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Abstract

In our previous work we studied minimal fractional decompositions of
a rational matrix pseudodifferential operator: H = AB~', where A
and B are matrix differential operators, and B is non-degenerate of
minimal possible degree deg(B). In the present paper we introduce
the singular degree sdeg(H) = deg(B), and show that for an arbi-
trary rational expression H = Y A{(B{)~'...A2(B%)~!, we have
sdeg(H) < > ;deg(B{). If the equality holds, we call such an ex-
pression minimal. We study the properties of the singular degree and
of minimal rational expressions. These results are important for the
computations involved in the Lenard-Magri scheme of integrability.

1 Introduction

Let K be a field with a derivation O (this is called a differential field), and
let K[0] be the algebra of differential operators over K (with multiplication
defined by the relation 0 o f = 9(f) + f0). The algebra K[0] embeds in
the skewfield of pseudodifferential operators K((0~1)) (with multiplication
defined by the relation 9™ o f = 3> ("™)0"(f) 0™ ", m € Z). Denote by
K(9) the subskewfield of K((071)) generated by K[9]. Elements of K(9) are
called rational pseudodifferential operators.

In the present paper we continue the study of the algebra Matyy, () of
¢ x ¢ rational matriz pseudodifferential operators that we began in [2, [3] 4].
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The first important property of the algebra Matyy, K[0] of matrix dif-
ferential operators, is to be a left and right principal ideal ring, hence one
can talk about such arithmetic notions for this ring as the left and right
greatest common divisor and the left and right least common multiple of
a collection of elements. Using this one can deduce that a rational matrix
pseudodifferential operator H has a presentation in minimal terms, very
much like rational functions in one indeterminate over a field. Namely,
H = AB™!, where A, B € Matyy,K[0], B is non-degenerate, i.e. invertible
in Matywy K(0), and A and B are right coprime. Moreover, for any other
(right) fractional decomposition H = AB~! one has A = AD, B = BD,
where D € Matyy, K[0] is non degenerate, see [3, 4]. In these papers we es-
tablish several equivalent properties of a minimal fractional decomposition
H = AB~'. The most important for the present paper is that deg(B) (i.e.
the degree of the Dieudonné determinant of B) is minimal among all (right)
fractional decomposition of H.

We call deg(B) the singular degree of the rational matrix pseudodiffer-
ential operator H. It is a nonnegative integer, denoted by sdeg(H ), which is
a “non-commutative analogue” of the number of poles (counting multiplic-
ities) of a rational function in one indeterminate. We study the properties
of the singular degree in some detail in Section 3.3l

It is not difficult to show (see Lemma below) that for a collection
By, ..., By of non-degenerate ¢ x ¢ matrix differential operators one has

(1.1) deg (Lem.(By,...,By)) < deg(Bi) + -+ + deg(Bn),

where l.c.m. denotes the left (resp. right) least common multiple. These
matrix differential operators are called strongly left (vesp. right) coprime if
equality holds in (II)). This property implies pairwise coprimeness (see
Proposition [2.8), but it is stronger for N > 3 (see Remark [2.9). The
main theorem on strong coprimeness says that for strongly left coprime

non-degenerate matrix differential operators By, ..., By € Matyy, K[0] and
vectors Fi,...,Fy € K! solving the equations B1F) = --- = By Fy there
exists F' € K¢ such that F; = CiF,i=1,...,N, where BiC7 =--- = ByCn

is the right l.c.m. of By, ..., By (see Theorem ZTT]). This result (which was
proved for N = 2 in [3]) plays an important role in our theory of minimal
rational expressions.

A rational matrix pseudodifferential operator usually comes in the form
of a rational expression

(1.2) H= Ae(By)™ ... As(Bo) ™,
acA



where A%, B € MatyK[0], i € Z={1,...,n},a € A, (Ais a finite index
set), and the BY’s are non-degenerate. It is natural to ask what it means
for such an expression to be in its “minimal” form, and in the present paper
we propose the following answer to this question. We prove that, in general,

(1.3) sdeg(H) < ) deg(B),
i€Z,a€A

(see Lemma [£9]), and we say that the rational expression (L2 is minimal
if equality holds in (L3)).

In general, it is not easy to compute the singular degree of a rational
expression (L2). One of our main results is Theorem B4 which gives a
better upper bound than (L3]), and a lower bound, for the singular degree
of H. These upper and lower bounds become equal, thus giving an effective
formula for sdeg(H), if either the space £ in (430), or the space £* in
[@31)), is zero. As a consequence of these results, we get, in Corollary 1T
an effective way to check when a rational expression ([2]) is minimal: this
happens if and only if both spaces £ and £* are zero.

One of the main goals of the paper is to demonstrate that this defini-
tion of minimality is the right generalization of the minimality of a frac-
tional decomposition. A rational matrix pseudodifferential operator H &€
Matgy o K(0) does not define a function Kf > ¢ — P = H(¢) € KL Tt
is natural instead to define the following association relation: if H has a
rational expression as in ([2]), we reinterpret the equation “P = H(E)”

via the association relation & PN P, meaning that there exist F* € Kt
(i=1,...,n, a € A) such that

E=ByFE} forallae A,

(1.4) APFY =B (FY, foralll#ieZ,ac A,
> AYFP=P.
acA

Such association relation is a generalization of the H-association relation
introduced in [6]. It plays a crucial role in the theory of Hamiltonian equa-
tions, and it is needed to develop the Lenard-Magri scheme of integrability
for a compatible pair of non-local Poisson structures (written in the form of
a general rational expression, as in (I.2))). Theorem [£.12] which is our sec-

ond main result, says, in particular, that the association relation & Jp

is independent of the minimal rational expression (2] for H.



This paper was written while the second and the third author were vis-
iting IHES, France, which we thank for the hospitality.

2 Matrix differential operators and their degree

2.1 Matrix differential and pseudodifferential operators and
the Dieudonné determinant

Let K be a differential field of characteristic 0, with a derivation 0, and let
C = Kerd be the subfield of constants. Consider the algebra K[0] (over
C) of differential operators with coefficients in K. It is a subalgebra of the
skewfield K((071)) of pseudodifferential operators with coefficients in K.
Given ¢ > 1, we consider the algebra Mat ;. ¢K[0] of £ x ¢ matrix differential
operators with coefficients in K. It is a subalgebra of Mat 4 (K((071)), the
algebra of ¢ x ¢ matrix pseudodifferential operators with coefficients in /.

By definition, the Dieudonné determinant of A € Matyy, K((071)) has
the form det(A) = det; (A)£98(A) where det;(A) € K, £ is an indeterminate,
and deg(A) € Z. Tt exists and is uniquely defined by the following properties
(see [Die43], [Art57]) :

(i) det(AB) = det(A) det(B);

(ii) if A is upper triangular with non-zero diagonal entries A; € K((071))
of degree (or order) deg(A;;) € Z and leading coefficient a; € K, then

deti(A) = Ha,- e, deg(4) = Zdeg(Aii) €z,
i=1 i=1

and det(A) = 0 if one of the A;; is 0.

Remark 2.1. Let A € Matyy, K((071)) and let A* be the adjoint matrix
pseudodifferential operator. If det(A) = 0, then det(A*) = 0. If det(A) # 0,
then det(A*) = (—1)%e@Wdet(A).

2.2 Degree of a non-degenerate matrix

A matrix A € Mat g ,K((071)) whose Dieudonné determinant is non-zero is
called non-degenerate. In this case the integer deg(A) is well defined.

Definition 2.2. The degree of a non-degenerate matrix pseudodifferential
operator A € Mat ¢ ,/K((071)) is the integer deg(A).



By the multiplicativity of the Dieudonné determinant, we have that
deg(AB) = deg(A) + deg(B) if both A and B are non-degenerate.

Proposition 2.3 ([4]). Let A € Matyy, K[0] be a non-degenerate matriz
differential operator. Then

(a) deg(A) € Zy.

(b) A is an invertible element of Matyy,K[0] if and only if A is non-
degenerate and deg(A) = 0.

2.3 Right and left least common multiple

Recall the following result.

Lemma 2.4 ([]). Let A, B € Matyy, K[0] be matriz differential operators,
and assume that B is non-degenerate.

(a) There exist a right least common multiple
right L.c.m.(A, B) = AB = BA,

with A, B € Matyy, Kl[9], and Ev non-degenerate, such that A and B are
right coprime. We have deg(B) < deg(B), and equality holds if and
only if A and B are left coprime.

(b) There ezist a left least common multiple
left l.c.m.(A,B) = BA = AB,

with A, B € Matys, K[9], and B non-degenerate, such that A and B are
left coprime. We have deg(B) < deg(B), and equality holds if and only
if A and B are right coprime.

In Section d] we will need the following generalization of Lemma 2.4

Lemma 2.5. Let A;, B; € Matyx,K[0], i = 1,...,n, where the B;’s are
non-degenerate. Then there exist X1,..., X, € Matyxy K[0], with X,, non-
degenerate, such that

(25) BZXZ = Ai+1Xi+1 fO’/“ all i = 1, e, — 1.

In this case, we have the following identity of rational matriz pseudodiffer-
ential operators (see Section [31]):

(2.6) Ay Byl AB = (A1 X)) (B X))



Proof. Let, by Lemma 24{a),
B1Ay = A By

be the right least common multiple of By and Ay, with ;{2, El € Matyy o K[0]
and Bp non-degenerate. Let

ByB1 Ay = A3By,

be the right least common multiple of Bgél and Az, where gg,ég lie in
Matyw¢ K[0] and Bs is non-degenerate. After repeating the same procedure
several times, we finally let

Bn—lén—}z{n = Angn—l )

be the right least common multiple of Bn_lgn_g and A,, with ﬂn, En_l €
Matyw¢ K[0] and B,,_1 non-degenerate. Equation (2.5]) then holds letting

X = gggg...gn_lj{n, Xy = Elgg...An_lAn,... ,
Xpo= En—3Avn—1Avna Xp1= En—212[n and X, = En—l .

The last claim is immediate since, by (2.5), we have
Bg_llAn = n—lejl ) Bg_lgAn—an—l = Xn—2 3
Byl A, 09Xy 0=X, 3 ... Bj A Xo = X7 .
O

Given an arbitrary finite number of non-degenerate matrix differential
operators B, ..., BV € Matyy, K[0], we can consider their right (resp. left)
least common multiple

right Lem.(BY,...,BY) = B'C' = ... = BNCV |
( resp. left l.c.m.(Bl,...,BN) =C'Bl=...= CNBN> .
It can be defined as the generator of the intersection of the right (resp. left)

principal ideals in Maty, KC[0] generated by B',..., BY. Equivalently, it is
given inductively by (here l.c.m. means right (resp. left) l.c.m.):

(2.7) Lem.(BY,...,BY) = l.c.m.(l.c.m.(Bl, . ,BN_l),BN) .



Lemma 2.6. Let B',..., BN € Matyy, K[0] be non-degenerate matriz dif-
ferential operators. We have

deg (right (resp. left) lem.(BY, ... ,BN)) < deg(B') 4 --- 4 deg(BY).

Proof. For N = 2 the claim is Lemma 2.4l For arbitrary N > 2, it follows
inductively by equation (2.7]). O

2.4 Strongly coprime matrices
Definition 2.7. We say that the non-degenerate matrix differential opera-
tors B!, ..., BN € Matyy, K[0] are strongly left (resp. right) coprime if

deg (right (vesp. left) Le.m.(B',...,BY)) = deg(B") + - + deg(B").

Note that, by Lemma [2.4], strong coprimeness is equivalent to coprime-
ness if N = 2.

Proposition 2.8. Let B',...,BY € Maty.,K[0] be non-degenerate and
strongly left (resp. right) coprime. Then they are pairwise left (resp. right)
coprime.

Proof. Let B be the right (resp. left) least common multiple of ~Bl, ..., BN,
By assumption, deg(B) = deg(B') + - -- + deg(B"). Let now BV~ be the
right (resp. left) least common multiple of BY~! and B". By the inductive
formula (2Z7]) we have

B = right (vesp. left) Le.m(BY, ..., BN=2 BN~1),
and therefore, by Lemma [2.6] we have

deg(B) < deg(B") + --- + deg(BY2) + deg(BN 1)

(2.8)
< deg(B') 4 --- + deg(BN7?) + deg(BN 1) + deg(BY).

It follows that all inequalities in (Z8]) are actually equalities, and therefore,
in particular,

deg(BN™1) = deg(BN 1) + deg(BV).

By Lemma [Z4] this is equivalent to say that BV~ and BY are left (resp.
right) coprime. The same argument works for any other pair (B*, B7). O



Remark 2.9. Strong coprimeness is stronger than pairwise coprimeness of
N > 3 differential operators. To see this, consider the differential operators
9,0+1,0+ ﬁ_l with coefficients in the field F(z) of rational functions in
x. They are obviously pairwise left coprime. On the other hand, their right

least common multiple is

1 1 1 1
= (0+3)o(0-2) =0+ 7)o (- 57).
x x r+1 r+1
which has degree 2 < 1+ 1+ 1. Hence, 0, 84—% and 0+ x%rl are not strongly
coprime.

Recall the following result:

Theorem 2.10 ([3]). Let A, B € Matyx,K[0] be left coprime matriz dif-
ferential operators, with B non-degenerate. Let AB = BA be their right

least common multiple. Then, for every X,Y € Kt solving the equation
AX = BY, there exists Z € K* such that X = BZ and Y = AZ.

We can generalize this to an arbitrary number of strongly coprime oper-
ators.

Theorem 2.11. Let B, ..., BY € Maty., K[0] be strongly left coprime non-
degenerate matriz differential operators. Let B = B'C' = ... = BNCY be
their right least common multiple. Then, for every F', ..., FN € K solving
the equations

(2.9) B'F'=...=BVNFN |
there exists F € K such that F* = C*F for every a=1,...,N.

Proof. For N = 2 the claim holds by Theorem 210 For N > 3, we prove
the claim by induction on N. Let

B? =right Lem.(B?%,...,BY) = B?D* = ... = BNDV.
By the strong coprimeness of B 1 ...,B" and Lemma 28] we immediately
have that deg(B?) = deg(B?) + - -- +deg(BY), and that B! and B? are left
coprime. Since B2F? = ... = BNFN | by the inductive assumption there

exists F2 € K’ such that

(2.10) F2=D*F? ... FN =DNF?,
Hence, by the first equation in (Z9), we have

(2.11) B'F' = B?F?.



On the other hand, by the inductive formula (2.7)) we have
B = right L.em.(B', B?) = B'C' = B’F,

and, therefore,

(2.12) c?*=D%E,...,cN =DVE.

Since B! and B2 are left coprime, by equation (ZII]) and Theorem 2101
there exists F' € k! such that

F'=C'F and F? = EF .
These equations, combined with (2I0) and (2.I2]), prove the claim. O

Remark 2.12. The example in Remark 2.9 shows that Theorem 2. TTlmay fail
for pairwise left coprime B;’s. Indeed, let, as in Remark 2.9, B; = 9, By =
O+ 12, By =0+ o4g,and C1 = 9,Cy = 8 — 1, C3 = & — 17, so that
B101 = BQCQ = B303 is the I‘ight l.c.m. of Bl, BQ, Bg. Let also F1 == 1,
F = % and F3 = ﬁ_l, where « is a constant. They solve the equations
B F| = BoFy = B3F3 = 0. On the other hand, the only function F' solving
CiF = Fy and CoF = Fy is F = x — 1. Such F solves also the equation

C3F = Fy if and only if a = 2.

2.5 Linearly closed differential fields

A differential field K is called linearly closed if every homogeneous linear
differential equation of order n > 1,

(2.13) anu™ + -+ apu’ + agu =0,

with ag,...,a, in K, a, # 0, has a non-zero solution u € K.

It is easy to show that the solutions of equation ([2I3]) in a differential
field K form a vector space over the field of constants C of dimension less
than or equal to n, and equal to n if K is linearly closed (see e.g. [5]).

Proposition 2.13 ([]). If A € Matyx,K[0] is a non-degenerate matriz
differential operator and b € K, then the inhomogeneous system of linear
differential equations in u = (ui)?:y
(2.14) AQ)u =10,

admits the affine space (over C) of solutions of dimension less than or equal
to deg(A), and equal to deg(A) if K is linearly closed.



Definition/Proposition 2.14 ([§ (see also [4])). Let K be a differential
field with subfield of constants C, and let C be the algebraic closure of C.
Then there exists a unique (up to isomorphism) minimal linearly closed
extension K C £ with subfield of constants C, called the linear closure of K.

Corollary 2.15. Let K be a differential field with subfield of constants C.
Let C be the algebraic closure of C, and let L be the linear closure of IC. Let
A € Matyy, K[9] be a non-degenerate matriz differential operator. Then,

deg(A) = dimgz Ker £(A),

where Kerp(A) denotes the kernel of A, considered as a map L* — L.

3 Singular degree of a rational matrix pseudodif-
ferential operator

3.1 Rational matrix pseudodifferential operators

Throughout the rest of the paper we let KC be a differential field with deriva-
tion O and with subfield of constants C, we let C be the algebraic closure of
C and L be the linear closure of .

The algebra K(0) of rational pseudodifferential operators over K is, by
definition, the smallest subskewfield of C((9~!)) containing K[d]. Any ratio-
nal pseudodifferential operator L € I(0) admits a fractional decomposition
h = ab™!, with a,b € K[J] (see e.g. [2]).

A matrix H € Maty,(K(9)) is called a rational matriz pseudodifferential
operator. In other words, all the entries of such a matrix have the form
hij = a,-jb,-j_l, i,j =1,...,¢, where a;j,b;; € K[0] and all b;; # 0. Denoting
by b a right common multiple of the b;;’s (see e.g. [2]), we see that H
admits a fractional decomposition H = AB~! where A, B € Matyy, K[0]
and B = b1 is non-degenerate.

3.2 Minimal fractional decomposition for a rational matrix
pseudodifferential operator and singular degree

Definition 3.1. A right fractional decomposition H = AB~!, where A, B €
My ¢K[0] and B non-degenerate, is called minimal if deg(B) ( € Z4) is
minimal among all possible right fractional decompositions of H.

Theorem 3.2 ([]). (a) Let H € Matyx, K(9), and let H = AB™! be a
right fractional decomposition for H, with A, B € Matyx,K[0] and B
non-degenerate. The following conditions are equivalent:

10



(i) H= AB~! minimal;
(ii) A and B are right coprime, i.e. if A= A1 D and B = B1D, with
Ay,B1,D € M, (K[0]), then D is invertible in My (K[0]);
(1ii) CA+ DB =1 for some C, D € Matyy, K[0] (Bezout identity);
(tv) Kerp ANKerg B = 0.

(b) If AgBy™! is a minimal fractional decomposition of the fraction H =
AB™Y, then one can find a non-degenerate matriz differential operator
D such that A = AgD and B = ByD.

(¢c) A minimal right fractional decomposition H = AB™Y € Matyx, K(9),
and a minimal left fractional decomposition H = By tA, (i.e. with
By € Matyy, K[0] non-degenerate of minimal possible degree), have de-
nominators of the same degree: deg(B) = deg(B).

Definition 3.3. Let H € Mat;., K(0) be a rational matrix pseudodifferen-
tial operator, and let H = AB~! be its minimal fractional decomposition,
with A, B € Matyy, K[0] and B non-degenerate. The singular degree of H
is the non-negative integer sdeg(H) = deg(B).

3.3 Some properties of the singular degree

Proposition 3.4. Let H € Matyx, K(0), and let D € Maty., K[0] be a
non-degenerate matriz such that HD € Matyyxy K[0]. Then

sdeg(H) = dimg ((HD)(Ker £ D)) .

Proof. By assumption, D € Matyy, K[0] is a non-degenerate matrix such
that C = HD € Matyy,K[0], hence H = CD™'. Let H = AB™!, with
A, B € Matyy, K[0] and B non-degenerate, be a minimal fractional decom-
position for H. Then, by Theorem B.2(b), there exists a non-degenerate
matrix E € Matyyy K[0] such that C = AFE and D = BE. We claim that

(3.15) C(Ker D) = A(Ker £B).

Indeed, let y € C(Keryz D). Namely, y = C(k) € L', with k € Kery D.
Then, E(k) € KerB, and y = C(k) = AE(k) = A(Ek) € A(Kerg B),
proving the inclusion C. For the opposite inclusion, let x € A(Ker, B).
Namely, = = A(h) € L, with h € Kery B. Since £ is a linearly closed
differential field and E is non-degenerate, by Proposition 2.13] there exists
k € L£° such that h = E(k). Therefore, D(k) = BE(k) = B(h) = 0, and
C(k) = AE(k) = A(h) = x, so that x € C(Kerg D).

11



By Definition B3] we have sdeg(H) = deg(B). By Corollary 215 we
have deg(B) = dimg(Kerz B). On the other hand, since, by assumption,
H = AB~!is a minimal fractional decomposition, by Theorem B.2(a)(iv) we
have Kerpz ANKerg B = 0, and therefore dimgz(Kery B) = dimz A(Kerz B).
The claim follows by the above observations and equation (3.15)). O

Proposition 3.5. For H € Matyy,K(0), we have sdeg(H) = 0 if and only
if H € Matyy, K[0].

Proof. The if part is obvious, by Definition The only if part follows
from Proposition 23|(b). O

Proposition 3.6. If A € Maty,, K[0] and H € Matyy,K(0), then sdeg(A+
H) = sdeg(H).

Proof. It H = A1 By 1'is a minimal fractional decomposition for H, then,
clearly, A+ H = (AB; + A;)B; ' is a minimal fractional decomposition for
A+ H. The claim follows. ]

Proposition 3.7. For H € Matyy,K(0), we have sdeg(H) = sdeg(H™).

Proof. Clearly, H = AB~! is a minimal right fractional decomposition for
H, if and only if H* = B*~'A* is a minimal left fractional decomposition
for H*. Therefore, by Theorem B.2(c) and Remark 2.1l we obtain that
sdeg(H*) = deg(B*) = deg(B). O

Proposition 3.8. Let py,...,ps be positive integers such that p1+---+ps =
£, and let H = (Hij):,jzl be a block form for the rational £ X £ matrix
pseudodifferential operator H, where H;; € Maty, xp, K(0) for every i,j =
L,...,s. Assume, moreover, that H;; € Maty, x,. K[0] if i # j. Then

Sdeg(H) = Sdeg(Hll) + Sdeg(Hss) .

Proof. Foreveryi=1,...,s,let Hy; = A;B;” !'be a fractional decomposition
for H;; € Mat,, xp, K(9). The matrix

By 0
B = EMathgIC[a]
0 By

is clearly non-degenerate. Then H B lies in Matyy¢ K[0], Ker B = Ker(B;) ®
- @ Ker(By), and HB(Ker(B;) @ --- ® Ker(Bs)) = A Ker(B) @ --- @
As Ker(Bg). The claim follows by Proposition B.4 O

12



Proposition 3.9. Let H € Maty, K(0).

(a) If H = AB~! is a right fractional decomposition for H, with A, B €
Matyw¢ K[0] and B non-degenerate, then

(3.16) sdeg(H) = deg(B) — dimgs(Ker A NKer 2 B) .

(b) If H = B7'A is a left fractional decomposition for H, with A, B €
Matyw¢ K[0] and B non-degenerate, then

(3.17) sdeg(H) = deg(B) — dimg(Ker £ A* N Ker o B*).

Proof. Let H = AgB ! be a minimal fractional decomposition for H, with
A, By € Matyxy K[0] and By non-degenerate. By Theorem B.2Ib) there
exists a non-degenerate E' € Matyy, K[0] such that A = AgF and B = ByE.
Since By and E are both non-degenerate, and B = ByFE, we have

(3.18) deg(B) = deg(By) + deg(E) .

By assumption H = AgB; ! is a minimal fraction, and therefore by Theorem
B2(a)(iv) we have Kery Ay N Kery By = 0. It immediately follows that
Ker fANKer ;B = Ker £ E. Therefore, by Corollary 215,

(3.19) deg(E) = dimg (Ker ;A NKer £B) .

Equation ([3.I6]) follows from equations (3:I8]) and ([B.19), and the fact that,
by Definition B3] sdeg(H) = deg(By).

In order to prove part (b), note that H* = A*B*1. Therefore, by
part (a), sdeg(H*) = deg(B*) — dims(Ker £ A* N Ker £ B*). Equation (3.17)
follows from Proposition B.7 and the fact that, by Remark 2] deg(B) =
deg(B*). O

Proposition 3.10. Let H = AB~'C € Matyy,K(9), where A, B,C €
Matywe K[0] are matriz differential operators, and B is non-degenerate.

(a) If B and C are left coprime, then sdeg(H) = deg(B) — dimg(Kerz AN
Ker, B).

(b) If A and B are right coprime, then sdeg(H) = deg(B)—dimgs(Kerz B*N
Ker, C*).

(¢) If A and B are right coprime and B and C are left coprime, then H =
AB~C is a minimal rational expression for H, i.e. sdeg(H) = deg(B).
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Proof. We start proving claim (c¢) (which is a special case of (a) and (b)).
Let BC7 = CBq be the right l.c.m. of B and C'. In particular, By and C; are
right coprime. Moreover, since, by assumption, B and C' are left coprime,
we have by Lemma 24)(a) that deg(B;) = deg(B). We then have H =
(AC1)B; !, and we claim that this is a minimal fractional decomposition
for H (so that sdeg(H) = deg(B;) = deg(B).) Tho do so, it suffices to
prove, by Theorem B.2(a), that Kerp(AC,) N Kerg(By) = 0. Indeed, let
F € Kerp(ACy) NKerg(By). We have

(3.20) AC1F =0 and B1F =0.
Applying C' to the second equation, we get
(3.21) BC1F =CBF=0.

Combining the first equation in (3.20) and equation (B.21I]), we get that
C1F € Kerp AN Kery B = 0, since, by assumption, A and B are right
coprime. But then, by the second equation in [B20) we get that F €
Kery By N Kery C; = 0, since By and ] are right coprime as well. This
completes the proof of part (c).

Next, we prove part (a). Let D € Matyy, K[0] be the right greatest
common divisor of A and B. In other words, D is non-degenerate, A = AgD,
B = ByD, and Ay and By are right coprime. It is immediate to cheek that
Kery D = Kery AN Kerg B. Hence, by Corollary 2.T5], we have

(3.22) deg(D) = dimg(Ker f,ANKer £ B) .

Since, by assumption, B and C are left coprime, we have, a fortiori, that By
and C are left coprime as well. Hence, the expression H = AgB 1O satisfies
all the assumptions of part (c), and we conclude that sdeg(H) = deg(By).
Claim (a) follows from equation ([3.22]) and the fact that deg(B) = deg(By)+

deg(D).
Finally, part (b) follows from part (a) and Proposition B.7] O

Proposition 3.11. For H, K € Matyy, K(0), we have
(a) sdeg(HK) < sdeg(H ) + sdeg(K);
(b) sdeg(H + K) < sdeg(H ) + sdeg(K).

Proof. Let H = AB~! and K = CD~! be minimal fractional decomposi-
tions for H and K respectively, so that, by definition, sdeg(H) = deg(B)
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and sdeg(K) = deg(D). By Lemma 24(a), there exist right corpime ma-
trices B, € Matyy,K[0] such that B is non-degenerate with deg(B) <
deg(B), and right l.c.m.(B,C) = BC = CB. Hence, HK = AB~'CD~! =
AC (DB)_l, and therefore, by the definition of the singular degree,
sdeg(HK) < deg(DB) = deg(D) + deg(B)
< deg(D) + deg(B) = sdeg(H) + sdeg(K).
Similarly, by Lemma [2.4(b), there exist left corpime matrices El,ﬁ €

Matgx ¢ K[0] such that By is non-degenerate with deg(gl) < deg(B), and
left l.c.m.(B, D) = B1D = DB. Hence,

H+ K = AD(BD)™' + CBy(DBy)"! = (AD + CB:)(DBy)™".
Therefore,

sdeg(H + K) < deg(DB;) = deg(D) + deg(By)
< deg(D) + deg(B) = sdeg(H) + sdeg(K) .

3.4 Basic Lemma

Lemma 3.12. Let A%, B* € Matyy,K[0], « = 1,..., N, where B® is non-
degenerate for every a. Consider the rational matriz pseudodifferential op-
erator

(3.23) H=A®BY"' ...+ ANBY) 1,
and assume that
(3.24) sdeg(H) = deg(B') + --- + deg(BY) .

(In other words, B.23)) is a minimal rational expression for H, cf. Definition

[4-10 below.) Let
(3.25) B=B'C'=...=BNCV,
be the right least common multiple of BY, ..., BN. Then:

(a) Each summand A®(B*)~! is a minimal fractional decomposition.
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(b) The non-degenerate matrices BY,..., BN are strongly left coprime (see

Definition [277).

(¢c) H=(AYCY + ...+ ANCNYB~! is a minimal fractional decomposition
for H.

Proof. By equation ([3.23]) and Proposition BIII(b), we have

sdeg(H) < sdeg(AY(BY)™) + -+ + sdeg(AY (BY)™1)
< deg(B") + -+ + deg(BY).

Hence, by the assumption ([3:24]), all inequalities above are in fact equalities.
In particular, sdeg(A%(B%)™!) = deg(B®) for every a = 1,..., N, proving
(a).
By the obvious identity H = (A'C'+ .-+ ANCV)B~! and Lemma 2.0
we have
sdeg(H) < deg(B) < deg(BY) + - - - + deg(BY).
Again, by the assumption ([B.24)), all inequalities above are equalities. In

particular deg(B) = deg(B*') + - -- + deg(BY), proving (b), and sdeg(H) =
deg(B), proving (c). O

Remark 3.13. Clearly, conditions (a), (b) and (c) imply that (3:23]) is a min-
imal rational expression (i.e. (B:24) holds). On the other hand, conditions
(a) and (b) alone are not sufficient for the minimalty of ([B.23]). To see this,
consider the rational expression

(3.26) H=e¢"g ' +1(0+1)7"

Clearly, e=*00~! and 10(9+1)~! are minimal fractional decompositions, and
0 and 0+ 1 are left coprime (hence strongly left coprime). Hence, conditions
(a) and (b) of Lemma hold. On the other hand, we have 8(3 + 1) =

t(}?a: J(0+ 155 ) and e (@ +1) +0 = (14 e7)(0+ 155 ), 0

T+e—=

H=(1 +e—x)<a+ - +1e_x)_1.

Hence, sdeg(H) =1 < 1+ 1, and condition (3:24]) fails.
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4 The association relation

4.1 Definition of the association relation

Recall the definition of H-association relation from [6]:

Definition 4.1. Given a rational matrix pseudodifferential operator H €
Matyy ¢ KC(9), we say that the elements &, P € Kf are H-associated, and we

denote this by & PN P, if there exist a fractional decomposition H = AB™!,

with A, B € Maty, K[0] and B non-degenerate, and an element F € K,
such that £ = BF and P = AF.

Remark 4.2. One can generalize the notion of association relation & Jp

for £ and P with entries in a differential domain V (see e.g. [6]). However
the solution F' of the equations £ = BF and P = AF is allowed to have
entries in the field of fractions K. The same remark applies to Definition
below.

We want to generalize the above association relation to an arbitrary
rational expression for H, namely an expression of the form

(4.27) H=> A{(BY)™' ... AABH™",

acA
with A, B € Matyy, K[0] and B{* non-degenerate, for all i € 7, € A.
(Here and further, we let Z = {1,...,n} and A be a finite index set, of
cardinality |A| = N.)

Definition 4.3. Given matrices AY, B € Matyy, K[0], i € Z,a € A, with
B non-degenerate for all i,c, we say that the elements &, P ¢ Kt are
{A$, B}, o-associated over the differential field extension K C Kq, and we
denote this by

{AY B }ia

(4.28) ¢ P,

K1

if there exist F* € K{,i €T ac A, such that

§=BiF} forallaec A,

> AYFP=P.
acA

In this case, we say that the collection {F}; o is a solution for the associa-
tion relation ([@28) over the field ;.
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In particular, Definition 4] can be rephrased by saying that & ALpif

and only if £ % P for some fractional decomposition H = AB~!. In the

remainder of the section we want to establish a deeper connection between
Definition ] and Definition In fact, in Section we prove that, if
#21) is a minimal rational expression for H, then the association relation

([#2])) holds over any differential field extension of K if and only if £ AL p.

4.2 An upper and lower bound for the singular degree

Let H € Matyy, K(0) be a rational matrix pseudodifferential operator, and
let (A27) be a rational expression for H, with A%, B € K[9], and B{* non-

(A
degenerate, for all a € A, i € Z. We associate to this rational expression

the following vector space, of solutions for the zero association relation:

E = E({AY, B }ieT.acA)
AS B0

(4.30)
= {(FQ)ZEI,OCEA e LN solution for 0 #) O} .

7
Note that a rational expression for H* is
H* = 1By ) A . (BY) AL
acA

The corresponding vector space of solutions for the zero association relation
is

E* = 8({A%+1_i*, g_i*}ie{07...,n},a€«4)

(4.31) 4oL v pe
- {(Fz’a)ieI,aeA e LN solution for 0+ - SR P 0} ’

where we let Ay, = B§ = 1.
Theorem 4.4. For the rational matriz pseudodifferential operator H, given
by the rational expression ([E2T), we have
> deg(BY) — dimg € — dimg £ < sdeg(H)
(432) 1€L,acA
< Z deg(B{') — max { dimg €, dimgz £} .
i€Z,acA
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Proof. We prove the inequalities (4.32)) for the rational expression (427 by
induction on the pair (n, N), in lexicographic order. For n = N = 1 the
rational expression ({27 reduces to H = AB~!, and in this case the spaces

(£30) and (£3T1]) are

&= {F e £° solution of 0 @) 0} =Ker,ANKer /B,

and o

{(,B%),(A*, 1)}, 0} =0.

Therefore, the upper and the lower bounds in ([A32]) coincide with deg(B) —

dimg(Kerz AN Kerg B), which is equal to sdeg(H) by Proposition B9((a).
Next, let us consider the case when n = 1 and N > 2. In this case the

rational expression ([L.27)) becomes

& = {F e L% solution of 0

(4.33) H=A®BY "+ ...+ ANBY L.

In this case the spaces £ and £* defined in equations (£30]) and (£31]) are,
respectively,

B'F'=...=BNFN =0
_ a\N ’
(4.34) 5—{(F Jo=t| ARt 4. ANFN —o. [
and
BYFl'=...=BN'FN =0
* a\N ’
(4.35) g —{(F Ja=1 Fly...4+ FN 0. '

Let @ € Matyy, K[0] be the left greatest common divisor of By_1 and By,
so that

(4.36) BNl —@QBN-1 BN =QB",
and BV~1 and BY are left coprime. Let also
(4.37) BN-loN-1 = BNoN

be the right least common multiple of BVN~! and BY. In particular, by
Lemma 24)(a), CV~! and CV are non-degenerate, right coprime, and

(4.38) deg(CN™1) = deg(B") = deg(BY) — deg(Q).
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Moreover,
(4.39) BN=! = NNt = BNeN

is the right least common multiple of BN~ and BY. By equation ([&38) we
have

(4.40) deg(BN 1) = deg(BN 1) + deg(BY) — deg(Q) .

Let also AN=1 = AN-1CN=1 L ANCN_ Then, H admits the following
rational expression:

(4‘41) H = Al(Bl)_l 4t AN_2(BN_2)_1 + AVN—l(EN—l)—l )
This rational expression has N — 1 summands, therefore we can apply the
inductive assumption. We have:

N—2 N

Z deg(B*) + deg(BN 1) — dimg & — dimg & < sdeg(H)
(4.42) a=l

MZ

g(B®) + deg(BY 1) — max { dimg &, dimg &f ),

where, recalling (IEIII) and ([@31)), we let

(4.43)
1l _ .. _ pN—2N—-2 _ pN-1,aN-1 _
& = {(Ga)(]xvz_ll B1G1 B BN—2 GN—2 5\/—1 ?\7—1 v }7
AG+---+ A G + A G =0
and
(4.44)

& = {(Ga)ggf

Bl*Gl BN 2*GN 2 BN I*GN 1_
Glgo s GV-2 1 GNL =, ‘

In order to continue the proof, we need the following two lemmas.

Lemma 4.5. We have an exact sequence

(4.45) 05 & L &% KerQ,

where f is the map

(4.46) fo(GHNE s (G G2 eNTIGN T oN G
and g is the map

(4.47) D (FON_ | BNIpN-L _ BNpN |
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Proof. First, it is clear that the image of ¢ lies in the kernel of @), since, for
(F)N_, € €, we have

Qg(FQ)gzl — Q(BN—IFN—I_BNFN) — BN—IFN—I_BNFN — O_O — O

Moreover, since CV~1 and CV are right coprime, we have, by Theorem
B2(a), that Kers(CN~1) N Kery(CV) = 0. This clearly implies that the
map f is injective. We are left to prove that Im(f) = Ker(g). We have

g(f(GOé)(]xvz—ll) — BN—lcN—lGN—l . BNCNGN_l — O,

by ([@3T). Hence, Im(f) C Ker(g). To prove the opposite inclusion, let
(FY)N_, € Ker(g), i.e.

B'Fl'=...=BN-2pN-2— BN-1pN-1= BNFN c KerQ,

WAS) qipt g ANEY Z 0,

Since BN~! and BV are left coprime, by Theorem 10 there exists GV 1 €
£¢ such that

(4.49) FN=L = oN=1GN=1 and FN =cVGN—t.

Therefore, by ([@48) we have (F',...,FN=2 GN) ¢ &, and by [@Z9) we
have (F*)N_, = f(F',...,FN=2 GN). Therefore, Ker(g) C Im(f). O

Lemma 4.6. We have a short exact sequence

(4.50) 0 Ker(Q*) L5 & L er o,

where f* is the map

(4.51) (PN s (P FNT2 NS RPN

and g* is the map

(4.52) g : G—(0,...,0,G,—G).

Proof. The map g* is obviously injective, and its image lies in £*, since
BN=1" and BN™ are divisible on the right by Q*. Moreover, since f*og* = 0,
we have the inclusion Im(g*) C Ker(f*). The opposite inclusion is clear too:
if (FY)N_, € Ker f*, then F! = ... = FN=2 =0, and

FN = — PNl e Ker o (BN") N Ker o (BN™'7) = Ker £(Q%),
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so that ( N = g*(FN~1). We are left to prove that f* is surjective. Let
(GHNZL e &5 We have

(453) OZEN—l*GN 1 CN l*BN 1*GN 1 CN*BN*GN 1

Recall that CV~=1" and CN™ are left coprime, and their right least common
multiple is CN-1"BN-1* — ON*BN* By equation (£53]) we have, in par-
ticular, that CN=1"(BN=1"GN=1) = ¢'N*(0). Therefore, by Theorem [ZI0]
there exists Z € £¢ such that

(4.54) BN-VGN=1 = BN=1*7 and BN*Z =0.

Note that Q* is a non-degenerate matrix, therefore, since L is linearly closed,
there exists X € £¢ such that Z = Q*X. Tt thus follows by ([@54) that

(4.55) BN-VGN=1 = pN=Y"X and BVN'X =0.

In other words, X € Ker(BN") and GN~! — X € Ker(BY~1"). But then
(G- = f(G,...,.GN2,GNL - X, X), O

By Lemma [£.5] we have
(4.56) dimg &1 < dimg € < dimg &1 + deg(Q) ,
while by Lemma [4.6] we have
(4.57) dimg & = dimgz £ + deg(Q) .

Combining equation (£42]) with equations ([€40), (£56]) and (L57), we get
([#32)), in this case.

Next, we prove the claim in the general case, when n > 2. Recall the
definition ([4.30) and ([A.3]) of the spaces £ and £*, which can be rewritten
as follows

ACF® = B F*  2<i<macA,

BYFY =0, ae A, }
ZQEAA%Ff‘:O.

(4.58) &= {(Fia)iGI,aGA

and

BY*Fe =0, a € A,
A¥FEY = BMFEFM, 2<i<n,ac A, }

(4.59) & = {(ﬂa)ieA,aeA
Yaea by =0.
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For every a € A, let Q% € Matyy ¢ K[0] be the left greatest common divisor
of B ; and A%, so that

(4.60) no1=QBy_,, Ay =QAj,
and B2, and A2 are left coprime. Let also
(4.61) BY_,C* = A%D"

be the right least common multiple of Bﬁ_l and A%. In particular, by
Lemma 24)(a), C* and D are right coprime, and D® is non-degenerate of
degree

(4.62) deg(D®) = deg(By;_;) = deg(By,_;) — deg(Q®).

In view of equations ([A.G0) and (LET]), we can rewrite the rational expression
#27) for H as follows:

(4.63) H=> A{(BY)' ... A% (B o)~ (AS_,C*)(BgDY) ™!
acA

This expression has n — 1 factors in each summand, therefore we can ap-
ply the inductive assumption. We have, by the inductive assumption and

equation (L.62):

Z deg(By") — Z deg(Q®) — dims & — dimgs 5 < sdeg(H)

(464) i€, acA acA
< Z deg(B®) — Z deg(Q“) — max { dimg &, dimg 85‘} ,
1€L,acA acA

where

(4.65)
BODYGY =0, ac A,

_ ay, An OaGn 1= BroGh o, ac A,

£ =4 (GP1sicn—1,0e4 A?Gf = 1GZ s 2<i<n—2acA, [’
ZaEA AaG

and

(4.66)

BM*GY =0, a€ A,

& =4 (GF )< Aa*Gzl—Ba*Ga 2cisn-2,a€4,
S = i)lsisn—la€d | gaxqa *xgo  — parpoxgoe e A,
ZaéAGﬁ_l_o

In order to complete the proof, we need the following two lemmas.
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Lemma 4.7. We have an exact sequence
(4.67) 0 & L& PKer Q7
acA

where [ is the map
(4.68)  f: (G hi<icn-t,aea > (GT,...,Go_y, CGy_1, DGy )aca

and g is the map

(4.69) g: (F)ietaea = (By_1Fyq — AgFﬁ)aeA-

Proof. First, it is clear by ([4.60) and the definition of £ that the image of g
lies in P, 4 Kergz Q. Moreover, since C* and D® are right coprime, f is
clearly injective. The inclusion Im(f) C Ker(g) immediately follows by the

definitions ([@58]) of £ and ([A6H]) of £, and by equations (£.60) and (GT)).

We are left to prove that Ker(g) C Im(f). Let (F)iez,aca € Ker(g), i.e.,

7
ByFY=0, ac A,
A%FS:BS_:LF;LX_:[, aG.A,
AYFf =BY (F*,,2<i<n—-l,ac A,

> AYF =0.

acA

(4.70)

Since B | and A are left coprime, by Theorem 210 there exists G* € Lt
such that

(4.71) @ = (C°G* and F* = D*G”.

Therefore, by (L710) we have (F{",...,FY 5,G%)qca € &2, and by ([@LTI]) we
have

(F)ieTaea = F((FT, . FY 9,G%)aca) -

Lemma 4.8. We have a short exact sequence

(4.72) 0 PKer Q" L5 Lgp 0,
acA

where f* is the map

(473) f* : (F’ia)iGI,aeA = (F1a7 e 7F7(Lx—27 F;LX)CMG.A )
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and g* is the map

(4'74) (GQ)QEA = ( 0, Ga )aeA-

Proof. The map g* is obviously injective. Its image lies in £, since B ;™

and A% are divisible on the right by @**. The inclusion Im(g*) C Ker(f*)
is obvious, and the opposite inclusion Im(g*) C Ker(f*) follows immediately
from the definition of £*. We are left to prove that f* is surjectve. Let then
(G i<i<n—1,0e4 € . We have, in particular,

(4.75) CO* A *G® , = D**B**G®_,, a € A.

Recall that C%* and D®* are left coprime, and (cf. ([@39)) C**BY |* =
D* A%* is their right least common multiple. Therefore, by Theorem 2.10]
there exists Z* € £¢ such that

(4.76) &« *G* , = B2

n—1 n—1

“Z% and BY*GY_, = A®* 77

Since Q®* is non-degenerate, there exists X® € £ such that Z% = Q**X.
Hence, equation (4.76) can be rewritten as

(477) %_1* %_2 = Bg_l*Xa and Ba*Gn 1= A%*XOC .
Equation (LTT7) guarantees that (G¢,...,G%_o, X% G%_1)aca lies in E*,

and, clearly,

(G )1<icn—t,aea = [F((GT, ..., Gy 5, X* G5 _1)acA) -

By Lemma [£.7] we have

(4.78) dimg & < dimg € < dimg & + »  deg(Q),
acA

while by Lemma [£.8 we have

(4.79) dimg £* = dimg & + ) deg(Q”).
acA

Combining equation (£64]) with equations (78] and (Z79), we get (£32).
U
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4.3 Minimal rational expression

Lemma 4.9. Let H € Matyyy K(0) be a rational matriz pseudodifferential
operator, with a rational expression of the form [@LZ2T). Then

sdeg(H) < > deg(BY).
i€, ac A

Proof. It follows immediately from Proposition [3.111 O

Definition 4.10. We say that a rational expression (@27 is minimal if

sdeg(H) = Z deg(By) .

Corollary 4.11. A rational expression [d.27) for a rational matriz pseudod-
ifferential operator H € Matyy, K(0) is minimal if and only if € = E* =0

(cf. equations (L30) and (L3)).
Proof. Tt follows immediately from Theorem [£.41 O

4.4 The main results on the association relation
Theorem 4.12. Let H € Matyy, k() and let £, P € K'. Then
(a) The association relation

{AF B }ia
>

(4.80) g e

P,

is independent of the minimal rational expression ([A2T) for H and of
the intermediate differential field K C Ky C L. In particular, it is

equivalent to & A p.

(b) If & PN P, then the association relation

A7 B Yo
>
L

(4.81) ¢ P,

holds for any rational expression [AL2T) for H.

The rest of this section will be devoted to the proof of Theorem [4.12
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Lemma 4.13. Let H € Matyy,K(9) and let H = AB™! be a minimal
fractional decomposition for H. Then, for every &, P € KY,

¢ P if and only z’f£<{A—”Cm>P.

Proof. The “if” part is obvious. Recall that, by definition, & Jopif

and only if there exists a fractional decomposition H = AB™! for H such
iB

that & <{—’Km> P. On the other hand, by Theorem [B2(b) there exists a

non-degenerate matrix D € Matyy, K[0] such that A= AD and B = BD.
i
Therefore, if F € K¢ is a solution for the association relation & <{—’Km> P,

then DF' is a solution for & L”Cm} P. O

Lemma 4.14. Let H € Matyy, K(0), let H = AB~! be a minimal fractional
decomposition for H, and let ([L21) be an arbitrary rational expression for
H. Then, for every &, P € K¢,

} AP B }ia
>

{(M—LB> P implies & { P.

Proof. Consider the rational expression ([£27). For every a € A, we can
apply Lemma [2.5] to get matrices X¢,..., X € Maty,, K[0], with X2 non-
degenerate, such that

(4.82) B Xy =AY X foralli=1,...,.n—1, ac A.

Then the rational matrix H admits the following new rational expression:

(4.83) H="> (AfX?)(BrXy) ™"
acA

Next, let

(4.84) B=B'X!c'=...= BNXxNcoN |

be the least right common multiple of BrX! ... .BNXN. We thus get the

1% n<Yn»
fractional decomposition H = AB~!, where:

4.85 A=AXICY + ...+ ANXNCN .
1431 1 1
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By Theorem B2(b) there exists a non-degenerate matrix D € Matyy, K[0]
such that

(4.86) A=AD and B = BD

A,B .
By assumption, & <{—L}> P. In other words, there exists F' € £¢ such that

BF = ¢ and AF = P. Since D is non-degenerate and L is linearly closed,
there exists Z € L' such that F = DZ. Therefore, Z is a solution for
13 ML b straightforward to check, using equations ([£32)), (434

L
and ([@80), that, letting Z* = C*Z, a € A, we get a solution for

{AT XY, BR XS taca
h)
L

§

P,

and letting Z* = X*Z%, i € I, € A, we get a solution for

{A?7B?}iez,aeA
—
L

¢ p.

O

Lemma 4.15. Let H € Matyy, K(0), let H = AB~' be a minimal fractional
decomposition for H, and let [@2T) be a minimal rational expression for H.
Then, for every &, P € Kf, we have

A8 B} o
¢ B p ik and only z’f&%P.

Proof. The “only if” part is given by Lemma [£14] so we only need to prove
A2 B2}, A.B

the “if” part. Assume that & <Z—E}> P. We shall prove that & % P
by induction on the ordered pair (N,n). In the case N = n = 1 the state-
ment is obvious since, by Theorem B.2] two minimal fractional decomposi-
tions for H are obtained from each other by multiplication on the right by
an invertible ¢ x ¢ matrix differential operator.

Next, we consider the case when N = 1 and n > 2. In this case, the
rational expression (£27)) is

(4.87) H=AB{ .. A, 1B A,B ",
and by the minimality assumption we have

(4.88) sdeg(H) = deg(By) + deg(Bz) + - - - + deg(By,) .
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By Lemma R.4{(a), there exist right coprime matrix differential operators
Ay, Bp—1 € Matyy, K[0], with B,,_1 non-degenerate, such that

(4.89) right Le.m. (A, By_1) = AyBy_1 = Bp_1A,
and, moreover,
(4.90) deg(Bp_1) = deg(Bn_1),

since, by minimality of ([A87) A, and B,_; are left coprime. Combining
equations ([A.87) and ([£389]), we get the following new rational expression for

H, with n — 1 factors:
(4.91) H=AB" .. Ay 9B Ay 1A, (BB, 1),

which is again minimal by ([A88]) and (£90). By the inductive assumption
we have:

A1,B1,e.;Ap—2,Bn_2,An—1An,BnBn_ B
{A1,B1 —2 L;nl nl}lepheSE L:}P

§

and we have to prove that

{Al7B17---7An727Bn727Anflg7lan§n71}

{Ai,Bi}ict, . P
L

(4.92) ¢

P implies &

A solution for the association relation in the left of ([£92]) is an n-tuple
Fi,...,F, € £ such that
B, F, = f s AnFn =Bp1Fh 1 ) An—an—l = B ol 2 )

(4.93)
ApoFy o=DBy 3F, 3, ..., Aslo =Bl , AjFi =P,

Since A, and B;,_1 are left coprime, by the second identity in (A93) a
Theorem IZEIL there exists F,_, € £ such that F,_; = A F,_ and
F, = Bn 1Fn 1. It is then immediate to check that Fi,..., F,_ Q,Fn 1
is a solution for the association relation in the right of (4.92]).

Next, we consider the general case when N > 2. In this case, we have
H=H"4.--+ HV, where

(4.94) H® = AYB§)™ ... A2(BY)™, a=1,...,N.

By Proposition B.I1]it follows that

sdeg(H Z sdeg(H®) Z Z deg(BY).

acA acA i€l
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Hence, since, by assumption, [{27) is a minimal rational expression for H,
all inequalities above are in fact equalities. In particular, (£.94]) is a minimal
rational expression for H* for every «, and

(4.95) sdeg(H) = sdeg(H') + - - + sdeg(HY) .

For every a € A, let H* = A%(B%)~! be a minimal fractional decomposition
for H*, and let

(4.96) B=B'C'=...=BNCV,

be the right least common multiple of BY,..., BY. Thanks to equation
([E35), we can apply Lemma BI2 to conclude that the matrices B!, ... , BN
are strongly left coprime, and that

(4.97) H=(A'C' ... ANc)B™!,
is a minimal fractional decomposition for H. By definition, {F}icz.aca C

{A$,BY }ieT,acA .
D TERACA P and

only if, for every a € A, {F®}icz is a solution for the association relation
{A7 B} Yiet,
>

L' is a solution for the association relation &

13 A§F =: P* and P! + .-+ PN = P. Hence,
A(‘)‘7B‘a i «@ A(‘)‘7B‘a %
(4.98) ¢ MADBIhereed b ose o only if ¢ <ADPNET pa

for some P',... PN € £ such that P'+---4+ PN = P. On the other hand,
by the case N = 1 we have that, for every o € A,

{A%, B}

A% BOY,
MEBTRET pa i and only if ¢ L

(4.99) ¢

By definition, the association relation in the right of (4.99) means that there
exists F'* € £* such that

(4.100) BF® =¢ and AF® = P*.

Since B, ..., B are strongly left coprime, it follows by the first equation
in (I00) and Theorem 211l that there exists F € £ such that F* = C*F
for every o € A. Hence, BF = ¢, and, by by the second equation in (£.98]),

(AlCt .  ANCNYF = A'F . ANFN = P,
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In other words, F' € £ is a solution for the association relation

{ALC 4.4 ANCN BY
L

(4.101) P.

Since any minimal fractional decompositions for H differ by multiplication
A,B
by an invertible £ x ¢ matrix differential operator, we thus get & %) P,

completing the proof. O

Lemma 4.16. Let H € Matyy, K(9), and let [E27)) be a minimal rational
expression for H. Then, for every &, P € KY,

{A7.B }ia AT B tia

£%Pimplies£ L P.

AZ B} o
Proof. Let {F{}icz.aca C L be a solution for £ AL B2,

sumption, the rational expression ([£27]) is minimal, we have from Corollary
A B} o

i1

[d.ITlthat the space £ of solutions for the association relation 0 <—£——> 0

P. Since, by as-

is zero. Therefore, by linearity, {F }icz,aca C £ must be the unique solu-
{AS,B? }ia
P.

70

tion for &

We want to prove that, in fact, F* lies in ICt for every 4, a. For this, we
shall use some differential Galois theory (see e.g. [9]). Let K = C®cK. By [
Lem.5.12(a)], K is a differential field extension of K, with field of constants C,
and the linear closure £ is obtained as union of the Picard-Vessiot composita
K= Eo CKicC-C L, see [§]. Suppose that, for some i, a, one of the
entries of F® does not lie in K. Then, by [, Lem.5.9], there exists k and
a Picard-Vessiot extension P of Kj such that, for every 4, a, all the entries
of F lie in P, and not all lie in K. Clearly, being the unique solution for

A&,BR Yo . . .
the association relation & % P (with all the matrices A, B{ with

coefficients in K), the element (F®);ez,aca € P is fixed by the differential
Galois group Gal(P/Ky). Therefore, by [4, Prop.5.14] all the entries of F
lie in Ky, which is a contradiction. Therefore, F}* € K for every i,«. In
order to prove that F* € ICt for every i, a, we apply the ordinary Galoise
theory. Clearly, the entries of F*, being elements of C ®¢ K, lie in a finite

Galois extension of K. Again, being the unique solution for the association

ASB2Yi0 . . .
relation & <Z—E}> P, (F®)ie1,aca is fixed by the corresponding Galois
group, and therefore all the entries lie in /. O
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Corollary 4.17. Let H € Matyy, K(0), and let (£21) be a minimal rational
expression for H. Then, the association relation

{A¢,B'}ia
—
K1

§ P,

is independent of the intermediate differential field I C K1 C L.

A%.B i
Proof. By definition of association relation, if 1 C Ko, then & M P

1
AX B8} o

implies & %) P. Therefore the statement follows immediately from
2
Lemma [4.16 O

Proof of Theorem [{.12 The first assertion of part (a) is an immediate con-
sequence of Lemma 13, Lemma 15, and Corollary 17 Part (b) follows
from part (a) and Lemma 141 O
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