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We propose a method to design bifunctional acoustic lens using acoustic metamaterials that
possess separate functions at different directions. The proposed bifunctional acoustic lens can be
implemented in practice with subwavelength unit cells exhibiting effective anisotropic parameters.
With this methodology, we experimentally demonstrate an acoustic Luneburg-fisheye lens at opera-
tional frequencies from 6300 Hz to 7300 Hz. Additionally, a bifunctional acoustic square lens is
proposed with different focal lengths for multi directions. This method paves the way to manipulat-
ing acoustic energy flows with functional lenses. Published by AIP Publishing.

[http://dx.doi.org/10.1063/1.4978689]

Metamaterials are composite structures composed of
periodic or quasiperiodic subwavelength unit cells, which
have shown extraordinary wave properties beyond natural
materials.'™"* This concept was first suggested as optical
devices to control the propagation of electromagnetic fields,
and then extended to acoustics, due to the fact that the
dynamical equations in both cases, i.e., electromagnetic'™’
and acoustic waves,” ' have a similar relation with proper-
ties of the associated context environment. These similarities
pave the way for exploiting the acoustic analog of interesting
electromagnetics phenomena. The key to design both optic
and acoustic metamaterials lies in the design of effective
material properties. !4 Until now, acoustic metamaterials with
extreme anisotropy,® negative mass density and bulk modu-
lus,ls’16 enhanced absorption,”’18 etc., have been designed.
Synonymous with electromagnetic waves, novel devices can
also be realized in acoustics like invisibility cloaks,lg*23
acoustic absorbers,!! and gradient lenses. 22427

The refractive index of gradient index lenses (GRIN
lenses) changes continuously in space following a specific
function.”® A number of GRIN lenses have been proposed
theoretically to perform different imaging effects in geomet-
rical optics such as Luneburg lens,” Maxwell-fisheye lens,*”
Eaton lens,31 etc., which are widely used in optical informa-
tion processing and communication applications.’*?
Extending the design of optical devices into acoustics is an
interesting scientific concept. The acoustic Luneburg lens,
focusing the incoming acoustic wave on the edge of the
opposite side of the lens, has been realized by aluminum col-
umns arranged in a cylindrical shape.** However, the GRIN
lenses designed previously can only work for a single func-
tion. A combination of two different functions in a single
device will provide more flexibility in practice. Although a
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planar bifunctional Luneburg-fisheye lens made of aniso-
tropic metasurface has been proposed in electromagnetics
for surface waves,35 a bifunctional lens that works for acous-
tic wave is still elusive.

In this paper, we propose a method to design the bifunc-
tional acoustic lens which combines two different acoustic
lens functions in a single device. The bifunctional effect is
achieved by controlling the anisotropic refractive index distri-
bution using structured acoustic metamaterials. Simulated and
experimental results show that the designed lens can effec-
tively achieve two different functions: Luneburg lens in the
horizontal direction and fisheye lens in the vertical direction.

We first describe the principles of designing acoustic
Luneburg-fisheye lens. Luneburg lens®® is a kind of GRIN
lens, as shown in Figure 1(a), which focuses the incoming
plane wave to a point on the edge of the lens. It has a circu-
larly symmetric refractive index distribution with the index
of refraction n changing gradually according to the relation

n(r)y=4/2— (r/R)*, where R is the radius of the circle and

r is the radial distance from the center of the circle. A
Maxwell’s fisheye lens,30 on the other hand, is a kind of
GRIN lens that can focus the wave from a point source on
the edge of the lens to another point on the opposite edge of
the lens, shown in Figure 1(b). It also has a circularly sym-
metric refractive index distribution with the index of refrac-
tion n changing gradually according to another relation
n(r) = no/(l + (r/R)z), where 7y is the maximum refrac-
tion index at the center of the lens, R is the radius of the cir-
cle, and r is the radial distance from the center of the circle.
Owing to the inhomogeneous refractive index distributions
of both lenses, it was extremely difficult to combine these
two lenses together in one single device using natural materi-
als. However, the problem can be solved by using acoustic
metamaterials with anisotropic acoustic parameters.

Published by AIP Publishing.
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FIG. 1. (a) The refractive index distri-
bution of Luneburg lens. (b) The refrac-
tive index distribution of fisheye lens.
(c) The ray tracing of the bifunctional

Figure 1(c) shows the ray approximation diagram of our
proposed bifunctional acoustic lens. The lens behaves as a
Luneburg lens in the horizontal direction for the point source
located on the left side edge. As the ray propagates to point
P, the direction of the ray changes to the angle of 0, referring
to the horizontal axis. Along the 0, direction, the required
effective refractive index of propagating wave is n;, sub-
jected to the refractive index equation of Luneburg lens at
point P. Similarly, the lens behaves as a fisheye lens in the
vertical direction for the point source located on the top side
edge. As the ray propagates to the same point P, the direction
of the ray changes to another angle 0y away from the hori-
zontal axis. To satisfy the ray trajectory in the lens, the
required effective refractive index 7, along the ray direction
0r should also satisfy the refractive index equation of fisheye
lens at point P. Combining these two requirements together,
the effective refractive index at point P should be anisotropic
with n; along the 0; direction and ny along the 0, direction,
simultaneously, instead of an isotropic refractive index.

Acoustic metamaterials with anisotropic densities can
meet such a requirement. Suppose a metamaterial unit cell
has relative density of p, along the horizontal direction and
py along the vertical direction, while the relative bulk modu-
lus is By and isotropic, the anisotropic refractive indices of

such a unit cell will be n, =+/p,/Bo and n, = ,/p,/Bo.

When the ray incidents onto this unit cell with an oblique
angle 0 with respect to the x axis, we can rotate the x-y axes
counterclockwise by the same angle 0 to form a new coordi-
nate system, denoted by u-v axes. The rotation can be
regarded as a coordinate transformation as follows:*

u=xcosf+ ysinf
{ ’ ()

v =1ycosf — xsin 6.

The refractive index tensor in this new coordinate system
can be obtained,

Ny = Ny cos? 0 + ny sin” 0
Nuy = Ny = (Ny — Ny) COS 0sin 0 )

My = Ny cos? 0 + n, sin’ 0.

lens after combining the Luneburg and
fisheye lenses together. 0; and 0, are
the propagating angles at the same
point for the Luneburg lens and the
fisheye lens, respectively.

For the point in our bifunctional lens where the ray is propa-
gating with an oblique angle 0 with respect to the x-axis,
namely, along the u-axis, the effective refractive index of the
ray will be n,,. Since there are two different angles 0; and 0y
at the same point, respectively, for the Luneburg lens and
fisheye lens, the refractive indices of n, and n, should be
chosen to make the effective refractive index n,, approxi-
mately the same as the refractive index equations for the
Luneburg lens 7; and fisheye lens ny at the two different
angles at that point, respectively, as shown in the following
equation:

3

nycos? 0, + ny sin? 0, = n

7, cOS> Of + ny sin’ O = ns .
It should also be noted that, from Equation (2), there exists a
cross-coupling factor n,, between the u-v directions. This
coupling term can be diminished by forcing n, and n, to be
approximately identical.

Sequel to the design principles of anisotropic refractive
indices, we propose a physical structure to verify the effect of
our Luneburg-fisheye lens. The unit cell of the lens is shown
in the inset of Figure 2(a), which is a cross-shaped structure
made of a sound hard material placed in air. The periods of
the unit cell are /{ =5.7mm and /, = 7.6 mm, while the
width of the cross line is d; = 0.8 mm. By changing the
lengths a; and a,, the anisotropic refractive indices can be
controlled and have the ability to cover the parameter space
calculated from Equation (3) at the working frequency around
6800 Hz. In Figure 2(a), we calculate the effective refractive
indices from reflection and transmission coefficients”’ of two
typical unit cells. It shows that this cross-shaped structure can
effectively control the anisotropic effective refractive indices
with a large tuning range. It should be noted that the cross-
shaped structure is a resonant structure with the resonance
frequency higher than the operating frequency in this paper.
So all of the refractive index curves are dispersive. However,
within the frequency range 4000 Hz—8000 Hz, the structure
with larger a; and a, (with lower resonance frequency) has a
stronger dispersion compared with the one in a smaller size
(with higher resonance frequency). Figures 2(b) and 2(c)
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show the distribution of refractive indices for the unit cells of
the experimental structure.

The 2D schematic diagram of our designed bifunctional
Luneburg-fisheye lens, which is composed of 296 unit cells
with 74 different dimensions, is shown in Figure 3(a). The
designed lens is fabricated using DSM Somos® 14120 photo-
polymer by a 3D printing method. The polymer behaves as a
sound hard material in air background. The cross-sections of
unit cells in the fabricated prototype are in the same shapes
as in Figure 3(a) with the height of each unit cell to be

micrc\)qphone | plane

; waveguid
2D mot waveguide

speaker

FIG. 3. (a) Schematic view of the bifunctional Luneburg-fisheye lens with
the cross-shaped unit cell structure. The whole lens is composed of 296 unit
cells with 74 different dimensions. (b) The experimental setup for the mea-
surement. The top right inset is the prototype of the designed device.
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FIG. 2. (a) Dispersive refractive index
of the cross-shaped structure. At the
frequency of 6800Hz, the effective
properties of the unit cell are n, = 1.05
and n, = 1.05 for a; =2.2mm and
ay = 2.3mm, while n, = 1.41 and n,
=2 for a; =54mm and a, =5.9
mm. (b) Distribution of n, for the prac-
tical structure. (c) Distribution of n, for
the practical structure.

40 mm. The measurement is performed in a plane waveguide
and the experimental setup is shown in Figure 3(b), while
the prototype of the designed device is also shown in the
inset. The signal is generated by a speaker (which is approxi-
mate to a point source) at 10 mm away from the lens. The
wave passes through the lens, gets scanned by a microphone
and is then sent to an oscilloscope and a computer. The scan-
ning region is a rectangle of the size 10cm x 12.5 cm.
Figures 4(a) and 4(b) show the simulation results for
two different incident directions at the frequency of 6800 Hz
which are performed using finite element methods with
COMSOL MULTIPHYSICS 5.0. The structure and the
material parameters are the same as those mentioned in
Figure 3. The point source is also placed 10 mm away from
the lens and the incident pressure field excited by the point
source located on the left is converted to the plane wave on
the right through the device shown in Figure 4(a), while in
Figure 4(b), the wave from point source located on top of the
lens is converted to another point source on the bottom of
the lens. We also verified the performance with the experi-
ment. The measurement region is shown in the dashed box
area in Figures 4(a) and 4(b), while Figures 4(c) and 4(d)
show the measured acoustic pressure fields at the same fre-
quency after the wave propagates through the designed lens
in two different directions, respectively. The experimental
results show good agreement with the simulated ones, vali-
dating that our designed acoustic metamaterials possesses the
required anisotropic refractive indices and our bifunctional
lens works well as predicted. To quantitatively illustrate the
performance of our lens, experimental data of normalized
pressure amplification along the line from x = 90 mm to x
=190mm at y =0mm for the point source excited on
the left and the line from y =90mm to y = 190mm at x
= O0mm for the point source excited on the top are shown
in Figure 4(e). At a frequency of 6300Hz, 6800Hz, and
7300 Hz, the measured pressure field maintains as a plane
wave for a point source located on the left while scatter as a
point source for a point source located on the top, which also
demonstrates the broad frequency band of our device.
Additionally, by utilizing the same method, we also pro-
pose a bifunctional square lens which has different focal lengths
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FIG. 4. Simulation results (a) and (b) and experimental results (c) and (d) of
the bifunctional Luneburg-fisheye lens. The point source is 10mm away
from the lens at 6800 Hz. (a) Pressure field of a point source put in the left,
the lens behave like a Luneburg lens. (b) Pressure field of a point source put
in the top, the lens behave like a fisheye lens. (c) Measured acoustic pressure
field of the region in (a). (d) Measured acoustic pressure field of the region in
(b). (e) Experimental data of normalized pressure amplification at y = 0 mm
of (c) which act as Luneburg lens and x = O mm of (d) that act as fisheye lens
at the frequency of 6300 Hz, 6800 Hz, and 7300 Hz.

for different incident directions. As shown in Figures 5(a) and
5(b), the refractive indices of the square GRIN focal lens are
changing along the direction transverse to incident axis,
which enables redirection of incident wave trajectories inside
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the lens. In Figure 5(a), the refractive index profile of the
square GRIN focal lens'® is n(y) = nosech(ay), which gives
a focal length of f = n/20 for rays incident from the left.
Here, ny is the refractive index along the x-axis and « is the
gradient coefficient. Similarly, as shown in Figure 5(b), rays
incident from the top into a square GRIN focal lens will have
the refractive index profile in the form of n(x) = npsech(ox).
By varying the gradient coefficients, the focal length of the
GRIN lens can be adjusted. In Figures 5(a) and 5(b), we
choose the focal lengths in the two directions to be f = 1/2
and f =1, respectively, where / is the side length of the
square GRIN lens. With the same method used for designing
the Luneburg-fisheye lens, we can combine these two square
lenses using anisotropic acoustic metamaterials. Figure 5(c)
shows the schematic diagram of the bifunctional square lens.
It is composed of 432 unit cells with 108 different shapes.
The unit cell is an H-shaped sound hard structure at the center
of the air background. The period of the unit cell is the same
as that for the previous circular lens in Figure 3 and the width
of the H-shaped line is d, = 0.4 mm. By adjusting the lengths
b1 and by, we can also control the anisotropic parameters to
satisfy the required refractive index tensor for the bifunc-
tional square lens.

Simulation is also performed at the working frequency
of 6800 Hz to verify the performance of the designed bifunc-
tional square lens and the results are shown in Figure 6. In
Figure 6(a), a plane wave is incident from the line source on
the left of the device. The acoustic wave focuses at the center
of the lens and diverges out of the lens as a plane wave again
as predicted in Figure 5(a). On the other hand, when the line
source is at the top of the device, the acoustic wave propa-
gates in the device and focuses at the bottom side of the
square lens, as predicted in Figure 5(b). The results show
that this bifunctional square lens can also work effectively as
designed.

We have combined a Luneburg lens and a fisheye lens
into a single device using non-uniform anisotropic acoustic
metamaterials. A bifunctional acoustic Luneburg-fisheye
lens is designed and experimentally verified. A bifunctional
square lens is also designed and the simulation results show
good agreement as predicted. Our design method can be
used to combine many other lens types to design different
bifunctional lenses in acoustics.

FIG. 5. (a) The refractive index distri-
bution and the ray tracing of the square
lens. Rays incident from left to right
and the focus point is at the center of
the lens. (b) The refractive index distri-
bution and the ray tracing of the square
lens. Rays incident from top to bottom
and the focus point is at the edge of the
lens. (c) Schematic view of the bifunc-
tional square lens with the H-shaped
unit cell structures. The whole lens is
composed of 432 unit cells with 108
different dimensions.
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FIG. 6. Simulation results of the
bifunctional square lens. The line
source is at 15 mm away from the lens.
(a) Pressure field of the line source put
in the left, the plane wave focuses in
the middle of the lens and diverges to
be a plane wave on the right side of the
lens. (b) Pressure field of line source
put in the top, the plane wave focuses
in the edge of the lens and behaves like
a point source from the bottom side of
the lens.
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