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The performance in the free-molecule range of an axial-flow compressor
with flat-plate blades is analyzed theoretically and experimentally. Undéer
these conditions, when the gas is extremely rarefied, the usual concepts of
continuum gas dynamics are of 1little value, and the situation is considered
from a molecular point of view. It is shown that the density difference
across the compressor results from the fact that the fraction of those
molecules incident upon the blades which is transmitted through the com-
pressor is greater for molecules incident from the low-density side than
from the high-density side.

alculations are made for both single and rultiple blade
Results indicate that density ratios

rows,
per vlade rcw are significantly greater in the free-molecule range than
at aerodynamic conditions. Density ratio is found to increase with in-
creasing blade speed and decreasing blade angle and to decrease linearly
with the upstream volume flow rate. :1tipie-blade-row calculations show
that single-row results may be directly combined with reasonable accuracy.

+tor of Philosophy.

Theoretical ¢
using the Monte Carlo method.

Experimentally, density measurements across a single rotating blade
row give lensity ratios as high as sixteen to one and show a good agreement
Density ratio is found £o decrease markedly

with the theoretical results.
with increasing density jevel in the transition from <he free-molecule
range.

Suggesticns are made regarding the design of a rarefied-gas compressor
of this type. A comparison of such a compressor with the commonly employed
0il diffusion pumps shows several favorable aspects. The Monte Carlo method
is found to be a useful tool for the solution of rroblems involving the

dynamics of rarefied gases.

Thesis Supervisor: FProfessor A. d. Shapiro
Title: Professor of Mechanical Engineering
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NOMENCLATURE

Blade chord.
fumber of samples used in the Monte Carlo anslysis.

Multiplication factor in the multiple-row computer program.

Molecular number density.
Number of incident molecules per unit area per unit time.

Pressure.

Probability that molecules incident from the low-demnsity side
of the compressor will be transmitted through the blades.

Probability that molecules incident from the high-density side
of the campressor will be transmitted through the blades.

Used rather than Q when the blade row adjacent to the high-
pressure gas is stationary.

Cne of a set of uniformliy distributed psuedo-randcm numbers.
Universal gas constanit divided by the molecular weight of the gas.

Blade spacing in the tangential direction.

Ratio of the mean mass speed of the gas, relative to the blades,
to the most probable molecular speed. S = V/ VZ2RT.

Temperature.
Components of the mean velocities of molecules leaving the

blades.
Mean mass velocity components for equivalent Maxwellian velocity
distributions of molecules leaving the blades.

Dimensionless molecular speed.
Magnitude of the mean mass velocity of the gas relative to the
blades.

Blade speed.

iv




Blade angle with the tangentiel direction.

Angle which the mean mass velocity of the gas makes with the
axial direction.

Standard deviation.
General probability that incident molecules will be Transmitted
through the blades. :

MQ DR

The subscripts 1 and 2 refer to the low and high density sides cf
the compressor, respectively.

Roman numeral subscripts refer to +he number of blade rows.

Symbols used exclusively in the Appendices are defined when introduced
in this liest.

and are not included




CHAPTER I
INTRODUCTIOHN
Types of Vacuum Pumps. The methods employed in vacuum technology
for the compression of gases are generally different from those used in

other branches of engineering. At aerodynamic pressures axial and

centrifugal turbocompressors are used to great advantage, whereas until

recently they have not been congcidered for vacuum work. Turbocompressors

normally operate at pressure ratios per stage of only about 1.05 to 1.2

for the axial and 1.5 to 2.0 for the centrifugal; to attain the high

overall pressure ratio required in vacuum practice, such pressure ratios

would require too many stages to be feasible. Vacuum pumps actually used

include rotary and reciprocating positive displacement machines, ejectors,

molecular drag pumps, colé traps, gettering pumps and diffusion pumps. A

description of the commonly employed vacuum pumps may be found in Guthrie

*
and Wakerling(l) and Fushman(e). When pressurcs below about one micron

(lO"3 mm.Hg) are involved, the method of operation is understood from

molecular considerations rather than from the application of the usual

principles of gas dynamics.
NRC and Pfeiffer Results. Two sets of recent experimental tests

indicate that at sufficiently low pressures axial-flow compressors will

preduce pressure ratios significantly greater than those obtained at
aerodynamic pressures. Habianian(3) at the HRC Bquipment Corporation

tested a ten-stage axial-flow supercharger at tip speeds of 580 ft./sec.

in series with a rotary-piston vacuum pump which discharged to the

*Numbers in parenthesis refer to the bibliography.
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atmosphere. The machine developed an overall pressure ratio of 70 at an

inlet pressure of 3 X lO-h mn.Hg &nd no throughflow.

1imitations of these tests--difficulty was experienced eliminating leaks

In spite of the

in the forty paper-based gaskets in the compressor housing--a favorable
comparison may be made with the overall pressure ratio of 1.7 obtained
with this machine at atmospheric inlet and the same tip speed. Measured
pressure ratio was found to decrease with increasing pressure and with a

net throughflow. As a result of the blade dimensions, the free-molecule

raenge (the region in which the molecular mean-free-path is greater than
ensions) was reached by only the inlet stages in

he lowest pressure run and not at all in the other runs.
In addition to the above results, the German firm of Arthur Pfeiffer
GmbH, Wetzlar, has developed & commercial axial-Iflow vacuum compressor(u’s).
This compressor operates at pressure levels for which oil diffusion pumps
are normally employed and, with nineteen stages of flat-plate blades and
tip speeds of about L7s5 ft./sec., is said to attain pressure ratios as

high as 5 X lOT, and an ultimate vacuum better than 10'9 mm. Hg. At only

the lowest pressure levels (highest pressure ratios) does it appear that

all stages are in the free-molecule range. An analysis of the data,

performed by Mr. Y. Wu, indicates that pressure ratio per stage decreases
markedly with increasing pressure in the *ransiticn from the free-molecule

Little information is available concerning the design and theo-
The des-

(5) .,

range.
retical considerations upon which the Pfeiffer pump is based.

cription of operation given in the patent(h) and in Vakuum-Technik

at best sketchy and seems to indicate that no thorough analysis of the

physical process has been made .




Previous Theoretical Work. Calculations have been made for two

special cases of a single row of moving flat-plate blades in the free-

molecule range. Finol(é) analyzed the problem of very-widely-spaced

blades. 1In this case the molecular interactions with a given blade are

independent of those with other blades, and the airfcil theory of

Sanger(7), Tsien(s), and Ashley(g) is applicable in e momentum analysis.

Finol's results support the possibiiity of high pressure ratios in the

free-mclecule range, although his primary assumption (widely-spaced

blades) limits his values to conservative ones when compared with a

realistic compressor design.
Professor A. H. Shapiro and the author have performed calculations

for the case of very high blade speed compared with the mean molecular

speed and zero net throughflow. The assumption of high blade speed

allowed the thermal components of velocity of the molecules striking

An approximate method was used to sccount

the blades to be neglected.
The results

for the maltiple molecular reflections within the blades.

then are not exact even for the case assumed (in particular; the

values for blade angle X = 10° are questionable). However, as shown

in Figure 2, they again support the possibility of high pressure ratios

and give an indication of the importance of blade angle and blade

spacing-to-chord rstio.
ectives of this Investigation. The above experimental and

theoretical results iadicate that exial-flow compressors may prove

useful as rarefied-gas compressors, particularly in the free-molecule

range. This investigation is designed to provede a basic understanding

of the method of operation of such compressors and to provide
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quantitative information regarding their performance. Analyses of bothn
singlzs blade rows and multiple-row ccmpressors are made. The study is
limited to the free-molecule range, which seems most promising and
offers theoretical simplifications, and tc flat-plate blades which
again offer simplifications, both in analysis and in manufacture.

In addition to its direct application to rarefied-gas compressors,

this investigation illustrates the advantages of the Monte Carlo

method in the theoretical analysis of problems related to the molecular

flow of gases.



CEAPTER II

BASIC CONCEPTS REGARDING THE OPERATION OF THE COMPRESSOR

Comparison of Fluid and Rarefied-Gas Compressors. The physical

process involved and methods of analysis for compressors operating in a
moliecular flow are quite different from those of the usual fluid com-

pressor. The main limitations upon pressure ratio, including those

gradients, separation, shock waves, surging, and stalling--are no

longer relevant. Efficiency loses its usual significance, since at low

densities the power abscrbed by the gas is in any case small. The
fundamental assumptions of continuum analysis cease to hold and the

process must be understood from a molecular point of view.

Free-Molecule Flocw. The free-moiecule range of gas dynamics is

defined as that regime of densities in which collisions between molecules

are relatively improbable when compared with collisions between molecules

and the boundaries of the gas. For intermolecular collisions to be
imprcbable within & blade row, the molecular mean-free-path must be
sufficiently large in comparison with the blade dimensions. Tsien(B)

defines the free-molecule range as that conditicn for which the Koudson
number (the ratio of mean-free-path to a relevant length) is greater

than ten. For cormparison, the mean-free-path in air at 20°C is
4.86 cm., where p is the pressure in microns (2073 mm. Hg)(l)s

p
Method of Operation of the Compressor. An axial-flow campressct

operating in the free-molecule range establishes a density difference by

acting as a barrier of different permeabilitiy to the molecules incident

from its high and low density sides. Molecules incident upon the com-

pressor from the low density side have a greater probability of being




transmitted through the tlades than molecules incident from the high
density side.

Consider a single blade row moving in rarefied gas for which there
is nc pet throughflow from one side cof the blades to the other. If PI
is the probability that a molecule incident upon the blades from up-
stream will be transmitted through the blades to the other side (after,
most likely, a series of collisions with the blades) and QI is the
similar probebility of transmission from downstream where PI > QI’
and if Nl and N2 are the number of molecules incident upon the

blede row per second per area from upstream and downstreanm, the condition

of zerc net throughflow is

=N. P .
Ny Pp =% Pr . 2.1
If Nl and Né are proportional to n, and n, the upstream and
downstream number densities, respectively,

2.2

> 1.

W
"
FPLJU

Equation 2.2 holds as well for a multiple-row compressor if PI ard QI

are replaced by overall transmission probabilities.
The extension to the case of a net throughflow will be discussed

later. The main point remains the same: the density differsnce a&cross
an axial-flow compressor operating in the free-molecule range is set up
by means of the difference between the probabiiities of molecular trans-

mission from upstream and downstream. The essential analytical problem

1ies in the camputation of tl}ese probabilities.



Two observations may bte made immediately. The first is that the

blade gecmetry should be such that a relatively large fraction of the

molecules incident from one side are transmitted through the blades,
while molecules from the other side are largely reflected away from the

Favorable blade designs may then be determined for the most

blades.
Secondly, since intermolecular

part from a geometrical point of view.
collisions are improbable in the region between the blades, individual
molecules or groups of molecules may be considered separately. This

makes possible several simplifications in the analysis. For example,

molecules originally incident upon one side of a blade row are trans-

mitted through or reflected from the blades independently and are not

affected by those molecules incident from the other direction.



CHAPTER IIT

THE PHYSICAL MODEL AND ANALYTICAL PROBLEM FOR A SINGLE BLADE ROW

Jdealizations and Assumptions. The model adopted in the case of a

single blade row consists of a geometrically two-dimensional row of

flat-plate blades moving between two regions of a three-dimensicnal

gas. That is, the blade height is large compared to chord and spacing

and the blade shape is two-dimensional and does not change in the

direction of blade height, while the gas molecules move with three-

dimensional velocity components. The gas molecules in the regions on

either side of the blade row are assumed to be moving with Maxwellian

velocity distributions around mean mass velocities relative to the
blades. The molecular mean-free-path is assumed to be large compared
with a13 blade dimensions but small when compared with any of the

dimensions of the gas regions Thus molecules reflected or transmitted

from the blades have little chance of colliding with molecules spproach-

ing the blades, maintaining the Maxwellian distribution of incident

This model is illustrated in Figure 1, where X is the

molecules.
s/b the spacing-to-chord ratio,

blade angle with the axial direction,
and V> the magnitudes of the mean mass velocities relative to the

Vi
lades upstream and downstream, 16 1 &and 5 2 the angles of these
and Sz the ratios of

*x

velocities with the axial direction, and S,

V, &and Vz to the most probable molecular speed,;JéRT

% The flow will be free-molecular as long as the mean-free-path is
This hypothetiecal

large when compared to any of the blade dimensions.
model requires it to be longer than all blade dimensions to maintain

the Maxwellian distribution of incident molecules.

%

*%* V2RT = 1350 ft/sec for air at 20°C.




Thus,

S1 = Vi/ V2RT,
3.1
Sz = Vz,/ /2RT5 .

Vy and Vo are assumed to have components only in the axial and

tangential directions and, since they are relative velocities, account

for the blade velocity.
The model is, of course, somewhat unrealistic geometrically.

However, calculations based upon it should have a much broader signi-~

ficance. The restriction of large blade height compared with spacing

and chord is the usual one made to neglect the effect of tre end walls

of the flow passage between the blades. This is likely to hold true

to a great extent in actual machines, since blades of small chord would

ba convenient from a design standpoint and would lessen axial drag and

since large blade heights would give greater flow areas in which to

capture incident molecules.
The assumption of conditions necessary to obtain a Maxwellian

velocity distribution for molecules incident upon the blades presents

more serious difficulties. The velocity distribution of molecuies

blade row, whether from a region upsiream or downstream

incident upon a
or from other blades in a multiple-row compres:;or, will in general be
other than Mexwellian, deperding on exact conditions and geometry in-

volved. However, since the Maxwellian distribution contains all the

important characteristics of the molecular motion, it is not uncommon
in kinetic theory to use this distribution or results cbtained from

it in non-equilibrium situations; see, for Sxample, Kennard(lo) or

MOtt-Smith(ll). With regard to the single blade row it would be
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possible in principle to account for deviations from the Maxwellian

distribution consistent with any given shape of fiow passage, such as

annular regions upstream and downstream of the blades. Not only would

this be quite involved, but it would be of limited value, since the

single blade row results are important mainly as they can be combined

in multiple-row calculations. Because of this, further discussion of

this part of the model will be left to the sections dealing with those

calculations.
Two remeining assumptions are required to complete the picture.
The first 1s that the process is essentially isothermal. This follows

from the fact that, at the low densities involved, the energy trans-
ferred to the blades and housing by molecular collisions is small com-
pared with the rate at which energy may be conducted or radiated away.

Thus, the blades, the housing, and the gas will be at a uniform

temperature. The final assumption regards the nature of the molecular
collisions with the blades. Although the mechanism of molecule-surface
(12, 13)

interaction is imperfectly understood, experimental studies

indicate that molecules actually leave the surface in an approximately

diffuse manner. That is, it is assumed that re-emitted molecules have

a Maxwellian motion as if they came frowm behind the surface from an

imaginary gas at rest with respect to the surface(lh). Thus, the

direction of re-emission is independent of the direction of incidence

and all incoming tangential momentum is lost co the surface. From

this it can be shown(lo) that the fraction of molecules re-emitted from
a point on the surface within the solid angle (.o 1is proportional to
cos © dw. , where © 1is the angle d-.0 makes with the normal to the




surface. This is the usual form of the cosine law of molecular re-

emission. With the geometry cf the present problem, the two-dimensional

form of this relation (@erived in Appendix A) states that the fraction

of molecules re-emitted within the plane angle 46 is proportiomal to

cos ¢ d6 , where © 1is now the anglc vetween &6 and the normal to

the surface.
The Analytical Problem. Since we are concerned with a situation in

which the action of individual molecules or groups of molecules may be
considered separately, the problem then resolves into one of determining
the (ultimate) fate of molecules coming from the left in Figure 1 for
various values of the independent variables; the fate of molecules

coming from the right is a solution to the same problem with different

values of the independent varisbles. For example, consider a single

blade row moving with a speed Vﬁ between two regions of gas at rest.

Then relative to the blades

V1= Vg
B. = /2

3.2
V2 = YB
Bz = - T2 |

The density ratio may be found if the probability of molecular trans-

mission is known for the twc sets of variables C-, s/b , Vé/ V2RT ,

3= T/2 ana o, s/o, Vg/ V2RT , [B= - Ma .

In general, to calculate density ratios across sipgle blade rows

in free-molecule flow, it is necessary to know Z’I , the probability

that a molecule incident upon the blade row from one side will be
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transmitted through the blades to the other side, as a function of ct,

s/b , S =V/ V2RT , and /3 . The subscripts on the independent
variables are dropped in the general case and, to avoid ambiguity, = T

is used for the general probability of transmission, while the special

symbols PI and QI refer to this probability for molecules coming
from the low and high density sides, respectively (the Roman numeral

subscript refers to the number of blade rows). It should also be

noted that, in the free-molecule range, the absolute density level and

Knudson number are no longer variables.

If W is defined as the ratio of net throughflow in molecules per

unit time per unit area to N, , the rate of incidence of molecules
upon the blades from the left, and conditions do not vary with time (as
is assumed throughout this investigation), a8 mass balance across the

blade row gives
Ny W =N, PI - N2 QI 3.3

or
P
No _ I _W_ 3.4

It can easily be shown that, if the molecules incident upon the blade
(9))

row heve a Maxwelliar velocity distribution (see Ashley

Prsg— -Szcosz
n VERT [ 1 E )
N = € + S cos 1l + erf(S cos '] 3.5
2 (=7 F ( Rl
where the error function is defined by
X 2
2 -x% 2
erf (x) = — f e acz .6
(x) = 7= lo " 3

’ N
and is tabulated in Tahnke and Emde\ls). A solution tc 3.4 using 3.5
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gives density ratio as a function of net throughflow. If /31 and

Ba=t 1/2:

—
n v2RT
N - 2#‘;.“ 3‘7
and
ne _ I _ W 3.8
oy €r 9 '

W is proportional to the upstream volume flow rate for a given gas

and temperature and represents the ratio of the actual flow rate to

¥*
the maximum possible . It is called the Hoc coefficient when applied

(A value of 0.33 is very good for large pumps.

to diffusion pumps.
1)
( }‘)

Small pumps sometimes have slightly higher coefficients
The final step in the formulation of the problem is to decide

what information will allow the single blade row results to be combined

in multiple-row calculations. Since in a multiple-row machine the

molecules incident upon a blade row come from the previcus row, it is

necessary to have some knowledge of the velocities of molecules leaving

the blades in the singi row calculations. Clearly the best informa-

tion would give details of the velocity distributions of the leaving

However, this would not only greatly complicate desired

molecules.
S and ﬁ? would no longer be sufficient to

results, but would mean that
specify the conditions of incident molecules and would require additional

independent variables. The best solution seems to be the computation of

the mean velocities of the molecules leaving the blades and the determi-

nation of the mean mass velocities of equivalent Maxwellian velocity

*Volume flow rate per unit area = 2.29 x thW %%2 for air at 20°C

end (3 = t Ty,
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distributions which would produce the same mean leaving velocities.
Thus, two equivalent Maxwellian distributions--one for the transmitted

and one for the reflected molecules--specified by mean mass velocity

components can be found which would give the seame mean velocities

crossing the exit and entrance planes as the actual transmitted and

reflected molecules.

In summary then, the problem consists of finding, for molecules
originally incident from cne side of the blade row, S I and the
four meen velocity components relative to the blades of the trans-

mitted and reflected mclecules as functions of Ci, s/b , S , and

G .
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CHAPTER IV
METHODS OF SOLUTION

Integral Equation and Related Approaches. Any analytical approach

to the problem must account for the multiple molecular collisions with
the blades. Ir fact, if the number of molecular collisions per second
per area were known at each point on the surface of the blades, it

would be a relatively easy matter to integrate slong the blades using

the cosine re-emission law to determine the number of molecules per

second transmitted through the row by each blade.
ules per second per blade would give the proba-

This divided by the

number of incident molec

vility of transmission, z T ° The mean velocities of the transmitted

and reflected molecules could be determined by similar integrations.

If the rate at which molecules strike a particular point on a blade
summed over all such molecules coming from the opposite blade surface

is
4 the result combined with a similar

and from ocutside the blade row an

equation for a point on the opposite blade surface, an integral equation
This equation is given in Appendix B and is a Fredholm

is obtained.
(16). The kernel is an eliiptic

integral equation of the second kind

. . . (17)
integral of the first kind .
The fuanctions involved in the equation are of such a nature that a

closed form solution is not possible. An approach often employed with

e is iteration; the solution can then be

integr-.l equations of this typ
(16)

expressed in terms of an infinite series, such as the Neumann series
In fact, successive approximations of this sort can be shawn to be

equivalent to accounting for increasing numbers of reflections within
the blades by incident molecules. Experience gained from the Monte Carlo
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solution with typical geometries indicates the average molecule

striking the blades makes a number of such collisions before being

reflected or transmitted.
h the aid of a high-speed digital computer, would

Because of this, a soluticm using numerical

integration, even Wit

require &a practically prohibitive amount of computer time for &

representative number of values of the independent variables. Furtker

comment on soluticns related to the integral equation approzch is

given in Appendix B.

Monte Carlo Method. Because of the difficulties involved in

mathematical means, the analysis

obtaining numerical solutions by usual
(18,19)

wbich was performed employed the so-caiied Monte Carlo method
Althought this spproach is best 'understood by considering particular
examples, it can be said in generzl that the Monte Carlo method is a
sampling method in which & large purber of individual cases (semples )

of a given situation are considered separately such that various

alternatives are selected according to their probability of occurrence.

An average over a finite number of saxples serves &s &n approximation

to the dependent varieble(s) and an estimate can be made of the prcbabi-

lity that the error f5lls within given limits. The selection process

is accomplished by some raniom means of determining which of the

slternatives occur--thus the name, Monte Carlo.

Although the method is used as a purely mathematical technique,

for the solution of Leplace's equation, it seems
uch &5 the neutron diffusion problem;

e.g., most suitably
employed in those situations, s

where the sampling process has physical significance. In such cases,

the "governing' mathematical formulation, often an integral equation,



may be dispensed with entirely and the solution proceed.

17.
s directly from

physical reasoning. This applies as well to the present problem.



CHAPTER V

THE MONTE CARLO METHOD APPLIED TO A SINGLE BLADE ROW

Outline of Single-Blade-Row Calculations. In the free-molecule

compressor problem, the samples in the Monte Carlo method are individual

molecules incident upon the blade row. The fate of the molecule as +to

whether it is transmitted through the blades or reflected back and its

velocity components upon leaving the blades are recorded. An = erage

over a large number of molecules of the fraction transmitted through

the blades gives the probability of transmission B ZI' Enough

samples must be used so that averages are (almost) independent of the

number of samples.
The crux of the method consists of allowing the samples to follow

& course dictated by the proper probabilities. This is done in a number

of ways--mechanical "roulette wheels", random number tables (20) s

mathematical and electronic pseudo-random number generators , ete. In

this case, the calculations were made on the I.B.M. 70k digital computer
at the M.I.T. Computation Center and pseudo-random numbers uniformly

distributed between zero and one were obtained from the SHARE subroutirce

thed of congruances (21) - The nth random number,

BA N203, using the methcd

r , 1is given by

n
5.1

n
r =k ro(mod m)

where k = 991
X, = 321,528,735
231 _ 1,

tes the remainder after division by m .

m =
Random numbers

(mod m) indica
of this sort, produced by a recurrence fermula, are commonly used and

meet certain stetistical tests.
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Details of the calculations for a single blade row are given in

Appendix C. To illustrate the reasoning involved a brief example is
given here:
To determine the angle at which a molecule 1is re-emitted from a

blade surface, use is made of the cosine law of re-emission and uniformly

distributed random npumbers. Since the number of molecules leaving the
surface within the angle © and 6 + d6 , where © 1is measured from
the normal to the surface, is proportional to cos & 46 , the fraction
the integral of this

between © and © + d0 is 1/2 cos © @0 ;

quantity between - /2 and T/2 1is.unity. The angle © is then

selected according to this probébility relation by setting

=)
1
r =j cos © de 5.2
- ﬂ72

where r 1is one of = set of random numbers uniformly distributed be-

o}

tween zero and onme. Solving for ©

0 = sin"t (2r - 1). 5.3

Using similer integrations of the other probability functions, the
course of the molecule between the blades is obtained and its ultimate
fate determined.

By performing the computations on a high-speed digital computer, a
large number of samples may be used for each set of values of the
independent variables, giving reasonable accurecy without using*exéessive
machine time. Numerical averages of thenfive dependent variables ( E:I’

and the leaving velocity components) for iOOO samples reguire approxi-

mately 12 seconds.
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Accuracy. For a given number of samples a quantitative estimate

mey be made of the error in ‘E:I by statistical means if a normal

curve of error is assumed. Since whether or not a molecule is trans-

mitted through the blade row is similer tc any other process which has

only two alternatives and a definite probability of occurrence, establishad

methods may be directly applied. If G 1is the number of seamples over
which the average is taken, the standard deviation \j‘ is given by

r

g = yezT_(1- Z.) 5.4
I I

The probability of occurrence of adeviation from the mean greater or

equal tc various multiples of g 1is tabulated(ze). For example, the

probability of cccurrence of a deviation greater or equal to 1.6 CT is

10.96%.
It can be seen that; since the per cent deviation is inversely
proportional to J?;, great accuracy can be obtained only with quite
a large number of samples, particularly for small velues of E:I or

1- 27
of the independent variables to an accuracy somewhat less than that
The prucess has the advantage,

This limits practical calculations cover a range of values

normelly expected in numerical computation.
however, that additional groups of samples may be calculated in a particu-

1ar situation and the results averaged with iritial values.
Except where noted to the contrary the results given will be obtained

with a sufficient number of samples that the probability of occurrence of

an error of lO% or greater is less than 10.96%.

The probability of error in density ratio may be obtained from the

probabilities of errcr of the values of PI and QI used for the cal-

culation. For example, logarithmic differentiation of equation 3.8 at
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zero flow shows that the percentage error in density ratio is equal to

the difference Letween the percentage error in PI and the percentage

error in QI .
In addition to the above examination of the accuracy of the
method, the computer calculations were checked for a particular case

against a solution done manually with the aid of a random number table

and the equations themselves were given an independent check by

Mr. Yau Wu.

Results. For single row comparisons camputer calculations were

made for various values of s/b, X, and S with FS =+ T/2 in-

cluding all the combinations of the following values:

s/b = 0.5, 1.0, 1.5
< < 10°, 20°, 30°, Lo°
S =0.5, 1.0, 2.0, 5.0
B =+ T2

The results obtained apply to & blade row moving through a gas at
rest so that S is the blade speed divided by V2RT.

Values of 2., are tebulated in Appendix D .and shown in Figure 3.
It is expected that multiple-row design calculations wili be made with
single-row values of }:’I and the multiple-row Monte Carlo results.

For this reason values of mean velocity components of molecules leaving

& single row are not tabulated or shown graphically. Results of the

equivalent Maxwellian velocity distribution analysis are given in Chapter

VI to support the approximation of Maxwellian velocity distributions.
Using the values of i:I with equation 3.8, density ratio at

zero flow, flow parameter W at ‘density ratio of unity, and ‘density
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ratio vs. flow rate are given as functions of the independent variables

is Figures 4 through 10. Since the process is isothermal , pressure

ratio and density ratio are equal.
These results indicate in general +that zero throughflow density

ratios are larger for larger values of S and smaller values of

with some exceptions. Conversely, the

and, to some extent, s/b ,

slope of the characteristic curve of np/n; vs.

creases (becomes less favorable) with larger values of S and smaller

W generally in-

values of X and s/b . Zero throughflow density. ratios are &

maximum at an optimum (large) value of S for any particular values of
ol and s/b* and decrease asymptoticly to values which compare

reasonably well with the infinite blade speed analysis, Figure 2, con-

sidering the approximations used in that analysis.
The calculated density ratios are significantly greater than

those obtained per blade row from axial-flow compressors operating in
the aerodynamic range, particularly for large values of S and small
blade angles, X . The capacity of the compressor to capture incident
molecules is at least comparable to that of oil diffusion pumps .

*This maximum would occur for S > 5.0 with some of the values of o<
and s/b used.
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CHAPTER VI

MULTTIPLE-STAGE COMPRESSORS

Combination of Single-Blade-Row Results. The most direct calcula-

+he overall transmission probabilities of a multiple-stage

tion of
compressor is obtained by treating each blade row in the compressor as

if it had the same transmission probabilities as an isolated row. That

is, the velocity distribution of molecules leaving & blade row is taken

0 be Maxwellian with zero mass velocity relative to the blades. For

example, consider & multiple-stage compressor for which 211 rows are

geometrically similar and all rotating rows have the same blade speed.

With the exception of stationary rows at either end of the compressor,

each blade row--rotating or stationary--will have indépendently the trans-

mission probabiiities of a single rotating row, making & contribution to

the ove%gll density. ratio at zero flow equal to the single row zero

flow density ratio.
Once the transmission probabilities for the individual rows are
rall probabilities are calculated by taking into account

assumed, the ove
The following

all possible multiple reflections between blade rows.
or +the case where all blade rows are geometrically

results will be given T
However, equivalent

similar and rotating blades move at the same speed.
relations msy easily be obtained, in closed form, for any combination of

blade geometries.

Pn is defined as the overall transmission probability for molecules
incident upon a rotating blade row from the low-density side of & com-
is similarly defined for molecules

pressor with n blade rows, Qn
is used rather than Qn

incident from the high-pressure side, and Q'n
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when the blade row adjacent to the high-density > g&s is stationary.
Since a stationary blade row on the low-density . side (inlet guide vane)

reflects a large fraction of the incident molecules and adds relatively

1ittle to the oversll idemsity ratio, it will not be considered here.

For two rows,

2 _ z 2
Prr = Pp (14 (1-Pp)(1-a)+(1-Pp)"(1-Qp)" + - - -] 6.1
Using the binomial series,
PI2
P - 6-2
IT 1-(1-P; )(3-qp)
Similarly,
1
Q' 6.3

Vir T I
II 1-(1 PI 1 QI .
This may be extended to any number of rows with the result that

P .P
- n-1"I 6.4
n = I(I-q, ) (iPp) '

]

Qr -1
= o 6.5
% = I(T-q_, ) (FFp)
Q'
1%-1 6.6

Un = IE-q_ )P

Density . ratio as a function of throughflow is obtained by the appropriate

modification of equations 3.4 and 3.8
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or 6.7
(52) - o W
Ni/n Q'h Q n

where N is given dy 3.5.

—~

1

L
%

~
S5
5\_/
]
Hl

or
(B?.) _ B W 6.8
\n1 n Q'n Q'n

With zero throughflow this becomes, for an odd number of blade rows

) - (2 - @]

and for an even number of rows

n-1
P P
/(B2 - (.Z) = .
\nl)n 3 s 6.10

These results are for blades of negligible tangential thickness.

To account for the fraction of the molecules incident upon ocne row from

another that are reflected back due to finite blade thickness, the
in the above equations must be

probebilities Pp , Q » and Q';

modified. If f is the fraction of the flow area blocked by the blades
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and P, , QI , and Q'I are the appropriate probabilities for a

single row with zero blade thickness, the modified probabilities will be

P = (1-£) Py
QI* = (1-f) Qr 6.11
Q'p = (1-£) Ry |

Equations 6.4, 6.5, 6.6, 6.7, and 6.8 still hold, using now the

modified probabilities of 6.11. By expanding 6.4, 6.5, and 6.6 using

6.11, it can be seen that the equatioms for density: ratio at zero

throughflow, 6.9 and 6.10, are unchanged. On the other hend, the slope

of the - density ratio vs. flow rate characteristic (6.7, 6.8) is

adversely affected by increasing values of £ , as would be expected.

Application of Egquivalent Maxwellian Velocity Distributions between

Rows. As outlined in Chapter III, an improvement over the calculations

of the previous section may be made if information is available concern-
ing the velocities of the molecules passing from one blade row to another.
Due to the complexity of the problem, this information must be in terms

of some type of average; average velocity components of the molecules

leaving a blade row were selected as being most suitable. These components

can then be related to the mean mass velocity components

1 v, u and v
£ ¢ r’ r
of equivalent Maxwellian velocity distributicns which

Ut’ V%, o and Vf

would give the same mean velocity components of leaving molecules.
Then, for example, if Uf and V£ are known for the transmitted

molecules leaving a blade row moving at a blade speed ratio + S'

U and V£ are nondimensionalized

relative to the next row, where t



27.

with respect to V2RT , the transmitted molecules are considered to
have a Maxwellian velocity distribution specified by U, and + (V% +S")
relative tc the next row. The signs in + (Vf + S') are determined by

the direction of the relative velocities. The calculation for the next

row then makes use of the appropriate single-row result, using

V., + S'
ﬁ; - + tan™t —j%f:——— and S = v/ﬁ;z + (v + s')2 .
- f ] -

Finite blade thickness may be accounted for by noting that a

fraction of incident molecules equal to the fraction of the flow area
blocked by the blades is reflected away from each blade row. Assuming
diffuse reflection, the Maxwellian mass velocity of these molecules is

that of the blade surface from which they are reflected.

this way, the computation of overall transmission coefficients

In

of a multiple-stage compressor proceeds step by step using the single

row results. Since there are a great many possibilities of multiple

reflections between blade rows these calculations cannot be reduced to

closed forms, as were the results of the previous section, and must be

done numerically. They consequently require a considerable effort if

more than a few blade rows are involved.

A simplification is afforded by the fact that the single row results

and u, such that Uf and Ur are, in most cases,

give values of u,
The variation in transmission probability

small when compared with S .
with the axial camponent of mean mass velocity is such that, for the

calculations performed here, Ut and U} may be set equal to zero with
little loss in accuracy. This approximatiorn reduces the effective number

of independent variables to three (s/b, X, and S).



28.

Multiple-Stage Monte Carlo Solution. Both methods previously

described in this chapter have the disadvantage that they account for

the effect of adjacent blade rows upon the velocity distributions of

molecules incident on an internal row in an approximate manner. The

most accurate approach, consistent with ““he zeneral assumptions of

Chapter III, is & Monte Carlo solution for any particular set of blade

rows, considered as a whole. In this respect the Monte Carlo method

has its greatest advantage over other types of numerical calculations.
Numericel integration techniques, at best inefficient when applied to a

single row unless precision is required, offer little hope of direct

sclution to the problem of multiple rows.
The Monte Carlo solution was programmed for the M.I.T. I.B.M. 7oL

camputer, allowing for any number of rows of alternating rotors and

stators with the initial and final row either a rotor or stator. All

rows are geometrically similar (the same s/b and X ) with identical
rotor blade speed ratios, S , and a constant flow area; provision was
made for finite blade thickness. As before, the blades are flat plates

and molecules incident upon the compressor from the adjacent gas are
assumed to have a Maxwellian velocity distribution specified by S and

ﬁ:i—ﬂ/Q.

The computation proceeds in the same manner a&s the single-row cal-

culation, with the results expressed in terms of overall transmission

probasbilities. The equations used for the single row are still appvlicable

and only the following features merit additional comment.

When a molecule is incident from one row to another, the magnitude

of its velocity reiative to the first row is taken from equation A.23
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if it has came directly from the Maxweliian gas outside the ccmpressor

without striking the blades. In the more usual case, where the molecule

comes from a collision with & blade, equations A.3 and A.4 show that its

probability of having a dimensionless speed between 4] and U + du is

proportional to

2
"uze “U du . 6.12

One of the uniformly distributed random oumbers, r) , can then be

used to select a particular speed relative to the first row, such that

//%I
2
2 -Uu
r)_‘_ - Ooo‘u e —= ay 6013
/ " 2 e a-u
[e) N 0

Integration gives

2 -Yy=
£ U - 6.1k
& Y o :

The velocity of the molecule relative to the row upon which it is

rh:'

incident can then be calculated using its speed and direction in the
coordinate system of the first row and the blade velocity.

The remaining problem results from the low probability of trans-
mission through the multiple rows for molecules coming from the high
In order to perform the computations without an
excessive number of samples, a method of miltiplication is used.

A molecule passing from one row to epother in the direction of

decreasing density is replaced by M molecules, where M is called

the multiplication factor; similerliy only one out of every M molecules
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passing hetween rows in the opposite direction is considered. This is
done at each of the n-1 plgnes between rows in an n-row compressor.
Wwith a little thought, it can be seen that this multiplies the
overall transmission probabilizTy by Mn—l . The number of samples must
be only large enough to maintain an adequate representation of the

velocity distribution between rows. With a judicious choice of M,

computer time is reduced to less than one minute per blade row in most

instances.

Comparison of Results- Calculations were made for several

multiple-row compressors of constant gecmetry, blade speed, and flow
area for which the upstream and downstream gas was considered to have

a zero mean mass velocity relative to a stationary observer. Negligible

blade thickness was assumed and orly those configurations with a rotor

on the low-density side of the compressor were used. The spacing be-

unimportant as long as intermolecular collisions and

tween blade rows is
are sufficiently

collisions between molecules and the compressor housing

rare that the velocity distribution between rows 1is unchanged.

Figure 11 compares the three methods outlined in this chapter for

a typical geometry and for one to eight blade rows. If the multiple-

row Monte Carlo computation is used as a standard cf comparison, the
percentage differenceés--per blade row--in density: ratios obtained by

er methods is small, confirming the suitability of calculations

the oth
This is particularly

based upon Maxwellian welocity distributions.

emphasized by the improvement in accuracy over the direct combination of

single row results brought about by the us=2 of equivalent Maxwellian

velocity distributions.
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Figures 12 through 17 show demsity. ratio at zerc flow for one to
eight blade rows and seversl geometries and blade speeds, using the
multiple-rdw computer calculations and direct multiplication of single-
Except for one case, the latter calculation gives con-

row results.

servative results. It can be seen that the contribution of each

additional blade row to the overall density: ratio reaches a more or

less constant value. Interpolating between the values of the independent
variables given here, an estimate can be made in any particular case of

the error in the slope of these lines for calculations based upon a

combination of single-row results.
A camparison of density: ratio vs. flow parameter calculated from

maltiple-row Monte Carlo results with the characteristic of a typical ci

diffusion pump is given in Figure 18.
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CHAPTER VII

EXPERIMENTAL FROGRAM

Experimental Apparatus. To establish the validity of the theoretical

results,an experimental apparatus, which would enable the measurement of

density ratio in the free-molecule range across a single compressor rotor

with flat-plate blading, was designed and built. A schematic diagram of

this apparatus is shown in Figure 22 and an assembly drawing of the test
section is given in Figure 23. Figures 25, 26, and 27 are photographs of
the overall test facility and of the rotor.

The test section consisted of a cylindrical steel housing in which

the aluminum compressor rotor was driven by a high-frequency induction
motor. To maintain densities sufficiently low for free-molecule flow in
the test section, the housing was mounted directly on a six-inch oil

diffusion pump with its axis and the axis of the compressor rotor in a
vertical direction. The shaft connection between the rotor and the
induction motor was made through an annular clearance seal 0.750 inches

in diameter, 0.540 inches in length, and with a radial clearance of

Using the formula for a thin slitlike tube(l), the molecular

.002 inches.
3 liters per

conductance of the clearance seal is found to be 1.13 x 10~

second for air at 20°C. Thus if the pressurs on the motor side of the

seal is maintained at a micron or less the flow from the region of the

motor is of the order of lO"3 micron liters per second, a negligible leak

at the conditions of the tests. To accomplish this, the motor housing

was connected to a two-inch oil diffusion pump. As a further precaution

a low vapor-pressure silicone grease was used as a lubricant for the

motor ball bearings. Provision was made to admit gas to’thé system both
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above and below the rotor. Seals between the system and the atmosphere

were maintalned by means of welded and soldered Joints, O-rings, special

gasket seals for the ionization guages, and, in the case of the thermo-
couple gauges and the gas inlet tubes, by red glyptal lacquer.

The densities upstream and downstream of the compressor rotor were

measured by hot filament ionization gusges. One thermocouple gauge was

used to insure that the pressure in <ihe motor housing was below one
micron and another was connected to the test section upstream of the disk.
The flow rate of gas admitted into the system was measured on the high-

pressure-side of the leak valve by the displacement of a column of mercury

in essentially the same manner as that described by Dushman(a). However,

it was assumed that the mass flow rate of gas through the leak valve was

proportional to the square of the pressure on the high pressure side of

the valve, as for flow at low Reynolds numbers, and the flow meesurement

was used to determine this constant of Proportionality. The speed of the

rotor was measured by a permanent magnet and coil tachometer and an

electronic counter. The temperature of the outer race of the bearing at

the rotor end of the shaft was obtained with a thermocouple and

potentiometer.
Experimental Technigue.
thoroughly cleaning all surfaces to be exposed to the vacuum with

The apparstus was prepared for testing by

acetone and by heating the entire apparatus with infrared lamps to a

temperature of the order of 100°C. for several hours with the vacuum pumps
operating. At zero blade speed, with both leak valves closed, a pressure
of abcut 2 x 10-6mm. Hg was obtained at the downstream ionization guage.

A comparison of this value with the reading of the upstream ionization
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gave an approximate value for the fiow rate from leaks and virtual leaks

in the system, using the single-blade-row calculations for a stationary

rotor to determine its impedance to gas flow. Since the density ratio

across a rotating blade row is a function of the upstream volums flow
rate, the effect of these small leaks in the system was made negligible

by admitting gas through the downstream leak valve and raising the density

ljevel in the system. Tests were conducted at density levels for which no

density drop was measurable across the staticnary rotor.

The dimensions of the compressor rotor used are given in Figure 24,

Angular velocities in the range from 20,000 to 30,000 r.p.m. gave tip

speeds from 620 to 955 feet per second. Both air and, because of 1its

high molecular weight and low value of V2RT , Freon 114 were used in

the tests. The pressure Gownstream of the rotor was maintained at about

5 Hg by means of the lower leak valve. The flow of gas through the

10" mm.
rotor was controlled by the upper leak vaive end. the flow rate was
measured by the displacement of a mercury column ,as previously described,
and by the density drop across the compressor rotor at zero blade speed.

Tz the tests with Freon 114, for which no ionization guage calibration

was available, it was only necessary to assume the guage response to be

linear with density changes(l), since density ratios and not absolute

values were required.
Camparison of Experimental and Theoretical Results. Figures 19, 20,

and 21 give the results of the experimental program. Comparisons of

density ratio at zero flow rate Vvs. blade speed ratio and density ratio

vs. flow parameter with single plaede row calculations show good agreement

and reconfirm the validity of the assumptions used in the Monte Carlo
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analysis. Blade speed ratios based on the blade tip speed and I‘3 = + '"/'2

were used for the theoretical calculations. Figure 21 shows, as expected,

that the density ratio is independent of density level in the free-molecule

range and decreases markedly with increasing density for Kmudsen numbers

less than about five.
In spite of the uncertainties in measurement associated with vacuum

technology, the experimer ral results show a small but definite tendency

toward higher density ratios at zero flow than those obtained from the

single blade row calculationms. A quantitative estimate can be made of

two possible causes of this effect.
In the calculations, diffuse re-emissicn from the surfaces of the

blades was assumed and no allowance was made for a tendency toward
specular (m:!:rrorlike) re-emission &t the small angles of incidence in-

volved. If a certain fraction of the molecules is considered to

consistently undergo specular re-emission, almost all these molecules
will be trensmitted through the blade row from the low density side and

aimost none from the high-density side, with the goemetry and blade

speeds cf the tests. Calculations based upon this spproximation indicate

that a tendency toward specular re-emission should increase the density
ratio and that roughly four to five per cent specular re-emission would

be required to account for the measured differences between experiment

(13 indicate that, for a molecular

and theory. Recent data by Huribut

beam of nitrogen at 20° incidence on polished aluminum, the fraction of
molecules re-emitted within + 20° of the specular direction was greater
than that predicted by the cosine law by 7% of the total number re-emitted

in the quadrant, 0° to 90°, in which measurements were made. This
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corresponds to about 3.5% specular re-emission. In this context it

should be noted that as a result of difficulties in machining the surfaces

of the blades were relatively rough and not polished.

An estimate can also be made of the effect, due to finite blade

height, of the end walls of the region between the blades. Molecules

striking the compressor housing, which is moving relative to the blades,

will tend to be reflected to the '"upper" blade surface (in Figure 1) and

hence will have a better chance of 1eéving the blades in the favorable

direction. A calculation similar to the analysis for very high blade

speeds, mentioned in Chapter I, gives a zero-flow density ratio at high
blade speeds of 37 for the geometry of the experimental rotor when the
effects of the end walls are considered and a ratic of 33 when they are

The percentage difference between these ratios is about the

neglected.
Iz tke present

same as that between experimental and calculated values.
case this 2ffect of the end walls appears to be the most significant cause

of differences between experiment and theory.
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SUMMARY AND CONCLUSIONS

Results of this Investigation. Axial-flcw compressors operating in

the free-molecule range have been shown to produce high density ratios

by transmitting through the blades a much larger fraction of the molecules
incident from the low-density side than from the high-~density side.
Singel-disk calculations indicate that for most cases the density ratio
increases and the slope of the density ratio vs. flow characteristic

becomes less favorable with decreasing blade angle, &£ , and spacing to

chord ratio, s/b. The most significant effect, however, is the improvement

of both density ratio and flow characteristic with increasing blade speed.
Experimentally, density ratio was found to decrease significantly with

increasing density in the transition from the free-molecule range.
An analysis of the multiple-blade-row calculations and experimental

results confirms the suitability of the idealizations and assumptions
used, particulerly the application of Maxwellian velocity distributions.
These results show that the information obtained by this investigation
may be used to predict compressor performance with reasonable accuracy.

Compressor Design and Applications. Three general v»erformance

criteria for rarefied-gas compressors are high density ratic, high flow

capacity, and ability to operate at relatively high dowastream densities.

For a single blade row with flat-plate blades these goals are not

camplimentary. ~For a multiple row machine, however, they can be

simultaneocusly attained. The inlet blade rows can be designed so that

they capture a large fraction of the molecules incident from the low

density gas,and the outlet rows made with at least one of the blade
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dimensicns as small as possible, to maintain free-molecule flow at higher
densities. Most of the blade rows can then provide & high density ratio,

since the volume flow rate for a partially compressed gas is small.

These goals can also be achieved by special blade shapes, applied in the

same manner.
The possible applications of this type of compressor to vacuum

technology and various research activities are numerous. Detailed

speculation along this line will pe left to the reader. However, it is

interesting to make a brief comparison with oil diffusion pumps, which

operate under approximately the same conditions. To do this, it should

VZ2RT is about 1350 ft./sec. for air

first be noted that the value of
S , of the order of one

at 20°C. This means that blade speed ratios,

can be attained with air at room temperature and tkat S = 2 would be

[ Wi

possible if the compressor were cooled to the\-\:temperature of liguid

Values of S for other gases would depend upon their molecular

nitrogen.
wWith

weight, with increased performance for higher molecular weilghts.
tnis in mind, Figure 18 shows that relatively few blade rows are necessary

to exceed the performance of a representative diffusion pump.
While the compressor has the disadvantage of being & fairly complicated

high-speed machine and presumedly more expensive; it has several major
advantages: ultimate vacuum is 1imited only by the materials from which
it is constructed and may be considerably better than that attained with

diffusion pumps, as is ijlustrated by the Pfeiffer data mentioned in

Chapter I.
The problem of backstreaming of oil vapor, which makes diffusion

overcome.
The compressor

pumps unacceptable in some applications, is eliminated.

will slso operate at any density level and requires no heating-up pericd.
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Evaluation of the Monte Carlo Method. The Monte Carlo method pro-

vides a useful tool for the solution of problems involving the dynamics
of rarefied gases and should meke possible a better understanding of

this area. As a result of the compléxity of molecular motions, it may

be the only convenient approach in many situations; this and its direct

enalogue with the physical model are its chief advantages. On the

other hand, accuracy lncreases slowly with additional effort; the

probable percentage error is inversely proportional to the square rcot

of the number of samples. Thus, in any problem for which a choice

exists between the Monte Carlo method and numerical integration tech-

nrﬁques;l:theré::isran'accurac‘y ‘beyond which the Monte carlo solution is

uneconomical.
Recommendstions for Further Study. Three areas provide immediate

the experimental program, limitations

opportunity for continued study:
of the present analysis, and possibilities for improved blade shapes.

Experimentally, the present results should be expanded, particularly

for multiple blade rows. Two limitations of the analysis may be readily

examined. The effect of finite blade thickness was discussed in the

section on the combination of single blade row csalculations; these re-

sults should be checked by applying the multiple-row computer program.

In addition, a correction should be developed to account for the influence

of the end walls of the flow passage between the blades as a fuaction of

+the blade height.
The -problem of blade shspe can be treated both analytically and

experimentally. Consideration should be given to blade shapes which

would increase density ratios, capture a larger fraction of the molecules
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incident from the low-density side, and function effectively at higher
density levels--either by increasing the upper limit of free-molecule
flow or by improving performance in the transition and slip flow ranges.
Thegse criteria n=ed not be simultaneously achieved; as mentioned

previously, an effective compressor could have severzl different kinds

of blades, each performing a different function.
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APPENDIX A :
DERIVATION OF THE TWO-DIMENSIONAL COSINE LAW

Diffuse re-emission, as defined in Patterson(lh) , necessarily

implies the cosine law of re-emission. For the purposes of this

problem, it must be shown that the fraction of the molecules, leaving

a surface, which have velocities lying within the angle between © and

© +dée , where © 1is a piane angle from the normal to the surface, is
proportional to cos © d 6. The velocities under consideration have

components in three dimensions and lie in the "slice" which is the pro-
Jection of d0 in the direction perpendicular to the plane of © .
velocity

Molecules leaving the surface are assumed to have a Maxwellian

distribution as if they come from behind the surface from & gas at rest
with respect to the surface. If u, v, and w are velocity components

in the x, y, z directions, where x 1is normal to the surface and y

is paraliel to the intersection of the surface and the plane in which ©
is measured, the number of molecules per unit volume having velocity

camponents lying between u and u + du, vand v + dv, and w and

w + dw 1is

dudvdw . Al

1
)3/2e-§T-(u2+v2+w2)

/1
1 ( a7 ®T
¢y 1is a constant such that the number of molecules leaving the surface

is equal to the number impinging upon it.
W, v, w and u + du, v + dv, w + dw that leave

All molecules whose velocity

components lie between
unit area of the surface per unit time may be considered to come from &

cylinder, in the imaginary gas tehind the surface, having slant height
Thus the pumber cf these molecules

Ju? + v + w2 and altitude u .
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leaving unit area per unit time is

/2 1 /,2 2 2)
( 1 )3 - SRF VUV +W
¢1 U\ Z77RT e

Transforming coordinates to “, © , % , Wwhere

u= 2UYcos ©
v = ‘U sin ©
w = W

the volume in velocity space dudvdaw transforms to U dedU dw and A.2

becomes

7 L
¢1 \ZRT

3/2 - —Q%'Tl,-(ugcosze + 242sin20 + w3)
) e cose Y 3aU dedw.

If this is rearranged and integrated with respect to 4 from O to ©O

and with respect to w from - 9 to OO , we obtain the number of

molecules leaving unit area per unit time whose velocities lie within

© and © + dO:

-u2/2rT |

j (="} _WZ// 2RT ’
J

3/2
o i) 7]

o2 (o)

Since the integrals within the prackets are independent of © , the

expression A.L is proportional to cos edo , as was to be shown.

dudvdw . A2

A.3

xR
9 Ze dU( cos 9de, A4



Formulation of the integral equation discussed in Chapter IV

APPENDIX B
INTEGRAL EQUATION

requires the definition of the following variables:

2

I

21

X(x)

Y(y)

X'(x) =

Y (y) =

Fx(x) =

Fy(y) =

Fx y(x;y

b

Fy’x(y,vx

the total number of molecules per second
striking a point x on the upper surface

of the blade. 0 £x<Kb.
tke total number of molecules per second

per area striking a point y on the

lower surface of the blade. 0Ly £b.

the number of molecules incident upon the
blade row (from the left in Figure 1)
striking directly at X per second per

area.
the number of molecules incident upon the
blade row striking directly at y Pper
second per area.

the fraction of the molecules reflected
from x which are édirectly transmitted
through the blade row (to the right in

Figure 1).
the fraction of the molecules reflected
from y which are directly transmitted
through the blade row.

) _ the fraction of the molecules reflected
= from x which strike y directly, per

unit of area at V¥ -

) _ the fraction of the molecules reflected
= from y which strike x directly, per
unit areca of area at X .

can be given directly by

1
B .S/b Ny

Pl (l
U x 7, aGe/o) + [ 15 G/

L3,

B.1
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Summing the molecules striking at x and y Zfrom the opposite blades

and from the incident stream

1
X =X' + F Y d(y/v B.2
/yx (v/b)
(o]
and
1
=Y X da(x/b) . .3
Y Y+/l ny (x/v) B
(o]

Combining A.6 and A.7

X =X +[ * Fiy [ + jl Fiy © d(X/’o):} d(y/v)
(o] (o]

or

1 1
X=x'+f Fny‘d.(y/b) +J K, (x,;)x(};)d;_" B.k4
fe] e}
where
(l
K(x,£) = | Fix M, x) F (£,M) an. B.5
o
Equation B.4 is a Fredholm integral equation of the second kind(ls) and
(17)

the kernel, (x < ) is an elliptic integral of the first kind
2 - 2

A solution of B.4 could be substituted into B.3 and the results, used

with B.1l for EZI and similar equations for the mean velocities of the

leaving molecules, would produce the desired solution.

The functions involved in the preceding equations may be obtained

from suitable integrations of the cosine law and the Maxwellian velocity
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2,8 2 -
n V2RT _ -S [/ 'x a 2 _ Vr
(x) e o sme[e (22 T a4 1) ] a0 B.6
where & = S sin(6 - o(-@)
and éx - tan L/ s/b sinx/(s/t cosX + x/'b)] .
Isam <2 78 T a2 /T Tyl
n v2RT -5 [/ 7Y _. o a ( T 2 ™
! = e sin 6 o a'"~a' + ae B.T7
Y'(y) ~ J ‘e 5 —1:—,)
where a' = -8 sin (6 + +#3)
; -1 s/b sin o °
and o = tan (y/b = &8/b cos ol )
1/ RN
Fx(x) = 5.1 - sin €x) B.8
S -1 s/b sin oL
vhere & = tan (x/b - s/b cos&).
F (y) = 171 .sinc€ y\ B.9
y 2 { .
where & = tan L/ s/b sin ot
Sy \s/b COB ot y/b,/
2
% (.% sincx)
J = F X = B.lO
ny(x,y) yx(YJ ) r/x v ) //5\2  x 5 < _!372
(E-L) +(3) +2(3-T) & coset

Numerical solutions related “to the integral equation approach may be

obtained by several means for both flat-plate blades and other geometries.

An iteration solution leading to the Neumann series has been mentioned in

Chepter IV. In addition, if integration is replaced by summation over &

finite number of intervals along the blade surfaces, a system of linear
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algebraic equations, which may be solived by standard methods, is obtained.

If m intervels are used in the summations, equations B.4 and B.5 become

m
L

- 1 Z wry
X; =X'; + 2 Fyg ¥'5+ .§i Ky 4 X B.il
= J_
where
m
K..= 2. F_F B.12
ij k=1 ki “jk
and i=1, 2, ---, m.

Equations B.1l and B.1l2 represent m equations in which the m Xi's

are unknowns. Finally, & numerical solution may be obteained using the

ny's as inflnence coefficients and accounting for the fate of groups of
molecules striking successive points along the blade surfaces until the
fraction of molecules remaining within the blades is small. The coefficient

ny, %7 Fy, X', and Y' used in the above methods may be obtained from
equations B.6 through B.10 or by graphical means.

If the blades are symmetrical, a simplification in these methods

results when the ultimate transmission coefficient for molecules striking

e-.—-.:.r:.—’.a‘.—.{— r=mishis
PCLGATLU Vol iaULe o N

& particular point on the blades is used as the 4
this coefficient is T_(x) for the upper surface and Ty(y) for the

lower surface, the following equations may be written

1
I
T, .+ ) ny Ty a(y/b)

The symmetry condition

=1 - -y/b)
Ty 1 Tx(l y/b)
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allows B.l2 to be written

1
(* (* e - vy ac
T, = Fy +Jo ny d y/b -/o rxy(x,;) T, (1-YT) ag B.15
Setting )/ = 1- { and noting that
1
fo Fo, d¥/®=1- (Fx +F, (1 - x/b)] , B.15
becomes
1
T, =1- Fy (1 - x/b) _LFXY (x,1-n) Tx(‘ﬂ) an B.1S
EI may be found by integrating
B.1l7

1 1 )
Sr = b/o T, X' d(x/b) + b[o T, X' d(y/b)

where Ty ie obtained from B.lk.
Comparing B.16 with B.l4, it is seen that both equations are integral

equations of the same type. However, the kernel of B.16 (B.10) is

expressed in closed form rather than as an elliptic integral (B.5). This
simplification arises from the symmetry condition B.14 and eliminates one

order of integration from the resulting numerical solutions.

In an actual numerical calculation, the dependent variable chosen
and the method of computation would depend upon the blade geometry, the

accuracy required, the number of calculatioms %o te made and the

computational facilities available.




APPENDIX C
MONTE CARLO CALCULATIONS "OR A SINGLE BLADE ROW
Molecules incident upon the blade row are assumed to have a
Maxwelliar velocity distribution around a mean mass velocity, specified
by V and ﬁ in Figure 1, so that the number of molecules per unit

volume having velocity components lying between u and du, Vv and dv, W

and dw 1is given by(9)

3/2 -

1 2 . 2 2.
ce= |(u-VeosB ) + (v -7sinB3) +w jo . 7.
> e 2RT l- / “dudvaw

1
o \/2'|T'R‘I‘

If © 1is an angle measured counterclockwise from the axial direction
(as is ﬁ ), the pumber of molecules per second per area creossing the
plane on the left of the blade row whose velocities lie in the angle o

to © + d6 can be shown by a suitable integration of A.14 to be

{ g _a1i2 _al
2= 22',_1:T [\—;'-+S'2)(-’Tr"(l+erf S')eS + 8! eS] c.2
where

S = V/ Y2RT

S' = S cos (Q-'B)

Ss'' =8 sin (O -@ ).

Dividing by the total number of molecules per second per area crossing

this plane, N , as given in equation 3.5, one obtains . Ng,gqo, e
2

frectional number of molecules between 6 and d4e

- 2 2
= I(S,'///?Tﬂ>e-s +(2 + S'2) (L + erf S') e S J-::os edoe .3

i 22 ~ ;
o~S cos ,é’+ (T s cos(O ’L_l + erf (s cos[j)]

dNg -q0 = 1
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If an individual molecule is considered to be incident upon the

blades, its position in terms of dimensionless distance vetween the blades
ijs obtained by selecting one of the set of random numbers, r; , since
the random numbers are uniformly dist;ibuted between O and 1 and all
positions along the entering plane are equally probable. The angle, © ,

which the molecule makes with the axial direction is obtained by setting
/G
r, =/_ /o dNg a0 C.k

/’ﬂVQ
is anoth=.s ~f the random numbers and ! , dal= 1. Although
J- /2

where To
a numerical integration yields

¢.h cannot be integrated in closed form,

@ as a function of ry - This information and a little geometry enables

the computer to determine whether the molecule strikes the upper OT

lower blade surface (and, if so, where) or passes directly through the
blade row. Measuring dimensionless distance to the right along the upper

and lower blade surfaces by x/b and y/b, respectively: if tan 6 > cot«

X _ (s/b) T3 c.5
b sin'< (tan © - cotct) | ’
If tan 6 < cotcod
(s/p)(L - ;) _ c.6

o'l

sino (cotod - tan ©)

And if x/b or y/b > 1 , the molecules pass immediately through the

If the molecule strikes the blades, the angle of re-emission may be

+he

aa'e

determined by the cosine law. Since the number of molecules leaving
is measured from the normal

surface between © and © + 49 , where ©



to the surface, is proportional to cos © d9, the fraction between ©

eand © + d6 1is %‘-cos e 4o, so that the integral of this quantity

- /2 and T/2 is unity. Then to find the angle of re-

between
emission
r° 1
r, = 5 cos © ae cC.7
3 /. o <
. -1
and © = sin (2r3 - 1) c.8
From this,

where r3 is once again one of the set of random numbers.

the point of the next collision can be found ,and so on, until the
molecule leaves the blades. From a collision with the lower surface of

a blade

ferg -1 7
y/b = s/b cos ol + x/b + s/b sin & ’ ! c.9
_ 1-(2r3-1)2j i

From a collision with the upper surface of a blade

-

2r3 -1 i
x/o = y/b - s/b cosx+ s/b sinc : c.10
L 1-(erg-1)2]

It should be noted that only the directions of the molecular velocitics

and not the Aspeeds are necessary to determine whether or not the moiecule

is transmitted through the Dblades.
To find the mean velocity components of the molecules upon leaving
the blades, use is made of the mean velocity component, in the plane of

the paper in Figure 1,of those incident molecules crcssing the plane on

the left of the blades at an angle ©



— s L
/ -gt2 '
vy St s 75 e (1 + ert s')
— = T 572 c.1l1
J2RT 7rr-S' e + (1/2 + 8'2)(1 + erf 8')

=

and the mean velocity component (again in the plane of the paper in

Figure 1) of those molecules re-emitted from a blade

Y 2

{2 RT G .

The above expressions are cobtained by suitable integration of the

appropriate velocity distributions.
The velocity of a leaving molecule can then be resolved into the

components u, and Vv, (transmitted) or u, and v, (reflected)

where u and Vv are in the axial and tangential directions, positive

= +T/2 in Figure 1,

away from the blades and parallel to ﬁ, N
For an incident molecule which passes immediately through

respectively.
the blades
u,_ =V, cos @
1 c.13
Vt = Vi sin 6 .
For a molecule leaving a collision with the lower surface of & blade
u, = (cos 6 cosct + sin © sincc) Vb
C.1k
v = (sin 6 cos X - cos @ sin() Vb
if the molecule is transmitted downstream, and
u, = (-cos © cos - sin 6 sin o< ) Vb
_ c.15
v, = (sin 6 cos ol + cos & sinc¢’) v

if the molecule is reflected upstream. For a molecule leaving a
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collision with the upper surface of a blade

u, = (sin © sin ¢ - cosOcosci)Vb
c.16
v, = (sin © cos % + cos @ sin o) Vb

if the molecule is transmitted downstream, and

u =(ccs6‘fcoscv~-s:'.nOsinoL)V~

T b .
C.17

v, = (sin 6 cos oL + cos © sin <) v,

if the molecule is reflected upstream.

The mean mass velocity components of the equivalent Maxwellian

. . . .
velocity distributions Ut 3 Vt s t’r » Vr are related to u., Vi, u., Vg by
1+ erf U c.18

T
e +U (L + exrt U)

where either subscript applies.



APPENDIX D
TABULATED RESULTS OF COMPUTER CAICULATIONS
SINGLE - ROW CALCULATIONS

All results except those marked witk an asterisk(¥*) have been

obtained with a sufficient number of samples that the probability of

occurence of an error of 10% or greater is less than 10.96%.

s/b s 2 = T T2 Samples,/1000 T PL/Q
o< = 10°

0.5 0 + 5 .0558

0.5 0.5 + 3 .082 3.00

0.5 0.5 - 12 .0273

0.5 1.0 + 2 .152 8.84

0.5 1.0 - 15 .0172

0.5 2.0 + 1 .335 28.6

0.5 2.0 - ok L0117

0.5 . 5.0 + 1 .600 75.0

0.5 5.0 - 6 .008*

1.0 o] + 2 .1355

1.0 0.5 + i .202 2.72

1.0 0.5 - s .07675

1.0 1.0 + 1 .321 6.7

1.C 1.0 - € .0l76

1.0 2.0 + 1 .511 20.95

1.0 2.0 - 11 .024kL

1.0 5.0 + 1 .827 53.3

1.0 5.0 - 6 .0155%

1.5 o + 1 .378

1.5 0.5 + 1 LATh 1.71

1.5 0.5 - 1 277

1.5 1.0 + 1 .507 2.4

1.5 1.0 - 1 211

1.5 2.0 + 1 .6u48 5.76

1.5 2.0 - 3 .1123

i.5 5.0 + 1 .917 41.3

1.5 5.0 - 6 .0222%




3.00

Samples/

B=%T/

s/b

cL = 20°

LA AT AN AN aYTaYTaNTay
55555555577777777000 CCoooo0o

onInn I N NN N
OOOOOOOOOOOOOOOOOllll

A Adaddddddd G dy




B = * /o Samples/1000

s/b

K= 30°

uuuuuuuuu

O\ [ (o)) (34] \O
2214 848, 8883
(Y] n o0 o ~ (o)} .nlv_ ~ M~ N

Q& = 2 N
S0V NONO =HWNO NN NN MO NN \D N0\ N b~ 1N
3/0329362.4126760 9@9@591 =
250150/0O|40\452/0.18m60h.637.2%m_8w

ll2131516111121314111111213

++.+.+.+.++.+.+.+.++.+.+.+.

55000000 55000000 nInNnooocooo
0001l2255000119_255000

aaaaaa

L e MR RTANTN

ol = 4o°

oooooooo

AN AOHS A A A4

A B s B S T Y T SR S R S

:J:/OOOCOO 5500
00011225500011



D N
e s o
O O

OC0o0O0OOMLM OO

*

HFEHP PR

.

RARUASAY AV AV AV, RN AN o WaWo Yo

.
-

.

VMIVIDNOHMHOOOWUWY

HH P

e
<.
NN
il
[oNe)

P

e

e
00

H
fo¥e!
e
oo

56.

< P
5.t T Semp1les/1000 ¥ /%
3 -

& = L4O° Cont'd.

1 772 5.38
+ .1435
- 2 16105 5.40
* 5 .11(3)
+ ;JL‘ :?(gl 1.72
+ 420
- 1 837 2.68
+ .313
- i . 863 5.01
+ .172
- 3 THTS 6.15
+ 5 .1215

& = L45°

1 657 3.1

+ 3 .2113
X =1°

5 . 0478 12. 6

+ 5 .0038*
X = 5°

2 . 181 7 ° 6

+ 5 .0238%




20°
20°
20°
20°
20°
20°
20°

s/b

1.0
1.0
1.0

l'o
1.0

-—

1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
0.5
0.5
0.5
0.5
1.5
1.5
1.5
1.5
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0

\

Multiple-Row Calculations

Number of
blede rows

OV F N OO £ N ® O £ O C
COO‘F'OODO\-F'I\)ODO\\n.r—w
\ N

P

457
466
476
RIS
- 469
470
.292
.2k
.281
.268
.707
.718
-T15

Q or Q'

.033
2.26x107>
8.20:‘:1.0'1L
4.06x107°
1.342x10°
2.64x10" 1

.066

.006h
6.63xlo‘”
5.76xlo’5

.1985/12

.151/123

.089/12°

.089/127

.0164
2.43;:10'h
3.lTxlO'6
2.48x10"

.096

.012

.416/3°

/37

.104/6

.0495/6>

.1355/8°

.1190/87

.05867

.00233

.05k /42

Lob7/5T

5

57-

P/q or P/Q'

14.0
204
581
11,400
34,900
1.78x106
L. L2
37.7
y2h
4650
L2.8
8220
2x10°
2.86x10°
19.6
1333
5.62:0"
1.29x107
5.67
43.5
327
2670
17.3
1360
6.1hx10™"
h.68x106
9.94
238
1.072x10"
1.96x10°
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