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Abstract

Calendering is the term applied to the process of rolling bulk plestics
into sheets. This process is widely used in industry for the production of
plastic sheets and linoleum. In this process as well as any large-scele
industrial prncess there is always the desire to hrve a glven plece of equip~
ment produce the largest amount of its product possible. For this renson
an enalytical approach to the problem scemad useful,

A study of the flow of an elcstic-viscous materinl thet is being
calendered is undertaken. The solutinon of this problem is known for the
case of a viscous material, Advantage is taken of the viscous solution to
predict the behavior of sn elastic-viscous materinl whose properties are
"almost" visccus. The problem is broken into two parts, as follows:

1. A stress-strain rate equation is chosen that can give sulteble
predictions for simple types of flows while reanining sinmple
enough to wor with. This equation is given telow.

. Si; . S¢j
(/1rak)éy= 2x * 2o

J‘= secor’ invariant of the strein rate tensor

eg' = strain

:%I = reduced stress
p= viscosity

G = shear modulus

a = parameter selected to match material in question

2. An approximate solution of the calendering problem is obtnined and
calculated results are given to determine the effact of several
parameters. (A formal perturbetion solution is given in the Appendix.)
This solution indicetes the effect of elasticity on the calendering of

a meterial which is very close to being viscous. This solution can be
used as a guide in selecting suitable speeds of operation for calendering
when the material to be calendered exhibits elastic as well as viscous

bahavior.
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Title: Professor of Mechanical
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INTRODUCTION

Calendering is the term applied to the process of rolling bulk plustic
into sheets. The process finds wide application in such industries as the
mznufecture of linoleum and the production of plnstic sheets. A diagrau of

the process is chown below.

roll

N
7

§ sheet /eaving

bulk rolls

The bulk material that will be considereéd in this thesis is a2 heated plastic.

The properties of this heated plastic are those of an elastic-viscous material,
From a manufacturing point of view the speed of production from a set of

rolls should be the meximum alloweble for the production of a sufficiently

high-quality sheet. One primary factor controlling the speed of manufacture

1s the force exerted by the material to force the rolls apart. The smaller

the force is between the rolls, the lighter the rolling equipment may be.

To decrease the force between the rolls the material nmey be heated (therehy

reducing the viscosity of the material). In order that the material may

retain its shape after rolling, the rolls are cooled.
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If the material is above some temperature hen it enters the rolls, one
of two undesirable things may heppen. The materinl may blister below the
surface of the rolled sheet; this leaves an undesirable appearance and 1s not
acceptable. The other thing that may happen is that part of the sheet may

tear away from the rest and stick to the roll as shown below.
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Both the blistering and tearing 2re the result of a comnon cause. This is
the fact that the energy dissipated and the cooling acecomplished in the
rolling process produces a non-unifora temperature distridution across the

shzet. Professor M. Finston* has shown that for a viscous material, taking
into account the thermal conductivity, the position of the peak temperature
of the sheet leaving the rolls is under the surface of the sheet. This
expleins both tha blistering and peeling phenomena.

The groundwork for the calendering problem was laid by Dr. R. K. Gaskelltt
in 1950. Dr. Gaskell considered both Newtonian and non-Newtonian materinls
for the case of viscous flow neglecting momentum changes. The boundary
conditions Dr. Gaskell used were that the velocity of the materisl in contact
with the rolls be the same as the velocity of the surface of the rolls (1.e., o
slipping between roll and material ) and that the velocity profile of the
material leaving the rolls be uriform. For the Newtonian material Dr. Gaskell's
result was that the velocity profile was comnosed of 2 uniform velocity equal

to the roll surface velocity plus a parabolic distribution that disappeared

"k
Reference 2 Reference 1
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at the surface. Let Vo be the roll surface velocity, K the position

along the passage and ” the distance from the center of materinl to & general.
noint of the material.

Thens 8

— %
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velocrty of (Ay) = Vot k) (1 ",ét)
I veloci ty at (%,
o :9 f;L U» = — gk(«}}%z

where #g 1s the distance from the center of the material to the surface of
the roll ( Y4 is a function of X ) end Afg)a function of & determined
so that there 1e& equal msss flow across each section. The sheer strain rate
(and shear stress as well) are linear functions of ” for a prescribed vclue
of ¢ . The material is teken %o be incompressible. Dr. Gaskell determined
pressure distributions as well, considering normal stresses large as compared
to shear stresses.

Professor M. Finston* extended Dr. Gaskell's solution by allowing the
viscosity to be a fu.nétion of temperature. Professor Finston corried out a

perturbation solution around constant viscosity, that is, he alloved only

Reference 2
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small variations of viscosity. Let g be viscosity at temperature T

and ¥4, viscosity at temperature 7: then Professor Finston's viscosity-
i temperature felation may be written as the following,

2=% (/- 5(Z72))
7o

He then carried out a heat transfer solution of this problem. Professor
Finston determined pressure, shear stress and velocity profiles as well as
temcerature distributions. The prediction of the point of maximum temperature
in the crossection from Professor Finston's calculation agreed very well with
the position of blisters formed in actual experiments. Professor Finston
considered normal stress in each direction ~t & point to b« equal, an
incompressible material and he neglected momentum changes.

In 195% Professor G. F. Carrier. discussed the determination of the
temperaturas distribution of the calendering problem, after the velocity profile
and pressure distribution are obtaired. This work involves the manipulation of
the conservation of energzy equation to obtain a suitable approach to the heat

transfer aspects of this problem.

The results obtained by Dr. Gaskell and Professor Finston compare favorably

with experimental results, except in the cese where the mnterial exhibits
elastic as well as viscous behavior. This thesis was undertaken as an attempt
to shed light on what happens to an slastic viscous meterial when the material

is calendered. A stress strain relation is chosen that gives suitable results

5 for some of the simpler tests and an epproximate solution ig carried out for

the calendering process.

*
Reference 3
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ANALYSIS

Determinatinn of a Stress-Strain late Xquation

In order to obtain a result sultable for engineering purposes for a
problem of the sort treated here it is often necessary to make simplifying
assumptions regarding the behavior of the material and the geometry of the
problem. The first such simplification to be encountered here has to do
with the stress—strain law to be used. To describe the tehavior of an
Hookean-elastic, Newtonian-viscous mat~rial one might heuristically procred

2s follows for an incompressible material.

Let ©¢j = strain = (d«" ‘.)
J
- '“
vhere uig displacement in ¢  direction
and X = ‘:” cartesian coordinate.
Also let S‘°= reduced stress = " - &J

where G--._. stress ; ‘.QJ.
O %y
and =—§-(0'..+aa,_+o§,)=—p,

Other notation used:

é' ¢ = Kronecker delta =

= time

G:.- shear modulus

?: viscositys

Then calculating elastic and viscous strains separately one obteins:

en ) = Si @
( 9)9/03'& eG Rooke's lav

2
en ""Eza '*ea_g =0 ( )




and (e )viscous = —g? (3)

€, 1Ce1tE33 =0

Newtonian Viscous Material.
(4)

Taking the time derivative of equation (1) yields:

{éGJ) elastic & -és—é‘..

Tow since the strain rates add linearly, one writes

(e‘:j)elastic -f-(é’c;,’)viscous = (€totar (5)
. . ‘. - S(‘ -
and, tnerefore, oo 248 + =5, (6)
€= 2t 28
A materiel which satisfies the stress-strain equation (6) is
called a Maxwell material. DBefore discussing the physionl interpretation of

equation (8) two remarks ore appropriate. first

. da‘ ( 7] da .
Q4 233 ( ) a7t Ao
where u‘ a' = L component of velocity

. duc , J
and, therefore, et. 2 d/x: alﬁx)‘.). (7)

The second observation is that the stress-strain law intrinsicslly relates
tne deformation (and its rates of change) to the stress acting on a given
sample of the material, that is to say, it is the Lagrangian stress vhich nust
appear in the basic stress-strain law. However, in one flow problem, the

stress one must discuss is the Eulerian stress. This implies thet althout,h

a(s%)

the S;‘J' of equation (6) is merely the partial derivative 3}-‘ where S
is the Lagrangian stress, it can be anticipated that the corresponding operation

on the Eulerian stress will be umore involved. The determination of the correct
[ ]

form for Sghas been discussed by Fromm (4,5) and the following equations

are cerived by him:



where w;,j ‘:é(%%lz - %%?}.): rota*ion at a point

“ " — .ﬂdoordinate

?5;&3 oy 3%"6"!& 0 ye
ﬁ/ 2 - 038 Oxae —-20x 9 ~-Onxce

Oyt ~Gpa o
= :26.“‘ ~Spe  Tua Oy
%I %3 Q 6'«8
G m"J 20ea
and
‘17r' = ° ts}ldt "O:Q:'
23 Ox g 20y ¢ Gegu-Cyy

-G
't, O 3 -5-.” - 205 2
A simple example will show that the rotation of the element must be

taen into account. A bar sudjected to a constant uniform tension in the
X - v plane is rotated at constant angular velocity e,x,aﬂw (see sketch

below). The stress dno¢ not 1eprend crn time, therefore, the time derivative

of the stress tensor is zero. This may be computed as follows:

L

Oxe = %(i"’ eoe 2e )
Ty y =L (1~ ew2wt)
x 0‘«3, = % (S 20 £ )
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Thus, as expected, the rotation of an element of material must be taken into
account in the time derivative.

One method of considering the physicel interpretation of eguation (6) is
to determine what results are predicted by the equation for several simple
problems. If the results predicted by equation (6) are in accord with what
one expects for the simple cases, one may hope that reasonable results can be
obtained for more complicated cases that are not so easily substantiated by

experiment. Three cases are considered below.
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Case 1. Consider o bar with a constant unifora uniaxial tension applied in
the direction.

In this cnse:

Cxx ©O o
e;= § © —fe o
o O -f{e€ar

Sij= o0
and, therefcre, é G’X&
3‘(

This case degenerates into the viscous crse which is parfectly reasonatla.

Case 2. Consider a bar on which is imposed a praccribed unifor:a uniaxial
strain in the ¢ directicn at Z= @. The problen ie to find the veriation

of stress with time.

For {}01 é{l-ro and %: function of time only. All other stress components

are zero.

YMow

or -36—:"}-+-é—0'«a=0.



14.

Solving the equatisn with the initial condition that 6'«&‘ GMO at f l'o*
7ields:
Z
Can = Taa. e 6 (10)

This result shows that the stress decreases exponentinlly with tize, a

situation which one might expsct.

L ]
Case 3. The followiny case is due to H. Fromm. Determine the shear-

TN Tt T St N 2 2

strass versus rate—of-strain curvs for the shearing of the naterinl between

two infinite parallel plates in o steasdyv process.

;‘:
|
:
b
i

o ZOhliiginy

Because of equilibrium the shear stress and the shenr-strain rate are uni-

fora throughout the material, thercfore, wve may define the following:
E%x,‘ =0, ¢?=La‘=<9‘, Cgx=0
ea! =0, e 0

éaa =i&' = wma.

Reference 5



A plot of ?ﬁs versus n r is shown in Figure 1. The questioneble point of

G G
thls result 48 that the shear strese rerches a maximum for a finite ghear
straln rate and that each sheor stress below tus maximum is nseocinted with

two strain rates. This result is not in accord with what one expects

e e i 13

based on the availabdle experimental data. To aliminate this difficulty one
might assume variations in viscosity or shenr medulus with strain rate or
might alter the stress-strain equation. This result would not be too
disturbing if one knew that tho shear strein rates would be sufficiently low
so that the cnlculnted shear stress would not rench the neak indiceted in
Figure 1.

Unfortunately, for the calenderins oroblem the primary interest is ton

be focused on shear stress and ehear sirain rete close to the surfocs of

A . e e B A AN

the material, The shear-stress and shear-strain rates are highest at the

»
{
i
.

surface of the material as it is being calendered. I2 ecumtion (6) could
be modified to overcome the difficulty encountered in case threa without
unduly disturbing the results of cases one and two, then one might hope that
the result obtained by the modified equation would be representative of the
physical picture.

In modifying equation (6) care must be exsrcised not tc ~lter the
equation in such a way that if the equation were transformed to another
Cartesian coordinate system a',g', i’ that the meaning of the equation
would be changed. In other words, these equations are for an isotroric

~material and should not change meaning when different Cartesian coordinntes
are used. The most obvious way to modify such an equation is by use of
invariants of either strain or stress. For the problem to be considered in

this thesis the following stress-strain rate relation was chosen:
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. _ S‘:. S...
(/*Q\Z)efj“ —2';’ 2‘%‘ (12)

where J;. = second invariant of the strein rate tensor
[ ® S [ » t o
= -L[(eq« )a'l'(e:a) 2 (el-i)y* (e'xg)#(ea:x} t+ (?yi)"
and Q. = an arbitrary parameter.

In order to demonstrate the meaning of equation (13), the results of cases
one, two ond three are given below wherr equntion (13) hes replaced equ-tion (6).

Case 1.

o = (1Pl e

T™is equation is plotted in Figure 2 for various values of .
Czse 2. {
O'.x* = O'/xQ.e "VG, (same result as with equntion (€)).
(15)

This equation is plotted in Figure 3. The equetion is independent of Q.

Case

0’?‘%'3] (s) —gﬁ:@l = [/*§(f/:][6d (17)
G /-f[a,]t é 6 /*[60‘]‘

Bguations (16) and (17) are plotted in Figures 4 end 5 respectively for
various ratios of ’596'; .

Figure 4 shows that by manipuleting the parameter (A  in equation (13),
the shear stress-strain rate curve can be edjusted to be in better accord

1.8 -+ §
with what one would expect. Reasonable values of n‘yeg would be ;!-7&7 o .

2 should be adjusted to agree with the material under coneideration.
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Experiments show that & could be adjusted to be in good rgreement with
many materials (see example reference 6 whern curves are given for non-
vulcanized rubber or reference 7 where rasults are shown for a 35% polystyrene
solution)., Before the stress-strain equation (equation 13) proposed here is
used for a specific case results of éeveral tests should verify the suitability
of this equation. The experimental results of the threae cnsrs considered above
should furnish sufficient data to judse tha sultability of equntion 13.
Txperimental investigatlions require great skill to avoid serious errars, for
example, when concentric cylinders are rotated with raspect to each other with
the meterial to be tested betuveen the cylinders there is a strong tendency for
slip betwean the material and the cylinder. In the c-se of concentric cylinders,
roughi ng of the cylinder to prevent slip often requires irregularities j= the
surface large enough to disrupt the flow pattern which invalidates the test.

If a material and geometrical configurantion are chosen 30 that
.’.Gz_(e‘-‘-)<< | (where @gis 2 choracteristic strain rate of the systenm)
then by referring to Figure 2 or equation (14) one may see that the results
are substantially unchanged. The cases to be considered for the calendering
process fall into the class of materials and geometry where % Ece

is small compared to one.




le.
SOLUTION OF CALENDERIRG PRCBLEM

Having chosen & suitable stress-strain rate equation, the calendering

problem may now be considered. The following notation will be used:

& aﬂ 'xo
t‘. ey |

w4 '
Lo £ﬁh’ | i
¥ ' | J X
Uy 7 7 /7 77 ;

=
R

“‘ i1s the roll surface velocity.
Ko ls the valus of x whera the meterizl leaves the rolls.
1‘ is one-half the minimum gap between the rolls.
{@ is one-half the thictmess of the she=t at various values of x.
U 1is the component of velocity in the x direction.
¢~ is the component of .eloclity in the y direction.
R is the radius of each of the rolls.
The subscript o refers to specified velocities or distances.
A complication that immedintely precsents itself is that the value of
X gmust be erbitrarily prescribed. The real condition to be applied here is
that the material leaves the roll when the stress pullins the material away
from the roll equals the adhesion between the roll end the material. The
determination of _:gomust be left tn experiment as the present strtus of the
theoretical work does not allow 2 theoretical prediction of the position of

the material leaving the rolls. Approximate velues of X, have been reported

»
by Dr. L. E. Gaskell as follows: J"— 2“
Zo=V 2

This value of _Jg.ma.kes it possible to determine solutions for comparative

*
In reference 2 Professor M. Finston mentions values of x which were contained

in & summary report to the Armstrong Cork Company by Dr. R. E. Gaskell. ‘e
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purposes by 2 more preclse value of X, would be required for an ectual
specific problem.
This solution assumes os both Dr. faskell's and Professor Finston's
solution do, that there is no slipping tetween the material and the rolls. One
anticipates that this solution will be simular to Dr. Gnaskell's and Professor
Finston's solutions so that normal stresses will be loarre compared to shenr stress.
This meana that moderate values of the coefficient of friction (less than
1) will provent slip betwveen the roll and material.
Now it is possible ton deduce certain important results from the geometry
of the calendering process. The solution will be restricted to configuratione
that comply with the following restrictions (most nctual calendering processes
will be included in the solution).
1. The thickness variation (2({0’.)-2"))18 of the order of
magnitude of the minimum thickness (zd) This means that #ﬂ‘z is of
no higher order than ons. t °
2. The pessace length é;zm) is long compared to the thickness 2 to
3. The axial length of the rolls is lung comnered with the length of
the passage é’:Zox‘). This permits the approximation of plane strain. The
plane strain approximation will be good except at the ends of the roll
(edges of the sheet).

The implications of statement 3 are that:
e “Cyz = €32 =0

S22 =0, £= ~033 = ..0-_*____«21_'5'_13

T‘Xi-:*q%:: 0.
Since en incompressible material has been assumed from the outset, the

velocity profiles at the various sections may be roughly pictured as follows:



Realizing the rough shape of the velocity profile and stestement 1, one may

s¢y thnt ‘M is of order !.7.:1 . In the eguations that
~ay

follow ‘/o -— 0(’) should be read /'o is of the order of f

Yow d_..u.__”a‘ = o = O/ )

and from this the following estrtements may be obtained:

%/ l 6"‘1.. cwhen 4=, 4=, - aud d=Uo of 2=/ )

ag -y = O{Z} (kr fo fv‘wy=o,«¢d/’¢u¢' w=u, ot \(FMJ).

Now referring to the conservation of mass equetion (vritten for an incom-

pressible material):
[ .
558570 o Hlw= i) =0(%):

Umay = 0( ) so ‘H!c‘f g—'!‘mx = /;x_: l!s

From the above order of magnitude study and statement 2 -" ((I) some

Then

cengequences are:

Umax >V Viax ;—5

o
,ﬂv-¥>7€§—-;.lm g,m»az
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The strasses may be anelyzed in a similar way. This solutioen is
intended to bhe for a material ond geometry that exhibit primerily viscous

behavior so that for en order of magniltude study ve may vrite:

T wax =oﬁ$/lmx)= o /" %:)

- [ - . I
and g_}: mM—-— 0(&-&:) (r-O‘OI‘!hK:%l ﬂ'ﬂuq;- d"-‘*"/r"-)

a'Ilm o(r4s) (T-owheng=o, 7Tumx oF 1=y =2.)

The rempining stresses are 6,,‘1-,’ and fca_*_r which reduce to a

single variable in the followine wey:

dx+p = On ~ C'_____miaé'g: 6‘_%__3—6'
Ty +p =Ty -G_T""‘@ = Q-:I;ég"‘

co that
—~ Ox-6;
Ox+p= —(Cyrp) = 25=4,
Both of the stresses QO +40  and G‘\‘, 'l"f are a result of shearing

stresses action on a roteting element for this problem so that one would

antiecipate that:

(d;x'*ﬂ)qu: o(rnax = 0(%’/
0]~ o) o5 %)

and 3’%’“‘”)/.“' = r/h") e 0 N« }

The order of magnitude of G’X "‘P will have to be checked to see if this
condition is satisfied in the solution.

The above equations make suitable simplifications so that an approximate
solution is possible. Before considering the equations, however, there is a

limitation on the stress-strain rate equations. This limitation is that
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% Cic < | (1hnre @¢¢ 18 a characteristic strain rate of the

system). For the calendering problem the following restriction is inposed:

2 aulug'- O(l) go that 'g g.% = O(;:)((I.

The stress-strain rate squations (with the implications of statement 3)

are now written out for examinetion. gg (gg+
2

{7+ S L0l @V 2 (3337 1 fues 349 gr o
(&)
L T %ﬂg)

21 7 -(@'w) 0 +- @y Iz
2 ~I(Cx+p)
(o 2l ¢ °% K2l

5 9 o o

_g_rﬁ) 9t o 27 onty oy

+
d g ‘#”" *“'(a;"’“ OOy 2t o
Q QO o0

Al

The scheme to be followed is that the maximum order of each term in
each stress-strain equation is to be written out and then only the highest order
terms will be retained, thus, leading to simplified equations.

First taking the X/ stress-strain rate ecuation:

£1 v SIS+ (3439 5% = 5
s [w e (sr-gg)erj

The orders of the resnective terms are:

{/va [ @P+ (2 2/} 4 -

+ (5 fo)[ il
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Recalling that Q‘O(Ai), fr: <</ ane (.“GQ %’l:) = a{,}

the highest order terms turn out to be:

du
S )
0= GF-TH o orp=EHT oo

6“-{-* is of the order of 7’ , as anticipnated.

Taking the 7#&X (‘. stross-strain rate ecuation,

£ 31tk i T )
+2G [“6’&?‘*"' +'ﬁ'(£r~g£)(ﬂg-&ﬂ

tne orders of the respective terms are:

x
20

[f/-f a/ (% )-*/3-:)4.6.0-::!47: ]]__9 u._g,)

B ue [ Lo y Lo, Lo Lo _ i‘.?]
+(G 2'0) + Ko Xo Ze-
The highest order terms of this equation turn out to be:

s0+380)% =5 +3LE) @

Substituting equation (19) into equation (20) yields:

(1+ %(5,‘;‘)‘)3‘%5‘-—--,?;” (1+&655)"). @)

The stress—strain rate equations have reduced to the following:

(/-f (3’-‘-‘} ﬂ*%(g‘}) (21)

Yext consider the continuity equation,

ou v (22)
",x + igii - <>o 22
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Thig equation states that when ¢ has been determined then v may be
determined.
The only equations that remain are the eqﬁilibrium equetions. If

kinetic energy terms are neclected these equations may be written as follows:

%%‘+§%=0 (23)

S ri=o

The equilibrium equations mey be simplified as follows:

d‘,’,"“-fg{:a (23)
% _ d(@:: )_,,g;z‘.

™is may be approximated by:

) 4
gA-P - change in pressure along p- ssag_ __—J) 'Yna

2 Xo length of passage o .
(A.Pf is of the order A(Q;”,P),m_.. “;‘f'xo‘

elso ?’-’- %1‘_-

Q)% 0(08+) gg‘_ L ""'E‘) a_r f34)

This may be approximated by:

(ﬂ.ﬁ = change of-facross passage 0{ ) '}'m)
= o

Co width of passage
: y
(‘f) is of the order 4(0%"'/”) ’“‘x -+ % .
Since A(Cgc»f)‘m is of the order 7‘“ one finds that (‘.P)x»(bﬁ),

The above illustrates that the variation of -10 with /¢ 1is much larger than the
variation of _,r with 3 . Now we meke the approximation that

_P == function of /K only = f(“)’ (25)




By disragarding higher order terms in equation (23) one obtains

_g.%’ = {'(«) or T= f’(«)x + Constant.
P=0 when 4Y=0 (from symmetry)e

ond, tharefore,

/
&= {f«)g =7F?%,) (26). Where F= t"‘@")';:;{z). (27)

Sunstituting equation (26) into equetion (71) there resulte tre following:

(/+g'( ))5— Fék)[/ :/ﬁr] (2¢)

At this point the results of this approximate procedure are collected.

(I*%(ﬁ)') g; = FZ%@ [/"g: JJ;).] (ze)
T=yF#) 0  F= ¢(a) ; (e) -

-f7=‘f('t) (25) G‘m+4a=-(¢3+.f) =-'g1";dz‘i. (19)

Oversll conservation of mass yields a further restriction:

t(x) '
/.ua(,-‘-‘ coustaut = wo é(n)- (25).

A numerical procedure moy be set up to solve thcse eguations. The
procedures is as fHyllows: )
s " He I
1. The geometry, speed.% and @k must be selected. _g; -—6— nust

not be of order greater than one.
2. Arbitrarily select a value for F (eguetion 26). This may de
donn, to start with, as a valuec of F occuring in the viscous solution.

ow with this value of F and 2 volue of g’ (chosen arbitr-rily)

equation 28 way be solved. For the selected value of F calculate several

valueg of __ﬂ_ (enough to give a sufficiently accurate curve of _g_g.
+ x) y °
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versus z‘(_“.i‘):ln the region O(Z‘%&J4
"
3. With the ﬂ variation with ¥ for a proscribed Q and
T Z@) 'G

F a numerical intesration uny be started with tha condition thot
(7
A=Uy at ii‘)= / . This dotoraines é—(‘dat every point &long the
section. @ 1s not known yet since é(‘)is unlmown. Since ;9 versus
é%&) is nearly linear (the viscous crse is linesr), the tranezoidnl
rule furanishes a sufficiently accurnte wethod of :numerical integration,
“

4. ===+ N2y now be plotted asninst . If the »rea urder thie
élx) "V P * é(a} ' :
curvz is obtained (by Simpson's rule or some other appropricte u=nns)
then '((d) may be determined (from cquation 29). Une wethod which is

« 7
couvenient and accurate is t» vlot 2'(7” - ﬁt’t) versus ((‘).
is the variation of the vnlocitr ‘*'
L s v profile froa the unifor"a
&n)~ gm

velocity profile. If the area under thez&) é‘(",} versus z-)iq dﬁter—
mined and designated by /J then from continuity (equation 29).
A(tm)*+ 2dbtxc) - 2ctet (@) =0
This quadratic may be solvad for fk) and the value of /K corresponding to
this value of any be determined as -ell.
5. Steps 1 through 4 are carried out for enough values of F to
obtain a sufficiently accurate plot of F versus & . F 18 the
maximun sheer stress for the corresponding values of ¢ so thet 'rlmx
versus iz known. Aiso f{c)in equation (25) may be found as a functions
of /A by using equation (27). A numerical integration nmay te used to
find §{)for "each value of x . The boundary condition to be used is
that £(X)=0 at AX=4,.
The scheme outlined above was used to find the solution of a problem

with fixed geometry, viscosity and speed of rolling dbut with variable (& .
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The numerical values used for the geometry wera:
"
Radius of rolls = 14

atg-':' -IOO“
roll surface speed = /00,.{“: end Ko= 446",

Other parametcrs used were:
u n .o \
?:6 ...dcl’ d'S-JI (of order 1, .
For cach velue of _‘g g—- the following velues of A vere used:
e Ly
a=0,a= "%+, a=25g ,a=9g:-
The results obtained nre tabulated in Tebles I to X. Plote of all

results are shown for A= and ;—:-g:l in Figures 6 through 13. Flots of

gg and 2—?"‘) - gﬁ’") vAaTrsus z?‘-) for F.?W are shown for the é

remaining cases in Figures 14 through 22. The dotted line on the&nmda
curve represents the visccus solution for the same velue of F « Pressure
distributions and 'r max. distributions for the remaining caees nre chown in
Pirures & through 38. Vr~lues ziven in the tables fox the force pushing the
rolls rpart is the force exerted in the passage (—‘X,‘.‘:lx ‘.‘-‘4.) ouly. ©Zor
velocity distridutions and positions in the passage for values of F velow
those tabulatsd the viescous solution is used.
Since -2' %: , O 7;-‘-: and £ are rmall, a perturbation

procedure seeme in order. This is carried out in the Appendix. Unfortunately,

the most conveniently chosen paremeters restrict the solution far aore than

the approximate procedure given in this section.

»
These values are reported by Finston in lieference 2. to be appropriate.
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CONCLUSIONS

Figures 14 through 22 illustrate clearly the effect of replacing a
viscous material by an elastic-viscous materinl of the tyyre considered. The
most important result shown here is the variation in g—‘-‘ from the viscous
case at the surface of the materizl. The indicrtion from theee colculctions
is that 5‘}; varies across the section in o different manner (in wost ceses)
from the viscous crnse. The percent difference between g“; lm for the
slustic viscous case and the viscous case was from 0 to 145 for equal values of
maxiaum sheerins stress. The percent difference dopends on the vnlue of n
and the speed of operation. The percent difference goes up as the spead is
incressed ond down as a in increased.

The difference in variation in 3'; across the section for an elestic-
viscous material as compered to A viscous material expleins the failure of
thwe viscous solution in making suitable predictions rerarding the behavior of
an elastic viscous material. The crlculations carried out are to indicate
how the elrstic-viscous solution varies from the viscous solution. The
approximate method included here certainly indicctes which direction the
variables go from the viscous voriables if a suitnble value of a is xnown.

The results of the approximate solution indicate that the pressurs and
shear stress drop as 0 ie lowered. This 1s because the viscosity is held
constant ond the lowerins of (@ correspounds to a reduction of stiffness of
the ;aaterial. In other words, the material may accomodate a given load by
elrstic as well as viscous deform~tion so that the load neceesary for a pre-
scribed time derendent deformation will in general go down as G decrenses.
Therefore, these results show a slight decrease in %total lateral force vhen

G decreases (maximum dscrease of 7.5% for these calculatione).



The parameter ]?. G is seen to be an important prrameter in this
LS
problem. This 1s not too surprising. 3—,”" and == G are certainly
two najor parameters and the solution would depend strongly on some cowbina-

tion of these since they are related through the stress-strain rate equation.

.5.9 is the order of g?i‘ l mnax.
&o $

The reader should note that this approximate solution does not allow
the determination of the elastic recovery efter the material hns lef* the
rolls.

This solution only includes the solution of the veloclities ond the
stresses., The associated heat transfer problem was not undertaken but for
values of o<4 ‘6!; one would anticipate an incrense of peak temperature
over the viscous cnhse because the maximum shenr stress is lerger for the
elastic viscous material.

This solution should be of use to menufactures who use the calendering
process. The knowledge of how the variables of the problem change when
the materizl hns elastic as well as viscous properties may be used as &

guide in selectins the speed of rolling, the temperature of the bulk to

be rolled ~nd the amount of cooling of the rolls necessary.



30.

BIBLIOGRAPHY

R. E. Gaskell, "The Calendering of Plostic Materials," Journal of

Applied Mechanics, Vol. 17, p. 234, 1950.

M. Finston, "Thermal Effects in Calendering Viscouse Fluids," Journal

of Applied Machanics, Vol. 18, P. 12, 1951.

G. F. Carrier, "Boundary Layer Problems in A plied Mechanics," Advences

in Applied Mechanics Volume III, R. von lises and T. vox Karman, P, 1,
New Yor!:, Academic Press Inc., 1953.

Y, Fromm, "Laminare Stromung Newtonscher und Haxwellscher Flussigkeiten,"
Zeitschrift fur Angewandte Mathematik urd Mechanik, Band 25/27, Seita 147,
1947.

¥. Fromm, "Laminare Stromung Newtonscher und Maxwellecher Flussigkeiten,"
Zeitschrift fur Augewandte Mathemetilt und Mechanik, Band 29, Selte 43-54,
1948.

&. G. H. Ham and A. Van Rossen, "Rheological Proparties of Rudbber in
an-vﬁlcanized State," Proceedings International Congress on Rheology,

1948, p. II-210, New York, Interscience Publishers Inc., 1949.

F. Stainsby and A. G. Ward, "An Absolute Viscometer for Measuring the
Viscoelastic Properties of Concentrated High Polymer Solutions,"
Proceedings International Congress on Rheology, 1948, P. II-108, XNew York

Interscience Publishers Inc., 1949.



3l.

LIST OF TABLES

K

Tebulated values for

I

II

III

IV

-
[

VII

VIII

3

z|\»




Numerical solution of equations 19, 25, 26, 27, 22 & 29

TABLE I

3z2.

R

Yor Q=0 g:g = /7'

F 600 700 800 x | % GEISLL &l
{(x) .0518 0509 | .o0s0z | |-.446] 9190 | 9190 | - 9190

x .218 .162 .080 -.40 9140 | 9130 9140
N 1G&) s GLYBIGR) | |--55| evs0 | 920 | sev0
0 0 0 0 ~.30 8640 | 8610 8660

1 60 70 80 ~.25 8190 | s140 | .230

.2 120 140 162 ~.20 7630 | 7560 | 7690

.3 180 209 na2 ~.15 6970 | 6890 | 7050

.4 240 279 19 -.10 6230 | 6130 | 6320

.5 300 349 400 ~.05 5430 | 5320 | 5540

.6 361 419 483 0 2600 | a480 | 4710

7 221 494 565 .05 areo | 3650 | =870

.8 487 565 647 .10 2960 | 2870 3060

.9 544 636 728 .15 2220 | 2140 2300
1.0 607 708 812 .20 1570 | 1500 | 1630
ENIT LIRSS &N | -2 1000 | 960 | 1050
0 301 352 403 .30 650 | 520 580

1 298 349 399 .25 240 | =220 250

.2 289 338 387 .40 60 80 60

.3 274 324 267 6] o | o 0

.4 253 279 339

.5 226 265 303 i

Lateral force on rolls -4i80~—

.6 193 227 259 sec

7 154 130 206

.8 109 127 146

.9 58 &7 | 7



TABLE II
Tumericel solution of equations 19, 25, 26, 27, 28 & 29

For a=0 gf'g = [/3’

E 300 400 500 600 700 soo'—r
£0n) .0541 .0532 .0524 .0516] .os08]  .o0s01
YV . 340 .300 .258 .212 .150 .046

N5 (s) |554 ) (551 6 ) 155 4 00 65 50 )
0 0 0 0 0 0 0

1 30 40 50 60 70 30

.2 60 80 100 120 140 160

.2 90 120 150 180 211 242

.4 120 160 202 242 283 224

.5 150 202 252 304 55 408

.6 180 242 204 265 430 494

7 211 282 355 429 505 583

.2 242 324 405 495 583 677

.9 273 766 462 562 €63 774
1.0 304 408 517 630 749 P77

N TG T G| R )| e Y
0 151 02 54 307 263 418

1 144 200 252 204 2358 414

.2 145 194 244 295 348 402

.3 137 184 232 280 330 382

4 127 170 214 259 305 354

.5 113 152 192 282 273 217

.5 57 130 164 198 234 272

.7 ™ 104 13 159 187 218

.8 55 73 92 112 133 155

.9 29 39 49 60 71

83U
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TABLE II (continued)

TR Q=0 '§£EI£E:= Vq;’

Y (Lles /!¢ ‘
X |# Cﬂil'}gL.%%é] l..l%i
~.446 | 8980 8
-.40 | 8920 8920 893C
-.35 | 8740 8710 8770
-.30 | 8430 8380 8480
-.25 | 8000 7300 8090
-.20 | 7440 7210 7580
-.15 | 6800 £520 6970
-.10 | 6080 5870 6280
-.05 | 8300 5080 5530
0 4490 4250 4730
.05 | =680 2450 3900
.10 | 2900 2700 7110 Laterel force on TOLLS _ 449 &%
= sec
.15 | 2180 2010 2360 t
.20 | 1540 1400 1670
.25 | 980 890 1080
.20 550 500 600
.35 240 210 270
.40 60 50 60
446 0 l 0 L 04




Numerical solution of equetions 14, 25, 2€, 27, 28 & 29

TABLE III

For a=o
« £ GG
—-.44€ 8650 8650 8650
-.40 8590 8580 8600
-.35 8410 8370 8440
-.30 €100 8020 8180
-.20 7670 7560 7800
-.20 7140 6960 7320
-.15 6520 6300 6750
-.10 5830 5570 6100
-.05 5090 4800 5380
0 4320 4020 4630
.05 35580 3260 3840
.10 2810 2550 3080
.15 2120 1900 . 2350
.20 1500 1330 1380
.25 970 850 1100
. 30 550 470 €620
35 240 200 280
.40 60 50 60
. 446 0 0 0

“é=to

T
Lateral force on roli_l._§= 2020 a°

4

Sec
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TABLE IV

Numerical solution of equations 19, 20, 28, 27, T8 6 29

For ax= %;;i %i:'i;»:: N,

E 700 500 750 800 X { (4=)| 2 v
fle) | -0541 .0525 .0506 .0503] |-.446| 9180 9180 | 9130
P .341 264 .130 .0E2 -2 40 9120 920 | 513
N s“_’%‘) d§‘ (.‘.‘..;) ﬁ‘(;&-} %‘6&) -.25 940 2930 | 8950
) 0 0 0 0 ~.30 620 2500 | 2650
1 30 50 76 80 -.25 8180 2140 | 8230
2 60 100 150 160 ~-.20 762 7560 | 7c90
.2 90 120 225 241 -.25 6960 6860 | 7040
.4 126 200 300 721 -.10 6220 6120 | 6320
.5 180 300 452 483 0 4590 2450 | 4700
. 210 350 528 564 .05 3760 2650 | 2860
.8 241 401 604 645 .10 2960 2660 | 7060
.9 270 451 681 726 .15 2270 2140 | 2300
1.0 301 502 758 809 ..80 1560 1490 | 1620
-E/t\\?l,'.’; TIL) 116G %‘“&‘#) .25 | 1000 950 | 1040
F:)_ﬁ 150 250 378 403 .30 560 530 | 580
.1 149 248 a4 399 .25 240 230 | 250
.2 144 240 362 287 .40 60 50 60
.3 137 228 244 367 . 446 0 0 0
4 128 210 318 238
.5 113 188 284 302 Lateral fo'xz:e on rolls - 150 "2..:
.6 96 160 242 258 |
7 o 128 193 206 Egizozisza:: very cloese to the
.8 54 90 137 145
9 29 48 72 77
p-o 0 0 0 0 ¢




Numerical solution of equations 19, 25, 26, 27, 28 & 29

TABLE V

For A= g": %‘-.9 é " ﬁ
F 300 400 500 600 700 800
&x)| .054 .0533 0524 .0517| .0509| .0501
X . 341 . 302 .262 .215 .157 .061
Vo180 (38 46) (28 4(oke) 85 8.65)[ 30 G2k
0 0 0 0 v 0 0
1 30 40 50 60 70 80
.2 60 80 100 121 140 160
.53 90 121 130 181 210 241
.4 121 160 200 241 282 323
.5 150 200 251 302 754 404
.6 180 241 302 264 427 491
7 210 282 254 427 502 577
.8 241 323 406 491 577 656
.9 271 269 459 556 655 758
1.0 202 406 516 622 734 853
Yo FU) [TV ) [P ) [ TR\ TUS T el
0 150 202 253 305 358 43
1 144 200 250 302 356 409
.2 144 193 243 293 344 397
.2 127 183 230 278 327 277
.4 126 169 213 257 302 348
.5 113 151 190 220 270 Z12
.5 9 129 163 197 232 267
7 77 103 130 157 183 214
.8 54 73 92 111 131 152
.9 29 38 49 59 69 81
1.0 0 0 0 0 0 0




TABLE V (continued)

2200
1550

990

2030
1410
900
500
220

50

9070
9020
8E690
8580
8180
7660
7050
6350
5680
4780
3950
2140
2380
1690
1080

610

270

70

— Lateral force on rolls

4

= 4 !—“-‘
..1.90:‘.c



Numerical solution of equut%ons 19, 25, 26, 27, 208 & 29
& Faro

TABLE VI

For Q= %l
F 300 400 sob 600 709 800
éx)| .osa .0533 .0524 .0515] .0507]  .0500
x .340 .302 .258 .204 .042 0
Sys() B 4 (55|38 V() |54 (o8| 55 V(e Sp 1 6k
Ho 0 0 0 0 0 0
1 30 40 50 60 71 80
.2 60 80 100 120 140 160
.3 90 120 150 180 212 243
.4 120 160 201 P43 289 226
.5 151 201 252 305 58 43
.6 1€l 243 305 269 435 502
7 212 284 358 435 514 596
.8 243 326 412 502 596 696
.9 274 369 468 572 €83 804
1.0 305 43 525 646 776 920
N 5688 | U)o T
0 151 203 256 a5 263 428
1 150 201 53 212 364 424
.2 145 195 246 303 354 412
.3 128 185 283 288 336 292
.4 127 171 216 267 712 364
.5 119 153 193 239 279 327
.6 97 131 165 206 240 281
7 77 104 122 165 192 226
.8 565 74 94 119 137 161
.9 29 39 50 61 73 86
1.0 0 0 0 0 0 Ahﬁ 0




TABLE VI

L ()| DLuh) Tb5)]
8830 8830 8830
8780 8770 8780
8600 8560 8630
8280 8200 8360
7850 7720 7980
7310 7120 7490
6670 6430 6910
5970 5690 62350
5200 4900 5510
4420 4100 4730
3630 2320 3940
2870 2590 3150
2160 1920 2400
1530 1340 1720

980 850 1120
550 470 630
240 200 270
60 50 60

0 0 0

A
Lateral force on rolls = 4120 gsi

¢



TABLE V11

Numerical solution of equations 19, 25, 26, 27, 28 & 29

For a“z'sg %:£=J-7

F [ 60 [ 700 | s00 '

éw)| 0517 .0510 .0503]
x .220 .168 .095
VB R[S () | /k)
0 0 0 0
.1 60 70 80
o2 120 140 160
.3 180 210 240
A 240 280 21
.5 200 250 401
.6 361 421 481
.7 421 491 562
.8 491 562 642
.9 542 633 723
1.0 602 703 805
N R [T
0 200 251 401
.1 329 247 397
) 289 23 385
.3 24 319 265
4 263 295 337
) 226 263 301
.F . 192 229 257
.7 153 179 205
.8 108 127 145
.9 S7 67 76

T1-.446] 9320 9320 9320
1-.40 9270 9270 9270
; -.35 9080 | 9070 9100
4-.30 8760 8740 8790
]-.25 | 8310 | e260 | 860
-.20 | 7740 A670 7810
{15 7070 6920 7150
j -.10 6310 6210 | 6410
|-.05 5500 5390 5610
o 4670 4550 4780
.05 7820 2710 3930
1 .10 2010 2910 2110
? .15 2260 2170 2340
f .20 | 1580 | 1520 1650
.25 | 1010 970 1060
30 | s60 530 590
.35 290 230 250
.40 60 50 60
.446 0 0 0

Lateral force on rolls = 4240

¢

3ls,



TABLE VIII

Numerical solution of equations 19, 25, 26, 27, 8 & 29

ror a=25&%  F#E=/s5

500 620 700 800 _{ -
x |2 GE)BLOEN (&)
.0525 .0517 .0509 .0502] [.446 [ 9170 ol IO VAB |
.263 .218 .161 .082 -.40 | 9120 9110 | 9120
ou, s L
LGe) S (k) };—‘J () 135“;(-&!,—,) -.35 .| 8930 8910 | 8960
0 0 0 0 -.30 | 8620 8560 | 8680
50 60 70 80 -.25 | 8170 8070| 8270
100 120 140 160 -.30 | 7610 na70l| 7750
150 180 210 241 ~-.15 | 6950 6770| 7130
200 241 281 322 -.10 | s210 6000| 6470
251 301 252 403 -.05 | s410 5480| 5650
300 362 424 485 0 4580 4340| 4830
352 424 496 568 .05 | @760 3520| 4000
403 485 568 652 .10 | 2860 2740| 7180
454 547 642 738 .12 | 2220 2040| 2400
] 506 610 716 824 .20 | 1560 1420| 1700
a - . n
k?;.&é} a'f!!?%"! ‘-‘-f-”= £(-_é) UL .25 | 1000 900| 1100
251 203 354 406 .20 550 a90| 610
249 300 351 402 .35 | 240 210] 260
241 241 240 290 .40 60 so] 60
229 276 323 270 . 396 0 ol 0
211 255 298 342
189 227 266 306
161 194 228 261
Lateral forces on rolls — 4240
129 155 182 209 = &2
n int
91 110 128 148 Sec
48 58 69 78
0 0 0 0




Yumerical solution of equations 19, 25, 26, 27, 28 & 29

TABLE IX

For a= 2-5 %:. %:e=/' o
F 400 500 600 700 800
éw)|  -0533 .0524 .0517 .0509]  .0501
4 .304 .262 .215 .157 .064
T 1ke) (32 4 () [b (352) | S04 () (324 75)
0 0 0 0 0 0
.1 40 50 60 70 80
.2 80 100 120 140 160
.3 120 150 181 211 n41
2| 160 201 241 282 323
.5 201 251 302 254 406
.6 241 302 364 427 490
7 282 354 427 501 576
.8 223 406 430 576 666
.9 364 458 555 654 755
1.0 406 512 620 732 843
e |5 uE) [ FuE) | U TUD
0 201 253 305 358 a2
1 199 250 302 355 408
.2 | 193 2473 293 344 396
3 | 183 230 278 327 376
2 | 1e9 213 257 302 347
.5 151 190 230 270 311
.6 129 163 196 231 267
7 103 130 157 185 213
.8 73 92 111 131 151
.9 29 49 59 69 80
1.0 0 0 0 0 0




TABLE IX (continued)

o | ) Bl 5 ) )
_.446| 9090 90 | 9090
~.20 | 9040 9030 9050
~.25 | sss0 | 8820 8890
~.70 | 8540 8460 8620
~.25 | 8100 7960 8230
~.20 | 7540 7340 7740
~.15 | 6880 6630 7190
~.10 | 6150 5850 6440
~.05 | s360 5030 5690
0 4550 4210 4890

.05 | =va0 3410 4060

.10 | 2950 2650 3240

15 | 2210 1960 2470

.20 | 1560 1360 1760

.25 | 1000 860 1190

.20 | 560 470 640

25 | 240 200 270

.20 50 50 60

246 0 0 0

—

Lateral force on rolls

1

AN g

= 4240

nt
see



TABLE X

Numerical solution of squations 19, 26, 26, 27, 28 & 29

F € (&) X%
100 .0560 .410
200 .0550 . 374
200 .0542 342
200 .082¢2 . 204
500 .0525 «265
566 .0520 .238
647 .05014 .202
703 .0510 .170
77 .0505 .118
821 .0502 .065
882 .0500 0

x| ¥ (=)
-.446 9310
~.40 9250
-.35 92070
~-.30 8760
~e20 8310
-.20 7740
~-.15 7060
-.10 6310
-.05 5500
0] 4660
.05 3810
.10 3000
.15 2250
.20 1580
.25 1000
-.30 560.
.35 240
.40 60
. 446 0

L
For CL==‘§{EE

Yo
all welves of 7. 6

ou 9
ag = Fe@)

wrierl1-J )
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TABLE X (continued)

when 6.!_-_-@ this 1s the viscous case
for other values of%
ST | BEJ | BBelo
xSl Gl )| S6)| P68 $LGs)
-.4161 9310 9320 9310 9310 9310 9310
-.40 9250 9560 9250 9260 9250 9260
-.35 9060 9080 9040 9100 9030 9110
-.30 8730 8780 8600 8830 8670 8840
-.25 8260 8350 8210 8410 8160 8450
-.20 7670 7800 7590 7890 7530 7950
-.15 } 6980 7150 - 6870 7250 6790 7370
-.10 6210 6410 6090 6530 5990 6620
-.05 5390 5610 5250 5740 5150 5860
0 4540 4770 4400 4910 4290 5020
.05 3700 3920 3570 4060 3470 4160
.10 2910 2100 2780 3230 2690 3320
.15 2170 2340 2060 2440 1980 25620
.20 1510 1640 1430 1720 1360 1790
.25 960 1050 900 1000 860 1150
.30 530 580 500 620 430 640
.35 230 250 220 270 200 280
.40 80 60 50 60 50 70
.446 0 0 0 0 0 0 J
Lateral force on Lateral force on | Lateral force oﬂ
rolls Trolls rolls
= 4gdop™ = 43/0p* = €350 1




17.
18.
19.
20.

21.

LIST OF GRAPHS
Y vorous § 7
Plot of /@ versus ; ¥ for Maxwell Fluid between perallel platoes.

Tension Test witlh Constant Stress.

Relaxation Test with Consiert Strain.

Fluid between Two Parallel Plates V@ versus R
Fluid between av./o Parallel Plates -% and G'.g versus £‘ b' .
od and U:—{‘ versus .g- for = 0, g’g: 1 and Fe 200.
»=300.
F = 400.

F = 500.

1

F=600.

F = 700.

21
. 'rMA versus for a = 0 and zfg' = 1.

A
f and —-q_v: | mex. versus x for a = 0 and Zf e =1

S'LG: and“is‘versus % for a = 0 and %% = r
fora =0 snd P g = V5

a=

_ N dam
a-“and‘a— J.5

|
al',p
3
o
D
1
a

a=2.5£’. mda&!: ﬁ
a = ?.52‘: and“’£ =J.5

2.5 6" and ;9_. = 1
a=4 &—‘ and all values of ig'

a

% , max. versus x for a = 0 and various values of -tg %

Wt
a =

e

-2.5%
nt Uo W

= 4 -; and all values of 'ﬁ P
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ol
324
33.
34,
ab.
36.
37.
38.

£

n

o
and.-'!

n

max. versus X for a = 0 and

n = ) oand
a= 0 and
:\:%: and
a r-éSF and
a—g{ and
as
S A
a = 5?"
3:':’5-.-}
Y
LY
n-4£-‘
L8
n:-}%\
L K
a-—AS—
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APPENDIX
Perturbation Procedure
Before undertaling the formal perturbation, the boundary conditions

may be simplified by converting the equations to bipolar coordinates.

: rew coordinates
. Rednit, f=e-6a
(]
- Q0h 12 ] puf
40; ‘.'x * Coohy-tof ' I " doohg-sro
-a

then lines of ¥ = constant are shown below

= constant lines

Now the two rolls may be presented. by R = constant = 2 e
lines in the orthogonal coordinates. The equations to be transformed are:

gri:-' o g—‘-:’ =0 continuity

Q%ix  Jtiy -
o X +d;"’o

equilibrium

ocy Foy -
33“ fgxq"a
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€+QJ)H _-.I_f %"s'f)'* ‘“* » ( ﬁ"%)

(/ngng ) = %’J __%1;5' -;:'%?” ft‘/ﬁ""?%"l/d‘ ~Ga)

Following conventional means the equation in R § coordinates are:

ads ay‘ =
5 erch - Fr M,-m! o  oontimiy

OSs , 9Tt . pwhyg (6)-Sh) _2.4mf (Tah) _
w | af +(¢odw 0o l) (amy-Gug) O Cwilitwrim

Q__cf ATuf _ pw b (S4-Cs) _ 2ainky (The) .o
dn T On T leshy-cort) (snch i - & lovf)

oquilibrium

= LM)u; + ——2——-‘(4,& +£(3MQ Mf) ;.
(“rw(‘qﬁ""t*“"“"’xaﬁ'* au;)
- Z(b-z%-hi'(u,o' Awhy + “’%?“,)

. («bﬁ[mﬂ‘({g%: " g?]’+z(}“,-’)‘+ 2(8-3‘9‘)

Xx stress strain equation
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(real.) § saetoss («g(/-mw»«h«w&f«u.)

@ (enhy-anf)
m?‘n‘g du _

(I~ aefamkin) (9% - - } =
aCasdhy-sat) Lon i sl 1 a..';!'(l m}uh))

(2§ teuh'n - (1 - et cova 0)" NG5 - &)
47 (eovky — tref)?

(i 'iud":-(l--f-hl) (G} -Cw) 9 (6} —~Cn)
T a redy - (46255 # @0 2Gm)

ol y (1= am§eschn) S%) e :
» S Gatenhq-ani)ce (upaics ~ug audq)

(0" § ainl’y — (1-cooft sey)") Tug e
f‘“‘ ZGC»(‘“‘!‘l f)t (llfﬂw'nz R,MQ)

(ain’t aisd®n - (i~ rofesehy)?) Tog 6“4.
’ 26 a (tevh - covt) J—!)

&i“ (' “ - n d
4 2:«.‘(:&7 ':f;,c) (é_‘b 3"’)

¥4 stress strain equation

%ﬁ) {“9[“""94‘“7“7*0- too§ tochp) con § ainhin )
+ Uy (reisnkp ain§ e § — (1~ coof tolin)pin § Coshe)

+(ie8 aink’y -u—..;u,r)(%—? + %2‘.!

+ 2 aihin (1- h’d‘l)(?; = éu.,).} =
(R ik’ = (1~ @o§ awskn)* ) Tg + e Ain§ pinlvg (1-a0g sonky) (04 -G)
- 2% (teebn - bvil
p A G ik (1 covg tacy)
76 (covky ~ toof) 2 3

n ' i Ay = (/-0 § aooky) ) (G -6) Ay
"a. 46@(“%;’.7“;,)& ' (“f“"",“'l “‘IMS)

nlL) BAR a(o:.;m)




*gw'd-&g(\- oG ovchn) Tue (“,m-“g'_ ““‘"“‘2 )

géa ‘““n;—mm

i G n (1~ eoof asehny) Tag 7N _ QU
P e R (b y - toof) (53 g‘i’)

(i 8 aisdn — (1- svoft aock o) WSy —Su) /LS _ Ok
s e (;da:gw”lq (ﬁ Ti’)

. . L \3 Tn
ot Rttt 42) ot -t

ian ok p Crin'§inks — (1-coop ande)) [OTog) /. . o . _
+ B Z;Q (M,n_“";;% 5% )((m-tnu&q)ug (c-cagoulq)ua

Before the perturbation can be carried out the equations must be written
out in dimensionless form. The coordinates, velocitiss and stresses

are collected in the following groupss

o G .
R ¢ ___!,'c_?' Tag Co ‘f!;og

x Gw Co e
Ro J v v —‘—"_(_jl

J

‘ ".‘
For the class of prcblem considered here Q‘gﬁ, %{, and 2 are small,

Because of this we hope the following expansions are permissable.

Ug(o 8 20, 4,6) = U (0,6) * 4 4g, (0, 8) + Sikg () +EUg (1,§)
+olug (n,8) « & ,(mf).'* €up, n,¥) +y,Suy, (v,$)

g, (nh) + SL UG (n,H) +-

U (%8 0,5€) = 2ol Ly, (0,8) + 2, 4yy (0, §) + Sy, (7,8) +E U n¢)
t )iy, (n,8) + 8", (nf) + i'de,. (7 8) + bl () §)
R € g, (78t SE ey, (M) +)

Tog(% 8, 2, 456) = v (o (@) + 9. Yop (0 8) + STiug, (0, &) + Togy(28)
T8 T (7,8) + 8'Tag, (0, 8) 1€ Tg (0, ) + 9,6 Tag,, (4, §)
+ no€Tip, (1, &) + SETag, (0, §)+ )
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Cy(n, ¥, 90,6,€) = T (0,8) +9.S0,§) +5Cp,(n,8) * €Cps(ny 8)
7 Ye Gy U, ) + 864 (08) + EXCP (1, 8) + 2,50y, (9, &)
+ o€ Syen, 1) + 3T (n, )+

G (n,8n,8,6) = 8, (n,8) * 0o Gy, (n, ) + 3G, (1,8) + €GCiyy (W 4)
+o Sy $) + 8 Chen,8) + e Cye (n,§) t9,4Su,(9,8)
+ 92eEThe(n,B) + S$cTyyln,8)+ -

€o =

where g = value of y on roll, €= %’ «e i S g"(%?):

By substituting the expansions into the original equations and ex-
panding the ey and auds s in their respective geries

a set of equations in powers of Rk , & end €& are obtained. If
equal powers are equated we obtain sets of equations which may be solved.
The first of these sets of equations are coefficients which are not mul-

tiplied by s , & or & . These are:

d«e duUy, _ Bl |

a—-’_ + b, 77; = et a§° continuity
30;10 + c’{;;ﬁ =0 ¢ equilibrium
Gou = BLL £(8) Spa—
Ty, = Sg, xx stress strain

The, = & (/-mﬁ)gi;f

x4 atress strain

This set of equations may be solved ILf the following boundary conditions

are imposed.



«s, = U vhen »=*bo

2@ “0.70 / “ ® -
-—-—-—“"/_ pery = 2 ——-L-bab7 2o § d? §, = entrance
o
o Ogo = = exit
Lartmldn =0 $o=o

a," =0 when ‘2""'0

The solution is:

3

e

Y pint (07 _ :z_)

2 (i1-caf) \ I} Re
Yy [/-cov§ )%

Tn¢, =3 a3, l-eov?, %o

0309670'-'-' 3a7z {(/ ‘,"“)[s(f &5) 2(/‘“‘?"’“‘“?.)

+F (2§ -pin2bg) ~ (§-Fc)+ (-m?-m&h)j}

For the remainder of the solutions the boundary conditions are:




94,

The squations and resulting solutions are given on the following pages.
In cases where the normal stresses are more easily obtained by a nu-
merical integration rather than by substitution into the intergrated
form, the equation has been left as an integral (for example see §

order equation),
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Zero Order Equations

d
o« o Uys - M
é._é.b f-zoa?t = 2%% dg, continuity
90§, a7 “ _
5S¢ + 3-;2‘9 =0 | equilibrium
o= 224 10 weteim
G‘.,O = G‘O stress strain

7,',” = g— {/-Mf} g_:‘z‘_l' stress strain




Zero Order Solution

%g(-anl, /)(/-g.':) Y

“2, /—Ml ('L.- _)

e 33U [ t~blo » R
7": -7 a . /-Mi,t ‘j(/— 060‘) ?0

Gy, = Oy, = 2¥y fmpery e (F(8-)- 2(w¢-ﬂ~9:)3)

° % ~ a?o
# 855 (7o, (a2t 4mizte) (55,

| + 5ox (4 t-aints)




Tagy = & (1- conf) §5b

Qo Order Solution

trivial solution

continuity

equilibrium

equilibrium

stress strain

streass strain




Rt

€ Order Equations

é;fgga T 2 %;E%?":= f%%:f&;“‘fr

36'0:* 57;0 =0

emm—

J§ R

Gny = G, =§%:—< £(§)

Top, = & (1-coog) 37

€ Order Solution

trivial solution

continuity

equilibrium

equilibrium

stress strain

streass strain

98.




2 3
7;5-, = fg‘ (/—coof) ( -g—‘;f.l + z‘%‘_’)(gﬂ‘; ) stress strain

contimuity

8quilibrium

equilibrium

stress strain
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& Order Solution

Ug, = 0(/ Coo §) ( :" /) (135—& -/62 +27)

Uy, = ma»g( cro §) (= "‘"-/} [},_ /{?7; sv,.+z7§,)

= |‘Hl L
7;’? 404_';. ” /- lw’a I) %

¢

_ ., sy sfr-cr® )3
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s Order Equations

éﬂ'f@,%ﬁ— ""'—’—“,

Outs
— oo "o u-a-s) e, z::a u&)( ”‘J— )

continuity

w ar 10 = y ‘ /). g
a__’ﬁ: + :! —-;:“:.¢ (VO.‘ e'li) 1:@"(1-&07"’0 ZQ (l*b’)‘? +aiﬁ)
equilitrium

OChy _ 20ins 1 Qes, equilibiium
dw plr-es) ¥ % I8

N & ' [ o
2m?(“t.+2£ ) -2(1-a8) ‘?odaas: = aq (G4 —GChs)
atress strain
é(,.. éro§) [3- Rin' § +%.coe§(a-a-§)1 us, 'At'uf('l"eﬁ’)‘a",
(1t} (25 + 0 307) 2.t mer (35 -0 3)
dUse o'
s (-t TN =~ BT (/o) To,
( o A + > Cou s (- Coott) — 2 ,.l« eas)) s,

-f-‘la f!ﬁ 'l’l“

+

% iv §(1-coo§) (G, -,
stress strain
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'2: Order Solution

X _&n +—X B82eoe§-39 - (lozaag +.S's'))

Ugy = lé(l-(o'ﬂ wosey

Usiuf [n°
u..“‘ 90?:“6?) 7, 2" + - X?Zfaﬁ"/‘o* (157’)
Ynin 8 _ n 1-—e2s8 \ _ Uain$ h’
¥ Ve (1-at = )< & /"“'.c ;l— )" '7.

76(1-cnf)* VS8 ~ 343

7{.’“ 40‘ (210 ~20 0§ 1-,_«‘ {- 804-240“4))

.f-

I~dra @,

(/93 f’f’“ﬂ, + -———-! (-235 —557‘0’)).!.;;

40a

3¥Uain® ( _ $U(2974in8 +1998) |, ¥U(153§ + t69an$)
% = Z2a: (W 40an: 80 (1-em §)) an;

~ $U (31T s eroh) . BEY 4 of3l=® _ X )
80(1-cse)) any M av. (3/-a-f 24/~ Sy
_Plsinfc |, $U(2974in8s +/2%Fs) 4y (15366 +ctanty)

f
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€® Order Equations

3“65 6‘%.. ﬂ"‘ t
3% <+ R 35 /_” Up, continuity

of dx equilibrium
Cne = = ;:"7 £(8) equilibrium
O¢. = Sh, stress strain

G (1-asof) % %"—;—'—‘ = ay, 7","& - ‘;zo u-avéj(O‘f’ G‘.,v) %‘i‘fo
stress strain

alsec from w,€ equations (since Ggy— ey is un'mowm)

G, —@5' = 7'{;, (I—“.i) .g%_‘.' stress strain
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&€* Order Selution
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]
é Order Equations

g«;u— , 2 %g%. = ;;A::éi..’ ugs continuity

;)?s " %7‘7; g — o squilibrium
Tn, 2 :30 Fé) equilibrium

0-“: Chyg stress strain

ot et (8] 42 5270

stress strain
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é* Order Solution
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q‘g Order Equations

g_o;_y. + e o)cf:n - /‘_:.wag(’ ug, continuity
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of /-0 §
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p,é Order Equations
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* 50k -t (G| 5) - S 7o

?06 Order Solution

trivial solution

stress strain
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8& Order Equations
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%_‘_4_'!9 + ,.Qag._!g.r - ,f‘.“--‘;!’ e continuity
3_‘;9 + d;‘:: " o equilibrium
Oy, = i—%? (§) equilibrium
0‘:,9 = c",a stress strain

2 (1- "‘”) o

- 7 duge °
Syt 7o o) (G Sls ey,

stress strain

&é& Order Solution

trivial solution
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