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Abstract

This thesis explores aspects of gravity and quantum field theory (QFT). The first part is devoted to the in-
terplay between manifest T-duality symmetry and higher-derivative corrections to the low-energy effective
action of string theory. The second part focuses on exact results in supersymmetric gauge theories.

We first discuss T-duality symmetry of string theory from various perspectives. We next review the
manifest-duality-symmetric formulation of low-energy effective actions: double field theory (DFT) and its
higher-derivative generalization, HSZ (Hohm-Siegel-Zwiebach) theory. We then compute on-shell three-
point amplitudes in the HSZ theory. We show that these amplitudes factorize, as in bosonic and heterotic
string theories, but they differ from both. Further, we analyze degrees of freedom in the HSZ theory. The
spectrum of the theory contains massive spin-2 ghosts and massive scalars, in addition to massless fields.
The massive modes can be integrated out exactly at the quadratic level, leading to an infinite series of higher-
derivative corrections. Finally, we give a ghost-free massive extension of linearized DFT, which employs
novel mass terms for the dilaton and the graviton.

In the second part, we start by reviewing the exact results for partition functions of supersymmetric gauge
theories on spheres. Exact results, however, are not available for minimally supersymmetric theories on sS4
and S®. Minahan conjectured the form of perturbative partition functions for theories on S¢ with eight and
sixteen supersymmetries. We show that this form gives the correct one-loop divergences of the flat-space su-
per Yang-Mills (SYM) upon taking the radius of the sphere to infinity. We also prove the conjecture explicitly
for theories with eight supersymmetries. Further, we extend our results to theories with four supersymme-
tries for d < 4. We then propose an analytic continuation to d = 4 to obtain the partition function for a
certain N’ = 1-preserving mass deformation of A” = 4 SYM. This analytic continuation gives the correct
[B-function and agrees with the result for free vector and chiral multiplets.
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Introduction

What is the geometry of space and time? This question can be traced back to ancient Greek philosophers.
Plato viewed time as inseparable from periodic motion. This was a reasonable reflection on what he saw
in nature: the repetition of seasons, alternation of day and night, and motion of visible planets. Aristotle
rejected the existence of empty space. He argued: just as every body is in its place, so, too, every place has
a body in ir. While our understanding of the nature of space and time has been improved since then, it is far
from complete. On the macroscopic scale, Einstein’s general theory of relativity, which describes gravity,
is the answer. It has withstood externsive experimental testing, from the precession of Mercury’s orbit to
the detection of gravitational waves [1]. The structure of spacetime on microscopic scales, however, remains
elusive. Our understanding of physics at small scales is based on quantum field theory (QFT). Its predictions
have seen striking agreement with experiments, e.g., the prediction for the anomalous magnetic moment
of the electron agrees with experimentally measured value to more than ten significant figures. Despite its
remarkable success, QFT does not encompass gravity. The failure to reconcile general relativity and QFT

points to our incomplete understanding of both.

Strings see spacetime differently from point particles. Our usual understanding of spacetime geometry
is based on manifolds of fixed topology with particle motion described by geodesics. The realm of “stringy
geometry,” however, allows the topology of the spacetime to change. It also allows distinct-looking space-
times to describe the same physics. String theory suggests that our notions of spacetime geometry have to
be modified. The simplest manifestation of this arises in low-energy effective actions of string theory, where
general relativity is modified by including other massless fields and an infinite number of higher-derivative

corrections.

Families of spacetimes which describe the same physics are often connected by target-space-duality (T-

duality) transformations. In the first part of the thesis we use T-duality to explore the geometry of spacetime in



string theory. We investigate, in particular, the interplay between T-duality and higher-derivative corrections.

When a string propagates along a periodic direction of radius R, its momentum is quantized like that of
a particle. Due to its extended nature, a string can also wind around the periodic direction, a feature absent
in a particle theory. This leads to another quantum number: the winding number. The energy spectrum of
the string does not change if one swaps the momentum and winding quantum numbers while changing the
radius from R to % . This is T-duality in its most primitive form. For motion on a toroidal background 7¢,
T-duality transformations form the group O (d, d : Z), which shuffles d + d quantum numbers associated
with momenta and windings. For the low-energy effective action of string theory, T-duality is realized,
surprisingly, as a global O (d, d : R) symmetry. Double field theory (DFT) makes the duality symmetry
manifest albeit only for two-derivative effective actions. There is only one known example that includes
higher-derivative interactions and has exact duality invariance, the so-called HSZ (Hohm-Siegel-Zwiebach)
theory [2]. A key aspect of duality-manifest formulations is that they employ field variables that transform
linearly under the duality group and encode the physical fields, e.g., graviton, in a non-trivial way. These
developments are reviewed in chapter 1.

We explore on-shell physical properties of the HSZ theory in chapters 2 and 3. Chapter 2 is based on
{31, where we compute three-point amplitudes in the theory. Our methods are instructive; they illuminate the
relation between the duality-covariant field variables and the physical ones. These amplitudes factorize as in
bosonic and heterotic string theories, but are different from both.

This motivates the analysis of the spectrum of the HSZ theory presented in [4], which is what chapter 3
is based on. The HSZ theory has exact duality symmetry and higher-derivative interactions — the hallmark
of string theories — but is not a string theory. We discover that in addition to the usual massless fields,
the spectrum includes two massive spin-2 ghosts and scalars. Such inconsistencies are expected in generic
higher-derivative theories. We also show that the massive modes can be integrated out exactly at the quadratic
level, leading to an infinite number of higher derivative corrections. One expects this to be required for exact
duality invariance. We then give a ghost-free massive extension of linearized DFT, which employs novel mass
terms for the dilaton and the metric. Our analysis illuminates the interplay among o’-corrections, massive
modes of higher spin, and T-duality.

The second part of the thesis focuses on exact results for supersymmetric gauge theories. Exact results
in QFT are as hard to find as they are desired. Much of our understanding of QFT is based on perturbative
and approximate methods. While these methods work well when the effective strength of the interactions is

weak, they are of no use when the theory is strongly interacting.

It is difficult to obtain exact results for generic strongly coupled QFTs, but in the presence of supersym-
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metry on compact spaces such as a spheres, progress can be made. A compact space allows a systematic way
to regulate IR divergences and supersymmetry allows the use of supersymmetric localization. Observables
in QFT are computed by doing an infinite dimensional path integral, (O) = [ D® 0e~51®]  Here S [®@] is
the action functional, which can contain cubic or higher order interaction terms in fields ®. In general it is
impossible to compute this integral exactly. Supersymmetric localization reduces it to a finite dimensional
integral.

Tremendous progress has been made in obtaining exact results for supersymmetric gauge theories based
on the localization principle, as pioneered in [5]. These results, however, remain elusive in theories such
as those on S* with four supercharges and on S® with eight supercharges. In the former case, the standard
localization procedure fails, and in the latter, no explicit Lagrangian for the theory is known. We examine
these missing cases in chapters 4 to 6.

In chapter 4, we review all known results for partition functions of supersymmetric gauge theories on
spheres S¢. These results admit an analytic continuation where one can treat d as an analytic parameter.
Based on this analytic continuation, Minahan conjectured the form of partition functions of theories with
eight and sixteen supersymmetries [6]. In chapter 5, based on [7], we perform non-trivial consistency checks
on the analytic continuation. We show that the dimensional regularization of the analytically continued
partition functions have the same logarithmic divergences as known partition functions with a hard cutoff.
We also provide a consistency check on this analytic continuation when explicit partition functions are not
known: in the limit when the radius of the sphere goes to infinity, the analytically continued partition function
correctly gives the one-loop divergences of the corresponding flat space SYM.

Consistency checks of the conjecture motivates [8]. Chapter 6 is based on this work, where we compute
the perturbative partition functions for gauge theories with eight supersymmetries on spheres of dimension
d < 5. This proves the conjecture in [6]. We apply similar techniques to compute partition functions
for theories with four supersymmetries for d < 3. This provides a unified approach to the localization of
supersymmetric gauge theories on spheres. We propose an analytic continuation to d = 4 that gives the
partition function for an A/ = 1 gauge theory. We show that it is consistent with the free multiplets and the
one-loop S-functions for general N = 1 gauge theories. We also show that the general structure of the real
part of the free energy obtained from the analytic continuation is consistent with the holographic predictions
for N = 1* theory.

Other works which are not included in this thesis

In DFT, unlike in general relativity, the exponential map of infinitesimal gauge transformations had no

known formulation in terms of the Jacobian matrix for coordinate transformations. Hohm and Zwiebach
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conjectured an expression in reference [9]. In [10] we showed that their proposal coincides with the exponen-
tiation of the Lie derivative along a particular parameter and gave explicit expression for it. This established
the geometric form of finite gauge transformations in DFT.

In [11], we devised a canonical formulation of DFT. We showed that the dynamics is subject to primary
and secondary constraints, as expected in a theory with gauge invariance. We also showed that the Poisson
bracket algebra of secondary constraints closes on-shell. Further, we appled the formalism in a variety of
solutions of DFT to obtain conserved charges. This gave a duality-covariant description of conserved charges

associated with diffeomorphisms and the gauge invariance of Kalb-Ramond field.
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An overview of T—dualify dha double 'gebndetry

In this chapter we develop basic elements of the double geometry. We start by discussing the T-duality sym-
metry of string theory from various perspectives. This discussion naturally leads us to introduce ingredients

of DFT.

A remarkable result from the early days of string theory is that the conformal invariance on the world-

sheet implies equations of motions for the target space fields [12]. Consider the following world sheet action:

Sy = — / d2o [(\/ﬁabgm (X) + €®byn (X)) B X X™ + a’ﬁR(2)¢(X)] (LD

4rad

where ~y,p is the world sheet metric, R®) the scalar curvature of the world sheet and 0%, a = 1,2 the world
sheet coordinates. g, (X) is the target space metric, b,,, (X) the target space Kalb-Ramond field (b-field
henceforth), ¢ (X)) the target space dilaton and X™ the target space coordinates. Treating the target space

fields as world sheet couplings, one can derive the corresponding one-loop beta functions Bin, 35, and A%

¢
g+ 871'29 ; ﬁ— = Ry — 1 R _ pmatter _ o
mn mn” n ngn iy :

T 2, Lo (12)
8m E + 59 g},n = 2qumeqb -V — EH = 0,
'?nn - vAH;)m - 2VA¢HT/T\W: =0

Imposing the vanishing of the one-loop beta functions is the requirement that the world-sheet theory is con-

formally invariant. H = db is the three-form field strength for the b-field and T3"" is given by:

1 1
T:::E::ler = Z |:H,2,m - gg'rrmH2] - zvmvn(b + QanVZ(b - anmvpﬁbvp(b- (13)
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Equations (1.2) can be derived from the following target space action:

1
S = / dPz./ge=2? [R + 4V ¢V — EHZ’] ) 1.4)
This is the low-energy effective action for the bosonic string theory. This is also the universal bosonic part of

the NS-NS sector of low-energy effective actions for superstring theories. An observation due to Buscher [13,

14] lets us rewrite these equations in the following form:
(1.5)

where Rmn is non-symmetric the Ricci tensor associated with the torsional connection V=V+ % g H.
This rewriting implies that a torsionless target space with a b-field and a torsionful target space are completely
equivalent. Therefore it is clear that the metric and the b-field are in general not separate entities. This is
obvious from the closed string point of view where both fields arise at the same excitation-level. From the
target space perspective, this means that a more stringy way of dealing with these fields is to treat them in a

unified framework.

1.1 T-duality in string theory

The mixing of the b-field and the metric is due to one of the most important duality symmetries of the string
theory, the T-duality. In this section we explore various aspects of T-duality. We start by describing the
T-duality from the perspective of both the classical and the first quantized bosonic string theory. We also

discuss the T-duality from the point of view of the low-energy effective action for massless fields.

1.1.1 Classical T-duality a la Buscher rules

The duality symmetry can be made apparent by using a first-order form of the action. This is achieved by
including a Lagrange multiplier field X° and choosing 8,X° = V,. The world sheet action becomes:

1 D—-1

Sws = m /d20‘ Z ﬁfyab [gOOVaVb + 2900 Va Oy X * + 9o (X) aaXaabXﬂ]
a,8=1

(1.6)
+ € (200aValh X + bag (X) 0, X0, X7

+ e X%,V + o/ VFRP (X)) .
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The equation of motion for the Lagrange multiplier field ensures that V,, can be written as 9, f (o) for some
function f (o) of the world sheet coordinates. Upon plugging this solution back into the action, we recover
the standard world sheet action with f (o) identified with X°. However one can also treat V;, as a Lagrange
multiplier field. Solving the algebraic equation of motion for V, and plugging the result back in the action

leads to a dual action:

1
S =
dual arol

/ 2o (ﬁyabgm (X) + €®bpn (X)) B, Xm0 X" + o/ yFR®D (X) 1.7)

where the dual background fields are related to the fields in the original theory as follows;

1 . boa . goagos — boabos
goo = —, Goa = —» o =98 — —
oo Goa goo
bog — bosby 1 (1.8)
boa:%, baﬁ:baﬂ+wv d):d)_—loggoo,
900 900 2
The index m is split into m = (0, &) where « takes values 1,--- , D — 1. The relations between the dual

fields and the original fields are known as Buscher rules. Buscher rules tell us how the duality symmetry acts
on the world sheet action. For example consider consider reducing the theory on a circle of radius R with
vanishing b-field and gop = R. Then according to the Buscher rules §og = %, i.e., the theory on a circle of
radius R and %2 are dual.

This argument establishes the T-duality at the level of the classical world sheet action.

1.1.2 T-duality from first quantization

We now describe the T-duality from the perspective of first quantized bosonic string theory. This can be done
via either the path integral approach - by computing the one-loop partition function in a toroidal background
- or via canonical quantization by explicitly analyzing the spectrum of the theory. We take the latter route
here as it naturally leads to the notion of generalized metric, an important ingredient in double geometry.
Consider the world sheet action describing strings propagating in a target space Marger = TP1, where
TP is a D-dimensional torus. For simplicity we set o/ = 1 and the world sheet metric to be the two-

dimensional Minkowski metric. The action in eq. (1.1) takes the form:

1 27 o]
Sw ==z | do [ dr(10, X" 05X g + 0, X0, X ) (1.9)
0 —00

'One can perform the analysis for Muge = M x T in a completely analogous fashion. This choice is merely to keep the
notation simple

17



where X™ ~ X™ + 27 are periodic coordinates. The closed string background fields g and b are D x D
matrices. It is straightforward to obtain the canonical momenta F,, and the Hamiltonian density A from

action (1.9).

P = grn X" + bmn X",
X! (1.10)
dnH = (X' , 27rP) H(E) ;
27 P
where a ‘dot’ denotes derivative with respect to 7 and a ’prime’ denotes derivative with respect to o. We
have defined a D x D matrix E = g+ b. H(FE) is 2D x 2D symmetric matrix constructed out of the metric
and the b-field. It is called the ‘generalized metric.’

g—bg'b bg!
H(E) = . 111

_ g— 1 b g— 1
To quantize this theory canonically we expand the string coordinate X™ in terms of the momenta, winding
modes and oscillators, which satisfy a set of commutation relations consistent with [X™, P,] = i6™,. For
our purposes it is sufficient to focus only on the zero modes in that expansion and ignore the oscillators. We

have

szxm+wm0+Tgm"pn+"' R (112)

where - - - denote the oscillator expansion. This expansion can be split into left moving and a right moving

pieces as usual. The zero-modes a and &g are given by

1
046” = Egmn(pn - Enpwp) )
1 (1.13)
ag" = 759" (on + Epnu?).
The zero-mode Virasoro operators are given by
1
Lo = —2—a6"g,,,m048 +N-1,
(1.14)

_ 1 _
Ly = §d6ngmn&8 +N-1,

where N and N are number operators counting the excitations. The invariance of the closed string under

reparametrization ¢ — o -+const., leads to the so-called level-matching constraint that requires Lo — Ly =0,

18



which can be expressed as:
Lo—Ly=N—N +8,0™, (1.15)
where 2

_iW’ w™ = —iajm. (1.16)

Pm =

The level-matching condition can now be expressed as a constraint on the number operator

N-N=-9-0. (1.17)

For massless fields in bosonic string theory the level-matching constraint can be implemented as follows. A

general massless state can be written as
§ : m =n =
€mn (p7 w)a—la—lclcl |p7 ’LU),
pw

(1.18)
Z @(p,w)(C1C_1 - élé-—l)lp7 'lU> )

p,w

with momentum space wavefunctions €, (p, w) and ®(p, w). Here the matter and ghost oscillators act on
a vacuum |p, w) with momentum p and winding number w. Level matching condition then requires that the

Fourier transformed fields e, (z, %) and ®(z, %) satisfy the constraint
80 emp(r,2)=0-8®(x,2) =0. ~ (1.19)
By integrating the Hamiltonian density H in (1.10) we get the following Hamiltonian.
2m 1 B
H:/ dag:EZtH(E)Z+N+N+... (1.20)
0

where the dots contain irrelevant terms and

Pm

2%, is the coordinate canonically conjugate to the winding numbers w™.

19



is a 2D column vector consisting of integer winding and momentum quantum numbers. The level matching

condition can now be expressed as

1

N-N= §Zth, 1.21)
where 7 is the matrix defined as follows:
01
n= . (1.22)
10
Consider now a reshuffling of the quantum numbers
Z="nZz,

with some 2D x 2D invertible matrix h with integer entries. Under such a transformation the physics should

not change. In particular the constraint (1.21) should be unchanged. For this it is then necessary that
Z"'nZ = Z'nZ = Z""mhtZ' (1.23)
which requires

The h matrices belong to the O(D, D; Z) group. We write

a b
h= € O(D, D), (1.25)
c d

where a, b, c and d are D x D-matrices. The conditions on a, b, ¢, and d following from (1.24) are

abl +bat =cd' +dct =0, ad' + bt =1. (1.26)

Under the shuffling of quantum numbers, not only the level matching condition but the physical spectrum

is also not changed. This requires a change of the background field E. The shuffled quantum numbers are

20



associated to a background field E’ [15].

a b
E'=h(E) = (aE+b)(cE +d)™ ' = E. (1.27)
c d
The generalized metric corresponding to the background E’ is
H(E') = hH(E)h' . (1.28)
This proves that
Z'H(E)Z = Z'H(E)Z, (1.29)

hence the Hamiltonian in eq. (1.20) is not changed. We have thus shown that there is a O (D, D; Z) duality
symmetry, which leaves the spectrum of the string theory invariant. 3

This establishes the duality at the level of first quantization. This is indeed a symmetry of the full quantum
string theory. One can show the partition function of the world sheet theory on all genus g Riemann surfaces

has an O (d, d; Z) symmetry if target space has the form M gee = M x T4 [16].

1.1.3 Duality in the low-energy effective action

What are the consequences of this duality symmetry for the low-energy effective actions of string theory?
This question was answered in the seminal work {17]. The low-energy effective action, upon compactifica-
tion over T'%, has an enhanced global O(d, d; R) symmetry.

Consider the effective action in eq. (1.4) compactified on a T¢, i.e., Muarger = M x T4. We denote
the D-dimensional fields with an overhat and the D-dimensional indices with latin letters ¢, 7, - - - . The D-
dimensional indices splitas i = (m, o), where m, n, - - - are indices along T% and e, 8, - - - are indices along

M. The D-dimensional metric splits as follows,

gap + AP AL AQ)
AQ) Gon

Gij = (1.30)

b

where G, is the metric along the compactified directions. The determinant of the metric and the dilaton

tis O (d, d; Z) when d is the number of toroidal dimensions in the target space.
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are related by

\/—Detgz\/—Detg\/DetG, ¢=q§—%logDetG.

Different components of the B-field can be arranged as follows:

an - b'mna Bam - Agl—,zz - bmnAfxl)n;

2 (l)mA

bas = bag — ALY A+ AL™b,, A"

(
Al
The dimensionally reduced action takes the form:

S = /dD_dxx/—g(lh + Lo+ L3+ Ly),
where

Ly = R+ g**8,995¢,
1

Ly = chxﬁ (aaGmnaﬁgmn - Gmnquaabmpaﬁbnq) )
]. m n mn
Ly = =399 (GG E" + G™" HagmHogn )
_ 1 afy
L4= 12H057H .

The three-form field strength in the last term is given by

1 , ‘
Hopy = Oabpy — 5 (Agl)mF A‘g?r)m +AP™F /g}/)m) + cyc. permutations.

(1.31)

(1.32)

(1.33)

(1.34)

(1.35)

Each of the four terms above are invariant under global O(d, d; R) transformations. The first term is trivially

invariant because the metric g4 and the dilaton field ¢ are invariant. The second term can be written in the

following way, which makes its invariance manifest.

1
Lo = gaaHMNaaHMN ,

(1.36)

where MY is a 2d x 2d symmetric matrix, the generalized metric introduced earlier in eq. (1.11) %. In-

dices M, N are contracted using the O (d, d) invariant metric . Under an O (d, d; R) transformation h, the

*This generalized metric only contains metric and B-field components along T directions.
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generalized metric H changes as

H — hHAL. (1.37)

Since hinh = 7, we see that L5 is invariant under this transformation. Note that the action of O (d, d)
transformations on the physical metric and the b-field is rather complicated and non-linear, but the generalized

metric transforms linearly under these transformations.

The third term in the Lagrangian can be written as follows:

1
Ly=—3 MEHMNFPN, (1.38)

where F! is a 2d-component vector of field strength.
F =" (1.39)
This is an O (d, d) vector and transforms linearly under the action of h € O (d, d)

This, along with the transformation property of the generalized metric, guarantees the invariance of £3 under

O (d, d; R) transformations.

The invariance of £4 can also be made manifest by writing H,g in the following form
1 M N .
Hopy = 0abgy — EAQ nmNFj., + (cyc. permutations). (1.41)

Since b, does not transform under O (d, d; R) and the second term is manifestly invariant under the trans-

formation, we conclude that H, g, and hence £4 are invariant under O (d, d; R) transformations.

Hence for the low-energy effective action of string theory the duality symmetry is enhanced from O (d, d; Z)
to O (d, d; R). It is useful to decompose the action of the duality group in terms of its various subgroups to

understand it better.
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O (d, d;R) group

Recall that the group O (d, d; R) is defined as the group of matrices which leave the matrix 7, defined in 1.22,
invariant . The dimension of the group is d (2d — 1).

We first examine the part of the O (d, d; R) given by the matrices of the form

A 0
h= .|, AecL(). (1.42)
0 (4%

This forms a d?-dimensional subgroup. From eq. (1.27) we can see that it acts on the fields g and b as follows:

g — g = AgAl, b— b = AbAL. (1.43)
Note that this group arises under the following coordinate transformation along the 7%
o= = (Ax). (1.44)

Hence this subgroup only generates gauge transformations.
Next we look at the matrices of the form
1 B

b= . B=-B (1.45)
0 1

This generates an abelian g(—d—;—ll-dimensional subgroup denoted by ]Rd 5 . Under its action the metric re-
mains unchanged and only the b-field changes: b — & = b+ B. This is the same as the gauge transformation
of the b-field with respect to the gauge parameter B,;z®.

Finally we discuss the subgroup 9_(0%@ 6, This is given by the set of matrices
iag

1{R+S R-S

h= ,
2\R-S R+S

RIR=1=S'S. (1.46)
This acts on the background E in a non-trivial and non-linear manner ,which involve mixing the b-field and
the metric. To see this, we compute the action on the background with a b-field, b12 = —b2; = b and a torus

T?. We take the two cycles of the torus to have the same length 1 unit. The metric on the torus is &,,,. We

%It is understood that 7 has the same form as in eq. (1.22) but is a 2d x 2d matrix for the current discussion.
® The diagonal subgroup of O (d) x O (d) is contained in GL (d) as in eq. (1.42) with A*A = 1.
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now do a duality transformation on this background. We take R to be the identity and S to be a rotations by

angle 8 5. Then under the action of the transformation h:

; 2
- 1)
Ormn = G 2+b2 (1 —cos(fs — Or)) + 2bsin (93 —6g) mn (1.47)
AEeY bSin(OS — 6r) +2cos (93 —0gr) b )
mn mn mn -

T2y (1 —cos(6s — 6r)) + 2bsin (6s — Or)

Notice however that if b = 0, the background remains invariant. This illustrates the complexity and non-
linearity of the action of the duality group, even in the simple case of compactification on a torus. Moreover
the transformed metric and the b-field are not related to the original ones by usual notions of diffeomorphism

or gauge symmetryl.
d(d—1)

To summarize, the "geometric” subgroup GL {d;R) x R of the full duality group O (d, d;R) is

attributed to usual gauge deformations of fields. The subgroup O (d) x O (d) /O (d) 4,, relates dual configu-

diag
rations of the metric and the b-field. Physics in backgrounds related by a duality transformation is completely
equivalent. This is the essence of the duality.

Our analysis dealt with only the leading low-energy dynamics of the string theory. However the general
picture is true even when subleading corrections are considered. It was shown by A. Sen in [18] that the space
of classical solutions of the string field theory has the same duality symmetry as discussed above. Recall that

the classical string field theory involves an infinite number of higher derivative terms and they enter in such

a way that the T-duality is maintained.

1.2 Elements of DFT

The T-duality symmetry is present in the full low-energy effective action of string theory. By full effective
action we mean the effective action obtained after integrating out all the massive fields of the string theory at
tree level. This effective action involves only massless fields and have an infinite number of higher derivative
(c-) corrections. However, even for the case of o', the duality only becomes apparent after a convoluted

procedure of dimensional reduction. This raises two natural questions:

1. Isthere a formulation of low-energy effective actions of string theory that makes manifest this O (d, d; R)

symmetry before compactification?

2. Can we impose the requirement of manifest T-duality to constrain o'-corrections to the low-energy

effective actions?

The answer to both these questions is yes, as we review below.
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1.2.1 Courant bracket

It is clear from the preceding discussion that any attempt to find a manifestly duality-invariant formulation
must start by treating the metric and the b-field in a uniform manner. We start by unifying the gauge symme-

tries associated with the two fields.

A theory with a metric and two-form field has gauge symmetries: diffeomorphism generated by v € T M
and the gauge transformations of the b-field generated by one forms £ € T* M. By formally adding the vector

and the one-form as v + £ € TM & T* M, we can write the gauge transformations as

bureg = Log,  Oyreb= Log+dE, (1.48)

where L, is the Lie derivative with respect to the vector v. By computing two successive gauge transforma-

tions one finds that the algebra of the gauge transformations is

[us+€25 Ovnte1] = Oy o]t L0, 62— Loptr- (1.49)

The last expression defines a bracket on TM & T* M given by

[v1 + &1, v2 + &) = [v1,v2] + Loy, &2 — L6 (1.50)

This is in fact a Lie bracket as it is anti-symmetric and the Jacobi identity is satisfied. However eq. (1.50) is

not the only choice consistent with the gauge algebra eq. (1.49). To see this note that

£v1§1 - cvz&l = divlfl -+ iv1d§1 - (1 Aud 2)7 (151)

where i,£ is the standard interior product of vector v and the one-form £. Recall that an exact one-form does
not generate a gauge transformation of the b-field. The gauge algebra is independent of the term di,, &o —
(1 > 2) appearing in eq. (1.50). We can consistently modify the bracket by replacing the coefficient of this
term from 1 to (1 — g)

[v1 + &1, v2 + &) = [v1,v2) + L4, &0 — Ly,6 — ';‘561 (10,62 — 10p61) - (1.52)

We will choose a specific value of 3 by appealing to an important part of the duality symmetries: the

B-shifts. Consider a closed two-form B. Shifting the d-field by such a two-form B is a symmetry of the
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theory. How does B act on the gauge parameters? The two-form B defines a natural map’

B:TM = T*M, veETM — i,BeT"M. (1.53)

This map has a straightforward extension to v + £ € TM @ T*M, where it leaves the vector as it is and
shifts the one-form by i, B. We fix the parameter £ in eq. (1.52) by requiring that the action of the B-shifts
on the gauge parameters is an automorphism of the bracket. This fixes 5 to 1. The resulting bracket is known

as the Courant bracket after T. Courant.

1.2.2 Gauge algebra, fields and action

For uniform treatment of diffeomorphism and the b-field gauge transformations, we introduce the following
notation
M= Sm (1.54)
&'m

to denote the gauge transformation parameters £ +& € T M @ T* M. This suggest a doubling of coordinates
and corresponding derivatives.
Z o
XM= oy = . (1.55)
™ Om
Here M = 1,2---2D is an O (D, D) index, which is raised and lowered by the O (D, D)-invariant
metric 7 as defined in eq. (1.22). It is useful to repeat the definition of n with indices here:
0 " 0o m
MY = "l v = 1 ™ =™ =N = 6.
M, 0 o™ 0
(1.56)

Next we need to identify the right choice of field variables to make the duality manifest. The generalized

metric, which has already appeared in 1.49, is a natural candidate. With indices it takes the following form:

mm —g™Pb 'mn _bm Pdp (1 bm kn
g 90 yMN _ [ 9 pd" S R 1)

mn

H MN — L)
bmpgkn Imn — bmpgquqn _gmpbpn g

7 Another way to obtain this map is to note that §,,¢ (b + B) = Oyt (€44, BYD-
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The generalized metric satisfies the constraint

HunHYE = 60, F. (1.58)

In matrix notation this constraint is HnH¢ = 7, i.e., H € O (D, D). We want to treat the generalized metric
as the fundamental field variable without referring to its parameterization in terms of the metric and the
b-field. Since H is a 2D x 2D matrix we need to impose further constraints for it to have same number of
degrees of freedom as gy + by Demanding H to be a symmetric element of O (D, D; R) reduces the

number of degrees of freedom from 2D x 2D to D2,

The determinant of the metric is combined with the dilaton to form a duality covariant dilaton defined as

e 2% = % /Tg. (1.59)
Infinitesimal gauge transformations for the fundamental fields H sy and ® are given by

SeHmn = LeMyn = 5 0pHun + (0mE" — 0K én) Hienw + (OnEX — 0% en) Hicm,

L (1.60)
5@ = ¢Popd — Eapgf’.

To describe closed string theory consistently, string fields are subject to the level matching condition.

(Lo — Lo) f (z,) = 0, (1.61)

In the massless subsector, this implies the following constraint on double fields

oM f (x,7) = 0. (1.62)

However, in general given two fields f; (x, Z) and f> (x, &) satisfying the constraint eq. (1.61), their product
does not satisfy this constraint. Hence one has to impose the so-called strong constraint. It is the statement

that all fields, gauge parameters and their product are annihilated by 9,0 .
O () =0. (1.63)

To write down an action we take into account another symmetry: the Zs symmetry which acts on the

b-field as b — —b. This symmetry acts on the coordinates, derivatives and the generalized metric as fol-
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lows [19]:

X* - ZX*, O — Z0,, H*® — ZH* Z, Heo = ZHoeeZ,

(1.64)
,,7.. __) ZTI..’ n.. ._> ZT]..)
where o’s indicate O (D, D) indices and Z is given by the matrix
-1 0
7 = . (1.65)
0 1
The two-derivative action is then completely fixed by the gauge symmetry and the Z, invariance.
1 1
Sprr = / dPzdPze2® (§HMN8N1HPQ8NHPQ - 5wWaNHPQBQHMP
' (1.66)

— 20 @ONHMY + aHMN 9 DON D).
We now comment on important features of this action:

e Upon taking d = 0 to be the solution of the strong constraint, it reduces to the effective action in 1.4
(up to an over all factor), hence it is a manifestly O (D, D; R)-invariant formulation of the low-energy

effective action.

e Notice that the group O (D, D;R) is much bigger than actual global symmetry group arising upon

compactifying on T'%! Strong constraint is required to break it to a smaller subgroup.

e If the D-dimensional target space has no isometries then a solution of the strong constraint breaks

O (D, D;R) to the geometric subgroup GL (D) x R2E-1

. To see this, note that under GL (D)

transformation

XM x'M — . ) 1.67)
0 (At)_ ™

3 . . 51 . L . . D(D—1)
Then 0™ = 0 implies that @™ = 0. A similar conclusion is drawn for transformations in R™ 2

o In the case of compactification on T4, we divide the double coordinates as follows:

XM = (3,505 (1.68)
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where y* are the coordinates along 7. Since fields are independent of ¢, the solution & = 0 of strong
constraint is invariant under O (d, d; R) transformations that mix y* and 7;, hence the global symmetry

group of the compactified theory is

0(d,d;R) x GL (n) x R*5, (1.69)

where n = D — d is the dimension of the compactified space.

1.3 Higher derivative corrections

Having written down an action for DFT we have answered the first question asked at the beginning of sec-

tion 1.2. Now we turn to the second question.

A detailed review of how to carry out this procedure in practice is out of the scope of this thesis. Here
we illustrate the principle using an elementary example. Suppose that we are only given the metric and the
dilaton part of the effective action in eq. (1.4). We want to duality complete this action. We will show that
this duality completion lets us determine the correct contribution of the B-field to the effective action. We

write

S, = / d4z\/=ge 2 (R + 4V, ¢V ")
i ) (1.70)
= / dPge2® [za%a"gmn + 48, 89™® + Zamg’wamgn,, - 5amg,,ma,,gp"] ,

where in the second line we have used the explicit expression for R and integration by parts to write the action
in a suggestive form. The requirement of manifest T-duality then implies that the action S, is the restriction
to b = 0 sector of a manifestly O (D, D)-invariant functional S. Next we notice that the different terms can

be written in terms of the generalized metric as follows.

, 1
amgnpamgnp = gmqamg"paqgnp = §HMQ8MHNP6QHNPL_O 50"

O™ GmnBpg™" = 404 GmnDpg™ = HMOBHMNOPHTY|
6=0,0=0 (1.71)
OB G = g G0y DDy = —On®Oyg"T = —aNQaQHNQ‘b_O o

g0 08, = HMN 9, 09n © .
b=0,0=0
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Hence the appropriate duality completion of S, is

S, + duality completion = /ddme“ZQ(%HMNaMHPQaN?{pQ - %HMNQN’HPQSQHMP
(1.72)
~20u@ONHMY + 41N 0y DO )|

b

5=0

which is the DFT action after choosing = 0 as a solution of the strong constraint. As discussed in sec-
tion 1.2, this action is completely equivalent to the one in eq. (1.4) and hence gives the correct contribution
of the B-field.

In principle, this procedure can be carried out at higher orders in o/, e.g., see [20] for an analysis at
O (). A more ambitious goal is to use the manifest duality invariance and gauge invariance as guiding
principles and construct a higher-derivative theory from first principles. This was achieved in [2] by Hohm,
Siegel and Zwiebach, (the HSZ theory). The first part of this thesis is devoted to exploring this theory. We

will introduce relevant details along the way. Its key features are the following.

e The theory is formulated in terms the dilaton ® and a double metric My, whichis arank-2 O (D, D)

tensor. Unlike the generalized metric M ¢ O (D, D).

o The gauge transformation of the dilaton remains the same, but the gauge transformation of M sy has
higher derivative contributions. Consequently the gauge algebra also has higher derivation contribu-

tions.
e The action is cubic in M.
e The action involves terms with up to six derivatives.

e The theory has higher derivatives, gauge invariance and an exact global duality invariance.

1.4 Summary

In this chapter we reviewed how the discrete duality symmetries of toroidally compactified string theories
imply continuous duality symmetries of the classical effective field theory for the massless string degrees of
freedom [21, 18]. DFT formulates the higher-dimensional two-derivative massless effective field theory in
a way that the duality symmetry can be anticipated before dimensional reduction [22, 23, 24, 25, 19]. When
higher-derivative corrections (or o/-corrections) are included it becomes much harder to provide a duality
covariant formulation. It is generally expected that as soon as higher-derivatives are included, an infitite

number of them are required for exact duality invariance.
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At present, there is only one known example of an effective gravitational theory with higher-derivatives
and exact duality invariance: the HSZ theory. It is formulated in terms of a double metric M, an uncon-

strained version of the generalized metric H.
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Three point functions in HSZ theory

The purpose of this chapter is to calculate on-shell three-point amplitudes for the metric and b field in the
HSZ theory. While this is a relatively simple matter in any gravitational theory described in terms of a metric
and a b field, it is a rather nontrivial computation in a theory formulated in terms of a double metric M. This
is so because metric and b-field fluctuations are encoded nontrivially in M fluctuations and because M
also contains other non-familiar degrees of freedom. These amplitudes will be obtained using the M field
Lagrangian. The procedure is instructive: it requires us to obtain the explicit o’ expansion of the Lagrangian

and to discuss the extraneous fields contained in M.

In both bosonic string theory and heterotic theory, on-shell three-point amplitudes factorize into factors
that involve left-handed indices and right-handed indices (see eqn.(2.6)). We show that in HSZ these am-
plitudes also factorize (see eqn.(2.7)). The explicit form of the result has implications for the low-energy
effective field theory. In the bosonic string the terms in the low-energy effective action needed to reproduce
its three-point amplitudes include Riemann-squared (or Gauss-Bonnet) [26, 27] and H H R terms to first
order in o, and Riemann-cubed to second order in o’ [28, 29]. To reproduce the (gravitational) heterotic
three-point amplitudes the theory has only order ' terms: Gauss-Bonnet, H H R and a b-odd term bI'0T,
with I the Christoffel connection. At order o/ HSZ theory contains only the b-odd term with twice the co-
efficient in heterotic string, and to second order in o’ the bosonic string Riemann-cubed term with opposite
sign. To order (a')?, the following is the gauge invariant action that reproduces the on-shell cubic amplitudes

of HSZ theory:
g = dem _ge—2¢(R +4(6¢)2 _ %gﬂupﬁuup _ % QIE RﬂyaﬁRaﬁpngcr'uv) ) (21)

The O(a’) terms above arise from the kinetic term for the three-form curvature [30]. We have H pvp =
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Hyvp + 30/Qp(T), where Hy,p, = 30),b,,) with the Chern Simons term (2 given by:

Qup(T) = P[Zwavr,f}a + %P[Z|5|F6 ry

v [olo] - (2.2)

2.1 Bosonic, heterotic, and HSZ three-point amplitudes

In this section we motivate and state our main claim: In HSZ theory, on-shell three-point amplitude for
gravity and b fields exhibits a factorization structure analogous to that of the bosonic and heterotic string.
For this purpose we consider these amplitudes. Let k1, k2, and k3 denote the momenta of the particles. Since
we are dealing with massless states, the on-shell condition and momentum conservation imply that for all
values of a, b =1,2,3:

kg kp=0. (2.3)

We also have three polarization tensors e, ., With a = 1,2, 3. Symmetric traceless polarizations represent
gravitons, and antisymmetric polarizations represent b fields. Dilaton states are encoded by polarizations

proportional to the Minkowski metric [31]. The polarizations satisfy transversality
k'eamn =0, klegmn=0, anotsummed. 2.4)

To construct the three-point amplitudes one defines the auxiliary three-index tensors 7" and W:

TP (k1 koo ks) = n™" Ky + Pk + Pk
2.5)
W™ (ki ko, ks) = o Ky KHKD,

with kg = kq — kp. Note the invariance of T and W under simultaneous cyclic shifts of the spacetime
indices and the 1, 2, 3 labels. For bosonic and heterotic strings the on-shell amplitudes for three massless
closed string states with polarizations e, are given by (see, for example, eqn.(6.6.19) in [32] and eqn.

(12.4.14) in [33]):

Sbos = %K (ZW)DgD(Z p) €1mm/ €2nn’ €3pp’ (T + W)m"p (T + W)m’n’p’ ,
(2.6)
Shet = %n (27T)D§D(Z p) €1mm’ €2nn’ €3pp/ (T + W)mnp Tm'n/p, ‘
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Note the factorization of the amplitude into a factor that involves the first indices on the polarization tensors
and a factor that involves the second indices on the polarization tensors.! We claim that in HSZ theory the

on-shell amplitudes also factorize:

Shsz = %KZ (27T)D5D(Z p) elmm/egnn/e3ppl (T + W)mnp (T - W)m’nlpl . (27)

For the bosonic string (T + W)™ (T + W)™ ™7 is symmetric under the simultaneous exchange of
primed and unprimed indices. As a result, the amplitude for any odd number of b fields vanishes. Expanding

out

Shos = %n (2m)PsP (Z D) €1mm’ €2nn’ €3pp/ (T mnp Tm’"/pl+[Wm”me’"lp/+Wm'"/p'Tm"p |+wmre Wm,""’l) ,
2.8)

making clear the separation into two-, four-, and six-derivative structures, all of which are separately invariant

under the simultaneous exchange of primed and unprimed indices. The four-derivative structure indicates

the presence of Riemann-squared or Gauss-Bonnet terms [26, 27]. The six-derivative structure implies the

presence of Riemann-cubed terms [29]. For the heterotic string we write the amplitude as

Shet = -;-K (zﬁ)DéD(Zp) €1mm’ €2nn' €3pp/ (Tm"PT'm’n’p’ + % [Wminm/,n/p/ + Wm/n'p'TmnP]
+ %[Wminm’n’p’ _ Wm’n’p’Tmnp]) )

2.9

We have split the four-derivative terms into a first group, symmetric under the simultaneous exchange of
primed and unprimed indices, and a second group, antisymmetric under the simultaneous exchange of primed
and unprimed indices. The first group is one-half of the four-derivative terms in bosonic string theory, a well-
known result. The second group represents four-derivative terms that can only have an odd number of b fields.
In fact, only one b-fieldis allowed. The term with three b fields would have to be of the form H HOH, with
H = db and it can be shown to vanish by Bianchi identities. The term that one gets is of the form HI'8T,
and arises from the kinetic term of the Chern-Simons corrected b-field field strength. This kind of term also

appears in HSZ theory, as discussed in [34].

'The on-shell conditions satisfied by the momenta imply that there are no candidates for three-point amplitudes with more than
six derivatives.
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Expanding the HSZ amplitude above one finds

Shsz = %/-c (2m)PsP (Z D) €1mm’ €2nn’ €3pp/ (T""‘”Tm'"/p,+[Wm””Tm'"'p/—Tm”me'"""]—W"m” Wm/""’/) ,
(2.10)

implying that there is no Gauss-Bonnet term, that the term with four derivatives has a single b-field and is the

same as in heterotic string but with twice the magnitude. The six-derivative term is the same as in bosonic

string, but with opposite sign. This implies that the Riemann-cubed term in the HSZ action and in bosonic

strings have opposite signs. Most of the work in the rest of the chapter deals with the computation of the g

and b three-point amplitudes that confirms (2.10) holds.

It is useful to have simplified expressions for the amplitudes. For later use we record the following results,
with ‘cyc.” indicating that two copies of the terms to the left must be added with cyclic permutations of the

1,2, and 3 labels:

'n'p’ T T T T
e1mm €2nn€3pp T PT™ " P = tr(e] e2)(k12eskiz) + k12(ese; €1 + €3 ezeq )ka3 + cyc.
'n'p’ mn, 'n'p’N _ 1.1 T T
elmmfeznn/e3pp/(Wminm P 4 TP TP ) = zo [k12(6361 teg el)kzg(k‘glezkfn) + cyc.] ,

mn 'n'p’ 1.2
e1mm’€2nn'€3ppy W PW™ P = 2o/ (k1geskiz)(kase1kas)(ka1ezksr) -

@.11)

The formulae (2.6) for massless on-shell three-point amplitudes also hold for amplitudes that involve the
dilaton. For the dilaton one must use a polarization tensor proportional to the Minkowski metric. Although
we will not use the HSZ action to compute dilaton amplitudes, the predictions from the factorized amplitude

(2.7) are exactly what we expect for the the dilaton. We explain this now.

Let ¢ denote the physical dilaton field. For cubic dilaton interactions ¢* there is no on-shell candidate
at two, four, or six derivatives. For q@ze interactions there is no on-shell candidate at four or six derivatives,
but there is one at two derivatives: 6’”(;38"(& Emn ™~ 6’"6&8”&) h.mn. This term does arise from the first line
in (2.11) when we take €1,/ ~ nmmfdA), €ann! ~ n,m'qhﬁ, and ez, = hp,y. Itis present in all three theories

as it is the universal coupling of a scalar to gravity.

For gf)ee there are no on-shell candidates with six derivatives, but there are candidates with two and with
four derivatives. Let’s consider first the on-shell candidates with two derivatives. Again, an examination of
the first line in (2.11) shows that ¢hh vanishes. This is expected: the physical dilaton does not couple to the
scalar curvature. There is also no ¢hb coupling. On the other hand one can check that $bb does not vanish.

This is also expected, as an exponential of ¢ multiplies the b-field kinetic term. Again, all this is valid for the
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three theories.

We now consider ¢ee on-shell couplings with four derivatives. There is one on-shell candidate: ¢8™"eqP%e 1,
Due to the commutativity of derivatives this term requires both e’s to be gravitons. This coupling arises both
in bosonic and heterotic string theory because an exponential of é multiplies Riemann-squared terms. As
expected, it can be seen from the second line in (2.11), using the top sign. It does not arise in HSZ theory
because in this theory the four-derivative terms are odd under the Zo transformation b — —b [30], and thus
must involve a b field. In conclusion, HSZ theory only has on-shell couplings of dilatons at two derivatives,
and shares them with heterotic and bosonic strings. The latter two have a single on-shell coupling of the

dilaton at four derivatives. These are indeed the predictions of the three factorized formulae.

2.2 Derivative expansion of HSZ theory

Our first goal is to give the action for M and ¢ in explicit form and organized by the number of derivatives,
a number that can be zero, two, four, and six. While the parts with zero and two derivatives are known and
take relatively simple forms [2, 30], the parts with four and six derivatives are considerably longer. We give
their partially simplified forms and then their fully simplified forms when the dilaton field is set to zero. This

will suffice for our later computation of on-shell three-point amplitudes for gravity and b-field fluctuations.

We will define actions .S as integrals over the double coordinates of the density e? times the Lagrangian L.

For the theory in question [2] we have
S = / L, L= Lu(T) — L(TIT*T). 2.12)

The field 7 is a tensor operator and encodes the double metric. For arbitrary tensor operators T we have the
expansion

T = 3TMNZyZy — 3(TM 2y Y, (2.13)

here TMYN and T are, respectively, the tensor part and the pseudo-vector part of the tensor operator. The

trace of the tensor operator T is a scalar operator tr T" defined by (eqn.(5.17), [2])
uT = p"NTyn +6(TMNopon® ~ 20T + T 09). (2.14)

If a tensor operator T is divergenceless, the pseudo-vector part is determined as a dilaton dependent function
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G linear in the tensor component:
™ = GM(Tpg) = GM(T)+ G (D), (2.15)
where G and G3 have one and three derivatives, respectively (eqn.(5.37), [2]):

GM(T) = onTMN — 2TMNp\ @

GY(T) =T N onopd™M e — 10M (9n0pTNY — 2TNF (9ndp® — 20N BIp®) — 40N TNF 9p@) .
(2.16)

We make the following remarks:
1. The free index on Gj is carried by a derivative.
2. G1(T') and G3(T) both vanish if the two indices in Ty are carried by derivatives,
3. G3(T) vanishes if one index on Ty is carried by a derivative.

The tensor operator 7 featuring in the action is parametrized by a double metric M™% and the pseudo-

vector part MM s determined by the condition that 7 is divergenceless:
T = iMMNZyZy — 3 MV Zy), MM = GM(M). (2.17)
A short calculation gives

tr] = WMNMMN — 38M8NMMN + IZMMNaMaN(P + 123MMMN(9N<I> — lZMMNan)aNfD ,
(2.18)
which contains terms linear, quadratic and cubic in fields, and no more than two derivatives. We now use the

star product x of two tensors, which gives a divergenceless tensor, to define
W =TT = SWMNzyzy - L(WMzy)', (2.19)

where the last equality defines the components of W. The definition of the star product ([2], sect.6.2) implies

that

WMN = (To, MMN WM = gMwPQ), (2.20)
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the second following because W is divergenceless. The formula for product o5 is given in (6.67) of [2].? The

field WMY has an expansion on derivatives,
WMN = WV 4+ WV 4 WMN Wty
which, using the notation Oy, ...ar, = O, - - - Onr,,, takes the form

Womn = 2MuyxMEy,

Womn = — 20uMPONMpg + MFOpg M + 40 MELOL My

221

— 20qMuPIp My + GE (M)A My + 2(8nGE (M) — 0K Gy (v (M) Mgk

Wann = Omp M on My — 205y MFQ0pg MK
+2(8u GE (M) — 08 Ga(ai(M)) My — 20p(u GF (M) MPE
+ 0p (9 G1ro(M) — G (M))OnyMP?
Wemn = — 30upoMEEONk MPQ + 0p (01 Gao(M) — 809G (M)) Oy MF?@

— 10po(uGE (M)On) g M2 .

We note that
1. On Wy N at least one index is carried by a derivative.
2. On Wi both indices are carried by derivatives.

We now turn to the pseudo-vector components WK which, by definition are given by

WE = GE(Wyn) = GE(Wo + Wo + Wy + We) + GE(Wo + Wa + Wy + We).

It then follows by the remarks that the only terms in WX are:

Wl]( = G{{(WO)v
W = GEW,) + GE(Wo),

Wi = GF(Wy) + GE(Wa).

1n[2] symmetrizations or antisymmetrizations carry no weight, in this chapter they do.
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These are terms with one, three, and five derivatives. Note that on G1{W}) the free index is on a derivative
because it is an index on Wy and the other index on W4 must be the non-derivative one to have a non vanishing

contribution. Thus the free index in W is on a derivative.

It is now possible to evaluate the full Lagrangian in (2.12). For the cubic term we need the inner product

formula that follows from eqn.(6.67) of [2]

(M) = AT %Topq — 8pTELOL Tk + 10pQTI L0k TS @
— 3@MTY i — ONTMonTY) — 3(0pTE Tox® + 0pTE Tk ) (2.25)
+ %((%DQTIKC?KT;Q + 8PQT2K8KTfQ) .

This formula must be used for 77 = 7 and T = W. A useful identity, easily derived by integration by parts,

reads

[ £RGanm) = [0 < T, 226)

Using this identity and the earlier results we find the following terms in the Lagrangian

Ly = — iMynM¥EMpM + MM
Ly = — (M2 =)™ MpNopon® + IMMN oy MPRoy Mpq
~ IMMNONMELOL Mg + MMV 90N
Ly = — 5 MMYWun + 2 0P MELO Wokp + 10pGE (Wa) M P
— L pdgME Lo W (2.27)
— 1onGH (M)OMGY (W) — 20pdgGE (M)W E? — 10p8gGE (Wo)ax MF?,
L = — 5 MMYWenun + 3 0P MELOLWykp + 20pGE (W) M KT
— 510pOQM" L0, W

— 1oNGY (M)A GY (Wa) — 18p8pGE (M)axWE? — 10p8gG (W) ax MT2 .

The results for the zero and two-derivative part of the Lagrangian were given in [2, 30] and cannot be simpli-
fied further. One can quickly show that the last line of L4 and Lg vanish if we have zero dilaton derivatives.

Also the last two terms in the first lines of L4 and Lg admit simplification. Still keeping all terms, we can
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simplify L4 and Lg to read

Ly = = 5 MM Wiy + & 0MGY (M)Wanin — FMME Wi v @
— LOpdgME Lo o WS
~ 3G MG (Wo)omn® + F(GF (MW = 2GF (Wo) MF?) dicpq @,
(2.28)
Lg =

= — LMMVWoun + 5 0MGY (M)Wanrn — SMMEW 1 N oy n @
— LopdgMELaa, W)
— 3GV (M)GY (W2)Oune + 3 (GT (MW, @ — 26T (Wo)MP?) 0k po® -

The fourth and sixth derivative part of the Lagrangian, written explicitly in terms of M and ® are rather

long. Since we will focus in this chapter on gravity and b-field three-point amplitudes, we will ignore the

dilaton. With dilaton fields set to zero a computation gives:

Lilo=o = MMV (1o MPOpoMNE — LanpMER0y MP g
+ LOMNMEQIEMP? — Loy p MPRoON e MoK
+ 30p My KON koMFP? — 2oy MEPRop v M)
+ IMP MY (RONMELOL Muk — 20 MuT Ok MN© + SO MFEo Myn),
Lelo=o = MY ( LonpoM* Lok MPO + L0mporM* Nk MPC
- 2—'143PQKLMKL8MNMPQ + le‘aMPKLMKLaNQMPQ)
— HOMNkLMEE(0p MPQGMMY . — 20p MMO95 MNF)
— L ONLMME (200 g MFPQOpQ MNT + 20y pgMBEQOR MP y + OprMNEOMFQ)

(2.29)

2.3 Perturbative expansion of HSZ theory

In this section we discuss the perturbative expansion of the Lagrangian obtained in the previous section

around a constant background (M) that can be identified with a constant generalized metric, as discussed in
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[30]. We define projected O(D, D) indices as follows:

Vu = Pu™Vy, Vir = PyNVy, (2.30)

where the projectors are defined as:
PN =1 -, Py =i+ H)MY. (2.31)
Here H is the background, constant, generalized metric. We expand the double metric M as follows:
Mun =Hun +mun = Hun +muy +myy +mygy + mys, (2.32)

where we have decomposed the fluctuations m s into projected indices. The physical part of the metric
and the b-field fluctuations are encoded in my,y = my,,. The projections m 7 5 and My can be treated as
auxiliary fields as far as the three-point amplitudes graviton and b-field are concerned. This is essentially due
to that tree level three-point amplitudes come from contact vertices and there are no propagators involved.
Note that this will not be true for higher point or loop amplitudes. To obtain the Lagrangian in terms of
physical fields, we need to expand it in fluctuations and then eliminate the auxiliary fields using their equations
of motion. To illustrate this procedure more clearly, and for ease of readability we will write

apMN = MMN , ag N = Myn» (2.33)

where the label g for the field reminds us that it is auxiliary. With this notation the M field expansion reads
Mupn =7‘_[MN +ayn +myxy +tmyy +ayy- (2.34)

We now argue that for the amplitudes that we are interested in, we can simply set the ¢ fields to zero.

2.3.1 Treatment of auxiliary fields

Here we argue that for the purposes of three-point on-shell amplitudes and, with the dilaton set to zero, the
auxiliary field does not affect the Lagrangian and can safely be ignored. To prove the claim we must use
on-shell conditions (2.51): we will argue that any contribution from auxiliary fields vanishes upon use of

these conditions. It is straightforward to translate these on-shell conditions in terms of the double metric
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fluctuations. They can be written as:
mMY = 9gmMN = gpm dMm ... = 0. (2.35)

Setting all dilatons to zero, the only physical field is my,; 5, which we symbolically represent by m. The most

general form of the Lagrangian involving at least one auxiliary field is as follows:

Lla,m] = am +a® +a® +a’*m + am?®. (2.36)
Since the theory is cubic in M and the dilaton is set to zero, this is all there is. In here we are leaving
derivatives implicit; all the above terms can carry up-to six derivatives. We now show that there is no ‘am’

term which does not vanish using the on-shell conditions. The general term of this kind would be

agrn (- mpo) 2.37)

where the dots represent derivatives or metrics 7 that contract same type indices, barred or un-barred. These
are required to contract all indices and yield an O(D, D) invariant. Since integration by parts is allowed
we have assumed, without loss of generality that all derivatives are acting on the physical field. Since the
un-barred index P is the only un-barred index, it must be contracted with a derivative. Thus the term must
be of the form

ayn (- Fmpg) - (2.38)

Regardless of what we do to deal with the other barred indices, we already see that this coupling vanishes

using the on-shell conditions, proving the claim.

The Lagrangian (2.36) then reduces to the following:

Lla,m] = a® +a® +a*m +am?. (2.39)

The equation of motion for the auxiliary field is, schematically, a ~ m? 4+ am + a2, which implies that
a perturbative solution in powers of physical fields begins with terms quadratic on the physical fields. Thus
we write

a(m) = az(m) +az(m) +---, (2.40)
where dots indicate terms with quartic or higher powers of m. But now it is clear that substitution back

43



into (2.39) can only lead to terms with quartic or higher powers of m. This concludes our argument that the
elimination of auxiliary fields is not required for the computation of on-shell three-point amplitudes for metric
and b fields. Note however that this argument is only valid for tree level on-shell three-point amplitudes. For

higher point amplitudes and/or loop amplitudes auxiliary fields need to be dealt with appropriately.

2.3.2 Perturbative expansion of the two-derivative Lagrangian

We use L(%9) to denote the part of the Lagrangian with i fields and j derivatives. In what follows, we are only
interested in the Lagrangian up to cubic order in fields, so we will ignore all terms with more than three fields.
Also note that the Langrangian appears in the action multiplied with a factor of e~2®. Using the expansion

(2.34) we see that the zero derivative Lagrangian Ly has terms quadratic and cubic in field fluctuations:
e 2Ly = LGB0 L B0 .. (2.41)

where the dots denote terms quartic in fields and

2,0 1 MN 1 _MN
L( ) EG,__(I_N _ia AnIN
LB = _ 3 my Pmyp — 2a¥¥ayFayp — o VmEympy — 2dMVayPagp  (242)
MN
— @ (a*Fayy —a"Vayy)

Here we can explicitly see that solving for a in terms of m and plugging back into the action gives O (m?)

or higher order terms.

The perturbative expansion for the two-derivative Lagrangian L in (2.27) is more involved but the same

conclusion follows. It decomposes into a quadratic and a cubic part in fluctuations:
e 2Ly = L2 4 1B 4. (2.43)

and we find
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L2 = %GMmI—)QaA;ImBQ + %MmBQBEmMQ — %BMmEQBQmEM

+ 4m¥ N gy 05 — 80 M0, @

+ %(r“)MaPQ 31\71&}5@ + %aﬂam aMaEQ

+ %QM(IBQ Opapy — %6MaPQ aQapM,

(2.44)
L2 = %mMN (8Mm}—)Q8Nm£Q — BMm]—JQE)QmBN - 8Nm£Q8£mMQ)
— @(OMmBQ(?MmEQ — BMmEQanEM + 8Mm’—>Q81_amMQ)
+ (mMpml_YpaMaN@ - mEMmEN(?MaN‘I))

— 8820;,0M® — 8omM Vo050 + LGP,

where Lﬁf) denotes the terms that contain at least one a field. Next, we eliminate the auxiliary fields to

obtain the two-derivative Lagrangian which is almost cubic in fields.

L(s32) = [0 4 60 4 122 4 162 | (2.45)

a=0

Next, we write the action in terms of DFT (or string field theory) variables e,,,,. The way to translate

from My N variables to e, variables is explained in Sec. 5.3 of [30]. Here is the rule that follows:
e Replace my, 5 by emn, apyn by amn and ay; 5 by dmn.

e Replace under-barred derivatives by D and barred derivatives by D defined as in [30],
Dy = O — Empd™ Dy = 0m + Epmd™, (2.46)

where F,,;, = Gmn + Bmn is given in terms of the constant background metric and the b-field. The

strong constraint takes the form D™ D,, = D™D,,, acting on arbitrary fields and all their products.

e Multiply by a coefficient, which is the product of a factor of 2 for each m, q, or a field, a factor of +%

for each barred contraction and a factor of ——% for each under-barred contraction.
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As an example, consider the second term on the first line of L(2)_ after integration by parts, it becomes:

B () Dy D ey = LDy D 247

|
I
[SIE

Using this technique for all the terms appearing in the Lagrangian (2.45) we obtain:

LED = 1 (e D2y + (D™ emn)? + (D™emn)?) = 2™ Dy D@ — 40 D%

+ temn (Dmequ"epq — D™epg D™ — D”emqD’“epq)
+1o ((Dmemn)2 + (D"mn)” + L (Dpemn)® + 3(Dpemn)® + 2¢™ (D DPepr, + DnDPemp))

+4®e,,, D" D"® + 43°D%®.
(2.48)

This is precisely the DFT Lagrangian in equation (3.25) of [24]. From the quadratic part of the above action,
we see that the kinetic term of ® has wrong sign. This is, because the action (2.48) is in the string frame and
® is not the physical dilaton. To obtain the action in terms of physical fields é,,, and & that decouple at the
quadratic level, we need a field re-definition. Physical fields é,,,, and (13 are obtained in the Einstein frame as

a linear combination of e,,,,, and $. We write schematically:
emn ~ €mn + SNn, L~ +E (2:49)

If we are looking for pure gravitational three-point amplitudes the first redefinition need not be performed in
the action, as it would give rise to terms that involve the dilaton. The second one is not needed either, since
on-shell gravitons have traceless polarizations.

After solving the strong constraint by setting o™ = 0and setting the dilaton to zero, the above La-

grangian becomes:

L(53’2)|©:0 = % (em’"azemn +2 (Bmemn)Q) + %emn (0™ epq0"eP? — 0 epg0eP™ — OPe™ 10 epy) .
(2.50)
For an off-shell three-point vertex all terms in the cubic Lagrangian must be kept. But for the computation of
on-shell three-point amplitudes we may use the on-shell conditions to simplify the cubic Lagrangian. These

conditions can be stated as follows in terms of €,,,.

Oemn =0"€emn =0, Oped™e --- =0. (2.51)

46



The first condition is transversality and the second condition follows from the momentum conservation and
masslessness. For the cubic terms in (2.50) the on-shell conditions do not lead to any further simplification

and we record:

LG2 om0 onanetl 1emn (0 epg0" Pt — 9™ epq0%eP™ — OPe™I0™eyq) . (2.52)

Three-point on-shell amplitudes can now be computed from this expression.

2.3.3 Higher-derivative Lagrangian and on-shell amplitudes

In this subsection we perform the perturbative expansion of the four and six derivative Lagrangian and com-
pute the on-shell three-point amplitudes. We use the on-shell conditions (2.35) and ignore the auxiliary field

in light of our earlier discussion. We note that

MMyg = Mayy + Mmyy,
(2.53)

3MMMN = 8MmMN +(‘9MG,MN .

Since we are allowed to set auxiliary fields to zero and to use the on-shell conditions (2.35), both 9™ M, 5

and OM M MN can be set to zero, and as a result, we are allowed to set
MMuyn — 0, (2.54)

in simplifying the higher-derivative cubic interactions! This is a great simplification.

Now we use (2.54) in the four derivative Lagrangian L4 given in (2.29). Only the terms on the first line

survive and we get:

Ly o %MMNaNLMPQapQMML — TlQMMNaNPMLQaMLMPQ. (2.55)

Now we plug in the expansion (2.34) and keep only the cubic terms which do not vanish on-shell. After a

short computation we obtain the four derivative cubic Lagrangian in terms of the physical fields

$=0
(2.56)

on-shell
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Translating this to e fluctuations (three m’s and 5 contractions):

L(3’4)’ oo = 1—12- emn (8nlepq [5pqeml - %amqepl] —~ Omie™? [8pqeln - %apneld ) : 2.57)

on-shell

Using integration by parts, gauge conditions and e, = Ay + bmy this simplifies to

LOD = L (0MemdFe™ — 0™Ped™e,”) = L0 OpphP OphPr . (2.58)

on-shell

A short computation confirms that this is precisely the on-shell value of the term

— $H™™T 0.T%, (2.59)

arising from the expansion of the kinetic term for the Chern-Simons improved field strength H. There is no

Riemann-squared term appearing, as has been argued before.

In the six-derivative Lagrangian Lg given in (2.29) only the first term survives after we impose the on-

shell condition. Integrating by parts the O,y derivative we have
L6| oo = — 2 MMNoy o po MEL G MPR. (2.60)
on-shell

Using the M field expansion and keeping only cubic terms which are non-vanishing on-shell, we get:

LeO) = —1mMNg g omELo  mE. (2.61)
on-shell

In term of e, this takes the form:

L(S’G) s—0 — % Emn amnpqekl 6’“lepq . (262)

on-shell

The structure of the six-derivative term is such that only the symmetric part of e,,,,, contributes. In terms

of the metric fluctuations we get:

L(3,6)l _ % Rm O™™PI Oklhpq. (2.63)

$=0
on-shell

This term is produced by the perturbative on-shell evaluation of the following Riemann-cubed term:

— &R, PIR MR, (2.64)
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where the linearized Riemann tensor is: Ryunpq = % (Onphmq + Omqhnp — Opghmn — Onghmp) - -

Collecting results (2.52), (2.58) and (2.62) for the cubic interactions with two, four, and six derivatives,

we have:

emn [ 0™ epg0"eP? — 0 epg01eP™ — OPe™10 ey,

on-shell (265)
1./ ki i kl 1 .2 ki

+ 50 (O"Qekla 61,1 — 9"MPey,0 e,," ) + o O™, O €pq ] ,

I
(=3
|

where we have made explicit the o’ factors in the various contributions. To compute the on-shell amplitude
we pass to momentum space. We need not concern ourselves with overall normalization; all that matters here
is the relative numerical factors between the two, four, and six-derivative terms. We thus have an on-shell

amplitude A proportional to

A = eimm’€ann €3py [ ~ kg* g”' PP 4 kg‘kg" PP 4 kgkg"/ 7™ ™" 4 permutations
/ 1 9 1 .
+ 1o (KRB KBRS 0™ — kPkSESEY ™) + permutations

p ’ 9 ’ .
— 5o kP KT KK K3KE + Hyermutatlons] ,

(2.66)

where we have used three different lines to list the terms with two, four, and six derivatives. By ‘permutations’
here we mean adding, in each line, the five copies with index permutations required to achieve full Bose
symmetry. In order to show that the above has the conjectured factorized form we must rewrite the momentum
factors in terms of momentum differences k12, k23, and k3;. This is possible because momentum factors must
contract with polarization tensors, and using momentum conservation and transversality ensure they can be

converted into momentum differences. For example,

7

lem’k{Ll = %Gan’(k{" + kill) = %Ean’(kiL/ - ké', - k‘:?,l ) = —%6271'n’k§;~ (2.67)

After rewriting all momenta as momentum differences the sum over permutations simplify and with modest
work one can show that the two, four, and six derivative terms can be written as sum of products of the T’

and W tensors introduced in (2.5). Indeed, making use of (2.11) one finds,

A = %elmm’(kl)Ean/(k2)€31717'(k3) [ T’min‘mln,p, + (Wmnp Tm'n’p’ - Tmanm/n,p/) ol Wm,n’p/ }

— %elmm’ (kl )62,,1”/ (kg )CBpp’ (k3) (Tmnp + W'mnp) (Tm’n/p/ _ ‘/Vm/ n'p/) 7
(2.68)
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in agreement with (2.7) and thus proving the claimed factorization.

2.4 Conclusions and remarks

Our work has determined the form (2.1) of the gauge invariant HSZ action that reproduces the on-shell cubic
amplitudes of the theory. The O(c’) terms arise from the kinetic term for the three-form curvature H, which
contains the Chern-Simons correction. Our work in section 2.3.3 reconfirmed that the cubic on-shell four-
derivative couplings arise correctly — see (2.59). The kinetic term H? also contains O(a'?) contributions,
but those would only affect six and higher-point amplitudes. The full HSZ action may contain other O(a)
terms that do not contribute to three-point amplitudes. The action includes the Riemann-cubed term derived
in (2.64). Its coefficient is minus the coefficient of the same term in bosonic string theory. In bosonic string
theory there is also a non-zero ‘Gauss-Bonnet’ Riemann-cubed term, but its presence can only be seen from
four-point amplitudes [29]. Neither the Riemann-cubed nor its related Gauss-Bonnet term are present in
heterotic string theory. It would be interesting to see if the cubic-curvature Gauss-Bonnet interaction is
present in HSZ theory. The physical effects of Riemann-cubed interactions were considered in [35] and,
regardless of the sign of the term, they lead to causality violations that require the existence of new particles.

The action (2.1), while exactly gauge invariant, is unlikely to be exactly duality-invariant. It is not, after
all, the full action for HSZ theory. Reference [36] showed that the action (2.1), without the Riemann-cubed
term, is not duality-invariant to order o’ squared. It may be possible to use the methods in [36] to find out
what other terms (that do not contribute to cubic amplitudes) are needed for duality invariance to order o’
squared. We continue to expect that, in terms of a metric and a b-field, an action with infinitely many terms
is required for exact duality invariance.

It is natural to ask to what degree global duality determines the classical effective action for the massless
fields of string theory. Additionally, given an effective field theory of the metric, the b-field and the dilaton,
it is also natural to ask if the theory has a duality symmetry. HSZ theory is useful as it is the simplest
gravitational theory with higher derivative corrections and exact global duality. By investigating HSZ theory

we will better understand the constraints of duality and its role in the effective field theory of strings.
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~ spectumofHsztheory

The goal of the present chapter is to analyze the dynamical content (the particle spectrum) of HSZ theory,
including higher derivatives but restricting to the quadratic approximation around flat space. Motivation for
this is two fold. On one hand we have asserted that the HSZ theory is the only known higher derivative
gravitational theory with manifest duality and gauge invariance. These features are expected to be present
in full classical string theory. On the other hand, we have established that the HSZ theory is different from
both bosonic and heterotic string theories. Finding the physical spectrum will help elucidate this difference.
A second motivation for this analysis is that generically higher derivative theories (which are not string
theories) lead to inconsistencies. An example of such an inconsistency at the level of physical spectrum is

the appearance of ghost degrees of freedom'. This is indeed what we find in this case.

Our analysis is simplified by introducing further fields that allow us to reduce the number of derivatives
to two. In order to elucidate the structure of these theories, we find it convenient to compare them with a
massive deformation of the original (massless) linearized DFT. This theory, which seems interesting in its

own right, is given by the Lagrangian
Luprr = €™ Romn(e, @) — ®R(e, ) — M2 (e™"emn — 1607) , (3.1)

where R, and R are the linearized Ricci tensor and scalar curvature of DFT, whose explicit forms are given
in (3.7). We will show that this model propagates precisely a massive spin-2 mode, a massive two-form field,
and a massive scalar, without any undesired or ghost-like modes. This result hinges on the structure of both

the mass terms and the kinetic terms, which are such that in the massless limit A/? — 0 the theory is invariant

]Tachyonic instabilities are not that severe generally as they can be cured by supersymmetry
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under the DFT gauge symmetry,
Semn = DiX\j+ Dj)\;, 6@ = —X(DiX' + DiX) . (3.2)

Intriguingly, this model seems new as it is not field-redefinition equivalent to the Fierz-Pauli-theory of (lin-
earized) massive gravity augmented by a massive two-form and a massive scalar. Indeed, while the kinetic
terms in (3.1) can be diagonalized (returning to Einstein frame) in order to write the model as a sum of
linearized gravity, massless two-form and massless scalar, one cannot simultaneously diagonalize the above
mass terms. Nevertheless, the above model is ghost-free, and this may shed a new light on the old problem
of finding a consistent non-linear theory of massive gravity (see [37] for a recent review).

Remarkably, the six-derivative HSZ quadratic Lagrangian can be rewritten as a two-derivative Lagrangian
by introducing two auxiliary scalars ¢ and @, which pair up with a,,,, and @, to play a role largely anal-
ogous to that which the dilaton ¢ plays for e;,,,. In particular, thanks to these new fields, the kinetic terms
are ‘improved’ relative to the original two-derivative terms and the number of degrees of freedom does not
increase. The massive spin-2 modes are ghost-like, as can be seen from the overall sign of the kinetic terms.
The presence of ghost-like massive spin-2 modes is in qualitative agreement with the chiral string theory
[38] but, again, the detailed spectrum differs.

The improved structure of the kinetic terms is reflected by an enhanced gauge invariance in the massless

limit, as for the massive DFT theory above. This symmetry reads

d¢amn = D¢+ DjG, Scp = —Di¢*,

Il

(33)
8¢mn = DG+ DsGi, 60 = Dil*,
and thus takes the form of two additional diffeomorphism-like symmetries with parameter {; and ¢;. Note that
the massless limit corresponds to the tensionless limit o' — oo and hence this model confirms the general
expectation that string theory exhibits an enlarged gauge symmetry in this limit [39].

We close this introduction with some general remarks. Given the presence of ghost-like modes in the
spectrum, it follows that this theory is problematic — at least around flat space and to the extent that the
quadratic theory provides a reliable approximation. It should be recalled, however, that the inclusion of more
than two derivatives generically leads to additional propagating degrees of freedom, which are typically
ghost-like and massive. For instance, the addition of curvature-squared terms to the Einstein-Hilbert action
generally leads to a massive spin-2 ghost and a massive scalar, thereby violating unitarity. Can the spin-2

ghosts in HSZ theory be interpreted similarly? We will show in sec. 6 that in the quadratic theory the massive
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fields can be integrated out exactly. Due to the presence of two massive spin-2 fields this leads to an infinite
number of higher-derivative corrections.

In the usual string field theories one can always choose a field basis for which the propagator is not
modified, making manifest that there is no conflict with unitarity. To first order in o, one employs the Gauss-
Bonnet combination [27], which is a total derivative at the quadratic level.? In contrast, there is evidence
that any theory that is not a complete string theory (like generic higher-derivative gravity) is problematic at

some level, see e.g. [35]. Our findings here seem to confirm this.

3.1 Full quadratic theory and non-derivative terms

In this section we compute the full quadratic Lagrangian and the potential of HSZ theory {2]. From the
quadratic Lagrangian we will see that the theory has both ‘ghost-like’ and ‘healthy’ degrees of frccedom. By
analyzing the potential, we show that the theory admits two vacua with constant backgrounds. Both of these
vacua have the same number of degrees of freedom; ‘ghost-like’ fields of one vacuum, however, correspond
to ‘healthy’ fields of the other vacuum and vice versa.

The zero- and two-derivative parts of the HSZ quadratic action have been computed previously in egs. (2.42)

and (2.44). In terms of conventional fields, they are

L(Z,O) — %amnam" _ %amndmn ,
LY = le™Oe,, + 3 (Dye™)? + 1 (Dje™)? — 2¢™ D;D;® — 40 00 (3.4)

— 10" Oy — 1 (Dia™)? — 1a™ Oamn — & (Dya™)?

where O = D;D* = D,;D*. From the two-derivative Lagrangian, we note that the kinetic terms for a,, and
amn appear with the ‘wrong’ sign and hence describe ghost-like degrees of freedom.

The four- and six-derivative parts of the quadratic Lagrangian can be computed explicitly starting from
eq. (2.28). The computation can be simplified by noting that any term which involves derivatives act-
ing on more than two fields will not contribute to the quadratic Lagrangian. Further, terms of the form
(M?) MN OM (---)8N (---) can also be ignored, because upon expanding around the background general-
ized metric, such a term would vanish at quadratic level due to the strong constraint. After excluding such

terms, one gets the following expressions for the four- and six-derivative terms that can contribute to the

2Other hi gher-derivative theories that do not propagate ghosts are Einstein-Hilbert plus the square of the pure Ricci scalar, which
is equivalent to a massive scalar coupled to gravity and currently a favored model for inflation (Starobinsky model) [40], and new
massive gravity in 2 + 1 dimensions, which augments a ‘wrong-sign’ Einstein-Hilbert term with a particular curvature-squared term
[41].
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quadratic Lagrangian:

LD = & MMV [0y MPQ 0pq K Mk + 207 Mag @ Ong X Mpxc = 03 M2 0y p X Max
+ v MFQ op KMQK — O PMOK ONnoMpr — Oum PMpQoy KMQK
+MFQ (BMMP K ongrd —20m EMpx Ongd + 30munMp K 0grd

+33vMu K Opord + 30K Mk 3NPQ¢)] +---,

LG8 — % MMN (aM PQ KL OnkLMpg +60u P p@K INQK LMPL —20FQ MKL aMNKLMPQ)

+ L MMV MPR (8 p ML Onok1d — O ME L Onpod — 2 MELOMNPOOoKLS) + -+,
(3.5

where ‘- - - * denotes terms which do not contribute to the quadratic Lagrangian and Oz, ar,-- M, = O, O, - - - O -

In computing this Lagrangian from eq. (2.28) no integrations by part have been performed. After expanding
around the background generalized metric and keeping only terms quadratic in fields, we get:
L@Y = _L1MNgy op5aP? + LY ynpod + 1R 9pgat? — IR 8pgat2 56
L89 = 5 (Omna™™ + oyya®™ — R)O(Oy5a™N + ouya®™ — R).
Here R is the linearized scalar curvature, which can be written in terms of the double metric fluctuation

Mpg N OF €mp AS follows:

R = — 20y 5ym¥N — +400 = D,,D,e™ + 409,
- 3.7
Rmn

$0emn — 3 DmDPepn — 3 DpDPepy — 2D Dy @

where we included the definition of the linearized Ricci tensor for future use. These tensors are invariant
under (3.2). The above four- and six-derivative Lagrangians can be written in terms of the conventional fields

and spacetime indices following the rules stated in previous chapter..

LY = — 1 (D,,Da™)* + & (DyDna™)? + 1R D,y D™ — AR Dy Dya™
3.8)

L?® = L (DpDpa™ + DpDpa™ —2R) 0 (DnDyp@™ + DypDpa™ — 2R).
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Full non-derivative Lagrangian and vacua

The full non-derivative part L(© of the HSZ Lagrangian is given by
LO = 2 AMy™ - IMynMVEMPM) . (3.9)

After expanding around the generalized metric, it can be written as:

0 1,.-2% ( MN MN P 1 MN_ P
LO® = 7€ (a——aMI_\r —a=Tmy myp— 34 Ay ANP
o o o (3.10)
MN_ MN_P _ _ 1, MN__P___
—a ayy — a m MmEN —ga ay O’NP) .
Translating to conventional variables we get:
0 1,-20 1, m = —mn | =y 1-mn= p-
LO® — 36 77% (amna™ — a™empen’ + 30" amPanp — Gmn@™" + @™ epmer, — za™a;Pap) .

3.11)

We now analyze the critical points of this potential. Specifically, we look at the critical points with
(emn) = 0, where (A) denote the value of A at the critical point. The dilaton independent part of the

potential has four critical points:

<amn) = 0, (dmn> =0,
<amn> = —20mn , <6mn> = —2Mmnn ,
(3.12)
<amn> =0, (a'mn> = _27]mn ;
<amn> = —2Nmn , (amn> =0.

It is easy to see that the potential vanishes at the first two of these critical points and is non-vanishing
at the other two. Moreover, extremizing the potential with respect to the dilaton requires the potential to be
zero at the critical point. Hence, only the first two critical points correspond to true vacua. The first of these

critical points leads to the quadratic Lagrangian discussed in the previous subsection.

The second critical point corresponds to expanding the double metric around a background generalized
metric with the overall sign reversed, (M) = —7. The physical consequence of expanding around this
critical point is to swap the ghost-like and healthy degrees of freedom. This is analogous to the phenomenon

of ‘ghost-condensation’ [42], where kinetic terms for fields have different signs in different vacua.
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3.2 Spectrum of the quadratic theory

In this section we give a complete analysis of the degrees of freedom in HSZ theory as determined by the full
quadratic Lagrangian around flat space. We begin with the two-derivative quadratic theory and determine
its spectrum. Then we turn to the full six-derivative quadratic theory and reconsider the spectrum. The
calculations are significantly simplified by the observation that the six derivative theory can be rewritten as
a two-derivative theory with additional scalar fields. The analysis of the spectrum reveals that, in this case,
higher derivatives do not alter the number of degrees of freedom. The masses of some fields, however, are

changed.

3.2.1 Spectrum of the two-derivative quadratic theory

The two-derivative quadratic theory is defined by the Lagrangian in (3.4), where we combine all quadratic

terms with two or less derivatives:

LD = Lemne, 4 1(D,,e™)? 4 1 (D,e™)? - 2¢™D,, D, & — 460

|
ooj—

amn Damn _ 211' (Dmamn)Q + _2% amnamn (313)

1-mn -~ 1 (7 =mn)\2 1 —mn-
- -ga Damn — 17 (Dna ) — Wa Amn -

The first line in this Lagrangian contains the familiar massless degrees of freedom. There is a massless
graviton, a massless two-form field and a massless scalar dilaton.

On the second and third lines we have two symmetric tensors a@,,, and @,,, with mass terms. This
quadratic two-derivative action does not match the Fierz-Pauli Lagrangian by a long shot. In that theory the
non-derivative terms are those of a massless spin two field, and we do not have those terms. Moreover, the
two-derivative terms have the wrong sign, as can be seen comparing with those for e,,,. The Fierz-Pauli
mass terms are not present either. In such an unfamiliar setting a straightforward method to ascertain the
degrees of freedom involves coupling to sources [43]. As shown in in appendix A.1 the field a,,, in the

two-derivative approximation propagates:
1. Ghost spin-two with m? = 4/c/.
2. Ghost scalar with m? = 4/«

3. Scalar tachyon with m? = —4/c/.
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The field a,,, in the two-derivative approximation propagates exactly the same degrees of freedom but with

opposite value of mass-squared.

3.2.2 Spectrum of the full six-derivative quadratic theory

We now extend the above analysis to the full quadratic action including the higher derivative terms. Consider
the four-derivative terms calculated before in (3.8). The signs in this expression are such that we can rewrite

it as a difference of squares:
L®Y = 1L(D,Dya™ — R)? — & (DyDya™ — R)?. (3.14)
Note now that the six-derivative terms in (3.8) are also of a similar form
L®9 = L(D,,D,a™" + DpDpa™ —2R) O (DyDpa™ + DypDpa™ — 2R). (3.15)

With the help of two auxiliary scalar fields ¢ and ¢ the Lagrangian can be written as

A % Dpa™ Dy — %go’R
+ @+ 3 D,a™D,p+1oR (3.16)
+ile+@)0p+9) .

Including the original two-derivative terms, we have the full quadratic action

L = 2™ Depn + 4 (D™ +3 (Doe™)?

—2¢™D,, D, & — 43 O
— % a™" Oamy, — % (Dpa™")? — % Dy, o™ Do + %(p[hp + % ™ A, — P2
(3.17)

a™" Damn — % (Dmamn)2 + % Dmdmn "n@ + %@DSE - % dmnd’mn + @2

Qo=

Now the terms in the second and third lines are improved compared to the two-derivative Lagrangian (3.13).
They have the derivative terms needed for a proper kinetic term and also mass terms for the new ‘dilatons’

 and .

The above action is not diagonal: it has a p[J¢p term and ¢ — ¢ is coupled to the original DFT fields via

‘R. It turns out, however, that the action can be completely diagonalized by an exact field redefinition of the
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dilaton. We let

P> ¥ =d+ip—9), (3.18)

leaving all other fields unchanged. Note that this redefinition is local and exactly invertible; hence there is
no danger of inducing infinitely many terms. Using this field redefinition in the Lagrangian (dropping the

prime) and after some algebra one finds that theory is fully equivalent to

L = 1e™Oepnn + 1 (Dme™)? + 1 (Dpe™)? — 2¢™D,,, D, @ — 40 D@

- %amn Oamn — % (Dia™)? — %D,—am" o + %chgo + %am"amn — 2 (3.19)
— %@m"l:l&mn _ % (Di&mn)z + %Dﬂmn Aj@'i‘ %95[]35 N %amnamn + (,52 ,

which is now diagonal, so that we can readily study the physical content. The analysis in appendix A.2 shows

that the fields (amn, @) propagate:
1. Ghost spin-two with m? = 4/c/.
2. Ghost scalar with m? = 4/a’.
3. Scalar with m? = 4/d/.

These are the same degrees of freedom as in the two-derivative approximation, except that the scalar tachyon
turned into a healthy massive scalar. The fields (@mn, @) propagate exactly the same degrees of freedom as

the un-barred pair but with opposite value of 4mass—squared.

We conclude by noting that a further redefinition of ¢ and the trace a of a,,,, allows us to fully diagonalize

into massive spin-2 and a massive scalar in the Lagrangian (3.19). We let
o =¢—3d,  Gmn =, —¢@lnn - (3.20)
Inserting this into the second line of the action above and dropping primes at the end, one obtains

L = — %am" Oamn — i(Diam")2 — %am'” D;Dja + %aDa + %(am"amn — %a
(3.21)

- YD -2)(3¢0¢ — 2¢7) .
The second line implies that ¢ is a ghost with mass M? = 4. The first line has the right kinetic terms as in the
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Fierz-Pauli theory, but the mass term has the wrong relative coefficient.® Thus, in addition to the (ghostly)

massive spin-2 it propagates a scalar mode, given by the trace a.

3.3 Massive linearized DFT

The linearized DFT action describes massless gravity, a massless two-form field, and a massless dilaton. We
find here a duality-invariant mass term that gives the same mass to all these three fields, without introducing
ghosts or spurious degrees of freedom. For linearized Einstein gravity a consistent massive deformation
requires a judicious choice of mass terms: the Fierz-Pauli mass term, that involves both the trace A"k,
of the square of the metric fluctuation and the square of the trace h. The latter is required to guarantee that
h is non-propagating, for otherwise it would be a scalar ghost. In DFT, the trace of the field e, is not
available because there is no O(D, D) covariant notion of taking this trace, but one can give a novel mass

term involving the dilaton, which also avoids all scalar ghosts.
Consider the linearized two-derivative DFT action, given on the first line in (3.13):
Lorr = 2™ Oemn + 1 (Dme™)? + 1 (Dpe™)? — 2¢™"D,, D, & — 4000

(3.22)
= %em"Rmn(e, ®) — dR(e, ),

where we rewrote the kinetic terms geometrically, discarding total derivatives, in terms of the linearized
Ricci tensor R, and the scalar curvature R defined in (3.7).* We add to this linearized two-derivative DFT

action mass terms in the following way:
Loprr = 2™ Run(e, @) — D R(e, @) — 1M? (€™ emn — 1602) . (3.23)

Note that O(D, D) covariance does not restrict the relative coeflicient between the mass terms of e,,,, and the
dilaton @, but we will show in the following that the specific choice made here leads to a ghost-free model.
One way to see this is to inspect the field equations for e,,, and ¢,

Ron = sM%epn, R = 4AM?®. (3.24)

*Curiously, the mass term obtained here coincides with the ‘mass term’ obtained by expanding a cosmological constant term
proportional to /|g| around flat space, c.f. [44]
“Note that the total variation takes the form §Lprr = 6™ Romn — 20& R, discarding total derivatives as usual.
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The generalized Ricci tensor and scalar curvature satisfy the Bianchi identities

D™Rpn = —3DyR,  D"Rpn = —3DiR, (3.25)

so that taking the divergence and derivative of the field equations we obtain

R = IM*(D™epn +4D,9),
(3.26)
R = AM*(D"emn + 4D ®) .

Taking another divergence, this implies
D™Dy +400 =0 = R =0, (3.27)

where we used the explicit expression for the scalar curvature. Thus, thanks to the specific choice of mass
terms, the scalar curvature vanishes on-shell, which in turn removes propagating degrees of freedom that
would otherwise be present. Indeed, from this we conclude with (3.24) that ® = 0 and hence with (3.26)

that both barred and unbarred divergences of e,,,, vanish on-shell:
D™empn = Dy = ® = 0. (3.28)

This should be compared to on-shell constraints of the Fierz-Pauli theory for massive (linearized) gravity,
which are 0*h,,, = 0 and h*, = 0, and the on-shell constraint of the massive two-form field, which is
0"b,,, = 0. We note that (3.28) gives as many constraints as needed in order to describe a massive graviton,
a massive two-form field, and a massive scalar. Indeed, with the on-shell constraints the field equation
becomes (O — M?)e,,, = 0 and, in a frame where pu = (M, 6), we see that eg; = e;9 = 0, resulting in
(D—1)? degrees of freedom describing a graviton, a two-form field and a scalar, all of mass M. Interestingly,
in DFT variables the massive scalar is not encoded in the dilaton density ®, which vanishes on-shell, but
rather in the trace of ey, which can only be accessed after breaking manifest O(D, D) covariance. It should
also be noted that although the kinetic terms of massive DFT can be diagonalized (after abandoning manifest
O(D, D) invariance), this field redefinition does not diagonalize the mass terms. Therefore, this model is
not simply the Fierz-Pauli theory of massive gravity supplemented by a massive 2-form and a massive scalar.

It is instructive to make this point a little more explicit. Since the b-field plays no role in this discussion,
we will set it to zero and, having thus abandoned O(D, D) invariance, denote the spacetime indices by

L, v, ..., take the derivatives D and D to be partial derivatives and [ = 9?. The Lagrangian (3.23) then
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gives:
L = 1n*Ohy, + 1 (0,h")° — 20M0,0,® — 4000 — 1M? (h*hy, —1682?) . (3.29)

We want to see if this is field redefinition equivalent to the Fierz-Pauli action supplemented by a massive

scalar;

Lgp+ Ly = h*Ohy, + 3 (0,0) + L 00,0,k — IhOh — 1M? (W h,, — h?)

(3.30)
+4200 — 4M?9%.
The most general field redefinition can be parameterized as follows:
1
huy = Arhy, + nu (A2h —2459") | P = ~—§A4h’ + A5 3.3D)

For this field redefinition to be invertible A, has to be non-zero. We will now show that there is no choice
of coefficients Ay, - -- , As that define an invertible redefinition and simultaneously diagonalize the kinetic

and mass terms of massive DFT. Using (3.31) in the Lagrangian (3.29) we get:

L= —2A,(—As+ A5) K"9,0,®" — 2 (1 A3 (A1 + (D —2) Ay + 244) + AsAs — 24445) K'OP’

+ M? (A1A3 + ApA3D — AALA 'Y + -
(3.32)

where ‘- - -’ indicates diagonal terms. Requiring the off-diagonal terms to vanish, we find two solutions
A3 =0 = A5 y or A2 = —— A3 = A5, A4 = 0. (333)

In the first solution the field redefinition (3.31) does not involve &' and hence is not invertible. With the
second solution,

hw = A1 (B, — Hnuwhk’) —2Asmu®, & = Az®. (3.34)

Only the traceless part of h;w appears and hence the redefinition is non-invertible. We conclude that there is

no field redefinition which diagonalizes both the kinetic and the mass term of massive DFT.

>Notice that we are using a funny normalization for the scalar field and hence its kinetic and mass terms have a coefficient of 4.
This normalization is consistent with the normalization of the dilaton field though.
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We now perform a field redefinition which diagonalizes the kinetic term of massive DFT:
h;u/ = h:“/ + ¢,nuu 3 ¢ = ¢/ + %hl y (335)

after which the Lagrangian (3.29), upon dropping primes, reads

L = — 3h"Gu(h) — 1M*(h* hy — h?)
(3.36)
+ 3D -2)¢0¢ — XD -4)M?*¢* — IM¢h .
Here G, (h) is the linearized Einstein tensor,
Gpu(h) = Ru(h) = LR(h)ny (3.37)
where the linearized Ricci tensor and scalar curvatures are
Ruy(h) = —3(0huy — 20(,0°h,), + 0,8,h), R(h) = —Oh+ 848 hy, . (3.38)
Under the integral one quickly checks that
— WG (h) = th*Dhy, + 3 (0,0) + S 08,0,k — hDh. (3.39)

The linearized Einstein tensor is self-adjoint: under an integral, a**G,,, (b) = G, (a), for arbitrary
symmetric tensors a and b.

As claimed, the kinetic terms in (3.36) are now diagonal, but the mass terms contain the non-removable
term ¢h. Nevertheless, it is As a further check appendix A.3 gives a source analysis of the model. The
results confirm that massive DFT describes a massive graviton, massive dilaton, and massive 2-form field
and does not propagate any undesired (ghost-like) modes. We also show that the particular combination
mn

€™ emn — 16®2 of mass terms is strictly necessary: for any other combination one finds an additional ghost

scalar.
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An overview of supersymmetric localization

Non-abelian gauge theories play an important role in our understanding of particle physics. At high energies
their dynamics are understood well. The effective strength of interactions can be weak at high energies,
a phenomenon known as asymptotic freedom. In this regime perturbation theory can be used to compute
quantities of physical interest. At low energies, however, the effective strength of interactions can increase.
It can become strong enough to prevent the separation of the quarks in a hadron, a phenomenon known as
confinement. In this regime, perturbative methods are of no use and one needs other techniques. For example,
effective field theory methods involving the low-energy degrees of freedom as in chiral perturbation theory
or numerical methods as in lattice gauge theory. In general, it is a formidable task to analytically understand
the dynamics of strongly coupled gauge theories. From the perspective of perturbation theory we require a

complete resummmation of all perturbative and non-perturbative effects.

The strong-coupling dynamics of generic gauge theories is an important open question in QFT, but
progress can be made by adding supersymmetry to the problem. Supersymmetry enables the use of su-
persymmetric localization. In this chapter we review the basic argument underlying supersymmetric local-
ization. We then give a survey of all known partition functions obtained by using localization on spheres.

Finally we discuss two important missing cases.

4.1 Localization of supersymmetric gauge theories

Consider the deformed expectation value of a supersymmetric observable O

() (1) = /Dq» exp (—S[@] — tQV [@]) O, @.1)
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where ® represents all fields in the theory. @ is a supersymmetry generator, which squares to a bosonic
symmetry of the theory, i.e., Q> = Qpos. S [®] is the action for the theory which is invariant under su-
persymmetry, i.e., QS = 0. Finally, V' [®] is an auxiliary Fermionic functional which respects all bosonic
symmetries of the theory. If the integration measure is also invariant under supersymmetry, i.e., Q@ [D®] = 0,

then Equation (4.1) is independent of the parameter ¢. In particular
(0) = lim [ DB 5V, 4.2)
t—o0

If QV has a positive semi-definite bosonic part, the only non-vanishing contribution to the path integral
comes from the field configurations @, satisfying QV [®¢] = 0, i.e., the localization locus. In practice one

makes the following choice for the functional V'
V= / > 9 (Qu)! +he. 43)
¥
Next, we expand fields around their value at the locus as ¢ = ®¢ + %@’ . This implies

S+tQV = §[®o] + QV [®'] | pgraic + O (t"%) : 4.4)

where the second term is restricted to only quadratic order in fluctuations ®’. The integral over fluctuations

can be performed exactly and we obtain!
(0) = / d®oe SO (@] Z1.100p (Do) 4.5)

where Z1.100p (®0) is the one-loop determinant obtained by integrating over the fluctuations &’

Zl—loop ((I)O) = /D@le_QV[q),] quadratic | (46)

On a compact space, fields @’ can be expanded in a discrete set of basis functions fy, i.e., ® =Y >, @] f,.

n=

The integration measure D®’ can now be defined unambiguously as

DY =[] d®;,. 4.7
n=1

In general, there can be an infinite number of loci and one has to sum over the contribution from all loci. In this thesis, we will
not consider this possibility.
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Notice that the integral over @y is a finite dimensional integral. Hence supersymmetric localization on com-
pact manifolds replaces an infinite dimensional integral of an arbitrary integrand by a finite dimensional

integral.

4.2 A survey of results

Following the seminal work of Pestun [5], tremendous progress has been made in obtaining exact results
for supersymmetric gauge theories on spheres and other curved backgrounds. Compact manifolds provide a
natural way of regulating IR divergences of the theory. We will mainly focus on exact partition functions for
theories on spheres. This quantity contains information about the conformal manifold and the rennormal-
ization group flow [?]. A recent review [45] contains much of the results for sphere partition functions for
supersymmetric theories. Table 4.1 summarizes the number of dimensions corresponding to the minimum

number of supersymmetries for which the partition functions are known.

Manifold Multiplet Number of supersymmetries
52 N =2 4
53 N =2 4
St N=2 8
S5 N=1 8
S6 N =2 16
S7 N=1 16

Table 4.1: Spheres and the minimum number of supercharges with known partition functions.

The partition function of a theory on a d-dimensional sphere S¢ of radius r takes the following form:

8 4_,5—1 d—-4T 2
Z = / [dU]Ca.rtan Hi<aa 0) exp (M i F (d ;)( ) ) fecloop (U) Zinaioop ( ) (48)

Here Z1%,, and Z {“aim are one-loop determinants associated with vector- and matter-multiplet (hypermul-

tiplet for eight supersymmetries and chiral multiplet for four supersymmetries) respectively. If the theory has
only a vector multiplet then Z1™%} = 1. o is an element of the Cartan subalgebra, €.g., 0 = ;¢ captan OiHi
with H; begin Cartan generators. ¢ is the value of a dimensionless adjoint scalar at the localization locus. «

are roots of the Lie algebra. Given a weight £ of any representation, we define(£, o) = ;0.
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One-loop determinants in different dimensions were obtained in different papers using different tech-
niques. We present the results for one-loop determinants here in a unified form based on our current un-
derstanding. One-loop determinants for vector multiplets with four supersymmetries on S? and S3 (first

computed in [46] and [47]) have the form?:

(k+d—1)

k=00 . _T(ktd—1)
Zvec H H H (k + (o, 0)) T(RADI(@-1)
1 loop Z «, U o [(k-i—d— 1 —Z(Ot 0>)j| . (49)

One-loop determinants for chiral multiplets on S? and S* take the form:

[(k+d—1)
:IF(IH»l)F(d 1)

(4.10)

Zehi H H k+8—ip—il o)
00 . . 7
p < oo +d—22+z,u—|—z<§,o)

where ¢ are weights in the representation of the chiral multiplet and ¢ = mr is a dimensionless mass

parameter, with m the mass of the chiral multiplet.

For S2? and S3, the one-loop determinant for the vector multiplets with eight supersymmetries can be
obtained. We do so by multiplying a vector multiplet determinant with four supersymmetries with a massless
chiral multiplet determinant in the adjoint representation of the gauge group. Similarly the hypermuitiplet
determinant can be obtained by multiplying two chiral multiplet determinants with the complex conjugate

masses and in the same representation of the gauge group.

Partition functions for theories on S* and S° with eight supersymmetries were computed in [5, 48, 49].
One-loop determinants with eight supersymmetries on S¢, where 3 < d < 5, can be written in the following

form:

e L(k+d—2)

Z3%500p (0) Hz (a,0) = ]I lk+i(e,0)) (k+d 2+ i{a, o)) TTFIFE—2] . 4.11)
a k=0
h S d—2 5 _F[ﬂk‘%
7% () =TI 11 [(H —) + ({6, 0) + p) } : 4.12)
£ k=0

On S* and S°, theories with sixteen supercharges are obtained by taking the vector multiplet with eight

supercharges and adding a massless hypermultiplet in the adjoint representation of the gauge group. Hence

2The result of [46] also includes a contribution from a non-zero flux on S? which is allowed at the localization locus. We consider
it as a non-perturbative contribution, much like non-zero gauge field configurations in higher dimensions. Here we present only the
perturbative part.
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the one-loop determinant can be obtained by multiplying the results for eight supersymmetries.

[(k+d—3)

) k+i{a,0) TR+ (d~3)
vec hyp
21 00p 2y ,oop];[z(a,o— ];[kHO [k+d 3 ile UJ . (4.13)

This not only gives the correct expression for theories with sixteen supercharges in 3 < d < 5, but also
agrees with one-loop determinants on S® and S” for sixteen supercharges, which were explicitly computed
in [50].

This completes the list of known results for partition functions on S¢.

43 N =1on S*and S°

There are two important cases missing from the list of results: A" = 1 on S* (four supersymmetries) and
N =1 on S° (eight supersymmetries). We comment on these cases.

In the first case, one can construct explicit Lagrangians for theories realizing four supersymmetries on S*.
For example, a U(1) multiplet in flat space in four dimensions is free and conformal. It can be conformally
coupled to S4, preserving four supersymmetries. A general non-abelian theory can be constructed by the
dimensional reduction of five-dimensional A" = 1 SYM [51]. One can also start from the flat-space N’ = 1
theory and then explicitly modify the action and supersymmetry transformations to put it on S* [52]. The
difficulty arises in constructing a positive definite localization term. It is possible to construct a positive
semi-definite (J-exact term from a supersymmetry generator, but the known generators that give such terms
do not close to a symmetry of the Lagrangian.

For the case of A/ = 1 on S9, the situation is worse. In the four-dimensional minimal supersymmet-
ric case, one expects to put the theory on S* because an appropriate superalgebra exists. It is OSp(1[4),
which has four supercharges and a bosonic SO(5) subalgebra corresponding to the isometry of S%. For six
dimensions we want a superalgebra with a bosonic SO(7) subalgebra and eight supercharges transform-
ing in a spinor representation of SO(7), but no such superalgebra exists. The F(4) supergroup has an
SO(7) x SU(1, 1) bosonic subalgebra and 16 supercharges, so it is appropriate for A = 2 supersymmetry.’

The remainder of this thesis aims at advancing our knowledge of exact results for these missing cases.

*In a recent work [52] we have been able to construct theories on S¢ with eight supersymmetries by employing a non-constant
profile for the gauge coupling.
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~ 1-loop tests of supersymmetnc gauge theories

It was pointed out in [6] by Minahan that the perturbative partition functions for super Yang-Mills with 8
supersymmetries on S, S and S° have a natural analytic continuation (see eqs. (4.11) and (4.12)), such
that one can continue up to six dimensions. Likewise theories with 16 supersymmetries on S4 with d =
3,4, 5,6, 7 also have a natural analytic continuation (see eq. (4.13)) which can then be continued up to d =
8,9. Although, we do not have an explicit construction of Lagrangians for these theories, it is reasonable
to assume that in the decompactification limit, they reduce to usual gauge theories in flat space. The main
objective of this chapter is to demonstrate that the partition functions are consistent with this picture. These
partition functions include a dependence on one-loop determinants. We show that in the decompactification

limit these one-loop determinants produce the well known physics of the flat space theories.

5.1 One-loop divergences from partition functions

In this section we will use the analytically continued expressions for one-loop determinants to compute ef-
fective couplings for theories with eight and sixteen supersymmetries in diverse dimensions. The ultraviolet
divergences of the gauge coupling at one-loop can then be compared with the counter terms for supersym-
metric theories at one-loop. In four dimensions, upon taking the decompactification limit one can compute
the beta function of the theory. We show that results obtained from the analytically continued one-loop

determinants are in agreement with explicit one-loop computations in these theories.
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5.1.1 Eight supersymmetries in 4d

Recall that for a gauge theory in four dimensions with Ny Dirac fermions in representation R¢ and NV,

complex scalars in representation Ry of a semi-simple gauge group, the one loop beta function is given by

1

11 . 4 1
B(g) = —WQS (gcz (Adj) - §Nf02 (Re) — §NSC'2 (Rs)) , G

C2 (R) is the quadratic Casimir in the representation R of the gauge group. For N' = 2 theory with N},
hypermultiplets in the representation R of the gauge group the beta function becomes

3
B(g) = %(Nh Gy (R) — Cs (Ad))) . .2)

The contribution from the vector multiplet was previously found in [5] by taking the hypermultiplet mass
to infinity in the ' = 2* theory. We want to reproduce (5.2) by using the analytically continued one-loop

determinant for the vector and hyper multiplets given in equations (4.11) and (4.12).

To do so we need to determine O (02) terms appearing in the one-loop determinants. To proceed we
replace o by to in the expressions for the one-loop determinants. The parameter ¢ keeps track of the order

of ¢. Focusing only on the vector multiplet, one can easily find that

dlog Z7%¢ 1

1—loop _
dt? +2 2

>0 (5.3)

Z<ﬂ70>2(f(d_2703t<670>) +~7:(d_27d‘_21t<:6a0-)))7

B>0
where
o
T'(n+z) 1 i , .
Flz,y,2)= = — —oF (=, ; 151) —cc).
(2,9,2) n‘i—‘af(n—l—l)l"(x) (n+y)* + 22 22<y+1z21(xy+zzy+zz+ ) cc)

For d = 4 — ¢, we expand the R.H.S in powers of ¢ and €. Keeping only the leading terms, we find

leg Z{e—cloop 2
2 T 2o (Adid o+ 5.4)
a2 602( j)o” +
From this we can easily obtain
v 2 .
log Z{%je0p = ZCo (Adj)o* +--- . (5.5)
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A completely analogous calculation for a hypermultiplet in representation R of the gauge group gives
1—loop —

log Zme ——i—a?Cg R)+---. (5.6)

For a gauge multiplet and N, hypermultiplets, the contribution to the O (02) term from the one-loop de-

terminants can be combined with the O (02) term in the fixed point action as given in equation (4.8) to

get
Rl m _ (87 m? + 20 (Adj) — —2N C. (R)) A€ 3.7
92 (1&) - 9(2) € 2 J € 2 ’ .

where g (A) is the running coupling constant at the renormalization scale A ~ 7~1 [5], go is the bare coupling.

From the above equation one can easily obtain the beta function,

3
B(9) = 2 (Nn Co(R) — Cs (Ad))). .8)

This matches precisely with equation (5.2). For one hypermultiplet in the adjoint representation the beta

function vanishes. This is to be expected since it corresponds to N/ = 4 SYM.

5.1.2 Eight supersymmetries in 6d

Since the explicit expression for one loop determinants for eight supersymmetries in 4d are known in terms
of infinite products, the above results can be reproduced by regularizing those expressions by introducing a
finite cut off parameter Ar and then taking the decompactification limit 7 — oo. As explained earlier, it is
not known how to localize a six dimensional theory with eight supersymmetries. In this case the expression
(4.11) is a genuine ansatz. In this subsection we will perform a non trivial check on that ansatz by computing
the effective coupling. It is well known that the six dimensional theory with eight supersymmetries has
a quadratic divergence at one-loop [53, 54]. We will compute the effective coupling using the one loop
determinant (4.11) and show that it has a quadratic divergence in the decompactification limit.

Since dimensional regularization is only sensitive to logarithmic divergences we will use a hard cutoff
to isolate the quadratic divergence. At leading order in the divergence this is expected to be consistent
with supersymmetry. However, there could be issues with sub-leading divergences, if for example imposing
the cutoff leaves off the super-partners of modes at or near the cutoff. However, assuming that the proposed

dimensional regularization respects the supersymmetry we can show that the logarithmic divergences coming
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from the hard cutoff are consistent with the result coming from dimensional regularization, even if the log

divergence is sub-leading.

We use d = 6 in (4.11) and truncate the infinite product at nyax = Ar to find quadratic dependence
on the energy cutoff A. It is straightforward to find that the divergent contribution to the o2 term from the

vector one-loop determinant is

log 21 = <A2r2+5AT 11

1oloop = 5 + glog (Ar)) Cy (Adj)o® +---. (5.9)

By combining this with the fixed point action, we find the effective coupling given by

167372 167372 A%2r2 4 5A7 11 .
T U (s (Ar)) Cy (Adj) . (5.10)
g 90 6 3

In the r — oo limit only the leading terms in 7 survive and one obtains

1 1 A2 .
p = g_g - —-—967T302 (Adj). (5.1

We see that the effective coupling diverges quadratically with the scale A.

It is also known that the six dimensional theory can be made finite at one loop by adding a suitable hyper-
multiplet. This would be the case if the hypermultiplet and the vector multiplet contribute to the quadratic
divergence with opposite sign. This is also consistent with the one-loop determinant (4.12). For a hypermul-

tiplet in representation R, the contribution to O (o?) term is given by

log Z

hyp _(_ A%r? + 5Ar 1
6 3

1-loop = + 7 log (Ar)) Ca(R)o? +---. (5.12)

So that the effective coupling with /N, hypermultiplets in the representation R is given by:

1 1 A? .
el R v (C2(Adj) — NpC2 (R)) . (5.13)
0

In particular, for a single hypermultiplet in the adjoint representation the quadratic divergence vanishes as

expected [53].
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5.1.3 Sixteen supersymmetries in 4d and 6d

In four and six dimensions, explicit expressions for the one-loop determinants for sixteen supersymmetries
are known. We will compute the effective coupling at one-loop using both of these expressions and show

that it is consistent.

For four dimensions, we compute effective coupling from (4.13) using d = 4. We will truncate the

infinite product at nyy,ax = Ar. By doing so one finds that the contribution to O (02) term vanishes.

108 ( Z1%00p 712 Bo0p) =0+ - (5.14)

Hence the coupling is not affected by one-loop effects and is independent of the cutoff scale A. Now we
can easily check that this result is consistent with analytically continued expression, i.e., expanding (4.13) in

powers of ¢ for d = 4 — €. Replacing o by to one can easily obtain

d v h
— log (Zle—cloopZ "

peo o) =O(d—4) = log (2% Ze,) = O(d—4). (5.15)

1—loop“~1—loop
Which is consistent with the result obtained from the explicit expression.

Similarly, in six dimensions the contribution to the O () term from (4.13) takes the form
1
log (Z{eflmpzfy_f;mp) =3 <log (Ar)— = + 7) Ca (Adj) o + - - . (5.16)

Combining this with the fixed point action, we obtain the effective coupling which is given by:

1 1 3

—— 1 -
PR~ @Z  16mr (log (Ar) =5+ 7) Cs (Ad)), (5.17)
90

We see that the coupling has a logarithmic dependence on the scale A. It is easy to see that Logarithmic
dependence is produced by using dimensional regularization for d = 6 — ¢ in the analytically continued

expression. Doing so we find that:

. 3 :
108 ( Z1%i00p 2 op) = =C2 (Adi) 0 -+ (5.18)

- - . . . . - . . . . . y 2
Combining this with the contribution from the fixed point action and noting that in 6 — e-dimensions g—; has
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mass dimension —e we get:

1 1 3 1 3
= A St ema | = 2 Eaele), 5.19
9* () (g% - 167T37‘2e) g2 167312 og (A) (5.19)

where a A-independent infinite piece is absorbed in 512'. This gives the same logarithmic dependence on the
0
energy scale A. Note that in the decompactification limit this logarithmic divergence vanishes, consistent

with that the six dimensional theory with 16 supersymmetries is finite at one-loop.

5.1.4 Sixteen supersymmetries in 8d and 9d

For d = 8,9, it is not known how to localize. Here we show that the analytically continued expression
for the one-loop determinant is consistent with known results. It is known that for d = 8,9, none of the
terms present in the tree level Lagrangian need a counter term at one-loop [54, 55]. Hence, the effective
coupling determined from the analytically continued expressions for one-loop determinants should not have
any divergences. This can be easily demonstrated by using the methods of this section. A short calculation

shows that the contribution to O (02) term from the one-loop determinant (4.13) for d = 8 is

5 ((Ar)2  3Ar .
log (Zf"_cloopZi"flmp) =3 (% + 5log (Ar)) Co (Adj) o2 (5.20)
This leads to the effective ccoupling
1 1 5 (Ar)?  3Ar )
= - - (XY . 21
(A & 6ania ( 1 + 5 + 5log (Ar)) Cs (Adj) (5.21)

Here we see that in the decompactification limit the dependence on the energy scale vanishes. A similar

computation for d = 9 yields

h Ar [ (Ar)* 7Ar 151 )
log (Zfe—cloopzliploop> =10 ( 3 = T C: (Adj) o?, (5.22)
which leads to following expression for effective coupling:
1 1 A (Ar)®>  7Ar 151 )
_ = = — — + — | C3(Adj). 5.23
2D T @ 10 < 3 Pt ) C2(Ad)) 6-23)

This is independent of the UV scale A in the decompactification limit. The same calculation can be repeated

for d = 10 and it can be shown that the one-loop determinants do not contribute any divergences to the gauge
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coupling in the decompactification limit.
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~ Analytic continuation of dimensions in supersymmetr

localization

In this chapter we verify the conjecture in [6] for perturbative partition function on S¢ with eight supersym-
metries. Our methods are generalizations of the procedures used in[47] and [49]. When localizing with eight
supersymmetries on S¢, we will choose a spinor whose vector bilinear leaves an S4=d sphere fixed. So for
example, on S? it acts freely, on S* there is a fixed S°, namely the north and south poles, while on S there
is a fixed S1. In the last case this is a different choice than the one used in [47], where the vector bilinear

acts freely on S3. Of course, the two procedures must give the same result.

We consider theories with four supersymmetries. Actions for gauge theories on S* preserving four su-
persymmetries have been constructed [56], but a direct localization procedure has not yet been found. Hence,
our starting point is on S3. Here we follow the prescription in [47] to generate a vector field that acts freely.
We show how to generalize the construction to d < 3 and write down an explicit expression for the determi-
nant factors. In the generalization the fixed point set for the vector field is 5'2_d, hence S2 will have fixed

points at the poles.

We then make a proposal for analytically continuing gauge theories with four supersymmetries up tod =
4. The pitfalls of dimensionally regularizing supersymmetric gauge theories have been known for a long time
[57, 58]. However, except perhaps for anomalies, it appears to work in one- and two-loop calculations [59].
Analytical continuation of the dimension has also been successfully applied to conformal field theories [60,
61, 62, 63, 64]. With this proposal for minimal supersymmetry on S* we test it against various cases. We
first show that the continuation is consistent with the partition functions for a U(1) vector multiplet or a free
massless chiral multiplet. Both of these situations are conformal and so can be mapped from flat space onto
S%. Since they are free, their partition functions on the sphere are calculable. We next consider a general

gauge theory with ' = 1 supersymmetry. We show that in the limit of large radius we can extract the correct
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one-loop S-function.

Lastly, we investigate a mass deformation of N” = 4 super Yang-Mills. Here we concentrate on N’ = 1*
theories with three chiral multiplets in the adjoint representation and masses m;, with 7 = 1,2,3. The
superpotential also has a term cubic in the chiral fields that stays fixed as the mass parameters are varied.
A straightforward dimensional reduction of A/ = 1* gives a three dimensional gauge theory with complex
masses for chiral multiplets. In our analytic continuation we start with a vector multiplet and three chiral
multiplets. However, the three dimensional mass deformed gauge theory that we can analytically continue
requires real masses. Such terms appear explicitly as central charges in the superalgebra. The presence of
the cubic term in the superpotential forces the sum of the three real masses to be zero in order to maintain
supersymmetry.

Despite these subtleties, one can compare the general structure of the analytically continued partition
function with the A/ = 1* partition function. We make a straightforward identification of the real masses of
the analytically continued theory with the masses, up to a sign, that appear in the N’ = 1* superpotential.
N = 1 superconformal theories on S* are scheme dependent [65]. However, in [66] it was argued that the
the fourth derivatives of the free energy with respect to the mass parameters are scheme independent. This is
in line with our observations here. We compute the corrections to the free energy to sixth order in the chiral
masses at strong coupling. At least for the real part of the free energy we find no inconsistencies with the

holographic results in [66]. In fact, having the sum of the real masses be zero turns out to play a crucial role.

6.1 Supersymmetric gauge theories on S¢ by dimensional reduction

In this section we review and extend the procedure in [50] to construct supersymmetric gauge theories on
S¢. This is a generalization of Pestun’s study in four dimensions [45], and includes further details to reduce

the number of supersymmetries to eight and four respectively.

As in [45] our starting point is the 10 dimensional A = 1 SYMLagrangian!

1
L=——Tr(JFynFMN — 0D, (6.1)
910

The space-time indices M, N run from 0 to 9 and ¥ is a Majorana-Weyl spinor in the adjoint representation.

Properties of I‘% and I'™ 4 are given in appendix B. The 16 independent supersymmetry transformations

'As in [45] we consider the real form of the gauge group so that the group generators are anti-Hermitian and independent
generators satisfy Tr(T°T?) = -5,
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that leave eq. (6.1) invariant are

5€AM = GFM\IJ,
(6.2)
58U = rMNpyye,

where € is a constant bosonic real spinor, but is otherwise arbitrary.

We next dimensionally reduce this theory to d dimensions by choosing Euclidean spatial indices p =
1,...d with gauge fields A, and scalars ¢y with I = 0,d + 1,...9. The field strengths with scalar indices
become F,; = D, ¢; and Fr; = [¢1, ¢ ]. Asin [45] we are choosing one scalar component to come from

dimensionally reducing the time direction, leading to a wrong-sign kinetic term for this field.

We take the d-dimensional Euclidean space to be the round sphere S¢ with radius 7 with the metric

1
2
ds® = mj‘i da:#dm“ . (63)

The supersymmetry parameters are modified to be conformal Killing spinors on the sphere, satisfying
V,e=T,¢E, V€= —B°Te. (6.4)
where 3 = % We impose the further condition
Vue= BT A€, (6.5)

leaving 16 independent supersymmetry transformations. To be consistent with eq. (6.4) A must satisfy
A = —AT*, AA = 1, AT = —A. The simplest choice has A = I'9T8T9. The solution to eq. (6.4)
and eq. (6.5) is

1 -
e:m(um.m)es, 6.6)

where ¢, is constant. On the sphere the supersymmetry transformations for the bosons are unchanged, but

those for the fermions are modified to

50 =AMV Py + %rf“mv,t €, (6.7)
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where the constants « are given by

_4(d-3)

oy = I=8,9,0,

4d ’ (6.8)
ar=5, I=d+1..7.

The index [ in eq. (6.7) is summed over. This particular choice preserves all 16 supersymmetries. One needs

to add following extra terms to get a supersymmetric Lagrangian:

Loy = —%Tr(d —4) WAY,
9y M 2r
1 dA; I
Lop = ——— | =—=T , 6.9
1 2
Lopp = - (d = DeapcTr ([04, 6" 16) .
Gy m o7
Here Ay is defined as
d—2
Ar = oy, for 1=28,90, A = 2—— for I=d+1,---7. (6.10)

The scalars split into two groups, ¢, A = 0,8,9 and ¢, i = d + 1, - - - 7 and the R-symmetry is manifestly
broken from SO(1,9—d) to SO(1, 7—d). The full supersymmetric Lagrangian is the dimensionally reduced
version of eq. (6.1) supplemented with Ly, Lsg and Lpge.

6.1.1 Eight supersymmetries

In this chapter we are interested in theories with less supersymmetry. To construct theories with eight super-

symmetries when d < 5 we put a further condition on e.
Te=+e, I =T (6.11)
This reduces the number of independent supersymmetry transformations to eight. We divide the spinor ¥ as
¥ =9 +y, Iy =+, 'y = —x. (6.12)

1 and x fields will be the fermionic components of the vector multiplet and the hypermultiplet respectively.
The scalars ¢!, I = 6,7,8,9 are in the hypermultiplet, while the remaining scalars belong to the vector

multiplet. Given a hypermultiplet mass m, the constants in eq. (6.8) paired with the hypermultiplet scalars
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are modified to

2(d—2)+4wlmr’ I=6...9
d d (6.13)

0g =07 = —0g = —0g = 1.

ar =

To preserve supersymmetry we must modify the cubic scalar terms in the Lagrangian to

£w¢=—;;—«mdA®+%mﬂﬂ&w€¢D—(md—M—meﬂ&M§¢®). (6.14)

YM

We also need to change the quadratic term for the hypermultiplet fermion to

1
Lyx = ——=— (—imTrxAx) - (6.15)
9y m

The quadratic term for the hypermultiplet scalars is modified by changing the value of the constant Ay

2

d(d—2
Ar = 3 (mr(mr+z’01)+——(——)

n ) for I=6,T7,8,9. (6.16)

The quadratic term for the vector multiplet fermion is the same as in the case of 16 supersymmetries with ¥
replaced by . The full supersymmetric Lagrangian is then the dimensional reduction of eq. (6.1) supple-

mented with Ly + Lyy + xx + Loge-

6.1.2 Four supersymmetries
If d < 3 then we can further reduce the number of supersymmetries by imposing the extra condition
e = +e, [V = 489, (6.17)

Now we decompose the spinor V¥ into four parts

3
V=94 xe (6.18)
=1 '

where 1) belongs to the vector multiplet and the x, belong to three different types of chiral multiplets. If we

write £ in binary form as £ = 232(¢) + 31(£), where (3s({) are the binary digits for £, then we can write the
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chirality conditions as
Iy = (=1)8:10, (O I'x® = (=1)%0, 0 "y = T = +4. (6.19)

We also split the scalar fields into 4 groups. The fields ¢° and ¢, 7 = d-+1, . . . 3 belong to the vector multiplet.
Each chiral multiplet contains two scalar fields ¢;,, where the index Iy takes two values I, = 2¢+2,2(4-3.

Given the chiral multiplet masses my, the constants in eq. (6.8) are further split into

2(d —2) N dior, myT

ay, = y y = ay, o1, = (v1)52(f)ﬁ1(f) = o). (6.20)

Itis instructive to look at the individual supersymmetry transformations of the fermions in the vector and

chiral multiplets. For the fermion %/ in the vector multiplet the transformations in eq. (6.7) reduces to

3
Setp =3 Fppn TN e+ 13 "oy, 95,1026 + 2“rﬂf¢avu €, (6.21)
=1

where M’ N’ =0,...,3and a = 0,d + 1...3. Likewise, for the chiral multiplet fermions we have

x
dexe =Dybr, Tt + [Ba, 61,0 + 3™ (61,,, 65,0 e + =200,V . 622)

Notice that eq. (6.21) and eq. (6.22) have terms that contain fields outside of their respective multiplets. In the
usual construction for four supersymmetries, the transformations of the fermions would contain the auxiliary
fields D and Fy. The terms outside the multiplets arise from evaluating the auxiliary fields on-shell>. In our
construction we will still use auxiliary fields, but in this case they equal zero on-shell.

With the modification in eq. (6.20) the Lagrangian is almost supersymmetric under four supersymmetries

if the mass terms have the form

3
> (—imgTrxeAxe)

1
Lyx = T3
IyM o
5 A (6.23)
1 ¢
Lop = ——— ( 9 Trg, ¢1€)
9y M =1
where
2 . d(d -2
Agy=Ag, = yi (mgr(mgr +iogp) + (—4-——)) , (6.24)

2We thank Guido Festuccia for a helpful discussion on this point.
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and we include the cubic terms
3

Lopp = “74' > ((ime + Bogy (d — 4)) Te(¢° [doer2, bays])) - (6.25)
Iy M =

However, under a supersymmetry transformation the Lagrangian changes by

_ 1
29%’M

3
8L (B(d —4)+i Z a(g)mg) Tr (eAT™ " X0 (1,0, B0,]) €577 (6.26)

=1

The only way to get rid of this term is to set

3
Bld—4)+i> ogmey =0. (6.27)
£=1

One might have expected that the leftover term in §. £ could have been cancelled by modifying the Lagrangian
with a cubic term of the form ~ ¢y, ¢ ¢;,. However, one can quickly check that this will not work because

of the reality conditions imposed on the original spinors .

Another way to understand the origin of (6.27) is to consider the reduction of A" = 4 in four dimensions
down to three dimensions. To avoid unnecessary complications we assume the space is flat. In three dimen-
sions, A = 2 SYMcan have two types of mass terms, real and complex [67, 68]. Complex masses descend
directly from an N = 1 superpotential in four dimensions. However, a real mass arises from a Wilson line of
a background U (1) gauge field [68]°. Writing the 4-dimensional Lagrangian in terms of A/ = 1 superfields,

one has the term

/d20d2§exp(qu)Tr(QZeVQie_V), (6.28)

where V is the vector superfield for the SU(N) gauge theory and U is the superfield for the background
U(1). The ¢;’s are the charges of the chiral multiplets under this U(1). If we then compactify down to three
dimensions, turn on the background Wilson line and integrate around the compactified dimension, (6.28)

becomes

R / d*0420Te(QleY Qie™") + / d*0' (¢ A®)T(Qle¥ Qie™) (6.29)

where R is the size of the compactified circle, which can be absorbed into the gauge coupling. The three-
dimensional Grassmann variables are of the form 6, and 6,,, while d?6’ = (df+df)?. For the Wilson line we

assume that U, = V,® along the compactified direction. The second term in (6.29) is the contribution for a

3In Euclidean space the real masses do not have to be real, but we will continue to use this term.
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real mass, mzR = ¢;A®/R. Inthe large r limit, (6.23) and (6.25) arise from such a term, with mf = o@yM(e)-

However, the four-dimensional A/ = 4 Lagrangian has a term in the superpotential proportional to
Tr(Q:Q; Qr)e™™* which descends directly to the three-dimensional superpotential. In order to couple the
background U (1) field to the theory, this term in the superpotential needs to be gauge invariant. This requires
setting ¢; + g2 + g3 = 0, which immediately means that the sum of the real masses is zero. Putting the theory

on the sphere modifies this condition to (6.27).

We can also understand (6.27) using the three-dimensional ” = 2 superalgebra [67, 68],
{Qu, Qp} =ichy Pu+imPeqg, (6.30)

where the real mass appears explicitly in the algebra as a central charge. The contribution of the superpotential

to the action is

/ Brd?0W +c.c.. 6.31)

If the superpotential has the term Tr(Q;Q;Qx)e™"* then acting with {Q,, O} on (6.31) gives a term pro-

portional to mf + mf‘ + m?. Hence, supersymmetry requires the sum to be zero.

6.1.3 Off-shell supersymmetry

We need an off-shell formulation of supersymmetry in order to localize. One must also ensure that the
supersymmetry transformations close in the algebra. To this end we select a particular Killing spinor € and
introduce seven auxiliary fields K, and bosonic pure spinors v, with m = 1...7. These pure spinors

satisfy the orthonormality conditions (B.8). The off-shell Lagrangian has the additional term

Lows = —— TK™ K, (632)

9y M

When reducing the number of supersymmetries we split the pure spinors accordingly. With 16 super-

symmetries the full set of transformations are [50]

S Ay =€eT ¥,
(03 ,
6% =3TMN Fyne + S D6V e+ K™ v, (6.33)

5. K™ =— V™DV + B(d — 4™ AT .
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Acting twice with the supersymmetry transformation on the gauge fields one finds
624, = —v'Fyu + [Dy,v' 9], (6.34)

which is the Lie derivative of A, along the —v" direction, plus a gauge transformation. Likewise, the action
on the scalar fields is

1 -
8261 = —v"Dugr — [v' 6y, 61] — SasBd el yAe (635)

where again we have a Lie derivative plus a gauge transformation. The last term in eq. (6.35) is an R-

symmetry transformation. The transformation on the fermions is

1
670 = — vV DNW — (V0. )T W

€

L ) ) (6.36)
= 5B AT ¥ — S(d — 3)B(el P AT 2R,

where the terms in the last line are R-symmetry transformations. Finally, the transformation on the auxiliary
fields is
§2K™ = oM Dy K™ — (IMTEY WK, + (d — 4)80m AV K, (6.37)

where the last two terms are generators of an internal SO(7) symmetry.

With fewer supersymmetries the fields divide up into vector, hyper or chiral multiplets along with the
accompanying modifications to the ;. For the case of eight supersymmetries, we split the pure spinors such
that T'v,,, = 4v,, form = 1, 2, 3, while I'y,,, = —v,,, form = 4, 5, 6, 7. The associated auxiliary fields K™
belong to the vector and hypermultiplet respectively. Their transformations are

K™ = —v™ Dy + B(d — 4) V™A, for m=1,2,3,

(6.38)
K™ = —v™Pyx — 2ipfr" Ay, for m=4,5---,17.

Here ;1 = mr is a dimensionless parameter.

With reduced supersymmetry, the transformations in eq. (6.34) are unchanged while those in eq. (6.35)
are modified by the change in the ;. For fermions in the vector multiplet eq. (6.36) holds with ¥ replaced

by 7). For fermions in the hypermultiplet eq. (6.36) becomes

1
62x = — vV Dyx - Z(V[wu])f‘”ux
U b . - (6.39)
- —Q—B(GF Ae)Tryx — 2ipB(el " Ae)T aAx .
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For the auxiliary fields, equation (6.37) splits into two:

K™ = — oM Dy K™ — (WITHV K, + (d — 480 AV K, €10
(6.40)
82K™ = — oM Dy K™ — (WIMTHY ) K, — 2ipB(m AV K,

where the first equation is for m = 1,2, 3 and the second is for m = 4,5,6,7. Invariance under off-shell
supersymmetry for the Lagrangian supplemented with L,,,; can be shown by a computation that is almost

identical to the one in [50] for 16 supersymmetries.

Reducing the number of supersymmetries to four, we split the pure spinors further as follows.
vy, = +vp, for m=14,5, TV = —Vnm for m=2,3,6,7. (6.41)

The transformations of the auxiliary fields are

0 K™ = —v" Dy + B(d —4)v" Ay, for m=1,
0 K™ = —v™ Dy — 2ip1 B Axa, for m =23,
(6.42)
S K™ = -Vmw)(z — 2iu2Br™ Axe, for m = 4,5,
3 K™ = —v"Dx3 — 2iuzfr™Ax3, for m =67

With uy = myr being dimensionless parameters. As before, equation eq. (6.34) is unchanged and eq. (6.35)
is modified by the change in c;. For two supersymmetry variations of the auxiliary field we have a straight-
forward generalization of eq. (6.40), where we split the auxiliary fields into four different types. Two super-

symmetry variations of the chiral multiplet fermions take the following form

1
562XZ - _UNDNX£ - Z(V[uvu])F“VXl
1 N . B (6.43)
- §ﬁ(EFIJA6)P1JXg — Qi,u,gﬁ(EFAAE)PAAXg .

Invariance of the Lagrangian under off-shell supersymmetry follows as in the case of eight and 16 supersym-

metries.

6.2 The localization Lagrangian

In this section we present the localization argument and compute the quadratic fluctuations about the fixed

point locus. We also add a gauge fixing term in the Lagrangian and give the precise form of the partition
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function in terms of the determinants of the quadratic fluctuations around the fixed point locus. We only

consider contributions in the zero instanton sector where the fixed point locus has a vanishing gauge field.

6.2.1 Fixed point locus

We modify the partition function path integral as follows:
ZlY= / Do =571V (6.44)

where D® denotes the integration measure for all the fields, Q) is a fermionic symmetry of both the integration
measure and the action and QV is positive semi-definite. The partition function is then independent of the
parameter ¢. This allows us to evaluate the partition function at ¢ — 0o, where it only receives contributions

from quadratic fluctuations of the fields about the locus of the zeros of QV'.

For our purposes we choose () to be the supersymmetry transformation generated by ¢, and V' to be

V= / d%z\/g Tr (¥5.7), (6.45)

where Tt is a positive definite inner product on the Lie algebra, which can be different than the product used

in the original action. We will drop the Tt sign henceforth for notational simplicity. 5. ¥ is given by

1- ~
5T = STV Py T + % T# $,T0V e — K™, (6.46)
So, QV will be

QV = / d%c /g 6. U6, T — / d'z /g U6, (5.0) = / dz /g L° + / d*z\/gL". (6.47)

The first and second terms in the above equation contain the bosonic and fermionic part of the localization

Lagrangian respectively. We now find the locus where the path integral localizes when ¢ — co. The bosonic

part is [50]
1 N
o — 5FMNFMN B %FMNFM/N' (CFMNM N 06)

da == M ~

2 - Funor (eA(CITMVTO - 0T M) ) (6.48)
I m B*d? 2, 10

— K™ Kyv° — Bdapgo K™ (VmAe) + > (ar)*pro°.

I

89



We choose the spinor € such that v® = 1 and ¥® = v® = 0. Then the fixed point condition in the zero
instanton sector can be written as

2 32
V! VEG! — (K™ + 26(d — 3)¢o (vmAe))® + BTd (ar)2¢16’ =0, (6.49)

I#0
All terms on the lefthand side of the above equation are positive definite if fields K™ and ¢q are imaginary.

So the fixed point locus is given by

K™ = —28(d — 3)¢o (vmAe), o = const = ¢ = -‘; 6y =0 (J#£0). (6.50)

The dimensionless variable o is an element of the Lie algebra and parameterizes the fixed point locus. The

action evaluated at the fixed point becomes

d+1
Vd (d - 1)(d — 3) 1 ¢l SWTTd—Ll 2
St = Tr (@5 ) = ————<Tr 0", (6.51)
-V 600) = T (%%)

where V; is the volume of the d-dimensional sphere.

6.2.2 Quadratic fluctuations

The next step is to move away from the localization locus by perturbing the fields about their fixed point

values. We write

1
9= &'+ —9, 6.52
i (6.52)
for all fields ® in QV/, with ®°! being their value at the fixed point. In the ¢ — oo limit, the only terms that
survive in the localization Lagrangian are quadratic in the perturbations ¢. Details of the computation of
quadratic fluctuations about the fixed point locus are given in Appendix C. Here we briefly summarize our

results.

The bosonic fluctuations for the vector multiplet takes the following form

Lom = A 05" Ag — Ay 631(4™, 5] (6.53)
— K™K — 48(d ~ 3)¢ oK™ (vmAe) — b0 (~V7 +46%(d - 3)?) do.
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The indices with a tilde take the values as defined below
M = {ui}, wu=12---,d  i=d+1,---D, (6.54)

where D = 5(3) for theories with eight(four) supersymmetries. A, is the usual vector field, while fields A;

denote scalars in the vector multiplet other than ¢. The operator O MN is defined as

O =555V 4 a N — 28(d - 3)el ;" Vv, (6.55)

N . . .
o,y is a diagonal matrix given by

G d—1)é6" 0
¥ = ag @ V%0 (6.56)
o &
The fermionic fluctuations for the vector multiplet can be written as
1 - .
Ll = (69) + (W10 [65.0]) — 5(d = )80 (yT°T ) -
6.57

- %(d -3)8 (EFW’ Ae) (YT 5 ¥) + my (VAD) .

Here my, = dT_l— for eight supersymmetries and m,, = (d — 2) for four supersymmetries.

For theories with eight supersymmetries we have one hypermultiplet. The bosonic part contains four

scalars. Their contribution to the quadratic fluctuations can be written as

9
L= [¢: (-V*+ B (d -2+ 2ioip)®) ¢i — (8§, ¢:][6F, 1]
i=6

T

(6.58)
+ 48 (2ip — 1) pev*V 07 + 48 (2ip + 1) dgv*'V .

For the hypermultiplet fermions we have

1 . - -
Lhm = (¥x) + (T°168.20) — 58 (N Ae) (XIOT %) + 2inB0™ (xreT NAX) . (659)

For the case of four supersymmetries we have three chiral multiplets. The chiral multiplet part contains
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six scalars. Their contribution to the quadratic fluctuations is given by
3

Lo0n = > b1, (—V2+ B(d — 2 + 2ioyue)?) 8" — (65, 61,165 6]
=1 (6.60)

+48 (2ipe — () daes2v"Vyudoess.
Finally the contribution from the chiral multiplet fermions is
3

Lin = Z (xeVxe) + (xeI°[0F, xe]) — -[3 (fTMNAG) (xeT°T i 5 xe) iy
=1 (6.61)

oeB (ngv (er 'y AX@) + X:AXe)
6.2.3 Gauge fixing

With the expressions for quadratic fluctuations in hand, we give the precise form of the partition function in
terms of quadratic fluctuations. To compute the partition function we need to add a gauge fixing term. In the
computation of the quadratic fluctuations, we employed the Lorenz gauge, so we need to use the following

gauge fixing term

Sef = — / d*z\/gTr (bV,A* — eV2ic). (6.62)
Here b is the Lagrange multiplier which enforces the Lorenz gauge condition in the path integral. ¢, € are the
usual Fadeev-Popov ghosts. A:L denotes the off-shell gauge field which can be decomposed as

A, = Ay + V.0, (6.63)

where A, is divergenceless and ¢ encodes the pure divergence part.

To compute the partition function one now has to integrate over the following set of fields:

b, C E7¢7Km7 ¢07Au7 ¢I;é0"1’- (664)

The first six give the following contributions:
e The b ghosts give a factor of § (V,A*) = § (V2¢).
e The c and € ghosts give a factor of det (VQ).

e The gauge parameter ¢ has two contributions. There is a Jacobian factor vVdet V2 coming from the

change of integration measure DV ,¢ — D¢, while the integration over ¢ gives a factor of (det VQ) -
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coming from the delta function ¢ (V2¢).

o The contribution of the auxiliary fields K, is trivial. It gets rid of the mass term for the scalar field

¢o in the quadratic fluctuations.
e The scalar ¢ gives a factor of (vVdet V2)71.

These factors cancel and the partition function reduces to
Z = / doe5w(@) / DA, DrroDWe Smm(¢0=250), (6.65)

Since the integrand is invariant under the adjoint action of the gauge group, we can replace the inte-
gral over the entire Lie algebra with an integral over a Cartan subalgebra. This introduces a Vandermonde

determinant and we can write the partition function, with some convenient normalization as follows:
Z = / (40 captan €0 [ [ i, ) / DA, DprpoDVe Swnalbo=250) (6.66)
22

Now, what is left to be computed is the integral over the fields A,, ®;+o and ¥. Before doing that, we
comment on the decomposition of the fields and quadratic fluctuations in terms of the root vectors of the Lie

algebra. Schematically, bosonic quadratic fluctuations are given by
L° =T (2-0° & — [2,47] [®,4]) - (6.67)

We expand the field ¢ in the Cartan-Weyl basis. The component of ® along the Cartan generators only
contributes an uninteresting ¢5‘ independent overall constant to the partition function, and so we do not need

to focus on that part. Next, we can write ® as:

b = ) IE,, (6.68)
a3
where E., are the root vectors of the Lie algebra. They are normalized so that Tt' (Eq Eg) = d448. Using
[0, Ea] = (@, 0)E4,, the quadratic fluctuations can be written as
L0= "o (0P +48%a,0)?) - = (6.69)

93



Similarly the fermionic quadratic fluctuations can be decomposed as

f = 17 (Pr°0fe + oI [¢f, ¥]) = Y ¥ (0' + 28(a, o)) ™. (6.70)

«

After integrating over the quadratic fluctuations in £ one gets:

det (O + 28(a, o)),
v/det (OF +48%(a, 0)?) 4

6.71)

/ DEDYe~ f ¢eva(Lo+LY) H

Hence to compute the one-loop determinants one needs to diagonalize the action of the “quadratic” operators

OF® appearing in the quadratic fluctuations. We turn to this computation in the next section.

6.3 Determinants for eight supersymmetries

In this section we compute the determinants for theories with eight supersymmetries. We compute the de-
terminants for bosons and fermions separately and then combine them to see that after a large cancellation

we get

Z1%8%00p Hzaa :HH[(k+zaa (k+d—2+i{a,o)))Vre,

«

2% = 11 H [<k+ 22 L ip+ile, a)) (k+ d;—z —iu—i(a,a))]—Nw.

a k=0

l

(6.72)

The factor Vg g in the exponent is given by

(kR 1 T(k+d-2)
N’“y"”( k > = Tk Dd-2) 673

This matches exactly with the conjectured form in [6]. We now provide the derivation of eq. (6.72).

6.3.1 Vector multiplet

We first compute the determinant for the vector multiplet. We start by introducing a complete set of basis
elements that span spinor and vector harmonics on S¢. Then we diagonalize the action of the quadratic

operator on these basis elements.
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Complete set of basis elements

To compute the determinants we need to diagonalize the action of the quadratic operator. This can be done

by using a suitable set of basis elements. To this end, we define spinors

ne= (110 e= 1Fi%)e, G = (% +0%)e (6.74)

which satisfy
%9, = ting, Cov™T e = ns, (6.75)
I18977:{: = +in4, f‘oerMﬁi = 74. (6.76)

We can now build a basis for the vector multiplet fermions by using the spinors 774, 774 and the scalar spherical
harmonics Y,X. Scalar spherical harmonics are labelled by the eigenvalues of the Laplacian and the Cartan

generator along the vector v#:
VY = —4p%k(k+d—1), "V, YE =2iBmYE. (6.77)

The definitions of our spinor harmonics and their eigenvalues under operators I'® and LovMD 57 are given

in the following table.

Spinor harmonics I'89_eigenvalue TovMT 57 -eigenvalue
XL =Yine +i +1
vl = vk, +i -1
X2 = I:‘OFMﬁA‘,‘IY;.ﬁni, form # +k +3 +1
02 = DoIMV ;, YEfy, form # Tk +i ~1

Table 6.1: Spinor harmonics basis and corresponding eigenvalues.

Here V a7 is defined as

V=V —vgv- V. (6.78)

X% and X2 vanish identically for m = +k (see section D.1 for a proof). The set of spinors with a ‘+’
subscript is related to the set with a ‘—’ subscript via complex conjugation. We take the standard approach [5]

that the Euclidean action is an analytical functional in the space of complexified fields and integrate over a
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certain half-dimensional subspace in the path integral. With this in mind, we will focus on the basis for

spinors with I'®? eigenvalue +i.

‘We show that set of spinors in Table 6.1 provide a complete set of basis elements for the vector multiplet

fermions on S<. To do so, we compute the action of the Dirac operator, f‘OV, on these spinors using

ToVne = +idny,  ToVYE = ToIMV g YE + 2impBYk. (6.79)
This gives
. d
LoV, X} = 2iB (m + 5) XL+ AT (6.80)

Next we note that Xf_ can be written as
X2 = ToVYkn — 2imBxL. (6.81)

- - 2
The action of ['o¥ can now be worked out by using eq. (6.79), eq. (6.80) and that (I‘OV) = V2, which
gives

- d—2
Lol*V, X7 = —4B2% (k —m) (k+m+d— 1) X1 — 2i8 (m + T) A2 (6.82)
Similarly, for i’iﬂ one finds

ToI*v, X1 = 2if (m - g) XL+ a2, (6.83)

LoV, XF = —4p*(k +m) (k—m+d— 1) X} — 28 (m — 4——;—2) X3 (6.84)

Now we diagonalize the action of [y} on the spinor basis to get the eigenvalues

+2i (k + g) . F2B (k —1+ g) for  m#£ +k. (6.85)

By shifting & in the second set of eigenvalues, we can arrange the spinor harmonics into two sets of eigenstates

of the Dirac operator, with eigenvalues +2i3 (k + —g—) whose degeneracy deg ¢ (k, d), is given by
degs (k,d) = Dy (d,0) + Dyy1(d,0) — Npy1., (6.86)

where Dy (d,r) is the total degeneracy of symmetric traceless, divergence-less rank-r tensors defined on

5469]. N, q is the number of scalar harmonics Y,¥ for the case of eight supersymmetries. The explicit
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expressions for these degeneracies are given in chapter D. Using these expressions we get

T (k+d)
=4
deg; (k,d) T

@I+ (6.87)

For d = 4, 5 this is equal to the degeneracy of spinor harmonics on S¢ [70] and for d = 2, 3 this is twice the
degeneracy of spinor harmonics, as expected. Hence, we conclude that the set of spinors defined in Table 6.1

provides a complete basis for the vector multiplet fermions in the case of eight supersymmetries.

Next we use the spinor basis to construct a basis for the fields A ;. We define

AL = (D X1) + Vg YE = (D al) + eV YE = v YE + v, vE,
A% = % (0 X2 — €T X2) + AV YE = e[ " AeV,YE + 2V YE,

. ) i (6.88)
A = eI’M"I‘O(jgeVHYTfL = 72 (EFMX_?_ — GFA;[XE),
1
2

I

Ay = DTV, YVh = = (g B2 4 e 22).

Here c!, ¢ are constants which are determined by the condition that A}‘ and Aﬁ should be divergenceless:

1 m 9 (d—1)yim

T+ d-1)  C  kkrd-1) ©5

C

There is another bilinear involving spinors X%, which is equal to a linear combination of a pure divergence
1
term and A

L X7 4+ L X2 = 2V YE — dimpBu, Y. (6.90)

Since X% vanishes identically for m = +k, we see that .A! and .A? are not linearly independent for m = +k:

2 _ 1 —
AL = —2kBAL,  for  m= k. (6.91)

Similarly, .A% and .A* are proportional to each other for m = +k.

We now show that the bosonic fields defined in eq. (6.88) provide a complete basis for bosons in the

vector multiplet*. We do so by diagonalizing the action of V2 on A a7+ 1t acts on the vector field vy; to give

Vi, =482 (d—1)v,, Vi, = —46%dv;. (6.92)

*Excluding the scalar field ¢o.
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Using this along with
VAV, YE = 482 (k(k+d—1) - (d - 1)V, YE,  VFu =28l A, (6.93)
gives us the action of V? on the A}

V2AL = —4B% [k(k+d—1)+d— 1] AL + 4842,
L [k ) A, + 454, 6.94)
V2A! = 482 [k(k+d — 1) + d] A" + 45.42.

To find the action of V2 on 'A?\?[ we need to know how the operators V* and V? act on more complicated

bilinears. Using the Killing spinor equation and that ¢ = [SAe, one gets

VZGP#VAC = —80% " Ae, V2l Ae = —48%€el;” Ae,

(6.95)
V(T 5#A€) VAV, Y,k = 88%K(k +d — Doy Y + 462 (im9,Y,5 + e, AV, Vit )
Using these results we find that
VPAL = 168°k(k +d — 1) A}, — 4% (k(k+d — 1) — (d — 1)) A2,
(6.96)

V2AZ = 168%(k +d — 1) A} — 4% (k(k + d — 1) — (d — 2)) A%

The action of V2 on A% can computed in a similar way. The following results are necessary for this calcu-

lation:

V2D T = —48%(d - 2)el "%, VAL, TV, V, Yk =0, for I=6,T.
(6.97)

This gives

V2B = 42 (k(k+d— 1) — 1) ABY, (6.98)
VA = —aB2k(k+d - 1) AP |

The eigenvalues of V2 acting on the vector and the scalar parts of Ay, are given below. The first term in
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each row corresponds to A, and the second to A;:

~40% (k(k —3) + d(k — 1) + 1), —4p2 (k— 1) (k+d—2),
~4p% (k(k+d+1)+d—1), —4B% (k+ 1) (k + d), (6.99)
—4B% (k(k+d—1)-1), —48% (k+d —1).

These eigenvalues correspond to the following linear combinations of the basis
1 2 1 2 3 .44
Ay +28(k+d-1) Ay, Ay — 2BkAY,, Ay FiAy- (6.100)

For m = +k, we use that Ai-{ = —-24 k.A]l{{ to see that the first eigenvalue in eq. (6.99) does not contribute.
Similarly, A% F i.A%, vanish identically for m = +k so corresponding eigenvalues do not contribute. By

shifting k, we can rearrange the basis into vector and scalar harmonics with eigenvalues
482 (k(k+d-1)—-1), —48%(k+d—-1), (6.101)
respectively. The total number of harmonics is given by
degy (k,d) = Di41(d,0) + Dg_1(d,0) + 2Dk (d,0) — 2Ng41,4 — 2Nk 4. (6.102)
Using the explicit expressions for the degeneracies provided in chapter D we get
deg, (k,d) = (5 —d) Dy (d,0) + D (d,1). (6.103)

So we deduce that the basis defined in eq. (6.88) provides a complete set of harmonics for the vector multiplet

in the case of eight supersymmetries.

One-loop determinant of bosons

We now compute the one-loop determinant for vector multiplet bosons. We need to diagonalize the action

of the operator O MN defined in equation eq. (6.55)

05N = 689 ¢ oy — 28(d - 3)el " VeV, (6.104)
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The matrix o MN is defined in eq. (6.56). The action of V? on the basis is given in equations (6.94), (6.96)

and (6.98). The next non-trivial part of the operator O MN involves eI’ M)‘N 89¢V . For 4! we have
i VeVa AL = 286D M6l gy AeYE + eF M Pev g VY E, (6.105)
The term multiplying Y% and its derivative can be simplified using triality.

eF,;)‘NSQe el g Ae = —(d — 1)y, eFi’\Ngge €l g Ae = —dv;, eFM)‘nge el e = eFM"‘Ae.
(6.106)

Using these relations, we get

LMV, AL = —26(d — 1) AL + A2,

_ 6.107)
TSV AL = —20dA} + Af.
The action on .A;";, can be computed in a similar manner:
DMV, A2 = 4B%(k +d — 1) AL,
s N : (6.108)
TNV, AL = 4B%k(k +d — 1) A} — 28AL.
However, the computation for A:}; is slightly different. We have
T V06V y AT = D My, [l v, V] (6.109)
where I = 6,7 corresponds to A3, A% respectively. First we note that
A (eI‘ MWB%) = 28deT ;Y0 = 0, (6.110)

So we can write the right-hand side of equation (6.109) as a total derivative. Next we use the following

relation due to triality,

6.111)

)

_AN89 _WOI9_ __ 1 _vAI8_ v 1 _ AOI8
€Ly el " Ve=—ely e —v"ely; €
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which allows us to write
eI‘M’\NSQEV,\ Afv_:i = -V, (EI‘M"MSeV,,YT’; + QimBGFM)‘OBY,ﬁ) : (6.112)

This can be now computed using the Killing spinor equation and the triality identity, resulting in

. A d—2 im A3
€P“)\N89€V,\ N = —Zﬁ (3
AL —im d-—2 Aﬁ

(6.113)
- A d—1 im A3
EFi/\NggGV)\ N = —25 ¢
A‘}v —im d—1) \ A}

The action of the complete operator on the set of basis vectors can be written in the following compact form:

(OAY) 5 =48 [k(k+d ~ 1) + (d ~ 1)*] A}, —26(d — 1) A},
(0A?) ) = —88%(d — 1)(k +d — 1) AL, + 48%k(k +d — 1) A%, 6110
(0A%) gy = 46° [k(k +d — 1+ (d — 2)°] AT, + 4i8°m(d — 3) A},
(0AY) g =487 [k(k +d — 1) + (d — 2)°] AL, — 4if>m(d — 3).A%,.
The corresponding eigenvalues are
4%k%,  4fP(k+d—1)°, 482 [k(k+d—1)+ (d —2)? £ m(d - 3)]. (6.115)

Including the contribution from different roots and taking into account the degeneracy of the basis, we get

the one-loop determinant for the bosonic part of the vector multiplet:

o0 Di(d0) o 2 Dk(2d70)
Z{%00p|, = [ TT 148° (#* + {0,0)%)] ST (487 (e + d = 1) + (0, 0?)
a k=1 k=0
k=00 m=k—1
1 11 [4ﬁ2(k<k+d—1)+<d~2>2+<d—3)m+<a,a>2)]N'”
k=1 m=—k

(6.116)

One-loop determinant of fermions

Next, we calculate the contribution to the one-loop determinant from the vector multiplet fermions. We

will use the basis with the ‘+ subscript introduced in Table 6.1. We need to diagonalize the action of the
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following operator:

o =ToyY - %(d — 3)B0MT A — i(d -3)8 (ef'MNAe> Tun+ % (d—1)1%. (6.117)

The action of f‘OW has been computed in egs. (6.80), (6.82) and (6.83). The second operator can be

written as

MrgA = 19 (ToTy ). (6.118)
The spinor basis elements have definite eigenvalues under the action of '8 and fovM T'y; as given in Ta-
ble 6.1. Hence the action of the second and the last operator on the righthand side of eq. (6.117) is trivial to
evaluate.

The action of the third term appearing in Of  can be obtained using triality.

TMNACD o o X) = —4ix),  TMVAD (Bl = +4iX],

o o ) (6.119)
eTMNAET o o X7 = eDMNVAL g X7 = 0.
We get the action of the full operator on the spinor basis to be
Of WXL = 2B (m+(d—1)) XL + A2,
O X2 = —48%(k — m)(k +m +d — )X} — 2iBmX2,
(6.120)

Of XL =2iB (m — (d —2)) X} + X2,

Of X2 = 4%k + m)(k —m +d — 1)X} — 2iB (m — (d — 2)) X%.
For m # +k, all of the above spinors contribute to the determinant. The contribution from X}r’2 and )Ei’Q is
4%k (k+d—1),  4B%[k(k+d—1)—m(d - 3)+ (d —2)*], (6.121)

respectively. However, as discussed earlier, Xi()??r) vanishes identically for m = k(—k). So form =

k(—k), the first(second) term in eq. (6.121) is replaced by the eigenvalue corresponding to X1 (X1):

Of X} =42 (k+(d—1)) &L,
e ( ) ~+ 6.122)
Of XL = —2iB(k + (d - 2)) X].

102



Including the contribution from different roots, the one-loop determinant for the fermions is given by

:HH[zzﬂ (k+d—1—i(a, o)) PO H ~2iB (k + i{a, o)) PF &0~ Ve

Zi,icloop £
a k=0 k=1
o k-1
H[—2iﬁ(k+d—2+’i(a,0>)}Nk’d H [4ﬁ2 (k(k+d~1)+m(d—3)+(d—2)2+<aa‘7>2)]Nm’d'
k=0 m=—k

(6.123)

Combining this with the bosonic determinant, we see that most terms cancel and in the end we are left
with:

Z3%0p [ [ 0) = T T [(k +ie, o)) (k + d — 2 + i{ar, o)) Ve (6.124)
« o k=0

With N 4 given in eq. (D.7) this matches exactly with the conjecture in [6].

6.3.2 Hypermultiplet

In this section we compute one-loop determinants for a hypermultiplet with eight supersymmetries. We
proceed in the same manner as for the vector multiplet by introducing a complete set of states and then

computing the eigenvalues and degeneracies of the quadratic operator.

One-loop determinant for bosons

The bosonic part of the quadratic fluctuations about the fixed point locus for the hypermultiplet is given

in eq. (6.58).

9
= 3" (i (- V2 + B2(d — 2 + 2iop)?) ¢ — 65, 4il [0, i)
i=6 (6.125)

+ 4B (2ip — 1) 60" Vyr + 48 (2ip + 1) 650"V o,

We see that ¢ 7 and ¢g 9 mix under the action of the kinetic operator. We use Y,fl to diagonalize the action

of the operator appearing in eq. (6.125). The eigenvalues for ¢¢ 7 are

2
432 (k(k+d— 1) + (% +m> +m (2ip — 1)) . (6.126)
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The eigenvalues for ¢g g are the same as above with o — —pu. Including the contribution from different

roots, the bosonic part of the one-loop determinant is given by

=c0 k d—2 . 2 . Nm.d
21 oo = I;[ kI:[O mI:I_k [4/32 (k (k+d—1)+ (—2— + w) + (@, 0)2 + m (2ip — 1))}
: a=2 .\ e e
43 k(k+d—1)+(—-é——m> + {a,0)* —m (2ip+ 1) ,
(6.127)

where we have used that in the product positive and negative values of m come in pairs, so the product is

invariant under m < —m.

One-loop determinant for fermions

The relevant part of quadratic fluctuations is given in eq. (6.59). We need to compute the determinant of the

operator
I G -
Ofm = LoV - 38 (erMNAe) Ty + 2ipBu T gA. (6.128)

To diagonalize the action of this operator, we construct a complete basis for the hypermultiplet fermions. We

define the spinors

Ay =T +il7)e, Ay = (Tg+ilg)e, (6.129)

which satisfy
T8N, = +i)y, PoTMug Ay = =y, (6.130)
T8N, = +ily, PorMup Ay = =X, (6.131)

Now we define the spinor harmonics, using the spinors )\12 and the scalar spherical harmonics Y,ﬁ:

XL=YEN, A2 =TT (VvE) s,
) ] ) ] (6.132)
XL =YEN,  AR=TOre (Vv) A
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The spinors Xf(zf'f) vanish identically for m = k(—k). An analysis similar to the one in section 6.3.1 shows
that the basis defined above, provides a complete set of spinor harmonics on S¢ for hypermultiplet fermions.
The action of the operator on these basis elements can be computed in an analogous fashion to the vector

multiplet fermions, resulting into

d—2
Of WX} = —2iB (m + (—2— +m>) XL+ &2

2
Of X2 = —48%(k — m)(k +m +d — )X} +2iB (m+ (dT+w>> X2,
f vl . d—2 . 1 2
OhmXy = =218 | m — 5 X, + &Y,

- - d—2 .
Of w X2 = —48%(k + m)(k —m+d — )AL +2i8 (m - (T ~ zu)) 7.

(6.133)

For m # +k, the contribution to the determinant from these basis elements is given by

2
Xi’Q: 4ﬁ2<k(k+d~l)+m(2iu—l)+(g—;—zui-i,u) ),
' (6.134)
1,2 2 . d—2 . 2
X7 48 tk(k+d— 1)+ m (2ip+ 1) + — T .

For m = k (—k), only X} (X}) contributes to the first(second) term in eq. (6.134).

d
Of Xt = —2i8 (k + (5 +ip— 1)) x5,

of #L = _2ig (k + (g ip— 1)) @

After including the contribution from roots, the fermionic part of the one-loop determinant is given by

(6.135)

hyp
Z 1— loop

k=co k-1 d—2 2 Nm,d
H [462( k+d—1)+m(2m~l)+(T+iu) +(a,a)2>]

o m=—k

[4 (k+d—1)— (2w+1)+(fi—'2"—2—w)2+(a,a>2>}
[462 ((k + __2 +zu> (a,a)) ((k + El—;—z— - iu) + i<a,0>)]m,d'

(6.136)

Nm,d
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Combining this with the bosonic determinant and after many cancellations, we are left with:
hyp d—2 R . Nk
2 oop = 1;[ kl:[o [(k e + ip+i{a, a)) (k + 5 Tk z(a,a})] . (6.137)

This matches with the conjectured form in [6].

6.4 Determinants for four supersymmetries

In this section we will compute one-loop determinants for theories with four supersymmetries. Most of the
computation is similar to the case of eight supersymmetries. However there is an additional subtlety in the
construction of complete sets of basis elements. Before discussing computation in detail, we summarize our

results here. The one-loop determinants take the following form

k=00 . n
(k + (o, 0)) w
VCC —
Zi- 1°°PH1<°“’ =1I'11 [(k+d—1—i(a,a)) ’
@ k=0 (6.138)
Zchi _ ﬁ Hkﬁo k+ % — LO(g) e — i{a, o) e
1-loop = .
e ko LF + G2 +io(g e +ifo, 0)
The factor ng;q in the exponent is given by
Lk+d-1) (6.139)

Mhd = Tk + 1)I(d— 1)

We now give a derivation of eq. (6.138).

6.4.1 The complete set of basis elements

One can verify that only the first two of the spinors defined in Table 6.1 have +1 eigenvalue for I and
hence belong to the vector multiplet of theories with four supersymmetries. However, they do not provide a
complete set of basis elements for spinor harmonics. To see this, recall that eigenvalues of the Dirac operator
acting on X}r’z are given in equation eq. (6.85). By shifting the value of &, one can arrange them into spinor
harmonics with eigenvalues +2i/3 (k + %) However the degeneracy of positive and negative eigenvalues is
not the same.

deg+ = Dk (d, 0) , deg; = Dk+1 (d, 0) — Nk41,d- (6.140)
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Here n,, 4 denotes the number of scalar harmonics Y,fl for the case of four supersymmetries. This differs
from Ny, «, as the vector field v, now vanishes only on an S52-4 An explicit expression for ny 4 is provided

in chapter D. Using that, we get
T (k+d)

deg_ = 2I‘(d)I’(k+ 1)’

(6.141)

which is equal to the degeneracy of spinor harmonics on S% for d = 2, 3. Clearly deg + is different. Moreover
one can show that:

deg_(k,d) —deg, (k,d) = nggq. (6.142)

So X} and X2 do not provide a complete basis for the spinor harmonics. This can be fixed by including

another spinor X 1/, which has the correct eigenvalue and degeneracy,

7 ind ’ d 7
X1 =1%"n vk, Toval = +2i8 (k + 5) XL (6.143)

So a complete basis for spinor harmonics is provided by X}, X7 and X} .

For the vector multiplet bosons we use the following basis

Ay = 0V 4 0¥ o
AL = T M AV, Yk + PV YE

These are the first two basis elements that we used for theories with eight supersymmetries as defined
in eq. (6.88)). As discussed in section 6.3.1, these basis elements can be arranged into vector and scalar

harmonics on S? with the total number given by
deg, (k,d) = Dit1(d,0) + Dg—1 (d,0) — 214414 (6.145)
Using explicit values one can show that
degy (k,d) — D (d,1) — (3 —d) Dk (d,0) = —2ng_14 # 0. (6.146)
Hence the above basis is not complete. We can complete it by including

AL = Ty (6.147)
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The elements .Af defined above are divergenceless. Their eigenvalues under action of Laplacian are
VAL = 42 (k(k+d+1)+d—1)AE,  VZAF = 42 (k+1)(k+d) AF.  (6.148)

By shifting & — k — 1, we can put eigenvalues in the canonical form with the total number of harmonics

given by 2nj_1 4, precisely what is needed to complete the basis.

6.4.2 Vector multiplet
One-loop determinant for bosons

To compute the one loop determinant we need the action of the operator O MN on the basis elements .A}v[‘? and
AE. The computation for A;;’IQ was performed in detail in section 6.3.1. Their contribution to the one-loop

determinant is given by

11 ﬁ [468° ( + (a,0)?) ] P40 720 ﬁ [468° (b +d = 1) + (e, o>2)]vk(d’0) .

a k=1 k=0

The action of O MN on AE can be calculated using the same techniques as were employed in section 6.3.1.
OV AL = 4% (k+d—1)* A7, (6.149)

Including the contributions from all basis elements, we get the bosonic part of the one-loop determinant:

> £ (d,0) 00 D) 4 o
Z%0op], = TT 11 (487 (8 + (0, 0)?)] R I1 [452 ((k +d—-1)%+ (a,o)z)] s
e k=1 k=0
(6.150)

One-loop determinant for fermions

The quadratic fluctuations for the vector multiplet fermions for the case of four supersymmetries are given

in eq. (6.57). We need to diagonalize the operator

y 1 y 1 TN
of = TV, — Z(d— 3)BvMT ;A —~ 78d - 3)elMN A 5 + (d — 2) BT (6.151)

108



acting on Xi’z and X}r/. The details of this computation are similar to the case of eight supersymmetries.

One gets

Of X1 =2iB(m+(d—1)) X1+ X2,
Ol X3 = —48%(k —m)(k + m+d — 1)X} — 2imX7, (6.152)

of xl = 42iB(k+d—1) ).

From this we get the one-loop determinant

=11 ﬁ [~2i8 (k + i{ar, o)) P40 "wH [2iB (k +d — 1 — i(a, 0))]P+(40)
R =0 (6.153)

k=00

I (28 (k +d -1~ i(a,a))]"™.

k=0

vec
Z 1 ——loop

Combining this result with the bosonic determinant, we get the the full one-loop determinant for the vector

multiplet:

(k+i{a,o)) ™
“ooszaa HH[ker_l_Z(ao))] : (6.154)

a k=0
One can check that for d = 3, this gives the correct one-loop determinant which matches with the results in

[47].

6.4.3 Chiral multiplet

We now compute the one-loop determinants for the chiral multiplet. For the case of four supersymmetries,

the mass-deformed Lagrangian contains three chiral multiplets.

One-loop determinant for bosons

We consider the chiral multiplet containing the scalar fields ¢4, ¢5. The relevant bosonic part of the quadratic

fluctuations is given by

> (6 (=V2+ B2d — 2+ 2ip1)?) @] — 48 (1 — i) pavH Vs, (6.155)

i=4,5
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Using the scalar spherical harmonics, the action of the kinetic operator can be diagonalized to obtain the

one-loop determinant

. 00 k d— 2 Mm,d
% ()|, = TITT 11 [4/32 (k 4=+ (T2 4im) + a0 +m( ~zml>)]
a k=0m=-—k
(6.156)

The determinant for scalar fields ¢ 7 (¢s,9) is the same as the above expression, but with 1 — pa(—p3).

One-loop determinant for fermions

To compute the one loop determinant, we introduce a basis for the spinor harmonics as before. We introduce

three sets of basis elements for three types of chiral multiplets:

X, = YEN,, A2, =T0MV . YA,
+£ m +£ M tTm+ (6.157)
X, = 1%0vEN,,  for  m=-(-1)1ORO

where A, is defined as

)‘:I:Z = F() (F25+2 + F2(+3) €. (6158)

The index ¢ = 1,2, 3 corresponds to the three chiral multiplets. Now, we need to diagonalize the action of

the following operator

3
f f
Oc‘m - Z Oc.m,l’
=1

(6.159)
- 1 . s
Ocme =To¥ = 56 (GFMNAG) Pyg +owb (QZuevN T oA+ I‘BQ) .
We give the result for the £ = 1 explicitly:

f 1 : d—2 . 1 2
Oc.m,1X+1 = —2if({m+ 5 +ipr ) X + X7,

f 2 2 1 . d—2 2
OimiXfy = =48 (k=m) (k+m+d— 1) XLy +2iB {m+ —— +im | XLy, (6.160)

4 . d . ’
O(f:.m,lx-ll—l = +2if (k + 5 HL]) Xil'
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From this, one gets the one-loop determinant for fermions:

C

hi
lloop (/1'1)| -
k=00 m=k-1

2 Mm,d
ITII 11 [452(<——2+wl> +m(2m1—1)+<a,a>2+k(k+d—1)>]

a k=0 m=-—k

k=00 Nk,d Nk,d
H [—21'5 (k + ? +ipy + i(a,a))] [Qiﬁ (k + g — iy — i(a,a))] .
k=0

6.161)

Combining this with the bosonic determinant, we get the full one-loop determinant for the chiral multiplet:

(6.162)

Zl —loop IJ’I)_ H H

a k=0

k+ §—im —i{a,0) e
T+1M1 + e, o) .

nk,d is given in eq. (D.8) The one-loop determinant for x5(3) can be obtained by simply replacing p; with

2 (—p3). Hence, the full one-loop determinant for the chiral multiplet part is given by

Zi:hlloop (.u‘lv U2, /J'S) = Zi:lliloop (Hl) Zi:h—iloop (“2) Z(l:h—iloop (_.‘1‘3> : (6.163)

6.5 Analytic continuation to d = 4 with four supersymmetries

Now that we have obtained expressions for partition functions with eight supersymmetries in d < 5 di-
mensions and four supersymmetries in d < 3 dimensions, it is tempting to continue the results to higher
dimensions. In [7] this was done for eight supersymmetries where it was shown that the results were con-
sistent with the one-loop running of coupling constants in flat space. In this section we consider continuing

theories with four supersymmetries up to d = 4 using the expressions in section 6.4.

6.5.1 Consistency checks of analytic continuation

In this subsection we perform consistency checks on the analytic continuation with four supersymmetries.
We will show that in the gy 5y — 0 limit, the analytic continuation gives the correct partition function for
a free vector and free chiral multiplets on S*. We also show that the analytic continuation gives the correct

one-loop divergence for theories with four supersymmetries in the decompactification limit.
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Partition function of U(1) theory on S*

A U(1) gauge theory with four supersymmetries and massless adjoint matter in four dimensions is free and
conformal. Hence it can be conformally coupled to S* and the partition function can be explicitly computed.

This matches with the result of our analytical continuation as we demonstrate now.

Consider the chiral multiplet in the adjoint representation of the U(1) gauge group. Our expressions for

the one-loop determinants can then be simplified to take the form

(k+1 !k+2! 00

i k+2
2Py = 1] ( - +1) D = [[ R+ (6.164)
k=0 k=0

The full partition function in this case is equal to the product of the one-loop determinants up to an overall

constant.

The chiral multiplet of A/ = 1 supersymmetry in four dimensions contains a two component Weyl
fermion and two real scalars. The conformally coupled action for a free chiral multiplet on the sphere takes

the following form:

: 1
Sttty = / d'z\/g (5 (61 (—V? +88%) ¢1 + 62 (~V* +85%) ¢2] — ww) : (6.165)
The partition function for the matter part is then given by

: det V
Zehi - . 6.166
U det (—V2 + 832) ( )

The eigenvalues and the degeneracies of these operators are given in appendix D. Using these we get

(k4+1)(k+2)(k+3)

detV = H [462 (k+ 2)2] 3 ,
k:oo 6.167)
- H [25(]“"'2)]%[26@—&1)]%—13“&,

b
i
(=]

where the last equality follows by splitting the product into two parts and shifting & — £ — 1 in one of the

parts. Similarly, we have

(2k+3)(k+2)(k+1)

det (-V*+88%) = [] [48° (k+1) (k+2)] 5 : (6.168)
k=0
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Combing the the two factors of determinants, one gets
0o (k+1)(k+2)
- . k+2 2
h h
zZi) = 2 = [1 (k — 1) : (6.169)

k=0

which matches the analytic continuation.

Next we compute the partition function for the vector multiplet. The ' = 1 vector multiplet in four
dimensions contains a gauge field and a two-component Weyl fermion. The relevant action on S*, with the

gauge fixing term included is given by

Sty = / d4x\/§(A”’ [6,4 (—V? +128%) + V,V*] A}, — V¥

(6.170)
+ bV, A% — eV D).
We split the vector field as follows
A, = A+ V0, such that VAR =0. (6.171)
By using that D (V,¢) = D'¢\/det (—V?), we can write the partition function as follows
250 = /’DA'DwD'deb’DcDE\/det (=V2) exp (—Sy(1),vm) - (6.172)

Integration over b gives a factor of § (—V2¢). This, upon integrating over ¢ gives a factor of [det (—V?)] “!which

cancels against the contribution coming from integrating over ghosts. Hence the partition function becomes

P Vdet' (=V?)det (V)

VO T Jdet (- V2 + 1282)

(6.173)

where the operator in the denominator acts on divergence less vector fields. Using the formulae for eigen-

values and degeneracies of the operators, the above expression reduces to the following infinite product:
1 (e.9]
2 = 5 LG+ 0%, @174
\/§ k=0

This is the same as the analytically continued Z)%,,, up to an overall finite constant.
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Beta function from analytic continuation

For an N/ = 1 supersymmetric theory with a vector multiplet and N,. chiral multiplets in the representation

R, of the gauge group the above expression for beta function reduces to:

B9 = - (3C2 (Adj) — NcCa (Re)) - (6.175)

162

We will reproduce this result by dimensional regularization of the analytically continued expression. To do,
so we need to determine the O (02) terms appearing in the one-loop determinants. We proceed by replacing

o — to in the expressions for the one-loop determinants. Focusing only on the vector multiplet, one can

easily find that
dlog Z7%
BRI LS = S (B0 (F- 10t (,0) + Fd-Ld =Lt (a0)), (6176)
a>0 a>0
where
2 I'(n+z) 1 i 4 :
(fL',y,Z) 1;_0]_-1(”+1)F(m) (n+y)2+22 2z (Z/+iz2 1(93,y+22,y+12+ ’ ) CC)
(6.177)
For d = 4 — €, we expand the R.H.S in powers of ¢ and €. Keeping only the leading terms, we find
dlog Z}"’floop 3
=20, (AdiN o2 + - -- . 6.178
12 LC2 (Adj) o° + ( )
From this we can easily obtain
vec 3 s\ 42
log Z{% 00 = ;Cg (Adj)o“ +---. (6.179)

A completely analogous calculation for a chiral multiplet in the representation R of the gauge group gives
log Z§M, o0, = ——0 2Cy (Re) + (6.180)

We combine the O (02) contribution from one-loop determinants with the O (0'2) term in the fixed point

action as given in equation (6.51), to get

2
Q;L(A) = <8?7r— - —Cz (Ad_]) + N C2 (R )) A€, (6.181)
0
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where A is the renormalization scale and g is the bare coupling. Differentiating the above equation with

respect to the log A, one obtains the beta function

3
B(g) = —#(302 (Adj) — N.C2 (Re)), (6.182)

which is exactly what we wanted to show.

6.5.2 Free energy of mass-deformed N = 4 SYM

In this subsection we compare results from analytic continuation to a recent holographic analysis for N = 1*
super Yang-Mills [66]. There are some caveats which we explain below, but to the extent that we can make
a comparison our results are consistent with the holographic results.

The NV = 4 super Yang-Mills multiplet decomposes into an A" = 1 vector multiplet and three massless
adjoint chiral multiplets. The superpotential also has a cubic term which is the product of all three chiral
fields. We can give masses m?, j = 1...3, to the three chiral multiplets and still preserve A’ = 1 supersym-
metry. If we choose m() = 0 and m® = m(®) then we preserve N = 2 supersymmetry, with the massless
chiral multiplet joining with the A" = 1 vector multiplet to form an A/ = 2 vector multiplet, while the two
massive chiral multiplets combine into a hypermultiplet. The cubic term in the superpotential remains un-
changed. The supersymmetry is broken to A/ = 1 if the third chiral multiplet is given a mass or the first two
multiplets have unequal masses. The theory is called NV = 1* if the cubic term in the superpotential is left
unchanged.

It was shown explicitly in [56] how to put an A’ = 1 theory on S, and the N' = 1* theory is no
exception. However, there are some subtleties. First for a Lorentzian A" = 1 theory, every chiral superfield
® has a complex conjugate superfield ®. In Euclidean space, these fields should be considered independent.
Likewise, for a flat Lorentzian A/ = 1 theory, a mass term would appear in the superpotential, W,,, =
%m@z. The conjugate fields would have a complex conjugate mass /. In Euclidean space these masses are
independent. In the holographic analysis in [66] m{) is set equal to (7).

There is no known localization procedure for V' = 1* on S%. Instead we propose analytically continuing
the mass deformed theory in d < 3 up to d = 4. There is an important warning in doing this. If we consider
N = 1* on flat space and compactify down to three dimensions, the resulting three-dimensional chiral
multiplets have complex masses. As explained in section 6.1, the mass deformed theory we use in the analytic
continuation has real masses. Hence, it is not obvious that the analytic continuation of the perturbative mass-

deformed partition function actually equals the perturbative partition function for N' = 1* on S4, where the
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continuation of each real mass is set equal to the mass, or its negative, of the corresponding N/ = 1* chiral
multiplet>. Perhaps there is a more involved relation between the two sets of the mass parameters for which
the analytically continued partition function equals that of the A/ = 1*. We leave this question for future
work. Here we simply explore the consequences of analytically continuing to d = 4 and find that the general

form of the real part of the free energy at large IV is consistent with the holographic results.

In three dimensions the mass parameters that appear in the partition function are written as ,u§-3) =

(ZAVIE N 4 mf where mf is the real three dimensional mass and A; is a charge under a corresponding fiavor
symmetry. When continuing up to four dimensions we assume that this becomes ,u( ) o(j)M; Where
0 (;) is defined in (6.20) and p; the four-dimensional complex mass multiplied by 7. If we then setd = 4
in eq. (6.154) and eq. (6.162) for three massive adjoint chiral multiplets, we find the perturbative partition

function

(k1) (k+2)

——2——8"2 Tro? = ( z(a o'>) 3 k —io i + 2)
Z ert — d ; g (J) J
pert / oie YMm HH (k+i{o, o) +3)J1;[l t{a, 0 +ZU(])H’]+1)

(6.183)

- Tro?
. .
:/dae Y M Hz(a,o)Zmass,
[e3

where Z a5 is the mass correction to the A = 4 partition function,

(k+1)(k+2)

—i{a, o) —iojp; + 2)(k+i{a, o) +1)
Zmass = ]‘;[kl_l()]l—[l [ k+i{a, o) +iojyui+1)(k—i(a, o) +2)] . (6.184)

This last expression collapses t0 Zmass = 1 if all ; = 0. In deriving the second line in eq. (6.183) we used

the identity
(k+1)(k+2)
2

ﬁ [ (k+ia, o)) (k+i{a, a)+2)? ] — i(a, 0) (6.185)

(k+i{a,0)+3)(k+i{a,o)+1)3

and that every root in the product comes with its negative. The o are N x N matrices and the root vectors

are all possible combinations o; — 05, ¢ # j where o; are the IV eigenvalues of o.

>Note that these concerns do not apply to A/ = 2* theories, which correspond to N = 4 in three dimensions. In decomposing
the three dimensional A = 4 vector multiplet into an A/ = 2 vector and chiral multiplet, one can choose to have the scalar field
¢o be part of the vector multiplet, which leads to real mass terms. However, we could have also chosen ¢4 to be part of the vector
multiplet and ¢ to pair up with ¢s in the chiral multiplet. If at the same time one changes the pairings of the other four scalar fields,
then the mass terms and the cubic term proportional to the mass in (6.14) would come from the superpotential.
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This term is divergent if any p; # 0 and needs to be regularized. To this end we define

(k Zﬁ 2)
oo = [ =)t Al (6.186)
-0, = -
b K (k+i(o — o')+ip+1)(k—i(oc — o’) + 2)
For k > 1 we expand log[Z;(0—0o’, u)] in 1/k, where we find
N2
log(Zk(c—0o',pn)) = —i (k+%+(a_ka_)_) lku +o3 wH *+0 ( ) . (6.187)

Hence, if we expand log Zn,ss in powers of y;, the terms up to cubic order in the masses will be divergent.
The term linear in 1 can be dropped as it eventually will cancel because of the mass condition (6.27), which
in terms of the y; is

p1tue—p3 =0, (6.188)

The remaining divergent terms are independent of ¢ — ¢’ and can be removed by adding constant local

counterterms to the Lagrangian.

In the large /V-limit the free energy can be found by saddle point. We are particularly interested in the
behavior at strong coupling, where the ’t Hooft coupling A = g% m N > 1. In this case, the saddle point
will have the separation between two generic eigenvalues |o; — 0| to be much greater than 1. One can then

check that for |0 — o’| > 1,

3
1
3 log(Zi(o—o’, o(yhts Ireg) ~ +7 log(o—0")? (1] +p3+43)
paat (6.189)
i
= 5 log(o—0") (il +15—113)-

Using (6.188) we can reexpress the cubic term as

s — 3 = =3 papaps . (6.190)

Then, when eq. (6.189) is combined with the N = 4 part of the partition function, the saddle point equation

reduces to

(6.191)

—0o =2

A

Y

1672 ][dalp(a,) 1+ 3(u+p3+ud) + i papops
o—o

where p(o”) is the eigenvalue density. Notice that eq. (6.191) is similar to the A/ = 2* saddle point equation

[71, 72] which has the same form as the saddle point equation for a Gaussian matrix model. One then solves
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for p(o) in the standard way, where one finds the Wigner semi-circle distribution,

plo) = %V A2 — o2 (6.192)

with
AL+ S(u3+p3+p3) + i papaps)

A% =
82

(6.193)

Because of the imaginary part in eq. (6.193) the eigenvalue distribution runs at an angle off of the real axis.

One then substitutes p(o) back into the free energy, where the dominant part is given by

N2
Fr— -5 / dodo’ log(o — o')?
N? Loa o oy
- (1t 5(#1 +uz+p3) + t pipops (6.194)

1 .
x log (A (1 + 5B+ pg+p3) + 2#1#2#3)) ,

Expanding about small y:; and dropping terms up to cubic order which are not universal [65, 661, eq. (6.194)
becomes

2

4(M%+u§+u§)u1u2u3

1
Fa- N2(E(u§+u§+u§)2 +
6.195
1 2 2 27\3 1 2 T ( )
- %(H1+N2+H3) - Z(M1M2/L3) +0(n") ),

In [66] it was argued that the terms in the free energy could only come with factors of m()m@m3),
mWm@mB), or 3 H(mWmD)™ where n is a positive integer in order to be consistent with supersym-
metry. If m{) = /0 then this translates into terms of the form papizps or pat + u2® + u3". Equation
(6.195) is consistent with this observation. One should also note that the regularization should preserve the
supersymmetry. If equation (6.188) had not been in effect, we would have had to add counterterms linear in

1, which violates this supersymmetry prescription.

Assuming that a regularization can be performed, one expects the free energy for a general choice of 1

to have the form [66]

F=-N? <A1(u§’+u‘é+u§)+A2(M?+u§+u§)2 + 1 Bi(ui+p3+p3) m papss
(6.196)
OV 1)~ ColyBt 1+ 12) — Cs(puapaams)® + om)
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Comparing with eq. (6.195) and using eq. (6.188)), we find that
Mr2d=1 B=-) ote=i, 12040C5=- 6.197)
1 2_87 1= 47 1 2_24, 2 3—8. N

The first and third relations were derived in [66] using the N’ = 2* results, where one has p; = 0. The
second relation differs from [66] since their free energy is real. The fourth relation is a new prediction.

One feature that is different here compared to the holographic dual is that the free energy in (6.196) has an
imaginary piece, while the holographic result has a real free energy [66]. Since the theory is Euclidean and
nonconformal it is not reflection positive [56], so it is not obvious on general grounds why the supergravity
dual gives a real free energy. This issue deserves further investigation.

One further issue is that a gaugino condensate appears in the holographic analysis if all three chiral

multiplet masses are nonzero [66]. It is not clear how one sees the condensate in the analytic continuation.
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~ Degrees of freedom

The purpose of this appendix is to determine the physical degrees of freedom propagated by the HSZ theory
and the massive deformation of DFT. We will abandon manifest O (D, D) invariance by taking the derivatives
D and D to be partial derivatives, using indices as y, v, ..., and 0 = 9?. We start by determining the
spectrum of the two-derivative part of the HSZ theory. Then we compare it with the spectrum of the full
HSZ theory and show that no extra degrees of freedom appear upon adding higher derivative terms. Finally,
we consider the spectrum for the massive deformation of DFT given in section 4 and show that it does not

propagate any ghost-like degree of freedom.

A.1 Degrees of freedom of two-derivative HSZ theory

Consider the two-derivative quadratic Lagrangian given in equation (3.4). The part of the Lagrangian in-
volving e,,, and ¢ is trivial to analyze and it describes massless graviton, dilaton and two-form field. We

thus focus on the part of the Lagrangian involving the a-field. After putting in explicit factors of o/, we have:
L = —% a*” Oay, — 211-(<';’,Jl(1"”’)2 + % Ll S (A1)

We rescale the field as @ — 2a to get the canonical normalization for the kinetic term and also define

m? = %. After coupling to a source J,,, the Lagrangian becomes:

L =—-1a™(0-m*) au + a" 8,0, + " J,., . (A.2)
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The equations of motion in momentum space take the following form

(pZ + m2)auu - pu(p : a)u ‘Pu(P ' a)y = —Jp,u .

Using the equations of motion in the Lagrangian it takes the following form in the momentum space:

L = flg'JlW (_p)aw/ (p) .

(A.3)

(A4)

We introduce the notation (pap) = p,a*’p, and (p- a) , = P”ayy. Contracting the above equation with

p*p¥ and solving for (pap), we get:

(pJp)
2 m2 °

(pap) = ;

Contracting equation (A.3) with p” and using the expression for (pap), we can solve for (pa) %

(p-a)y = ;%(Z)QL(NP) ~(p- J)u) :

—m?2

Using these expressions for (pap) and (pa),, in (A.3) we can solve for a,,, and obtain:

1

Gy = (‘Lﬂ/"‘#(pﬂ(p"])u+pu(p‘=])p)) 1 2Ruby (pJp)

P2+ m?2

Decomposing the last term into partial fractions, we get

o — __ 1 5 1 pup(pJp)
ny p2+m2 2 (p2-m2) m4 ’
where
7 1 Pupv(pJp
Juw = T+ —5 - T +pu(p- J)u) + i%——z .
m m
Back in (A.4) the Lagrangian becomes
L = 3" (-p) g (9) + e (0ID) (D) =5 (0TD) ()
= -3 p)p2+m2 w (P) + 52 (pJp pr_m2(pp p).

m? (- m?)(pR T md)

(A.5)

(A.6)

(A7)

(A%)

(A9)

(A.10)

The nature of the degrees of freedom is determined by the residues at the poles. At the pole p? + m? = 0, it

is easy to see that J#¥ is transverse, i.e., ppJ*” = 0. Using this, we can write the Lagrangian as follows:

17 1 =

L = =47 (1) g e () + 3 (pT0) ()= (0 0) ()
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The first term implies that we are propagating a ghostly (overall minus sign) massive spin two mode (the

traceless part of JN,“,) and a ghostly, massive scalar (the trace of j,w), both with mass squared equal to m?.

The second term shows a proper tachyonic scalar with mass squared given by —m?.

The analysis of the sector involving @, can be done similarly. Note that the kinetic terms for a,,,, and
a,,, have the same sign but their mass terms have opposite signs. Hence, the a,,,, sector describes a ghostly

tachyonic spin-2, a ghostly tachyonic scalar and a healthy massive scalar.

A.2 Degrees of freedom of full quadratic HSZ theory

Here we consider the full quadratic theory as given in the Lagrangian (3.19). We see that the three sectors,
(euw> @)s (auw, @) and (G, p) are completely decoupled. The sector (e, @) is well known and describes

a massless graviton, dilaton, and b-field. We focus on the (a,., ) sector of the Lagrangian given by:
L =-}ta"Oay — 3(0,a")? — 10,0 8,0 + 55 aau + 5900 — ¢, (A.12)

where we have put explicit factors of /. We rescale the field a,,, — 2a,, to get a canonical kinetic term

and define m? = % Afier coupling to sources J,,, and K the Lagrangian takes the following form

L =-1a"(0~-m?au +a™8,0/, + a* 8,0, + 1o(0 — Im?)p + a"J,, + 9K . (A13)
The equations of motion in momentum space are given by:

(p2 + m2) Quy — pu(p ’ a’)u - PV(P : a)u — PulDv¥ = — Juu s
(A.14)

(p* + gm*)p + (pap) = K.
Using the equations of motion in the Lagrangian it takes the following form in the momentum space:

L =3J"(p)aw ) + 3 K(-p)o(p) . (A.15)

Contracting the first equation in (A.14) with p* we get

m? (p - a), — pu((pap) + p*p) = —(p- J)y . (A.16)

123



Contracting this with p* and solving for (pap) we obtain:

(pJp) Py

P2 —m2  p2_m2’

(pap) = (A.17)

where we notice tachyonic poles (that will disappear later). Using this in the equation of motion for ¢ (second

one in (A.14)), we can solve for ¢ and obtain:

2 (pJp) 2 p?P—m?
= = .= _ Z . K. A.18
YT R2amE mE pPrm? (A.18)
We now reconsider the first contraction (A.16) to find
1 2
(p-a), = W(pu((pap) +p°p) —(p- J),L) : (A.19)

Using this and the expression for ¢ in the equation of motion for a,,, we can solve for a,,, in terms of sources

and get:

Gy =

1 7 Pubu <(pJp)

Tl o ey T +2K) , (A.20)

where j,w is the transverse part of J,,,, as defined in equation (A.9). Back in (A.15) the Lagrangian becomes

L =1~ _1___j — K (- _EZ_T_TQ_K
= 5 P) P2+ m? pv (p) (=p) 2 (p2+m2) (p)
(A21)
+ (pJp) (—p) mK(M + K(—P)m (pJp) (p) -

We now have to look at the pole p? + m? = 0. Using that J, v 18 transverse at the pole, the Lagrangian

can be written in the following form at the pole:

1

> (pJp)
P+ m? Tuw

l:n? )(ﬂﬂm(z[{ +%]§2) () . (A22)

L = —3J"(-p) (p)+ 3 (2K +
The first term tells us that we are propagating a ghostly (overall minus sign) massive spin-2 mode (the traceless

part of J, L) and a ghostly, massive scalar (the trace of juv)- The second term shows a proper massive scalar.

The analysis of the (., @) sector can be done similarly. Since the mass terms of the two sectors have
opposite signs and the kinetic terms have the same sign, the (@, ) sector propagates a ghostly tachyonic
spin-2, a ghostly tachyonic scalar and a proper tachyonic scalar. If we compare this spectrum with that of the

two-derivative theory we see that the full spectrum remains unchanged.
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A.3 Degrees of freedom of massive DFT

We start with the Lagrangian for the massive DFT as given in equation (3.23). We scale the fields as e, —
\/56,“, and & — —2——\15@5 to get canonical normalization for the kinetic terms. By using e, = h,, + b,

the Lagrangian for the massive DFT can be written as:
Lyper = Lp g + Ly, (A.23)

where

Lhg = 3h*DOhy, + (0,0) + R 8,0,¢ — 1 0¢ — L M* (W hy, — ¢%) a2
Ly = 1000y, + (9,0")° — IM%6*b,, .

The Lagrangian Ly is well known to describe a massive two-form field and will not be discussed further. In
order to make it clear that the mass terms in L, 4 are special, we modify one of the coefficients by introducing
a parameter y. We will indeed find that the value v = 1 is selected by the condition that we have no ghosts

in the spectrum. We thus take, henceforth,
Ly = $h*Ohy + (0,0")° + B 9,0,¢ — 160 — M2 (W hy, — v9?) . (A.25)
After coupling to sources Jy,, and K for h,, and ¢, we have:
Lhg = 2h*"DOhy, + (0,0*) + W 8,0,6 — 3¢ Op — SM* (W Ry —v9?) +J* hy, + Ko . (A26)
In momentum space, the equations of motion take the following form:

qu - (p2 + Mz) h;w + 2p(ppphpu) - p;tpud’ =0,

(A.27)
K+ (p2 +7M2) o) _pupuhw/ = 0.
Using these the Lagrangian takes the following form in the momentum space:
Lyg = 3" (=p) v (p) + 3K (-p) & (P) - (A.28)
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Contracting the top equation of motion with p*p” we get:

(pJp) + (p* — M?) (php) —p'é = 0.

(A.29)

The above equation and the equation of motion for ¢ can now be used to eliminate ¢ and (php) in favor of

sources:

(pJp) PP -M?

= K
¢ M2A M2A
4 2 2
p p*+M
(php) = —gm3K —~—p— @Jp)

where A is given by

A= pP(y—1) — M.
Contracting the equation of motion for h,, with p” we get:
(pJ), +pu (php —p°0) = M*(ph), .
Using eqns. (A.30) yields

— pu
M2A

(o), = 377 (07), (K + 7 (0Jp) .

Finally, using eqns. (A.33) and (A.30) in the equation of motion for &, we obtain

~ 1 v
hyw =T, P (MPK + (v - 1) (1) |

pT+ M2 MAA

where J,, is defined by

T 2 Pubv
Ju = Juv + 32Pw (ph),y + A (pJp) -

It is easy to see that on the mass-shell p2 = —M?, the tensor juu is transverse,

p/»‘j;w =0 (p2 = ‘MQ)'
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This will be useful below. Inserting these expressions back into Ly, 4, we get:

L gw \ (0Jp)? (v — 1) + 2M?2 (pJp) K + M2K? (p? — M?)
2+M2J (p) — 3 —
g M (y-1) (p? + $L)

Lh,qb = %JMV (_p)
(A.37)

For the case of interest, v = 1, the second term above is completely regular and we need only focus on the

first term. Using the transversality condition (A.36) we can rewrite Lj, ¢ as

Lhg = Ju (—p) J* (p)+ ..., (A.38)

1
p2 + M 2
near p> = —M? and where the dots indicate terms that are regular. At the mass-shell we can choose p =
(M, 5) and thus the transversality condition implies that jo“ = juo = 0. The only non vanishing components
of j,“, are those where both indices represent spatial directions. We are thus propagating (D — 1)D/2
positive-norm degrees of freedom, associated with a symmetric (D — 1) x (D — 1) matrix. The trace-less
part corresponds to the massive spin-2 and the trace corresponds to the massive scalar.

For the case -y # 1 the above degrees of freedom are still present but we now have more, due to the pole

in the second term of (A.37). This time the mass-shell is p? = M2 ond we go to a Lorentz frame where

1—r
p° =4/ 71{/1—,: Near the pole we now find

(K —vJoo)(=p) (K = vJoo)(p)

L +o, (A.39)
(v=1° (»? +1Z)

Lh,(blsecond pole — —%
making it manifest that for v # 1 we propagate an additional ghostly massive scalar. We conclude that the

model constructed in section (4.1) describes massive graviton, dilaton and b-field and does not propagate any

extra undesired degrees of freedom.
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~ Conventions and useful properties of Gamma matrices

We use 10-dimensional Majorana-Weyl spinors €, and ¥, etc. The 10-dimensional I'-matrices are chosen

to be real and symmetric:

MaB _ PMﬁa’ MaB _ MBa (B.1)

Products of I'-matrices are given by:

PMN — M N] PMN — pIMN]
' (B.2)
MNP [IMPNDF]  FMNP _ FIMDNFFL g,
we also have that TMNPes — —FMNPBQ, hence:
TMNPe = (B.3)
for any bosonic spinor e. We also introduce:
€ = BAe, (B.4)
where 8 = 5= and A = I'%%. A useful relation is the triality condition,
L350 0My5 + DT Mya + T5aTayp = 0. (B.5)
Using eq. (B.5) one can show .
M eCpx =0, (B.6)
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where X is any spinor. It immediately follows that vMy M = 0, where vM is the vector field

oM = TMe. (B.7)

We define another set of bosonic spinors, v, form = 1,2, - - | 7. They satisfy the following properties.
VmFM e=0,

v IMu, = 8™, (B.8)

1 4,
Vy Vi + €a€pg = §’UMFMa,3.

They are invariant under an internal SO(7) symmetry, which can be enlarged to SO(8) by including e.

To reduce to eight supersymmetries we impose the condition € = +T'%"8%. Furthermore, for d < 5, ¥
can be split up into even and odd eigenstates of [678%. The even eigenstates, ¢ = % (1 + I'57%) ¥, make up
the fermions in the vector multiplet, while the odd eigenstates, x = 1 (1 — I'673%) ', make up the fermions
in the hypermultiplet. The scalars ¢!, I = 6, ...9 constitute the bosonic fields of the hyper multiplet. The
gauge fields A* and the rest of the scalars ¢y, I = 0,d + 1,...5 make up the bosonic fields in the vector
multiplet. Finally, the auxiliary fields split up, with K™, m = 1, 2, 3, being in the vector multiplet, and K,,,
m = 4,5,6,7, being in the hypermultiplet. The same is true for the pure-spinors ™. Reduction to four

supersymmetries can be done similarly by imposing € = +T'4°8%.
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L _ : éu‘adidﬁc ﬂuctucﬂonscbouﬂheﬁxed pomtlocus

In this appendix we give details of the computation of quadratic fluctuations about the fixed point locus. We

focus on bosonic and fermionic parts separately.

C.1 Bosonic part

The bosonic part of fluctuations about the fixed point locus is equal to [6]:

Ll = 6.U5. T
]- 1 1At dO.’ ~r= ~ 2
- *2*FMNFAIIN o ZFNINFM'N" (erﬂfNM' N OE) + 6 i IFMNCbI (ﬁA (FIFAJIVPU _ I\UI\II\AfN) €)
m 0 m 182(12 2 1,0
~ K™ Kmt® — Bdaodo K™ (vmhe) + —— > _(er)*éro'o’.
I
(C.1)
Expanding the first term in eq. (C.1) we get
1 1 5
S PN FMY = S By F + Fo F*° — (65, 6J)(65, 7] + Vit V"o
=V, A, VFAY — VA,V A* + V,00V*$° + 2V . d0[A%, 67 (C2)
— (A $5114%, 681 — (68, 841(85, ¢7] + Vuds V47,
where J =d + 1,...,9. The second term in eq. (C.1) can be expanded to get:
l A t r I’ ’
—ZFMNFM’N’ (EPMNM N 06) =~ VA,V A (dwuu v 06) OV, AV by (Erf.wu Joe) .

— VsV (EI‘”J””J’De) )

131



The third term in eq. (C.1) is

d - ) d o
b 4‘” Frunér (eA (r’ [MNTO _ I‘OI‘IFMN) e) _5 2‘“ (VuA, — V,AL) by (eAI‘JI‘OI‘“F"e)

+ ,BdOéJl V“¢J¢J/ (eAf‘J'FOf‘“I‘Je) .

(C4)
Collecting our results, we find that the bosonic part is:
Lh = VA, VFEAY =V, A VYA — V0 0VH 0 — 2V 0 0[AH, ¢[°)1 —[A,, ¢81][Au’ ¢81]
— 6§, 91107, 8] + Vups Ve’
1,1 v ’ IJI
~ VA Ty Ay (DH06) = 2V, A0 (4 70%) = V8,906 (1447%) (o
L Bdes (G oA, v, A 6 (eAD/TOTHT¥e) + Bday Vb (eAfJ’rof#rJ )

2
52d2
— VK™K, — BdagdoK ™ (vmAe) + Tvo Z(a[)zdnqﬁ].
I

Next, we rewrite this expression as a quadratic form:

Lh = A (—5;v2 +VUV, — (eruu’"’"%) V.V, —28(d—3) (eAI’u”l”Oe) v,,) A, — [Ay, ¢S4, 63
J 257 70 2 B*d’ 20
+ o7 [ —v267 —28(d—1) (eArJﬂ e) V, — Bday (eAr r r“I‘Je) Y+ o (@0)8] ) 6

52d2
4

— [0, 05165, 671 + oo (\72 - ag) ¢o — 48(d — 2)A, V.0 (eATHT70%)
+ Bday $sVuAy (eADVTOT#e) = K™K — BdaodoK™ (vimAe),

(C.6)
where we have used the Lorenz gauge condition and the relation f‘uF’“’“' =(d— 2)I'Y# . Now, note that the
third term in the first row vanishes, and that for the second term, we can exchange the order of the covariant

derivatives to get a term which is zero due to the Lorenz gauge condition and another one which contains a

Ricci tensor, which on spheres is proportional to a Kronecker delta. Furthermore, we can combine the two
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terms which are proportional to V¢ into one, and finally get:

LP = An (-5;v2 +482(d — 1)8% — 28(d - 3) (eAFu“"’Oe) vﬂ,) A, — [Ay, (A", 62

(4 7 /Bzdz !
+¢7 (—V"‘éj B (=2(d— 1) + day) (eArJ FJF“%) v, + (ay)267 ) b
C.7)
2 32
— (5, 6105, 8”1 + ¢o <v2 _8 4d aﬁ) do + B (—4(d — 2) + day) A Vs (eATFT7%)

— K™Ky, — Bdappo K™ (v Ac).

This general result includes both the vector multiplet and the hypermultiplet bosons. We now specialize to

the vector multiplet.

Vector multiplet

The vector multiplet contains the vector field A, and the scalar fields ¢, ¢;, where the index ¢ takes values
i=d+1,---Dand D =5 for eight supersymmetries and D = 3 for four supersymmetries. We use

_ 4(d-3)

4
PR ai:E, for i=d+1,...,D. (C.8)

Qo

We also combine p and  indices into M = {1, 1} to write the bosonic part of the vector multiplet Lagrangian

from equation (C.7) in the following compact form:

£y = AMogN Ag — [Ag, 681(AM, 6]

(C.9)
— K™K, — 48(d — 3)¢o K™ (v Ae) + ¢o (V2 — 46%(d — 3)2) do.
The operator O MN is defined as follows:
O™ = —6NV? +a;yV - 26(d - 3)el " Vev . (C.10)
and « MN is the diagonal matrix given by:
J ,[(d=1)é 0
aMN = 432 ( ) O ) (C.11)
0 5!

(2
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Hyper/chiral multiplet

The scalars ¢!, I = D + 1,...,9 are part of the hypermultiplet. For eight supersymmetries we get a single
hypermultiplet and for four supersymmetries we get three hypermultiplets by reduction of 10-d theory. We
first focus on four supersymmetries:

! ! 2d2 !
£ =¢’ (avzcs;} + B(=2(d = 1) +day) (eAI‘J r Jrﬂ‘)e) vV, + p n %67 ) by

(C.12)
— (98, 041165, ¢1.
For four supersymmetries, the values of o are given in (6.20). The Lagrangian of equation (C.12) splits up

in three decoupled parts which take the form:

3

Eg.m = Zd)h (‘Vztsﬁl - 2,3(1 - ZiU(g);Lg) (6AFJZF18F"0€) Vu + ﬁQ(d — 24 22'0(2)#4)251{][) ‘ng
=1

- [¢817 ¢Ig][¢81’ ¢Ie]_
(C.13)

This can be simplified by noting that
eAT™0¢ =yt Al = ¥, eAT*0e = o*. (C.14)

This gives the following form of the chiral multiplet Lagrangian.

3

Lon = > [61, (V2 + B2(d — 2+ 2o me)?) 6" — (65, o1,][65 "]
=1 (C.15)

+ 43 (2z'ug — a(g)) 20420V i dopy 3.

For the case of eight supersymmetries the Lagrangian for hypermultiplet bosons can be obtained from

the above expressions by ignoring ¢4, ¢5 and setting pp = p3:

9
Lhm= > [6: (V> + B%(d — 2+ 2ioip)”) ¢ — (85, ¢:[0, 6]
i=6 (C.16)

+ 46 (2ip — 1) pev*Vd7 + 48 (2ip + 1) dgvh'V uhg.
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C.2 Fermionic part

The fermionic part of the fluctuations around the fixed point locus is given by:
£7 = W, (5:8) = W20 — UI® [20M %6 Fyprge + 2ol 6.0 Ve + 20.K™vm| . (C.17)

We focus on the first term, involving two variations of the fermion.

arBd

620 = (P DM W) Tyyve - B (eAT*TN W) Tyuve — (T ) T Ae

1 (C.18)
+ (GID\I/) €— §U‘MF1\[ID\1} + AK"v,,.

This expression can be brought into the desired form by using triality and other identities. Using triality the

first term in eq. (C.18)
— (ePp¥) e~ (eTVe) DY + % (eIVe) TN Y. (C.19)

Using triality, the second term in eq. (C.18) becomes

Bd (eAV) € + %B (eAT pne) TMN W — %ﬂ (eAT'je) 'y

(C.20)
1 - -
+ 5B (€ATe) THT — 28 (T W) T Ae + dfs (ePNW) T vAe.
The second term in the above expression can be simplified using the following Fierz identity [5, 73]:
1 ~
—E(ngNe) TMNG — 4 (Wé) e+ 2(ePyT)TVE =0, (C.21)
Combining all these pieces we get
2 N 1 v 1 1J ard 2y
56\11 = —v" DNV — —V[”’U,,]F” v— -3 (EAF]JC)P UV+8(2—-— (EFI\I’)F Ae

4 2 2 (C22)

+ B(d — 4) ((eA\I!) e+ (Iy0) fNAe) + AK ™y,
Let’s focus on the second term in (C.17) and simplify all three terms appearing there. The first one is
=2 (WTTM"06) 6. Fypg = 2 (¥T%) (V%) — 284 (WT°%) (eA) +2 (WTM'¢ ) (eTarr Do) . (C.23)
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The second term is:

— apUTTH 6.0V s = apdB (PI%) (eAD). (C.24)

The third term is:

—2 (UT%y,) K™ = —2 (YT %) (eVV) + 2 (TT%) (eLoDp¥) + v™ (qfrof Mzz)\:u)
(C.25)
-2 (UT%;,) AK™.

Collecting all the terms, we get:

oM (WEOTy PW) +dB (ao — 2) (VT°%) (eAT) +2 (YTMe) (Ta Do¥) — 2 (V) AK™. (C26)

The first term in the above expression can be rewritten using the identity TMT'N = gMN 4 TMN and the

third one can be manipulated using the triality identity. The result is

9
(UY¥) +o# (UTT, V¥ T) + > of (UTT, VVE) + v# (VT0V, )
I=d+1 (C.27)
+2 (YT°Do¥) + dB (g — 2) (PT%) (eAT) — 2 (¥I0,,) AK™.

Using integration by parts, the second and third terms can be modified to give

(270) — 8 (L Ae) (BT, %) — 8 (el/Ae) (YT°T 1, W) + v (VTOV,T) )
+2 (YTDo¥) + dB (ap — 2) (¥I%) (eAT) — 2 (¥T0,,) AK™.

Now, combining this with the result for WT'%52¥, we get the complete expression for the fermionic part

LF = (UYP) + (YT°Do¥) + B (3d — 16) (VT%) (eAT) — -;-5 (eF¥N Ae) (9T ary )
+8 (2 - O%d> (\111“01““ Ae) (eLr %) + B(d — 4) (xprofN Ae) (T ND) (C.29)

— (¥T%,,) AK™.

The terms on the second line can be modified by using the following identity:

TV Ae (el yT) — 204 A (el 0) = %vN[\rpr (C.30)
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So the quadratic part becomes

LT =(VYT) + (IT°DyT) + B (3d — 16) (YT%) (eAT) — %B (ef‘M N Ae) (YT pn0)

(C31)
~ d—-4 < ,
+ BC; (\IJPOI‘IAe) (L) +B——o" <\I/F°AI“N\II) — (¥T%,,) AK™,
where the coefficient C; which appear in the first term in second line is given by:
d id
cA:2d—6—a—;‘— , cizz—“2 . (C.32)

We now specialize to vector and hypermultiplets separately.

Vector multiplet

The vector multiplet fermions have same eigenvalues under the projection operators I', I as the Killing
spinor. We denote the vector multiplet fermion by %y. For a fermion in the vector multiplet, the first term on
the second line of eq. (C.31) does not contribute. It is easy to verify that for this term, either C; vanishes
or (e['1v) = 0. Further, for the last term in eq. (C.31)), we take pure spinors v, m = 1,2,---D — 2 to
have the same eigenvalues under projection operators as the Killing spinor and the vector multiplet fermion,

while the rest of the pure spinors have the same eigenvalues as the hypermultiplet fermions. We use

AK™ = B(d—4)v™Avy, for m=1,2,---D—2, (C.33)

to write:

m=D-2
~ (Y% AK™ = —B(d - 4) (VT%,) (V" AY),

—

=
=-B(d-4) > (UI'4) @"AY) , (C.34)
m=1

= B(d—4) (vT%) (eAy) — -;- B(d—4)vN (¢r0f NAz/;) ,

where in the second equality we have used that for rest of the pure spinors (¥ I'’v™) = 0. The last equality

follows by using completeness relation of pure spinors and Killing spinor. Next we use that:

oV (w“[&rw) - (wPOFNmp) = 2V (wrofNAw). (C.35)
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Using all this information in equation (C.31), we get the quadratic Lagrangian for vector multiplet fermions

to be:

Lom = (YY) + (WT°Dow) + 4B (d - 5) (VT°%) (eAy) ~ %B (M Ae) (¥r°Tarny)

_ (C36)
—B(d—4) " (yr°T5Ap).

We use a few relations to simplify the Lagrangian further. First we can use the Fierz identity quotedineq. (C.21)

and triality to bring the third term above in the desired form:
1 1 <
4B(d—5) (vT%) (eAy) = —38(d-5) (YIOTMNy) (AT prve) — 5B8(d=5)vy (erAFN 1//) . (C37)

Secondly, we rewrite the last term of this equation as

oy (¢1“0[\1“N 1/)) = (YAY) — oM (¢r0f Mmp) . (C.38)
Further, we note that for the vector multiplet fermions, we have:

—%(d — 0)3 (4B Ac) ($TTapt) = B(d - 4) (YA¥) P
(ef‘MN A€) (vTTpyNY) = (J‘MNAE) (YT°T 5%) — (9 — D) (VAY).

Combining these results in the general Lagrangian eq. (C.36) we get finally get the following expression for

Lagrangian of vector multiplet fermions:

Lom = (¥V) — é(d — 3)pvM (wPOf i) +0° (W0 Do)

. o (C.40)
— £(d=3)8 (P Ae) (WI'T 5 50) +my (WAY).

Here m,, = <31 for eight supersymmetries and m,, = (d — 2) for four supersymmetries.
¥ 2 Y p

Hyper/chiral multiplet

We treat eight and four supersymmetries separately. For eight supersymmetries, we have a single fermion
in the hypermultiplet. We denote it as x = —I'x. For the hypermultiplet fermion (eAx) = 0. We have
Ce = Cr = —Cg =—Cg = —(d—4+ 2iu). Also using that eI'y;x = 0for M =0, M, we see that the
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first term on second line of eq. (C.31) can be written as
- C -
— BCe (XPOAPN e) (Tnx) = BZoN (XFOAFN x) .
Using this, we get the following expression for the hypermultiplet fermion’s Lagrangian

£ = (x¥x) + ((°Dox) — 38 (FMVAe) (XTTarnx)

— iquN (XI‘OAFN)() — (XI‘Oum) AK™.

It is easy to verify that the contribution of third term in eq. (C.42) is
(ef‘MNAe) (XFOI“MNx) = (ef‘MNAe) (xFOFMN)g) .
The last term in eq. (C.42) gets contributions from
AK™ = —2iuv™Ay, for m = 4,5,6,7.
Using the completeness property for pure spinors and that eAx = 0, we get:

— (XFOV'") AK™ = ipBo™ (XFOFNAx) .

(C.41)

(C.42)

(C43)

(C.44)

(C.45)

This and the second to last term in eq. (C.42) can be combined using the identity eq. (C.38). After all the

simplifications, we obtain the following form for the Lagrangian of the hypermultiplet fermion with eight

supersymmetries:

1 e S -
o= (xVx) + (XI‘ODox) — -2—[3 (eFMNAe) (XFOPMNX) + 2ipBuN (XFOFNAx) .

The chiral multiplet fermionic part with four can be obtained by similar computation:

3

Lhm =Y (xe¥xe) + (xel[6, xe) — %5 (ffMNAé) (xeI°T 37 5 xe)

=1

+opB (2iva (XiFOFNAXZ) + Xz’AXl) :
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~ Degeneracy of harmonics on 5*

The spectrum of the Laplacian and the degeneracy of symmetric traceless tensors on 5% is given in [69]. We
summarize the results for scalar and divergence-less vectors here for completeness. Scalar harmonics are
labelled by the eigenvalues of the Laplacian on the sphere, with the eigenvalues and the degeneracy given

by:
2k+d—-1)T(k+d—1)
T (k+1)

V2Yk = 4% (k+d—-1)YE,  Di(d,0) = (D.1)

Divergence-less vector harmonics are also labelled by eigenvalues of the Laplacian on the sphere which are

different than scalars. Their degeneracy is given by:

ViAk = —4f? (k(k+d—1)-1)4k,  V-aF =0,
k(k+d—1)(2k+d—-1)T (k+d—2) (D.2)
L(d-1)T(k+2) '

Dy (d,1) =

Spinor harmonics on S¢ are labelled by the eigenvalues of the Dirac operator. We summarize results of [70]

here: 5
2l21T (k + d)

"T@L(k+1) B:3)

qufj: = 43 (k’+§) ’tj):ct, Dk (d,+):Dk (d”,

An important degeneracy factor that appears in the computation of the one-loop determinant is the num-

ber of spherical harmonics Yﬁk. Since the spin is labelled by the Cartan generator along the direction of the

vector field v, the degeneracy is different for the case of eight and four supersymmetries. We derive this

degeneracy for the case of eight supersymmetries now.

Consider an S? parameterized as follows:
P

|zi|* + 2F =1, (D.4)
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where z; € C, z; € R and the indices 4, j range ini = 1,..., 12";’—“— and j = 1,...k". We consider the

vector field v™, which acts on the sphere coordinates as
2 — ziei‘z’, Tj — ITj. D.5)

The fixed point locus of this vector field is given by the equation z; = 0,7 = 1, .. . k, which, when substituted
in equation (D.4), leaves a (¥’ — 1)-sphere fixed. For example, in the case of eight supersymmetries we have
o S% |22 + |22)2 + |23]2 = 1 has a fixed S71,
o S% |z1]2 + |22/ + 22 = 1 has a fixed S (two points on the poles),
o S3:|21|> + 22 + 23 = 1 has a fixed S,
e S%: 22 + 2% + 2% = 1 has a fixed S2.

So in the case of eight supersymmetries the action of the vector field leaves an S*~¢ fixed. In this parametriza-
tion, the scalar spherical harmonics Ynli can be written as polynomials in the variables z;, z; and ;. To con-
struct a spherical harmonic of level £ and “charge” m, we assign charge +1 to z;, —1 to Z; and O to x;. Thus,

the top spherical harmonics can be written as:

Ykk ~ 2§, Zig -+ - Rig, (D.6)
with the degeneracy given by:
k4 d=kE1l g I(k+d—2)
Nig = 2 = : D.7
Fd ( k ) T(k+ 1)I({d - 2) (DD

In the case of four supersymmetries, vM leaves an S2~¢ fixed, so the degeneracy of the top level har-
monics is:
k+d-1)
Nkd = .
T(k+1I'(d-1)

(D.8)

D.1 Vanishing of top spinor modes

Certain elements of the basis for spinor harmonics vanish identically for m = +k. Here we will demonstrate

explicitly that form = &

X2 =MV YEn: =TV, YEn: +2iBkY e = 0. (D.9)
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We will take the top and the bottom modes of the scalar spherical harmonics to be given by:

Y=z  and Yk =zF (D.10)
where
z! + iz’
=20 ———. D.11
=25 1+ 2232 ®.11)

We will also use the relation between the gamma matrices with the flat and curved indices, given by:
T# = (1 + 228%)0%. (D.12)
Now, the first term in equation (D.9) becomes:
THV,Yin, = [2,6’k(1“1 D2yl 982k sz] Tt (D.13)

whose first term can be expanded to:

(T + T2y, =T (f*e + z'fy) [(r1 +ily) + B(Ty + il)z - fA] S — (D.14)
V1+ B2z?
Note however that:
(fﬁ + if7)(F1 +io)es = [f‘ Iy — 1:'7F2 + i(fGI‘2 + f7F1)] €5
= (Fﬁ] — F72F1267 + i(F62 + F71F1267)] €s (D~15)
=0,
where we have used that ''267¢, = €. This result implies that:
(D + il7)(T1 +il2)TarAes = 0, for M £ 1,2. (D.16)

Thus:

1

2
V1t 5 (D.17)

(I + Ty, =To (f‘g + if‘7) 8 [(ar:1 +iz?)Aes + i(z! + ia:Q)I“Oes]

= —2iB(z" +iz?)(T¢ + il7) - i

it P
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Let’s proceed to second term of equation (D.13):

z-Tny =z - TTo(Tg +il7)(1 + Bz - TA)——
1+ B222
= —LTo(fs + i) A(Be - FA - f20%) ——2__ (D.18)
B V1+ p222? '
1 = €
= +=i(Dg + il'7)(Bx - TA — f%2?) —.
3 (T's 7)(8 B z?) T e
Combining our results for the two terms of (D.13), we get:
k [—m(l + 228%)([g + iT7) — 2iB(D + iT7)(Bz - TA — 32x2)] s 2iBk(Ds +1il7)e
1+ f2a?
(D.19)
which finally implies that
MY Y, = 0. (D.20)
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