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THE CANONICAL BASIS OF THE
QUANTUM ADJOINT REPRESENTATION

G. LuszTIG

INTRODUCTION

0.1. According to Drinfeld and Jimbo, the universal enveloping algebra of a sim-
ple split Lie algebra g over Q admits a remarkable deformation U (as a Hopf
algebra over Q(v), where v is an indeterminate) called a quantized enveloping
algebra. Moreover, the irreducible finite dimensional g-modules admit quantum
deformation to become simple U-modules. In [L3], I found that these quantum
deformations admit canonical bases with very favourable properties (at least when
g is of type A, D or E) which give also rise by specialization to canonical bases
of the corresponding simple g-modules. (Later, Kashiwara [Ka| found another ap-
proach to the canonical bases.) In this paper we are interested in the canonical
basis of the quantum deformation A of the adjoint representation of g. Before the
introduction of the canonical bases, in [L1], [L2], I found a basis of A in which
the generators F;, F; of U act through matrices whose entries are polynomials in
N[v]. By specialization, this gives rise to a basis of the adjoint representation of
g in which the Chevalley generators e;, f; of g act through matrices whose entries
are natural numbers, in contrast with the more traditional treatments where a
multitude of signs appear.

In this paper (Section 1) I will prove that the basis of A from [L1], [L2] coincides
with the canonical basis of A. I thank Meinolf Geck for suggesting that I should
write down this proof. As an application (Section 2), I will give a definition of
the Chevalley group over a field k associated to g which seems to be simpler than
Chevalley’s original definition [Ch].

0.2. Let I be a finite set with a given Z-valued symmetric bilinear form y, 3y’ — y-y’
on Y = Z[I] such that the symmetric matrix (i - j); jer is positive definite and
such that ¢ -i/2 € {1,2,3,...} for all ¢ € I, i-i/2 = 1 for some ¢ € I and
2% € {0,—-1,-2,...} for all 4,5 € I. In the terminology of [L4, 1.1.1, 2.1.3],
this is a Cartan datum of finite type. We shall assume that our Cartan datum is
irreducible (see [L4, 2.1.3]). Let e be the maximum value of i -i/2 for i € I. We
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have e € {1,2,3}. Let I' ={ie L;i-i/2=1},[°={ic€ L;i-i/2=¢}. Ife=1
we have clearly I' = 1¢ =1;if e > 1, we have I = I' LU I®.

Let X = Hom(Y,Z) and let (,) : Y x X — Z be the obvious pairing. For
j € I we define j' € X by (i,j") = 2% for all i € I. Let v be an indeterminate.

For i € I we set v; = v¥'¥/2; for n € Z we set [n]; = % _vi ; for n € N we set

[n]; = H?:l[s]z* v —;

Note that when i € I' we have v; = v and we write [n] instead of [n];.

k3

0.3. Following Drinfeld and Jimbo we define U to be the associative Q(v)-algebra
with generators E;, F; (i € I), K, (y € Y') and relations

K, K, =Ky, for y,y' inY,
KiE; = v E;K; for 4,7 in I,
KZ'Fj = ’U_<i’j/>FjKZ’ for 2,] in I,

K2 pemiif?

EiF; — FyE; = 6;; 1 SR
1 \p —+ p/ 'Z ! . ..
Z (—=1)? [[p]!-[p']]!- EYE;E? =0fori# jin I,
p,p ENp+p'=1—(3,j") e
/! ,
> (—1)” [f;]f[ﬁ]]; FPE;FY =0 fori#jin 1.

p,p’ EN;p+p'=1—(i,5')

ForieI,s €N weset B = ([s]})1Es, F\*) = ([s]") " F?.

~ By [L4,_ 3.1.12], there is a unique Q-algebra isomorphism™: U — U such that
E,=FE, F;=F,foriel, K, =K_, for y € Y and v"u = v "u for all u € U,
n € Z.

0.4. Let W be the (finite) subgroup of Aut(X) generated by the involutions s; :
A= A= (i,\)i’ of X (i € I). Let R be the smallest W-stable subset of X
that contains {i’;i € I'}. This is a finite set. Let Rt = {a € R;a € Y, Ni'},
R~ = —R". Let R' (resp. R® be the smallest W-stable subset of X that contains
I' (resp. I¢). Then R', R® are W-orbits. If e = 1 we have R = R' = R¢; ife > 1
we have R = R' LI R®.

For i € I and a € R let p; o be the largest integer > 0 such that o, + ', +
2i',..., a0+ pi i’ belong to R and let ¢; o be the largest integer > 0 such that
a,a—i,a—2i ..., a— q.i" belong to R. Then:

(a) <27 Oé> = Gi,a — Pi,a and Di,a + qi, o < 3.

(0) If pia + Gia > 1, then we must have p; o + Gi.a = €, i € I'; moreover,
a— Gl € R, a+piai’ € R and a+ ki’ € R for —qi.o <k < pi.a-



THE CANONICAL BASIS OF THE QUANTUM ADJOINT REPRESENTATION 3

(¢) If pi.a + @i.a = 1, then either both o — g; o4, o+ pi ot belong to R® or both
belong to R'.
We define h : R — N by h(a) = Y ,.;n; where o = Y, ngi’ with n; € N.
There is a unique ap € RT such that h(ap) is maximum. We then have p; 4, = 0
for all 7 € I; it follows that (i, ap) > 0 for any 7 € I. We have oy € R°.

0.5. The U-module A := A,, (see [L4, 3.5.6]) is well defined; it is simple, see
[L4, 6.2.3], and finite dimensional, see [L4, 6.3.4]. Let n = 14, € A be as in [L4,
3.5.7). We have a direct sum decomposition (as a vector space) A = ®xexA*
where A* = {x € A; K,z = vWNx Vy € Y}. Note that for i € I,\ € X we
have E; X* ¢ XM F,X* ¢ X%, Moreover, we have dimA® = 1 if a € R,
dim A° = 4(I) and A* =0 if A ¢ RU {0}.

Let B be the canonical basis of A defined in [L4, 14.4.11]. We now state the
following result in which || denotes absolute value.

Theorem 0.6. (a) A has a unique Q(v)-basis € = {Xy; € R}U{t;;i € I} such
that (i)-(iii) below hold.

(Z) XOéo =

(ii) for a € R we have X, € A%; for i € I we have t; € A°;

(iii) for any i € I the linear maps E; : A — A, F; : A — A, are given by

EiXo =[¢,a +1]iXayi if o € R,pio >0,

E;X_y =t
EXo=0ifa€Rpioa=0a#—7,
Eit; =[G,V X, ifj €1,
FiXo = [pia +1]iXa—i ifa € R,¢i.oa >0,
Fi Xy =t;,
FXo=0ifa€R, qo=0a#7,
Fity = [1G, )Xo i € 1.
(b) We have € = B.

Note that the uniqueness of & in (a) is straightforward. The existence of &
is proved in [L1] under the assumption that e = 1 and is stated in [L2] without
assumption on e. We shall note use these results here. Instead, in 1.15 we shall
give a new proof (based on results in [L4]) of the existence of € at the same time
as proving (b).
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1. ProOOF OF THEOREM 0.6

1.1. For any A € X, BN A? is a basis of A*. In particular, for any o € R, BN A®
is a single element; we denote it by b.

Let A = Z[v,v™!] and let A4 be the A-submodule of A generated by B. It is
known that L 4 is stable under Ei(s), Fi(s) fort e I,s € N.

By [L4, 19.3.4], there is a unique Q-linear isomorphism ~: A — A such that
un = un for all w € U. By [L4, 19.1.2], there is a unique bilinear form (,) :
A x A — Q(v) such that (n,7) =1 and (E;x,2') = (x,vin'i/zFix’), (Fix,x') =
(:L',viKi_i’i/ina:’), (Kyz,2') = (x, Kya') for alli € [,y € Y and z,2’ in A.

1.2. By [L4, 19.3.5],

(a) an element b € A satisfies £b € B if and only if b € Ay, b = b and
(b,b) € 1 +v YZ[v™1].

1.3. By [Ka] (see also [L4, 16.1.4]), for any ¢ € I there is a unique Q(v)-linear
map F, : A — A such that the following holds: if z € A*, F;z = 0 and s € N, then
Fi(Fi(s)x) = Fi(sﬂ)x. Moreover, there is a unique Q(v)-linear map E; : A — A
such that the following holds: if z € A*, Fjz = 0 and s € N, then Ei(Ei(s)a:) =
EZ.(SH)x. Let A = Q(v) N Q[[v™!]]. Let Aa be the A-submodule of A generated
by B. For any z € A let  be the image of z in A := Aa/v"'Aa. Note that
{b;b € B} is a Q-basis of A. By [Ka| (see also [L4, 20.1.4]), for any i € I, F, E;
preserve Aa,v *Aa hence they induce Q-linear maps A — A (denoted again by
F;, E;). From [Ka] (see also [L4, 20.1.4]) we see also that

(a) F,: A — AFE; : A — A act in the basis {b;b € B} by matrices with all
entries in {0,1}.
In the case where e = 1, the results in this subsection are not needed; in this case,

instead of (a), we could use the positivity of the matrix entries of E; : A — A,
F; : A — A proved in [L4, 22.1.7].

1.4. Let « € R, i € I be such that ¢;o = 0,p = pio > 1. Then we have
(i,0) = —p. Let Z° = b* € A“. We have F;Z° € A® ¥ hence F;Z° = 0. We
define Z%F € AT+ for k=1,...,p by the inductive formula

(a) Z% = (k)7 B ZzF' = EF Z°.
Using F;Z° = 0 together with (a) and the commutation formula between E;, F;
we see by induction on k that for k =1,...,p we have

1.5. We preserve the setup of 1.4. We show that for k € [0,p — 1] we have

—op+2k
(a) (Zk“ Zk“) — i(
) T 22

(2

ANVASY
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We have E;Z* = [k + 1]; Z**1 hence using 1.4(b):

[k + 122",z = (B, 2%, B, 2%) = (2%, v K. "*F,E,7%)

i K2 T
= (ZF, oK PE R 28 — (28, o K22 i 7b)

2(i,a+ki’)+1

i,0+ ki’ — Y
= (TR ) p — ke + 1] — — AN
i i
— 4k
_ —p+2k+1 k k 1 i kel Vi Zk Zk
= (v, Klilp =k +1)i = =———=—)(2", 27).
i i
We have
—1\2/, —p+2k+1 Ui_zp+4k+1 — U
(vi = v;77) (v, Klilp =+ 1) = =—————)
_ Ui_p+2k+1<’l]f . ’Ui_k)(vf_k—i—l . ’U;p+k_1) . (U;2p+4k+1 _ Ui)(vi _ Ui_l)
— UQk—i—Z _ ’UZ _ U.—2p+4k + v‘—2p—|—2k _ v‘—2p—|—4k+2 + U~2 + v‘—2p—|—4k 1
T 3 1 ¥ T 7 ¥
_ 2k+2 +o; —opi2k vi—2p—|—4k+2 1= (Ui—2p+2k — (1 - U?k+2)~
Th
(Zk+1, Zk+1) — 7 i (Zk, Zk)

(it — w2

and (a) follows.

1.6. We preserve the setup of 1.4. We must have p € {1,2, 3}.
Assume first that p = 1. From 1.5(a) we have (Z1, Z1) = (Z°, Z9).
Assume now that p = 2. Then from 0.4(b) we have v; = v and from 1.5(a) we

have
4

(Zlazl):i 22( )

(2.2 = 2. 20) = (20.29)
Assume next that p = 3. Then from 0.4(b) we have v; = v and from 1.5(a) we
have

(21, 2Y) = 125529, 29),

(ZQ ZQ) (Zl,Zl)

(ZS ZS)_} 5_6(22 Z2) (ZO ZO)

1.7. We preserve the setup of 1.6. We show:

(a) We have ZF = b*t%' for k =0,1,...,p.
Since Z° € B, we have Z° € Ay, Z2° = 29 (Z°,Z2°) € 1 + v='Z(v™!). From
the formulas in 1.6 we see that (Z*, Z%) € 1 + v=Z(v™!) for k =0,1,...,p. For
k=1,...,p we have E;Z*"1 = [k];Z* hence for k = 0,1,...,p we have ZF =
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E(k)Z0 € Ay. From ZF = E( ) 70 we see also that ZF = E(k)ZO E(k)ZO ZF.
Usmg 1.2(a) we see that eZk € B for some ¢ € {1,—1}. By 1.4(a), we have
Z% = EFZ°. Using this together with and 1.3(a), we see that ¢ = 1 so that
ZF € B. Since ZF € A>T* we see that ZF = pot+i’,

1.8. Let i € I,& € R be such that p; 5 > 0 (or equivalently such that @ +1i’ € R).
We show:

(a) Eibd = [qi’@ + l]ibd_'_i/

Let « = & — ¢ 5t € R. We have ¢ = 0, pia = Dia + ¢,a > 0. We set
Z% = b*. We then define Z* with k € [1,p; o] in terms of «, Z° as in 1.4. Note
that F;Z*~! = [k], Z* for any k € [1, p; o). Takingk = ¢; 5+1 (so that k € [1,p; o))
we deduce
E,Z(h’,d — [Qid 1]‘2(11‘,54—1—1‘

By 1.7(a) we have Z%& = b, Z%.a+1 = p&+i' This proves (a).

Here is a special case of (a); we assume that ¢ # j in I:

(b) If (j,4') < 0 then E;b" = b¥'+7"; if (j,4') = 0 then E;b" = 0.
It is enough to use that p; = —(j,4') (we have ¢, = 0 since i’ — j' ¢ R).

1.9. Let i € I,& € R be such that ¢; 5 > 0 (or equivalently such that & —i’ € R).
We show:

(a) Fibd = [ i,6 —+ 1]ibd_i/.
Let « = & —qiat’ € R. We have ¢in, = 0, Dio = Pia + ¢.a > 0. We set
7% = b*. We then define Z* with k € [1, p; o] in terms of a, Z° as in 1.4. Note that
F,Z% = [pio — k+1];Z% 1 for k € [1,p; o). Taking k = ¢; 5 (so that k € [1,p; o))
we deduce
FiZQi,& — [ i G + 1]Z,Zqz‘,&—1

By 1.7(a) we have Z9-& = b%, Z%a~1 = b7 This proves (a).

Here is a special case of (a); we assume that i # j in I:

(b) If (j,4') < 0 then Fjb=" = b="~7"; if (j,4') = 0, then F;b~" =0,
It is enough to use that g; _; = (j, —i') (we have p; _; = 0 since —i' +j’ ¢ R).

1.10. Let ¢z € I; we set t; = Eib_i/ e A% We show

(a) Fit; = (v, + v, b7
Indeed,
Fit;, = FiEib_l = EZ‘Fjl'b_Z - _11 b
v2 -2

e A R
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We show:

(b) (ti,t:) = (1 +072) (67", b77).

Indeed, using (a) we have
(birts) = (b7 8) = (b~ 0KV Fity) = (b7 w2 (0 4+ o o) =
(v vy Yoy SO0 = (1072 (07 b7,

From (b) we see that (¢;,t;) € 1+ v~'Z[v™!]; from the definitions we have also
t; € Ay and t; = t;; it follows that et; € B for some € € {1,—1}. Now from
t;, = Eib_i/ and Fib_i/ = 0 we see that t; = Eib_i/ hence t; = Elb;’/ Using this
together with 1.3(a) and we see that ¢ = 1 hence

(C) t; € B.
We show:
(d) If i # j, then Fyt; = [—(j,7)];b™".

We have Fjt; = F;E;b=7 = E;F;b=3". This is 0 if (i, ') = 0 since by 1.9(b) we
have F;b=3" = 0 (so in this case (a) holds). Now assume that (i,’) < 0. Then
using 1.9(b) and 1.8(a) we have

BiFb™ = Eb™" 0 = [g; iy +1];07".

Note that p; _;_j = 1 since —i' — j +] € R, —i' —j'+ 25 ¢ R. Hence
gj,—ir—jr — 1 = (j, —i —j) = —2 — (j,4') that is, g;,—y—;» + 1 = —(j,’). This
completes the proof of (d).

We show:

(e) (Eiti, Eiti) = 27077 ,b77).
Indeed, using (b) we have

(Eits, Eit;) = (t;, v K" Z/QF Eit;) = (t;, v KB Fit;)

— (tiu KPPty = (20t 0K P EDT) = (20t viK )

7
V; — U

proving (e).

From (e) we get ([2]; 'Eit;, [2]; ' Eit;) € 1+ v 'Z[v™"]. We have [2]; ' Eit; =
Ei(Q)b_i/ € A 4. Moreover, we have clearly [2]; 1 E;t; = [2]; ' E;t;. Using 1.2(a) we
deduce that €[2]; ' E;t; € B for some ¢ € {1, —1}. Since [2];7 ' Eit; € A¥, we must
have 6[2];1Eiti = b¥. Thus we have EEZ-(Q)b_i/ = b, Since F;b=% = 0 it follows
that E26~% = eb’ and E2b~% = eb’ . Using 1.3(a), we deduce that ¢ = 1. Thus,

(f) BEit; = [2];b" .
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1.11. Let i € I. We set t; = Fibi/ € A% We show:

Indeed,
~ . . 11/2 K'—i-z/Q 2,2 )
Eil, = E;Fb’ = FEb + — SR -
Uy — U, Uy — Uy
We show:
(b) () = 2007 07 5.

Indeed, using (a) we have:

({0, 5) = (Fb 1) = (b, 0K PEL) = (67, v K 22060

= [2iv; (0", 07).
From (b) we see that (ti,t;) € 1+ v 'Z[v~]; from the definitions we have also
t; € Ayq and t; = t;; using 1.2(a) we see that et; € B for some € € {1,—1}. From

t; = Fibi/, E;b" = 0 we see that #; = EF;b" hence f_z = Fb. Using this and 1.3(a)
we deduce that € = 1 so that

(C) t; € B.
We show:
(d) (fi, 1) = £(1 + ;7 2) (6", b").

Indeed, using 1.10(f) we have
(Gits) = (Bb7 t) = (b 0 K, 7P Ety) = (07 0 K772 [2):b7)
= v ' [20i(07,b7) = (1+07%) (0", b")
hence gfi,ti) € 1+v 'Z[v~Y. If t; # t; then, since t; € B and t; € B, we would
ti

have (t;,t;) € v 1Z[v™1] (see [L4, 19.3.3]), contradicting (d). Thus we hve t; = t;
and

(e) B =t

We show:

(f) If i # j, then Eit; = [—(j,i")];0" .

Using (e) we have Ejt; = E;F;b7 = F;E;b/". This is 0 if (i,5') = 0 since by 1.8(b)
we have E;b/" = 0 (so in this case (f) holds). Now assume that (7, j') < 0. Then
using 1.8(b) and 1.9(a) we have

FiEY = Fb" ™7 = [pjoy + 150"

Note that ¢4 = 1since i’ + 35 —j € R, i +j —2j' ¢ R. Hence 1 —p; jryjr =
(4, +7")y =2+ (4,7) that is, p; 74 + 1 = —(j,7'). This completes the proof of
(£).
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1.12. We show:

(a) If « € RY, then (b*,b%) =1 +v 2 4. v 267D = y=¢Fl[e]. Ifa € R®,
then (b, b)) = 1.

Note that when e = 1 we have R! = R® and the two formulas in (a) are compatible
with each other.

We first prove (a) for & € RT by descending induction on h(«a). If h(a) = h(ap)
then @ = ap and we have b® = n so that (b*,6%) = (n,n7) = 1. Now assume
that « € RT, h(a) < h(ap). We can find o/ € R*, i € I such that g; o = 0,
P =Dio > 1land a =o' +ki’ where k € {0,1,...,p—1}. Then h(a/ +pi’) > h(a)
hence (o’ + pi’, o’ + pi’) is given by the formula in (a). Assume first that p = 1.
Then a = o and by 1.6 and 1.7(a) we have (b®,b%) = (b *% b’ +"). By 0.4(c),
either both «, a + i’ belong to R® or both belong to R'; (a) follows in this case.
Next assume that p > 1. By 0.4(b) we have p = e and o + pi’ € R°. Hence
(b +P po’ Py = 1 If k = 0 then o € R (see 0.4(b)) and by 1.6 and 1.7(a)
we have (b%,b%) = (b +P¥' po'+Pi"): (a) follows in this case. If k > 0, k < p then
a € R! (see 0.4(b)) and by 1.6 and 1.7(a) we have (b*,b%) = (1 +v=2 4 --- +
p~2(e=1)) (pe’ i po’+pi"). () follows in this case. This completes the proof of (a)
assuming that o € RT.

We now prove (a) for « € R~ by induction on h(—«a) > 1. Let i € I. Recall
that &;,t; satisfy &; = t; (see 1.11), (t;,t;) = [2]0; 1(b~%,b~") (see 1.10(b)) and
(ti, 1) = [2]iv; (07, 0%) (see 1.11(Db)). Tt follows that

(b) (b=, 077 = (0", ").

In particular, (a) holds when h(—a) = 1. We now assume that « € R~ and
h(—a) > 2. We can find o/ € R™, i € [ such that ¢;o» =0, p = piov > 1
and « = o 4+ ki’ where k € {0,1,...,p—1}. Then h(—(a’ + pi’)) < h(—«) hence
(o +pi’, &' +pi’) is given by the formula in (a). The rest of the proof is a repetition
of the first part of the proof. Assume first that p = 1. Then o = o’ and by 1.6 and
1.7(a) we have (b, b*) = (b *7 p>'+"). By 0.4(c), either both «,« + i’ belong
to R¢ or both belong to R'; (a) follows in this case. Next assume that p > 1. By
0.4(b) we have p = e and o’ + pi’ € R®. Hence (b* 177 b +P") = 1. If k = 0 then
o € R¢ (see 0.4(b)) and by 1.6 and 1.7(a) we have (b*,b*) = (b +Pi po'+pi'). (3)
follows in this case. If k > 0, k < p then a € R! (see 0.4(b)) and by 1.6 and 1.7(a)
we have (b*,0%) = (1 +v=2 4 - 4 o2 (po' 97" pa’+pi'y. (3) follows in this
case. This completes the proof of (a) assuming that & € R™; hence (a) is proved
in all cases.

1.13. We show:

(a) If i € I" then (t;,t;) = 1+ v ) (1 4+v 2+ - +0 2D, [fic I¢ then
(titi) =1+v;2=1+0v"2%,
Note that when e = 1 we have I' = I and the two formulas in (a) are compatible
with each other.
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From 1.10(b) we have (t;,t;) = [2];0; 1(b=%,b~"). Using 1.12(a) we see that (a)
holds.

In the remainder of this subsection we fix ¢ # 7 in I. We show:

(b) If at least one of 4,7 is in I' and i-j # 0 then (t;,t;) = v°[e]. If both i, ]
are in 1¢ and i-j # 0 then (t;,t;) =v=°. Ifi-j =0 then (t;,t;) =0.
Using 1.10(d), we have

(bisty) = (Bib™" t) = (077 wi K2 Fity)
= [ () (07 w2 ) = o =4, )] (07707,

We see that if (j,4') = 0 then (¢;,¢;) = 0.

Now assume that (j,4") # 0.

Ifi e I¢,j € I then (j,7) = —1 and (¢;,t;) = v~ °.

If i € I¢,j € I' then (j,i') = —e and (t;,t;) =

If i € I',j € I° then (;,t;) = (tj,t) = v [e].

Ifi e I',j € I' then (j,i') = —1 and mJg):1f4(1+v_2+~--+1fg@_n):
v~ el

This completes the proof of (b).

1.14. We show:

(a) The elements {t;;i € I} are distinct.
Let i # j in I. If we had t; = t;, then we would have (¢;,t;) € 1 + v 'Z[v™!], see
1.13(a). But 1.13(b) shows that (¢;,¢;) € v~'Z[v™!]. This completes the proof of
(a).

Let € = {b* a € R} U {t;,i € I}. By (a), this is a subset of A rather than a
multiset. We show:

(b) We have B = €.
Since t; € B for any i € I, we have € C B. Clearly we have f(€) = §(R) + §(I).
Since we have also §(B) = #(R) + #(I), it follows that & = B, proving (b).

1.15. We prove the existence part of 0.6(a). It is enough to prove that the ele-
ments X, = b* and t; satisfy the requirements of 0.6(a). Now 0.6(a)(i) holds by
definition; 0.6(a)(ii) is immediate; 0.6(a)(iii) has been verified earlier in this sec-
tion. This proves the existence part of 0.6(a) and at the same time proves 0.6(b)
(see 1.14(b)).

2. APPLICATIONS

2.1. Lett €1, k € Z~o. From 0.6 we see that the action of EZ-(k), Fi(k) in the basis
€ of A is given by the following formulas.

(Gi0 + K}

E® X, = S Xopri if o € Ry # ik < pio,
[9i,0]; (K]}
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EMX,=0ifacRa#—i' k> pia
X =t E¥Yx ., —x., E®x ., —0if
EZX_Z/ = tl,Ei X_Z/ = XZ/,Ei X_Z/ =0if k > 3,

Eit; = [|(j,#))); X, EFt; = 0if k > 2,

7,0 k ; 3
FOX, =Bt My ifaeRa# ik < g,

[pi,oli[K];
FPX,=0ifa€Ra#i k> ga,
FXy=t, FPXy =X_y FPX, =0if k > 3,
Fity = [|G, )], X ar, Ft; = 0if k> 2.

In particular, we see that EZ-(k), Fi(k) act through matrices with all entries in

Nv,v™ . (In the case where e = 1 this is already known from [L4, 22.1.7].)

2.2. If v is specialized to 1, the U-module A becomes a simple module over the
universal enveloping algebra of a simple Lie algebra g corresponding to the adjoint
representation A|,—; of g; this module inherits a Q-basis {X,;a € R} U{t;;i € I}
in which the elements e;, f; of g defined by F;, F; act by matrices with entries in
N. Let z € Q. Then for i € I, the exponentials z;(z) = exp(ze;), yi(z) = exp(zf;)
are well defined endomorphisms of A|,—;. Their action in the basis above can be
described using the formulas in 2.1:

(Gi,o +F)! . :
1i(2) Xy = Z %zk)@%i/ if o € R, # —,
0<k<pi,a ’
l’i(Z)X_i/ = X_il + zt; + Zin/,

zi(2)t; =t; +|(j, )|z Xy if j € 1,

yi(2)Xo = Z %Zk}fa—ki’ if o€ Ryav #7,
Dia-K:

yi(2) Xy = Xor + 2t; + 22X 1,
yi(2)t; =t + |, )2 X_p if j € I.

2.3. Now let k be any field and let V' be the k-vector space with basis {X,;a €
Ry {t;;i e I}. Forany i € I and z € k we define x;(z) € GL(V), yi(z) € GL(V)
by the formulas in 2.2 (which involve only integer coefficients). The subgroup
of GL(V') generated by the elements x;(z),y;(z) for various ¢ € I,z € k is the
Chevalley group [Ch] over k associated to g.
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