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A detailed num-=rical model has been developed to study the gasdynamic flow in an
electrothermal arcjet thruster. This two-temperature, Navier-Stokes model consistently
incorporates viscosity, heat conduction, ohmic dissipation, collisional energy transfer
between electrons and heavy species, ambipolar diffusion, nonequilibrium dissociation
and ionization, and radiation. The finid equaiions are solved by MacCormack’s method
while an iterative procedure is used to relax an electric potential equatior, from which
the current distribution in the thruster is obtained. Using hydrogen propellant, so-
lutions are achieved for a range of input parameters and the underlying physics and
internal structures of these arcjet flows are revealed. In particular, a mechanism for
self-sustaining anodic arc attachment is identified. It is found that ambipolar diffusion
from the arc core coupled with enhanced nonequilibrium dissociation and ionization in
the outer flow provide enough charge carriers for the current to pass self-consistently
between the arc core and the anode wall.

Numerical solutions are compared with experimental results frrin the German TT1
radiatively-cooled arcjet thruster. Calculated discharge voltage is within 1-2% to 10%
of experimental measurements, and predicted specific impulse is within 5-10% agree-
ment over a range of applied currents and mass flow rates. In addition, flow solutions
are used to explain observed trends in performance as quantities such as the specific
power and mass flow rate are varied. An anode thermal model is constructed which
yields more accurate predictions of the inlet gas and electrode wall temperatures, and
this model is coupled to the arcjet flow solver in order to obtain a more self-consistent
solution. Finally, a simplified stability analysis of the near-anode arc attachment re-
gion is performed. It is found that a localized ionization instability may be initiated
in this region, but that the system is stable under the flow conditions predicted by the
arcjet simulation of this research.
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Chapter 1
Introduction

The basic function of any rocket engine is to produce thrust by expelling mass
in a given direction, thereby producing acceleration in the opposite direction. The
magnitude of this thrust is given by the product of the propellant mass flow rate and

its effective, or vacuum, exit velocity:
T = me. (1.1)

Nearly all space propulsion needs are currently filled by chemical propulsion systems.
Examples include the liquid hydrogen - liquid oxygen space shuttle main engines, the
solid rocket boosters of the Titan IV, and the monopropellant hydrazine stationkeeping
thrusters of communications satellites. Chemical rockets are relatively simple in design
and can produce unlimited thrust, but their performance is limited by the chemical
energy stored within the propellants. In practice, this restricts their attainable exit
velocity to a maximum of approximately 4500m/s. In terms of specific impulse, a
more common measure of rocket performance (I,, = £), the maximum for a chemical
propulsion system is about 450 seconds.

A propulsion device which could produce a higher specific impulse than that of
a chemical rocket would be more desirable, since the same thrust could be produced
with less propellant. This would provide the spacecraft designer the luxury of adding
additional scientific experiments or other useful payload in place of the propellant mass
saved. Alternatively, if no change were made in the vehicle design then a more efficient
propulsion system would allow the spacecraft to travel farther or perform more attitude
adjustments than one with a less efficient system. Considering the monetary cost of
launching payloads into space (currently on the order of $10,000 per kilogram), the
amount of fuel saved by a more efficient propulsion device could also translate into a

substantial launch cost savings, especially for missions requiring a large total velocity
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increment, or Av, and therefore a large propellant mass fraction.

A number of different propulsion system types are shown in Figure 1.1, arranged
based on performance in terms of I,, and thrust-to-weight ratio. Clearly the most
desirable system would lie in the upper right-hand corner of this diagram, providing
both a large acceleration and a high specific impulse. Unfortunately, as with any engi-
neering problem there are tradeoffs involved. With the propulsion systems developed
thus far, specific hupulse can be increased substantially beyond that available with
chemical rockets, but only at the cost of significantly decreased acceleration due to
the increased mass of the propulsion system itself. In practical terms, this means that
none of these advanced propulsion devices can be used for earth launches with the
exception of nuclear rockets, which face major environmental obstacles to their devel-
opment. Once an object is in earth orbit or in free space, however, gravitational forces
are greatly diminished and a rocket can still be effective even if its thrust-to-weight
ratio is much less than one. Any space propulsion system with a higher I,, than a
given system could then provide a savings in required propellant mass at the expense
of a longer burn time to complete the same maneuver. Applicable missions for these
advanced propulsion devices include satellite stationkeeping, orbital maneuvering, and

interplanetary travel.

1.1 Electric Propulsion

Electric propulsion devices are one family of advanced propulsion systems which can
achieve high specific impulse at low levels of thrust. These devices include resisto-
jets, arcjets, magnetoplasmadynamic thrusters, stationary plasma thrusters, and ion
engines. Each of these uses power supplied by an external source to increase the exit
velocity of the propellant. Three main types of electric propulsion can be identified in
Figure 1.1: electrothermal, electromagnetic, and electrostatic.

Electrothermal thrusters include resistojets, arcjets, and all other devices in which
electric power is used to increase the temperature of the propellant, which is then
expanded in a nozzle to convert the thermal energy into kinetic thrust. In a resistojet
the propellant gas is heated by contact with a hot electrically-heated surface, somewhat
like placing an incandescent light bulb in the thruster plenum chamber. Arcjets achieve
very high gas temperatures in certain regions of the thruster by passing an electric arc
discharge between a central cathode and concentric anode. Other heating methods,
such as laser-induced, microwave, and radio frequency heating have been tested. The

maximum gas temperature inside an electrothermal thruster is limited by the melting
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points of the thruster materials, however, and this sets an upper limit on the attainable
specific impulse. The typical I,, for these devices ranges from 300 to 1600 seconds.

Electromagnetic propulsion devices overcome the specific impulse limitation of elec-
trothermal thrusters by accelerating ionized propellants with induced or applied mag-
netic fields. As a result, much higher exit velocities can be reached, with specific
impulses ranging from 1000 to 5000 seconds. The magnetoplasmadynamic, or MPD,
thruster is probably the most well known electromagnetic propulsion device. It is
essentially an arcjet operated at much higher power and lower pressure than its elec-
trothermal counterpart. In this case, however, the radial current between the anode
and cathode is strong enough to induce a substantial magnetic field in the azimuthal di-
rection. The Lorentz force between the current and this self-magnetic field accelerates
the ionized propellant in the axial direction toward the nozzle exit plane. Collisions be-
tween ions and neutral gas particles then produce a bulk axial acceleration of the entire
flow. MPD thrusters may be operated in either a steady or pulsed mode, and applied
magnetic fields may be used to further control the acceleration of the propellant. Other
types of electromagnetic thrusters include pulsed inductive thrusters, pulsed plasma
thrusters, electromagnetic rail guns, and stationary plasma or Hall thrusters, which
combine aspects of both MPD thrusters and low thrust ion engines.

The development of electrostatic thrusters, or ion engines, has progressed further
than any of the electric propulsion devices previously mentioned. After rnany years
of analysis and testing, most of the physical and technological issues of iun engine de-
sign have been solved. The remaining questions primarily involve lifetime and system
integration concerns. Electrostatic thrusters operate by first ionizing the propellant
by electron bombardment, contact ionization, or radiofrequency heating and then ac-
celerating the ions through a large potential difference between two perforated grids.
The resulting high velocity ion beam is then neutralized by an electron emitting device
downstream of the accelerating grids. In this manner specific impulses of 2000-1v,000
seconds can be achieved, but at the price of very low thrust density due to space charge
limitations.

Since all electric propulsion systems by definition require electrical power, a prac-
tical limitatiun on their use is the available power in space. Communications satellites
can currently spare only a few kilowatts of power for possible ase by electric propulsion.
Future space applications such as orbital transfer vehicles or the space station could
make available 10-100kW of power, particularly if nuclear reactors such as the SP-100
are employed for power generation. Unfortunately, even at these high power levels elec-

tric propulsion thrusters produce a relatively low thrust, and certain electromagnetic
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devices such as the MPD thruster are not practical.

The two highest performance electric propulsion devices at currently available space
power levels are the electrothermal arcjet and the ion engine. Of these two the arcjet
is most worthy of additional study by analytical and numerical modeling. The inter-
nal physics of arcjets are less well understood than those of ion engines, and due to
thrust density and system integration concerns arcjets may be superior to ion engines
for current applications such as the stationkeeping of geosynchronous satellites. In
addition, advances in the understanding of electrothermal arcjets could translate into
increased understanding of similar devices such as the higher power MPD thruster. For
these reasons and others, the numerical modeling of electrothermal arcjet thrusters was

selected as the focus of this research.

1.2 Principles of Arcjet Thruster Operation

1.2.1 Basic Principles

A basic diagram of an arcjet thruster is showr. in Figure 1.2. The device is coaxial in
design and consists primarily of a central cathode rod surrounded by a cortoured anode
block. Propellant is injected through an insulating backplate and an arc discharge is
struck between the two electrodes. High energy arc electrons heat the propellant gas
through collisions to temperatures as higk as 30,000°K in the core of the arc. This
thermal energy is then converted tn thrust in the nozzle expansion. The bulk of an
arcjet propulsion system consists of the power processing unit, propellant feed system,
and electrode holder/casing, some of which is illustrated in the schematic of Figure 1.3.
The main flow regicn depicted in Figure 1.2, typically 1-10cm in length, is but one small
piece of the total arcjet thruster assembly.

The cathode is typically made of tungsten due to its high melting point (3680°K)
and impregnated with 2% thorium to decrease the work function of the surface. The
conical tip of the cathode creates a localized “hot spot” which enhances the thermionic
emission of electrons needed to carry the arc current. Arcjet anodes are generally pas-
sive blocks of pure tungsten which serve two purposes: to collect and carry the arriving
electron current and to serve as the outer wall boundary that defines the thruster con-
strictor and nozzle. The anode may be water-cooled or radiatively-cooled, the latter
being the more efficient method since the resulting higher temperature electrodes can
then be used to heat the incoming propellant and the cooler outer gas flow by con-

duction from the electrode walls. A high temperature dielectric such as boron nitride
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separates the two electrodes upstream of the propellant inlet, and the entire thruster
assembly is often encased in a tungsten or molybdenum housing. The role of the con-
st:ictor region is to stabilize the arc in a fixed position along the thruster centerline
and to maintain a high temperature in the core of the arc. Typically the arc is further
stabilized by injecting the propellant with an azimuthal “swirl” velocity component,
which centrifugates the cooler gas outside of the arc towards the anode wall. The use
of injected swirl is not necessary for arc stability and is continued primarily for histor-
ical reasons, although it may slightly improve heat transfer and mixing in the nozzle
expansion.

Operational characteristics of electrothermal arcjets are listed in Table 1.1. The
attainable /,, can be two to three times that of the most advanced chemical rockets
at up to 50% overall efficiency. In general, as the applied current is increased the
voltage decreases due to increased conductivity within the arc. The efliciency of the
arcjet decreases with increasing current due to increased frozen losses, and increases
with increasing mass flow rate (or pressure) due to recovery of those frozen losses. The
attainable specific impulse for a given propellant and thruster geometry is essentially
a function of the specific power, or the input power divided by the mass flow rate. As
expected from basic fluid dynamics, propellants with a low molecular weight such as
hydrogen yield the highest overall performance.

Low power arcjet systems, on the order of 1-3kW, will soon be used by geosyn-
chronous sat~llites for north-south orbital stationkeeping. A higher power class of
arcjets in the '5-30k'V range can be utilized for orbital transfers, space platform or
space station orbital maintenance, and spacecraft attitude control or course correc-
tion. In principle any gas may be used as propellant. Ammonia and hydrazine (N, Hy)
are fuvorites because these gases are currently being used as blowdown propellants on
satellite propulsion systems. Pure hydrogen yields better performance because of its
lower atomic weight and dissociation energy, but also suffers from frozen flow losses
inherent in the dissociation process, a characteristic sl.ared by ammonia and hydrazine

as well.

1.2.2 Gas Dynamics

Electrothermal arcjets are typically operated at pressures near one atmosphere. This
pressure is high enough to maintain strong collisional coupling between electrons and
the propellant gas in the arc core, and low enough that thruster design is not adversely
impacted by structural requirements. Referring to Figure 1.2, the flow inside an arcjet

thruster can be divided into three regions: the high temperature arc core, the transition
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Table 1.1: Typical Range of Electrothermal Arcjet I hruster Parameters

Input Power 1-30 kW ]
Voltage 30-200 V
Efficiency 20-50%
Specific Impulse 400-1-600 sec
Thrust 0.1-3N
Mass Flow Rate | 0.001-0.6 g/s
Propellant Hy N H3,N,H,

region, and the cooler outer flow. Within the core of the arc, the gas is likely both
fully dissociated and fully ionized. Temperatures range from 3000°K to upwards of
30,000°K, but since the pressure is nearly constant in a given cross-sectional plane, the
fraction of prepellant within this core region is small compared to that in the cooler
outer flow. The core gas is effectively a highly collisional quasineutral plasma, probably
near equilibrium conditions.

In the transition region, steep gradients in the radial direction lead to radial broad-
ening of the arc through heat conduction and diffusion of species. The gas in this region
may be considerably away from ‘hermal and chemical equilibrium. Broadening of the
arc continues through the constrictor until attachment to the anode occurs over some
portion of the nozzle wall. Depending on the propellant used, the thruster geometry,
and operating conditions, some or all of the attachment zone may fall upstream of the
constrictor exit. In a well designed arcjet, however, the current should attach entirely
downstream of the constrictor. Most of the propellant actually flows in the outer region
where little or no dissociation or ionization occurs. The temperature of this outer flow
is essentially that of the anode wall.

There are a number of processes which lead to inefficiencies in an arcjet thruster.
In the constrictor, high temperatures cause dissociation and ionization of the propel-
lant gas. High speeds in the nozzle expansion (5,000-20,000m/s), however, prevent
recombination processes from returning the gas to its equilibrium state, likely to be
neutral if not molecular at the nozzle exit. A “frozen flow” inefficiency then results
because the energy of dissociation and/or ionization has been retained in the flow and
not converted to useful thrust. A second source of inefficiency is the nonuniformity
of the velocity and other gas properties in the radial direction. In addition, since the

Reynolds number is usually not large (10 — 10*), friction losses may be considerable.
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Finally, the physics of the near-electrode regions is such that local voltage drops AV,
and AV, are associated with the cathode and anode, respectively. Multiplied by the
arc current, these near-electrode power losses may represent a significant fraction of
the input power. The surplus power, particularly at the anode, is mostly dumped into

the electrodes through heating.

1.2.3 Electrode Regions

Since the electrodes are intimately tied to the creation and Lehavior of the electric
arc and the near-electrode regions may be responsible for large power losses, further
discussion of these regions is warranted. In general, the electric arc in a plasma torch,
arc gas heater, or arcjet thruster can be divided into five physical regions, as shown in
Figure 1.4. The main body of the arc is denoted by region IlII, the arc column. This
quasi-neutral region is characterized by minimal longitudinal gradients in the plasma
properties, such as temperature, mass density, current density, and electric potential.
A near-electrode region (I and V) is defined as that portion of the arc adjacent to an
electrode in which there is a net space charge present. Otherwise known as a plasma
sheath or fall zone, the width of this region is on the order of the local electron mean
free path. Plasma properties may vary greatly within the sheath, and in particular the
net space charge may crcate an electric field which is orders of magnitude greater than
that in the arc column. As a result, even though the sheath is very thin, an appreciable
voltage drop may be produced. In extreme cases this potential drop may equal or even
exceed that of the main arc column, leading to large inefficiencies in the application
device. The arc column and plasma sheath are joined by a transition region (Il and
IV) in which gradients in the plasma properties may be large but charge neutrality is
maintained. For an atmospheric pressure high intensity arc such as that of a typical
arcjet thruster, the transition regions are on the order of 107m in width, and the
near-electrode regions are approximately 107%-107%m in width.

As previously mentioned, the governing mechanism for electron production at the
cathode is thermionic emission. The electron current generated by thermionic emission
is a function of the cathode surface temperature and the work function of the cathode

material, as expressed by the Richardson-Dushman equation[87]:
jo = AT2e ¥ (1.2)
where A =~ 6 x 10°A/m?/°K? is a constant. The work function for tungsten is approxi-

mately 4.5V. Cathodes are often impregnated with thorium {¢r, = 3.35V) or thorium

oxide (¢rro, = 2.94V) in order to enhance thermionic emission by lowering the net
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work function of the surface. Recent work, however, has shown that once a stable
arc is achieved most of the thorium is boiled off the tip attachment region, so there
is some uncertainty as to whether the desired effect is being achieved(22]. Using the
melting point of tungsten as the cathode temperature and 4.5V as the work function
in Eqn. 1.2, an electron current density of 5.3 x 108A/m? is obtained. Experimental
measurements of arcjet cathode phenomena, however, indicate that cathode tip current
densities of the order of 10° A/m? are present for total currents of the order of 100A[22].
In reality, this discrepancy is resolved by current contributions from electric field en-
hanced electron emission from the tip and also from the ion current which impinges on
the cathode, both of which together typically comprise 10-20% of the total current.
The Richardson-Dushman equation was modified by Schottky to account for electric

field enhanced electron emission(87}:

4.389yB

jg = j¢6 Te . (1.3)
To produce a current density of 10°A/m?, this equation requires an electric field of
2 x 107V/m. Measurements of the near-cathode voltage drop in arc discharges by
numerous researchers show that AV, is generally on the order of the ionization potential
of the breakdown gas. For hydrogen and nitrogen, this would indicate a sheath size

of 0.5 — 1.0 x 107®m, which is roughly the same as that predicted by electron mean
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free path arguments. Given the high current densities involved in this application,
there may also be some direct autoelectronic or field emission current drawn from the
cathode surface by the action of the electric field alone. By accounting for a portion
of the total current, this process of direct field emission would reduce by some degree
the electric field required to produce the total cathode current. The magnitude of this
emission current is given by the Fowler-Nordheim equation

E? —6.83 x 109(e¢,_.)%f (3.79E%

e¢ce:cp E vy X 10”5)] (A/m?), (1.4)

where the function f decreases from f(0) =1 to f(1) = 0(87].

An important design concern for the arcjet cathode is the minimization of electrode

j=154x10"°

erosion, which is caused primarily by evaporation of the cathode material in the high
temperature arc attachment region. Satellite stationkeeping missions for low power
arcjets dictate a minimum life of 600 hours of operation, and the required operational
lifetime of higher power arcjets may be 1000 hours or more. It is therefore necessary
to ensure that electrode erosion over many thruster firings and many hours of use does
not degrade system performance or result in failure of the arcjet itself. Experiments
performed by Curran and Haag[22], Deininger et al.[27], and Mankins et al.[72] indicate
that cathode mass loss rates are on the order of 0.05-0.15mg/hr for 1-2kW arcjets and
1-3mg/hr for 30kW arcjets. The loss rate increases with current and decreases with
continuous firing time, and it is also a function of the propellant gas, cathode material,
and cathode geometry (which determines the local heat transfer characteristics). Based
on tests of a wide range of refractory metals and impregnated cathodes, 2% thoriated
tungsten is at this point the cathode material which shows the lowest erosion rate
while providing good thermionic performance. Long duration (1000 hour) life tests
of low power arcjets have shown that cathode erosion is low enough to meet mission
requirements, but further testing is necessary to determine whether the same is true
at high power levels.

Arciet anodes are designed to be passive collectors of both the arc current and the
recombination energy of the current-carrying electrons. Experimental data for arcjet
thrusters indicate that anode current attachment is effectively diffuse in nature, a result
of either a diffuse attachment mode or a time-averaged effect of multiple moving arc feet
or a single rapidly moving constricted arc. Macroscopic and microscopic examinations
of anode blocks after testing as well as data taken during thruster operation indicate
that for at least some arcjet geometries, power levels, and propellants the mode of
anode attachment is diffuse[106]. Spot attachment during startup can cause significant

localized anode erosion and deposition of molten cathode material on the relatively

33



cool nozzle wall, but generally once steady behavior is achieved the diffuse attachment
mode prevails. Some anode materials such as TZM show susceptibility to chemical
erosion with hydrazine propellant, and the most robust anode material at this time
appears to be pure tungsten. While some erosion of the anode surface does occur
under normal operating conditions, the mass loss rate is typically much lower than at
the cathode tip. The voltage drop in the near-anode region (AV,) is composed of a
voltage drop due to anode energy deposition from heat conduction and electron impact
plus an anode sheath voltage drop, which may be positive or negative depending on the
magnitude of the collected current density. a few volts for radiation-cooled thrusters,
while a near-anode voltage drop consistent with the recombination length of electrons

is associated with the electron energy transmitted to the anode surface.

1.3 Thesis Overview

Electrothermal arcjets will soon be tested in space for the stationkeeping of geosyn-
chronous satellites. Although a large body of experimental data has been compiled
for these thrusters, questions remain concerning the details of their operation. The
effect of physical processes such as viscosity, diffusion, nonequilibrium dissociation and
ionization, and thermal nonequilibrium on the behavior of the electric arc and on
overall performance must be better understood in order to continue thruster design
improvements. Due to the difficulty in obtaining experimental measurements of these
quantities in the confined, high temperature regions of arcjet constrictors, this task
has fallen to numerical simulation. Unfortunately, simulations have yet to produce
a consistent two-dimensional description of the internal flow of an arcjet along with
sufficiently accurate comparisons to experiment. The physics of arc attachment at the
anode are particularly problematic and at the same time very important since they
dictate the discharge voltage and hence the efficiency of an arcjet thruster. No simula-
tion has yet managed to self-consistently model this process. The goal of this thesis is
to develop a detailed model of the gasdynamic flow in an electrothermal arcjet which
includes all the relevant physical processes. Finite difference techniques are used to
discretize and numerically solve the resulting multifluid, nonequilibrium set of Navier-
Stokes equations for realistic arcjet thruster geometries. Comparison of the model
results to experimental data for hydrogen propellant shows that thrust, voltage, and
efficiency are accurately predicted, and an examination of the interior flow distribu-
tions reveals the underlying mechanism of anode current attachment. Ultimately, this

model will be used as a tool to identify methods by which to improve arcjet thruster
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performance.

The current status of arcjet research is described in Chapter 2 of this thesis. Ex-
perimental measurements of global performance, electrode erosion, and temperature,
density, and velocity distributions in thruster plumes are detailed as well as recent
attempts to determine current and heat flux distributions on the anode surfaces and
temperatures in arcjet constrictors. Next the analytical and numerical models devel-
oped thus far to simulate arcjet flows are summarized and critiqued. Based on the
known shortcomings of these models and a knowledge of what the dominant effects in
each region of an arcjet thruster should be, the governing equations of the model of this
research are derived in Chapter 3. In addition, models of important physical effects such
as nonequilibrium dissociation and ionization, ambipolar diffusion, collisional energy
transfer, and the forms of the transport coefficients are described. Chapter 4 presents
the numerical methods used to solve the govern.ng equations of the model. Relevant
details such as boundary conditions, stability, numerical smoothing, and convergence
behavior are also discussed. Verification of the model and an in-depth discussion of
results for one baseline case are presented in Chapter 5. Chapter 6 extends exper-
imental comparisons to a range of operating conditions and identifies trends in the
simulation results. A model of the heat balance in the anode and thruster assembly is
derived in Chapter 7 for a particular radiation-cooled arcjet design. This model is then
combined with the flow model of Chapter 3 to provide a better estimate of inlet gas
and anode wall temperatures. These new temperatures are then used as new boundary
conditions in the flow simulation in order to produce a more self-consistent results with
respect to anode thermal losses. Chapter 8 contains a linearized stability analysis of
the near-anode attachment region to investigate whether instabilities are present there.
Finally, conclusions and recommendations for further work are presented in Chapter
9. A number of appendices are included which summarize physical data, experimen-
tal measurements, and numerical results. The structure of the computer code and

instructions for compiling and running the program are also described in an appendix.
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Chapter 2
Previous Research

Research on arcjet thrusters began in the late 1950’s and early 1960’s, progressing
from simple analytical models and unconstricted arc experiments to fully designed
arcjet thruster prototypes which were extensively tested at many operating points for
relatively long firing durations. By 1966, however, nearly all work on arcjets had been
discontinued due to lack of an appropriate mission. At that time insufficient power
was available in space to make arcjet thrusters a viable propulsion option for satellite
stationkeeping or orbital maneuvering. Some low-level analytical and numerical work
continued, especially as a derivative of ongoing arc heater research. It wasn’t until
the mid-1980’s, however, that arcjet research began again in earnest. By that time
the communications satellite and defense/intelligence satellite industries had grown to
the point where electric propulsion devices such as arcjets could be used to obtain
much greater performance than current monopropellant stationkeeping thrusters. The
growth in size of the newer satellites and their demand for greater power eventually
made it possible for 1-2kW of electric power to become available for periodic firings of
electric thrusters. In the last ten years many different experimental programs have been
startec around the world, and numerical simulations of arcjets have become increasingly
more complex and accurate. With the coming of Space Station Freedom, or at least
a smaller periodically-tended derivative, and renewed interest in space nuclear power
sources such as the SP-100 and Topaz 100kW class reactors, potential uses for arcjet
thrusters will increase even more substantially in the next few decades. The first
flight test of a low power arcjet thruster is scheduled to take place this year on a GE

communications satellite.
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Figure 2.1: Cutaway View of 30kW Regeneratively-Cooled Giannini Arcjet Thruster (from
Todd and Sheets)

2.1 Experimental Work

During the 1960’s, experimental arcjet thruster research was undertaken primarily by
three companies in the U.S.: Giannini Scientific/Plasmadyne, General Electric, and
Avco. Efforts at Giannini focused on the development of 2kW and 30kW radiation-
cooled and regeneratively-cooled arcjets using hydrogen as propellant(31, 116]. Fig-
ure 2.1 shows a cutaway view of the 30kW regeneratively-cooled Giannini design.
Measurements of thrust, specific impulse, efficiency, arc chamber pressure, and power
radiated were taken while the 30kW arcjet was life tested to a duration of 500 hours.
At General Electric a 30kW radiation cooled AC arcjet was constructed and tested
with hydrogen and ammonia propellants(96]. Work at Avco produced water-cooled
and radiation-cooled 30kW arcjet thrusters which were also tested with hydrogen and
ammonia[56, 58]. In addition to thrust, spucific impulse, and efficiency data, electrode
erosion measurements were made. Also, spectroscopic measurements taken through a
quartz window in the constrictor indicated that the core temperature was greater than
20,000°K. Basic trends in performance data were verified by these early experiments.
For example, the negative slope of the voltage-current characteristic, seen in earlier DC
arc discharge columns, was also found in arcjet thrusters up to a certain current level,
beyond which the voltage remained nearly constant. This occurs primarily because the

conductivity of the breakdown gas increases as the current is increased.
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Figure 2.2: JPL 30kW Class Ammonia Arcjet Design (from Polk and Goodfellow)

In the mid-1980’s, the Jet Propulsion Laboratory began testing a 30kW radiation-
cooled ammonia arcjet. The design of this thruster, pictured in Figure 2.2, is typi-
cal of most radiation-cooled arcjets in use today. Initial studies focused on optimiz-
ing the design with respect to cathode placement, cathode tip geometry, and nozzle
contour|26]. Test data from this thruster illustrates some important characteristics of
arcjet operation{41]. The voltage-current curves in Figure 2.3 display the characteristic
negative slope, and the voltage is seen to increase with increasing mass flow rate. This
is due to the increased difficulty of the arc in penetrating the cooler outer layer of

"

gas flow as the flow rate in that region increases, since the heat diffusivity (a = ;c—,-)
is inversely proportional to density. The plots of specific impulse versus input power
not surprisingly show a positive slope, and it can be seen that increasing the mass
flow rate decreases the I,, of the device. When the specific impulse is graphed against
the specific power (P/m), however, the data tends to collapse onto one curve for a
given thruster geometry and propellant. Long duration endurance tests of 600 to 1500
hours showed that the primary failure mechanism is cathode tip erosion and damage to
the anode surface between the constrictor midpoint and a point one constrictor length
into the nozzle[89, 90]. Anode damage due to deposition of molten cathode material
and tracking of the arc foot was discovered, and the boron nitride injector eventually
experienced erosion and fracture. Effective thruster lifetime was observed to decrease
roughly linearly with increasing current.

Experimental arcjet investigations at the NASA Lewis Research Center began in
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1984 with the resurrection of the Giannini 1kW class radiation-cooled thruster(19, 83].
An intact arcjet from the Giannini laboratory was tested with hydrogen, nitrogen,
ammonia, and hydrazine propellants. Voltage, thrust, and efficiency were measured
over a range of currents and mass flow rates. Based on the experienced gained with
this initial testing, a new low power arcjet was designed and evaluated with ammonia
and hydrazine propellants[20, 45]. Results of a 1000-hour life test showed some cath-
ode degradation and microcracks and molten material on the anode surface, but to no
greater extent than seen in short-duration tests. Electrode degradation was therefore
determined not to be life-limiting over realistic mission lifetimes for this arcjet thruster.
A number of design evaluation experiments have been performed on the NASA Lewis
low power arcjet. Five different nozzle configurations were tested to determine their
effect on thrust and propulsive efficiency[21]. Sharply contoured bell-shaped nozzles
were found to produce the lowest performance of the configurations tested, while a short
trumpet-shaped nozzle generated the same thrust as the baseline nozzie but at a 25%
higher discharge voltage and hence lower efficiency. A test of three different constrictor
diameters showed that smaller constrictors could produce a modest 1-2% increase in
efficiency[23]. Comparisons between similar radiation-cooled and water-cooled arcjets
showed that a significant 10-15% increase in specific impulse could be achieved through
regenerative heating with the radiation-cooled design[102]. Since higher voltages were
produced by the water-cooled arcjet, the superiority of the radiation-cooled design
was even greater in terms of overall efficiency. Finally, a thruster with five electri-
cally insulated anode segments was tested to determine the current distribution on the
anode[24]. Measured discharge voltage was about 35V higher than with the solid an-
ode baseline low power arcjet, but trends versus current were similar. The current was
observed to attach fairly evenly over the anode; as the mass flow rate was increased,
the bulk of the current attached further downstream in the nozzle. More recently,
NASA Lewis researchers have developed a higher power 30kW class radiation-cooled
arcjet very similar in design to the TT1 arcjet built previously at the University of
Stuttgart[44]. Performance data was recorded for hydrogen using a nozzle similar to
that used at Stuttgart and also for two additional conical nozzles - one longer than and
one shorter than the baseline configuration. Results of the three nozzle configurations
were somewhat mnixed because each also used different constrictor geometries, but it
appeared that narrower constrictors and shorter nozzles improved performance.
Rocket Research Company has been working toward a flight-qualified, low power,
radiation-cooled hydrazine arcjet for stationkeeping use on geosynchronous satellites.

Initially, a design optimization program was begun with a research and technology
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grant from NASA Lewis[60]. Parametric performance studies were undertaken with
respect to cathode and constrictor geometry, applied current, mass flow rate, and elec-
trode materials in the 1-3kW power range. Subsequent funding from General Electric
was used for flight qualification of an arcjet thruster system to be used on the new
GE 7000 Telstar 4 series of communications satellites(61, 107|. Qualification involved
thermal and vibrational tests, an 800-hour life test, an 800-firing startup test, power
conditioning unit (PCU) efficiency tests, leakage tests, and a system mass minimization
requirement. Launch of the system is scheduled for 1993.

An e.tensive electric propulsion laboratory has been built at the University of
Stuttgart in Germany, and arcjet thrusters with various propellants have been tested
at power levels from 1-80kW. The first design to be implemented was that of the TT1
water-cooled 15kW class arcjet[33]. The anode of this thruster is segmented, with
three segments upstream of the constrictor, one segment in the constrictor, and four
segments in the nozzle. Both the current and heat flux into each segment can be
measured. Performance data such as voltage, thrust, efficiency, and chamber pressure
has been recorded over a range of currents and mass flow rates for argon, nitrogen,
hydrogen, and hydrazine propellants. In general, arc attachment was observed to oc-
cur upstream of the constrictor for argon, in the constrictor and the first portion cf
the nozzle for nitrogen and hydrazine, and in the first 20-30% of the nozzle for hy-
drogen. Experiments were also conducted with a quartz window in the constrictor,
which allowed for measurements of the arc diameter and estimations of the arc tem-
perature by spectral analysis[37]. Core temperatures of 12,000 — 28,000°K and arc
edge temperatures of 5,000 — 10,000°K were calculated depending on the propellant,
operating point, and axial loca.ion. A similar radiation-cooled 15kW class TT1 arcjet
has been constructed and fired with hydrogen and hydrazine propellants[35]. In addi-
tion to performance measurements, temperatures at three different points on the outer
casing of the radiation-cooled arcjet were measured during thruster operation(36]. A
1kW radiation-cooled hydrazine arcjet named ARTUS and a 50kW water-cooled hy-
drogen arcjet named HIPARC have also been constructed and tested(39, 63). The high
power arcjet has a four-segment nozzle like the water-cooled TT1 thruster, allowing
for measurement of the current and heat flux to each segment. At a mass flow rate of
0.1g/s, 50% of the current attached in the first nozzle segment and 80% in the first two
segments. As the mass flow rate was increased, the current was observed to spread out
over the entire nozzle, as would be expected.

Two research groups in Japan have developed experimental arcjet programs, one at

the Institute for Space and Astronautical Science (ISAS) and a joint venture between
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Osaka University and Ishikawajima-Harima Heavy Industries. At ISAS a low power (1-
3kW) radiation-cooled hydrazine arcjet was designed and tested with voltage, specific
impulse, and thermal efficiency measurements taken[122, At Osaka/IHI, both a low
power radiation-cooled and a high power water-coolcd have been tested[111, 112, 123].
The low power thruster was run through a 50-hour life test and a 600 shet multi-
ple startup test with hydrazine propellant in order to assess electrode erosion rates
ad identify possible failure modes. A variety of propellants (argon, helium, nitrogen,
and hydrazine) were tested with the high power arcjet and voltage, specific inpulse,
and etficiency were measured for each. Anode arc attachment was observed to oc-
cur upstream of the consirictor for argon, and in or beyond the constrictor for the
othe: propellants. On- design incorporated a quartz window upstream of or inside
the constrictor turough which transmission spectra were used to estimate excitation
temperatures. Temperatures of 10,000°K were measured in the plenum chamber and
7000 - 13,000°K in the constrictor for argon and nitrogen.

In the last few years an experimental arcjet program has been undertaken jointly by
the University of Pisa and BPD in Italy[17, 18]. Both low power (1kW) and medium
power (3-10kW) radiatively-cooled arcjet prototypes have been constructed and tested.
The medium power thruster was run with argon and nitrogen propellants. Voltage-
current characteristics were recorded and anode temperatures were measured, ranging
from 1000° K at 3kW to 1500° K at 10kW. The low power arcjet thruster was tested with
ammonia and hydrazine, and bulk performance parameters such as voltage, thrust, and
efficiency were measured over a rauge of currents and mass flow rates. A 300-hour en-
durance test was also completed, after which cathode and anode erosion measuremeits
were taken and the electrode surfaces were characterized.

Over the past six years a number of studies have been undertaken to measure
the number density, temperature, and velocity distributions in arcjet thruster plumes.
Several techniques, including plasma probes, emission spectroscopy, and laser induced
flourescence (LIF), have been demonstrated. Manzella and Capelli used atomic ab-
sorption spectroscopy to measure the ground state atomic hydrogen number density in
a 1kW hydrogen arcjet[74]. A peak number density greater than 3 x 10'®m 3 was indi-
cated in the core of the plume. Velocity measurements in a low power hydrogen arcjet
plume were made by Liebeskind ct al. using LIF|6R! They calculated an axial veloc-
ity profile which peaked at 13,000m/s on the axis 0.13 diameters from the exit plane.
Electron temperature and number density profiles over the exit plane of a 10kW hydro-
gen arcjet were obtained by Hoskins et al. with emission spectroscopy([51]. Calculated

electron temperatur. varied only from 0.2eV at the nozzle wall to 0.35eV at the cen-
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terline, while electron number peaked at approximately 4 x 10?**m 2 on the centerline.
Plume characterization of a 1lkW ammonia arcjet was performed by Lichtin, Janson, et
al. using emission spectroscopy and a time-of-flight mass spectrometer(55, §7|. Peak
N, velocities of 6000m/s, N, translational tempuratures of 3000 - 4000°K, and NH
rotational and vibrational temperatures of 3000 — 7000°K were measured. Velocity
measurements in a 30kW ammonia arcjet by Pivirotto ard Deininger indicated a peak
axial velocity of 21,000m/s at a specific impulse of 800 seconds{88]|. The plune of a low
power hydrazine arcjet was investigated by Manzella, Sankovic, et al. at NASA Lewis
Research Center(73, 101]. Electron temperatures of 0.2-0.3eV and electron number
densities of 10'® — 10'"m =2 were calculated 3-15cm downstream of the exit plane. An
electron number deusity of 2 x 10'?m > and rotational temperatures of 750°K, 1750°K,

and 2500°K for N,, N/, and N H respectively were measured at the thruster exit plane.

2.2 Analytical and Numerical Models

The theoretical and numerical analysis of electrothermal arcjet thrusters has lagged
behind experimental work ever since the inception of the field some thirty years ago.
This is due primarily to the complexity of the physical processes involved, which makes
analytic insight difficult and numerical simulation time-inefficient and costly depending
on the available computing power and the complexity of the code. The widespread
availability of computers in the late 1960’s and 1970’s allowed significant progress
to be made using semi-analytic and simplified numerical methods. Recent advances
in detailed numerical modeling including the results of this research have been made
possible by the introduction of successively faster, smaller, and less expensive computer

workstations over the last 5-10 years.

2.2.1 Semi-Analytic Techniques

Much of the early analytical work on arcjets was performed by R.R. John et al. at
Avco Research and Advanced Development([57]. Using one-dimensional modeling in
which the flow was divided into three regions (arc core, transition, and outer flow)
and drawing upon experimental data from 30kW arcjet testing, the basic principles
of thermal energy addition were identified and examined. In additior, the imnportance
of loss mechanisms such as frozen flow losses, nozzle wall drag, flow nonuniformities,
finite area ratio effects, angular momentum losses, and power radiated from the anode

were estimated.
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Figure 2.4: Comparison of Predicted and Experimental Specific Impulse for a 30kW Class
Ammonia Arcjet (from Spurrett and Bond)

More recently, Spurrett and Bond have derived a one-dimensional arcjet thruster
model at Culham Laboratory in England[109]. This model is composed of axial mass,
momentum, and energy conservations equations, a dissociation reaction rate equa-
tion, and the thermodynamic relationships for the propellant. Hydrogen, nitrogen,
and hydrogen-nitrogen mixtures such as hydrazine are simulated, but since the model
predicts peak gas temperatures of only 6000°K nitrogen dissociation is ignored. Wall
friction and conductive heat loss are estimated based on the assumption of fully de-
veloped flow, and radiation losses are also calculated. The model can be reduced to
two ordinary differential equations, one for the flow velocity and one for the degree
of dissociation. These equations are simultaneously integrated downstream with heat
addition based on the run parameters until the flow becomes choked, signaling the
sonic point and the end of the constant-area constrictor. No heat addition is included
beyond the sonic point, as the arc is assumed to have attached to the anode wall at
that point. Once a solution is obtained by - pace marching from a set of initial condi-
tions, the initial total pressure is varied until the choked mass flow rate matches that
of the experimental data for comparison. The program was first validated by compar-
ing to analytic results for heat addition in a constant area channel with and without
friction. Arcjet results were then obtained for ammonia at 5-30kW anc for hydrogen
and hydrazine at 1-3kW. Figure 2.4 shows that predicted specific impulse increases
with specific power for the ammonia propellant case, but at a lower slope than that
presented by the experimental data. For each of the propellants, predicted specific
impulse and efficiency are in error by as much as 25-50%, and the model is probably
too simplistic to expect closer agreement with experimental results.

At the University of Stuttgart, Glocker, Schrade, and Sleziona have constructed a
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dual channel model of an arcjet thruster in which the solution is space-marched from
the constrictor inlet to the nozzle exit with radial profiles determined at each axial
station from integral relations[34|. Separate but coupled calculations are made in the
inner arc core and in the outer cold gas flow in the constrictor. Within the constrictor,
the core velocity is assumed to be sonic and the cold gas velocity is calculated by
assuming the outer flow is adiabatic. Calculations are made with hydrogen, ammonia,
hydrazine, and argon as propellants. Only equilibrium ionization is modeled, however,
so that in the fir ' three cases the molecular components are assumed to be completely
dissociated. Temperatures in the arc core are determined by an energy equation which
includes ohmic heating, radial heat conduction, and radiation. In the outer cold gas
flow the temperature is calculated by balancing the energy conducted outward from the
arc with the enthalpy convected downstream. The pressure is assumed to be constant
radially over both regions, and the mass flow rate at each axial station is enforced in
an integral manner in order to determine the remaining flow properties at each point.
The arc is assumed to attach at the constrictor exit, so that there is no additional
heating in the nozzle. In the nozzle the flow is considered frozen and the inner and
outer axial velocities are determined by performing an analytic quasi-1D expansion.
Example calculations for hydrogen in the TT1 arcjet thruster are shown in Figure 2.5.
As was the case with the model of Spurrett and Bond, predicted performance trends
are in the right direction, but the predicted slope is incorrect. The accuracy of the
model ranges from 0-50%, but that is predicated on fitting one point of each curve in
Figure 2.5 with the experimental data. Thus the predictive accuracy is even worse.
Discharge voltage is calculated by way of a power balance between the enthalpies of
the inner and outer flows and the electrical power input. Compared to experiment,
the predicted voltage is high by 10-20%. This model predicts trends in experimental
data with curve fitting to some degree. The neglect of too many physical processes,
however, such as dissociation, current attachment, and convection in the core to name
a few, severely limits its applicability.

Martinez-Sanchez has also developed a two stream type of quasi-1D model at
M.L.T.[77]. The inner arc core and the outer gas flow regions are analyzed separately,
but they are connected by the assumption that the enthalpy flux of the arc is the
difference between the enthalpy at the outer edge of the arc and the enthalpy in the
colder gas flow multiplied by the rate of increase of the mass flow rate in t! 2 arc region.
That is, the arc expands radially as heat conducted outward is absorbed by gas in the
outer flow region flowing into the arc. Integral relaiions are established in the radial

direction to obtain averaged values of the flow variables, and the pressure is assumed
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Figure 2.5: Comparison of Predicted and Experimental Thrust for TT1 Hydrogen Arcjet
(from Glocker et al.)

to be constant over the cross-section. In the arc core ohmic dissipation and radial heat
conduction are considered, while outside the arc the flow is assumed to behave isen-
tropically. The gas is assumed to be in equilibrium with linear relationships between
the enthalpy, internal energy, heat flux potential, and electrical conductivity. The so-
lution is integrated axially by a fourth order Runge-Kutta scheme until the sonic point
is reached. By varying the total pressure at the inlet, the location of the calculated
sonic point is varied until it matches the position of the constrictor exit for the thruster
being simulated. In the nozzle, arc heating is turned off and the flow is assumed to
be frozen. Comparisons are made to arcjet thrusters over a wide range of power, {or
hydrogen and hydrazine propellants, and for both water-cooled and radiation-cooled
designs. The current attachment point, temperature of the anode wall, and voltage
drop at the anode are all specified by the user to best match experimental data for a
given thruster and propellant. Specific impulse is accurate to within 1-25% and voltage
to within 1-40% of experimental data, erring high or low depending on the operating
point and the thruster being modeled. Considering the wide range of applicability and
the simplicity of this model, it does well in predicting trends in data and for some cases

in accurately predicting performance.

2.2.2 Simplified Axisymmetric Numerical Schemes

The first significant numerical arcjet model was that developed by Watson and Pegot at
NASA Ames Research Center in 1967[120]. This program calculates the characteristics
of a gas flowing axially through a constricted arc, so it is applicable to the constrictor
region of an arcjet thruster. The flow is assumed to be axisymmetric and the electric

potential is assumed to be constant perpendicular to the axis of symmetry. Convection,
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radial heat conduction, ochmic heating, radiation, and viscous shear are incorporated in
the model, and the transport coefficients and enthalpy are determined by equilibrium
tabulations as a function of temperature and pressure. The governing equations are
an energy equation and an axial momentum equation, and continuity is ensured by
iteration at each axial location until the proper mass flow rate is attained. The com-
putational domain is divided into a number of concentric cells in the radial direction,
and the solution is space-marched from an initial set of conditions to the constrictor
exit, which is defined as the point at which the flow becomes aerodynamically choked.
The arc is carried only by those cells with temperatures above a threshold required
for electrical conduction. Results are presented for large diameter ( 1cm) constrictors
at pressures between one and two atmospheres for hydrogen and nitrogen propellants.
Simulated axial arc voltage gradients and mass-averaged enthalpies follow parametric
trends in experimental data, even though accuracy varies considerably. This model
delivers good insight on the constrictor physics for its relative simplicity, but it suffers
substantially in terms of predictive accuracy. Most importantly, no details of the arc
attachment at either electrode are incorporated, and global performance cannot be
predicted since no nozzle calculations are made.

Andrenucci et al. have recently applied the model of Watson and Pegot to 1kW class
hydrogen arcjets through the development of a computer program at the University of
Pisa and Centrospazio[3]. No comparisons to experiment have been made, but future
work is expected to include the addition of a gas dynamics code to calculate the flow
in the diverging nozzle. The authors note that the solutions obtained are strongly
dependent on the starting conditions given at the inlet of the constrictor. This leads
one to question the reliability of future results unless some model is included which
describes the initiation of the arc at the cathode tip.

An axisymmetric model of the flow in an argon plasma torch has been developed by
Kovitya, Scott, and Haddad at the CSIRO Division of Applied Physics in New South
Wales[62]. While the operating point of the plasma torch is different from that of
most arcjet thrusters (1 atm ambient pressure, subsonic flow, argon or air as a plasma
source), the model developed by these authors can be applied with modifications to
both. Governing equations are derived for the global density; radial, axial, and az-
imuthal global momentum; energy; and electric potential. The gas is assumed to be
in local thermodynamic equilibrium and ohmic dissipation, viscous shear, heat con-
duction, and radiative transfer are incorporated. The equations are discretized using
a control volume approach and solved by a line iterative method. The electric arc is

assumed to initiate at a cathode spot and attach at a prescribed anode spot. Artifi-
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cially high gas temperatures are specified at each attachment point in order to allow
stable and fixed arc behavior. Results are obtained for laminar and turbulent flow and
compared to experiment for a range of currents and mass flow rates. Discharge voltage
is found to underpredict experimental results by about 40%. Efficiency is predicted

but no corresponding experimental data are provided.

2.2.3 Advanced Numerical Simulations with Complex Physics

Pawlas and Keith have begun work on a viscous, equilibrium, swirling, axisymmetric ar-
cjet flow model at the University of Toledo[86]. The governing Navier-Stokes equations
with viscosity and heat conduction are modified to include ohmic heating and radiation,
and a magnetic field equation is incorporaied. The equations are nondimensionalized
and transformed to natural coordinates, whence they are solved by MacCormack’s flux-
split, implicit, line Gauss-Seidel algorithm. At present only cold flow (arc off) solutions
have been obtained, but the results are sufficiently detailed to show the obliyue shock
which is generated by the anode wall discontinuity at the constrictor cxit. Centerline
‘Aach number predictions compare very well with experimental data, and Reynolds
number and swirl effects are described. It remains to be seen, however, whether the
numerical model can successfully handle the electric effects, which so drastically alter
the flow behavior.

Okamoto, Nishida, and Tanaka have begun work on a viscous, nonequilibrium,
axisymmetric arcjet flow model at Kyushu University based on earlier experience mod-
eling MPD thrusters(84]. The model includes equations for the global density, radial
and axial global momentum, energy, and electron density. Viscosity, heat conduction,
and ohmic dissipation are incorporated. The governing equations are transformed into
natural coordinates and then integrated via a hybrid TVD-MacCormack scheme. A
potential equation is concurrently solved based on the updated flow properties at each
time level. In this model, the potential is fixed at both electrodes and the current distri-
bution is allowed to evolve according to the governing equations. Results are obtained
with argon, but thus far only at power levels below 140W, that is with little or no cur-
rent. Numerical instabilities occurred at higher power levels. The maximum ionization
fraction in the thruster was 5 x 107%, while a maximum gas temperature of 3000°K
was reported. Clearly this model suffers from numerous numerical and problems, and
thus far it is capable of predicting the interior flow only under arc-off conditions.

At Rocket Research Company, Butler and King have developed an inviscid ax-
isymmetric arcjet flow model with finite rate chemistry and have used the computer
program to simulate low power nitrogen and hydrogen arcjet thrusters(14, 15, 59].
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Governing equations of the model include a global continuity equation, two species
continuity equations, radial and axial momentum equations, an energy equation, and
a magnetic field equation. Physical effects such as ohmic Leating, viscous dissipation,
Bremsstrahlung radiation, thermal conduction, and finite rate chemistry are incorpo-
rated, and realistic geometries are sinulated. The governing equations are solved by a
semi-implicit, total variation diminishing (TVD), finite volume scheme which includes
both Eulerian and Lagrangian integration phases. This numerical solver was originally
developed at Los Alamos National Laboratory to solve magnetohydrodynamic (MHD)
flow problems. Simulation results have been compared to experiment for both hydrogen
and nitrogen. Figure 2.6 shows velocity and Mach number distributions for a typical
nitrogen simulation. For nitrogen, the model was found to overpredict discharge volt-
age by a factor of two. Thrust and efficiency were not compared to experiment beyond
the fact that they seem to follow similar trends with respect to specific power (5) For
hydrogen, similar problems were found with respect to voltage overprediction. The
problems were overcome by a heuristic “fix” in which a minimum electrical conductiv-
ity was imposed in order to alter the anode current attachment pattern. Figure 2.7
shows the effect of the specified conductivity floor on the simulation results. Although
this fix allowed the predicted voltage to become more in line with the experimentally
determined value, specific impulse was still being overpredicted by as much as 20%
and the current was observed to attach throughout the constrictor and nozzle walls
(Figure 2.8), which does not correlate with experimental measurements of arc-induced
heat transfer to the anode surface for hydrogen. This model produces good qualitative
results for a range of arcjet operating parameters, but it suffers quantitatively from
the neglect of several important physical processes. A second energy equation for the
electrons could eliminate the need for an electrical conductivity “floor” by allowing in-
creased electrical conduction and ionization in the arc attachment region. This would
also promote a more concentrated anode attachment and therefore a lower discharge
voltage. Performance predictions could be significantly improved by including viscous
shear and ambipolar diffusion in the governing equations and also by the separation of
the electron and heavy species temperatures.

Rhodes and Keefer have constructed a viscous, equilibrium, axisymmetric arcjet
flow solver at the University of Tennessee Space Institute[93, 94, 95]. Governing equa-
tions include the global coniinuity, global momentum (radial, axial, and azimuthal),
energy, and magnetic field equations. Ohmic dissipation, viscosity, heat conduction,
and radiation are included and the equations are solved by a semi-implicit procedure.

The assumption of equilibrium composition presents a serious problem in the outer
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Butler and King)
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Figure 2.8: Predicted Current Distribution in a 10kW Hydrogen Arcjet (from Butler and
King)

cooler gas flow because the temperature is too low to provide the necessary charge
carriers for electrical conduction. This model therefore requires several fixes in or-
der to allow current penetration of the outer layer and attachment at the anode wall.
First, the electrical conductivity is modified so that an artificially high value (many
orders of magnitude higher than the equilibrium value) is used by the program for
temperatures less than 10,000°K. Second, a shape factor is prescribed which specifies
the distributional form of the current flow. Current attachment is specified to occur
evenly over the nozzle wall surface only. Finally, the local input power from ohmic
dissipation is multiplied by 0.75 in order to better match experimental total power
measurements. The omission of nonequilibrium effects and a separate electron energy
equation to control the finite rate dissociation and ionization processes leads to severe
arc modeling difficulties unless a number of arbitrary matching fixes are made. Results
have been achieved for ammonia and hydrogen as propellants at power levels on the
order of 20-30kW. For ammonia, discharge voltage is overpredicted by about 35% and
specific impulse as a function of specific power is overpredicted by 10-15%. For hydro-
gen, specific impulse is overpredicted by up to 12% and efficiency is overpredicted by
up to 25%, but agreement is close in some operating regions and predicted trends seem
to follow experimentally observed results as a function of specific power. Figure 2.9
shows calculated axial and radial distributions of temperature and velocity for both
ammonia and hydrogen at 30kW input power, while Figure 2.10 compares predicted

specific impulse and efficiency to experimental data for hydrogen at a particular mass
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Figure 2.9: Predicted Temperature and Velocity Distributions for Ammoniz and Hydrogen
at 30kW (from Rhodes and Keefer)

flow rate. The results of this model could probably be brought into closer agreement
witk experimental data by including nonequilibrium effects, ambipolar diffusion, and

more realistic current attachment boundary conditions.

2.3 Outline of This Research

As detailed in the preceding sections, a large number of experiments have been per-
formed during the past eight years in order to document the performance of electrother-
mal arcjets and to try to measure flow quantities in the thruster interior and plume.

Most of the immpetus for arcjet design improvements has come from the empirical results
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of these experiments. A need remains, however, to better understand the underlying
physics, detailed energy balances, and transport mechanisms of these devices if we are
to further optimize performance and achieve developmental maturity of the field. Un-
fortunately, most of the important processes occui in the high temperature region of
the constrictor and nozzle inlet, which is relatively inaccessible by current diagnostic
means. As a result, analytic and numerical methods have been utilized to attempt to
model the gasdynamics of arcjet flows. Because many complex interacting phenomena
are involved, however, analytic techniques are limited to simplified cases, from which
one may obtain useful insights but inadequate predictions of thruster performance.
Numerical simulations have advanced from simplified models of the constricted arc to
viscous, axisymmetric models which incorporate many of the important physical phe-
nomena. Even these detailed codes, though, fail to consistently model anode current
attachment or predict performance with better than 10-30% accuracy. The focus of
this research is the development of an arcjet model which overcomes these two prob-
lems in order to provide a detailed picture of the interior flow of an arcjet from which
a better physical understanding of arcjet operation can be drawn.

Due to its high performance and simplicity, a radiation-cooled hydrogen arcjet is
modeled by this thesis. The most significant improvement of this model over previous
simulations is the use of two separate energy equations, one for the electrons and one
for the other heavy species. It is postulated that ochmic dissipation in the flow outside
the arc causes the electron temperature to be much higher than the gas temperature in
the current attachment region, thereby providing an increased level of charge-carrying

electrons through nonequilibrium dissociation and ionization. This, combined with
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the ambipolar diffusion of electrons from the central arc, creates a physical path for
the current to pass through the cooler outer gas layer and to reach the anode wall.
Incorporation of a separate electron energy equation, nonequilibrium rate terms, and
ambipolar diffusion allows the model of this research to consistently simulate anode cur-
rent attachment and therefore to accurately predict discharge voltage. Other physical
effects such as viscous shear and heating, collisional energy transfer between species,
continuum radiation, and an azimuthal “swirl” component to the flow velocity are
included in the model and contribute to its excellent performance predictions with re-
spect to experimental data. The governing equations include equations for the electron,
atomic hydrogen, and global densities; the radial, axial, and azimuthal momentum; the
electron and heavy species energy; the electric potential; and the temperature distri-
bution in the anode thruster assembly. These equations are solved by MacCormack’s
method and successive overrelaxation, combined with the implementation of the proper
boundary conditions.

In order to obtain more accurate estimates of the the inlet gas and anode wall tem-
peratures, a thermal model of the anode and thruster assembly is constructed. Using
the heat flux input to the anode wall as predicted by the arcjet flow model, the resulting
temperature distribution in the thruster assembly is found. Improved estimates of the
inlet gas and anode wall temperatures are then used as new boundary conditions for
the flow solver in order to produce more self-consistent solutions with respect to anode
thermal losses. A linearized stability analysis of the anode current attachment region is
also performed. Although the mechanism for an ionization instability is identified, the
arc appears to be stable for the near-anode conditions predicted by the arcjet numerical

simulation.
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Chapter 3

Governing Equations

3.1 Basic Equations

In general, the equations governing the gasdynamic flow in an arcjet thruster are
Maxwell’s Equations, the electron, ion, and neutral species conservation equations,
and the equation of state.

3.1.1 Maxwell’s Equations

Maxwell’s equations can be written in vector form as

. 9B
VxE-= —Et— (31)
o . OFE
V xB= Ho (] + 605{') (3.2)
V.E = e(ni = ) (3.3)
€o
V.B=0. (3.4)

3.1.2 Species Conservation Equations

The species conservation equations can be derived from Boltzmann’s Equation, which
describes the rate of change of the distribution function of a species s with respect to

time and position in six-dimensional phase space (d°rd®v). Boltzmann’s Equation can
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he written in vector form as in Bittencourt[9]:

af, . F, (0.
5 | v-Vf, t -~ Vof, = (m )‘ (3.5)

where F, is an externally applied force vector and the term on the right-hand side
indicates the net time rate of change of the distribution function of species s due to
collisions.

The first step in Geriving the species conservation equations is to multiply Equa-
tion 3.5 by some function (Z,v,t) which may vary with respect to position, velocity,

and time. [ntegrating over all phase space, the general trantpor. equation is obtained

0 ¢ B )
3‘£("-<¢>a) T < oy >, +V.-(n, < v >,) n,<v-V¢ >,

T AN \

-n, < ;;:-Vu(b /,—/QS( Y )coud v, (3.€

where the definition of the average value of a quantity (< >) has been used. Substi-
tuting appropriate values for the function ¢, produces the three species conservation
equations, which are closed by Maxwell’s equations, the equation of state

p=3Y nkT, =) pRT,, (3.7)

) s
and phenomenological laws for the viscous stress tensor and heat flux.
Taking ¢ = m, in Equation 3.6 results in the species continuity equation, which is

a statement of the conservation of mass of species s:

ap' — _ _ af‘ 3 Q
PV (paia) = S, = m,/ ( - )m”d v. (2.8)

Here the source term on the right-hand side of the equation, S,, represents the rate per

unit volume that particles of species s are created or destroyed as a result of collisional
events, such as ionization or recombination.

Using ¢ = m,v, the species momentum equation is obtained:

Au -
ps l a"t‘ + (@, - V)fi,] + V.5, ~n < F>,=A4,-i,bs,. (3.9)

The quantity p, is the kinetic pressure dyad, representing the scalar pressure and
tangential shear forces. The source term A, denotes the collisional rate of change of
mean momertum for species s, while the term S, is the same as that employed in
Equation 3.8. Since the eflect of tie Lorentz force is of concern in this research, the

following substitution may be made:

< F>,=q,(E+i, x B). (3.10)

56



In addition, the collisional momentum term may be written as
4, =0, v, (i -14,). (s £7) (3.11)

This leads to the statement of species momentum conservation in the following form:

ot
Multiplying the species continuity equation by u, and substituting into Equation 3.12

Ps [a“- (%, - V)u" +V.p, =n,q, (E + 4, x B) +p. ZVn (4, - 8¢)— 1,5, (3.12)

results in the following conservative form of the species momentum cquation:
dp,u,

ot
Finally, the species energy equation may be obtained by substituting ¢ = —m v?in

+ V- (piti,) + V- 5, = nuq, (E + i, x B) +p, Zu,, (@, —i,). (3.13)

the general transport equation. Again after some maunipulation the following form is

achieved:
D, /3 E;.. 3 Eine . a /1 ( )
D,t(2”'+”‘m,)+(2”‘+”‘m.)v'"' at(z”‘ )*V Pt
+V-3, 0)+V-G-n<F-v>=M,, (3.14)
where DQ.‘; is the substantial derivative for species s, ¢, = —k,V7T, is the heat flux

vector, and M,, which represents the rate of change of energy per unit volume due to
collisions, given by

M, = %m,/vz (%)c Z mp:m [3BK(T. — T.) + m.(d, - @,)"]. (3.15)
Equation 3.14 also contains terms representing additional forms of internal energy
(Eint), such as the energy of dissociation, ionization, and vibrational excitation. This
equation, however, is specific to monatomic gases. For diatomic gases, the extra degree
of freedom (rotational excitation) results in an internal energy of gp, rather than :—2’ P
Substituting for the electromagnetic forces and heat flux vector and rearranging, it is

found that for monatomic gases

D, /3 Ei N 3 E;.. . d /1 ) (1 )
Dt(P.+P.m.)+(2p.+p.m.)V-u.+at( + V. p.uu

+V (B, @)~ V- (kVT) =7, E+M,, (3.16)

and for diatomic gases

D, /5 E;.. 5 E;. . 8 1 ( )
D) ()51 () - (i

+V-(B, 4)-V - (kVT)=7,-E+M,. (3.17)
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These equations may be simplified and written in a more familiar form by using

the definitions of internal and total energy per unit mass:

1
E, =€, + Euf, (3.18)

where e, represents the internal energy calculated by an appropriate statistical mechan-
ical model of the molecule in question, including as necessary the translational, rota-
tional, vibrational, excitation, dissociation, and/or ionization energies of the molecule.
Then the species energy equation becomes

a P — o
T (PsEN)+ V- (pu,E,)+ V- (p,-u,) - V-(k,VT,) =3, -E+ M,. (3.19)

3.1.3 Equation of State

The equation of state for an ideal multicomponent gas is given by
r=Y pRT, (3 20)

where R, = ;’:—_ is the real gas constant specific to each component gas.

3.2 Axisymmetric Arcjet Flow Model

Using the equations of Section 3.1 for the case of axisymmetric flow of a multicompo-
nent partially ionized gas, a model of the flow in an arcjet thruster can be developed.
Figure 1.2 shows a diagram of this flow. Variations in flow quantities in the 6-direction
are neglected because of the axial symmetry of the model. A component of the flow
velocity in the 6-direction, however, is incorporated to account for the “swirl” injection
of most experimental arcjets. This injected vortex has been shown to stabilize arc at-
tachment and to help maintain a concentrated arc along the centerline of the thruster.
Although the azimuthal velocity is assumed constant in the 8-direction, it is allowed
to develop in the axial and radial directions through the conservation of global angular
momentum.

The model has been developed in a general enough sense so that any monatomic or
diatomic propellant may be simulated. For the purpose of this research hydrogen was
selected as the propellant of choice due to its low molecular weight (and therefore high
performance) and simple molecular structure, which allows for analytical evaluation
of the necessary transport coefficients. The use of these polyatomic gases as propel-
lants and the extreme range of temperatures produced within arcjet devices, however,

introduce two important complications of the model which extend beyond the scope
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of most ordinary fluid codes. First, as the gas temperature increases a dissociation
process will take place, whereby the composition of the gas will change from diatomic
to monatomic neutrals. This requires a chemical kinetic description of the dissociation
reaction to be developed and implemented. Second, at sufficiently high temperatures
the gas will ionize, requiring an equation to reflect the net effect of electron impact
ionization and three-body recombination. As a result, there are four species of parti-
cles to be accounted for by the model: diatomic molecules, monatomic neutrals and
ions, and electrons. Effects of the possible presence of diatomic hydrogen ions (H,)
are neglected. The gas is not assumed to be in dissociative or ionizational equilibrium.
Instead, the net ionization and dissociation rates are computed and included as source
terms in the relevant conservation equations.

The following assumptions are made regarding the state of the flow in the thruster
and the physical processes involved. The plasma produced by ionizing electron colli-
sions is assumed to be macroscopically neutral, so that n, = n;. Strong coupling is
assumed between the ions and neutrals, designated together as the heavy species. This
implies that 4; = 4,, = 4 (except for ambipolar diffusion), and T; = T,, = T, # T.. This
then is a two fluid model that separately tracks electron and heavy species quantities,
although transport properties can be calculated for the ions and neutrals separately and
their individual velocities may be extracted in an approximate sense. Effects which are
consistently incorporated include ambipolar diffusion, heat conduction, viscous shear
and dissipation, ohmic heating, radiation, and collisional energy transfer between elec-
trons and heavy species. In addition, the individual species are assumed to obey the
ideal gas law.

A final assumption is that the self-induced magnetic field of the ionized gas is
neglected. The main effect of the magnetic field, which delineates electrothermal arcjets
from MPD thrusters, is the Lorentz acceleration of the ionized propellant. This is
evidenced by a magnetic pressure term, %, in the global momentum equations. The
degree to which a thruster can be considered magnetically dominated is given by the
ratio of the magnetic pressure to the fluid pressure

Bz
Mo = 2#—00};,;,
where the zero subscript denotes the inlet values of the quantities for reference purposes.
Using the fact that By = ﬁﬂ}{—‘ (R.=cathode radius) for a coaxial device, it is found
that

(3.21)

pol?
M= S 3mp "
8n2R2 P,

(3.22)
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Table 3.1: Magnetic Parameter for Electrothermal Arcjets and MPD Thrusters

TT1 Arcjet | MPD Thruster
Current 200A 30kA
Py 1.5atm 0.0latm
R, 2mm 5.2cm
Mo 0.001 5

Clearly the characterization of a given thruster depends not only on the power applied
but also on the plenum pressure and the geometry. Table 3.1 compares 7, for typical
operating points of the German T7T1 arcjet thruster(33] and the MPD thruster of
Heimerdinger[47]. The effect of the magnetic field is essential'y negligible for the TT1
arcjet, which ‘s the primary thruster modeled in this research. The same can be
said of other iow and medium power electrothermal arcjet thrusters currently being
tested. The magnetic field could be introduced into an electrothermal arcjet model
as a way of incorporating a consistent set of boundary conditions for the arc current
distribution, but at the cost of additional memory usage and computational time.
For an arcjet, in fact, the arc boundary conditions are more easily applied through a
potential formulation.

Given the aforementioned assumptions, the model can be summarized by a set of
nine partial differential equations which must be solved locally in order to generate a
viable simulation of the flow in an arcjet thruster. These governing equations include
equations for the ion, neutral atom, and global density; the axial, radial, and azimuthal
momentum; the electron and heavy species energy; and the electric potential, from

which the current distribution is extracted.

3.2.1 Electric Potential Equation

The electric potential equation is derived from the electron momentum equation and
Maxwell’s Equations. Using the definitions of current density, j= en.(u; — u.), and
electrical conductivity (cf. Section 3.4.4), the well known generalized Ohm’s Law may
be obtained:

{

o(E+ixB)=7+jx8 - ———Vpe, (3.23)
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where 3 is the Hall parameter, given by
eB

ﬂ - me Zf VCT ' (3‘24)
Neglecting the self-consistent magnetic field, this may be simplified to
j=0oE +yVp., (3.25)
where
€
S (20

is the electron mobility and ¥, v., is the collision frequency of electrons with the other

species present. Since the plasma is macroscopically neutral and B = 0, Maxwell’s
equations reduce to Vx E =0,V -5 =0,and V- E = 0. Therefore, the electric field

may be written as the gradient of a scalar potential:
E=-V¢. (3.27)
With Equation 3.25 it is found that
V. (eVed-4Vp.) = 0. (3.28)

Written in terms of axisymmetric coordinates, the electric potential equation is then

) 0 ¢ 3’pe 18p.  &p.\  Op. 0y 0Op. 0y
or (#)* 5, (9) 4 "’( 2 or o ) or or * 0z 0.0 %)
where
¢ 04
¢ = (TE ¢, = O’Fz-. (330)

3.2.2 Mass Conservation Equations

From Equation 3.8, the four species continuity equations which govern the flow can be

written as
aPS,
ot + V- (ps,Uis,) = —ms (ns+ < ov > n.ns,) (3.31)
aps . .
Bt + V - (pstis) = mg(ns+ < ov > n.ng, — n.) (3.32)
8ps+ - .
6t + V . (ps+’us+) =mgsn, (333)
‘;”; + V- (peiy) = mette, (3.34)

where the subscript S represents the propellant species (hydrogen in the case of this

research), ns represents the net rate of production of atomic species per unit volume
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where D, is the ambipolar diffusion coefficient, given by

wkT, (1 t %)
4m$ Qin(nc + nn)'
A derivation of this particular form of the coefficient of ambipolar diffusion is presented

D, = (3.41)

for reference in Appendix C. Physically the process of ambipolar diffusion may be
described in the following manner. In the presence of ions and electrons, this diffusion
originates from the combined action of pressure gradients and electrostatic coupling
between the two species. Electron pressure gradients cause diffusion of electrons and
ion pressure gradients cause diffusion of ions. In order to maintain charg reutrality,
however, the less mobile ions are pulled with the electrons so that both species diffuse
together at a rate which lies somewhere between their respective free diffusion rates.
The incorporation of an electron/ion diffusion term controlled by the coefficient D,
represents an approximation to the actual beliavior of these species. This diffusion
turns out to be very important in terms of mass and energy transport in the ionized
regions of the arcjet thruster. In an axisymmetric coordinate system the ion continuity
equation then becomes

dp. Opeu, 0 ap. dpu, 0 dp. Pe O\
ot * or  or (D,, or * 9z Bz De 0z A D or ) = el
(3.42)

Including terms for an axial and radial slip velocity, the monatomic continuity

equation is given by

Ops  Opsu, O0psVs, Opsu. 0OpsVs. ps(u, +Vs,)
a& "o "o e e T &

=mg (ﬁs+ < oV > n.ns, — n,) . (343)

The neutral atom slip velocity, defined by the relation us = u + Vs, is in general
calculated by solving a set of diffusion equations for each of the species present. The
existence of gradients in the atomic and diatomic species densities would generally
lead to diffusion of these species away from regions of higher concentration in a process
analogous to the ambipolar diffusion of ions and electrons. In this case, however, only
the neutral velocity slip produced soleiy by ambipolar diffusion is considered. Using
the definition of the mean flow velocity and assuming that both neutral species travel
at the same velocity implies that

S+
Vs, = Vs = —ﬁ—p—svy, (3.44)
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or

ps__p ™s
ps, +ps  m.

Inserting this expression into Equation 3.43, the final form of the neutral atom mass

psVs = Vp.. (3.45)

conservation equation becomes

dps Opsu, O ps ms Op. Opsu, 0 ps ms Op.
s ~ (£ __p=s 2Pst:  Z (85 __p, 2%
ot + or + or ((Ps, + ps) “m, Or 8z + 0z \(ps, + ps) ~m. 0z
ps ps _p msOpe) _ i e
+ . (u, + (ps. + p3) o 31') =mgs(ns+ < ov > n.ns, — n.). (3.46)

The net production rate source terms in the above equations are determined by disso-
ciation and ionization nonequilibrium relations, described in Sections 3.3.1 and 3.3.2

of this document.

3.2.3 Momentum Conservation Equations

Summing the four species momentum equations defined by Equation 3.13 and substi-
tuting the definitions of global density, mean flow velocity, and pressure (p = Y, p;)
results in a statement of global momentum conservation. In this process the collisional
momentum terms and the electric field terms cancel, and the Lorentz force terms are
neglected, so that the global momentum equation is given by

Opu

—6—t+V-pﬁﬁ+V-§=0. (3.47)

Separating out the shear and stress components of the pressure tensor, the component

equations of the global conservation of momentum are given by

opu, O(put+p-r 8(pu,u, — T4, u? — pui — 1., + 7
P+(P P r)+(P )+p,pa 00

r ' e - =0  (3.48)
3‘;;1:9 N B(purtgr— Trg) + 3(Puo1gz— To:) n 2P“r“0r— ™ _ o (3.49)
621:, 4 B(pu,z‘;‘-— Tre) 4 0(pu? ;5 — Tuz) n P“r“zr” Trz _ 0, (3.50)

where
el

2 (u Ou Ou
"= b (2“___1‘__ “) (3.52)



Ter = %ﬂa (2% - % - 1‘:.:) (3.53)
— (% _ “7‘) (3.54)
(222 o5

o = M%‘.‘;e, (3.56)

and g, is the heavy species viscosity, to be derived as a function of the species viscosities
in Section 3.4.1. Three momentum equations are required, but due to the assumed
azimuthal symmetry all derivatives in this direction are neglected. Additionally, the
contributions of the electrons have been neglected in the ahove expressions for the

shear stress.

3.2.4 Energy Conservation Equations
3.2.4.1 Heavy Species

The energy conservation equations for the three heavy species (diatomic molecules,

atoms, and ions) are found from Equation 3.19:

a — = — r]
5; (P51 B5,) + V- (psiis, Bs,) + V- (Bs, -ds,) = V- (ks VTp) = Ms,  (3.57)

0 _
51 (PsEs) +V - (psiisEs) + V - (ps - us) = V- (ksVTy) = Ms (3.58)

ad . - . A
B-t-(ps+E5+)+V‘(p3+us+ Es+)+v'(ﬁs+ -‘us+)—V-(ks+VTg) = J]st -E+M51, (3.59)

where T, is the heavy species temperature.

The enthalpy, and consequently the energy E,, of each species is obtained by consid-
ering both the internal energy based on molecular degrees of freedom and the energies
associated with dissociation and ionization. In this case the energy of dissociation is
bound to the neutral atoms, while the ionization energy is arbitrarily bound to the

electrons. Therefore the enthalpy per molecule for the heavy species may be written

as
7 Ey;
hs, = EkTg - BEs+ B + A (360)
e*e —1
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and

5 A
hs = hg+ = ikTg + —2—,

where E; is the dissociation energy, E.; is the vibrational excitation energy of the

(3.61)

diatomic molecule, and A is a constant chosen to make the enthalpy of the S, molecule
zero at the common reference temperature Ty = 298.16°K. For gases of interest in this
application such as hydrogeu and nitrogen, the vibrational excitation is negligible at

the reference temperature, so A = Eq — ITy. Therefore

7 Em'b
hs, = ék(Tg - Tf) + —‘ETF._'T—I (362)
e*y —
and
hs =h —SkT+lE—sz (3.63)
s = s+ = oklg + 5 0a — 7Ry .
The total enthalpy and energy per unit volume are then given by
1
pH =3 nshi+ 3 Spiu}
i j
5 7 1 Rs,0,
= =(ps + ps+)RsTy + —ps, Rs, Ty + - (ps + ps+)Rsba + p_s%l__si_
2 2 2 eTs — 1
7 7 1 o, 1, 1
= gpsifs, Ty — J(ps + ps)RsTy + 5ps,us, + 5psus + 5pstuse (3.64)
and
PE = pH — ps, Rs, Ty — (ps + ps+ ) RsT,, (3.65)

where 64 = % and 0, = %ﬂ are the characteristic dissociation and vibrational excita-
tion temperatures, respectively.

Taking advantage of their common temperature the three heavy species energy
equations may be combined into a single energy equation by summation and simplifi-

cation. Summing Equations 3.57-3.59 implies that

0 - - -
T (ps,Es, + psEs + ps+Es+) + V - (ps,Us, Es, + pstsEs + ps+us+ Es+)
+V - (Bs, - iis,) + V- (Bs - @s) + V - (Bse - s+) — V - (k,VT,)

= js+ - E + Ms, + Ms + Ms:, (3.66)

where the individual thermal conductivities have been combined into an overall heavy
species conductivity, k,, to be derived in Section 3.4.3. In order to write this heavy

species energy equation in terms of the mean flow velocity , the slip velocities for each
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of the species are defined by the relation

i =4+ V. (3.67)
The slip velocity in the axial direction is assumed to be negligible in terms of the
transport of energy, while the radial slip velocity, though small, can be an important
transport mechanism because of the steep radial density and temperature gradients at
the edge of the arc. Therefore the slip velocities will be retained in the radial divergence

term of the heavy species energy equation but neglected everywhere else. As a result,

Equation 3.66 may be recast in the following form in axisymmetric coordinates:

aPE n a(PurH + Qgr — UpTrr — UgTrg — uzrn) + a(Pqu + Qgz — UpTy; — UgTg, — '"'z‘ru)

ot or 0z
+PurH + Qgr — UeTry — UTrg — U Ty, + 6(/’53 VSngS, + PSVSrHS + Ps+ VS+ y-Hs+)
r or
. ps, Vs, Hs, n psVs.Hs + pstVsieHst _ E, (3.68)
r r T
where
oT., oT,
Qgr = —k,—aTg and g, = —k,-a—:- (3.69)
and
E, = 31::—¢(Ves+ + l.s + 6,V¢s, )k(T¢ - T,). (370)
S

The collisional energy transfer from the electrons to the heavy species, represented
by Ej, is the only term which remains from the summation of the M;. The 4, factor
preceding the electron - diatomic molecule collision frequency is needed to correct for
the fact that electron collisions with polyatomic molecules are not elastic since some
of the electron energy can be absorbed by rotational or vibrational excitation of the
molecule. Figure 3.1 shows the value of this correction factor for hydrogen, as taken
from Sutton and Sherman[110]. In addition, g, is the heavy species heat flux vector,
and the total enthalpy and energy are given by Equations 3.64 and 3.65 respectively.
The ohmic term Jg+ - E was neglected as the arc current is carried primarily by electrons
rather than by ions.

Equation 3.68 is considered the strong conservative form of the energy equation for
the heavy species. Computationally, it was found that this form was not appropriate
for the arcjet simulation. Because the flow in the core of the arc can attain such high
velocities in the nozzle expansion region (greater than 20,000m/s), the kinetic energy
portion of the total energy can become very large. Similaily, in certain regimes the

dissociation energy term can become the dominant part of the total energy, since the
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Figure 3.1: Inelastic Correction Factor for Energy Transfer Between Electrons and H,
Molecules

characteristic dissociation temperature is so high. Numerically, these two effects can
lead to a situation where the thermal energy is orders of magnitude less than the kinetic
or dissociation energy, resulting in a loss of information or indeterminate temperature
when the gas temperature is extracted from the total energy after each integration step.
Furthermore, these large total energy terms can lead to enthalpy fluxes which are the
dominant terms in the numeric.! integration. This situation could cause unusually
large changes in the total energy through the unsteady term in order to balance the
discrete equation. If the changes are too large in the negative direction a negative
gas temperature may result, which is clearly non-physical. Consequently, in order to
prevent non-physical results and numerical difficulties, a modified internal energy form
of the heavy species energy equation is utilized. By using the species continuity and
momentum equations together with Equation 3.68, the following statement of heavy

species energy conservation results:

Ope, + 0 (pegur + qqr) . 0(pegu, + g4z Ou, Ou, phyu, + g,

ot or 0z T Pep, TPy, T
a 8V,r 3Vr av r
+3, (ps,es,Vs;r + psesVs, + ps+est Vsi,) + ps, 3:: T Ps 3: tPs+ 35:
hs, Vs,, hsVs, h R 1.
4 Psihs Ve £ ps Srs + ps+hs+ Vs+ = &+ B — ; Egs, (3.71)
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where
o, \’ A\’ u,\ 2 Ou Ou,\’
d = ou, z Ur ro z
P'[z(ar) +2(3z) +2(r)+(32* 81-)
Oug g 2 Oug ® 92 (0u, Ou, wu 2
+(T9;'-_r)+(—37 T3 3r+8z+r (3.72)
5 Rs, 0, 17
peg = 5 (Ps +ps+) RsTy + 5ps, Rs, Tg + Panl 1PEsT (3.73)
e"v -1
phg = peg + ps, Rs, Ty + (ps + ps+) RsTy (3.74)
5 R
2Rs,T, - Rs,T,e + j’ (3.75)
2 eTs — 1
3 7
€g = €g+ = -Z-RsTg - ZRsTj (3.76)
and
hj = e+ RJ'T‘,. (377)

Although this internal energy form of the equation is not conservative, it is accurate

as long as the flow is free of strong shocks or other discontinuities.

3.2.4.2 Electrons

The energy conservation equation for electrons is given directly by Equation 3.19:

a 3 1 E 3 1 2 Ei - = -
i ( —Pe + zpe« + Pe_') + V. [(Epe + 5pete + Pe;l') ue] + V- (p, - i)

- V- (k.VT.) =73.-E + M., (3.78)

where E; is the iorization energy. Neglecting the electron shear terms, substituting for

M., and rearranging, the electron energy equation may be written as

8 /3 1 E; 1 ,. Ei.
Z’)_t( +2p,u + pe— )+V (peu¢+§peu,ue +pe— u,)—V-(n,VT,)

e

]
= {‘— — E,— Eg < ov > nens, — R, (3.79)

where terms proportional to the square of the electron velocity slip have been neglected,
E, is the collisional energy transfer given by Equation 3.70, £y < ov > n.ng, is the
energy lost per unit volume due to electron impact ionization, and R is the energy

lost per unit volume due to radiation. As with the heavy species energy equation,

(1}



it is desirable for numerical reasons to eliminate the ionization energy from the total
energy, and instead to rcly on a finite rate source term on the right hand side of the
equation. Using the electron continuity equation and the definitions of total energy
and enthalpy, Equation 3.79 in axisymmetric coordinates becomes

O(peE.) | (peterHe +gur) | O(petectle + o)) | petierlle t 4.

ot or 0z r
= J—.- -~ E‘ - Ed <oV > n.ny, — Eihe o R’ (380)
ag
where
3 v l 2 [)
E = JRT. + jul (3.81)
H. - E. t R.T. (3.82)
oT. aT.
er — _ke—_ ez — _ke_——' 3.8
q P q 5, (J 83)

The formulation of the radiative transfex term R follzws the model of Morris, Rudis,
and Yos(82| as sin plified by Watson and Pegot[120]. Watson and Pegot neglected line
radiation by hydrogen because the absorption coefficients were found to be suft siently
large to preclude radiative energy transfer. ontinuum radiation from electron-ion
recombination and free electron transitions (bremsstrahlung), however, were included
in the Watson and Pegot model and calculated by a quantum defect method. Since
these continuum processes involve the electrons, in the model of this thesis the radiated
energy is considered to have been lost in the electron cnergy balance rather than the
heavy species energy balance. The energy radiated is assumed to escape to the thruster
walls rather than to be captured in the gas flow. Calculation of the radiation transfer
term is accomplished by interpolation from a data set as a fun.tion of temperature and
pressure. For illustration, the radiated power in hydrogen as a function of temperature
1s plotted 1n Figure 3.2 for a pressure of 1 atm.

A simple calculation can be made to estimate the maximum possible size of the line
radiation loss term for hydrogen. The highest radiation loss for hydrogen will come
from the first excited state, which is separated from the ground state energy lev.i by

10.2eV. The radiative power loss per unit volume for this transition is given by

Rz; = nzAzlEzlﬂ, (3-84)
where n; i. the number density of the excited state, given by Boltzmann’s relation
B2 92 -BalkTy _ 314 x 100, e 118300/Ts, (3.85)
Mmoo g

70



1.2 x 10'°

0.8 x 100~

R(W/m?)

0.4 x 10%° -

L4 1 T ¥ T 1 |
] 20000 4000 60000 81000
T.(°K

Figure 3.2: Ionization Recombination and Bremsstrahlung Continuum Radiation in Hydrogen
at latm

Aj;)' is the lifetime of the first excited state, E3; is the energy difference between the
first excited state and the ground state, 3 is the escape factor, and n, is the number
density of the ground state. By assuming that the escape factor 3 is unity, the worst
case value of the radiation loss rate is obtained. Comparison of the magnitude of
R, to other terms in the heavy species energy equation shows that the worst case
radiation loss is negligible everywhere except in a narrow band 0.1-0.2mm wide in the
constrictor region which lies along the boundary between the central arc and the outer
flow. Within this band the number density of atomic hydrogen is a maximum, and
the gas temperature is still relatively high (10,000 — 20,000°K). The dominant term
in the heavy species energy equation in this region is radial heat conduction, and line
radiation can e of the same order as this term within this narrow band. Since the
absorption coeificients for hydrogen are very large under these conditions, however, the
escape factor is therefore very smali, and the line radiation loss term can be neglected.
Although little or no radiated energy is lost, there may be a net radial transport of
energy since the radiation may be absorbed in a different place from where it was

emitted. This effect, however, is not modeled by this thesis.
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3.2.5 Additional Equations

Additional equations required to complete the model are the equation of state and the

definition of the electron velocity in terms of the current density and the mean flow

velocity:
P = Py + Pe = ijjoTy + PeReTe (386)
J
Uep = UGty — -]L Ueyg = UG+, — Js (387)
en, en,

The electron velocity appears and is utilized solely in the electron energy equation.
It is also of interest to derive a formula for the ratio of specific heats () for the gas
as a whole, as it is required in calculating the Mach number and in obtaining stability

criteria for a numerical integration method. For monatomic species vg = g, while

for diatomic species at low temperature v5, = %’ At higher temperatures of several

thousand degrees Kelvin, the vibrational excitation of diatomic molecules decreases v
through the factor é by
1

= .8
where
6,/T,
b= w1 (3.89)

The factor delta goes to zero as T, approaches zero, and it goes to one as T, becomes
much larger than 6,, meaning vg,(T, > 6,) = 1.286. The “frozen” ratio of specific
heats for the gas is then given by the ratio of the mass-averaged specific heats of each

of its constituents:

[
1—2sa)8 25 |7, (8)'__eTo
( p)2+ P 2+(T.) ¢"_l 5, p5 1+(_. 8, /2T, )2
¢ | 2 p sinh(0, /2T,)
7 = - = - - [ 2
y P 8, /2T
% it [1 + Gawor i) ]

(3.90)
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3.3 Dissociation and Ionization Processes

3.3.1 Dissociation

Since a diatomic gas is utilized as the propellant in this research, modeling of the

dissociation process is required. The reaction
S; = 28 (3.91)

governs this process, and for hydrogen it occurs within the temperature range 1500 —

7000°K for pressures between 107* and 10° atm. The corresponding dissociation ¢nergy
is 4.478eV (7.174 x 1071%).

3.3.1.1 Equilibrium Flow

In the equilibrium case, the law of mass action written in terms of the partial pressures
is

ps 1 0 0

—= = K,(T,) =exp |——- (245 — f (3.92

B k(1) e |- (208 - )| )
where R is the universal gas constant, K, is the equilibriusn constant, and f? is the
chemical potential, or Gibbs free energy per unit mole, of the pure species at unit

pressure, given by

To T . dT, .
s0 _ - 3 . 4T, e
K, = ‘/Tm ,dT, — T, /T'o S, T, + h,y — Tg3,, — RTy1n po. (3.93)

Alternatively, by writing the law of mass action in terms of number density, the equi-
librium constant K = kT, K, may be written in terms of the partition functions of the

reactants and products as

2 2
is _g=3 (3.94)
ns, qs,
For hydrogen, for example,
qn = 2,,;;6-7‘?; (3.95)
and
84-A
s T, €T
9m, = 2341?1501 —o (3.96)
r] e To
where
3
. 2rmygkT,\?
Q;I = (_— h2 ’) ) (3.97)
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Figure 3.3: Log,oKp versus Temperature for Dissociating Hydrogen

0,
A =604 —- ;Tf - o , (3.98)
eTs — 1

6, is the rotational excitation temperature, 8, is the vibrational excitation temperature,
0, is the characteristic temperature of dissociation, and T} is the reference temperature
298.16°K.

Since the equilibriuin constant is a function of temperature only, it is convenient
to use tabulated values of K, when solving Equation 3.92 for a specific thermody-
namic state. For hydrogen, a plot of log,, K, versus temperature from Martinez and
Elverum(75| is shown in Figure 3.3. Equation 3.92 can be solved for the partial pres-
sures, mole fractions, or mass fractions of the two species, given information about
the total pressure, number of moles, or density of the gas at the point of interest. In
practice this information is available from the global fluid equations which are solved
simultaneously. The above method compares favorably with the independently cal-
culated data of Grier[42]. Figure 3.4 shows the equilibrium mole fraction of atomic
hydrogen as a function of temperature at latm pressure calculated by both Grier and
this research. The effect of pressure on hydrogen dissociation is portrayed in Figure
3.5. Increasing the pressure essentially delays the onset of and increases the width of
the dissociating region in terms of temperature.

The equilibrium amounts of molecular and atomic hydrogen can be calculated from

the solution of a quadratic equation which is well defined over the dissociating regime.
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When the degree of ionization becomes significant and the ionization process overlaps
the dissociation process in the pressure-temperature plane, or when the gas and elec-
tron temperatures are not equal, simultaneous solution of the Saha equation (which

determines the equilibrium level of ionization) is necessary.

3.3.1.2 Nonequilibrium Flow

In this research nonequilibrium dissociation is considered so that a finite rate of produc-
tion of atomic species exists. Dissociation by both heavy species collisions and electron
impact is modeled. For the heavy species colli-ions the procedure and nomenclature of
Biasca(8] and Mitchner and Kruger(81] is followed. Consider the gas to be a mixture of
N, species governed by N, chemical reactions. Let the :** chemical reaction be written

as
N, N,
Do viis; = ) Vs, (3.99)
j=1 i=1

where s; refers to the j** molecular species and v;; is the stoichiometric coefficient of
species j in the i** reaction. The prime notation denotes the products of the reaction.

The rate of production for the i** forward reaction is given by
N,
Ryi = ki [ (e), (3.100)
i=1

where o, is the molar concentration of species j, and the forward rate constant ky; is

given by the Arrhenius formula

B.
kji = AT exp | ——= |, 3.101
2 o exp ( AT ) ( )

g

where R is the universal gas constant. Similarly, the backward production rate for the

i*h reaction is given by

Rb,i = kb',' H (U.g)u:’ . (3102)

j=1
The backward rate constant can be related to the forward rate constant through the

relation

ks
kys = -Ié"‘."

where K., is the equilibrium constant in terms of concentration for the i** reaction,
related to the K, ; in Equation 3.92 by

(3.103)

Kei = Koo RT,) D500 %), (3.104)
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Table 3.2: Constants for the Hydrogen and Nitrogen Dissociation Rate Equations

Constant Hydrogen | Nitrogen
A (m®/mole — s) | 5.5 x 10'? | 2.1 x 10'®
B (J/mole) 435,600 943,800
n -1 -1.5
mg 5 3
ms, 2 5

The net production rate of species j is then the difference between the forward and
backward production rates, or using Eqns. 3.99-3.104:
N
4 1

do; . ak :
2= 2 (v~ ) g LH (05" = g 1L (o)™

=1 &t =1

(3.105)

For chemical reactions such as the hydrogen dissociation of Equation 3.91 where a third

body M is required, the molar concentration of the third body in reaction ¢ is given by

N,
oM = Y ;05 (3.106)
Jj=1

where m;; is the efficiency factor of the j** species in reaction i:. Thus the reaction

governing the cissociation process is more precisely

M+ S, =25+ M. (3.107)

Writing Equation 3.10f for the above reaction yields the following expression for the

atomic produrtion rate in terms of molar concentration:

dos 1 . B\, . ) kT
W = k,a‘M [Us, - ;{—;Ug] = ATH exp (-;Z—T:) (mstfs + ms,as,) [0‘52 b —I—E-Pgag] .
(3.108)
In terms of the net atomic production rate this expression becomes
: < mn B\, . . RT,
ns = ANT} exp (— RT,) (msos + 1s,0s,) [as, — 7’)‘10@] , (3.109)

where N is Avogadro's number. Table 3.2 lists some of the constants required in
Equation 3.109, from Rogers and Schexnayder(98] for hydrogen and Langan et al.|66]
for nitrogen.

To account for dissociation by electron impact, a term of the form

nge =< OV > N ng, (3.110)
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Figure 3.6: Reaction Rate Coefficient for e — H; Dissociating Collisions

is added to Equation 3.109. The reaction rate coefficient < ov > is taken from Janev et
al.[54] and plotted versus electron temperature in Figure 3.6 for hydrogen. Comparisons
of the collision cross-sections and number densities between electron impact dissociation
and the reverse reaction (S +S+e — S; + €) show that the forward reaction dominates

in the relevant arcjet flow regions(54]. The total dissociation rate is thus given by

X} . .
Ng = Ns + Ns.e

= ANT: exp (— ,.B ) (ﬁlsa‘s F Ths,ds,) [Us, - %Ué] + < ov > n.ns,. (3.111)
RT, K,

A recent investigation by Zube and Myers[124] has shown that for nitrogen propel-
lant the rotational, vibrational, and electron excitation temperatures of the gas in an
arcjet nozzle may be considerably out of equilibrium. The data, a sample of which is
shown in Figure 3.7, was obtained by spectroscopic methods from a 1kW class arcjet
thruster. Thermal nonequilibrium between the various internal states could have a
significant effect on the net dissociation rate in the nozzle since T}, in the expression for
ns could be very different from the temperature calculated by the heavy species energy
equation. The dissociation rate would then be indeterminate without the incorporation
of energy conservation equations for the respectiv- internal modes. A number of models
have been suggested to deal with this complication, including those of Gnoffo et al.[38],
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Figure 3.7: Temperature Nonequilibrium in an Arcjet Nozzle with Nitrogen Propellant

Gonzales and Varghese[40], Landrum and Candler[65], and Pack(85]. In the simplest
formulation, it is assumed that the translational and rotational temperatures are in
equilibrium, while an additional energy equation is used to solve for the vibrational
excitation temperature of the gas. The temperature used in the determination of the
dissociation rate is then given by the geometric mean of these two gas temperatures.
Close inspection of Zube and Myers’ results, however, shows that it is the elec-
tron excitation temperature, not the vibrational temperature, which has a significantly
longer relaxation time and thus remains elevated in the nozzle expansion. The differ-
ence in temperature between the rotational and vibrational states varies from 2-15%
in the nozzle with corresponding error bars of 13-22%. This would result in a modifi-
cation of T, in the dissociation rate equation by no more than about 5%. Given the
already complex nature of the flow equations to be solved, it was decided not to add an
additional vibrational temperature equation for this purpose; the extra computation
would not be worth the minimal gain in accuracy. If future experiments show a large
and definite temperature difference for hydrogen arcjet nozzles, however, a coupled
vibrational temperature equation would be necessary to achieve accurate simulation

results.
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3.3.2 Ionization
3.3.2.1 Equilibrium Flow

The equilibrium level of ionization can be calculated from the Saha equation. Since
macroscopic neutrality is also assumed and only ionizing collisions of electrons with

atomic species are considered, the Saha equation may be written as

n?  ug (Zwm,kT,)% _ B
_— = €

X ., (3.112)

where u; are the appropriate degeneracy functions and E; is the ionization energy.

ns us

The electron temperature has been specified in the above equation since for a multi-
temperature plasma it is this temperature which is relevant to the ionization process.
This is because the electrons carry the energy of ionization with them and it is their
translational mocion which is dominant in ionizing collisions with neutral atoms. For
hydrogen E; = 2.178 x 107!8J, or 13.598¢V, while for nitrogen E; = 2.328 x 107'8J, or
14.534eV. Over the range of temperatures encountered in arcjet thrusters, the degen-

eracies of hydrogen can be approximated as ug+ ~ 1 and ug ~ 2 [30], so that

n? ;B

S£ = 2415 x 10V T2 e 7., (3.113)
nyg

The degeneracies of nitrogen vary appreciably for temperatures up to 30,000°K, but

they may be approximated by the linear curve fits[30]

uy =225 +2.5 x 107*T, and uy+ =7.95+ 1.5 x 107'T,. (3.114)
Thus the Saha equation for equilibrium ionization of nitrogen may be written as
D - 4.83 x 100 TR (3.115)
nnN unN

The equilibrium ionization fraction for hydrogen is plotted as a function of temper-
ature for several pressures in Figure 3.8. The effect of pressure is essentially the same

as that observed for the dissociation process.

3.3.2.2 Nonequilibrium Flow

For the case of nonequilibrium flow, the net electron production rate is given by
the generalized model of ionization and three-body recombination[81] as modified by
Sheppard[104]:

n. = Rn. (Sns - nf) , (3.116)

80



1.20

0.804

0.40+

0. ) 8000. ' 1;?,;0{(5 ' 24000. ' 32000.
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where
S = 2:‘: (2’":;”‘)% e~V (3.117)
and
R = 6.985 x 10-%ezp (""%ﬁ; ;1‘;'9"833’2) (Sheppard) (3.118)
as opposed to
R = M. (Hinnov — Hirschberg) (3.119)

[
2

T
The Hinnov-Hirschberg recombuination rate coefficient (Eqn. 3.119) had been used in
a number of arcjet models at MIT until it was shown by Sheppard to overpredict
experimental determinations of R by up to two orders of magnitude over the expected
range of electron temperatures. Figure 3.9 compares both the Hinnov-Hirschberg and
Sheppard models of the recombination coefficient for the hydrogen atom, the latter of

which is incorporated into the model of this research.

3.3.3 Dissociation and Ionization with Thermal Nonequilibrium

An example of the effect of combined dissociation and ionization processes on the

equilibrium mole fractions of hydrogen species is shown in Figure 3.10 for a pressure
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Figure 3.9: Comparison of Sheppard and Hinnov-Hirshberg Recombination Coefficient Mod-
els for Hydrogen

of latm; essentially a maximum in the mole fraction of atomic hydrogen is created,
lying between the dissociation and ionization regimes. The calculation of the hydro-
gen constituent mole fractions in this case is accomplished by simultaneous solution of
Equations 3.92 and 3.113 with atom conservation and enthalpy conservition as con-

straints. In terms of the ion mole fraction the equation to be solved is of the form

2 3
;%z‘}“ + gxi,” +ags —1=0, (3.120)
where

o= ;Iff' (3.121)

g
b= 2.415 x 10°' T4 ¢~ (3.122)
c= m—”--. (3.123)

H

For simple plots such as that in Figure 3.10, Equation 3.120 may be solved by a
hybrid Newton-Raphson/bisection root-finding scheme in the intezval between 0 and
1, after which the atomic and diatomic hydrogen mole fractions are found by simple
substitution. When applied as a subroutine within an overall fluid code, however, it is
not the gas temperature but rather the enthalpy which is known at every point, and

which also depends on the mole fractions. Therefore the mole fraction equations must
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Figure 3.10: Equilibrium Dissociation and Ionization of Hydrogen at 1 atm

be solved simultaneously with the constant enthalpy condition in order to obtain a
consistent solution. Since the enthalpy contains an exponential term of the form e%:,
the solution of this system of nonlinear equations is relatively difficult. In practice an
alternative solution technique would be used such as the element poteniial method,
which minimizes the Gibbs free energy while applying atom conservation restraints
through Lagrange multipliers.

Figure 3.10 illustrates a special case, however, because the gas and electron tem-
peratures were taken to be equ=l, which in general is not a valid assumption. At low
densities the electron and heavy species temperatures are effectively uncoupled, and
while T}, 1s a function of the gas dynamics of the application and the spatial location,
the electron conservation equations a‘e generally balanced such that T is on the order
of 1eV everywhere in the flow. At higher densities and prissures greater than latm,
the two temperatures are more closely coupled. The low power electrothermal arcjet
falls somewhere between these two extremes but closer .0 one-temperatur.: equilibrium
than the MPD thruster. As an illustration, Figures 3.11 and 3.12 contain plows of the
ecuilibrium mole fractions of hydrogen with a fixed electron temperature and varying
gas temperature up to 24,000°K. Note that even at low gas temperatures on the or-
der of 3,000°K, significant ionization occurs for an electron temperature greater than
leV. In addition, for the T, = 18,000°K case the ionization process dominates over

the dissociation process at all gas temperatures. So for unequal gar and electron tem-
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Figure 3.11: Equilibrium Dissociation and lonization of Hydrogen at 1 aun, T, ~ 13,000°K

peratures, the equilibrium composition of a gas can be much different from that when
T, = T., thereby significantly alterirg the values of the transport coefficients and the
overall flow characteristics.

For the case of nonequilibrivm dissociation and ionization, the ion and atomic
species continuity equations are ‘ntegrated independently. Thus the two-temperature

condition is implicit, creating no added co'nplexity in the wwodel.

3.4 Transport Properties

In general, for a plasma in the presence of magnetic and electric fields, the transport
properties are functions of the direction of transport with respect to these fields. The
transport equations thus become tensor equation... For example, the generalized Ohm’s
Law of Equation 3.23, neglecting ion currents, pieszure gradients, and the Hall term,
can bhe written in tensor notation as j. = - E' lere 7 is the electrical conductivity
t :nsor, or dyad. For the case of a magnetic field in the z direction oniy, the equivalent

expression in terms of matrices is

jcm ] g, -0y 0 E;
iy | T | O o0 0 E, |, 3.124)
l ju 0 0 U'” j E;
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where

2
e€'n, 0“ B ﬂd'“ ]

Me ), Ver iy Y
and 3 is the Hall Parameter. The quantity o) is called the longitudinal conductivity,

9~

(3.125)

as it governs the flow of current in the direction parallel to the magnetic field. The
quantity o, is the perpendicular or transverse conductivity, which controls electrical
current in the direction perpendicular to the magnetic field and parallel to the electric
field component. Finaily, oy, denoted as the Hall condu-tivity, governs current flow in
the direction perpendicular to both the magnetic field and the electric field component.
Since the self-magnetic field is neglected in this model, the plasma is assumed to
be isotropic, with o, = o) and oy = 0. The electron and heavy species thermal
conduct’vities can be similarly formulated in tensor notation and are also considered

to be isotropic functions. Thermal diffurion is not incladed in this model.

3.4.1 Viscosity

An equation for the viscosity coefficient of a single component gas may be obtained by
examining the form of the pressure tensor in terms of a perturbed velocity distribution
function. Although a closed for.n scolution of this equation is not possible, an approxi-
mate solution yielding an expression for the coefficient of viscosity can be obtained to

any order with the use of Sonine polynomial expansions. To lowest order the viscosity
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of a pure gas is given by[50]

mmkT, :
5 (\/— .__!) = 26693 x 102 M To)* (3.126)

T 16 \ rezq(z2) q®?

7

where o is the collision diameter, Q(2?) is the viscosity collision integral, M is the

molecular weight, and a*?

is the average effective viscosity collision integral. Higher
order corrections are not considered in this research because the marginal gains in
accuracy do not outweigh the substantial increase in computational complexity.

The kinetic theory of muliicomponent gases has been rigorously applied to the cal-
culation of the viscosity coefficient by Curtiss and Hirschfelder[25]. For a gas composed
of n different species, the lowest order approximation to the coeflicient of viscosity can

be written as the ratio of two determinants:

Hn le coe H‘" I,
H)g sz e H2n I,
Hln H2n e Hn“ I,
z, &, - z, 0
Htot = — : (3.127)
Hy Hy -+ Hp
le H22 T HZn
H,, H,, -+ H..
where
z? n 2rx.  RT 3 M, Q22
e = ‘ - T 3.128
H ¥ k=1z,k¢.' (Mu + Mk)pD,‘k [ 5 M; Qgi.l) ( )
and
2z,z,  RT, 3 QSJ“)] o
YT (M, VoD |- 50D (i #7) (3.129)
(M| + MJ)pD‘J 5”;]

Here z, is the mole fraction, M; is the molecular weight, and g, is the pure viscosity
of component i. A first approximation to the coefficient of binary diffusion for species

i and j (D;;) is given by

D--—~:;—V2wk3T:/—I:;—26628 10-% T (Mt ) 3.130)
Y716 pyrorqn T 0N X p 0\ 2M0; ) (3.

where pu,; is the reduced mass of species i and j and Qf; " is the average effective
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collision integral for diffusion. Equation 3.127 can be expanded as
", r? n b Tz, H;; n n " oxixRH; Hip
ot = 3 = Y SN Ny R (331)
i=1 H =1 j=1,j#4 H"HJJ V=1 =154 k=1,k# Hl'H)JH’tk
Buddenberg and Wilke{12] took advantage of the fact that the off-diagonal elements
H;; are small compared to the diagonal elements H,; in order to derive the following

approximate formula for the viscosity coefficient of a multicomponent gas:

n

’t. ¢ ¢
Heot =~ E " e (3.132)
i=1 1 + 1.385& S) 1,j# pTL.—

The empirical factor 1.385 was introduced to more closely correlate the results with
experimental data. In order to further simplify the calculation of j,, Wilke[121] elimni-

nated the diffusion coefficients in Equation 3.132 to obtain the following approximation:

n

,.‘1 I «
Heot = poy y (3.11;3)
.;l + 2 X iV

where

U ) M M) ]
(4/V2) (L + (M/M,)]:

Each of the two previous approximations yield similar, yet somewhat unsatisfactory

(3.134)

results, especially in the regime of partial ionization. This results from the rough
approximation to the mixture viscosity formula used and from the uncertainty in the
diffusion and unlike-particle collision integrals required. Computational complexity
precludes the use of more accurate apprcximations within the framework of a fluid
dynamic code, so the solution in this case is to employ an even simpler mixture rule
derived by Mitchner and Kruger[81] from mean free path arguments, with empirical
modifications to better correlate the results with accurate theoretical and experimental

data. This final approximation is given by
s (3.135)
1=1 =1 n)XlJ

Htot =

where

_(2|2)
244 9.‘,‘ Q 196
= R (3.136)
11}
For the purposes of this research, one empirical constant for the ionization region is
incorporated into Equation 3.135, and interactions between hydrogen molecules and

hydrogen ions are neglected. The final result for the gas viscosity can then be written
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Figure 3.13: Equilibrium Coefficient of Viscosity for Hydrogen versus Temperature and Pres-
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explicitly as

~ NH,1LH, NHEH
He ~ U qa) o
48H, +
nﬂz+nﬂfnzz "-H" "-Ha\/'—q’zlir+2nﬂ’:’%2—ﬁ_
Hy - H H
NH+LH+
+ — - (3.137)
ng+ + Qnyq;'%}&
nn+-n-t

The viscosity of electrons is considered negligible and is thus neglected in the above
expression.

For hydrogen in chemical kinetic and ionizational equilibrivm, the -oefficient of
viscosity has been calculated by various authors using multiple order approximations
(Belov|7], Brezing[10], Devoto[29], Grier[42, 43], and Vanderslice et al.[117]). Figure
3.13 shows the equilibrium hydrogen viscosity coefficient obtained with Equation 3.137
as a function of pressure and temperacure, while Figure 3.14 compares p, calculated
from this research with the results of some of the aforementioned studies for a pressure
of latm. Excellent agreement is achieved over the entire temperature range, including
the dissociation and ionization regions. A pure viscosity coefficient that increases
monotonically with temperature is exhibited by all three components of the hyd:ogen
gas (molecules, atoms, and ions). The value of the atomic viscosity is somewhat less

than that of the molecular viscosity, however, and in addition the ionic viscosity is
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Figure 3.14: Comparison of Equilibrium Hydrogen Viscosity Coefficient at 1 atm with Pre-
vious Work

more than an order of magnitude smaller than the neutral viscosities. This fact is
directly related to differences in the pure average effective collision integrals for the
three components (cf. Tables B.2 and B.3), and is responsible for the local maxima
in the mixture viscosity (p,) located in the dissociation and ionization regions. The
dominant pressure effects on the mixture viscosity are due to the displacement versus
temperature of the dissociating and ionizing regions themselves, although the ionic

viscosity also increases shghtly with increasing pressure.

3.4.2 Thermal Conductivity

Analogous to the coeflicient of viscosity, the thermal conductivity coeflicient for a gas
may be calculated to any order accuracy with the use of Sonine polynomial expan-
sions. For pure monatomic gases, the first approximation to the coefficient of thermal
conductivity is given by

15 R
Kmonatomic — —I—ﬂ}t (3138)

For polyatomic gases, the effec! of internal degrees of freedom on the thermal con-
ductivity must be taken into account. This is accomplished by means of the Eucken

correction, which approximates the transfer of energy between internal and transla-
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tional degrees of freedom:

15h (4é 3
Kpolyatomic = 4 MF (15 R + ") (3139)

For monatomic gases, for which ¢, = gR, the Eucken formula reduces to Equation

3.138. For diatomic molecules such as H,, ¢, = ;’R and the appropriate expression is

19 R
Vdiatomic — T s H- 3.140
Kdiat 4 M’L ( )

The first approximation to the thermal conductivity of a multicomponent gas con-
sists of a sum of terms similar in form to the ratio of determinants given in the multi-
component viscosity formula and is too cumbersome to state explicitly here. The full
expression depends on the pure component thermal conductivities, the binary diffusion
coefficients, the thermal diffusion coeflicients, the species molecular weights, and the
other thermodynamic variables and collision integrals present in the H,; and H,; terms
of Equations 3.127 - 3.129. For chemically reacting flows, the thermal conductivity
can be thought of as the sum of a contribution from the heat of reaction, x,, and the
normal “frozen” thermal conductivity, x4 (117]. In this research, however, the trans-
port of the hydrogen eneigy of dissociation is incorporated by carrying the dissociation
energy with the internal energy of hydrogen atoms, and the reactive effect on the mul-
ticomponent thermal conductivity is neglected. Again various approximations to the
nixture thermal conductivity are available in the literature (Brokaw(11}, Vanderslice
et al.[117]); however al are more complicated than those mentioned for the mixture
viscosity, and the agreement with rigorous theory is less than adequate. Therefore the
mean free path mixture formula of Mitchner and Kruger is again utilized, given in this
case by

Ktot & }: nif (3.141)
D Y Xi;'
where x;; is given by Fquation 3.136. For the case of dissociating and ionizing hydrogen
gas, neglecting interactions between molecules and ions, the resulting for~ula again
includes one empirical factor in the ionization regime and is given by

_ NH,KH, NMHKH
Kg = —-(z 3) + —(: 2) h—(M)

Hy—H 4 O0H, —H _H+
ny, + ‘n}{\/—:r";—“ ny + nyzfq‘—r,, + -nH+ ‘—(—;—__",',"
Oyl H

Ng+Ky+

+ ﬁ().l)
3 +

H+ -Ht

(3.142)

The above equations are sufficient to calculate the coefficient of thermal conductiv-
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Figure 3.15: Equilibrium Heavy Species Coefficient of Thermal Conductivity for Hydrogen
versus Temperature and Pressure

ity for each heavy species and the resulting thermal conductivity of the hydrogen gas
(kg). In this model, however, since the electrons and heavy species are treated as two
separate fluids, the electron coefficient of thermal conductivity must be individually
known. In order to determine k., a separate calculation is performed vsing Equation

3.141 for the electrons only:
NH+K,

ke = = s (3.143)
(1 4+ V2)ng+ + \/annq'i—]ﬁ + \/inﬂgg'é_%

a, - alt?,

e-Ht =

Figures 3.15 and 3.16 show the variation of x, and s, with respect to temperature

where use has been made of the fact that

and pressure for hydrogen. Since the gas thermal conductivity is proportional to the
viscosity, &, exhibits behavior sinilar to that of x, as a function of temnperature. The
electron coefficient of thermal conductivity increases monotonically with tempereture
and dominates over the ionic thermal conductivity once the gas becomes ionized due
to the much smaller mass of the electrons. The total (electron plus heavy species)
thermal conductivity coefficient at latm is compared in Figure 3.17 with the results
of more rigorous calculations by Grier(42, 43] and Devoto[29]. The comparison shows

good agreement over the range of temperatures shown.
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Figure 3.17: Comparison of Equilibrium Thermal Conductivity of Hydrogen with Previous
Work
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3.4.3 Electrical Conductivity

Within a factor of two or three, the electrical conductivity of a conducting gas is given

in general by the simple formula
o =0, + oy, (3.144)

where

en,

2 —
e’n; ; U,
0= ———— and o; = —'_—& 1+ p—"——"] : (3.145)
m, uneg m, Zgueg P Pi thJ
In the above expressions, 3°, 7., represents the collision frequency of electrons with all
heavy species, 7., is the electron-neutral collision frequency, and 7, is the ion-neutral
collision frequency. Assuming that n, = n,; and noting that m./m; < 1 implies that

e’n.

cx o, = m:;. (3.146)
In general, asymptotic or Sonine polynomial expansions must be used in order to obtain
an accurate value of the electrical conductivity. Exact analytic values are known only
in the limiting cases of weak or full ionization, given respectively by the Lorentzian
conductivity

4w eln, [ vifM(v)
= — £ d 3.147
7 3 kTe Y Zn U"l(v) ’ ( )

and the Spitzer-Harm conductivity

e’n,

o =1.975

(3.148)

meyel
To calculate the electrical conductivity at an arbitrary level of ionization with-
out performing complex expansion procedures, two approximations of note have been
suggested. Devoto proposed an approximate formula bused on the binary diffusion

coefficients{28] which is given by

ka }:n‘,mJ ess (3.149)

while Grier derived a formula that modlﬁes the first approximation by a second ap-

proximation correction factor[43]. For hydrogen this formulation can be expressed as

follows:
3 2 ry+e?
o= > (3.150)
16 1rm,kT, z,”Q(I g+ +(1 - :c;n)ﬁﬁl_'ly)
and
(o]
- 3.151
[v2 1 — Ac, ( )



where
5A2

Ae = 240A,

Ao =Ty+ 4. il_';{).‘. + :BH4\/1I‘Q£1__';,)

A =zy+ 2. H+4\/‘;rﬂel }1)+ +zgZ. H4VI——Q—(1 )

Ay =zg+ [Y 54\/1rﬂ£l Ve + 0.2v22_.4 wﬂelj:)] + wy}’,_ytl\/wﬂil_';}

6 L ] L] L 5 6 L ]

Zi;=1— gC.'j Z; =245 Y; = 5 - gB.'j

o(22) a(1:2) a13) oh?)

A = 2(1 1) B; = ik —(—114)Qij Ci; = Q(l "
Q. Q. )

+J
Grier’s method (Fquations 3.150 and 3.151) was chosen as the basis for the electrical

conductivity model of this research. Instead of performing the additional computa-

5

tions necessary to determine A, however, the second approximation correction factor
is calculated by interpolation of Grier’s previously determined data as a function of
temperature and pressure. The resulting value of the thermal conductivity is therefore
accurate near chemical and ionizational equilibrium, but not necessarily accurate to
the same order in nonequilibrium regimes. This is in contrast to the more general mix-
ture rules previously described for the viscosity and thermal conductivity coeflicients.
Note that the average effective collision integrals in Equation 3.150 are the diffusion
cross-sections, which are tabulated as a function of temperature in Tables B.2 and B.3.

For a hydrogen gas, the electrical conductivity calculated with Equations 3.150 and
3.151 is plotted as a function of temperature and pressure in Figure 3.18. It is apparent
that o increases monotonically with increasing temperature and also with increasing
pressure with one qualification. That is, as the pressure is increased, the ionization
region is displaced further to the right in Figure 3.18, reducing the number of charged
particles and thus lowering the electrical conductivity at a given temperature. Thus
below a certain temperature- and pressure-dependent critical parameter, o decreases
with increasing pressure, while above it ¢ increases with pressurc. Equilibrium results
using this approximation are compared with detailed calculations by Devoto[29] and
Grier[43] for a pressure of latm in Figure 3.19. The agreement is satisfactory except
perhaps at high temperatures (> 30,000°K), but this is of little concern since these
temperatures are not expected to occur within arcjet thrusters. In general, it can

be stated that the simplified models of transport coefficients derived in this section
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Figure 3.18: Equilibrium Hydrogen Electrical Conductivity versus Temperature and Pressure

are sufficiently accurate for numerical calculations over a wide range of temperatures
and pressures, particularly in the \emperature range 0 — 30,000°K and pressure range

10~% — 10%atm) expected in low power arcjet simulations.

3.4.4 Collision Frequencies

In order to solve the two energy conservation equations, it is necessary to know the
collision frequency between electrons and heavy species, ). Vey = Ves, + Ves + Ves+.

These collision frequencies are given by

Vesy = N5y ecQesy (3.152)
Ves = nsCQ.s, (3.153)
and
Vest = Nele@. s+, (3.154)
where the Q—" are average clectron momentum transfer cross-sections with species r.

For hydrogen, Q. is taken from DeVoto[29] and Q.y, is taken from Itikawa,52], both
tabulated for electron temperatures up to 25,000°K in Appendix B. The coulombic

cross-section Qg4+ is given hy

C‘

=6rblnd = ——
Qg+ = 6mbyIn A 24m(eokT.)?

In A, (3.155)
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Figure 3.19: Comparison of Equilibrium Hydrogen Electrical Conductivity with Previous
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where

% 3\ 2
- BrlokTl g 0 () (3.156)

e3n?
3.4.5 Collision Integrals

A number of collision integrals are required by this research in order to calculate
transport coefficients. The relevant integrals for this purpose are average effective
collision integrals, denoted by ﬁg;'z) for momentum transfer and ﬁﬁ}"’ for diffusion
processes. For the components of hydrogen, collision integrals have been evaluated
analytically by several authors for the temperature range 0 — 30,000°K. Tables B.2 and
B.3 list values for the average effective collision integrals used in this research Values
of the non-Coulombic integrals are a function of temperature only, while values of the
Coulombic integrals are also a function of pressure and thus specific to a pressure of
latm in this table. In addition, only the values of _ﬁ(,}l)_ u+ are presented hcre since for
a gas in thermal equilibrium the elcctron temperature is equal to the ion temperature,
implying that ﬁ(,}l) Ht = ﬁi‘_‘,)“ = ﬁ("')
the relation T,Q("') Ht = _Q?".,)ﬁ = ﬁ(‘ *) would hold true. Data were taken from

Vanderslice et al.[117] for Q(2 2);,’, ﬁ(z 2),,, Q; 2},, ﬁ(l I)H,, and ﬁ( ) u up to 15,000°K.
Additional data were taken from Belov([7] for QH' p and from Grner[43] for (} _(,: 2},,,

In the nonequilibrium case where T # T,
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(_l(el_}}, and ﬁﬁ’_i} for temperatures in the ra.nge 5,000 — 30,000°K. Coulombic average

effective collision integrals (Qiﬁ u+ and ot H+ H,,) were calculated by con-ideration of

Coulomb interactions with the Debye potential.

3.5 Summary of Axisymmetric Arcjet Equations

Equations 3.25, 3.29-3.30, 3.38-3.40, 3.45, 3.48-3.56, 3.64-3.65, 3.69-3.74, 3.80-3.87,
3.111, and 3.116 comprise an axisymmetric model of the nonequilibrium flow of a
diatomic gas through an arcjet thruster. These equations are summarized below for

compleieness, with the axisymmetric source terms written as conservative fluxes.

21 oo S 52) BB o
8, = o-g—f é, = agif (3.158)
SR T R (3.159)
p= Y 1 = Y ngkT, + nekT. (3.160)
; ;
3;: + a’;i'r 6’;;" =0 (3.161)

Opsr . dpsu,r _@_( ps___ms, r) . dpsu,r O (_ ps___ms _.)
ot or (ps; +ps)me 8z 0z \(ps, + ps)me

=mg(ns+ < ov > n.ng, —N)T (3.162)

3p¢1' + 3(p,u, + der )7' + a(pe—‘—l'_z_ + dez )T

= m.n, .163
ot or 0z MeTel (3 )
0p. dp.
dep = —Dy—— ez = —Dg—— 3.164
or d D 0z ( )
. " B r ;
ns = ANT] exp (_-E'IT,) (msos + ms,0s,) lag, - %ag + < ov > n.ng, (3.165)
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n. = Rn, (Sns - n:)

dpu,r  B(pul +p— 1)  O(puru, — 1,)r 2
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Chapter 4

Numerical Method

The set of equations Zoverning arcjet flow is essentially a modified form of the com-
pressible Navier-Stokes equations. In an axisymmetric coordinate system, the Navier-
Stokes equations can be expressed in the following simplified form, neglecting body

forces and external source terms:

du oF 0G
—a?+-a*;+—a:=s. (4.1)

In this conservative form U is a state vector, F and G are flux vectors, and S is a
vector of source terms.

It was decided to utilize an explicit, second-order accurate numerical algorithm in
solving the arcjet flow equations. Because of the complexity of the equations, which
include additional diffusive and internal energy flux terms and collisional source terms
not present in the compressible Navier-Stokes equations, and due to the complex na-
ture of the boundary conditions, the simpler application of an explicit scheme is more
desirable than that of an implicit method. In addition, since startup behavior and
arc instabilities are currently important areas of arcjet research, it is advantageous
to retain a capability for performing time-dependent calculations with the computer
code. In order to calculate an accurate time evolution of the flow, however, a numer-
ical method should be at least second-order accurate in time. Because it satisfies the
conditions above and has been proved an excellent means of solving the compressible
Navier-Stokes equations for a variety of conditions, MacCormack’s Method was chosen
as the numerical scheme for this research.

Application of MacCormack’s explicit method to the potential equation, however,
would result in prohibitively small time steps in order to guarantee numerical stability.
Consequently, the electric potential is solved using successive overrelaxation (SOR), an

iterative semi-implicit method which can accommodate a time step of the same order
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as the fluid time step while maintaining stability.

4.1 MacCormack’s Method

4.1.1 Description

MacCormack’s method, developed in 1969 by MacCormack[69}, is a two step predictor-
corrector scheme based on the Lax-Wendroff method. The scheme has since been
modified to include time-splitting[70], which allows the solution to be advanced in
each coordinate direction at the maximum possible time step. Time-splitting, while
consistent in formulation, can nevertheless lead to inaccuracies in the steady-state solu-
tion depending on the geometry, integration timestep, and complexity of the equations
(32], so it was not implemented in this research. The basic algorithm applied to the

conservative vector form of the Navier-Stokes equations (Eqn. 4.1) yields:

Predictor
At At
f i n n ~n n
Ui = U5 T Az (F"'"i B F‘J') Ar (G Ll T (’ij) + ALS]; (4.2)
Corrector
n 1 n P At P At P "
Uij‘H = 5 [U.'j + Uij A (F - FY -l.j) Ar (G 'J l) + Ats ] (43)

The superscripts n and n + 1 represent the state vector values before and after the
current integration step, respectively, while the superscript P denotes the predicted
value of the state vector and associated fluxes at the (i,j)th discrete point. Terms
arising from the source vector S are incorporated into the formulation in both the
predictor and corrector fluxes in order to minimize their effect on numerical stability.

In order to maintain overall second order accuracy with MacCormack’s method,
the viscous and diffusive flux terms must be differenced correctly. Note that Equations
4.2 and 4.3 give explicit instructions for differencing the first derivative terms only.
For second derivative terms, the differencing is accomplished in the following manner.
The z-derivative terms of the F flux vector are differenced in the opposite direction
to that used for %—l:, while the r-derivatives are approximated by central differences.
Similarly in the - direction the r-derivative terms of G are differenced in the direction
opposite that used for G ' while the z-derivative terms are approximated with central

differences. For cxa.mple, the GP predictor term for the axial momentum equation is

101



given by

(uz):‘,j = (uz);‘.j—l (“r)?+1.j - (u"):‘—l.j

Ar 20z

P __ n n
Gi.j = (P"r“x")i.j — KT

(4.4)

4.1.2 Stability

Because of the complex nature of the compressible Navier-Stokes equations, an analytic
stability expression for MacCormack’s method is unattainable. Approximate stability
criteria, however, have been estimated by MacCormack and Baldwin(71] based on
stability analyses of the convective, diffusive, and viscous terms of the full equations.

This results in the following time step limits in each coordinate direction:
oAz

At, < * (4.5)
jul +a+ 3 [+ G
and
At, < oA (4.6)
el S04 2
where
a= l: (4.7)
Pr= ﬁ’-:-’: (4.8)
2 .
A = —E[l. (4.9)

The coefficient o represents a safety factor to account for the nonlinearity of the
equations. Because these stability criteria were developed for a single component gas
assuming constant transport coefficients and neglecting the presence of source terms,
however, the value of & used in this research is considerably smaller than that used
for typical compressible flow applications. This became apparent from the outset since
source terms such as net dissociation and ionization, collisionai energy transfer, ohmic
dissipation, and ambipolar diffusion were known to be important or even dominant in
certain regions of the arcjet flow. In order to maintain time accuracy and consistency,
the solution must be advanced in each coordinate direction for the same interval of time
during each integration step. Since in general the maximum allowable time step for
stability in each direction is different, the most restrictive timestep calculated in either
coordinate direction at any point of the computational grid is applied to all points of
the grid during the integration procedure.
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The above stability criteria are consistent and functional, but they are morc ideally
suited for time-split calculations. A simpler and more intuitive criterion is available
for the basic MacCormack scheme from Tannehill et al.[113]. This empirical formula is

essentially a modification of the inviscid CFL condition for viscous compressible flow:

At
At < U_E:;l_"
1+ RCA

(4.10)

where o is again a safety factor, Atcpy is the CFL time step restriction given by

ur] | ] r 1]
A‘C*‘F[Ar*z;“ AT aa| (4.11)

and Rea is the minimum mesh Reynolds number, given by

Ren = min(Rea,, Rea.); (4.12)
Re, = 2487 4 Rea, = PIUIB2 (4.13)
Hg ]

4.1.3 Numerical Smoothing

Although the MacCormack scheme contains some inherent smoothing, it is necessary
to provide additional dissipative terms to damp numerical oscillations which may arise
in regions of steep gradients where the mesh is insufficiently refined. MacCormack and
Baldwin(71] have developed a fourth-order product type of smoothing based on a pres-
sure switch, which becomes significant in magnitude only where numerical truncation
error creates pressure oscillations in the solution. The smoothing terms are applied as

additional flux terms in the numerical scheme and are of the following form:

0 [|u.| +a|d% oU]
. = 4—— ———— .
SZ;; = ez b:| 4p |6z _32. (4.14)
8 [lu,| + a|8%|8U]
- T ‘_ — —— .
SRy = eAr 5 | 15 | B | (4.15)

where 0 < € < 0.5 for stability. This smoothing scheme is conservative and provides
adequate damping for simple flow problems, but it is not appropriate for more complex
problems. In arcjet flows, for exariple, the existence of two or more distinct fluids
contributing to an overall pressure and the presence of an azimuthal swirl velocity
which can produce a significaut centrifugal term in the radial momentum equation
basically negate the effectiveness of using a pressure switch in the damping term.

Alternatively, a second order damping scheme without the pressure switch could be
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formulated, such as the following:

) oU

. m—— 2———- ——
SZi; = eAz’ 5 [(|u,| +a) 5 (4.16)

) oU

.. 2—— —
SRy, = eAr’ - [(|u,.| +a) ar] . (4.17)

It was found, however, that this too was inadequate for the arcjet case considered
because of the metric terms which are included in the fluxes, particularly near sharp
corners and walls. The use of a predictor-corrector damping term in these regions
was insufficient to control oscillations while simultaneously maintaining conservation.

Consequently, a simple one step smoothing term was applied to the corrector step only,
based on the method of Kutler, Sakell, and Aiello[64]:

U = % [U;; +Uf - -2—2 (Ff - FF,,) - % (GF - GF,,) + &Sy + D;;.] ,
(4.18)
where
Dj; = —dy [Ui"+2.j + Uy, — 4 (Uh, + Up,;) + 6U=".'j]
_d4n [U:Jn + Ut".‘j—z -4 (Ui'.‘jﬂ + Ut".‘j—l) + 6U:-‘J']
t+dae [Unyy; — 2U7; + U, ]
+ day [Ui'.'jﬂ -2U7; + U,."‘J_,] : (4.19)

The first two terms represent fourth order smoothing, necessary to damp out sawtooth
oscillation modes. The last two terms are second order damping terms, required to
prevent the growth of spontaneous singularities in the solution. The coefficients d,
varying from 10~ to 1072 in each case, were adjusted to the lowest value necescary to

insure stability.

4.1.4 Application to Arcjet Flow

MacCormack’s method is applied to the model problem of this research in a straight-
forward manner. When the simplified arcjet low equations (Eqn. 3.157 to Eqn. 3.187)
are written in the conservative vector form of Eqn. 4.1 with a source term vector, the

following representation results.

dU OF 4G _

W+E+E'g (4.20)
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0
ms(ns+ < ov > n.ng, —n.)r
men.r
pud —Tee + p
—pu,ug
0
—po( Bt + 2ur) 4 5(V) + (@ + Fi - jEaits)r

(£ — B, - Eq < 0v > neng, — Ein. — R)r

In this case g(V) and s(V) represent the contribution of the species slip velocities to

the radial flux and source terms, respectively, in the heavy species energy equation.

4.2 Successive Overrelaxation

4.2.1 Description

The SOR method is a technique used to solve Poisson’s equation, which is of the form

%}L— = V?u - R, (4.22)

where R is a source term which may be a function of u. Once steady state is reached,
this is the form of the electric potential equation, Equation 3.29. If the model equation
(Eqn. 4.22) is discretized using forward time centered space (FTCS) differencing, the
equation becomes
At n n n n n

Az—m(uiﬂ.j tuly; +uli tul — 4ug;) - OtRy, (4.23)
where Azpi, is the smallest spatial step in any coordinate direction. In two dimensions
the stability condition for this differencing scheme is that At/Az%;, < ;. Taking the
largest possible time step from the stability condition gives the equation for Jacobi’s
Method:

n+l _ _.n
u =yt

1 Azmin
2}'1 = Z 4 &.J" (4‘24)

Jacobi’s Method converges too slowly for practical considerations, however. By using
information already available from the n + 1 time level, the Gauss-Seidel Method is

achieved:

n n n n
(uiry +wiog, Ul tuiion) —

A Zmin

4

1
n+l _ “ (.. n n+l n n+l y
0 = g+ uil el +ulin)

u

Ri,. (4.25)
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The SOR procedure is obtained by making an overcorrection to the value of each
ult! at the n + 1 time level of the Gauss-Seidel iteration, thus anticipating future

corrections. The n + 1 result from the Gauss-Seidel Method then becomes a predicted

value, uf ;, with the updated value of the function given by
utt = wuf; + (1 — w)ud;. (4.26)
An approximate formula for the w which results in the fastest rate of convergence is
given by
2
w = , (4.27)

1 + \/1 - p.zlacobi
where pJacobs is the spectral radius of the Jacobi Method:
cos % + cos J
—

Here also I is the number of grid points in the z-direction, and J is the number of

PJacobi = (4-28)

points in the r-direction. For the 165 x 30 mesh used in this research, the optimal w is
approximately 1.86.

4.2.2 Application to Arcjet Flow

Since the form of the electric potential equation is not exactly that of the SOR model
equation, Equation 4.22, a specific description of the formulation of the finite differ-
enced potential equation is warranted. Once the potential equation is transformed into
natural coordinates for computational purposes (cf. Section 4.3.1), Equation D.1 of

Appendix D results. This equation is seen to be of the form

82 82 2
aa;f + b ¢ + ;2;,’7 + da? 37) - f(pe,¢vr)v (429)
where
a=o (¢ +¢) (4.30)
b=o(n? +n?) (4.31)
c=20 (fr"]r + fz”z) (432)
¢ Oo

d=o (6" + o + ) % Z(e+e)+ 3y (6t £.1.) (4.33)

.\ 9 oo
e=o (n" + ez + "7) Z(frm +&am:) + an (n2 +n2). (4.34)
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Discretizing the terms in Equation 4.29 with forward time and centered space differ-
ences and recognizing that the grid size in computational space is unity, the following

difference equation is obtained:

( 1+1,7 2¢ + ¢:‘ 1,)) + b( 1,7 +1 2¢:J + ¢?-J"1)

c
+Z( ?+1.j+1_ ?+1.j—l - 1.J+l +¢a 1,7~ 1)+ ( i+1,7 :‘1 /+2( Wi+l ;:j——l) =f-

(4.35)
Solving for @7,
i = 2( + b) [ (¢t+1.j + ¢?-1-J) (¢n1+1 + 655 1)
c n n n n
+Z( 141 — Prrno1 — Pirger T Pimno1)
d n n
+'2'( i+1, ‘ 1.,)'*' ( Lwi+1 ¢.‘,j—x)_f . (4-36)

This equation is solved by a relaxation process, achieved by traversing the mesh row
Ly row and solving the (i,j)th difference equation at each grid point. In addition, the
equation can be rendered more implicit by using values of ¢ at the new n + 1 time
level if they have already been calculated. Assuming the calculation proceeds over the
mesh from left to right and row by row from bottom to top, this results in the following

difference equation for ¢”+l at each point in the mesh:

¢ = 2( 757 L9(8Fh, + T0,) + M@0+ 4E5)
c n n n n-’l
+Z( i+1,5+1 = Pitl,j-1 = Fi-1,5+1 + i-1,j— 1)
d n n n
'*‘5( ey — )+ (4’ R A el (4.37)

For successive overrelaxation, the result of Equation 4.37 is inserted as the predicted

value of Equation 4.27 in order to obtain the value of ¢ at the new time level.

4.3 Mesh

4.3.1 Coordinate Transformation

Due to the somewhat complicated geometry of the typical arcjet thruster, an arbitrary
mesh defined in ¢ — 7 natural coordinates is utilized for computations. The trans-

formation from cylindrical to natural coordinates is governed by the differential chain
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rule:

0 _9%8 oo _, 0 a

o " 9rof T ordn e T (4.38)
o 060 o 9
9z 0:0¢ T 9207 e FTGE™ (4.39)

where 7., 7;, &, and £, are the metrics of the tiansformation. From Anderson et al [2],

these metrics are given by

- % =t
=7 =7
= I =In
é" - J £l J L) (4'40)
where J is the Jacobian of the transformation, defined as
J =rpze — Tz (4.41)
Thus the second derivatives in transformed space may be written as
0? o (a0 , 02 0? 0? 0 0
-a—;; ar (31’) 7]1- a 2 + Er"f 666 ér 3{2 + nrr + {rr 6 (4.42)
9? 0 (0 , 0% 0? 0? 0 a
w az (32) n,a 2 + ﬁznzafa +£;8£2 +77u +£u°a—£’ (4'43)
where
1
Mer = &e(Ne)e + 0e(Me )0 = 7 [ér (2¢r — nede) + e (2¢n — e Jn)] (4.44)

Nz = €:(N2)e + 0:2(n2)n = '} [—¢. (ree + mde) — 2 (ren t+ 7:Jn) (4.45)
brr = &(&)e + (& )n = "17 [—&r (2en + & Je) — - (2nn + & Jn)] (4.46)

€z = &a(&e)e + (&) = 3 (¢ (ren — €:J¢) + (T — €:J0)] - (4.47)

Since the electric potential equation is solved by an iterative relaxation method,
the metrics of the transformed equations may be calculated by centered differences
at all points in the flow. For the fluid equations, which are solved by an alternating
direction predictor-corrector numerical method, care must be taken to insure that the
metrics are consistently calculated. In a forward (predictor) step, the relevant metrics
are obtained by first order differences over the j|j + 1 mesh interval. For a backward
(corrector) step, the metrics are calculated by first order approximations between the j
and j— 1 mesh points. For viscous terms, the metric calculation may require a centered

or one-sided difference to maintain consistency, depending on the integration step being
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performed. Leaving the transformed flow equations with [¢,7],. metrics outside the
derivatives, as in Eqns. 4.38-4.43, results in a set of equations which appear to be less
conservative. A more conservative approach in which the metrics are moved inside the
derivatives was tried, as described in Appendix F, but inferior results were generated.
As a result of the coordinate transformation the partial differential equaiions governing

arcjet flow become quite complicated. They are listed in Appendix D for reference.

4.3.2 Grid Generation

The transfermed governing equations are solved on a Cartesian computational mesh
but yield solutions to the state vector which are valid at grid points in either the
computational or the arbitrary physical domain. The grid spacing in the computational
mesh is set to unity, thereby reducing the computational time since no operations
involving d¢ or dn need be performed in the numerical integration. At present 30
grid points are used in the radial direction and 140 in the axial direction, with the
thruster being modeled symmetrically about the centerline. The grid is clustered near
the walls of the thruster in order to resolve viscous boundary effects and also in the
constrictor region in order to resolve the gradients associated with the electric arc
present there. Additional mesh refinement is necessary near the cathode tip and the
end of the constrictor, where arc attachment leads to steep gradients in the electric
potential and current distributions.

The boundaries of the mesh are chosen to accurately model the geometry of an
arcjet thruster. In order to prevent physical boundary discontinuities from propagating
into the mesh, an elliptic partial differential equation method based on the work of
Thompson et al.[114, 115] is employed to determine the locations of the interior grid
points. First the boundary grid points are specified, and then the interior points are

found by solving the coupled Poisson equations

. + & = P(é,7) (4.48)

and

Nez + Nrr = Q(f, 1) (4°49)

where the source terms P and Q are responsible for the control of grid spacing within
the interior of the physical domain. In practice, Equations 4.48 and 4.49 are trans-
formed to computational space to yield the following ccupled elliptic partial differential

equations to be solved:

azee — 202 + Voon = —J*(Pz¢ + Qz) (4 50)
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arge — 207en + YTy = —Jz(Prg + Qry), (4.51)

where
a=zl+r] (4.52)
B = z¢zn + 1Tery (4.53)
v=zi+7} (4.54)
and
- g%{i.:)_; — 2y~ e (4.55)

A typical grid in the physical domain is illustrated in Figures 4.1 and 4.2, while the
computational grid is shown in Figure 4.3. Figure 4.2 shows that the cathode is blunted,
with a flat vertical tip to aid in the modeling of the cathcde boundary conditions on
the electric potential and current density. Physically, the cathode produces electrons
by thermionic emission, and arc attachment occurs wichin a very small region of the
cathode tip. During startup the arc is observed to ablate the cathode tip through
microinstabilities until a blunted rather than pointed cathode tip is presented to the
arc, after which time operation appears to be steady. Since the process of thermionic
emission is not addressed by the model of this research, a number of adjustments
are made in the cathode geometry and mesh spacing in order to best overcome this
simplification. The cathode tip 1s assumed to possess a small flat tip, and the arc
is constrained to attach at the tip only. In addition, the mesh is concentrated near
the cathode tip to resolve steep gradients in the near attachment zone and also near
the projected arc attachment at the anode just beyond the constrictor. Finally, the
computational domain of the electric potential calculation is restricted to the region
downstream of the cathode tip, so that the potential boundary equations may be used

effectively to limit current attachment to the cathode tip only.

4.4 Boundary Conditions

4.4.1 Inlet

The conditions at the inlet of the computational domain are postulated to be essentially
those of a flow which has just been injected into the thruster plenum by a large number
of evenly spaced jets. The flow is therefore assumed to be subsonic and parallel to the

thruster walls (u, = 0). For the inlet condition on the swirl velocity, ug, a fraction
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of the total inlet velocity is specified as being in the azimuthal direction, typically on
the order of 30-50%. The mass flow rate, total enthalpy, and ionization fraction are
specified. The ionization fraction is set to a small value, typically 1 x 107°, and is
assumed to be constant over the cross-section of the inlet. This value is low enough
that it does not affect the state of the heavy species and high enough that the electron
equations may be solved without numerical difficulties. Finally, the inlet atomic mass
fraction is also required, and it is set equal to 1 x 10™*. The reasoning behind these
initial minimum values is described in more detail in Appendix F.

Given the above parameters and information from the next inside grid point, all
conditions at the inlet may be calculated. By assuming that the electron thermal
conductivity is sufficiently large, the inlet electron temperature may be set equal to
that of the next inside point. The heavy species temperature is either specified or
calculated from the conservation of total enthalpy at each inlet point:

Hy = (7‘1_?-%; + -g--’;-:- + % (u? + ul), (4.56)
where 7 is a function of the degree of dissociation (y = ? for a monatomic gas, and
v =14+1/(3+; 2 3‘-1) for a diatomic gas). Using a downwind difference approximation
to the overall continuity equation and given the specified mass flow rate, the inlet
dersity and axial velocity may be determined. The species pressures are then given
by the specified ionization and dissociation fractions, and the electron velocities are

calculated from the equation for current density (Eqn. 3.187). Since no current may
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pass upstream of the inlet, or alternatively upstream of the imposed vertical boundary

for the potential calculation region, the condition on the electric potential is that
J: = %’f - a’%f =0.

4.4.2 Outlet

The boundary conditions at the outlet of the channel depend on whether the exit flow
is subsonic or supersonic. In both cases the electron temperature is set equal to that
of the next inside point and no current is allowed to pass outside the exit plane of the
thruster (j, = 1/)%2: - a%f = 0). If the flow is supersonic at a point on the exit plane,
then the remaining quantities are extrapolated from their values at the previous two

grid points. In this case, the pressure at the outlet is given by

PI = Pr-1 (4.57)

and the gas temperature is then determined from the other known quantities.
If the flow is subsonic, then the exit pressure is set equal to some small value
representing near-vacuum conditions and the density and axial velocity are given by

the Riemann invariants

pr = (—2-'—) pI-1 (4.58)

and

ur =uy_1 + 5 (a;-l - al) . (4.59)

In general, the presence of a magnetic field or electric field potential and the associated
distribution of current renders simple invariant theory inapplicable, and it is not utilized
at the inlet. At the outlet, however, most of the current will have been attached to
the anode, so the use of Riemann invariants at the exit boundary introduces minimal
additional error to the solution. The remaining quantities at a subsonic outlet point

are then calculated as in the supersonic case.

4.4.3 Thruster Walls

Wall boundary conditions are applied to all remaining boundary points of the elec-
trothermal arcjet model, except those beyond the end of the cathode on the symmetry
line (r = 0) of the mesh. On these points the radial and azimuthal flow velocities are
set equal to zero and a zero radial gradient is imposed on the remaining quantities.
At the thruster walls viscous no-slip conditions are imposed on the axial and radial

fluid velocities (u, = 0, u, = 0). The electron temperature is set equal to that of
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the next inside grid point, and the heavy species temperature is held constant at
1000°K upstream of the constrictor, increasing linearly to 1100°K at the constrictor
exit. This profile was chosen based on experimental and numerical calculations of
the wall temperature distribution for a reasonable operating range of the German
TT1 radiatively-cooled arcjet thruster(36]. It is assumed that the gas temperature
at the walls is substantially lower than the melting point of the electrode material
and nearly constant along the length of the channel due to good conduction within
the metallic electrodes. This temperature is compatible with electrodes composed of
high-temperature metals such as tungsten or lower-temperature metals such as copper
alloyed with nickel, titanium, molybdenum, or similar materials. On the cathode,
however, a wall temperature profile linearly increasing in the axial direction is assumed.
Here the wall gas temperature increases as the cathode narrows, reaching a value of
2000°K at the cathode tip.

Recent experimental and analytical work has shown that for the electrothermal
arcjet the gas temperature at the anode depends heavily on the heat balance within
the anode material and on whether regenerative or radiative cooling is employed. In
addition, the value of the wall temperature has a strong effect on the development
and composition of the arc column and surrounding cooler gas flow. Fixing a value
of the wall temperature therefore constitutes an arbitrary simplification of the real
physical situation, but it is probably a reasonable one for a radiatively-cooled arcjet.
The model described in Chapter 7 shows the effect of incorporating a consistent heat
balance model of the anode for the radiatively-cooled case.

For the boundary condition on electron density at each electrode, a balance is
postulated between the flux of ions arriving at the sheath edge by ambipolar diffusion
and the flux of ions arriving at the wall by virtue of their thermal energy at the Bohm
velocity (vg)[119]:

dn

D"d_r‘: = 0.61n.vs, (4.60)

v = \/,—CLT—;;-E (4.61)

The Bohm velocity is derived by assuming that at the edge of the plasma sheath

where

located on each electrode, the ion velocity is limited by an electrostatically choked
flow condition beyond which the ions free-fall collisionlessly through the sheath to the
wall[46]. This boundary condition neglects the voltage drops presént in the non-neutral
plasma sheath, which are typically on the order of 10V. Also omitted is the dependence
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of the thermionic emission of electrons at the cathode on the cathode wall temperature.
Introducing additional modeling to account for these phenomena would add another
iterative level to the already complex and time-consuming se' of governing equations
for these models.

The radial global momentum equation applied at the interior thruster walls provides

the approximate condition

d
p - lwau =0, (4.62)

where inertial and viscous terms have been neglected. This approximation, however, is
consistent only along wall surfaces that are oriented parallel to the axis of the thruster.
For thruster sections of varying cross-sectional area a modified criterion must be derived
which can be applied on the convergent anode section upstream of the constrictor, on
the tip of the cathode, and on the divergent nozzle section of the anode. For these
sections, a local curvilinear coordinate system (3,7) is defined as shown in Figure 4.4.
In terms of the localized coordinates, Equation 4.62 then becomes
dp dp dn dpds dp ds
e lwatt = 7n dr |lwat + Bidr lwatt = B |watt
since % = 0 by assumption. Thus the pressure at the wall point may be obtained by a

(4.63)

time-lagged approximation to Equation 4.63. For the lower wall boundary, this implies
that

n n As' n n
ps.g.l = P,""l + ‘2“A'; (pi+1.0 - P,’_l'o) ) (464)

where the positive sign is appropriate for a negatively sloped wall and the negative sign
is appropriate for a positively sloped wall. For the upper wall boundary, of course, the
opposite is true.

The condition on the wall electric potential is that there is no current perpendicular
to an insulating section and that ¢ on the anode is set equal to a fixed but arbitrary
voltage. For numerical reasons, the electric arc is restricted to attach downstream of
the constrictor exit in this model. Therefore the outer walls upstream of the nozzle
entrance are assumed to be insulating, while the nozzle itself is assumed to be elec-
trically conducting. When this restriction is removed, the arc attaches upstream in
the constrictor and the simulation incorrectly predicts voltage and performance. More
discussion concerning this requirement can be found in the succeeding chapters. On
the cathode tip, a uniform axial current density is prescribed which sums to the spec-
ified total current. The potential at the cathode is then chosen so as to maintain this
current density distribution. During post-processing, a cathode voltage drop equal to
the ionization potential plus one half the dissociation potential of the gas (15.8V for
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hydrogen) is added to the total voltage in order to account for the model’s neglect of
this region. At the anode, in all cases simulated the extracted current density does
not exceed the random thermal flux of electrons to the wall (Janose < '—"4‘5) Conse-
quently, a potential well must exist in the non-neutral anode sheath which repels excess

electrons in the random thermal flux. The current balance is then given by

jo e ORI e 0.61ene,/kT‘. (4.65)
4 m, m;

This yields an anode voltage drop of

av, = BT g (Vmilme) (i — 2 ). (4.66)
e 0.61v2r 0.61en, /5L

For typical conditions at the anode attachment as predicted by the model of this thesis
(T, = 2eV, n. = 2 x 10°°m™3, j = 108A/m?), this yields a voltage drop of about 7V,
which must be subtracted from the voltage calculated in the simulation to produce a
final total voltage prediction. Given the above conditions, the remaining flow quantities

can be determined at each wall boundary.

4.5 Initial Conditions

The initial conditions are chosen as a first approximation to the steady-state solution
of the problem. When possible, the computed solution to a similar case, such as a
simulation with the same thruster geometry but at a different operating point, is used.
Otherwise the following initialization of variables is used. The electron temperature
is set to a constant value over the mesh, while the radial fluid velocity is everywhere
set equal to zero. The gas temperature and ionization fraction are defined as linearly
increasing functions in the axial direction with parabolic radial distributions. Distri-
butions of the current density and electron velocity are given by the specified electric
potential distribution. The initial conditions on the density and axial velocity are de-
termined by the constraint that the pressure is uniform in the radial direction and by
enforcing a constant mass flow rate at each axial location between the thruster inlet
and exit. The initial level of hydrogen dissociation is specified as a linearly increasing

function of z.

118



4.6 Procedure

Once the initial conditions of the flow have been specified, the solution is calculated
numerically as follows. First, the time steps are calculated for the overall and heavy
species equations at all grid points in each direction from the stability criteria. The
most restrictive time step is chosen as the time interval for the current integration
step, and these equations are integrated according to MacCormack’s method. During
each predictor and corrector step, the fluxes and damping terms are calculated and the
boundary conditions are updated. Next, the electron density and energy equations are
integrated based on their individual stability restrictions and maintaining consistency
with the previously determined time interval. The electron equations are integrated
separately because the stability criterion can be up to 100 times more restrictive than
for the overall flow equations. Performing the electron integrations separately while
holding the other variables constant allows the overall time restriction on the governing
equations to be relaxed, thus saving computational time. The potential equation is also
integrated separately for the same reason.

Once the time step integration has been completed, the time counter is updated
and the error is estimated by calculating the root mean square changes in heavy species
pressure, electron pressure, and electric potential over the mesh. The system of equa-
tions is repeatedly integrated until either a specified number of iterations has been
reached or the solution is considered converged. Convergence is achieved when the
RMS pressure changes over the cntire mesh are negligible and the mass flow errors at
each axial station are within a few percent of the input mass flow rate. Computations
were performed on a DECStation 5000/200 microcomputer using the Ultrix operating
system, on a DEC 3000-500 Alpha AXP workstation using the OS/1 operating sys-
tem, on a Silicon Graphics Iris Indigo workstation with the Irix operating system, on
an IBM RS6000 workstation with the AIX operating system, and on a Cray X-MP
supercomputer under Unicos.

A number of logical flowcharts are provided here as a further aid in revealing the
structure of the actual arcjet code. Figure 4.5 shows a top level flowchart which high-
lights the most basic program operations. The following three flowcharts describe the
integration procedures used for the heavy species, electron, and potential equations.
The code is described in more detail in Appendix E, wherein the main variables and
subroutines are listed, program input and output is described, and instructions are
provided for compiling, linking, and running the program. In addition, Appendix F

describes some of the numerical problems encountered in the development of this code
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Write Flow Variables to Output Files

Figure 4.5: Top Level Flowchart for the Arcjet Program

and the steps that were taken to overcome them.
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Calculate the Ambipolar Diffusivities
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Calculate the Source Terms

Calculate Corrector Fluxes
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Figure 4.6: Flowchart for the Integration of the Global and Heavy Species Conservation
Equations
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Figure 4.7: Flowchart for the Integration of the Electron Density and Electron Energy Equa-
tions
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Figure 4.8: Flowchart for the Relaxation of the Electric Potential

123



Chapter 5

Electrothermal Arcjet Baseline
Results

5.1 Model Verification

Parameters of the flow and arcjet geometry for model verification are listed in Table 5.1.
A few geometric parameters in Table 5.1 warrant {urther description in order to clarify
their meaning. The upstream anode half-angle describes the augle that the unode wall
upstream of the cathode makes with respect to the axis of symmetry. The cathode
diameter is the diameter of the cathode upstrram of the point where it begins to
coniract toward the tip. The cathode tip anglc is the angle that the contracting section
makes with respect to the centerline axis, and the cathode gap is the minimnm axial
distance between the cathode and anode. Finally, the expansion nozzle may either be
contoured as in this case or conical, in which case the nozzle half-angle describes the

angle the outer anodc wall maintains with respect to the axis of symmetry.

5.1.1 Flow Model

The integration scheme for the flow model was tested by simulating the case of H,
flowing through the arcjet thruster with a wall and inlet temperature maintained at
1000°K, but with no electric current passing between the electrodes. Thus none of the
electron or atomic hydrogen equations are solved in this instance, and the solution is
that of purely diatomic hydrogen expanding to vacuum in a viscous axisymmetric noz-
zle. Initially, a solution was achieved without an azimuthal swirl velocity component.
The effect of swirling flow will be examined in the following subsection. The RMS mass

flow rate error was less than 1% for the converged solution, and satisfactory agreement
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Table 5.1: Parameters for Arcjet Model Verification

Applied current 0A

Mass flow rate— 0.2g/s
Propellant H,

Wall gas temperature 1000°K |
Inlet gas temperature 1000°K

Upstream anode half-angle | 45 degrees

Cathoue diameter 4.0mm
Cathode gap 2.0mm
Cathode tip angle 45 degrees
Constrictor diameter 2.5mm
Constrictor leagth 5.0mm
Nozzle contour bell-shaped
Exit diameter 25.0mm

with 1-D nozzle theory was obtained. Table 5.2 summarizes the calculated performance
of this case, in mass-averaged, or bulk, terms for the thrust and specific impulse and
in terms of centerline (CL) values for the exit flow conditions. A comparison is made
to 1-D theoretical re. aits for an inviscid, isentropic Laval nozzle with identical inlet
conditions and exit area ratio. The 10% iucreased bulk performance in the computed
case of this research results primarily from the fact that the flow is heated by the walls
throughout the expansion process.

Representative contour plots of the converged solution for flow model verification
are displayed in Figures 5.1 through 5.3. The Mach number contours show that the
flow becomes supersonic within the constrictor region, and that a weak expansion wave
originates at the end of the constrictor on the anode and reflects off ihe centerline
boundary farther downstream. Similar behavior was reported by Pawlas and Keith(86]
in a recent numerical simulation of gas flowing through an aicjet geomeiry without a
ceniral cathode. Velocity and temperature contours also show this expansion wave,
while Figure 5.4 shows static pressure gradients emanating primarily from the corner

points of the constrictor on the anode surface. The pressure is essentially uniform in
the radial direction.
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Figure 5.1: Mach Number Contours for Flow Model Verification
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Figure 5 2: Velocity Contours for Flow Model Verification
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Table 5.2: Flow Model Verification Results

Arcjet Code Laval Nozzle
Thrust 0.997N (bulk) 0.912N
Specific Impulse 509.7 sec (bulk) 465.3 sec
Exit Mach Number 6.8 (CL) 6.0
Exit Pressure 37.7Pa (CL) 36.2Pa
Exit Temperature 95.8°K (CL) 96.3°K
Exit Density 9.5 x 10~%kg/m® (CL) | 9.1 x 10~%kg/m?

5.1.2 Effect of Swirl Velocity

The flow model was also tested under the same parameters as the previous section but
including a swirl, or azimuthal, velocity component. In this case the swirl velocity at
the inlet boundary was specified by assuming a solid body rotation of the flow whose
maximum velocity was 40% of the axial inlet flow velocity. Figure 5.5 shows the value
of the swirl velocity as a function of axial distance for several radial mesh locations.
Mesh location j = 0 is the geometric centerline; location j = 8 is one mesh point above
the cathode outer radius; location j = 18 is at the midpoint of the grid upstream
of the cathode tip; and location j = 29 is one grid point inside the anode wall. A
total of 30 grid points span the mesh from the centerline to the anode wall, inclusive.
By conservation of angular momentum, the swirl velocity is greatly increased as the
channel cross-sectional area reaches a minimum in the constrictor region. The radial
line plots of Figure 5.6 show the evolution of the swirl velocity profile as propellant flows
through the arcjet thruster. The first profile (1) is the specified inlet distribution; the
second (2) shows a viscosity-smoothed profile just before the cathode begins to narrow;
and the last (3) represents the swirl velocity radial profile at the inlet of the constrictor.

The last profile, while showing a large increase in swirl velocity magnitude as a result
of the decreasing channel cross-sectional area, also displays a form similar to that of
an ideal viscous vortex.

The increase in swirl velocity near the constrictor centerline is sufficient to cause
the ﬁ}- source term in the radial momentum equation to become of the same order as
the pressure gradient term. As a result, a lower pressure region is created along the
constrictor centerline, as can be seen by comparing Figure 5.7 with Figure 5.4. The

locally rapid decrease in pressure in this region then leads to the formation of a “jet”
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Figure 5.6: Swirl Velocity Radial Profiles
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Figure 5.7: Pressure Contours with Swirl Velocity Component

in the axial velocity immediately downstream of the blunt cathode tip. This local high
velocity jet, whose existence was predicted analytically by G.K. Batchelor for swirling
inviscid flow past a blunt body[5], can be seen in the contour diagram of Figure 5.8.
Global performance parameters for the case with swirl were seen to differ from the
case without swirl by less than 0.2%. The Isp for the swirling case was 508.9 seconds,
the inlet pressure was 141,750Pa, and the thrust was 0.998N. Although including swirl
did change the nature of the flow inside the constrictor region, the overall effect on

performance was negligible.

5.1.3 Electric Current/Potential Model

The potential solver implemented in the arcjet code was verified by first solving Laplace’s
Equation on simple rectangular grids and then on the actual arcjet mesh. This applica-
tion is analogous to solving the arcjet potential equation without gradients in electrical
conductivity or electron pressure. For simple geometries, the numerical solutions were
compared to analytic solutions. For the arbitrary mesh of the arcjet thruster, the ru-
merical results were verified by checking that the flow of current from the anode to the
cathode was constant and continuous. Figure 5.9 shows the potential contours for one
of the actual geometry tests (V=80 volts), while Figure 5.10 shows a corresponding
diagram of the current density vectors. Potential contours in Figure 5.9 are plotted
every 4V. Note the large potential gradients formed near the cathode tip; this neces-
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sarily produces a concentration of current density in the vicinity of the cathode tip, as
seen in Figure 5.10.

With an even distribution of electron pressure and electrical conductivity as in
these tests, the current density tends to spread itself evenly over the mesh, as expected
from fundamental electrodynamics. When these simplifications are removed, however,
the distribution of current becomes markedly different. In the fully consistent arcjet
model, strong ionization at the cathode tip and along the constrictor centerline will

preferentially constrain the current to flow through this central arc region.

5.2 Baseline Arcjet Thruster Case

The baseline arcjet thruster modeled in this simulation is the German TT1 thruster
[33], which has the geometrical characteristics listed in Table 5.3. The geometry is
similar to that used for the flow model verification, except that the nozzle is conical
rather than bell-shaped and the cathode tip angle and upstream anode half-angle are
slighcly different. The mass flow rate for this case is 0.1g/s, and the applied current is
100A.

Bulk performance parameters predicted by the model are listed in Table 5.4 and
compared to experimentally obtained results(35, 36]. Voltage is calculated by adding a
cathode sheath voltage drop equal to the ionization potential plus one half the disso-
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Table 5.3: German TT1 Radiatively-Cooled Arcjet Thruster Geometry

Upstream anode half-angle | 50 degrees
Cathode diameter 4.0mm
Cathode gap 2.0mm
Cathode tip angle 30 degrees
Constrictor diameter 2.5mm
Constrictor length 5.0mm
Nozzle half-angle 17.5 degrees
Nozzle length 35.7Tmm
Exit diameter 25.0mm

Table 5.4: Comparison of Predicted and Experimental Results for Baseline Case

l Predicted | Experimental | Difference
Voltage (V) 115 112 2.7%
Power (kW) 11.5 11.2 2.7%
Thrust (N) 1.01 0.94 7.3%
Specific Impulse (s) 1030 960 7.3%
Efficiency 0.442 0.395 11.8%

ciation potential of the propellant gas to the voltage measured in the simulation, then
subtracting an anode sheath drop equal to the potential necessary to balance electron
and ion random thermal currents with the actual current arriving at the anode. Thrust
is calculated by integrating the quantity pu? + P over the exit plane of the nozzle, and
efficiency is given by the following formula:

1. 2
_ 3me
n 3—VI . (5.1)

There is excellent agreement in the voltage between the predicted and experimental
results and good agreement between the thrust and specific impulse results. The accu-
racy in voltage prediction shows that the model appears to be accurately modeling arc
growth, conductivity, and current attachment given the assumptions made concerning
electrode voltage drops. One possible reason for the discrepancy in thrust prediction
is that the specified inlet gas temperature is probably too high. Using an anode heat
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balance model, described in Chapter 7 of this thesis, it is shown that the inlet tem-
perature is about 850°K rather than 1000°K for the baseline case based on the heat
flux to the anode wall and the TT1 thruster anode/casing design. Since the thrust
scales as the plenum total pressure, which scales as /T, a 15% decrease in the inlet
gas temperature could translate into a 7% reduction in thrust, which would bring the
simulation results into very close agreement with experimental data. Other effects such
as self-consistent positioning of the initial anodic arc attachment point, line radiation
losses, or vibrational nonequilibrium could also result in a decreased thrust if incor-
porated into the model. There is some uncertainty in the predicted voltage, since the
cathode sheath drop is of the order 15.8V for hydrogen, but not necessarily exactly
equal to that value. The cathode sheath drop may also scale with operating parameters
such as the current and mass flow rate. In addition, grid resolution may be lacking in
the steep potential gradient regions near electrode surfaces. Reasonable assumptions
have been made, however, in formulating the potential model, boundary conditions,
and electrode sheath voltage drops. While previous models required heuristic fixes and
empirical relations just to give reasonable voltage predictions, this simulation achieves
great success in predicting discharge voltage by instead properly incuding the relevant

physics.

5.2.1 Characterization of the Flow

The characterization of results for the baseline case is begun by examining the current-
potential distributions. Figure 5.11 shows an axial line plot of the electric potential
from the cathode tip to the anode attachment. The reference line follows those grid
points just inside the anode wall. The anode voltage is maintained at 100V throughout
the simulation, while the cathode potential is adjusted to maintain the correct applied
current over the cathode tip. The near-cathode voltage drop AV,, shown in the leftmost
portion of the figure, is composed of a 15.8V drop assigned to the cathode sheath
(Vi + 1V4) and an 8V drop calculated in the first few grid points downstream of the
tip. The potential increases in a nearly linear fashion upstream of and inside the
constrictor. In the current attachment region just beyond the constrictor exit, the near-
anode voltage drop AV, ~ 15V is composed of an approximately 22V drop captured
by the simulation and a -7V drop associated with the electron-repelling anode sheath.
This net anode voltage drop can be associated with the energy that is deposited into
the anode block in the attachment zone by heavy species heat conduction and by the

impingement of current-carrying electrons. Assuming that the energy transferred per
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Figure 5.11: Electric Potential Axial Profile for the Baseline Case Arcjet Simulation

unit area is of the form
JalVa = —k,% + %ea gp, + %p,ui + En. |, (5.2)
using the results of the baseline flow simulation yields an equivalent voltage of 14.5V
for this deposited power, which agrees well with the AV, seer. in the potential profile.

Current streamlines are plotted in Figure 5.12. In this case, the bulk of the current
attaches within the first quarter of the nozzle, peaking just downstream of the con-
strictor exit. Contours and axial line plots of current density (|7|) are shown in Figures
5.13 and 5.14 respectively. In Figure 5.14 and in all subsequent axial line plots, the
key shows that each line represents the value of the plotted quantity at the j** grid
point in the radial direction. Up to four radial locations may be plotted at once, in-
cluding the centerline (j = 0/30), the grid line just outside of the cathode boundary
(j = 8/30), the mid-channel line (j = 18/30), and the grid line just inside of the anode
wall (5 = 29/30). The location of these lines is shown in Figure 5.15. As would be
expected, there is a maximum at the cathode tip and the current density decreases
both axially and radially downstream of the cathode. This reflects both the radial
growth of the arc in the constrictor region and the concentration of charge carriers in
the highly ionized core of the arc which is initiated at the cathode tip.

This highly ionized core of the arc can be seen in Figures 5.16 through 5.18. The
radial profiles of Figure 5.17 compare radial ionization fraction distributions at five

axial locations in the thruster: the cathode tip, the constrictor inlet, the constrictor
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Figure 5.13: Current Density Contours for the Baseline Case Arcjet Simulation
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Figure 5.15: Radial Location of Grid Lines Used in Axial Line Plots
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Figure 5.16: Ionization Fraction Contours for the Baseline Case Arcjet Simulation

midpoint, the constrictor exit, and the location one third of the way into the nozzle.
The flow is fully ionized along the centerline immediately downstream of the cathode tip
and remains so through the first part of the nozzle expansion, after which there is some
recombination. The breadth of the partially ionized region grows to approximately 50%
of the channel width by the constrictor exit, and this region is essentially entrained in
the flow throughout the nozzle.

The primary heating mechanism is ohmic dissipation, which peaks locally along
the constrictor centerline and near the anode just beyond the constrictor exit. This is
evidenced by the local maxima in electron temperature in these regions (Figures 5.19,
5.20). Near the cathode tip the eiectron temperature hits the imposed upper limit of
40,000°K, as shown in Figure 5.21. Downstream of the cathode tip T, decreases mono-
tonically in the core of the arc. This occurs because ohmic dissipation decreases, energy
is collisionally transferred from the electrons to the propellant gas, and in the nozzle
the flow expands. In the near-anode attachment zone a peak electron temperature of
29,500°K is attained, while the average electron temperature in this region near the
wall is approximately 20,000°K. Upstream of the constrictor, where the only source of
energy for the electrons is heat conduction from the downstream arc, the temperature
reaches a minimum of 1400°K. At the exit plane the peak electron temperature is about
4500°K at the centerline, falling off to 2200°K at the nozzle wall.

Hoskins et al. measured the electron temperature distribution 3mm downstream
of the nozzle exit for two similar radiation-cooled 10kW class hydrogen arcjets[51].
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Figure 5.18: Axial Line Plots of a for the Baseline Case Arcjet Simulation
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Figure 5.15: Electron Temperature Contours for the Baseline Case Arcjet Simulation

One thruster had a constrictor length and diameter of 1.27mm, a nozzle half-angle of
10°, and an expansion ration of 100:1; the other thruster had a constrictor length and
diameter of 1.75mm, a nozzle half-angle of 20°, and an expansion ration of 250:1. The
thrusters were then tested at power levels of 6-14kW and mass flow rates of 0.040-
0.093g/s. Despite the different configurations, the measured electron temperature just
beyond the exit plane varied by no more than about 10% between the two arcjets
over the range of operating points. The plots in Figure 5.22 show that the electron
temperature distributions measured by Hoskins et al. are relatively insensitive to
variations in the input power for the thrusters studied and also that the model of this
research predicts an electron temperature distribution very close to the one measured
experimentally.

The primary source of energy for the heavy species is collisional energy transfer from
electrons. In the core region of the arc where the electron temperature and electron
number density are highest, the electron and gas temperatures are closely coupled. In
the weakly ionized flow outside of the arc, however, the two temperatures are essentially
uncoupled. This is clearly evidenced in Figure 5.23, which compares radial profiles of
the gas and electron temperatures just beyond the constrictor exit. Axial profiles of
the two temperatures along the centerline are plotted in Figure 5.24. The electron
and gas temperatures are nearly equal in the core of the arc, particularly in the nozzle
where there is little or no ohmic dissipation once the current has completely attached.

In the constrictor and the first quarter of the nozzle, the presence of ohmic dissipation
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Constrictor Exit for the Baseline Case Arcjet Simulation

keeps the electron temperature 1000 — 2000°K higher than the gas temperature due to
the finite collisional time scales involved.

Contours and line plots of the heavy species temperature for the baseline case are
shown in Figures 5.25 through 5.27. Most of the heating of the gas occurs inside and
just beyond the constrictor, after which the flow expands and cools in the arcjet nozzle.
Figures 5.25 and 5.26 show two distinct regions of the flow: the inner hot core region
and the outer cool gas region. The temperature of the outer region remains at or near
that of the anode wall since the ionization fraction is too low to provide any significant
thermal coupling to the electrons. This illustrates the importance of the inlet gas
temperature and the anode wall temperature in determining the overall performance
of the arcjet thruster. Since, as will be seen, most of the propellant flows outside
of the arc core in the surrounding cooler gas flow, the inlet and wall temperatures
directly impact the thrust and specific impulse achieved by the arcjet. Consequently,
an accurate arcjet simulation should include either a good estimation of these two
temperatures for a variety of operating points or a coupled, self-consistent model of
the heat balance in the anode itself. Results presented in this chapter and the next
were achieved with a specified anode (and cathode) temperature distribution. Chapter
7 describes the integration of an anode heat balance model with the flow solver and
the resulting effects on predicted performance.

While characteristics of the flow such as temperature and composition vary greatly
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Figure 5.25: Gas Temperature Contours for the Baseline Case Arcjet Simulation
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Figure 5.27: Axial Line Plots of T, for the Laseline Case Arcjet Simulation
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Figure 5.28: Pressure Contours for the Baseline Case Arcjet Simulation

in the radial direction due to the presence of the arc, the pressure is nearly uniform
over the flow cross-section. Slight nonuniformities are present near the centerline due
to swirl and viscous forces. Figure 5.28 shows pressure contours in the constrictor and
surrounding areas. Most of the pressure expansion work is expended in the constrictor
and in the first third of the nozzle, especially in the expansion fan at the constrictor exit.
Since the pressure is nearly constant in the radial direction but the gas temperature
and electron pressure are very high in the core, the density of the flow is much higher in
the cooler outer gas flow than in the central flow region. Figure 5.29 illustrates this fact
with a contour plot, while Figure 5.30 shows radial density distributions at several axial
locations. One interesting result of this density “hole” in the core of the flow is that
the electron density in the constrictor peaks radially in the outer portion of the arc,
not along the centerline. As previously shown, the arc core is fully ionized. Because
the fluid density increases with increasing radius, however, a local maximum in the
electron density occurs in the transition region between full and partial ionization, 0.3
to 0.6 mm from the centerline axis. This can be seen clearly in Figures 5.31 through
5.33.

The propellant velocity in the arcjet thruster is influenced greatly by the nonuni-
formities in other flow variables. In particular, low density in the core region leads to
much higher acceleration in the center as opposed to the surrounding higher density,
low temperature flow. The reason for this is that while the pressure work term is nearly

constant over the cross-section, there is very little propellant in the core of the arc com-
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Figure 5.29: Density Contours for the Baseline Case Arcjet Simulation
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Figure 5.30: Radial Density Profiles for the Baseline Case Arcjet Simulation
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Figure 5.33: Axial Line Plots of n. for the Baseline Case Arcjet Simulation

pared to the outer flow. As a result, the core gas is accelerated at a proportionally
higher rate. The contour plots of Figures 5.34 and 5.35 show this rapid acceleration re-
gion within and just beyond the constrictor. In this case the centerline velocity reaches
a maximum of over 26,000m/s. The separation between the high and low acceleration
regions is clearly shown in these figures. The two regions remain éssentia]ly uncoupled
through the constrictor and the first part of the nozzle expansion, beyond which the
boundary is smoothed out by viscous forces.

Although the axial velocity is very high in the core of the flow, the mass flux in
that region is initially small due to the extremely low density. Figure 5.36 shows mass
flux (pu.) contours for the baseline case in the region of the constrictor. The exclusion
of mass flow from the core arc region in the constrictor can be seen clearly in the detail
of this contour plot. A more relevant way of illustrating this effect, however, is to
integrate the mass flux over the cross-section at a particular axial location, thereby
taking into account the axisymmetric geometry. A resultant mass flow (pu,dA) radial
distribution obtained at the constrictor exit is shown in Figure 5.37. The mass flow
fraction inside the arc region (defined by an ionization fraction greater than 0.01) as
a function of axial distance is shown in Figure 5.38. It can be seen that the mass
flux in the arc grows from zero at the cathode tip to 5% at the constrictor inlet, 25%
at the constrictor exit, and 80% at the nozzle exit plane. The most rapid growth
occurs in the constrictor, where the boundary of the arc moves radially outward by

heat diffusion and the arc mass flow is increased by axial convection. In the nozzle
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Figure 5.34: Axial Velocity Contours for the Baseline Case Arcjet Simulation
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Figure 5.35: Axial Velocity Contours for the Baseline Case Arcjet Simulation: Closeup of the
Constrictor Region
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Figure 5.36: Mass Flux (pu,) Contours for the Baseline Case Arcjet Simulation (r-Coordinate
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ambipolar diffusion widens the ionized region and viscous and diffusive forces further
smooth out the nonuniformities in velocity, density, and temperature. This is evidenced
by the radial mass flow distribution at the thruster exit shown in Figure 5.39.
Momentum flux (pu?) contours are displayed in Figures 5.40 and 5.41. The mo-
mentum flux, like the mass flux, is seen to peak radially in the outer flow near the
anode wall, although in this case a significant fraction is present in the arc core due
to the high centerline velocity. The ratio of the momentnm flux at the centerline to
its maximum in the outer flow is approximately 0.1 at the constrictor inlet, 0.3 at the
constrictor exit, and 0.5 in the nozzle. The nonuniformity of the momentum flux in
the radial direction is due chiefly to viscous drag on the high speed core of the flow.
Variations, or ripples, in the contour plots of Figures 5.40 and 5.41 result from radial
gradients in temperature, density, and fiow composition in the region of the arc edge,
all of which affect the magnitude of viscous forces. Viscosity and diffusion smooth
out these gradients in the nozzle expansion, so that by the thruster exit the momen-
tum flux varies smoothly over the cross-section. The peak value at the exit occurs
in mid-channel because the density is at a minimum at the centerline axis, while the
axial velocity reaches a minimum at the anode wall. Figures 5.42 and 5.43 show inte-
grated momentum flux distributions at the constrictor and nozzle exits, respectively.
This quantity pu?dA, when summed over each point in the distribution, represents the
kinetic contribution to the thrust. When the momentum flux is integrated over the
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Figure 5.37: Radial Distribution of the Mass Flow Rate at the Constrictor Exit for the
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Figure 5.38: Mass Flow Fraction Inside the Arc (a > 0.01) as a Function of Axial Location
for the Baseline Case Arcjet Simulation
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Figure 5.39: Radial Distribution of the Mass Flow Rate at the Thruster Exit for the Baseline
Case Arcjet Simulation

cross-section to take into account the cylindrical geometry, it can be seen that the bulk
of the kinetic thrust in the constrictor is actually pushed outward toward the walls by
the presence of the rentral arc.

The mass and momentum flux distributions detailed in the previous two paragraphs
point out an interesting way of describing how an arcjet works. Many people would
explain the operation of an arcjet thruster by saving that an electric arc is passed
through a specially designed rocket and imparts some of its dissipation energy to the
flowing gas. This additional thermal heating of the propellant is then converted to

in this chapter, however, show that while a very high temperature core is produced by
the arc in the constrictor region, very little mass actually flows within this core. In
reality, the effect of the central arc is to produce an electrothermal, or fluid dynamic,
“plug” which forces most of the mass flow outward into the relatively low tempe-ture
region near the anode wall. This process then decreases the effective throat area,
thereby increasing the stagnation pressure of the plenum and increasing the thrust of
the device. This is not the full explanation, because there is heating of the flow by
the arc in the core and transition region and there is some finite amount of propellant
flowing within the arc core which then transfers a portion of its energy to the outer

flow by diffusion and mixing in the nozzle.
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Figure 5.41: Momentum Flux (pu?) Contours for the Baseline Case Arcjet Simulation:
Closeup of the Constrictor Region
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Figure 5.43: Radial Distribution of the Kinetic Thrust at the Thruster Exit for the Baseline
Case Arcjet Simulation
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An interesting feature of the nozzle flow is that viscous forces decrease the flow
velocity substantially in the core region. This effect arises from the steep gradients in
both the axial and radial velocities in the core. An axial line plot of the centerline
velocity is plotted in Figure 5.44. The equation which governs the momentum along

this streamline is

Opu, Opu® Op Pu, 40%u, 10,
ot Yo Yo *|om 32 t 35002 (5-3)
In steady state this equation can be rewritten as
du, 1 8p p [0%, 40%, 10%,
__ 1o 4 : . 5.4
dz pu; 0z + pu, [ or? * 3 9z2 * 30roz (54)

As stated in Section 4.4, the boundary condition on axial velocity at the centerline is
that a zero gradient is imposed. Alternatively, Equation 5.4 may be integrated at each
point on the axis in order to calculate the true axial momentum at this boundary. This
was done for the baseline case, and results differed by at most 1% in u, between the two
boundary condition methods. The advantage of using the integration method is that
each of the terms in Equation 5.4 may then be examined to see which are important
at each axial location. Figure 5.45 is a plot of "7": at each grid point on the center-
line. Up to about 2=0.026m the pressure work term dominates, resulting in the rapid
acceleration seen in Figure 5.44. Between z=0.026m and z=0.032m the pressure and
viscous terms nearly balance, so that little change in the core flow velocity occurs. Be-
yond z=0.032m, however, viscous terms dominate and the flow is decelerated. Viscous
forces therefore play an important role not only in the boundary layers at the walls,
but also in the core of the nozzle expansion due to the steep gradients in propellant
velocity located there. This core deceleration actually matters little in ierms of the
the overall operation of the thruster, however, since (1) there is much less propellant
flow in the central region of the arc than there is farther away from the centerline; and
(2) much of this deceleration represents a redistribution of the axial momentum from
the high velocity centerline outward toward the lower velocity regions, so not all of the
momentum is lost.

Both the inner and outer flows accelerate smoothly through sonic conditions at and
just beyond the conmstrictor exit. Figure 5.46 shows Mach number contours for the
baseline case arcjet simulation. Due to the large radial gradients in temperature and
composition, the peak Mach number occurs in the interior region of the flow rather
than at the centerline, where the velocity is highest. The maximum Mach number for
this case is approximately 2.85.

Figures 5.47 through 5.49 show the distribution of the azimuthal swirl velocity in
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Figure 5.44: Axial Line Plot of u, at the Centerline for the Baseline Case Arcjet Simulation
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Figure 5.46: Mach Number Contours for the Baseline Case Arcjet Simulation

the arcjet thruster for the baseline case. The maximum swirl velocity of 90m/s in the
arcjet simulation is an order of magnitude smaller than that in the flow verification
case of Section 5.1.1. For the arcjet simulation case the mesh-averaged value of (3 is
0.05, varying between 3 x 107 and 3.0. For the verification test the mesh-averaged
value of f‘;;i is 0.15, with a range of 6 x 107° to 1.6. There are several reasons for this
difference. First, the inlet area of the verification geometry is smaller and the specified
mass flow rate is twice as large, resulting in an inlet swirl velocity that is four times
larger than that of the arcjet simulation baseline case. Second, the much higher axial
velocity in the core of the arcjet thruster minimizes the effect of increasing or decreasing
cross-sectional area on the azimuthal velocity. To see this the azimuthal momentum
equation can be recast into the following form:

Oug Oug Oug 2pu,ug  108rgr 07,
Pt TP e ey T T t o 0z
Neglecting for the moment viscous terms and radial gradients, in steady state Equa-

(5.5)

tion 5.5 can be rewritten as
dug  2u,u

dz ~ ur (5.6)
The axial velocity, which appears in the denominator of the above equation, varies from
0-2500m/s in constrictor of the flow verification case. Due to the low density region
in the core of the arcjet simulation, however, the axial velocity in the constrictor of

this case varies from 0-16,000m/s, thereby significantly reducing axial gradients in
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Figure 5.47: Swirl Velocity Contours for the Baseline Case Arcjet Simulation

the swirl velocity, especially in the core of the flow. This is essentially another way
of saying that the flow is excluded by the arc from the near-axis region, where it
would otherwise reach the highest uy values. Finally, viscous forces in the core of
the flow are substantially higher in the arcjet simulation due to steeper gradients in
velocity, causing additional swirl velocity reduction in this region. Therefore, aside
from geometry differences between the two cases, it is the presence of the arc core in
the arcjet simulation which effectively prevents the flow in that region from “spinning
up” as seen in the flow verification test. The outer flow, however, still experiences an
increase in swirl velocity in the constrictor of the same order as that for the case in

which no arc is present.

5.2.2 Relative Importance of Effects
5.2.2.1 Ratios of Terms in the Governing Equations

One way to examine the relative importance of effects in the model is to compare the
average ratios of terms to the dominant term in each equation. This is accomplished
as follows. First the simulation is divided into two regions, the arc core (a > 0.01)
and the outer flow (a < 0.01). For each region and each governing equation, at every
grid point the ratio of each term in the equation to the term of largest magnitude is
calculated. Each term ratio is then averaged over every point in the region, yielding a
number between 0 and 1 which represents the mesh-averaged importance of each term
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Figure 5.49: Axial Line Plots of ug for the Baseline Case Arcjet Simulation
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in each equation. For reference, the equations discussed below are listed in Section 3.5
of this document.

The relative magnitudes of terms in the continuity equations are listed in Tables
5.5 and 5.6. For the overall continuity equation, both the axial and radial divergence
terms are important in all regions of the flow. This result is expected and therefore
not displayed. For the electron density equation, Table 5.5 lists the average ratio of
each term to the dominant term for each simulated effect. In this case in addition
to the divergence terms, radial ambipolar diffusion and net ionization are found to
be important both inside and outside of the arc. Although the relative magnitude of
radial ambipolar diffusion is 50% less outside the arc compared to inside, the average
importance of net ionization is greater in the cooler outer flow than in the ionized arc
itself. Axial ambipolar diffusion is almost negligible throughout the thruster. Relative
sizes of terms in the atomic hydrogen density equation are listed in Table 5.6. In
this case radial diffusion is found to be important only in the arc region, while axial
diffusion is negligible everywhere. Net ionization is seen to be important in both flow
regions, although its average relative magnitude is only one third as large in the outer
flow as it is in the inner arc region. In terms of dissociation, however, while both
electron and heavy species collision processes are factors in the arc, electron impact
dissociation is the primary dissociation mechanism in the outer flow. Although the
relative magnitude of electron impact dissociation is only 0.04 in the outer flow region,
this result is skewed by the fact that this effect is concentrated in the high temperature
(T. ~ 20,000°K) anode arc attachment zone in the first quarter of the nozzle. On the
other hand, since the gas temperature of the outer region is essentially that of the anode
wall, 1000 — 1100°K, the net dissociation rate by heavy species collisions is about the
same throughout the region except for variations in the gas density. The fact that this
model allows large numbers of charge carriers to be supplied to the outer flow region
through ambipolar diffusion and electron impact dissociation and ionization is of great
importance in understanding the anode current attachment process. This topic will be
discussed in more detail in the next subsection.

Average ratios of terms in the three momentum equations are displayed in Tables '
5.7 through 5.9. In the axial momentum equations all terms are seen to be significant
in both regions of the flow. Of note is the fact that viscous forces are roughly twice as
large when compared to the dominant term in the arc core as in the outer flow. This is
a consequence of the much higher velocities and steep gradients in the central region of
the thruster. The usual convective and pressure gradient terms are also the dominant

terms in the radial momentum equation in both flow regions (Table 5.8). Again the
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Table 5.5: Average Ratio of Terms to Dominant Term in Electron Density Equation

TERM ARC (a > 0.01) | OUTER (a < 0.01)
Radial Divergence 0.604 0.636
Axial Divergence 0.830 0.788
Radial Ambipolar Diffusion 0.512 0.212
Axial Ambipolar Diffusion 0.019 0.009
Net Ionization 0.240 0.301

Table 5.6: Average Ratio of Terms to Dominant Term in Atomic Hydrogen Density Equation

TERM ARC (a > 0.01) | OUTER (a < 0.01)
Radial Divergence 0.545 0.664
Axial Divergence 0.487 0.910
Radial Diffusion 0.265 0.001
Axial Diffusion 0.016 0.000
Net Dissociation (H — H,) 0.131 0.019
Net Dissociation (e — H;) 0.157 0.038
Net Ionization 0.332 0.139

viscous shear forces are more important in the inner core than in the outer region of
the arcjet, in this case by a factor of three. The centrifugal force effect is negligible in
the core and of minor importance in the outer flow. This is because the azimuthal swirl
velocity is much less than the net flow velocity in most of the thruster for the injected
swirl fraction of 0.4uo. Therefore, given this model’s assumptioh of axisymmetry in
the flow and in the electric arc, swirl as an arc stabilization device is irrelevant. If in
actuality the propellant flow and arc are not uniform in the azimuthal direction due
to instabilities or other physical effects, then injected swirl may still play a role. The
balancing of the azimuthal momentum equation is dominated by the convective terms,
as can be seen in Table 5.9. The Coriolis force, however, is also an important effect.

Viscous forces are significant but not as large as in the other two momentum equations.

The relative sizes of terms in the electron energy equation are listed in Table 5.10.

The primary source of energy is of course ohmic dissipation. Note however that the
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Table 5.7: Average Ratio of Terms to Dominant Term in Axial Momentum Equation

TERM ARC (a > 0.01) | OUTER (a < 0.01)
Radial Convection 0.532 0.648
Axial Convection 0.684 0.802
Axial Pressure Gradient 0.564 0.454
Viscous Shear 0.428 0.201

Table 5.8: Average Ratio of Terms to Dominant Term in Radial Momentum Equation

TERM ARC (a > 0.01) { OUTER (a < 0.01)
Radial Convection 0.419 0.617
Axial Convection 0.521 0.766
Readial Pressure Gradient 0.581 0.493
Viscous Shear 0.346 0.103
Centrifugal Force 0.001 0.028

Table 5.9: Average Ratio of Terms to Dominant Term in Azimuthal Momentum Equation

TERM ARC (a > 0.01) | OUTER (a < 0.01)
Radial Convection 0.924 0.876
Axial Convection 0.731 0.845
Viscous Shear 0.213 0.097
Coriolis Force 0.196 0.206
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Table 5.10: Average Ratio of Terms to Dominant Term in Electron Energy Equation

TERM ARC (a > 0.01) | OUTER (a < 0.01)
Radial Convection 0.338 0.423
Axial Convection 0.528 0.444
Radial Conduction 0.400 0.216
Axial Conduction 0.007 0.056
Ohmic Dissipation 0.508 0.504
Transfer to Heavy Species 0.023 0.069
Net Dissociation 0.006 0.007
Net Ionization 0.345 0.207
Radiation 0.001 0.001

relative magnitude of this term is nearly as large outside of the arc region as it is inside
of it. The convective terms of this equation are seen to be among the most important
in the energy balance, as is the radial conduction term. Radial conduction effects
are greater inside the arc due to the higher coefficient of thermal conductivity there
(resulting from the high electron temperatures) and to the steep gradients in electron
temperature particularly at the edge of the ionized arc region. Axial heat conduction is
of minor importance. Collisional energy transfer to the heavy species is of small relative
magnitude in both flow regions, but this does not mean it is not important. The relative
size of this term in the arc core is small only because the electron and heavy species
temperatures are closely coupled. Collisional energy transfer would become a large
energy sink for the electrons if these two temperatures were further apart because of
the high electron number densities in the ionized arc region. Outside the arc, however,
the electron density is so low that collisional energy coupling between electrons and
heavy species is minimal. In terms of the electron energy balance, energy lost through
dissociation events is negligible while energy lost due to net ionization is significant,
particularly in the core region. Energy lost through continuum radiation is insignificant
in this application.

Table 5.11 lists the average ratio of terms to the dominant term in the heavy species
energy equation. As in the electron energy equation, the convective terms and the radial
conduction term, especially in the arc, are dominant. The primary source of energy for

the heavy species is collisional transfer from the electrons. This process is much more
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Table 5.11: Average Ratio of Terms to Dominant Term in Heavy Species Energy Equation

TERM ARC (a > 0.01) | OUTER (a <« 0.01)
Radial Convection 0.620 0.698
Axial Convection 0.566 0.925
Radial Conduction 0.650 0.217
Axial Conduction 0.025 0.009
Species Diffusion 0.068 0.001
Viscous Dissipation 0.106 0.146
Transfer from Electrons 0.021 0.020
Net Dissociation 0.088 0.010

effective inside the arc where the electron density is high than outside the arc where
the electron density is relatively low, although T. and T, are so close in the arc that
the magnitude of the collisional energy transfer term appears to be small everywhere in
the flow. Viscous dissipation is also a source of energy for the heavy species, and is of
relative magnitude 0.11 and 0.15 inside and outside of the arc respectively. Energy lost
due to dissociation by heavy species collisions is of minor importance in this equation,
while transport by species diffusion is of minor importance in regions of steep gradients
in flow composition and negligible elsewhere. Axial conduction is basically negligible
throughout the flow.

5.2.2.2 Equilibrium vs. Nonequilibrium

In the simulation of this research nonequilibrium dissociation and ionization are mod-
eled by integrating the electron and atomic hydrogen continuity equations wi‘h source
terms reflecting the finite rate processes. It is instructive to compare the flow com-
position calculated in the simulation to that of an equilibrium composition in order
to identify the effect of nonequilibrium modeling on the predicted results. In making
this comparison the baseline case is not re-run with an equilibrium comporition solver.
Instead, the nonequilibrium composition calculated by the simulation is compared to
the equilibrium composition which would occur given the electron temperature, heavy
species internal energy, and number density of the flow at each grid location. Con-
sequently, the equilibrium results presented here are not fully consistent since they

do not reflect the effect of the differing transport coefficients (which are a function of
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Figure 5.50: Equilibrium and Calculated Radial Profiles of Ion Mole Fraction at the
Mid-Constrictor Axial Location

composition) on the behavior of the flow. The results are consistent enough, however,
so that qualitative comparisons can be made.

Comparisons between equilibrium and nonequilibrium ion mole fractions are shown
in Figures 5.50 and 5.51. Both figures plot radial profiles of zg+ at the midpoint of
the constrictor. The main difference in the full channel plot of Figure 5.50 is that the
steep gradient of the equilibrium profile is smoothed out by ambipolar diffusion in the
calculated profile. In the cluse-up of the near-anode region, however (Figure 5.51), the
difference between the two cases is much greater. This comparison shows that in the
outer, cooler region of the flow, the nonequilibrium model predicts a small but not
insignificant ionizatior. level of roughly 0.02%, while the equilibrium model predicts
essentially no ionization (a lower limiter of 1 x 10 ® is reached). This difference, which
is present throughout the outer flow region, is directly related to the finite rate source
terms and ambipolar diffusion terms included in the model of this research. The fact
that this model predicts some ionization in the outer flow allows tle current to pass
through this region and attach to the anode wall in a stable, consistent manner. The
underlying reasons for this process are discussed in the next subsection.

Figures 5.52 and 5.54 compare equilibrium and nonequilibrium radial profiles of
atomic hydrogen mole fraction, also at the midpoint of the constrictor. In this case the
calculated nonequilibrium atomic hydrogen mole fraction is considerably lower than the
equilibrium value. In the range » = 0.0003m to r = 0.0005m this is partly due to the
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Figure 5.51: Equilibrinm and Calculated Radial Profiles of Ion Mole Fraction at the
Mid-Constrictor Axi . Location and Near the Anode Wall

fact that the ion mole fraction is higher in the rionequilibrium case. Overall, the main
reason for the difference is that the flow has already been accelerated significanily
in the constrictor region for the calculated nonequilibrium case. Figure 5.53 shows
that the axial velocit in the range of appreciable Ty values varies between 2600m/s
and 7500m/s. As a result the finite dissociaticn rate model of the simulation lags
behind the equilibrium composition because the flow is moving rapidly downstream.
Residence times in the constrictor for this case vary from 107 to 10 "sec in the core
flow where substantial quantities of atomic hydrogen are presert. These times are of the
same order as the reaction times for hydrogen dissociation under the thermodynamic
conditions in the core. In the cuter flow the non~quilibrium level of atomic hydrogen is
substantially higher than the zusociated equilibrium level, except very near the anode
wall. Figure 5.54 illustrat.s this near-anode behavior. The agreement is close near
the wall because the brundary condition on atomic hydrogen mole fraction in the
nonequilibrium simulation is that >y is set equal to its equilibrium value.

Figuies 5.55 and 5.56 compare calculated nonequilibrium and estimated equilibrium
values of ion and atomic hydrogen mole fractions, respectively, at the nozzle exit. Under
equilibrium -onditions, siuce the electron temperature varies between only 2000°K and
4500°K over the nozzle exit plane, no ionization of the gas is expected. Of course,
the gas in the core of this arcjet thruster is moving at 15,600-25,000m/s in the nozzle,

so much of the ionization produced in the constrictor is entrained in the flow. This
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Figure 5.53: Calculated Radial Profile of Axial Velocity at the Mid-Constrictor Axial Location
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residual ionization, 46% in ion mole fraction at the centerline, represents a frozen flow
loss which decreases overall thruster efficiency. Figure 5.56 shows that the calculated
atomic hydrogen mole fraction is lower than the equilibrium level in the ionized core
and greater than the equilibrium level in the outer flow. Given the number of ions in
the core flow at the nozzle exit, the calculated level of dissociation in the inner flow is
close to the equilibrium level, except for smoothing due to ambipolar diffusion. In the
outer region, the increased level of dissociation in the nonequilibrium case results from

the radial convection and diffusion of species in the nozzle expansion.

5.2.2.83 Current Attachment

Simulating the current attachment at the anode realistically and self-consistently has
been a major difficulty in previous arcjet simulations. The effectiveness of this model
in simulating this region is due to the incorporation of separate energy equations for
the heavy species and electrons, and to the use of nonequilibrium dissociation and
ionization finite rate equations. In the previous section, the electron temperature was
found to be significantly highei than the heavy species temperature in the outer current
attachment region (Figures 5.20 and 5.23). It has also been shown that the nonequilib-
rium model of this research predicts outer flow levels of atomic hydrogen and hydrogen
jons which are much higher than would be the case if the flow were in equilibrium (Fig-
ures 5.51 and 5.54). And fin:.ly, ohmic dissipation, ambipolar diffusion, and finite-rate
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dissociation and ionizaticn have been identified as mechanisms which could explain
this difference. The importance of these effects in the anode attachment region is now
examined in order to confirm this supposition.

Figure 5.57 contains radial profiles of some terms in the electron energy equation
at an axial location just beyond the constrictor exit. The two most important energy
sinks, radial and axial convection, have been omitted from this diagram in order to
more clearly show the behavior of the remaining effects. Clearly, ohmic dissipation
is the primary electron heating mechanism in the outer flow region. This process is
simulated realistically by the model of this research by the use of separate energy
equations for the electrons and heavy species. If only one energy equation were used,
as has been the case in previous arcjet simulations, the temperature in the anode
attachment zone would be on the order of the wall temperature, 1000 — 2000°K. This
would not support the creation of ions and electrons as charge carriers, and numerical
difficulties would arise in the attachment region. Previous models got around this
problem by setting an artificial lower limit on the electrical conductivity in the gas.
This allowed current attachment to occur, but resulted either in attachment over the
entire anode wall (which is not what happens physically, and therefore led to inaccurate
voltage predictions) or in the requirement that the current path be specified to achieve
reasonable accuracy (which arbitrarily reduces the consistency and hence the predictive
accuracy of the model). The use of two separate energy equations shifts the direct effect
of vhmic dissipation to the electrons only and allows the electron temperature to be as
much as 20,000°K higher than the gas temperature, as it is in the current attachment
region near the anode.

The elevated electron temperature in the attachment zone then produces enough
electron impact dissociation and ionization to create the necessary charge carriers for
electrical conduction between the outer arc boundary and the anode. Figure 5.58 shows
a contour plot of the net rate of ionization in the vicinity of the constrictor and anode
attachment zone. Because this rate varies by several orders of magnitude in the arcjet,
this contour plot does not reveal much detail. It can be noted, however, that the
region of net ionization covers not only the core of the arc in the constrictor, but also a
wide path from this central core to the anode wall downstream of the constrictor exit.
Another important process, radial ambipolar diffusion, is shown in the contour plot of
Figure 5.59. The magnitude of this effect also varies widely inside the arcjet, so the
main function of this diagram is to show the sign of the term. Near the centerline in
the ccnstrictor an inward diffusive flux of charged species occurs, since the flow there is
fully ionized and density decreases toward the axis. Along the edge of the arc core ions
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Figure 5.57: Radial Profiles of Some Terms in the Electron Energy Equation in the Current
Attachment Region Just Beyond the Constrictor Exit

and electrons diffuse outward, particularly in the constrictor region where the edge of
the arc is very steeply defined. In the middle region the ambipolar diffusion term is
small but positive, while near the anodc charged particles diffuse toward the wall.

For a closer look at the rnear-anode region, 1adial profiles of some terms in the
electron density equation in the attachment area are shown in Figure 5.60. Radial
ambipolar diffusion is seen to be important in moving ions and electrons outward
from the arc into the surrounding cooler gas flow. Nearer to the wall, net ionization
due to the locally elevated electron temperature provides additional charge carriers
for conduction. Very near the wall, a layer exists in which ambipolar diffusion causes
electrons and ions to diffuse toward the anode. This ainbipolar loss of charge carriers to
the wall is offset by a local maxiinum in net ionization. Figure 5.61 shows a similar plot
for the atomic hydrogen density equation. Of the terms displayed, net dissociation is of
primary importance in the outer flow and a local maximum is present near the anode
wall. This locally high dissociation rate is tied to the high ionization rate necessary
to replenish electrons and ions which diffuse to the wall. From Table 5.6 it is clear
that the dissociation process in the outer flow region is due almost entirely to electron
impact.

The physical effects, then, which allow the model of this researcu to consistently
simulate current attachment in the relatively cool outer gas flow are clear. The fact

that the voltage predicted by the model is very close to the experimentally measured
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Table 5.12: Distribution of Energy in the Exit Flow for the Baseline Case Arcjet Simulation

}ﬁergy State Expression Power(W) | % of Total
Axial kinetic (3pul + p)u.A 5720 39.2
Radial kinetic Jpulu, A 89 0.6
Azimuthal kine;{c Jpufu, A <1 0.0
Tonization n.Eu, A 2546 17.5
Dissociation %(nn +n.)Equ, A 4367 30.0
Electron thermal 2peu.A 88 0.6
Heavy sp. thermal [%(py +pu+) + Spm, + %’f%:—"_%'—] u A 1769 12.1
Total | 14580 100.0

voltage shows that these effects are likely the ones which act in the actual arcjet
thruster as well. One remaining problem, however, is that the initial position of the
anode current attachment region is not self-consistently determined by the physics
included in the numerical simulation. In the present results the current is required to
attach downstream of the constrictor exit. This is the situation observed in experiments
using comparable arcjet thrusters, and the accuracy of the voltage predictions of this
model reflect the plausibility of this choice. When the initial allowable attachment
roint is moved by the user, however, the code predicts current attachment wherever
the initial point is set, resulting in widely varying predictions of thrust and voltage.
Future research should be directed toward finding the physical mechanism which sets
the initial attachment point of the arc on the anode surface in order to remove this

final degree of arbitrariness.

5.2.2.4 Loss Mechanisms

To gain an understanding of the loss mechanisms involved in this particular arcjet
thruster design, the partition of energy in the flow at the exit plane is examined. By
conservation of energy, the total power in the exiting flow for the baseline case is equal
to the electrical input power (11.50kW) minus the power lost to the walls (1.46kW)
plus the power inherent in the inlet flow, for a total of 14.58kW. Table 5.12 catalogs
the distribution of this power in the various energy states of the exiting flow. As the

table shows, in this case only 39% of the exit plane energy is in the form of useful
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thrust. Fully 47% of the energy is tied up in dissociation and ionization, while 13%
is classified as thermal energy. In particular, the energy bound in dissociation and

ionization represents a significant frozen loss.
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Chapter 6
Performance Mapping Results

The arcjet simulation code developed in this research has been used to obtain
numerical solutions for a number of different operating points of the TT1 radiation-
cooled arcjet tested at the University of Stuttgart. Numerically obtained performance
parameters are summarized in Appendix G for reference. Figure 6.1 compares predicted
and experimental specific impulse at three mass flow rates and over a range of applied
currents. The simulated specific impulse is seen to be approximately 5-10% higher
than that measured by experin.ent. Table 6.1 compares predicted and experimentally
measured discharge voltage for the cases presented in Figure 6.1. Voltage predictions
from the arcjet simulation fall from within 1-3% of experiment for the intermediate
mass flow rate to within 10-12% for the high mass flow rate, and the negative slope
of the V-I relationship is captured. The differences in predictive voltage accuracy
between mass flow rates probably result from the boundary condition which requires
the current to attach downstream of the constrictor exit. In reality this attachment
point is a function of the operating conditions and may also be affected by sheath layers
or instabilities not addressed by this research. The following two sections discuss the

the results of this parametric study in more detail.

6.1 Effect of Applied Current Variation

Important operational characteristics ot electrothermal arcjets can be identified and
examined by studying the numerical solution as a function of input power per unit
mass. This gquantity can be varied by changing the applied current and/or the mass
flow rate. Changes in the mass flow rate, however, alter not only -,';:- but also the physics

of the outer flow region, and in pacticular the behavior of arc attachment at the anode.
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Table 6.1: Comparison of Discharge Voltages for the Cases in Figure 6.1

Case Voltage
I{A) | »{g/s) | Numerical | Experiment
70 0.05 89 85
100 0.05 85 78
120 0.05 83 77
60 0.10 118 117
100 0.10 115 112
130 0.10 113 111
60 0.15 140 127
95 0.15 138 120
130 0.15 137 118
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Figure 6.1: Comparison of Predicted Specific Impulse to Experimental Data for German TT1
Radiation-Cooled Arcjet
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Consequently, the effect of varying the specific power will be examined by comparing
three numerical solutions obtained at three different applied currents (60A, 100A, and
130A) but at the same mass flow rate of 0.1g/s.

Enclosed current contours for the three cases are shown in Figure 6.2. There is
very little difference between the three contour plots, as would be expected both from
experimental measurements and from physical considerations. Experimental voltage
measurements vary only from 117V at 60A to 111V at 130A, suggesting that the
pattern of current is very similar for each of these cases. Nearly identical voltages,
varying between 118V and 113V, are predicted by the arcjet simulation. Physically,
the distribution of current is controlled primarily by the behavior of current passage
through the outer cooler gas layer, which in turn is governed by the heat diffusivity
a = p“T,' Since the heat diffusivity is essentially the same for each of these cases (m
is the same, as is T; = T,au), the current patterns and discharge voltages are nearly
identical as well. The slightly negative voltage-current characteristic suggested by the
three cases is due to the fact that the electron temperature, and therefore the electrical
conductivity, increases with increasing current (Figure 6.3). In addition, the arc width
increases as the current is increased (Figure 6.4), thus decreasing the width of the outer
layer. This makes it easier for current to pass through the outer layer, so as the current
is increased the arc attaches earlier in the nozzle and the voltage is decreased.

The effects of arc widening and increasing temperature with increasing current re-
sult indirectly from the greater ohmic dissipation produced by higher cverent levels.
This increased dissipation then causes additional heating of the electrons, as shown in
the centerline plots of electron teraperature in Figure 6.3. Higher electron tempera-
tures cause not only increased collisional energy transfer to the heavy species, thereby
elevating gas temperatures (Figure 6.5), but also higher finite-rate dissociation and
ionization rates and increased ambipolar diffusion, which cause the ionized region of
the arc core to widen. Interestingly, the electron temperature in the flow outside the
main arc is little affected by variations in the applied current, as shown in Figure 6.6.

Since the temperature increases and the arc core expands radially as the current
is increased, the central region of low mass flow necessarily deepens and widens. This
can be seen in Figure 6.7, which shows mass flux radial profiles at the constrictor exit,
and in Figure 6.8, which tracks the mass flow fractions inside the arc as a function of
axial location. The inlet pressure also increases with the applied current, rising from
1.13atm at 60A to 1.37atm at 130A. These two related effects produce increased thrust
as the current is increased. Figure (.9 compares axial velocity profiles at the constrictor

exit for the three current levels, showing the net velocity increase. Figure 6.10 shows
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profiles of the kinetic power (u,[;pu? + p]), which are indicative of the power converted
to useful thrust, at the same axial location.

A breakdown of the distribution of energy at the thruster exit planc is provided
for each of the three current levels in Table 6.2. As detailed in the previous chapter,
the total power at the exit plane is equal to the inherent power of the incoming gas
flow plus the electrical input power minus the power transferred to the electrode walls.
In this model the inlet boundary conditions are identical for each of the three cases
examined here, so the total energy of the inlet flow is identical in each case. The power
transferred to the anode wall, however, increases with increasing current, as shown
in Table 6.3. This anode power loss rises from 0.85kW at 60A to 1.98kW at 130A,
primarily due to the increased flux of current-carrying electrons at the anode surface.
The effective anode voltage drop, however, defined by V, = ’;, increases only slightly
from 14.1V at the lower current to 15.2V at the higher current. With regard to the
distribution of energy at the exit plane, Table 6.2 shows that the fraction of energy
tied thermally to the electrons and heavy species increases from 9.6% to 12.8% as the
current is increased from 60A to 130A. Over the same range the fraction of energy
frozen into dissociation and ionization remains nearly constant, actually decreasing
from 48.9% to 47.0%. As the currert increases, however, the fraction of that frozen
energy which is associated with ionization rather than dissociation rises from 32% to
45%. Thus the net decrease in axial kinetic energy fraction with increasing current is
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essentially the difference between the fractional thermal energy gain and the fractional
dissociation /ionization energy loss. Including the power lost to the anode wall as part
of the total power of the exiting flow would provide a more realistic picture of the
energy partitioning. Unforiunately, using the simulated auode power losses mentioned
above would not be consistent unless an anode heat balance model were developed
to properly calculate the resulting total energy of the inlet gas in the plenum, which
would vary with the applied current. Such a model is developed and evaluated in the

next chapter.

6.2 Effect of Mass Flow Variation

The effect of varying the mass flow rate on arcjet performance can be isolated to
some degree by comparing the three caces in Tatle 6.1 with different mass flow rates
but similar specific powers. The first, fifth, and last cases listed in that table have
specific powers nf 120 MJ/kg and specific impulses of 1030 seconds, plus or minus
a few percent. These three cases are defined by the following operating points: (1)
1=60A, n = 0.05g/s; (?) I=100A, m = 0.10g/s; and (3) I=130A, m = 0.15g/s.

The first major difference between these cases lies in their resulting current dis-
iributious, shown in Figure 6.11. Since increasing the mass flow rate increases the

density, which directly decreases the heat diffusivity (a = ), the arc becomes more
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Table 6.2: Distribution of Energy in the Exit Flow for /i = 0.1g/s at Three Applied Currents

Energy State % of Total
I=60A | I=100A | I=130 A

Axial kinetic 40.4 39.2 38.8
Radial kinetic 0.7 0.6 0.6
Azimuthal kinetic 0.0 0.0 0.0
Ionization 12.6 17.5 21.0
Dissociation 36.3 30.0 26.0
Electron thermal 0.4 0.6 0.8
Heavy sp. thermal [ 9.6 12.1 12.8

Table 6.3: Anode Wall Power Losses for rn = 0.1g/s at Three Applied Currents

Current (A) | Power to Anode (kW) | Effective Voltage Drop (V)
60 0.85 14.1
100 1.46 14.6
130 1.98 15.2

186



constricted. This can be seen qualitatively in Figure 6.11 and quantitatively in Fig-
ure 6.12. The latter figure displays radial plots of the ionization fraction at the con-
strictor exit for each of tie three mass flow rates. The edge of the arc, defined by an
jonization fraction on the order of 1073, moves inward about 1.5mm as the mass flow
rate is increased from 0.05g/s to 0.15g/s. An additional effect is that the ionization
fraction in the core increases with increasing mass flow rate. Although the specific
power for each of these cases is the same, the decreasing width of the arc means that
more energy per unit mass is being dissipated in the arc as the mass flow is increased.
This increased dissipation then causes more ionization to occur in the arc core.

In fact, as the energy dissipated in the arc increases with increasing mass flow, the
electron temperature increases due to ohmic dissipation and this elevated electron tem-
perature then leads to increased ionization. Radial plots of the electron temperature
at the constrictor exit are pictured in Figure 6.13 for each of the three cases. This
figure shows that the electron temperature increase in the arc core is also accompanied
by a corresponding decrease in temperature in the outer flow. The behavior of the
gas temperature is similar (Figure 6.14). Lower temperatures and higher densities in
the outer flow produce a icwer heat diffusivity in that region. Combined with the fact
that the width of the outer layer alsc increases with the mass flow rate, this leads to
increased convection in the current attachment region and consequently to a broader
attachment zone as the mass flow is increased. This effect can be seen clearly in the
enclosed current contours of Figure 6.11. Increasing convection in the anodic arc at-
tachment zone translates into a higher prediction of discharge voltage, from 83V at
0.05g/s to 115V at 0.10g/s to 137V at 0.15g/s.

The curreat and temperature distributions of each of these three cases look quite
different, yet the specific impulse is known to be nearly the same for each mass flow
rate. The reason for this can be discerned by comparing mass and velocity distributions
for the thr=e flows. Figure 6.15 shows normalized mass flux profiles for the three cases
at the constrictor exit, while Figure 6.16 shows axial velocity profiles at the rame axial
location. Because the temperature inside the arc increases and the width of the arc
decreases as the mass flow rate is increased, the normalized mass flow inside the arc
decreases. When the mass flow in the arc proportionally decreases the axial velocity in
the arc increases, as shown in Figure 6.16. Conversely, when the mass flow in the outer
flow proportionally increases the axial velocity in that region decreases. As mentioned
previously, this effect occurs because a nearly uniform pressure gradient acts over the
flow cross-secton. Thus as the mass flow increases while the specific power is held

constant, the velocity in the the arc is increased but less mass flows through the core,
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Three Mass Flow Rates

and the velocity in the outer flow is decreased and more mass flows through the outer
region. This compensating effect results in specific impulses for the three cases which
are nearly the same.

Of course viscosity and diffusion in the nozzle expansion tend to smocth out gra-
dients in the flow, so a nozzle exit comparison is warranted. Figures 6.17 and 6.18
show radial profiles of axial velocity and momentum flux (pu?) at the exit plane, re-
spectively. In an inviscid, homogeneous expansion to vacuum the specific impulse of
a device would be calculated by simply dividing the exit velocity by the standard ac-
celeration go = 9.8m/s?. In this case, however, the expanding flow is both viscous
and nonuniform, so the specific impulse is determined by first integrating the quantity
pu? + P over the nozzle to produce thrust and then dividing by the mass flow rate
and by g.. This procedure weights the calculation of specific impulse by the thrust,
so flow regions which contain the most kinetic energy will necessarily determine the
overall specific impulse of the device. Figure 6.17 shows that the exit velocity increases
at all radial locations as the mass flow rate is increased at constant specific power.
The following figure, however, demonstrates that the maximum momentum flux oc-
curs farther from the centerline as the mass flow is increased. This behavior is even
more pronounced when a more relevant quantity is examined, namely the integrated
momentum flux (Figure 6.19). The net effect is that while the exit velocity increases
with increasing mass flow rate, more of the flow is actually farther from the centerline.
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Therefore the effective specific impulse is relatively constant for a conz‘ant svecific
power, as would be expected from energy conservaticn prirciples. Minor phvsicil ef-
fects due to the influence of density and current attachment keep the performaance from
being exactly the same in each case.

The distribution of energy in the exit flow for the three cases is detailed in Tible 6.4.
As the mass flow rate is increased from 0.05g/s to 0.15g/s at constant specific power,
the fraction of energy in the axial kinetic mode increases from 34 1% to 41.4%. At the
same time the fraction of energy frozen into dissociation and ionization decreases from
52.8% to 41.6%, implying ihat thc recovery or minimization oi these losses is more
efficient at higher mass flow rates. This occurs because increasing the mass flow rate
(1) increases the overall density, which t:nds to drive the system toward equilibrium,
and (2) increases the propellant flow outside the arc, leaving a proportionaliy smaller
amount of propellant in the core to he dissocizted and ionized. Somewhat higher
percentages of the exit flow energy are stored ‘n the radial kizetic and electron thermal
modes as the mass flow rate is increased, while the heavy speci:s thermal energy
fraction remains relatively unchanged.

Anode wall power losses for the three mass flow rates are listed in Table 6.5. As
the mass flow rate is increased the power ransmitted to the anode increases, mainly
due to the fact that the anode arc attachment zone is spread out over a wider portion

of the nozzle. The anode power loss fur the lowest mass flow rate is not quile as
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Table 6.4: Distribution of Energy in the Exit Flow for £ = 12011 /kg at Three Mass Fiow
Rates

Energy State % of Total
m = 0.05g/s | . = 0.10g/s | m = 0.15g/:

Axial kinetic 34.1 304.2 44.4
Radial kinetic 0.5 0.6 0.8
Azimuthal kinetic 0.0 0.0 0.0
Ionization 15.0 17.5 21.1
Dissociation 37.8 30.0 20.5
Electron thermal 0.4 0.6 0.9
Heavy sp. thermal 12.2 12.1 12.2

Table 6.5: Anode Wall Power Losses for —f; = 120MJ /kg at Three Mass Flow Rates

m (g/s) | Power to Anode (kW) | Effective Voltage Drop (V)

0.05 1.25 17.8
0.10 1.46 14.6
0.15 1.78 13.7

small as might be expected. The reason is that although the anodic arc attachment
region is smaller, much higher heat fluxes are achieved in that region and there is
a significant amount of heat lost to the constrictor wall as well. These points are
illust-ated in Figure 6.20, which plots anode wall heat flux distributions for the three
cases studied. The results of this section suggest two methods for improving arcjet
performance. Arcjet thrusters could be designed for higher pressures by decreasing the
constrictor diameter in order to drive the flow more towards equilibrium and recover
more of the frozen losses. Alternatively, higher mass flow rates and higher applied
currents could be used to increase the fraction oi propellant which flows outside the

arc, thereby improving thrust efficiency.
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Chapter 7

Integration of an Anode Heat

Balance Model

7.1 Formulation

Since it has been shown that the temperature of the cooler flow outside the electric arc
has an important effect on overall arcjet performance([76], a model of the heat balance
in the anode was deemed necessary in order to gain a more accurate estimate of the gas
temperature at the anode wall boundary. For consistency, this model should include
not only the anode block but also the cathode, insulator, propellant feed passages, and
refractory casing in order to accurately determine both the anode wall temperature
and the gas temperature at the plenum inlet, which directly influence the thrust of the
device. This problem is governed by the heat flow equation

8 (, 8T\ 108 (, 8T\ 7
% (’%‘:) " or (”“E) = (7-1)

in an axisymmetric coordinate system, where k4 is the thermal conductivity of the
anode material. For medium power arcjet thruster anodes the ohmic dissipation term
is negligible, adding no more than a few watts of power to the 1-3kW already supplied
by the arc electrons in the attachment zone. High currents passing through the thin
cathode rod, however, produce a small but not insignifican: dissipation. For the ge-
ometry of the TT1 arcjet thruster modeled in this research, a tungsten cathode with a
conductivity of 1.8 x 107/Q/m will absorb on the order of 5W compared to 60-100W
incident at the cathode tip.

A diagram of the German TT1 thruster assembly is pictured in Figure 7.1. The
design of this thruster is typical of most radiatively-cooled arcjet thrusters. A tungsten

196



/.

[ ] Boron Nitride /] Molybdenum

Tungsten

Figure 7.1: Anode Schematic of German TT1 Radiation-Cooled Arcjet

anode block is surrounded by a molybdenum casing, and separated from a cylindrical
tungsten cathode by a boron nitride insulator. The propellant gas is injected at the
rear of the thruster assembly and flows between the insulator and outer casing to the
plenum just ahead of the constrictor. Heat conducted from the hot walls increases the
gas temperature from approximately 300°K at the inlet to 700 — 900°K at the plenum.
Using the transformation described in Section 3.3, this equation may be written in

natural coordinates as

T o’T
[(62 + 6 ) '3? + 2(6?’% + 617’1) B£3

o*T oT aT
+ (nr + 7]:) 6 2 + (& + fu) 3{ + (7’" + nu) _3;]

oT oT kqa Oky Ok,
+(3{£ anr)(r'*'—éz_fr'*"%nr)

2
(T ) (B B P
which is the equation to be solved in the computational domain.

The preceding equation is seen to be of exactly the same form as the potential
equation, Eqn. D.1, and thus may be solved by the SOR technique described in Section
4.2. For anode boundaries which are exposed to space, the temperature is calculated
to satisfy the relation

dT
dn
where ¢ is the emissivity of the material and o5 = 5.67 x 10"8;—,(% is the Stefan-

ka

= 6053T4, (73)

Boltzmann constant. Emissivities for anode refractory materials vary from 0.37 for
Molybdenum to 0.43 for Tungsten[100]. The temperature of the upstream or left-hand

boundary of the thruster assembly is set to 300°K, a figure consistent with experi-
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Figure 7.2: Tungsten and Molybdenum Thermal Conductivity vs. Temperature

mental measurements of the TT1 arcjet. On the inside anode wall, the temperature
is found by equating the heat flux to the wall from the electrons and heavy species
to the heat conducted away from the wall into the metal. This involves iteratively
reconciling the results of the main arcjet flow code with the solution from the anode
heat balance model. Measurements have been made of the heat flux to the cathode for
the water-cooled TT1 arcjet thruster[35, 36], and these results are used to determine
the temperature at the cathode boundary of the model. A more self-consistent method
is not used because of the numerical and theoretical difficulties involved in making an
accurate determination of the heat flux at the cathode tip. This simplification should
not be of great importance in calculating the anode wall temperature, however, be-
cause the gas flow between the anode and cathode/insulator tends to isolate these two
regions thermally.

The model uses different approaches to solve for the temperature in the flowing gas
and in the solid materials. The transformed heat equation is used in the solid regions
with the appropriate thermal conductivity for each material. The coefficient of ther-
mal conductivity for both tungsten and molybdenum is plotted in Figure 7.2 over the
range of electrode temperatures expected. For reference, numerical values of kw and
ks are tabulated for selected temperatures in Appendix H. Of note is that the thermal
conductivity of these refractory metals is a decreasing function of temperature at least

to very near the melting point of the materials. The thermal conductivity of boron
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Figure 7.3: Combat HP Boron Nitride Thermal Conductivity vs. Temperature

nitride varies considerably depending on the grade of the material. In addition, proper-
ties are different in the directions parallel and perpendicular to the pressing direction.
The boron nitride of this simulation is assumed to be Combat Boron Nitride Grade
HP, which is inanufactured by the Carborundum Company[16]. This grade is designed
specifically for ion engines, plasma arcs, and similar applications. It has a higher ther-
mal conductivity, thermal shock resistance, and chemical inertness than other boron
nitride solids and a lower thermal expansion ratio. The thermal conductivity of Com-
bat HP is plotted versus temperature in Figure 7.3, and is seen to be about one third
that of tungsten and molybdenum. The parallel thermal conductivity, which is that of
the longitudinal thruster direction, is used for all calculations.

The addition of heat to the floviing propellant gas is essentially a one-dimensional
problem, so in order to simplify calculatio.» a 1-D model is used to determine the
temperature distribution in the gas passages. The equations

or 9T oT &’T
p‘UCpE = kg—b——rz— and pvcpg = k’—é—;- (74)

are employed, the former for the axial flow section and the latter for the radial flow
section. A parabolic gas temperature distribution is assumed, which for example yields
the following ordinary differential equation to be solved in the axial direction:
me, dT ___9& TM—T+TBN—T]
A dz H Ly Lpn

(7.5)
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where A is the cross-sectional area of the channel, T is the bulk average gas tem-
perature, H is the channel width, I'y is the outer molybdenum temperature, Ty is
the inner boron nitride temperature, and Ly and Lgy are effective lengths for heat
transfer across the two channel surfaces. A fourth order Runge-Kutta scheme is used
to integrate this equation from the rear of the thruster assembly to the radial flow
segment, after which the following equation is integrated to the plenum entrance:
ey dT kg,
A dr H?
where T7 is the temperature of the tungsien anode in contact with the propellant gas.

Tr + Ten — 2T] (7.6)

After each integration of the gas temperature, the edge temperatures Tp, Tgn, and Tr

are updated by equating the heat fluxes across the flow boundary at each grid point.

7.2 Verification

The anode thermal model was verified by using the specified wall temperatures from
the cases of the previous chapter as boundary conditions on the anode and cathode.
The model was further simplified by eliminating the propellant gas passages. Overall
conservation was then verified by calculating the heat flow through each boundary of
the simulated thruster. Figure 7.4 shows the temperature distribution in the anode and
in the upstream electrodes and insulator. The temperature varies smoothly hetween
300°K at the backplate to 1000°K at the cathode and 1000 — 1200°K on the interior
anode surface except for minor discontinuities at the boundaries between different
materials. The distribution is nearly one-dimensional from the backplate to 1.5 cm to
the left of the thruster plenum. Boundaries between thruster materials can be seen
clearl; in the contour plot of thermal conductivity (Figure 7.5), which follows the
behavior of the temperature plot closely. A total power of 1.73kW is delivered to the
arcjet body in this case, 1.71kW through the anode and 0.02kW through the cathode.
Of this total 0.33kW, or 19%, is radiated to space and the rest is conducted to the
backplate.

The full anode heat balance model was tested by using realistic heat fluxes to set
the electrode boundary conditions on temperature. At the cathode an input power
of 0.1kW is assumed for this case and all subsequent simulations. At the anode the
heat flux into the wall boundary is taken from simulation results for the baseline
case of Chapter 5 (I=100A, m = 0.1g/s), based on the specified wall temperature of
1000 — 1100°K. This is therefore not a self-consistent solution, but rather the first step

in the anode model - flow model iteration process. The results, however, do serve to
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indicate qualitatively the behavior of the fully consistent solution.

A line plot of the heat flux into the anode surface as a function of axial location
is shown in Figure 7.6. Energy transfer is assumed to take place by heavy species
heat conduction and by the deposition of the thermal, kinetic, and ionization energy of
electrons impinging on the anode surface. Current-carrying electrons are the primary
source of energy transferred to the anode wall. Some electron energy is transferred
in the constrictor but the majority is deposited in the arc attachment region just
beyond the constrictor exit. Upstream of the constrictor exit energy is lost from the
walls via heat conduction to the heavy species, while downstream in the nozzle the
reverse is true. The resulting temperature distribution in the thruster body is shown in
Figure 7.7. Temperature maxima occur at the cathode and in the arc attachment region
on the anode just beyond the constrictor exit, where the wall temperature reaches
1550°K. The temperature concentration in the anode arc attachment zone represents
a significant difference between this case and the previous case, in which the anode
wall temperature was specified. Outside of the attachment region, however, the anode
wall temperature in Figure 7.7 varies from 990°K at the plenum entrance to 1080°K
at the anode tip, which is relatively close to the previously specified distribution. The
temperature at the cathode root is 875°K and conduction from the thruster body
heats the propellant in the gas passages from 300°K to 825°K in the bulk-averaged
sense. Thermal conductivity for this case, shown in Figure 7.8, varies predictably with
temperature. "1 his plot does serve, however, to delineate the different material regions
of the simulation.

The diagram of Figure 7.9 illustrates the flow of energy through the arcjet thruster
body for this baseline verification case. Here 49% of the power deposited into the
thruster body is transferred to the flowing propellant, while 17% is radiated to space
and the rest is conducted to the backplate. While beneficial recovery of one half of the
anode power loss is achieved with this design, performance could be improved by using
insulating materials to increase the temperature of the tungsten/molybdenum anode

assembly even further.

7.3 Effect on Arcjet Performance Calculations

In order to obtain a more self-consistent simulation of arcjet performance, temperature
distributions produced by the anode thermal model were then used as new boundary
conditions for the arcjet flow solver. Three cascs were studied at a mass flow rate of
0.1g/s. The applied currents were 60A, 100A, and 130A. Heat flux distributions corre-
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Figure 7.7: Anode Model Verification: Temperature Distribution for Baseline Case Heat Flux
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Figure 7.8: Anode Model Verification: Thermal Conductivity Distribution for Baseline Case
Heat Flux
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Figure 7.9: Anode Model Verification: Heat Flow Diagram

204



. I=60A
_ - I=100A
s6x1w0’™4 > .. 1=130A

3.5 x 10"+ !
Heat Flux (W/m3?)

1.6 x 107 4

—0.5 x 107 T Y T Y T Y
0.01 0.02 0.03 0.04

Figure 7.10: Heat Flux to Anode at rn = 0.1g/s for Three Applied Currents

sponding to the three cases are plotted in Figure 7.10. This figure demonstrates that
for a given mass flow rate the increase in current produces a change in the magnitude
but not in the shape of the heat flux distribution.

The anode thermal model yields thruster assembly temperature distributions for
these cases which are all qualitatively similar to that pictured in Figure 7.7 for the
I=100A case. Temperature profiles along the inner anode surface for the three cases are
shown in Figure 7.11. It can be seen that as the current is increased the temperature
at all locations on the anode wall increases and the temperature maximum in the
current attachment region becomes more pronounced. Table 7.1 lists key temperatures
predicted by the anode heat balance model for each of the applied currents. In each
case, the inlet gas temperature is less than the 1000°K specified as an original boundary
condition of the flow simulation. Except for the current attachment regions, the anode
wall temperature is everywhere less than the originally specified 1000 — 1100°K for the
60A case, about the same as the original boundary condition for the 100A case, and
everywhere greater than the original boundary condition for the 130A case.

The net effect of incorporating the new temperature boundary conditions into the
arcjet flow simulation is shown in the performance comparison of Figure 7.12. While
the anode model shows closer agreement with experimentally measured specific impulse
at low currents, it does worse in terms of accuracy at higher currents. For the 60A case
the inlet and wail temperatures calculated by the heat balance model are 200 -- 300°K
less than those specified in the original simulation, so the thrust and specific impulse are
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Figure 7.11: Anode Wall Temperature at 7h = 0.1g/s for Three Applied Currents

’gable 7.1: Temperatures Predicted by the Thermal Model for 7n = 0.1g/s and Three Applied
urrents

Location Temperature (°K)
I=60A | I=100A | I=130A
Inlet gas 710 825 910
Cathode root 825 875 950
Anode inlet 825 990 1140
Anode exit 875 1080 1240
Anode maximum | 1170 1550 1850
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Figure 7.12: Effect of Anode Model Coupling on Predicted Performance for 72 = 0.1g/s

lower. For the 100A case the lower inlet gas temperature predicted by the heat balance
model is offset by increased heating of the flow by the anode wall in the constrictor exit
and current attachment regions. This results in a specific impulse prediction which is
slightly higher than that made with the original flow model boundary conditions. For
the 130A case the inlet gas temperature is still lower than originally specified (910°K),
but the anode wall temperatures are much higher (1150°K at the inlet and 1250°K at
the exit, peaking at 1850°K). This produces a substantially higher performance predic-
tion. The predicted voltages for these cases with a coupled anode thermal model are
slightly lower than those calculated with the previcusly specified boundary tempera-
tures, as shown in Table 7.2. This is due to preferential concentration of the anodic
arc attachment in the region of elevated wall temperature.

In summary, use of the coupled heat balance model results in a slightly better
prediction of voltage but no significant improvement in specific impulse prediction,
leaving a gap of 5-10% between predicted and experimentally measured I,,. An anode
heat balance model such as the one described above, however, does have the aiditional

potential to allow further thermal optimization of the thruster desigu.
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Table 7.2: Predicted Voltages from Coupled Anode Thermal Model for 7 = 0.1g/s at Three
Applied Currents

Current(A) | Temperatures | Temperatures from
Specified Anode Model
60 118 115
100 115 111
130 113 110
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Chapter 8

Linearized Stability Analysis of the
Anode Attachment Region

In the preceding chapters it has been shown that the model of this research can
accurately predict the performance of an electrothermal arcjet using hydrogen propel-
lant. Of some concern, however, is the fact that the anode attachment is still somewhat
arbitrary in that the current is required to attach downstream of the constrictor. While
this is expected to be the case for the experimental thruster considered, the fact that
the model predicts initial current attachment wherever the initial boundary condition
is set shows that the attachment process is still not completely understood. This has
ramifications for the overall performance of the model since the location of the attach-
ment zone has a direct effect on the discharge voltage and on the length of the core
ohmic dissipation region, which relates to the amount of thermal energy transferred
to the propellant. One possible reason for the difficulty in fixing the anode current
attachment zone is that instabilities may be present in this region. This possibility is
examined in this chapter by performing a linearized stability analysis on the relevant

governing equations.

8.1 Governing Equations

In this analysis a conducting anode infinite in length and width is assumed, with
current arriving normal to the surface as shown in Figure 8.1. It is also assumed that
the heavy species do not participate in the instability, so their perturbations are small
compared to perturbations of the electron and electrical variables. For simplicity, the

degree of dissociation is assumed to be given in order to reduce the number of variables
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Figure 8.1: Coordinate System for the Linearized Stability Analysis

and allow a solution to be obtained. In addition, the flow velocity in the axial direction
only is retained in order to model the effect of convection. The zeroth order solution
of the governing equations is assumed to be uniform in space and time. Given these
assumptions, the analysis is considered to be applicable in the region near the anode
nozzle wall in an arcjet thruster, perhaps within 0.1 radii of the wall. The perturbation
equations which govern this problem are the electron density equation, the electron
energy equation, the electric potential equation, and the equation of state, together
with Maxwell’s equations which relate the electric potential to the current density.
The electron density equation is given by Equation 3.42. In this coordinate system

it can be written as
on. On.u,
-+
ot 0z

The electron energy equation is given by Equation 3.83. Written in terms of tempera-

~ V. (DaVn,) =%, = Rn, (Sng —n?). (8.1)

ture and neglecting radiation and dissociation loss rates, this equation becomes

3 aT. 8T, 5
—2~n,k ('5? u,—g) -V (k.VT,) = = - 3n.k(T. - T,)}r:u"

3
- (E.- + ;z-kT,) e (8.2)
The equation for the electric potential is given by Equation 3.29. Neglecting electron

pressure gradients, this equation becomes
V3¢ = —Vino - V. (8.3)
Finally, the current density is defined as
j=-ové (8.4)
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and the equation of state is

p = n.kT., (1 + %) + (ng + nu,) kT,. (8.5)

8.2 Equilibrium Ionization Model

8.2.1 Derivation of the Dispersion Relation

First the limit of equilibrium ionization is considered. In this case, the electron density

equation reduces to the Saha equation,

n? = Snyg = ?nHT}e_ﬁ:, (8.6)

where S is a constant. Letting n. = n., + n.,, ng = ng, + ng,, and T, = T, + T.,,

where n,, < n.,, ng, < ng, and T,, € T.,, the perturbed electron density is then

given by
n, 1 |ng, T.,
b R X2 8.7
Ne, 2 [‘nﬂo t T,o ( )
where
E; 3
=— 4 -, 8.8
T, T2 (8:8)
From the equation of state, for p ~const. and neglecting perturbations of ng, implies
that
nH, Ney TCo Ne, Tﬂ ) T., ]
=———|— 14+ =]+ . 8.9
nH, ngaT, [n,o ( Teo T.,o ( )
This expression, together with Equation 8.7 gives
aglp
ne1 /nto — }_ (X - A—ao) — N (8-10)
To/Ta  2(1+ 2% (1+3))
where A = ﬁ is the dissociation fraction, a = m is the ionization

fraction, and 0 is the ratio of the electron temperature to the heavy species temperature.

The electric potential equation can be linearized as follows. The results of Chapter
5 indicate that the ionization fraction in the current attachment region near the anode
is very low (107° to 10~*), so the electron - molecular hydrogen collision frequency
dominates over the electron - atomic hydrogen and coulomb collision frequencies. Con-
sequently, using the e — H; collision data, tke electrical conductivity can be written

as

o =wnT5 ¢, (8.11)
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where @ is a constant. The perturbed potential equation is then given by

1 8n, 1 0T,
Vi = O (n,o dy 4T¢o Jdy )

(8.12)

since a zeroth order current exists only in the y-direction and —m = —;:-.

In the electron temperature equation, again considering only electron - molecular

hydrogen collisions,

3
E =3n.k(T. - T,)ven, = 3n.k(T. — Ty) Uen, T (8.13)
where U.y, is a constant, and
P ¥
~= oE? =7n,T.* (V¢)’. (8.14)

Linearizing the electron temperature equation and using Equations 8.1 and 8.10, it is
found that

3 a6, 06, ) )
(2 +XN) gk ("5? +u, 37.) ke, V20, — no kX N D, V0,

1 2
= a'-ncoTc;:Tg_l [J_y! (N - ) 01 ZJW a¢l]

al 6o oo Oy

1 1 3
C3nak(1- )% ), 8.15
3nok(l oo)uH,T (1\r+1_1/00+2)(91 (8.15)

where again 6 = %
We now have two linear equations in the perturbed electron temperature and
the perturbed electric potential. Substituting for solutions of the form (6,¢1) =

(01(y), b1 (y))e(wttke=+k:2) these two equations can be rewritten as

: . ,
D %_[(w+ku,)+n K - w-3) (N+“:"’°+5)]51=—M%

" 3‘_!]2 ™D TC ijD By
(8.16)
and
32¢1 2 1 601
— S Rl 8.1
M= e (v-3) 5 Oy’ (8.17)
where
Dy = — e XN D, (8.18)

(24 XN)ne,k ¥ (2+XN)

is the heat diffusivity, k2 = k2 + k? is the wave vector tangent to the anode surface,

[ -1
T.,' 3%
= Iw 8.19
P ((§+XN)M§) (8.19)
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is the dissipation time scale, and

Tc = [2 (ET%YW) (1 - 51;) TJ}H,TE,] B (8.20)

is the collisional time scale. The 4th order characteristic equation for these two coupled

equations is

N-1 N+ 75 +3
DgD* - [i(w+k,u,)+2p,,ki+( ) +( e * 3) D?
D Tc
N-1 N + 1 __ + 3
+ [i(w+k,u,)+DHk1 - (¥ -3) + (¥ + s +3) =0, (8.21)
D TC

where D = 5‘%.

The boundary conditions in the y-direction are as follows. Far from the anode wall,
the perturbations are assumed to die out. At the wall, equipotential considerations
require that the perturbed electric potential gces to zero and a zero gradient condition
is imposed on the perturbed electron temperature, just as in the fluid model of the

steady-state solution. The boundary conditions can be summarized explicitly as

hy—w)=0 P =0)=0
and
$1(y = 0)=0 é1(y=0)=0. (8.22)

The characteristic equation (Eqn. 8.21) has four roots, two of which give exponen-
tially increasing functions in y and are therefore ruled out by the boundary conditions.
The boundary conditions at y = 0 require that the remaining two roots be equal.
If these roots are equal but nonzero, then a dispersion relation results which always
predicts stable behavior. If the roots are both zero, however, the following dispersion

relation results:

1 1,3
i(w+ kou,) = _(_{.V_;;_‘l — Dgk? - (N+ =178, T 2).

Tc
In the anode attachment region N is on the order of of 5 and 6y is on the order of 15.

(8.23)

This implies that the perturbations are damped by heat diffusion and collisional energy
transfer and unstable if neither of these effects are present. The effect of flow convection
in the z-direction is that disturbances travel at the velocity u, as they grow. Assuming

k, is real, the imaginary part of the frequency can be written in nondimensional form
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as
u.-=—N+1+K1+Fc(N+——L——+§), (8.24)
. 4 1-1/6, 2
where v; = w;tp, K, = ky/Dy7p, and I'c = 7p/7c.

This instability can be described as a “layer” ionization instability. The instability
is present only in planes perpendicular to the direction of the current. Physically,
the flow begins to go unstable when a localized increase in the electron temperature
appears. This increases the local degree of ionization and the electrical conductivity,
which then creates a current concentration. The current concentration increases the
local rate of ohmic heating, which feeds the electron temperature increase, and an

unstable situation results.

8.2.2 Results

Using the dispersion relation of Equation 8.24, the behavior of the instability can be
examined numerically as a function of the steady-state zeroth order solution. Table 8.1
lists zeroth order parameters for the instability analysis based on the numerical solution
for the baseline case arcjet simulation of Chapter 5, at a typical point near the anode in
the current attachment region. For these baseline zeroth order parameters, Figure 8.2
plots v; vs. K, according to the dispersion relation. A negative value of v; indicates
instability. With no damping, the model predicts an unstable mode with a growth rate
of || = 3. Collisional energy transfer for these zeroth order conditions, however, is
sufficient to completely damp out the instability. As shown in Figure 8.2, the magnitude
of the collisional damping term is approximately ten times that of the ohmic dissipation
source term, so that v; ~ 28 even before heat diffusion is accounted for. It can therefore
be concluded that under the zeroth order conditions of the baseline case specified in
Table 8.1, the linearized equilibrium perturbation analysis predicts stability for all
possible wave numbers.

The behavior of the instability is now examined with respect to variations in the
zeroth order parameters. Figure 8.3 shows neutral stability lines (v; = 0) as a function
of electron temperature and current density, with the remaining zeroth order quantities
given by their values in Table 8.1. Neutral stability lines are generated by identifying
the minimum wave number necessary to ensure stability of the system. The system
is unconditionally stable if no heat diffusion is necessary to guarantee stability. In
Figure 8.3, the area above and to the right of each curve represents stability and the
area below and to the left of each curve represents instability. Each curve describes

the behavior of the system at a specific zeroth order current density. Clearly as the
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Table 8.1: Baseline Zeroth Order Parameters from Numerical Arcjet Simulation

Electron Temperature (T,) 20,000°K
Ionization Fraction (ap) 1.0 x 1074
Current Density (j,) 3 x 10°4/m?
Gas Temperature (T}) 1100°K
Dissociation Fraction (A) 5x 10-*
Density (p) 6 x 1073kg/m?

60

20 1

Figure 8.2: Nondimensional Imaginary Frequency versus Nondimensional Perpendicular
Wave Number for the Baseline Zeroth Order Parameters with Equilibrium Ionization
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Figure 8.3: Neutral Stability Lines as a Function of the Zeroth Order Electron Temperature
and Current Density with Equilibrium Ionization

zeroth order current density is increased the system becomes more unstahle at all
temperatures, because the source energy of the instability is increased. The system
becomes less unstable as the zeroth order electron temperature is increased because
the dissipation term is proportional to T,‘oll 4 while the collisional term is proportional
to T3/2, and the heat diffusion term is proportional to T!/? for thermal conduction and
to T., for ambipolar diffusion. The model predicts stability for the specified zeroth
order current density j,, = 3 X 10°;“-; when T,, > 9000°K, and for the specified zeroth
order electron temperature T,, = 20,000° K as long as j,, < 9x 10‘;‘%. For the baseline
zeroth order conditions of this analysis, heat diffusion via ambipolar diffusion dominates
over heat conduction. This is because the value of k., is only about 0.02W/m/°K due
to low ionization in the near-anode attachment region.

Similar curves for different values of the zeroth order ionization fraction are de-
picted in Figure 8.4. As can be seen in the figure, as the zeroth order ionization
fraction decreases the system becomes more unstable. From the dispersion relation it
is apparent that the dissipation term is proportional to ag? while the damping terms
are both independent of ap. In terms of the physics, decreasing the background ioniza-
tion fraction reduces the electrical conductivity of the gas, thus increasing the amount
of energy dissipated by ohmic heating for a given applied current. At the same time,
the collisional energy transfer rate and the electron thermal conductivity are decreased

since fewer electrons are present. For the other specified zeroth order conditions in
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Figure 8.4: Neutral Stability Lines as a Function of the Zeroth Order Electron Temperature
and Ionization Fraction with Equilibrium Ionization

Table 8.1, a minimum ionization fraction of 4 x 10~ is required to guarantee stability
at all wave numbers.

Neutral stability curves for different values of the background gas parameters from
Table 8.1 are shown in Figures 8.5-8.7. In this model, over the range of expected values
the gas temperature and dissociation fraction have minimal effects on the stability of
the system. As can be seen in the first two figures, stability behavior varies only slightly
from the baseline result when T, is varied from 300°K to 3000°K and A is varied
by two orders of magnitude. Increasing the gas temperature promotes instability by
decreasiug the energy collisionally transferred and decreasing the ambipolar diffusion
coefficient, while increasing the dissociation fraction promotes instability by decreasing
the frequency of energy-transferring collisions. The gas density, however, has a more
pronounced effect on stability. From Figure 8.7, as the density is decrease! the system
becomes more unstable. Both the dissipation and heat diffusion terms of the dispersion
relation are proportional to p~! while the collisional term is proportional to p, so that
for a given wave number the range of unstable behavior increases when the density
decreases. Physically, decreasing the gas density decreases the collisional coupling
between the electrons and the heavy species, which reduces collisional damping of the
instability. At large wave numbers when the diffusion term is much larger than the
collisional term, varying the density has no effect and all the curves in Figure 8.7
collapse onto one.

217



35000

T, = 300°K
T o _ T, =1100°K
se0004" | - T, = 2900°K
. .. Ty =3000°K

25000
stable
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Figure 8.6: Neutral Stability Lines as a Function of the Zeroth Order Electron Temperature
and Dissociation Fraction with Equilibrium Ionization
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Figure 8.7: Neutral Stability Lines as a Function of the Zeroth Order Electron Temperature
and Density with Equilibrium Ionization

In summary, the linearized perturbation analysis for the case of equilibrium ion-
ization reveals an ionization instability driven by ohmic dissipation and damped by
collisional energy transfer and heat diffusion. For zeroth order conditions correspond-
ing to the near-anode region of the baseline TT1 arcjet simulation of Chapter 5, the
model predicts stable behavior. This guarantee of stability, however, depends on the
values of the zeroth order parameters. Increasing the current density, decreasing the
ionization fraction, decreasing the electron temperature, or decreasicg the density by
less than an order of magnitude from the baseline parameters in Table 8.1 could lead
to instability. In fact, if only one overall energy equation were used as in models de-
veloped prior to the research of this thesis, the simulated state of the near-anode flow
would almost assuredly lie in the unstable region of this perturbation analysis. It is
the use of a separate electron energy equation in this research which allows an ele-
vated electron temperature to produce suificient ionization, thermal conduction, and

electrical conduction to ensure a stable mode of operation.

8.3 Nonequilibrium Ionization Model

8.8.1 Derivation of the Dispersion Relation

For the case of nonequilibrium ionization the electron density equation is given by

Eqn. 8.1. Using the Hinnov-Hirshberg model of the recombination coefficient, this
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equation can be expanded as
on. On.u,
Bt + 0z
where for hydrogen R = 1.09 x 1072°médegK3s™! and § = 2.42 x 102'm=3degK 3.
The perturbed form of the electron density equation is then given by

-V .(D,Vn.) = R-T:%n, (?Tje_%nfl — nf) , (8.25)

on.,, On.u,

-V . (D, Vne,)

ot 0z
— RGT-3 '}';‘f; _ neoTeo Zlf_‘l _ ?_ _ neoTeo T
RSTco " [(1 n-quﬂ) ma t TCo (X 2 "'HoTa -
— - 9nd
— RT.,? [3"':0"'8: — -2—T—co ,l] . (8.26)

Substituting for the ionization fraction and non-dimensional temperature, and defining

the ionization and recombination time scales as

B \71
T = (ﬁTezanﬂoe—"ﬂJ ) (8.27)
and
- 2 -1
TR = (RTeo’nﬁo) (8.28)
respectively, the electron continuity perturbation equation can h«: rewritten as
0a; Oaju,
d -V -(D,
Bt + Bz V - (Dgy V)
1 a000 Qo 9 aoao 1 [ 9 [0 7)) ]
=—|l1- — - == 0, — — [3a; — =—6]. (8.29
P ( A-ao)“‘+ 8o (X 2 A—ao> ‘] B35, (829

The electric potential equation for the nonequilibrium case is identical to that ol
the equilibrium case, and is given by Eqn. 8.12. In terms of a and 6, the equation is
Vi, = In (—1—% - i—a—a—‘) . (8.30)
%o
For the case of nonequilibrium ionization the electron temperature equation is given
by Eqn. 8.2. Using the previously-defined time scales and non-dimensional variables,
the perturbed form of this equation is given by
86, 06, 1 {60 1, 2600004 ]

— 4 u,— — DV, = — | —ay — 0, --
ot Bz 7V ™D ozoa1 4! Jw Oy

1|86, 3 1
- |— - 0
Te aoal+(2+l—--01;) l]
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2X[(1— a000 )fo_ 1+(X+—3———g— aooo )01]

31'1 A — 0o ) Qo 2X 2 A — Qg
2X {06 9 3
+ i [Fae = (5-2%) ] (8:31)

We now have three second order linear differential equations in the perturbed ion-
ization fraction, electron temperature, and electric potential. Again substituting for
solutions of the form (ai,¢,6,) = (81(y), 1(y), b1(y))e’(wttheztkiz) these three equa-
tions can be rewritten as

62&1 . 2 1 aooﬁ 3 -
—Da—é-F+[z(w+k,u,)+Dakl—r—I I_A—ao +;; a
1 9 aobo
_ [TI (X R ao) Zm] o5, =0, (8.32)
Y 106 1 06, o
ay .L¢1 (ao ay 400 ay) (8"‘3)
and
, 1 (3 1
—DH—+ §(@+ ko) + Dkt 4 = 4 = (54—
4p  Tc \2 1-¢
2X 3 9 a00° 2X ( 3 ) -
—— _——— - - — 16,
3 (X+ 2X  °. A—-ao) T3 \2 72X
N 1 N 1 N 2X 1 aofo | 2X _09_&1 _ 26000 3¢’1 (8.34)
™ Tc 3711 A — ag TR | JuwTD By

These equations can be combined into one 6th order characteristic equation similar to

Eqn. 8.21 which is satisfied by the following boundary conditions:

&1 (y — 00) = 0 D%—‘;‘(y 0) = dyvs (y = 0),
$i1(y - 0) =0 $1(y =0)=0,
and
b (y — 00) = 0 Qﬁ(y 0) = 0. (8.35)

The boundary condition on the perturbed iomzatxon fraction at y = 0 comes from a
balance between the flux of ions arriving at the sheath edge by ambipolar diffusion
and the flux of ions arriving at the wall by virtue of their thermal energy at the Bohm

velocity. The remaining boundary conditions are identical to those of the equilibrium
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case. The 6th order polynomial which represents Eqns.8.33-8.34 can be reduced to a
3rd order polynomial after elimination of the roots which grow exponentially in y and
therefore violate the boundary conditions. Unfortunately, because the solution of an
arbitrary 3rd order pclynomial is significantly more complicated than that of a 2nd
order polynomial no further simplifications are readily apparent, as was thc case for
the equilibrium stability analysis.

The stability of a purely layered geometry independent of y, however, can be ex-
amined, and it was this geometry which was in fact found to be the unstable mode in

the equilibrium ionization case. This leads to a dispersion relation of the form
—(w+ k) +i(w+ ku,)B+C =0, (8.36)

where B and C are assumed to be real functions of the perpendicular wave number
and the zeroth order narameters. Setting w = w, + tw; implies that the imaginary

frequency has one or two roots depending on the values of the constants B and C:

B B B*-4C
T

w= (B* <4C) and w = (B* > 4C). (8.37)

The requirement for stability is that all imaginary roots must be positive. As in the
equilibrium ionization case, flow convection in the z-direction causes perturbations to

travel at velocity u, as they grow.

8.3.2 Results

Using the zeroth order parametcrs listed in Table 8.1, the nondimensional imaginary
frequen -ies which solve Eqn. 8.37 are plotted versus nondimensional perpendicular wave
number in Figure 8.8. The behavior of the roots is identical to that of the equilibrium
case (Figure 8.2), although the magnitude of v; is smaller. The smallest root has a
magnitude of v; = 1.6 x 102 when K, = 0, implying unconditional stability for these
zeroth order conditions.

Neutral stability lines as a function of zeroth order electron temperature and current
density are shown for the nonequilibrium jonization case in Figure 8.9. As expected,
increasing the zeroth order current density causes the system to become more unstable.
In this case, however, the unstable region expands at different rates depending on the
zeroth order electron temperature. For electron temperatures less than 3000°K and
in the range 8000 — 40,000° K, the expansion of the unstable region with increasing
current density is readily apparent. In the other two regions, though, neutral stability
lines are relatively unaffected by varying j,,. The difference between this behavicr and

the simpler behavior seen in the results of the equilibrium ionization stability analysis
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Figure 8.8: Nondimensional Imaginary Frequency versus Nondimensional Perpendicular
Wave Number for the Baseline Zeroth Order Parameters with Nonequilibrium Ionization

lies in the balance between the ionization and recombination processes. At very low
electron temperatures, the system becomes more unstable because ohmic dissipation
dominates over the other effects. Between 3000°K and 8000°K system behavior is
dominated by recombination. Within this electron temperature range, no matter how
riuch crergy is channeled into the system there is no mechanism by which charge
carriers can be produced to form current concentrations and instability. This does not
necessarily mean that a flow under these conditions is stable, however. One possibility
is that without the capability for ionization, current could be diverted from the region
and stability ensured. But that diverted current has to gc somewhere because decreased
current density in one region means increased current density in another. A second
possibility in this recombination-dominated region is that the electron temperature
would be increased by ohmic dissipation until enough electrons could be produced to
carry the required current. Consequently the region 8000°K < T,, < 40,000°K is most
indicative of the expected system stability behavior under these zeroth order conditions.
At very high electron temperatures, higher than any expected in the near-anode current
attachment zone, the effect on stability of increased current is much diminished. This is
because collisional damping and heat diffusion increase greatly at higher temperatures
while the form of the recombination coefficient causes net ionization to decrease. The

nonequilibrium model predicts stability for the specified zeroth order current density
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Figure 8.9: Neutral Stability Lines as a Function of the Zeroth Order Electron Temperature
and Current Density with Nonequilibrium Ionization

Jw =3 % 106'—:—, when 11,000°K < T., < 34,000°K, and for the specified zeroth order
electron temperature T,, = 20,000° K provided that j,, < 5 x 106"‘4;.

The effect of the zeroth order ionization fraction on lines of neutral stability is shown
in Figure 8.10. Apart from the region where recombination is dominant, the system
becomes more unstable as the ionization fraction is decreased. Increasing ap decreases
the electrical conductivity of the gas and therefore increases the ohmic dissipation,
and decreases the collisional energy transfer and the thermal conductivity since fewer
electrons are present, thereby enhancing instability. For the other specified zeroth
order parameters, a minimum ionization fraction of 5 x 107° is required to insure
stable behavior at all wave numbers.

Neutral stability curves for different values of the background gas parameters are
shown in Figures 8.11-8.13. Stability is basically insensitive to variations in the gas
temperature, except at electron temperatures above 30,000°K. At these high elec-
tron temperatures two things happen: (1) the collisional energy transfer becomes large
enough that increasing the gas temperature significantly decreases the energy trans-
ferred; and (2) the ambipolar diffusivity, which now scales as Tg—%, also decreases with
increasing gas temperature. Both of these effects make the system less stable as the
gas temperature is increased. Figure 8.12 shows that as the dissociation fraction is
increased the system becomes less stable, particularly at high electron temperatures.

This occurs because increasing the dissociation fraction decreases the collisional energy

224



28000
ap=1x10"*
) o _ap=6x10"°%
240004, 1 ap =3 x 10"t
| e .apg=1x10""
711
20000+
J stable
6000+
'u(m"") |
:
12000
- 4/ ..... ~
1 s .
8000 ! s NG
/ -~
1 o,
40009 {1 T T s -
JRY e Pt
N A — e -
0- — A L

¥ ¥ 1 LJ 1 L]
0 6000 12000 18%00 o;\j)OOO 30600 ' 36(')00 ' 42000
«o

Figure 8.10: Neutral Stability Lines as a Function of the Zeroth Order Electron Temperature
and Ionization Fraction with Nonequilibrium Ionization

transferred and increases the rate of ionization. For the wide range of T, and A exam-
ined, there is no effect on the stability of the baseline zeroth order state of Table 8.1.
The effect of varying the density on stability behavior is shown in Figure 8.13. At
electron temperatures above the those of recombination-dominated region, decreasing
the density promotes instability. For electron temperatures below 6000° K the reverse
is true. Collisional energy transfer is reduced relative to dissipation and heat diffusion
when the density is decreased, resulting in a more unstable situation. At the same
time, the net ionization term is reduced relative to the ambipolar diffusion term in the
electron density equation when the density is decreased, which promotes stability. The
former effect dominates at high electron temperatures while the latter dominates at
low electron temperatures. In all, the density effects are much milder in the nonequi-
librium case than in the equilibrium case. This is due to the incorporation into the
dispersion relation of a density equation which is dependent on the diffusion and finite
rate ionization processes rather than on the Saha equilibrium.

It has been shown that the stability analysis with nonequilibrium ionization pro-
duces results similar to those obtained with the equilibrium analysis. The difference
lies in the balance between ionization and recombination in the electron density equa-
tion. Like the equilibrium model, the nonequilibrium model predicts unconditional
stability for the baseline zeroth order state suggested by the results of Chapter 5. In

the nonequilibrium case, however, it was found that system stability is somewhat more
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Figure 8.13: Neutral Stability Lines as a Function of the Zeroth Order Electron Temperature
and Density with Nonequilibrium Ionization

sensitive to variations in the zeroth order parameters.

The analysis of this chapter has shown that given the predicted state of the flow
in the near-anode current attachment region by the arcjet simulation of this research,
the arc is physically stable to perturbations perpendicular to the arc direction in the
nonequilibrium case, and stable irrespective of direction in the equilibrium case. Sta-
bility is relatively unaffected by changes in the gas parameters, while variations in the
zeroth order electron temperature and current density can lead to instability within a
reasonable range of values. Additional analyses beyond the scope of this thesis could
be performed in the future to confirm these results in a broader sense. These analyses
might include solving the complete dispersion relations with numerical techniques or

examining the effects of different boundary conditions such as a resistive layer near the
anode wall.
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Chapter 9

Conclusions

9.1 Achievements of this Research

This thesis has made a significant contribution to the state of the art in arcjet thruster
modeling. A numerical simulation has been constructed which contains nearly all of
the relevant physical processes in an arcjet thruster, including separate electron and
heavy species temperatures, nonequilibrium dissociation and ionization, ambipolar dif-
fusion, viscosity and heat conduction, ohmic dissipation, elastic and inelastic collisional
energy transfer, continuum radiation, and accurate, local evaluation of the transport
coefficients. A self-consistent set of boundary conditions have also been developed in
conjunction with the derivation of the governing equations. Previous models did not
include all of the aforementioned effects, and in particular no previous model success-
fully incorporated separate equations for the electron and heavy species temperatures.
As a result, past simulations could not provide particularly accurate predictions of
thruster performance, and in fact the accuracy of experimental comparisons was tied
to a number of undesirable empirical assumptions and heuristic fixes. The only signifi-
cant empirical assumption made in the model of this research is that the current must
attach to the anode wall downstream of the constrictor exit.

Results of the arcjet simulation of this thesis are compared to experimental mea-
surements of the German TT1 radiation-cooled thruster using hydrogen propellant.
Predicted specific impulse is within 5-10% of experiment for a range of mass flow rates
and applied currents. The accuracy of previous simulations varied from 5-25% even
with empirical fixes not contained in the model of this research. Predicted discharge
voltage is also compared to experimental measurements, and is found to be within
2-3% to 10-12% of experiment depending on the mass flow rate. Previous simulations,
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including some of the most advanced, produced voltage predictions which differed from
experiment by as much as 20-50%. Perhaps the most impressive demonstration of the
accuracy of this model is the comparison between the predicted electron temperature
distribution at the nozzle exit and that measured by emission spectroscopy. The two
temperature profiles are found to be similar in shape and nearly identical in magnitude.
This type of prediction is much more difficult to make accurately than one of thrust or
voltage, since it requires realistic simulation of the interior flow as opposed to matching
of bulk parameters. The close experimental comparisons mentioned here suggest that
the simulation is correctly accounting for the necessary physical effects.

Including the necessary physics in the model of this research has led to the most
important contribution of this thesis to the field, namely the discovery of the mech-
anism by which current passes between the ionized arc core and the relatively cool
outer flow to the anode wall. The problem is that the temperature of the outer flow
is too low to produce enough ionization to allow the current to be conducted across
it from the arc core to the anode. Previous numerical simulations either disregarded
the anode current attachment process entirely or used some fix to resolve the issue,
such as an artificially high conductivity or an ionization fraction floor. Self-consistent,
realistic simulation of this conduction process is absolutely necessary, however, if ac-
curate predictions of the voltage and power transmitted to the wall are to be made.
The significant advance of the model of this thesis is the separation of the electron
and heavy species temperatures. While it is true that the gas temperature is relatively
low in the outer flow, the results of this research show that ohmic dissipation from
the arc current produces very high electron temperatures in the outer flow as well
as in the inner arc core. These elevated electron temperatures in the outer gas flow
produce sufficiently high nonequilibrium dissociation and ionization rates to provide
enough charge carriers for self-sustaining conduction of the current across the outer
flow. Ambipolar diffusion of ions and electrons outward from the arc core also aids in
this process. Self-consistent modeling of the arc attachment process allows the simula-
tion to produce very good predictions of discharge voltage, the only qualification being
that the upstream boundary of the anodic arc attachment is prescribed.

Being axisymmetric in formulation, the arcjet flow model is also useful in that it
provides a detailed picture of the flow inside the thruster. This level of detail has
brought to light a number of interesting effects, including the effect of swirl on arcjet
operation, the fluid dynamic “plug” nature of the high temperature, low density arc
core, the velocity reduction which occurs in the nozzle expansion due to viscous forces,

and the magnitude of the near-anode and near-cathode voltage drops. In addition, the

229



relative importance of each of the included physical effects is evaluated in the inner and
outer regions of the thruster in order to determine which effects should be retained and
which may be neglected. The distribution of energy in the exit plane is also calculated
in order to gain some insight into the various frozen flow losses. Finally, having a
detailed map of the flow inside the arcjet proves to be useful in explaining performance
trends observed by varying the applied current and mass flow rate.

In order to obtain a more accurate estimate of the inlet gas and anode wall tem-
peratures, a thermal model of the thruster assembly is developed which includes the
electrodes, insulator, and propellant gas passages. The heat flux to the anode wall
calculated by the flow solver is used as an input to the thermal model, which then
solves for the temperature distribution in the thruster assembly. By using the temper-
ature distributions produced by the heat balance model as new boundary conditions
in the flow solver, a more consistent overall simulation is achieved. It is found that the
inlet gas temperature is approximately 100 — 200°K lower than the anode teraperature
at the inlet, and that a temperature maximum occurs on the anode wall where the
current attaches in the nozzle. While incorporation of the anode thermal model does
not significantly improve overall performance predictions, it does provide a useful tool
for making thruster assembly design improvements.

An additional contribution of this thesis is the evaluation of the stability of the near-
anode attachment region by performing a linearized analysis of the governing equations.
Equilibrium and nonequilibrium cases are studied, and a layer type of ionization in-
stability is identified perpendicular to the direction of the current. The instability is
activated by a local increase in the electron temperature, which then increases the lo-
cal ionization fraction and conductivity, thereby creating a current concentration. This
current concentration increases the local rate of ohmic heating, which then feeds the
electron temperature increase to produce a runaway situation. The instability is fed
by the current and damped by ambipolar diffusion, heat conduction, and collisional
energy transfer. The near-anode region is shown to be stable for zeroth order param-
eters taken from the numerical arcjet simulation, but it becomes less stable when the
current increases or when the electron temperature, ionization fraction, density, or gas
temperature decrease. In particular, the near-anode conditions which would be pre-
dicted by a single temperature arcjet model would lead to instability based on this
linearized analysis.

The results of this thesis have shown which physical processes must be incorporated
in an arcjet model in order to properly simulate the flow. Any realistic arcjet model

must include separate equations for the electron and heavy species temperatures, ai
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least in the outer region of the flow where collisional coupling is low. Nonequilibrium
models of dissociation and ionization are particularly important in the outer flow,
where electron impact dissociation and ionization provide most of the charge carriers
for electrical conduction between the ionized arc core and the anode wall. Equilibrium
chemistry models may suffice in the high temperature, high pressure core of the arc in
the constrictor, but probably not in the high speed, low pressure flow of the nozzle.
Ambipolar diffusion in the radial direction has been shown to be important in terms
of both anode arc attachment and overall performance. Due to the steep velocity
gradients developed in the constrictor of an arcjet thruster, a viscous model is necessary
to insure that the dominant viscous smoothing which occurs in the nozzle is properly
accounted for. Since transport phenomena have been shown to play a major role
in arc development and anode attachment as well as in the determination of overall
performance, reasonably accurate models of the transport coefficients must be retained
in a simplified arcjet model in order to maintain predictive accuracy. Effects such as
radiation, the Lorentz force, axial conduction and diffusion, and azimuthal swirl could

be neglected in a simpler model than the one developed in this research.

9.2 Recommendations for Further Work

There are a number of issues relating to arcjet research which can be explored by
extending the work of this thesis. First and foremost is the determination of the arc
attachment location on the anode surface. The results presented in this thesis have
illuminated a mechanism by which the current in the central arc can penetrate the outer
cooler gas layer and attach in a self-sustaining manner to the anode wall. The extreme
upstream boundary of that attachment region, however, must be fixed a priori or
else the simulation predicts an attachment location which disagrees with experimental
results. It is believed that the solution to this problem lies in the physics of the anode
sheath. A detailed analysis of this sheath layer might reveal the necessary physics which
could be included in the arcjet simulation via boundarv conditions or a coupled model
to more self-consistently represent the anodic arc attachment process. The existence
of a resistive layer near the anode surface might also explain how the attachment
location is determined. The resolution of this problem is of great importance because
the location of the anode current attachment zone influences not only the discharge
voltage, and therefore the efficiency, but also the magnitude and distribution of the
power transmitted to the anode block.

The second most important future 1ask is the extension of the simulation to in-
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clude other propellants, such as nitrogen, ammonia, and hydrazine. Hydrogen yields
the highest specific impulse of any propellant, but it requires new technology storage
tanks and feed systems to be developed and tested in order to be used as a long-term
arcjet fuel in space. Ammonia and hydrazine, both easily storable and curzently being
used in space applications, are more desirable for near-term missions. Therefore, the
development of a code which includes all the physics of this thesis and yet which is ap-
plicable to these other propellants is of considerable interest to the advanced propulsion
community. The program is already being modified to simulate nitrogen propellant,
since the only changes required concern collisional rate parameters and atomic weight
corrections. Extension of the program to the simulation of ammonia or hydrazine,
however, would represent a substantial increase in code complexity and computational
intensiveness. The simulation would have to account for at least four more species than
are currently incorporated, and probably more. In addition, many more collision cross-
sections would have to be tabulated and calculation of the transport properties would
become more complicated. This would likely render the program too slow to be usable
on any of the computer workstations available today. Consequently, improvements in
the way the code computes nonequilibrium species distributions and transport proper-
ties would have to be made in order for the simulation of ammonia and hydrazine to
become feasible.

This last point brings up the issue of the computational speed and efficiency of
the arcjet program. The numerical implementation of the model developed in this
thesis was done in a relatively simple and robust way in order to more easily generate
converged solutions. Now that the internal flow is more understood and the relevant
physical processes have been identified, a new arcjet code can be written which takes
advantage of advanced numerical techniques. The speed and efficiency of the program
could be improved by utilizing adaptive gridding, multiple scales, partially or wholly
implicit methods, and methods which use knowledge of local flow conditions to select
the most appropriate integration technique. By decreasing the program run time,
improvements such as these would allow extensions to the code to be incorporated and
make optimization studies quicker to perform.

In its present form additional runs of the arcjet program could be made to assess
its capacity to simulate other hydrogen arcjets currently being tested. These include
the German TT1 water-cooled arcjet, the 1kW NASA Lewis arcjet, and the various
configurations of the NASA Lewis 15kW arcjet. New measurements of plume properties
have been made for the NASA Lewis arcjets, and these measuremeants could be used as

additional consistency checks for the arcjet simulation. Future experimental diagnostics
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may yield even more opportunities for comparison. Of particular interest would be
measurements of temperature, number density, and velocity at the exit plane and
measurements of temperature and number density in the constrictor region. Detailed
measurements of the temperature on the anode inner and outer surfaces could be
used in conjunction with the anode heat balance model to compare the predicted and
experimental current distributions on the constrictor and nozzle walls.

Some additional physics could be incorporated into the model, such as a thermal
conductivity component which takes into account the transport of line radiation. A
study of the degree of thermal nonequilibrium in the nozzle and how it might be
accounted for, particularly for the case of nitrogen or nitrogen-based propellants, would
also be desirable. Finally, a more complete instability analysis of the near-anode arc
attachment zone cruld be undertaken in order to conclusively determine the stability
of that region. Advanced numerical techniques would be required to allow solution of
the full dispersion relations for this purpose. The ultimate goal of any analytical or
numerical model is to identify the important physics of a particular system and then
to consistently simulate those physical processes in order to accurately predict the
real behavior of the system. By continually improving arcjet models such as the one
developed in this thesis, additional physical insight can be gained and experimental

thrusters can be optimized in terms of performance and thermal efficiency.
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Appendix A

Fundamental Constants

Electric charge of a proton

Permittivity of vacuum

Permeability of vacuum

Planck’s constant

Boltzmann constant

Stefan-Boltzmann constant

Avogadro’s number

Electron rest mass

Atomic mass (Ar)

Atomic mass (H)

Atomic mass (N)

1st ionization energy (Ar)

Ionization energy (H)

1st ionization energy (N)

Dissociation energy ( H>)

Dissociation energy (NNV;)

Characteristic dissociation temperature (H;)
Characteristic vibrational temperature (H;)
Characteristic dissociation temperature (N3)

Characteristic vibrational temperature (Nz)
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e = 1.602 x 1071°C

€o = 8.854 x 10712 L

po =4m x 10772

h =6.626 x 107J — s
k=1.381 x 1072%
osp = 5.67 X 1055
N = 6.022 x 10?3 melecule.
m, =9.11 x 1073 kg

m 4, = 6.634 x 1072°kg
myg = 1.674 x 107*"kg
my = 2.326 x 10"2%kg
E; = 2.53 x 1078J

E; = 2.178 x 107'8J

E; = 2.328 x 10718J
E;="7.24x107%J

Eq =157 x 107'%J

84 = 52,400°K

8, = 6160°K
8, = 113,500° K
8, = 3390°K



Ratio of specific heats (monatomic)
Ratio of specific heats (diatomic)
Universal gas constant

Argon gas constant

Electron gas constant

Hydrogen atom gas constant

Hydrogen molecule gas constant
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v = 1.667
vy=14
R=831435—1

Ry, = 2081355
R. = 1516 x 10" 3¢
Rp = 8249.230%

Ry, = 4124.62 3%




Appendix B

Hydrogen Collision Cross-Section

and Collision: Integral Tables
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Table B.1: Average Electron Collision Cross-Sections (Coulomb Cross-Section at 1 atm Pres-
sure)

Q.;(107°m?)
T.CK) | Qenr, | Qerr | Qe+
_1000 10.1 | 31.18
2000 11.3 | 27.65
3000 | 12.6 | 26.01
4000 13.4 | 24.54
5000 14.2 | 23.20 | 3817
6000 14.8 | 21.96 | 3243
7000 15.5 | 20.83 | 2750
8000 15.9 | 19.80 | 2350
9000 16.4 | 18.86 | 2026
10,000 | 16.9 | 17.99 | 1765
11,000 | 17.3 | 17.18 | 1550
12,000 | 17.6 | 16.44 | 1373
13,000 | 17.8 | 15.76 | 1225
14,000 | 18.0 | 15.11 | 1101
15,000 | 18.2 | 14.52 | 995
16,000 | 18.3 | 13.96 | 904
17,000 | 18.4 | 13.43 | 825
18,000 | 18.5 | 12.93 | 757
19,000 | 18.5 | 12.47 | 697
20,000 | 18.4 | 12.02 | 644
21,000 | 18.3 | 11.59 | 597
22,000 | 18.2 | 11.19 | 555
23,000 | 18.0 | 10.83 [ 518
24,000 | 17.8 | 10.50 | 484
25,000 | 17.6 | 10.19 [ 454
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Table B.2: Average Effective Collision Integrals (Low Temperature)

ﬁgj(l(}-zomz)
T,(°K) 5(2-2) —ﬁ(z.z) ﬁ-(z.z) ﬁ(l.l) ﬁ(1,1\

H,—-H, Hy-H H--H Ha-H; H-H
300 7.34 6.50
500 6.75 5.97

1000 6.00 5.13 5.95 5.21 5.24
1500 5.59 4.52 5.22 4.66 4.57
2000 5.33 4.10 4.74 4.37 4.13
2500 5.02 3.79 4.39 4.04 3.82
3000 4.73 3.55 4.12 3.79 3.57
3500 4.50 3.35 3.90 3.59 3.37
4000 4.29 3.18 3.74 3.42 3.23
4500 4.12 3.03 3.61 3.27 3.12
5000 3.97 2.91 3.50 3.14 3.03
5500 3.83 2.80 3.39 3.03 2.96
6000 3.711 2.69 3.28 2.93 2.88
6500 3.60 2.60 3.17 2.83 2.82
7000 3.50 2.52 3.06 2.75 2.76
7500 3.41 z2.44 2.97 2.67 2.70
8000 3.32 2.37 2.88 2.60 2.62
8500 3.24 231 | 2.80 2.53 2.55
9000 3.17 2.25 2.73 247 2.48
9500 3.10 2.19 2.66 241 2.12
10,000 3.03 2.14 2.60 2.36 2.3%
11,000 291 2.04 2.49 2.26 2.25
12,000 2.81 1.95 2.42 217 2.15
13,000 2.71 1.87 2.34 2.09 2.07
14,000 2.62 1.80 2.25 2.02 1.99
15,000 2.54 1.74 2.18 1.95 1.92
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Table B.3: Average Effective Collision Integrals (High Temperature) (Coulomb Integrals at
1 atm Pressure)

02,;(10-°m?)

T(°K) ﬁ(}'_’}, —ﬁgf}ﬁ ﬁgf)_ H+ ﬁﬁ? ﬁ(,}':)_,“ _ﬁgl-'g ﬁgl—'}iz
5000 3.50 13.60 3193 5.81 2174 6.85 3.55
5500 3.39 13.01 2434 5.53 2069 6.55 3.63
6000 3.28 12.49 1905 5.27 1619 6.29 3.70
6500 3.17 12.01 1525 5.04 1296 6.05 3.79
7000 | 3.06 | 11.58 1244 4.83 1057 5.82 | 3.89
7500 2.97 11.18 1031 4.64 876.4 5.62 3.93
8000 2.88 10.82 866.6 4.47 736.6 5.43 3.98
8500 2.80 10.48 737.7 4.30 627.0 5.26 4.04
9000 | 2.73 | 10.17 635.0 4.15 539.8 5.09 | 4.10
9500 2.66 9.87 552.0 4.02 469.2 4.94 4.16

10,000 | 2.60 9.60 484.2 3.89 411.6 4.80 4.23

11,000 | 2.49 9.10 373.2 3.65 317.2 4.54 4.33

12,000 | 2.42 8.66 309.4 3.456 263.0 4.31 4.40

13,000 | 2.34 8.26 257.3 3.27 218.7 4.11 4.46

14,000 | 2.25 7.90 219.0 3.11 186.2 3.92 4.51

15,000 | 2.18 7.57 190.4 2.97 161.8 3.76 4.556

16,000 | 2.09 1.27 168.6 2.84 143.3 3.61 4.58

17,000 | 2.02 6.99 151.6 2.73 128.9 3.47 4.61

18,000 | 1.96 6.73 137.8 2.63 117.1 3.34 4.62

19,000 | 1.89 6.50 126.2 2.54 107.3 3.23 | 4.62

20,000 | 1.84 6.27 116.3 2.46 98.86 3.13 | 4.60

21,000 | 1.78 6.07 107.7 2.39 91.55 3.03 4.57

22,000 | 1.73 5.87 100.0 2.33 85.00 2.94 | 4.53

23,000 | 1.68 5.69 03.26 2.27 79.27 2.86 | 4.49

24,000 | 1.63 5.51 87.18 2.23 74.10 2.79 | 4.45

25,000 | 1.59 5.35 81.70 2.19 69.45 2.72 | 441

26,000 | 1.55 5.19 76.75 2.15 65.24 2.66 4.36

27,000 | 1.51 5.04 72.25 2.12 61.41 2.60 4.31

28,000 | 1.47 4.90 68.16 2.10 57.94 2,556 | 4.2b

29,000 | 1.44 4.77 64.41 2.08 54.75 2.51 4.18

30,000 | 1.40 4.64 60.97 2.06 51.82 2.46 | 4.10
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Appendix C
Ambipolar Diffusion Coefficient

The coefficient of ambipolar diffusion (D,) is calculated from the electron and
jon species momentum equations. In general, for magnetoplasmadynamic flow these

equations may be written in the following form:

m,n, [83':‘ + (i, - V)ﬁ’,] +V 5, = qm, (E+1i, x B) -mun, Y vir (& — 4@). (C.1)

Let the coordinate system be Cartesian, with the main flow in the z-direction, the
magnetic field in the z-direction, and transverse flow in the y-direction. Then in the
steady state, neglecting inertial and viscous terms, the electron and ion transverse

momentum equations become

dp.

dl; = —ene(Ey - uech) - meneVei(uey - uiv) - mcneucn(ucy - u"v) (02)
and

%‘l = en.(E, — ujpB,) — minivie(uiy — Uey) — %m.-n.-u.-,,(u.-,, — Uny). (C.3)

Summing the previous two equations and noting that m;n;v;. = men.v.; and n; = n.
(quasineutrality), we find that

d(Ped;- Pi) = (Uea — Via) By — MeneVen(Uey — Uny) — %mm,u;ﬂ(u;y —Upy).  (C4)

The electron-neutral collisional momentum transfer term is assumed to be much
smaller than the term arising from ion-neutral collisions. For the electrothermal arcjet,
in which case the magnetic field may be neglected, or for the MPD arcjet when the
Hall parameter is sufficiently low that the axial current may be neglected, the Lorentz
acceleration term may also be neglected. Thus

dpe +p) 1
(—_dy—— = Em‘necinanin(”iu — Uny)s (C.5)
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where

k kT,
z,-,,=\/8 T,=\/16 0 (C.6)

T ftin ™m;
If there is no net heavy particle flux to the walls of the thruster, i.e. the walls return

neutral particles when ions recombine there, then
Neliy + Nptny = 0, (C.7)

which implies that n,(vi, — vin) = viy(ne + n,). Finally, assuming the temperatures

are approximately constant in the transverse direction, Equation C.5 then becomes

d e 1

k(Te + Tg) ‘ZI = —EmianQinncviy(ne + nn)- (CS)

This expression can then be written in the more illuminating form:

dn

eViy = _Da_c, C9
eV o dy ( )

where D, is the required form of the ambipolar diffusion coefficient,

T,

D, = | (1 +7) (C.10)

‘1mi Qin(ne + nn)'
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Appendix D

Governing Equations of
Axisymmetric Arcjet Flow in

Transformed Coordinates
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Appendix E

ARCAXI Arcjet Code Description

This appendix describes in some detail the axisymmetric arcjet code, named AR-
CAXI, from which the bulk of the results for this thesis were okbtained. The run files,

input and output files, data files, ana program subroutines are detailed, as well as the
major variables used in the code. The code was written in FORTRAN, and compiled
using Makefiles on UNIX-based systems.

E.1 Subroutines

The following list summarizes the FORTRAN files required to compile and link AR-
CAXI and the subroutines contained in each file.

arcjet.f The main program.

boundc.f Updates the boundary conditions for all flow quantities.

common.inc Contains listing of all common blocks and the variables shared within
each block.

constants.f Initializes all physical constants required by the program.

damp.f Contains subroutines which calculate the numerical smoothing for each of
the flow equations.

decs.inc Contains declarations of the common block program variables.
efast.f Integrates the electron density and energy equations.

eflux.f Calculates the axial und radial fluxes for the electron density and energy
discretized equations.

elecdt.f Calculates the maximum allowable time step for the electron density and
energy equations.
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error.f Calculates the RMS error in the heavy species pressure, electron pressure,
and electric potential over the mesh after each integration step.

esource.f Calculates the source terms for the electron state vector.

funcs.f Contains subroutines which extract the gas temperature from the flow en-
thalpy, and which calculate the electrical conductivity, electron thermal conductivity,
heavy species thermal conductivity, gas viscosity, ambipolar diffusivity, net dissociation
rate, net ionization rate, various collision frequencies, and radiative transfer.

getcur.f Calculates the current density and electron velocities from the distributions
of electric potential, electron pressure, and electron mobility.

getflow.f Initializes the simulation variables based on the saved variables in the run
files.

getgrid.f Reads in the flow grid and the potential grid and calculates the grid metrics.

getinfo.f Reads in run information from the user such as run file names, grid file
names, and run duration.

gflux.f Calculates the axial and radial fluxes for the global and heavy species dis-
cretized equations.

gsource.f Calculates the source terms for the global and heavy species state vector.
init.f [Initializes the flow state vectors and electric potential for a new run case.

input.f Calls subroutines to get run information from the user and then to initialize
the simulation variables based on that information.

integ.f Integrates the global and heavy species conservation equations.
output.f Writes data to the output files at the conclusion of a run.

perform.f Calculates the total voltage, thrust, specific impulse, and efficiency after
each run has been completed.

phibound.f Updates the boundary conditions for the electric potential.
potential.f Performs the iterative relaxation of the electric potential.

readdata.f Reads in collisional and reaction rate data for use in calculating trans-
port coefficients, collisional energy transfer, and net dissociation and ionization rates.

timestep.f Calculates the maximum allowable time step for the global and heavy

species equations.
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E.2 Data Files

The following data files must be present in the directory in which the arcjet simu-
lation code is run. They contain data used in calculating the transport coefficients,

dissociation and ionization rates, and collision frequencies for hydrogen propellant.

deltac.1  First order correction factor for electrical conductivity in the interval
5000 < T. < 30,000°K at 10~*atm pressure.

deltac.2 First order correction factor for electrical conductivity in the interval 5000 <
T. < 30,000°K at 10~ 2atm pressure.

deltac.83  First order correction factor for electrical conductivity in the interval
5000 < T. < 30,000°K at 10°atm pressure.

deltac.4  First order correction factor for electrical conductivity in the interval
5000 < T. < 30,000°K at 10%2atm pressure.

eh.c11 Electron-H average effective diffusion collision integral in the interval 5000 <
T. < 32,000°K.

eh.c22  Electron-H average effective momentum collision integral in the interval
5000 < T, < 32,000°K. '

eh.mom Electron-H momentum cross-section in the interval 3000 < 7. < 20,000°K.
eh2.mom Electron- H; momentum cross-section in the interval 0 < T. < 30,000°K.

el.dat Inelastic correction factor for e — H; collisional energy transfer in the interval
1000 < T, < 30,000°K.

hh.c11 H-H average effective diffusion collision integral in the interval 1000 < T, <
15,000° K.

hh.c22 H-H average effective momentum collision integral in the interval 1000 <
T, < 30,000°K.

hhion.c22 H-H* average effective momentum collision integral in the interval

6000 < T, < 30,000°K.

h2h.c22 H,-H average effective momentum collision integral in the interval
1000 < T, < 15,000°K .

h2h.logkp Logjo(K,) for hydrogen in the interval 1500 < T, < 6000° K.

h2h2.c11  H,-H, average effective diffusion collision integral in the interval 1000 <
T, < 15,000°K.

h2h2.c22 H,-H, average effective momentum collision integral in the interval 300 <
T, < 15,000°K.
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nhdote.dat Logio(< ov >) for electron impact dissociation of hydrogen in the in-
terval 0.1 < T. < 4.0eV.

E.3 Variables

In this section the main variables used in the arcjet simulation program are listed and

described for reference. The units of all program variables are MKS.
amin Minimum ionization fraction limiter.

ancur Total current into the anode.

catcur Total current out of the cathode.

curmult Multiplier used to numerically set the proper current density on the cathode
up.

current Specified current density on the cathode tip.

da Ambipolar diffusivity.

detadr, detadz, dxidr, dxidz Grid 11etrics.

dt Integration time step for electron density and energy equations.
dtg Integration time step for global/heavy species equations.

e Proton charge.

ed Hydrogen dissociation energy.

eff Propulsive efficiency.

eih Hydrogen ionization energy.

enhdot Hydrogen dissociation rate due to electron impact.

erms Root mean square error in the electron pressure residual bver the mesh.
etacat Radial grid station marking the cathode radius.

fe, fg, fh Axial flux vectors for electron, global/heavy species, and atomic hydrogen
density state vectors.

fname Prefix identifying the run files of the current run.

fthetaO Inlet flow swirl angle.
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gamma Ratio of specific heats.

ge, g8, gh Radial flux vectors for electron, global/heavy species, and atomic hydro-
gen density state vectors.

grms Root mean square error in the heavy species pressure residual over the mesh.

inlet Logical variable which indicates whether the inlet density equation is to be
integrated during this integration step.

isp Specific impulse.

iter Cumulative number of integration steps for the current run.
jacobian Jacobian of the coordinate transformation.

jr, jz Radial and axial current densities.

kb Boltzmann’s constant.

ke, kg Electron and heavy species coefficients of thermal conductivity.
mdot Inlet mass flow rate per unit area.

me, mh, mh2 Electron, hydrogen atom, and hydrogen molecule masses.
mug Heavy species coefficient of viscosity.

na Avogadro’s number.

nedot Net hydrogen ionization rate.

neta Number of grid points in the radial direction.

nhdot Net hydrogen dissociation rate.

nxi Number of grid points in the axial direction.

pe, pg Electron and heavy species pressures.

phi Potential.

power Current times voltage.

predictor Logical variable which indicates whether a predictor or corrector integra-
tion step is being performed.

prms Root mean square error in the electric potential residual over the mesh.
qer, gez Radial and axial electron heat fluxes.

qgr, qg= Radial and axial heavy species heat fluxes.
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r Radial grid point location.
re Electron gas constant.
rgas Ideal gas constant.

rh2, rh, rnet Molecular hydrogen, atomic hydrogen, and net hydrogen mixture gas
constants.

rhoemin Minimum electron density limiter.
rhoh Atomic hydrogen density.

rhomax Maximum density limiter.

rhomin Minimum density limiter.

se, sg, sh Source term vectors for electron, global/heavy species, and atomic hydro-
gen density state vectors.

sigma Electrical conductivity.
spcur Specified total current.

supersonic Logical variable which indicates whether the flow at this exit point is
supersonic.

taurr, taurt, taurz, tautt, tautz, tauzz Viscous stresses.

te, tg Eleciron and heavy species temperatures.

temax Maximum electron temperature limiter.

temin Minimum electron temperature limiter.

tf Reference temperature (298.16°K).

time Total simulation time of current run.

thetad, thetav Hydrogen characteristic dissociation and vibration temperatures.
totcur Space-averaged current in the arc.

twall Tempcrature of the electrode walls.

ue Electron state vector: array consisting of electron density, axial momentum, radial
momentum, internal energy, and pressure.

ug Global/heavy species state vector: array cousisting of global density, axial mo-
mentum, radial momentum, azimuthal momentum, heavy species internal energy, and
heavy species pressure.

umax Maximum velocity limiter.
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vei, ven, ven2 Electren-hydrogen ion, electron-atomic hyd:ogen, and electron-molecular
hydrogen collision frequencies.

ver, vez Radial and axial electron velocities.

voltage Potential difference between anode and cathode plus the ionization potential
and one half the dissociation potential of the gas.

xh2, xh, xhion Molecular hydrogen, atomic hydrogen, and hydrogen ion mole frac-
tions.

xianode Axial grid station marking the onset of the convergent channel section up-
stream of the constrictor.

xicathode Axial grid station marking the cathode tip.
xilcon Axial grid station marking the constrictor inlet.
xi2con Axial grid stution marking the constrictor exit.
xmax Maximum mass/mole fraction limiter.

xmh2, xmh, xmhion Molecular hydrogen, atomic hydrogen, and hydrogen ion mass
fractions.

xmin Minimum mass/mole fraction limiter.

2z Axial grid point location.

F..4 Run Files

A numbe: of files are produced which contain flow simulation data for each case run.
The files are all prefixed by a five character string which serves to identify eacn par-
ticular case, such as runi2, or case. Eack of these files is described below, with the
dunmy identifying prefix fname.

fname.cur Lists the total axial current in the simulat’on at each axial location from
the cathode tip to the constrictor exit.

fname.hydro Lists the molecular hydrogen, atomic hydrogen, and hydrogen ion mole
fractions at all mesh points.

fname.pcur Lists the total axial current in the simulation at each axial location on
the potential grid from the cathode tip to the constrictor inlet.

fname.perf Lists the current, voltage, power, thrust, efficiency, and specific impulse
of the run. :
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fname.phi Lists the voltage, cathode tip current density, and then the electric po-
tential at all mesh points.

fname.stat Lists the number of grid points in the axial and radial directions, the
cumulative number of integration steps run, the total simulation time, the wall tem-
perature, the inlet mass flow rate per unit area, the z-coordinate of the cathode tip,
the z-coordinate of the converging channel section upstream of the constrictor, the
z-coordinate of the constrictor inlet, the z-coordinate of the constrictor exit, the r-
coordinate of the cathode radius, the inlet swirl angle, the maximum and minimum
electron temperature limiters, the minimum electron density limiter, the minimum and
maximum density limiters, the minimum and maximum mass/mole fraction limiters,
the maximum velocity limiter, the specified total current, the minimum ionization frac-
tion limiter, the cathode tip current multiplier, and the inlet gas temperature, axial
momentum, and ionization fraction profiles.

fname.trans Lists the electrical conductivity, electron thermal conductivity, heavy
species thermal conductivity, and viscosity at all mesh points.

fname.ue Lists the electron state vector at all mesh points.

fname.ug Lists the global/heavy species state vector at all mesh points.

1 here are also two grid files which are read each time the program is run. The file
grid. “gridname” lists the r and z locations of each grid point of the physical mesh,
and the file grid.phi lists ihe r and z coordinates of the more refined mesh used for

relaxation of the electric potential.

E.5 Compiling, Linking, and Running the Code

On Unix based systems, the code may be comoiled and linked using a Makefile, which
produces .o object files and the executabie image arcazi The code is written in floating
point single precision but must be compiled in double precisio.. (-r8, -autodblpad, or
similar compiler ¢ ption) in order .o insure correct results. When the code is run the user
is prompted for ke prefix of the run files and the suffix of the grid file, asked whether
the run is » new or continued one, and prompted for the number of integration steps
to perfor:a. If the solution to a new set of arcjet operating paramrters is desired, it
is best to use the r=sults from a previously converged solution as the starting point
for the new run. Otherwise the code will generate an initia' guess at the solution
which may require smaller time steps, increased smoothing, additional limiters, and /or
periodic <hecking to keep the code from going unstable as the simulation approaches
the correct steady-state solution. Run times for the code are on the order of 500 hours

for the computer workstations described in Section 4 6. In general when only global
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performance predictions such as specific impulse and efficiency are needed, the code
does not need to be run nearly as long as when an accurate internal flow solution is
required for detailed analysis. For the former case mass flow errors on the order of
3-8% can be tolerated, while for the latter case the mass low rate error should be less
than 1-2%. Since the fluid density converges last of all the flow variables, decreasing
the mass flow rate error from 5% to 1% could double the simulation time required.
One useful trick for sp~eding up convergence is to multiply the flux term which is used
to update the inlet density in boundec.f by a factor of 2-10 until the mass flow rate error
near the inlet has come close to convergence. This is particularly useful when starting
new runs with different mass flow rates or different inlet conditions.

A number of simple programs have been written to analyze and plot the data from
the arcjet simulation results. The program plot2, written with the GRAFIC subroutine
library, generates axial line plots, contour plots, vector plots, and grid plots. Before
running plot2, the program convert must first be run to convert the data in the run
files to the format which is used by the plotting program. The program out creates files
containing radial profiles of a number of flow quantities, which may then be plotted
using one of three multiple line plotting programs: graf, graf2, or graf3. Simple line
plots are produced by graf, while line plots with a key are created by graf2. Line
plots with a background grid are produced by grafS. All three graphing programs were
written using the GRAFIC subroutine library. The program massflow has been written
to calculate the RMS error in the mass flow rate averaged over all axial grid stations.
Average values and radial profiles of the sizes of terms in each of the governing equations
are generated by the program terms. The program heat calculates the distribution of
the heat flux to the anode wall, and also the total power transmitted.
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Appendix F
Numerical Problems Encountered

This appendix is included primarily as a reference for researchers working on similar
numerical programming projects. For most complex numerical fluid simulations, de-
bugging and refining the code from an initial implementation to a final working state
can be an arduous, time-consuming process. The arcjet simulation code of this re-
search was no exception to the norm in this regard. During the debugging of the arcjet
code a number of numerical issues arose, some of a very subtle nature, which needed
to be resolved in order to achieve proper convergence and consistency. These issues
can be grouped into three main categories: numerical implementation of the governing

equations, grid generation and resolution, and variable limiters.

F.1 Numerical Implementation of the Governing

Equations

The numerical implementation of the governing equations is described in some detail in
Sections 4.2-4.5 of this thesis. One important consideration for the application of the
finite difference algorithm of this research is the fact that the model is axisymmetric.
It was found that if the axisymmetric } source terms were included in the source
vectcr on the right-hand sides of the equations, the simulation would converge but
with conservation errors at the points near r = 0. The errors were particularly large in
equations which included second order diffusion terms, such as the electron and atomic
hydrogen continuity equations. This problem was solved by multiplying all of the fluid
equations by r and incorporating the axisymmetric terms as much as possible into the
{luxes of the left-hand sides of the equations.

A second problem encountered in the numerical application of the governing equa-
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tions involved the grid metrics. The governing equations in transformed coordinates,
as listed in Appendix D, contain flux terms multiplied by the metrics of the coordinate
transformation. In the equations as listed, these metrics are of the form 7., 7., ., and
§:, and lie outside the spatial derivatives in what would seem to be a non-conservative
manner. Three different implementations of the metric terms were tried, only one
of which yielded satisfactory results. [nitially, all metrics were evaluated by central
differences of second order accuracy and applied as in Equations D.1-D.20. This led
to conservation errors, however, which were particularly noticeable in the mass flux
between axial stations. Central differencing was causing numerical smoothing of the
grid points, which led to an inconsistent finite difference approximation of the govern-
ing equations. In an effort to resolve this problem, the metrics were rederived in the
Tny T¢y 2y, z¢ form and moved inside the flux derivatives. This method decreased the
amount of grid smoeothing, but nut to acceptable levels. The final solution involved
returning the ietrics to their original form but evaluating them by two point first
order differences in the direction of the integra!ion step being performed. In other
words, a forward difference would be used for each MacCormack predictor step, and
a backward difference would be used for each corrector step. Once the evaluation of
the grid metrics was tied to the numerical method in this manner, conservation errors
became negligible.

Some numerical smoothing of the difference equations was necessary for conver-
gence, however, and this also proved to be problematic. As detailed in Section 4.1.3,
two different smoothing approaches were tried without success before a third method
was found which worked. Neither fourth order damping of the state variables based
on a pressure switch, nor second order damping without a switch could insure proper
stability without causing unreasonable errors in the solution. The complexity of the
governing equations, the two-step numerical method, and the skewness of the physical
grid all dictated that a simple grid point-based method be used for numerical smooth-
ing, and it was the simplified method of Kutler, Sakell, and Aiello[64] that finally
achieved the desired results.

One final issue regarding the implementation of the numerical method was the com-
putational time required for convergence. In order to reduce the computational time
per iteration, a number of different measures were taken. First, numerical smoothing
was applied only after the corrector integration step, with the amount of damping
calculated from variables at the previous time level. Second, the values of transport
coefficients such as p,, k,, k., D,, and o were updated only once each integration step

or lcss. All major variables were placed in common blocks to eliminate long subroutine
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parameter lists, and no subroutine calls were made inside mesh-traversing DO-loops.
In addition, the use if IF-THEN statements within DO-loops was minimized. Finally,
the code was written in as vectorized a manner as as possible, with minimal reuse of a

variable calculated in a given DO-loop.

F.2 Grid Generation and Resolution

The generation of a physical mesh to represent a complex geometry such as that of an
arcjet is often a difficult problem in and of itself. One of the most important concerns
is the elimination of internal mesk discontinuities. A grid generated by transfinite
interpolation, for example, will propagate boundary discontinuities onto the interior
points of the grid. It is necessary to use some technique such as the elliptic solver
of Section 4.3.2 to smooth out the internal mesh points. Otherwise, instabilitics and
sawtooth solution modes may arise from the numerical smoothing or from the numerical
method itself.

Another important consideration is the degree of grid resolution in various regions of
the mesh. Since the code includes viscous no-slip wall boundary conditions, additional
points must be clustered near the walls in order to resolve the fluid boundary layers

present there. The Reynolds number based on internal diameter,

Rep = pu:D = 1’2’ (F.1)
He HoA

varies from 100-5000 for most of the arcjet cases modeled, while the Reynolds number

based on length can be on the order of 10,000. Another important boundary layer is
the diffusion boundary layer formed by electrons and ions diffusing to the electrode
walls. Assuming a charged particle balance exists between particles being created
through ionization events and particles diffusing to the walls by ambipolar diffusion,

the characteristic diffusion length for this process is

6 ~ \/DaTion, (F.2)

where 7., is the effective ionization time, given by

Tion = !
** RSn,’

For typical near wall electrothermal arcjet flow parameters, this diffusion length ép is

(F.3)

on the order of 107* to 10~® meters. In order io physically capture these boundary
layers in the computational sense, at a minimum the regions should be spanned by at
least a few grid points in the direction normal to the walls.
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The degree of grid resolution is also influenced by the steep gradients often found in
physically complex numerical simulations such as this one. Gradients in flow variables
near the cathode tip, at the edge of the arc, and near the constrictor exit where
the current attaches all require that extra grid points be positioned in these regions.
Additional grid resolution beyond the scale of the flow grid is necessary to accurately
resolve the electric poteniial distribution, especially near the electrodes and in the main

arc region.

F.3 Variable Limiters

Upper or lower limiters on the value of a flow variable were found to be necessary
in some cases in order to achieve convergence. These were especially necessary when
a solution to the baseline arcjet case was first being sought from an initial guess at
the steady-state flowfield. Since the starting conditions were so far from steady-state,
initial rapid fluctuations in both time and space occurred for some variables, and
without limiters these fluctuations could have driven the code unstable. Once a baseline
solution was obtained, this solution was used as the starting point for all other cases
run, and the initial fluctuzcion problem was minimized.

Even in steady state, however, some limiters were required. The very strong cur-
rent concentration at the cathode tip always caused electron temperatures to rise to
unreasonably high values, so an upper limit of 40,000°K was placed on T.. In addi-
tion, in order for the electron difference equations to be solved, a lower limit had to be
placed on the ionization fraction. This reflected the fact that a nonzero inlet ionization
fraction had to be prescribed because the model could not create ions from an entirely
neutral flow and also that the electron equations could become unstable for very low
electron number densities. A minimum ionization fraction of 1 x 107® was typical.
Finally, upper and lower limiters for species mass fractions were required. A minimum
zy was required to avoid computational problems in the atomic hydrogen continuity
equation. Other mass fraction limiters were necessary in order to maintain consistency

in the calculation of transport coefficients.
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Appendix G

Arcjet Thruster Experimental and

Numerical Data

Table G.1: Stuttgart TT1 Radiatively-Cooled H; Arcjet Experimental Data

m(g/s) | 1(A) | Voltage(V) | Power(kW) | Sp. Power(MJ/kg) | Isp(s) | Thrust(N) | Eff.
0.05 80 81 6.48 130 990 0.49 0.364
0.05 100 78 7.80 155 1070 0.52 0.352
0.05 120 77 9.24 185 1130 0.55 0.332
0.05 135 74 9.99 200 1160 0.67 0.322
0.10 60 117 7.02 70 810 0.79 0.448
0.10 80 113 9.04 90 885 0.87 0.416
0.10 100 112 11.2 110 960 0.94 0.394
0.10 120 111 13.4 135 1030 1.01 0.382
0.10 140 110 15.4 155 1090 1.07 ) 0.372
0.10 150 110 16.5 165 1120 1.10 0.366
0.15 60 127 7.52 50 716 1.05 0.482
0.15 80 121 9.68 65 755 1.11 0.424
0.15 | 100 119 11.9 80 805 1.18 0.392
0.15 120 118 14.2 95 8565 1.26 0.374
0.15 140 117 16.4 110 905 1.33 0.360
0.15 150 116 17.4 115 925 1.36 0.354
0.15 | 175 115 20.1 135 965 1.42 0.334
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Table G.2: Stuttgart TT1 Water-Cooled H, Arcjet Experimental Data

m(g/s) | I(A) | Voltage(V) | Power(kW) | Sp. Power(MJ/kg) | Isp(s) | Thrust(N) | Eff.
0.10 60 160 9.60 95 640 0.63 0.204
0.10 80 153 12.2 120 695 0.68 0.188
C.10 105 148 15.5 155 735 0.72 0.166
0.10 135 144 19.4 195 805 0.79 0.160
0.10 150 142 21.3 215 850 0.83 0.162
0.20 50 201 10.1 50 450 0.88 0.192
0.20 65 194 12.6 65 480 0.94 0.174
0.20 80 188 15.0 75 505 0.99 0.162
0.20 90 184 16.6 85 525 1.03 0.158
0.20 105 180 18.9 95 545 1.07 0.150
V.20 120 178 21.4 105 570 1.12 0.146
0.20 130 175 22.8 115 590 1.16 0.146
0.20 140 173 24.2 120 605 1.19 0.146
0.30 50 234 11.7 40 390 1.16 0.190
0.30 60 224 134 50 410 1.21 0.182
.30 75 215 16.1 55 435 1.28 0.168
0.30 95 207 19.7 65 455 1.33 0.150

030 | 105 | 203 21.3 70 465 | 137 | 0.146
0.30 120 | 201 24.1 80 480 1.41 0.136
Table G.3: Stuttgart TT1 Radiatively-Cooled H; Arcjet Numerical Data

m(g/s) | I(A) | Voltage(V) | Power(kW) | Sp. Power(MJ/kg) | Isp(s) | Thrust(N) | Ef.
0.05 70 89 6.23 125 1040 0.51 0.417
0.05 100 85 —-6.50 170 1150 0.566 0.374
0.05 120 83 9.96 200 1200 0.59 0.347
0.10 60 118 7.08 70 900 0.88 0.546
0.10 100 115 11.5 115 1030 1.01 0.442
0.10 130 113 14.7 145 1120 1.09 0.410
0.15 60 140 8.40 55 810 1.18 0.561
0.15 95 138 13.1 85 920 1.34 0.465
0.15 130 137 17.8 120 1010 1.48 0.410
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Table G.4: Stuttgart TT1 Radiatively-Cooled H; Arcjet Numerical Data, with Coupled

Temperatures from Anode Thermal Model

m(g/s) | I(A) | Voltage(V) | Power(kW) | Sp. Power(MJ/kg) | Isp(s) | Thrust(N) | Eff.
0.10 60 115 6.90 70 870 0.85 0.527
0.10 100 111 11.1 110 1050 1.03 0.477
0.10 130 110 14.3 140 1170 1.14 0.456
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Appendix H

Tungsten and Molybdenum
Thermal Conductivity

Table H.1: Thermal Conductivity of Tung- Table H.2: Thermal Conductivity of Tung-

sten (Low Temperature) sten (High Temperature)
T(°K) | sw(W/em/°K) T(°K) | sw(W/em/K)
0 00 | 1100 1.18
10 82.4 1200 1.15
20 32.6 1300 1.13
30 13.1 1400 1.11
40 6.50 1500 1.09
50 4.17 1600 1.07
60 3.18 1700 1.05
70 2.76 1800 1.03
80 2.56 1900 1.02
90 2.44 2000 1.00
100 2.35 2100 0.98
200 1.97 2200 0.96
300 1.78 2300 0.94
400 1.62 2400 0.925
500 1.49 2500 0.915
600 1.39 2600 0.905
700 1.33 2700 0.900
800 1.28 2800 0.895
900 1.24
B 1000 1.21 ]
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Table H.3: Thermal Conductivity of Molybdenum

T(°K) | su(W/em/°K)
300 1.375
400 1.325
500 1.280
600 1.235
700 1.200
800 1.160
900 1.120
1000 1.080
1100 1.050
1200 1.025
1300 1.000
1400 0.980
1500 0.960
1600 0.950
1700 0.940
1800 0.930
1900 0.925
2000 0.920
2100 0.915
2200 0.910
2300 0.910
2400 0.910
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