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HIGHER CRITICAL POINTS IN AN ELLIPTIC FREE
BOUNDARY PROBLEM

DAVID JERISON AND KANISHKA PERERA

ABSTRACT. We study higher critical points of the variational functional associ-
ated with a free boundary problem related to plasma confinement. Existence and
regularity of minimizers in elliptic free boundary problems have already been stud-
ied extensively. But because the functionals are not smooth, standard variational
methods cannot be used directly to prove the existence of higher critical points.
Here we find a nontrivial critical point of mountain pass type and prove many of
the same estimates known for minimizers, including Lipschitz continuity and non-
degeneracy. We then show that the free boundary is smooth in dimension 2 and
prove partial regularity in higher dimensions.

1. INTRODUCTION

In this paper we consider a superlinear free boundary problem related to plasma
confinement (see, e.g., [10, 15 17, 26, 27, 28]). Let © be a bounded domain in RY
with smooth boundary, and define the functional

J(v) = /Q B Vol? +Q,(z,0)| de
with
1
Qp(7,v) = X1y () — » (v—1)~%

for2 < p<ooif N =2andfor2<p<2N/(N—2)if N > 3. We seek a non-
minimizing critical point of this functional in the usual Sobolev space H{ (), the
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2 DAVID JERISON AND KANISHKA PERERA

closure of C§°(€?) in the norm

Hv||2:/|VU|2dx.
Q

The critical point u of J that we construct is Lipschitz continuous in 2. The region
{u>1} cc Q
represents the plasma, and the boundary of the plasma,
F(u) :=0{x € Q:u(zx) > 1},

is the free boundary.
The function u satisfies the following interior Euler-Lagrange equation

(1.1) —Au=(u—1)%, in Q\F(u),

where wy = max {f+w, 0} denote the positive and negative parts of w, respectively.
The function u also satisfies, in various generalized forms, the free boundary condition

|IVut|> = |[Vu =2 on F(u),

where Vu® are the limits of Vu from {u > 1} and {u < 1}°, respectively. The
ultimate goal is to show that at most (or all) points, the free boundary is smoooth,
and at those points the free boundary condition is satisfied in the ordinary, classical
sense.

The assumption p > 2 makes the Euler-Lagrange equation superlinear, which helps
us to prove existence of a nontrivial mountain pass solution. We also make use of
the assumption p > 2 in proving important nondegeneracy properties of u that lead
to regularity of the free boundary. The upper limitation on p is imposed so that the
inclusion from HZ(§2) to LP(Q) is a compact. The limiting exponent p = 2N/(N —2),
N >3, is treated in [31].

Our first theorem, Theorem [[L2], says that there is a Lipschitz continuous mountain
pass solution to the variational problem. Our second theorem, Theorem [[L4] says
that this solution is nondegenerate and satisfies the free boundary condition in the
sense of viscosity. Our third theorem, Theorem [L.5] establishes full regularity of the
free boundary in dimension 2 and partial regularity in higher dimensions. We believe
that these are the first results in the literature to address existence and regularity of
higher critical points of free boundary functionals. This paper is an improvement on
our preprint [21], which established weaker partial regularity of the free boundary.

For minimizers there is a large literature proving existence and partial regularity
of the free boundary. (See, for example, [II, 2, 3, B, 6] [7, 8, @, 29, B0] and the
references therein). Our results are less general than those for minimizers, which
apply to many more classes of potentials than Q),(z,v). We chose this family of
potential functions because we are able to prove that the corresponding functional
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has a nontrivial mountain pass solution. In addition to being less general, our results
give less regularity for the free boundary than is valid for minimizers. We have only
proved that our critical point has a smooth free boundary in dimension 2. We
conjecture that our results are best possible in the sense that there does exist an
axisymmetric mountain pass solution in dimension 3 with a singular free boundary
point resembling the example in [1]. In the case of minimizers, the best results to
date are that the free boundary is smooth everywhere in all dimensions N < 4 and
has singularities on a closed set of Hausdorff dimension at most N — 5 in higher
dimensions (see [12] 19, 13]).

To formulate our results more precisely, we recall the definition of a mountain pass
point.

Definition 1.1 (Hofer [18]). We say that v € H}(Q) is a mountain pass point of
J if the set {v e U: J(v) < J(u)} is neither empty nor path connected for every
neighborhood U of u.

Let
I'={y€eC([0,1], H5()) : 7(0) = 0, J(7(1)) < 0}
be the class of continuous paths from 0 to the set {u € H} () : J(u) < 0}, and denote
*=c"(Q) := inf J(u).
=) =i g, S
It will follow from an integration by parts that our mountain pass point u belongs
to the Nehari-type manifold

M:{UEH(%(Q):/ |Vu|2dx:/ (u—l)pdz>0}.
{u>1} {u>1}

Our first main result is the following.

Theorem 1.2. Let ) be a smooth bounded domain in RN, N > 2, and J as above.
Then

a) ¢ =c*(2) > 0.

b) The functional J has a mountain pass point u satisfying J(u) = c*, and u
manimizes J|,,. In particular, by part (a) the solution is nontrivial.

¢) The function u is Lipschitz continuous on ) solving the interior Euler-Lagrange
equation ([LI). Moreover, u solves the free boundary condition in the variational

sense of Definition[{.3
The following nondegeneracy is the fundamental estimate needed to be able to

establish more detailed properties of the free boundary.

Definition 1.3. We say that a continuous function u in 2 is nondegenerate if there
exist constants ry, ¢ > 0 such that if g € {u > 1} and r := dist (zg, {u < 1}) < ry,
then u(xg) > 1+ cr.
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Our other main results are as follows.

Theorem 1.4. The mountain pass solution u in Theorem [L.2 is nondegenerate in
the sense of Definition and satisfies the free boundary condition in the sense
of wviscosity, namely, if there is a ball B tangent to the free boundary and a point
xo € 0{u > 1} N OB, then u has an asymptotic expansion of the form

u(z) = alr — xo,v)y — B{x — xo,v)_ + o(|x — 20]), x — m0,
with
Oé>0, 6209 CY2—/62:2,

where v is the interior unit normal to OB at xo if B C {u > 1} and the exterior unit
normal if B C {u < 1}°.

Theorem 1.5. The mountain pass solution u in Theorem [L.2 has a free boundary
O{u > 1} of finite (N —1)-dimensional Hausdorff measure that is a C* hypersurface
except on a closed set of Hausdorff dimension at most N —3. Near the smooth subset
of the free boundary, (u— 1)+ are smooth and the free boundary equation is satisfied
in the classical sense. If N = 2, then the exceptional set is empty, that is, the free
boundary is smooth at every point. In dimension N = 3, the free boundary has at
most finitely many nonsmooth points.

The proof of Theorem depends on two propositions of independent interest.
Define
dp :=dist ({u > 1},00Q) > 0.

Proposition 1.6. If u is a nondegenerate, Lipschitz continuous interior solution as
in (L)), then there exists a constant C' > 0 such that whenever r < dy/2,

o(0{u > 1} N By(x)) < CrV 1,

where o denotes (N — 1)-dimensional Hausdorff measure. In particular, the free
boundary O {u > 1} has finite (N — 1)-dimensional Hausdorff measure.

Proposition 1.7. If u is a nondegenerate, Lipschitz continuous interior solution
as in (L)) that minimizes J|,,, then there is a constant ¢ > 0 such that whenever
xg €0{u>1} and 0 <r < dy/2,

L({u> 1} N B.(xg))

12) ST IBmy S ¢

where L denotes the Lebesque measure in RY. Thus, the topological boundary of
{u > 1} coincides with its measure-theoretic boundary.
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Let us point out that the existence of a mountain pass solution is by no means
routine due to the lack of smoothness of J. Indeed, J is not even continuous, much
less of class C'. For the functional in which the discontinuous term y,>1} is removed,
there is no difficulty in applying the mountain pass theorem, as, for example, in
Flucher and Wei [15] and Shibata [26].

The outline of the proof of Theorem [1.2]is as follows. In Section 2, we introduce an
approximation J, to the functional J, find associated mountain pass solutions u¢, and
prove uniform Lipschitz bounds on these solutions with the help of a uniform estimate
of Caffarelli, Jerison, and Kenig [I1] (see Proposition 2.8). Along the way, we show
that ¢* > 0 (part (a) of the theorem). In Section 3, we show that a subsequence of u*
converges to a function u that solves the Euler-Lagrange equation in the complement
of the free boundary. In Section 4 we show that our putative solution u belongs to
the Nehari manifold M and minimizes J when restricted to M. We also show that
J(u) = ¢*, which ultimately leads to the variational equation for w.

In Section 5 we prove Theorem [I.4] by showing that any Lipschitz continuous
minimizer of J on M solving the interior equation (LI is nondegenerate. For
minimizers, nondegeneracy is proved using a harmonic replacement. Our proof of
nondegeneracy is somewhat different; it depends on p > 2 and projection onto the
Nehari manifold. The second part of the theorem is a corollary of theorems of
Lederman and Wolanski [24], which say that if a singular limit u such as ours is
nondegenerate, then it is a viscosity solution. (Note, however, that we obtain a
stronger form of viscosity solution because of a further complementary nondegeneracy
proved in Proposition [I.71)

In Section 6 we prove Proposition [LL6, and in Section 7 we prove Proposition [L.7]
Both bounds in Proposition [[.7] should be viewed as nondegeneracy estimates. The
lower bound by ¢ is an easy consequence of the nondegeneracy of Definition [L3l
The upper bound by 1 — ¢ is a new kind of complementary nondegeneracy of the
region {u < 1}. In Section 8, we conclude the proof of Theorem using a blow-up
argument based on the monotonicity formula of G. Weiss described in the appendix,
Section 9.

2. APPROXIMATE MOUNTAIN PASS SOLUTIONS

We approximate J by C'-functionals as follows. Let 3 : R — [0, 2] be a smooth
function such that 5(t) =0 for t <0, 5(¢t) >0for 0 <t <1, B(t) =0 fort > 1, and

fol B(s)ds = 1. Then set

50 = [ 505
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and note that B : R — [0,1] is a smooth nondecreasing function such that B(t) = 0
fort <0, B(t) >0 for 0 <t <1,and B(t) =1fort > 1. For € > 0, let

Je(u):/QB|Vu\2+B<u;1) —%(u—m] de, we H\(Q)

and note that .J. is of class C'.
If w is a critical point of J;, then u is a weak solution of

Auz%ﬁ(u_l)—(u—l)’_’[l in Q

3

(2.1)
u=0 on 0f,

and hence also a classical C*® solution by elliptic regularity theory.

Note that if u is not identically zero, then it is nontrivial in a stronger sense,
namely, u > 0 in £ and {u > 1} is a nonempty open set. In fact, if u < 1 then it is
harmonic in © and hence identically zero (since u = 0 on 02). Thus any nonzero u
is strictly greater than 1 on an open set. Furthermore, on {u < 1}, u is the harmonic
function with boundary values 0 on 02 and 1 on 0{u > 1}, hence strictly positive.

(Here we are using the assumption that €2 is connected.)
Let ® € CL(Q,RY). Then by (2.1,

div [(%WUP +B((u—1)/e) — %(u _ 1){1) b — (V- (ID)VU}

_ (%|Vu\2 B((u—1)/e) - %(u - 1){;) div® — Vu(D®) - Vu.
Hence,

(2.2) /Q K%Wu\? +B((u—1)/e) — %(u — 1)i) div® — Vu(D®) - Vu] dr =0.

This is one form of the critical equation that we will ultimately show is inherited in
the limit as € — 0 by our mountain pass solution. It is the critical point equation for
J. with respect to domain variations. Indeed, for sufficiently small ¢, x — z + t®(x)
is a diffeomorphism of €2, and the left side of (2.2) is

d

o Jelulz +1®(2))).

t=0

Lemma 2.1. J. satisfies the Palais-Smale compactness condition, that is, every
sequence (uj) C Hg () such that J.(u;) is bounded and J.(u;) — 0 in H} () norm
has a convergent subsequence.
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Proof. We have

23 )= [ [GITul 45 (U2 - D - 1t 4 = oq)

p
and
: Lo fu—1 p-1
(2.4) Jluj)v; = g Vu; - Vu; + gﬁ v (uj — DE ;| dz = o(||vy]]),
’Uj - H&(Q)
+

We begin by showing that ||u;|| is bounded. Write u; = u + u
defined by

;> Where u; are

ul o= (u;— 1), u;y =1—(u;—1)_.

Since B is bounded (23] gives
_ 2
/Q [|Vuj\2 +|Vu; | - p (u;’)p] dr < C < o0.

Taking v; = v in (2.4) and using

/ vl dz < O]
Q

and the fact that 3 is bounded, we have

/Q(uj)pdx§/Q|Vuj|2dz+0||u;r||.

Combining our inequalities gives
2 _
(1= 2) b2+ s 1 < € 1),

which implies that HquH are bounded, and hence ||u;]|, is bounded.

Replace u; by a subsequence (still denoted w;) that tends weakly to u in H}(2)
and such that u; tends to w in L”(£2) norm and pointwise almost everywhere. Then
J(uj)u — 0 and J.(uj)u; — 0 imply that

Jim g [* = flul®
Finally,

lim sup [|u; — ul|* = limsup([lu]|* + [ull* — 2(u;, u)) = 2||ul|* — 2(u, u) =0

J—0 J—0
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Since p < 2N/(N — 2), the Sobolev imbedding theorem implies
1 1 1
) 2 [ |31V = 2] do > gl = c iy v s

al? p 2
for some constant C' depending on 2. Since p > 2, then there exists a constant p > 0
such that .

lull <p = Je(u) 2 5 ]

Moreover,

Je(u)S/ F|Vu\2+1—1(u—1)ﬂ dx
Q2 p

and hence, again because p > 2, there exists a function vy € H}(Q) such that
J:(ug) < 0= J.(0). Therefore, the class of paths

I, = {7 € C([0,1], HA()) : 71(0) = 0, J.(7(1)) < 0}
is nonempty and

P
2.5 e = inf JE Z o
(2.5) c:= Inf | max) J(w =73

Lemma 2.2. J. has a (nontrivial) critical point u® at the level c..

Proof. 1f not, then there exists a constant 0 < § < ¢./2 and a continuous map
n:{J.<c.+} — {J. <c.— I} such that n is the identity on {J. < 0} by the
first deformation lemma (see, e.g., Perera and Schechter [25, Lemma 1.3.3]). By the
definition of c., there exists a path v € I'. such that max,(jo1}) J: < c¢. +9. Then
7 :=mnovy € I'. and maxz(o}) J. < c. — 9, contradicting the definition of c.. O

Lemma 2.3. We have c. < ¢*. In particular, by (2.5), ¢* > 0 and Theorem[L.2 (a)
holds.

Proof. Since B((t — 1)/e) < X1y for all ¢, J.(u) < J(u) for all u € Hg(2). So
I' cI'; and

c: < max J.(u) < max J(u) Vyel. O
£ S iy ) < e, ) ¥
For 0 < e <1, u® have the following uniform regularity properties.
Lemma 2.4. There exists a constant C' > 0 such that, for 0 <e <1, ||u®|| < C.

Proof. By Lemma 2.3]
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and hence
1 1
(2.6) —/ (VU dx < ¢ + —/ vl dx,
2 /o P J (w50}
where v, = u® — 1. Testing (2.1]) with (u® — 1 —¢), gives
(2.7) / V2 d = / o (v, — &) da.
{us>1+4¢} {ve>e}
Fix A > 2/(p — 2). Multiplying ([27) by (A + 1)/pA and subtracting from ([2:6) gives
1 —2)A—2
(2.8) —/ |Vus|* do + (p=2)A=2 / |Vue|? do
2 {us<1+4¢} 2p>\ {us>1+4¢}
* 1 1 —1
<c 4 - vPdr + — P [(A+ 1) e — v.] da.
P J{o<v-<e} p>‘ {ve>e}

The last integral is less than or equal to [, (e<v.
hence (28] gives

(1 (p—2)A—2 ) e? L(Q) .
- €2 4y < ¢ P17
m1n{2, ) }/Q|Vu| dr <c* + , [1+A+1)P7

The conclusion follows. L]

<(\f1)e} v [(A+ 1) e — v.] dz and

Lemma 2.5. There exists a constant C' > 0 such that, for 0 <e <1,

max u°(x) < C.
€

Proof. Since p < 2N/(N —2), we have N(p—2)/2 <2N/(N —2). Fix N(p—2)/2 <
q <2N/(N —2). Since

1
—Au® = (u° — 1)11_1 — -0 (
€
there exists a constant C' > 0 such that
HusH <C HueHQQ/(Qq—N(P—?))
oo = q

by Bonforte et al. [4, Theorem 3.1]. Since u° is bounded in L%(2) by the Sobolev
imbedding theorem and Lemma 2.4], the conclusion follows. O

ut —1

3

) < (- D5 < @)

By Lemma 27, (u® — 1)77" < A for some constant Ay > 0 independent of ¢. Let

wo > 0 be the solution of
—A(po = AO in Q

wo=0 on 0.
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Lemma 2.6. For (0 <e <1,
u(z) < po(x) Vo e,
in particular, {u® > 1} C {@y > 1} CC Q.
Proof. Since f(t) > 0 for all ¢,
—AuE < (uF - 15 < Ag = —Agy,
so u® < g by the maximum principle. U

Lemma 2.7. There exists a constant C' > 0 such that, forr >0 and 0 < e <1, if
B,.(zo) C Q, then

max |Vu(z)| < C/r.
SCEBT./Q(SC())

Proof. Since f(t) < 2 for all ¢,

R AT | 2
Auf < gﬁ ( ) < gx{\us_m}(az),

£
and since 3(t) > 0 for all ¢,
—AuF < (uF =177 < A,
S0

1
+AUE S max {2’ AO} <g X{|us_1|<a}($) + 1) .

Since  is also uniformly bounded in L?(Q2) by Lemma 25 the conclusion follows
from the following result of Caffarelli, Jerison, and Kenig [I1]. O

Proposition 2.8 ([II, Theorem 5.1]). Suppose that u is a Lipschitz continuous
function on B1(0) C RY satisfying the distributional inequalities

1
+Au< A (g X{|u_1\<5}(£€) + 1)

for some constants A > 0 and 0 < € < 1. Then there exists a constant C' > 0,
depending on N, A, and fBl(O) u? dx, but not on e, such that

max |Vu(z)| < C.
xEBl/Q(O)
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3. LIMITS OF MOUNTAIN PASS SOLUTIONS

Let €5 \, 0, let u; = u® be the critical point of .J., obtained in Lemma 2.2, and
let ¢; = J,(u;) (an abuse of notation, since this value was previously denoted c.,).

Lemma 3.1. There exists a Lipschitz continuous function u on Q such that u €
Hi ()N C*(Q\ d{u > 1}), and, for a suitable sequence ¢,

(a) u; — u uniformly on Q,

(b) —Au=(u—1)%" onQ\d{u>1},

(¢c) u; — u strongly in Hy(Q),

(d) J(u) <liminf¢; <limsupe; < J(u) + L({u = 1}).
Moreover, u is nontrivial in the sense that J(u) + L({u =1}) > 0.

Proof. First we prove . The majorant ¢y of Lemma gives a uniform lower
bound &y > 0 on the distance from {u® > 1} to 0€2. Thus u® is positive, harmonic
and bounded by 1 in a dp neighborhood of 0€2. It follows from standard boundary
regularity theory that u® is uniformly bounded in a &y/2 neighborhood in, say, C?3
norm. In particular, the family is compact in C? norm on this set. By Lemmas
and 2.7, the family u* is uniformly Lipschitz continuous on the compact subset
of Q at distance greater or equal to dy/2 from 0. Finally, by Lemma 24 u® is
uniformly bounded in Hg(€2). Thus we can choose £; so that u; converges uniformly
in Q to a Lipschitz function u, and so that there is strong converence in C? on a &y/2
neighborhood of 90 and, finally, that there is weak convergence of u; to u in H} ().
Next we show that u satisfies the interior part of the Euler-Lagrange equation:

—Au=(u—1F" in {u#l}.

Let ¢ € C°({u > 1}). Then u > 1+ 2¢ on the support of ¢ for some £ > 0. For all
sufficiently large j, e; < € and |u; — u| < € by[(a)l Then u; > 1+ ¢; on the support
of ¢, so testing

(3.1) = Auy = (u; = 15 - Ls <uj — 1)

€5 €j

with ¢ gives
/ VUj : VQOdLL’ = /(uj — 1)p_1(pdl’.
Q

Q
Passing to the limit gives

(3.2) /QVu -Vpdr = /Q(u — 1)t pde

since u; converges to u weakly in H}(2) and uniformly on Q. Hence u is a distribu-
tional (and thus a classical) solution of —Au = (u — 1)?~! in {u > 1}.
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A similar argument shows that u satisfies —Au = 0 in {u < 1}. We show next
that u is also harmonic in the possibly larger set {u < 1}°. Since 8 > 0, testing (3.))
with any nonnegative ¢ € C§°(2) and passing to the limit gives
(3.3) —Au<(u—1F" inQ

in the distributional sense. On the other hand, since u is harmonic in {u < 1},
min(u, 1) satisfies the super-mean value property. This implies (see, for instance, [1]
Remark 4.2])
Amin(u,1) <0
in the distributional sense. Combining with (3.3]), we find that
Au =0

as a distribution on the open set {u < 1}°. Thus the same equation holds in the
strong sense, and this concludes the proof of @ (Note that we do not exclude the
case of connected components of {u < 1}° on which u = 1.)

Since u; tends weakly to uw in H}(Q), |jul| < liminf |luj||. So to prove [(c)] it
suffices to show that limsup |Ju;|| < |Jul|. Recall that u; converges in C? norm to u
in a neighborhood of Q) in Q. Let n denote the outer unit normal to Q. Multiplying
B.I) by u; — 1, integrating by parts, and noting that 5((t —1)/e;) (¢ —1) > 0 for all
t gives

ou; u
. . 2 < R — ‘7 — J— p J— N
(3 4) / |Vu]| dz /( 1 d:E /ag ™ do /(u 1) dz o O do.

Fix 0 < e < 1. Taking ¢ = (u— 1 —¢), in (B.2) yields

(3.5) / |Vul?dr = /(u — 1) (u—1—¢), dr,
{u>1+¢} Q

and integrating (u — 1+ ¢)_ Au = 0 over ) gives
du

(3.6) / \Vul?dz = —(1 —¢) — do.
{u<l—e} a0 On

Adding (3) and (36), and letting & \, 0, we find that]]
/\Vu|2dx:/(u—1)ﬁdx— @da
Q Q

00 871
This together with (B.4]) gives

limsup/|Vuj|2d:B§/|Vu|2dx
Q 0

'Here we are using the well known fact that / |Vu|*dz = 0.
{u=1}
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as desired.
To prove @ write

1 u; — 1 1
Je, (uj) = /Q [5 Vu,|* + B < ]5- ) X{uz1}(2) — p (uj — 1)1;] dx

J
+/ B (uj _ 1) dx.
{u=1} &j

Since B((u; — 1)/g;) X{u1} converges pointwise to Xy,~1y and is bounded by 1, the
first integral converges to J(u) by [(a) and [(c)] Since 0 < B(t) < 1 for all ¢,

0< /{u:1}8 (“J; 1) de < L({u=1}).

@follows.
By [(d)] and 23, )
Ju) + L{u=1}) > % >0

and hence w is nontrivial. O

4. CRITICAL POINTS ON THE NEHARI MANIFOLD

Lemma 4.1. Every nonzero v € C°(Q) N HA(Q) that solves —Av = (v — 1)!"" in
Q\ 0{v > 1} belongs to the Nehari manifold M and satisfies J(v) > 0.

Proof. As before for v, if v < 1 in €2, then it is harmonic and hence identically zero.
Thus if v is not identically zero, {v > 1} is a nonempty open set, where it it satisfies
—Av = (v—1)P7'. As in the proof of Lemma BI[(c)| multiplying this equation by
v — 1 and integrating over the set {v > 1} shows that v lies on M. Finally, since
vE M,

1 ) 11 )

J(w) == IVo|*de+ [ = — - [Vol*de + L({v>1}) >0. O
2 Jio<ny 2 p) Jpsy

Proposition 4.2. We have
(4.1) ¢ < inf J(v).

vEM
If v e M and J(v) = ¢*, then v is a mountain pass point of J.
Proof. For v € H}(Q), set
vhP=w—-1), v =1-(v—1) v=0v" +uv".

Let
W ={veHjQ):v"#0, and v~ # 0}
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Then M C W, and for v € W, we define the curve
(1+s)v-, se[-1,0]
Cv(s) =
v+ svt, s (0,00),

which passes through v at s = 1. For s € [—1, 0],

ey L

is increasing in s. There is a discontinuity in J at s = 0:

lim J(Cu(5)) = J(6o(0) + L({v > 1}) > J(G(0)).

For s € (0, 00),
1 52 sP
(4.2) J(Cu(s)) = —/ \Vo|* dv + —/ |Vl do — = (v—1)Pdx
2 o<ty 2 Jios1) P Josn
+ L({v > 1})
and

i = 2y — P2 —_1)? ]
7 J(Co(9)) s[/{v>l}|VU| dx — s /{U>1}(v 1)Pdx| .

Define
1/(p—2)

/ IVo|* do
{v>1}

/ (v—1)Pdx
{v>1}

Thus, we see that J((,(s)) increases for s € [—1, s,), attains its maximum at s = s,,
decreases for s € (s,,00), and

(4.4) lim J(Cy(s)) = —oo.

S§— 00

(4.3) Sy =

For each v € M, (44]) implies that we may choose s > 1 sufficiently large so that
J(¢y(5)) < 0. Note that s, = 1. Therefore,

T(t) =G((s+1)t—1), tel0,1]
defines a path v, € I' such that
max J(w) = J(C(s0)) = J(v),

wey([0,1])

so ¢* < J(v). Thus ([@I) holds.
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Next, suppose v € M and J(v) = ¢*. Let U be a neighborhood of v. The path ~,
passes through v at t =2/(5+ 1) =: t and J(7,(¢)) < ¢ for t # t. By the continuity
of 7,, there exist 0 < t~ <t < t* < 1 such that v,(t*) € U, in particular, the set
{w e U : J(w) < ¢} is nonempty. If it is path connected, then this set contains a
path 7 joining v, (t*), and reparametrizing %|[07t,} Unu %|[t+71} gives a path in I' on
which J < ¢*, contradicting the definition of ¢*. So the set is not path connected,
and v is a mountain pass point of J. This concludes the proof of Proposition 4.2 [

We can now conclude the proof of part (b) of Theorem [[L2 The limit u obtained
in Lemma B belongs to M by Lemma B.II[(b)] and Lemma LIl Hence

. < .
1/r\14f J < J(u)

By Lemma BII[(d)} Lemma 23, and (ZI)), we also have
J(u) < liminfe; <limsupe; < ¢ < i/I\l/(f J.
In all,
J(u) =" =inf J
M

Thus, v minimizes J restricted to M, and by Proposition it is a mountain pass
point of J. By construction u is Lipschitz continuous on ).
The inequalities of the preceding paragraph also show that
lim ¢; = c".
j—o0
This property will enable us to take the limit in the variational equations for u; to
show that u is a variational solution in the following sense.

Definition 4.3. A wvariational solution u of the Euler-Lagrange equation for J is a
function v € H}(Q) satisfying

1 1
/ K§IVUI2 + X{us1} — z_a(u — 1){1) div® — Vu(D®) - Vu| dz =0.
Q

for every ® € C}(Q,RY).

Note first that ¢; — ¢* implies J., (u;) — J(u) as j — oo. Since u; converges to u
uniformly and strongly in HJ(£2), we obtain

i [ 5 (“J’ - 1) dr = L({u>1}).

Jj—00 €j

Hence,

1 1
limsup/ B (u] ) de < L({u>1}) — liminf/ B (u] ) dx
j—oo J{u<1} € 7700 J{u>1} €
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On the other hand, because u; tends uniformly to u,

1iminf/ B (“j - 1) de > L({u>1+6})
{u>1}

Jj—00 €j

for every 6 > 0. Taking the limit as 6 — 0, we find that

1
liminf/ B <“J ) do > £({u > 1})
{u>1}

Jj—00 €j

Therefore,
Uj — 1

(4.5) lim sup/ B ( ) dr =0
j—oo  J{u<l} €j

It follows from this and the dominated convergence theorem that

Uj—]_

1
lim [ B (L) div® dr = lim B ( ) div @ d
j— Jqo €j I790 J {u>1} &j

= / div ® dx
{u>1}

This limiting value takes care of the only potentially discontinuous term in the varia-
tional equation. The others tend to the appropriate limits because u; tends uniformly
to u and strongly in Hg (). Thus the variational equation for u holds because it is
the limit of the variational equation (2.2) for uw;. This concludes the proof of part

(c) of Theorem [[.2

5. NONDEGENERACY

In this section we prove our main estimate of nondegeneracy.

Proposition 5.1. If u is a Lipschitz continuous minimizer of J|,, that satisfies the
interior Euler-Lagrange equation (1), then u is nondegenerate as in Definition[1.3.

Proof. For v € W, (, intersects M exactly at one point, namely, where s = s,,, and
s, = 1 if v € M. So we can define a continuous projection 7 : W — M by

(V) = ((sy) = v + s, 0T,

Lemma 5.2. Forve W,

J(m(v)) = %/{ | |Vo|* dx + (% — %) 812)/{ | V| dz + L({v > 1}).
v< v>

In particular, for v e M, since m(v) = v,
1 1 1

s =5 [ wePde (5-2) [ el de+ (o> 1),
2 Jwery 2 p) Jsy
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Proof. J(m(v)) is given by ([A2)) with s = s, and

s%/ |Vl do = sﬁ/ (v—1)Pde. O
{v>1} {v>1}

Now consider u Suppose that B, (z9) C {x € Q:u(z) > 1} and 3z, € 0B, (zo)
such that u(x;) = 1. Define

1
o(y) = = (ulirg +ry) ~ 1)
Our goal is to show that
a:=v(0)>c>0.

We begin by observing that

1 L
(5.1) O0<w(y) = ;(u(mo +ry) —u(xy)) < 7|a:0 —x +ry| <2L Vy € B1(0),

where L is the Lipschitz constant of v in {u > 1}, and
—Av = PP in By(0).
Define h by
—Ah = rPvP~t in B (0)
h=0 on 0B4(0).

Then |h| < CLP~'rP, and applying the Harnack inequality to v — h + max h, there is
a constant C' depending on N and L such that

v(y) < C(a+1rP) Vy e Bys(0).
Take a smooth cutoff function ¢ : By(0) — [0,1] such that ¢ = 0 in By/3(0),

0< w <1lin 32/3(0) \ 31/3(0) and ’QD =1in Bl(O) \ 32/3(0), let

min {v(y), C(a+ ) ¥(y)}, y € Bys(0)

v(y), otherwise,

w(y) =

and set z(x) = 1+ rw((x — x9)/r). Since u is a minimizer of J|,,,
J(u) < J(m(z)).

Since 2~ = u™, z = 1 in B,/3(x), and {z > 1} = {u > 1} \ B,/3(z), Lemma
implies this inequality can be rewritten as

1 1 / ) (1 1) 2/ 2
S Vul*dr + L(B,3(x)) < | = — = ) 52 Vz|*dx.
(2 p) {u>1} Vel (By/s(x0)) 2 p {u>1} Ve
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Let y = (z — x)/r and define
D := {x € By/3(0) : v(y) > C(a+71")9(y)}.

Because z = u outside D, the last inequality implies

2
(5.2) sg/ V2> dx + (52— 1) / IVul? dz > % L(By5(0))r".
D {u>1}\D p

Since {z > 1} = {u > 1} \ B,3(x0) and z = 1 in B, 3(xo),

/ V22 do / V22 da
Sp_2 . {z>1} . {u>1}

g = =

/ (z —1)Pdx / (z—1)Pdx
{=>1} {us1)

Since z = w in {u > 1} \ D, we have

/ |Vu\2d:c+/ |Vz|? dz A1—|—/ |Vz|* dx
{u>1} D D

p—2 —
s, <

where, since u € M,

Alz/ |Vu\2d:c:/ (u— 1) da.
fus1} fu>1}

It follows as in (5.I) that 0 < u — 1 < 2Lr in D, and L(D) = O(r") as r — 0.
Therefore

Y

/D (u— 1) dz = O(rP*+),

It follows that

1
(5.3) P72 <1+ —/ (V2|2 do + O(rP™Y).
A Jp
We have
(5.4) / Va2 da = C? (o + rp)%N/ Vol dy.
D {y:xz€eD}

The right-hand side is O(rY) since 0 < a < 2L by (5.1)). So (5.3) gives

2

2
A [ R —
(P—Q)Al

/ V2| dz + O(r7+N),
D
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where ¢ = min {p, N} > 2. Using this estimate in (5.2) now gives
1
N / V2> dx + O(r?) > 2 L(By3(0)).
D

In view of (&.4]), we find that there are ro, ¢ > 0 such that r < r implies a > ¢,
which was our goal. U

Since the mountain pass solution of Theorem [I.2] satisfies the hypotheses of Propo-
sition .1l we obtain the first part of Theorem [[.4l The fact that this solution is a
viscosity solution now follows from results of Lederman and Wolanski.

We will define a weak viscosity solution is as follows.

Definition 5.3. We say that u € C'(2) satisfies the free boundary condition
Vut|> — |Vu~|? =2

in the weak viscosity sense if whenever there exist a point xy € 0{u > 1}, a ball
B C {u > 1}, then either there are a; > 0 and ap > 0 such that of < 2 and a3 < 2
and

u(z) =14 ag{x — xo, V)1 + ag{x — zo,v)_ + o]z — x0]), x — w0,

with v the interior normal to 0B at xg, or else there are a > 0 and § > 0 such that
a? — 3?2 =2 and

u(z) =1+ alz—zo,v), — Bz —zo,v)_ +o0(lx —z0]), 2 — 0.

Moreover, if the ball B C {u < 1}, then the second asymptotic formula (with o and
(3 as above, but with v the exterior normal to 0B at x() holds.

Denote

fi(@) = —(uj(z) = 127", flo) = —(u(z) = D', zeq.

Since u; converges uniformly to u, f; converges uniformly to f. Therefore, u; solves
an equation of the form (2.I]) (denoted E.(f¢) in the paper of Lederman and Wolan-
ski [24]). Since by Proposition 5.1, u is nondegenerate, Corollaries 7.1 and 7.2 of
[24] imply that u satisfies the free boundary condition in the weak viscosity sense.
Furthermore, Proposition [, proved below, shows that the case u > 1 on both sides
of the free boundary (the case of positive a; and «y) is ruled out. This concludes
the proof of Theorem [I.4l
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6. THE FREE BOUNDARY HAS FINITE HAUSDORFF MEASURE

In this section we prove Proposition Let w be a Lipschitz, nondegenerate
solution to the interior equation (LI). The outline and most details are the same
as the proof of Theorem 3.4 of Caffarelli-Salsa [5]. The only difference is that v — 1
solves an inhomogeneous equation A(u —1) = (u—1)%""in {u — 1 > 0} rather than
being harmonic.

Lemma 6.1. (See (3.4) [5]) There exists a constant C' > 0 such that whenever
r < 00/2, with &y = dist({u > 1},00), and 7 > 0,

/ |Vul|? de < CrrV 7L,
Br(zo)N{|u—1|<7}

Proof. Denote by L the Lipschitz constant of w on © and by M the maximum of u
over (). (This estimate does not depend on nondegeneracy.)

For 0 < e <7, let ul = min{(u—1—¢)y,7—¢c}. Since —Au = (u— 1)P"! in
{u>1}andul =0in{u <1+ ¢}, we have —ul Au = (u—1)P"' 7 in Q. Integrating
this equation over B,(xq) gives

0
/ Vu-Vu;dz:/ —uu;dajt/ (u —1)P~' ol du,
B (z0) 0B, (x0) on B (z0)

where n is the outward unit normal to 0B, (zo). Sinceul = u—l—cin{l+e<u<1+7}
and u] is constant outside this set,

/ Vu~Vugd:L’:/ |Vul? dz — |Vul? dx
By (z0)

By (zo) N {14+e<u<l+T} By (zo)N{1<u<l+7}

as € \, 0. We also have
0
/ ot u. do
dBy(z0) on

/ (u— 1P ul do < eyTMP Y,
By (z0)

< L70(0B,) < eyTLrN ™!,

and

So for a constant C' depending only on L, M and the diameter of €2,

/ |Vul|? de < CrrV 1,
By (zo)N{1l<u<l47}
Since w is harmonic in {u < 1}, a similar argument gives the same bound for the

integral over {1 —7u < 1}. The conclusion follows since Vu = 0 a.e. on the set
{u=1}. O
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Lemma 6.2. (See Lemma 1.10 of [5]) There exist constants ro, A > 0 such that
whenever xg € {u > 1} andr := dist (zo, {u < 1}) < ry, there is a point x, € 0B, (x¢)
satisfying

w(zy) > 1+ (1+A) (u(zg) — 1).

Proof. Suppose not. Then there are sequences A; N\, 0 and z; € {u> 1} with
r; = dist (xj, {u < 1}) — 0 such that
max u(z) <14+ (14 XN;) (u(z;) —1).
L ) <1 (1) ) )
Since u is nondegenerate, we may assume that u(z;) > 1+ cr; for some constant
¢ > 0. Noting that B, (x;) C {u > 1} and 3z} € 9B, (;) such that u(z}) = 1, set

1 1
vily) = —(ule; +ry) = 1),y = — (2 — ;).
J J

Then v; € C(B1(0)) N C?(B4(0)) satisfies

(6.1) —Av; =Pt in By(0),

(6.2) Jmax vi(y) < (1+45)v(0),

(6.3) v;(0) = ¢, w;(y;) =0.
We have

1 L
0. 0(y) = — (ulay + 19) = u(@)) < |y — @)+ ryg] < 2L Wy € Ba0),
J J

1
[0;(y) = vs(2) = — |ulz; + rjy) —ulz; +152)] < Ly — 2| Vy,2 € Bi(0),
j

/ |ij(y)|2dy:7’_N/ |Vu(z)*dr < NayL?,
B1(0) By, ()

so, for suitable subsequences, v; converges weakly in H'(B;(0)) and uniformly on

B, (0) to some Lipschitz continuous function v, and y; converges to some point y, €
0B, (0). For any ¢ € C§°(B1(0)), testing (6.1]) with ¢ gives

/ Vv - Vedr = 7";-’/ U§_1 pdr,
B1(0) B1(0)

and passing to the limit as r; — 0 gives

/ Vv -Vedr =0.
B1(0)
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So v is harmonic in B;(0). By (6.2)),

< v(0),
A v(y) < v(0)

and hence v is constant by the maximum principle. On the other hand,
v(0) > ¢>0=v(yo)
by (6.3]), which is impossible when v is constant. O

The rest of the proof follows [5] with no change. From the preceding lemma,
a chaining argument carried out in Theorem 1.9 and Lemma 3.3 of [5] gives the
following;:

Lemma 6.3. There exist constants 0 < ro < g and v > 0 such that whenever
rog € 0{u>1} and 0 < r < 1o, there is a point x € By.(x0) \ B,j2(x0) satisfying
u(z) > 14 vr, in particular,

sup  u(x) > 1+ ~r.
z€Br(x0)

Next, at the beginning of the proof of Theorem 3.4 [5], the following lemma is
deduced from Lemma B3k

Lemma 6.4. There exist constants 0 < rg < 0y and k > 0 such that whenever
29 € 0{u> 1} and 0 <r <,

/ |Vul? dz > kr'Y.
Br(zo)

The rest of the proof of Proposition is a covering argument, exactly as in
Theorem 3.4 of [5].

7. NONDEGENERACY OF THE NON-PLASMA PHASE {u < 1}

Now we turn to the proof of Proposition [L.7] which says that not only {u > 1}
but also {u < 1} has significant measure near each topological boundary point. The
measure-theoretic boundary 0,F of a measurable set £ C RY is defined as the set
of z € RY such that for all r > 0,

L(ENB,(z)) >0 and L(E°N B,(z)) > 0.

Evidently, the measure-theoretic boundary 0, F is a subset of the topological bound-
ary OF. The proposition is a quantitative, scale-invariant estimate showing that the
topological boundary is contained in the measure-theoretic boundary.
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Lemma 7.1. Let B = By(0) be the unit ball in RN. Let h € C(B) be a harmonic
function in the ball and such that

h(0) > 0;  |h(z) = h(y)| < Llz —y|, =, y€IB.
Define
e=c(@BN{h <0}).

There exists a constant C' > 0 depending on dimension and L such that

o UN
Vh|?dz <C [—}
/{M} VA o)

Proof. Since h(0) > 0, there is at least one point of 0B at which h is positive. It
follows that

hy) = —2L

for all y € B and hence in all of B by the maximum principle.
The Poisson integral formula says

h(z) = 2= W/a ") o), weB,

wWN B ‘x_y|N

in which wy = 0(0B). Therefore,
1
/ ) do(y) > — hdo
y

coBninsop 1T — YN 2V Jopa{h>o}
1 u)Nh(O)

> — hdo =
— 9N 5B g IN

For any x > 0 and any = € By_,(0), we have

/ Lt) do(y) > —%
9 K

BN{h<0} lz —y|V

Choose
K = 4(eL/wnh(0)V.
Then for every x € B;_,(0), h(z) > 0, and hence
{h <0} C B\ B1_.(0).
Denoting the spherical part of the gradient by Vy, we have |Vyh| < L. Using the

expansion of h in spherical harmonics, we have

/ VhPdo < 2/ Voh|2do < 2Lwy
OB OB
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(In fact, the best constant is N/(N —1), achieved by linear functions h.) Furthermore,
since |Vh|? is subharmonic, for all 7 < 1,

/ |Vh\2da§/ |Vh|do.
0By 0B

1
/ |Vh|2dx§/ / |Vh|? do dr
{h=<0} 1-x J 0B,

1
< 2LwN/ dr = 2Lwyk
11—k

ot (55)

We will now deduce a variant of Lemma

Therefore,

Lemma 7.2. There exist constants o, co > 0 and ¢y > 0 such that whenever xy €
O{u > 1} and 0 < r < rg, there is x1 € OB, (xy) such that

U(QE1> —1 Z ar

Moreover,
(7.1) ][ (u—1)ydo > cor
9By (x0)

Proof. Suppose by contradiction that there is no such ¢;. Then (u(z) — 1), < r on
OB, (xy). Note, in addition, that

Alw—1); > —(u—12"> —(Lr)*™" in By (o).

Consider the barrier function v solving Av = —(Lr)P~! in B,(xq), with constant
boundary values v = a < r on 0B,(xp). Then (v — 1); < v, and for sufficiently
small 7, v < r on all of B.(zg). But this contradicts Lemma which says that
there is a point of B,.(x¢) \ B,/2(0) at which u — 1 is larger than ~yr.

Next, take z; € 0B, (xy) as above for which u(xy) > 1+ ¢;r. By Lipschitz con-
tinuity, u(z) > 14 ¢17/2 on Bej,jor(21). Thus we have () for a constant ¢y > 0
depending only on ¢; and L. O

Lemma 7.3. There exist a positive constants ¢, €9 and C' depending on dimension
and the Lipschitz constant L such that whenever xq € 0{u > 1}, 0 < r < ry,

(7.2) (0B, (zo) N {u < 1}) < erV™!



HIGHER CRITICAL POINTS IN AN ELLIPTIC FREE BOUNDARY PROBLEM 25

for some e < &g, and v is the harmonic function in B,(xo) with v = u on 0B, (o),
we have

(7.3) / (v—1)" de + / (u—1)8 dv < CrPtN,
By (zo) By (z0)
(7.4) / |Vo|? de < / \Vu|?dx — er?,
By (z0) By (zo)
(7.5) / |Vo|?dz < CeYNpl,
{v<1}NBr(z0)

Proof. We have |u — 1| < Lr on B,(xg), and hence |v — 1| < Lr by the maximum
principle. Thus (7.3)) follows.
To prove ([.4]), begin by noting that

/ (IVul> = |Vol?) dz = / IV (u—v)|* dz + 2/ V(u—wv)-Vvdaz.
By (z0) Br(z0) By (o)
Since u — v € H}(B,(z0)),

A
/ IV (u—v)]*dx > —21/ (u —v)?*dz,
Br(z0) = J By (z0)

where \; > 0 is the first Dirichlet eigenvalue of the negative Laplacian in B;(0), and
since u = v on 0B, (zg) and Av = 0 in B,(x(), an integration by parts gives

/ V(u—v)~Vvd:c:/ (u—v)a—v—/ (u—v)Avdr =0
Br(z0) 9B, (z0) on Br(z0)

Hence

A
(7.6) /B( )(|Vu|2— \Vol?) dz > T—; (u—v)?dz.

By (zo)

We have
(7.7) Ju(@) —v(@)] = [v(xo) — ulzo)| — [ulz) — u(wo)| — [v(z) — v(zo)|.
Fix k € (0,1/2). Furthermore, for
(7.8) |u(x) —u(zo)| < Llx — xo| < Ler, x € Byr(x0)

Since |[v — 1| < Lr on B,(xy) and v is harmonic inside the ball, it follows that
|Vu| < C on By,(x9), and hence

(7.9) lv(z) —v(zg)| < Crr  for all x € By, (x).
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Since u(zg) = 1, the mean value property of v implies
(7.10)

v(zg) — u(xg) :][ (u—1) daz][ (u—1)4 da—][ (u—1)_do
OBr(x0) OBr(z0) OBr(z0)

2<CO—E)TZ%T

WN

by (7)), (Z2)), and since |u — 1| < Lr on 9B,(xp). Combining (Z0)-(7I0) and
taking k sufficiently small gives |u(z) — v(x)| > cor/3, for all x € B, (x), Together

with (7.6]), this yields ({7.4]).
To prove (Z.5)), we apply Lemma [7.1] to

M) =+ (oo +r9) 1), yeB,

noting that

H(O) = (ul0) = () = T

by (Z.10). O

Proof of Proposition[1.7. Let ro and v > 0 be as in Lemma [6.3] let zp € 0 {u > 1},
and let 0 < r < rg. Then there is x; € B, /2(%o) such that u(z;) > 1+ /2. Let
x =min {1/2,7/2L}. Then

(@) > u(z1) — Lje — 21] > 1+ (% ~ L) =1 Vo€ Bulw),

so the volume fraction of {u > 1} in B,(xg) of (L2) is at least k.
If the second inequality in (L2)) does not hold, then for arbitrarily small p,v > 0,
Jxg € 0{u > 1} such that

(7.11) L({u <1} N B,(w)) < vp".
Then

)
/ o({u < 1} N 0B, (x0)) dr < 4",
p/2

and hence for some r, p/2 < r < p,
o({u <1} N OB, (xg)) < 2yp" 1 < 2NNt

In other words, inequality (7.2]) in Lemma holds for ¢ = 2¥+ and some r €
(/2. p).
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Let v be as in Lemma [7.3] and let w = v in B,(x¢) and w = v in Q\ B,(zo). Then

(7.12) /|Vw|2dx < / |Vul?dx — er?,
Q Q
(7.13) ‘/ (w— 1) dx — / (u— 1) do| < OrPt,
{w>1} {u>1}
(7.14) / |Vw|* dz < / \Vul? dx + CeV/N el
{w<1} {u<1}

by (4), (C3), and ([TH), respectively.
By (11,

L{w >1}) < L({u > 1} \ B,(20)) + L(B:(z0))
= L({u> 1))+ L({u < 1} N B, (0))
< L({u>1}) +p",

Recalling r > p/2 and € = 2N+, we have
(7.15) LHw>1}) < L{u>1}) +er.
Estimate (ZI1)) also implies

/ \Vul?de < L*yp™

{u<1}NBr(x0)

which together with (7.12]) gives

(7.16) / Vw2 dz < / IVl dz — <oV
{w>1} {(u>1} 2

for sufficiently small ~.

Referring to (4.3)), by (7.I6) and (7.13),

/ |Vul? do — CpN
{(u>1} 2

/ (u —1)P dow — CrP™
{u>1}

1/(p—2)

Sy <

for sufficiently small r since v € M. Then by Lemma [5.2]

J(r(w)) < 1/ Vol de + (1—1)/ YVl de + L({w > 1})
2 J{w<yy 2 p) Juwsy
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Finally, using (Z14), (Z13)), and (716,

1 1
J(m(w)) < J(u) + [Cal/N +e— (5 - 5) g} rV < J(u)
if € is sufficiently small. This is a contradiction, since 7(w) € M and u minimizes
I O

8. PROOF OF REGULARITY OF THE FREE BOUNDARY

The purpose of this section is to prove Theorem We do this by taking blow-up
limits and applying a monotonicity result of G. Weiss.
Consider a boundary point xg € F(u) = 0 {u > 1}. The Lipschitz continuity of u
implies there is a sequence r; — 0 such that
w;(y) = rj_l(u(:ro +rjy) — 1)
converges uniformly on compact subsets of RY to a Lipschitz continuous function
W (y). We now show that W inherits all the properties we found for w.

Lemma 8.1. a) The function W is Lipschitz continuous, uniformly in all RN, and
solves the interior Euler-Lagrange equation

AW =0 in RN¥\o{W > 0}.

b) (nondegeneracy of W) There is ¢ > 0 such that for every r > 0 and every y;
such that B.(y1) C {W > 0} we have

W(y,) > cr.
For every r > 0 and every yo € 0 {W > 0} there is y1 € B,(yo) such that
W(yy) > er.

c) (locally finite perimeter) There is a constant C' such that for every ball B, of
radius r > 0,

o(B,Nno{W >0}) < CrV L.
d) (nondegeneracy of the phase {W < 0}) For everyr > 0 and every yo € 0 {W > 0},
L(By(yo) N {W < 0}°) > er™,  L(B:(yo) N {W > 0}) > er™.

e) (viscosity solution) For every r > 0, if there is a tangent ball from either side
of the free boundary, that is, a ball B, such that yo € 0B, N {W > 0} and either
B, C{W >0} or B, C {W <0}, then W has an asymptotic expansion as y — o
of the form

W(y) = oy — yo, v)+ — By — yo, V) + o(ly — vol),
with o >0, 3> 0 and o® — 32 = 2.
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f) (variational solution) W satisfies the variational equation
1
/ﬁ[(jVWP+XMbH)&V®—Vw@@yVMJdx:Q
RN

for every ® € C°(RN RY).

Proof. All of the results except part (f) are proved by methods of Caffarelli described
in [6 7, 8] and [5]. Part (f) is proved the same way as [20] Proposition 4.2.

On any compact subset of {W > 0}, we have w; > 0 for all sufficiently large j, and
therefore W inherits the first nondegeneracy property of part (b) from w;. Moreover,
the equation Aw; = ;(w;)% " holds in a fixed neighborhood of the compact set. It
follows that w; belongs to C** uniformly on the compact set. Hence a subsequence
of w; converges is C? to W. Taking the limit in the equation we find that AW =0
on {W > 0}. The second nondegeneracy property of (b) follows from the first using
the Lipschitz bound and the fact that 1 is harmonic in the set {/W > 0}.

Denote
We claim that for a suitable subsequence
(8.1) E;NB—FENB

in Hausdorff distance for every ball B C RY. Choose the subsequence so that £;NBg
converges in Hausdorff distance to a compact set K. We wish to show that

K=ENB

Indeed, the fact that w; converges uniformly to W implies K > {W >0} N B and
hence, since K is compact, K D EN B.
If z ¢ E, then we now show that for sufficiently small € > 0 and large enough 7,

(8.2) wi(y) <0 forall y € B.(z).
Choose € > 0 sufficiently small that
Bga(l’) NE = @

Choose § < . Since W < 0 on Bs.(z) and w; tends uniformly to W, for sufficiently
large 7,
wi(y) <¢§ forall y € Boo(x)

Suppose by contradiction that there is y; € B.(x) such that w;(y;) > 0. By non-
degeneracy (Definition [L3) w;(y:1) < 0 implies there is yo, |y — y1| < C§ such that
w;(y2) < 0. Hence there is a point y3 € Jw; > 0 on the segment between y; and y».
By the second form of nondegeneracy, Lemma [6.3] there is a point y, € B.(y3) for
which w;(y4) > ve. But y4 € Boo(), so this contradicts § << e.
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We have just shown in (82) that for all sufficiently large j, B.(z) N E; = 0. It
follows that x ¢ K, which finishes the proof of (81]).

Next, note that the same argument says that on compact subsets of E¢ (the interior
of {W <0}) we have w; < 0 for sufficiently large j and we can use the equation
Aw; = 0 to conclude that AW = 0 on E°. This concludes part (a).

By the same argument as Proposition [[LG, we have part (c). In particular,

L(OE) = L(O{W > 0}) =0.
By uniform convergence of w; to W we have
L(E\w; >0)NB)=L({W >0} \{w; >0})NB) —0, j— occ.

for every ball B. On the other hand, we just showed that on every compact subset
of {W < 0}°, we have w; < 0 for sufficiently large j. From this and the fact that
J{W < 0} has zero measure it follows that

L({W <0} \{w,; <0})NB) =0, j— oo.
In all,
X{w;>0} — X{W>0} in LI(B)
Part (d) now follows from the convergence in Hausdorff distance and the correspond-
ing estimates for « in Proposition [[7
Next we turn to part (e). It follows from the methods of Caffarelli [9], Caffarelli-
Salsa [5], and of Lederman-Wolanski [24] that the limit W is a solution in the weak

viscosity sense of Definition 5.3l Moreover, if there is a tangent ball at y, from either
the {W > 0} of the {W < 0}° side, then W has an asymptotic of the form

Wi(y) = aly —yo, v)+ — By — yo, v)— + o(ly — wol),

with a > 0. From part (d), we have the additional information that L({W < 0} N
B, (yo)) > er’, which rules our the case § < 0. Thus 8 > 0, in that case, and the
methods of Caffarelli also show that a? — 3% = 2.

Finally, we demonstrate part (f) by using the variational equation for w; and
applying the dominated convergence theorem. Recall that if K is a compact subset
of {W > 0}, respectively, {WW < 0}°), then for sufficiently large j, K C {w; > 0},
respectively K C {w; <0}°. It follows that for large j, w; is uniformly C* on
K. Thus taking subsequences, we may assume Vw; converges pointwise to V¥ on
RM\O{W > 0}. Since 9 {W > 0} has Lebesgue measure zero, and the compact set K
was arbitrary, we can choose the subsequence Vw; so that it tends pointwise almost
everywhere in RY to VIW. Recall also that on a suitable subsequence, Xuw; >0 — XW>0
in L'(B,) for any r < oco. Since the test function ® has compact support, the
dominated convergence theorem applies. Taking the limit in the variational equation,
Definition [4.3], for w;, we obtain (f).
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U

The proof of Theorem proceeds by induction on dimension. The first step
(N = 2) requires relatively few of the conclusions of Lemma [8.1]

Consider any x¢ € 0 {u > 1} and w; — W as above. Because w; is a variational
solution, the theorem of Weiss, Corollary 0.2, applies and says that the limit W is
homogeneous, W (ry) = rW (y) for all y € RY. By Lemma Rl (a), W is harmonic in
the cones {W > 0} and {W < 0}°. When N = 2, the cones are sectors and by part
(b) of the lemma, the only possibility is that for some unit vector v, and some a > 0
and 3 > 0,

W(zx) = alx,v), — B{x,v)_.

Incidentally, it does sometimes happen that W is strictly positive on both sides of
the free boundary for limits of other kinds of non-minimizing critical points, even
in dimension 2 (see [20]). But as in our earlier discussion of viscosity solutions in
Theorem [[4], 3 < 0 is ruled out by the fact that £(B,.(0) N {W < 0}) > cr?.

It follows from the central results in the work on free boundaries of Caffarelli that
the free boundary of u is a smooth hypersurface in a neighborhood of zy. In fact,
because w; tends uniformly to W and w; is nondegenerate, the free boundary of u is
“flat” near xy. The solution u satisfies the free boundary condition in the viscosity
sense, and hence the free boundary is smooth using the “flat implies Lipschitz”
and “Lipschitz implies smooth” theorems of Caffarelli [6] [7, [§]; see also [5]. (Those
theorems were carried out for zero right hand side, but can be modified to this
situation without difficulty because (u — 1)/~ is zero at the free boundary.) In
dimension 3, we follow the inductive method of G. Weiss. Consider the cone

I'={W > 0}.

Let yo € I, yo # 0. By the uniform Lipschitz bound on W, there is sequence r; — 0
for which the limit
W(z) := jlinglo rj_1W(y0 +7;2)

exists and the convergence is uniform on compact subsets of RY. Since the radial
derivative of W is zero, one can show that yo- VW (2) = 0 for all z € RV \ 9 {W > 0}.
Thus W is a two-dimensional solution. Furthermore, since by Lemma B.1] (e), W is
a variational solution, Corollary with @Q = 1 implies that W is homogeneous. It
follows as in the two-dimensional case that W is a planar solution and hence that
I' is smooth near y,. It then follows that the free boundary of u is flat near every
point of a punctured neighborhood of xyg. The free boundary 0 {u > 1} is covered
by finitely many balls of this type, and the free boundary is smooth except possibly
at the centers of these balls. This completes the proof in dimension 3. The bound
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on the Hausdorff dimension of the singular set in higher dimensions follows by an
induction as in G. Weiss [30]. This concludes the proof of Theorem

Without using scale-invariance and Weiss monotonicity one can obtain a weaker,
qualitative version of the preceding results. Namely, the free boundary is smooth
except on a closed set of zero (N — 1)-dimensional Hausdorff measure.

Recall that Proposition [[.7 implies that the topological boundary 9 {u > 1} is the
same as the measure-theoretic boundary. Proposition [[L6l implies that 0 {u > 1} has
finite (N — 1)-dimensional Hausdorff measure. By the criterion for finite perimeter
of Section 5.11 of Evans-Gariepy [14], the set {u > 1} has finite perimeter, that is,
X{u>1} is a function of bounded variation. By Lemma 1 Section 5.8 of Evans-Gariepy
[14], the reduced boundary of a set of finite perimeter is of full (N — 1)-dimensional
Hausdorff measure in the measure-theoretic boundary. Since, by definition, at every
point of the reduced boundary there is a measure-theoretic normal, we may apply
Theorem 9.2 of Lederman and Wolanski [24]) saying that the free boundary is a
COh2-surface in a neighborhood of each point for which there is a measure-theoretic
normal. (This theorem applies with the same hypotheses as the theorem about
viscosity solutions, namely, that u; tends uniformly to v and u is nondegenerate.)
Thus the set of points where the free boundary is smooth is an open set of full (N —1)
Hausdorff measure in the free boundary.

9. APPENDIX: WEISS MONOTONICITY

For completeness, we state and prove the monotonicity formula of G. Weiss in the
form used here.

Proposition 9.1. [G. Weiss] Suppose that w is a Lipschitz continuous function in
the unit ball B C RY. Let Q € C*(B) for some a > 0 be such that Q(0) = 0 Suppose
that w satisfies the variational free boundary equation

/ [%|Vw|2 + Q($)X{w>0}:| div® dx — / VwD® - Vwdr =0
B B

for every ® € C3°(B,RY). Suppose further that w(0) = 0 and wAw is well-defined
as a distribution and satisfies
lwAw| < C|z|®.
Denote ) )
U(r) = r_N/ {§|Vw|2 + x{w>0}} dx — §r_1_N/ w? do
r aBr

Then for every 0 < rg <ry <1,

() — (ro) = / (- Vi — wﬁ% +O()

ro<|z|<ry
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Proof. The proof is close to the one in G. Weiss [29]. Consider a test function
® : RV — RY that is Lipschitz continuous and compactly supported in B. By
taking convolution with a smooth approximate identity, we can find a sequence of
test functions in C5°(B,RY) whose gradients tend pointwise almost everywhere to
V&. Thus, by the dominated convergence theorem, the variational equation is valid
for .

We will use the family of Lipschitz continuous test functions ®.(z) = n.(z)x, where

1 lz] <r—¢
ne(x) = o<z <7
0 r<lz| <1.
We have
O 8 (2) = n.(w)dy — 2
5 xr) = X)0i5 — —7— X{r—e<|z|<r}s
azj € 776 J 5|l’|X{ €<\ \<}
and hence

' x
div ®.(x) = Nn.(x) — ‘8_|X{r—€<ﬂc<r}'

By Fubini’s theorem, for almost every fixed r, 0 < r < 1, Vw(ry), y € 0B, is a
well-defined function in L?(9B). Furthermore, let ¢ € L>®(R) have compact support
and integral equal to 1. The vector-valued maximal theorem implies that for almost
every r,

lim ~ / o((s — r)/2)Vw(sy) ds = Vu(ry)

e—0 ¢

in L?(0B) norm. Therefore, we can take the limit as ¢ — 0 in the variational formula
of the hypothesis with test function ®. to find for almost every r,

0= [ |3 (Gvur+ Qx| - VP do

1 : 2
_ r/ (—\Vw\2 + Q(x)x{w>0}) do + 7"/ (L Vw) do.
a8, \2 OB, |$‘

Integrating by parts, and using |[wAw| < C|z|*,

/|Vw|2dx:/ wz'vwda+0(rN+a)
\ OB,

||
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Combining these two equation, multiplying by —r~"~! and using |Q — 1| < C|x|®,
we have

_N— 1 _ 1
—Nr N-1 / <§|VUJ|2 + X{w>0}) dzx +r N/ (§|VUJ|2 + X{w>0}) do
r OBy

= —pN-1 / w Vw do + T_N_z/ (z - Vw)*do + O(r~ 1.
OB, OB

r

On the other hand, for almost every r, 0 < r < 1,

d —2/ 2 )
— | w(ry)” do
dr < yeOB ( )

= —9p3 / w(ry)?do +r~> / 2w(ry)y - Vw(ry) do
y€OB yeOB

o 1 z-Vw
:—27’2N/ w2d0—|—2r1N/ w do
z€OB;, z€dB, r

Thus, 1 is absolutely continuous, and for almost every r, 0 < r <1,

1 1
P(r) = — Ny~ N1 / (§|Vw|2 + Xw>0) dx + T_N/ <§\Vw\2 + Xw>0) do
B OB,

o 1 z - Vw
4N w?do —r~ N w do
8B, OB r

= r_N_z/ (z - Vw — w)*do + O(r~119).
0B,

Integrating in r finishes the proof of the proposition. U

Corollary 9.2. Suppose that w is as in Proposition[d.1. If r; tends to zero and
Su(rya) — W)

uniformly on compact subsets of RY. Then W is homogeneous of degree 1:
W(rz) = rW(x)

for all x € RV,

Proof. From the proposition, we have

dx
(- w—w)*— < 00.
/{|:c|<1} |z |N+2

It follows that
dx

. }(x-w—w)2W—>0 as r— 0.
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Hence, for fixed 0 < a < b < 00, as 7; — 0,

dy dx
/ (v Vuy(y) — w;(y))P—L = / (2 - Vao(e) — wie))P— 0.
a<|y|<b |y| ar; <|z|<br; |LL"

Thus the sequence y - Vw; — w; tends to zero in L? norm on a < |y| < b. A
subsequence tends weakly to y - VIW — W, showing that y - VW — W = 0 weakly in
L?. In particular, W is homogeneous of degree 1 as a distribution on 0 < |y| < oco.
Since W is Lipschitz continuous, it is also homogeneous in the ordinary sense. [
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