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0. INTRODUCTION

0.1. Overview. The main result of the paper is a proof of the Gromov-Witten/
Pairs (GW/P) correspondence for several compact Calabi-Yau 3-folds (including all
Calabi-Yau complete intersections in products of projective spaces). The GW/P
correspondence was first stated in terms of the Donaldson-Thomas theory of ideal
sheaves in [I7,[18] and is often referred to as the Maulik-Nekrasov-Okounkov-
Pandharipande (MNOP) conjecture.

(i) Via the Gromov-Witten theory of the moduli of stable maps to a 3-fold X,
the generating series of curve counts is defined with a genus parameter u.

(ii) Via the Donaldson-Thomas theory of the moduli of ideal sheaves on X,
the generating series of sheaf counts is defined with an Euler characteristic
parameter q.

The MNOP conjecture equates the generating series (i) and (ii) after the nontrivial
change of variables

—q=e".
For Calabi-Yau 3-folds, the formulation in terms of stable pairs [34] was proven to
be equivalent in [4[40].
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390 R. PANDHARIPANDE AND A. PIXTON

Our proof here uses much of the development of the Donaldson-Thomas theory
of 3-folds in the past decade. The first input is a series of papers culminating in
[21] which establish the MNOP conjecture for nonsingular, quasi-projective, toric
3-folds. The results essentially concern the 3-fold toric vertex (first studied in the
Calabi-Yau case in [I]). The argument of [21I] uses

e the proof of the MNOP conjecture for local curves established in the papers
[5L128,[29],

e the proof of the MNOP conjecture for 3-folds A,, x P!, where A, is the
holomorphic symplectic resolution of the standard A, -surface singularity,
in the papers [16,[19.20].

A basic idea introduced in [21] is the notion of the capped 3-fold vertex—a reorga-
nization of the standard localization formula which respects the MNOP conjecture.

The second input is the foundation of the theory of stable pairs developed in
[34H36]. Stable pairs are much better behaved than the Donaldson-Thomas theory
of ideal sheaves since there are no floating points. Real differences between stable
pairs and ideal sheaves appear in the study of descendent invariants involving the
integration of the slant products of the Chern characters of the tautological sheaves
over the moduli space. The generating functions of descendent invariants for sta-
ble pairs are conjectured to be rational functions (while the parallel generating
functions for ideal sheaves are known to be irrational).

The third input is the study of descendent invariants for the stable pairs theory
of 3-folds:

e the proof of the rationality of the generating series for toric 3-folds in the
papers [30,31],

e the formulation (and proof in the toric case) of a GW/P correspondence
for descendents in [33].

For the toric arguments in [33], a capped 3-fold descendent vertex is introduced.

Given a 3-fold X and a nonsingular divisor D C X, there are relative stable
pairs and Gromov-Witten theories [I3}[I5LIRI[B0]. The interaction of the descendent
theory with the relative theory plays a crucial role. We approach compact Calabi-
Yau 3-fold via degeneration to toric geometries. In order to prove the GW/P
correspondence, we prove appropriate GW /P correspondence for all the simpler
descendent and relative geometries which arise in the degeneration process.

A crucial case concerns the geometry of a P!-bundle,

m:Pg— S,

over a surface S relative to a section of m. We prove GW/P correspondences in
case S is a toric surface, a K3 surface, or a projective bundle over a higher genus
curve C. The proofs systematically use the descendent theory of 3-folds. Once the
GW/P correspondences for these special relative geometries are established, then
the degeneration scheme of [22] can be used to prove the GW /P correspondence
for any compact Calabi-Yau 3-fold which admits a good degeneration.

0.2. Descendents in Gromov-Witten theory. Let X be a nonsingular projec-
tive 3-fold. Gromov-Witten theory is defined via integration over the moduli space
of stable maps. Let M, (X, 3) denote the moduli space of r-pointed stable maps

Licensed to Mass Inst of Tech. Prepared on Tue May 29 13:07:08 EDT 2018 for download from IP 18.51.0.96.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



GROMOV-WITTEN/PAIRS CORRESPONDENCE FOR THE QUINTIC 3-FOLD 391

from connected genus g curves to X representing the class 8 € Hy(X,Z). Let
evi: My, (X,8) = X,
]Li — Mg,r(Xa 5)

denote the evaluation maps and the cotangent line bundles associated to the marked
points. Let v1,...,v, € H*(X,Q), and let

Y = Cl(Li) € H2(Mgﬁn(Xv 6)’(@)

The descendent fields, denoted by 74 (), correspond to the classes z/erv;‘ (7) on the
moduli space of maps. Let

T
()0 = [ [Tetevitn)
9.8 M (X,8)]Vi7 i1
denote the descendent Gromov-Witten invariants. Foundational aspects of the
theory are treated, for example, in [21[3][14].

Let C be a possibly disconnected curve with at worst nodal singularities. The
genus of C is defined by 1 — x(O¢). Let H/Q’T(X7 B) denote the moduli space of
maps with possibly disconnected domain curves C' of genus g with no collapsed
connected components. The latter condition requires each connected component
of C to represent a nonzero class in Hy(X,Z). In particular, C' must represent a
nonzero class .

We define the descendent invariants in the disconnected case by

’ T

(e ) = [ T]ekevicn
) g, s vr i:l

The associated partition function is defined b

0 (] o), = ([T,

geZ 1=1

Since the domain components must map nontrivially, an elementary argument
shows the genus ¢ in the sum () is bounded from below. The descendent insertions
in () should match the (genus independent) virtual dimension,

2) dim [, (X, B)]""" = /ﬁ e1(Tx) +r.

If X is a nonsingular projective toric 3-fold, then the descendent invariants can
be lifted to equivariant cohomology. Let

T = (C*)3
be the 3-dimensional algebraic torus acting on X. Let s1, s2, s3 be the equivariant

first Chern classes of the standard representations of the three factors of T. The
equivariant cohomology of the point is well-known to be

Hy(e) = Q[s1, 52, 53] -

LOur notation follows [I8,21] and emphasizes the role of the moduli space M;YT(X, B). The
degree 0 collapsed contributions will not appear anywhere in our paper.
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392 R. PANDHARIPANDE AND A. PIXTON

For equivariant classes v; € H5(X,Q), the descendent invariants

T

!
ki
(ratw)m00)) = [ TLubenitn) € Hils)
9.8 I (X8 iy
are well-defined. In the equivariant setting, the descendent insertions may exceed
the virtual dimension (2]). The equivariant partition function

ow (X5 | ﬁm(%))z € Qlst, sz, 53]((w)
i=1

is a Laurent series in u with coefficients in H}.(e).

If X is a nonsingular quasi-projective toric 3-fold, the equivariant Gromov-
Witten invariants of X are still well-defined? by localization residues [5]. In the
quasi-projective case,

T

Z’GW(X;u ‘ ﬁTki(”Yi))ﬁ € Q(s1,52,53)((w)) .

For the study of the Gromov-Witten theory of toric 3-folds, the open geometries
play an important role.

0.3. Descendents in the theory of stable pairs. Let X be a nonsingular pro-
jective 3-fold, and let 8 € Hs(X,Z) be a nonzero class. We consider next the
moduli space of stable pairsﬁ

where F' is a pure sheaf supported on a Cohen-Macaulay subcurve of X, s is a
morphism with O-dimensional cokernel, and

X(F):n7 [F]:B

The space P, (X, ) carries a virtual fundamental class obtained from the deforma-
tion theory of complexes in the derived category [34].
Since P, (X, f) is a fine moduli space, there exists a universal sheaf

F— X x P,(X,8);
see Section 2.3 of [34]. For a stable pair [Ox — F|] € P,(X, /3), the restriction of F

to the fiber
X x[0x = F] € X xP,(X,p)

is canonically isomorphic to F. Let
rx: X X P (X,8) = X,
mp: X X Pn(Xvﬁ) - Pn(Xaﬁ)

be the projections onto the first and second factors. Since X is nonsingular and
F is wp-flat, F has a finite resolution by locally free sheavesH Hence, the Chern

2 A quasi-projective toric variety X has a finite skeleton of 1-dimensional projective torus orbits.
For a stable map to X to be torus fixed, the image must lie in the 1-dimensional skeleton. Hence,
the torus fixed locus of the moduli space of stable maps is compact.

3See [34] for a foundational development. An introduction to the subject of stable pairs can
be found in [3§].

4Both X and P, (X, ) carry ample line bundles.
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GROMOV-WITTEN/PAIRS CORRESPONDENCE FOR THE QUINTIC 3-FOLD 393

character of the universal sheaf F on X x P, (X, ) is well-defined. By definition,
the operation
TP (Tx (7) - choys(F) Nap( - ) Ho(Po(X, B)) — Ho(Po(X, 5))

is the action of the descendent 7;(7), where v € H*(X,Z).
For nonzero 8 € Ho(X,Z) and arbitrary v; € H*(X,Q), define the stable pairs
invariant with descendent insertions by

(e mn) = [ Tl
’ n (BT =1

The partition function is

Zp(Xq’HTk %) —Z<H7k %> Bq”-

Since P, (X, ) is empty for sufficiently negative n, the partition function is a
Laurent series in ¢. The following conjecture was made in [35].

Conjecture 1. The partition function Zp (X; q |TTey (%‘))B is the Laurent ex-
pansion of a rational function in q.

Let X be a nonsingular quasi-projective toric 3-fold. The stable pairs descendent
invariants can be lifted to equivariant cohomology (and defined by residues in the
open case). For equivariant classes v; € H5(X,Q), we see

Zp (X;q ’ lek(%)>Z € Q(s1,52,53)((q))

is a Laurent series in ¢ with coefficients in H;(e). A central result of [30,31I] is the
following rationality property.
Toric rationality. Let X be a nonsingular quasi-projective toric 3-fold. The

partition function
r T
ZP<X; q ’ Hﬂw(%))ﬂ
i=1

is the Laurent expansion in q of a rational function in the field Q(q, s1, 2, S3).
The above rationality result implies Conjecture 1 when X is a nonsingular projec-

tive toric 3-fold. The corresponding statement for the equivariant Gromov-Witten

descendent partition function is expected (from calculational evidence) to be false.

0.4. Descendent correspondence. Let X be a nonsingular projective 3-fold. Let
a = (a,...,a;) be a partition of length £. Let
A A— X g

be the inclusion of the small diagonal in the product X, For v € H*(X,Q), we
write

7oA =1adly) € H (X', Q).
By Kiinneth decomposition, we have

’y~A = Z c;'ylwu,jgejl ®”'®9ji’

J1seesdf
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394 R. PANDHARIPANDE AND A. PIXTON
where {0,} is a basis of H*(X,Q). We define the descendent insertion 74(7y) by

(3) m() =Y Gy Tar—1005,) -+ 75,-1(65,) -
J1s--dg

Three basic examples are the following:
e If @ = (ay), then
Tan) (V) = Ta-1(7) -
The convention of shifting the descendent by 1 allows us to index descendent
insertions by standard partitions @. The shift by 1 is natural from the point
of view of relative/descendent correspondences and follows the notation of
o If @ = (a1,a2) and v = 1 is the identity class, then
T(@y,a- )(1) = Z 011’17j27-31*1(9j1) 7'52,1((%2) )
J1,J2
where A =3, c}l j» 01 ® 0, is the standard Kiinneth decomposition of
the diagonal in X2.
e If v is the class of a point, then

7a(p) = Ta,—1(p) - "Taé—l(P)-

By the multilinearity of descendent insertions, formula [B)) does not depend upon
the basis choice {6,}.

A central result of [33] is the construction of a universal correspondence matrix
K indexed by partitions « and & of positive size with

Kaa € Qlis 1, ¢2,03)((u))
and Ra@ = 0 unless |a| > |&]. Via the substitution
(4) ¢i = ci(Tx),

the elements of K act by cup product on the cohomology of X with Q[i]((u))-
coefficients. The coefficients Ra,a are constructed from the capped descendent
vertex [33].

The matrix K is used to define a correspondence rule

(5) Ta171(’Yl)"'Ta171(W) = Talfl(’yl)"'Tagfl(/yf) .

The formula for the right side of (B) requires a sum over all set partitions P of
{1,...,¢}. For such a set partition P, each element S € P is a subset of {1,...,¢}.
Let ag be the associated subpartition of «, and let

Vs = H’Yi~
icS

In case all cohomology classes 7, are even, we define the right side of (£ by

(6) Tal_l(ﬂﬂ) N 'Ta[_l(’}/g) - Z H ZTa(Ras,a . 'YS) .

P set partition of {1,...,4} SE€EP &

5Here, i2 = —1.
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GROMOV-WITTEN/PAIRS CORRESPONDENCE FOR THE QUINTIC 3-FOLD 395

The last sum is over all partitions & of positive size, but by the vanishing
RQS@ =0 unless |ag| > |al,

the summation index may be restricted to partitions @ of positive size bounded by
s

The leading term of the descendent correspondence is calculated in [33],
£(a)—|e

Tay—1(71) = Tay—1(7e) = (iu) Tar—1(71) " Tay—1(7e) + -+

The leading term occurs in the contribution of the maximal set partition

{1}u{2tu---u{} ={1,2,...,¢}
in ¢ parts; see [33, Section 7]. In case a = 1 has all parts equal to 1, the leading
term is the entire formula,

70(71)  To(ye) = To(71) -+ T0(Ve) -

In the presence of odd cohomology, a natural sign must be included in ([@). We
may write set partitions P of {1,...,¢} indexing the sum on the right side of (@)
as

SlU---US|p‘ :{1,...,@'.

The parts S; of P are unordered, but we choose an ordering for each P. We then
obtain a permutation of {1,...,¢} by moving the elements to the ordered parts
S; (and respecting the original order in each group). The permutation, in turn,
determines a sign o(P) determined by the anti-commutation of the associated odd
classes. We then write

Tar—1(71) - Tag—1(72) = > 7P T D ma(Kas,a - 7s0) -

P set partition of {1,...,£} S;eP @

The descendent 7o, —1(71) « - - Ta,—1(7¢) is easily seen to have the same commutation
rules with respect to odd cohomology as 7o, —1(V1) - - Ta,—1(7Ve)-

To state the descendent correspondence proposed in [33] for all nonsingular pro-
jective 3-folds X, the basic degree

dg = / a(X) €2
B
associated to the class 8 € Ha(X,Z) will be required.
Conjecture 2. For~; € H*(X,Q), we have

(—Q)fd’i/QZP(X;q

Tay—1(71) - 'Taz—l('ﬂ))ﬁ

= (—iu)dﬂzé;vv(X;U ‘ Tay—1(71) =+ Tay—1(7e) );3

under the variable change —q = .

By Conjecture [Tl the stable pairs descendent series on the left is expected to be
a rational function in ¢, so the change of variables is well-defined.

If X is a nonsingular quasi-projective toric 3-fold, all terms of the descendent cor-
respondence have T-equivariant interpretations. We take the equivariant Kiinneth
decomposition in (B]), and the equivariant Chern classes ¢;(Tx) with respect to the
canonical T-action on Tx in (). The toric case is proven in [33].
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396 R. PANDHARIPANDE AND A. PIXTON

Toric correspondence. For vy, € Hx(X,Q), we have

T
(—Q)fd’i/QZP(X;q

Tal—l('yl) e 'Taz—l(W))B

T
= (i) Zgw (Xsu | 70 1) o ma () )

under the variable change —q = e for all nonsingular quasi-projective toric 3-folds

X.

0.5. Complete intersections. Let X be a Fano or Calabi-Yau complete intersec-
tion in a product of projective spaces,

XcP" x...xP" .

The main result of the paper is the proof of the descendent correspondence for even
classes.

Theorem 1. Let X be a Fano or Calabi-Yau complete intersection 3-fold in a
product of projective spaces, and let v; € H**(X,Q) be even classes. Then,

ZP(X;Q Ta171(71)"'7a171(w))ﬂ € Q(q) ,

and we have the correspondence

(_q)_dﬁ/QZP(Xﬂ]

Tal—l('yl) e 'Taz—l(W))B

= (—iu)dﬁzé;vv(X;U ‘ Tar—1(71) =+ Tag—1(7¢) )/3

under the variable change —q = .

If we specialize Theorem [l to the case where all descendents are primary or
stationary, we obtain the explicit correspondence conjectured first in [18] for the
Donaldson-Thomas theory of ideal sheaves.

Corollary 1. Let X be a Fano or Calabi-Yau complete intersection 3-fold in a
product of projective spaces, and let v; € H**(X,Q) be even classes of positive
degree. Then,

Zp | X3¢

[T [0 | Q.
i=1 j=1

B
and we have the correspondence

IT7000) IT 7+ (p)
i=1 j=1

(—q)""* Zp | X;q

B

T S
= (—iu)® ()" =" Zgy | Xsu | [[ro(a) [T 7, (p)
i=1 j=1 8
under the variable change —q = e**.

If we specialize Theorem [ further to the Calabi-Yau case (with no descendent
insertions), we obtain the following result.
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GROMOV-WITTEN/PAIRS CORRESPONDENCE FOR THE QUINTIC 3-FOLD 397

Corollary 2. Let X be a Calabi-Yau complete intersection 3-fold in a product of
projective spaces. Then,

Zo(X:q), € Q).

and we have the correspondence

ZP(X§Q)ﬂ = Z/GW(X;U)B

under the variable change —q = e

Corollary together with the Donaldson-Thomas/Pandharipande-Thomas
(DT/PT) correspondence proven by Toda [40] and Bridgeland [4] implies the orig-
inal GW/DT correspondence [I7] in case X is a Calabi-Yau complete intersection
in a product of projective spaces.

0.6. Bogomol’nyi-Prasad-Sommerfield counts. For complete intersection
Calabi-Yau 3-folds, Theorem [l is closely related to the Bogomol’'nyi-Prasad-Som-
merfield (BPS) structure conjectured by Gopakumar and Vafa [6] in 1998.

The method of [6] was to consider limits of type ITA string theory which may be
conjecturally analyzed in M-theory. A remarkable proposal was made in [6] for the
form of the Gromov-Witten potential FX of a Calabi-Yau 3-fold X. Let

v) = ZuQQ*QFf(v), F;((v) = Z Ng)fﬁ VP,
920 0#£BEH(X,Z)
where N, g)fﬁ is the (connected) genus g Gromov-Witten invariant of X in curve class
B. For each curve class § € Ho(X,Z) and genus g, there is conjecturally an integer
ngf 5 counting BPS states in the associated M-theory. For fixed j3, the count ngf 5 is
conjectured to be nonzero for only finitely many g. The formula predicted in [6] is

(du/2)y29-2
(7) FX (u,v) = ZZ” w29 22 (sm u/2) ) 5.
9>0 70 d>0
The BPS form () places integrality constraints on the Gromov-Witten invariants.
We can uniquely define invariants ngf 5 € Qby ([@). Neither the integrality nor
the vanishing of ngf s for sufficiently high g is then clear. As a corollary of Theorem
[0l we obtain the following result.

Corollary 3. Let X be a Calabi- Yau complete intersection 3-fold in a product of
projective spaces, and let € Ho(X,Z):
(i) After the variable change —q = e'*,

Fff(q) = Coeff, s [FX} € Q(q)
is a rational function invariant under q < gt
(ii) If, for all divisors B3, nfﬁ vanishes for all sufficiently large g, then

nys €L, ¥g>0.

Corollary B follows easily from Theorem 1 and the results of Section 3 of [34].
The rationality of part (i) is slightly weaker than the full Gopakumar-Vafa predicted
BPS form, but becomes equivalent with the vanishing assumed in (ii). A proof of
the integrality of n; s has recently been claimed in [I0]. The method is analytic
but eventually reduces the integrality to the local curves calculation of [5]. The
vanishing (ii) is open.
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398 R. PANDHARIPANDE AND A. PIXTON

0.7. Plan of the paper. We will prove Theorem [ via the degeneration scheme
established in [22]. To control the Gromov-Witten and stable pairs theories of
Fano and Calabi-Yau complete intersections in products of projective spaces, we
must prove GW /P correspondences for relative and descendent insertions in several
simpler geometries.

Let D C X be a nonsingular divisor in a nonsingular 3-fold X. The first step
in the proof of Theorem [Iis to formulate a GW /P descendent correspondence for
the relative geometry X/D. The interaction of the descendents with the relative
divisor is explained in Section [I] with a full correspondence proposed in Conjecture
[ of Section [[3

The degeneration scheme of [22] requires the study of Pl-bundles

m:Pg— S
over surfaces S relative to a section of m where S is either

(i) a toric surface,
(ii) a K3 surface,
(iii) or a Pl-bundle over a higher genus curve C.

Sections PHl are devoted to the proofs of descendent correspondences for the relative
surface geometries (1)—(iii).

The toric case (i) is studied in Section2l For the K3 surface, the results of Section
8 of [33] establish special cases. The required descendent correspondence for P k3
is proven in Section [ after the fully equivariant relative descendent correspondence
for the 3-fold cap is established.

The technically most difficult results concern the surface geometries (iii). We
study higher genus curves by degeneration to genus 0. The method requires estab-
lishing correspondences for special surface geometries in Section @l and the introduc-
tion of bi-relative residue theories in Section Bl The odd cohomology of the higher
genus curves, discussed in Section [G] is controlled by the strategy first employed in
[27].

The degeneration scheme and the proof of Theorem [ is presented in Section
[ In fact, our methods are valid in any context in which the Fano or Calabi-Yau
3-folds can be efficiently degenerated. As an example, the GW /P correspondence
for the Enriques Calabi-Yau is discussed in Section

The application of relative and descendent methods to the GW/P correspon-
dences for nontoric Calabi-Yau geometries has been one of the major motivations
for our work in [30H33]. The recent proof [37] of the full Katz-Klemm-Vafa conjec-
ture for the Gromov-Witten theory of K3 surfaces uses the GW /P correspondences
for nontoric hypersurface Calabi-Yau 3-folds established here.

1. RELATIVE THEORIES

1.1. Definitions. Let X be a nonsingular 3-fold with a nonsingular divisor D C X.
Relative Gromov-Witten and relative stable pairs theories enumerate curves with
specified tangency to the divisor D. See [I3LI5LI8,B0] for a technical discussion of
relative theories.

In Gromov-Witten theory, relative conditions are represented by a partition u
of the integer |, P [D], each part u; of which is marked by a cohomology class ¢; €
H*(D,7),

(8) p=((p1,01), ..., (pe; 0¢)) -
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The numbers p; record the multiplicities of intersection with D while the cohomol-
ogy labels §; record where the tangency occurs. More precisely, let M;’T (X/D,B)u
be the moduli space of stable relative maps with tangency conditions p along D. To
impose the full boundary condition, we pull back the classes §; via the evaluation
maps

9) M, .(X/D,B), - D

at the points of tangency. Also, the tangency points are considered to be un-
ordered

In the stable pairs theory, the relative moduli space admits a natural morphism
to the Hilbert scheme of d points in D,

P.(X/D,B) — Hilb(D,/B[D]) :

Cohomology classes on Hilb(D, |, 5[D]) may thus be pulled back to the relative
moduli space. We will work in the Nakajima basis of H* (Hilb(D, fB [D]), Q) indexed

by a partition y of | 5 [D] labeled by cohomology classes of D as in ({]). For example,
the class

1) € H* (Hilb(D, /B D). Q).

with all cohomology labels equal to the identity, is [] p; ! times the Poincaré dual
of the closure of the subvariety formed by unions of schemes of length

K1y ey He(p)

supported at £(u) distinct points of D.
The conjectural relative GW /P correspondence for primary fields [I8] equates
the partition functions of the theories.

Conjecture 3. For~; € H*(X,Q), we have
(=) 2o (X/Dsq | 7o) i) |n)

— (—iu)dete0-lul ZL (X/D;u ‘ T0(71) - - To(r)

u,

As before, Zp (X/D; q | mo(m) - 710(v) ‘,u)ﬁ is conjectured to be a rational func-

after the change of variables e’ = —q.

tion of ¢. Conjecture Blis made for every boundary condition ().

1.2. Diagonal classes. To state our results for the Gromov-Witten/Pairs descen-
dent correspondence in the relative case, a discussion of diagonal classes is required.

For the absolute geometry X, the product X* naturally parameterizes s ordered
(possibly coincident) points on X. For the relative geometry X/D, the moduli
space of s ordered (possibly coincident) points

(p1,...,ps) € X/D

6The evaluation maps are well-defined only after ordering the points. We define the theory
first with ordered tangency points. The unordered theory is then defined by dividing by the
automorphisms of the cohomology weighted partition .
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is a more subtle space. The points are not allowed to lie on the relative divisor
D. When the points approach D, the target X degenerates. The resulting moduli
space (X/D)?® is a nonsingular variety. Let

consisting of the small diagonal where all the points p; are coincident. As a variety,
Ae is isomorphic to X.
The space (X/D)® is a special case of well-known constructions in relative ge-

A C (X/D)?®

ometry. For example, (X/D)? consists of 6 strata:

20
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/

) 2e /
/
) le /

As a variety, (X/D)? is the blowup of X? along D?. And, A, C (X/D)? is the
strict transform of the standard diagonal.
Select a subset S of cardinality s from the r markings of the moduli space of

maps. Just as M;T(X ,3) admits a canonical evaluation to X*® via the selected
markings, the moduli space M;’T(X /D, B),, admits a canonical evaluation
— .
evs: M, (X/D,B), — (X/D)*,

well-defined by the definition of a relative stable map (the markings never map to
the relative divisor). The class

evs(Awa) € H (M, (X/D, 5),)
plays a crucial role in the relative descendent correspondence.
By forgetting the relative structure, we obtain a projection
m: (X/D)® — X*° .
The product contains the standard diagonal A C X*®. However,
T (A) # Arer -

The former has more components in the relative boundary if D # ().

1.3. Relative descendent correspondence. Let @ be a partition of length 7. Let

Aol be the cohomology class of the small diagonal in (X/D)*. For a cohomology
class v of X, let

v A € H*((X/D), Q).
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402 R. PANDHARIPANDE AND A. PIXTON

We define the relative descendent insertion 7,(y) by

(10) ta(y) =&t ..1/,;2*1 'eVI,A..,é(”Y Ava)

In case, D = (), definition (0] specializes to (3.
Let Qx[D] denote the locally free sheaf of differentials with logarithmic poles
along D. Let
Tx[-D] = Qx[D] ¥
denote the dual sheaf of tangent fields with logarithmic zeros.
For the relative geometry X/ D, we let the coefficients of K act on the cohomology
of X via the substitution
¢ = ci(Tx[=DJ)
instead of the substitution ¢; = T'x used in the absolute case. Then, we define
(11)  Tay—1(1) * Tap—1(7e) = Z H ZT&(KOLS,&"YS)
P set partition of {1,...,I} SEP @

as before via (I0) instead of (3.
Definition (IIJ) is for even classes «;. In the presence of odd ~;, a sign has to be
included exactly as in the absolute case.

Conjecture 4. For~; € H*(X,Q), we have

(~0)~%/*Zp(X/Diq

Tar—1(M) *** Tap—1(7e) ‘ M)ﬁ

— (—iu)de e -lelzL (X/D;u ‘ Tor 1 (1) Tar1(70) ’ M)B

under the variable change —q = .

In addition, the stable pairs descendent series on the left is conjectured to be
a rational function in ¢, so the change of variables is well-defined. Conjecture
[ is also well-defined in the equivariant case with respect to a group action on X
preserving the relative divisor D. Definition (0 lifts canonically to the equivariant
cohomology. The coefficients of K act on the equivariant cohomology of X via the
equivariant Chern classes ¢;(Tx[—D]).

1.4. Degeneration. There is no difficulty in proving the compatibility of Conjec-
tures 2 and M with respect to the degeneration formula. In fact, both definition
(I0) and the replacement of Tx by Tx[—D] are required for compatibility with the
degeneration formula. Definition (I0) canonically lifts the diagonal splittings which
occur in the correspondence for the absolute case.

The log tangent bundle arises for the following reason. Let

m:X— B

be a nonsingular 4-fold fibered over an irreducible nonsingular base curve B. Let
X be a nonsingular fiber, and let

X1 Up Xo
be a reducible special fiber consisting of two nonsingular 3-folds intersecting trans-
versally along a nonsingular surface D. Let Tx[—X; — X5] be the tangent bundle
of the total space X with logarithmic zeros along X; Up X5. The basic restriction

property
C(Tx[—Xl — XQ])

X, — C(Txi [_D])
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holds on the special fiber. The Chern classes of the tangent bundle of a general
fiber of 7 therefore are extended by the Chern classes of the log tangent bundle of
the special fiber.

Since the compatibility with degeneration will play an important role in the
paper, we state the result (a formal consequence of the usual degeneration formula
in Gromov-Witten theory [121[13]).

Compatibility with degeneration. Let v1,...,7v¢ be cohomology classes on the
total space X. We have

Z/GW(X‘ Tar—1(71) - Tap—1(7e) )B
=D Zow(Xu/D| TLramil0) | #) | sty
i€l !

ow(X2/D| T raima() | )

i€ly Pa

The sum is over all marking distributions and curve class splittings

IIUIZZ{lw“ag}u ﬁ:61+ﬁ27

and all boundary conditions p along D.

The boundary conditions p are partitions weighted by elements of a fixed ba-
sis of H*(D,Q). The boundary condition xV has the same parts as p but with
weights given by dual elements of the dual] basis of H*(D,Q). The gluing factor
is defined by

£(p)

(12) 3(p) = H pi - [Aut(p)].

The first factor in ([I2)) is simply the product of the parts of u. The second term is
the order of the symmetry group of i as a weighted partition.

1.5. Relative results. The first results about the descendent correspondence in
the relative case concern projective bundles over a nonsingular surface S. Let
Lo, Loo — S
be two line bundles. The projective bundldd
P = P(LQ @Loo) - 5
admits sections
S; = P(Ll) Cc Ps .
We will establish the relative descendent correspondence of Conjectured for Pg /S

and Pg/So U Sy, when S is a toric surface.
There is a canonical C*-action on Pg by scaling the coordinates on the P!-fibers,

We denote by ¢ the generator of the equivariant cohomology of C*. We will prove
Conjecture @ for Pg equivariantly with respect to the fiberwise C*-action (I3).

“With respect to the intersection pairing.
8We always follow the convention of projectivization by 1-dimension subspaces.
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404 R. PANDHARIPANDE AND A. PIXTON

Theorem 2. Let S be a nonsingular projective toric surface. For classes v; €
H¢. (Pg,Q), we have

cr
2o (Ps/So0i [Fara () 7o a () | 1) | € Qa.t)
and the correspondence
o
(—q)*dﬁ/QZp(Ps/Soo;q Tay—1(1) + Tag—1(70) ’ u)ﬁ

*

= (i) Mz (P St | 72 () 7o () | 1),

under the variable change —q = e™.

The parallel result holds when the projective bundle geometry is taken relative
to both sections.
Theorem 3. Let S be a nonsingular projective toric surface. Consider the relative
geometry Pg/So U Seo. For ; € HE.(Pg,Q), we have
c*
ZP(V Tar—1(71) *** Tay—1(7e) ‘ u)ﬁ € Q(g,t)

and the correspondence

o
—q)"9/27, (v
(—q) P( 5

Tar—1(71) " Tap—1(7e) ‘ M)

— (i)t -+l 7L (,, ’ Tor 1 (1) Tar1(70) ‘ ﬂ>5

under the variable change —q = e*.

Theorems [2] and [3] will be proven in Section 2l We will use the absolute toric
correspondence and the relative projective bundle geometries to prove Theorem [II
in Section [1

2. PROOFS OF THEOREMS [2 AND [3]

2.1. Conventions. Localization with respect to the fiberwise C*-action will play a
central role in the proofs of the descendent correspondence for the relative projective
bundle geometries. We will use the localization formula for Pg/S., in a capped
form following [211[33]. We review the constructions here.

Since the fiberwise C* acts trivially on S, we have the simple characterization

He. (5,Q) = H*(S,Q) ©o Q[t] -
Via the C*-invariant projection
m:Pg— S,
there is a canonical pullback
7 Hea (S,Q) — HE(Pg, Q) .

The localized C*-equivariant cohomology of Pg is a free module of rank 2 over
the localized C*-equivariant cohomology of S,

(14) Hz. (Ps,Q)y = H2.(S.Q); - [So] @ H.(S.Q); - [Seel-
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The normal bundles of Sy and S, in Pg are
N'=Low®Lj and N=Ly® L.,
respectively. Under the isomorphism (I4]), we have
* v g *
1 = — — H¢.
(15) ) = S+ S v HE(5,Q),
where N = ¢1(N) € H*(S,Q). Equation ([IT) is the Atiyah-Bott localization for-
mula for the fiberwise C*-action on Pg.
Let L € Hy(S,Z) be a fixed ample polarization of S. We will measure the
S-degree of curve classes on Pg via 7 pushforward followed by intersection with L,

Lg:/L-W*(ﬁ) .

s

Let [P] € Ho(Pg,Z) be the class of a fiber of 7. We have an exact sequence
(16) 0 — Z[P] — Hy(Pg,Z) == Hy(S,Z) — 0 .

The only effective curve classes with Lg = 0 are multiples of [P].
The inclusions of S via Sy and S, determine two sections of the surjection in

(I6). Let
EH(So), EH(SOO) C HQ(Ps,Z)

denote the effective curve classes supported on Sy and S, respectively.

2.2. Log tangent bundle. The definition of the descendent correspondence

Tar—1(71)  Tag—1(7e) = Tay—1(M) - Ta,—1(7e)

for the relative geometry Pg/S. requires the Chern classes of the log tangent
bundle Tp,[—So]-

Similarly, for the relative geometry Pg/SoU S, the Chern classes of Tp ,[—So—
Soo] are required.

Lemma 1. The total Chern classes are
(Tps[-5]) = o(@Ts)- (1+[5]) ,
c(Tpg[=S0 = Sx]) = o(n"Ts)
in the C*-equivariant cohomology of Pg for the fiberwise action.
In both cases, the restriction of the Chern classes to S, involves only classes

pulled back from S via m. We leave the elementary derivation of Lemma [I] to the
reader.

2.3. Capped localization.

2.3.1. Capping over Sy. Let P,(Pg/Soc,3), be the moduli space of stable pairsﬁ
with the boundary condition given by u. Let o be a partition of positive size, and
let

F:(Vla"'a’yl)a ’YZEH*(S7Q)

9The moduli space P (Ps/Sco, ) C Pn(Ps/Sco, ) is defined as the inverse image, via the

boundary evaluation, of a cycle V' < Hilb(So) representing the class p. The virtual class of
P, (Ps/Ss, B) is defined by refined intersection

[Pn(Ps/Soo, B)u]""" = ¢! [Pa(Ps/Soc, B,
using the nonsingularity of Hilb(Ss ). For a representative cycle, Nakajima’s construction may be
used.
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406 R. PANDHARIPANDE AND A. PIXTON

be a vector of cohomology classes. Let

7a(l'0) = Tay—1(71[S0]) - - Tay—1 (e [So])

be the associated descendent insertion over Sy. We can study the partition functions

(a7) q"/ 7a(To),
; [Pn (PS/SoowB)M]UiT

;uw | 7a(T0)

[M;,* (PS/Sac#g)u]’u”v

via localization with respect to the fiberwise C*-action. Recall, 74(Ty) is defined
by () and is a sum of terms. For the stable maps moduli space, the number of
markings depends upon the summand of 7, (') and is denoted by *.

The stable pairs capped descendent over Sy is a sum of particular localization
contributions to (7). Let

Un,ﬁ,u C Pﬂ(PS/Sooaﬁ)M

be the open locus corresponding to stable pairs which do not carry components of
positive S-degree in the rubber over So. The open set U, g, is C*-invariant and
has compact C*-fixed locus. Indeed, the fixed locus

c*
Un,B,u - Umﬁw

consists precisely of the C*-fixed loci of P, (Ps/Seo,3), with no components of
positive S-degree in the rubber over S,,. Unless the curve class 3 is of the form

(18) B = Bo+ |ul[P], Bo € Eff(So),
the open set U, g, is empty. The stable pairs capped descendent over Sy is

1
19 G D=3d" [ o el i)
o]V
well-defined by C*-residuesd If condition ([@®) is not satisfied, C{(74(Io),s),
vanishes.
For the Gromov-Witten theory, we consider the parallel open set

~ —
Ugvﬁ# - Mg,*(PS/Sooa ﬂ),u

corresponding to stable maps which do not carry curves of positive S-degree in
the rubber over Soo. The open set Uy g, is C*-invariant and has a compact C*-
fixed locus. We again define the Gromov-Witten capped descendent over Sy via

10We have presented the definition of the stable pairs capped descendent C(F; (T7a(T0), B)u
to parallel as closely as possible the definition of the Gromov-Witten capped descendent
CSW (7o (o), B) . Instead of considering Pp(Pg/Soo, 8)u as a space (after a fixed representative
of the Nakajima basis element |u) is chosen), we could alternatively arrive at the same definition
of C§ (7o (o), B), via the C*-residue

5 (ra(T0), B)u —Zq / ~ 1a(lo) Uev™(u),
n,B]MT
where Uy, g C Pn(Ps/Swo, ) is the open locus corresponding to stable pairs which do not carry
components of positive S-degree in the rubber over S and ev is the boundary map to the Hilbert
scheme of points of Soo
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C*-residues,
@ (), =S [ R el )

The capped descendent (20]) vanishes unless condition (I8)]) is satisfied.

2.3.2. Capping over So,. We can similarly define the capped contribution over Sy,
Let

7a(Too) = Tay 1 (F1[Swc)) -+ T -1 (FelSec)) -
Consider the integrals

o s il

[Pn(Ps/SoUScc,B)u,u]vi"
Z,UJ?ng /_, 7a(Ts0)
P M, ,(Ps/SoUScc,B)u,u]?i"

via localization with respect to the fiberwise C*-action.
The stable pairs capped descendent over S, is again a sum of particular local-
ization contributions to (2II). Let

Wn757l’># - Pn(PS/SO U Sooa 5)1/,#

be the open locus corresponding to stable maps which do not carry components of
positive S-degree in the rubber over Sy. The open set Wy, g, is C*-invariant and
has a compact C*-fixed locus. The fixed locus

c*
Wn,ﬂ,u,u C W’mﬂ;”#

consists precisely of the C*-fixed loci of P,,(Pg/SoU Sec, £)u,,, With no components
of positive S-degree in Sy. Unless the curve class 3 satisfies

(22) B =|V|[[P] + B, Poo € Eff(Swo),
the open set W, g,,.,, is empty. The stable pairs capped descendent over S is
EN 1
@) ) = T R US L ()
S e

well-defined by C*-residues. The capped descendent (23]) vanishes unless condition
[22) is satisfied.
For Gromov-Witten theory, we consider the parallel open set

fod —
W%Bﬂ’»u C Mg,*(PS/SO U 5007 B)mu

corresponding to stable maps which do not carry curves of positive S-degree in the
rubber over Sy. The open set W 5, is C*-invariant and has a compact C*-fixed
locus. We define the Gromov-Witten capped descendent over S, via C*-residues,

ey (afab), =S / rallx) € QL 7).

WQ B, u]v”

The capped descendent (24]) vanishes unless condition (22 is satisfied.
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408 R. PANDHARIPANDE AND A. PIXTON

2.3.3. Capped localization formula. Let & = (¢1,...,¢5) be a graded basis of
H*(S,Q), and let ¢y, ..., ¢} be the dual basis satisfying

/¢i'¢}/:6ij-
s

We take the cohomological weights of the relative boundary condition p to lie in
the basis ®. Let ¢V then denote the boundary condition obtained by replacing each
¢i by the Poincaré dual class ¢} .

Let 8 € Ho(Pg,Z) be a curve class. A splitting of 3 of type d > 0 is a pair of
curve classes g, B Of Pg satisfying

Bo € Eff(Sy), B € Eff(Sw), and By + d[P] + B = 8.
We will often denote the type of a splitting by
B =PBo+dP]+ b .

A given 8 € Hy(Pg,Z) admits only finitely many such splittings.
The capped localization formula for Pg/S. is easy to state in terms of the

capped descendents over Sy and S,. First consider the stable pairs partition func-
tio

-~ c*
25, (7a(T0) - 7a(T))
- ; ! /[Pn(Ps/Soo,ﬁ)u]“" 1:[7-%_1(% ) 1;[7-&]‘71(% ol

The capped localization formula is

25, (7o(T0)- 7s(f))

NN _
= 3 chra(ro) o+ P T (B P+ i)

The sum on the right side is the triple sum

> > X

d>0 Bo+d[P]+Bc=8 |v|=d

The gluing factor 3(v) is defined by ([I2I).
The parallel partition functio in the Gromov-Witten theory is

*

23 (7a00) - 7o)

=S [ [T 7o Gilsol) - [T 7a,-1 G5,

M;,* (PS/Somﬁ)u]MT 7

11We depart slightly from the notation of the Introduction for more efficient presentation of
the data.
12Gince Sp and Sso are disjoint, we have

7a(T0) - 7a(Too) = 7a(T0) - 72 (o)
by definition ().
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and the capped localization formula is

*

Z/B(fp\{v (m : Ta(foo))

= C§(7a(T0). fo +d[P]) 5w €L (7o) dlP) + ) |

v vV,u

where again the sum on the right is the triple sum

> > >

d>0 Bo+d[P]+Bc=8 |v|=d

The idea of capping localization contributions has been used extensively in [21]
33]. The main properties are the following:

e By definition, the capped contributions differ from the bare residue contri-
butions by just edge contributions and 1-legged S-degree 0 contributions
on the far vertex.

e The capped localization formula is obtained from the standard localization
formula by redistributing edge and 1-legged S-degree 0 contributions (no
new geometric derivation is required).

e The capped contributions, unlike the bare contributions, are conjectured
to have well-behaved rationality and GW/P correspondence properties.

2.3.4. Capped edge. In the capped localization formulas of [2I,33], capped edge
terms appear as follows:

ZP
d,v,p )
P, (Ps/SoUSx,d[P]) ]V

2 = Y | L
B
g

M 4(Ps/SoUSeo,d[P]) ]V

Zq”/[ 1,

where d = |v| = |pu|. By the following result, the capped edges here are trivial, and
hence need not be included in the capped localization formulas in our geometry.

Lemma 2. We have the evaluations

_1)lvl—t)
ZPV % - 51/ ( q,
d,v,y M 5(V)

1
Z/GWv = 6, —24(v) )
d,v,p S 5(]/)

Proof. We use the standard degeneration of Pg/SyU S to
Ps/SoUSyw U Pg/SoU Sy .
For the stable pairs, the degeneration formula for the capped edges is

Zz,v”uv = Zzs,u,)\v (_1)‘”_((/\)5()‘) q_l)\‘ Zs,)\,uv .
A

The capped edge evaluation follows immediately. A parallel argument is valid in
the Gromov-Witten theory. O
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2.4. Proof of Theorem 2.

2.4.1. Correspondence over Sy. We will use the capped localization formulas to-
gether with C*-equivariant descendent correspondences for the capped contribu-
tions over Sy and S, to prove Theorem

To study the contributions over Sy, we require the full torus action. Since S is a
toric surface, a 2-dimension torus 1" acts on .S. We lift T" to the line bundles Ly and
L;. Let T be the full 3-dimensional torus acting on the relative geometry Pg/S,

T=TxC*,

where the second factor is the fiberwise C*.
The capped contribution over Sy is not difficult to understand. The open sets

(25) Un.gu C Pa(Ps/Socs B)ps Ugp C M, (Ps/Sos, B),

after localization with respect to the T-action yield only the standard capped de-
scendent vertices at the T-fixed points of Sp.
We consider capped contributions over Sy in curve class

B =PBo+dP], Boe Ef(So).
Let 1 be a boundary condition along S., with |u| = d.

Proposition 3. The C*-equivariant descendent correspondence for the capped con-
tributions over So holds. We have CF (7,(Ty), ﬁ)ﬂ € Q(g,t) and

(=)™ /2 CF (ra(T0), B),, = (—iu) %+~ C§¥ (7T}, 8)
I

under the variable change —q = .

Proof. We apply T-equivariant localization to the open sets (25]) to express capped
contributions in terms of descendent vertices [33]. We then apply the GW/P cor-
respondence established in Theorem 8 of [33]. Since the C*-fixed locus is compact
(for the fiberwise C*-action), we may set the equivariant parameters of T to 0. [

2.4.2. Correspondence over S,,. The next step is to prove a descendent correspon-
dence for the capped contributions over S.,. Consider capped contributions over
S In curve class

B =d[P]+ Boos Poo € Eff(Ss).
Let v, u be boundary conditions along Sy and S, with |v| = d.

Proposition 4. The C*-equivariant descendent correspondence for the capped con-
tributions over S holds. We have CF, (Ta(foo), 6) € Q(g, s) and
"

(=)~ %, (7a(T). B)

under the variable change —q = e™.

= (—du) o HW) = V-G —|ul COW (T&(foo)v 5)

vp i

Theorem Plis an immediate consequence of Propositions [B] and ] and the capped
localization formulas for Pg/S,. Proposition[dis harder to prove than Proposition
Bl because of the possibility of curves of positive S-degree in the rubber over S..
The GW/P correspondence for the descendent vertex [33] does not directly apply.
The proof of Proposition @l is given in Sections
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2.4.3. Induction strategy. If 5 is not an effective curve class, both capped descen-
dent contributions over S, vanish and Proposition M is trivial.

We will prove Proposition [ for effective curve classes by induction on Lg and
the length ¢(@). The base case is

Lz=0 and {(a)=0.

If Lg =0, then 8o = 0. If £(@) is also 0, the capped contribution over S is equal
to the capped edge term determined by Lemma 2l Proposition [ for 3., = 0 and
£(a) = 0 is then easily seen to hold.

Consider capped contributions over S, in curve class

B =dP]+ B, Poo € Ef(S).

Let v and p be relative conditions along Sy and S with |v| = d. We take the
cohomology weights of v and pu to lie in the basis

¢:(¢laa¢f)

of H*(S,Q). Let deg(r) and deg(p) be the sum of the (complex) degreed™ of the
cohomology weights of v and u, respectively. The codimensions of the relative
conditions v and p are

0(v) = [v| = €(v) +deg(v) and 0(u) = |p| = £(n) + deg(p) -

For the vector ' = (71, - . .,7¢) associated to the descendent insertion, defind™}

¢
-1 R e
(26) deg(T’) = 3 Zdeg(%), 3; € HYs(9) (5, Q) .
i=1

~

The maximum value of deg(I") is 2¢.
We will prove Proposition [ for the capped contributions
(27) B ra), Boses C(raCc). )

By induction, we assume Proposition 4] has been established for all capped contri-
butions

C(F;O(Ta/ (Fgo)aﬂ/)l/’,,u’a CSOW (TO/ (F{)o)vﬂl)
satisfying at least one of the following four conditions:
o Lgl < Lﬂ s
e Lg =Lgand {(c)) < {(a),
e Ly = Lg, l(a/) ={(a), and deg(I") > deg(T'),
o Lg = Lg, {(a) < {l(a), deg(I") = deg(T), and 0(¢') < 8(v).
Via the third condition, we include a reverse induction over deg(I'). Since deg(T') <
2{, the reverse induction is possible.
The proof of the induction step requires the C*-localization formula for the

capped descendent contributions over S, in terms of rubber moduli spaces. A
review of the basic facts is presented in Sections 2.4.4] and 245

’ ’
v

13We will always use the complex grading (which is % of the real grading).
14 Again, we use the complex grading.
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412 R. PANDHARIPANDE AND A. PIXTON

2.4.4. Rubber geometry. The capped contributions (27) over S, are defined via
C*-residues. The C*-localization formula for the capped contributions has three
parts:

(i) rubber integrals over Sy,
(ii) edge terms,
(iii) rubber integrals over S..

The edge terms for stable pairs and stable maps are determined by Lemma 2l We
discuss the rubber integrals here.
Consider first rubbe geometry for the moduli of stable pairs. Let

Pn(PS/SO U Sooaﬁ):,é - Pn(P/SO U SOO7/8)6,6

denote the open set with finite stabilizers for the fiberwise C*-action and no desta-
bilization over S,,. The rubber moduli space,

Pu(Ps/So U Soe B)s = Pa(P/So U S, B)°5 / T,

denoted by a superscripted tilde, is determined by the (stack) quotient. The rubber
moduli space carries a virtual fundamental class,

[Pn(PS/SO U Sooa ﬂ):&]vir'

The fiberwise C*-action is lost after the quotient, the fiberwise C* acts trivially on
the rubber moduli space.

The rubber moduli space P, (Ps/S0USw, 3)75 carries cotangent lines associated
to Sp and S.. A construction can be found in Section 1.5.2 of [22]. Let

Vg, Voo € H*(P,(Ps/So U Sac, 8) 5, Q)

denote the associated cotangent line classes.
The C*-localization formula for the capped descendent contribution over S, for
stable pairs is

(28) CE(ra(Too): Blun

1 —1)M=EXN5(A
= 3 R (), T

Ix|=d o

1 ‘ -
Rg(m : il;[lTa,zfl((t + N)’Yz‘)))\v

Here, RS[P} denotes the generating series for rubber integrals over Sy C Pg of

H

curve class d[P] with inverse normal factor™ (ﬁ) Similarly, Rg denotes the
generating series of rubber integrals over S, C Pg of curve class 5 with inverse
normal factor (%{)H) and descendent insertions. There are only two virtual

normal directions in the relative geometry here.

15We follow the terminology and conventions of the rubber discussion in [30] for stable pairs
and [22] for Gromov-Witten theory.

16The normal factor is the tensor of the tangent line —W¥s, of the rubber moduli with the
tangent line —¢ on the target fiber (which is pure weight).
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For Gromov-Witten theory, a parallel discussion yields the C*-localization for-
mula

(29) (7)),

1
_ I 20(N\)
- 3 R (), 0

4
1 ~
. R%GW(_\IJO +_t . J:Il Tai_l ((t + N)’yl)))\v

2.4.5. Virtual dimensions. The virtual dimensions of the stable pairs and stable
map spaces are

dim [P, (Ps/So U Somﬂ)u,ﬂ}vir = dg—0(v)—0(n),
. S vid vir
dim [M ((Ps/Sec, B)uul™ = dg+L€—=0()—0(n) .
The virtual dimensions of the rubber moduli space are 1 less,
dim [P, (Ps/So U S, 85, )" = ds —0(v) = 0(u) = 1,

dim [M,, (Ps/Se, B)5, )" = dg+0—0(v)—0(u)—1.
2.4.6. Proof of the induction step. We return to the proof of Proposition [ via the
induction strategy of Section 2.4.3] We must prove the descendent correspondence

for the capped contributions ([27) assuming the induction hypothesis. The analysis
divides into two cases.

Case L. [a] — 20(a) + deg(T') > dg — 0(v) — O(p).
Under the hypothesis of Casel[ll we will prove the vanishing of both sides of the
descendent correspondence of Proposition [ for capped contributions over S, by a

straightforward dimension analysis.
First, consider the moduli space of stable pairs. Formula (28] expresses

C (ra(Toe)s B),y» B =dP] + B
in terms of integrals over rubber moduli spaces. The rubber over Sy carries curve
classes with S-degree 0. In formula (28]), if

O(v) +6(\) > 2d,
then the rubber integrals over Sy vanish (since the virtual dimension] of the rubber
moduli spaces over Sy is 2d — 1). Therefore,
O\Y) > 6(v) .
As a consequence, the virtual dimensions of the rubber moduli spaces over S, in
[28)) never exceed

N

dg—0(v)—0(p) —1.
The dimension of the integrand on the rubber of co is at least the dimension of

4
dim ([ 7,1 (%)) = 18] - 26(@) + deg(D) > dg — 0(v) = 6(u) ~ 1,
i=1

7The leading q term of RS[P](

;) , given by the intersection pairing between v and
—Woott VoA

A, is degenerate.
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where the inequality is by the hypothesis of Case [ We conclude every rubber
integral™§ over S.. in (@) vanishes and hence

P (Ta(foo),ﬁ) —0.

v,
The argument for the vanishing of C&V (Ta(foo), ﬁ) is identical. We use the

y0
compatibility of the correspondence with grading established in Proposition 24 of
[33] and the identification of the log tangent bundle of Lemma [[I Degree can
be interchanged between the cotangent lines and Chern class of Tp,(—So — Swo)-
However, since
(Tps[=50 = Suo]) = (™ Ts),
the dimension calculus for the vanishing remains unchanged. We conclude
CW(rallw),8) =0.
v
Proposition M is established in Case [l

Case IL |a] — 20(a) 4 deg(T') < dg — 0(v) — 0(u).

The capped contributions need not vanish under the hypothesis of Case[[ll How-
ever, we will find parallel inductive relations to establish the descendent correspon-
dence of Proposition [l

To each partition A weighted by cohomology classes of .S in the basis @,

(30) ((Alvél)a"'a(Af()\)a(sﬁ(A 3 ‘)‘| Z)‘lv i cd 5

we associate a descendent insertion over Sy,
TIAl = 7a,—1(01[S0]) - - - Ty ny —1(8e(2) [S0]) -

The dimension of the descendent insertion 7[A] equals 6(A).
Let A, be the set of cohomology weighted partitions ([B0) defined by

A, = {)\ ‘ A= lvl, 600 =6() } .

Since there are only finitely many partitions [B0) satisfying |\| = |v|, the set A, is
finite.

For each cohomology weighted partition A € A,, consider the stable pairs and
Gromov-Witten generating series

(681) 25, (rIN .Ta(fld))@

:Z HT)\ —1( O])‘HTaj—lﬁj)-

i

/P (Ps/Soc:B)u]vi"

Z,Gw( 0 .Ta(fld))c*

=Yyt /[ m-aiso) - [T a1 G).

M,  (Ps/Se0,B)u]"" 5

18 All the rubber integrals are nonequivariant (there is no C*-action). For a nonvanishing result,
the integrand cannot exceed the virtual dimension.
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The dimension of the integrand for the stable pair series [31]) is

0(v) + |a| — 20(a) + deg(),
and the dimension of the moduli space of stable pairs is dg—60(p). By the hypothesis
of Case[[l] the integrand dimension is strictly less than the dimension of the moduli
space. By compactness of the geometry, the series (BI]) vanishes identically,

~ c*
(32) 25, (fN 7)) =0
An identical dimension count shows
—\ C*
(33) Zi3 (N - 7a(Ta)) - =0,

The relations ([B2) and ([B3)) will be used to uniquely determine the capped contri-
butions

(34 % (rallw).8)

Moreover, the determinations will be sufficiently compatible to prove the correspon-
dence of Proposition @ for (34)).

We will expand relations (32) and B3] using the capped localization formula.
First, we write
3 ) =7 (g l80]) 7w (gl
using the basic identity (IZ]). We have already proven the descendent correspon-
dence for almost all the terms of the parallel capped localization formulas for ([B82))
and ([B3). The correspondence is proven for all the capped contributions over Sy by
Proposition Bl Also, the correspondence is proven for all the capped contributions
over S, which are covered by the induction hypothesis of Section 2431 We can
write

0= Z Ch(r[\, d[P]),

lp|=d

, oW (ra(ﬁ,o),ﬁ) , B=d[P]+ b .

v, v,

(_1)|p|—t’(p)5(p)

@ ~
glel (‘) Coo(ma(Cs0), B)pv ) + 1,

t

(@) -

_ 1 =

0= Y SRV, s () S alFads B
lpl=d

where the sums are over all cohomology weighted partitions p of d. The dots stand

for terms covered by the first three inductive conditions:

e lower S-degree over S,

e fewer descendent insertions over S,

e higher descendent degree over S..
The induction condition over the descendent degree is used to replace

Yo _ A GN L N?
t+ N t 2 3
by the leading term (note N3 = 0 in H*(S,Q)).
Using the fourth induction condition, the relations can be simplified further. The

capped contributions over Sy,

Co ([N dP)p,  C§™ (T[N d[P)),,
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416 R. PANDHARIPANDE AND A. PIXTON

have a curve class of S-degree 0. Hence, the capped contributions equal the full
stable pairs and Gromov-Witten partition functions

Co(rNL AP, = Zgpy (DT,
COV(rINLdP)), = Zof] ()
Since the moduli space P, (Pg,d[P]), has virtual dimension 2d — 6(p), we see only
terms with
O(\) +6(p) > 2d

occur in the stable pairs relation. A parallel dimension count yields the same
conclusion on the Gromov-Witten side. When the inequality is strict, we have

O\ +0(p) >2d = 0(p") <O\ = 0(v),

so the terms are covered by the fourth induction condition.
The final forms we find for the principal terms on the right side of the relations
B2) and ([B3)) are the following:

pl—t(p (a) N
Y ey, S ) (1) L (ra(To)s D))+

[pl
lpl=d, 0(p)=0(v") q

(@)
- 1 —
S CSVGTNL P, (o) (—) CW (72 (o). B )+
|p|=d, 0(p)=0(vV)
The capped contributions

Coo(malo0), B)pv )y €Y (7a(To0), B)pv )
as p varies yield exactly |A,| unknowns. As X varies, we obtain exactly |A,| equa-
tions. The coefficients of the system are nonsingular by Proposition 6 of [31] on the
stable pairs side (and therefore also on the Gromov-Witten side by Proposition [3)).
Hence, the relations uniquely determine all the unknowns including ([34]). Since the
descendent correspondences have already been proven for all of the terms besides

the unknowns, we conclude Proposition [ holds for ([B4). The induction step has
been established. 0

2.5. Proof of Theorem [Bl The capped localization formulas for stable pairs and
stable maps for the relative geometry Pg/Sy U S have contributions over Sy and
Ss. Both take the form of the capped contributions over S., for the relative
geometry Pg/S.. Hence, both are covered by the descendent correspondence of
Proposition @l Theorem [3 follows immediately. O

2.6. Nontoric surfaces. Let S be a nonsingular projective surface (not necessarily
toric) with line bundles
Lo, Lo —S.

As a consequence of Conjecture 2] Theorems 2] and [} should hold for nontoric S
exactly as stated.

In fact, our proofs of Theorems 2l and [ are valid for any nonsingular projective
surface S for which Proposition B concerning the correspondence for capped de-
scendent contributions of Pg/S., over Sy, holds. The toric hypothesis for S was
only used to establish Proposition B via the descendent correspondence of [33] for
capped vertices in toric geometry.
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In order to prove Theorem [Il we will require Theorem [ for particular nontoric
surfaces. Let

e:S—C

be a surface S expressed as a P'-bundle over a curve of genus ¢. Let
L§, LS — C

be line bundles. We will prove Proposition [3] for S and the line bundles

(36) LS, LY — S

in Section [6l As a consequence, Theorem 2] will also hold for the geometry deter-
mined by the data (36]).

In the proof of Theorem [[ K3 surfaces will also appear. A special case of
Theorem [2 for K3 surfaces S (in the nonequivariant limit) has been established in
Proposition 26 of [33]. In Proposition [I0] of Section B8 we will prove the results
we require for K3 surfaces.

3. DESCENDENT CORRESPONDENCE FOR THE CAP

3.1. Overview. The 1-leg cap is the total space of the trivial bundle,
(37) N = OPI D OPI — P1 ,

relative to the fiber
Ny CN

over co € P! The total space N naturally carries an action of a 3-dimensional
torus

T=TxC".

Here, T acts by scaling the factors of N and preserving the relative divisor N..
The C*-action on the base P! which fixes the points 0, co € P lifts to an additional
C*-action on N fixing N... Let the tangent weights at 0,00 € P! with respect to
the last C*-factor be —s3 and s3, respectively

The equivariant cohomology ring H.(e) is generated by the Chern classes s,
s2, and s3 of the standard representation of the three C*-factors. Following [30],
we define

cap, T

k K
(8) 20, | T (0) TT 7, ()

k k'
S /[Pn(N/N [T o) TT 7 (<)

nez oc,d)n]““' Jj=1
19The tangent weight conventions here match [30].
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418 R. PANDHARIPANDE AND A. PIXTON

by T-equivariant residues. By Theorem 3 of [30], the partition function (B8] is a
Laurent series in ¢ of a rational function?] in Q(q, 51, 82, 83). Let

cap, T

k k'
39) zgS" [ TI7 (o) T 7, (locD)
j=1 j'=1

=
=3 P 2/ H% 0]) lei;_/([oo]),

QGZ (N/Nomd) ]v” ‘=

be the parallel Gromov-Witten partitlon function.
Our goal here is to prove the relative descendent correspondence of Conjecture
[ for the fully T-equivariant partition functions (B8] and (B9).

Theorem 4. For the cap geometry N/No,, we have

k'

dzdn(ﬁ o) T1 7, (o)™

k Kk’ cap, T
= (i) 1z (TT 7, (0) T] 7, (o)) )
i'=1

j=1
under the variable change —q = e

The proof of Theorem M given in Sections B2H3.7] follows the strategy of the
proof of Theorem 3 of [33]. The main idea is to intertwine an induction on the
depth of the descendent theories with the localization formula.

3.2. T-depth. For N defined by (37), let S C N be the relative divisor associated
to the points py,...,p,. € P'. We consider the T-equivariant stable pairs theory of
N/S with respect to the scaling action.

The T-depth m theory of N/S consists of all T-equivariant series

¥ k N/S,T
(40) Z o | 11 7ir, (1) JIEAG)
j'=1 j=1

where k' < m. Here, p € H?(P*!,Z) is the class of a point, and the 7 are partitions
determining the relative conditions along 7~ !(p;). The T-depth m theory has at
most m descendents of 1 and arbitrarily many descendents of p in the integrand.
The T-depth m theory of N/S is correspondent if Conjecturedholds for all T-depth

m series ([E0),

N/S,T

k/
( ) dzdn ey H Tl;,(]‘)
=1

<.
Il =
—

A

<

—

N/S,T

X 2
= (=t (=) zigw T e, () TL 70
j'=1 Jj=1

20By Theorem 5 of [30], the poles in g of the partition function occur only at roots of unity.
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The T-depth 0 theory concerns only descendents of p. By taking the specializa-
tion s3 = 0, we have
cap,T’ cap,T

k k
Ziu | 117 () =25, | TI 7 (o)
Jj=1 j=1

53:0

The parallel relation holds for Gromov-Witten theory. By the descendent corre-
spondence for the 1-leg capped vertex [33], we see the T-depth 0 theory of the cap
is correspondent.

Lemma 5. The T-depth 0 theory of N/S is correspondent.

Proof. By the degeneration formula, all the descendents 7;,(p) can be degenerated
onto a cap. The T-depth 0 theory of the cap is correspondent. The theories of
local curves without any insertions are correspondent by [24129]. Hence, the result
follows by the compatibility of Conjecture Ml with the degeneration formula. ]

3.3. Induction I. To establish the descendent correspondence for the T-depth m
theory of N/S, the following result is required.

Lemma 6. The descendent correspondence for the T-depth m theory of the cap
implies the descendent correspondence of the T-depth m theory of N/S.

Proof. We must prove the descendent correspondence for the T-depth m theories
of N relative to py,...,p, € P If r = 1, the geometry is the cap and the
correspondence of the T-depth m theories is given. Assume the correspondence
holds for r. We will show the correspondence holds for r + 1.

Let p(d) be the number of partitions of size d > 0. Consider the oo x p(d) matrix
My, indexed by monomials

L=][nmm™
i>0

in the descendents of p and partitions u of d, with coefficient Zs’u (L)“"" in position
(L, ). The lowest Euler characteristic for a degree d stable pair on the cap is d.
The leading ¢¢ coefficients of My are well-known to be of maximal rank P Hence,
the full matrix M, is also of maximal rank.

Consider N relative to r 4+ 1 points in T-depth m,

W . N/S, T
(41) Zg,nl,,..,nr,u Hﬂ‘;,(l) HTz‘j(P)
j'=1 j=1

We will determine the series ([I) from the T-depth m series relative to r points,
N/S,T

K k
(42) i Bl | 7, (1) 117 ®
j'=1 j=1
defined by all monomials L in the descendents of p.

21The leading q¢ coefficients are obtained from the Chern characters of the tautological rank
d bundle on Hilb(Neo,d). The Chern characters generate the ring H7 (Hilb(Neo,d), Q) after
localization as can easily be seen in the T-fixed point basis. A more refined result is discussed in
Proposition 9 of [30].
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Consider the T-equivariant degeneration of N by bubbling off a single cap at a
point not equal to pi,...,p,. All the descendents of p remain on the original N in
the degeneration except for those in L which distribute to the cap. By induction
on m, we need only analyze the terms of the degeneration formula in which the
descendents of 1 distribute away from the cap. Then, since My has full rank, the
invariants (@] are determined by the invariants ([@2]).

The parallel inductive construction for Gromov-Witten theory determines

= - N/S,T
GW
(43) Z;l,nl,m,nﬂu H Ti}/(l) H 7i;(P)
i'=1 j=1
in terms of the T-depth m series relative to r points,
N/S,T

k' k
(44) zo L Hﬂ';,“) 117 ® :
j'=1 j=1

the T-depth m theory of the cap, and theories of lower T-depth. By the compati-
bility of the descendent correspondence with the degeneration formula, the deter-
minations of the T-depth m theories of N relative  + 1 points in P! respect the
descendent correspondence. O

The 1-leg tube is the total space of the trivial bundle,
N = 0p1 ® Opr — P! ,
relative to the fibers
Ny, Noo C N

over both 0,00 € P'. The tube carries a fiberwise T-action as well as a full T-
action. Lemma [0l implies the following result which will be half of our induction
argument relating the descendent theory of the cap and the tube.

Lemma 7. The descendent correspondence for the T-depth m theory of the cap
implies the descendent correspondence for the T-depth m theory of the tube.

3.4. T-depth. The T-depth m theories of the cap consists of all the T-equivariant
series
cap, T

k k'
(45) 25, (L7 ) Tl 7 (el ]
j=1 j'=1

cap,T

k k'
S | T 7,0 T 7 (1) ,
j=1 j'=1

where k' < m. Here, 0 € P! is the nonrelative T-fixed point and oo € P! is the
relative point. The T-depth m theory of the cap is correspondent if Conjecture @
holds for all depth m stable pairs and Gromov-Witten partition functions (@3]).

Lemma 8. The descendent correspondence for the T-depth m theory of the cap
implies the descendent correspondence for the T-depth m theory of the cap.
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Proof. The identity class 1 € H; (P!, Z) may be expressed in terms of the T-fixed
point classes,

0 o0

o, b

53 53

We can calculate at most m descendents of 1 in the T-equivariant theory via at most

m descendents of [co] in the T-equivariant theory (followed by the specialization
S3 = 0) O

1=—

3.5. Induction II. The first half of our induction argument was established in
Lemma [l The second half relates the tube back to the cap with an increase in
depth.

Lemma 9. The descendent correspondence for the T-depth m theory of the tube
implies the descendent correspondence for the T-depth m + 1 theory of the cap.

Proof. The result follows from the T-equivariant localization formula for the cap
in terms of the T-equivariant theory of the tube (already used in [30]). We first
review the formula.

For the theory of stable pairs, consider the partition function
cap, T

k k'
(46) Zi, H 73, ((0]) H Tz';,([OOD
j=1 =1

We will write the T-equivariant localization formula for (), as a sum over set
partitions
R:(Rl,R27...7RT(R)), RiC{l,...,k,},

satisfying the following conditions:

e R; are nonempty and disjoint,

e RIURU---UR,r) ={1,..., K},

e min{j’ € R;} > min{j’ € Ri+1} .
Let m; be the minimal index in R;. As a consequence of the third condition,
myr) = 1 € Ry(r). The formula for the partition function (4g) is

cap, T tube, T
k/—'r‘(R) P k gnlﬁl p
Yoss OV Zip | TIm()) = Zise |, @) I 7, ()
R J=1 1 J'ER}
52 tube, T
gn
Lo | T, 0) 1] 7ir,(1)
1 Jj'ER}
tube, T’
T=T
g"'n
S Zagra | 7, ) 11 7, (1) ;
4 Jj'ER:

where the metric term is
g = (s159) M (=1) =M 3(p) . S -

The above T-equivariant formula is proven via localization and the rubber calculus;
see Section 7.2 of [30].
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For a partition function (@8] of T-depth m+1, the right side of the T-equivariant
localization formula is in terms of the T-depth 0 theory of the cap and the T-depth
m theory of the tube. Consider next the Gromov-Witten partition function,

A o cap, T
G
(a7) 2 | T (00 T 7, (1<)
j=1 i=1
The T-equivariant localization formula for (47) is
% cap, T 14 tube, T’
SO W o) | 7 (7 () [T 7, ()
3 .} i =2t it 2 | Tin, (P i)
R Jj=1 J'eRy
5 s tube, T’
RN W
sy it | T, @) T 7, ()
JERS
tube, T’

T

A" ow
S a2t Zyrn 7ir, (P) H Til, (1) )
J'ER
where the metric is now
W77 = (s152)"M5(n) - 65 -
The proof is again via standard localization and rubber calculus.
The descendent correspondence of Conjecture [l is formally compatible with the
above T-equivariant localization formulas. Since the right sides concern only the

T-depth 0 theory of the cap and the T-depth m theory of the tube, Lemma [{lis an
immediate consequence. O

3.6. Gromov-Witten side. The stable pairs localization formula for (@6l]) in Sec-
tion Bhl was explained in [30]. While the Gromov-Witten side is parallel, we present
the first cases here to help the reader.

To start, we write the localization formula for T-depth 1 series for the cap as

% cap, T
Z5" | TL 7 (10]) - i (<)

cap, T

S
=735 | TL 7 (0D -7 (o]

k
_ Z WXert HTz'j([O]) .WL0,0) 'S%(Ti’l) ,
j=1

|pu|=d
/'7> N
g,d

where the rubber term on the right is
Sgﬁ
Here, er't and WB’O denote the Gromov-Witten vertex and edge terms.

83 — o

Shmp) = D ur? <u
g
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The rubber term simplifies via the topological recursion relation for v after
writing

53 14 o

(48) 83 — o B s3— 1o

We find the relation

hi7

- B oW [—— tube, T’
ShTm) = 2 Sh g 2 (D)

> '
g,d

The leading 1 on the right side of (@8] corresponds to the degenerate leading term
of Sﬁ-;. The topological recursion applied to the iy prefactor of the second term
produces the rest of Sg . We have also used here the identification of the log tangent
bundle on the destabilized cap.

After reassembling the localization formula, we find

where the rubber term on the right is

Sl; = Zu2972 <,u
g

1
83 — o

e cap, T
ZiS" | T 7, (00) - g (o))
j=1
ki cap, T
hﬁﬁ tube, T
=Sz [ TI= o oy 2 (D)
|77|=d j=1

which is equivalent to the first case of the Gromov-Witten formula of Section

The higher cases of the Gromov-Witten localization formula of Section are

proven by expanding definition (1) of the descendent correspondence and following
the rubber calculus. Consider

A cap, T
ZaSM | T 7 ([0D) - g ([oe]) iy ([oe])
j=1

cap,T

k
=z5" H 73, ([0]) - 73z ([00]) 7y ([o0]) ,
where we have

(49) 75, ([0o]) 7, ([00]) = 83 > Tar(K(ig41,1541).a * [20))

«

+ Zﬂs(kugﬂ),& - [oc]) - ZTE(E(WQH),E - [oc])
5

€

by definition. The first summand on the right of ([@9) is obtained from the set
partition {1, 2} and the second term from the set partition {1}U{2}. After applying
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localization and the rubber calculus to the {1,2} term, we obtain the {1,2} term
of

cap,T

oW k Ry [ ST
G0) > sz | [ | Sz (@ @)
|7i|=d =

After applying localization and the rubber calculus to the {1} U {2} term of (Z9),
we obtain the {1} U {2} term of (B0) plus the full series

cap, T

k ~

h# tube, T’

G0 Yz TIm) | g 2 ()
|l |71 =d =1

hff tube, T’
2@ Zdnn ( (p)) :

Combining (50) and (&) exactly yields the Gromov-Witten formula of Section
for two insertions over oo.

3.7. Proof of Theorem M. Lemmas [[HJ together provide an induction which
establishes the descendent correspondence for the T-depth m theory of the cap for
all m. ]

Since the classes of the T-fixed points 0,00 € P! generate H4(P!,Z) after
localization, Theorem Ml is a T-equivariant correspondence for the full descendent
theory of the cap.

3.8. K3 surfaces. For a surface S, following the notation of Section [[L5] let
PS:P(LQ@LOO)%S, Slzp(Ll) Cc Ps .

Proposition 10. Let S be a nonsingular projective K3 surface. For classes ; €
H*(S,Q), we have

Zp (Ps/Soo;q

Tar-1(M) ** Tap-1(7¢) } u)ﬁ € Q(q)
and the correspondence
(=) /2o (Ps/Sociq rosa (0n) - 7ara () | 1)

— (_iu)daJrl(u)*Mz’GW(PS/SOO;u ‘ o (1) Tar1(70) ’ M)B

under the variable change —q = e™

Proof. If the cohomology insertions «y; are supported on Sy, then the above corre-
spondence is proven in Proposition 26 of [33]. The support hypotheses for ~; were
needed there since, for the T-equivariant cap, only the correspondence for descen-
dents of the nonrelative point had been proven in [33]. Theorem @ now removes
the need for the support hypothesis. The proof of Proposition 26 together with
Theorem (] yields the result. O
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4. THE GEOMETRY P! x C x P! / P! x C

4.1. Overview. Let Y denote the the quasi-projective variety P' x C x P'. For
clarity, we will denote the first factor by P1 and the third factor by P1. Let

1Y =Pl m3:Y = P}

denote the projections onto the first and last factors.
The variety Y admits an action of the 3-torus

T=C7 xC; xCj .
The first factor C; of T acts on P} with fixed points 0,00 € P1i with tangent
weights —s1, s1, respectively. The factor C5 acts on C with fixed point 0 € C with
tangent weight —so. Finally, C4 acts on P} with fixed points 0,00 € P} with
tangent weights —sg, s3, respectively.
Define the divisors Yy, Yo, C Y to be the fibers of w3 over 0,00 € P4,

Yy =Pi xC x {0}, Yo =P} xC x {oc}.
Both Yy and Y, are preserved by the T-action. Let
01 o] € H3(Y.Q)
denote the classes of Yy and Y, respectively.
The projection m; is equivariant with respect to the projection of T onto Cj.
We will view
9] ’ 0_; € H(EI (P%a Q)
as classes in H5.(Y, Q) via pullback by .
Since Y, is preserved by the T-action, we can define

k/
52 ZB n H T’L] ]) H T’i;, (aj [OQ
j'=1

Y/Yeo,T

->

nez /Pn(Y/Yoo 76)'!7]1)“‘ =1

y
[T @00 T 7, 0 1])

by T-equivariant residues. Here, § € Ho(Y,Z) is a curve class (specified by degrees
along the two P!-factors), and 7 is a boundary condition along Y,,. The parallel
Gromov-Witten partition function is

Y/Yeo,T

k *
(53) Z%" HTij(ej[O]) HTi3’(9

o
= Zu2g—2/ Hfrl ]) H Ti;,(ej [OO

gEeZ [ g, *(Y/YOWB 77]“” =1

Our goal here is to prove the relative descendent correspondence of Conjecture
[ for the fully T-equivariant partition functions (52]) and (G3)).

Theorem 5. For the relative geometry /Y, we have

k K
25, (T 705000 TT 7, @ 1oc
j=1

j'=1

Y/Ys,T
) € Q(qa 81782583)

Licensed to Mass Inst of Tech. Prepared on Tue May 29 13:07:08 EDT 2018 for download from IP 18.51.0.96.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



426 R. PANDHARIPANDE AND A. PIXTON
and the correspondence

k:'
(—q dﬁ/2ZP (HTZ] [o]) HTZ;/(%/[OO
Jj'=1

)Y/YOC,T

)Y/Ym,T

j=1

k K’
_ (_Z-u)dBJr[(Tl)*m‘Z’ﬂi;N( H 73, (05[0]) H Ti;_/(G [00
=1

under the variable change —q = e

The proof of Theorem [B] given in Sections E.2HA4], again proceeds by induction
on the depth of the descendent theories. A study of capped rubber for the geometry
Y/Yy UY, is required for the base case of the induction.

4.2. Depth induction. The proof of Theorem M can be exactly followed to es-
tablish Theorem [Bl To start, we define the two notions of depth for the geometry
Y.

Let S C Y be the relative divisor Ui7r3_1(pi) associated to the points py,...,p, €
Pi. Let

T=CixC;cCT

be the first two factors of the 3-torus. We consider the T-equivariant stable pairs
theory of Y/S. The T-depth m theory of Y/S consists of all T-equivariant series

Y/S,T

(54) ngly---mr H it HTZJ )

where k&’ < m. Here, p € H?(Y,Z) denotes the class of a fiber of 73, and the ¢ are
partitions determining the relative conditions along 7=1(p;). Following exactly the
proof of Lemma[7], we obtain the following result.

Lemma 11. The descendent correspondence for the T-depth m theory of /Y
implies the descendent correspondence for the T-depth m theory of the Y/Yy U
Yoo |

The stable T-depth m theory of Y/Y,, consists of all the T-equivariant series
Y/ Yoo, T

k k'
(55) Z5, | T 7 @000 TT 7, (6510c]) ,
j=1 j'=1

where k' < m.
The proofs of Lemmas [§ and [@ are formal and remain valid for the geometry
Y /Y. As a result, we obtain the following two results.

Lemma 12. The descendent correspondence for the T-depth m theory of /Y
implies the descendent correspondence for the T-depth m theory of the Y/Yy. O

Lemma 13. The descendent correspondence for the T-depth m theory of the tube
implies the descendent correspondence for the T-depth m+ 1 theory of the cap. [

Lemmas [[THI3] together establish a recursion which reduces Theorem [G] to the
base case of the T-depth 0 theory of /Y.
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4.3. T-depth 0. The last step in the proof of Theorem [l is to establish the de-
scendent correspondence in the base case of T-depth O.

Proposition 14. For the relative geometry Y /Yo, we have

ng ( ﬁ Ti; (93 [0 )Y/YOO’T S Q(q, S1, 592, 53)
j=1
and the correspondence J
(—q dﬁ/QZP (HT,J (6;[0] )Y/YOO’T
k Y/Yso,T
= (_Z-u)dﬁf(n)fln\z:f’yv( H T (gj[o]) )
j=1

under the variable change —q = e

We can write the partition function for Y/Y,, via capped localization for both
stable pairs and Gromov-Witten theory. The capped contributions over Y, are
2-leg capped toric descendent vertices and satisfy the descendent correspondence
by [33]. The interesting new terms in the capped localization formula occur over
Y.o—the capped rubber contributions. The capped rubber contributions carry no
descendent insertions.

To prove the correspondence for the capped rubber contributions over Y, we
follow the technique developed in [21] where the capped rubber contributions for

An x P JA, x {o0}

over oo were studied. Via the differential equations constructed in Sections 3.2 of
[21], the analysis of Section 3.4 can be applied to our capped rubber contributions.
The proof of Lemma 6 of [2I] is valid here. As a result the correspondence for
the capped rubber contributions of Y/Y,, over Y, is equivalent to the following
nonrubber correspondence.

We consider the relative geometry Y / Yy U Y, with respect to the 2-torus T-
action by the first two factors ' C T. Let v € Hg. (P1, Q) be the class of the fixed
point co € P1.

Proposition 15. For the relative geometry Y/Yo U Yoo, we have

Y/YoUYso, T
) € Q(q, s1,52)

28 0 (o210

and the correspondence

) Y/ YoUYo, T

(~a)~"225,, (ro(110)
_ \Y/YoUY,T
— (=i )d5+Z(V) [v|+£(p)— IMIZ’GW (70(7[0]) )

under the variable change —q = e™

By basic properties of the descendent correspondence [33],

70(7[0]) = 7o (+[0]) -
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Proposition [[4] is a consequence of Proposition together with the recursion of
Lemmas [IHI3l Hence the proof of Theorem B will be complete once Proposition
is established.

4.4. Proof of Proposition The curve class 8 € Hy(Y,Z) is a linear combina-
tion of the curves
[Pi] =Pi x {0} x {0},  [P3] ={0} x {0} x P} .

If 3 is a multiple of [P3i], then Proposition reduces immediately to the T-
equivariant descendent correspondence of local curves [33].

Let Y = P{ x P} x PL. We view the projective variety Y as a T-equivariant
compactification of the quasi-projective variety Y,

P} x C x P§ C P} x P} x P3.

Let Yo and Y, be the m3-fibers of Y over 0,00 € P}. Our proof of Proposition
will be obtained from studying the partition functions

Y/YoUYoo,T -

(56) 25, (n0600)) - 7 ()

for the compact relative geometry Y /Yo U Y. We will consider curve classes
B = di[P}] +ds[P3] € Hy(Y,Z)

for which d; > 0 and d3 > 0.

If ds > 0, the relative conditions v and p in (B6]) will be taken to be of a special
form. The relative condition v is a partition of d3 weighted by Hx(Pi x P, Q).
We require the weights of all the parts v; to be the pullbacks of the classes of the
C3-fixed points 0,00 € P except for the weight of the part v1. For vq, we take the
weight to be the class of one of the following T-fixed points:

(0,0), (00,0) € P1 x P} .

For p, we require all weights to be the pullbacks of the classes of 0,00 € P1}.

The moduli space of stable pairs P,(Y/YoU Y, )., has virtual dimension
2dy + 2d3 minus the constraints imposed by the boundary conditions. The number
of constraints imposed by v is d3 + 1 and by u is d3. Hence, the virtual dimension
of the stable pairs space is

)Y/YOUY,,O,T

2d1 + 2d3 —2d3 — 1 .

The integrand 79(y[0]) imposes another constraint, so the virtual dimension of the
integrals in the stable pairs partition function (B6) is 2d; —2. The parallel dimension
analysis for the Gromov-Witten partition function (B6]) also yields 2d; — 2.

Lemma 16. For ds > 0 with our special boundary conditions v and p, we have

Y/YoUY s, T
Zg,u,y, (TO(/Y[O])) € Q(Q>51732)

and the correspondence

B Y/YoUY o, T
()25, . (o(210)

_ (_iu)d,ﬂr@(l/)*\V|+E(H)*W‘Z/BS;XL( 70(7[0])

)Y/YOUY,,O,T

under the variable change —q = e**.
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Proof. We can assume d; > 0, and then 2d; — 2 > 0. If 2d; — 2 > 0, both the
stable pairs and Gromov-Witten partition functions vanish by the compactness of
the geometry. If 2d; — 2 = 0, then both partition functions are independent of

the equivariant parameters s; and so. The required matching then follows from
Theorem [3 a

We can apply T-equivariant localization to both sides of the correspondence of
Lemmal[IGl Via the action of the second factor of T', the T-equivariant contributions
occur with P} coordinate either 0 or co (remember the curve class 3 is degree 0 over
P1). The localization contributions where the entire curve 3 and all the boundary
conditions lie over 0 € P} yiel the residue invariants appearing in Proposition
All the other terms in the localization formula can be expressed as the residue
invariants of Proposition (over 0 or co € PJ) with lesser 3. Hence the T-
equivariant localization relation applied to Lemma reduces Proposition to
the case where d3 = 0.

To prove the d3 = 0 case of Proposition[IH] we replace Lemma [I6] with a different
partition function. Let

% € Hyp(Py x Py, Q)

be the class of the point (00, 0). Alternatively, 7o is the intersection of v with the
divisor over 0 € P3. Hence, g restricted to P} x {0} x P} is —s27.

Lemma 17. For d3 = 0, we have

Y/YoUY o, T
) € Q(q, 51, 52)

ZE,VJ,@ (To(’)’o [0])

and the correspondence

Y /YUY oo, T
(=) %/2285 o (To(1010]) )

Y /YUY oo, T
= (=iu)* Z% ( 7o(ol0D) )

under the variable change —q = .

Proof. The dimension analysis used in the proof of Lemma [I6]is also valid here and
yields the result. ([l

Finally, we can apply T-equivariant localization to both sides of the correspon-
dence of Lemma [I7l The localization contributions where the entire curve 3 lies
over 0 € P} yiel the residue invariants appearing in Proposition All the
other terms in the localization formula include unconstrained curves over oo € P}
with positive [P1] components—all such contributions vanish P4 The T-equivariant
localization relation applied to Lemma[l7 completes the proof of Proposition O

Proposition was the last step in the proof of Proposition [4l The proof of

Proposition [I4] completes the proof of Theorem

22Up to a harmless s factor obtained from the cohomology weight of the part v;.

23Up to a harmless s2 factor obtained from ~g.

24The proof can be obtained inductively from the geometry Y /Yo U Yoo by considering the
integrand 79 (o). We leave the details as an exercise for the reader.
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5. BI-RELATIVE RESIDUE THEORIES

5.1. Overview. In order to prove Theorem [I we must first extend Theorem
to nontoric surfaces S which are projective bundles over higher genus curves (as
discussed in Section 2.6). Our strategy is to extend Proposition B to such surfaces.
The extension of Theorem [2] then follows as a consequence.

In order to extend PropositionBlto projective bundles S over higher genus curves,
we will degenerate S. To carry out the argument, we will require a descendent
correspondence for a particular residue theory in a bi-relative 3-fold geometry.

5.2. Bi-relative geometry. Following the notation of Section [£4] let
Y=P xPixP), Y., =PlxPlx{c},
and let Do, C Y be the divisor
D, =P} x {00} x P} .
We will consider the bi-relative 3-fold geometry
(57) Y /Yo UDy .

Since the divisors Y, and D, intersect, the full stable pairs and Gromov-Witten
theories of the geometry (B7) are not described by standard relative techniques
[@12].

Fortunately, we are only interested here in a corner of the bi-relative geometry
(E7) which can be approached by standard relative geometry—the residue theory
over 0 € P3. To define the residues over 0 € P}, curves intersecting Yo, N Do, do
not arise, so the standard relative methods are sufficient.

The descendent correspondence for residue theory of (57) over 0 € Pl will play
a crucial role in the extension of Proposition Bland Theorem

5.3. Construction I. Consider the moduli space of stable pairs P,(Y /Y, ),
with curve class
B = d,[P1] + do[P3] + d3[P3]

and C; x Cj-equivariant relative condition 7 along Y, with cohomology weights
supported on

Pi x {0} x {c0} C Yoo .
Define the open set

Vg C Pu(Y /Yoo, B)y
to be the locus of stable pairs for which D, is not a zero divisor.

More precisely, a stable pair in the relative geometry Y /Yo is supported on

a destabilization Y of Y along Y.,. The original divisor D, degenerates to the
reducible divisor

]Njoo:ﬂgl(oo)c?, m:Y = P
We define V), g, to be the open set of stable pairs for which Do, is not a zero
divisorPd n other words, the stable pair is transverse to D.: there are no free

25The moduli space P (Y /Yoo, B)y is not relative to f)oo, so transversality along Do is a
nontrivial condition. There is no bubbling along Do.
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points (the cokernel of the stable pair) on D.. Via the intersection with D, we
obtain a canonical ma

€: Vi — Hilb(P] x P /P1 x {00}, ds) .
Here, Hilb(P! x P1/P! x {oo},dy) is the Hilbert schemd?] of dy points of the
surface P x P} relative to the divisor P x {co}.

The original 3-torus T acting on Y acts on V,, g,,. While V;, g, is certainly not
compact, the Ci-fixed point locus is compact—all features of the stable pair occur
on

Dy=m,'(0)CY .
A C3-fixed stable pair in V,, 3, meets D, transversely. On XN/\INDO, Cs-fixed stable
pairs are simply the pullbacks of O-dimensional subschemes of D,. All components

of positive degree over P} x P of Cj-fixed curves associated to stable pairs in V,, 4.,
lie over 0 € P3.
Let 0;,0, € H¢. (P}, Q) be as in Section Il Let
[Oa O]v [0’ OO] € H(é;xcg (P% X P%)
denote the classes of the points (0,0) and (0, c0), respectively. Let
¢ € Hi:yc; (Hib(Py x P} / P} x {o0},ds), Q) .
We define the uncapped residue descendent series
, Y/YoUDo, T
k k
VG II 7 (6500,0) T 7, (85,10, 00])
=1 I=t .6
k K
= [ T me0.0) I] @ 0.shueo)
nez Vgl 521 =1

by T-equivariant residues.

5.4. Construction II. Next, we consider the moduli of stable pairs for the relative
geometry

(58) Y /Yoo UDo
with curve classes da[P3]. Since
[P%] Yoo =0,
the curves never meet Y,,. So the delicate study of geometry relative to the
singularities of Y, U D, can be completely avoided. The moduli space
Po(Y/Y o UDy, do[P3])
is easily constructed. The projections of the curves to
P} x {0} x P}
are never allowed to meet
Pl x {0} x {c0} C Yoo .

26The map involves possible stabilization. Stabilization here contracts bubbled components
which have continuous automorphisms fixing the boundary sheaf.

27The Hilbert scheme of points of a surface relative to a divisor is a special case of the relative
ideal sheaf moduli for 3-folds. See [39] for a discussion and study.

Licensed to Mass Inst of Tech. Prepared on Tue May 29 13:07:08 EDT 2018 for download from IP 18.51.0.96.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



432 R. PANDHARIPANDE AND A. PIXTON

Bubbling occurs along Y o, to keep the projections away. The points of the resulting
moduli space correspond to stable pairs which meet f)oo away from the intersection
with Y... Hence, the deformation theory and virtual class are standard.

The boundary conditions along D, are defined via the canonical map

€: Po(Y/Yo UDy, do[P3]) — Hilb(P] x P3 /P] x {oc},ds) .

While any element of the cohomology of Hilb(Pi x P} /Pi x {oo},ds) imposes
a boundary condition, special elements corresponding to the Nakajima basis of
the cohomology of the Hilbert scheme of points in the absolute case will play a
distinguished role.
Let 11 be the partition of dy weighted by the cohomology of the surface P x P3.
Explicitly,
¢

(59) n= {(,uflawl)a EREE) (,LL[,(U[)}, dy = Zﬂia w; € H(E’{X(ng (Pi X Péa@)
i=1

Such a weighted partition determines an element
Nak(n) € HEy ¢ (Hilb(P1 x P3 /Py x {00}, d2), Q)
by the following construction. Recall
(P! x P}/P!x {oo}) = P! x P}

is the space of ordered points in the relative surface geometry; see Section .2l The
cohomology weights w; pull back canonically to the space of points (P% x P} /P1ix

{oo})z. Let
C, C (P} x P} /Pl x {oo})’ x Hilb(P} x P}/ P} x {00}, ds)

be the closure of the locus of distinct points in (P1 x P1/P1 x {oo})? carrying
punctual subschemes of lengths p, ..., pg). Let

1
Nak(p) = —pro, (Cp, - pri(wi U« Uwy
( ) 5(#) 2 ( / 1( 1 ))
with respect to the projections of
(P! x P}/ P1 x {oo}) x Hilb(P1 x P} /Pl x {00}, dy)

onto the first and second factors.
Let Dy C Y be the divisor lying over 0 € P. We can also consider the rubber
moduli spaces of stable pairs

Po(Y /Yo UDg UD,, do[P}))™

which arise in the boundary of P, (Y /Y s UDy,d2[P3]) over Do,. In addition to
the boundary map e, associated to D, there is also a boundary map

€0 : Pu(Y/Yo UDgUDy,,dz[P3])~ — Hilb(P] x P} / P} x {cc0},dy)

obtained by the intersection with f)o.
As in Section 2244 we have the cotangent line classes

~

Vo, Voo € Hee oy (Pa(Y /Yoo UDg UDL, do[P3)) 7, Q) -
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Define the rubber series

T
R" _r
P\~ + 5 b

~S / L (6) U (Nak())

nez [Pn(Y /Y 0oUDoUD o, d2 [P3])~]vir —®y + 59
Here, ¢ € Hex (Hilb(P} x P} / P{ x {oc},d2),Q) is an arbitrary class.

5.5. Definition of the bi-relative residue. We define the bi-relative capped
descendent residue theory
Y/YoUDo, T

k k'
o | [T @0 T 7, (85[0, 00]), 8
j=1

)
J mH

by the formula

Y/YoUDs, T

k k'
S Ve (T 7 0500.0) TT 7, 0[0.0))

0
J n,¢;

T
.g~% RP ;
! P\~ + 53/ yv

where the sum is over the components of a C} x Cj-equivariant Kiinneth decom-
position

f
> i ®¢) = [A] € He; ey (Hilb x Hilb, Q)
=1

of the diagonal of Hilb(P} x P / Pl x {co}, da).

5.6. Motivation. We have given above a rigorous definition of the bi-relative
capped descendent residue theory. If we had a complete definition of the stable
pairs theory of the bi-relative geometry Y /Yo, U Dy, the definition of

Y/YoUDs, T

k E
(60) =3 B I ERCIUCIN | ERCACES)N:
j=1 j'=1
n,h
as a capped residue theory would be immediate. Since we are interested in the

residue theory over 0 € P, the stable pairs do not interact with the singularities
of Yo UDy, and we are able to define (60) by hand.

5.7. Gromov-Witten theory. Following every step of the stable pairs construc-
tion, we can also define a bi-relative capped descendent residue theory for stable
maps,

Y/YoUDs, T

k k'
(61) CgW H T’ij (91 [070]) H TZ;/(H;/ [0700})7ﬁ
=t I=t Ut

Moreover, the depth induction techniques of Sections Bl and [] applied to both the
descendent insertions and to the parts of p yield the following correspondence.
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Theorem 6. We have
Y/YooUDg, T

k
Cg(Hnj( H 7ir, (85,10, 00]), ﬂ) h € Q(g, 51, 52, 53)
j=1

N4
and the correspondence

(—Q)dﬁ/QCE(ﬁm( H 7, (610, 50]). 8)
j=1

Y /YooUDo, T

K

K Y/YooUDoo, T
_ (_Z-u)dﬂ+€(77)—ITI\+€(H)—|H|CSW(H 7;,(0;(0,0)) H 7y (65,[0,00]) , 3)
i’=1

=1 1

under the variable change —q = e
Proof. We take the relative condition p of the form (B9) to have cohomology weights

w; = 7[0] or vi[oc],
where v; € H{. (P1,Q) and [0], [oq] € HE, (P35, Q) are the classes of the Cj-fixed
points.

To prove Theorem [B] we exactly follow the depth induction used in the proof of
Theorems @] and Bl The depth count has two components:

e the number of descendent insertions of the form Tit, (670, oc]),
e the number of parts of p with weights of the form ~[oo].

There is no difficulty in including the parts of p over co € P} in the T-equivariant
localization formula of Lemma The descendents over co € P} were used to
rigidify the rubber—we can also use the parts of p to rigidify the rubber. The
outcome is a reduction of Theorem [0l to the base case where all the descendent
insertions and parts of p lie over 0 € P3.

Theorem [0l in the base case concerns only 3-leg descendent vertices at the points
(0,0,0), (00,0,0) € Y and the capped rubber contributions over co € Pi. The
GW /P correspondence for the 3-leg descendent vertex has been established in [33].
The correspondence for the capped rubber of co € P2 has already been treated in
Section [£.3] via Proposition |

5.8. Degeneration. Let S be a nonsingular projective surface equipped with two
line bundles Lg and L,. Let

m:Pg— S

be the P'-bundle obtained from the projectivization of the sum Ly @ Loo. The
fiberwise C*-action on Pg leaves the divisor

Soo =P(Ls) CPg
invariant. Let C' C S be a nonsingular curve, and let
Pe = 7T_1(C) Cc Pg.

Via the fiberwise C*-action, we can define capped bi-relative residue theories for
the geometry

Ps/PcLJSOO

Licensed to Mass Inst of Tech. Prepared on Tue May 29 13:07:08 EDT 2018 for download from IP 18.51.0.96.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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for stable pairs and stable maps. The constructions of Sections B.3H5.5] apply here:
only the fiberwise Cj-action was needed there to define the bi-relative residue the-
ories. We therefore have capped bi-relative residue theories

& Ps/PcUSw,C* k— Ps/PcUSw,C*
P W
62) Co | [] 7 ()-8 . C§ 117 ()8 ;
j=1 j=1
uny .4
where v1,...,7 € HE(Pg, Q) are classes supported on Sp, 7 is a C*-equivariant

boundary condition along Po with support on Po NSy, and
Nak(p) € H*(Hilb(S / C, |u]),Q)

is a Nakajima element.
The capped bi-relative residue theories occur naturally in the degeneration for-
mula. Let
T:6 = A

be a nonsingular 3-fold fibered over an irreducible nonsingular base curve A. Let
S be a nonsingular fiber, and let

AUc B
be a reducible special fiber consisting of two nonsingular surfaces intersecting trans-
versally along a nonsingular surface C'. Let

L0, L =+ 6
be two line bundles. The degeneration
(63) Ps =Py ® L) = B
is a nonsingular 4-fold with a reducible fiber
Pgs, Up, Pg, .

Let [P] € H2(Pg,Z) be the curve class of the P!-fiber.
To write the degeneration formula corresponding to the geometry (G3]), we require
the following notation:
o Let ﬂ = [350 + d[P] S HQ(PS7Z) where [350 S HQ(So,Z).
o Let y1,...,v € Hi (Ps, Q) be classes supported on Sy.
e Let u be a partition of d with cohomology weights lying in H* (S, Q).

The degeneration formula for stable pairs is

k
Ct (L7 0:0.5),
j=1
= Z Cg( H Ti; (Vj)vﬁ1);2fPCUAW’C* (= D)= 5 (pyg=Il

jen
: CS(H Ti; (75)s 52)

i€Ja

Ps/S«,C*

PB/PcUBOQ,(C*

vV o,2

noHH

The sum is over all distributions of descendents, distributions of u, and curve class
splittings

JiU Jp :{17"'ak}a ,LL:[LIU’LLQ, 52514'527
where we have

B1 = Ba, + d1[P], B2 = Bp, + d2[P]
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with 84, € H2(Ao,Z), Bp, € H2(By,Z), and dy + da = d. The sum is also over a
basis 1 of Hf. (Pc \ Pec NG, Q) supported on P N Sy.

The above degeneration formula is a straightforward consequence of the standard
degeneration formula for stable pairs residue theories and the definition of the bi-
relative integrals We leave the details to the reader.

The degeneration formula for Gromov-Witten theory takes a parallel form,

k
™ (TT 7 0.8
j=1

— P4/PoUA,C*
= E S (TT 7 00)-5) 3(m)u

1
jen K

: C(();W(H Ti; (%‘)aﬁz)

i€Ja

)PS/SOC,(C*

PB/PcuBOC,(C*
nV,u?

with the same summation conventions. The correspondence

k k
1760 e T ()
j=1 j=1

is defined via the conventions of Sections [[3] for relative geometries. The relative
diagonals and log tangent bundle are used.

The above degeneration formulas are compatible with the natural generalization
of Conjecture @ for capped bi-relative residue theories.
Conjecture 5. For the theories ([62)), we have

k
P /PcUSa C”

AQ I EACHND) € Qla,1)
j=1

1K

and the correspondence

(o725 (T ,00.5)

j=1

Ps/PcUSm,(C*

K

k .
= (_iu)dﬁl(n)*\nlﬂ(u)*\MCgW( H . (,yj)ﬁ)PS/PCUS“”C

i N

under the variable change —q = .

The conditions imposed on 3, ;, i, and 7 in Conjecture [l are as discussed for
the degeneration formula.

5.9. Review. Theorems [dHGl are parallel results. The strategy of depth induction
is the main idea in the proof of Theorem Ml for descendents on the cap. The base
case is the correspondence for the 1-leg capped descendent vertex of [33]. For the
relative geometry P! x C x P / P! x C, the same depth induction is valid, but the
base case, settled in Proposition [[4] is new. Finally, for the bi-relative geometry

28Gince the curves of the residue theory with positive S-degree lie in Sy before degeneration,
the limits lie in Ag and By after degeneration.
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of Theorem [G] the relative constraints along D, are new. Fortunately, the relative
insertions fit into the original depth induction.

Theorem [6] and the degeneration formula of Section [B.8 are the main technical
results which will be needed to study descendent correspondences for projective
bundles over curves.

6. PROJECTIVE BUNDLES OVER HIGHER GENUS CURVES

6.1. Overview. Let C be a nonsingular projective curve of genus g equipped with
a rank 2 vector bundle A — C and two line bundles

L§, LS — C .
Let S be the nonsingular projective surface obtained by the projectivization of A,
S=PA) =X .
The projective bundle
(64) Ps =P LS @ LS) - S
admits sections
S; =P(e'LY) C Ps .

We will establish here the relative descendent correspondence of Conjecture @ for
Ps/Seo-

Relative projective bundle geometries over toric surfaces were studied in Section
We follow here the conventions and constructions of Section 2l Let

F:(f}/lv"'aryé)v 'YlEH*(SaQ)

Since S has odd cohomology, the classes 7; may be of odd (real) degree.
We consider capped contributions over Sy in curve class

B=PBo+dP], BoeEHS).
Let p be a boundary condition along S, with |u| = d,

H= {(Ml,&]l), SRR (M@(u)awf(,u))}
with w; € H*(Sw, Q). Again, the classes w; may be of odd (real) degree.

Proposition 18. The C*-equivariant descendent correspondence for the capped
contributions over Sy holds for the geometry (64,

Ch (ra(T0), B)E/5=C" € Q(q,1),

and we have

_ )Ps/sw,c*

(_q)fdg/Q C(I; (Ta(FO)7B)Es/Soo,C* _ (_iu)d5+f(u)f|,u| CSW (Ta(FO)7B
w

under the variable change —q = .

The proof of Proposition [I8 will be given in Sections [6.2H6.6l In the toric case
studied in Section 2] Proposition Bl was shown to formally imply Theorem Bl For
the geometry (64]), Proposition [I8 implies the descendent correspondence by the
same argument.
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438 R. PANDHARIPANDE AND A. PIXTON

Theorem 7. For the relative geometry Pg/Soo associated to [©4) and classes v; €
H¢. (Pg,Q), we have

o
Zp(Ps/Soo;q Tar—1(71) "+ Tap—1(7) ’ u)ﬂ € Q(g,t)
and the correspondence
—dg/2 ©
(_Q) s/ ZP(PS/Sooaq Talfl('yl) "'Tagfl(’yﬁ) ’ N)B

*

— (_iu)dﬁ-i-f(u)—\u\zfcw(PS/SOO;u ‘ Tor 1 (1) Tar1(72) ‘ ”)[3

under the variable change —q = ™. ]

The parallel descendent correspondence holds when the projective bundle geom-
etry Pg/So U S is taken relative to both sections.

6.2. Torus actions. If A splits as a sum of line bundles on C,

(65) A=A DAy,
then S = P(A) admits a fiberwise C*-action by scaling. The 3-fold
(66) Ps =P("L§ @ ¢ LY)

then carries a 2-dimensional torus action
* *
(Cl XCQXP3—>P5,

where C7 is the scaling associated to the splitting (65]) and C3 is the scaling asso-
ciated to the splitting (66l).
In case A splits, we will prove the natural C} x C-equivariant lift of Proposition

m * *
Ch (7a(T0), B), /=% € Q(g, ),
and we have

(—a) ™/ C (ra (), B/ 51

_ (_iu)d5+l(u)—|u| CgW (m’ ﬂ)Ps/Soc,(Cl xC3
I
under the variable change —q = e'*.

Since every rank 2 bundle A is deformation equivalent to a split bundle, we can
assume A is split in the proof of Proposition I8 We will prove the above C} x
C-equivariant correspondence (which, of course, then implies the Cj-equivariant
statement of Proposition [Ig]).

6.3. Invertibility. Before proving Proposition I8 we will require an auxiliary re-
sult for the capped residue theory
Y/YoUDo, T

k
(67) <5 (T 7 (6;00.0). d[p))

7,0

derived from the analysis of stable pairs descendents in [32].
Let P(d,2) be the set of pairs of partitions (n°,7°°) satisfying

In° + |n>°| = d.
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We define the boundary condition = (n°,17°°) of (1) by weighting the parts of
n" with the class of the point (0,0,00) € Yo, and the parts of 7> with the class of
the point (c0,0,0) € Y.

Let Q”(42) denote the linear space of functions from P(d,2) to the field
Q(q, s1, 82, 83). Let po, poo € H& (P1,Q) be the classes of the fixed points 0,00 €

Pi. Let

(68) #(p) = 3 7i(pol0,0)) + 3 ¢°7i(poc0, 0])
=0 i=0

be a finite linear combination of descendents. For w > 0, define a function on
P(d,2) by

Y /YoUDo, T

Yo P(d,2) > Qa1 s25). 7> € (7()", d[PY]) |

Here, CF is defined by a multilinear expansion of the insertion 7(p)".

Lemma 19. For d > 0, there exists a linear combination 7(p) for which the set of
functions,

{/707/}/17’727 e }7

spans QF(d:2)

Proof. The spanning statement concerns the linear algebra of the field of rational
functions Q(q, s1, 2, $3). We must prove nondegeneracy of the set {vo,v1,72, .- }.
We will require only the leading ¢ term of

Y/YoUDo, T
¢t (+p)", aPy)!
n,0
The matter is then an assertion about the cohomology of the Hilbert scheme of
points of Y.

After changing the basis of 1 to the C] x Cj-fixed points of the Hilbert scheme
of points of Yo at (0,0,00) and (00,0, 00), the action of 7(p) is determined in
Section 1.2 of [32]. The operator 74(po[0,0]) is diagonal in the fixed point basis
with eigenvalues given by symmetric functions in the Weight@ of the structure
sheaf of the fixed point of the Hilbert scheme of Y at (0,0,00). Modulo lower
order symmetric functions, the eigenvalue of 74 (po[0,0]) is simply the kth power
sum.

Since the power sums determine all symmetric functions, we can find a finite
linear combination

7(p) = Y c/7i(po[0,0)) + D ¢ Ti(pac[0, 0])
=0 =0

with distinct eigenvalues on the C; x Cj-fixed points of the Hilbert scheme of
Yoo at (0,0,00) and (00,0,00). By the Vandermonde determinant, the lemma is
proven. O

29The weights depend only on s1 and s2.
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Lemma [[9]is similar to Lemma 5.6 of [27]. The parallel result for

Y/YoUDo, T
¥ (7(p)*. d[p3))
m,
follows from the correspondence of Theorem [6l
We have used the full T-action to prove Lemma However, the weight s3 of
the third factor C; of T is not needed in the argument. Hence, Lemma [19 holds
for

Y /Y ooUDoo,C} xC

Yo Pd2) = Qla,si, ), e C(7(p)", dIPY])

6.4. Even theory. We first prove Proposition [[8 in case all the cohomology inser-
tions 7; and all the cohomology weights w; are of even (real) degree.

If the underlying curve C is P!, Proposition [[8] specializes to Proposition [ and
is established. Consider a fiber F' of

(69) e:R=P(Ag®Ay) = P
We can degenerate R to the normal cone of F,

R ~ RUpP'xP'.
We can degenerate the line bundles
(70) Ao, Ao, €L§, € LS

so the restrictions to P! x P! are all trivial. By the restriction of Theorem [f] to the
subtorus Cj x C5, Lemma [19] restricted to C; x C5, and the compatibility of the
descendent correspondence with the degeneration formula, we conclude Conjecture
holds Cj x C3-equivariantly for Pr/PrUR.,. Repeating the argument for another
fiber F’ of e shows Conjecture [l holds C; x C3-equivariantly for Pr/Prup U Reo.
Next suppose E is a genus 1 carrying line bundles Ag, A, LY, and LE with

€e:S=PA®A) — E .

We can degenerate F to a nodal rational curve. The line bundles carried by F
can be taken to specialize to line bundles on the nodal curve. Since there is no
vanishing even cohomology for the degeneration, we conclude Conjecture [B] holds
Cy x Ci-equivariantly for the genus 1 case Pg/S, as a consequence of the genus 0
case PR/PFUp/ U R.

Since we know Conjecture Bl holds C} x Cj-equivariantly for the genus 1 case
Ps /S, degeneration to the normal cone to fibers of € and Lemma [[9 restricted to
Ci x C5 prove Conjecture Bl holds C; x C3-equivariantly for the genus 1 cases

(71) Ps/PFUSOO s PS/PFUF’ USsw .

Finally, if C' is the curve of arbitrary genus g, we can degenerate C to a chain of
g elliptic curves. Since there is no vanishing cohomology, we deduce Conjecture
in the even case from the geometries ([TT). O
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6.5. Odd theory.

6.5.1. Reduction to genus 1. Suppose C' is a genus g curve carrying line bundles
Ao, Ao, L§, and LY with

€e:S=PEy@Ex)—C.

We now consider Conjecture [l equivariantly with respect to C; x Cj for classes v;
and w; in full generality.

Since the degeneration of C to a chain of genus 1 curves has no vanishing coho-
mology, we may assume C'is of genus 1. By the C} x Cj-equivariant methods of
Section [6.4] Conjecture [ for ([T]) follows from Conjecture Bl for Pg/So.

We may further simplify the geometry by degenerating C' to the normal cone to
a point p € C,

C ~ CU, P!,

and requiring the line bundles Ag, Ao, €*L§, ¢*LE to be trivial on C in the limit.
We then obtain a degeneration

S ~ PlxC Ur R,

where R is of the form (G69]). Since Conjecture [l has already been proven Cj x C3-
equivariantly for Pr/Pr U R, we need only prove Conjecture [l holds C; x C3-
equivariantly for the special case

(72) ¢:S=POp®0p)—E, LY=0g LE=0g gE)=1.
Explicitly, the geometry is
Ps/Se =P x P! x E / P! x {0} x E.

6.6. Proof of Proposition [I8 Consider the stable pair and Gromov-Witten the-
ories

. _ \P5/5,,C:xC}
(73)  Ch(ra(To), ) /5% C§W(7a(T0), 8) c

m

for the genus 1 geometry (2. Both are uniquely determined from the correspond-
ing even theories by the following four properties:

(i) Algebraicity of the virtual class,
(ii) Degeneration formulas for the relative theory in the presence of odd coho-
mology,
(iii) Monodromy invariance of the relative theory,
(iv) Elliptic vanishing relations.

The properties (i)—(iv) were used in [27] to determine the full relative Gromov-
Witten descendents of target curves in terms of the descendents of even classes.

The results of Section 5 of [27] are entirely formal and apply verbatim to the
theories (73). Lemma [I9 replaces Lemma 5.6 of [27]. Let

Lo, Loo € Hes w3 (P1 X Py x E,Q)
be the classes of the curves

{0} x {0} x E and {oo} x {0} x E,
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respectively. For v € H*(E,Q), let?q
Fy) =Y A7i(Ley) + Y eTi(Losy).
i=0 1=0

We start, as in (5.11) of [27], by studying the descendents

Ps/S00,C) xC}

(74) Co (F()F(B), di[P] + ds[E]), |

)

__ 5/800,Ci XC3
S (H@)7(B). au[P] + ds[E])

for the geometry (72) where
o8 € H(E,Q), aUB=1.

7,0

Exactly following [27], the descendents ([4]) are determined from the even the-
ory. Since the relations (i)—(iv) respect the descendent correspondence, we deduce
Proposition [I8 from the even case proven in Section Also, the rationality of
the even theory implies the rationality of the full theory. When the invertibility of
Lemma [I9 is applied here, an induction on d; is necessary.

The method developed in Section 5 of [27] proceeds to handle all descendent
insertions. For the case studied in [27], the descendents

™(y), € H'(E,Q)

are labeled only by the integer n. Here, the insertions are of the form

Tn(LoY), Tn(lssy), (n,Lov), (n,Lv), v € H'(E,Q),

where the latter two type are relative conditions of p. The insertion labeling is

the only difference. The reduction to the even descendents exactly follows Section
5 of [27]. O

6.7. Products S x C. Let S be a nonsingular projective toric surface equipped

with the action of a 2-dimensional torus T'. Let C' be a nonsingular projective curve
of genus g. A simpler result than Theorem [1is the following.

Proposition 20. For ~; € H;.(S x C,Q), we have
T
Zp (S C2q | Tor1(n) -+ 7o 1 () ) | € Qg 51,52)

and the correspondence

T
(—q)~/?Zp (S x Ciq ’ Tar—1(71) =+ Tap—1(7e) )ﬁ

T
= (=i)" Zw (§ % Csu | 71 On) 7o) )

under the variable change —q = e™.

30Here, the coefficients c? and c?° are taken so Lemma[I3is valid. When 7~ is a class of a point
in E, we recover the C; x C} specialization of (68).

31 The relative conditions must be treated on the same footing as the descendent insertions as
the relative weights may also be odd.
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Proof. Let p1,...,p, denote the T-fixed points of S. By considering localization
for stable pairs and stable maps on S x C' with respect to the torus T, we can
reduce the descendent correspondence to a local result for C2 x C' with caps in the
two C? directions. The localization formula is in terms of n such capped C? x C
geometries (connected by simple capped edge geometries).

Consider the capped geometry C2 x C. If all the descendent insertions ; have
an even (real) cohomological degree, we can reduce to the case where g(C) = 0
by our standard degeneration and relative arguments. Crucial here is a tri-relative
residue theory for

(75) C? x P! / C% x {0}

defined by completely parallel constructions to the bi-relative case considered in
Section[Bl The tri-relative geometry has caps in the two C? directions on (75). The
proof of the GW/P descendent correspondence for the tri-relative cap (73) exactly
follows the proof Theorem @] with the two relative directions corresponding to C2
handled as in the proof Theorem

To control the odd descendents, we follow the strategy of Section (and [27]).
We reduce to the case where g(C) = 1 and express the full theory in terms of the
even theory. Lemma [I9 for T still applies.

We leave the straightforward details here to the reader. The capped edges are
1-leg geometries and are easily handled. ]

7. PROOF OF THEOREM [II

7.1. Overview. We have now proven the GW/P descendent correspondences in
sufficiently many geometries to deduce Theorem [l The idea is to degenerate the
complete intersection by factoring the equations. We present the proof carefully for
the quintic in P* following the scheme of [22]. The argument for general Fano and
Calabi-Yau complete intersections in products of projective spaces is identical.

7.2. Simple theories. A complete intersection pair (V, W) is a nonsingular com-
plete intersection

VcP™ x...x P |

together with a nonsingular divisor W C V cut out by a hypersurface in P™* x
-+ X P™m_ In particular,

WcCcP™ x...xP"m

is also a complete intersection.
A class y € H*(V,Q) is simple if ~ lies in the image of the restriction map

H* P™ x---xP" Q) — H*(V,Q).

If V is a nonsingular complete intersection of dimension 3, the simple cohomology
of V equals the even cohomology by the Lefschetz results.

The simple Gromov-Witten and stable pairs theories of V' consist of the integrals
of descendents of simple classes. Similarly, the simple Gromov-Witten and stable
pairs theories of the relative geometry V/W cousists of integrals of descendents of
simple classes with no restrictions on the cohomology classes of W in the relative
constraints.
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7.3. Fano and Calabi-Yau hypersurfaces in P*.

7.3.1. Notation. The following notation for curves, surfaces, and 3-folds will be
convenient for our study:

(i) let Cg4, 4, C P? be a nonsingular complete intersection of type (di, d2),
(i) let Sq C P? be a nonsingular surface of degree d,
(iii) let T; C P* be a nonsingular 3-fold of degree d.

Finally, let P3[dy, ds] be the blowup of P3 along Cq, 4,
7.3.2. Degeneration for the quintic. Let ZP(TZ) denote the simple stable pairs de-

scendent theory of the Calabi-Yau quintic 3-fold 3 Factoring the quintic equation
yields a degeneration,

(76) Ts ~ TyUg, P3[4,5],

where Sy C Ty is a linear section and Sy C P3[4,5] is the strict transform of a
quartic containing Cy 5 C P3. See Section 0.5.4 of [22] for a detailed construction
of the degeneration (76). The degeneration formula expresses Zp(T7) in terms of
the relative theories of the special fibers. We write the relation schematically as

Zp(Tg) ~ ZP(TE/SAL) and ZP(P3[4, 5]/54) .

Similarly, in Gromov-Witten theory, we have the determination

aw(T3) ~ Zow(Ti/S1), and Zgy(P?[4,5]/54) .
By the compatibility of the descendent correspondence with degeneration, the de-
scendent correspondences for T} /S, and P3[4, 5]/S4 imply Theorem [ for 7.
7.3.3. Descendent correspondence for P3[4,5]/Sy. Let us start with P3[4,5]/S,.
Degeneration to the normal cone of

S, C P3[4, 5]

yields the determinationP3
(77) Z(P3[4,5]) ~ Z(P>[4,5]/S4) and Z(Pg,/S4) .
We know the descendent correspondence for all projective bundle geometries Pg, /Sy
by Proposition [0l By the invertibility of Proposition 6 of [31], the determination
([T can be reversed,

Z(P3[4,5]/S4) ~ Z(P3[4,5]) and Z(Pg,/S4) .

Hence, the descendent correspondence for P3[4,5] implies the descendent corre-
spondence for P3[4, 5]/S,.

An approach to the blowup P3[4,5] is explained in Section 3.1 of [22]. Let
S, C P3 contain Cy 5. Degeneration to the normal cone of Sy C P? yields

(78) P? « P?uUg, Ps,

for the projective bundle geometry

(79) T PS4 = P(OS4 D 05‘4 (4)) — Sy, PS4/(S4)0<> .
32Here and below, the superscript + will indicate simple theories.

33When no superscript appears on the partition function, the statement is understood to hold
for both stable pairs and Gromov-Witten theory.
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The original curve Cy5 C P? has a limit in (S;)g C Pg,. After blowing up the
degeneration (78) along the moving curve Cy 5, we obtain

P?[4,5] ~ P’Ug, X, X =3B¢,,(Ps,).

Here X is the blowup of Pg, along C45 C (S4)o. In order to prove the descendent
correspondence for P3[4, 5], we need only prove the descendent correspondence for
P3/S4 and X/S,. Using the established descendent correspondences for the toric
variety P? and projective bundles over S; and the invertibility of Proposition 6 of
[31], we need only prove the descendent correspondence for X.

To study X, we repeat the blowup construction of the previous paragraph. Let
Pg, be the projective bundle (79), and let

Pc,, CPg,
be the divisor lying over Cy5 C S4 via m. Degeneration to the normal cone of
Pg, . C Pg, yields
(80) Ps, ~ Pg, Up.,  Ppc,,
for the projective bundle geometry
(81) Pp%5 =P(Oc,, ®0c,,(5)) xc,, P(Oc,, ® 0¢c, ;(4)) = Cus
relative to

PC4,5 = P(OC4,5 (5)) XCys P(OC4,5 S 004,5 (4)) .
The original curve Cy5 C (S4)o C Pg, has a limit equal to

C4,5 = P(OC4,5) XCyys P(OC4,5) C P(OC4,5 @ OC4,5 (5)) XCys P(OC4,5 S OC4,5 (4)) .
After blowing up the degeneration (78] along the moving curve Cy 5, we obtain

X ~ Pg, L_Jpc45 Y,
Y = ‘Bczx,s (P(OC4,5 D OC4,5 (5)) XCy4,5 P(OC4,5 & OC4,5 (4))) :

In order to prove the descendent correspondence for Y, we need only prove the
descendent correspondence for Pg, /Pc, , and Y/P¢, .

As we have seen in (8T), PPC4,5 is a projective bundle over P¢, ; of the form
required by Theorem [l Hence, the descendent correspondence holds for Pg, /P¢, ;
by inverting

Z(PS4) ~ Z(PS4/PC4,5) and Z(PPC4,5 /54) :

The invertibility is possible again by Proposition 6 of [31]. Similarly, the descendent
correspondence for Y implies the descendent correspondence for Y/Pg, ;.

The last step in proving the descendent correspondence for P3[4, 5]/S is to prove
the descendent correspondence for Y. The 3-fold Y is a bundle over Cy4 5 with fiber
equal to B, (P! x P1), the blowup of P! x P! at a point. By further degeneration
arguments > we can reduce to the case

Bp(Pl X Pl) X 04,5
covered by Proposition O
34We can degenerate

Ca5 ~ Ca5 UP?

and require all the twisting of Y to lie over P1.
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7.4. Proof of Theorem[Il We turn now to T} /S4. The normal cone degeneration
Ty ~ TyUg, Pg,
and invertibility yields the determination
Z(Tf/S4) ~ Z(T}) and Z(Ps,/S4) -
Hence, the descendent correspondence for T follows from the descendent corre-
spondence for T7.

By factoring the quartic equation defining T, C P32, degree reduction can be
continued. The full reduction scheme for the quintic is

Z(Ty) ~ Z(T;/Ss) and Z(P?[4,5]/Sy),
Z(Ty/Sy) ~ Z(Ty) and Z(Ps,/S4),

Z(Ty Z(Ty/S3) and Z(P?[3,4]/S3),
Z(T3/S3 Z(T3) and Z(Ps,/S3),

Z(Ty) and Z(Ps,/S>),
Z(Ty/S,) and Z(P3[1,2]/51),
Z(TY/S1) ~ Z(T}) and Z(Ps, /Sh) .

The end points of the scheme are T} (which is toric), projective bundles over toric
and K3 surfaces, and blown-up projective spaces. The descendent correspondence
has been established for all the end points—the blown-up projective spaces are
handled by the method of Section [[.3.3

We have proven the GW/P descendent correspondence for the even theories of
all Fano hypersurfaces in P4. We can degenerate all Fano and Calabi-Yau 3-fold
complete intersections by an identical factoring argument. The outcome is a proof
of Theorem [l O

I

(
(
(
Z(T3/S5) and Z(P3[2,3]/S2),
(
(

7.5. Proof of Corollary [Tl To prove Corollary [Il we start with the descendent
correspondence of Theorem [[I The initial term results of Theorem 2 of [33] then
imply the Corollary. (]

7.6. The Enriques Calabi-Yau. As a further example, we prove the GW /P cor-
respondence for the Enriques Calabi-Yau 3-fold studied in [I11[23].

Let o act freely on the product K3 x E by an Enriques involution g3 on the
K3 and by —1 on the elliptic curve. By definition, the quotient

Q= (K3x E) /(o)
is an FEnriques Calabi-Yau 3-fold. Since K3 x E carries a holomorphic 3-form
invariant under o, the canonical class is trivial

wQ = OQ.
By projection on the right,
(82) Q- E/(-1) = P!

is a K3 fibration with four double Enriques fibers.
Let invp: be an involution of P! with two fixed points. Let 7 act freely on the
product K3 x P! by (03,invp1). Let

R= (K3 xP") /(1)
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denote the quotient. By projecting left,
(83) R—)K3/<O’K3> =5

is a projective bundle over the Enriques surface S. Two sections of the bundle (83)
are obtained from the fixed points of invp:. By projecting right,

R — P!/(invp1)

is a K3 fibration with two double Enriques fibers.

By degenerating the K3 fibration (82)), we find a degeneration of the Enriques
Calabi-Yau @,

Q ~ RUK3 Ra

where the intersection K3 is a common fiber; see [23, Section 1.4]. Hence the
GW /P correspondence for @ is reduced to the GW/P descendent correspondence
for R/K3. The latter reduces to the GW/P descendent correspondence for R by
degeneration to the normal cone and Proposition [I0l

The Enriques surface S degenerates®) to a union along an elliptic curve of a
P'-bundle over an elliptic curve and the rational elliptic surface; see [23, Section
1.3]. We use the corresponding degeneration of (83]) to prove the GW /P descendent
correspondence for R. We obtain the following result.

Proposition 21. Let Q be the Enriques Calabi-Yau, and let 8 € H(Q,Z)/tor be
a curve class. Then,

Zp (Q;q)ﬁ € Q(q)

and we have the correspondence
P(Qiaq 5~ Zow Q 5

under the variable change —q = .
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