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Abstract

In this note, we propose and study the notion of modified Fejér
sequences. Within a Hilbert space setting, this property has been
used to prove ergodic convergence of proximal incremental subgra-
dient methods. Here we show that indeed it provides a unifying
framework to prove convergence rates for objective function values
of several optimization algorithms. In particular, our results apply to
forward-backward splitting algorithm, incremental subgradient proxi-
mal algorithm, and the Douglas-Rachford splitting method including
and generalizing known results.
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1 Introduction

We are interested in the study of convergence properties of optimization
algorithms to solve the problem

min f(z),

where H is a Hilbert space and f: H —| — 00, +00] is a proper function. Let
(x¢)ten be the sequence generated by a chosen algorithm. The sequence is
said to be Fejér monotone if, for every x, minimizer of f, ||z 1 — .|| < ||z —
7.]|?. The notion of Fejér monotonicity captures essential properties of (x;)sen
generated by a wide range of optimization methods and provides a common
framework to analyze their convergence [11]. Quasi-Fejér monotonicity is a
relaxation of the above notion that allows for an additional error term [13, 22].
Generalizations of the above notion have been proposed, that allow to deal
with variable metric algorithms [18, 40], and stochastic perturbations [15, 16,
22, 37, 38, 39].

In this paper, we propose and study a novel, related notion, to analyze the
convergence of the objective function values f(z;), in addition to that of the
iterates. More precisely, we modify the notion of quasi-Fejér monotonicity,
by adding a term involving the objective function and say that a sequence
satisfying the new requirement is modified Fejér monotone (modified Fejér
for short). This property is the key step to derive ergodic convergence of the
iterates generated by the proximal incremental gradient algorithm in [7]. In
this paper, we show the wider usefulness of this new notion of monotonicity
by deriving convergence rates for several optimization algorithms in a unified
way. Based on this approach, we not only recover known results, such as
the sublinear convergence rate for the proximal forward-backward splitting
algorithm, but also derive new results. Interestingly, our results show that
for projected subgradient, incremental proximal subgradient, and Douglas-
Rachford algorithms, considering the last iterate leads to essentially the same
convergence rate as considering the best iterate selection rule [36, 41], or
ergodic means [8, 42|, as typically done.



2 Modified Fejér Sequences

Throughout this paper, we assume that H is a Hilbert space, and f : H —
|—00, 00] is a proper function. We assume that the set of minimizers of f

X ={z € H| f(2) = min f(z)}
is nonempty. We are interested in solving the following optimization problem

zeH

Given = € H and a subset S C H, d(z,S) denotes the distance between x
and S, i.e., d(x,S) = inf,cg ||z — 2'||. Ry is the set of all non-negative real
numbers and N* = N\ {0}.

The following definition introduces the key notion we propose in this paper.

Definition 1. A sequence (x;)en € HY is modified Fejér monotone with
respect to the objective function f and the sequence ((ny,&))en in RZ, if

(Vo edomf)  [ogs —)* < o — 2l = m(f(zer) — f(@)) + & (2)
Remark 1.
(i) Choosing x € X in (2), we get
mef (2ei1) < &+ mefe + [lze — 2] < o0
This implies that x; € domf for every t € N.

(i1) All the subsequent results hold if condition (2) is replaced by the follow-
ing weaker condition

(Vo € XU{zihien) o —2l* < o — 2 = n(f (2e41) = f(2)) +&-

(3)
However, in the proposed applications, condition (2) is always satisfied
for every x € domf.



(iii)

(iv)

(v)

Inequality (2) has been proved to be satisfied and implicitly used to de-
rive convergence rate for many algorithms, considering the best iterate
selection rule, e.q., [36, 41], or ergodic means [8, 42, 7]. More precisely,
for not descending methods, common approaches keep track of the best
point found so far, i.e. they study the following quantity,

(VT eN ) br = 1I§11ti§1’le(l’t) - f*7

or this one: .
(VT €N) f (Z a:t/T> — fe.
t=1

The main novelty of this paper is to show that considering the last
iterate, i.e. f(x7) — fs, leads to essentially the same convergence rate
as that for considering the best iterate selection rule, or ergodic means.
See Theorem 2.

A similar condition has been considered in [1] to study convergence
properties of several optimization methods, and in [40] to study a vari-
able metric forward-backward algorithm under relaxed differentiability
assumptions.

Extensions of the proposed notion could be considered, e.g. resem-
bling variable metric and stochastic quasi-Fejér monotonicity proper-
ties, which have been recently proposed and investigated in [18, 15, 37,
39].

In the following remark we discuss the relation with classical Fejér se-

quences.

Remark 2 (Comparison with quasi-Fejér sequences).
If Y en & < +00, Definition 1 implies that the sequence (x4)sen is quasi-Fejér
monotone with respect to X [13, 22]. Indeed, (2) implies

(Ve eX) |lzen —al* < o — 2l* + &

Note that, in the study of convergence properties of quasi-Fejér sequences

corresponding to a minimization problem, the property is considered with
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respect to the set of solutions X, while here we will consider modified Fejér

monotonicity for the entire space H.

We next present two main results to show how modified Fejér sequences
are useful to study the convergence of optimization algorithms. The first
result shows that if a sequence is modified Fejér monotone, one can bound
its corresponding excess function values in terms of ((1;,&;))en explicitly.

Theorem 1. Let (z)ien C HY be a modified Fejér sequence with respect to f
and (1, &) )ren in RE. Let ()sen be a non-increasing sequence. Let T € N*.
Then

Ao xy2 T
nr(f(@re1) — fo) S% +)° T%t—l—l&' (4)

t=1
Proof. Let (u;)ien be a sequence in R. For every k € {1,---,T — 1}, let
T .
Sk = Zj:T_k uj. Then, since s, = sp_1 + ur_s,
1 1
_8 _ P
RSk T
(

Sk
_
k(k+1)
1
—m(sk—l - kuT—k)-

Summing over k =1,---,T — 1, and rearranging terms, we get

+1
(k‘ + 1)Sk_1 — ]{?Sk)

T-1
1 1
ur = ot t Qg (ke ~ o) (5)

Let € domf and choose (Vt € N) uy = m(f(z141) — f(2)). Then, we derive
the following error decomposition [28]:

mr(f(ran) = F@) = 7 3 o) — (@)

T-1 1 T
+ 1) Z Ne(f(e1) — f(@7-k11))
k=1 t=T—-k+1
i S
+ 1l (E Z ﬁt) - ﬂT—k] (f(@r—ks1) — f()).
k=1 t=T—k+1




Let x = x, € X. Since (1;)sen is non-increasing and f(zr_x+1) — f« > 0, the
last term of the above inequality is less than or equal to 0. Thus, we derive
that

nr(f(zria) — Zﬁt (ze1) — f(24))

T-1 T

Y mlf (@) = f@r-p)): (6)

For every j € {1,...,T}, and for every x € domf, summing up (2) over
t=yg,---,1, we get

Zm flzen) = f(2)) < Jlay =2+ )& (7)

t=j

The above inequality with x = z, and j = 1 implies

’ﬂ |

T 1 1
Z f@em) = fa) < wllz —%H”TZ&- (8)
—1 t=1

Inequality (7) with x = xp_p1 and j =T — k + 1 yields

T
Z m(f(2e1) = f(@r—p41)) Z &

t=T —k+1 t=T—k+1
and thus
T—1 1 T
Z m(f (@er1) = f(@7-p11))
o R+ 1) =
T—1 1 T
< Z & 9)
o ket 1) =



Exchanging the order in the sum, we obtain

T-1 1 T T T-1 1
Z & = Z &t
k=1 k(k T 1) t=T—k+1 t=2 k=T—t+1 k(k + 1)
—i( : vg
- t
—\T'—-t+1 T
T T
1 1
= - 1
t=2 —2
The result follows by plugging (8) and (10) into (6). m

Remark 3. Féjer monotonicity of a sequence is often useful not only for
obtaining convergence rate estimates, but also for proving the convergence of
the iterates to a minimizer, see e.qg. [2, Proposition 2]. Here we mainly focus
directly on convergence rates for the objective function values.

In the special case when, for every t € N, & = 0, we derive the following
result.

Corollary 1. Let (z;)en € HY be a modified Fejér sequence with respect to

[ and a sequence ((n;,0))ien in R2. Suppose that (n;)ien is non-increasing.
Then for any T € N*,

flxry) — fo < WLTd(xh X)2-

In the case that &; is non-increasing, we can get the following result, which
simplifies the upper bound in (4) from Theorem 1.

Corollary 2. Let (z;)ien € HY be a modified Fejér sequence with respect
to an objective function f and a sequence ((n:,&))ien in R2. Suppose that
(&)ien and (n;)ien are non-increasing. Let T € N*. Then

T
flara) = fi < <d(f€1, X)*+2 Zit) (Tnr) ™" + &z ynp log(T/2) (1)
t=1



Proof. Since & is non-increasing,

T-1
gt 1 -1
ZT—t+1 < §L§+1J Z T_t+1+2T Z &
t=1 T/2+1<t<T—1 1<t<T/2+1
T
< py log(T/2)+ 207 Y g
t=1
The result follows directly from Theorem 1. O

The next main result shows how to derive explicit rates for the objec-
tive function values corresponding to a modified Fejér sequence with respect
to a polynomially decaying sequence ((1,&:))ien in R%. Interestingly, the
following result (as well as the previous ones) does not require convexity of

f.

Theorem 2. Let (x;)ieny € HY be a modified Fejér sequence with respect to
an objective function f and a sequence ((ny,&))ien in R%. Let 1 € 10, +00],
let 6, € [0,1[, and setn, = nt=%. Let (65,€) € R2 and suppose that & = {17
for allt € N. Let T € N*. Then, setting ¢ = 2% + 2/(1 — 6,):

( 2
L”?’?X) TO 4 % (2% + 25 T % 1og T if 6, < 1
X)2 4
Flora) — . < %Tﬁ-l n fTﬁl-l log T 0y =1
X 2
(d(ﬂ;} ) + @ 51) )TGl_l otherwise.
\ 2 — )N

(12)
Proof. Let q € ]0,400[. For n > 2 we have (see [25, Theorem 3.3.3])

n'=7/(1 —q), when q <1,

Zt_q < / u ldu < ¢ logn, when ¢ = 1, (13)
t=2 1 1/(¢g—1), when ¢ > 1.

We derive from Corollary 2 that

T

fara)—f. < (d(:cl,X)Q + 252#2) n TN 2%y T 2 log (T /2).
t=1

(14)



If f; < 1, equation (13) yields

lore) = £ <o 2P e (12
— Uy
The case 0 = 1 is analogous. If ; > 1, from (13), it follows that

fl@rin) = fo < (d(@1, X)?+26(1 = 0) ) ' TO 7 4 2%¢n ' T % 1og T
(16)
Since 22792 1og T < T71/(0y — 1), the result follows. O

- 2"2) T %1og T. (15)

Remark 4. If a sequence (y;)ien € HY satisfies
(Ve € domf)(Vt € N)  [lyer — 2]|* < [lye — 2]* = m(f(we) — f(2)) + &

under the same assumptions of Corollary 2, it is possible to derive an in-
equality analogous to (12).

3 Applications in Convex Optimization

In this section, we apply previous results to some convex optimization al-
gorithms, including forward-backward splitting, projected subgradient, in-
cremental proximal subgradient, and Douglas-Rachford splitting method.
Convergence rates for the objective function values are obtained by using
Theorem 2. The key observation is that the sequences generated by these
algorithms are modified Fejér monotone.

Throughout this section, we assume that f : H —| — 0o, o0] is a proper,
lower semicontinuous convex function. Recall that the subdifferential of f at
xr € His

Of (@) ={ueH: (VyeH) f(z)+ (u,y—=z) < f(y)} (17)
The elements of the subdifferential of f at x are called subgradients of f at

x. More generally, for € € |0, +o0o[, the e-subdifferential of f at x is the set
O.f(x) defined by

Of(x) ={ueH: (WeH) fx)+(wy—z)—e<fly)}. (18)
The proximity operator of f [30] is

proxa) = angain { £ + 3y — oI} (19)

yeEH



3.1 Forward-Backward Splitting

In this subsection, we consider a forward-backward splitting algorithm for
solving Problem (1), with objective function

f=0+r (20)

where 7: H — |—o0,00]| and ¢£: H — R are proper, lower semicontinuous,
and convex. Since ¢ is real-valued, we have domd¢ = H [3, Proposition
16.14].

Algorithm 1. Given x; € H, a sequence of stepsizes (ay)ien C |0, +00[, and
a sequence (e;)ien C [0, 4+00[ set, for every t € N,

Tip1 = proxy,, (v — cugy) (21)
with g, € 0., 0(xt).

The forward-backward splitting algorithm has been well studied [43, 10,
12, 9] and a review of this algorithm can be found in [14] under the assumption
that ¢ is differentiable with a Lipschitz continuous gradient. Convergence
is proved using arguments based on Fejér monotonicity of the generated
sequences [13]. Under the assumption that ¢ is a differentiable function with
Lipschitz continuous gradient, the algorithm exhibits a sublinear convergence
rate O(T~1) on the objective f [4]. If £ is not smooth, the algorithm has been
studied first in [34], and has a convergence rate O(T~'/?), considering the
best point selection rule [42]. A comprehensive study of proximal subgradient
methods can be found in [5]. The use of e-subgradients in a scaled version
of algorithm (21) has been investigated in [6], in the special case where r
is the indicator function of a convex and closed set, without focusing on
convergence rates. Our objective here is to provide a convergence rate for
the algorithm considering the last iterate, which shares the same rate (up-
to logarithmic factors) and to allow the use of e-subgradients, instead of
subgradients. Before stating our main results, we introduce the following
novel lemma for the forward-backward splitting for a (possibly) non-smooth
(. It recovers previous result (e.g. [4]) when ¢ is smooth.

10



Lemma 1. Let (z;)1en+ be the sequence generated by Algorithm 1. Then for
all t € N*, there holds

204[f (2e41) = f(@)] < 2o = @l|* = [l — @l|* = [l — 24|

+ 200[(e11 — T, g1 — Gi) + €1 T &) (22)
Proof. Let t € N*. By Fermat’s rule (see e.g. [3, Theorem 16.2]),
0€ Ty — x4 + gy + 0 Or(xi41).

Thus, there exists ¢;41 € Or(z;11), such that z;1 in (21) can be written as

Tt+1 = Tt — Qg — O4Qe41- (23)
Let x € domf. The convexity of r implies

P(Te1) = 7(7) <A(Tro1 — 2, Gegr)-

Multiplying both sides by 2«4, and combining with (23), we get

2001 (T441) —r(2)] < 200(Tep1 — T, Gey)
= 2<l’t+1 — X, Tt — Tp41 — at9t>

= 2(:1:154_1 — X, Ty — $t+1> -+ 206t<$ — xt+1,gt>.
A direct computation yields

2t — 2,0 — Tpp1) = 2xpq1 — 2,1 — ) — 2|14 —

= |lwe — 2l = 21 — 2l” = [loe — 2o [*. (24)
Therefore,

2aulr (i) = (@)
<z — I||2 — |41 — 1'||2 — [Jz — f’ft+1||2 + 204 (T — Ty11, 1)
Moreover, by (18), we have

<.f1}' — Ty, gt) S €(x) - g(xt) + €ty

11



and
(T — g1, Gr1) < U(wy) = L(Beg1) + €441,

and thus

<93 - It+1agt> = <I - 1L"t>9t> + <iEt - 27t+1>£ht+1> + <£Et — Tg4+1, 9 — gt+1>
< U(w) = l(wy) + e+ L) — (Te11) + €1 + (Tt — Tog1, G — Gog1)

<
= U(z) —l(z41) + (Tes1 — Tey Ge1 — Gr) + €141 + €0

Consequently, we get

204r(ze1) —r(@)] < e — 2] =z — 2] = lze — 2|

204 [0(x) — £(Te41) + (Teg1 — T4, Go1 — Gi) + €41 + €.

Rearranging terms and recalling that f = ¢+, the desired result thus follows.
O

Theorem 3. Let o € ]0,400], let 0 € [0,1], and let, for every t € N*,
a; = at™. Let € € )0, +00[, (€)ren+ C [0, +00], and assume that €; < eqy.
Let (x;)1en+ be the sequence generated by Algorithm 1. Let T € N, and assume
that there exists B € |0, +oo[ such that

VT efl,....,T}) ol <B, (25)

Then, there ezists ¢ € [0, +oo[ such that

2
Wt X st | goe(B? + T 10T if0< 172
fara) = fu < =
T+1 * = d(zy, X)? 2 0—1 '
274—2040(3 +olT otherwise.
«

Proof. Let t € N*. By (22) and Cauchy-Schwartz inequality

21 — ||* = [l — ]

|2 — e | + 200 ({1 — @, Gear — Go) + €1 + €] — 204 [f (we41) — ()]
2 — 2] + 20u[l|l w1 — 2|l gisr — gell + €1 + €] = 20 [f(2041) — f(2)]
g — gl + 2aulens + €] = 200 [f(wei1) — f(2)].

<
<
<a

12



Using the assumptions ||g;|| < B and ¢; < eqy,

201 — ] = [l — ]
§432a§ + 2eq oy + oupn] — 204 f(2041) — f(2)]
<4(B* + €)of — 20u[f (z111) — f(2))]. (26)

Thus, (x;)ten+ is a modified Fejér sequence with respect to the objective func-

tion f and ((2a,4(B2 + €)a?))

sen+- The statement follows from Theorem 2,

applied with 6; = 0, 0, = 20, n = 2a. and & = 4(B? + €)a?. O

The following remark collects some comments on the previous result.

Remark 5.

(i)

(i)

(iii)

Theorem 3 suggests the optimal choice for the stepsize decay rate 8 =
1/2. In such a way, we get a convergence rate O(T~Y?1logT) for
forward-backward algorithm applied to a sum of nonsmooth functions
with nonsummable diminishing stepsizes, considering the last iterate.
As usual in this setting, no convergence is obtained using a fived step-
size.

In Theorem 3, the assumption on bounded approrimate subgradients,
which implies Lipschitz continuity of £, is satisfied for several practical
optimization problems. For example, when r is the indicator function
of a closed, bounded, and convex set D C RY | it follows that (x;)en is
bounded. If ¢ is bounded on bounded sets, this implies that ¢ is Lipschitz
continuous on bounded sets [44, Corollary 2.2.12] and thus that (g:)ien
is bounded as well [35, Proposition 1.11]. Similar results to those proved
here may be obtained by imposing a less restrictive growth condition on
Of, using a similar approach to that in [28] to bound the sequence of
subgradients.

An inequality similar to (26) has been obtained in [5, Lemma 2.1]. The-
orem 3 improves [5, Corollary 2.4] in two aspects. First, the assumption
(25) is weaker than the assumption ||g;+wu|| < B for some u; € Or(x,),

13



in [5]. Second, [5] shows convergence rate only for the best point, i.e,
the one with smallest function value:

(VI € N*) br = argmin f(x;). (27)
1<t<T

whereas our result holds for any iterate.

If the function ¢ in (20) is differentiable, with a Lipschitz differentiable
gradient, we recover the following well-known convergence result. We include
the proof for completeness.

Proposition 1. [/, Theorem 3.1] Let 3 € [0,+oc[ and assume that V{ is
B-Lipschitz continuous. Consider Algorithm 1 with ¢, = 0 and (ay)ien non-
increasing, with oy € 10,1/8[ for allt € N*. Then, for every T € N*,

d(.flfl, X)2
OéTT

f(rria) — fi < (28)

Proof. Since V/ is B-Lipschitz continuous, it follows from the descent lemma
[3, Theorem 18.15] and the definition of the forward-backward algorithm that

(1) = L) < (VEU@1), 20— 20) + §||xt+1 — . (29)

Since (x¢ — x441) /o — V f(xr) € Or(x41), it follows from convexity of ¢ and
r, that

(Vy € H) Llz) — Ly) < (Vl(x), 20 — y) (30)
My eH) r(zw)—ry) < <It%t_xt + VU(2), Yy — Tep). (31)

Summing up (29),(30),(31) we derive

Ty — Tyyq 5
flren) — fly) < <%>iﬂt+1 —y)+ §||93t — 2 |*.
t

Therefore

200(f(@ee1) = F () < llwe = yl* = s — ylI* + (Boe — 1) [l — @],

which implies, since oy < 1/, that (z;);en is modified Fejér monotone with
respect to f and the sequence ((20@, O)) The statement follows from Corol-
lary 1.

14



Remark 6. For the forward-backward algorithm, it has been proved in [17]
that f(xri1) — fo = o(1/T) also for an € ]0,2/3], even in the presence
of errors, and with relaxation. The concept of modified Fejér monotonicity
allows to derive nonasymptotic bounds on the sequence of iterates, but only
if ap €10,1/0[ for every t € N*.

O

3.2 Projected Approximate Subgradient Method

Let D be a convex and closed subset of H, and let ¢t be the indicator function
of D. In this subsection, we consider Problem (1) with objective function
given by

f=0+1p (32)
where ¢: H — R is lower semicontinuous and convex. It is clear that (32)
is a special case of (20) corresponding to a given choice of r. The forward-
backward algorithm in this case reduces to the following projected subgradi-
ent method (see e.g. [8, 26, 36, 41] and references therein), which allows to
use e-subgradients, see [2, 11].

Algorithm 2. Given x; € H, a sequence of stepsizes (ay)ien C |0, +00[, and
a sequence (€;)ien C [0, 400[, set, for every t € N,

Ti+1 = PD(fft - atgt) (33)
with g; € O, l(xy).

The algorithm has been studied using different rules for choosing the
stepsizes. Here, as a corollary of Theorem 3, we derive the convergence rate
for the objective function values, for a nonsummable diminishing stepsize.

Theorem 4. For some oy > 0, € > 0 and § € [0,1), let oy = nt~% and
e < eay for allt € N*. Let (x;)ien be a sequence generated by Algorithm 2.
Assume that for all t € N*, ||g:|]| < B. Then, there exists ¢ € |0,4o00| such
that, for every T' € N*

d X)?
A1, &) g + are(B:+26)Tlog T if § < 1/2
T+ - d(931>X)2 2 0—1 ;
By +aie(B?* +2¢)| T otherwise
aq

15



Choosing 6 = 1/2, we get a convergence rate of order O(T~/?1og T) for
projected approximate subgradient method with nonsummable diminishing
stepsizes, which is optimal up to a log factor without any further assump-
tion on f [19, 33]. Since the subgradient method is not a descent method,
a common approach keeps track of the best point found so far, see (27).
The projected subgradient method with diminishing stepsizes of the form
(at=%)en, with 6 € 10,1], satisfies f(ary1) — fo = O(T~Y?). Our result
shows that considering the last iterate for projected approximate subgradi-
ent method essentially leads to the same convergence rate, up to a logarithmic
factor, as the one corresponding to the best iterate, even if the function value
may not decrease at each iteration. To the best of our knowledge, our result
is the first of this kind, without any assumption on strong convexity of f,
or on a conditioning number with respect to subgradients (as in [23] using
stepsizes {7:/||g:||}¢). Note that, using nonsummable diminishing stepsizes,
convergence rate O(T~'/2) was shown, but only for a subsequence of (x;)en-
[2]. Finally, let us mention that using properties of quasi-Fejér sequences,
convergence properties were proved in [11].

3.3 Incremental Subgradient Proximal Algorithm

In this subsection, we consider an incremental subgradient proximal algo-
rithm [7, 31] for solving (1), with objective function f given by, for some
m € N*,

m

Z(EZ + Ti)>

i=1

where for each i, ¢; : H — R and r; : H — ]—o00, +00] are convex, proper,
and lower semicontinuous. The algorithm is similar to the proximal subgra-
dient method, the main difference being that at each iteration, x; is updated
incrementally, through a sequence of m steps.

Algorithm 3. Let t € N*. Given x; € 'H, an iteration of the incremental
proximal subgradient algorithm generates xy.1 according to the recursion,

Trp1 = w;na (34)
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where " is obtained at the end of a cycle, namely as the last step of the
TECUTSION

¢? = Tt, W = proxatm( f_l - O‘tgbv ng S 862( 2_1)7 1= 17 e, Mm

(35)
for a suitable sequence of stepsizes {a;}ien+ C 10, 4+00].

Several versions of incremental subgradient proximal algorithms have
been studied in [7], where convergence results for various stepsizes rules and
both for stochastic of cyclic selection of the components are given. Concern-
ing the function values, the results are stated in terms of the best iterate, i.e.,
(27). See also [32] for the study of the special case of incremental subgradient
methods under different stepsizes rules. The paper [24] provides convergence
results using approximate subgradients instead of gradients.

In this section, we derive a sublinear convergence rate for the incremen-
tal subgradient proximal algorithm in a straightforward way, relying on the
properties of modified Fejér sequences assuming a boundedness assumption
on the subdifferentials, already used in [32].

Theorem 5. Let a € 10, +o0[, let 0 € [0, 1], and let, for every t € N*, o =
at™. Let (xy)ien- be the sequence generated by Algorithm 3. Let B € |0, +00]
be such that

(Vt € N*)(Yg € 9l;(x:) Udri(z)) gl < B

Then, there ezists ¢ € |0, +oo[ such that, for every T € N*,

X)? 1 B’
%Te—l + ca(dm +5)m T %logT if §<1/2
flzr) — fu < X)2 4 B?
d(»””;aa ) i ca(4m ‘; 5)m T0-1 otherwise.
(36)

Proof. 1t was shown in [7, Proposition 3 (Equation 27)| that,
s = 2] < flwe — @l|* = 200 [f (2e) = f(2)] + af (4m + 5) mB*.

Thus, (x;)en+ is a modified Fejér sequence with respect to the objective
function f, and ((204,af (4m +5)mB?)),cn.. The proof is concluded by
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applying Remark 4 with 6; = 6,0, = 20, n = 2a and £ = o? (4m + 5) mB2.
[

Remark 7.

(i) The choice @ = 1/2 in Theorem 5, yields a convergence rate of order
O(T~'21ogT) for the objective function values.

(i1) In [7, Proposition 5] a bound similar to (36) is derived for the best it-
erate (27) with a fived stepsize. In contrast to this previous result, our
result holds for any last iterate, considering both the fixed and diminish-
ing stepsize setting. Note that, neither [7, Proposition 5] nor Theorem 5
imply convergence for the fized stepsize.

As in Theorem 5, we can derive convergence rates for the projected in-
cremental subgradient method. Analogously to what we have done for the
forward-backward algorithm in Section 3.1, Theorem 5 can be extended to

analyze convergence of the approximate and incremental subgradient method
in [24].

3.4 Douglas-Rachford splitting method

In this subsection, we consider Douglas-Rachford splitting algorithm for solv-
ing (1). Given /: H — ]—o00,+o0] and r: H — |—o00, +00] convex and lower
semicontinuous functions, we suppose that f = ¢+ r in (1).

Algorithm 4. Let (ay)en- € ]0,+o0o['. Let t € N*. Given z, € H, an
iteration of Douglas-Rachford algorithm generates xyy1 according to

Yi+1 = prOXaM(xt)
241 = PTOXatr(zytH - $t)a (37)
Tiy1 = Tt + 2e41 — Ytr1-

The algorithm has been introduced in [21] to solve matrix equations.
Then it has been extended for solving the minimization problem of the sum
of two convex functions [27], and then to monotone inclusions involving the
sum of two nonlinear operators [29]. A review of this algorithm can be found
in [14]. The convergence of the iterates is established using the theory of
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Fejér sequences [13]. Our objective here is to establish a new result, namely
a convergence rate for the objective function values.

Theorem 6. Let o € |0,4+o00[, and let § € [0,1[. For every t € N*, let
a; = at™. Let ((yt,xt, Zt))teN* be the sequences generated by Algorithm /.
Assume that there exists B € ]0,4o00[ such that, for everyt € N*:

(Vv € 00(y,))(Fuy € 0l(zy))(Isy € Or(xy))
o[ < B, flwl|<B and |[[sf| <B. (38)

Then, there exists ¢ € |0, +oo[, such that, for every T € N*,

d(z1, X)? ScaB’
%Te—lJr&T—@logT if 0<1/2
flare) = f. < LA 2
d(l';a X) 5023 701 otherwise.
(6%

Proof. Let t € N*, set vy41 = (24 —Yp41) /o and wyy1 = (24441 — T — 2141) /i
By Fermat’s rule,

Vi1 € Ol(ypa1) and wyyq € Or(2ee1). (39)
We can rewrite (37) as
Y41 = Tt — V41,

Zer1 = (U1 — 1) — Wi, (40)
Tip1 = Ty + 241 — Yigl,

By (40), we have for any = € domf,
U(yer1) = U(x) < (Yer1 — @, V1)
Multiplying both sides by 2aq4,
204 [(ye41) — ()] < 200 (Yp41 — T, Vi41) = 2(Yeg1 — T, T4 — Yps1)-
Similarly, we have
204 [1(z41) — 7(2)] < 2042141 — T, Wig1) = 2(241 — T, 2Yp41 — Ty — Zpq1)-
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Combining the above two estimates, we get

200 [0(Yr41) + 1(20401) — L(x) — ()]

< 2<yt+1 — T, Tt — yt+1> + 2<Zt+1 — T, 2y — Ty — Zt+1>~

The third equality in (40) implies that that 2,11 = 2441 — 24 + ysy1, and thus

204 [0(ye11) + 1r(2641) — £(w) — ()]
< 21 — X, @ — Ypg1) + 2(T1 — T+ Yer1 — T, 2Up41 — Tog1 — Yer1)
= 2<$Ct — T4, Tyl — SL’>

=z — al® = 2 — 2l* = Iz — @l

Adding 20 [0(x111) + 7(2451) — €(Yyer1) — 7(2e41)] to both sides, and recalling
that f = ¢+,

20, f(wr41) = F(@)] < o — 2)|* = (|wea — 2))* = |2 — 2 |
+ 204 [U(zp41) + 7 (@e41) — UYes1) —r(2e40)] (41)

Let w1 € 0(ze41) and spq € Or(weqq) such that ||uq|| < B and ||seq|| <
B. Convexity of £ and r, and (40) yield,

Uzer) = Uyev1) < (Br1 — Yerr, Uera)

(Te41 = Toy W) + (e — Yeg1, Uegr)
(1 — g, Upgr) + @ (Ves1, Upgr)
@41 = el [[ull + cllvp || [[we |
|ze1 — 24| B + oy B2

|zei1 — 24])?/ (20) + B*ay /2 + oy B2,

VAR VANRRVAN

and

T(Teg1) = 7(241) < (D1 — 241, Seg1)

= (v se01) < al|ves||[|senll < o B
Introducing the last two estimates into (41), and by a direct calculation,
204[f (2e41) = f(2)] < ||z — @l|* = [lea — 2]|* + 5B%0;.
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Thus, (x;)ien+ is a modified quasi-Fejér sequence with respect to the objective

function f and ((2c4,507B?)), .- The statement follows from Theorem 2
with 6; = 0 and 6y = 26. O
Remark 8.

(i) Condition (38) is verified if £ and r are Lipschitz continuous on H. In
this case the subdifferential is nonempty at every point and uniformly
bounded, see [35, Proposition 1.11].

(i) Choosing 0 = 1/2, we get a convergence rate O(T~Y2logT) for the
algorithm with nonsummable diminishing stepsizes. Convergence does
not follow using a fixed stepsize.

(i1i) In the case where { is the indicator function of a linear subspace of H
(thus taking also the value +00) and r is Lipschitz continuous, noner-
godic convergence rates for the objective function values corresponding
to the Douglas-Rachford iteration can be derived by [20, Corollary 3.5].

4 Concluding remarks

We studied a modified notion of Fejér monotonicity, providing various con-
vergence results for different optimization algorithms. Possible generalization
and extension of the proposed notion can be considered, for instance includ-
ing the stochastic and the variable metric settings.
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