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ABSTRACT. We prove local well-posedness of the Schrédinger flow from R™ into
a compact Kihler manifold N with initial data in S+t (R", N) for s > [%] +4.

1. Introduction. We consider maps

u:R"— N
where N is a k-dimensional compact Kéhler manifold with complex structure J and
Kahler form w (so that w is a nondegenerate, skew-symmetric two-form). Thus N is

a complex manifold and J is an endomorphism of the tangent bundle whose square,
at each point, is minus the identity. N has a Riemannian metric g defined by

g(., .) fr— w(., J.)'
The condition that N is Kahler is equivalent to assuming that VJ = 0 where V is

the Levi-Civita covariant derivative with respect to g. The energy of a map w is

defined by

1
E(u) = 5/ |du|?da

where the energy density |du|? is simply the trace with respect to the Euclidean
metric of the pullback of the metric g under u, |du|?> = Tru*(g). In local coordinates
we have

ut Oul

() = 3 g () o O
a=1
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(We use the Einstein summation convention and sum over repeated indices.)

The L2-gradient of E(u) is given by minus the tension of the map, —7(u),
7(u) is a vector field on N which can be expressed in local coordinates as 7(u) =
(r(u)t, ..., 7(u)*) with

) ) noo J ouk
T(u)" = Au’ + E F;k(u)%% for i=1,...,k (1.1)
a=1

where T (u) are the Christoffel symbols of the metric g at u(x). Critical points of
the energy are Harmonic maps and are characterized by the equation 7(u) = 0. The
foundational result on the existence of harmonic maps is due to Eells and Sampson
[14] and is achieved by studying the harmonic map flow

ou

ot (u)

which is simply the gradient flow for the energy functional on the space of maps.
Eells and Sampson proved the existence of harmonic maps as stationary points
of this flow when the domain is a compact manifold and the target is a compact
manifold of non-positive curvature. In our setting, the symplectic structure on N
induces a symplectic structure on the space of maps. Let Xy = H*(R™, N) be the
Sobolev space of maps between R™ and N as defined below. For s > & + 1, X
is a Banach manifold with a symplectic structure € induced from that of (V,w)
as follows. The tangent space to X at a map u is identified with sections of the
pull-back tangent bundle over R™. We let I'(V) denote the space of sections of the
bundle V, for example du € I'(T*(R")®@u~Y(TN)). For o, € T'(u=1(TN)) = T, X,
we define

Qo) = [ wlop)da,

In this setting we are interested in the Hamiltonian flow for the energy functional
E(-) on (Xs,Q). This is the Schrédinger flow which takes the form

u
% = J(u)7(u). (1.2)
This natural geometric motivation for the flow (1.2) was elucidated in [12].

A key aspect of our approach to understanding the flow (1.2) is to isometrically
embed N in some Euclidean space R? and study “ambient” flows of maps from R"
to R? which are related to (1.2). This is also central to the Eells-Sampson treatment
of the harmonic map flow. Toward this end we use the Nash embedding theorem
to assume that we have an isometric embedding

w: (N,g) — (RP,9).

Using this we can now define H*(R™; N), the L?-based Sobolev spaces of maps from
R™ to N as follows. Note that since the domain is noncompact some care must be
taken even when s = 0.

Definition 1.1. For s > 1 let
H*R"N) = {u:R" —-RP:u(z) € N ae. and 3y, € N such that (1.3)
v —w(y,) € L*(R™;RP), v € H*™H(R™; RP),
where v = w o u}.

With this definition in mind we can state our main result.
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Main Theorem. Given 3 > 0, the initial value problem

Be = Jwyr(w) + Fr(u) )

u(0) = wg :
for the generalized Schriodinger flow has a solution whenever the initial data ug €
H**Y(R™,N) for s > [%] +4. Moreover (1.4) is locally well posed in H*T*(R"™,N)
for s > [%} +4.

The question of the local and global well-posedness of equation (1.4) with data
in Sobolev spaces has been previously studied by many authors (see [12, 13, 11, 35,
36, 42, 10, 33, 34, 43, 44, 31, 32, 20, 23, 21]). A common feature in most existence
results for smooth solutions of Schrédinger maps is that they are obtained by using
the energy method. This method consists in finding an appropriate regularizing
equation which approximates the Schrédinger flow, and for which smooth solutions
exist. One then proves that the regularizing equations satisfy a priori bounds in
certain Sobolev norms, independent of the approximation, and that they converge
to a solution of the original equation. The differences in the distinct results and
proofs lie in the type of regularization used.

Ding and Wang [13] established a similar result to Theorem 1.2 for s > [%] + 3.
Their work proceeds by direct study of equation (1.4) with 5 > 0, with a passage to
the limit for 5 = 0. Thus the regularizing equation they use is obtained by adding
the second order dissipative term 37(u). In this paper we analyze equation (1.4)
by adding a fourth order dissipative term (note that we allow the case § = 0 from
the start). This term arises naturally in the geometric setting as the first variation
of the L?-norm of the tension. We believe that our regularization of (1.4) by a
fourth order equation, which is geometric in nature, is of intrinsic and independent
interest. H. McGahagan [31, 32] in her doctoral dissertation also proved a version of
Theorem 1.2. Her work proceeds by a different regularization, this time hyperbolic,
implemented by adding a term of the form —e% which transforms the equation
into one whose solutions are wave maps.

We note that while our existence proof in Theorem 1.2 is different from the ones
in [13] and [31, 32], our proof of uniqueness is the same, using parallel transport. In
fact, in Appendix A we extend the uniqueness argument in [32], carried out there
in the case when g = 0 to the case § > 0, which gives the uniqueness statement in
Theorem 1.2.

Our proof of Theorem 1.2 actually only shows that the mapping vy — u €
C([0,T], HST1(R™, N)), with s’ < s, is continuous. However, one can show, by
combining the parallel transport argument with the standard Bona-Smith regular-
ization procedure ([8, 19, 22]) that the statement in Theorem 1.2 also holds.

Equations of the type (1.4), but with N being Euclidean space are generally
known as derivative Schrodinger equations and have been the object of extensive
study recently (see for instance [26, 16, 9, 15, 27, 28, 24, 25]). The results in these
investigations however do not apply directly to (1.4) for two reasons. The first one
is the constraint imposed by the target being the manifold N. The second one
is that in these works one needs to have data wug in a weighted Sobolev space, a
condition that we would like to avoid in the study of (1.4).

It turns out that for special choices of the target N, the equations (1.4) are related
to various theories in mechanics and physics. They are examples of gauge theories
which are abelian in the case of Riemann surfaces (Kéhler manifolds of dimension
1 such as the 2-sphere S? or hyperbolic 2-space H?). In the case of the 2-sphere
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S?2, Schrédinger maps arise naturally from the Landau-Lifschitz equations (a U(1)-
gauge theory) governing the static as well as dynamical properties of magnetization
[30, 38]. More precisely, for maps s : R x R" — §% < R?, equation (1.4) takes the
form

Ors = s X As, |s|] =1 (1.5)
which is the Landau-Lifschitz equation at zero dissipation, when only the exchange
field is retained [29, 38]. When n = 2 this equation is also known as the two-
dimensional classical continuous isotropic Heisenberg spin model (2d-CCIHS); i.e.
the long wave length limit of the isotropic Heisenberg ferromagnet ([29, 38, 42]). It
also occurs as a continuous limit of a cubic lattice of classical spins evolving in the
magnetic field created by their close neighbors [42]. The paper [42] contains, in fact,
for the cases n = 1,2, N = S? the first local well-posedness results for equation (1.4)
or (1.5) that we are aware of. In [10], Chang-Shatah-Uhlenbeck showed that, when
n =1, (1.5) is globally (in time) well-posed for data in the energy space H*(R'; S?).
When n = 2, for either radially symmetric or S'-equivariant maps, they show that
small energy implies global existence. For global existence results see also [39]. In
[33, 34], the authors show that, when n = 2, the problem is locally well-posed in the
space H?¢(R?; 5?), while the existence was extended to the space H3/2t¢(R?; §2)
in [20] and [23], and the uniqueness to the space H7/4t¢(R?; $?) in [21].

More recently, in [3, 17], a direct method, in the case of small data, using fixed
point arguments in suitable spaces was introduced. The first global well-posedness
result for (1.5) in critical spaces (precisely, global well-posedness for small data in
the critical Besov spaces in dimensions n > 3) was proved, independently in [18]
and [4]. This was later improved to global regularity for small data in the critical
Sobolev spaces in dimensions n > 4 in [5]. Finally, in [6], the global well-posedness
of (1.5), for “small data” in the critical Sobolev space H?* (R",S?), n > 2, was
proved.

Remark 1. A first version of this paper was posted on arxiv:0511701, in Novem-
ber 2005, by C.K., D.P., G.S. and T.T. The paper was withdrawn in May 2007.
The reason for this was that Jesse Holzer, at the time a graduate student of Alex
Tonescu at the University of Wisconsin, Madison, discovered an error in the original
argument. The source of the error was in the construction of the ambient flow equa-
tions, which were introduced in the first version of the paper. The construction of
the ambient flow equations resulted in equations of quasilinear type in the leading
order term, which could not be solved by the Duhamel principle as was pointed out
by Holzer.

C.K., D.P., G.S. and T.T. are indebted to Jesse Holzer for pointing out this
error and to T.L., who constructed new ambient flow equations, whose leading
order terms are eA?, which can then be dealt with directly by Duhamel’s principle.
The price one pays for this change in the ambient flow equation, is that it turns out
to be more difficult to show that if the initial value takes values in the manifold, so
does the whole flow. All of this is carried out in Lemma 2.5 and Lemma 2.10.

Notation. We will use C, ¢ to denote various constant, usually depending only on
s, n and the manifold N. In case a constant depends upon other quantities, we
will try to make that explicit. We use A < B to denote an estimate of the form
A< CB.

2. A fourth order parabolic regularization. The method we employ in order
to establish short-time existence to (1.4) is in part inspired by the work of Ding
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and Wang [12]. We seek to approximate equation (1.4) by a family (parametrized
by 0 < & < 1) of parabolic equations. We establish short time existence for these
systems and use energy methods to show that the time of existence is independent
of € and obtain ¢ independent bounds which allow us to pass to the limit as ¢ — 0
and thus obtain a solution to (1.4). The regularization we use differs substantially
from that of Ding and Wang because we wish to view the right hand side of (1.4) as
a lower order term (in the regularization) so that we can use Duhamel’s principle
and a contraction mapping argument to establish and study the existence of our
derived parabolic system.

The energy method we employ ultimately depends on establishing ¢ indepen-
dent L2-estimates for the tension, 7(u) and its derivatives. This suggests that we
regularize (1.2) by e times the gradient flow for the functional

Glu) = %/ I (u) 2da.

2.1. Geometric preliminaries. We perform many of our computations in the
appropriate pull-back tensor bundles over R”. We begin by recalling alternative
formulations of the tension 7(u) in this setting (see [14]). First note that du is a
closed 1-form with values in u=*(T'N). The tension is simply minus the divergence
of the differential of u

7(u) = —ddu € T (v (TN))
where ¢ denotes the divergence operator with respect to the metric g. In particular,
this shows that a map wu is harmonic if and only if its differential is a harmonic
1-form. Let V denote the covariant derivative on T*(R") @ u~!(TN) defined with
respect to the Levi-Civita connection of the Euclidean metric on R™ (i.e. the ordi-

nary directional derivative) and the Riemannian metric g on N. For « = 1,...,n
we let V,u € T'(u™!(TN)) be the vector field given by
out 0
Vot =0t = — 2.1
“ R P (2.1)
where (u',...,u*) are coordinates about u(x) € N. In particular
ou' -
du ) = (Vqu)'dz™ ®

s out out’
The second fundamental form of the map u is defined to be the covariant derivative
of du, Vdu € T'((T*R™) ® u=*(TN)). In local coordinates we have for i = 1,...,k
and o, 3 € 1,...n,
(Vdu)ly = VaVgu' (2.2)
0’ T () ou? ou*
_— (U) — —.
Ox@0xP IR Oz 9P
Note that here the subscript a actually denotes covariant differentiation with respect

to the vector field V,u as defined in (2.1) and we have V,Vgu = VgV,u. The
tension is simply the trace of Vdu with respect to the Euclidean metric, § = 63

T(w)' = VaVau' (2.3)
ot i ( )%Luk
0xr*0x™ ikt ox® Ox™

from which we recover (1.1).
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2.2. The gradient flow for G(u). For a given vector field ¢ € T'(u=*(T'N)), we
construct a variation of v : R™ — N with initial velocity £ as follows. Define the
map
U:R"xR— N
by setting
U(‘T7 S) = €XPy(x) 86(1])
where expy(y) : Tu@)N — N denotes the exponential map. Set us(x) = U(z,s)

and now let V denote the natural covariant derivative on T*(R" x R) @ U~*(T'N).
Then

d . 1d ,
EG(US) L 3ds Jan |7 (us)|*dx -
1 0
= -= — (1 (us), 7(us))dx
5 L, e rluas|
= / (V1 (us), m(us))da
" s=0

where the inner products are taken with respect to g and we have used the metric
compatibility of V. Let R = R(-,-)- denote the Riemann curvature endomorphism
of V. Using (2.3) and the definition of R we see that

VST(US) = vsvavaus
= vavsvaus - R(vausa vsus)vaus
= VaVaVius — R(Vaus, Veus)Vaus.

Therefore

d
ds

G(US)

/ (VaVaVius — R(Vaus, Veug)Vaus, 7(us))de

s=0 s=0

/R<VO¢VQ§,T(u))dI — /n<R(Vau,§)Vau,T(u))d:v.

By the symmetries of the curvature we have

/H<R(Vau,§)vau,7'(u)>d:c:/ (R(Vau, 7(u)Vau, &)de

n

and provided that 7(u) and V,7(u), for a = 1,...,n, are in L? (and likewise for v)
we may integrate by parts to obtain

d
EG(US)

- / {6 VaVar(u)dr - / RV () Vou Oz, (24)

Proposition 2.1. The Euler-Lagrange equation for G acting on H**1(R" N), for
s>31is

F(u) =VoVar(u) = R(Vau,7(u))Veu = 0. (2.5)
The parabolic regularization of (1.4) which we now proceed to study is

{ u(%% i ;OEF(u) + J(u)7(u) + Br(u) (2.6)
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2.3. The ambient flow equations. Rather than attempting to study the para-
bolic equations (2.6) directly we will focus on the induced “ambient flow equations”
for v = wowu where w : (N, g) — RP is a fixed isometric embedding. We fix a § > 0,
chosen sufficiently small so that on the J-tubular neighborhood w(N)s C RP, the
nearest point projection map

IT: w(N)s — w(N)
is a smooth map (cf. [40] §2.12.3). For a point @ € w(N)s set

p(Q) =Q-TI(Q) e R”

so that [p(Q)] = dist (Q,w(N)), and viewing p and II as maps from w(N)s into
itself we have

H+p=Id|w(N)5 . (2.7)
Note that then the differentials of the maps satisfy
dll +dp =1d (2.8)

as a linear map from RP? to itself. For any map v : R™ — w(N); we set
T(v) = Av — Tz (v)v208

where IIg4(v), 1 < a,b < p are the components of the Hessian of II at v(-). At a
point y € N the Hessian of II is minus the second fundamental form of N at y. So
if v =wowu, with u: R — N, then T'(v) is simply the tangential component of the
Laplacian of v which corresponds to the tension of the map wu, i.e.

dw(r(u)) = (Av)T = dIlI(Av) = T(v).
Therefore, in direct analogy with the functional G(-), we now consider

G(v) = %/n T (v)|?dx

1
= 5/ |Av — M (v)v20? |2da

Our point here (and hence the seemingly odd notation) is that we wish to consider
T(v) for arbitrary maps into w(N)s; whose image does not necessarily lie on N.

Definition 2.1. For v : R™ — w(N)s, let F(v) denote the Euler-Lagrange operator
of G(v) with respect to unconstrained variations. A simple computation shows that
its components are given by

(F(v))* = (AT(v))

= > (T T (v)vgvh — (T(0) T (v)vd)s — (T(0) T (0)0h)a)
a,B=1

= AN (F),

n

(F@) = 7 (AT 0)veeh) + T) Ty (ool — (T(0) T (0)0l)5
a,B=1
— (T(v)° g (v)v5)a)
denotes the lower order terms. Note that the subscripts here refer to coordinate
differentiation in R™ (Greek indices) or R? (Roman indices).
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For v = w o u, we wish to consider compactly supported tangential variations
of G(v). Such variations correspond to (compactly supported) vector fields ¢ on
w(N)s which satisfy dp(¢) = 0.

Proposition 2.2. If u: R" — N and v = w o u then for all ¢ € T(Tw(N)s) with
compact support such that dp(¢) =0 we have

Lot = [ (Fe)ode= [ @), e

s=0
Recall that dIl = 1d — dp.

Definition 2.2. If v = wou, then the ambient form of the Schrodinger vector field
J(u)7(u), is given by the vector field f, with
fo= dw‘wfln(v(m)) [J(wflﬂ(v))(dw)ﬂil(v(m)) (dll}, ., (Av))]. (2.9)

Note that f, is defined for maps v : R™ — w(N)s whose image does not necessarily
lie on N.

Next we have the following Lemma.

Lemma 2.3. Ifu:R"™ — N and v = w o u then we have

dp(v)(F(v)) =AM (v) VoV av?) + div(Ia (0) Av®Vob) + ey (v) Vo AveV 4 0°
— dp(v)(F(v))
=H(v).
Proof. This follows from the facts that

dp(v)(F(v)) = dp(v)(A%) — dp(v)(F(v)),

Adiv(dp(v)(Vv)) =A(dp(v)(Av)) + A(pab(v)VU“va)
=div(dp(v)(VAv)) + div(pab(v)Av“va)
+ A(pap(v) Vv V)
=dp(v)(A%0) + pap(v) VAV Vo
+ div(pap (V) Av Vb ) + A(pap(v) Vo V")
and
dp(v)(Vv) = 0.
Finally we note that
pap(v) = —Ilap(v).
|

Remark 2. Note that H(v) only contains derivatives of v up to third order. More-
over this term is well-defined for every v : R” — w(N)s.

The regularized ambient equations are given by
% = —e(Fw)—HW))+ fo+BTv (2.10)
v(0) = ‘
The basic relationship between the regularized geometric flows (2.6) and the regu-
larized ambient flows (2.10) is provided by the following Lemma (cf. §7 of [14]).
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Lemma 2.4. Fire € [0,1]. Given ug € H*TYR",N) with s > 3, w: N — RP an
isometric embedding, and T, > 0, a flow u : R™ x [0,T:] — N satisfies (2.6) if and
only if the flow v =wou: R™ x [0,T.] — R? satisfies (2.10) with vy = w o ug.
Proof. First note that since w is an isometry we have
T () = |7(u)]? (2.11)

and therefore G(v) = G(u). Given £ € I'(u™!(T'N)) a smooth compactly supported
vector field set ¢ = dw(€) € T'(u™'(TRP)). As before we consider the variation of u
given by us(z) = exp,,(,) s§. We then have

wous = v+ s¢+ O(s?)
so that

G(us) = G(v + s¢) + O(s?).

Therefore
[ ww.gde = [ () oar

Observe that

/n <%’5> dz = / <dw (%) ,dw(€)> do = / <%,¢> dz. (2.12)

Since dp(¢) = 0 and H(v) = dp(F(v)) we also have
—a/n (F(u), €)dz = _5/n (F), 6)dz = _5/ (F(w) - H(v), §)de.  (2.13)

n

Note that

[ wr.od = [ (dulra)rw),do@)ds

n

(dw[J (w™ (IT(v)))(dw) ™ (T (v)], dw(§))dx

n

(fo, p)dx

n

I
——

and

/ ) fdr = / Adw(r(w), dw(&))dz
= /H<Tv,¢>d:1:.

This together with (2.12) and (2.13) implies that the flows correspond as
claimed. O

We end this section by exhibiting in a more practical form the structure of the
parabolic operator appearing in the regularized ambient flow equations (2.10).

Definition 2.5. For v : R” — RP, and j € N we let &’v denote an arbitrary
jth-order partial derivative of v
v

T 9rot .. Qo

s with ap+-ran =3

and let _ _
Ok O

denote terms which are a sum of products of terms of the form 71w, ..., d%wv.
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Proposition 2.3. Let v : R" — w(N)s; C RP, then
—&e(F(v) = H(v)) + fo + BTv

4
= —EAQ’U—EZ Z Agjy gy ()07 v % - % 07w 4+ By(v)0*v + By (v)dv  Ov
=2 ji+-+j=4

where each js > 1 and each of A
functions of v.

(a0 (V) Bo(v) and Bi(v) are bounded smooth

Proof. This follows from the explicit expressions for F(v), H(v), f, and Tv. O

In the following Lemma (which is a suitable modification of Theorem 7C of [14])
we show that if v : R”x[0,T] — w(N)s is a solution of (2.10) and if vy : R™ — w(N),
then v : R™ x [0,T] — w(N).

Lemma 2.6. Fiz e >0 and § > 0. Let v : R™ x [tg,t1] — w(N)s be a solution of
(2.10) with v(z,ty) = vo(x) € w(N), where vg € HTH(R™, w(N)) with s > [%] + 4.
Then v(x,t) € w(N) for all x € R™ and all t € [to,t1].

Note that in this case by Lemma 2.4 u(x,t) = w™! o v(z,t) solves

{ ( o —eF(u) + J(u)7(u) + B7(u)

u(r,to) = wup(xr) =w 'owvy(x).

Proof. We start by calculating
Oep(v) =dap(v)pv?,
Ap(v) =dap(v)Av® — T (v) Vo Vol and
A?p(v) zA(dap(v)AU“) - A(Hab(v)Vv“va)
=div (dap(v)VAva) —div (Hab(v)Avava) - A(Hab(v)Vvava)

=dap(v) A%0® — Tl (v) VAV Vo — le( »(V) AV Vo )
-A (Hab(v)VU“VUb) .
Here we used again that I, (v) = —pap(v). Now if v is a solution of (2.10) we get
that
v = — eA%v 4 eF(v) — edp(v)F(v) + fo 4+ BAV — Bl (v) Vo Vo
+ E(A(Hab(v)VvaV ) + div(ITa, (v) Av* VoP) + Hab(v)VAvaVUb)
=BAv — eA%0 + edll(v) F(v) + fo, — Bllap(v) Voo Vo
+ E(A(Hab(v)Vv“VU ) + div(ITa, (v) Av® VoP) + Hab(v)VAU“VUb>.
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Combining these two calculations yields
(Bi—BA + eA)p(v) = edp(v) (dTI(W) F (v)) + dp(v) f, — Bdp(v) (Map(0) Ve Vo)
+ edp(v) (A(Hab(v)Vv“va) + div(ILey (0) Av* Vo) + Hab(v)vmawb)
+ By (v) Voo Vet — E(A(Hab(v)Vv“VUb) + div(ILuy (v) Av* Vo)
+ Hab(v)vmawb)
—dp(v) fu + BdTI(v) (T (v) Vo Vo) — edII(v) (A(nab(v)wawb)
+ div(ILep (0) AV V) + nab(v)vmawb) + edp(v) (dTT(v) F (v)).

Multiplying this equation with p(v) and using the facts that (note that f, €
Tri(wyw(N))
p(v) - dll(v)(¢) =0 V¢ € w(N)s,
p(v) - dp(v) fuo = p(v) - (fo — dII(v) f,) =0, and
p(v) - dp(v) (dII(v)(9)) = p(v) - dII(v)(dp(v)(#)) =0 V¢ € w(N)s,
gives for all t € (to,t1)

SOUo)? =(p(w), BAP() — =A%(0).

Integrating this equation over R™ and using integration by parts, we have for all
te (to, tl)

o [ o ==2 [ (BIT0)F +elp)l?)
<0.

Since p(vg) = 0 this implies that p(v) = 0 for all ¢ € [to,?1] and hence finishes the
proof of the Lemma. O

3. The Duhamel solution to the ambient flow equations. In this section
we introduce a fixed point method that solves the initial value problem (2.10) in
the Sobolev space H*t1(R" RP), for s > 5 +4. To simplify the notation, using
Proposition 2.3, we rewrite (2.10) as

v = —eA%+ N(v)
v(z,

0) o (3.1)

where

4
N() = —EZ Z Agy,., jl)(v)ajlv * ek Oy (3.2)

1=2 ji+-+ji=4
+Bo(v)0%v 4+ By (v)0v * Ov.
We now state the well-posedness theorem for (3.1). For any fixed v, define the
spaces
L} ={v:R" = R?| |jv— vz <5}
and
L3 ={v:R" > RP| |lv—vg| 2, |lv—ol L~ < 5}.

We then have the following theorem:
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Theorem 3.1. Assumed >0, e > 0, and v € RP are fivzed. Then for any (vo—-y) €
HsTH (R, RP), s > 2 +4 there exist T. = T(e, 4, ||0vo| a=, [vo — ¥ £2) and a unique
solution v = v, for (3.1) such that v € C([0,T], H**1 N Ly™).

To prove the theorem we rewrite (3.1) as an integral equation using the Duhamel
principle:

v(z,t) = Sc(t)(vo — ) + /0 Se(t —t")N(v)(x, t')dt' + 1, (3.3)
where for f € H¥"1(R",RP)
SO (@) = [ et fe)ag (3.4

is the solution of the linear and homogeneous initial value problem associated to
(3.1). The main idea is to consider the operator

Lv(x,t) = Se(t)(vo —7) + /0 Se(t —t")N(v)(x, t')dt' +~ (3.5)

and prove that for a certain T the operator L is a contraction from a suitable ball
in C([0,T.], H* N Ly™) into itself.

To estimate L we need to study the smoothing properties of the linear solution
Se(t)vg. Because the order of derivatives that appears in N(v) is 3, in order to be
able to estimate the nonlinear part of L in H*+!, we should prove that the operator
Se(t) provides a smoothing effect also of order 3. We have in fact the following
lemma:

Lemma 3.2. Define the operator D*, s € R as the multiplier operator such that

—
S

Dsf(€) = [€]°f. Then for anyt>0 andi=1,2,3,

[1Se(®) fllze < I f1lr2, (3.6)
DS (0)f N2 St 4D f] e (3.7)
Proof. The proof follows from Plancherel theorem and the two estimates
eelelt] < 4
N N

O

To state the next lemma, where we show how for small intervals of time the evolution
Sc(t)(vg — ) stays close to vy — v, we need to introduce the space H*. This space
denotes the homogeneous Sobolev space defined as the set of all functions f such
that D°f € L2.

Lemma 3.3. Let o € (0,1), s > 2 + 40 and assume that f € H* N H*. Then
1S5e(®)f = fllzee < e[ fll e +1f 1 rae]s and |Se(@) f = fllL2 < e8| fll gao- (3-8)

Proof. By the mean value theorem

el — 1] < leftte,
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which combined with the trivial bound

emelel’s 1‘ <2

gives, for any o € [0,1]

e -1 5 (il (39)
We now write

[(S<(t) =D f (@) =

/ i@ [e—elel*t _ 1]f(§)d§‘ (3.10)
tey | Ifller”

o n 4o N s 1
(te) [/fglmwm 4 /I£|21|f|<s>|5| |§|S_4a],

and this concludes the argument since s > 3 + 40 guarantees the summability after
the application of Cauchy-Schwartz. Note also that

I(Se(t) = Dfllz < e 1) f]| (3.11)

wer (f <|s|4“>2|ﬂ2>%

S @) N lgae S E)7NOf ||

A

A

We are now ready to prove Theorem 3.1.
Proof. For T.,r > 0 and s > 5 + 4 consider the ball
B, ={0ve H*:||0(v—wo)llLg, ms <7}N L.

We want to prove that for the appropriate 7. and r, the operator L maps B, to
itself and is a contraction. We start with the estimate of the linear part of L. By
(3.6) we have

10(S=()(vo =) = (vo = ))llms S (1 + D*)S=()vollL> + [|Ovoll s S |Ovol| -
(3.12)
To estimate the nonlinear term we use (3.6) (3.7), and interpolation :

Ha(/ot Se(t — t’)N(U)(:v,t’)dt’) HH (3.13)

_ ‘ /0 LSt~ )ON () (a £

t t
5/ 1ON (v)]] 2 (t') dt’+/ (t) ¥t HD P ON (0) 2 (¢) !
0 0

/t D*S.(t — t")ON (v)(z,t")dt'
0

"
L2

L2

t
S [ @) S ol () .
0

where m is the order of the nonlinearity’ N(v). Note that to control N (v) and
D$739N (v) in the previous inequality we are never in the position of estimating v

Hn our case actually one can compute that m = 4.
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in L2. By (3.5), (3.7), (3.12) and (3.13), we obtain the estimate
t
[0(Lv — vo) || m= (t) < Col|Ovol| = + cl/ (1+ (t’)’3/45’3/4)||8v||’H”; (") dt'. (3.14)
0

Thus

10(Zv = vo)ll g g < CollOvollms + Cre™* AT |0v] s .- (3.15)

We still need to check that Lv is continuous in time and that Lv € L§°’2. The
continuity follows directly from the continuity of the operator S (¢). To prove the
L% and L? estimates one uses (3.8) with o = 1/4 applied to f = vg—1, the Sobolev
inequality and estimates similar to the ones used to obtain (3.14). One gets

([ Lv — UOHL;S;L@ + [[Lv— U0||L;<;L;° < CieVA T 0w | s (3.16)
+ Cre AT v P s
We now take r = 3Co||vg|| = and
T. < min(6*Cy*e®6 ™" Cy ™ luo | 72, 5* 271 C e ol ) (3.17)

so that (3.14) and (3.16) guarantees that L maps B, into itself. Note that (3.13)
yields for v,w € B,

H/ot S.(t —t"O[N(v) — N(w)](x,t') dt’ (3.18)
S e MTYOIN (v) — N(w)]IIL;H;S-
Therefore
10(L0 — L)l s (3.19)

S e AT OIN (v) = Nl o0 s
S e CO 00 by + 100N 1100 — Wl
< e MATIAC(S, [|Owo | 1) |0(0 — w)l| e .

Similarly one shows that

1Lv = Luwllpg . S e THAC(S, |0vol 1)

10(v — w)llLg a3 -

By shrinking 7. further by an absolute constant if necessary, from (3.19) and (3.20)
we obtain

1
||LU—L’LU||L%.;H;+1 < §||v—w||L%ZH;+1. (3.20)

The contraction mapping theorem ensures that there exists a unique function v = v,
in LN {dv € H® : ||0(v — vo)||zse g+ < r} which solves the integral equation (3.3)
in the time interval [0, T¢] defined in (3.17). Moreover v € B, by our choice of
T.. The uniqueness in the whole space H3™1 N L?’Oo follows by similar and by now
classical arguments. O
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4. Analytic preliminaries. In this section we state and present the detailed proof
of an interpolation inequality for Sobolev sections on vector bundles which appears
in [13] (see Theorem 2.1). This inequality was first proved for functions on R"™
by Gagliardo and Nirenberg, and for functions on Riemannian manifolds by Aubin
[1]. The justification for presenting a complete proof is that this estimate plays a
crucial role in the energy estimates and therefore in the proof of the results this
paper. The precise dependence of the constants involved in this inequality is vital
to our argument and we feel compelled to emphasize it.

Let IT : E — R™ be a Riemannian vector bundle over R". We have the bundle
APT*R™ ® E — R™ over R™ which is a tensor product of the bundle E and the
induced P-form bundle over R”, with P = 1,2,...,n. We define T(APT*R" @ E)
as the set of all smooth sections of APT*R™ ® E — R™. There exists an induced
metric on APT*R” @ E — R” from the metric on T*R" and E such that for any
S1,82 € F(APT*Rn & E)

(s1,82) = > (s1(eq,...ei,),82(en,. . 5)) (4.1)
i1 < <ip
where {e;} is an orthonormal local frame for TR™. We define the inner product on
['(APT*R" ® E) as follows
(s1,82) :/ (81, 82)(x)dx. (4.2)

The Sobolev space L?(R", APT*R" @ E) is the completion of T'(APT*R" ® E) with
respect to the above inner product. To define the bundle-valued Sobolev space
HET(R™ APT*R™ @ E) consider V the covariant derivative induced by the metric
on F, then take the completion of smooth sections of E in the norm

k T
fr = <Z /Rn |V13|Td:v> (4.3)
=0

|Vis|? =(V---Vs,V---Vs). (4.4)

i—times i—times

18]l s = lls|

where

If r =2, H*" = H*.

Proposition 4.4. Let s € CX(E) where E is a finite dimensional C* vector
bundle over R™. Then given q,r € [1,00] and integers 0 < j < k we have that

V78]l e < CIVs||Tallsl 1 (4.5)
with p € [2,00), a € (%, 1] and satisfying

1 ] 1 1 1 k

—=1+—+a< ————— ) (4.6)

p nor g r n

Ifr=n/k—1%#1 then (4.5) does not hold for a = 1. The constant C' that appears
in (4.5) only depends on n,k,j,q,r and a.

Proof. If f is a real valued smooth function with compact support on E then The-
orem 3.70 in [2] ensures that (4.5) holds.

Case 1: Let j =0 and k = 1. Then for f = |s| we have by (4.5) that
Isllze < CUIVIslIEallsl 7 (4.7)
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Kato’s inequality ensures that |V]s|| < |Vs| which using (4.7) yields
Isllze < ClIVslgallslz-", (4.8)

which proves (4.5) for j = 0 and k = 1. In general if f = |V/s| Kato’s inequality
ensures that |V|V7s|| < |V/T1s| which yields using (4.8)

IVslle < CIVIVIs| 2ol V7 s]l 12 (4.9)
< OV szl v sl
where a € (0,1) and
1 1 1 1 1
———+a< ————— ) (4.10)
p T qg r n

Note that so far the condition p > 2 has not played a role.
Case 2: Let j =1, k=2and § <a <1 Ifa=1 (49) yields

I Vs|lzr < C||VZs| La (4.11)
with

(4.12)

S
3|

1
p
Ifa= %, assume p > 2 then
div (|Vs[P2Vs, s) = |Vs|P + |Vs|P72(V4Vas, s)+ (4.13)
+(p—2)|Vs[P~4(Vss,VaVss)(Vas, s).

Since
/ div (|Vs|P~%Vs,s) =0 (4.14)
then (4.13) gives
/ [Vs]P < (n+p-— 2)/ |Vs[P~2| V25| |s]. (4.15)
R R
Given our choiceof j =1, k=2 and a = % we have %—i—% = %, i.e. %_’_%_’_%2 =1.
Thus Hélder’s inequality yields
IVsl7s < (n+p = 2)[V2s||allsl| (| Vs[5, (4.16)
thus ) )
IVsllr < /n+p =2V 2alsl 2 (4.17)
with
1 1/1 1
-—==|-+-). 4.1
p 2 (T i n) (419

For a € (%, 1) we consider two cases: ¢ < n, and ¢ > n. For ¢ < n using the
convexity of log || f||, as a function of p we have

—1 —1
« —« . p — 0
||VS||LP < HVSHLtHVSHiU with a = ﬁ € (0, 1) (419)
where t < p < o are such that
%Zl-i-landl:l—l. (4.20)
q o qg n

Using (4.11) and (4.17) we have that
HVSHL" S CHV2SHLq (421)
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and ) )
IVsllze < CIVsllzalls] .-
Combining (4.19), (4.21) and (4.22) we obtain

1—a

IVsllze < CIV2s Lo llsll 2

1 1 1 Q@ 1 1 2
L9 (3-1-2)
p n r 2 q T n
,1) and ¢ < n.

0,1) such that

L_1,,(1 1 1
p_t qg t n

IVslze < CIVsl5all Vsl "

where

which proves the case a € (

1
2
Forg>n,t>0and b€ (

we have by (4.9)

Choosing t > 0 so that

+

2
t

| =
<=

we have by (4.17)
1 L
IVsllze < CIV2sllZal1s]1 7
Combining (4.26) and (4.28) we obtain

b1 1-b
IVsle < CIV2s| 2 5]l 2

1 1 1 (b + 1) (1 1 2)

S R i (N

p n or 2 q r n
by (4.25) and (4.27). This concludes the proof of Case 2.

Case 3: Let j =0 and k = 2. From (4.8) we have

Isllze < CIIVs)| T llsllz-*"

with

with a1 € (0,1) and

Choosing ¢; so that

then as € (%, 1) and
IVsllzan < ClIV2sl| 53 lsll 7
Combining (4.31) and (4.34) we have that
Isllze < CIV2s|| 72 [Isllp- "

with

from (4.32) and (4.33).

405

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)
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Case 4: We now proceed by induction on k. Assume that for £ > 2 and j < k we
have proved (4.5). Let j < k < k+ 1. By (4.9) we have

IV sll o < OV s G2 IV s 17 (4.37)
with
Lot (1ol )
q1 T2 Q2 T2 N
By the induction hypothesis, applied to V*~1s, we also have
IV s]Lr < CIV 8| 0 IV s g (4.39)
it 1 1 1 1 1 2
E:T_3+E+a3(q_3_g_ﬁ> (4.40)
and
V¥ sllpro < Ol VF s T |l i (4.41)
with 1 1 k-1 1 1k
E:E+T+a4<a—a—g). (4.42)

Letting q4 = r2, g3 = q, 74 = 7, 72 = p We obtain

k
Bl < OV s, |15 L with a = a5 1| (443
IV¥sllr < CITH sl with o = g —— e 21| (1as)
and
1 1 k 1 1 k+1
———+—+a<———+ ) (4.44)
p r n q r n
By hypothesis for j < k and using (4.43) we have
IVslle < CIVEslzu sl (4.45)
< OVFHsfge ls] e
with aga; € [%ﬂ, 1} and
1 1 ] 1 1 k+1
—=—+l+a1ao<———— ) (4.46)
p r n q T n
which finishes the proof of the proposition. |

Corollary 4.1. Let u € C*°(R"™, N) be constant outside a compact set. Then for
k>1,qrell,oo) and 0 < j<k—1 we have

V7 o < OV ul| 74| V]| 1 (4.47)
with

1 i1 1 1 k-1

_:l+_+a<____ ) (4.48)

P n T q T n

If r = # # 1 then (4.47) does not hold for a = 1. The constant C' that appears
in (4.48) only depends on n,k,j,q,r and a.
Proof. Apply (4.5) to s = Vu a section of the bundle v*(TN) @ T*R™. Since Vu

is not necessarily compactly supported a standard approximation argument might
be needed to complete the proof. O
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In the second part of this section we establish the equivalence of the Sobolev
norms defined in either the intrinsic, geometric setting or in the ambient, Euclidean
setting. These results hold when we are above the range in which these spaces have
suitable multiplication properties. Since we are working with the gradients of the
maps we must consider the H® spaces with s > 5 + 1.

We begin by assuming that we have chosen coordinate systems on (NN, g) so that
the eigenvalues of g are bounded above and below by a fixed constant C' > 1, i.e.
we assume that

CYEP < giy&i& < CIEPP forall €€ RN

We denote these coordinates by either (3!, ...,%%) or (u!,...,u*). Asbefore (z!,...,
2™) denotes Euclidean coordinates on R™.
For v : R" — R? we let

ov®

= oz Ca

Onv

where {e1,...,e,} is an orthonormal basis for RP. Recall that if X € I'(u='(TN))
then
 Ouk

+ T X' —

) ¢
J —
(VaX) s

- Qx>
and Vou = dqu € D(u™1(TN)) denotes the vector field along u defined in (2.1).

We use the following notation for higher order derivatives.

Definition 4.1. Let a = (a1, ..., a;4+1) denote a multi-index of length [ + 1 (Ja] =
[+1) with each as € {1,...,n}. Welet V*1y € T'(u~!(T'N)) denote any covariant
derivative of u of order [ + 1 e.g.

+1

Vitly = g Vo, Vo, u
04:(011;~~~76¥1+1)
Similarly
l+1,.a
8l+1 o 8 v
v = g ¢,
Oxrt - . . Qri+1
a:(a17~~~,az+1)
and

I+1, a
ity — Z 0" u 0 '
Oxot ... Qi+ 8y¢l

Remark 1. Note that our use of the multi-index notation differs from the usual
one.

Recall that for

R" — RP
u : R*"—= N
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the Sobolev norms of dv and Vu for k € N are defined by

k
10wl = D 10" 0l agan
1=0

k
IValge = SOVl oy
1=0

k

-2 </n g”(vlﬂu)i(vl“u)jf

1=0
where here

||Vl+1u||L2(R") - Z Ve -+ Vo, ull 2@
loe|=l+1

and the sum is taken over all distinct multi-indices of length [ + 1. The L? norm
of each of these is computed with respect to the metric g as indicated. We use the
obvious analogous definition for [0 v|| 12 (gn).

Note that by definition u € H*(R™, N) if 3y, € N such that for v = wou
[0 = w(yu)llz> + [[0v]| -1 < oo.
Our immediate goal is to show that for k > 3 + 1 if v = w o u then
|0v]| g < oo if and only if || Vul|gr < oo.

Lemma 4.2. For each k > 0 we have

k+1
Vi u =0 u+ Y > Gy gy (W) us ok 00 (4.49)
1=2 jit-+ji=k+1
k41
Oty = Vhtly ¢ Z Z Egy .y @V w5 Vit (4.50)
1=2 ji+-+j=k+1
owa kt1

3k+1v = WakJrlujea + Z Z F(Jl 77777 Jl)(u)ahu Koeee ok leu (451)
Y =2 j1+-+i=k+1

where each subscript j, > 1 and

. 0

_ ]
G(jl »»»»» jz)(u) - G(jl »»»»» jz)(u)@
) 0
E(j17~~~le)(u) = Egjl »»»»» jz)(u)@
Firgy () = FGy(uw)ea

and each G, E and F are smooth, bounded functions of u.
The notation aj, * - -- * a;, corresponds to a product of the a;,’s.

Remark 2. Throughout this section whenever expressions similar to the right hand
side of (4.49), (4.50) or (4.51) occur, a key point is to note that all the subscripts
js > 1, for s € {1,...,1}. This is always to be understood even if it is not explicitly
stated.
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Proof. We establish each of these by induction, beginning with (4.49). Note that
for k=0, Vu = 0u. For k=1

J
Va,Va,u = va2<8u 8)

Dot dyl
B 0%l 0 Y ou' ouF 0
T 9z20x0 Oyl ik Qxer 9oz gyd”
Then
vHt2, — VQHQV]CHU
= Vao(Var, - Vayu)
OFt+1lyd 0
k+1 ) ) . o
Vo (2 D Gy @ us 5 Pugs
1=2 j1+-+ji=k+1
. akJrlui 6ul 0
_ k+2 J __
= 0" u+ 1—‘il Qo+ . Q1 Qxor+2 Jyi
k+1 ) / 0
J j j
Y (Cha®) Prue e dugs
1=2 ji+-+ji=k+1
k+2 ) ) . 0
+Z Z szlwwjz)(u)ahu*.“*aﬂu@
1=2 j1+-+ji=k+2
k42 l
) ) : . Ou 0
i J
> Y Gl @@ sl
1=2 j1+-+ji=k+2
Therefore

k42
Vk+2u=8k+2u+z Z Gi,..., jl)(u)ajlu* cex Oy
=2 ji+-+j=k+2
which completes the proof of (4.49). The proof of (4.50) proceeds in a similar fashion
and is left to the reader.
To prove (4.51) we recall that v = w o u and thus

ov* ow® oul
dxor Oyl Oz
(which is the case k = 0). When k& = 1 we differentiate this to obtain
% w9 . Pw* ou' oul
Or29zer  Qyi Jre20x  Qyidyd droz Jror’
Assume now that (4.51) holds for some k& > 1. Then

(4.52)

8k+2v _ 8ak+2(8k+1’0)
) .
— 8_w8k+2ujea+ 3‘“’&‘ k+1 jﬂea
oy Oytoyl Oxo+2
k2

+Z Z F(Jl 7777 Jl)(u)ajlu**ajlu

=2 ji1+--+j=k+2
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This implies (4.51) and completes the proof of the Lemma. O

Combining (4.50) and (4.51) in Lemma 4.2 we obtain the following.

Lemma 4.3. Forv=wou and k > 0 we have

ket 1
ok tlye = (?9 - (VL) Z Z HE  (u)V s % Viu (4.53)
=2 ji++ji=k+1

where, as before, each subscript js > 1 and each H® is a smooth, bounded function

of u.
We now proceed to bound the pointwise norms in terms of each other.

Lemma 4.4. For v=wowu and k > 0 there is a constant C' > 1 depending only
onn and k such that

k+1
P <OV LY > [V [V (4.54)
1=2 j1++5j=k+1
and
k+1 ) )
IVEHP? < CloFtoP+ 0> YT [0 |00 (4.55)

1=2 ji+-Fi=k+1

Proof. Using (4.53) we have

Z|ak+1 a|2 Z Z ak+1"'aa1va|2

a=1|a|=k+1

8w“ :
Z vktly Tkt
8y3 Byi ( u)

k+1

+ Z Z ngl VVVVV jl)(u)vjlu*"'*vjlu

=2 ji++5=k+1
k+1

—|—2 V’H'l Z Z H&l _____ m( )leu*-u*vjlu.
=2 ji+-+j=k+1

Since w : N — RP? is an isometric embedding we note that

ow? ow®
Z o (4.56)

Therefore, using the fact that for any [ > 1
k _ _ ‘ k
CTY (V)P < IVl = g3 (V') (V!e) < €Y |(V')'P?
i= i=1

we have
k+1
Z|ak+1 PV 420y YT [V [V
=2 ji+-+ji=k+1
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which establishes (4.54). To prove (4.55) we proceed by induction. For k = 0 we
have

out 0
Vau == @Tyl
Using (4.52) and (4.56) this implies

out Oul ~ Ov® Jva

2
Vel =903 50 Do = um oo
Therefore
|Vul? = |ov]?. (4.57)
Note that for k = 1, by (4.53) we have
(?;;}j (V2u)! = 0% — H(u)Vu * Vu.

So that

|V2ul? < 2|10%0|* + C|Vul*
or

|V2ul? < 2|0%0|* + Claw|*. (4.58)
Assume now that (4.55) holds for any k£ > 1. Again using (4.53) we then have

k+2

|VFH2y)2 < 2|8k+2v|2+02 Z |Vitu|? - [VIt|?
=2 jit-+j=k+2
k+2
< 2080 YT (0P |0
1=2 jy+-+ji=k+2
which completes the proof of Lemma 4.4. O

Lemma 4.5. Assume that k > 5 +1. There exists a constant C = C(N, k,n) such
that for uw € C°(R™, N) constant outside a compact set of R™ if v = w ou then

k

(P A (459)
=1
k

100l e < CY (1 Vulli. (460)
=1

Proof. By (4.55) we have

I

k+1 ‘ ‘ L
IVE ull e < CllOF Mol +CY 0 Y (/ |agl|2...|aﬂlv|2) . (4.61)
1=2 ji+-+ji=k+1 "
Let 2 < p;, <oo,i=1,...1 be such that
1 1 1
—+ == 4.62
D1 n 2 (4.62)
Then by Holder’s inequality
1074 0] -~ 1070l g2 < cl|07 vl pes -+ 070 | Lo (4.63)
Since k > § + 1 then

Ji—1 Ji—1,  n
k

< a; = +

k 2k?

k—ji—i-%) <1 (4.64)
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and
-1 1  ka;
Jizl 1 _ka

n 2

1 1
- > = >0 . 4.65
27 pi (4.65)
Note that to ensure that a; < 1 in (4.64) we either need n < 3 or we must have
(Q"—k—l) (k—jl-—k%) < 1—%. Since 2 <[ < k+1and 1 < j; <k the previous
inequality holds provided (Q"—k — 1) (k — %) < % which requires k£ > nhyninzd) ”Z(M.
Thus to accommodate all values of n simultaneously, it is enough to choose k > §+1
and k£ € N. Thus (4.5) in Proposition 4.1 yields

07| Lr: Cl|oFtty

<
< Ollv]| -

||z (4.66)

;.
Therefore combining (4.61), (4.63) and (4.66) we have

k
V¥ e <O lov]5 (4.67)
p=1
A similar argument to the one above where Proposition 4.4 is now applied to Vu

rather than dv yields (4.60). O

Lemma 4.6. There exists a constant C = C(N,n) such that if w € C*°(R™,N) is
constant outside a compact set of R™ and v =wowu then for 1 <k < 5 +1

k

IVF e < CZH@UHL[%]H (4.68)
=1
k

|05+ || < CZHVuH;[%]H. (4.69)
=1

Proof. The proof is very similar to that of Lemma 4.5, where the a;’s and p;’s in
the interpolation are taken as follows

Ji—1 Ji—1 n 1
;= —(k—j; +1 1, 4.70
” <a ~ +2k80( i+l < (4.70)

where sg = [%] + 2, and

1 -1 1
>— =l - N5 (4.71)
n n

O

Remark 3. Proposition 4.4 holds for s € C*(E) where E is a finite dimensional
C™ vector bundle over R™ provided k < m. Similarly Lemma 4.5 holds for u €
C™(R"™, N) and u constant outside a compact set of R™, provided once again that

m > k. A simple approximation theorem ensures that Lemma 4.5 holds for u €
C™(R"™, N)N H*(R", N) with m > k.
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Corollary 4.2. Assume that k > % + 4. There exists a constant C = C(N, k,n)

such that for u € C**1(R™ N)n HF(R", N)

[5]+2
IVullz < C Z IVl (.

[7]+4

||v2u||L°° < C ; ||vu||iq[%]+3
3[2]+12

Vi~ < C Z ||VUI|l 3]+

(4.72)

(4.73)

(4.74)

Proof. Recall that ||Vul|| = |0v] if v = w o u, and by Sobolev embedding theorem

10v][zee < ellovll 1

%]+
1070l < elldell (4]
and

[0l < clovil_(s1..
Therefore combining (4.60), (4.69) and (4.75) we have

[8]+2
[Vulle < C > 074 0|
§=0
[2]+2
< C||Vullp=+ Z ||VU||] 3]+
=1

(242
< C Vull?
< O3 IV,
Note that (4.55) ensures that
|V2u| < C|0*v| + ¢|ov|*.
Combining (4.75), (4.76), (4.60) and (4.69) we have
V2l < CllO%0]|z + Cl|0v]|7~
<

Clovl g).0 +CIOVIE 4.,
[2]+3 [2]+2
< C Y e+ C Z 167+ 0|7
7=0
[22]+4

N

< C Z ||vu||l o

Note that (4.55) also ensures that

|V3u| < C(|0%0] + |0%v] |0v] + |0v]?).

(4.75)
(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)
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Combining (4.75), (4.76), (4.77), (4.60) and (4.69) we have

3([3]+4) 4
IV3ullpe <C > [ Vul’ (] (4.82)
=1 HL2
O

5. e-independent energy estimates. Theorem 3.1 ensures that the initial value
problem
{ 2 = —eA%+ N(v)
v(0) = g

has a unique solution v. € C([0,T.], H*' N L2*>°) provided vy € H5t!(R™ RP)
for s > [4] 4+ 4. To prove that (1.4) has a solution we need to show that (2.10)
has a solution for ¢ = 0. To do this we need to show that each v. extends to
a solution in C([0,T], H**' N L}>) where T > 0 is independent of e. This is
accomplished by proving e-independent energy estimates for the function v.. It
turns out that thanks to the geometric nature of this flow, if one assumes enough
regularity (i.e. s > [5]+4), it is easier to prove e-independent energy estimates for
the corresponding u.. Lemma 4.5 and Lemma 4.6 then allows us to translate these
into estimates for v..
Let u. = u € C([0, 7], H**1(R™, N)) with s large enough? be a solution of

{ Qo = STl BT )V T+ e

where e € (0,1}, 8 > 0, A = >"_ VaVa. Our goal is to understand how
[IVul| = (t) varies with time.

Let | € N. We denote by a the multi-index of length I, & = (a7 -+ ), and
Vau = Vg,..Vq,u. The following lemma and corollaries establish some computa-
tional identities which are very useful.

(5.1)

Lemma 5.1. Let u € C'([0,T], H*(R",N)), s € N, s > 2+ 2. Let X € TN for
1<1<s and |a| =1. We have

1—2

Vao Vot =VaVagi+ Y Va, - Vo, [R(Vagt, Vo, u) Ve, - Vau] - (5.2)
j=0
1—2

ViVat =VaVi+ Y Vo, -+ Vo, [R(Vit, Vo, ,u)Va,,, - Va,ul (5.3)
§=0
-1

VaoVaX =VaVa, X + 3 Va, -+ Vo, [R(Vaytt, Va,,,u)Va,,, -+ Vo, X]. (5.4)
§=0

Proof. The proof is done by induction on the length of the multi-index «, i.e., on

[. We prove (5.4) and leave (5.2) and (5.3) to the reader, as the proofs are very
similar. If [ =1

Voo Var X = Va, Voo X + R(Vagtt, Va,u)X. (5.5)

2 We will see later that s > [%] + 4 will be enough. In this paper we do not attempt to obtain
the lowest possible exponent s.
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Suppose (5.4) holds for [ > 1 and consider

VooVar -+ Var, X (5.6)
Ve [Vao Vas - - Ve X1+ R(Vagtt, Va,u) Ve, - Vo, X
= Val---Va+1Va0X+R(Va0u,Valu)V Ve X

Otl Z vaz o (vaou VOZJ+1 )vaj+2 T vaz+1X]

= Vg v Voo X

Q41

+> Vo, Vo, [R(Vaytt, Vo, ., u)Va, oy Ve, X]

O

Corollary 5.3. Letu € C*([0,T], H*(R",N)) s € N, s > Z2+2, then for1 <1 <s,

|| =1 we have

-1
AVau = VaT(u)+ Y Va, Vo, [R(Vagtly, Ve, 1) Ve, - Vo, Vao ]

+Y VaoVar - Vo, [R(Vaot, Vo, o, )V, n - Vayu]  (5.7)

j=1
ViVaVaii = Va V%Vtu (5.8)
+Zval . [R(Vitt, Vs, W)V, 15 - - Viay Vg
Vi VaVai = V vaovﬁo (5.9)
+ Z Vﬂq o (Vﬁou VOC]+1 )Vaj+2 o 'valvaou]

Proof. The proof of (5.7) is an application of (5.2) and (5.4). To prove (5.8) and
(5.9) apply (5.4) to Vo,u = X and note that V; and Vg, behave the same way.
Moreover recall that V,,Viu =V, Vy, u. |

Corollary 5.4. Let u € C*([0,T], HS(R",N)), s € Ns > 2 +2. Let X € TN then
for1>1 and |a| =1 we have

AVLX = VoAX (5.10)
+ Z Vﬂq o (Vﬂmu VOC]+1 )Vaj+2 o 'Vaz vaoX]
-1

+> VooV - Vo, [R(Vag, Va, 1) Va, ., Vo, X].

=0
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Proof. To prove (5.10) we apply (5.4) twice, first to X then Vo, X.
AVaX = Vo Va,VaX (5.11)

-1
= VaolVaVaeX + Vo[> Va, -+
7=0

Vo (R(Vaott, Vo, u)Va, o - Vo, X]
-1
= VaVaVarX +Y Vo, -
=0
Vo ( (vaou vag+1 )vaj+2v0tzv0toX)

+ Zvaoval -+ Vq [ (vaou v%+1 )VO‘J‘+2 '.'VO”X]'

7=0
O
Remark 4. Note that in particular (5.10) applied to X = 7(u) yields
AVar(u) = VaAT(u) (5.12)
=+ Z Vﬂq o (Vﬂmu VOC]+1 )Vaj+2 o 'Vaz VOLOT(U‘)]
-1
+ Z vaovoq - Va [ (vaou V%H )VO‘J‘+2 T VO”T(U)]
j=0

Lemma 5.2. Let u € C'([0,T],H*(R",N)) with s € N and s > [2] +4 be a
solution of (5.1). Then for [2] +4 <1< s and | € N we have

LIV l30 < OVl s (14 [Vul 32, (5.13)
Forl = [%} +2andl = [ﬂ] + 3 we have
IVl <0 (14 IValP Y ITule, (4 I9al3) . 6.a)
Proof. We first compute the evolution
Ld |Vul|?dz = Z / ViVt Vagtt) (5.15)
2dt Jzn

Ot()l

- / Voo (Vi Vogts)) — / (Veu, 7(u))
= 5/<A7(u),7(u)> - 8/<R(VU,T(U))VU,T(U)>

- [y, rw) =5 [ 1w
—— [1vr@P - 5 [ IrwpP

~ [(R(Vu, 7)) Va r(w),
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where we have used the fact that for f € L'(R",R") [;, divf = 0 as well as

integration by parts. Note that using integration by parts and Cauchy-Schwarz we
have

\ / (R(Vu, () Ve, ()| < C|[Vulia / () ? (5.16)
< O Va2 Vul | V7 ()] 12
1
< SIVr@)a + ClIVuli~ Vel

Combining (5.15) and (5.16) we have

S IVl < ClVula] Vel (517)

For 1 <1 < s applying (5.3) we have

2 vtz

> / (ViVau, Vau) (5.18)

lee|=l

= Z/v Vi, Vau)

lee|=l

+> Z/ o Vo, [R(Vit, Vo, o 1) Ve, s -

|lae|=1 j=0

-V, u], Vau).

2dt

Consider each term separately

/(Vavtu,vau) = —5/<VQAT(u),Vau) (5.19)

+e /<Va (R(Vu,7(u))Vu, Vau)

/(VJ() au-i—ﬁ/ aT(u), Vaou).
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Using (5.12) and (5.7) and integrating by parts we have that

[(Vatsrw), Vau) (5.20)
= /(VQT(U),AVQM

- Z/ ap " (vaou vag+1 )vaj+2 o 'vazvaoT(u)]7 VOLU’>

- Z /<V060v0¢1 e [R(vaou VOLJ+1 )vaj+2 e Val’?'(u)], vau>

Il
\h
g
R
A

+ Z/ ap T (vaou vag+1 )vaj+2 o 'vazvaou]7 VQT(U»
- Z/ a "t (Vﬂmu VOC]+1 )Vaj+2 o 'VQLVQOT(U)], vau>
- Z /<v0t0v041 T [ (vaou VOZJ+1 )vaj+2 T VOZLT(U’)]? VOLU’>

+> (VaoVar -+ Vo, [R(Vagtt, Vo, )V, s - Vaul, Var(u))

(5.20) yields

—e > /<vam(u) Q) < —a/|Vl (5.21)

+Ce ) /|vl )V |- [Vl

m=3 j1+---+am—l+2
js=>1

+Ce ) > /|v31 w)| V72 ul- - [VIma) [Vl

m=3  jit g =l+2
Jjs=>1

Similarly

Z/ R(Vu, 7(u))Vu], Vau) < (5.22)

le|=l
I+2

<y 3 /|Vlu||V31 V720l - - [Vl

m=3 g1+t im =142
js>1if s>2
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We now look at the third term in (5.19) and recall that V.J =0 and (JX, X) =0
for X € TN. Integrating by parts and applying (5.7) we obtain for v = (g -+ - )

[(Vattwyrw), Vau (5.23)
= —/(VA,J(U)T(U),VQIVQM
=~ [Ty, AV,
— [V T

- Z /<J(U)V‘YT(U)7 vaz o v [ (valu vag+1 )vaj+2 o 'vaz valu]>

=2

VOQVO@ va3 Vg [R(valu VOLJ+1 )vaj+2 e vamub

_Z/ Vo, T(1), Vay Ve, Ve, - -

[R(Valu VQ]H )V%‘H .. .Vmu]>.

Thus (5.23) yields

Z/v J(u)7(w), Vo) (5.24)

lee|=l

I+2

<y % /|vl2 V7l - [V,

m=3 ji+-- +]m—l+2

A very similar computation yields

/ (Var(u), Vau) (5.25)

+2

S LTI SN S B\ e Ol ST

m=3 ji1+-+jm=I1+2
Jjs>1
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Combining (5.19), (5.21), (5.22), (5.24) and (5.25) we obtain

Z / (VaViu, Vau) (5.26)

le|=l

I+2

—5/|Vl7(u)|2+05 D /|VlT(u)||Vj1u|---|iju|

m=3 ji1+-+jm=1+2

IN

42

+Ce ) > /|Vj17'(u)||Vj2u|-~|iju||Vlu|
M=3 jy 4+t jm=1+2
42

DY /|Vlu||Vj17(u)||Vj2u|---|iju|

m=3 j1+-+jm=1+2
js>1if s>2

1+2

S0 AR D S DI L A O\ R ]

m=3 j1+-+Jm=10+2

We now look at the second term in (5.18). Using equation (5.1) we obtain

1—2
SN / (Ve -+ Vo, [R(Vitt, Ve, ) Ve, oy - - Vaguul, Vatt) (5.27)

|le|=1 j=0
1+1
< oY Y [IuIe vl vrd v
Y
js>1 if s>2
I+1
<=y % /|vlu||vﬁm(u)||vj2u|---|vjmu|

m=3 j1 -+ jm =l
js=>1 if s>2

+3
+Ce Z Z /|Vlu||Vj17'(u)||Vj2u|--.|iju|

m=6 j1+--+jm=1+2
js>1 if s>2

l
7Yy ¥ /|Vlu||leT(u)||Vj2u|---|iju|.

m=3 j1 ++jm =l
js>1 if s>2
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Combining (5.18), (5.26) and (5.27) we obtain

1d
2 dt

<< [1v'r(a)P?

—|—C’5/|Vl7'(u)| |Vlu| |Vul?

|V |22 (5.28)

—|—C’5/|Vl_17'(u)| |Vlu| (|Vu|3 + |Vu| |V2u|)

1+2

YD /|vlT(u)| Vitu] - [Viml

m=3 ji+-+jm=1+2
1<js<l-1

I+2

DN SR A SE IR

m=3 j1+-+jim=1+2
js>1 if s>2

1+2

+Ce ) > /|Vlu| (VL - |Vim )

m=3 ji+-+jm=1+2
Jjs21

+3

+Cey Y /|vlu||vﬁu|...|vjmu|

M=5 1+t =144
js=1

1+2

Y X [l - g 9w

m=3 ji+ g =142

< —€/|VlT(u)|2+C£/|VlT(u)| V| [Vu?
+C£/|Vl_17(u)| V'l (IVuf® + V2] [Va])
+C£/|Vlu| ()| [V ] [V
—|—C'5/|Vlu|2 (jr(w)| [Val? + ()] |V2u])

—|—C’5/|Vlu|2 (|Vu|4 + |V7(u)] |Vu|)

1+2

122 SHED SR ) £ O[T B

m=3 ji1+-+im=1+2
1<js<l—1

I+3

+Ce Y Y /|Vlu||Vj1u|-~|iju|

m=5 ji+-+im=1+4
1<js<i—1

(5.29)



422 C. KENIG, T. LAMM, D. POLLACK, G. STAFFILANI AND T. TORO

142
DS /|vlu| Vitu| - [Viml
m=3 ji4-+jm=1+2
142
+Ce ) > /|Vlu| IV r(w)]- - - [VImul.
m=3 jy+-tjm=l+2"1

1<js<l—1,5>2
j1<t=2

We now look at each term of (5.28) separately. Apply Cauchy-Schwarz we have

Cs/ |Vir(

w)| [Vl [Vul?

IN

Cel| Va2 / V()P / V)

&
a/|vlr(u)|2+O|\vu||‘;oo/|vlu|2. (5.30)

IN

Using Cauchy-Schwarz and integration by parts we have

cg/|vl*17(u)| V| [Vau? (5.31)
< CelVulie ([ IV ([ 19!
< o [P+l [ 194
< [V )]+ Va9t
< G I9r@P(f 19 + vl [ 9P
< o [P+ ca s val) [ 9
Ca/|vl*1¢(u)| |Viu| |[V2u| [Vl (5.32)

< CelVula=Pullos ([ 1974 ) ([ 19p)

g
= a/|vl7(u)|2+0(l+||Vu|\%ao+||v2u||ioo) /|vlu|2,
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Using Cauchy-Schwarz, integration by parts and (5.17) we have

C€/|Vlu| ()| [V ] |V (5.33)
< Cellr(w) e |Vl ( / V)3 ( / V)

9
< a/|vl+1u|2+OHT(U)||2LOO||VUH%30/|Vlu|2

g
<~ AV Vi) + Cllr @)~ | Vulf~ / Va2
13
< 6—4/|V17(u)| |Vlu|+C||T(U)H%oo||VuH%oo/|Vlu|2
+2 ‘ ‘
+C€/|vlu| Z Z |v]1u||vjmu|
m=3 g1+ tjm=1+2
<

3
& [ 19 @P + clr@lR I Tul~ + 1) [ 9

1+2

YD /|vlu| Vtu] - [Viml.

M=3 jittim=l+2

Combining (5.28), (5.30), (5.31), (5.32) and (5.33) and using the fact that ab <

a? b? e 1 1 _
=+ 1fp+q—1wehave

—3e
5 & IVl <= [ 9P (5.34)

O+ [Vulle + VPl + [Vl [Voull=) [ V0P

+2

+Cey Y /|Vl7’(u)||Vj1u|-~|iju|

m=3ji1+ +im=1+2
1<js<i-1

I+1

YD /|Vlu||Vj1u|---|iju|

m=>5j1+ - +im=1+4
1<js<i—1

1+2
YD /|Vlu||leT(u)|---|iju|
m=3 ji+ - tim=1+2
1—1>js>1 if s>2
J1si—=2
1+2
12D DD DU 01 SR e

M=3 j1 4+ jm =1+2
1<js<i—1

To finish the estimate we need to use the interpolation result that appears in Propo-
sition 4.4. Consider 3<m <[+2,1<j,<l—1and j; + -+ jm = [+ 2 then by
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Cauchy-Schwarz we have

[19t @ v al v

= (/ |v%<u>|2)% (/ |vﬁu|2---|vjmu|2)é-

Let p; € [2,00] for ¢ = 1,...,m be such that
1 1

n 1
b1 Pm 2’
by Holder’s inequality
1
. . 2 . .
(/ |Vt ... |VJMu|2> < ||IV7rul per - | VI ul| Lom -
Since [ > [%} + 1 for

<a +2(l—1)2( ]—|—m><

-1

1 1 i — 1
J — a; > 0.
n

Thus (4.5) yields
IV ull e < CIV'| 22l Vull 2% < Ol Vull -1
Combining (5.35), (5.37) and (5.40) we have in the case m > 3 that

1
B B §
9@ 9 9 < ( / |vlr<u>|2> Il

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

In the case when m = 3, j1 > jo > j3, and j3 = 1 we have j; + jo =1+ 1 and

1 1
</|V“u|2|vhu|2|VU|2) < |Vul| o </|V“u|2|vhu|2> .

If jo =1 then (5.35) becomes

[ 9t 9 19 < el ( |vlf<u>|2>% (/ |vlu|2)% .

If jo > 1 then for ¢ = 1,2 let lozmax{[g] —|—4,l}. If
“ =it —na-)

(l—ji)<1

and 1 1 —1 1 lp—1
—Z—Zﬁ_ 42 a; > 0.
2 7 p; n 2 n

Holder’s inequality and Proposition 4.4 yield

( / |vﬁu|2|vj2u|2)

< V7l e [ V20| 2
< O Vhul|9s | Vullz ™ | Vhul 92| Vu| b5 22
< ClVul s

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)
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Thus in this case (5.35) becomes combining (5.42) and (5.46)

2

J 9@ 95Vl < Vo [Vl ( / |vlr<u>|2) . (547)
Combining (5.41), (5.43) and (5.47) we can estimate the third term on the right
hand side of (5.34)

+2

>y /|VlT(u)||Vj1u|---|iju| (5.48)

m=3j1+ +im=1+2

1<js<l—1
3 1+2
<c ( / |vlf<u>|2> (1+ [ Vul2) (Z IVl + ||Vu|;iml> |
m=1

To estimate the fourth term in (5.34) consider 5 < m <1+3,1 < j, <l—1 and
J1+ -+ jm = [+ 4 then by Cauchy-Schwarz we have

1
. . 2 . . 2
/|vlu||VJ1u|~~|VJmu| < </|Vlu|2> </|Vﬁu|2--.|vmu|2) . (5.49)

Let 2 <p;, <oofori=1,...,m be such that

1 1 1

4y = 5.50
P1 Pm 2 ( )

by Holder’s inequality (5.49) becomes

1
. . 2 . .
/|Vlu| [V [VIm] < </ |Vlu|2> IV | gor - - [[ VI | o (5.51)

since | > [%] + 1 for

<a= l—l—ji+2) <1 5.52
-1 ¢ z—1+2(1—1)2< ]+m>< (5:52)

and when m > 5 or m =5 and j; > 2
1 1 ji—1 1 -1

- > — = - — i > 0. 5.53
2 7 p; n +2 na> ( )

Thus (4.5) yields

1
. . 2
/|vlu|\valu|...|vﬂmu| < C</|Vlu|2) V| i1 (5.54)

Ifm=25,j12>j2>:2>js >1,and js = 1 then ji +j2 +j3 +js =1+ 3, by
Cauchy-Schwarz and Hélder’s inequality

/|Vlu| Vitu] - [Viu| [Val (5.55)
< IVl p </|Vlu|2> </|Vj1u|2...|vj4u|2>
< I9ullam ([ 1902) 19l 9l
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: 1 1 1 1 _ 1
with P1 +P2 +P3 +P4 2 For
I—1 -1 ' 20-1)?

(1—j) <1 (5.56)

if j4 > 1 we have

>— =4 4o a; >0 (5.57)
n

and (5.55) becomes by Proposition 4.4

1
. . 2
/|Vlu| [V - V7| [Vu| < C||Vul e (/ |Vlu|2> V|| Fi-s- (5.58)

If j4 =1 and j3 > 1 a similar argument yields

1
. . 2
[l 1 (9l 190 < CIval ([ 1902) 19l (559

If j5 =1 then j1 + jo =1+ 1 since j; <1 —1 then jo > 1 and we have
1
3

[l 19 (9l (90 < IVl ([ 1902) 19ul. o0
Combining (5.54), (5.58), (5.59) and (5.60) we can estimate the fourth term on
the right hand side of (5.34) as follows

I+3

DS /|Vlu||Vj1u|---|iju| (5.61)

M=5 ji+-+im=1+4

1<js<l—-1
3 143
< o [I9ur) s 19t 3 19l
m=2
I+4
< CO+Vulli<) D IVulFis.
m=3

To estimate the fifth term in (5.34) consider 3 <m <I1+2, j1+ -+ jm =1+2,
1 <1-2,1<js<Il-—11if s > 2. Cauchy-Schwarz and Holder’s inequality ensure

1 11
that for = 4.+ = =3

/|Vlu| |VIrr(u)| |[V72ul - - - [VIm (5.62)
< (/ |Vlu|2) V9 r(w)|[ Los - - - | V9™ u| Lom -
For lozmax{[%] —|—4,l} > 1 fori>2

ji_1< jz_1+ n
a; =
lo—1 lo—1 " 2(p—1)

(l_l)(l—l—ji+%><1 (5.63)

and

J1 J1 n .3
- I—1-ji+2) <1 5.64
-1 zo—1+2(z—1)(zo—1)( ]1+m>< (564)
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when m >3 or m =3 and j; > 2 for ¢ > 2
1 1 i — 1
J +

1 -1
2= Di n 2

- —a;>0 (5.65)

1>1:J_1+1_lo—1
2 7" m n 2

ap > 0. (5.66)
In these cases (5.62) can be estimated by (4.5) as follows

/|Vlu| |VIrr(w)] - - - [Vl (5.67)

< (f19) I ) 1 Tt

If m =3 and 5 < 1 then ]2 > 2 and j3 > 2. Cauchy-Schwarz and Holder’s

inequality yield for 2 T s 5

/|vlu| ()| [V [Vl (5.68)

< Il ([ 19'62) 19 a1Vl

and
o1 1 1-1
S P} (5.69)

1
> -
i n 2 n

N | =

Proposition 4.4 ensures that

[ 19 @ 1920190 < ) (/ |vlu|2> IVul . (5.70)

Similarly

Il er @919 < el ([ 19'8) Va6

If m =3, 71 >2and jo =1, j35 > 1 we have by Cauchy-Schwarz and Hoélder’s
1

. . 1 11
inequality for ot =3

/|Vlu| |V 7 (u)| |Vu| | V73 ul (5.72)

1
2 . .
< C||Vullp= </|Vlu|2> (V77 (w)| Lo || V72 ul| s -

For
J1 n 11 5 1 1-1
_ l—i)eiand bt 1 0 (5.73
m=77 gl < land 5= LT w0 61
and
-1 L1 ja-11 -1
- I—j3) <1and = > - 0. (5.74
a5 =7 togopeiis) < land 5= n Ty, >0 67
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Proposition 4.4 ensures

/|Vlu| |Vt (u)] [Vu| [V ul (5.75)

< CIVule= ([ I99R) 19l Full

e (5.30).
Combining (5.67), (5.70), (5.71) and (5.7
follows

) we estimate the 5'" term of (5.34) as

ot

1+2

> X [IFulir v (576)

m=3 ji+-+im=1+2
1<js<l—1 if s>2
j1<i=2

1 I+1
< o [I9R) 1+ 19ulm) 3 Il Fulle 9 )]s
m=1

3 I+1
e ( / |vlu|2> A+ 1Vl ) S @)l [Vl [97 r (w)] o
m=1

1
2

+O(r @l + 197l ([ 1902) 19000

Here we have used the fact that for a € (0,1) < r%s'=¢ < ar + (1 — a)s.
Finally we look at the last term of (5.34). Let 3 <m <142, j1 4+ jm =1+2.
Applying the same argument as the one used to obtain (5.48) we conclude that

I+2

> 2 /IVIUI VT - [Vma| (5.77)

m=3 ji+--+j=l+2

3 /12
< 01+ |Vul2e) ( / |vlu|2) (Z IVl + ||w||%ﬂ(,1> .

m=1

Combining (5.34), (5.48), (5.61), (5.76) and (5.77), using (4.78), (4.80), (4.82)
and the fact that [ > [2] + 1 as well as ¢ € (0,1) and the fact that for a € (0,1) <
r*s'=* < ar + (1 — a)s we obtain for lg =1 > [2] +4
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1d
5 d—||Vlu||L2 (5.78)
35
< =T [ 9P + O+ [Tule + [Vl IV el
1+2
wea </|vl ) A+ IVulE) S IVulf s
m=1
3 1+3
+Ce(1+ || Vul|3) (/|Vlu|2> Z IVl
m=2
1 I+1
Ce </|Vlu|2> A+ IVl ) (19 @l + r)z2) 3 19l s
m=1
Al + 1901 [ 19°2) 1900
1142
O+ [Vull) ( / |vlu|2) 3 19
3e 6[2]+12 i+
< - [irr e (1l e 1) 3 ivu
4] 142
L Ce| Va2 (1 + vl ) > a9 s
<

3e € —
-5 [P+ 19wl

20+4
e (1 +[valre ) > I9uli

Using the same trick as in (5.31) we obtain from (5.78) for [ > [ } +4
2044

-5 [ 9t |2+c(1+|w||3"+12 ) > I9ulfis

¢ (14 IvalP, ) IVultes (14 I9al3) - 60

In the case where [ = [2] + 2 or [ = [2] 4 3 then (5.78) and (5.79) become

d
IVl

IN

IN

LIVl (5:50)
38 21+4
< [ Gl w0 (1 IV, ) S 19l

(2] 142
+Ce|| Va2 <1+ ||Vu|\ 2 ) Z IVl IV E B () ) o

IN

o (14 IValPR, ) IV ules (14 [9l)
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Thus (5.79) and (5.80) conclude the proof of Lemma 5.2. O

Since our ultimate goal is to estimate %||Vu|%, , for I > 1, we still need to
analyze || Vlul2, for 1 <1< [2] +1.

Lemma 5.3. Let uw € C([0,T], H Hls ]+4(R",N)) be a solution of (5.2). Let 1 <1<
[%} + 1 then if so = [%] + 2 we have

d
IVl < el Vulfeo (14 1Vullifse) (5.81)

where M; = 3n + 21 + 12.

Proof. Note that (5.17) and the Sobolev embedding theorem yields

mlsl+e

Note that for [ > 2 computation (5.34) remains valid. In fact we only used I >
[%} + 1 when we started to interpolate as in Proposition 4.4. Let sg = [%} + 2.
Consider 3<m<I[1+21<j,<IlI—1andj; 4+ -+ jm =1+ 2 then by Cauchy-

Schwarz, Holder’s inequality applied with pil 4+ -+ pi = % where

d n
IVl < auwalt o (1 Ivals ) 5.52)

1 jz—l 1 S0
- = — — —a; 5.83
Di n 2 na ( )
and
<a;= l—1—9g;,+— 1 5.84
50 =4 S0 +2(l—1)so< j+m>< (5:84)

and (4.5) in the case m > 3 or m = 3 and j; > 2 we obtain as in (5.41)

1

/|Vl7(u)||vj1u| e |VImy| < O (/ |Vl7(u)|2> IVul| o - (5.85)

In the case m = 3 we proceed as in the proof of (5.47) (where so now plays the role
of lp) and obtain

/|VlT(u)|2|Vj1u| . |iju| < C||Vu| p= (/ |VlT(u)|2) ||VUH§{0 (5.86)

Thus for 2 <1 < [%] + 1 (5.48) becomes

1+2

> > /lVZ V7l [V (5.87)

m=3 j1+ - +im=1+2
1<jg<l—1

142
< c(/wl ) A+ [ VullT<) D I VullFeo-

m=1
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The same type of argument as the one used to prove (5.61), (5.76) and (5.77) yields

I+3

> > /|VIU| [Vl [Vl (5.88)

m=>5j1+-+im=1l+4
1<5s<t-1

1

2
< 0( / |vlu|2> A+ [Vl + V7@l =) [Vt B
1+2

> > /|vlu||vﬁr(u)|m|vjmu| (5.89)
m=3 ji+---+im=1+2
1<js<l—1  s>2

j1si—2

1 I+1
< O(/IVW) (14 [IVullz=) D VUl Feo V(@I 5 [ (u) | 12"

m=1

L)l + 197w o) ( / |vlu|2> YVl

3 1+2
< ¢ ( / |vlu|2> A+ 1Vulle) S IVl
m=2
Ol @)= + V7)) ( / |vlu|2> 19l

+2

)DIND DI I\ CTE SR (5.90)

m=3 ji+-+ji=1+2
3 2

< et vult) ([198) X 19l
m—1

Combining (5.34), (5.87), (5.88), (5.89) and (5.90); using (4.75), (4.76) and (4.77)
we have for e € (0,1), 1 < [%] +1, 50 = [%} )

Ld

L, 112
S IVl o9
3
< - / Vir () +C (1+ [ Vull§ + ()7 ) / V'ul?
21+4
+C (14 [ Vullte) Y IVl
m=2
1+3

+C (1+ ||V o + [I7(w)l| 2 + [IV7(w)[|2) D [ VullFegsn
m=2

IN

ClVulFreo (1+ Va3 2t")

Hso+2
O
Corollary 5.5 (Uniform energy estimate). Let u.(t) € H*TY(R", N), with s € N

and s > [%] + 4 be a solution of (5.2). There exists Ty = To(||Vuo| ms) such that
for0 <t <Ty

Ve ()| 1 < 3] Vo] e (5.92)



432 C. KENIG, T. LAMM, D. POLLACK, G. STAFFILANI AND T. TORO

Proof. Let E(t) = ||Vul|3.(t). Then (5.13), (5.14) and (5.81) imply for [Z] +4 <'s

%E < CoE(1 + E*rst8)y, (5.93)

which leads, after integrating from 0 to ¢, to

E(t) 1 E(t)?ntst841

"EO)  2ntst8 B 4L o
which implies
_E@rt 6coze(2n+s+8)m (5.95)
1T E(t)2"+s+8 = 1+ E(0)2n+s+8
B(0)2n+5+8

< (1+4Cot(2n+ s+ 8))W)zn+s+sv

for ¢ such that Cot(2n+ s+ 8) < % for example. A simple computation yields

E(t)? 8 < (14 4Cot(2n + s + 8)) E(0)?"=+8 (5.96)
+4Cot(2n + s + 8) E(0)2"Hs T8 B (¢)2nts+8,

For t such that 4Cot(2n + s + 8)E(0)*" T8 < 1 we have

B(t)?"F518 < 2(1 4 4Cot(2n 4 s + 8)) E(0)?" 518, (5.97)
Thus for s > [%] +4, (5.97) shows that if
1 1

0 <t <Tp=min{ E(0)2 18} (5.98)

8Co(2n + s+ 8)" 8CH(2n + s+ 8)
then

|

Lemma 5.4. Let uc(t) € H*T'(R",N) with s € N and s > [%] 4+ 4 be a solution

of (5.1). Let v =v. =wou.. For Ty =To(|Vuo| u=) as in (5.98) we have

3[5]+6
t) — <C|V n 1+ ]V ? Tp. 5.100
s [ol0) = wllze < Ol (119wl ) 7 a0

Proof. Our goal is to study how ||v(t) — vg||r2 evolves. Using (3.1) and (3.2) we

have
1d
Ea/h) —wl* = /((%v,v — ) (5.101)

o= wnle | (amz)%

C (1A%] 2 + [10%0] 2 + 00| 2 ]| 0wl L
+[10%0]| 2070 Loe + [|9v]] 2|0V e

+[10%vl| 2|0V Ze) [lv = woll 2.

IN

IN

Recall that
|0%v] < |VZu| + C|Vul|? and |0v| = |Vul. (5.102)
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Moreover by (4.54) we have

4
0% < CIV+CY > [Vl [V (5.103)
=2 j1++j=4
< C|V*| + C|V2ul* + C|Vul* + C|V3u| |Vul.

Using (4.72), (4.73) and (5.103), (5.101) yields

/ lv — vol? (5.104)
< C{lIVYullrz + | V2ul g | V2l 2
IVull oo [IVull 22 + [Vl oo [Vl 2 + VPl 2
HVaul 2| Vull e + V2l 2|Vl 7 } [0 = vol 22

3[n
< IVl gy (14190 L Y 1o - wolee
HL2
For t € [0,Tp] as in (5.98), (5.104) combined with (5.92) yields

d 2 3[5]+6
— 2 < AV n —+ V — 2. .
dt”v U0||L < u0||H[7] <1 | u0||H[ ] lv — ol (5.105)

Integrating from 0 to Ty (as defined in (5.98)) we deduce from (5.105) that

Jo(0) = ol < CTolVuall .. (1+ 19l 7). (5.106)

O

Theorem 5.5. Let s > [%] +4. Given ug € H*T'(R",N) there exists Ty =
To(IVuol| s, N) > 0 and a solution u. € C([0,To], H**Y(R™, N)) of (5.2). Fur-
thermore

sup ||Vue(t)|| ms < 3||Vuol| mrs- (5.107)

0<t<To

Proof. Lemma 2.4, Lemma 4.5, Theorem 3.1 and Lemma 4.6 imply that there exist
T. = T(e,||Vuol|l s, ||lvo — ¥|| £z, N) for some v € RP, and a solution of (5.2) given
by u. € C([0,T:], H**1(R", N)). Either T. > Tp as defined in (5.98) and we are
done or T, < Tjy. Using the fact that

n+2
I0(72) ~ woll < CTol Va0 (14 19wl 2., )

the same argument as above ensures that there exists T, = T'(e,||Vuo|lg:) and
ue € C([T, T: + T.], H*(R™, N)) a solution of (5.2). The uniqueness statement in
Theorem 3.1 ensures that we can extend u. € C([0,T: + T.], H*(R™, N)) to be a
solution of (5.2).

After a finite number of steps (namely [ where T, + 1T, < Ty < T+ (I +1)T)) we
manage to extend Ve € (0,1), us to be a solution of (5.2) in C([0,Tp], H*(R™, N)).
Note that (5.107) is simply a restatement of (5.99). O

Proof of the Main Theorem. For s > [2]+4, let u. € C([0, Tp], H¥™ (R", N))
be a solution of (5.1). Choosing a sequence ¢; — 0 we conclude, by means of Theo-
rem 5.5 and Lemma 4.6, 2.4 that there exist functions u € C’([O To], HSTH(R™, N))
and v € C([O, To], H**? (R", R™)) with v = wou satisfying the initial value problems
(3.1) and (2.10) with ¢ = 0 and vy = w o ug.
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To prove the well-posedness of the Schrodinger flow (i.e. when 8 =0 in (1.4)) we
refer to work of Ding and Wang [12] and McGahagan [32]. By adapting the argu-
ment of Ding and Wang [12] one can show that if a solution, u € C([0, Tp], H*+1(R",
N)) with s > [%] + 4, to the initial value problem (1.4) (with 3 = 0) exists then it
is unique. This argument makes explicit use of the fact that the target is compact
and isometrically embedded into some Euclidean space. We present and extend
here part of an argument that appears in the proof of Theorem 4.1 in [32]. These
inequalities yield uniqueness and continuous dependence on the initial data for gen-
eral 3 > 0. Let uy,uz € C([0,Tp], H*TH(R", N)) be solutions of (1.4) with initial
data uf,ud € HT'(R",N) with s > [%] + 4. Following the notation in [32] let
V = Vu; and W = Vuy. Let YN/(x) represent the parallel transport of V' to the
point us(x) along the unique geodesic joining the points. McGahagan proves (see
end of the proof of Theorem 4.1 in [32]) that whenever |u} — u%HH[%]+4L is small
enough (depending only on the geometry of N) and = 0, then

d T2 2 T2 2

(I =PI s = el ) < (I = VI + s = el ). (509
where C' depends on the HUEH norms of up and ug. In the case that ul = u)
McGahagan concludes (using Gronwall’s) that || — 17||%2 = |lur — u2||3: =0, and
that therefore u; = ug a.e.. In appendix A we show that the inequality (5.108) (and
therefore also the uniqueness result) remains true for all § > 0.

Since the unique solution is constructed as a limit of solutions of equation (5.2)
letting € — 0, the estimate in Theorem 5.5 yields that

P [Vu®)lla: < 3[Vuol a-- (5.109)

S
0<t<Tp

To prove the continuous dependence on the initial data note that, in general,
(5.108) yields

IW = VI[72(t) + lluy — ual[72(t) < <|W0 = VoL + Jlud — ugliz), (5.110)

where W0 = Vu3 and XN/O(:E) is the parallel transport of V0 = Vu to u3(z). Since
IW = VIIZ2() S 10ur = uzlF2(t) + ur — uz|7=(), (5.111)
and
10us = Dus72(8) S (IW = VI[72(8) + llur — uz]72(0), (5.112)
(5.110) yields

s — Bus 2 () + s — a2 () < ect(nau? 9|2 + —ugniz). (5.113)

Note that (5.113) ensures that C([0,Tp], H¥*1(R", N)) solutions to (1.4) with s >
[%} + 4 depend continuously in H' on the initial data. To show continuous depen-

dence in H¥ for s < s we need to use a classic interpolation inequality in R™. If
v; = wouy; for i = 1,2, where w denotes the embedding of NV into RP then combining
(4.52) and (5.113) we have

1001 — BuallZa(t) + lon — vall2a(t) < ect(nav? O o) — vSII%z). (5.114)
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Interpolation, Lemma 4.5, Lemma 4.6, (5.109) and (5.114) yield for s’ < s

’ ’

1901 = Bva | s (£) S 1901 = Bs| . (1)]|O01 = Dva| 1 (1) (5.115)

o o s
< (|av1| (1) + lovel 5. <t>) 101 — Bualll ¥ ()

1-<
< (m?nzr;s n ||u8||’;;s) 10v1 — sl 5 (1)

1- 2

s

< (m?nzr;s n ||u8||’£s)e“(nav$ O e + [1e? vgm)

Inequalities (5.114) and (5.115) prove that if uy,us € C([0,Tp], H*TH(R™, N)) are
solutions to (1.4) and [[uf — u3| (3]s 18 small enough then the functions v; =
wou; and vy = w o ug, Whichfgre solutions to the ambient equation, depend
continuously in the H*'+ (R™,RP)-norm on the initial data for s’ < s. As mentioned
in the introduction by means of the standard Bona-Smith regularization procedure
([8, 19, 22]) one can prove that the dependence on the initial data is continuous in
H*THR™,RP). Tt is in this sense that we express the well-posedness of (1.4). This
concludes the proof Theorem 1. O

Appendix A. Proof of (5.108) for § > 0. Since the proof follows closely the one
of Theorem 4.1 in [32] we only sketch the main ideas here.

We let uy,us € C([0,Tp], H**1(R™, N) be two solutions of (1.4) with initial
data u) respectively uJ and we assume that ||ul — u8||H[ ] is small. As in [32]

3]+
we let y(z;x,t) be the unique length minimizing geodesic (parametrized by ar-
clength s € [0,1(z,t)]) between u (z,t) and uz(x,t), where v(0;z,t) = uyi(x,t) and
y(U(z,t); 2, t) = ua(x,t) (the existence of the geodesic follows from the argument
on page 392 in [32]; note that this argument is also applicable if u{ and u9 are
only close to each other in L™). Moreover we define Vi, = dpu1, Wi, = Opus and
Vi, = X (1,0)V4 as the parallel transport of Vj, to the point uy. In the following we
let X(1,0) =: X.

In [32], page 391, the following commutator formulas are derived: VF € T,, N
we have

XJ(u))F = J(us) X F,
!
(Dy, X]F = /0 X (1, 7)R(9y, 0:9) X (. 0) Fdr. (A1)

Additionally the estimates
[De, XIVI[22 + I[D, X]0pun|| > + || DDy, X]Vi|| 2
<c([[W = V|2 + [Jur — |12 (A.2)

have been derived in [32] (see estimates (42), (43) and page 395). In the following
we also need the fact that

Dk, XVill72 <c([IW = V|72 + [Ju1 — ual[72). (A.3)
In order to see this we note that

[[Dr, X]Viel 72 <cllIViyVie|[7--
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For n > 3 we can use the Sobolev embedding theorem and Holder’s inequality to
get (note that |Vy| < c(|V]+ |W]))

11D, XVillZ> <cl[VUZAVIAV]+ W]
<c||W = VI[Z..

In the case n = 2 one argues with the help of the Brezis-Wainger theorem as in [32],
page 395.

Now we are finally able to prove (5.108). Since u; and wus are both solutions of
(1.4) we get

Opuz — (J(u2) + B)7(u2) — X(atul = (J(u1) + 5)7'(“1)) =0.

Using the previous definitions and the commutator formula (A.1) we can rewrite
this equation as follows

Opug — X Oruy — J(u2)(DpyWi, — XD Vi) = B(D Wy, — XDy Vy,).
Multiplying this equation with (DyW), — X D;,Vi, € T,,, N) and integrating we get
/n@uz — X0y, DpWy, — XDy V3) = 3 o | Dy Wy, — X DV |2

Next we calculate
/ (Opuz — XOwuy, DyWy, — X D Vi)
=— /n<Dk(atU2 — X)), Wi — XVy,) — / (Orug — X 0Opuq, [X, Dk]Vi)

n

:—/ <8th—X8th,Wk—XVk>—/ <[Dk,X]atul,Wk—XVk>—I

n

1
:—5815/ |Wk—XVk|2—|—/ <[X,8t]vk,Wk—XVk>—I—II
1
:_Eat/ Wi — XVi|> =T —IT+II1.
Rn

Combining this with the above equality we conclude

1
58,5/ |Wk—XVk|2—|—ﬂ |Dka—XDka|2:—I—II+III.
n R’Vl
Next we estimate the three terms on the right hand side. We start with
11| <c||Wi — X Vil 2 ||[Dr, X|0ur]| 12
<c(||W = VI[72 + [lur — uall72),

where we used (A.2) in the last line. Using the same arguments we also get

LI <c|[Wi — X Vil |12 |[[X, O] Vie|| 2
<c([|W = VI[Z2 + [Ju1 = ua|[72)-
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In order to estimate I we use equation (1.4), the fact that VJ = 0 and (A.1) to
rewrite

r—- / (O — Xy, [X, DiVi)

—— [ (0 2) + B u) = X () + B)r(aa). (X, DVA)

=- /n<(J(U2) + B)(DiWi — Di(X Vi) — [X, Di] Vi), [X, Di] Vi)

= [ (Uua) + B0V - XVi). DX, DV) + 6 [ X, DUV
Using Holder’s inequality, (A.2) and (A.3) we get

1] <c(IW = V| + [fur — ual22).
Altogether this implies
300 [ VP58 [ DW= XD < (W = VI + s — ).
(A.4)

Next we need to estimate %8,5 fRn |ug — uQ|2. In order to do this we argue as in
[32] and we consider N to be isometrically embedded into R? and we extend J as
a continuous linear operator on RP. In the following we denote the second funda-
mental form of the embedding N — RP by A. With the help of these conventions
we calculate

1
551:/ lur — ug|? = / (O (w1 — u2),ur — ua)
Rn Rn

Z/ <J(U1)AU1 — J(UQ)AUQ, Uy — U2> + ﬁ <AU1 — AUQ,Ul — ’U,2>
R™ R™

+ /n <(J(U1) + B)A(ul)(Vul, Vul) — (J(UQ) + ﬁ)A(’U,Q)(VUg, VUQ), Uy — U2>.
Arguing as in [32], page 296, we get the estimate
/ (T m) + ) A(wr)(Vur, V) = (T(uz) + ) Awz) (s, Vuz), s — uz)

+ / <J(’UJ1)A’UJl — J(UQ)AUQ, Uy — UQ>
<c([[W = V|72 + [|ur — uzl[Z2).
Moreover we note that

B[ (Aur — Aus,ur —u2) = —B||Vur — Vua|[72
R'Vl

and hence we conclude
1 _
5@/ lur — ug|* + B|[Vur — Vual[72 <c([|W = V|72 + [[ur — usl|72).  (A.5)
R’n

Combining (A.4) and (A.5) finishes the proof of of (5.108) for general 5 > 0.
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