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Abstract

In this work, we develop frameworks to study and design the scattering properties in
two kinds of systems. For the first problem, we find approximate angle/frequency-
averaged limits on absorption enhancement due to multiple scattering from arrays of
“metaparticles’, applicable to general wave-scattering problems and motivated here
by ocean-buoy energy extraction. We show that general limits, including the well-
known Yablonovitch result in solar cells, arise from reciprocity conditions. The use
of reciprocity in the radiative transfer equation (similar to a stochastic regime ne-
glecting coherent effects) justify the use of a diffusion model as an upper estimation
for the enhancement. This allows us to write an analytical formula for the maximum
angle/frequency-averaged enhancement. We use this result to propose and quantify
approaches to increase performance through careful particle design and/or using ex-
ternal reflectors. For the second problem, we develop a design method for multi-grid
frequency selective metasurfaces based on temporal coupled mode theory (CMT). In
particular, we design an elliptic passband filter with a center frequency of 10 GHz,
bandwidth of 10% and relatively good angle dependence.

Thesis Supervisor: Steven G. Johnson
Title: Professor of Applied Mathematics and Physics






Acknowledgments

This work would not have been completed without the help of many persons to whom
I am very grateful.

First, I would like to thank Professor Steven Johnson, my thesis advisor and
mentor during graduate school. I still remember my first meeting with him when he
suggested to transfer some results from solar cells to ocean energy extraction. My
first thought was: this should be something interesting! It took us sometime to figure
out the correct way to do it, but Professor Johnson was always present, suggesting
new ideas and putting me on the right path.

Dr. Aristeidis Karalis was probably the person with whom I discussed most during
these two years, and I cannot thank him enough for his help. I will remember some of
those Fridays, still in the office after midnight, discussing origins of the coupled mode
theory or freaking out after discovering a bug in some code. He definitively guided
me in understanding different concepts to which I was new, and I am grateful to him.

I cannot forget Dr. Grgur Tokic for the many discussions we had about ocean
waves. His input and previous work on ocean energy extraction were very helpful to
make this a successful work.

Many other people contributed in one way or another to this work. I thank Dr.
Gilles Rosolen for the very helpful work on metasurfaces, Dr. Yichen Shen for guiding
us through lab measurements and Fan Wang for the regular interesting discussions
(yes, I will still remember that the scattering cross section in the geometric optics limit
is two times the geometric cross section). I also would like to thank Professor Peter
Hagelstein, my academic advisor, who not only helped navigate through academic
requirements but also advised me on how to deal with graduate life.

This work would not have been accomplished without the collaboration between
different groups. In particular, I would like to mention and thank: Professor Owen
Miller, Professor Dick Yue, and Professor Marin Soljacic.

Finally, I would like to thank my parents and sisters for their endless support that

helped me be the person I am today.






Contents

1 Introduction

1.1

Motivation and context . . . . . . . . . .. ...

1.2 Thesisoutline . . . . . . . . . ..o

2 DMultiple scattering enhancement

2.1
2.2

2.3

24

2.5
2.6

General problem . . . . ... ... Lo

Enhancement and reciprocity . . . . . . . . ... oL

221

Solar cell enhancement . . . . . . . . . . . . ... ... ...,

2.2.2  Ocean buoy enhancement . . . . ... ... ... .. .....

Radiative Transfer Equation . . . . . . . ... ... ... .. .....

231
2.3.2
2.3.3

General result for small absorption . . . .. .. .. ... ...
Large absorption . . . . . ... ... ... oL

Changeofindex . . . . . . . . . . ... ... ... ... ...

Diffusion model . . . . . . . . . ...

241
2.4.2
2.4.3
244
245
24.6
247

Diffusion equation . . . . . . ... ... ...
Solution of the diffusion equation for incident plane wave . . .
Dependence on parameters . . . . . . . . .. .. ... ...
Case of small absorption . . . . .. ... ... ... ......
Asymmetry factor . . . . .. ...
Correction for small thickness . . . . . .. ... ... .. ...

Inhomogeneous distribution of scatterers . . . . . . . .. ...

Quantitative comparison with full-wave simulations . . . . . . . . ..

For larger enhancements . . . . . . . . ... ... ... ... ...

13
13
16



2.6.1 General discussion . . . . . . . . . .

2.6.2 Optimization . . ... ... ... ... ... ... ... ...,

3 Frequency selective metasurfaces

3.1 Context . .. .. .. ...
3.2 Singlegrid . . . . ...
3.3 Doublegrid .. ... .. ... ... ..
3.3.1 General behavior . . . .. ... .. ...
3.3.2  Dependence of the coupling parameters . . . . . . .. .. ...
333 Design . . ... ...
3.4 General CMT formulation . . ... ... ... .............
3.4.1 CMT from Maxwell’s equations . . . . .. ... ... ... ..
3.4.2 Phenomenological CMT . . .. . ... ... ... ... ....
3.4.3 Metasurface and filter design . . . . . .. ... ... ... ...
3.5 Triplegrid . . . . .. . .. ...

4 Conclusion and future work

A Diffusion model
A.1 Derivation of the diffusion equation . . . . .. . ... ... ... ...
A2 Solution of diffusion equation . . . .. ... ... .. ... ......

A.3 Radiative-diffusion in 3D . . . . . . . .. .. ...

B Phenomenological CMT
B.1 Unitarity . . . . . . ...
B.2 Dependence of matrix T . . . . . . . . . .. .. .. ... ... ...



List of Figures

1-1

2-1

a- Wave energy converter developed by Ocean Power Technologies
(courtesy of Ocean Power Technologies). b- Experimental realization
of WEC array [1]. ¢ Example of use of frequency-selective filter as
radome cover for an aircraft. d- Spherical radome in the French frigate

Duquesne (courtesy of Wikipedia). . . . . ... ... ... ... ...

Red: p =1, green: pu = 0, blue p = —1. Lower left: Maximum en-
hancement ¢ (continued line) and optimal value of nod (dashed line)
as function of o,/0, for different values of u. Lower right: Maximum
enhancement ¢ (continued line) and optimal value of o,/0, (dashed
line) as function of o,ned for different values of p. Upper Left: En-
hancement for small absorption at § = 0. Upper right: Enhancement

for Ke/ks=01and 0=0. . ... ... ... ... ... ... ...

a- Example of full wave simulation for ocean buoys scatterers at reso-
nance [2]. b- Left: Scattering/absorption cross sections for a truncated
cylinder buoy with radius a = 0.3, draft of 0.2 and water depth of
1. Example of broadband incoming ocean flux. Right: Anisotropy

parameters [y, [a. . . o ..o oo oo e e e e e

15

35



2-3

2-5

Values of ¢ for N, x N, = 3 x 30 arrays of buoys from exact solution [2]
(solid lines), compared to diffusion (dashed lines) and radiative-transfer
(RTE with Monte Carlo simulation, dots) models. The average buoy
spacings (randomly chosen via a Gamma distribution) are d,/h = 1.73,
dy/h = 3.63, with h = ocean depth. Numbers in legend are ¢, averaged
over 6 for a typical ocean-wave directional spectrum cos?® § with s = 4
[3]. Shaded regions is one standard deviation from mean value (blue

line) for 100 random structures. . . . . . ... ... .. ... ... ..

a- Effect of a change in the index contrast and scattering cross section
on the bandwidth-averaged factor ¢, for the same array in Fig. 2-3. We
tune the index n, along a strip surrounding the array, with ngy being
the index of the array’s ambient medium. We suppose that the buoy
has new scattering cross section d;, but keep the same absorption cross
section. b- Same as (a) but keeping the same index contrast (ngy = n;).
Inset: Optimal enhancement (continued line)/spacing (dashed line)

between bodies as a function of increasing cross section. . . . . . . . .

a- Optimal enhancement (gs) averaged over the frequency spectrum
and angular distribution corresponding to s = 4. Each point is ob-
tained after optimizing thicknesses of the membranes. b- Similar as
(a) but only as function of Cy; and choosing the optimal Cy. c-
Optimal structure corresponding to C, = [0.047,2.0] and membranes’

thicknesses t = [1.73h,1.84h] with h water depth. The angle-averaged

enhancement is: 1.83 (RTE), 1.99 (Corrected diffusion), 1.64 (Diffusion). 48

a- Examples of unit cells. The grey area represents the metal. b-
Schematic showing the F'SS embedded in a dielectric slab. c- Equivalent

circuit model. . . . . . .. L

42

45



3-2

3-4

3-5

3-6

Left: Experimental setup. Right: Transmission spectrum from exper-
imental measurement and numerical simulation. Values for the de-
signed metasurface: a. = 10.16mm, I, = 7.19mm, d. = 9.906mm,

tai = 1.52mm, €gier = 4.3(1 4+ 0.0153) (FR-4). . . . ... .. ..... 52

a- Schematic of a symmetric double grid and the corresponding cir-
cuit model. b- Example of transmission spectra from the CMT circuit
model that shows both cases of double and single peak. c- Extracted
values of C;, L; through fitting of the transmission function. Structure
corresponds to: a. = 16mm, l. = 0.1a,, d. = 0.9975a,, €4 = 1. (The
corresponding single grid gives (f,Q) =~ (10GHz,10)). d- Example
of the transmission function from electromagnetic simulation and the

corresponding fit using the circuit-model transmission (d=2mm). .. 55

(lossless) a. = 10.156mm, [, = 0.215a,, d. = 0.976a,, tga = 1.516mm,
d = 0.84Tmm, €4 = 3.48, €;, = 3.48. (lossy) a. = 10.168mm, [, =
0.218ac, de = 0.975a, tgq = 1.608mm, d = 0.824mm, egy = 3.48,
€in = 3.48, tan 6 = 0.0038 (RO4350B). . . . . . .. ... 57

(lossless) a. = 9.894mm, I, = 0.358a,, d. = 0.973a,, tgie = 2.726mm,
d = 1.810mm, €gier = 3.48, €;, = 6.15. (lossy) a. = 9.894mm, [, =
0.353ac, d. = 0.972a,, tge = 2.738mm, d = 1.712mm, €z = 3.48,
€in = 6.15, tan d = 0.0038 (RO4350B - RO4360CG:2) . . . . . . . . ... 57

Unit cell “4-7: a. = 9.380mm, d. = (0.849,0.939,0.971)a,, I. =(0.142,
0.025, 0.251)a,, € = (1,6.15,3.48,6.15), tgies = (-, 1.519, 0.675, 0.2)mm.
Materials (ROGERS Corporation): RO4350B [e = 3.48, tand = 0.0038]
and RO4360G2 [e = 6.15, tand = 0.0038]. TE refers to incident wave
with electric field parallel to the structure. TM refers to incident wave

with magnetic field parallel to the structure. . . . . .. .. ... .. 69

11



3-7

3-8

Unit cell “x”: a, = 12.50mm, d. = (0.833,0.940, 0.894)a,, I, =(0.328,

0.595, 0.264)a,, € = (1,11.2,6.5, 11.2), t4ie = (-, 1.143, 0.703, 0.196)mm.

Materials (ROGERS Corporation): RO3006 [¢ = 6.50, tand = 0.002]
and RO3010 [e = 11.2, tand = 0.0022]. TE refers to incident wave
with electric field parallel to the structure. TM refers to incident wave
with magnetic field parallel to the structure. . . . . . . ... ... ..
Transmission spectrum for the “x” structure with dielectric and metal
losses at 0°, 15° and 30° angles for both TE (parallel electric) and TM

(parallel magnetic) incident waves. . . . .. ... ... ... .....

12

70



Chapter 1

Introduction

1.1 Motivation and context

Scattering phenomena constitute important problems studied in different fields (elec-
tromagnetics, acoustics, ocean engineering...) [4-7] for various applications including
solar cells [8,9], nanoantennas [10], cancer imaging and therapy [11,12], water-waves
cloaking and refraction [13,14] and many others. Knowing the physical limitations of
the scattering properties and acqﬁiring an efficient method to design the scattering
response are useful and important tasks. Here, we aim to investigate two specific scat-
tering problems, namely multiple-scattering absorption enhancement and frequency
selective metasurfaces.

In the first problem, we consider a system designed to extract energy from an
incident wave through the use of discrete energy extractors or absorbing films. The
use of scatterers, rough surfaces, or external reflectors (multiple scattering effects
in general) may lead to an enhancement of the total absorption compared to the
isolated absorbers or to the single pass in the absorbing film. This is for example
the case in solar cells where it is commonly known that the use of surface texturing
increases the cell efficiency through total internal reflection [15-22]. Interestingly, a
similar problem also occurs in ocean-wave energy extraction [23,24]. In this case,
wave energy converters (WEC) (or buoys) are designed to extract energy from ocean

waves through a mechanical oscillating movement. When placing the buoys near each
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other in an array, the total energy extracted from the array may exceed the energy
extracted from individual buoys due to multiple scattering effects as was discussed
in different studies [1,2,25-27]. A more similar problem also arises even in solar
cells, where enhancement can be obtained by scattering particles instead of surface
texturing [28-30]. Even though the two problems underly similar physical principles,
they are not completely equivalent since the scattering process is different (surface

texturing vs volume scattering) so that new techniques need to be used.

One of the most influential theoretical results for solar-cell design has been the
Yablonovitch limit [15-22], which provides an approximate bound to how much sur-
face texturing can enhance the performance of an absorbing film averaged over a
broad bandwidth and angular range, and which depends only on the refractive index
of the film. Our principle goal is to derive a similar limit in the ocean-buoy (or general
particle scattering) problem, and use it compare the performance of different array

configurations and scatterers.

A main characteristic of such energy-extraction problems is that they are used
with broadband sources (because of the need to extract large power), so that only the
frequency-averaged response matters. In other kinds of applications, it is rather the
shape of the spectral scattering response that matters. This is the case of frequency
selective surfaces (FSSs) [31-34] which are the equivalent of filters for transmission
lines. FSSs are usually formed by planar periodic arrays of metallic elements on
dielectric substrates. When an electromagnetic wave is incident on such surfaces,
some frequencies are transmitted and others are reflected. In this way, FSSs can
be used to dissimulate communication facilities and can operate as spatial filters for
communication and radar systems. In particular, radomes are bandpass filters that
reduce the radar cross section (differential scattering cross section at the backscattered
angle) of an antenna outside its frequency range of operation. This is obviously very
important for military applications that try to minimize the detection of operating

systems.

Different characteristics, including the filter’s order, limit the FSS functionality.

Typical bandpass filters with second-order response have been demonstrated using
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Reflection band I
—_—

Transmission band

Radome

Figure 1-1: a- Wave energy converter developed by Ocean Power Technologies (cour-
tesy of Ocean Power Technologies). b- Experimental realization of WEC array [1].
c- Example of use of frequency-selective filter as radome cover for an aircraft. d-
Spherical radome in the French frigate Duquesne (courtesy of Wikipedia).

various designs (e.g. [34]). However, the design of higher-order filters with multiple
poles and zeros remained more elusive. This has usually been demonstrated using
multiple cascaded surfaces [35-40]. The design of a specific response for such multiple
surfaces is more challenging due to the many couplings between the layers. Only in
small number of cases the ideal elliptic filter response was demonstrated, usually
with compromises between filter properties and with a structure that is not easily
scalable [36,38-40]. One possibility to understand the behavior of multiple-surface
FSSs is the use of temporal coupling mode theory (CMT) [41,42]. In this work, we use
a general and efficient optimization method to design higher order filters (including

elliptic filters) based on CMT.
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1.2 Thesis outline

This thesis will be organized as follows:

e Chapter 2 - Multiple scattering enhancement. This chapter describes
the main results about the multiple scattering enhancement problem. After
defining the problem and previous results, we first show that some previously
known limits (e.g. LDOS limit in solar cells) can be derived directly from
reciprocity constraints (section 2.2). The use of a similar reciprocity argument
within a stochastic regime described by the radiative transfer equation (RTE)
leads to another limit on enhancement within this regime. Such limit includes
both cases of index change and large-absorption (section 2.3). This limit, that
is achieved with an isotropic distribution of interior intensity, justifies the use of
the diffusion model (nearly isotropic solution of RTE) as an upper-estimation for
multiple scattering enhancement. Such solution requires a correction for small
thicknesses to ensure the isotropic condition at small absorption. This analytic
radiative-diffusion solution is then compared to exact full-wave simulation for
ocean buoy arrays (section 2.5). We finally suggest new ways to increase the
enhancement in the ocean-buoy problem using partial reflectors and propose an
optimized structure based on bending membranes placed on the ocean surface

(section 2.6).

e Chapter 3 - Frequency selective metasurfaces. This chapter describes
the results about frequency-selective metasurfaces problem. We first show basic
principles for the single-grid design including an experimental demonstration of
second-order bandpass filter at f = 10 GHz and 10% bandwidth (section 3.2).
Then, we show that a double-grid leads in general to a transmission-zero which
allows us to obtain different designs (section 3.3). This is achieved with an
optimization method based the eigenvalues of the system that are related to
a circuit model. In order to obtain a general design method (for higher order
and asymmetric structures), we develop a general coupled mode theory (CMT)

framework and show how it can be used to design high order filters (section 3.4).
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We finally use the CMT method to design a triple-grid structure exhibiting a

6'"-order passband elliptic filter transmission (section 3.5).
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Chapter 2

Multiple scattering enhancement

2.1 General problem

In this part, we are interested in the general problem of absorption enhancement
through multiple scattering, particularly in the case where multiple scattering is
achieved through the use of discrete scatterers. We consider a system designed to
extract energy from an incident wave through the use of discrete energy extractors
or absorbing films. The problem can be kept general so that waves can be electro-
magnetic, mechanical or of other type. This problem arises in different contexts, and
two specific examples are: solar cells and ocean buoys. Although, they seem to be
problems of different natures, they are based on the same underlying physics: the use
of multiple scattering to increase the absorbed power.

In the solar-cell case, enhancement is achieved through light trapping schemes
[9,20]. Original light trapping schemes are based on randomly texturing the surface
of the solar cell (simplified as a dielectric slab with a back reflector) so that the incident
light is scattered at different angles. “Ray” propagating at a large angle have a largerr
path (and thus larger absorption) and are even reflected back into the cell due to total
internal reflection at the cell-air interface. This mechanism increases the absorption
compared to the single pass defined as the absorption at normal incidence in the
absence of the back-reflector. In the case of a lambertian surface texture that scatters

light isotropically, the enhancement in the limit of weak absorption is 4n? where n is
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the dielectric index of the cell [15,16]. This result is known as the Yablonovitch limit.
For a general periodic texturing, the limit can be generalized using coupled mode
theory which relates the enhancement to the number of resonance modes [17,18,43].
In this case, the ray-optics result can be recovered in the limit where the period
becomes very large compared to the wavelength. Although, derived in ray-optics
regime, the Yablonovitch limit has proven quite accurate in different regimes when
averaging over a large frequency bandwidth and angular distribution {19, 20, 22].

Oﬁ the other hand, wave-energy converters (WEC) that extract energy from
ocean-surface waves [23,24] can face a similar situation. Indeed, one particular type
of WECs are omnidirectional absorbers that are axisymmetric devices around the ver-
tical axis. They are connccted to a power-take off (PTO) device that allows energy
extraction through the mechanical movement of the buoy. An interesting feature of
such devices is that they can be placed in proximity of each other and form WEC
arrays, leading to a potential absorption enhancement. Of course, careful design is
crucial to extract a maximum energy, otherwise the performance can be worse than
how the same number of bodies would perform in isolation. So, the problem we are
asking is: given the absorbing/scattering properties of an individual buoy, how much
enhancement can be gained via multiple-scattering effects in the array. Previous
numerical-optimization work [1,2,25-27], in particular a recent extensive computa-
tional study on large arrays [2]|, showed that designing the particle positions could
yield substantial gains, but the goal of this work is to derive a more general result

that is independent of the specific particle arrangement.

2.2 Enhancement and reciprocity

In this first part, we want to show that the use of reciprocity in the full wave equations
can lead to a general rigorous limit on the enhancement that can be achieved. This
will lead to two different limits in each of the electromagnetic and ocean wave case,
since the two problems are slightly different. Although the end results are known,

we want to emphasize that they have the same origin: reciprocity. The ocean buoy
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result was derived in Ref. 44, while the density of states limit for the solar problem
was rigorously shown only recently in Ref. 45. In the following we give a very different

proof that directly links the result to reciprocity.

2.2.1 Solar cell enhancement

This is an alternative to the derivation in Ref. 45, which differs in that it directly
uses the reciprocity (or generalized reciprocity) from Maxwell’s equations. As was also
emphasized in Ref. 45, the result also applies to linear nonreciprocal systems, since the
density of states of transposed-related materials is the same (G¢(r,r) = G4 (r,7) [6]).

Here for simplicity, we consider a reciprocal system in the derivation. We have
then:

[E. x Hp — By x Hy] - k dS = /[Ea - Jp — Ep - Jo]dV (2.1)
Soo \4

If we choose (Ja = 7580, EY® = 0) and (Jp = 0, Ej™® = e/*korg, ) then
Ea = G(ro,10)és.
The far field term can be written as: E3 = f,(k) ej:r é,, HS = %(R x ES) withn =

\/ &, and similarly for the far-field of the scattered field “0”, so that: |, s [Ea < H; —
E} x H3] -k dS =0.

We then expand the integrand of the left term in 2.1 to obtain:

/ (B3 < Hy*—E*xHS) = —% / a()eHr R (& &) (1-k ko) +(8a o) (€5 K) rdk
(2.2)
The integral can be evaluated using the method of stationary phase [46]. The
function g(0, ¢) = 1+k-ko = 1+ cos 8 cos by +sin 0 sin 6y cos(é — ¢) has two extrema

at +ko. The integrand is null at the first, so only the second matters. The Hessian

- 1
matrix at —kg is given by: . We then conclude that the integral we want
0 sin63
to evaluate is equal to:
11 1 . R . jdr .
—— —[2(éa-€p)) — (€a-ko)(ép - ko)]fs(—k Oy = —=—(&,- € -k
o s 7 [2(8a b)) — (€ako)(@b ko)l fs(—ko)rsin b nk (€a- &) fs(—ko)

(2.3)
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where &, is evaluated at —kg.

We finally conclude from 2.1 that:
~85 - Ep(ro) = 47 (&, - ) fs(—ko) (24)

which is the reciprocity relation relating the far field of a point source at rg in the

direction —kq to the field at ro due to an incoming plane wave from the same direction.

Now, we use the Poynting theorem to compute the far field of the point source:
1 N “ 1
: / o) Pdk = / Re[E, x H) -kdS < — / Re[J: -Eq] = Im[Ea(ro) -8 — (2.5)
wh

At this point we are able to combine 2.4 and 2.5 to find our main result about
the enhancement. By integrating over all coming angles and polarizations of the “b”

field, we have:

/Z|Eb| dko_/z |Ep - &|’dko = 47r)2/z 16 - &0 71 (—o) 2dio

= (4m)? / Z|fs(_f<0)|2df<o < (4ﬂ)2EZIm[Ea(rO) &) (26)

_ (4#)2%’I’r[lmég(r0, ro)] = (471)21 e L

which relates rigorously the enhancement and the local density of states.

We can use this result to compute the absorbed power and deduce the enhance-

ment compared to the single pass for a cell of surface S and effective thickness d. We

wed
2.7
5 nQ/Vp (2.7)

have:

1 .1
Puys = 5we"eq / / > Bk < Ze"eq(4m)’
14 &,

The incident power for the isotropic incidence and the two polarizations is % J | cos 6|d§ax

2x 8= 2”5 , and the normalized single pass absorption is ad = -‘;%d The enhance-

ment is then given by:

Paps 2 {p)
E = —__ < 2L 2'8
Pocad = 1 p, 29
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where p, = ;‘;’—2—3 is the free space density of states. This inequality becomes indeed
an equality in the case of negligible absorption.

For a bulk dielectric, we have: p = n3p, so that ¢ = 2n? which is the standard
limit in the absence of a back reflector for isotropic incident light.

For an incoming angular distribution f(#) with a normalized flux ( f, | cos 8| f(8)d2
Ji | cos8]dY = 27), we then have to multiply the integrand of the first term in 2.6
by f(6) which leads to :

E< 3@maxf (2.9)

np, 0

To reach this limit, the field should be null for any incident angle different than
the one corresponding to the maximum incident amplitude. This immediately gives
the factor of 2 for light incident from only a half-space which can be achieved using

a back reflector.

We also recover the special case of an isotropic incidence within a cone defined by
0; for a bulk medium (f = =256(0 < 6;)): E = S?:; .

We finally mention that (2.9) becomes an equality for isotropic incidence and

negligible absorption.

2.2.2 Ocean buoy enhancement

We review a straightforward generalization of the result in Ref. 44 for the case of a
general angular distribution. The result is also a consequence of reciprocity, which

shows the similarity with the LDOS limit in solar cells.

The problem of ocean wave energy extraction using oscillating bodies is formally
equivalent to the problem where there are discrete sources of which the amplitude
can in principle be controlled externally (velocity of the body that can be controlled
through an external mechanical mechanism). Considering the effect of the incom-
ing wave and interaction between bodies, the total absorption can be written as a
quadratic function in terms of the amplitudes of the different sources as in [47] for ex-

ample. Maximizing the absorption allows to find the optimal amplitudes as a function

23



of the scattered field and the radiated fields from the sources. This gives [47]:

Pz = %Fe*(e)R‘lFe(B) (2.10)

where F(0) is the force applied on the bodies for an incident wave from the direction
¢ and R is the resistance matrix (radiation damping matrix).

One would try to see the effect of the reciprocity relations discussed before on the
maximum absorption in this context. The exact equivalent of equation 2.4 is already
known in the ocean waves problem as the Haskind-Hanaoka formula that relates the
force applied on a body due to an incident wave to the radiated field when the the

body acts as a source [7]. It leads to:
4
Fei(0) = = pgAcgAi(0 + 7) (2.11)

where A is the amplitude of the incident wave, A; is the far-field amplitude of the
radiation mode 4, k is the wavenumber, ¢, is the group velocity, p is the water density,
and g is the gravity of Earth.

The use of this formula on the maximum absorbed power by an array of oscillating
bodies leads to the bound on the power absorbed by the array. For a given incident

angular distribution f(#) normalized so that [, f(#)df = 1:

1
(Pras) = / F(6) Prnas(6)d6 < max f / Prnaa(6)d0 = max f= 3 R / F*,F, ;df
[] b " 8= M [, T
.7
(2.12)
Using 2.11 and the fact that R; ; = 2-pgc, Re(f, A;Aj) [47], we conclude that:

M
CA R NT27T mgxf (2.13)

a,mazx

N

a,mar

where o, is the mazimum absorption cross section of the array, IV is the number of
buoys , and M is the number of degrees of freedom for the buoy motion (1-6 [47], e.g.
1 for only heave motion). This result is general and does not depend on assumptions

on the scatterers. It means that the interaction factor o /Ng! is bounded by 1

a,mazx
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for isotropic incidence [44]. However, it is important to realize that this only applies

1

. Teaches the maximum

at the resonance frequency [the k where the denominator o
(2.13)].

This result is different from (2.9) because the absorption mechanism is not the
same. Here, it’s the oscillating bodies (radiative sources) that lead to the absorption,
so increasing the density of states will also increase the power radiated and then
decrease the absorption.

This result obviously holds also for a single scatterer which leads to known limit
on the scattering cross section of a single buoy: % I Ta,single(0)d0 < % This result
does not depend on the shape of the scatterer. Such result is also known and can be
also derived from an optical theorem (that still relies on Haskind formula).

It is worth mentioning that this result holds for any incident angle for an isotropic
scatterer, but an anisotropic body can lead to an absorption larger than % at certain

angles.

Questions:

The previous discussion means that the enhancement due to multiple scattering
effects for an isotropic incidence is I at the mazimum absorption of the single buoy.

Even though this sets a general limit, it still doesn’t say much about what happens
outside the absorption resonance. Can the enhancement factor be larger than 1 for
isotropic incidence? How does the enhancement depend on the scattering properties
of the individual bodies and their spatial distribution?

The Yablonovich limit for solar cells has been derived originally using ray optics
concepts [15,16] and has been used as a benchmark to compare light trapping en-
hancement. The equivalent formalism in the case of multiple discrete scatterers is the

radiative transfer equations on which we will base our next discussion.

2.3 Radiative Transfer Equation

We consider a medium containing a distribution of random particles with a scattering

cross section o, an absorption cross section o,, a normalized differential cross section
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p(8,8') and a density ng [6]. If the distance between the particles is large enough so
that we can neglect the near field and if the particle separation is random enough
so that we can neglect interferences!, the total differential cross sections for a set
of particles can be summed and we can define a differential cross section per unit
area/volume as o,ngp(8,§’). Subsequently we can define a scattering, absorption and
extinction cross sections per unit area/volume: k; = ngos, Ko = NOa, Ke =
Ks + Kq = Ng0Oe.

Power conservation balance leads to the radiative transfer equation [4, 6]:

dl(r,8
g; 8) _ §-V.I(r,8) = —kI(r,8) + Ks/dﬂ'p(é, §NI(r,8') + €(r, 8) (2.14)

where € denotes internal sources.

As already discussed before, an estimation of the enhancement can be recovered
from the use of the reciprocity. In this section, we follow the same procedure in a
system described by the specific intensity to derive general reciprocity-based limits.

In the following, we note S the exterior surface bounding the scattering medium
and g the enhancement or interaction factor measuring the total absorption of the

array to that of the same number of isolated particles.

2.3.1 General result for small absorption

The specific intensity at each point and direction is determined by the sources inside
the medium and the incident ficlds on the surface S. We note G(r,8;rp,8q) the
specific intensity at the point (r,8) with no sources and an incident field: I; = 6(r —
r9)d(8 - 80). Similarly, we note G,(r,§;ro,80) the specific intensity at the point (r,$)
with no incident field and a source given by e(r,§) = §(r — 19)5(8 - 8o).

If F(r) = [1(r,8)8 dS is the flux at the point r, then from the conservation of

energy we have [, g F - figyt dr = P, — P,, where P, is the generated power and P, the

'If we consider a large bandwidth and/or a large incident angle distribution, interference effects
are expected to average out even for a periodic structure as discussed in the main text.
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absorbed power. For a unit source P, = [ ¢(r,§)drds = 1, so that:

L[ Grsn o) fodrds = R~ P, <1 (2.15)
S JSfigut >0

Moreover, from reciprocity, we have |8 - figus|G, (T, §;To, 80) = Gs(ro, —8o; 1, —8)
as for example shown in [48]. This leads then after a simple variable change to
Js f§~ﬁout<0 Gs(ro, 8o; 1, 8)drds < 1.

Now, we can compute the enhancement for a given non-isotropic incident angular

distribution f(0) so that [, f(0) =1.
q= / f(00)Gs(r, 6;60)d0dO, < 27 meaxf (2.16)
2w J 27 0

The equality can be reached for G4(r,0;6,) = ﬁ fgiex 0(6y — 0;)df;, where X is
a set containing values of 6y at which f(fy) is maximum. We note the important
fact that the solution leads to isotropic distribution of intensity inside the medium.
In short, this tells you that the best enhancement is achieved when you take the
incident field at the angle corresponding to the mazimum intensity and distribute it
wsotropically inside the medium.

For isotropic incident field, we have f(6y) = 1/27 so that the maximum enhance-
ment is 1. This is for example achieved when G(r, 6;6,) = % for every 6y. This
result is compatible with the result in Ref. 44 but is an even stronger statement. The
enhancement factor for isotropic incidence is 1 even outside the absorption resonance.

If the incident field is coming isotropically but only from one half of the space,
then f(6p) = 16(|6o] < 7/2). SO Gmaz = 2, and one optimal intensity distribution
is: G(r,0;0y) = f(6p). This means that the intensity is completely reflected when
coming from the lower half space. Such solution can be simply achieved by using a
back reflector.

We see that to benefit from the anisotropy of the incident field, the structure
has to be asymmetric. If the structure has for example the mirror symmetry, then:
G(r,0;6p) = G(r,0; m—0,) so that f7r G(r,6;00)dfy = 1/2 and the maximum enhance-
ment in this case is: ¢ = [, [ 2G(r,6;6,)d0dd, = 1.
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One can use equation 2.16 to compute the maximum enhancement for different
incident angular distributions. If the incident field is isotropic within a cone of angular
spread 26;, then f(8,) = 2%%5(|90| < 6;) so that the maximum enhancement is 7
Similarly, if the field is incident along only one direction, the enhancement can in

principle be infinite.

2.3.2 Large absorption

The previous limit can only be achieved in the case of small absorption. A more
practical limit has to include the case of non-negligible absorption. From (2.15) we
see that this requires finding a lower bound on the absorbed power from a point
source. The basic idea in this case is that the intensity that reaches any point is at

least equal to the source power extinct after passing through the medium.

This can be written as:

g < 27 max f [1 LYN . S)} (2.17)
bo Oc

where h(a, S) is the absorbed power by an isotropic source in a medium without
scattering and with absorption coeflicient a given the geometrical configuration of
the boundary surface S.

/2

0 e~ ss cos 0d6) for a

Here, we will show that h(a,d) = h(ad) = 1 — -25(1 —

mad

2D slab configuration with thickness d embedded in free space.
Proof:  Using the integral equation formulation of the RTE [4], we can write:

e~ne]r—r1[

/ Gp(r, 0;10,00)d0 :/ (/ (¥, 0)Gp(r1,61;10,00)p(0,6:1) + 6) —d5
27 s \Jar |ry —r|
—Kelr—rq| —Ke|r—ro|
[ ey
s |ri—r1 v — 1ol

(2.18)
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where 6 is the angle for r — ro. So that:

Oq e—ne‘r_rol o

P, = Na/ Gy(r,0;10,00)d0dr > 2k, [ ————06(0 — 6p)dr = — Frq g, (Ke)
S J2n Oe S |I‘ - rO’ Oe

(2.19)

The factor Fy,g,(k.) depends on the geometry of the boundary of the medium. We

can estimate it for a slab of thickness d. If x is the coordinate of a point inside the

slab, then:
/2 — w/2 g(;’g
F,o,(a) = / / ae” (8 — by)drdf + / / ae”0(0 — 6y)drdd (2.20)
—n/2J0 —x/2J0
Integrated over angles and positions:
1 4
i/ F, g,dzdfy = 21 — 53[1 — g(ad)] (2.21)

/2

P
o € wse costdf.

where g(y) =

This means that the final enhancement over isotropic incidence is:

1 /4
q= —-/ / Gs(z,0;00)d0d0ydz
d 0 J2rJ27m

A (2.22)
o
= 1— Py(z,0)d0dz < 27 — —= | 27 — —[1 — g(ad
Jo 1 Putanonanta < 22 (30 - o gt
Or for given incidence distribution:
q= / f(60)G(r,0;0y)dOdb, < 27 n%axf [1 — &h(ned)} (2.23)
27 J 2w 0 Oe

where h(y) = 1 — %1%@—) is an increasing positive function so that h(0) = 0 and
h(co) = 1. For o, = 0 or o5 = oo we recover the lossless result. For o, = 0o, we
find that the enhancement is 0 since all the power is absorbed and doesn’t reach the

scatterers.
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2.3.3 Change of index

The previous discussion considers a medium with uniform index. A similar result
can be derived in the case of non-uniform index. In this case, the enhancement is
multiplied by the index contrast (or index squared in three-dimensional medium).
This can be again showed using a generalized reciprocity in the RTE. In 2D, %

becomes more generally nii%l. With an index n(z) dependent on position z:

in 6
df = —dam:;l;ecw = —vsinfds (Snell’s law), dx =dscosf, v=n'/n  (2.24)
s0:
I(z,0) oI . ol ol Ising
— [y = cos B — =[= — ds (2.2
nd| - 1= V55 sin 6 + o 0 vI cos 6]ds [amCOSO %9 lds (2.25)

Now, we find reciprocity constraint by considering two problems with (generally)
different incident intensity and source e and we write RTE for (1) at 6 and (2) at

0 + . Reciprocity imposes that p(6 + 7, 60") = p(6 4 x,8’). This leads to:

0 . / / ’
COS 96—;' - 75—6[11 sm9] = —Klell + /p(9,0 )11(0 )d9 + € (226)
oI, __OlLzsind)

—cosf—=

== 4 1(6')d¢’ 2.2
O lopr Y 90 . fiefz-l—/p( +7l',0) 2(0 )d0 + € ( 7)

By multiplying the first equation by I5 and the second by I, subtracting the result

and integrating over #, we find after simplification:

27
ol 1. ol oI
/0 cos 6 81$2 — [sin 959—112 + 115 cos 0 + sin 9—8—92]1 + 1,15 cos b]

2 O[11 1) 01115 cos 0] o (2.28)
:/ cos =2 — [ 2 + I, cos 8] df :/ [e1]s — €ex14]d6
0 0

Oz 00

where I and €, are evaluated at 6 + 7.
This then simplifies to a general reciprocity relation:
o 0 L(0)I5(0 1 [
/ cos 9—[M]d0 =— / [€1(0) (0 + ) — e2(0 + 7)11(0))d  (2.29)
0 ox n n Jo
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Now, with the definitions in subsection 2.3.1 we conclude (by integrating the

previous equation along x):

| cos 6]

n(z)

Gs(z,0 +m;2’,0) = G, 0+ ;2,8 (2.30)

n(z)

This allows to modify equation (2.17) by multiplying the result by the index
contrast (in 3D it is instead the index squared), meaning that an increase in the
index contrast leads to an increase in the enhancement.

However, this result is an artifact of the way the enhancement is defined. As for
example we note in the Yablonovitch result, the n? factor comes from the fact that the
single pass a o % decreases with the index. If comparing with the same single pass,
the enhancement is only o n in 3D. That is also the case in the ocean buoy where
O, < —,1; x % So, if we simply take the buoys and put them in a higher index medium,
the isotropic enhancement is multiplied by n but the single buoy absorption is reduced
by % so that no real improvement is achieved. As a general rule, the real isotropic
enhancement is proportional to n%~! where d is the dimension of the medium.

Even though the index contrast does not have a real benefit for the isotropic
enhancement in 2D, it can still improve the enhancement over a finite range of incident
angles through total internal reflection. We will show this quantitatively later in this

work.

2.4 Diffusion model

The question one wants to answer now is how can we achieve such limits. In general,
such limits may require the use of external clements (such as reflectors). Ideally, one
would like to know what enhancement can be achieved through the sole use of the
scattering effects of the particles/bodies.

We have seen before (2.3.1) that the ideal limit is achieved when the intensity
inside the medium is isotropic at every point. For an incoming plane wave from a

given direction, this cannot be rigorously achicved (continuity of the intensity at the
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boundary). However, we can suppose that the incoherent term is isotropic. The
solution of RTE for a given incident angle can be indeed divided into coherent term
that is simply attenuated due to scattering and absorption, and an incoherent or
diffuse term that is due to multiple scattering. The incoherent term can in principle be
isotropic given the appropriate conditions. In the diffusion approximation we consider
only the zeroth and first order terms in the Fourier expansion (or spherical harmonics
in 3D) of the diffuse intensity: I; = Y I,(r) cos(nf + ¢,). Such approximation is
known as the diffusion approximation and is successfully in different domains [4,49].

We note here that we are supposing that k, and x, are independent of position.

2.4.1 Diffusion equation

Here we reproduce the diffusion equation as in [4] but adjusting the numerical coef-
ficients for a two-dimensional medium.

We first separate the intensity as: I = I,; + I; where I,; is the reduced (coherent)
intensity and I = I is the diffuse (incoherent) intensity. The reduced intensity is

related to the single scattering and obeys:

dIM'
ds

= —Helri (231)

So from the RTE equations, the diffuse intensity obeys:

I
%8‘1 = —kdy+ / d0'p(6,0) I, +J, J= / d9'p(0,0)1,; (2.32)

Now, considering the diffusion approximation, we write: I4(r,8) = U(r)+2F(r)-8.
This could be seen as a first order series in . We also note that the diffuse flux is:
[1,3d0=TF.

In order to obtain U and F we apply the operators [ df and [§df on (2.32).

This leads to (appendix A.1):

1
V, -F = —27T/€aU + 27TI€SU,-i, Um‘(r) = 2— /d@ Im‘(r, 9) (233)
T
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1 1
V,U=—=KkyF + — / do Js (2.34)
™ m

where kepy = [ d0'p(8,8)[8 - 8], so that p; = keu/k. where p is the average of the
cosine of the scattering angle.
Equations (2.33, 2.34) allow to solve for U and F. Combining them, we obtain a

diffusion equation for U:
1
VU — K2U = =264 ksUps + —V - / dé Js (2.35)
7

Now we need to add appropriate boundary conditions. Supposing that we have
a reflection coeflicient R on the surface, this should be: I,(r,0) = R(0)I4(r,7 — 6)
for § directed towards the inside of the medium. However, considering the assumed
formula for I, the condition cannot be satisfied exactly . A common approximate

boundary condition is to verify the relation for the fluxes:

/ RECRVE / ()1, 8)d8 (2.36)

where 1 is the normal to the surface directed inwards.

Using the formula for I; we obtain:

(1 + 7’2)

2(1 —TI)U"‘ 2

F-h=0 (2.37)

where r; = f—ﬂﬁz R(6) cos*(0)db/ f:{% cos'(6)df.

2.4.2 Solution of the diffusion equation for incident plane wave

Now we solve the diffusion equation considering a plane wave field incident upon a
slab of discrete scatterers: Iicigent = 100(6 — ). We consider that the medium is
infinite along the y-axis so that we have a plane-parallel problem.
We solve 2.35 using the boundary condition 2.37. We obtain (appendix A.2):
I

I -
U — CUri_’_ﬁ{Ae—nd:r_{_Bend(z—d)], U, = o (6~fcezsec00+R26ne(z—2d) seceo) (2.38)
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where:

1— R~1 ~ _ KtrKs + ’{Zpl

I ] - == Ri = Ri 0 Y = Kedsec o C = 2 g 239

1/ 0 1— R1R2Y27 ( O)a € ) &3 _ (I‘{,e sec 00)2 ( )
o + LA Qn — TRd e—ndd A

1 4Ntr ; ( 1 4f€tr) — X

(og — JEd)erd (a2 + 7°4) B

et drar i (2.40)

| CA+ RaY?)ay + (55 + 21 cosbo)(1 — RyY?)
[C(1+ Ry)ay — e (COSC(90 + 2p; cosby)(1 — Ry)]Y

with: a; = (1 —78) /(1 +7%), Ker = ke(1 —p1), K2 = 2Kk,

After computing the intensity distribution, we can now compute the absorption
enhancement as ¢ = 2n(U(x) + U,;(x))/Io. The result should be then averaged over
the 2 component. So if we use the function £(x) = (1 = e~%)/x, then from (2.38) we

conclude that:

q(0) = qo(6) ([Dﬁ(/i%():—e_) + C] + 1) (2.41)
where: ~ ~
_ A+B _ (1=R))(1+RyY) . d sec
D= 1+ R'2Y7 QO(H) - 1— é1R~2Y2 6( ed 9) (242)

2.4.3 Dependence on parameters

We consider here that we have no external reflectors.

The enhancement depends on 0,/0,, 0snod and p. For a given value of 0, /0, the
enhancement reaches its maximum for an optimal value of o;n¢d and increases with u
(forward scattering) as in Fig. 2-1. The optimal value of o,n¢d and the enhancement
decrease with o,/0s. For given cross sections of a single scatterer o, and o, and a
value for p, there is an optimal value for nyd. The optimal enhancement can be then
increased by increasing o, or/and pu.

Lower plots in Fig. 2-1 show the optimal value of o,n0d as a function ¢,/c,, and
the inverse.

For a strong absorber (o,/os ~ 1), the scattering effects are negligible. The

optimal enhancement ~ 1 is reached by putting nod ~ 0. If we consider that we
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Figure 2-1: Red: pu = 1, green: p = 0, blue g = —1. Lower left: Maximum
enhancement ¢ (continued line) and optimal value of nyd (dashed line) as function of
o,/0, for different values of . Lower right: Maximum enhancement ¢ (continued line)
and optimal value of 0,/0, (dashed line) as function of o,ned for different values of p.
Upper Left: Enhancement for small absorption at # = 0. Upper right: Enhancement
for kK,/ks = 0.1 and 6 = 0.
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have N, rows of scatterers with average distances d, and d, in the z and y axis
respectively, then ngd ~ %. So for a given number of rows, d, should be made large.
When the scattering cross section becomes large, the enhancement increases for an
optimal value of nyd.

It should be also noted that the enhancement also decreases with o,nod and that
for a fixed o,nod there is an optimal value for o /0.

There is no dependence (within our model approximation) on d,. The dependence
on d; appears only for a finite size along the y direction. The small dependence on

d, is compatible with [2].

2.4.4 Case of small absorption

We have seen that the best case for the normal incidence is achieved for small ab-
sorption and large scattering. We will then check analytically the ideal case of zero
absorption (k, = 0)2.
In this case C' = —2cos 6?2, and:
_ (a2 + 7) X1 + (01 + Smed) X2

1+ RyY)D = (14 RyY)Dy(6o, k5d, k1rd) = 2.43
( + 2 ) ( 2 ) 0(0’{ h ) %’:—Ta(al—i—aQ)-{-Zalag ( )

where:

¥ 2cos? (1 + RpY2)ay + I cosfp(1 — RyY?) (2.44)
[2 cos? Oo(1 + R~2)052 — g cos Bp(1 — Rz)]Y '

When &,d — oo (Y=0), we immediately have Dy = cos Oo(45; +cos ) and then®:

q =T} cos 90(—7T— + cos by) (2.45)
40(1

One can show that the average enhancement over an isotropic incidence still gives
1 and is compatible with the results discussed in section 2.3. We can also show that

in this case we have a perfect isotropic diffuse intensity (F' = 0).

2Note that this can be achieved by decreasing either o, (which is not useful in practice) or nod
3If Ry = 1, the result will be multiplied by 2.
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With no external reflectors, the maximum enhancement at §y = 0is ¢ =1+ 7 /4
which corresponds to the upper limit within this model.
The external reflectors can for example be achieved using a change of index at

the boundaries which leads to total internal reflection. This gives: a = 1/(2n —

2. /11—

T n?

— % sin™! %) where n is the index contrast. This increases the enhancement

at normal incidence that will be infinite when n — oo (g(6p = 0) ~ Zn).

2.4.5 Asymmetry factor

The asymmetry factor derived from the previous derivations is g = g, where in
general p1; = [, cos(i6)p(0)dé (where we take p(6,6") = p(6 — @')). Since the diffusion
result depends only on v, v, and p4, it can be seen as approximating the differential
scattering cross section by: p(6 — 6') = ;-1 + 2u; cos(d — ¢')].

The Delta-Eddington approximation [50] allows to incorporate the second moment
of p by including the forward scattering peak using a “delta function" term so that:
p(0,6") = p2d(0 — 0') + 5E2[1 + 2ucos(f — 0')] where p = (u1 — p2)/(1 — p2). This
approximation matches the Fourier decomposition of p up to the second term. By
incorporating this expression in the RTE (2.14), one recovers a second RTE with p
replaced by 5-[1 + 2pcos(§ — #')] and o, replaced by 0,(1 — uz). So the diffusion
approximation can be made more accurate by replacing p by (11 — p2)/(1 — pg) and
0s by 05(1 — pg). This is known as the Delta-Eddington approximation [50].

In a three-dimensional medium, p; = [ 4. Pi(cos 8)p(cos §)dSY where P, is the it

Legendre polynomial.

2.4.6 Correction for small thickness

It is known that the diffusion approximation is not accurate for a small thickness. For
example, one can check from the previous diffusion solution in the case of negligible
absorption that the enhancement for isotropic incidence is not always 1 (unless for
large thickness/scattering). However, one can easily see that for isotropic incidence

(with unit intensity) and no absorption, the isotropic solution 1 is an exact solution
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of the RTE equations and verifies the boundary conditions. The problem is that the
diffusion model assumes that the diffuse term is almost isotropic, while the coherent
term is not so that the total intensity is not isotropic.

Here we intend to keep the simplicity of the diffusion approximation by simply
rescaling the diffuse to take into account higher order terms:

2:(8) = qo(0) <n [Da—g% + c] + 1) (2.46)

where 7 is defined so as to keep the enhancement equal 1 for no absorption. In this

case:

/2
7 — (g + ¢)ao

n=—
fo /z[q(()l)D(()l)(H, Ked, Kerd) + q((f)D(()z)(ﬂ, Ked, Kird)] /€ (Ked sec ) — 2 cos? 9((](()1) + q(()2))d0
(2.47)

Superscripts refer to the boundary that is facing the incident wave.

One can show that for k.d — oo, we have n — 1 and we recover the standard
diffusion results.

We will see that such simple correction gives reasonable results compared to full-

wave simulations.

2.4.7 Inhomogeneous distribution of scatterers

At this stage, since all previous results are for homogeneous distributions, an in-
teresting question to ask is if we can improve the results using an inhomogeneous
distribution of scatterers. We will already say that the answer is no (as long as you
are using one type of discrete scatterers). With an inhomogeneous distribution, the
spatial variations of the intensity inside the “slab” will change, but the average in-
tensity remains constant. In an other way, the energy absorbed by each individual
particle changes, but averaging over all particles the result is the same as with an
homogeneous distribution with the same averaged density.

For simplicity, we consider that we have no reflectors. We confirmed this result
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numerically, but here we give a general proof for our statement.

Proof: We start first by writing the diffusion equation with an inhomogeneous
distribution. In this case, equations (2.33) and (2.34) remain valid but the diffusion

equation becomes:

1 1
WU—@Uz—?@&—m%@mHuvl/wJé (2.48)
e
Where:
1
w:EwW%MK'/wﬁ:eﬁmww&,mJ;LWW+/wJ§x

v

(2.49)

So: V- [df J8 = (kep1)'eJ mesecbo — (k,py)2eJ reseclo  Thig leads to:

!

K/r -1 K I — [ ke
U" — R—;U — K3U = —ﬂ_—[,{—;fiepl cos Oy — (Kep1) cos b + Kole Jresecbo) (9 50)

Now, if we assume that we are using a single type of scatterers (ng defined in the
beginning of this section is variable, but o and o, are constant), the previous equation

simplifies to:

/ HQ
U = 207 g2 = — 28 [ resecty (2.51)
un ™

If we write kg = ngoq and K, = ngo,, we can rewrite the previous equation as:

11/ 2,,2

o.n

0

0| 2] — oy = - g (252)
o ™

By integrating over z, we finally find:

d / ! 2 d
0’3/ noU = [U (d) _ Z(_O_)_] + %/ noe—aesecﬁofno
0 0

no(d)  mno(0) ] (2.53)
_ [U/(d) B U/(O)J o 1 e—aeseceofodno)
n(d) n(0) mo, sec by

This is the main equation that shows that the enhancement ¢ = fod noU/ jbd ng de-

pends only on the total density fod no, U'(0)/no(0) and U'(d)/no(d). To finish the
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proof, we next show that U’(0)/n¢(0) and U’(d)/no(d) depend only on fod no. This is
done by writing the boundary conditions and an another relation from the differential

equation (2.52). Boundary conditions (2.37) can be written as:

7
40 (0) - O L e o5y = 0 (2.54)
otyno(0) oy
’
d e
10 (d) + FUD e o goeorseetn fina — (2.55)

If we note g = 7% — oqU, then from (2.51) one can easily show that:

2
agnoe—oe sec 6o fod no (2.56)
m

g +nooag = —

This first order linear differential equation can be readily solved, leading to:

™

T 42
g(x) — e~ Ud JZno l:g(o) _ / Ugn06_ae sec o fy n0 ;0d Iy nody:I
0

. 0-2 e—(aE sec Gg—0g4) fox no _ 1
=e 7m0 | g(0) + 2L 2.57
c l:g( )+ T o.secly — oy ( )
2 2
09 —oesecty [ no Uy —oq fomn
— e . O _ dJo 10
T[oe sec By — o4 © +1900) m{oe sec By — o4) ©

This final equation allows us to write:
U' — oqnoU = Ange s Jomo | Bnge o o (2.58)

We can finally use the last equation to solve for U. After simplification, we obtain:

N e-(a'dJra'g secbp) [y no __ 1 e—204 Jomo _ 1
U(z) = e Jo ™ | U(0) — A-— B 2.59
(z) = e (0) o4 + 0. sec by 204 ( )

Equations (2.58) and (2.59) give two independent equations relating values of U at 0
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and d:

/ 2
UAd) _ 0(d) = - [emoessemtiino _ gmeafino]
no(d) 7 (sec oo, — 04) (2.60)
. [U/(()) ~ UdU(O)} —oa fimo
no(0)
U '
U(d) =- é_) (e72J5 0 4 =oafyinoy | 2;275(?()0) (e74J5 m0 _ g=oufi mo)
% (eofimo _ goesectn fino) (2.61)
m[o2sec? By — o2
o2 " a )
(6 Udfo ng __ eadfo no)

2noglo.sec By — oy
We conclude from all this that equations (2.54), (2.55), (2.60), and (2.61) give
four linear independent equations (first two are from boundary conditions and last
two independent from boundary conditions) that relate U(0), U(d), U’(0)/n(0) and
U'(d)/no(d) and depend only on the single particle properties (different o’s) and
on fod no (and not the spatial variations of ng). This concludes our proof that the
total enhancement for an inhomogeneous distribution of particles is the same as an

homogeneous distribution with the same averaged density.

2.5 Quantitative comparison with full-wave simula-

tions

We now compare our results with full wave simulation for ocean buoys from Ref. 2.

Each ocean buoy is a truncated cylinder with radius a = 0.3, draft H = 0.2, water
depth A = 1 and with heave (vertical) motion. Buoys are also submitted to damping
and string forces. Similar to Ref. 2, we only retain the restoring coefficient (pgA with
p density of water, g Earth’s gravity and A water plane surface) for the spring force,
and the damping force is chosen so as to ensure that the absorption cross section
reaches its maximum (1/k, k wavevector). We do not show the detailed derivation to

compute single-scattering properties since that is already known (c.g. Ref. 2,51,52).
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Figure 2-3: Values of ¢ for N, x N, = 3 x 30 arrays of buoys from exact solution [2]
(solid lines), compared to diffusion (dashed lines) and radiative-transfer (RTE with
Monte Carlo simulation, dots) models. The average buoy spacings (randomly chosen
via a Gamma distribution) are d,/h = 1.73, d,/h = 3.63, with h = ocean depth.
Numbers in legend are g, averaged over 8 for a typical ocean-wave directional spectrum
cos?® @ with s = 4 [3|. Shaded regions is one standard deviation from mean value (blue

line) for 100 random structures.
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Briefly, this is done by decomposing the incident and scattered field into cylindrical
Bessel functions and ﬁﬁding the coefficients through appropriate boundary conditions
on the surface of the cylinder. The radiated part requires to compute the velocity
of the buoy that is recovered from Newton’s law (e.g. Ref. 2). The absorption cross

section is then proportional to the square of the velocity.

Cross sections are shown in Fig. 2-2. The ocean-power flux spectrum plotted in
Fig. 2-2 is chosen as Brentschneider spectrum that is used for fully developed seas.
The angular distribution is chosen to be cosine-based (cos?® 6) [3].

We see that at the resonance o,/0, = 1, so that ¢ is expected to be smaller than
1 at least around resonance) and the optimal structures tends to have large d,,. Such
tendencies are compatible with the full-wave simulations.

We choose the spacings to obtain the optimal value of enhancement averaged over
the given spectral and angular distribution for a periodic structure with 3 rows [2].

The results for the random and periodic structures are shown are shown in Fig. 2-3
along with Monte Carlo simulation to solve the exact RTE equation.

In Fig. 2-3, our corrected model agrees to < 2% accuracy with exact solutions
for random arrays at § < 80°, as long as the results are frequency-averaged. The
importance of frequency averaging is shown by the g frequency spectrum shown in
the inset for = 0°. For an ensemble of random structures, this spectrum exhibits a
large standard deviation (gray shaded region), due to the many resonance peaks that
are typical of absorption by randomized thin films [17,19], but the frequency average
mostly eliminates this variance and matches our predicted (). Precisely such an
average over many resonances is what allows the Yablonovitch model to accurately
predict the performance of textured solar cells even though it cannot reproduce the
detailed spectrum [19,43].

At first glance, our model does not agree in Fig. 2 with the performance of the
optimized periodic array from Ref. 2: the periodic array, which was optimized for
waves near normal incidence, is better at § near 0° and worse clsewhere. However,

when we also average over 6 (from a typical ocean-wave directional spectrum [3]),
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the result (shown as a parenthesized number in the legend of Fig. 2-3) matches the
corrected diffusion within 5%. If we average over all angles assuming an isotropic
distribution of incident waves, the results match within 1%. Similar results have been
observed for thin-film solar cells, in which an optimized structure can easily exceed
the 4n? Yablonovitch limit for particular incident angles, but the Yablonovitch result
is recovered upon angle-averaging [18,19,22,43].

Interestingly, we also note note that behavior for isotropic incidence (s = 0) is
compatible wit our results from section 2.3. The isotropic ¢ does not exceed 1 at
every wavelength for random structures. For periodic structure, the isotropic ¢ have
large oscillations as a function of wavelength (still limited but very far from the ﬁ

limit from eq. 2.13), but still averages to 1 over a broad-bandwidth.

2.6 For larger enhancements

2.6.1 General discussion

After presenting a coherent framework for the maximum enhancement that also allows
an analytical estimation of the enhancement for random structures with quantitative

precision, we are now interested to know how can we increase the enhancement.

- Scattering cross section: We see that there is a margin of improvement that can
be achieved by increasing the scattering cross section through a new design of the
WEC. In Fig. 2-4-b, we see that we may achieve a 10% increase in enhancement by
increasing the scattering with a factor of 4 for s = 4. Periodic structures are expected
to increase with comparable rates.

- Use of reflectors/concentrators: The use of external reflectors can also increase
the efficiency as already discussed in sub-section 2.4.4. They can be used as back-
reflectors or also as concentrators.

Angle-dependent reflectors can for example be achieved by building a low-index
tension/bending in front of and behind the absorbers which can lead to near-zero

index [63,54]. This will lead to a total internal reflection at certain angles and will
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Figure 2-4: a- Effect of a change in the index contrast and scattering cross section
on the bandwidth-averaged factor ¢, for the same array in Fig. 2-3. We tune the
index n; along a strip surrounding the array, with ny being the index of the array’s
ambient medium. We suppose that the buoy has new scattering cross section g,, but
keep the same absorption cross section. b- Same as (a) but keeping the same index
contrast (ng = np). Inset: Optimal enhancement (continued line)/spacing (dashed
line) between bodies as a function of increasing cross section.

increase the enhancement. Note that this increase of enhancement comes at the

expanse of incident waves at large angles that will be reflected.

Fig. 2-4.a shows the expected increase of enhancement due to index contrast.

Enhancement can reach very high values given a large index contrast.

Other methods can include Bragg reflectors [55], wave focusing using seabed fea-

tures [56] or periodic cylinder arrays for effective lens [14].

- Inhomogeneous scatterers: Another possibility would be to use different types of
scatterers (with different resonant frequencies) to span the (large bandwidth) incident
spectrum. The enhancement of such inhomogeneous systems can be computed using
effective scattering/absorption cross sections by weighting the cross section of each
type by its own density. This will in principle reduce the maximum value of the
absorption without changing its integral over the frequency spectrum which will allow
to obtain a larger enhancement without much reduction of the (isolated) absorbed
power. However, in general, each type has a different frequency-averaged absorption

(related for example to the 1/l limit for each buoy) which will make it difficult to
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have a better total absorbed power compared to simply using the best type. of buoys
among this inhomogenous distribution

Another advantage for the use of inhomogeneous scatterers is that it allows to reduce
the distance between the bodies for the optimal distribution since the maximum value

of the effective absorption cross section over the spectrum is reduced (cf. 2.4.3).

2.6.2 Optimization

As a specific example, we use a strip with low-index surrounding the bodies. This
can be for example achieved using tension and/or bending membranes (basically thin

elastic films) on the surface of water. The dispersion relation is then given by (e.g.

Ref. 57):
1+ Cy(kh)? + Cy(kh)*
1+ m - khtanh(kh)

w? = gktanh(kh) (2.62)

C; and C} represent the tension and bending coefficients respectively, and m rep-
resents the mass of the membrane. For simplicity, here we will take C; = 0 and
m = 0. By matching the free surface amplitude and its derivative on the two bound-
aries, we compute the transmission and reflection coefficients. The dispersion relation
(2.62) allows to compute, for a given frequency w, the corresponding wavevector in
the region covered by the membrane which leads to the indez of this region relative
to the free-surface region. Using the indezx of the membrane-covered area, we can
then compute the transmission using appropriate boundary condition (continuity of
free-surface amplitude and its derivative for uniform water depth). The transmission
through the finite-sized membrane is computed using T-matrix formulation. The
reflection coefficient used for the diffusion model is the fraction of reflected power.

For practical purposes, we limit thicknesses to the double of the water depth and
Cp to 2 for both front and back membranes. We optimize the average g, for an angular
distribution with s = 4 and the same density of buoys we have chosen before. Results
are shown in Fig. 2-5.

We know that the only constraint on the index contrast is how much we are

interested in out-of-normal incidence angles. For the back membrane that doesn’t see
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any incident waves, the ideal value is an infinite contrast (or perfect back-reflector).
Since an increase in Cj leads to an increase in the index contrast, the optimal value
here is 2 (within our constraints). For the front membrane, a balance is to be chosen.
If only interested in normal incidence, the ideal solution again will be infinite contrast.
In our case (finite angular range), there is however an optimal value (that seems to be
typically constant around 0.05 and independent of Cyz). The values of membranes’
thicknesses are dictated by wave effects. A relatively large thickness is required in
order to get total internal reflection (otherwise, the wave leaks through evanescent
modes).

The optimal solution (imposing C} < 2) is shown in Fig. 2-5-c. We also compared
our corrected diffusion model to exact solution of RTE through Monte Carlo simula-
tions. We notice that our model gave an upper-estimation of the result within ~ 8%.
We also notice substantial increase in enhancement (by a factor of 2) compared to the
case without use of reflectors. Such results show that the use of external membranes

can be a very promising way to increase ocean buoy multiple-scattering enhancement.
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Figure 2-5: a- Optimal enhancement (gs) averaged over the frequency spectrum and
angular distribution corresponding to s = 4. Each point is obtained after optimizing
thicknesses of the membranes. b- Similar as (a) but only as function of Cy; and
choosing the optimal Cj;. ¢- Optimal structure corresponding to C, = [0.047, 2.0] and
membranes’ thicknesses ¢t = [1.73h, 1.84h] with h water depth. The angle-averaged
enhancement is: 1.83 (RTE), 1.99 (Corrected diffusion), 1.64 (Diffusion).
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Chapter 3

Frequency selective metasurfaces

3.1 Context

Frequency selective surfaces (FSSs) [31-33] are periodically structured surfaces de-
signed to transmit (or reflect) electromagnetic waves (in general at microwave fre-
quencies) within a restricted bandwidth, thus operating as filters. They can be used
for example as spatial filters [58-60] or radar absorbers [61,62].

Standard frequency selective surfaces are usually composed of a periodic metallic
grid, with different possible unit-cell designs, placed between two dielectric substrates.
When the period of the structure is substantially smaller than the wavelength, the
FSS can be qualified as a metasurface and usually exhibits a better performance in
terms of angle dependence. For a typical choice of the unit cell, we obtain a single
resonance at some selected frequency, so that the F'SS behaves indeed as a pass/stop-
band filter. As can be expected from the behavior around a single resonance, the filter
shows a second-order response (two complex-conjugated poles - Lorentzian function
in terms of frequency). Higher order filters can for example be achieved through the
use of multiple cascaded surfaces [35-40]. Different important properties are to be
considered while designing F'SSs, in particular: order and type of the filter, stop band,
rejection value, and angle dependence.

While the design of a single surface is relatively easy due to the small numbers of

parameters [33], the design of a specific response for multiple surfaces remains more
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challenging due to the many couplings between the layers. Only in small number of
cases the ideal elliptic filter response was demonstrated, usually with compromises
between filter properties and with a structure that is not easily scalable [36,38-40].
One possibility to understand the behavior of multiple-surface FSSs is the use
of temporal coupling mode theory (CMT) [41,42]. Our goal is to use a systematic
method for the design of FSSs through the use of CMT and to demonstrate high

order filters with “good” properties.

3.2 Single grid

We show in Fig. 3-1 some examples of the unit cells for the metallic grids we will be
studying in this work. They have the symmetry that guarantees the same behavior
for the two different polarizations at normal incidence. In the following, and unless
otherwise stated, we will use the unit cell further to the left in Fig. 3-1.

The transmission spectrum of the structure can be understood by the equivalent
circuit model in Fig. 3-1-c (where Z represents the free space impedance and R
models eventual losses in the metal and dielectric - the lossless limit corresponds
to R — o0), valid when the wavelength is large compared to the period (and as
long as the dielectric slab is thin so that we can neglect transmission line effects)
[31,63,64]. The capacitance C originates from the opening in the metal that leads
to charge accumulation, and the inductance L originates from the current flowing
around the opening. The presence of L and C in parallel leads to a resonant behavior.

The transmission spectrum can be computed through T = 2—“%% The factor 2 is a

normalization coeflicient since in the absence of the structure we have Y‘;’ﬁ = EZZ = %
We obtain then:
Y 1 1/Q,
T(w)=2 /Q (3.1)

Ve +Y)+Y 1+ 5 +55(Cw— ;) YQi+35(5 -2

where we defined wy = —\/£=C, Qr=3Z \/% (radiation Q), Q, = R\/% (absorption Q)
and Q;' = Q71 + Q7! (total Q).
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Figure 3-1: a- Examples of unit cells. The grey area represents the metal. b-
Schematic showing the FSS embedded in a dielectric slab. c- Equivalent circuit model.

As expected, the transmission spectrum is a Lorentzian with half-maximum band-
width %‘tl which is typical for systems with a single resonance. The maximum trans-
mission is |T(wg)|? = (%)2 So, the main effect of losses (finite value of @,) is to
reduce the maximum transmission and increase the half-maximum bandwidth. This
behavior, predicted by the single resonance model, is only modified when the fre-
quency becomes close the first diffraction order at w = i—":c where ¢ is the speed of
light.

Although there are analytical values for the expressions of L and C (e.g. [63]),
they are only valid in the limit of very large wavelength (and they are derived in
the case of 1D metallic strips which makes them even more inaccurate). The general
dependence of L and C on the parameters can still be intuited from their physical
origin. Typically, the capacitance C increases with d, and €4;; and the inductance L
decreases with I.. In order to find a high-Q (small bandwidth) resonance, one may
need a large dielectric constant. In this case, the mode is confined in the structure

which worsens the effects of absorption losses (from the dielectric or the metal) and
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Figure 3-2: Left: Experimental setup. Right: Transmission spectrum from experi-
mental measurement and numerical simulation. Values for the designed metasurface:
a. = 10.16mm, . = 7.19mm, d. = 9.906mm, tg = 1.52mm, €4 = 4.3(1 + 0.0157)
(FR-4).

decreases the transmission peak. In general, a compromise needs to be made.

In the absence of losses, the values of wy and @, fully characterizes the trans-
mission spectrum and can be directly recovered from the eigenvalue problem (since
the eigenvalue in this case is given by wy(1 + z%)) This allows a relatively easy
optimization of the structure. When metal losses can be neglected (for relatively
small Q, say of order 10), dielectric losses can be incorporated quantitatively through
C — C(1 +itand) where tand is the tangent loss of the dielectric material.

Here we show an example of structure with fob=10GHz and @; = 10 and tané =~
0.015. The physical grid was built using standard PCB techniques. The experimental
measurement (using a network analyzer) shows a very good agreement with simula-
tions (Fig. 3-2). (The small difference is due to incertitude on the dielectric constant

of FR-4 from the manufacturer.)

3.3 Double grid

3.3.1 General behavior

The single grid offers only few possibilities for design, since the transmission shape is
already determined (Lorentzian leading to an attenuation of -20dB/decade). In order

to get different type of filters or to add the possibility of electrical tunability (through
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the use of materials whose properties can be tuned electrically such as liquid crystals
or strontium barium titanates), a multi-grid system is required. In this section, we

start by considering a symmetric double grid system.

One way to understand the behavior of the two grids system is to use the equivalent
circuit model. The two grids can be again modeled through resonant LCs. The
propagation between the grids can be modeled as a transmission line that is equivalent
to a simple inductor L, in the case of small separation (actually, there is also a
mutual inductance between the loops of the metallic grids that we also incorporate
in Ls). Finally, a new interesting feature appears in the case of metallic grids which
is the presence of a capacitance C, between the two metasurfaces. This leads to
the emergence of a resonant L,C, with an important consequence: at the frequency

1

W2 = JEas the resonant LoC5 becomes an open leading to a zero in the transmission

function.

We can immediately compute the transmission from the circuit model (Fig. 3-3-a).

This leads to:

_ b2
Tlw) = (14 7b1)(1 + j(by + 2by)) (3.2)

where b, = Z(Cjw — ﬁ)

As expected, T'(w2) = 0. Also, the transmission function has two poles (plus their
opposite-conjugate) so that in general we expect to have two transmission maxima
(we show later conditions under which this is true). It is interesting to extract the

eigenvalues of the transmission function by decomposing the transmission in (3.2) as:

R 1/2
——1-|—jb1 1—|—j(b1+2b2)

T(w) (3.3)

By comparing each term to the single-grid transmission in (3.1), we can extract the

effective circuit parameters for each mode:

1 1 2 .
T 2(—+ ), 05" = 2(C1 +2Cy) (3.4)
1

A Ly ..
L9 = 2L o9 = 20, il
1 91 ! L, Ly
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leading to:

wl,eig = Wwh, Ql,e’i,g = 2Q1 (35)
2 2
2 Wy Wy 2 2 2 W | W2
Wy oo = + , =4 4 21| —+ —= 3.6
2eig = T 28?:; 1+ 28;5? @3 eig QT +4Q3 + (wz wl) 1Q2] (3.6)

We used the subscripts “eig” to remind that those are the values to be found using
an eigensolver (a point to be discussed soon). An interesting point to be mentioned is

that the first eigenvalue depends only on the resonant grids and not on the coupling.

In the following, we will drop the “eig” rotation so that w;, Q; refer to the eigen-

values.

We can simplify the transmission function (3.2) and write it in a CMT-like form
assuming the the frequency w is close enough to the ecigenfrequencies so that b =~

j%%(w — wp). In this case:

Iy Iy
T(w) ~ — — — 3.7
@) Jw—w)+T1  jw—ws)+ T (3.7)

Wi

where I'; = T

The formulation in (3.7) is the same as the standard result from CMT for two
coupled resonances (e.g. Ref. 42). The main difference here is that the two resonances
have different values of I which is different from the typical assumption that both
resonances have the same decay rate. This is what leads to the presence of a zero in

the transmission function at a frequency larger or smaller than both eigenfrequencies.

With this simplified formula, we can find the frequencies at which |T'| = 1. We
find:

w =

[wl twst /(@ — ) = 41“11“2] (3.8)

DO =

We see that in general we have two transmission maxima, as long as we have
(wi—wsq)? > 41 T's. Once this condition is not verified, we obtain a single transmission

peak that is strictly below 1 as illustrated in Fig. 3-3-b.
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Figure 3-3: a- Schematic of a symmetric double grid and the corresponding circuit
model. b- Example of transmission spectra from the CMT circuit model that shows
both cases of double and single peak. c- Extracted values of C;, L; through fitting
of the transmission function. Structure corresponds to: a, = 16mm, I, = 0.1a.,
d. = 0.9975a,, €giet = 1. (The corresponding single grid gives (f, Q) =~ (10GHz, 10)).
d- Example of the transmission function from electromagnetic simulation and the
corresponding fit using the circuit-model transmission (d=2mm).

3.3.2 Dependence of the coupling parameters

In order to check the validity of the circuit model, we compute the transmission at
normal incidence using an electromagnetic frequency-domain solver (COMSOL), then
we fit the result to the previous analytic formula from the circuit model. Results are
shown in Fig. 3-3-c and Fig. 3-3-d. We assume that the impedance is equal to the
free space impedance (Z = 37602).

We first note that the circuit model allows a very good fit of the transmission
spectrum for different values of the metasurface. We also note that C; and L, are

not affected by the distance between the two grids (unless d is very small) which is
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expected since those values are related to the individual grids. We also note that
1/C5 and Ly increase (mainly linearly) with the distance d between the grids. This
can be understood from the physical origin of those parameters. C, represents the

capacitance between the metallic grids so that Cy %. Also, Ly is related to the

transmission line between the grids so that for small spacing Lo o d.

An important point to mention here is that the zero-transmission frequency verifies

Wy = —
2 vV LaCo

depends on the dielectric material between the two grids. This will have important

x %, meaning that the frequency of the transmission zero mainly

consequences as we will see later.

3.3.3 Design

The presence of the transmission-zero offers new design opportunities with much
better attenuation rates (better than the typical -40dB/decade for a fourth-order
filter). Ideally, one would like to use two zeros to obtain a symmetric pass-band filter.
This requires the use of a three-grids structure and will be discussed in next sections.
However, it is first important to check the flexibility given by this type of structures
through the design of specific filters. The transmission formula given previously (for
a symmetric structure) allows a very efficient optimization method. In fact, values
of (fi,T;) extracted from an eigensolver fully characterize the transmission spectrum
through equation (3.7). So in order to design a given filter, one needs to define
the target filter and the corresponding eigenvalues then use an adequate root finder
algorithm to find the structure that gives the required eigenvalues. As perviously
indicated, losses can eventually be incorporated through C — C (1 +iS€gier) (in case
where metallic losses are negligible). Here, we mainly use COMSOL’s eigensolver and

typical MATLAB’s nonlinear-solver algorithm.

Design results with materials widely used in PCBs are shown in Fig. 3-5.
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Figure 3-5: (lossless) a, = 9.894mm, I, = 0.358a,, d. = 0.973a,, tga = 2.726mm, d =
1.810mm, €giet = 3.48, €;, = 6.15. (lossy) a, = 9.894mm, [, = 0.353a,, d. = 0.972a,,
taier = 2.738mm, d = 1.712mm, €giet = 3.48, € = 6.15, tand = 0.0038 (RO4350B -

RO4360G2)
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3.4 General CMT formulation

As we saw in the two-grids case, the use of the eigenvalues allow an efficient optimiza-
tion method. However, for scalability, we need to develop a general framework. For
N grids, one can use a circuit model as previously, compute the transfer function, find
etgenvalues numerically (results are not in closed-form anymore), then optimize for
those values. However, two issues are present. First, it is not clear how to define the
wanted filter. Actually one would like to directly find the required values for a stan-
dard filter (Elliptical, Chebyshev, Inverse Chebyshev, Butterworth) with parameters
taken from filter theory (e.g. [65]). Second and more importantly, the eigenvalues
are not enough to fully characterize a general filter. In the previous two-grids result,
the symmetry of the system allows to determines the expansion coefficients in equa-
tion (3.7). In general, some information about the symmetry of the eigenmodes is
required. In the following, we will develop a general result to solve these issues.

A CMT formulation for multiple resonances have been proposed in [42]. However,
it does not specifically discuss the case of asymmetric systems. Also, the modes used
are not the final eigenvalues (given by the eigensolver) but the original uncoupled
modes. A recent paper [66] showed independently a result similar to the one that we

use here with some noticeable differences that we will mention later.

3.4.1 CMT from Maxwell’s equations

General notions: Maxwell’s equations can be compactly written as:

dF
—=LF+J (3.9)
E 0 1vx —j/e
where F = , L= € and J = .
H —iVX 0 0

One needs to add appropriate boundary conditions. For a scattering problem, we
use a radiation boundary condition: |r|*z" (V x +ikx)E — 0 for 7 — co where n is

the dimension of the problem.
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For such boundary conditions, the problem is non-hermitian using the conjugated
inner product ( f,, €E-E""+1oH-H'*). However, it is symmetric using the unconjugated

product ((F,F') = [, eE - E — yoH - H'), since':

(F, LF’) :/VE-(VxH')+H-(vXE')+/ (ExH-ExH) -k (3.10)

The surface term is cancelled from the boundary condition (H — k x E\/il_i)) and
we obtain (F, L.F) = (L.F, F').

The eigenfunctions of this problem are usually called quasi-normal modes as they
diverge in the far-field and their conjugated norm is infinite. Several properties have
been shown for those modes in some particular gecometries [67-70]. However, the
divergence of the norm is not an issue in one-dimensional geometries (or geometries
with translational symmetry that can be decomposed into plane waves at infinity)
since the unconjugated product is finite. In this case, for a given quasi-normal mode
we have: E = f(k)e*® +o(1) and H=k x E 2 +0(1). So even for a complex £,
we still have ¢gE - E — yoH - H — 0 and the unconjugated product is finite.

The use of the uncojugated product is actually equivalent to the formulation with
an additional surface integral in Ref. 67,69. Even though this result (the fact that
there is no problem in normalizing quasi-normal modes in 1D) seems trivial, we are
not aware of it been mentioned in literature. The situation is different when scattering
from finite-size objects in 2D or 3D since the additional terms are no longer o(1) and
diverge. In those cases, quasi-normal-modes can be normalized by surrounding the
structure by a Perfectly Matched Layer (PML) and using the unconjugated product.
In this case, the problem with the PML can be seen as a closed system that is also

symmetric which justifies the use of the unconjugated product [70,71].

CMT formulation: We can now use the unconjugated inner-product to expand
the scattered field in terms of quasi-normal modes. We consider a plane-wave incident

field Fine verifying: —iwFine = d_I;-tM = L¢,Finc (Where €, refers to the background).

1Using the relation: V- (Fx G) =G x (Vx F)— F x (V x G).
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The total field (with scattering) verifies @"{;F—m) = L(Finc+Fsca). S0, Fsca verifies
Maxwell’s equations with an effective current:
dF sca "'J/ €

dt = Lerca"_Jinc: Jine = , .] = _Z.w(e"fb)Einc = _éWAﬁEinc (311)
0

The main CMT assumption is that we can decompose the scattered field into a
finite number of quasi-normal modes: Fgeq = >, a;F; so that L.F; = —iw;F;. This
assumption is usually valid only inside the scatterer (e.g. [67]). The quasi-normal

modes are orthogonal under the unconjugated product since:

—in <Fi, FJ> == <Fi, LeFj> = <L5Fia FJ> = —iwi(Fi, F_]> (312)

We also normalize F; so that (F;, F;) = 1. From equation (3.11), we have then:

da; i

— = —lWw;a; + <Fi, Jinc) (313)
dt

We assume that the incident field can be decomposed into exciting “port modes”

so that Fine = >, s F2,, where F¢ is the exciting field due to an incident wave

m-mT m?

from port m in the absence of the scatterer.

In the far-field, Fg, = FL +3", ¢ Fy, where FZ are the input/output port modes
that verify orthogonality conditions: (F, Fy )s.. = Js (BY xH, —E; x H{) k=
O, (F, Ft)s, =0and (F;,F,)s. = 0. From the decomposition, we then re-write
equation (3.13) as:

da;

— +
E = —w;a; + g KmiS,m (314)

where Ky = (F;, J5,) = iw [, Ae(ES, - E;).
In order to find the scattering coefficients, we need to use a near-to-far field trans-

formation since the expansion we used is only valid inside the scatterer. We can

do this by using a reciprocity relation. We start by rewriting the problem in the
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background medium. We have:

dFsca —.e €
_Et_" = LebFsca + Jeﬂ'y Jeﬂ' = Jinc + (Le - Leb)Fsca - ] ﬁ/ ° (315)
0

where:

. €p . 1
Jeff = —fzwAeEinc + Ae~V x Hgen
€

Ae (3.16)

= ——e—éiwAeEinc + A¢[—iwEgca — iw—Eijnc] = —iwA€[Egea + Eine]
€ €

Now, we apply Lorentz reciprocity [6] to the two following solutions in €,: (j2 =

jerr, F2,o = 0, F2 = F*) and (j> = 0, F2_ = F+ F® = F®), so that:

mc

/ (Eajo— En -ja) = / (Ba x Hy — By x Hy) = (Fa, Fo)s.  (3.17)
1%

oc

By writing Feea = ), tmFp, in the far-field (T-matrix expansion) and using

orthogonality of the “port mode” we obtain:

> s+ Y aiDni = — / jet - ES = t, (3.18)
m i v

where:
Qpm, = iw/ Ae(ES - ES), D, = iw/ Ae(Es - Ey) (3.19)
v 1%
We can finally conclude that the scattering coefficients given by s; = t, +
Y m CnmS; are:
s, = Z[cnm + QS + Z D,;a; (3.20)

where we remind that Dp; = Ky = iw |, Ae(ES - Ey), app = iw [, Ae(ES - E2)) and
Cnm are the background scattering coefficients.

Equations (3.14) and (3.20) form the basic CMT equations.

The coefficients of the matrix D are given through a volume integral. We can

change them to surface integral by applying the previous reciprocity principle to the
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volume outside the scatterer. In this case, the volume integral is 0 (all currents are

zero outside scatterer), and we simply have:

0= (Fa,Fy)s5, — (Fa, Fy)s Z a;(F;, F2) =YD, —t,  (3.21)
where Sy is the minimal surface enclosing the scatterer. With this notation we have

then:
= Z ComSi + Z D;.a; (3.22)

where D), = (Fi,F&)g,.
We can relate (3.18) and (3.21) by noting from Maxwell’s equations that:

—iwAeEine = iweBgea + V X Hgen = Z i(w — w;)eE;a; (3.23)
So (3.18) becomes t, = 3, a;i [, [wAe + e(w — w;)](ES - E;) (the integration is only

inside the scatterer). Comparing this to (3.21) we conclude that:

D, = D,; +i(w — wi)/ e(Eg - Ep) (3.24)
Vo

We note indeed that for large Q (w; close to real axis) and w close to resonance
frequencies, we have D &~ D’. This is basically due to the fact that AeE;p. (term that
leads to a) becomes negligible compared to AeEqc, in the expression of jeg, since

high-Q resonances strongly confine the field inside the scatterer.

3.4.2 Phenomenological CMT

In the previous section we explained the rigorous origin of the CMT from Maxwell’s
equation and gave the expression of the coupling coefficients through volume/surface
integrals. However, having to compute volume integrals is usually to be avoided and
the coupling coeflicients depends in general on the exciting frequency w. Since we are
interested in a relatively narrow bandwidth, a common assumption in the CMT is to

take constant coupling coefficients. This rather brutal approximation can still lead
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to good results as long as we have high-Q resonances and we are interested in small
frequency-range around those resonances.

The previous CMT equations can be written in matrix form as:
— = —iQla+ K'a, s_ =Cs, + Da (3.25)

where (2 is a diagonal matrix. We also reminds that the matrix C represents the
scattering matrix of the background medium without the scatterer. Here we consider
a lossless system. From conservation of energy and reciprocity: C*C = I and C* = C.
We try then to find general conditions on D, K and C so that the scattering matrix
verifies energy conservation and reciprocity.

For excitation with frequency w, the scattering matrix is given by:
S=C+ D(i(w - Q)K" (3.26)

We first show (appendix B) that a necessary and sufficient condition for S to be
unitary is:
CD*"=-KM* (3.27)

E DPi*Dl

- o= Zp T P

where M,l Wor—o)
1

This immediately allows to write the scattering matrix as S = T'C, with:

Dm‘ {DM*I];'

T=1-D@i(w-Q) M Dt =1 — {Z J (3.28)
@ rq
With this new formulation, we show (appendix B) that T' depends only on w; and
the ratios D,;/D,; (that physically mean the ratios of power injected into each port
by mode 7).

To impose reciprocity (S symmetric), additional constraint on C is required.

In the following we restrict ourselves to two ports.
We note Tpy = |TpgleP??, Cpg = |Cpgle™®rs and (|C1y| = 7, |Car| = t).
Since T is unitary (I'T*T = SS* = I), we have in particular |Th|? + |T11]* =
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[T12|2 + IT]1|2 = !T12[2 + |T22|2 = ]., SO that |T21| = |T12’ and |T11| = |T22[ (the same
result applies to S). We also have ajp+ao; —0n; —ay = 7 and ¢ra+go; — 11— oy = 7.

From this we write:

Sy = eile21+¢11) [T|T21| + t|T22Iei(¢21—¢11+a22—a21)] — ei(a21+¢11)1521|61'A

Siy = ei(a12+¢22) [TITQI' +tITQQIei(¢12—¢22+011—a12)] (329)

— etlaatén) [T|T21| + tlT22|e—i(¢21—¢11+022—0121)] — ei(a12+¢22)|521|6—iA

S0, Sg1 = S12 is verified if and only if:

|Co1]|Toz| sin(da1 — d11 + a2 + an)

|Ci1||To1] + |Caa || Toz| cos(¢a1 — P11 + Qa2 + Q1)
(3.30)

The choice of the phase difference between Cy; and Ci; needs to obey (3.30) which

22— = 2A0+(an—ap), tanA =

makes it in general dependent on w and on the resonances. In the specific case where
|Ca1] = 0, (3.30) simply becomes ¢y — ¢11 = a1 — g0 Furthermore, if the modes
are symmetric (Dg; = £D;;) then Ty = Tys (0 ap; = ) which leads to ¢11 = don

that is indeed the condition to be expected in such case.

Equations (3.28) and (3.30) constitute the main equations for the phenomeno-
logical CMT. First, the eigenvalues (w;) are computed and the ratios Ds;/Dy; are
computed from the eigen-fields. This can for example be done using the surface
integral form in (3.21) (without having to normalize the eigen-fields since only the
ratios matter). It turns out that in general (but not always), when the structure is
relatively thin compared to the wavelength, one can simply compute the ratio of the
amplitudes at ports placed at equidistance from the scatterer (of course this becomes
ill-defined when the scatterer is large). Those values allow immediately to compute
the T matrix.

The matrix C is then approximated depending on the physical system (for example
considering the system with an effective index). But then a phase is added/subtracted
from ¢a9/¢11 s0 that to ensure (3.30).

Finally, the typical CMT only includes w; with positive real part since this the
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only one that matter close to the resonance. If still we want to check the result it
gives in a broader bandwidth, we add the eigenvalues —w;. The corresponding eigen-
fields are the complex-conjugate of the previous modes, so the corresponding ratios
are conjugated.

As opposed to studies similar to Ref. 42 that require computing the transmission
before extracting the CMT coefficients which beats the purpose of this method, our
formulation does not have free parameters that need to be computed a posteriori. The
formulation presented here is also different from the result in Ref. 66 since we impose
the unitarity of the scattering matrix which wasn’t the case in the other work. It
turns out that the result given in Ref. 66 can sometimes lead to a transmission much
larger than 1 in amplitude for some complex D ratios; a result that is obviously not
physical. On the other hand, imposing a symmetric scattering matrix for more than
two ports may not be guaranteed in our method. We also present here an accurate

way to compute the D ratios which was not specified in Ref. 66.

3.4.3 Metasurface and filter design

Back to our structure, we can first say that in the absence of resonances (due to
e 0
opening in metal) we have perfect reflection, so that C' = ol In this case,
0 e'?
Spq = Tpe€*?1. So as long as we are only interested in the magnitude of the scattering

coefficients, we do not need to impose conditions on C.

Now, in order to design a given (standard) filter, we need to find the required
complex eigenvalues (or poles) (w;) and the amplitude ratios (Dy;/Dy;). Note that we
are interested in metallic metasurfaces whose transmission is 0 at w — 0 and w — oo,
so the only standard filters than can be designed are: Elliptic (2 x (2m + 1) order),
Chebychev, Inverse Chebychev (2 x (2m + 1) order), and Butterworth.

The poles are immediately recovered from a simple partial fraction decomposition.
Also, in order to get a mazimum transmission of 1, we need |Dy;/Dy;| = 1 (can be

checked numerically, nccessarily but not sufficient condition). A specific phase for
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Ds;/ Dy; is then required to get the wanted filter. For example, if all Ds; /Dy, are equal
to 1, the zeros of the transfer function lie inside the passband (similar to what was
for example mentioned in Ref. 42). It turns out that what gives the best accuracy for
the standard filters (that have zeros at frequencies outside the passband) is to choose
Dy;/Dy; = %1 by alternating “+” and “-” for resonances in increasing order of real
frequency.

Now using this design rule, equipped with an eigensolver and root-finding algo-

rithm, we can efficiently design various filter responses.

3.5 'Triple grid

We now use the previous method to design three-grids structures. We use both the
first and second unit cells shown in Fig. 3-1 (labelled respectively “+” and “x”). For
the design, we choose a 6™*-order passband elliptic filter with two different parameters
for cach unit cell:

¢ Unit cell “+”: Passband ripple (0.25dB), stopband attenuation (25dB) and
passband edge frequencies (9.55GHz, 10.45GHz). The corresponding eigenfrequencies
are (in GHz): 10.50 + 0.143i, 9.982 +0.399i,  9.502 + 0.130s.

¢ Unit cell “x”: Passband ripple (0.25dB), stopband attenuation (18dB) and
passband edge frequencies (9.6GHz, 10.45GHz). The corresponding eigenfrequencies
are (in GHz): 10.50 + 0.112¢, 10.01 + 0.418i, 9.554 + 0.102i.

The required D ratios (Ds;/Dy;) are £(1,—1,1) as indicated previously.

The previous method allows an efficient design method, but still requires some

physical understanding of the system to get the correct filter. For example:

e In order to get zero transmission at two different frequencies, the structure
cannot be symmetric, since the zeros come from the capacitance/inductance
between two adjacent grids and the zero-transmission frequency is given by
\/_i__‘c o ﬁ from the analysis in section 3.3. So the structure requires two

different dielectrics for the inter-layers.
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e One needs to be sure that there are no other modes inside the frequency range
of interest that can affect the transmission spectrum. A particular example is
the possible “waveguide modes” that can appear when the outside thicknesses
and/or dielectric constants are large. So one needs to minimize those to push

such modes to higher frequencies.

Using Rogers dielectric materials, we find two structures shown in Fig. 3-6 and
Fig. 3-7.

We see that the structures agree very well with the ideal filter, within a frequency
range around the passband region. For both structures, a mode appears at higher
frequencies (~ 17GHz for “+” and = 13GHz for “ x”) which changes the filter behavior
and affects a little the position of the zeros. Also, the main effect of the loss (dielectric
and metal losses) in this case is to reduce of the transmission peak, but the general

properties of the filters remain, including a good stopband attenuation.

About angle dependence: The method that we presented here does not tell what
happens for angles of incidence different than the angle for which the structure was
optimized (normal incidence in our case). The achievment of good angle-dependence
properties depends mainly on the choice of the unit-cell design. For completeness, we
show the angle dépendence properties of our (lossless) designed filters in Fig. 3-6 and
Fig. 3-7. We notice that there are mainly two issues: (1) the eigenfrequencies change
at large angles which can “shift” the passband region of the filter (and eventually
change the bandwidth), (2) some high-Q “spikes” appear in the transmission spectrum.
Such “spikes” originate from other infinite-Q modes that can be found at normal
incidence. The quality factor Q of those modes becomes finite at large angles (due
to symmetry breaking) which leads to those “spikes” that appear in the transmission
spectrum. As can be noted from the transmission plots, the “x” exhibits a much
better performance in terms of the frequency shift of the eigenmodes. The general
properties of the filter (including the passband region) are retained even at 30° for
both polarizations. This angle independence is due to the fact that the resonant modes

supported on adjacent “x” openings couple less than modes supported on adjacent
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“+” openings and thus, in a tight-binding sense, the bending of the corresponding
bands is smaller for the “x” configuration. However, this structure still exhibits the
presence of infinite-Q modes inside and close to the pass-band region which leads to
“spikes” in the transmission spectrum at large angles. In our case, those “spikes” do
not affect much the performance of the filter at 30° as can be seen in Fig. 3-7. The

”

angle dependence properties of the actual “x” structure with dielectric and metal
losses is finally reported in Fig. 3-8.

Still, the “x” has smaller stopband attenuation and stopband range compared to
the “+” due to the presence of the mode at higher frequency at normal incidence which
we mentioned before. In general different compromises have to be made using different
possible unit cells. For each unit cell, higher order filters can still be designed using

the method presented here. We leave a more detailed comparison between different

specific unit cells for future work.
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Figure 3-6: Unit cell “4+”: a. = 9.380mm, d. = (0.849,0.939,0.971)a,, I, =(0.142,
0.025, 0.251)a,, € = (1,6.15,3.48,6.15), tgea = (-, 1.519, 0.675, 0.2)mm. Materials
(ROGERS Corporation): RO4350B [e = 3.48, tand = 0.0038] and RO4360G2 [e =
6.15, tand = 0.0038]. TE refers to incident wave with electric field parallel to the
structure. TM refers to incident wave with magnetic field parallel to the structure.

69



is,, P 5,,(dB)
1 T W 0 r
09}
_10 L
08 ]
-20 R
0.7 ]
06} 1 M
05 . -40
04+
.50 L
03}
60}
021
.70 -
0.1 0 — Elliptic filter
,f - Simulation (lossless)
0 by f ; e i . —— Simulation (loss)
0.8 09 1 1.1 1.2 0.8 0.9 1 11 1.2
f (10 GHz) f (10 GHz)
2
I8, S,, (4B)
1F T 0 F T
09+
-10 L
0.8
0.7+
0.6} ‘
|
0.5 | t
0.4+ i
b
\ 4ok
0.3+ I
0.2 {
| -50
| O
0.1+ ‘ 1 -0
b B —30’ (TE)
i ‘,& el —~30° (TM)
0° - -60 L ! L
0.8 0.9 1 1.1 1.2 0.8 0.9 1 1.1 1.2
f (10 GHz) f (10 GHz)

Figure 3-7: Unit cell “x”: a, = 12.50mm, d. = (0.833,0.940,0.894)a,, [. =(0.328,
0.595, 0.264)a,, € = (1,11.2,6.5,11.2), tge = (-, 1.143, 0.703, 0.196)mm. Ma-
terials (ROGERS Corporation): R03006 [¢ = 6.50, tand = 0.002] and RO3010
[e = 11.2, tand = 0.0022]. TE refers to incident wave with electric field parallel to
the structure. TM refers to incident wave with magnetic field parallel to the structure.
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Chapter 4

Conclusion and future work

In this thesis, we studied two scattering problems. In the first, we were interested in
how much enhancement can be achieved through multiple scattering effects (in partic-
ular using discrete scatterers) over a large frequency bandwidth; while in the second
we worked on the design of high order frequency selective filters in the microwave
band.

We discussed different limits on the enhancement and showed that they are all
based on fundamental reciprocity constraints. Our reciprocity argument justifies the
use of the diffusion model as an approximate limit for broad-band/angle averaging
and allows the use of a correction term in the thin-film limit. Our analytical results,
applied to the ocean-buoy energy extraction problem, compare very well with exact
wave simulations and allowed us to propose and quantify the expected enhancement
using new possible methods. In particular, the use of external membranes covering
parts of the water surface show encouraging optimized results. As a next step, we can
develop numerical codes to solve the full wave problem in the presence of membranes
and compare the result to our estimations. We can also apply the results to multiple
scattering problems in electromagnetics, especially for solar cell enhancement through
embedded dielectric/plasmonic scatterers.

We also studied the general topology consisting of cascaded metasurfaces and
showed how it can be used to obtain high order filters with zeros (on the real axis)

for the transmission spectrum. We then developed a general CMT framework to
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compute the scattering matrix using only the eigen-frequencies/modes and showed
how it can be used to design general high order filters. Using this method we designed
elliptic passband filters with a center frequency of 10GHz and bandwidth of 10%. In
particular, the filter in Fig. 3-8 shows a good performance for angles up to 30°. The
next step will be to understand the benefits/limits of different unit cells. For example,
the method presented here does not tell us wether a filter with a certain bandwidth can
be physically designed given a specific choice of the unit cell type. We are currently
comparing the performance of different types of unit cells and studying the limits

imposed by each type on the bandwidth and angle dependence of the filter.
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Appendix A

Diffusion model

A.1 Derivation of the diffusion equation

For the first operator, we obtain:

1
= / §-V,(F-8) = —r2nU + / dfde'p(s, &)1, + / d9df'p(s, 81 (A.1)

™

SO

1
v,« -F = —27TI‘LaU + 27TI€SUM, UM'(I') = —2~ /d6 Iri(r,é) (A2)

T

For the second operator, we use (A.2) to obtain:
1
wV,U + /d9 §[8- V,.(F-8)] = —&F + —/d6'§ do’ p(3,8)F - § + /d9 sJ (A.3)
s

To compute | df’ p(8,8')8’ let’s assume § = X. Also, for a particle with cylindrical
P p

symmetry, we have: p(8§,8’) = p(¢',6) = p(¢' — ) = p(6 — ¢'). So:

/d&’ p(8,8)8 = /d@’p(@’)[cos 0% +sinf'y] = é/dG'p(§,§')[§ -§] (A.4)
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We note: xepy = [d6'p(8,§)[8- 8], so that p; = kyu/k, where p is the average of the

cosine of the scattering angle. Then:

™

1
— /d9 §df p(§,8)F-§ = —l—nepl /d@ §[F - §] = ke F (A.5)
: 7

Now to estimate [ df §[§-V,(F -§)] we assume for example that F is along the x-axis.
So:
/ 0 85 V,(F -8)] = / d6 §[cos 020, F + sin 0 cos 9, F] = 0 (A.6)

We finally conclude from (A.3) that:

1
V.U = —lntrF + -—/d9 JS, where: Ky = k(1 —py) (A.7)
T T

A.2 Solution of diffusion equation

The reduced intensity obeys to:

dl,;
cos f A —/{e.[m', I”'(IL' = 0, 9) = (1 - R1)105(9 — 00),
dz (A.8)

Li(z =d,0 + ) = Rl ;(z = d,0), (|9] <m/2)
then :
Im_ - [l(e—mgzsec()o(s(g o 00) + RZe—me(z—2d) sec006(9 _ 00 _ 7_[_))7

5
Uri*%

(A.9)

(e—nemsec 6o + Rzene(x—Qd) sec 90)

where: I, /Iy = E = %, R; = R;(6y). We also need to compute J:

J(z,0) = / b’ p(6,6") Li(z,0") = Ii(e”""**%p(6,0;) + Ryete@2Dsecp (g 9 + 1))
(A.10)
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then:

/ do J(z,0)8 = I, / df (e="==%%p(8, By)+ Ryere@=2dsecb0p (9 g 41))[cos Ok +sin O]
(A.11)
We can compute the integral as: [df p(6 — 6p)cos§ = [dO p(6)cos(d + 8y) =

Kep1 cos By Similarly for the other integral, so that:
/ df J(x,0)8 = I1kep1 (e "% cos Gk + sin OpF] — Rae™ @ 2D [cos fp% + sin 6yF])

and then:
V. /d9 J(2,0)8 = —271U, ;e "5 02, (A.12)

The diffusion equation (2.35) becomes then:
V2U - HZU = _2Uri[/{trﬁs + K’gpl] = _2K'§U7‘i (A13)

where: k2 = Ky K, + £2p1. The solution for U can be written as U = Uy + Up, where:

Up = I (A.14)
P K2 — (KesecBp)2 ™ T '
Uy = 2i11 [Ae~"4% 4 Berale=a)] (A.15)

™

The coefficients A and B can be computed using the boundary conditions (2.37). We
can compute F from (A.7). We note o; = (1 —7%)/(1+7%). The boundary conditions
at x = 0,d (4a1U(x = 0) + F(z = 0) = 0, 402U (z = d) — Fy(z = d) = 0) become:

a1 + ;—Nj: (Cll — %)E_Kdd A
(orp — JEd)erad (g + 172 B
et e i (A.16)
_ C(1+ RyY?)ay + Z,:i(cogeo + 2p1 cosBp) (1 — RyY?)
[C(1+ Ry — ;:‘;(COSQO + 2p; cos 0p)(1 — Ry)]Y

7



where:

KirKs + 52]71
C=2 e A7
f-c?i — (Kesectp)? ( )

A.3 Radiative-diffusion in 3D

The coefficients given in section 2.4 change for a three-dimensional medium. In this

case: k2 = 3kgksr and C = 3[ky ks + K2p1]/[K2 — (Ke sec0)?].

D is given through boundary conditions by D = I%;%’ where:

o + ot (an — ;’%)e"‘dd A
(g — Zdd)eva (g + L) B

Kir

(A.18)

Ktr \ cOS 6

[C(1 + Ry)ay — 2=(5 + 3p; cos 0)(1 — Ry)]Y

Ktr \CcOS O

- [0(1 + BoY?)an + £(-C 1 3p, cos 0)(1 — RyY?)

with: a; = (1 —7})/(1+7%), ri = [ R(6) cos?(6)dQ2/ [ cos?(6)d2.

dr — (g8 + $)an

77 -
f[qél)D(()l)(O, Ked, Kipd) + ql()z)D(()z)(f), Ked, Kerd)] /€ (ve sec 0) — 3 cos? 9(q(()1) + q(()2))dQ
(A.19)
with: , ) ( ) )
- (a2+—2X1+ a1+~—dX2
1+ RyY)Do(0, ked, k4pd) = adis Fir A.20
( 2 ) 0( " e ) nid(al + 012) + 20(102 ( )
where:

Y 3cos? (1 + RaY?)ay + 2cos (1 — RpY?) (A.21)

- [3cos? O(1 + Ry)ay — 2cos (1 — Ry)]Y
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Appendix B

Phenomenological CMT

B.1 Unitarity
We have S = C + D(i(w — Q))'K' = C + DdK* with C*C = I and C* = C, so:
S*S =1+ K*d*D*C + C*DdK* + K*d*D* DdK" (B.1)

We compute the coefficient (p,q) of this matrix. The second and third terms are

equal to:
K*D:.C Ct Dy K,
Zopi ki kg Zhp g B.2
;—i(w—w;‘)+;i(w—wi) (B2)
The last term is equal to:
K, D;
PP Ko (B.3)
Iy —z(w —wf) (w — w;)

By decomposing it into simple elements through ﬂ.(wvwil)i ooy = 7 (_w;w? ) [— i(wiwl* 5+

—1
i(w—wi)

| and after a change of index (I and 1), this last term becomes:

Z i(wliﬁwi) Zl: ’Z(CI:’TD—;liISZ B = Z z(w w) Z Zk Dlekl Ky (B.4)

2

In order to verify the unitarity of S matrix, necessary and sufficient conditions
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are:

Z Z“kfz ’D’” Z CroDri Z 2 D}"Dl];l g = Z DiCyq  (B.5)
l

w w—w

Such conditions are equivalent to:

K'M = -C*D, KM'= -C'D* (B.6)
with M;; = Zz—(wDngﬂ The two relations are equivalent since M = M ™.
B.2 Dependence of matrix T
Suppose that D, = a;Dp;. In this case, M;; = a;a M;;. By noting that:
of 1
52" = —151" = M'i * M—-l—‘-— B7
T Z ity o e
we have M7! = M e
D [D'M; ZD’ M7 Dk = Z a,M—l* 505 = Du[DM5,
(B.8)

and then T = T".
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