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NONSPLIT HECKE ALGEBRAS AND PERVERSE SHEAVES

G. LuszTIG

INTRODUCTION

0.1. Let W be a Coxeter group such that the set K of simple reflections of W is
finite. Let [ : W — N be the length function and let £ : YW — N be a weight
function that is, a function such that L(xy) = L(z) + L(y) whenever z,y € W
satisfy [(zy) = I(z) + I(y). Let A = Z[v,v™!] where v is an indeterminate. The
Hecke algebra of W (relative to £) is the free A-module H with basis {7,;2z € W}
with the associative algebra structure defined by the rules (7, 4+v %) (T, —v£ () =
0if 2 € K and T,y = 7,7, whenever z,y € W satisfy l(xy) = I(z) + {(y). Let
{c.;2 € W} be the basis of H defined in [L5, 5.2] in terms of W, L. We have
C2 = Y ey P,z T where p; . € Z[v~1] is zero for all but finitely many ¢. In the
case where H is split that is £ = I, we have p; . (v) = v~ HE P, _(v?) where P; . is
the polynomial defined in [KL1]; in this case, p; , can be interpreted geometrically
in terms of intersection cohomology (at least in the crystallographic case), see
[KL2], and this interpretation has many interesting consequences.

In this paper we are interested in the case where H is not split (and not even
quasisplit, in the sense of [L5, 16.3]). As shown in [L1], [L2] (resp. in [L4]),
such H, with W a finite (resp. affine) Weyl group, appear as endomorphism
algebras of representations of Chevalley groups over F, (resp. F,((¢))) induced
from unipotent cuspidal representations of a Levi quotient of a parabolic (resp.
parahoric) subgroup. Our main goal is to describe the elements p; , coming from
(nonsplit) H which appear in this way in representation theory, in geometric terms,
involving perverse sheaves. In this paper we outline a strategy to achieve this
goal using geometry based on the theory of parabolic character sheaves [L6]. For
simplicity we focus on Chevalley groups over F,, but a similar strategy works
for Chevalley groups over F,((¢)) in which case the affine analogue of parabolic
character sheaves [L8] should be used. We illustrate in detail our strategy in the
special case where H is the endomorphism algebra of the representation of SOy (F )
induced from a unipotent cuspidal representation of a Levi quotient of type By
of a parabolic subgroup. (This is the smallest example in which some p; . can be
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outside N[v~!]. This H is of type By with £ taking the values 1 and 3 at the two
simple reflections.) The main effort goes into computing as much as possible of the
cohomology sheaves of parabolic character sheaves in this case. (For this we use
the complete knowledge of the polynomials P, ,, for the Weyl group of type By,
the knowledge of the multiplicity formulas for unipotent character sheaves on SO5
and some additional arguments.) Eventually the various p; , can be reconstructed
from the information contained in the various cohomology sheaves of parabolic
character sheaves. I expect that similar results hold for all H appearing as above
from representation theory. (A conjecture in this direction is formulated in 3.11.
It makes more precise a conjecture that was stated in [L5, 27.12] before the theory
of parabolic character sheaves was available.)

0.2. Notation. If X is a finite set, X denotes the number of elements of X.
Let 2% be the set of subsets of X. If T is a group, I is a subset of I' and v € T
we set "IV = yT'y~ L. Let k be an algebraically closed field. All algebraic varieties
are assumed to be over k. If X is an algebraic variety, D(X) denotes the bounded
derived category of Q;-sheaves on X (I is a fixed prime number invertible in k). We
will largely follow the notation of [BBD]. If K € D(X) and A is a simple perverse
sheaf on X we write A - K instead of: ” A is a composition factor of & ;ez? H7 (K)”.
For K € D(X), n € Z we write K (n) instead of K[n](n/2) (shift, folowed by Tate
twist). If f: X — Y is a smooth morphism of algebraic varieties all of whose
fibres are irreducible of dimension d and K € D(Y), we set f*(K) = f*(K)(d).
If X is an irreducible algebraic variety, | X| denotes the dimension of X. For any
connected affine algebraic group H, Uy denotes the unipotent radical of H. If k
is an algebraic closure of a finite field F; and X is an algebraic variety over k with
a fixed F -structure, we shall denote by D,,,(X) the bounded derived category of
mixed Q;-complexes on X.

Assume that C' € D(X) and that {C;;i € Z} is a family of objects of D(X). We
shall write C' < {C;; i € Z} if the following condition is satisfied: there exist distinct
elements i1, 190, ...,1s in Z, objects C]'- € D(X) (j =0,1,...,s) and distinguished
triangles (C7_,,C%, C;;) for j = 1,2,...,s such that Cj = 0, Cf = C; moreover,
C; = 0 unless ¢ = i; for some j € [1,s]. The same definition can be given with
D(X) replaced by D,,(X).

1. THE VARIETY Zj; AND ITS PIECES “Z;

1.1. We fix an affine algebraic group G whose identity component G is reductive;
we also fix a connected component G of G. Let B be the variety of Borel subgroups
of G. Recall that the Weyl group W of G naturally indexes the set of G-orbits of
the simultaneous conjugation action of G on B x B. We write O,, for the G-orbit
indexed by w € W. Let [ : W — N be the length function w — l(w) = |Oy|—|01];
let I = {w € W;l(w) = 1}. Recall that (W, I) is a finite Coxeter group. Let <
be the standard partial order on W. For any J C I let W; be the subgroup
of W generated by J; let W7 (resp. W) be the set of all w € W such that
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l(wa) = l(w)+1(a) (resp. l(aw) =l(a)+1(w)) for any a € W;. For J C I, K C I,
let KW7 = KW nWY. Any (Wg, Wjy)-double coset X in W contains a unique
element of KW+ denoted by min(X).

We define an automorphism 6 : W — W by

(B,B') € 04,9 € G' = (B,B’) € Os(u).

We have §(I) = I. For J C I we write °J instead of 6(J); let Nys = {w €
WiwJw™! =9J}. We have N5 C PIW

1.2. Let P be the set of parabolic subgroups of G. For P € P we set Bp = {B €
B; B C P}. For any J C I let P; be the set of all P € P such that

{we W;(B,B’") € O, for some B, B’ € Bp} = W.

If JCIand P <€ Py,g€ G then 9P € Ps;. We have P = U Py, Py = B,
Pr ={G}. For B € B, J C I, there is a unique P € P; such that B C P; we set
P=Bj;. For JJK CI, P€ Pk, Q€ Py, the set

{weW;(B,B') € O, for some B € Bp, B’ € By}

is a single (W, Wj)-double coset in W, hence it contains a unique element in
KW 7 denoted by pos(P, Q). We set P = (PN Q)Up. We have P9 € Prrad(u)J
where v = pos(P, Q) and Upqe = Up(P NUg) hence

\Upa| =[P NUq|+ |Up| = |Up NUg|.

Note that the condition that P, () contain a common Levi subgroup is equivalent
to the condition that Ad(u~!)K = J; in this case we have P? = P, QF = Q.

1.3. Let J C I. Following Bédard [Be] (see also [L6, 2.4, 2.5]), for any w € "W
we define a sequence J = Jy D J; D Jo O ... in 27 and a sequence wy, wy, ... in
W inductively by

Jo = J,

Jp = Ju_1 N 5_1(Ad(wn_1Jn_1), forn > 1,

wy, = min(Ws ;wW; ), for n > 0.
For n > 0 we have J,, = J,41 = ... and w,, = wy41 = ...; we set J¥ = J,, for
n > 0 and we = w, for n > 0.

According to loc.cit., this gives a bijection  : /W =5 T(J,0) where T (J,6) is
the set consisting of all sequences (J,,, wy)n>0 in 21 x W where

Jn = Jpn_1 NI HAd(wy_1)Jp_1) for n > 1,

w,, € "In W for m > 0,

wy, € w1 Wy, forn > 1.
The inverse bijection T (J, ) — "TW is given by (Jp, Wn)n>0 — Wee-

Assume that w € "7W. We have JY = §71(Ad(w)J%). Hence there is a
well defined Coxeter group automorphism 7, : Ws(juw) — Ws(juw) given by z —
Tw(z) = wé = (z)w™L.
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1.4. Let J C I. We set
Zy= {(P,P',g) € Py xPs; x G';9P = P'},

Z;={(P,P',gUp); P € Py, P' € Ps;,9Up € G' /Up,9P = P'}.

The variety Z; is the main object of this paper. (In [L6, 3.3] Z;,Z; are denoted
by Z;s, Z,5-)

Now G x G acts on Z; by (h, ) : (P,P',g) — ("P,"" P’ W' gh~') and on Z,
by (h, 1) : (P, P, gUp) — ("P, W pr h'gh='Uxp). In this paper we shall restrict
these actions to G viewed as the diagonal in G x GG. Let e : Z; — Z; be the
obvious map (an affine space bundle).

Following [L6] we will define a partition of Z; into pieces indexed by YT

To any (P, P', g) € Z; we associate an element w p,p’,g € W by the requirements
(i),(ii) below. (We set z = pos(P’, P) € W)

(1) wp,p.g = Wp, Pl g where P; = P’ P = (gflPﬂ P)UP S Pjﬂé—l(Ad(Z)J),
P = P'" € Ps janac)s

(ii) wp,pg =% if z € NJ75.

These conditions define uniquely wp pr 4 by induction on #J. If z € Ny (in
particular if §J = 0) then wp pr 4 is given by (ii) (and (i) is satisfied since P, = P).
If 2 ¢ Nys, then #(J N6~ (Ad(2)J)) < #J and wp p 4 is determined by (i) since
Wp, pl g 18 known from the induction hypothesis.

From the definitions we see that the map Z; — W, (P, P, g) — wp, pr g is the

composition Z; — T(J, ) LTt (the first map is as in [L6, 3.11]); in partic-
ular for any (P, P’,g) € Z; we have wp,prg € 6JW, wp prg € Ws ypos(P', PYW .
For any w € SJW, we set

“Zy={(P,P',g) € Zj;wpprg = w},

Yz = {(P, P,,gUp) c ZJ;UJPJD/’g = w}.

The subsets {“’ZJ; w e 6JW} are said to be the pieces of Z; they form a partition
of Z;. The subsets {("Zjw € 5JW} are said to be the pieces of Z;; they form a
partition of Z;. We have ¥Z; = e}l(wZJ), Wz = GJ(wZJ), and “Z;,YZ; are
stable under the G-actions on Z;, Z,.

1.5. Let 2 € /W7 and let Q = Wi 2Wy. We set J; = JN61(Ad(2)J). Let
ZJ,Q = {(P7P,7g> € ZJ;pOS(P,7P) = Z}7
a locally closed subvariety of Z;. Let

ZTH,Q = {<Q7Qlag) € ZJ1;pOS<Q/7Q) c ZWJ},
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a locally closed subvariety of Zj,. By [L6, 3.2],
(a> &:ZJvQ_)Z}l,Qv (P,P/,g>!—>(P1,P1/,g) where P{:P,P:P12971P1/

is a well defined morphism; by [L6, 3.6],
(b) & is an isomorphism.
Let
ZJ’Q = {(P, P,,gUp) c ZJ; pOS(P/, P) = Z},

a locally closed subvariety of Z;. Let
Z} 0 =1{(Q.Q',gUq) € Zs;p0s(Q', Q) € 2Wy},
a subvariety of Z;,. Now & induces a morphism a: Z;q — Zj}l:Q given by

(c) (P, P, gUp) s (P1, Pl,gUps where P| = P'P P, =9 " P/,

From [L6, 3.7-3.10] we see that

(d) « is an affine space bundle with fibres of dimension [Up N P'| —|Up N Up/|
for some/any (P, P") € P; x Ps; such that pos(P’, P) = z.
Next we note that, for w € *JW such that w € ), we have

“ZyC Zyg, Y25 C Zyq, P2y C LY 0. Y2y, CZY .
(We use that w € zWj;.) Using the definitions we have

() “Zy=a"'("Zy), " Zy =a (" Zy,).
Moreover, using (b),(d) we deduce:

(f) & restricts to a bijection 0. : “Z; — “Zy,;

(8) a restricts to a map Vg, 2 Y Zy — Y Zy, all of whose fibres are affine spaces
of dimension |Up N P'| — |Up N Up:| for some/any (P, P") € P; X Ps; such that
pos(P’, P) = z.

Proposition 1.6. Let J C I, w € I Define z € b e by w € 2W7.

(a) “Z;y (resp. “Zj) is a smooth irreducible locally closed subvariety of Z;
(resp. Zj) of dimension l(w) + |G| (resp. l(w) + |G| — |Ps]|).

(b) Let J, = J N6 Y (Ad(2)J). Then V. : “Zy — “Zy, (see 1.5(f)) is an
isomorphism and ¥y, 1 YZ; — “Zj, is a smooth morphism all of whose fibres
are affine spaces of dimension [Py, | — |Py|.

Assume first that z € Nj;. Then z = w and
“Zy={(P,P',g) € Zs;pos(P', P) = 2}
(resp. “Zj ={(P,P',gUp) € Z;;pos(P’, P) = z}) is the inverse image of

*Y; ={(P,P") € Py x Ps;pos(P',P) = z}
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under the obvious map Z; — Py X Ps; (resp. Z; — Pj X Ps;), a smooth map
with fibres isomorphic to P (resp. P/Up) for P € P;. Since *Y; is smooth,
irreducible, locally closed in P; x Ps ;, of dimension I(2) 4+ |P|, it follows that in
this case “Z (resp. “Zj) is a smooth, irreducible, locally closed subvariety of Z;
(resp. Zj) of dimension I(z) + |Ps| + |P| (resp. (z) + |Ps| + |P/Up|). Thus (a)
follows in this case.

If 2 ¢ Ny then, setting J; = J N6 1 (Ad(z)J), we have §J; < .J and we can
assume that (a) holds when J is replaced by J;. Using 1.5(e),(b),(d) we deduce
that “Z; (resp. “Zy) is a smooth irreducible locally closed subvariety of Z; (resp.
Zj) of dimension I(w) 4+ |G| (resp. l(w) + |G| — |Ps, |+ |Up N P'| — |Up NUp/| for
some/any (P, P’) € *Y;). To complete the proof of (a) it is then enough to note
that |“Z;| = |“Z;| — |Ps|. The proof above shows that

|PJ1|_|7DJ| = |UPﬂPl| _|UPmUP/|

for some/any (P, P’) € ?Y}.
Now (b) follows immediately from (a) using 1.5(e),(b),(d).

1.7. Examples. In the case where J = I we can identify Z; = G!. It has a
unique piece, !Z; = Z;. In the case where J = (), Z; is a torus bundle over
B2. The pieces of Z; are the inverses images of the G-orbits O,, (w € W) under
ZJ — 82.

Assume now that G = G = GL(V) where V is a k-vector space of dimension 3.
We can identify the projective space P(V') with P; for a certain 1-element subset
J of I. Then Z; becomes the set of triples (L, L’,g) where L, L’ are lines in V
and g € GL(V) carries L to L'; since L’ is determined by L,g we can identify
Z; with the set of pairs (L, g) where L is a line in V and g € GL(V). For any
r € [1,3] let "7 be the set of all (L,g) € Z; such that L, gL, ¢?L,... span an
r-dimensional subspace. Then the subsets "Z; (r € [1,3]) are exactly the pieces
of Z;. Now Zj becomes the set of quadruples (L, L’,~,7) where L, L’ are lines
inVandvy:L > L',5:V/L = V/L' are isomorphisms of vector spaces. Let
YZ; = {(L,L',7,7) € Z5;L = L'}. Let 2Z; be the set of all (L,L',~,7) € Z;
such that L # L’ and 4 carries the image of L’ in V/L to the image of L in V/L'.
Let 3Z; be the set of all (L,L’,~,7) € Z; such that L # L’ and such that the
following holds: denoting by L; the image of L’ in V/L, by L} the image of L in
V/L', and setting Ly = 4~ Y(L}) C V/L, Ly = 3(L1) C V/L', we have Ly # L;
(hence Lh # L)) and 4(L1 @ Lo) = L} @ LY. Then 1Z;,27;,3Z; are exactly the
pieces of Z;.

Assume now that G = G = Sp(V') where V is a k-vector space of dimension 4
with a given nondegenerate symplectic form (,). We can identify the projective
space P(V) with P for a certain 1-element subset J of I. Then Z; becomes the
set of triples (L, L', g) where L, L’ are lines in V and g € Sp(V) carries L to L’;
since L’ is determined by L, g we can identify Z; with the set of pairs (L, g) where
Lisalinein V and g € Sp(V).
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For r € [1,2] let "Z; be the set of all (L, g) € Z; such that L, gL, g?L, ... span
an 7-dimensional isotropic subspace of V and let "2/, be the set of all (L, g) € Z;
such that (L,gL) = (L,g?L) = --- = (L,g" L) = 0, (L,g"L) # 0. Then the
subsets " Z, TZ’J (r =1,2) are exactly the pieces of Z;.

Now Z; becomes the set of quadruples (L, L’,v,%) where L, L’ are lines in V
and vy : L = L' is an isomorphism of vector spaces and 7 : L+ /L = L't /L' is a
symplectic isomorphism. Let *Z; = {(L,L',~v,5) € Z;; L = L'}. Let 2Z; be the
set of all (L, L',~,%) € Z; such that L # L', (L, L') = 0 and 7 carries the image of
L'in L+ /L to the image of L in L'+ /L. Let 2Z’, be the set of all (L, L’,~,7) € Z,
such that L # L', (L,L') = 0 and 7 does not carry the image of L’ in L*/L to
the image of L in L't /L. Let 12, = {(L,L',~,7) € Z;;(L, L") # 0}. Then the
subsets 17,27 ;,22",1 Z', are exactly the pieces of Z;.

1.8. Let J C I. Let
B3 ={(B, B, gUs,);(B,B') € B*,9Up, € G*/Up,,B = B'};
this is well defined since Up, C B. Define 7 : 83 — Zj by
(B,B',qUg,) — (Bs,Bs;,9Ug,).
For any y € W let
B3, ={(B,B',gUs,) € B} (B,B') € O}

and let 7, : B%ﬂy — Zj be the restriction of ;. The statements (a),(b) below
can be deduced from [L6, 4.14].

(a) For any w € SJW, the image of Ty ,,-1 : Biw,l — Zj is exactly Y Z ;.

(b) If w € "IW and x € Wis(juwy then the image of 7j-14 B%,w—lx — Zy s
contained in Y Zj.
Note that (a) gives an alternative description of ' Z; as the image of 7 ,,-1.

1.9. Let J C I and let w € "/W. In [He, 4.6] it is shown that the closure of “Z;
in Zj is equal to Uw,ed<J>W;w,§wa/ZJ where w’ <; w is defined by the condition:
S(u)w'u=t < w for some u € Wj.

2. UNIPOTENT CHARACTER SHEAVES ON Z; AND ON “Z;

2.1. Let J C I. Fory € W we set KY = (m;,)Qi € D(Z;). A unipotent
character sheaf on Zj is by definition a simple perverse sheaf A on Z; such that
A 4 KY for some y € W. This is a special case of what in [L6] is referred to as
a parabolic character sheaf. Let C'S(Z ;) be the collection of unipotent character
sheaves on Z.
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In the case where J = I, we can identify Z; = Z; with G'. Hence there is a
well defined notion of unipotent character sheaf on G*'. In this case, for y € W we
have

B;,={(B,B',g) e BxBxG: B =9B,(B,B') € 0,}

and 7y : Biy — Zy is given by (B, B’,g) — g.
In the case where J = 0, for any y € W, 7, is the inclusion of

{(B,B',gUp);(B,B") € 0,,g € G',9B = B'}

into

Z@ = {(B7BlngB); (B,B,) S 82,9 € Gl,gB = B,}

It follows that C'S(Zy) consists of the simple perverse sheaves on Zj which are (up
to shift) the inverse images under Zy — B? of the simple G-equivariant perverse
sheaves on B2.

2.2. Let J C I and let w € */W. We define a collection of simple perverse sheaves
CS("Zy) on “Zy (said to be unipotent character sheaves on “Z;) by induction
on #.J as follows. We set z = min(Ws ;wWWy).

Assume first that z € Njs so that z = w. For any (P, P’) € *Y; we denote
by Sp,ps the set of common Levi subgroups of P, P’; this is a nonempty set. For
any L € Sp pr we denote by L the normalizer of L in G. Note that the identity
component of L is L. We set L! = {ge GYH9P =P 9L =L} C L. Ifg,qg €Ll
then, setting ¢’ = gh, we have h € PN L hence h € L; we see that L! is a single
connected component of L. We have a diagram

(a) e axit Seg,

where
C(h,g) =9, C’(h,g) - (hP, hP',hgh_thp).

Now ¢ is a smooth morphism with fibres isomorphic to G and ¢ is a smooth
morphism with fibres isomorphic to P N P’. By 2.1 (for L, L' instead of G, Gl
the notion of unipotent character sheaf on L' is well defined. If A; € CS(L')
then ¢* A; is a simple (P N P’)-equivariant perverse sheaf on G x L' (for the free
PN P action a : (h,g) — (ha=!, pr(a)gpr(a)~t) where pr : PN P — L is the
canonical projection) hence it is of the form ¢’* A for a well defined (necessarily
G-equivariant) simple perverse sheaf A on *Z;. By definition, C'S(*Z;) consists
of the simple perverse sheaves A obtained as above from some A; € CS(L').
Note that A; — A defines a bijection between the set of isomorphism classes of
objects in C'S(L') and the set of isomorphism classes of objects in C'S(*Z;). This
definition of C'S(*Z;) does not depend on the choice of (P, P’) in #Y; and that of
L in Sp ps since the set of triples (P, P’, L) as above is a homogeneous G-space.
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Next we assume that 2 ¢ Njs. Then, setting J; = J N6 1(Ad(2)J), we
have §.J; < 4J so that CS(*Z,,) is defined by the induction hypothesis. By

definition, C'S(*Z;) consists of the simple perverse sheaves of the form ﬁIwA

where A € CS(YZy,) and ¥, is as in 1.6(b). Note that A — ﬂ’}:wA defines a
bijection from the set of isomorphism classes of objects in C'S(*'Z,) and the set
of isomorphism classes of objects in C'S(*Z;).

This completes the inductive definition of C'S(*'Z;). Note that if A € CS(VZ)
then A is G-equivariant. Note that Q;(|“Z;|) € CS(¥Zj).

2.3. Let J C Tandlet w e /W. Let A € CS(¥Zy). Let A* be the unique simple
perverse sheaf on Z; such that A¥|wz, = A and supp(A*) is the closure in Z; of
supp(A). (Here supp denotes support.) Let C'S'(Z;) be the collection of simple
perverse sheaves on Z; that are isomorphic to A for some w, A as above. We
show that, if A € C'S’(Z;) and A = A* with w, A as above then

(a) w is uniquely determined,

(b) A is uniquely determined up to isomorphism.
Assume that we have also A = A" where A’ € CS(* Z;). Then supp(A) and
supp(4’) are dense in supp(A). Hence they have nonempty intersection. Since
supp(A) € “Z;, supp(A") € ¥ Z;, it follows that “Z; N Z; # () so that w = w'.
We have Alwy, = A, Alwy, = A’ hence A = A’

We now state the following result.

Proposition 2.4. Let J C I.

(a) We have CS(Z;) = CS'(Z;).

(b) Let w € "TW and let A € CS(Zj). Let A’ be a simple perverse sheaf on
wZy such that A" 4 Alwyz,. Then A" € CS(“Zy).

The proof of (a) appears in [L6, 4.13, 4.17]. The proof of (b) appears in [L6,
4.12]. We will reprove them here (the proof of 2.4(b) is given in 2.12; the proof of
2.4(a) is given in 2.14). To do so we are using a number of lemmas some of which
are more precise than those in [L6].

Lemma 2.5. Let J C I, z € Ny (so that z € EJW). Let y € W and let A be a
simple perverse sheaf on *Z; such that A4KY|-z,. Then A e CS(*Z;).

If y ¢ 2~'Ws; then the image of 7, Biy — Z is disjoint from *Z; hence
KY |-z, = 0. This contradicts the choice of A. Thus we must have y = 271y’ for
some y' € Ws;. We fix (P,P’') € ?Y;, L € Spps (see 2.2). Let By, be the variety
of Borel subgroups of L. Let By, ,» = {(8, ') € B3;(8Up:, 3'Up:) € O,. We have

a cartesian diagram

~ ~/
—_ (& —_ C
E +—— GxE —— B} .,

/| | |

'S GgxIL! —<S— =gz,
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where R
E={(8,8,9)€Br x B x L9357 =p8,(8,8) € Oy},
éh, (8,8,9) = (8,8.9),
&(h,(8,8,9) = (hPPUr k=t hB'Uph ™Y hgh™ Uy, ppp-1),

f(575/7g):g7 f/<h7 (575/79)):(h79)7 f”(B7B/7gUBJ) = (BJ7B</5J7gUBJ)
and ¢, c are as in 2.2(a). It follows that ¢*fiQ; = ¢*f'Q;. (Both are equal to
f/Qi.) We have fiQ; = Kl g\ivhich is defined like K¥ by replacing GG, Jy
by L,L',9J, y) and f'Q; =K5 Y |-z,. Thus we have

* 271y’ * Sy
(a) KT YV ez,) = (K.

Since ¢ is smooth with fibres isomorphic to G and ¢’ is smooth with fibres isomor-
phic to P N P’ it follows that

(b) X @ PHI(KS Y |-y,) = c* @, PHI(KY'L)

so that ¢/* A 4 c*KY'iL" hence there exists a simple perverse sheaf C' on L' such
that ¢* A = ¢*C and C 4 KY L' Thus C € CS(LY) and from the definitions we
see that A € CS(*Z;). The lemma is proved.

2.6. For any y1,y2,ys in W and any i € Z we set

Ri = Hé({B - B; (B17B) € Oym (B7Bi) S Oy2}7 Ql)

Y1,Y2,Y3

where (B1, B}) € O,, is fixed. This is a Q;-vector space independent of the choice
of (B1, B}) (since G acts on O, transitively with connected isotropy groups).

For J C I, u € W we define py,, : * Zy — Zs by (B,B,g) = (Bs, B},,9)
and we set K% = (p7..)1Q; € D(Z5); we have K% = e* K.

Lemma 2.7. Let J C I. Let y* € W(;J, Ys € Ws g, y=9y*y.. Let z € “IWY and
let Q= Ws,;2Wy. We set Jy =JN6  (Ad(2)J). Let a: Zsq ~> ZTH,Q be as in
1.5(b).

(a) In D(Z ;) we have

K‘y]|ZJ,Q = {Rf;—1(y*

) y*sy'y* ® @*(Kiy |z;1yﬂ)[—i];y’ eWj,i € Z}.

(b) Let w € QN "IW. Let Djw: Y2y —YZy, be asin 1.6(b). In D(YZ;) we
have

KZ|wZJ = {Rg—l(y*),y*;y’y* ® ﬁ?,w(Kgly |wZJ1)[_i];y, € WJvi € Z}
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(¢) In the setup of (b) let Ty : Wi(juwy — Wijuwy be as in 1.5. Let x € Wi (ju).
We have

—1 —1
KY g, =05, (K ™y,

We prove (a). Assume first that y=! ¢ . In this case, the image of pj, :
y”Z@ — Z; is disjoint from ZLQ hence KZ|Z]Q = 0. Moreover, for any vy € W,

the image of Py, 4y~ : W'D Zy — Z;, is disjoint from ZL,Q' (We have y*~1 ¢ Q.
If y*~ty/=t € Ws; 2W; then y*~! € Ws; 2W,; C €, a contradiction.) Thus
KY Y \23170 =0 and (a) holds.

We now assume that y~! € Q. We set
EY =
{(B1,B,B{,9) € Bx Bx BxG';(B1,B) € Os5-1(,.), (B, B}) € Oy, B] =By},

VW Zy = Uypew, WV Zy € Zy,

Note that 6 : EY — y’IZ@, (B1,B,B1,9) — (B,9B,g) is a well defined isomor-
phism. Define k : EY — y*_leZg) by (B, B, Bj,g) — (B1, B, 9).

Now p, : yle@ — Z; factors as yle@ 2, Zya % Z; where j is the inclusion

and v WiZ, — 7, (restriction of py,) factors as ¥ W7Z, LR erh 0 7y,
where j; is the inclusion. We have a commutative diagram

By vz s 7,0 — 7,
J| <]
v Wag, Y — 7% g N 7,
From the definitions we have
R1Qu < RS 1y ) ey © I Qul—il;y' € Wy, i € Z},
where j, : W'V Zy — v" Wi Zy s the obvious inclusion. It follows that
ik Q< {Rfs—l(y*),y*;y/y* ® gy Qul—il;y' € Wy, i € Z},
that is,
a0hQi = { R 10y yeryrye @ VG Qul—il;y’ € Wi € Z}.

Since 6 is an isomorphism we have 6,Q; = Qy; since & is an isomorphism we have
a*ay = 1 hence

AQ < {RS 1 () ey @ PGy Qul—ilsy" € Wi € Z},
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Since j*j1 = 1, jiju = 1 and 1 Q; = (sy) Qi = Kﬁ,
Jutbiyn Qi = (B yry- )1 Qi = K%Y,
we have
FKY RS 1y ey @ &G (KYY ) [=ilsy' € Wi € Z}

and (a) is proved.
We prove (b). We have a commutative diagram

wz, — s 754
w|
©Zy —s 7
where h, hy are the inclusions. Applying h* to the relation < in (a) we obtain
K|z, & {R51 () ey @ W& 51 KYY )iy € Wi € Z}.
Let ¥, be as in 1.6(b). Using that h*a*j} = 9% ,h{ji and that jihy : “Z; —
Zj, is the inclusion we obtain

Kz‘wZJ = {R

gfl(y*),y*;y’y* ® ﬁE,w(Kzf’ |wZJ1)[_i]§y/ e Wy,ieZ}

or equivalently

(5K z, < {R;

g—l(y*),y*;y’y* ® ﬁ?,w((ei}lKLy]ly >|WZJ1)[_Z]7y, eWy,ie Z}

Let ey : Wz, Wy, (resp. e, w : wZ;l — “Zj,) be the restiction of e; (resp.
es ). We have (e5K%)|uz, = €5, (K%[vz,) and

~ !k ~ !k !k
70 (€7, KGNz, ) = 00((€], (K57 |vz,,)) = €507, (K Jvz,,)
hence
. 7ok
ej’w(Kg\wZ‘]) S {Rg,l(y*m*;y,y* 0% ef}’w iw(Kgly \wZJl)[—z]; y € Wy,i€ Z}.

Applying (e )1 and using that (e )€y, = (=2[Ps|) we see that (b) holds.
We prove (c). We shall use notation in the proof of (a) with y* = w=!, y, = z,
y=w"tx. We have 61 (z)w™! = w7, (x). Since w™! € W’7 and Tw(x) € Ws ;4
we have
167 Y ) w™) = lw try(2)) = lw™) + 1(1y(x)) = l(w™) + I(x)
=107 () +l(w ™).
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Hence if (B, B, B}, g) € EY then B is uniquely determined by By, B} and k is an
isomorphism of EY onto the subspace

wd N (z)" ! 5 Tw(z) " tw &
6 (=) Zp = (2) Z

of ¥ W5 Zy. Hence we have jndaih6Q; = juihkiQ = qu;lm(m)‘ Since 6 is an

w7y, ()

isomorphism we have 6,Q; = Q;. Hence j11d1$Q; = KJ1 . Since 7111 = 1,
a*a) = 1 we deduce (ﬁlQl = (%*jflejllTw(m). We have jipQ; = szflm. Since
J*5 =1, we deduce ¢ Q; = j*KY% *. Thus

~*Kw71m o~k -*Kw_lTw(l’)
J By =a R :

Applying h* (notation in the proof of (b)) we obtain
rw e 3% Sw T Ty, (@
Ky luz, = 05,(K g, ).

From this we deduce as in the proof of (b) that (c¢) holds. The lemma is proved.

Lemma 2.8. Let J C I, w € "IW. Let y € W. Let A be a simple perverse sheaf
on “Zy such that A= (Kylwz,). Then Ae CS(YZy).

We argue by induction on §J. Let z = min(Ws ;wWy).

Assume first that z € Nys so that z = w. If y ¢ 271 Ws; then the image of
Ty ! Biy — Zj is disjoint from “Z; hence KY|wz, = 0. This contradicts the
choice of A. Thus we must have y = 2~ 'y’ for some 3’ € Ws;. Then with the
notation in 2.5(b) we have

* @ PHIK? 'V uy,) = c* o PHI(KY'E).

Hence ¢/* A - ¢* @, PHY (Ky/?Ll) and there exists a simple perverse sheaf A; on
L' such that ¢*A = ¢*A; and A; - KYL' . Thus A € C’S(ﬁl) and from the
definitions we see that A € C'S(*Z;).

Next we assume that z ¢ Njs. Then, setting J; = J N§1(Ad(z)J), we have
fJ1 < #J. We can write uniquely y = y*y. as in 2.7. From 2.7(b) we see that

there exists y’ € W such that A 4 ﬁjvw(K@j/ly* |wz,, ). Hence there exists a simple
perverse sheaf A; on “Z; such that A = ﬂIwAl and A; - Kglly |wZJ1. By the
induction hypothesis, we have A; € CS(*Z;,). Hence A € CS(*Z;). The lemma
is proved.

Lemma 2.9. Let J C I and letw € 'W. Let A€ CcS(™Zy).
(a) There exists x € Ws(juwy such that A K?71m|wZJ.
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(b) There exists x € Ws(jw) such that AF 4 KY = In particular, A €
CS(Zy). Thus we have CS'(Zy) C CS(Zy).

We prove (a) by induction on #J. Let 2 = min(Ws jwWy). Let 7 : Wos(ju) —
W5(J§’o) be as in 1.3.
Assume first that z € Njs so that z = w and J = J%. With notation in 2.2(a)

we have ¢/*¥ A = ¢*X A; where A, € CS(f)l) so that A; - K*L' for some z € W ;.
Since ‘ » ‘ .
* @ PHI(KY *lug,) = X (e, H (KWH))

(see 2.5(b)) we see that ¢*A 4 ¢*K® '?|uy hence A 4 K% '|uy,. Thus (a)
holds in this case.
Next we assume that z ¢ N;s. Then, setting J; = JNd 1(Ad(z)J) we have

fJ1 < #J. We have A = ﬁIwAl where Ay € CS("Zy). By the induction
hypothesis, there exists € Ws(jw) such that A; K}"l—lﬂwzh. Hence

* * w e
A= ﬁJ,wAl B ﬁJ,w( J1 |wZJ1)-

Using 2.7(c) with z replaced by 7,1 (x), we deduce that A - sz_lT”;l(‘r) |wz,. This
proves (a).

We prove (b). Let = be as in (a). Applying [L7, 36.3(c)] with Y, Y”, C replaced
by wZJ,ZJ,K§71m|wZJ we deduce that (b) holds. (We use the fact that, if ¢ :
wZj; — Zy is the inclusion, then i!(K}”_lﬂwZJ) = K}”_lx, which follows from
1.8(b).)

2.10. Let J C I. For y € W let @y be the closure of O, in B2. The closure of
B%ﬂy in B? is
B3, ={(B,B' gUg,) € B}; (B, B') € O,}.

Let K7, be the intersection cohomology complex of 534/ with coefficients in Q;,
extended by zero on B% — Biy. Let I_{z =7 nky, g with 7 : B% — Zj as in 1.8.
For y' € W let v, : B, — B be the inclusion. By [KL2] we have

(a) Ky =V, @unQi{—i);y e W,y <y,i e 2Z}.

where V;, y are Q-vector spaces such that

(b) Z lelVZ/ v Py 4(v?)

i€2Z
and Py, is the polynomial in [KL1]. Applying 7, we obtain
(c) KY < {V, A ® Kg(—i);y' e W,y <y, iec2Z}.
Note that
(d) B3,y = U(y) + |G| = [Pl.



NONSPLIT HECKE ALGEBRAS AND PERVERSE SHEAVES 15

2.11. Let J C I and let A be a simple perverse sheaf on Z;. We show that
conditions (i),(ii) below are equivalent:

(i) Ae CS(Zy);

(ii) We have A 4K for somey € W.
Assume that (ii) holds. Then from 2.10(c) we see that A — Kg/ for some 3y’ € W,
y’ <y hence (i) holds. Conversely, assume that (i) holds. We can find y € W such
that A 4 K for some y € W and such that A /A Kg/ for any 3 € W such that
y' < y. Using this and 2.10(c) we see that (ii) holds. (We use that dim V), =1
and V}, , = 0 for i # 0.)

2.12. We prove 2.4(b). By 2.11, A is a composition factor of P H’(KY) for some
y € W and some j € Z. By the decomposition theorem, ? H/ (Kg) is a semisimple
perverse sheaf and P H7(KY)[—j] is a direct summand of K%. It follows that A[j]
is a direct summand of K%. Hence A" 4 KY|wz,. Using 2.10(c) we deduce that
Al H K@j/|wZJ for some y’ < y. Using 2.8 we deduce that A’ € CS(*Z;). This
proves 2.4(b).

Lemma 2.13. Let J C I. Let A € CS(Zy). There exists w € "IW and A’ €
CS(*Zj) such that A = A'*. In particular, CS(Z;) C CS'(Z;).

The subsets {supp(4A)NYZ;;w € 5JW} form a partition of supp(A) into locally

closed subvarieties. Hence we can find w € "/W such that supp(A) N™Z; is open
dense in supp(A). We set A’ = Alwz,. Then A’ is a simple perverse sheaf on
wZ;and A’ € CS(YZy) (see 2.4(b)). From the definitions we have A = A’®. The

lemma is proved.

2.14. Let J C I. Since CS'(Z;) C CS(Zy) (see 2.9(b)) and CS(Z;) C CS'(Zy)
(see 2.13) we see that 2.4(a) holds.

2.15. For any J C I and any w € “Y)W we choose (P, P’) € Pjw X Ps(ywy and
a common Levi subgroup LY of P, P’. Define Lw [w! as [, L' in 2.2 with J, L
replaced by J¥, L*. We shall denote by C.S(L"!) a set of representatives for the
objects in C'S(L*'). We can assume that Q;(|L*|) € CS(L™1).

For C' € CS(L"') we denote by C the object of CS(*Zjw) such that *C =
c*C (where ¢, ¢ are as in 2.5 with J replaced by J¥); we set

Cow =95, 0% OF - (C) € CS(MZy)
where (J,,, w,)n>0 = k(w). Then C¥ := (C,)* is defined as in 2.3; note that
Ct € CS(Zy) by 2.4(a). From 2.4 and the definitions we see that

(a) {Cy; C € CS(L¥Y)} is a set of representatives for the isomorphism classes
of objects in CS(*Zy);

(b) {C%,w € YW, C e CS(L*Y)} is a set of representatives for the isomor-
phism classes of objects in CS(Zy).
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Let &7 be the free A-module (A as in 0.1) with basis {Cf;w € YW, C e
CS(L*')}. For w e "JW let R, be the free A-module with basis {Cy;C €
CS(L*Y)}. Let R(L™!) be the free A-module with basis {C;C € CS(L"!)}.

Let £ — &, be the A-module isomorphism ﬁ([:wl) = wR; such that C — C,,
for any C' € CS(L™h).

3. MIXED STRUCTURES

3.1. In this section we assume that k is an algebraic closure of a finite field F, with
g elements and that we are given an Fg-rational structure on G with Frobenius
map F : G — G such that F(G') = G! and the restriction of F to G is the
Frobenius map of an F,-split rational structure on G. Then for any J C I, we
have P € P; = F(P) € Py and P — F(P) is the Frobenius map of an
F ,-rational structure on P;; moreover, (P, P, gUp) — (F(P), F(P'), F(9)Upp))
is the Frobenius map of an F,-rational structure on Z;. For any w € W we
have (B,B’) € O, = (F(B),F(B')) € O, and (B,B’) — (F(B),F(B’)) is
the Frobenius map of an F,-rational structure on O,,. For any J C I and any
w € 6JW, wZj is a subvariety of Z; defined over Fg; we choose P, P',L" as in
2.15 in such a way that F(P) = P, F(P') = P', F(L*) = L¥, F(L*') = L'
(notation of 2.2 with J replaced by J). We shall assume (as we may) that for
any J C I, any w € SJW, and any C € @(f/wl) we can find an isomorphism
¢c : F*C = C which makes C into a pure complex of weight 0; we shall assume
that such a ¢c has been chosen.

Let J C I, w e W. For C € CS(L*") let C € CS(*Zyw), Cw € CS("Zy),
Ct € CS(Zy) be as in 2.15. Then C,C,, C% inherit from C mixed structures
which are pure of weight 0.

3.2. Let J C I. Let w (resp. wy) be the element of maximal length in W (resp.
Wy). Let BeB. Let P = Bwa, U= Up. Now U acts by conjugation on

U = {B € B;pos(B, B) € wWy},

an open subset of B. For any P € P; such that pos(f)’, P) = wwjy we define
Bp x U — U by (By,u) — uBju~". We show:
(a) This map is a bijection (in fact an isomorphism).

Assume that B’ € Bp, B” € Bp and v’ € U u” € U satisfy u’B’u’_l =u'"B"u" 1.
Setting u = v "'/ € U we have uB'u=* = B” hence uPu~! = P and u € P.
Now P, P are opposed parabolic subgroups so that PN U = {1}. Thus u =1 so
that v’ = v” and B’ = B"”. We see that our map is injective. Let B € U. We
have B € Bp: where P’ € PJ,pOS(B P') = wwy. Now U acts transatwely (by
conjugation) on {P; € Py, pos(B, P1) = ww;} hence there exists u € U such that
uPu~™! = P’. Setting B; = u~!Bu we have B; € Bp and our map takes (B, u)
to Bj; thus it is surjective hence bijective.
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Let L = P N P; this is a common Levi subgroup of P and P. Let S be
the identity component of the centre of L. We can find a one parameter sub-
group A : k* — S such that limg o A(t)ul(t)™' = 1 for any v € U. We de-
fine an action t : B +— A(¢)BA(t)~! of k* on Y. (This is well defined since
A(t) € B.) Under the isomorphism (a) this action becomes the action of k* on
Bp x U given by t : (By,u) — (B1, A(t)uA(t)™1). (To see this we must check that
AOuX) T EBIA)u™IA(t) ™ = At)uBiu~tA(t)! for By € Bp; this holds since
A(t) € By.) Now limy (B, A(t)uA(t)~1) = (By,1) for any (B, u) € Bp x U.
Hence t : B — A(t)BA(t)~! is a flow on U which contracts U to its fixed point set
Bp. We have B x P; = Uycws O, where O, is the image of BiWJ = Uagew, Oya
under the obvious map B x B — B x P;. This is exactly the decomposition of
B x Pj into G-orbits where G acts by simultaneous conjugation. Hence BSWJ is a
locally closed subvariety of B2 for any y € W.

3.3. Let J C I. Wefixy € W’/. Let B C P be as in 3.2. Let B; € B be
such that (B, B;) € O, and let P = (B;); then pos(B, P) = wwy. We define
S, X\ in terms of P, P as in 3.2. We choose B* € B as follows: we note that
Ty := BN B; is a maximal torus of G containing S (since S C B, S C B;) and
we choose B* so that Ty ¢ B* and (B, B*) € O,y-1. We have S C B*. Since
(B*,B) € Oy, (B, B;) € O, and B*, B, B; contain a common maximal torus, we
have (B*, B1) € Oyww = O,. Hence for any B € Bp we have (B*, B) € O, with
a € W;. In other words, we have Bp C Ugew,Byq, where for any z € W we set
B.={B e B;(B*,B) € O.}. Asin 3.2, we set U = {B € B;pos(B, B) € wW,}.
Note that Uyew,Bya C U. (If B € B satisfies pos(B*, B) € yW then for some
B’ € B we have pos(B*,B") = y,pos(B’, B) € W hence pos(B, B') = w and
pos(B, B) € wWj.)

For z € W we set B, = {B € B; (B*,B) € O.}. Let w € W. We show:

(a) K“’|B§W1 is pure of weight 0.
Let £ be the intersection cohomology complex of B, with coefficients in Q;; it is
naturally a pure complex of weight 0. Using the transitivity of the simultaneous
conjugation action of G'on O;, and the fact the fibre of By, — O, at (B*, P) € O,
may be identified with Bp, we see that it is enough to show that:

(b) K|35, A5, is pure of weight 0.
We can assume that B,,N\Bp # . Since B, NU is open in B,,, we have K" |5~ =
K where K is the intersection cohomology complex of B, N and it is enough
to show that K|z -5, is pure of weight 0 (recall that Bp C U). For any z € W,
B, NU is stable under the k*-action ¢ : B — A(¢t)BA(t)™! on U (we use that
A(t) € B* for any t). Hence B,, N is stable under this k*-action on /. Since the
k*-action on U is a contraction to its fixed point set Bp and B, NU is closed in U
and k*-stable, we deduce that the k*-action on B,, N/ is a contraction to B, NBp
so that (b) follows from the “hyperbolic localization theorem” [Br|. This proves

(a).
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Proposition 3.4. Let J C I andlet z € Nys.
(a) Fory 65 W, KY%|-z, (uiz'th its natural mized structure) is pure of weight 0.
(b) If we "W, C e CS(L*Y), then C% |-z, (with its natural mized structure)
is pure of weight 0.

We prove (a). We have *Z; = {(P, P',gUp) € Z;;pos(P’, P) = z}. We have a

diagram

By, <2577

where 2 = {(B, B, gUp,) € B3;(B,B’) € Usew; ,0;-1,} and ¢(B, B',gUgp,) =
(B,B'), d(B,B',gUp,) = (By,B;;,9Up,). Now E is the inverse image of *Z;
under 7wy : B% — Zj and d is the restriction of mw;. Moreover m; is proper
hence d is proper. Note also that ¢ is smooth. From the definitions we see that
KZ|ZZJ = dc* (Ky|Bi—1W5J ). It remains to note that I_{y|B§_1W6J is pure of weight
0 (see 3.3(a) with J replaced by °.J), that ¢* maps pure complexes of weight zero
to pure complexes of weight zero (since c¢ is smooth) and d; maps pure complexes
of weight zero to pure complexes of weight zero (by Deligne’s theorem applied to
the proper map d).

We prove (b). We can find y € W and j € Z such that Cf appears in PHI(KY)
(with mixed structures being not necessarily compatible). Since K% and KY |-z,
are pure of weight 0 it follows that ? H?(K%) and ? H’ (K%)|- z, are pure of weight j.
We can find a nonzero mixed vector space V' of pure weight j such that V®C¥ is a
direct summand of  H(K?) (respecting the mixed structures). Then V& C¥ |-z,
is a direct summand of PH7(KY)|:z, (respecting the mixed structures). Hence
C4 |-z, is pure of weight 0.

Remark. More generally for J C I, y e W, w € 6JW, we expect that Kg|wZJ
(with its natural mixed structure) is pure of weight 0.

3.5. Let J C I. Let y € W. Since I_{g(\l?%y\) is pure of weight 0, we have for any
j e

(a) PH(KY(B3,) = @y ctrmwcespom Vo ci(i/2) @ Ch

in D,,(Zy), where V,, ., ¢ ; are Q-vector spaces of pure weight 0. Moreover, by
the relative hard Lefschetz theorem [BBD, 5.4.10], for any y, w, C, j we have:

(b) Vvavcv.j = vavcv_.j'

Hence if t € N5 we have

_ _ , 5 Swly
() Kilz, (IBIyN) = {(Vywcy ® Chlez, ()iw e "W, C e CS(L™),j € Z}
Since for w € "W, C* |t 7, is pure of weight 0 (see 3.4) we have

(d) Ctlez, = {'VEC @ Cij); C" e CS(LM), ' € N}

taw,j
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in D,,(*Z;), where '’ Vﬁ;g’: are Q;-vector spaces of pure weight 0. Note that if

w =t € Njs we have C%|:5, = C; hence ’V;C;/J,C is Q; if ¢’ = C,j' = 0 and

! V;Ctlj,c is 0 otherwise. From (c),(d) we deduce

KYle2, 4183, 1) < {Viw.cg @ V5 @ Clli+5);
(e) we W, 0 e CS(L*Y), " € CS(LM),j € Z,j € N}
in D,,(*Z;).
3.6. Let J C I. For any w € /W, C € CS(L*') and any K € D,,(Z;) we set
(Ci: K) =Y (—1)7( multiplicity of C% in PH (K),)(—v)" € A.
J,heZ

Here, for any mixed perverse sheaf R, R; denotes the subquotient of R of pure
weight h. We set

(a) X(K) = > (CL - K)CY, € /).
we’IW,CeCS(Lw)

For any w € "'W,C € CS(L™) and any K’ € D,,,(*Z;) we set

(b)  (Cw:K')= ) (~1)/( multiplicity of C,, in PH’(K'),)(~v)" € A.
j,h€Z

For K € D,,(Z;) we set
Xo(E)= Y (Cu:Kl|uz,)Cu € Ry

CeCs(Lwh)
From 2.10(b),(c) we deduce for y € W:
_ _ =2 _ ’
(©  Xu(BYIBI, D0 = xu (BY) = 3 Py (0)xu(KY):

Yy eWsy'<y
(We use that V, , in 2.10(b) are pure of weight 0, see [KL2].)
Forte Njs;, we Ny;, C € @(f/wl), we have

c’.c
(d) NACHED D e
C/eﬁ(ﬁtl)
where ) ) y
o0 = dim'VS, v e N
J'EN
specializes to the polynomial P, ,, of [KL1] (in the case where J = (), § = 1). Note
that (IDgujC is 1if t =w,C = C" and is in v~ !N[v™!] otherwise.
Fort € N5,y € W we set

(¢) Wl = v "2 (KY).



20 G. LUSZTIG

3.7. Let J C I, z€ Njs5,y € W. For u € Ws; we define K™ like KY by
replacing G, GY, J,y by L#, L*!,9J, u. We define X(K“;fjl) e R(L*), X(I_{“?pl) €
ALY, like x(KY) and x(KY) by replacing G, G, J,y by L*, L*,%.J, u.

From the proof of 2.5 we obtain:

If y ¢ 27'Ws; then x,(KY) =0. If y = 2~ 'u with u € Ws; then

x=(KY) = 7 7] Z fucC.

CeCS(L=1)
where f, ¢ € A are given by X(K“?ﬁﬁ) = plL7I ZCecs(ﬁzl) fu,cC. Thus we have

(a) v 2 (KY) = o (e (K ET)...

Let z,t € N;. Using (a), 3.6(c), we see that for u € Ws; we have

(b) (K5 )= S P (o) I g,

uw'eWs st tu/<z"1u

Using 3.6(c) for L*! instead of G we see that for u/ € Ws; we have

— 7.7t 1, 7tl
XK = 3T P (0K
u”€Ws ju’ <u’
hence 1.7 tl — 1.7 tl
XK=y Pl (0 (K
u”EW(sJ;u”Su/
where (P!, ., (v?)) is the matrix inverse to (P, ./ (v?)) (with u’,u” in Ws ;). In-
u’,u ’

troducing this in (b) we obtain
(c)

— 1. 7tl
[Z_lu](t) = Z ( Z Pz/ﬂ’,u’(UQ)Pt—lw,z—lu{vQ))X(Ku = )t'

u//GWSJ u/GWJ;u”Su/,t_lu/SZ_lu

3.8. Let H be the Hecke algebra of W. As an A-module, H has a basis {T,,;w €
W}. The multiplication satisfies (T, + 1)(Ts — v?) = 0 if s € I, Ty Ty = Ty if
l(ww") = l(w) + l(w'). For any J C I we define an A-linear map py : H — H by

(a) pr(Ty) = Ts—1(y.) Ty

for any y € W where y* € Wé‘], Yy« € Ws; are uniquely determined by y = y*y..
Now let w € */W and let (o> wn)n>0 = k(w). Let ng > 0 be the smallest

integer such that J,, = J,,+1 = .... Let H,, be the Hecke algebra defined in terms

of Ws(jw) in the same way as H was defined in terms of W. The automorphism
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Ty : Ws(jwy — Ws(jw) induces an algebra automorphism H,, — Hy, (Ty = T>, (y)
for y € Ws(w)) denoted again by 7.

We define a A-linear function e,, : H — H,, by e,(T,) = T,, if y = w1y,
Y1 € Ws(juwy and ew(Ty) = 0 for all other y € W. For n > ng we define an A-linear
function E., j, : H — H,, by

(b) Euw,gn(Ty) = ew(ftg, . - iy ita g, (Ty)), (yeW).

(If n = np = 0 we have Ey, jn(T,) = eyw(Ty).) We show that for y € W and
n > ng we have

() B, nt1(Ty) = Tw(Euw,1n(Ty))-

It is enough to show that for y € W we have
(d) ew (i (Ty)) = Tw(ew(Ty))-
We have y = ¢y where y/ € W’ %) o/ ¢ Wi (jwy and

ew(“Jé"o (Ty>) = ew(Téfl(y”)Ty’% ew(Ty> = 6y’,w*1Ty”-

Now T5-1(yn T, is an A-linear combination of terms T3, with g € Wjw. If
ew(Tyy) # 0 then gy’ € w_lWa(Jéuo) = Wjww™! hence y' = w™!'. Thus, if
y' # w1, both sides of (d) are zero. Now assume that 3’ = w~!. We have

ew(Tg—l(y//)Ty/) = ew(Té‘—l(y//)Tw71> = ew(walTTw(y//)> = TTw(y//) = Tw(ew(Ty)>.

This proves (d) hence also (c).

Proposition 3.9. Let J C I and let w € "W ; let n > ng (no as in 3.8). Recall

the isomorphism R(L¥Y) = R, € — &, in 2.15. Fory € W we have

!/ 7wl
(a) Xu(KY) =000 N (KR,

vEWs sy
where ¢p(w, J) € Z is explicitly computable and f,,, € A are given (see 3.8) by

Ey in(Ty) = Z for Ty € Hy.

y’EW(;(Jg)O)

We argue by induction on §J. Let z = min(Ws;wW;). Assume first that
z € Nyjs so that z = w and ng = 0. If y ¢ 27! W5 then, as in the proof of 2.8
we have KY|wz, = 0 hence x,,(K%) = 0. From the definition, in this case we
have E, jo(Ty) = 0. Using 3.8(c) we deduce that E, j,(Ty) = 0 for any n > 0
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hence (a) holds in this case. Thus we can assume that y = 2~y with 3/ € Wi .
From the definition, in this case we have E, jo(Ty) = T,s. Using 3.8(c) we deduce
that for n > 0 we have E. j,(T,) = 75(Ty) = Trn(y). Using 3.7(a) we have

XZ(Kjily/) = 0=y (KY' L), where ¢(2, J) = |Z;| — |L?|. It remains use that

Xz(Kj_ly/) = XZ(KZJilT:(y/)) which follows from 2.7(c).
Next we assume that z ¢ Njs. Then, setting J; = J N §~1(Ad(z)J), we have
fJ1 < 4J. We can write uniquely y = y*y, as in 2.7. From 2.7(b) we see that

Xu(KY) = ® (W, J) Z gyfxw(Kf’]ly )
y'eW;
where Ts-1(y) Ty = > cw, 9y Tyy in H (with g, € A) and ¢'(w, J) € Z. By
the induction hypothesis we have
Xw(K?j/ly*) = U¢(w’J1) Z f@’,n—lX(KQl’ﬁwl)w,

YU
VEWs ()

where ~
Ew,Jl,n—l(Ty’y*> = Z fymn1Ty € Hy

QIEW(;(JC%)
and ¢(w, J1) € Z. It follows that
Xu(KY) = ® (W, D) +o(w,J1) Z gy’fggn—m(K@/’iwl)w
y/GWJ’g/ewé(Jéuo)
We have
> 9y firm1Ty = > gy Buwsm1(Tyy)
Y EW, G EWs juw, y'eW;

= > gyew(in,_s - tnpts, (Tyy)) = ew(is,_, - ot (Ts=1 ) Ty+))
y'eW,

= ew(tig,_y - patia g (Ty)) = Ew, g (Ty).
Thus (a) holds with ¢(w, J) = ¢'(w, J) + ¢(w, Jy).

Proposition 3.10. Let J C I and let wy € W; be as in 3.2. Let w € I

(a) If z € N5, then I_(lj_lé(“”)pz, s a direct sum of complexes of the form
Qi (j) with j € Z.

(b) Let C = Qu(|L¥]) € CS(L*Y). Then for some j € Z, CL(j) is a direct
summand of quilé(w").
(c) If C is as in (b) and z is as in (a) then CL |-z, is a direct sum of compleves

of the form Q(j) with j € Z.
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We prove (a). Using 3.4(a) and 3.6(c) we see that it is enough to show that

Z Py’yw_le(v2>Xz(K‘y]/) € AQ[<|ZZJ|>.

Yy EWsy' <w=16(wys)

Since w™! € WSJ, the last sum is equal to

Z Py’,wfle(U2> Z Xz(Kz/u)-

Y EWS Ty <w=16(wy) weWs ;)

(We use a standard property of the polynomials P, ,.) Hence it is enough to show

that ) B
S (KY€ AQZ,))

UGW(;(J)

for any ¢’ € w'. By arguments in 3.7, the left hand side is zero unless y’ = 271

in which case it equals

U|ZZ]|_|LZ| Z (X(Ku7£21))z :U|ZZJ|—|LZ‘(X(K(S(WJ%I:Zl))Z.
weWs s

It remains to use that - - .
X(KEDET) € AQu(I L)

We omit the proof of (b). Now (c) follows immediately from (a) and (b).

3.11. In this subsection we assume that G = G is simple modulo its centre hence
G' = Gand 6 = 1. We fix J C I and we write N instead of Njs = {w €
W;wJw™! = J}, a subgroup of W with unit element e. We assume that J # I
and that we are given a cuspidal object A; of CS(L¢) (with L€ as in 3.1). It
follows that L¢ modulo its centre is simple or {1}. We will attach to each w € N
a (not identically zero) map ty, : CS(L¥Y) — Z (said to be a cuspidal map) well
defined up to multiplication by +1. Let F,, : L® — L¢ be the Frobenius map
for an F,-rational structure on L° whose action on the Weyl group W; of L°
(or of L™) is induced by the conjugation action of the connected component Lwt
of L™ on L™ (see 2.15). As in [L9] we identify C'S(L™!) with cs(L¢, F,,), a set
of representatives for the isomorphism classes of unipotent representations of the
finite reductive group (L¢)f». Then ¢, becomes a map cs(L¢, F,,) — Z. Now
A; gives rise to a cuspidal object A,, of ¢s(L¢, F.) and as in [L9] this corresponds
to a unipotent cuspidal representation p,, of (L*)¥e. According to [L3, 4.23], pw
has an associated two-sided cell ¢ of W and it corresponds to a pair (x,r) where
x is an element of a certain finite group I' attached to ¢ and r is an irreducible
representation of Zp(z). Moreover, ¢ gives rise to a subset C.S(L*1). of CS(L*?)
or equivalently to a subset ¢s(L€, F,)c of cs(L€, F,,) in natural bijection [L3, 4.23]
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with the set M (I’ C T') defined as follows: ' C T is a certain imbedding of T as a
normal subgroup into a finite group T such that T /T is cyclic of order < 3 with
a given I-coset T'' whose image in I'/T" generates I'/T'; M(I' C T') consists of all
pairs (y,s) where y € I'! is defined up to conjugation in [ and s is an irreducible
representation of Zr(y), the centralizer of y in I', up to isomorphism. Our function
Ly 18 required to be zero on the complement of ¢s(L¢, F,). hence it can be viewed
as a function ¢y, : M(I' € I') — Z. Let M(T) be the set consisting of all pairs
(y/,s") where 3y € T is defined up to conjugation in I and s’ is an irreducible
representation of Zx(y’), the centralizer of 3" in T, up to isomorphism. We can
find an irreducible representation 7’ of Zp(x) whose restriction to Zr(z) is r.

Let {,}: M(T') x M(T') — Q; be the pairing [L3, 4.14.3]. We define j,» : M(T' C
') — Z by j(y,s) = {(z,"), (y,s")} where s’ is an irreducible representation of
Zi(y) whose restriction to Zr(y) is s. Since x € T, j/(y,s) is independent of
the choice of s’. We can choose 7’ so that j,/(y, s) takes values in Q. We define
b - M(F C f) — Z as cj,» where c is a rational number > 0 such that ¢, takes
values in Z and there is no integer d > 1 dividing all values of ¢,. In the case
where T /T has order 1 or 3, ¢y, is unique. In the case where r /T has order 2, ¢y,
is unique up to multiplication by +1. We state some conjectures.

Conjecture 1. For anyt < z in N there is a (necessarily unique) X, , € Zv™}]
such that )

> L(0)0Y = X u(C)
CeCs(Le)e

for any C" € CS(L™). where (I)g;c € N[v™!] are as in 3.6.
An equivalent statement is that in 'R; we have

Z LZ(O)Xt(Cg) = Xt Z u(C)CY
CeCS(L*1)e C'eCS(LH)e
modulo ZC/e@(ﬁtl)—@(ﬁfl)c AC].

Congecture 2. For anyt < z in Nj, the matriz (@g;’c)(c,7c)€@@ﬂ)cX%(ﬁzl)c
18 square and invertible.

For any i € I — J we have i« € N;. It follows that wy ,w; = wywyu; € Ny
hence 7, = wjuiws = wyjwju; has square 1. It is known that N; together with
{mi;1 € I — J} is a Coxeter group. Let a : W — N be the a-function of W, [, see
[L5, 13.6]. For ¢ € I—J we set ¢; = a(x7;) —a(x’) where x, 2" € c; this independent
of the choice of z,z’ by [L5, 9.13, 4.12(P11)]. There is a unique weight function
L : N; — N such that £(7;) = ¢; for all i € I — J. Hence the Hecke algebra #H
associated to Ny, £ and the elements p; . (for ¢,z in N;) are well defined as in 0.1.

Conjecture 3. For any t < z in Ny we have Xy , = e .p; . where e, = 1.

4. AN EXAMPLE

4.1. In this section we assume that we are in the setup of 3.1 and that G=G'=G
is such that W is of type B4. We have § = 1. We shall denote the elements of I as s;



NONSPLIT HECKE ALGEBRAS AND PERVERSE SHEAVES 25

(i = 1,2,3,4) where the notation is chosen so that (s1s2)? = (s253)3 = (s354)3 =1
and s;s; = s;8; if i —j € {£2,£3}. An element w € W with reduced expression
Si,Siy - - - Si,, Will be denoted as 7142 ...1%,,. In particular we write 7 instead of s;;
the unit element of W is denoted by (). We set J = {1,2} C I. The elements of
TW are

0,3, 4,34, 43, 343, 3243, 32123, 321234, 321243, 432123,
3212343, 3432123, 4321234, 34321234, 32123432123, 321234321234.

Now Ny := N is the subgroup of W consisting of the elements

0, e =4, f = 32123, fe = 321234, e f = 432123,
efe = 4321234, fef = 32123432123, efef = fefe = 321234321234.

It is a Coxeter group (of order 8) with generators e, f which satisfy (ef)* = 1. We
define a weight function £ : Ny — N by

D 0,e—1,f+—3, fers4d,ef — 4, efer b, fef — T,efef — 8

and a homomorphism € : Ny — {£1} by e(e) = 1, ¢(f) = —1. Note that £
coincides with the weight function defined in 3.11 in terms of W, W; and the
two-sided cell ¢ = {1,2,12,21,121, 212} of W.

If 2 € N; then the Weyl group of L* is W; = {0, 1,2,12,21,121,212,1212}. In
our case we have L7 = L?'. Also L? is independent of z (in Ny) up to an inner
automorphism; hence we can use the notation L instead of L*. For u € W; we set

[u] = v Fhy (K.

4.2. The objects of C'S(L) can be denoted by 1, p,0,0’,60,S. Here 1,p,0,0’, S are
perverse sheaves on L with support equal to L which are generically local systems
(up to shift) of rank 1,2,1,1,1; 6 is a cuspidal character sheaf on L. They can be
characterized by the equahtles

|=14+2p+0+0"+S5;

=1 +v*)(1+p+o0);

2] = (1+v Y1+ p+0');

2l =v3(p+o+o +9)+(1+v)21,

1]—11 (p+o+0o +0)+(1+0vH)%;
1= 4+v") (o' +0)+ (1+0*)(1+0h)1;

212] = (v + oY) (o +0) + (1 +0?)(1 + vH)1;

[0
1
[
1
[2
[12
[
[

1212] = (1 + v2)2(1 + vH)1.
We have 1 = Q;(|L]).

4.3. Let z,t € Ny, u € Wy. In our case the explicit values of Pj-1,s -1, (v?) in
3.7(c) can be found in the tables of [Go]; moreover in 3.7(c) we have Py, . (v?) =
(—1)Hu)+")  Hence the coefficients of [z~ 1u]() in 3.7(c) are explicitly known. In
subsections 4.4-4.10 we give for any z,¢ in N the explicit values of [z~ 1u] (t), with
u € Wy —{0,1212}, as an A-linear combination of elements [u”]; with u” € W .
For £,& in 'Ry we write € ~ &' if £ — ¢ € Al,.
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4.4. Assume that (¢, z) satisfies either ¢ = z or that it is one of

(0,4), (32123,432123), (32123, 321234), (32123, 4321234),
(432123, 4321234), (321234, 4321234), (32123432123, 321234321234)

that is,

0,€), (f,ef), (f. fe), (f,efe), (ef,efe), (fe efe), (fef efef).

Note that [(z) — I(t) = L(z) — L(t), €(2)e(t) = 1. From 3.7(c) we have

[271(121)] 1) = [121]s,

2~ 1(212)](t) = [212],,

2~ (12)](t) = [12],,

[2=H(2D)] ) = 21,

[z~ 1( Ny = 2],

[ W)y = [Ls-
Hence, using 4.2, we have

L(121)) ) ~ (02 + 1) (0 + o),

z 1(212)](16) (U +v )(9,5 + O't)
z 1<12)]<t> ~ v*(p; + 0y +0p+0,),
(21)](t) ~ v (Pt +or+0p+01),
L2l ~ (1+)(pr + ),
LDl ~ (1+)(pr + ).

4.5. Assume that (¢, z) is one of

z
z

Ex
|
[
[
[
En

(0,32123), (0, 432123), (4, 432123), (0, 321234), (4, 321234),
(32123, 321234321234), (432123, 321234321234), (321234, 321234321234),
(4321234, 321234321234), (432123, 32123432123, (321234, 32123432123)

that is, one of

(@, 1), (0. ef), (e, ef), (0, fe), (e, fe),
(frefef), (ef,efef), (fe,efef),(efe.efef), (ef, fef), (fe, fef).

Note that [(z) — l(t) =L(z) — L(t) + 2, €(2)e(t) = —1. From 3.7(c) we have

== (121)]) ) = o*[121], + [1212],

(2 1(212)] () = v*[2); + [1212];,

[271(12)] ) = v2[12], + [1212],,
] [1212]t7

(

H
[z (21)] o) = v?[2
Ex 1g Ny = [212];,

271 (1)] ) = v?[1]; + [1212];.
Hence, using 4.2, we have
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D]y ~ (v* + UG)(9t +a}),
2)](t) ~ (’U + %) (ot + o),
Ity ~ v*(pt + o0 + 0} + 6,),
Jty ~v (Pt+0t+0t+9t>
Ny ~ (02 +v4) (0 + 0y),
27N D))y ~ W+ 0t) (o + 0v).

4.6. Assume that (¢,z) is one of (0),4321234),(4,4321234) that is, one of
(0, efe), (e efe).
Note that [(z) — I(t) = L(z) — L(t) +2 = —1, €(2)e(t) = —1. From 3.7(c) we
have
[z~
[z~
[z~

1 Ny = (0?40 1) + (1 +v?)[1212],,

ol
Ny = (0 +0°)[2] + (1 +v?)[1212];,

(121 12
(212 2]
L12)] ) = (v? + v")[12), + (1 + v?)[1212],
272Dy = (v* +v)[21]; + (1 4 0*)[1212];,
En 1( Ny = (1+0v2)[212],,
=7 W]y = (0° + o)L + (1 +0?)[1212].
Hence, using 4.2, we have

(121)](t) (U + v (0, + a7),
z 1(212)](t) ~ (vt + 08 (1 +v?)(ps + o)),
27 (12)] ) ~ (0! +00) (pr 4 0¢ + 0] + 64),
272Dy ~ (v* +00) (pr 4 0 + 0f + 0r),

2)] ) ~ A+ 0?)(v* 4+ 0*) (0 + 0v),

WDy ~ 1+ v2)(0% + 01 (pe + 0v).
4.7. Assume that (¢, z) is one of

> -1

En
|
[
[
[
Ex

(0,321234321234), (4, 321234321234), (4, 32123432123)

that is, one of (0,efef), (e,efef), (e, fef).
Note that I(z) — l(t) =L(z) — L(t) + 4, e(2)e(t) = 1. From 3.7(c) we have
=1 (121)]) = v*[121],,
[z~ 1(212)](t) = v*[212],
(271 (12)] ) = v*[12]s,
[271(2D)] ) = v*[21]s,
En 1( Nty = v*[2s,
[ (D)) = v [Ls-
Hence, using 4.2, we have

Y120)) i ~ (18 -+ 05) (0, + o),
z 1(212)](16) (U +v )(9,5 + O't)
z 1(12)](15) ~ (pt+gt+0t+9t>
21 2D)] ) ~ v (Pt+0t+0t+9t)
=10y~ (1 i+ )

[z~
[
[
[
[
[ D]y ~ (v* +0%)(pr + o).

> -1
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4.8. Assume that (¢,
Note that I(z) — I(t) = ( ) — L(t) + 4, e(2)e(t) = 1. From 3.7(c) we have
Ex il

2~

4.9. Assume that (¢,
Note that I(z) — I(t) = ( ) — L(t) + 2, e(2)e(t) = —1. From 3.7(c) we have
°[1

[z~
[z~
e

[2~
Hen

P —1
P —1
z

z

En
[
|
[
[
Ex

E
B
B
[z~
[z~
[z~

Hen

[
[
Ex
En
Ex
En
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2) = (0, 32123432123) that is, (0, fef).

1(121)] ) = v®[1 ]t-i-v [121];,
(212)] ) = (v* 4 0°)[212];,

'(12)] ) = (v* + ’UG)[12]t,

H(21)] ) = (v* 4 0%)[21],

)] = (U + v )[2]t,

1 N =v 121]y + v*[1);.

nce, using 4.2, we have

LA21)]) ~ (0% + 010) (py + 01) + (0 + 0%) (0 + o),
(212)] () ~ (v* + vG)(v2 + 04 (0, + o),

(12)] 1) ~ (VO + %) (pr + 0 + a,@ +0y),

Y21y ~ (V0 +0%)(pr + or + 0 + 0),

")y ~ (v + 001+ v?)(pr 4 0p),

"))y ~ W8 +0%)(0; + af) + (v + %) (pr + 0v).

2) = (32123, 32123432123) that is, (f, fef).

(212)]¢r) = (v* +2°)[2
(12)] ) = (v* +v*)[12
21)]() = (v +v")[21
2] = (1+v?)[212],,
D)@y = v2[121]; + v*[1];.
e, using 4.2, we have

(121)](75) =0 ]t +v []121]
]t:
]t7

212)] 1) ~ (v* + %) (1 +v*)(ps + 07),
12)] () ~ (v* + %) (pe + 0 + 07 + 01),
21)] 1) ~ (v* +08)(ps + o¢ + 0 + b4),
2)] 1) ~ (14 v?)(v? + 04 (0; + 0v),
Ny ~ (vt 4+ 05)(0; + o}) + (V2 + v (ps + 0¢).

Y
Y
Y
2 g121)](t) ~ (V8 + 08 (ps + op) + (v +00)(0; + o),
(
(
Y

1

4.10. If (t,z) in Ny is not as in 4.4-4.9 then we have [z~ u]) = 0 for any u € W.
4.11. Let z,t € Ny, u € W;. We set

=My = xe (K5 (B3, ).

Using 2.10(d) we have

(a)

1y B Il m1 @O [y
= (t) (t)

Let C € CS(L) —{1},let t,z € Ny and let u € W; —{0,1212}. From 4.4-4.10 we
see that the following result holds:
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(b) The coefficient of Cy in [z‘lu]’(t) is in N[v™1]. More precisely, this coefficient
18:

(i) 0 or 1 +v=2 if (t,2) is as in 4.4 witht # z, u € {1,2,121,212};

(ii) in v~ *N[v~] if t, z,u are not as in (i) but t # z.

4.12. Let z,t € Ny, u € W;. Using 4.11(a) and 3.5(e) with y = 2~ 'u we deduce

U—l(z)—l—l(t)—l(u) [z_lu](t) _ Z Nz,t,uc
C'eCsS(L)

where
z,tu . . 1+ ,C’ Y]
Ng»w = E dim V-1, 4,c,; dim V;wj A
weJW,CeCS(L),j€Z,j'eEN

If z = ¢, in the previous sum we must have w = z. Note that dim’ VZCZ/S =0

unless C' = C’, 7/ = 0 and we have

(a) NG7* = E dim V,-1,, , o 077
JEZ

We show:

Proposition 4.13. Let z,t € Nj with z #t. Let j € Z, u € Wy — {0,1212} and
C'" € CS(L) — {1}. Then V,—1,+cr; =0 (notation of 3.5).

We first note that if ¢, z, u are as in 4.11(i), then from the definitions we have
(a) VI =V
For £,¢ in A we write £ > £ if € — ¢ € N[v,v~']. Note that NZ"" is > than the
corresponding sum in which (w, C, j’) is restricted
to (¢,C",0) (if t, z,u are as in 4.11(ii));
to (¢,C",0) or to (z,C",1) (if t, z,u are as in 4.11(i)).
Thus

t _; : _
NG > E dim V-1, 4 ¢ ; dim” ttO I = g dim V-1, .00 077
JjeZ JEZ

(if ¢, z,u are as in 4.11(ii)) and

NP >3 dimV, dim 'V, ;v
mV,-1y 40 ;dim' V5 57 v
JjEZ

’

C/ . Cl C/ _
—|—E dim V-1, ;o0 dim 'V, 7 070 E dim V-1, 4,00 ; dim 'V, 57 07
JEZ Jjez
/ .
+ E dim V-1, , ¢ ; dim’ V zO v = E dim V-1, ¢ .cr 077 + o NGAY
JEZ Jjez
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(if t, z,u are as in 4.11(i)). (We have used (a) and 4.12(a).) If ¢, z,u are as in
4.11(i)), we have NG"" = v"INZ7" (see 4.4) and we deduce that

0> dimV,-1y0r 077
JEZ
hence V-1, ¢+ ; = 0 for all j. If t, z,u are as in 4.11(ii)), we see using 3.5(b) that
the sum 3, d'}m Vz71u7?7cl’jv_‘j is either zero, or
for some j, v and v=7 both appear in it with > 0 coefficient.

In the last case it follows that v7 and v~7 both appear in Né’,t’u with > 0 coefficient.
This is not compatible with the inclusion NZ"" € v='N[v~!]. Thus we must have
> ez dim(V,-1,,¢.¢/;)v™7 = 0 hence V,-1,,4 ¢ ; = 0 for all j. The proposition is
proved.

Proposition 4.14. Let 2 € Ny, u € Wy —{(,1212}, j € Z. Let t € "W be such

that §.J'. < #.J. Assume that C € CS(L'') is not isomorphic to Q;{|L|). Then
V.-1u1,0,; = 0 (notation of 8.5(a)).

The existence of C' guarantees that L! is not a torus. Thus J! consists of
a single element i (equal to 1 or 2) and L' has semisimple rank 1. Hence C is

uniquely determined and it appears with coefficient 1 in v“Lt‘x(K@’Lt) and with
coefficient —1 in v~ 1 (K#"). Hence the coefficient of C; in v_‘337y|xt(K3) is
explicitly computable from 3.9(a) for any y € W. Using now 3.6(c) (in which the
polynomials P, ,(v?) are explicitly known from [Go]) we see that the coefficient
of Cy in v"gg’y‘xt(f{g) is explicitly computable for any y € W. In particular,
the coefficient of C; in v_IB?Z‘lulxt(K?l“) is explicitly computable. We find
that this coefficient is in v=1Z[v~!]. On the other hand this coefficient is equal to
Zjez dim(V,-1,.4.c.j)v™7 which is invariant under the involution v — v™=! of A,
see 3.5(b). This forces dim(V,-1, ¢ ;) to be zero for any j. The proposition is
proved.

Proposition 4.15. Let z € Ny, u € Wy —{0,1212}.
(a) We have
T . .
K5 “(|B5, 1)) = @cecs)—(1}.jezVe1u,2,0, ® CLJ) & K’
where 3 B
K' = ®yerwjezV,; © (QuILY))5 ()
and Vw’j are certain Q;-vector spaces.

(b) For any t € Nj we have (with ~ as in 4.53):

ulfy ~ > dim(V, 1. 0,)0 7 X (CE).
CeCS(L)—{1},j€Z

=

(a) follows from 4.13, 4.14; (b) follows from (a) using 3.10(a).
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4.16. In the setup of 4.15(b), the integers dim(V,-1,, . ¢ ;) (with C' # 1) can be
obtained from 4.4 (with ¢ = z). Thus we can rewrite 4.15(b) as follows (recall that
z,t € Ny; we set ¢ = v~ /)T and we take u € {1,2,121,212}):

G 121]e ~ v (0% + 0" (e (62) + xe(07E)),

Cu3z71212], ~ v (0% + ") (e (02) + xe(0h)),
Co 27120 ~ T L+ 07) (e (ph) + xe(07h)),
o 27 )y ~ o 1+ o) (e (ph) + xe (o).

Using now the formulas in 4.4-4.10 we deduce that the following hold.
If (¢, z) are as in 4.4 then

o3 (02 + 0") (0 + 07) ~ v (07 + ) (e (62) + xe(072)),
G (0% +0")(0r + 00) ~ v (0% + 0 (a(6E) + xe(0)),
o L+ 1) (pe + 0p) ~ v L+ 07) (xe(p2) + xe(02)),
o L+ v (pe + 00) ~ v L+ 07) (xe(pE) + xe(0)).

If (¢,2) are as in 4.5 then

v+ 00) (0 + 0p) ~ v (02 + ) (xe(6E) + xa (o)),

NP+ 0O+ o) ~ v L+ o) (e (0h) + xe(0'2)),

v+ o) (pe + o) ~ 0T L+ 0?) (xe(pE) + xe(0F)).
If (¢,2) are as in 4.6 then

¢
7w + ) (o1 + 07) ~ 0T (0 + oY) (0 (8) + (o)),
¢
¢

o3 (0 + 012 (0 + 07) ~ v (0% + ) (e (08) + xe(0™h)),
Co 3 (vt + 08 (1 4+ v?)(pr + 0f) ~ v (V7 + 0") (xe (0) + xe(0F)),
oM L+ ) (0 + ) (0 + 01) ~ v L+ 07) (xe(ph) + xe(07h)),
o 14+ 0?) (0% + ) (e 4 00) ~ v L+ 0?) (e (ph) + xe (o).
If (¢,2) are as in 4.7 then
o3 (W0 4+ 0®) (0 + 07) ~ 03 (0 + 01) (xe (02) + xe(0'2)),

G (V0 + 1) (0 + 00) ~ v (0% + 0") (x(62) + xa(0h),
G (Wt + %) (e + 0p) ~ vTH L+ 0?) (e () + xa(0')),
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o™ (" + 1) (o + o) ~ 0T L+ 0%) (xe(PE) + xe(0F)).
If (¢,2) are as in 4.8 then

G (0 +0) (o1 + 00) + (V0 +0%) (6 + 07)) ~ 07 (07 + ) (e (B) + xe(0'E)),

G (01 + %) (0% + o) (0 + 0p) ~ v (0% + 0 (e (6E) + xe (o)),
o™ (0" + 00 (1 +0?) (e + 07) ~ v L+ %) (e () + xe(0'2)),
CoH (0% +0%) (8 + af) + (V! + %) (pr + 1)) ~ v H L+ 0%) (e (pE) + X (0F)).
If (¢,2) are as in 4.9 then

Co™ ((0° +0%)(pe + 00) + (01 +0°) (0 + 07)) ~ 072 (0% + 1) (e (62) + xa(0E)),
o (Wt + ) (140 (pe + ) ~ 072 (VP + ) (e (0) + xe(0F)),
o L+ v (07 + 0 (0 + 00) ~ v (14 0%) () + xa(0")),

G (W + %) (0 + o) + (VP + 1) (e + 00)) ~ v HL+07) (e (0F) + xe(0)).
If (¢,2) are as in 4.10 then
0~ o720 +0h) (xe(02) + xe(0"2)),

0~ o3 (0 + 0" (xe (02) + xe (%)),
0~ v (1 +v7)(xe(ph) + xe(0'2)),
0~ v (1+ %) (xe(ph) + xe(af)).

4.17. Let z,t € Nj. Let 'R} = dcrecs(n) N[v,v~1]C}. From 3.5(d) we have (for
CeCS(L)):

(@)= > dm'VITC
C'eCS(L),j'€Z
hence
(a) x:(CF) € 'R

Using (a) we can extract from the formulas in 4.16 the following facts about y;(C%).
(As in 4.16 we set ¢ = v /(=) F®))
If (¢,2) are as in 4.4 then

Xt(Pﬁz) ~Cpt,  xilo ) Coy, Xt(alﬁz> ~ CUQ: Xt(eb ~ (0.

If (t,2) are as in 4.5 then

Xt(Pﬁz) ~ CU20t, Xt(o ) CU Pt Xt(Slg) ~ CU29t, Xt(eg) ~ CUzU,
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If (t,z) are as in 4.6 then

xt(ph) ~ C(v? + ooy,  xe(oh) ~ C(v? +vh)py,
xe(0') ~ C(v? + 0N,  xe(6%) ~ C(v? + vh)or).

If (t,z) are as in 4.7 then

xt(ph) ~ Cvtpr,  xi(0f) ~ Culor,  xi(0'h) ~ Cutol, xi(68) ~ Cuth;.

If (t,z) are as in 4.8 then

Xt(/?ﬁz) ~ C(U4,0t + 0602)7 Xt(Ug) ~ C(U4Ut + U69t);
xe(o'h) ~ C(vto) +v0ps),  xe(68) ~ C(v*0; + v0ay).

If (t,z) are as in 4.9 then

Xt(/?ﬁz) ~ C(UQUt + U49t), Xt(U,uz) ~ C(’UQ,Ot + 0402),
Xt(alﬁz> ~ C(Uzet + U40t>: Xt(eb ~ C(Uzgg + U4Pt>-

If (¢, 2) are as in 4.10 then

xe(ph) ~ 0, xi(of) ~0, xi(0")~0, xu(6%) ~0.
4.18. Let z,t € N;. Using the results in 4.17 we see that

(a) xe(ph) = xe(0h) = xe(0"%) + X0 (0%) ~ Xy 2(pr — 00 — 07 + 64),
where X; , € A is as follows:

X, = v ' OHWO §f (¢ 2) are as in 4.4;

X, = —v M2 §f (¢, 2) are as in 4.5;

X, = —v MAOHO (2 1 9t) if (¢, 2) are as in 4.6;

X, = v OOy if (¢ 2) are as in 4.7,

X, = v AT (yt — 8 if (¢, 2) are as in 4.8;

X, = —v MAOHO (2 —9t) if (t, 2) are as in 4.9;

Xi,» = 01if (,2) are as in 4.10.

It follows that

X, = e(2)e(t)v FAOHED Sf (¢, 2) are as in 4.4, 4.5 or 4.7;

X = e(2)e(t)v FEOFTED (1 4 ?) if (t,2) are as in 4.6;

X, = e(2)e(t)v=FETEMD (1 — 2 if (t, 2) are as in 4.8 or 4.9;

Xt = 0if (¢, 2) are as in 4.10.

33
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4.19. Define H,p; . as in 0.1 in terms of W = N, L. According to [L5, 7.6] we
have:

(i) pr. = v EETED (1 4 02) if 2 = efe and t € {0, e};

(ii) ps. = v LD (1 —9?) if 2 = fef and t € {0, f};

(iil) ps. = v £EFE®) if t < 2 in the usual partial order of N; with (¢,2) not
as in (i),(ii);

(iv) pr. =01if t £ 2.
We can now restate the result in 4.18 as follows.

Xe(PE) = xe(08) = Xe(0"2) + xe(62) ~ pee(2)e(t) (pr — o0 — 0} + 0y).

We see that Conjectures 1,2,3 in 3.11 hold in our case.
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