison argument. Using that s
solves (B:26) and ¢q solves (322 we have

(3.41)

VW) = o) = [ (el (0) — vhelp)0(0) dp
A ap
- / oo (0)2(0) — 0 (0)p0(p) dp
w3/ 1 1
= /}\ [Z (F - m) - chc(ﬂ) + EVA(P/)\) 1/’00(%’)‘%’0(/’) dp

_ A T W (o N ()20 () dp.

Therefore,

Poo(A)  o(A)  Poo(A)po(N) A W (p, Ntboo ()0 (p) dp

Note that by Lemma 3.8 we have that ¢ (p) > 0 for all p € [, 00). Also, ¢o(p) >0
for all p > 0. Therefore, the claim follows from the second part of Lemma [3.101 O

Step 2: In this second step we prove the following claim.

Claim 3.12. For sufficiently large X\, we have

U _ e

Po(A)  wo(A)
Proof. We apply the renormalization technique introduced in Section For
simplicity of notation we write W(p) = Wy 1/2(p). We define g by the relation
Yo(p) = g(p)po(p). Since by assumption 1y does not change sign in [0, \] and since
@ is positive there, we must have g(p) > 0 for p € [0, A]. It follows that (342 is
equivalent to

(3.42)

g'(\) <0. (3.43)
Notice that g satisfies the equation
i
(9'¢5) = #6Wy.
Moreover, by our normalization 1 (p) = p>/? 4+ o(p>/?), it follows that (g, ¢’)(0) =
(1,0). Therefore

! = 1 ’ 2 ag ag ag a.

/() = s [ eeWo)glo) do (3.41)
= ’ ! @%(U) g ag agaT

o) =1+ [ [ BBW(@)a(o) doir (3.45)



WAVE MAPS FROM THE HYPERBOLIC PLANE 25

Assume by contradiction that ([343]) does not hold, or in other words
g () > 0. (3.46)

Take X large enough so that Lemma[3. 10 applies. Then in view of the representation
B44) and the fact that W(p) is negative for p; < p < XA we must have ¢'(p) > 0
for p € [p1, A

To derive the desired contradiction we begin by showing that ¢ is bounded away
from zero. According to the observation above, g can decrease only on the interval
[0, p1]. From Lemma [B.10, we see that sup,c ,,) [W ()] — 0 as A — oco. Recalling
the definition of g in [B23)), it follows (by carrying out an explicit integration)
that

pP1 pP1 1 5
[ ([ s #)s@ Wl do s, swp W) -0
0 o 900(7-) o€[0,p1]

as A — oo. By a Volterra-type iteration argument, we conclude that

sup |g(p) — 1] =o0(1) as A — oo.
p€[0,p1]
Taking A larger if necessary we can guarantee that g(p) > 1/2 for p < p;. Since
g’ (p) > 0 for p € [p1,A] we have a global bound g(p) > 1/2 on p < A. It follows
that

A A
b
| dow@gerio <~ [ oo
P1 2)\ P1
< Ciblog A
ST—e
for some universal constant C independent of A\. On the other hand

| el < 2
0

for another universal constant Cs also independent of A. Inserting the last two
estimates into the representation ([B.44]) we conclude that if A is sufficiently large,
g'(\) < 0 contradicting (3.48). O

Lemma B9 now follows from combining the conclusions of Steps 1 and 2. O

3.4. Uniqueness of gap eigenvalues for Hy, for large A. Our next goal is
to prove that for large A, the eigenvalue found in the previous section is simple
and unique, and moreover that Ly, does not have a threshold resonance at 1/4.
This will be accomplished by showing that eigenfunctions in the spectral gap and
threshold resonances cannot change sign.

As before we need to treat the case of large and small r separately. We begin
with the following technical lemma.

Lemma 3.13. For A sufficiently large, there is a constant C independent of A such
that for r > %

3
——F— + Vi(r) > 0.
4sinh?r Ar) 2
Proof. Note that since
8
1% G —
VAl < AZ(coshr — 1)2
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it suffices to show that for » > C\

3 8
- > 0.
4sinh2 r )\2(COSh’I“ — 1)2 -

Writing sinh? 7 = cosh? 7 — 1, we see that this is equivalent to
3 8 3 8
(7 32)coshr= 1+ 5
Assume that A is large enough so that 3/4 — 8/\% > 1/2. Then from the ele-
mentary fact that coshr > 14 (1/2)r?, the preceding inequality holds for r» > C/\
with an absolute constant C' > 0. (]

We can now carry out the analysis for large 7.

Lemma 3.14. Let ¢ be either an eigenfunction (i.e., a nonzero L? solution) of
Ly, ¢ = p2p with u? € (0, i) or a threshold resonance at u?> = 1/4. Let C be as
m Lemma[Z13 Then for sufficiently large X, ¢ cannot change sign in the region
re (%, 00).

Proof. We begin with the case of an eigenvalue u? € (0, %) Define m > 0 by
m? = % — 112, The idea is to compare ¢ with f = e™™", which up to scaling is the

unique nonzero L? solution of ,, f = m2f. As usual, after suitable renormalization
we may assume that ¢(r) = e ™" + o(e”™") as r — co. Defining

W(r) :=Wlg, fl(r) = ¢(r)f'(r) = ¢'(r) f(r),

mr

we have

W) = — (= + A ) 6 ().
4 sinh” r
Therefore, in view of Lemma B13, we see that W’(r) < 0 for » > C'/\ and so long
as ¢ is positive (note that f > 0 everywhere). Now let R denote the largest zero
of ¢ and for contradiction assume R > C/A. Then W'(r) < 0 and ¢ ~ e ™" as
r — oo imply that W(R) > 0. This means that

! /

T s g 90

r—Rt f(’l”) T r—Rt Qb(?”) N

)

and therefore we must have f(R) = 0 which is impossible.

In the case of a threshold resonance, we compare ¢ with g = 1, which up to
scaling is the unique nonzero bounded solution of d,.g = 0. We omit the details,
which are very similar to the previous case. ]

Our task now is to show that ¢ as in Lemma [B.14] does not change sign in the
interval » < C/A. For this purpose we use the technique of renormalization.

Lemma 3.15. Let ¢ be either an eigenfunction (i.e., a mnonzero L? solution) of
Lv,¢ = p*¢ with p* € (0,1) or a threshold resonance at p*> = 1/4. Let C be as
in Lemma[Z I3 Then for sufficiently large A\, ¢ cannot change sign in the region
re(0,%].

Proof. We work with the rescaled operator L. Tt suffices to show that if P(p)
is a solution of Lxtp = (u2/A2)% in L2((0,C]), then 1(p) does not change sign
in the region 0 < p < C. Arguing as in Lemma [B.3] we see that any L?((0,C])
solution of Lxth = (u2/A\2)y, after suitable normalization, has the behavior ¢(p) =
p*% 4 0(p*?) and ¢/ (p) = (3/2)p"* + o(p'/?) as p — 0.
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Define g(p) := 9 (p)/vo(p), where ¢ is the Euclidean resonance defined in (8:23)).
Since g is always positive, we need to show that g is bounded away from zero in
the region 0 < r < C. Recall from Section that ¢ satisfies the equation

(9'¢0)" = PeWaug-
Note furthermore that we have (g,¢")(0) = (1,0), thanks to our normalization of
1. Therefore, we have the integral formula
2
(o)
90%( Wi,u(0)g(o) dodr. (3.47)

g(p)—1+/0p/0T T)

By a Volterra-type iteration argument as in the proof of Lemma (see the
proof of Claim [B12)), we see that

sup |g(p) —1] =o(1) as A — oo,
p€[0,C]

from which the lemma follows. O

Proposition 3.16. If X is sufficiently large, then Ly, has a unique simple eigen-
value in (0, 1), with no threshold resonance at 1/4.

Proof. Existence was seen in the previous subsection, so it suffices to establish
uniqueness and simpleness. Let ¢ be an eigenfunction corresponding to any eigen-
value p? € (0, %), or a threshold resonance at pu? = %. Combining Lemmas [B.14] and
B3 it follows that ¢ cannot change sign on (0,00). It follows by the variational
principle that there is no eigenvalue below p?, and when p? € (0, %) is an eigenvalue
it is simple. The proposition follows. ([

3.5. Migration of the gap eigenvalue. In this subsection, we conclude the proof
of Theorem by demonstrating that the gap eigenvalue u3 approaches 0 as A —
00. By Sturm’s oscillation theory, Proposition and the uniqueness of the gap
eigenvalue, it suffices to establish the following proposition:

Proposition 3.17. Let 12 € (0,1/4]. Then for \ sufficiently large (depending on
71%), the solution ¢o to the ODE

Ly, o =fdo
b0 =r3/? + 0(T3/2) asr — 0
must change sign.

We will prove Proposition B.17 by a contradiction argument, which is similar in

spirit to the proof of Proposition 3.7 The key additional idea is to use Céé ), which
is the solution to the problem

Ly, () =0, (3.48)
¢ ~ere 2 as 1 — o0, '

for an appropriate ¢y > 0. An interesting feature of Q()é‘) is that it is a conjugate
solution to the explicit solution Cé)‘) used in the proof of Proposition By
standard ODE theory, it follows that Céé) can also be explicitly determined.
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We now briefly explain why Céé) is useful for proving Proposition BI7 By a
comparison argument, the contradiction hypothesis ¢g > 0 leads to a lower bound
for ¢g in terms of Céﬁ‘), ie.,

$o(ro)
(bo (T‘) > Coo (TO)

(For details, see the proof of ([B56) below.) Thanks to the explicit expression for

Céf,‘ ), we are able to derive from this inequality a uniform lower bound for ¢g in an
r-interval of length ~ 1. In the renormalized coordinate, this lower bound holds on
a p-interval of length ~ A\, which can be made arbitrarily large. This gives enough
‘time’ for the renormalized potential (which is negative since i > 0) to force a sign
change of ¢q, which is a contradiction.

Coo(T) for0 <rg <r.

Remark 7. In fact, our proof of Proposition [3.17] does not depend on Proposition
B and therefore furnishes an alternative proof of existence of a gap eigenvalue.
We have nevertheless elected to include both proofs in this paper, since the proof of
Proposition B presented in Section B3l requires a weaker hypothesis (in particular,

there is no need for the knowledge of the explicit solution Céé )) and therefore might
be of independent interest.

Some lemmas needed for proving Proposition [3.I7 are in order. The first lemma,
consists of an upper and lower bound on the explicit solution (é;\).
Lemma 3.18. There exist €1 > 0 such that
1 (Ar)3/2
7)1 v
where the implicit constants are independent of v and \.

for0<r<e, A>0, (3.49)

C&’}) (r) ~ A\L/2 ()\2 +

Proof. We begin by computing Céé) explicitly. For simplicity, we will omit writing
the superscript ().

Since (p and ( solve the same equation (with no first order term), their Wron-
skian is constant. We choose c) in the definition of (., so that

W [Gos Coo] = CoClo = Cloc = —
Dividing by (2, we have
)4
o ¢

Because of the vanishing condition as r — oo, it follows that

(1) _(/TOO % ds)Go(r)

:(/OO L ds) tanh(r/2) sinh'/?r.
. C(s) 1+ A2 tanh?(r/2)
We now compute the s-integral. Using the identity
2tanh(s/2)
1 — tanh?(s/2)’

sinh s = 2 cosh(s/2) sinh(s/2) =

we see that
1 (1 4+ A% tanh?(s/2))%(1 — tanh?(s/2))

G@(s) 2 tanh® (r/2)
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Therefore, making a change of variables u = tanh(s/2), we have

R |
/T%ds

1 2,,2)2
14+ A
:/ %du (3.50)
tanh(r/2) u

- _%(1 — tanh™?(r/2)) — 2\*log tanh(r/2) + %4(1 — tanh®(r/2)).

To prove [3:49), it suffices to establish

tanh(r/2) 172 r3/2
AT PR 3.51
1+ A2 tanh®(r/2) S A (3:51)
1
2(\2
/ am (X2 +555): (3.52)

for 0 < r < €, where €1 > 0 is to be chosen below.
Estimate (351)) is an immediate consequence of the easier estimates

tanh(r/2) ~r, sinhr~r, 14 Atanh(r/2)~14 Ar.

which holds when ¢; > 0 is sufficiently small. On the other hand, ([B.52) is easy to
prove (taking e; > 0 smaller if necessary) by directly estimating the integral (3.50),
whose integrand is positive. We leave the details to the reader. ([l

In the following lemma, we collect useful facts for estimating the renormalized
potential W 5.

Lemma 3.19. For 0 < p < X\ we have

1 31 1 @1
— = — = <= 3.53
‘4)\2sinh2(p/)\) 4p2 " 4N )\2‘“’/\2’ (3:53)
1
euc 4
Y0/ = Veueo)| S a7 (3.54)

Moreover, there exists ea = ea(fi?) > 0, which are independent of p and ), such
that for 0 < p < ea\ we have
3 1 31 1 @ 7?
—— =t —— - =< . 3.55
4 \2sinh?(p/\) 4 p? The TS (3:55)

Proof. Estimate [3.53) follows from (B3.36]) and estimate [3.54) is exactly ([3.39) in

the proof of Lemma [0 To prove ([B.55]), we begin by observing that the Taylor
expansion of r2/sinh? 7 at r = 0 is given by

1 s
=1l / r—1)2E(")dr
sinh? r 3 2 0( )°E(r)

where
2

d3 T
B(r) = —=(—=5).
") dr3 \sinh? r
Note that E(r) obviously enjoys the bound sup,.¢jo 4 |[E(r)| < C for some abso-

lute constant C' > 0. Therefore,

r2

1
—_1+_T,2‘ SCTB
sinh? r 3



30 ANDREW LAWRIE, SUNG-JIN OH, AND SOHRAB SHAHSHAHANI

for 0 < r < 1. Making a change of variable r = p/X and restricting to 0 < p < ea,
it follows that
3 1 31 1 C

S S P iy
4NZsinh?(p/))  4p? ANl T T2
Choosing ez > 0 sufficiently small compared to 772 > 0, (3.55) follows. O

We are now ready to prove Proposition B.17

Proof of Proposition [3.17 In what follows, we will omit the superscript (A) in (éé )
for simplicity. For the sake of contradiction, suppose that ¢y does not change sign,
i.e., ¢g is positive.

Step 1: We claim that
W (g0, (o] = b0(Co0)’ — PpCoc < 0. (3.56)
Indeed, suppose the contrary. Then at some R > 0, we must have
W0, (ol (R) > 0.
We introduce an auxiliary function ¢ which solves the equation
EV,\C :Oa
(€, ¢")(R) =(do, ¢()(R).

Since ¢ and (, solve the same equation, their Wronskian is constant. Therefore,

W[C, COO](T) = W[C, COO](R) = W[¢Oa COO](R) >0

for all » > 0. It follows that ¢ must tend to —oo as r — oo, thus changing sign.
Then a comparison argument between ¢g and ¢ as in Propositions and [3.5]
using crucially the fact that 72 > 0, shows that ¢ must also change sign, which is
a contradiction.

Step 2: As discussed earlier, the benefit of ([B50]) is that it gives a lower bound
on ¢p in terms of (o, on an arbitrarily long interval in the renormalized coordinate.

Indeed, by (350]), we have

d d
. log ¢o(r) > o log (oo (7). (3.57)
Thus, for any r > rg > 0,
() = 20 o) (35%)

To translate this lower bound to the renormalized picture, we make the change
of variable p = Ar (thus pg = Arg) and define

Coo(p) =220 (p/ V),

N\3/2 A
¢o(p)
where we remind the reader that
p3/2

vo(p) = W
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Since ¢y > 0, our contradiction hypothesis ¢y > 0 is equivalent to g > 0. Moreover,

B5Y) translates to

Coo(P0) ) 7 ( Cc(p)
> . 3.59
9(0) _g(po)(%(ﬂo)) (SOO(P)) ( )
Applying Lemma B.I§ and plugging in the definition of ¢g, we see that
9(p) = Cpy9(po), for po <p <A, A>1, (3.60)

where C' > 0 is independent of p and .
Step 3: Note that g satisfies (g, ¢’)(0) = (1,0) and
!
(9'28) = ¢sWamg (3.61)

where

3 1 31 1 @2
Wiaglp)=-————"——"-"5+-— — V A) — Veue
i) =13 S/ A2 e e AP/A) = Veue(p).
At this point, we fix a large enough py > 0 so that we have
2

Wizu(p) < _4#_/\2 for po < p < e (3.62)

Indeed, [B.62)) follows by combining [B.54) and (B5H). We now claim that the
following bounds hold for g(p) and ¢’(p): For 0 < p < po and A > pg, we have

l9(p) = 1 =553 (3.63)
/ Opo
l9'(P)l <53 (3.64)

These bounds are proved in a similar fashion to the proof of uniqueness of y3,
cf. Lemma BI85 From B.61) it follows that
1

g’(pr@ / 2(0) Wy z(0)9(0) do,

_1+/ /0 j Wiz(0)g(o) dodr.

Using (353) and (3.54) to estimate WA)E, substituting g by its explicit definition
and estimating the resulting integral, it follows that

PO 5 1
| e Wase) a5 55

[ (] o 4) ) Wan(o)] do 540 35

Then by a Volterra-type iteration, (8:63) follows. Moreover, (8:64) is an immediate
consequence of plugging in (3.63) to the formula for ¢'(p).

Step 4: We now derive a contradiction. Our starting point is the identity
%5 (po) ARG
(0) = olpo) + o' () [ B4+ [ W u(0)g(0) dodr,
Po 500(7—) po v po </7(% (T) .
for p > po, which is obtained by integrating (3.61)) twice.
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Fix € > 0 so that ¢ = min{ey, e2}. Taking A > pg/e, let p = €\ in the preceding
identity. Then since € < €9, we can apply ([B.55) and conclude the following one-

sided inequality:
cr’ /EA /T ¢5(0) / /6A ¢5(po)

eN) < 1— —/- dodr ) + dr. (3.65

g(er) g(po)( SER A T ) 19" (po) e (3.65)

Recalling the definition of ¢q, we easily compute

6)\ 1 219
———d1 <C,, e“ )7,
/po @3(7) r

1 [N T 2
2 / / Zgg) dodr < — Oy e?log(2 + €)).
PO PO 0

~—

Therefore, we obtain
9(eX) < g(po) (1 = Cpo e B 10g(2 + €)) + Cpy®(X? |g'(p0) )-

We now recall the bounds ([B.63) and ([3.64) for g(po) and A?|g’(po)|. Thanks to
the term log(2 + €\), we then see that the right-hand side is negative when A is
sufficiently large. It follows that ¢o(e) = g(eX)p(eX) < 0, which contradicts our
hypothesis that ¢y > 0. O

4. STRICHARTZ ESTIMATES FOR THE LINEARIZED OPERATORS

The goal of this section is to prove Strichartz estimates for a radial shifted [1
linear wave equation in R x H*, perturbed by a radial potential V, i.e.,

Ugg — Upp — SCOth T Uur — 2u 4+ Vu = F,
ﬁ(O) = (UO,U1>.

We will make several assumptions about V', which are consistent with the potentials
Vi, U, where V), is as in Proposition B2} and U, is as in ([L30). First define

Hy := =0y —3cothr 9, — 24+ V(r).

We will work under the assumptions that

(4.1)

(A) V is real-valued, smooth, radial, and bounded on H*, and Hy is self-adjoint
on the domain D = H?(H%). Moreover V (r) < Ce 2" as r — oc.
(B) The operator Hy defined above has purely absolutely continuous spectrum

o(Hy) = [1/4,00) .

In particular, Hy has no negative spectrum and no eigenvalues in the gap
[0,1/4). Moreover, the threshold energy % is neither an eigenvalue nor a
resonance.

Remark 8. We note that by Proposition B2, Hy, satisfies (4) and (B) above for
0 < A < /15/8. On the other hand, Hy, satisfies (4) and (B) for all A € [0,1),
because Uy > 0 is a repulsive potential. In fact, we have

_ 2
cosh2Py, —1 8\ >0 (4.2)

U = =
() sinh® r [coshr +1 — A%(coshr —1)]2 —

n [B] and most of the related literature “the shifted wave equation” refers to the equation
Og — %)u = F because the spectrum of the Laplacian Ag on H? is [9/4, 00). Nevertheless, we
have preferred to use the term “a shifted wave equation” here as well since there is little risk for

confusion.
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Strichartz estimates for the free equation, that is with V' = 0, were proved
by Anker-Pierfelice, [3], and we briefly recall their set-up and main result. The
corresponding free shifted linear wave equation on R x H* is given by

(Og — 2)v := vy — Agv — 2v = F,

. 4.3
0) = (un. ) 43
A triple (p, q,0) is called hyperbolic-admissible if
1 3 3 1 4
p7q>2a _+_§_a _+_:2_0" 4.4
P 24 p g (44

Proposition 4.1. [3, Corollary 5.3] Suppose ¥(t) is a solution to (X3 with initial
data 7(0) = (vo,v1) and let 0 € I C R be any time interval. Let (p,q,0) and (a,b,7)
be any two hyperbolic-admissible triples. Then we have the estimates

(vl Le(r;wr-aa@y) + 10l Lo (rw -y S NTO) < pz@e) + 1 F N o (rowee gy -

We will use Proposition 1] together with a perturbative argument to establish
the corresponding estimates for (I]). In particular we prove the following result.

Proposition 4.2. Suppose u(t) is a solution to [@I) with initial data @(0) =
(uo,u1) and with V' satisfying assumptions (A) and (B) above. Let 0 € I C R be
any time interval. Let (p,q,0) and (a,b,v) be any two hyperbolic-admissible triples.
Then we have the estimates
lwll o (rwi-eaqeyy + 10wl Lo -y S IO mrxzz@s) + [1Fl Lo (1,00 sy
(4.6)
Proof of Proposition [{-2 The proof roughly follows the approach in [16, Section 5],
which in turn is a variant of an argument in [22]. Note that by the standard TT*
argument and Minkowski’s inequality it suffices to consider the case F' = 0.

The argument hinges on certain estimates related to the distorted Fourier trans-
forms relative to the self-adjoint operators Hyp := —Ag —2 and Hy = —Ag—2+V
on the domain D := H?(H*), restricted to radial functions. First though, we can
reduce the proof of Proposition [@2]) to a pair of local energy estimates, in partic-

ular (ZI1) and @I2) below.

Indeed, define the operator
A= JAg 3,
and note that
[AfIL2qay = L f1 b s (4.7
For any real valued @ = (ug,u1) € H' x L?(H*) we set
w = Aug + iuq

Then (£7) implies that ||w|| 2 =~ ||@]| g1« 2. Moreover, @(t) solves (1) if and only
if

10w = Aw + Vu, L8
The Duhamel formula then gives us

t
w(t) = e *w(0) — z/ e DAYy (s) ds
0
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and by (A1) we need to show that
[Pwl|x < Cllw(0)]|>

where P := A7 ' Re, and X := LYW]!=99 is any Strichartz norm, i.e., (p,q,0o) is
hyperbolic admissible. By Proposition 1] we have

[ Pe=4w(0)||x < C|lw(0)]|2.

By the Christ-Kislelev lemma, see [8] 28], it then suffices to show

S Nlw(0)][ 2z = a(0) || x 2 (4.9)
X

’P/ e DAYy (s) ds

To prove [9) we factor the potential V(r) = V4 (r)Va(r) so that each factor decays
like e™" as r — o0o. Then,

P [ as < IRl Ve,
o - X (4.10)

mvwwzp/ eV, f(s) ds

— 00

Next, note that for each f € L7 (R x H*) we have

o0

HKNXSW%”WqﬁJU’JM%ﬂQ@

— 0o

L2

The first factor on the right-hand-side above is bounded by a fixed constant by
Proposition L]l We claim that the second factor is bounded by C|/f|lz2 . By
duality, this is equivalent to the localized energy bound:

IViem" 40|l 2 < Cllpllrz, Ve L*(H?) (4.11)

Therefore, by ([@I0) we have reduced the proof of Proposition 2] to proving ([T
in addition to a local energy estimate for the perturbed evolution, namely

Vaullz | < CllE0) [z x L2 ~ Cllw(0)] > (4.12)

To prove [@I1) and [@I2) we will need to develop some machinery. First we pass
to an equation on the half-line by conjugating by sinh? r. Indeed, the map

L*HY) 5 p— sinh? ro=:¢¢c L*0,00) (4.13)

is an isomorphism of L?(H*), restricted to radial functions, onto L2([0,c0)). If we
define Ly, Ly by

1 3
ﬁo = —(97«7«4— -+ — 5
4 4sinh”r (4.14)
1 3 )
Ly = —0p + ~ + ——— + V(r),
v 4 4sinh®r (r)

we have
(How)(r) = sinh™ 2 r(Log)(r),

\ (4.15)
(Hy)(r) =sinh™ 2 r(Ly¢)(r).
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We claim that we can associate with £y and Ly distorted Fourier bases, ¢q(r; &),
respectively ¢(r; €), that satisfy

Lobo(r;€) = (7 +€)00(ri6), bo(r:€) € LA(0,8]), YO<b< oo (416)
Lvori&) = (1 + €658, 6(r) €LA(0H), VO <b<oo  (417)

To prove ([@IT]) we will need the following additional information about ¢ (r;&).
For all g € L*([0,0)), set

Vo= [ onlrs gty an (4.18)
We can find a positive measure po(d€) = wo(€) d€ so that
/ do(r €) po(d§), (4.19)
19122000y = /Ooo 2 polde), (4:20)
[¢o(r; € 2@

sup

ra0be0 (T + 1))2| ¢ wo(€) < C < o0, (4.21)

where we are using the notation (¢) := /&2 + 1. We remark here that the distorted

Fourier basis ([@I6]) is explicit and is obtained by setting ¢o(r,§) = sinh? r®¢ (1)
where the ®¢ are the hyperbolic spherical functions in H*. The spectral measure
po(d€) = |c(€)| 72 d€ where ¢(€) is the Harish-Chandra c-function. Then (@I9)
and ([@20) follow from the corresponding facts about the Helgason-Fourier trans-
form on L?(H*). The estimates (ZZI)) will follow from well known estimates for ®
and ¢(§) and we will sketch the proof in Lemma (3] below.

With (£19)-@21I) we can easily prove [@.II]). First, note that after passing to

the half-line formulation via conjugation by sinh?2 r, [@II) is equivalent to proving

[Vie™ zt‘/_9||L2 C(®x(0,00)) S 191122(0,00)5 (4.22)

for g € L?(0,00). As Lo is given by multiplication by (£) on the Fourier side, the
above, using ([@I9)), reduces to showing that

L]

Expanding and carrying out the t-integration, the left-hand-side becomes

2

dt S 90172 0,00)- (4.23)
L2(0,00)

Vi / ¢ 8o (1 €)1 (€)po (d€)

| v / N / " G0(r: €)60 (s 1)FETTIIE) — o €)dE wop)dpe dr
0

=/0 VE(r /%r& P <§>?d§dr

/\

(4.24)
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Using the estimates (£21]), the exponential decay of V; (r), and (£20), we can bound
the above as follows:

/0 T2 / TR la©)” w;f‘(g)% dé dr <
/ Vi(r)(r + 1% dr / G2 wol€) de < / GO wo(€)dE = |19l 20.0.
0 0 0

which proves (23] and hence (£11)).
The key point here is that we can establish the analogs of ([LI8)—(@2I) for the

perturbed operator Ly and ¢(r;€) as in (@I7). In particular, for f € L?(0,00) we
set

)= [ otrsswar (1.25)
0
We can find a positive measure p(d§) = w(&) d€ so that
/ P(r ) p(df), (4.26)
17130000 = / \f | ote), (4.27)
IVE o = [ 167 |6 ptae) (1.28)
NY
sup M@w(ﬁ) < C < 0. (4.29)

r>0.650 (M+1)3 €

The proof of ([£29) is where the spectral information for Hy plays a crucial role.
In particular, the fact that the spectrum of Hy is supported on (1/4,00) and that
the threshold energy 1/4 is not a resonance allows us to establish the same rate of
decay for w(§) as for the free spectral measure wy(§) as & — 0+. We postpone the
proof of (A17), @25)—(@29) to Lemma 4] below, and first use these estimates to
prove (ET12]).

In light of (@I7), (£26), and @T), conjugating by sinh? r reduces the local

energy estimate (m) to showing that
f P d

N
SIWVLV 9Tk 120,00 (4:30)

For simplicity, we first consider the case g = 0 above. After expanding and carrying
out the t-integration on the left-hand-side as before, one obtains

2

sinft (€)) u

) [ otrsg ( (t (€)) f(e) + 2L

| v [ emolie] wo B aars
< s %@w(&)} /0 VRO ar [0 || wie)de

< [ @ o w©ds = IVE iz
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The case f = 0 is similar. This proves [@30) and hence (AI2). This finishes the
proof of Proposition pending the proofs of the technical statements regarding
the distorted Fourier transform in Lemma [£.3] and Lemma [£.4] below. O

4.1. Distorted Fourier Transform for £y and Ly . In this subsection we es-
tablish the technical statements regarding the distorted Fourier transforms for Lo
and ,Cv.

We begin with the free case, Ly, which will follow from well known estimates for
the Helgason-Fourier transform in H* restricted to radial functions.

Lemma 4.3. The half-line operator Ly admits a distorted Fourier basis satisfy-

ing (d.10), (4.18)-(d.21),

Proof. As we remarked earlier, the distorted Fourier basis associated to Ly is ex-
plicit and is given by

do(r;€) := sinh? T ®e(r)
= C'sinh? r/ (coshr — sinh r cos 9)71‘5*% sin?0dh, (4.31)
0
where here ®¢(r) are the elementary spherical functions and serve as the Helgason-

Fourier basis for Ags. Indeed, the elementary spherical functions ®¢(r) in H*
satisfy

Ho®¢(r) = (€2 + 1/4)¢(r).

For radial functions G' € L?(H*) we can define the Helgason-Fourier transform by

G(&) = /°° ®¢ ()G (r) sinh® r dr-
0
The associated inversion formula is
G(r) =C [ @elr) G e(€)|* de. (4.32)

where C'is a normalizing constant and ¢(¢) is the Harish-Chandra c-function

_AT()
) = prE g
The Plancherel theorem also holds. In particular, the Helgason-Fourier transform
extends to an isometry of radial functions L2 ,(H*) — L%(R, |¢(€)| ™% d€) with

rad
| nRm st rar =0 [ A@R© @ e @)
0 0
For the estimates, it follows from the definition that |¢(€)|”? satisfies the bound

(&) 7% S 1€ (1 + )). (4.34)

For the spherical functions ®¢(r) we separate two cases and we refer the reader to
[7, 13} [3] for more details. We will follow the notation of [13]. For r > r¢ > 0 with
ro < 1 fixed, we can write

De(r) = €727 (S e(E)ma(r,€) + e S e(—E)mu (r, —€)) (4.35)
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where the function |mq(r,€)| is uniformly bounded in r and £. For small r, say
r < 1, we can write

D¢ (r) = eSmy(r, &) + e~ my (1, —£) (4.36)
where ma(r, §) satisfies
fma(r,€)] < (14|~ (4.37)
Finally, we recall the uniform estimate
sup [@¢ (r)] < ®o(r) S e 2" (1 +7) (4.38)
§20
which can be proved directly from (3T]).

We can now transfer these results to ¢o(r;&) and define the distorted Fourier
transform relative to L. First note that since

sinh% r(Ho®e)(r) = (Lodo(-;€))(r),
we have
Lodo(r;€) = (£ +1/4)¢o(r; €)

For g € L?(0,00) we can then define
59 = [ urs€atr)dr
It then follows from ([@32)) and the isometry
L2 ,(HY > G sinh? rG =: g € L*(0,00)

that the following inversion formula holds

o(r)=C / " bo(r: 03(0) e() 2 de

Hence we can define the spectral measure po(d€) = wo(€) d€ := C |¢(€)| ™ d¢, which
proves ([@I9)). Plancherel’s theorem (£20) follows directly from (@33]).
The estimates ([£.21]) now follow easily as well. Recall that

do(r; €) = sinh®/? r®e (7).
For r > ro > 0, with 7o < 1 fixed, (£35]) implies

ldo(r; ©)° < |e(©)], for 7> 7o > 0. (4.39)
For r < 1, {@30]) and (@31) translate to
6o (r, )17 S rP(14r1g)) ™% for r<1 (4.40)

We also note that ([@38)) allows us to deduce that
sup [po(r,&)| S 1+
sup |$o(r,€)] (4.41)

Therefore, using (4.39), (@40), and @34) for £ > & > 0, we have

M@|c(§)|72< ﬁgc if r>r9>0
(r+1)2 ¢ s <Cifr<i

T

le?
(I+r)2 (1+r[eD)?
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For £ < & <1 the uniform estimate [@A41]) as well as (£34)) imply

60 (r; )| (€) Zo _ (O o
W?W(fﬂ §W<§> ST
This completes the proof of Lemma 3] O

We now extend these results to Ly via a perturbation argument. The key point
that allows the analysis to go through is that the threshold % is neither a resonance
nor an eigenvalue for £y. The Weyl-Titchmarsh theory for half-line operators with
a singular potential used below is standard and can be found in [I1 Section 3].

Lemma 4.4. The half-line operator Ly admits a distorted Fourier basis satisfy-
ing @IM), as well as [@25)- [@29).

Proof. First, we remark that Ly is in the limit-point case at both » = 0 and r = oco.
Moreover, Ly admits an entire Weyl-Titchmarsh solution ¢(r; z) of

Lyo(r;z) = 2%¢(r;2), z€C, re(0,00), (4.42)

which satisfies
(a) For all r € (0,00), ¢(r;-) is entire.
(b) @(r; z) is real-valued for z € R.
(c) ¢(-,2) € L*([0,b]) for all b € (0,00) and z € C.
The above follows from [11l, Lemma 3.12]. In addition, by [1I, Lemma 3.3] we can
find 6(r; z) so that

LyB(riz) = 20(r;2) 2 €C, 1€ (0,00),
where (r; z) is real-valued for z € R, entire in z € C and so that

We also introduce another solution, namely the Weyl-Titchmarsh solution at in-
finity, ¥ (r; z), which, since Ly is in the limit-point case at r = oo, is uniquely
characterized (up to constant multiples) by

Lyip(r; z) = 2°9(r; 2)

Y(r;z) € L*la,00) Vz € C with Im(2) >0 and Ya >0

Since {4(-, 2),0(+, z)} form a fundamental system we can find a function m(z) so
that

(4.44)

W(r;z) = 0(r; 2) + m(2)e(r; 2). (4.45)

This function m(z) is analytic in Im(z) > 0 and is referred to as the Weyl-
Titchmarsh function. We note that m(z) determines the spectral measure. Indeed,

p(d€) = 26Imm(§ + 40) d€ (4.46)
If for f € L?(0,00) we define the Distorted Fourier transform
fo) = [ o) fyar
0
then ([A26)—(@.28) hold.

We also record some useful relations. Note that for £ € (0, 00) we have

2ilmm(&) = W(¥(+€),¢(+5)) (4.47)
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and

o) = i) (1.48)

Our goal now, is to approximate ¢(r; ) and w(§) := 2§Im m(€ + ¢0) well enough
to prove the estimate (£29). We will accomplish this in two steps. The first step
addresses the case 0 < £ < 1 and the second provides estimates for £ > 1.

Step 1: We begin by considering the case of small £, i.e., 0 < £ < 1. We will
construct ¢(r; &) in this case by perturbing around a fundamental system at
energy 1/4. In particular, we first establish:

Claim 4.5. There exists a fundamental system, {¢(r),0(r)} to Ly f = Lf with
W(,0) = 1. Moreover we have the asymptotic behavior

o(r) = r3 —|—0(r%) as r— 0,
1 (4.49)
0(r) = —57“_% +o(r %) as r—0,
as well as
B(r) = ay +bir+o(1) as r — oo, with by # 0,

4.50
0(r) =az +bar+0(1) as r — oo, (4:50)

where a1bs — azby = 1. The fact that Ly has no point spectrum allows us to ensure
that bl 75 0.

To prove the claim, we begin by constructing solutions with the desired behavior at
r = 0. The behavior at » = oo, in particular the fact that b; % 0, will then follow
from the fact that % is neither an eigenvalue, nor a resonance for Ly .

Since V() is smooth, we can write

V(r)=V(0)+O(r) as r—0
Similarly, we have

3 3 1
— = =—— 4 00?) as =0
4sinh?r  4r2 4 ()

For small r» we can thus view solutions to Ly as a perturbations of solutions to
Lpf=(1/4=V(0))f (4.51)
where Lg := -0, + %. A fundamental system for (£X51)) is given by

folr) = Co’l”%Jl(CLT) =rs+ o(r%) as r— 0

1 2 _1
fl(r)zclr%Yl(ar)z—?“ 5—}—0(7‘ é) as r— 0 (4.52)
1

where J1,Y; are the order one Bessel functions and cg, ¢; are chosen to obtain the
desired behavior at » = 0 on the right above. Indeed, if we set

No(r) := 5 5 1. V(r)+V(0)=0(r) as r—0 (4.53)

4sinh?r | 4r2 4
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then using the variation of constants formula we can write,
8(r) = For) + [ GlssriNo(s)os) ds
0
0r) = u(r) + [ GlorINa()60) ds
0

where the Green’s function G(r, s) is given by
G(r,s) = —fo(s)f1(r) + fo(r) fi(s)

The Volterra iterations in (£54]) converge for r small enough and yield the desired
behavior (£49). Since both V(r) and ;== decay exponentially as 7 — oo, the
behavior ([@50) is the only possible one The fact that by # 0 is the important
consequence of the fact that £y is non-resonant at %. This completes the proof of
Claim

We can now construct ¢(r;¢) for small € and r < £71/3. In particular we claim
that there exists € > 0 and &y > 0 such that for all £ < &; we have the estimates

9(r;€) = 9(r) + 0(r€), for 0<r < e 3,
¢(r:€) = ¢'(r) +0(€) for 0<r<eg
Moreover we can require the fixed normalization
b(r;€) = o(r) + o(r?) as r— 0. (4.56)
To prove ([E54]) we first define a function ug(r; &) by

(4.54)

(4.55)

1/3

€™
uo(r; € — &2 / 0(r)p(s)ug(s; &) ds — &2 / (1)0(s)ug(s; €) ds (4.57)

We will then obtain ¢(r; &) from ug(r;£) by a renormalization so as to obtain the
precise behavior (£56) in addition to (£.53]).

Although (@57 is not a Volterra integral equation, it can still be solved by a
contraction argument. To see this, define uq(r;&) by

uo(r; §) = ¢(r) + réus (r;€) (4.58)
Rewriting (.57)) in terms of u; we can define a linear map T; ¢ by

wi(r;€) = —r=1e0(r) / 0(5)[6(s) + st (5:6)] ds

4.59
rlEg(r) / 9( J[o(s) + séur(s; €)] ds (459

=: T, cuq (r;€)
One can then check that there exists £y > 0 and € > 0 fixed so that for all 0 < £ < &,

the map 7. ¢ is a contraction in a ball of fixed size in the space C([0, £~ 3]). Hence,
there is a unique solution wu;(r; &) to (£09) satisfying

ur(r;€)| <O, YO <7 <
and all 0 < £ < &. By plugging these estimates for u; into (£58)) we establish that
uo(r; €) = ¢(r) + 0(ré), for 0<r <€ b,
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Next, from ([@5T) we see that
up(r, &) = r2(14+ 03¢+ €2)) + o(r?) as r—0 (4.60)

Finally, we obtain ¢(r; &) from ug(r,£) by multiplication by a constant C' = C(g, §)
determined by ([4.60) to ensure that (£56]) holds. A similar argument can be made
for the derivative ¢/(r;&) to prove the second line in (A55]).

To estimate ¢(r, &) in the regime r > e£~/3 and to find the spectral measure
w(€), we define the function ¢ (r; &) by

drig) = s — [ ng )6 as
- ¢ (4.61)
3
"y 0

Because of the exponential decay of Na(r) as r — oo the Volterra iteration converges
for r large enough and ¢ (r; ) solves

Lyip(r:€) = (1/4+ )i (r:€)
In addition, we can deduce that
O(r;€) = e+ 0(re”?) as r — oo
D' (1 €) = i€ + O(re™?") as r — oo

NQ(T) =

(4.62)

This implies that
W(D(€), (- ) = W (e, e7"é) = —2i¢ (4.63)

Moreover, since the Weyl-Titchmarsh solution ¢ (r; z) is uniquely characterized up

to constant multiples by ¥ (+;z) € L?([c,00)) for all Im (z) > 0 and ¢ > 0 we can
find a smooth function a(§) so that

a(§)Y(r;€) = (r;§) (4.64)
Observe that in light of (£43) and (£A45), a(&) is given by
a©) = ——— (4.65)

W((::€),¢(-5€))
By ([(@47) and ([£.63), estimates for the function a(§) can then be used to estimate
the m-function. Indeed we have the relation

2ilmm(§) = W (0 (-, ), %(5) = [a(©) W($(:€), (1 €) = 2i¢|a(€)]*  (4.66)
We therefore look to bound the right hand side of (£65). We will show that
W (-5 €),p(-€)) is bounded away from 0 for small £&. To see this we evaluate the
Wronskian at 7 = £~1/6, which is large enough for small & so that we can accurately
approximate g[;(r;f), but also within the range in which we have good control of
@(r;€) by ([@55H). The spectral information on Ly enters crucially at this point as
evaluating the Wronksian at r = £~1/6 yields

W ((5€), (3 €))pme-1/6| > c|br] >0 (4.67)

where we have used (£.53) and ([@62) as well as [{.50) above. Hence |a(§)]| ~ 1 and
we can conclude that

Imm(&) ~ €] as £ =0 (4.68)
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For the spectral measure w(£)d¢ we then have
w(€) = ¢l as €0 (4.69)

Finally, we would like to estimate ¢(r;&) for small € and 7 > £-/3. Since the

functions v (r; €) and (r;£) form a fundamental system and since ¢(r; &) € R for
& € R, we can find b(¢) so that

B(r;€) = b(E)Y(r;€) +

b(€)d(r; ) (4.70)
We then have

Wi(o(58),v(4
ey - WL:0.7C9) )
W@ (€),9(5€))
We use (LG3) for the denominator whereas we evaluate the numerate again at
r = &1/ as above to prove that

BEI=0("") as €0

This gives us the estimate

6| =01 0
rzi??l/f*g'(b(r Ol (1) as &— (4.72)
We can now prove ([{29) for small £ — 0. Using ([@69)) we can deduce that

160 O)I” €)| € |¢(7“ §)|

For 7 < ££71/3 we can use the estimate (IEH) together with the conclusions of
Claim (.5l to see that

l¢(r; )| S min(1,7), Vr <e& V/?

Hence the right hand side of ([T73) is bounded by a constant in the regime r <
€ 3. If r > e£1/3 then we use (@I to conclude that
B OF o 1,
(r+1)3
This finishes the proof of ([@29]) for £ <« 1.

Vr > 55_1/3

Step 2: We now consider the case £ > = for 2 large. This is somewhat easier
than the small ¢ case as we can perturb around explicit solutions to a well
understood Euclidean problem. Define the half-line Schrodinger operator

3
ACEf T _frr + mf

Then Lgf = 22f are Bessel equations and we define the Weyl-Titchmarsh solution
at r =0, by

pp(r;z) = 22 'r2J (zr). (4.74)
Together with

M\)—l

Op(r,2) == —2r2 =Y (zr) + 7 tlog(2?)Jy (27)], (4.75)

=13
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we have a fundamental system with W(0g(; z), dg(-;2)) = 1 for all z € C, see [11]
Section 4] for more discussion of this system. The Weyl-Titchmarsh solution at
r = 00 is given by

Vp(r;2) = 2rFil{) (er) = 0p(r;2) + mp(2)di(r: 2), (4.76)
where above Ji,Y; are the order one Bessel functions and Hl(l) is the order one
Hankel function. The Weyl-Titchmarsh m-function is also explicit and is given by

mp(z) = %2[@' — 7 og(2?)]. (4.77)

We now rewrite Ly f = (+ + &) f as

3 9 3/1 1
—Jrr - oJ =~ \ 5 T35 -V .
f + 47"2 f 5 f 4 (T2 sinh2 T> f ('f')f
The variation of parameters formula then gives the Volterra integral equation for
the outgoing solutions

Uy (r;€) = vp(r;€) + /OO Gr(r,s,§Ns(s)dy (s:€) ds, (4.78)
where
Gr(r,5,€) YE(r;YEe(s;§) — ¢E(S;§)¢E(T;§)7
W(@r(-:€),vE(5£))
and

371 1
=-|=-—)-Vr).
Ns(r) 4 (T2 sinh? r) (r)
The Wronskian is given by

—— . .
W (p(:€),ve(+€)) = 2ilmmg(S) = 5152- (4.79)
Let € > 0 be a small number to be determined below. We will solve ([@78) on the
region r € [£e£7!, 00). Combining [@Z9) with [@T6), we note that the Green’s
function Gg takes the form
9 -
Gu(r,s,6) = —r'/%s21m (H{1>(r§)H{1>(s§)) (4.80)
77
Using the standard asymptotic expansions and estimates for the Hankel func-
tion, Hl(l)(x) with z > 0 large (see for example [II, 20]), we can deduce the bound

_ €
Gr(rs, &) <167,V Tl (4.81)
Moreover, we have the estimate
1
Ns(r) < e Vr>0 (4.82)

Thus, if we set K(r,s,&) := Gg(r, s,€)N3(s) we have the estimate

K(r,s,8) S €)%, ¥ 2% <rs
and thus
[ s (sl ds 50 6

£
2¢ "2
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This means that the Volterra integral [-78) has a unique solution ¥ (r;€) defined
for all 7 > 1e¢71 and satisfying

P (r€) = vprm O+ 0E ()7Y), vr> 2—5 (4.83)
We can then deduce that
W (56,04 (:6) = W(@B(:8), wp(56) = 56 (.84
Since the Weyl-Titchmarsh solution at r = oo,
Y5 €) = 0(r;€) + mlE)o(r: ) (1.85)

is uniquely determined up to constant multiples by ([@44]), we can find a smooth
function d(&) such that

P(r;§) = d(§)¢(r;€) (4.86)
Using (@850 we see that

d(§) = = - (4.87)

We claim that
[d(§)| =1 as § — o0 (4.88)

To prove (L88), we first note that for € > 0 small enough, we can find constants
c1,C, which are independent of £, so that

clr% < P(r;€) < Czr%, Vr < 2e£71

1 1 (4'89)
cr2 < @' (r;€) < Corz, Vr < 2e61

By rewriting the equation for ¢(r;¢) as

3
0+ L0 = Ni(r,€)0
Nay =24+ 3L -1

15~ gy TV

we see that ([489) follows directly from an iteration argument on the interval
[0,2e£71] for

o€ =1t 5 [P NG s, €0 €)

as long as € > 0 is chosen small enough. Now (L88) follows by combining (£33
and ([Z8J) to evaluate the right-hand-side of (87 at the point r = €71, and then
taking & — oco. Here we remark that after closing the Volterra iteration for 1E+ (r,€)
in ([78), the control of ¥, (r;€) near the point r = e£~* needed for [@XS) follows
by essentially differentiating ([@78), plugging in the bound @X3) for ¢, (r;¢) and
using the asymptotics of the derivative of the Hankel function, H 1(1), which can be
found for example in Abramowitz-Stegun [1l p. 364, 9.2.13].
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By (@Z1) and [@63]), estimate [@IY)) for the function d(§) can then be used to
estimate the m-function. Indeed we have the relation

2imm(€) = W (W (&), ¥ (€)= [d(&) > W(th4 (1), ¥4 (+€))

= %ifz +0(1) as £ = o0 (490
We therefore have proved that
Imm(€) ~ |€]* as & — oco. (4.91)
For the spectral measure p(d§) = w(€)d¢ we then have
w(€) = € as € oo (4.92)
Finally we estimate ¢(r;¢) using the relation (Z4g]).
00r:6) = i) = sO0 O O
= AR+ O0((n) )
Using asymptotic formulas for Ji(z) we obtain the estimate
16O S as € oo (4.94)
for all » > 0. Together with (£92)) this establishes (£29]) for all £ > Z( for some
Eo > 0 large. This completes the proof of Lemma [4.4] O

5. PROOFS OF THEOREM [[.1] AND THEOREM [IL3|

In this final section we prove the two asymptotic stability results, Theorem [I.]
and Theorem We remark that due to Lemma [Z4] it will suffice to work in the
4d setting and consider the Cauchy problems (LI5) for the case of maps into S?
and ([29) for the case of maps into HZ.

As we will be working with initial data @(0) = (ug,u1) that is small in the
energy space H! x L?(H*), we will also require only rough estimates on the size of
the nonlinearities N2 and Myz. In particular, we will make use of the following
simple lemmas.

Lemma 5.1. Let v € &, and define u by sinhru(r) = (r) — Qa(r). Let Ngz(r,u)
be defined as in (LI, i.e.,
Ngz(r,u) sin 20, sin?(2sinhr u) + cos 2Q
2(r,u) = in“(2sinhru
s sinh® r A 2sinh® r
=: Fs2(r,u) + Ggz (1, u).
Then, there exist constants C1 = C(X) > 0 and C2 > 0 so that
| Fsz (r,u)| < Oy (sinhr) ™" Jul?
|Gez (r,u| < Cs u)?

2sinh 7 u — sin(2 sinh r )

(5.1)

Proof. To prove the first estimate in (B.I]) we consider two regions, » < 1 and r > 1.
When r > 1 we use the estimate,

| Fe2 (r,u)| < Csinh™ 7 |ul
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Next, recall that @ (r) = 2 arctan(A tanh(r/2)). Then
(

sin2Qy = 4tan(Qy/2) cos*(Qx/2) cos(Qy)
= 4\ tanh(r/2) cos?(Qx/2) cos(Qy)
Therefore, for » < 1 we can conclude that
| Fs2 (r,u)| < CAtanh(r/2) sinh ™' 7 |[u> < C(N) |uf?
which proves the first estimate in (5I). The second estimate in (1)) is clear. O

Lemma 5.2. Let (¢,0) € &, and define u by sinhru(r) = ¢(r) — Pa(r). Suppose
that

[(,0) = (Px,0)[lsge < A (5.2)
Let Nyz2(r,u) be defined as in (L3T), i.e
inh 2P 2sinh r u — sinh(2 sinh
Nz (r,u) == _81%17?))‘ sinh? (2sinhru) + cosh 2Py, STy .81n3( sinhr )
sinh” r 2sinh” r

=: Fp2(r,u) + G2 (1, w).
Then, there exists a constant K = K(\, A) > 0 so that
| Fagz (r,u)] < K (sinhr) ™" Jul?
|Gz (r, )| < K [uf”

)

(5.3)

Proof. First we note that the estimate (E2) gives us an a priori estimate on the
size of ¥. Indeed, since ¥(0) — Px(0) = 0 we have

(¥(p) / o ( Py(r))% dr

—o / (e (r) — O, P () (1(r) — Pr(r) dr
0
< ||(’t/1,0) - (PMO)H?HO

This means that

sup |sinhru(r)] = sup |¥(r) — Py(r)| < A. (5.4)
ref0,00) re[0,00) :

Next, note that
sinh 419 =2 sinh 24} cosh 2¢
=4 sinh ¥ cosh ¥(cosh? ¥ + sinh® ©))
_4 tanh 9(1 + tanh® )
(1 —tanh?9)2
Plugging in ¢ = arctanh (A tanh(r/2)), we see that
Atanh(r/2)(1 + A2 tanh?(r/2) ))
(1 — A2 tanh?(r/2))2

sinh(2Py\(r)) =4 (

1—A2
< C(M)Atanh(r/2)

< 4 tanh(r/2) (1 + A2> (5.5)
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In light of (54) and (&5) we can find K = K (A, A) so that

inh 2P, h(r/2
s1r.173>\ sinh?(2sinh 7 u)| < K(A,A)%

sinh” r sinh” r

| Faz (7, u)| = sinh? 7 |u|?

and this proves the first estimate in (53]). To prove the second estimate we define
p — sinh(p)
Z(p) = 4T
Then,
Gy (r,u) = cosh 2Py Z (sinh ru)u®

By (&4)), and the fact that cosh 2Py < cosh(4arctanh A), we can find K = K()\, A)
so that |cosh 2P, Z (sinh r u(r))| < K (A, A), which completes the proof of the second
estimate in (53). O

In light, of Lemma [5.1] and Lemma we can handle the small data theory
for (LTH) and (29) simultaneously. Indeed, consider the more general Cauchy
problem

Upt — Upp — 3cothru, —2u+ Vu = F(r,u) + G(r,u)

(0) = (ug,u1) € H' x L*(H") (5.6)

where V' = V(r) is a radial potential satisfying assumptions (A) and (B) as defined
in the beginning of Section ] so that Proposition applies. We assume that for
# and A > 0 such that

i@l <2 < A, (5.7)
the nonlinearities F, G satisfy

|[F(r,u)| Sa <Sinh7‘>_1 |u|2,
G(r,u)| Sa lul’.

We can now formulate the local well-posedness theory for ([Bl). For a time
interval 0 € I C R, define the norms S(I) and N(I) by

(5.8)

||U||S(1) = ||U||L§(1;L6(H4))

Fllxg = | F (5.9)
WEllveny = 0y a8 o ooy

Proposition 5.3. Let @(0) = (ug,u1) € H' x L2(H*) be radial. Then there is
a unique solution i(t) € H' x L*(H*) to (B6) defined on a mazimal interval of
existence 0 € Inax (@) = (=T-,T4), and for any compact interval J C Imax we have

lullsery + N4l Lo (7;m1 x L2y < 00

Moreover, a globally defined solution @(t) to [B.6) for ¢t € [0,00) scatters ast — oo
to a free shifted wave, i.e., a solution @y (t) € H' x L?(H*) of

Vgt — Upyp — 3cothrv, — 20 =0, (5.10)
if and only if

1l s(0,00)) + Gl Lo= ([0,00): H1 x 1.2) < 0.
Here scattering as t — oo means that

[ a(t) — @r(t)| arxr2@sy — 0 as t— oo (5.11)
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In particular, there exists a constant § > 0 so that
[a@(O0)[ 1 xr2 < 0= llulls@) + [l g s xrz) S NEO)rrxre S6 (5.12)
and hence U(t) scatters to free waves as t — 0o.

Remark 9. In our applications of this proposition to the equivariant wave map
equation, we note that an a priori L$°(H?! x L?) bound holds thanks to conservation
of energy. In particular, the criterion for scattering as ¢ — oo is simply

lulls((0,00)) < 00,
where u is defined as in (LI4) or (I.28) depending on the target M and the param-
eter A.

Proof. The proof of Proposition [5.3] follows from the usual contraction mapping
argument based on the Strichartz estimates in Proposition and we give a brief
sketch as the details are standard. Indeed, suppose that the bootstrap assumption

4l Lse (1,1 52y < A (5.13)
holds for some A > 0. Then applying Proposition to any time interval I we
have

lullscry + ()| Loe (1511 < 22)
S NEO) sz + 17 u) + GG u)lv

S N@0) || x 2 + Ca(]l <Sinh7">71 uQHL%(IL )

- . —1
S @)z xz2 + Ca(ll (sinhr) ™ || pgepal|u?] $.. T lull$r))

L¢

2 o+ ||U3||L§(1;Lg))

S @)z + Calllulléy + lullém)-

By the usual continuity argument, (expanding I), this implies the a priori esti-
mate (512 for small data. The scattering is also standard and based on a global
Strichartz estimate. Indeed, if we denote by S_o4v () the propagator of the free
shifted wave equation on H* perturbed by the radial potential V (r), i.e., the prop-
agator for (A1) with F' = 0, we seek initial data ¢,(0) € H! x L? so that

(t) = S—24v(t)UL(0) + 0 xr2(1) as ¢t — o0

In view of the Duhamel representation for (t) and using the group property and
unitarity of S_o,y this is tantamount to

a0 =)+ [ S (=)0, (F 4 G) (o u)(s)) ds

The integral on the right-hand side above is absolutely convergent in H' x L? as
long as ||uls(j0,00)) + 1@l Lo ([0,00); 1 x£2) < 00. That the finiteness of these norms
of u is a necessary condition is due the fact that free shifted waves satisfy it, whence
by the small data theory (applied to large times) it carries over to any nonlinear
wave that scatters. Now that we have found the linear wave 9, (t) = S_a4v (t)UL(0)
which approaches @(t) in the energy space we can easily pass to a solution to (EI0)
with the same property. Indeed we can define the scattering data

ﬁL(O) = ’17[/(0) + ‘/OOO 5_2(—8)(0, V’UL)(S) ds (514)
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where S_s is the free propagator for (5.I0). The fact that (5.I4) is in H' x L?
follows from (9] with the space X = L{°H}. O

Finally, we remark that in light of the reductions to the 4d equations, (I3
and ([[29), as well as the estimates in Lemma [ and Lemma [52] we have also
completed the proofs of Theorem [I.I] and Theorem
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