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Asymptotic Hecke algebras and involutions

G. Lusztig

Introduction and statement of results

0.1. In [17], a Hecke algebra module structure on a vector space spanned by
the involutions in a Weyl group was defined and studied. In this paper this study
is continued by relating it to the asymptotic Hecke algebra introduced in [6]. In
particular we define a module over the asymptotic Hecke algebra which is spanned
by the involutions in the Weyl group. We present a conjecture relating this module
to equivariant vector bundles with respect to a group action on a finite set. This
gives an explanation (not a proof) of a result of Kottwitz [3] in the case of classical
Weyl groups, see 2.5. We also present a conjecture which realizes the module in
[11] terms of an ideal in the Hecke algebra generated by a single element, see 3.4.

0.2. Let W be a Coxeter group with set of simple reflections S and with length
function [ : W — N.

Let A = Z[v,v™'] where v be an indeterminate. We set u = v%. Let A be
the subring Z[u,u"!] of A. Let H (resp. ) be the free A-module (resp. free
A-module) with basis (T )wew (resp. (Tw)wew ). We regard H (resp. $) as an
associative A-algebra (resp. A-algebra) with multiplication defined by ToTw =
T if lww') = 1(w) + 1(w'), (Ts +1)(Ts —u) = 0if s € S (vesp. Ty T = T if
l(ww') =l(w)+1(w'), (Ts+1)(Ts —u?) = 0if s € S). For y,w € W let P, ,, be the

polynomial defined in [2]. For w € W let ¢, = v=H®) D yeWy<uw P, .(u)T, € H,

Cow = u~H®) Eyew;ygw P, wW)T, € 9, see [2]. Let y <pr w, y ~Lr W, y ~ w
be the relations defined in [2]. We shall write <, ~ instead of <pr,~rr. The
equivalence classes in W under ~ (resp. ~) are called two-sided cells (resp. left
cells).

For xz,y,z € W we define hmyz € Ahyy. € Aby ¢eéy = > o hx’y,zéz,
CpCy = Zzew hg,y,-C.. Note that h, , . is obtained from hxyz by the substitution
v U

0.3. In this subsection we assume that W is a Weyl group or an (irreducible)
affine Weyl group. From the definitions we have:

(@) if hyyo #0 (08 if hyy. #0) then z < x and z < y.
For z € W there is a unique a(z) € N such that h,, . € v**)Z[v~!] forall z,y € W
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268 G. LUSZTIG

and hy . ¢ v**)~1Z[v~1] for some z,y € W. (See [5].) Hence for z € W we have
hyy» € uHZu~ for all z,y € W and hy, . ¢ u**) "1 Z[u"!] for some x,y € W.
For z,y,z € W we have hmyz = Yy --10%F mod v*1Zw T, v, 1 € Z
hence we have hy . =7, .-1u?®) mod u*®~1Z[u"1].

(b) If z,y € W satisfy x < y then a(z) > a(y). Hence if x ~ y then a(x) = a(y).
(See [5].)

Let D be the set of distinguished involutions of W (a finite set); see [6, 2.2]).

Let J be the free abelian group with basis (ty)wew. For z,y € W we set
taty = D .cw Yay,z—1t: € J (the sum is finite). This defines an associative ring
structure on J with unit element 1 =}, 5 t4 (see [6l 2.3]).

0.4. Let x: W — W (or w — w*) be an automorphism of W such that S* = S,
¥2 = 1. Let I, = {w € W;w* = w™1}; if * = 1 this is the set of involutions in W.
Let M be the free A-module with basis (@ )wer,. Following [11] for any s € S we
define an A-linear map Ts : M — M by

Tsay = uay + (u 4 1ag, if sw =ws* > w;

Tyt = (u? —u — 1V)ay, + (u? — u)ag, if sw = ws* < w;

Tty = Qgsr if sW # ws™ > w;

Tyt = (u? — 1)ay + u2asys if sw # ws* < w.

The following result was proved in the setup of 0.3 in [I1I] and then in the general
case in [10].

(a) These linear maps define an $)-module structure on M.

Let H = AR H, M = A4 M. We regard $ as a subring of § and M as a
subgroup of M by £ — 1 ® £. Note that the $-module structure on M extends
naturally to an $-module structure on M.

Let (Ay)wer, be the A-basis of M defined in [I1] 0.3]. (More precisely, in
[11] 0.3] only the case where W is a Weyl group and * = 1 is considered in detail;
the other cases are briefly mentioned in [11] 7.1]. A definition, valid in all cases is
given in [10] 0.3].)

0.5. In the remainder of this section we assume that W is as in 0.3. For
r e W, ww € L we define f, . € ADby csdw = > er. fraww Aw. The
following result is proved in 1.1:

(a) Forz € W, w,w’ € I, we have fy ypuw = 5w7w,w,v2a(w/) mod UQ“(“’/)_1Z[U_1]
where By ww € L. Moreover, if By ww # 0 then z ~w ~ w'.
Let M be the free abelian group with basis (7 )wer,. For x € W, w € I, we set
toTw = Zw’el* Bwuw Tw - (The last sum is finite: if By 0 # 0 then fu 4w # 0
and we use the fact that c,A, is a well defined element of M.) We have the
following result.

0.6 THEOREM. The bilinear pairing J x M — M defined by t,, Ty, — txTw 18
a (unital) J-module structure on M.

The proof is given in §1.

0.7 NOTATION. Let C be the field of complex numbers. For any abelian group
Aweset A=C® A.

1. Proof of Theorem 0.6

1.1. In this section we assume that W is as in 0.3. For any x,w € W we have
Coluwlpe1 = > ew Heww o Where Hy o € A satisfies
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ASYMPTOTIC HECKE ALGEBRAS AND INVOLUTIONS 269

(a) Hx,w,w’ = ZyeW h(x, w, y)h(ya x*ilv w/)~
From the geometric description of the elements A, in [I1] one can deduce that:

(b) if x € W and w,w' € I, then there exist elements H;w’w,,H;w}w, of
Niv,v™1] such that Hy . = H;u}7w/ + H, o and fr i = H;’w’w, —H,
(This fact has been already used in [I1] 5.1] in the case where W is finite and
x=1) Let n € Z, x € W and w,w’ € L; from (b) we deduce:

(c) If the coefficient of v™ in Hy . is 0 then the coefficient of v™ in fy ww
15 0.

(d) If the coefficient of v™ in Hy e is 1 then the coefficient of v™ in fu ww
15 £1.
We can now prove 0.5(a). Setting ag = a(w’) we have

He = Z h(a:,w,y)h(y,x*_l,wl) = Z h(x,w,y)h(yw*_l,w/)
yeWw' <y yeWsa(y)<ao)
= Z (/Ym?w,y—l 'Ua(y) + lin.comb.of Wa(y)_l> va(y)—27 R )
yEWsa(y)<ao

X (Yy,z* 1,07 -10" + lin.comb.of pioTl gyt

= E ’yzywﬁy—l’yyﬁz*—lﬂv/—l)’U2a0 + lin.comb.of p2®~1 y2e0=2

yeEW;a(y)=ao

Using this and (c) we deduce that

2(1071 20.072
: )

feww = 6w)w7wlv2“° + lin.comb.of v v
where B . € Z and that if 8 40 7 0 then v, -1 # 0,79y ge—1 -1 # 0 for
some y € W. For such y we have x ~ w ~ y~ !, y ~ 2* ~ w'~!, see [6, 1.9]. We see
that 0.5(a) holds.

The proof above shows also:

() if Br,waw # 0 then for some y € W we have vy -1 7 0,7y 251 -1 # 0.
We show:

() If € W and w,w' € L, satisfy foww # 0 then w’ < w and w' < x.
Using (c) we see that H, .. # 0 hence for some y € W we have h(z,w,y) # 0
and h(y,z~, w') # 0. It follows that y < x,y < w,w’ < y and (f) follows.

1.2. Let 2,y € W,w € I,. We show that (¢,t,)7, = t.(t,7w) or equivalently
that, for any w’ € I,

(a) Zy’EW ’Vm,y,y’—lﬂy’,w,w’ = Zzel* Bz,z,w’ﬂy,w,z
From the equality (cycy)Aw = ¢z(cyAy) in M we deduce that

(B) Xyew hewy fyrww =2 .er. fozw fywz-
Let ag = a(w’). In (b), the sum over y' can be restricted to those y’ such that
fy'ww 7 0 hence (by 1.1(f)) such that w’ < 4" (hence a(y’) < ag); the sum over z
can be restricted to those z such that fy .. # 0 hence (by 1.1(f)) such that w’ < z
(hence a(z) < ag). Thus we have

Z hm7y,y’fy’,w,w/ = Z fx,zw’fy,w,z-

y' €Wsa(y’')<ao z€l;a(z)<ao
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270 G. LUSZTIG

Using 0.5(a) this can be written as follows

Z (%%y,flvza(y/) + lin.comb.of v®®) =1 =2
y'€Wsa(y’)<ao

X (ﬂy,1w7w1v2“° + lin.comb.of v2e0~1 ¢2a0=2 1)

= E (Be.20rv®™ + lin.comb.of v?@0~1 ¢2e0=2 )
z€L;a(z)<ao

X (ﬁy,wﬁzv%(z) + lin.comb.of v2¢(2)=1 y2a()=2" )

that is,
E %,%y/flUQ“Uﬁy/7w,w1v2“° + lin.comb.of pi® =1 yta0=2
y' €Wsa(y’)=ao
= E Bxﬁz’w/v%”ﬁy,w,zv%“) + lin.comb.of v#a0—1 ptao=2

z€L;a(z)=ao

Taking the coefficient of v*? in both sides we obtain

Z Vz,y,y’*lﬂy/,w,w’ = Z ﬂx,z,w’ﬂy,w,z-

y' €Wsa(y')=ao z€L,;a(2)=ao

Now, if 74, -1 # 0 then a(y’) = ap and if B, . v # 0 then a(z) = ag. Hence we

deduce
Z 71,1171/'_15?/;1117“)’ = Z ﬁm,z,w’ﬂy,w,z-

y' eWw z€L,
This proves (a).

1.3. Let w € I,. We show that 17, = 7, or equivalently that, for any w’ € I,,
(a) X aep Bawaw = duww
Let dy be the unique element of D contained in the left cell of w™! (see [6 1.10]).
If Ba,w,w 7# 0 with d € D then using 1.1(e) we can find y € W such that vg ,, ,-1 #
0,7%y,a*w-1 7# 0. (Note that d* € D.) Using [6] 1.8,1.4,1.9,1.10] we deduce
Yw,y—1.,d # O,Vw’_l,y,d* # 0 and y=w,y = wl, d= dO, Yw,y=1,d = Yw'—1,y,d* = 1.
Thus Zdep ﬁd,w,w’ = ﬁdo,w,w’ and

Z Ydo,w,y=1Vy,d* w' —1 = ’7d07u}7w*17w7d3,w*15w,w’ = 6w,w"

yeWw
Thus the coefficient of v2¢(®") in Hyy wow 18 0y - Using 1.1(c),(d) we deduce that
the coefficient of v2¢(®") in fdo w18 £ that i, By ww = F0uy . Thus

(b) 17y, = e(w) Ty

where e(w) = £1. Applying 1 = >, 4 to both sides of (b) and using the identity
(11)7, = 1(17,) that is 17, = 1(17,) we obtain e(w)1, = 1(e(w)7y) = e(w)?7y
hence e(w)? = €(w). Since e(w) = +1 it follows that e(w) = 1. This completes the
proof of (a). Theorem 0.6 is proved.

1.4. For any two-sided cell ¢ of W let J, (resp. M) be the subgroup of J (resp.
M) generated by {t,;;z € ¢} (resp. {ry;w € ¢NIL.}. Note that J. is a subring
of J with unit element 1. = Y, .74 and J = @©.J. (direct sum of rings). We
have M = ®.M,. From the last sentence in 0.5(a) we see that J.M,. C M, and
J. M = 0 and for any two sided cells ¢ # ¢’. It follows that the J-module structure
on M restricts for any ¢ as above to a (unital) J.-module structure on M..
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ASYMPTOTIC HECKE ALGEBRAS AND INVOLUTIONS 271

1.5. For any left cell A of W such that A = \* let Jyqy-1 (resp. Myqr-1) be the
subgroup of J (resp. M) generated by {t,;z € ANA™1} (resp. {ry;w € ANATINL}.
Note that Jyqx-1 is a subring of J with unit element ¢4 where d is the unique element
of DNA. Since A = A* we haved = d*. If € A\NA"L, w e ANATINL,, w’ €1, are
such that By« # 0 then w' € AN AT NL,. (Indeed, as we have seen earlier, we
have vy 4 y—1 # 0, Yy ze—1 -1 # 0 for some y € W. For such y we have z ~p, w™!,
woe~p Y,y ~p Ty ~p ot 2t ~p w!, w' T ~p yTh see [6, 1.9]. Hence
yeENy telw e w €N =) sothat w € ANA~L, as required.) It follows
that the J-module structure on M restricts for any A as above to a Jy)-1-module
structure on Myy-1. Now if & € D— X, w € ANAINL,, w’ € L, then B y.ur = 0
so that tg 7, = 0. (Indeed, assume that Sg/ .0 # 0. Then, as we have seen earlier
we have vy ,~1 # 0 for some y € W. We then have d’ ~1, w™!, see [6] 1.9], hence
d’ € )\, contradiction.) Since 17, = 7, it follows that t47, = t,,. We see that the
Jxa-1-module structure on Myqx-1 is unital.

2. T'-equivariant vector bundles

2.1. Let Vec be the category of finite dimensional vector spaces over C.

Let ' be a finite group and let X be a finite set with a given I'-action (a I'-
set). A T-equivariant C-vector bundle (or I'-v.b.) V on X is just a collection of
objects V, € Vec (x € X) with a given representation of I' on @,cxV, such that
gVy = Vg for all g € I',z € X. We say that V, is the fibre of V at . Now X x X
is a I'-set for the diagonal I'-action. Let Cy be the category whose objects are the
I-v.b. on X x X. For V € Cy let V, , € Vec be the fibre of V at (z,y); for g € T
let Ty : Vi — Vya,gy be the isomorphism given by the equivariant structure of V.

For V, V' € Cy we define the convolution V%V’ € Cy by

(V*Vl)m,y = @ZGXVLIJ7Z ® VZ/ﬂl
for all z,y in X with the obvious I'-equivariant structure. For V,V' V" € Cy we
have an obvious identification (V& V') %k V" = Vk(V'kV"). Let Cs € Cy be the
I-v.b. given by (Cs)y, = C for all z € X and (Cs)y, = 0 for all z # y in X (with
the obvious I'-equivariant structure). For V' € Cy we have obvious identifications
CskxV =V =V%Cs. Definec : X x X - X x X by o(z,y) = (y,z). For V € Cy
we set V7 = ¢*V that is V7 =V, for all z,y in X. For V, V' € Cy we have an
obvious identification (VHV')? = V7% V7. Note that % is compatible with direct
sums in both the V' and V’ factor. Hence if K(Cp) is the Grothendieck group of Cy
then % induces an associative ring structure on K (Cp) with unit element defined
by Cs; moreover, V +— V7 induces an antiautomorphism of the ring K(Cp). Thus
K (Cp) is an associative C-algebra with 1.

2.2. Let C be the category whose objects are pairs (U, k) where U € Cy and
k : U = U? is an isomorphism in Cy (that is a collection of isomorphisms Kgy °
Uz,y — Uy p for each x,y € X such that kg g7y = Tgksz,y forall g e I', €,y € X);
it is assumed that ky gkey =1:Upy — Uy y for all z,y € X.

For V € Cy we define an isomorphism ¢ : V& V7 - (V@ V) =V @V by
a®b— b®a. Wehave VoV, ()eCandV — (V& V?() can be viewed as
functor © : Cy — C. Let K(C) be the Grothendieck group of C and let K'(C) be
the subgroup of K(C) generated by the elements of the form ©(V) with V' € Cp.
Let K(C) = K(C)/K'(C). (This definition of K(C) is a special case of a definition

Licensed to Mass Inst of Tech. Prepared on Thu May 24 13:56:01 EDT 2018for download from IP 18.51.0.96.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



272 G. LUSZTIG

in [9] 11.1.5] which applies to a category with a periodic functor.) Note that if
(U, k) € C then (U, —x) € C and (U, k) + (U, —k) = 0 in K(C).

For V € Cy, (U, k) € C we define Vo (U,k) € Cby Vo (U, k) = (VhkUKV,K)
where for z,y in X,

K;w : @z,z'eXVac,z & Uz,z’ 02y Vy,z’ - @z’,zeXVy,z/ ® Uz’,z & Vx,z
maps a ® b® ¢ (in the z, 2z’ summand) to ¢ ® kK(b) ® a (in the 2/, z summand). Now
let V.V’ € Cy and (U, k) € C. We have canonically

(VeoV)o(Uk)=Vo(Ukr)®V'o(Ukr)®O(VAkUkV'?).
Moreover, we have canonically V o O(V') = ©(VkV'* V). For V,V' € Cy and
(U, k) € C we have an obvious identification (V% V') o (U, k) = V' o (V o (U, k)).
For (U, k) € C we have an obvious identification Cs o (U, k) = (U, k). We see that
o defines a (unital) K(Cp)-module structure on K(C) (but not on K(C)). Hence
K (C) is naturally a (unital) K(Cp)-module.

2.3. Note that K(Cp) has a Z-basis consisting of the the isomorphism classes
of indecomposable I'-v.b. V on X x X (these are indexed by a I'-orbit in X x X
and an irreducible representation of the isotropy group of a point in that orbit).
Moreover, K (C) has a signed Z-basis consisting of the classes of (V, x) where V is
an indecomposable I'-v.b. on X x X satisfying V' = V7 and & is defined up to a
sign (so the class of (V) ) is defined up to a sign).

2.4. Let Cr be the category of I'-v.b. on I' viewed as a I'-set under conjuga-
tion. An object Y of Cr is a collection of objects Yy € Vec (g € ') with a given
representation of I' on @yerY, such that g, = Y, -1 forall g,¢' € T,z € X.
For Y, Y’ € Cr we define the convolution Y %Y’ € Cr by

(Y*Y/)g = Dg,g2€Tig192=9Y g1 @ Yg/z

for all ¢ € I with the obvious I'-equivariant structure. This defines a structure
of associative ring with 1 on the Grothendieck group K(Cr). The unit element is
given by the I'-v.b. whose fibre at ¢ = 1 is C and whose fibre at any other element
is 0. Hence K(Cr) is an associative C-algebra with 1; by [8, 2.2], it is commutative
and semisimple.

With X,Cy,C as in 2.1, for any Y € Cg, we define as in [8] 2.2(h)] an object
U(Y) € Co by U(Y)ay = @gerjz—gyYy (with the obvious equivariant structure).
Now Y — ¥(Y) defines a ring homomorphism K (Cr) — K(Cp) and a C-algebra
homomorphism K (Cr) — K(Co). By [8] 2.2],

(a) K(Cp) is a semisimple C-algebra and the image of the homomorphism
K(Cr) — K(Co) is exactly the centre of K(Co).

We see that the K (Cp)-module structure on K (C) restricts to a K (Cr)-module struc-
ture on K (C) in which the product of the class of Y € Cr with the class of (V, k) € C
is the class of (V' k') € C where

Vé,y = @g,g'el 2,2 eXo=gzy=g'z Yg @ V22 @ Yy
that is,
(b) Vag,y = Bg,ger¥y @ Vy-159-14 @ Yy
and, for z,y in X,

o
Kgy * Bg,ger¥y ® Vq”w?g’*ly Q@ Yy = By ger¥y @ Vq'*lyﬂ*lw ® Yy
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ASYMPTOTIC HECKE ALGEBRAS AND INVOLUTIONS 273

maps a ® b ® ¢ (in the g,¢’ summand) to ¢ ® k(b) ® a (in the ¢, g summand). Tt
follows also that K(C) is naturally a K (Cr)-module.

Now assume in addition that

(c) T is an elementary abelian 2-group
and that Y € Cr is such that for some gy € T, Y[r_g4,} is zero and dimY,, = 1.
Then (b) becomes

Vrl,y = Ygo ® Vgor,goy ® Ygo

Now Y,, ®Yy, is isomorphic to C as a representation of I' and Vg, ¢, is canonically
isomorphic to V,,. We see that (V',x’) = (V,k). Thus Y acts as identity in
the K (Cr)-module structure of K(C). It follows that if Y is any object of Cr
then Y acts in the K (Cr)-module structure of K(C) as multiplication by v(Y) =
> ger dimYy. Note that v defines a ring homomorphism K(Cr) — Z and a C-
algebra homomorphism K(Cr) — C (taking 1 to 1). We see that:

(d) If T is as in (c) then for any & € K(Cr),& € K(C) we have €' = v(£)¢E'.
In particular, the K (Cr)-module K (C) is v-isotypic.
Using this and (a)—we see that the first assertion in (e) below holds.

(e) IfT is as in (c) then the K(Co)-module K(C) is isotypic. Moreover dimc K (C)
is equal to |T'| times the number of T'-orbits in X.
We now prove the second assertion in (e). By 2.3, dimgc K(C) is equal to nr x, the
number of indecomposable I'-v.b. on X7X (up to isomor;hism) such that V = V7.
For such V there exists a unique I'-orbit O on X such that V, , # 0 implies z € O
and y € O. Hence np x = Y »nr,o where O runs over the I'-orbits in X. This
reduces the proof to the case where X is a single I'-orbit. Let H be the isotropy
group in I' of some point in X; this is independent of the choice of point since I"
is commutative. Now any (z,y) € X x X is in the same I'-orbit as (y,z). (In-
deed, we can find g € T such that y = gz. Then (z,y) is in the same orbit as
(97, 9y) = (y,g%*r) = (y,x) since g2 = 1.) For a given I'-orbit O’ in X7X the num-
ber of indecomposable I'-v.b. on X x X (up to isomorphism) with support equal
to O is the number of characters of characters of the isotropy group of any point
in the orbit which is H. Thus nr x is equal to |H| times the number of I'-orbits in
X x X that is to |H| x |[I'/H| = |I'|. This proves (e).

2.5. In this subsection we assume that W is an irreducible Weyl group and
x = 1. Let ¢ be a two-sided cell of W such that for z € ¢ we have a(z) # 11 (if W
is of type E7) and a(z) # 11,a(z) # 26 (if W is of type Eg). Let I' be the finite
group associated to ¢ in [8] 3.15]. For each left cell A in ¢ let I'y be the subgroup of
I associated to A in [8]. Let X = Ux(I'/T'\) (A runs over the left cells in ¢). Note
that I' acts naturally on X. For any A\ as above let C) be the I'-v.b. on X x X
which is C at any point of form (x,z), x € T'/G), and is zero at all other points.
Let Cy be defined in terms of this X. The following statement was conjectured in
[8 3.15] and proved in [1]:

(a) There exists a isomorphism ¢ : J. = K(Co) which carries the basis {t,;x €
c} onto the canonical basis 2.3 of K(Cqy) and is such that for any left cell X in ¢,
¢(tq) (where DN = {d}) is the class of Cj.
The isomorphism ¢ has the following property conjectured in [7, 10.5(b)] in a closely
related situation.
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(b) Let x € ¢ and let ¢(t,) be the class of the indecomposable T-v.b. V on
X7X. Then ¢(ty—1) is the class of (V)7 where V is the dual T-v.b. to V.

(As R. Bezrukavnikov pointed out to me, (b) follows immediately from (a).) Next
we note the following property.

(¢c) V2V for any I-v.b. on X x X.

It is enough to show that for any (z,y) € X x X, the stabilizer of (z,y) in T (that is
the intersection of a I'-conjugate of I"y with a [-conjugate of 'y, where A, \" are two
left cells in ¢) is isomorphic to a Weyl group (hence its irreducible representations
are selfdual). This can be verified from the explicit description of the subgroups I'"y
in [8].

Using (b),(c) we see that ¢ has the following property.

(d) Let x € ¢ and let ¢(t,) be the class of the indecomposable T-v.b. V on
X7X. Then ¢(ty,—1) is the class of V.

I want to formulate a refinement of (a).

(e) Conjecture. There exists an isomorphism of abelian groups 1 : M. — K(C)
(C is defined in terms of X ) with the following properties:

-ifw € ¢NI, and ¢(ty,) =V (an indecomposable T'-v.b. such that V = V7, see
(d)) then (7)) = (V, k) for a unique choice of k:V = V°;

-the J.-module structure on M. corresponds under ¢ and v to the K(Cp)-
module structure on K(C).

Now let lc =C®J., Mc = C ® M,.. Note that ic is a semisimple algebra, see
[8l 1.2, 3.1(j)]. Assuming that (e) holds we deduce:

(f) If T is as in 2.4(c) then the J -module M is isotypic. Moreover, dimc M
is equal to || times the number of left cells contained in c.

(Note that the number of I'-orbits on X is equal to the number of left cells contained
in c.)

Now if W is of classical type, then I is as in 2.4(c) and (f) gives an explanation
for the known structure of the W-module obtained from M for u = 1 (a consequence
of the results of Kottwitz [3]); this can be viewed as evidence for the conjecture (e).
(In this case, the second assertion of (f) was already known in [4] 12.17].)

Here we use the following property which can be easily verified for any Weyl
group.

(¢) Let M, (resp. M., .) be the A submodule of M spanned by {A;;x =<
y for some y € ¢} (resp. {A,;x <y for some y € ¢,z ¢ c}). The decomposition
pattern of the (semisimple) J C—module Mc is the same as the decomposition pattern
of the (semisimple) C(v) ® 4 $H-module C(v) ®4 (M <./M <._.); in particular if the
first module is isotypic then so is the second module. B
One can show, using results in [6] 2.8, 2.9], that this property also holds when W
is replaced by an affine Weyl group and ¢ by a finite two-sided cell in that affine
Weyl group.

3. A conjectural realization of the $-module M

3.1. Let H°* = Q(u) ®4 9 (an algebra over Q(u)) and let M*® = Q(u) @4 M.
We regard §) as a subset of H°® and M as a subset of M*® by £ — 1 ® & The
$H-module structure on M extends in an obvious way to an $*-module structure
on M*. Let ) be the vector space consisting of all formal (possibly infinite) sums
> wew 2Ty where ¢, € Q(u). We can view £° as a subspace of § in an obvious
way. The $)*-module structure on $°* (left multiplication) extends in an obvious
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way to a $*-module structure on f’) We set

Xp= Y w7, €4

zeW;x* =z

Let M = 9° Xy be the $*-submodule of fj generated by Xp. In this section we will
give a conjectural realization of the $*-module M*® in terms of M.

We write S = {s;;¢ € I} where I is an indexing set. For any sequence
i1,%2,...,1 in I we write 7145 .. .17 instead of s;, 84, ...5;, € W.

3.2. In this subsection we assume that W is of type Ay, * = 1 and S = {s1, s2}.
We set

0
1

(—U)73T121 + u72T12 + u*2T21 + u71T1 + ufng +1,
(1 + u)’l(Tl — U)Xé = (U — 1)(“73T121 + ’UJ72T12 + u’lTl),

X9 = (1 + u)fl(Tg — U)Xé = (U — 1)(u’3T121 + ’UJ72T21 + uing),

X1 =T1 Xy =T X = (U — 1)((’[1471 + w2 — u*?’)Tul + U71T12 + uingl).
Clearly, Xy, X1, X2, X121 form a basis of M. In the $)*-module M* we have

a; = (u+1)"YTy —u)ag, az = (u+ 1)1 Ty — u)ag, a121 = Traz = Thay.
We see that we have a (unique) isomorphism of $*-modules M = M® such that
X@ — (l@,Xl — (ll,XQ — GQ,X121 — a121.

s

3.3. In this subsection we assume that W is of type A;, * =1 and S = {s1}.
We set Xg = u 1Ty + 1, X1 = (u — 1)u"'Ty. Clearly, Xy, X1 form a basis of M.
In the $*-module M* we have a; = (u+ 1)~ (Th — u)ap. We see that we have a
(unique) isomorphism of $*-modules M = M® such that Xy — ag, X5 — a1.

3.4. We return to the setup in 3.1. Based on the examples in 3.2, 3.3 we state:
(a) Conjecture. There exists a unique isomorphism of $*-modules n : M = M*®
such that Xy — ay.
By 3.3, 3.2, conjecture (a) is true when W is of type A1, Ay (wth * = 1). It can be
shown that it is also true when W is a dihedral group (any *) or of type Az (any

Assuming that (a) holds we set X,, = 7~ (a,,) for any w € L.

3.5. We describe below the elements X,, for various w € I, when W is of type
As and * = 1. We write S = {s1, 2,83} (8183 = s351).
Xp has been described in 3.4;

X1 = (U - 1)(U_1T1 + u_2T12 + U_2T13 + u_3T121 + u_3T123 + u_3T132

—4 —4 —4 -5 -5 -6 )
+u 213 +u "Tioge +u” "Tigo1 + v "Tis213 + 4 "Th2132 + u” "T1213921);

X3 =(u—1)(u'T3 +u>Ta +u °Th3 +u *Tso3 + u >Tao1 +u *Tizo

—4 —4 —4 -5 -5 —6 .
+u o371 +u” "T32190 +u "Thzes + v "Thso13 + u "Taa312 + u” "Th21321);

X2 = (U, - 1)(u71T2 + ’LL72T21 + ’U,72T23 + ’LL73T121
+u 3 To3 + u ™ Tor3 +u” *Thors +u " Taoz1 + u *Torse

_5 _5 -6 )
+u " Ts9312 + u " Th2132 + v~ "Ti21321);

X3 = (u—1)*(u T3 +u"Tize +u *Tizo1 +u *Tizos +u " Tiz13 +u Ti21301);

Licensed to Mass Inst of Tech. Prepared on Thu May 24 13:56:01 EDT 2018for download from IP 18.51.0.96.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms



276 G. LUSZTIG

X121 = (U — 1)(u71T12 —+ U71T21 —+ (ufl —+ u72 — uiB)Tlgl —+ u72T123
+u i + (w2 +u? —u ) Tiog + u?Thigos + 0 2 Toizo
+ (w3 +ut — w130 + v *Tiso1s + v *Toiza;

+ (™t +u? = u ) Tha13m);

X323 = (u — 1)(“71T32 —|— U71T23 —|— (u71 —|— u72 — uiB)ngg —|— U72T321
Fu 2 Toz 4+ (2 4+ u™3 — u ™) Tao1z3 + u T30 +u 3 Tor30
+ (w3 +ut = uT) Taa130 + u Thzo13 + v Toy303

+ (W™t +u? = u ) Tha13m);

Xoizo = (u—1)2(u"2Th13 + u 3 Toize + u~ *Thi3m

+u o303 + u * Thazor + (u™* + 0™ — u™%)Tha1301);

Xigo1z = (u— 1) (u ' Tigo +u  Tios +u ' Tor + (wt +u™2 —u™3) T30y
+uTyo13 + (ut +u™? — w3 Tiz03 + u *Tho13 + u *Thize
+ (u_2 + u 3 — u_4)T21323 + (u_2 + u 3 — u_4)T21321

—|— (2u72 —|— u73 — 2u74)T13213 —|— (U72 —|— 2u73 — u74 — 2u75 —|— uiG)T121321);

Xoi3013 = (u— 1)*(u?Ti213 + w2 To130 + u 2Tz
+ w2 +u? —u N oz + (w2 +u? — u ) Torzan

+ (w2 —u N Tize3 + (w2 +u™3 —ut — w0 + %) Tia1301).

3.6. We describe below the elements X, for various w € I, when W is an
infinite dihedral group and * = 1. We write S = {s1,s2}. Xy has been described
in 3.4;

X1 = (u—D(u Ty + 02Ty +u>To + w910 + ... );
Xo = (u—1)(u " Ty + 02Ty +u>Th1o + w101 + ... );

X1 = (u—1D(u Tz +u *Tho1 + w *Thorz + v *Tia121 + ... );

Xoro = (u—1)(u "Tor + u *Torz + u *Toro1 + u *Torz2 + ... );
Xi2121 = (u— 1)(u ' Tio1 + u *Tiz12 + v 2 Thoro1 + u” *Tiz1212 +...);
Xoiz12 = (u— 1) (u ' To12 + u > To121 + u  Tor212 + u” Tho12101 +...);

Xi212121 = (u— 1)(u™ " Ti212 + u 2 Tiz121 + v *Ti21212 + v *Tha12101 + - .. );

Xoro1212 = (u — 1) (u ™ Tayo1 + v 2 Tor012 + v 3 Tor12191 + 0 *Toro1012 + ... );
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3.7. Assume that Conjecture 3.4(a) holds for W, x. From the examples above
we see that it is likely that the elements X, (w € L.) are formal Z[u~!]-linear
combinations of elements T, (x € W). In particular the specializations (X ),-1—0
are well defined Z-linear combinations of T, (z € W). From the example above
it appears that there is a well defined (surjective) function 7 : W — I, such that
(Xw)u-120 = 2 yen—1(w) Tn- We describe the sets 71 (w) in a few cases with * = 1.

If W is of type A; we have 7= 1(0) = {0}, 7—1(1) = {1}.

If W is of type Ao we have

1 0) = {0}, 7~1(1) = {1}, 77 1(2) = {2}, 71 (121) = {12,21,121}.

If W is of type Az we have

710) = {0}, 71 (1) = {1}, 77 1(2) = {2),71(3) = {3}, 7 1(13) = {13},

7=1(121) = {12,21,121}, 7~ 1(323) = {32, 23,323}, 7—1(2132) = {213},

7=1(13213) = {132, 123,321, 1321, 1323},

7=1(121321) = {1213, 2132, 2321, 21323, 21321, 13231, 121321}

If W is infinite dihedral we have

710) = {0}, 71 (1) = {1}, 7 1(2) = {2}, 71 (121) = {12}, 7 1(212) = {21},

r=1(12121) = {121}, 7 1(21212) = {212}, n—1(1212121) = {1212},

7=1(2121212) = {2121}, ...

In each of these examples 7w is given by the following inductive rule. We have
7(0) =0. If z € W is of the form x = s;2’ withi € I, 2’ € W, l(z) > I(z') so that
m(2’) can be assumed known, then

w(z) = s;mw(a’) if s;mw(z’) = w(a")s; > w(2'),

m(x) = sym(a')s; if sym(a’) # w(a')s; > w(a'),

mw(x) = n(2) if w(2)s; < w(a).

In each of the examples above the following holds: if z € W, w = 7(z) € L, then
l(w) = I(x) + I(z7'w). We expect that these properties hold in general.
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